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Chapter 1

Introduction

1.1 Introduction

Probability is a common word to everyone now-a-days, which is associated with
uncertain situations. The origin of this concept was in 16" century and it was as a ro-
sult of the problems associated with the theory of gambling. However, this association
with gambling theory contributed slow and sporadic growth to probability theory duc
to inadequate mathematical support. The measurc theoretic approach to probability
in the beginning of the last century provided a logically consistent foundation for
probability theory and consequently imparted a rapid and systematic development to
the same. Today, probability theory extends its influence and applications to many

sphcres.

Onc important aspect of probability theory is to provide probability distributions



to random variables defined over those uncertain situations. The development in-
curred in probability theory enhanced the branch of probability distributions also,
to higher altitudes. It comprises of many commonly occurring probability distribu-
tions like binomial, Poisson, gecometric, hypergeometric, normal, exponential, gamma,
Weibull, etc. Exponential distribution is an important probability distribution duc
to its memoryless property. This property makes it a powerful device in reliability
contexts, especially in life testing. The constant hazard rate is onc of its character-
izing propertics. Weibull and gamma distributions have tremendous applications in

situations where the failure ratc is monotone.

However, there arc numerous situations where more heavy tailed distributions
than exponential are essential in modeling certain data especially in finance, eco-
nomics, etc. The most commonly observed properties of financial data sets are their
heavy tails and high peaks. Pillai (1990) introduced Mittag-LefHler distribution as a
gencralization to exponential distribution. The data consisting of daily stock returns,
commodity prices, foreign currency exchange rates and other financial data can be ad-
equately modeled using Mittag-Leffler distribution. Kozubowski and Rachev (1994)
well established the applications of Mittag-Leffler distribution in financial modeling.
Jayakumar (2003) developed the first order autoregressive processes with Mittag-
Leffler marginals to study the rate of flow of water in Kallada river, Kerala, India.
Weron and Kotulski (1996) used Mittag-Leffler distribution to describe the Cole-Cole

relaxation phenomena in Physics. The applications of Mittag-Leffler distribution in



various socio-economic problems motivated to study its extension to higher dimen-

sions.

The probability distribution of sums of independently and identically distributed
random variables was a subject of intensive investigation during the development
of distribution theory. The central limit problem dealing with limit distribution of
sums of independently and identically distributed random variables emphasizes the
importance of normal law as the limiting distribution. However, the limitations of
normal law and its inadequacy to many natural phenomena necessitated the rescarch

along these lines on other distributions also.

In compounding, we consider the probability distributions of random sums of
identically and independently distributed random variables. Gnedenko and Korolev
(1996) gave a number of contexts where we usually encounter the distributions of
random sums, especially geometric summation. Milne and Yeco (1989) considered the
closure property of exponential distribution under geometric summation and offered
many practical interpretations of this property. Mittag-Lefller distribution is also
closed under geometric summation. Therefore it has excellent applications in situ-
ations when a geometric sum and corresponding summands have same distribution.
For example, suppose that an investor has invested a fixed amount of money in ‘n’
asscts. Let X, Xo, ..., X, are the rates of returns which are assumed to be indepc?n-
dently and identically distributed according to Mittag-Leffler. Then the return X is

considered as sum of smaller changes X;, taken over a period of random time N (p).



The random variable N (p) has geometric distribution with mean % Kozubowski and
Rachev (1994) used the distribution of geometric sums to model foreign currency
exchange data. The distribution of geometric sums has wide applications in reli-
ability contexts also. In this work, we introduce bivariate forms of Mittag-Leffler
distribution, its generalizations and their discrete counterparts using compounding
techniques. Mundassery and Jayakumar (2007a) introduced a bivariate Mittag-Leffler
distribution and studied its propertics. A discrete analogue of bivariate Mittag-Leffler

distribution is obtained in Mundassery and Jayakumar (2006).

The organization of the thesis is as follows: In the present Chapter, we make a
quick review on various matcrials needed for the discussion in the succeeding Chap-

ters.

In Chapter 2, we introduce a bivariate form of the Mittag-Lefler distribution. Its
distribution function, density function, product moments, etc arc obtained. Various
characterizations of the bivariate Mittag-Leffler are obtained. The parameters of
bivariate Mittag-Lefller distribution are cstimated using log moments. First order
autoregressive models with bivariate Mittag-Lefler marginals are obtained. Bivariate
Mittag-Leffler forms of important bivariate exponential distributions like Marshall-
Olkin’s bivariatc exponential, Hawkes’ bivariatc exponential and Paulson’s bivariate

cxponcential are introduced.

As a generalization of the bivariate Mittag-Leffler distribution, bivariate quasi



o

factorial gamma distribution is introduced in Chapter 3. Various distributional prop-
erties of bivariate quasi factorial gamma distribution are studied. Charactcrizations
of bivariate quasi factorial gamma are obtained using negative binomial compound-
ing. First order stationary autoregressive processes with bivariate quasi factorial
gamma marginals are developed. As a special case of bivariate quasi factorial gamma
distribution, Moran’s bivariatc gamma distribution is studicd. Bivariate semi quasi
factorial gamma distribution is introduced and studicd as a generalization of bivariate

quasi factorial gamma distribution.

A discrete analogue of the bivariate Mittag-Leffler distribution, namely bivari-
ate discrete Mittag-Leffler distribution is introduced in Chapter 4. The properties
of bivariate discrete Mittag-Leffler distribution including joint probabilities, factorial
moment generating function, attraction towards discrete stable law, ctc are stud-
ied. We obtain characterizations of bivariate discrete Mittag-Leffler using geometric
compounding. The estimatcs of the parameters are obtained. First order autoregres-
sive models with bivariate discrete Mittag-Leffler marginals are developed. Discrete
analogues of bivariate Mittag-Lefller that will generalize Marshall-Olkin’s bivariate
exponcential and Hawkes’ bivariate exponential distributions arc introduced. In this
context, we obtain bivariate geometric distributions as special cases of bivariate dis-

crete Mittag-Lefller distributions.

We introduce a bivariate form of the discrete Linnik distribution and study its

distributional properties in Chapter 5. Characterizations of bivariate discrete Linnik



distribution are obtained using the ncgative binomial sums of independently and
identically distributed bivariate discrete Mittag-Leffler random variables. The first

order autorcgressive models with bivariate discrete Linnik marginals are obtained.

We introduce the tailed forms of the bivariate Mittag-Leffler distribution and
bivariate discrete Mittag-LefHler distributions in Chapter 6. The first order autore-
gressive models with marginals following bivariate tailed Mittag-Leffler and bivari-
ate tailed discrete Mittag-Leffler distributions are developed. The tailed form of
Moran’s bivariate exponential distribution is studied as a special case of bivariate
tailed Mittag-Leffler distribution. The summary and conclusion of the thesis is pre-

sented in Chapter 7.

1.2 Infinite Divisibility and Geometric Infinite Di-

visibility

A random variable X is said to be infinitely divisible if for every positive integer

n. X can be written as

X —(_£ Xn,l + Xn’g + ...+ X

where X1, Xy, -, Xn, arc independently and identically distributed random vari-
ables. Infinite divisibility of X is in fact a property of the distribution of X. Thercfore
the probability distribution and distribution function of an infinitely divisible random

variable will also be called as infinitely divisible. Thus a distribution function F'(x) is



said to be infinitely divisible if for every positive integer n, there cxists a distribution

function Fy(x) such that

n times
-
7 N

Fx)x F(x) = ... x F,(x).

F(x)

This implies that F(x) is the n-fold convolution of F,(z). Equivalently, a char-
acteristic function (/) of a random variable X is said to be infinitely divisible if
for every positive integer n, there exists a characteristic function ¥,(¢), such that
() = (¥u(t))". Here, 9, (1) represents the common characteristic function of the
sct of independently and identically distributed random variables X, , j =1,2,..n.
Gamma and Mittag-Leffler distributions arc infinitely divisible while uniform dis-
tribution over [-1, 1] is not. The class of infinitely divisible distributions plays an
important role in the study of decomposition of probability distributions. A discus-
sion on infinitely divisible distributions in relation to central limit problem can be
found in Feller (1971). Bondesson ct al. (1996) studied the infinite divisibility of
the integer parts of positive rcal valued random variables. A detailed discussion on
properties of infinitely divisible distributions can be found in Steutel and van Harn

(2004).

Klebanov et al. (1984) introduced the concept of geometric infinite divisibility. A
random variable X is geometrically infinitely divisible if
N(p)
X245 x®

Jj=1

where  N(p) has geometric distribution  such that P(N(p) = k) =p(1 - p)F 1,



k=123.; pe(0,1) X;p),j = 1,2, ... are independently and identically dis-
tributed random variables and also independent of N(p). Equivalently, in terms of

characteristic function, X is geometrically infinitely divisible if

p d’p(t)

YOS T %0

where 9(t) and 9,(t) are the characteristic functions of X and X J(p ) respectively.
Klebanov et al. (1984) obtained that a characteristic function (¢) is geometri-
cally infinitely divisible if and only if A s infinitely divisible. Sandhya and
Pillai (1999) showed that the class of geometrically infinitely divisible distributions
is a proper of subclass of infinitely divisible distributions. Aly and Bouzar (2000)
and Mohan et al. (1993) obtained characterizations geometrically infinitely divisi-
ble distributions. Pillai and Sandhya (1990) showed that the class of distribution
functions having complete monotone derivative is a proper subclass of geometrically
infinitely divisible distributions. The applications of geometric infinite divisibility in

autoregressive time series modeling are discussed in Jose and Pillai (1995).

1.3 Mittag-Leffler and Semi Mittag-Leffler Distribu-

tions

it k
u
The function Eq(u) = E ————, u € (0,00) was first introduced by
pars (1 + ak)

Mittag-Leffler in 1903 (see Erdelyi et al. (1955)). In Feller (1971), the Laplace

a—1
14+ A
is not a probability distribution. Pillai (1990) showed that Fo(z) = 1 — Es(—2%)

transform of E,(—z®) with 0 < o < 1, is shown to be , A>0. But E,(—z2%)



is a distribution function. Hence he named Fy, () as Mittag-Leffler distribution. We

have

0 klalc ‘
- O<a<l, z30 1.1
ZlFl+k sash T2 (11)

and the corresponding density function is

0-3 S

k=1

klakl

The plots of f,(z) is presented in Fig. 1.1. The Laplace of transform (1.1) is

d(N) = —, 22> 0. (1.2)

Fig.1.1 Plots of Mittag-Lefﬂer density, fq(x).
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Mittag-Leffler distribution has beeh received much attention by many researchers
recently (see Jayakumar and Suresh (2003), Kozubowski (1999, 2000a, b), Lin
(1998, 2001) and the references therein). Note that when o = 1, (1.2) reduces to
the Laplace transform of exponential distribution. Mittag-Leffler distribution is geo-
metrically infinitely divisible, self decomposable and is normally attracted to stable
law. Lin (1998) proved that Mittag-Leffler distribution belongs to the class of dis-
tributions with completely monotone derivative. Pillai and Anil (1996) characterized
Mittag-Leffler distribution using the integrated Cauchy functional equation. Based
on Mohan et al. (1993), the Mittag-Leffler distribution can be called as positive geo-
metric right stable law. Kozubowski (2000a) showed that the Mittag-Leffler random
variable can be represented as X = WaZ where Z and W are independent, Z is

standard exponential and W follows positive stable distribution with density function

fw(z) = sinan z>0. (1.3)

an(x2? + 2xcosam + 1)’

Parameters of Mittag-Leffler distribution are estimated using fractional moments in
Kozubowski (2001). Jayakumar and Pillai (1996) obtained certain characterizations
of Mittag-Leffler distribution and showed that within the class of infinitely divisi-
ble laws with positive support, the Mittag-Leffler distribution F,(z) is the unique
distribution function F(z) satisfying the relation

T 2=10(1-F(2))de
0

$(A) =e



11

where @(\) is the Laplace transform of F(z). Pillai and Jayakumar (1994) de-
rived the innovation distribution of the p** order autoregressive process with Mittag-
Leffler marginals and using it specialized class L distributions are introduced. The
Mittag-Leffler distribution has potential applications in various fields (see Jayaku-

mar (2003), Kozubowski and Rachev (1994) and Weron and Kotulski (1996)).

A random variable X with positive support is said to follow semi Mittag-Leffler

distribution with exponent o, 0 < o <1 if its Laplace transform is

1

o) = T ey (1.4)
where £()\) satisfies the functional equation
11 |
EA) = 55(1)‘*/\) (1.5)

for some p, such that 0 < p < 1. The solution of the functional equation (1.5)is

£(X\) = A*h()\) where h()) is periodic in In A with period (see Kagan et
al. (1973)). When A()\) = 1, we get the Mittag-Leffler distribution. Jayakumar and
Pillai (1993) developed first order stationary autoregressive process with marginals as

semi Mittag-Leffler distribution and studied its properties. Bunge (1996) explained

the use of semi Mittag—Lefﬂe;r distribution in the study of random stability.
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1.4 Discrete Mittag-Leffler and Discrete Semi Mittag-

Leffler Distributions

A discrete analogue of Mittag-Leffler distribution was obtained in Pillai and
Jayakumar (1995). A random variable X on {0,1,2,...} is said to follow discrete

Mittag-Leffler distribution if its probability generating function (p.g.f.) is

1

PO = o

0<a<l, ¢>0 |s|<L (1.6)

The discrete Mittag-Leffler distrii)ution can be viewed as the distribution of geo-
metric sum of independently and identically distributed Sibuya random variables.
In a sequence of independent Bernoulli trials, let % be the probability of success in
k' trial. Then the number of trials required to obtain the first success has Sibuya

distribution (see Devroye (1993)).

Discrete Mittag-Leffler distribution is a generalization of geometric distribution,
since in (1.6) when o = 1, we get geometric. Pillai and Jayakumar (1995) obtained
some distributional properties of the discrete Mittag-Lefler. It is geometrically in-
finitely divisible, belongs to discrete class L and is normally attracted to stable law.
Pillai and Jayakumar (1995) developed autoregressive models with marginals as dis-
crete Mittag-Leffler distribution. Bouzar (2002) gave mixture representations of
discrete Mittag-Lefler distribution. Jayakumar and Sreenivas (2003) noted that if
X has Mittag-Leffler distribution and N,(.) is a unit Poisson process Wifh parameter

¢, independent of X then Y = N (X) has discrete Mittag-Leffler distribution.
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A random variable X on {0.1,2,...} has discrete semi Mittag-Leffler distribution if

its p.g.f. is
1

P(s) = ———— :
(s) T3 e 5) (1.7)
1
where €(1 —s) = z—gf(p%(l —s)) for some p, 0 < p < 1. The discrete semi Mittag-
Leffler distribution was introduced by Jayakumar (1995a) as the discrete analogue of

semi Mittag-Leffler distribution.

1.5 Quasi Factorial Gamma and Semi Quasi Fac-
torial Gamma Distributions

Pakes (1995) introduced the positive Linnik distribution. A non negative random
variable X is said to follow positive Linnik distribution if its Laplace transform is

1
14+ N

gb(/\)z( ), O<a<l, v>0 220 (1.8)

Jayakumar and Gadag (1999) studied this Laplacc transform as a gencralization
to the Mittag-Leffler distribution and called the corresponding distribution as quasi
factorial gamma. A non ncgative random variable X is said to follow quasi factorial

gamma distribution if it has the distribution function

> (—1)*T'(k + v)gelktv)
= x>0 >0, 0<a<l 1.9
Fo(z) ; TWETA+alk+v) =" = (1.9)

The density plot of quasi factorial gamma distribution is presented in Fig.1.2. This
family of distributions accommodates many important distributions such as gamma,

Mittag-Leffler, exponential ete (sce Fig 1.3). Jayakumar and Gadag (1999) studied
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various distributional properties of quasi factorial gamma. They have also developed
first order stationary autoregressive process with marginals as quasi factorial gamma
distribution. Jayakumar and Gadag (1999) introduced semi quasi factorial gamma
distribution as a generalization to the quasi factorial gamma distribution. A ran-
~ dom variable X on (0, 00) has semi quasi factorial gamma distribution if its Laplace

transform

B(N) = (ITIE(T))

where £(A) satisfies the functional equation in (1.5).

1.6 Discrete Linnik distribution

Christoph and Schreiber (1998a) studied the discrete analoguc of the positive
Linnik distribution in (1.8). A non negative integer valued random variable is said
to be discrete Linnik distributed with exponent o € (0, 1] and scale parameter c if it

has p.g.f.

v
1
(m) for 0<v<x

P(s) = (1.10)

—c(1—s)*

e for v =00

When v = 1, it coincides with the discrete Mittag-Leffler distribution in (1.6). We

get the p.g.f. of ncgative binomial distribution when a = 1.

Probabilitics of the discrete Linnik distribution, some propertics of the proba-

bilitics and characterizations via survival function arc investigated in Christoph and
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Schreiber (1998a). Bouzar (2002) obtained representations for discrete Linnik distri-
bution using Poisson mixtures and established the infinite divisibility of the distri-
bution. They have also obtained the mixture representation of discrete Linnik laws
by way of stable laws. Christoph and Schreiber (1998c) proved that discrete Linnik
distribution belongs to the domain of discrete attraction of a discrete stable law as
well as to the domain of attraction of non negative strictly stable law and obtained

the rate of convergence in both cases.

1.7 Stable and Semi Stable Distributions

The class of stable distributions was developed in 1920°s during the investigations
of the behavior of sums of independently and identically distributed random variables.
A random variable X is said to follow stable distribution in broad sense, if for any

positive constants a and b, X satisfies
aX, +bXs £ cX +d, ¢>0, dE€R

where X; and X, are independent copics of X. Equivalently in terms of characteristic

function
W(at).p(bt) = p(ct)e'™.

It is a strictly stable distribution when d = 0. The most often used parametrization of
stable distribution is that discussed in Samorodnitski and Tagqu (1994). A random

variable X is said to follow stable distribution if it has characteristic function
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({iat—c|t|“(l—iﬂ sigu(t) tan % if o ?é 1
P(t) = : (1.11)
eiat—c]t[(l+iﬁ%sign(t) In|t]) if a=1
Here, o is known as the exponent of stable distribution and 0 < a < 2, ¢ is the scale

parameter, ¢ > 0, a is the location parameter, —oo < a < 0o and § is the symmetry

parameter, —1 < 3 < 1. When 3 = 0, we gct symmetric stable distribution.

(
1 if t>0

sign(t)=<¢ 0 if t=0

-1 it t<0

\

2
Whena =2, 3=0,c= % and b = p. then ¥(t) is the characteristic function of

normal distribution, N(u,02). Fora =1, 8=0,c=+vandb = §(t) represents the
characteristic function of Cauchy (v, d) distribution. Note that Laplace distribution

is not stable.

Nolan (2005a) discussed various distributional properties of univariate and multi-
variate stable distributions and examples of stable laws arising in different problems.
Estimation of various parameters of stable distribution including moment estimators
arc discussed in Press (1972a). For representation, cstimation and other properties
of stable distributions, sce Laha and Rohatgi (1979) and Nolan (2001). Note that

the Laplace transform of positive stable distribution is
d(N) =e* >0, 0<a<l (1.12)

The density function corresponding to (1.12) is stated in (1.3).
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Stable distributions have applications in many fields. This is because, stable distri-
butions provide approximations for sums of independently and identically distributed
random variables that arc heavy tailed. So they arc seemed to be appropriate in
modeling skewed data. In cconomics, statistical physics, telecommunications etc, we
meet such data sets. Another important reason for focussing on stable distribution
is its outstanding feature of having domains of attraction. That is, they arc the only
possible limits of sums of independently and identically distributed random variables

(sce Kozubowski and Rachev (1994)).

The multivariate forms of stable distributions are provided in Nolan (1998). Nolan
(2005b) studied multivariate stable densitics and distribution functions in the cllip-
tical case. A detailed discussion on multivariate stable distribution can be found in

Press (1972b, ¢) and Samorodnitski and Taqqu (1994).

A random variable X is said to follow positive semi stable distribution if its Laplace
transform is ¢(A) = e ¢ where €()) is as given in (1.5). The properties of semi

stable distributions are discussed in Pillai (1971).
1.8 Discrete Stable and Discrete Semi Stable

Distributions

A discrete analogue of stable distributions is obtained in Stcutel and van Harn

(1979). A random variable X with support on on non negative intcgers, is said to
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follow discrete stable distribution with cxponent (> 0) if it satisfies the relation
XtaeXi+(1-a") ®Xs, 0<a<l
where X; and X, arc independent copies of X.

Jayakumar (1995a) considerd the operator ‘@’ as follows: If X has p.g.f. P(s),
X

then a® X is defined (in distribution) by its p.g.f. P(1—a+as)orby ac X = > N;
j=1
where P(N; =1) =1— P(N,; =0) = ¢, all random variables being independent.

Therefore, a random variable X is said to follow discrete stable distribution if its

p.g.f. satisfies

P(s)=P(1-a(l—s)PA-(1—-a"7(1-3), [s|<L (1.13)

Stuctcl and van Harn (1979) established that the p.g.f. in (1.13) exists only
for 0 < v < 1 and a random variable X defined on {0,1,2,..} has discrcte stable

distribution if and only if its p.g.f. is
P(s)=e™ 079" >0 (1.14)

In casc v = 1, (1.14) represents the p.g.f. of a Poisson random variable with mean c.
Christoph and Schreiber (1998b) obtained the expression for probability distribution

of X when 0 <y < 1.

. k m m ’Y] ij
P(X =k)= (D> > (-1 . k=012..
m=0j=0 \ j k )



20

Let X3, X, ... be a sequence of independently and identically distributed Sibuya
random variables and Y be a Poisson random variable with mean ¢, independent of
X1, X2, ... Then Devroye (1993) obtained that X = X; + X, + ... + X,, has discrete

stable distribution.

Jayakumar and Sreenivas (2003) obtained mixtures of discrete stable distribu-
tion as a generalization to Poisson mixtures and studied its propertics. Christoph
and Schreiber (1998c) showed that a discrete stable random variable belongs to the
domain of attraction of a positive stable random variable and obtainced the rate of con-
vergence. For other various distributional properties of discrete stable distribution,

sce Christoph and Schreiber (1998b) and Remillard and Theodorescu (2000).

The concept of discrete semi stability was introduced in Bouzar (2004). A non
degencrate random variable on {0,1.2,...} is said to have discretc semi stable distri-

bution with exponent (> 0) and order « € (0, 1] if its p.g.f. P(s) satisfies
InP(l-—a+as)=a"InP(s). |s]<1

In other words, a distribution with support on {0,1.2,...} is said to be discrete semi
stable if its p.g.f. is

P(s) = pE(1=e)

where the function £(.) is as stated in (1.7).

Discrete semi stable distributions exist only for 0 < v < 1. Bouzar (2004) proved
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that discrete semi stable distributions are infinitely divisible and obtained its char-
acterizations. Jayakumar and Srecnivas (2003) obtained discrete semi stable distri-
bution mixtures as a gencralization to discrete stable mixtures. They found that a
random variable X on {0,1,2,...} is discrete semi stable mixturc with mixing distri-

bution function F(.) defined over (0, 00) if the p.g.f. of X can be expressed as

P(s) = /0 " -0 (z)

wherc £(.) satisfies the functional equation given in (1.7). Bouzar and Jayakumar
(2007) developed stationary integer valued first order autoregressive process with

discrete semi stable marginals.

1.9 Geometric Stable Distributions

Geometric stable distributions arc the weak limits of random sums of indepen-
dently and identically distributed random variables. A random variable Y is said
to be geometrically stable if there exists a sequence of independently and identically
distributed random variables X, Xo,... such that for constants, a = a(p) > 0 and

b= b(p) € R, the relation
Nip) )
a(p)ZXi-i—b(p) Y as p—0
i=1

holds. N(p) is a gecometric random variable, independent of X;  such that
P(N(p) = n) = pl —p)" ', 0<p<1l =n =123, Thecascbp) =0

gives strictly geometric stable distribution.
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Kozubowski and Rachev (1999a) discussed various parametcrizations of gecometric
stablc distributions. Among these the most standard representation has the charac-
teristic function

G(t)=[1+c|t|w(t, o, B) —iat]™

where

1—ifBsign(t) tan % if o #1
w(t, o, B) =

1+ i82sign(t)In |¢| if a=1

« is the exponent of the distribution, 0 < o < 2; ¢ is the scale parameter, ¢ > 0; ais

the location parameter, ~oo < a < oo and 3 is the symmetry paramcter, -1 < 8 < 1.

Mittnik and Rachev (1991) obtained the following characterization of geomet-
ric stable distribution. A random variable Y is geometric stable if and only if its

characteristic function (¢t) has the form

B 1
T 1-Invy(t)

G(t)
where (t) is the characteristic function of stable distribution given in (1.11).
Kozubowski (2000a) showed that every strictly geometric stable random variable can
be represented as product of an exponentially distributed random variable and an
independent random variable with stable distribution. The estimators of the parame-
ters of gecometric stable distribution and their propertics can be found in Kozubowski

(1999). The properties of geometric stable distribution like representation, computer

simulation ctc, are discussed in Kozubowski (1994, 2000b).
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Geometric stable distributions approximate random sums of identically and inde-
pendently distributed random variables wherce the number of summands has geometric
distribution. Such situations arise in a varicty of applied problems in risk analysis,
biology, economics, queueing theory and reliability. Conscquently geometric stable
distributions have potential applications in these areas. Moreover, geomcetric sta-
ble laws have an important role in modeling heavy tailed data (sec Kozubowski and
Rachev (1994) and Mittnik and Rachev (1991, 1993) ). Multivariate extensions of
geometric stable distributions arce studied in Kozubowski ct al. (2005), Kozubowski

and Panorska (1999a) and Kozubowski and Rachev (1999b).

1.10 Bivariate Geometric Distribution

We consider the following bivariate geometric distribution. A random vector

(Ny, Ny) is said to follow bivariate geometric distribution if it has the survival function

pii(po +pu)™™™ it ny <ny
P(Nl > Ny, N2 > 712) = (115)
pi(po+p)™™™  if npa<m
where poo +por +p10 TP =1, po+pun<l, pn +pn <1, m, na =123 ...
A practical interpretation where this bivariate geometric distribution becomes ap-
propriate can be found in reliability context. Consider a system consisting of two
components in which both are subjected to shocks causing failure. Suppose that with
probability p;;, both components survive after shocks, pig, the first survives and sec-

ond does not, with probability pg;, the first component fails and the second survives,

and with probability pgy, both components fail. Let (Ny, N2) represent the number
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of shocks caused to failurc of the components. Then (Ny, N,) admits the probability

distribution given in (1.15).

The p.g.f. of (1.15) is

P(sy,55) = 8189 < Po1(Poo + P10)S2 P10(Poo + Po1)s1 ) . (1.16)

1—pusisz \' © 1= (por +pu)sz 1 — (po+pin)s:

Block (1977) have obtained many bivariatc exponential and geometric distributions
using the bivariate gcometric sums of independently and identically distributed ran-
dom vectors. Balakrishna and Nair (1996) obtained characterizations of Moran’s
bivariate exponential using the distribution of sums of independently and identically
distributed random vectors when the number of>summands follow the bivariate geo-

metric distribution in (1.15).

1.11 Moran’s Bivariate Exponential Distribution

Duc to the potential applications of cxponential distribution, it is natural to
consider its extensions to higher dimensions. However, unlike normal distribution,
no unique cxtension of exponential distribution is available. A survey on various
bivariate cxponential distribution was found in Kotz ct al. (2000). In the present
study special attention is paid to Moran’s bivariate exponential distribution and its
gencralizations. Moran (1967) introduced a bivariate exponential distribution which
was later popularized by Downton (1970) as a model to describe the failure time of

a system having two components. The joint density function of Moran’s bivariate
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exponential distribution is

M2 24/ (papabzy) [ T+ p2y
f(x’y)_1—0[°< % esp=\~3—5 |

oo 27
where py.pu2 > 0; z,y > 0; 0 < 6 < 1and Iyz) = Z (%.) is the modified
j=0 N

Bessel function of the first kind of order zero. We denote the Moran’s bivariate expo-
nential distribution by MBE (u1, p2,6). The Laplace transform of MBE (uy, po, 6)

distribution is

, M2
AL, Ag) = . 1.17
?lh1: 2a) (1 + A1) (2 + A2) — 61 ), (117)

Io(.) is the modified Bessel function of the first kind of order zero. Downton (1970)
presented an interpretation of this bivariate exponential distribution which is appli-
cable in reliability context. Consider a system in which the two componcents arc
subjected to non fatal shocks occurring according to independent Poisson proccss
with parameters 6, and d,. Let Xy5, ¢ =1,2, j =1,2,3,... denote the inter arrival
time of the " process. Assume that i** component fails after N; shocks where N;

follows geometric distribution. The time to failure of the componcents arc given by

Ny Ny
(X,Y) = (Z Xy, ZXQJ-) : (1.18)

Suppose that (N7, N;) has bivariate gecometric distribution with p.g.f.

81 S92
1+ d] + d2 + d3 - d]Sl - dgdg e d38152

P(Sl, 82) =

where d;, d3 and ds are non negative. Then Downton (1970) showed that the (X, Y)

in (1.18) follows MBE (u1, 112, 6) and its Laplace transform is in (1.17) where

&1 & dydy + dods + dids + ds + dg

2
- =——" and 0= .
1+d; +d;’ He 1+dy +ds an (1 +d; + d3)(1 + do + d3)

Hi
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As a generalization to MBE (y1, y5, 6) distribution, Moran (1967) obtained bivariate

gamma distribution with Laplace transform

Hiji2 v
AL Ag) = ) .
#a. ) ((N1+/\1)(#2+/\2)—9/\1)\2> vzl (1.19)

It is denoted by MBG (41, pt2, 8, v). The joint density function corrcsponding to this

Laplace transform and its propertics are found in Kotz et al. (2000).

1.12 Random Summation

The probability distributions of random sums of independently and identically
distributed random variables, cspecially the geometric sum, have been extensively
studicd by many researchers during the last decadc. For example, Gnedenko and Ko-
rolev (1996), Klebanov et al. (1984), Kozubowski and Panorska (1999b), Kozubowski
and Rachev (1999a) and Rolski ct al. (1997). The problem of gcometric summation
can be described as follows: Consider a sequence {X;,¢ > 1} of independently and

identically distributed random variables. Define
Sy=X1+Xo+ ...+ Xn

where N follows geometric distribution. When ¢Sy and X; are identically distributed
for some ¢ > 0, we say that distribution éf X, is stable under geomctric summation.
The applicability of the result that geometric sum of exponential random variables is
exponential, is investigated in Milne and Yeo (1989). Chufang (1997) characterized
the Marshall-Olkin type distributions using bivariate gecometric summation. Klcbanov

and Rachev (1996) studied the distribution of random sums and their applications
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when the number of summands is infinitely divisible laws. Lin and Stoyanov (2002)
studied the moment problem for the distribution of gcometric sums. Cai and Kalash-
nikov (2000) extended the new worse than property (NWU) of geometric sums to the
class of random sums distribution. Later, Li et al. (2006) investigated the negative
ageing property of random sums and obtained that the property is solely determined

by the negative ageing property of the distribution of V.

A gencralization of geometric sums is obtained in Milne and Yco (1989) by con-
sidering ncgative binomial sums and found that the random sum has gamma dis-
tribution when N follows ncgative binomial distribution and summands are cxpo-
nential. Prokhorov and Ushakov (2001) studied the conditions of reconstructing the
distribution of independently and identically distributed random variables when the

distribution of the random sum is given.

1.13 Autoregressive Processes

Autorcegressive processes of appropriate orders are used for modcling time se-
rics data. The gencral form of pt* order autorcgressive process with paramecters
1,4, ..., dp 18

Xn = (L]Xn_l + (ZQXH_Q + ...+ CLan_p + &

where {€,,n > 1}, called the innovations, is a sequence of independently and identi-

cally distributed random variables and independent of X,_y. ..., X;,—p. Even though
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Guassian autoregressive models dominated in the development of time serics mod-
cling, autoregressive processes with non Guassian marginal distributions arc a fast
growing area of investigation in rccent ycars due to its wide applications in many
naturally arising time series models (see Gaver and Lewis (1980) and Lawrancc and
Lewis (1980, 1981)). Exploiting the class L property of exponcntial distribution,
Gaver and Lewis (1980) developed a first order exponential autoregressive (EAR(1))

model. The EAR(1) process has the structure

pPXn-1 with probability p
Xn = (1.20)
pXn_1+ €, with probability 1—p

where 0 < p < 1. {en,n > 1} is a sequence of independent cxponential random

variables such that X 2 (1.

Further, Jayakumar and Pillai (1993) developed a first order Mittag-Leffler au-

toregressive (MLAR(1)) process.

Construction of stationary autoregressive models with marginals have bivariate
distributions is an emerging arca of rescarch recently. Block ct al. (1988) devel-
oped a first order autoregressive additive process with bivariate geometric marginals
and studied its properties. Dewald et al. (1989) developed an additive first order
autoregressive bivariate exponential process. Balakrishna and J ayakuma,r':(1996) ob-
tained an extension of the first order autoregressive exponential miniﬁ(*:ation process
of Tavarcs (1980) to bivariate casc and developed Gumbel’s bivariate exporcential au-

toregressive process. Ristic and Popovie (2003) introduced a first order stationary
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autoregressive process (BUAR(1)) having bivariate uniform marginals over (0,1) and
obtained the estimates of the parameters of the process. Balakrishna and Jayakumar
(1997) developed a bivariate minification process using bivariate semi Pareto distri-
bution and studied its properties. A class of stationary bivariate minification process

is obtained in Ristic (2006) and cstablished that process has the uniformly mixing

property.

1.14 Tailed Distributions

In tailed distributions, tail of a nonnegative random variable refers to the positive
part of the sample space cxcluding the point zero. The random variable X is treated
as a mixture of an atom at zcro with probability ¢ and the whole positive part with
probability 1 — o . We encounter such situations in life testing experiments where an
item fails instantancously and hence the observed lifetime becomes zero. During the
dry days of season, the volume of water in a reservoir may be zero. In modcling the
daily data of river flow, there may be days without flow. That is, the rivers will be dry
during certain days of an ycar. In epidemiology, if X is the percentage of progress
of an infectious disecase, the incubation period (X = 0) has non zcro probability.
Similarly, in clinical trials, it happens that initially a medicine has no response with
certain probability and on a later stage, there is some response, then the length of the
response is described by certain probability distribution. Such situations arc common
in agriculturc and inventory also. As an cxample of tailed distribution, consider

cxponential tailed distribution. A random variable X is said to follow exponential
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tailed distribution if P(X =0) =cand P(X >z)={(1-0)e™™,2>0, >0 and

0 < ¢ < 1. The Laplace transtorm of exponential tailed distribution is

, u

N = o4+ (1

oA = o+( G)/L-}—)\
_ ptal
gt

Kemp (2004) considered a geometric distribution in a modified form. A random
variable X is said to follow ‘ zero modified * geometric distribution if its probability
distribution is
g+ (l—-a)p when =10
PX =z)= (1.21)
(1-0o)p(l-=p), =12,3,.., 0<p<l, 0<o<L

The p.g.f. of (1.21) is
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Chapter 2

Bivariate Mittag-Leffler Distribution

2.1 Introduction

Mittag-Lefller distribution has been studied extensively by many authors in the
past decade (sce Jayakumar and Pillai (1993), Kozubowski (1994, 1999), Lin (1998,
2001), Pillai (1990) and Weron and Kotulski (1996)). Pillai (1990) cstablished that
the Mittag-Lefller distribution is geometrically infinitely divisible. Various distribu-
tional properties of Mittag-LefHler are discussed in Jayakumar and Suresh (2003) and
Lin (1998). Kozubowski (2001) estimated the parameters of Mittag-Leffler distribu-
tion using fractional moments. Even though a lot of investigations on Mittag-Leftler
distribution were carried out, studies in the direction of its extensions to higher di-

mensions arc not yet explored.

31
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Mundassery and Jayakumar (2007a) introduced a bivariate Mittag-Leffler distri-

bution.

Definition 2.1. A non negative random vector (X,Y) is said to follow bivariate
Mittag-LefHler distribution with parameters ;. p2, a1, a3 and 6, denoted by BML

(141, po, a1, e, 0), if its Laplace transform is

1
AL Ag) = . 2.1
P X) = Y (T ) = B 21
A, A >0, 0<ag,ap <15 g, 2 >0, 0<60< 1L
Note that
1
A, 0) = ———— and ¢(0,\y) = ———;-
R T S A Ty
When 8 =1,
1
d(A1: Ag) = (2.2)

1+ g A + i A3?
and # =0 implics that X and Y arc independent. When oy = o = 1, BML
(1, 2, oy, ag, 6) distribution gives a generalization of the MBE (1, o, ) distribution

discussed in (1.17).

Now, we define a bivariate positive stable distribution.

Definition 2.2. A non negative random vector (W), Wa) is said to follow bivariate

positive stable distribution if its Laplace transform is

P, he) = el 32, 23)

0<(X1,a2§1, Hi, /‘1‘2>070§TS1



When W) and W, arc independent (r = 0),
P Ag) = e7haN mHels?, (2.4)

In Section 2, we discuss various distributional propertics of BML (p1, fig, vy, cv2, #).
The characterizations of the distribution using geometric compounding are obtained
in Section 3, while in Scction 4, we have the characterizations using bivariate geomet-
ric compounding. Estimates of the parameters of BML (1, 2, @1, a2, 1) arc obtained
in Section 5. Autorcgressive processes with BML (p, pig, 1, v2, 1) marginals are de-
veloped in Section 6. Bivariate Mittag-Leffler distributions that generalize Marshall-
Olkin’s bivariate exponential, Hawkes’ bivariate exponential and Paulson’s bivariate
exponential are introduced in Section 7. A bivariate semi Mittag-Leffler distribution

is introduced and studicd in Section 8.

2.2 Distributional Properties

Kozubowski ct al. (2005) established the one to onc correspondence between the

opcrator stable and operator geometric stable distributions as

1

Gl) = —————=
(t) 1 —Iny(t)

where G(t) and ¥(t) are the characteristic functions of the operator gcometric stable

and operator stable distributions respectively. In the light of this , we note that BML

(1, pa, a1, g, 0) distribution is the geometric stable form of the bivariate positive
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stable distribution with Laplace transform given in (2.3).

Therefore,

1
AL, Ag) = .
(A1, o) 14+ AT + paAg? + rugpe AT AS?

The following theorem gives a mixture representation of BML (u1, g2, ai,a2,1)

distribution.

Theorem 2.1. Let (W,, Ws) have positive stable distribution with Laplace transform
in (2.4) and Z, independent of (W1, Ws), have standard exponential distribution.

Then (X,Y) = (Z?’Af W, Z"‘LZWQ) has BML (uy, p2, ai, s, 1) distribution.

Proof. The Laplace transform of (X, Y) is

oo 1 e
oM, A2) = / E(eMZH Wi Z%2Wa 7 f(2)dz
0
— /000 E(e—/\lz“;l_Wl—/\gz“_BWQ)e—zdz

o0
= / eI Hu2dg?) o=z g,
0

1
L4+ mAY + padz®

Theorem 2.1 implies that a random vector (X,Y) with BML (u1, po, 01, a2, 1)

distribution admits the representation
(X,Y) L (25 Wy, Z3Wy). (2.5)

Now, we obtain the distribution function of BML (u1, pt2, @1, o2, 1).
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From the representation given in (2.5), we have

P(X <a,Y<y) = P(Z5W; <z, 25W,<y)

P(Z5 W, <z, 2% W, < y/Z) f2(2)dz

x —
FW],WZ( 1 yl )6 zdz

zal gag

0\8 0\8

where Fw, w, (., .) represents bivariate positive stable distribution function with Laplace

transform in (2.3).

When W) and W, are independent (r = 0),

1
[24

o0
P(X <zY <y)= /Sal( d )Sas( f Je~*dz
) LY R T

where Sy, (.), (i = 1,2.) represents the distribution function of a standard positive

stable random variable Laplace transform, ¢()\) = e™*".

The joint density function of BML (u;, 2, a1, e, 8) distribution is

[ o]
Ty, _
hx,y(l',y) = /fWth( T T L )e “dz
zo1 zoz
0
where  fw, w,(., .) is the joint density function of bivariate positive stable distribu-
tion. When W, and W, are independent,
oo
T Y o\
(@) = [ Day(—)Daul = )e""d2
, Zo1 g Z°2 g

where D,,(.), (i=1,2.), represents the density function of positive stable random vari-

able stated in (2.2).
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We note that the Laplace transform in (2.2) is the geometric version of the bi-
variate positive stable distribution given in (2.4). Therefore, BML (u1, y2, a1, a2, 1)

is geometrically infinitely divisible (see Kozubowski (2005)).

The product moments of the distribution, E(X%Y?%), exists if and only if
0<(51<a1, 0<62<a2and

P(&+% 1+ 1)P(1 - &)T(1+ &)N(1 - 2)T(1 + &)
I(1—6)T(1 — &) '

E(X"Y®) =

In (2.5), assume that Z,W; and W, are independent. Then

8 &
E(X®Y%) = E(Zaita)B(WHWS). (2.6)
But
Bz Cr L 2 4
23] 8)

Substituting in (2.6), we get the required result.

The following theorem shows the attraction of BML (u1, p2, 04, a2, 1) distribution

towards the bivariate positive stable distribution in (2.4).

Theorem 2.2. Let {(X;,Y;),i > 1} be a sequence of random vectors which are inde-

pendently and identically distributed as BML (p1, 2, a1, a2, 1). Define
Uy=no (X1 + Xo 4+ o+ Xp) and Vp=na(Y; +Ys+ ...+ Ya).

Then (Uy, Vi) is asymptotically distributed as bivariate positive stable law with Laplace

transform in (2.4).
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Proof. Supposc that (X,,Y;),i > 1 are distributed as BML (1, po, aq, g, 1),

Therefore,

1

AL, o) = .
P do) L AT + p1pA5?

The Laplace transform of (U,, V,,) is

=1
—)\ a1 (X1+X X A "‘2 Y1+4Y5 /,
DUV, (,\17,\2) e M7 X1+ X2+ +Xn)—-A2n%2 (Y1 +Y2+...+ Yy ))

n
,: -Aln“l X Azn"‘2 Y; )}

{ Nl/\l+/1'2/\ )} '

When n — oo , we get
SOUn,Vn(’\lv ’\2) - e_ul/\(:l-“?)\gz'
O
2.3 Characterization of BML (u1, 110, a1, a2, 6) through
Geometric Compounding

Let {(X;, Y;),7 > 1} be a scquence of independently and identically distributed

random vectors with Laplace transform (A, Ay). Define

where N follows gecometric distribution such that

PIN=n)=p(1-p)"? n=123,.,0<p<]1 (2.8)
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and is independent of (X;, Y;),i > 1. Then the Laplace transform of (Un, Vy) is

¢(/\1= )\2) = E(e"\IUN—A'zVN)

E(e“f\l(xl+X2+--~+XN)_/\2(Y1+Y2+»-.+YN)/N - n)P(N - n)

I
)8

=3
Il
_

E(e_’\l (X1+X2+--»+Xn)—/\2(Y1+Y2+-~+Yn))P(N

I
NE

= n)

3
i
-

[E(e X m2%))" p(1 — py=?

NE

3
||
—

p(As, /\2)
1= (1 =p)(A, A)

Now, we obtain a characterization of BML (1, ug, a1, s, 1) distribution.

Theorem 2.3.  Let {(X;,Y;),7 > 1} be a sequence of independently and identically
distributed random wvectors and N, independent of (X;,Y:),s > 1, follows geomet-
ric distribution in (2.8). Suppose that Uy and Vy are as defined in (2.7). Then
(p“LIUN,p“%VN) is distributed as BML (u1, o, oy, ag, 1) if and only if (X;,Y.),i > 1

follow BML (p1, o, 0, 00, 1) distribution.

Proof. From (2.9), the Laplace transform of (palT Un. p‘_‘l? Vi) is

PP ) (2.10)
1—(1—p)¥(pr A1, po2 A9)

where ()1, \2) represents the Laplace transform of (X;,Y;),% > 1.

¢(/\1, /\2) =

Taking
1
1+ /J,lA?I + ll,Q)\gz )

¢(/\17 A?) =

Substituting (A1, A2) in (2.10) and simplifying, we gct

1
1+ AT+ ppAg?

d(A. X)) =
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By i
Converscly, assume that (p=1 UN,p"lz Vn) has BML (u1, pg, a1, @, 1) distribution.

From (2.10),

2 1
| Y L )
L+ AT + Ay — (1- p)w(pElY,\l,pﬁlE)Q)

Solving, we get

1
1+ /il/\(lxl + /1«2/\32 '

Y(Ar, /\2) =

A characterization of BML (u1, po, a1, a,1) distribution is obtained using re-

peated geometric compounding.

Theorem 2.4. Let (Un,,Vn,) be defined as

. Neaa 1 Ne-1

_pklzx »_pklzy

where Ni_1, independent of (X;,Y;),1 > 1, follows geometric distribution such that
P(Neci=n)=(1—-pe-1)" i1, 0< o1 < 1. n=1.2,3, ...

{(X, Y:),© > 1} is a sequence of independently and identically distributed random vec-
tors with distribution function Fy_i(.,.) and Laplace transform ¢i_1(N1, A2) k=2,3,...
To start with, take Fi(.,.) = F(.,.) and the corresponding Laplace transform as
&M, A2). Then (Un,,Vn,) ts distributed as BML (p1, pa, o1, 2. 1) if and only if

(X, Yi),i > 1 are distributed as BML (1, pi2, a1, aa. 1).

Proof. From (2.10), the Laplacc transform of (Un,, V,) is

2 i
Pro10k-1(Prl A1, P2y A2)

T T .

1- (1 - Pk—1)¢k—1(77:il/\1,77,?31/\2)

Or(A1, A2) = (2.11)
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Therefore, 1 1
P1¢(Pf_‘>\1,pf_2/\2)
1= (1= p)o(p] M.pi* o)

since F1(,,.)=F(,.), é1(M,A2) = o(A1, Aa).

P2(A1, A2) =

Y

Applying recursively (2.11),

-1 L k-1 L

. Hpil)\ls HPiZ)Q:l
(/)k(/\la )\2) — v 1 1—1: i=1 i=1 =

k—1 _1 k-1 k-1 k—1 1 k—1 El_ (212)
1-¢ {I—I pit Ay, I1 p{‘?/\z} + 1 pio [I'Ilp{” A 11 Piz)\z}
i=1 =1 =1 1= i=1

Suppose that (X;,Y;),i > 1 arc distributed as BML (p1, pi2, 01, 2, 1).

Therefore,

1
A, o) = .
(A1, M) 14+ AT + paAy?

Substituting ¢(\1, A2) in (2.12) and simplifying, we get

1
L4 AT + pedy®

¢k(/\lﬂ /\2) =

Converscly, assuming that (Uy, , Vi, ) is distributed as BML (p1. g2, 1, ap. 1). Sub-
stituting ¢ (A1, A2) in (2.12) and simplifying, we get

1
1+ mA" + peAg®

¢(A17 )“2) =

Now we introduce BML (p1, p12, a1, a9, 8) distribution by considering the gecometric
sum of a sct of independently and identically distributed random variables. Let

{(X;,Y;),¢ > 1} be a sequence of independently and identically distributed random
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vectors such that the components X; and Y; arc independently distributed as Mittag-
Leffler.
.Thercfore,

1

— . (0, N) =
14+ AT ¥ 2)

’l/)xi(>\1, 0) for i= 1,2,3,...

1+ /112/\(212
The joint Laplace transform of (X;, Vi), > 11is

1
(1 + mAT) (1 + peA?)

YA, Ag) = (2-13)

From (2.10), the Laplace transform of (pa_lx U, p"‘l_2 V) is

p
AL A _ _
) (14 pu AT )1+ puady®) —1+p
_ p
1+ pui AT + ppads? + p2uipe ' A5* — 1+ p
1

L+ AT + p2A5? + puapp AT A3

Comparing with (2.1}, 8 =1 — p.
L L
Therefore, (pa1 Uy, p*2 Viv) has BML (p1, fi2, a1, a2. 1 — p) distribution.

On the other hand suppose that (p‘%l UN,p“l_2 V) follows BML (u1, g, 1. ce2,1 — p)

distribution. From (2.10),

L L
1 _ pY(par A1, poz Ag)
L AT + p2A3? + prapeAT A3® 1 (1- p)w(pc%l /\l,pa_li)\g)'

Solving, we obtain

1
(1 + AT (L + p2A3?)

’l,/)(/\l, /\2) =

Hence we have the following theorem.
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Theorem 2.5. Consider a sequence of independently and identically distributed ran-
dom vectors {(X;,Y:),i > 1} and N has geometric distribution given in (2.8).
Assume that N is independent of (X;,Y;),i > 1. Then (pﬂLlUN,piz V) has BML
(11, jr2, a1, g, 1 — ) distribution if and only if X; and Y; are independently distributed

as Mittag-Leffler .

Hencee Theorem 2.5 enables to generate BML (pg, po, ai, s, 8) distribution as a
geometric compound of random vectors (X, Y;),7 > 1 such that X; and Y;,7 > 1 arc

independent Mittag-Lefller random variables.
The following theorem gives a characterization of gecometric distribution.

Theorem 2.6. Suppose that {(X;,Y;),i > 1} is a sequence of independently and
identically distributed BML (p1, pto, &1, a2, 1) random vectors. Then (pa_ll UN,p‘%z V)

and (X;,Y;), i > 1 are identically distributed if and only if N is geometric.

Proof. The proof of the ‘if’ part is omitted as it is presented in Theorem 2.3.

To prove the converse, assume that (p‘%l UN,pé Vy) and (X, Yi),i > 1 arc iden-
tically distributed as BML (p1. g, 01, 9, 1). Without loss of gencrality, we take
1 1 ) :
(1 = po = 1. The Laplace transform of (pall Un.p=2Vy) is given by

600 ) = 3 (6 A, 00))” POV = ),

n=1

where (A, Ap) represents the Laplace transform of (X, Y;),7 > 1. Thercfore, from



43

the assumption it follows,

[o @) 1 n 1
PIN=n)=——" .
2 (1 + s +px;2> W=n) =1 e =

n=1

Expanding both sides,

ii (*1)'i(.7‘ +n-— 1)!(’\‘111 + /\gz)jpj P(N — n) — i( ) (/\01 + /\uz) )

3! — 1)
jin —1)! =

Comparing the coefficients of (AJ* + A\$?)7 |

innﬂ (n+2). (n+j-DPPIN=m) _\ 153

n=1 ‘7'
Therefore,
1 2
E(N)=-, E(N(N+1))=— and so on.
P p
Consider

EQ-t)"" = 1+ %E(N) + ;—Q'E(N(N + 1))+ gE(N(N + 1)(N +2)) + ...

- P
p—t
B pan;(l—f)
= pZ(l—t) "1-p)!
n=1
Also
(1~t)‘N=i(1 )7"P(N =n)
n=1
Therefore,
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Comparing we get,

2.4 Characterization of BML (u1, po, a1, s, 6) through

Bivariate Geometric Compounding

Block (1977) discussed the probability distributions of random sums of inde-
pendently and identically distributed random vectors when the number of summands

follow the bivariate geometric distribution in (1.15).

Let {(X;,Y:),¢ > 1} be a sequence of independently and identically distributed

random vectors with Laplace transform (A1, Ag) . Define
Ny N3
Uny =Y X; and Vi, =) Y (2.14)
i=1 i=1

where (N}, Ny) has  the bivariate geometric  distribution  with p.g.f. in (1.16).

Block (1977) has given the expression for the Laplace transform of (Un,, Viv,)-
O(A1. A2) = ¥(A1, Ao)(poo + Prod(Ar. 0) + p01d(0, A2) + pug(Ar, A)).  (2.19)

Thercfore,

A1, A
o) = =2 (4 g6 0) + pre00) . (219
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Also, from (2.15)

(Poo + P10)¥(0, A2)
I — (P11 + po1)¥(0, Ag)

62, 0) = —Poo + Po)e (X1, 0)

= d ¢(0, \2) =
I — (pu1 + pro)w (A1, 0) and $(0, A2)

(2.17)

By choosing appropriately (A1, A2), poo, P10, Po1 and py; we obtain characterizations
of BML (u1, pto, a1, a2, 8) distribution and also generate some other forms of bivariate

Mittag-Lefller distribution.

Theorem 2.7. Consider a sequence {(X;,Y:),7 > 1} of independently and identically
distributed random vectors. Let (N1, N3) be independent of (X;,Y;),i > 1 and have

the bivariate geometric distribution with p.g.f. in (1.16) such that ppg = 0 and

N 1\/2 1 1
po+po+pn =1 Let Un, = Y X; and Vi, = Y _Yi. Then (pgi Un,, pia Viv,) fol-
i=1 i=1

lows bivariate Mittag- Leffler distribution with independent marginals where (Un,, Vi,)
are as stated in (2.14) if and only if (X;,Y;),¢ > 1 have BML (p, po, o1, i, 1) dis-

tribution.

' S L
Proof. -From (2.15), the Laplace transform of (pgi Un,, pig Vi, ) is

d(A, A2) = w(PoEE/\l-, P%/\Q)(Poo +p10d( A1, 0) +po1d(0, A2) +pud(Ar, Ag)). (2.18)

When pgo =0 and  pio +po1 +pu = 1,

60, d) = —PPLAPIEN) s 0) 4 pna(0, M) (2.19)

1- Plﬂ/)(Pr??)\l,Pf?/\ﬁ

Also, from (2.18)

A0 (0. p3 A
¢()\10)= pOld)(pOI 1»1) and ¢(07/\2): plOI/( P1o 2)

1- (1 - P01)’l/.’([)(§ )\1,0) 1- (1 - [)10)'(/)(0,[)%/\2)
(2.20)
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If (X, Y;), ¢ > 1 have BML (p1, pa, @1, ag, 1) distribution, then from (2.20), we get

and (0, Ag) = ——

¢(/\170)= —m.

1+ Ay
Substituting ¢(Aq,0) and ¢(0, A2) in (2.19) and simplifying

1

d(Ai, X)) = = —.
o) = Gy T T e

L e .
Conversely, suppose that  (pgi Un,,pig V,) follows bivariate Mittag-Leffler
distribution with independent marginals . Substituting the Laplace transform of

L 1
(Pt Un, . pi2 V,) in (2.19),

1 1

L = w(pg at p{'—og ac) P10 ! + Pm—‘_l
L+ AT (L + p2)g?) ary A 1+ m A 1+ pA? )
( HiAy )( HaAg ) 1— Pnl/)(Pm /\1,}71()2 )\2) H1A7 HaAg

Thercfore,

1 a1 g a1
1 — pu(pgt AL, pie A2) = ¥(pgi M, prg A2) [Pro(l + p2A5?) + por (1 4+ mAT)] -

On simplification, we get

1
1+ pg AT + paAg?

1/)()\1, /\2) =
]

Theorem 2.8. Let {(X;,Y;),i > 1} be a sequence of independently and identically
distributed Mittag-Leffler random wvectors with Laplace transform ¥(Ay, ). Suppose
that (N1, Ny) is independent of (Xi.Y:),: > 1 and follows biariate geometric
distribution with p.g.f given in (1.16). Let poo = 0, po +por +pu1 = 1. Then

(1 _pu)ﬁUNl, (1 —pH)EI‘EVNz) has Laplace transform

| 1
P(A1, Ag) = (14 (1 —p) X)L+ (1 — p11)A3?)
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1
14 por AT + p1oA3?

if and only if Y(A1, A2) =

Proof. Suppose that

1

(A, Ag) = _ _
(A 2) 14 po1 AT! + proA?

Using (2.17),

1 1
— and 0,A) = .
e R BN e Ve

¢()\1,0) =

From (2.16) the Laplace transform of ((1 — p11)z‘17UN1, (1- pu)EIEVN?) is

(1 —pr1)ar A, (1 — Pu)“_2)\2l) (p10d(A1,0) + po16(0, Ag)) -

T 1
1 —pup((1 = pu)er A, (1 —p11)®2 Ag)

@(Al 3 )‘2) =

(2.21)
Substituting ¢();,0) and &(0, A2) in (2.21) and simplifying, we get

1
(1+ (1= p)AT) (A + (1 = pu)Ag?)

¢(/\1, /\2) =

In order to prove the converse, substituting ¢(A1, Az), @(A\1 ,0) and ¢(0 , \;) in

(2.21). On simplification, we get

1
P(A1, Ag) = .
V(A o) 14+ po1AT? + proAg”

Using the Laplace transform of bivariate compounding mentioned in (2.15), now
we obtain BML (p1, 2, a1, a2.8) as the random sum distribution of independently

and identically distributed random vectors in which the components have independent

Mittag-Leffler.
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Theorem 2.9. Suppose that {(X;,Y;),i > 1} are independently and identically dis-

tributed random vectors with Laplace transform

AT\ 7 p2Ag?\ 7
w(x\l,/\2)= 1+'1+—m l+m ,0< oy, a9 < 1. (222)

Take poo = (L4 m)™Y, pio = por = 0 and p;y = m(L +m)~L, jy, e >0, m > 0.
Then the random vector (Un,, Viv,) has BML (u1, 2, a1, aa, Hlm) distribution if and

only if (X;,Y;),i > 1 have the Laplace transform in (2.22).

Proof. Suppose that (X;,Y;),i > 1 have the Laplace transform in (2.22). From (2.15),

the Laplace transform of (Uy,, Vy,) is

oy \ —1 ag\ —1 :
A, A) = (1+“1’\1) (1+m) (T+m)™ +m(1 +m) ' @(Ar, A2))

1+m 14+m
1 -1

= l“(/\"‘l-’_ m) — (1 4+ me(A1: A2))

(1+ 1+m) (1+ l+m)
_ 1

(1+m) (1-}-%) (1+’—"12{l7n;> —-m
_ 14+m

(L+m) + A7) (1 +m) + peAs®) — m(l +m)

1
14 AT + pa)S? + —J———Z—‘““ﬁ;* i
1

(L4 AT ) (1 4 1225?) — T2 iy pa AT A

Comparing with (2.1), we get (Un,, Viv,) has BML (p1, p2, vy, g, 135 ) distribution.

Conversely, let (Un, . Vi,) have BML (g1, p2, @1, a2, 175, ) distribution. From (2.15),

we get
(1+m)p(A1, Xa)

'4/)(/\1,/\2) = 1+_m¢()\1,)\2) .

Substituting ¢(A1, A2) and simplifying, we get (2.22). O
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2.5 Estimation of Parameters

In this Section, we obtain the log moment estimators of the parameters of BML
(11, pr2, 1, g, 1) distribution. Kozubowski (2000a) showed that a random variable X
following Mittag-Leffler distribution with parameter o can be represented as ZW?1/«
where Z has standard exponcntial distribution and W follows positive stable distribu-
tion given in (1.3). Suppose that a random vector (X,Y’) has BML (u1, p2, o1, a2, 1)

distribution. Then (X, Y) admits the relation
a1 1
(X,Y) £ (Z(mW)=, Z(1W2)%)

where W, and W, arc independently distributed stable random variables and also
independent of Z which follows standard cxponential distribution. Now let us consider

the estimation of the parameter «;. We have
d 1
X = Z(;1,1W1) a1,

1

Then it follows that the random variables In X and InZ + o In(u; W1) have same
1

distributions.

Thercfore,

1 1
(InX)2 £ (In2)? + @(ln’“y + W( In W;)?2

2 2
+—2—— InZnp +—WZInW; + — InWilnygp. (2.23)
(25} 1 ay
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Taking expectations on both sides of (2.23)

1 1
E(lnX)? = E(nZ2)*+ ?(ln p1)? + ?E(ln Wi)?
1 1

2
+—InmE(InZ) + 3E(ln Z)E(In W)

(v 03]

2
+? In s E(ln Wh). (2.24)
1

Let us consider first the moments of the random variable In Z. Define the function
hy.(m) as

he(m) = /(1n z)fe ™ dy, k=1,2.
0

From Gradshtcyn and Ryzhik (1996), we have

= (v +1nm), Re(m) >0

hl(m) = —E

where v is the Euler’s constant.
Thus the first moment of the random variable In Z is
E(lnZ) = h(l) = —7.

Consider now the second moment of the random variable In Z. From Gradshtcyn and

Ryzhik (1996), we have
72
hao(m) = — (? + (v + lnm)z) , Re(m) > 0.

It follows that the second moment E(ln Z)? is

E(nZ)? = hy(l) = 4% + — .
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Now, we will consider the first and the second moment of the randomn variable In W.

Define the function g;(¢) as

T Inzdz
t) = t < .
9i(t) /x2—2mcost+1’ 0< 2n
0
Then
o0 1 00
/ Inzdz _ / In zdx + / In zdzx
2?2 —2zxcost+1 | x2—2xcost+1 2?2 —2xcost+ 1’
0 0 1

Consider the second integral on the right side. The change of variables 2 = 1/y gives

o0 1

/ Indr _ / In ydy
2 —2xcost+1 y? —2ycost + 1
0

1

Thus we obtain that
1

1

_ / In xdx / In ydy _0

) 22— 2zcost+1 y2 —2ycost+1
0

0

The first moment of the random variable In W, is

sin o T In xdx sin ma
E{lnW,) = = = 0.
(InW) T / x? + 2z cos(ma) + 1 T gi(m +am)
0

Finally, consider the sccond moment of the random variable In W,. Define the

function go(t) as

gQ(t):/mQ (Inz)*dx

—2xcosl+1°
0

Taking the same argument as in the case of the function g;(t), we obtain that

In x)3dx 7 ln 2)2dx
( +

2 —2zxcost+ 1 —2xcost + 1

92(t) =

1
(Inz)%dx +/ (Iny)3dy
x? — 2xcost + 1 y? —2ycost + 1

O\H O\H

0

(Inz)%dx
2 —2rcost+ 1

Il
[\]
O\H
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Now, using Prudnikov et al. (1981), we obtain

(t—2m)(t — )
3sint '

g2(t) = t

Then the second moment of the random variable In W, is

. ,
sin T / (Inz)%dzx

E(lnW,)? =
(ln W) Ta z? + 2z cos(ma) + 1 .

0
sin ey

= . T+
T™> 92( aﬂ')

721 — a?)
3

Using the above results, from(2.24), the sccond moment of (In X)? as

2 21-0?) 1 2
E(lnX)? = 2+ (1 -af) S (nu)? — 21
(In X) 7—1—6—{— 307 +a%(nu1) alfyn,ul
2 2 ’
g T T 1 2 2 ,
= - D () - Sl
v 6+3a%+a%(nu1) AL

Replacing E(In X)? by the corresponding sample equivalent we get'a quadratic cqua-
tion in oy,

2 18 ' 72
(72 —— ==Y (InX)?|a? =2y Inpy + (Inp)? + ER

1=

Then as an estimate of «q, we have

yin g ~ \/72(111#1)2 - (72 ~ 213k Xi)Q) ((nm)? + %))

;= "

The first moment of In X is

1
E(lnX)=—y+ —Inpu;.
(23]
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Thercfore, the estimate of p; is

n
" a1 (’Y~+—7—1L > (lnXi)>
Ui =e i=1 .

Similarly,

and

As an illustation, we estimate the unknown parameters using Monte Carlo method.
For different values of the parameters oy, a9, p; and ps, we simulate 10 scquences
of 1000, 5000, 10000 observations following BML (pu1, po, a1, a2, 1) distribution. In

Table 2.1, we present the averages and standard deviations of these estimators.

2.6 Autoregressive Processes with BML (11, p2, a1, as, 1)
Marginals

Gaver and Lewis (1980) developed cxponential autoregressive process (EAR(1))

as the solution of the first order autoregressive equation

X, = p)"n~l + €n.



Table 2.1. The estimators of the parameters for different values of a1, ag, 1 and ju,.

n a; =02 =2 [ax=04 w=4 | a=4 u=15
1000 0.2000 2.0271 0.4005 4.0141 0.3911 14.4661
(0.0039) (0.1027) | (0.0108) (0.3228) | (4.8961) (4.1313)

5000 0.2001 2.0024 0.4021 4.0713 0.3893 14.2291
(0.0066) (0.5242) | (0.0085) (0.0205) | (0.0323) (4.2531)

10000 | 0.1998 2.0041 0.4001 4.0009 0.3876 14.2775
(0.0141) (0.7456) | (0.1742) (0.0088) | (0.3621) (5.0321)
=06 =4 |a=04 pu=15|0=04 pu =25

1000 | 0.6071 4.0161 0.3911  14.4661 | 0.3751 21.2812
(0.0142) (0.0199) | (0.0321) (4.8961) | (0.0374) (10.5741)

5000 | 0.5971 3.9772 0.3809  14.2293 | 0.3591 20.0881
(0.0154) (0.2523) | (0.0323) (4.2471) | (0.0508) (13.8091)

10000 | 0.6021 4.0012 0.3874 14.2775 | 0.3712 20.6721
(0.0116) (0.1419) | (0.0352) (5.0321) | (0.0361) (8.7241)
=02 =12 a;=06 (=6 {03 =06 4 =12

1000 | 0.1951 11.6382 | 0.6091 6.1207 0.6012 12.2212
(0.0132) (2.4531) | (0.0278) (0.5421) | (0.0541) (3.4431)

5000 | 0.1942 11.8014 | 0.5981 6.0061 0.5911 11.8123
(0.0136) (3.1876) | (0.0247) (0.5532) | (0.0471) (3.0312)

10000 | 0.1922  11.5876 | 0.6052 6.0851 0.5961 12.0881
(0.0142) (2.7423) | (0.0221) (0.5421) | (0.0492) (3.4213)

) = 0.6 H1 = 15 g = 0.6 Ho = 20 Qg = 0.6 U = 25

1000 | 0.5922 14.9612 | 0.5795  19.0121 | 0.5662 22.5121
(0.0598) (5.4567) | (0.0653) (9.0564) | (0.0681) (12.6615)

5000 | 0.5821 14.3987 | 0.5691 19.2131 | 0.5581 21.5112
(0.0532) (4.7867) | (0.0592) (7.9412) | (0.0627) (11.1321)

10000 | 0.5887 14.7633 | 0.5749  18.7131 | 0.5631 21.7231
(0.0554) (5.3554) | (0.0592) (8.7823) | (0.0581) (10.2567)

) = 0.8 H1 = 2 Qo = 0.8 Ha = 4 Qg = 0.8 H1 = 9

1000 | 0.7926 1.9786 0.7971 3.9581 0.8032 9.1321
(0.0123) (0.0756) | (0.0161) (0.1551) | (0.0553) (1.5993)

5000 | 0.7943 1.9657 0.7954 3.9234 0.8002 8.9643
(0.0153) (0.0478) | (0.0127) (0.1132) (0.0483)  (1.2632)

10000 | 0.7911 1.9517 0.80561 4.0581 0.8107 9.3725
(0.0312) (0.0725) | (0.0068) (0.0871) (0.0453)  (1.4076)

01 =08 =9 |a=08 =12 | =08 =25

1000 | 0.8029 9.1342 0.7961 12.1324 | 0.7564 22.8571
(0.8032) (1.5910) | (0.0698) (3.3469) | (0.0915) (13.1954)

5000 | 0.8003 8.9744 0.7945 11.8692 | 0.7547 22.2315
(0.0487) (1.2443) | (0.0632) (2.7856) (0.0872) (11.7345)

10000 | 0.8109 9.3732 0.8034 12.4121 | 0.7609 23.1074
(0.0481) (1.4341) | (0.0648) (3.0183) (0.0841) (12.2243)
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where 0 < p < 1, {e,,n > 1} is a sequence of independently and identically dis-
tributed exponential random variables and X s have marginally exponential distri-
bution. Later, Jayakumar and Pillai (1993) developed first order Mittag-Leffler au-
torcgressive process (MLAR(1)) as a generalization of the EAR(1) process. The
MLAR(1) process has structure,

pXn_1 with probability p®
Xn =
pXn_1+€, with probability 1 — p*
where 0 < o < 1. Mundassery and Jayakumar (2007b) introduced a bivariate first

order autoregressive process with BML (u1, 2, a1, a2, 1) marginals.

Theorem 2.10. Consider a first order autoregressive process {( X, Y,), n > 1} with

structure

(Xo,Yo) < (e1,41) and for n = 1,28,..
(pﬁl_l Xn-1, p%i Y,.-1) with probability p
(X'm )/n) = . (225)
1
(po1 X1 + ¢, pe2 Y1 + 4) wilh probabilily 1 — p
where 0 < p < 1,0 < ar,ap <1 and {(en, ¥n),n > 1} is a sequence of independently
and identically distributed random vectors. Then {(X,,Y,),n > 1} represents a sta-

tionary first order autoregressive process with BML (w1, pa, c1, &g, 1) marginals if and

only if (€n,¥n),n > 1, are distributed according to BML (1, pi2, a1, g, 1).

Proof. The Laplace transform of the process in (2.25) is

Ox,. v, (A1, Az)

1 L 1 1
= p(bxn—len—l (pal /\1’ paz /\2) + (1 - p)¢xn—lyyn—1(pal /\11 pag )\2)¢€n~wn()\l7 /\2) (226)
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When the process is stationary with BML (uy, 2, a1, ag, 1) marginals, from (2.26) we

have

1 P 1-p
o fe4 = ¢ (¥ + @ (x A ’)\ ‘
L g AT + poAs® 14 pun AT + ppady® 1+pu1/\11+pu2/\22¢6’w(1 d

Oun simplification, we get

1
1+ AT + pAy?

Gep( A1 Ag) =

Converscly, suppose that (e,,v,), n>1 are distributed according to BML

(411, pr2, cr1, (g, 1) and (Xo, Yo) 4 (¢1,41). Choose n=1. From (2.26), we have

2 L 1 1
Ox,. v (A1 Ag) = pdxo.ve (P21 A1, P2 Ag) + (1 = p) Do vo (P71 ALs 22 X2) bey (A1, ).

Substituting the Laplace transform of (e;,)

P 1-p 1
C (43 + (43 (63 X (84
T4 ppi AT + pp2ds® - 1+ pin A + ppas® 1+ A + pa)s?
1
1+ ,U,l)\(fl + ,Uz)\gz '

(DX1,Y1 (/\17 /\2)

Hence by mathematical induction, the process is stationary with BML (1, p2, v, o, 1)

marginals. O

Now we obtain a generalization of the first order autoregressive process developed

in (2.25). Consider an autorcgressive process with structure:

(
(€ny Un), with probability 1 —p

(X, Yo) = (p”_ll n_l,p?{EYn-l), with probability p(1 — q)

L (p—ul—lX'rL—-l + 6”7pc—xl§Y“_1 + U”")’ WIth prObablhty (1 - p)(l - q)
(2.27)
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where {(€,,1,),n > 1} is a sequence of independently and identically distributed
random vectors, (X,_1,Yn-1) and (e,,%,) are independent random vectors and
D<p<l,g=1-—pand0 < ay,ay <1. Note that for ¢ = 0, we get the first order

autoregressive process discussed in (2.25).

The following theorcm gives a necessary and sufficient condition for the station-
arity of the process in (2.27).
Theorem 2.11. Let (X, Yo) 2 (€1,v1). The process {(Xn,Yn),n > 1} defined
in (2.27) is stationary with BML(uq, g2, @1, a2,1) marginals if and only if
{(€n,¥n),n > 1} is a sequence of independently and identically distributed random

vectors according to BML(uy, 2, a1, ae, 1) distribution.

Proof. The Laplace transform of (2.27) is

Oxnva(MiA2) = e,y (A1, A2)
1 1
+p(1 = Q)Px_y Yoor (P51 A1, P22 A2)

1 1
+{1 = p)(1 = Q)Px_1.¥i (D% A1, 022 X2) e (A1, A2) . (2.28)

When the process is stationary, we have

1 1
dxy (A, A2) = qdey(A, A2) + p(1— q)dx,y(p®r A1, po2 )

1 .
+ (1 =p)(1 = qQ)dx,y (p™ A1, P2 Ag)Pe y (A1, A2).

Assume that ¢x y(A;, A2) corresponds to BML(u1, pa, a1, @, 1) distribution. Substi-

tuting and simplifying, we get

1
EEET Ty

Gep(A1- A2)
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Proof of the converse is obtained by mathematical induction. Supposc that

. d
(€nsWn),n > 1 follow BML(g, ft2, a1, a, 1) distribution and (Xo,Yo) = (e1,%1).
n =1 in (2.28) we obtain

Put

1 2
¢x1,Y1(A17 A2) = q¢61,1/)1(A1a )‘2) + p(]- - Q)¢X0,Yo(p°‘ /\1apa2 A?)

1 N
+ (1)1 = Q)bxoys (P AL P2 A2) Py (A1: A2)-

Under the assumption,

, q p(1 —q)
@xl,yl()\x, >\2) =

L+ AT+ p2Ay? 1+ p(AT" + p2Ag®

(1-p(1-gq) 1 _
1+ p(pud® + 1aA2?) 1+ AT + peAg?

On simplification, we get

1
A, Ag) = )
$x1.v1 (A1, Ao) L+ AT + p2A3?

Hence by mathematical induction we get that the process is stationary with BML

(1, p2, 01, g, 1) marginals.

a

As a remark, we obtain a bivariate first order autoregressive process with MBE

(141, p2, 1) marginals .

Remark 2.1. Consider a first order autoregressive process (X,,Y,),n > 1 with fol-
lowing structure:

(Xo,Yo)i (e1,91) and for n = 1,2.3,...

(€ns Yn), with probability ¢
(Xn. ¥n) = (pXou-1,pY51), with probability (1 — q)p

(PXn-1 + €n, pYn_1 +¢n), with probability (1~ p)(1 - q)
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Then the process {(X,, Y,,),n > 1} is stationary with MBE (1, pg, 1) marginals

if and only if the innovations (en,%n),n >1 follow MBE(p1, pa. 1).

Proof of the Remark 2.1 is omitted since we can casily deduce from Theorem 2.11.

A first order autoregressive process {X,,n > 1}, called TEAR(1), is introduced

in Lawrance and Lewis (1980). Its structure is

€n with  probability p
X, = g P (2.29)
X,n-1+ pe,, with probability 1 —p
where {e,,n > 1} is a scquence of independently and identically distributed random

variables and 0 < p < 1. Using this model, in the following theorem we develop a

first order autoregressive process having BML (u1, 42, a1, @2, 1) marginals.

Theorem 2.12. Let a first order autoregressive process {(Xn,Yy), n > 1} have the

structure

1 1
(peren, pe2y,) with probability p

L L
(Xn—l + pr€n, Yn—l + poz wn) with pT’Obiil’ity 1- p

where {{€n, ¥y),n > 1} is a sequence of independently and identically distributed ran-
dom vectors. Then {(X,,Y,),n > 1} is a first order stationary autoregressive process
with BML (py, p2, 04, g, 1) marginals if and only if (eq,¥n), n > 1 are distributed

according to BML (juy, yi, a1, v, 1), provided (Xo, Yo) 4 (e1,%1).
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Proof. The Laplace transform of (2.30) is

L 1 1 L
¢X7hYn ()\1’ A2) = p¢€n,wn (pal )\17 pa2 /\2) + (1 _p)¢Xn—l,Yn—l (/\1’ A2)¢€n,'wn (pal Al’ puz Az)
(2.31)

When the process is stationary,

Px. v (A1, A2) = po (P A1, po2 Ag) + (1 — p)dxy (Mg, /\2)¢c,w(Pa)\hp:‘%/\2)~

Supposc that the process has BML (u, ua, a1, @2, 1) marginals. Then, we get

1
L+ AT + p2A3®

1-p

L a2
TH X+ g Pev (P A% 2a).

L A
= p¢f.w(p°1 A1, po2 /\2) +

On simplification, we get

1
€ )‘ ’/\ = (43 [ed
Gev(A ) L+ AT + p2Ay?
To prove the converse we usc induction method. Suppose that (¢, ¢, ),n > 1 arc
distributed according to BML (p1, pg, a1, e, 1) and (X, Yp) 4 (€1,%1).

Put n=1 in (2.31), we get
1 1 a 1
?x, v (A1, A2) = P, (7T A1 72 X2) + (1 = p)Dxo.vo (A1, A2)Be, sy (P21 A1, p72 Ag).

Substituting the Laplace transform of (eq, ¢;)

p 1-p 1
+
L+ o AT + puads? L4 AT + p2A3? L+ ppn AT + ppady®
1
1+ ,U.l)\(lxl + 11,2)\32 '

¢X1,Yl ()\la A2) =

Hence by mathematical induction, we get the process {(X,, Y,), n > 1} is stationary

with BML (p1, g2, 1, a2, 1) marginals. O
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Lawrance and Lewis (1981) developed a first order new exponential autoregressive
process (NEAR(1)) that will generalize both the EAR(1)and TEAR(1) processes. The

structure of the NEAR(1) process is

6X, -1 with probability p
Xn =€, +

0 with probability 1 — p
where 0 < 3 < 1and 0 < p < 1. {e,,n > 1} is a scquence of independently and
identically distributed random variables and could be generated as follows:

1-43

E, with probability =555

€n =
. 0y ﬁ
(1 - p)BE, with probability 1—_({’—_—1)—)5
Note that for p=1, we get the EAR(1) process given in (1.20) and for # =1, we have
the TEAR(1) process given in (2.29).

Now, consider a first order autoregressive process with following structure.

(X Y) - (6 /l/} ) (/3-—11X —1,[‘0,12 n-—l) With. pIObablll'y p
! v Ty n
“ith pIObablllly I _— p

where {(€,, ¥,,),n > 1} is a sequence of random vectors distributed according to BML

(g1, pro. 1, 02, 1). {€n,¥n, n > 1} is defined as follows:

. . 1-8
(En. F) with probability —553

(Ena wn) =
L L . .
((1 = p)=1 BE,, (1 — p)=2 BF,) with probability 1—_—(%

When p=1 we get bivariate Mittag-Lefler autoregressive process developed in (2.25)

and while S=1, it is the bivariate Mittag-Leffler autoregressive process given in (2.30).
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2.7 Bivariate Mittag-Leffler Distributions Generated

through Bivariate Geometric Compounding

In this Section, we introduce the bivariate Mittag-Leffler forms of some impor-
tant bivariate cxponential distributions (sce Jayakumar and Mundassery (2006)).
Marshall-Olkin (1967) obtaincd a bivariate exponential distribution which can be
treated as a shock model. Consider a two component system which are subjected to
fatal shocks. These shocks follow independent Poisson process with parameters dy. 0o
and d19 according as the shocks applied to component 1 only, component 2 only or
both components respectively. Then the joint survival function of the life times of

the components denoted by (X, X5) is
F(.’L‘l, .1‘2) = 6—6111—62z2—512maz(11,z2) 1, 9 >0, (51, (52, (512 > 0.

The Laplace transform of Marshall-Olkin’s bivariate exponential distribution is

(6 4+ A1+ A2) (61 + 812)(82 + 612) + A Xadia

2.32
((S'Jr)\l +/\2)(61 +512+)\1)(52 +(512 +)\2) ( )

q)()\la )‘2) =

where § = &, + 82 + d19.

We obtain a generalization of Marshall-Olkin’s bivariate cxponential distribution.

Theorem 2.13. Consider a sequence {(X;.Y;),1 > 1} of independently and ident-

N,
ically distributed BML (py, pa, o1, &2, 1) random vectors. Let Uy, = in and
i=1

N,
Vi, = 22 Y, where (N1, Ny) has bivariate geometric distribution in (1.15) and inde-

i=1

pendent of (X;,Y;),i > 1. Choose poo = d12, p1o = 02, po1 = 31 and p11 = 1 -6 where
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§ = 01 + 02 + 12 . Then the distribution of (Un,, Vy,) is the bivariate Mittay-Leffler

generalization of the Marshall-Olkin’s bivariate exponential distribution .

Proof. Assume that (X;,Y;),¢ > 1 have the Laplace transform

1
1+ AT + peAg®

YA, A) =

Substituting poo, pio. por, p11 and (A1, Ag) in (2.17), we get

_ d12 + 0
512 + 51 + /Ll)\(fl

and 6(0, \g) = — 2+ 02

ALO = i
¢( ! ) (512 + 52 + ,UQ)\gz

The Laplace transform of (U, , Vi, ) is obtained by substituting ¢(A;,0) and ¢(0, Ag)

in (2.16),

600, \a) = 1 ( d2(d12 + 01) 01(d12 + d2) ) .

6 + AT + pad3? 2 O12+ 01+ AT O1a + a4+ a3’
On simplification, we get

(6 + 1 AT + paA32) (01 + 012) (82 + d12) + f1fi2 A A5 010

o 184 N (£ o N 2.33
(5+/J«1/\11 +u2/\22)((51+012+H1/\11)((52+(512+M2/\22) ( )

¢(/\17 /\2) =

When a; = ay = 1, ¢()\;, A2) coincides with the Laplace transform of Marshall-

Olkin’s bivariate exponential distribution in (2.32). O

Hawkes (1972) obtained a bivariate exponential distribution which describes the
failure time of a system having two components. Suppose that the two components
are subjected to non fatal shocks occurring in independent Poisson fashion with pa-
rameters d; and dy (61,02 > 0). Let the number of shocks needed to causc failurc

of these components have the bivariate gecometric distribution with p.g.f. P(s1, s2).
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Then the waiting time for failurc of the components, denoted by (X,Y), is given by

the random sum

N, Na
(X,Y) = <ZX1,7‘, szj> (2.34)

=1

where X, ;, 7=1,2,3,... denote the inter arrival time of the i** process, i=1.2. Then

(X.Y) has the Laplace transform

& 8o
AL ) =P , .
¢( b 2) (61 + A 52 + /\2>

Hawkes (1972) considered the p.g.f.

(2.35)

P P,
P(sl,sz) _ 5182 ( P1ol282 Po1i181 )

1 — poos152 Put T Q252 1—Qhs:
where Py = p11 +pio, P2 = pu + por, @1 = poo + por- Q2 = poo + p1o and obtained
a bivariate exponential distribution as bivariate gcometric sum of independently and
identically distributed random vectors. The Laplace transform of Hawkes’ bivariate
cxponential distribution is

mima ( [pOO - (1 - Pl)(l - P2)]A1/\2 > (2 36)
(m1 + /\1)(m2 + /\2) (m1 + Py\l)(mg =+ PQ/\z) — PooM1Ma ' '

(A1, A2 =
m; = 0, P, 1=1.2.
In the following theorem we derive the bivariate Mittag-Leffler form of (2.36).

Theorem 2.14. Let {(X;,Y:),i > 1} be a sequence of independently and identically
distributed random vectors such that each component has Mittag-Leffler distribution

51752 > 07

)
with Laplace transforms ¥x,(\) = 5 +1/\?1 and Py, (A2) = m,
i=1,2,... respectively. Then the distribution of (X,Y) defined in (2.34) gives a gener-
alization to (2.36) when (N1, Ny) has the bivariate geometric distribution with p.g.f.

in (2.85).
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Proof. Suppose that (X;.Y;),7 > 1 are independently and identically distributed such

that

Yx, (A1) i and ¢y, (\2) =

= % -1
51+ AP oo

Let the joint Laplace transform of (X, Y;),7 > 1 be ¢(\;, A2). From (2.35) the Laplace

transform of (X.Y) is

¥(A1, A2) ( + ooy, (A2) + 7)011)1’1/)Xi(>\1)>

AL, Ag) =
?(M1, 2e) 1 — poot (A1, Ag) o 1= Qv (A2) 11— Qivx, (M)

Substituting ¢¥x, (A1), ¥y, (A2) and (A1, Ag)

010, P10F202 po1PAé
(A1, A Lt
(A1, 22) (81 + X3) (82 + A2?) — 6185100 (”“ t s + A2 t P+ x;1>
_ MMy ( n P10z 4 Po1my
(m1 + Plx\?l)(mg + P2/\g2) — M1MsyPoo Pu mo -+ )\32 my + /\?‘l

where m; = 6, F;, i=1,2.

myms
(my + AT ){me + A5?)

([)11('ml + AT (ma + AS?) + proma(ma + ASY) + porma(mg + /\‘2’2)>
(m1 + Pl)\’l”)(mg + Pz/\gz) — M1 M2Poo ’

On simplification,

600, Ag) = mymy [Poo — (1 = P)(1 — P)]AT"A5"
b (my 4+ ATY)(ma + A5?) (my + P ) (ma + PaAS?) — poormama )
(2.37)
Hence when oy = ap = 1 we get (2.36) O

Paulson (1973) obtained a bivariate cxponential distribution using the bivariate

geometric compounding given in (2.15). Choosing peo = @, pio = b, po1 =c¢. p11 =d
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and
1

Y do) = (146, (1 + 622,)

61,00 >0, 0<a, b c,d<lia+b+c+d=1,b+d <1, c+d < 1.

From (2.15),
$(A1.0) = and (0, A) = —
L 1+51/\1 P2 —1+(52/\2
61 ) L , RN
where 6, = ——  and & = . This implies that marginal distributions have
a+c a+b

exponential distribution. Hence ¢(A;, A2) represents the Laplace transform of a bi-
variate exponential distribution. We obtain a bivariate Mittag-Lefller distribution

that generalizes the Paulson’s (1973) bivariate exponential distribution.

Choose pgg, P1g, Po1, and p;; as before and

1
YO = T )
From (2.15), we get
) = e e D) <“ oy (ca::l)x;n i ;?3\32 Fdoh, AZ)) |
Hence
6(0,0) = e and 9(0.02) = TI%QA—;'
where §; = M and 0y = s

a+c a+b
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2.8 Bivariate Semi Mittag-Leffler Distribution

In the following definition we introduce a bivariate semi Mittag-Leftler distribution

(sec Mundassery and Jayakumar (2007c)).

Definition 2.3. A non negative random vector (X.Y) is said to follow bivariate semi
Mittag-Leffler distribution, denoted by BSML (a1, aq, p), if its Laplace transform is

1
(A1, Ag) = m (2.38)

where £(A;, Ag) satisfies the functional equation

1 1 1
g(/\ly )‘2) - ;g(pol /\1) pwz /\2)7 O < p < 17 0 < Oy, (g _<_ ]-

A solution of this functional cquation is given by
Ey A2) = AP hi(A1) + Ag%ha(A2). (2.39)

When 7;(\;) =1 for i = 1,2, we get BML (1.1, a1, ay. 1) distribution.
Using the geometric compounding stated in (2.9), we now obtain a characterization

of BSML (a1, as, p).

Theorem 2.15.  Consider a sequence {(X;,Y;),7 > 1} of independently and identi-
cally distributed random vectors. Define (Un,Vy) as Uy = ENlXi and Vy = ﬁ:lYi
where N is independent of (X;,Y;).i > 1 and has the geometric distribution such
that P(N =n) = (1 —p)"tp, 0<p<l, n=123.. Then (piUy,p=Vy) is
distributed as BSML (ay. as,p) if and only if (X;,Y:),i > 1 follow BSML (o1, 2. p)

distribution.
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Proof.  Suppose that (X, Yi),7 > 1 follows BSML (a3, ae, p). Substituting its Laplace
transform (A, A2), in (2.10) and on simplification the Laplace transform of

(pglf Un, pé Vi) becomes
1

¢(/\1, /\2) = m

Converscly, suppose that (pﬂ_ll UN,pﬂLz V) follows BSML (ay, az, p) distribution.

From (2.10),
1 1
1 __ pY(pErAs,pPz )
LHEQLA) 1 (1= p)y(p™ A, poi o)

Solving, we get
1

P(A1, Ao) =) = TTe0n )

Now by repeated geometric compounding, we have the characterization of BSML

(al, a?vp)‘

Theorem 2.16. Let {(X;,Y:),i > 1} be a sequence of independently and identically
distributed random vectors with distribution function F(z,y) and Laplace transform

d(A1, Aa). Suppose that Ny follows geometric distribution such that
P(Nei=n)=(1- Pe—1) peo1, 0<po1 <1, n=1,2,3, ..
and Nj_, is independent of (X;,Y;),i > 1. Define (Un,,Vn,) as

Ni-) Ni-a

—kaZX and —pklzy
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where (X;,Y;),i > 1 are the summands of the (k — 1)!* stage of compounding and
independently and identically distributed according to Fy_1(.,.), k=2,3,.... For the
initial stage, choose Fy(.,.) = F(.,.). Then Fy(.,.), the distribution of (Un,,Vn,),

and I(.,.) are BSML (aq, ag, p).

Proof of the theorem casily follows by the recursive application of (2.11).

Now, we obtain the bivariate extension of the semi Mittag-Lefller process devel-

oped in Jayakumar and Pillai (1993).

Theorem 2.17. Let {(X,, Yn), n > 1} constitute a first order autoregressive process

with structure

Bl 2
(p™r X1, p’*lz Yo 1) with probability p
(Xn, Ya) = ) X (2.40)
(por Xoo1 + s po2 Y1 + 4hy) wilh probability 1 — p
where {(en,¥n),n > 1} is a sequence of independently and identically distributed
random vectors. Then {(Xn,Y,),n > 1} defines a stationary first order autoregres-

sive process with BSML (ay, s, p) marginals if and only if (en,9n), n > 1 are

distributed as BSML (o, ag, p), provided (X, Yo) 4 (€1,v1).

Proof of the theorem can be obtained by procceding with arguments similar to

that of Theorem 2.10.

Now, we develop a first order stationary autoregressive process with BSML

(a1, g, p) marginals that gencralizes the process stated in (2.40).
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Theorem 2.18.  Suppose that a bivariate first order autoregressive process

(X, Yn)yn 21 have the following structure:

(X0.Yo) 2 (en.y) and for n=1,2,3,...
(€ny ¥n), with probability g
(Xn, Ya) = (p% n_l,péYn_l), with probability (1 — q)p (2.41)
(p% Xn-1+ e,,L,pul_z Y1+ ), with probability (1 — p)(1 — q)
Then the process given in (2.41), is stationary with marginals BSML (a1, as, p) dis-
tribution if and only if {(e., ), n > 1} is a sequence of independently and identically

distributed random vectors according to BSML (o, aa,p) -

Proof of the theorem is omitted as it is obvious.

In the following theorem we develop a first order autoregressive process with
BSML (a1, ay, p) marginals, along the lines of the TEAR(1) process that discussed

in Lawrance and Lewis (1980).

Theorem 2.19. Consider a first order autoregressive process {(Xn. Yn),n > 1} with

structure
(Xo, Yo) = (€1,41)
( ) (pgll' €n, p3151/1n) with probability p
X'm Yn =

(Xn-1+ p"—llen, Y1+ p'%zz/)n) with probability 1 — p

where {(€n.¥n).n > 1}is a sequence of independently and identically distributed ran-

dom vectors. Then {(Xn,Ys),n > 1} defines a stationary first order autoregressive
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process with BSML (oq, as, p) marginals if and only if {(en,¥n), n > 1} are dis-

tributed as BSML (o, ag, p).

Proof of the thcorem follows casily.

A first order autoregressive process that will generalize the processes, mentioned in
Theorem 2.17 and Theorem 2.19, could be developed along the lines of the NEAR(1)

process discussed in Lawrance and Lewis (1981).



Chapter 3

A Generalization of BML (»,,n,,0,,a,,0)

3.1 Introduction

As a generalization to Mittag-Leffler distribution, Jayakumar and Gadag (1999)
introduced quasi factorial gamma distribution in (1.9). This family of distributions
includes important distributions like gamma, Mittag-Lefller, exponential, etc. In
this chapter we introduce bivariate extension of quasi factorial gamma distribution
and study its properties. We will also obtain bivariate quasi factorial gamma as the
distribution of sum of independently and identically distributed random vectors when

the number of summands is treated as random.

We introduce a bivariate quasi factorial gamma distribution in the following defi-

nition.

72
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Definition 3.1. A non negative random vector (X, Y) is said to follow bivariate quasi
factorial gamma distribution if its Laplace transform is

1 v
(14 A7) (1 + p2A5%) — 9/\?‘/\‘52) ’

d(A, Ag) = ( (3.1)

/\1,/\220, [Ll,u2>0, U>0, 05951, 0<C¥1,Q2§1.

It is denoted by BQFG(p1, 2, a1, a2, 6, v) . Note that each of the marginal prob-
ability distribution is quasi factorial gamma. When 6 = 0, X and Y arc inde-
pendently distributed. When X and Y arc perfectly corrclated, the distribution is

BQFG(p1, g2, a1, 2. 1,v) and its Laplace transform is

1 v
A dg) = : _ 3.2
o030 = (e o) 32)

BQFG(uy, pa, a1, as, 8, v) includes many important bivariate distributions. It gen-
cralizes the MBE (u1, 12, 8) distribution discussed in (1.17) and MBG (g1, g2, 6, v)
distribution given in (1.19). In Table 3.1, we present the distributions that arc gencral-
ized by BQFG(p1, p2, a1, 9. 0, v). Jayakumar and Mundassery (2007) studicd MBG
(1, 2, 8, v) distribution as a special case of the BQFG (1. po, 1, ag,6,v). The
distributional properties of BQFG (p;. pt2, a1, a9, 8, v) arc studicd in Scction 2. In
Section 3, we obtain characterization of BQFG (p1, o, a1, a2, 8, v) distribution us-
ing negative binomial compounding. In Section 4, we develop autorcgressive models
having marginals BQFG(u,. 2, a1, ag, 1,v) distribution. The bivariate secmi quasi

factorial gamma distribution is introduced in Section 5.



V Probability
No | Paramcters Laplace transform distribution
BML
1
1 U = 1
(1 + AT (1 4 padg?) — Oy pa Xy X5? (p1: pra, €1, 2. 6).
a=t MBG
1 v
2 g =1 / 70, |
’ ((1 +/]'1/\1)(1 +/L2/\2) — ,9/1,1/1/2/\1/\2) (/‘Ll’,UZ U)v
a=t MBE
1
’ =l 2, 0).
i (T4 1A ) (1 + pade) — Ouipadi Ao (1, p2, 6)
v=1

Table 3.1.

3.2 Distributional Properties
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The following theorem gives mixture representation of BQFG (i1, pi2, a1, v, 1, ).

Theorem 3.1. Let G be a random variable following gamma distribution with

parameters 1 and v, (v > 0). Suppose that W, and W» follow independently positive

stable distribution in (2.4) and also independent of G. Then (G‘%I Wiy, Ga: Ws) follows

BQFG (11, pa, a1, e, 1,v) distribution.

Proof. The Laplace transform of (G o Wi, G % Wy) is

¢)(/\1 ) /\2)

p A
E(e—/\lGo‘l Wi —d2G 22 Wg)

E (E(e—)\lG‘Tll'Wr—)\gG‘—"L?. W2/G))

o0
L XL ~9qv~1d
P —Apg® €-g g
/E‘(e A19 %1 W1 —A2g 2Wz)____
0

['(v)
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00

1 a a2 :

— e gH1A, gH2 Ay e-—ggv—ldg
0

['(v)

1 (3
B (1+u1>\‘1’“+u2/\32) '

Theorem 3.1 shows that a random vector (X,Y) with BQFG (1, p2, a1, as, 1,v)
distribution can be expressed as a mixture of gamma distribution and bivariate pos-
itive stable distribution with independent marginals. Hence (X, Y) satisfies the rep-
resentation.

(X,Y) L (Ga Wy, G Wa). (3.3)

Now, we obtain the distribution function of BQFG(u1, o, a1, a2, 1, V).

P(X<z,Y<y) = P(G‘%l W, < .’I;,Gt Wy <)

P(GW W, < ,G5 W, < y/G) falg)dg

z e 99" 1d
PW, £ — ’WQS—yT)"“'g—g
gt g D)

r y .e Y9 ldg
Fw,wy(—» T)_F—()—_
ger ge? v

Il
0\8 0\8 0\8

where Fy, w, (., .) represents the distribution function of bivariatc positive stable

distribution with Laplace transform in (2.3).

When W; and W, are independent (r = 0)

T x y e 99" 'dg
PO S0 Y <3) = [ Sa(—)Su( ) s
0

M1 22 [3

-~
&
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where S,,(.) represents the distribution function of standard positive stable random

variable with Laplacc transform ¢()\) = e™*".

The joint density function of BQFG(y1, pia, o, a2, 0, v) is

o T e—g 'U——ld
h,X’Y(.T,y):/fWLWZ( i yL)_I?(_ﬂj_g
0

zo1 zo2

where fuw, .ws, (.. .) is the joint density function of bivariate positive stable distribution.

When W, and W5 are independent, we get

o]

. " y e—yg1/—'1dg
hx(@9) = [ Do) Dan( )5
J 2% z72 fly

where D, (.) represents the density function of standard positive stable random vari-

able given in (1.3).
We find the product moments of BQFG(p1, 2, a1, a2, 1, v).
Assume that in (3.3) G, W, and W, arc independent. Then
E(XOY%) = BG5S E(WH W), (3.4)

But

51 L 82 L
E(GHe) = PtV

0<6; <y, fori=12

Substituting in (3.4), we get

T(& 4 92 4 )I(1 — &)0(1 + 4)0(1 - 2)P(1 + &)
E(thyriz): (01 g ) ( Oq) (. Oc1) g a2 ( ag i
T'(v)T(1 —6)I(1 = d2)
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Now we show that BQFG(u1, o, a1, as, 1, v) distribution is attracted towards the

bivariate positive stable distribution.

Theorem 3.2. Suppose that {(X,,Y;),i > 1} is a sequence of independently and

identically distributed BQFG (p1, g, a1, a2, 1,v) random vectors. Define
=1 -1
Up=na1(X;i+Xo+ ...+ X,) and Vpo=n=(Yi+Yo+..+Y,).
Then (U, V,,) is asymptotically distributed as bivariate positive stable law with Laplace

transform in (2.4).

Proof. The Laplace transform of (U,, V,,) is

1 =1
OU. v, (/\1 )\2) — E(e—A17L°1 (X1+X2+.. .+ Xn)—Az2n 2 (Y1+Y2+...+Yn))
ny¥n ! :
=1 =1 n
— [E(C_/\lnnl Xi—Agn *2 Yl)}

Taking the Laplacc transform of (X,,Y;),i > 1 as

1 1
AL, Ag) = .
P(h, o) (1 + A + /1.2/\§2>

Hence

1 nv
AL, Ag) = '
QU v (A1, A2) [1 + %(/1,1)\(1“ + /112)‘(2!2)}

As n — oo, we get

—ulvz\‘l’l —;sz)\;z )

Cua (A, A2) =€
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3.3 Characterization of BQFG (uy, s, a1, as,6,v)

through Negative Binomial Compounding

We obtain the characterization of BQFG (u1, pa, a1, a2, 8, v) distribution using
sums of independently and identically distributed random variables when the number

of summands N has negative binomial distribution.

A random variable N is said to follow ncgative binomial distribution if

P(N=n)= p’(1—p)"7", (3.5)

v—1
v=123,..n=v,v+1,v+2,...; 0<p<l,

The p.g.f. of N is

P = (=) 20

Consider a sequence {(X;, Y:),7 > 1} of independently and identically distributed
N N

random vectors with Laplace transform (A, A2). Let Uy = 3 X; and Vy = YY)
i=1 i=1

where N follows negative binomial distribution in (3.5). Then Laplace transform of

(UN, VN) is

d)(/\lv )\2) = E(e—)‘lul\'-‘/\QVN)

E(e—Al(X1+Xg+...+X;\r)——/\2(Y1+Y2+..‘+YN)/N —_ n)P(N — n)

I
M8

3
Il
—

E(e——/\l(Xl+X2+-.»+Xn)_/\2(Y1+)':Z+-~-+YVL))P(N — n)

I
M2

3
il
s
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o Ll =1
= [E((i“’\lx“'_)‘zy’)] p’(1 ~p)""

n=1 v—1

pY(A1, A2) b
(1 — (1 = p)p(A, >\2)) ' (3.7)

In the following theorem, we obtain a characterization of BQFG (u1, pa, a1, as, 1, v).

Theorem 3.3. Consider a sequence {(X;,Y;), ¢ > 1} of independently and identi-
cally distributed random vectors. Let N follow the negative binomial distribu-
tion in (3.5) and independent of (X;,Y;),i > 1. Then, (p“Ll N,pEIEVN) has BQFG
(j11, pho, 01, (2, 1, v) distribution if and only if (X,,Y:),7 > 1 are distributed according

to BML (., pt2, 01, 2, 1).

Proof. Assumc that (X;,Y;),i > 1 have BML (g, p2, a1, @, 1) distribution with

Laplace transform

1
L A+ g

1/1(/\1, )\2)

The Laplace transform of (pf%l Un, pa_lz Vi) is

1
o

61, Aa) = Ee= P Un+2n®3 Vi)

From (3.7),

L 2 v
st Y
1= (1=p)d(par A1, p22 X2)

Substituting the Laplace transform of BML (p1, f12, a1, a2, 1) in (3.8) we get

¢(A1, Ag) = (

1 v
L) = .
(b(/\l 2) (1 + /.Ll/\lln -+ }LQ/\’;?)
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Conversely, suppose that (p"_ll UN,p'*Lz V) follows BQFG(p1, p2, oy, o, 1, v) distri-

bution. Substituting its Laplacce transform in (3.8)

Y] L 1 v
( 1 ) _ Pw(p“l/\1: pe? )\2)
L mpAl + papo® 1— (1= p(p™ 1, P Ao)

On simplification,

1
1+ mAT + paAy®

YA, Ag) =

Along the lines of Theorem 3.3, a characterization of MBG (p, e, 1, v) distribu-
tion is obtained (sce Jayakumar and Mundassery (2007)).
Remark 3.1. Let {(X;,Y;),7 > 1} be a sequence of independently and identically
distributed random vectors and N, independent of (X,,Y;),i > 1 follow ncgative bi-
nomial distribution in (3.5). Then (pUn, pVi) follows MBG (1, g2, 1, v) distribution

if and only if (X;,Y;),¢ > 1 have MBE (u, p2, 1) distribution.

Proof of the Remark 3.1 can be obtained by replacing BML (p1, 2, a1, @, 1) in

Theorem 3.3 by MBE (1, po, 1) distribution.

Now, we obtain a characterization of BQFG(p1, p12, cu, a2, 1,v) by repcated nega-
tive binomial compounding.

Theorem 3.4. Consider the random vector (Un,, Vn,) defined as

y. Nea Ni—y

—pk1ZX ,Nk_Pkle
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where Ny, follows the negative binomial distribution given in (3.5) with parameters
v and pr-1. {(X;.Yi),i > 1}, independent of Niy_y, is a sequence of independently
and identically distributed random vectors with distribution function Fy_i(.,.) and
with Laplace transform ¢i_1(A1, A2), k=2,8,...  Assume that Fy(.,.) = F(.,.) and
the corresponding Laplace transform is ¢(A1, A2). Then (Uw,, Vy,) is distributed as
BQFG (p, po. 1, 2,1, v) if and only if {(X;,Y;),i > 1} are distributed as BML

(ﬂ’la Ha, &1, Qg 1)

Proof of the thcorem is omitted as it is analogous to the proof of Theorem 2.4.

Now we obtain BQFG (py, s, a3, as,6,v) as the distribution of negative bino-
mial sum of independently and identically distributed random vectors in which the

components are Mittag-Leffler random variables.

Theorem 3.5. Let {(X;,Yi).i > 1} be a sequence of independently and identically
distributed random vectors and N have negative binomial distribution given in (3.5).
Assume that N is independent of (X;,Y;),i > 1. Then (p‘%l UN,p;15 Vi) follows BQFG
(141, ft2, 01, g, 1 — p,v) distribution if and only if the components X|s and Y/s are

independently distributed as Mittag-Leffler.

Proof. When X!s and Y/s are independently distributed according to Mittag-Leffler,
the joint Laplace transform of (X;,Y;),i > 1is

1
(1 4+ AT (1 + p2A3?)

YA, Ag) =
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From (3.8), the Laplace transform of (pxlf UN,pEIE Vn) is

v
P
AL o) =
0 Aa) ((1+pu1/\?1)(1+pu2)\32)—1+p>

v
_ p
(1 + P AT + puaAy® + P2 At A — 1 + P)

1 v
- (1 + AT + a3 +P/11#2)\?1/\g2> '

Comparing with (3.1), we get # = 1 — p.

To prove the converse, substituting the Laplace transform of (p7‘1—1 Un, pf%z Vy) in

(3.8), we get

v 1 2 v
( 1 > _ PP A1, p™2 o)
L AT + peA3? + pppa Ay’ A3? 1— (1 = pYb(p™ A, pPa Mo)
Solving, we obtain that X|s and Y/s are independently distributed as Mittag-Leffler.

O

Using similar arguments we can also gencratc MBG (us, i, 6, v) distribution.
Here, we consider the distribution of sums of independently and identically distributed
random vectors in which the components follow independently exponential distribu-
tion with means y; and ps, while the number of summands have negative binomial
distribution. |
Remark 3.2. Consider a sequence of independently and identically distributed random
veetors {(X;,Y;),7 > 1}, and N, which is independent of (X, Y;),7 > 1 with negative
binomial distribution given in (3.5). Then (pUy, pVy) follows MBG (uy, pt2, 1—p,v)
if and only if thc components of (X, Y;),i > 1 follow independently cxponcential

distribution with means py and ps.
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Proof of Remark 3.2 follows casily.

A characterization of the negative binomial distribution is obtained in the follow-

ing theorem.

Theorem 3.6. Suppose that {(X;,Yi),i > 1} is a sequence of independently and
identically distributed random vectors according to BML (jy, pio, o1, 2, 1). Then for
0<p<l, (p"_llUN,p%VN) has BQFG (u1, 2, ay, ag, 1,v) distribution if and only if

N follows negative binomial distribution discussed in (3.5).

Proof. The neccssary part of the theorem is already discussed in Theorem 3.3.
To prove the sufficiency part, take p; = po = 1. Assumec that (p"%l UN,pT’IE V) follows
BQFG(1,1, a1, s, 1,v) distribution.
Therefore,
1 v
¢(A11A2) = (m) .
By definition, the Laplace transform of (pﬁ Uy, pa_lz V) is

O(A1, Ag) = ZWPEITM»P"—[?&)"P(N =n)

n=v

where ¥()1, \2) represents the Laplace transform of (Xj, Y;),7 > 1. We have,

S () P == ()
1+ pAY* + pAg? LA )

n=y

Expanding both sides and comparing the coefficients of (AT* + A32)? for j = 1,2,3,...

S n(nt 1)+ 2)(n+3).. (41PN = m) = LoD 2)(;’; 8)-(v+j—1)

n=v
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Thercfore,
v 1
BV =2, W +1) =L and w0 on
Consider
N t t2 t3
BUu-0™ = 14+ 5B(N)+ ZBE(N(N +1)) + 5 E(N(N + )N +2)) + ..
_ (Y
p—t
v o0 n
- (&) x| )
n=u v — 1
o n—1
= 'y T-t)"1-p)""
n=v v—1
But
EQ-0)™ =) (1-) PN =n)
Therefore,
0 » 00 n—1
S0P =) =Y (-0 =p
n=v n=v 1 — 1
Comparing both sides, we gct
n—1
P(N =n)= p’(1—p)"7" njv,v+Lv+2, ..
v -1

It is to be noted that, we can obtain a characterization of negative binomial
distribution when o; = ap = 1. Here we assume that (X:,Yi).i > 1 have MBE

(1,1,1) distribution and (pUn.pVn) follows MBG(1,1, 1, v) distribution.
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3.4 Autoregressive Processes with BQFG

(/Jh M2, O, (09, 1, ’U) Marginals

Consider the first order random coefficient autoregressive model with structure
Xn=UXpn1+e€,n=1,23, ...

where {c,,n > 1} is a sequence of independently and identically distributed ran-
dom variables. Assume that U,.n > 1 have distribution function F(u) = u®,
0 <a<1l vw>0and 0 < u < 1. Using this structurc, Jayakumar and Gadag
(1999) developed first order autoregressive process with marginals follow quasi facto-
rial gamma distribution. In the following theorem we obtain a first order autoregres-
sive process with BQFG (i, po. o, o, 1,0 + 1) distribution as marginals. We take,

H1 = pg = 1 for casicr simplification.

Theorem 3.7. Let a first order autoregressive process {(Xn,Yn),n > 1} have the

structure
(Xn, Yn) = (T"Xn_1 +en, TnY oy + ’l/’n), forn=1,2,3, .. (3.9)

where (€,,1y,) 1s a sequence of independently and identically distributed random vec-
tors. Let T,, be another sequence of random variables, independent of (en, ¢¥n),n >1
and with distribution function F(t) =t** ;0 <a < 1,v>0,0<t <1 Then
(Xn, Yn),n > 1 defines a stationary process with marginals BQFG(1,1,a,a,1,v + 1)

distribution if and only if (e,.vy,), n > 1 are distributed as BML(1,1, 0, a, 1).
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Proof. The Laplace transform of the model (3.9) is

Dxnvn(A1, o) = E(e”MTrXnorta)-do(Ta¥a-1+yn))

1
= Gepn (A1, A2) / Ox. v (At Azt)avta“‘ldt,
. J
When the process is stationary,
1
¢X,Y(/\la /\2) = aU¢€,w(A1, )\2) / ¢)X,Y(/\1t, /\Zt) tm’_ldt. (310)
0

1
Take A; = v A for j = 1,2. Therefore (3.10) becomes,

1
éx.y ((71% 5 )/\> = avdey ((71&,72% )/\) / ¢xy ((vﬁ,ﬁ )At) tov=idt,
) 0
If A\t =7, then

A
oy ((F,15)A) = b ((OF, 75)A) aw / oxy (4 95 )r) r . (3.11)
0

Differentiating both sides of (3.11) with respect to A,
1! 1 1 1 1 av—1 1 1
A"y y ((71ua72a)/\) (1 75) + avd™ by y ((71“a72a))\) =

au (¢e,w ((’71%,7;)/\) oxy ((71%, "/é))\) vl
A

40y (08 8N) OF o8 [ o (F ) rtar

0

A TR o
Substituting [ ¢x.y ((71'“772")7‘) r®~ldr from (3.11) and then dividing both
0

sides by ¢x.y ((’hév 7§)A) ’



87

bxy ((71% g )/\) (v 75)
dxy ((’Yl%a’Yz%))\)

1

1= 6ey (4 9)0) , F (0000 i)

=T T 1 (3.12)
4 b (47 95))
1ln(.
Writing (3.12) as ‘ ;}f ) and simplifying,
i\ l—cbe_w! (71-‘15.72%)1/>
i 1 2 —av [ > dy
Px.y ((71",72")/\) = Qe ((71",72")/\) e 0 . (3.13)

Assume that (¢, v) have BML(1,1, a, , 1). We have

b (05, %5)2) 1
[T M Y2 - 1+ (,71, 72))\&
1

L4+ X+ A

1
Substituting ¢, ((’yfl' Y )/\) in (3.13) and simplifying, we get

1 w+1
Pxyv (A1, A2) = (————) )

1T+ + X8

Converscly, suppose that (X,,,Y;),n > 1 have BQFG(1,1,a,a.1,v + 1) distribu-

tion. Then from (3.10),

1
1
= Aty Agt) aut® 1 dt
Gew O Aa) myhAz/ th Aok v
1

aul®tdl

Q)X /\17 /\2 b/ 1 + ’71772 /\atu)v_*—l

1

= / rTdw
Px,y /\1,/\2 J 14 ’71,’}’2))\0‘“))

by putting {* = w.
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(r1.72)A¢
1 v SU—1

<

Dew(A A2)  dxy (A1, A2) (71, 12)P A (1+2)""

0

dz.

where z = (1, y2) A w.

. z
Substituting s = T and simplifying , we get

1
oA Ae) = ————
Pep(d1, do) 1+ A%+ Ag

Gaver and Lewis (1980) considered the first order stationary autoregressive equa-
tion X,, = pX, 1 +¢€, wherc 0 < p < 1 and obtained solution for marginals as gamma
distribution with parameters m and n. The innovation distribution in this casc has

the Laplace transform

Pe(A) = <p+ (1- p)mnl /\>n-

Here, we obtain a first order autoregressive process with BQFG (p1, pia, (1, 2,1, v)

marginals.
Theorem 3.8. Consider a first order autoregressive process with structure
(Xna Yn) = (an—-l + fmpyn—-l + qun)v 0 < p < 1 (314)

where (e,,1,),n > 1 is a sequence of independently and identically distributed random
vectors . Assume that (Xo,Yy) has BQFG(u, a2, a1, o2, 1,v) distribution. Then the
process given by (3.14).1'3 stationary with BQFG(uy, p2, a1, 02, 1, v) marginals if and

only if the innovation random vectors (¢, ¢ ), > 1 have Laplace transform
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1-p Y
€. A ’A = + .
Pes(d ) (p 1+ AY +#2/\§2)

Proof. The Laplace transform of (3.14), is

A 1
Dxn ¥ (M, A2) = D1 ve 1 (P71 A1, P22 A2)Be, s (A1, A2)- (3.15)

Suppose that the process is stationary with BQFG(ui, ug, a1, a9, 1,v) marginals.

Then from (3.15) we have,

1 ! 1 v
- e (A1, Az).

Solving, we get

1-p v
AL A)={p+ . 3.16
¢€-1P( 1 2) <p 1 +,LL1)\(1!1 + u2>\¢212> ( )

Converse of the proof is obtained by mathematical induction. Assume that

(€n,%n,n > 1) have the Laplace transform in (3.16). When n= 1, from (3.15), we get

¢X1,Y1 (>\15 /\2) = ¢X0,Y0 (PH/\lv P;z‘ /\2)¢emp1 (/\1, /\2)

Under the assumption, we have

1 v 1-p °
AL, A2) = + & a
¢x1i (A1, A2) (1 + p AT + p/l2/\32> ('H L+ AT + /‘2/\22>

1 v
- (1 + A+ ;m;”) '
By mathcmatical induction, it follows that the process {(Xn, Y»),n > 1} is stationary

with BQFG(p1, po, &1, a2, 1, v) marginals. O
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3.5 Bivariate Semi Quasi Factorial Gamma Distribu-

tion

As a gencralization to the bivariate quasi factorial gamma distribution introduced

in (3.1), we obtain bivariate secmi quasi factorial gamma distribution.

Definition 3.2. A non negative random vector (X,Y) is said to follow a bivariate
scmi quasi factorial gamma distribution if its Laplace transform is

1

(25(/\17/\2) = (1+£(/\1’ A2))L

(3.17)

where

1 L 1
£, Ao) = Ef(p“l M, P A), 0<p<1, 0<a,an<l.

A solution of this functional equation is in (2.39). We dcnote this distribution by
BSQFG(ay, a2, p,v). When v=1 we get the bivariate semi Mittag-Leffler distribution
in (2.38). Putting £(A;, A2) = AY? + A% in (3.17), we get BQFG(1,1, 01, a2,1,v)
distribution. The following thcorem gives a characterization of BSQFG(a, g, p,v)
distribution.

Theorem 3.9. Let {(X;,Y:), i > 1} be a sequence of independently and identically
distributed random vectors and N, independent of (X,,Y;), i > 1 follows the negative
binomial distribution in (3.5). Then (pﬁUN,p"‘l—z V) has the BSQFG (o, as,p,v)

distribution if and only if (X;,Y,).i > 1 follow BSML (a1, as, p) distribution in (2.38).

Proof of this thcorem is omitted as it is analogous to the proof of Theorem 3.3.
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Chapter 4

Bivariate Discrete Mittag-Leffler

Distribution

4.1 Introduction

Pillai and Jayakumar (1995) obtained a discrete counterpart of Mittag-Leffler
distribution as geomectric sum of Sibuya random variables. Supposc that % is the
probability of success in k" trial of a sequence of independent Bernoulli trials,
0<a<l, k=12.3,... Let S represent the numnber of trials before the first success.

Then the distribution of S, called Sibuya distribution with parameter a, is

P(S=0) = 0, and

(X X 61 (&3

PS5 =k) = (1—a)<1—§)(1—§)'”(1_k—l)E

91
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(07
= (-1 , fork=1.2,3,...
k

Note that Sibuya distribution with parameter one is degenerate and P(S = 1) = 1.

The p.g.f. of the Sibuya distribution is
P(s)=1-(1-5)"]s| <1 (4.1)

Discrete Mittag-Leffler distribution in (1.6) is obtained as the geometric sum of inde-
pendently and identically distributed Sibuya random variables.
Mundassery and Jayakumar (2006) introduced a bivariate discrete Mittag-Leffler dis-

tribution and studied its propertics.

Definition 4.1. A non ncgative integer valued random vector (X, Y) is said to follow
bivariate discrete Mittag-Leffler distribution if it has p.g.f.

1

(1 + Cl(l — 51)011)(1 + 02(1 — 52)&2) — 90162(1 _ 31)0‘1(1 — 82)0‘2’ (42)

P(s1,89) =

Is1] <1, 0s2] €1, €1, >0, 0<0< 1, 0<ay, a2 <L
It is denoted by BDML (cy, ¢, a1, a2, 8). Note that cach of the components of (X, Y)

has discrete Mittag-Lefller distribution.

1 1

P(1 = .
1+ (,'1(]. — 51)0‘1 and ( ,82) 1+ (52(]. - .8‘2)0‘2

P(Sl, 1) =

When 6 =1,

1
) | 43
P(Slv 52) 1+ (;1(1 _ 31)“1 + (72(1 _ 82)()42 ( )

When X and Y arc independent (6 = 0).

1
(]. + 01(1 — Sl)a’)(l + CQ(I — 82)0‘2)‘

P(s1,82) =
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When a; = a3 = 1in (4.2), we get a bivariate geometric distribution (BGD{c, c3, )

with p.g.f.

1
(14 c1(1 = s1))(1 + c2(1 — 53)) — Ocrea(l — s1)(1 — 89)°

P(s1,52) = (4.4)

Phatak and Srcchari (1981) considercd a bivariate geometric distribution which
could be interpreted as a shock model. Assume that two components of a system arc
affected by shocks; with probability p;, the first component survives, with probability
p2, the second component survives and with probability pg. both components fail.
Let N, and N, denote the number of shocks to the first and second componerts
respectively before the first failure of the system. Then (N, N3) has the following

joint probability distribution,

— 4 — — nl—’_n? it N2, 45
P(N1=n3, Ny =n3) = P1” P2 Po, (4.5)

n
po+p1+p2 =1,n1,n2=0,1,2.3, ..

The p.gf. of (4.5) is
1

. (4.6)
1+%(1;(1 —81)+%§(1—’52)

We note that (N;, Na) has BGD (cy, ¢, 1) when ¢; = % and cp = %—2—
Po 0

In Section 2, we study the distributional propertics of BDML (e, ¢2, vy, (o, ).
Various characterizations of the BDML (c1, ¢, a1, a9, 8) distribution are obtained in
Sections 3 and 4. The paramcters of the distribution are estimated in Section 5.

In Section 6, we develop first order stationary autoregressive process with bivariate
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discrete Mittag-Leffler marginals . We introduce some other forms of bivariate discrete

Mittag-Leffler distribution in Sections 7 and 8.

4.2 Distributional Properties

Mundasscry and Jayakumar (2006) obtained the joint probabilities of a random

vector (X, Y) following BDML (¢;. ca, vy, (vg, 1). By definition, p.g.f. of (X,Y) is
P(Sla 52) = Z Z ij 512/ Py
=0 y=0

where p,, = P(X = .Y =y). Here,

1
1+ ci(1 = s1) + ol — s9)02

P(Sl. 82) =

Thercfore, p;, can be obtained by cxpanding the following cquation.

o o0
(ZZ p) (tal-s)m+al-=%) = L

=0 y=0

That is,

(Po,o +Po1S2 + Po2Ss + Po3Ss+ ... + prosi+prisise+ p12s155 + ...

2 2, , 2.2
+  P2o8] + p21S1S2 + p22sisy + )

431 (&3} 9 23] 3
1+¢ {1- s1 + §1 — si+...| +
1 2 3
[05) [85)] 9 03]
e |1 - So + S9 — Sy + =1
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Comparing the powers of s;s,, we get

1 pg’OCQQQ(l - 02)

= —_—,_—,.—,. o 2 et
Do,o l+ta+a Po,1 = Pp,oC202, Po2 = Po,1Po,0C202 + 12

P%,oclch(l - al)

5 and so on.

2
P1,0 = PpoC1Q1, P20 = P1,0Po,0C101 +

In gencral,

o Q2

i-1 j-1
Pij = p1 Z(_l)l_l_rpr.j + P2 Z(—l)j_l_rpi,r
r=0 r=0

t-r Jj-r

with the understanding p; ; = 0ifior j < 0.

The factorial moment generating function G(s1, s2) of any random vector (X,Y)
with p.g.f. P(sy,s2) is G(s1,82) = P(s; + 1,89 + 1). Therefore in the case of BDML
(CI: Co, (¥, O3, 1)7 we have

1

G(s1,82) = L+ ci(—s1)® + c2(—52)%2

We show that BDML (cy, ¢z, a1, a9, 1) is normally attracted to the bivariate posi-

tive stable law. Consider the Laplace transform corresponding to (4.3),

1
1+ (1 —e M) 4 (1 - e=h )’

d(A1, Ag) = (4.7)

Let {(X;,Y:),¢ > 1} be a sequence of independently and identically distributed ran-

dom vectors with Laplace transform in (4.7). Define

U, = n =(X;+Xo4...+X,) and

L
V, = naY+Ye+ .. +Y,).
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Then (U, V,,) has Laplace transform
PUn v (M, Ag) = E(e”MiUnthelily

, _L _L\"n
= (<P(/\1n *1, Aom ”2))
n
( 1
T L :
1+ 01(1 — e~ Mm "1 )a1 + 02(1 — g 2n "’12 )az

But

231

(1—e M e - —Tll—(l—f—o(l/n)) and

a2

(1—ebon Fyo _ %(1-{-0(1/7’&)).

When n — oo, we get oy, v, (M, dg) — 7@ At=eds? the Laplace transform of bivari-

atc positive stable distribution in (2.4) .

We obtain bivariate Mittag-Leffler distribution discussed in (2.1) as limit of a

scquence of bivariate discrete Mittag-Leffler random variables.

Suppose that a random vector (X,Y') has the Laplace transform in (4.7). Replace

¢1 and ¢ by ¢;n® and ¢on®? respectively. Then

1
(A1, o) = 14+ cne (1 — e=M)e1 4 cynoz (1 — e~h2)ee’

(XY .
Therefore, Laplace transform of Pt will be

1
¢n(Ala )‘2) = — — .
1+ ClTlal(l — € : )"1 + czn‘m(l — e_n’z)(u

As n — 00,

1
(’bn(/\l./ )\2) — 1 + ClAtln + 02/\32 '




97

In the following definition, we have a bivariate discrete stable distribution.

Definition 4.2. A non ncgative integer valued random vector (X, Y) is said to follow

bivariate discrete stable distribution if its p.g.f. is

P(Sl, 52) — e“('l(l—sl)"‘l -(:2(1—32)“2—rrtl(:g(l—sl)“l(1—(5'2)“2’ (48)
O<ap,a<1,c,c>0 0<r<l1.
When X and Y are independent (r = 0), we have
P(s1, s9) = e~c1{l-s)" —ea(1=52)72 (4.9)

Now, we consider the opcrator ‘@’, defined in Jayakumar (1995a), in the bivariate
set up. Let (X,Y) have p.g.f. P(s1,s2), then (p@® X, p®Y) is defined (in distribution)

by the p.g.f. P(1 —p+psi;,1 —p+ps2).

We show that BDML (cy, ¢, a1, a2, 1) is the attracted towards the bivariate dis-

crete stable law.

Theorem 4.1. Consider a sequence {(X;,Yi),1 > 1} of independent random vectors

and identically distributed according to BDML (c1, c2, 01, a2, 1). Let
Uy =nm & (Xi+ Xo+ .+ Xn) and Vo=nm @ Vi+Ys+ .. +Y,).

Then (I/,,,V,) is asymptotically distributed according to bivariate discrete stable law

with p.g.f. in (4.9).

Proof. Let (X;,Y;),i > 1 have p.g.f.

1
P(s1,82) = 1+ (1 —51)2 + cp(l — s9)02”
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The p.g.tf. of (U,, V,,) is

=1 =1
n% B(X1+Xo+...+Xp ) n 2€B(Y1+Y2+...+Yn))

PUn,Vn(SlaSQ) = 82
-1 -1 n
— { n% eX; n“Z@Yi)
. 1
- ) 1 -
[ et~ (= ns +nF s sl = (L= 4t s
1

[14S(1 = s1) + 2(1 — sp)]"
When n — oo, we get

o =c1(1—=51)*1 —ep(1—sg)2
PUn.Vn(Sl,52) = 1(1-51)%1 —c2(1-$2)

Now, we express BDML (¢, ¢, a1, arg, 1) as a mixture of bivariate discrete stable

distribution and exponential distribution.

Suppose that the joint distribution of the random vector (S, T') is bivariate discrete
stable in (4.9) with exponents a; and as and parameters ¢c; = ¢, = W. Hence its
p.g.f is

(815 $2) :‘e“W(l—sl)”l_W(l"”)uz,0 < oy, 0 < 1.

Also assume that W is a random variable following exponential distribution with

1
mecan = — . Then the p.g.f. of the unconditional distribution of (S,T) is

(e}
P(s1,82) = /e w((l=s1)1+(1-52)%2) g =B gy
0

1 1
= . Here we take ¢y = = =
1+ %} ((1 — Sl)"1 ~+ (1 — 32)l¥2) 1 2
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4.3 Characterization of BDML (cy, ¢o, a1, a2, 8) through

geometric compounding

Characterizations of BDML (¢, 9, a1, ap, 8) distribution are obtained using geo-
metric sums of independently and identically distributed random vectors. Consider
a scquence {(X;,Y;),7 > 1} of independently and identically distributed random vee-
tors with p.g.f. Q(s1,s9). Let Uy = f:lX.i and Vy = %lYL where N follows gecometric

i= i=

distribution such that P(N =n) = (1 —p)""!p, 0 <p < 1andn; 1,2,3,.. Assume

that N is independent of (X, Y:),7 > 1. Then p.g.f. of (Un, Vn) is

P(s1,89) = E(sﬁf"’ s;/”)

n=1
— Z E((S,f(l+x2+m+«¥n'S,;,1+Y2+~~+Yn)IJ(N — n)
n=1
00
= 3 (@Qlsr s2)y*p(1 = )
n=1

= P, 52) (4.10)

1= (1-p)Q(s1, s2)

The following theorem gives a characterization of BDML (cy, ¢g, a1, @, 1) distribution.

Theorem 4.2. Consider a sequence of independently and tdentically distributed
random vectors {(X;.Y:),i > 1} and N with geometric distribution such that
P(N =n)=p(l—p)*', n; 1,2,3... Assume that N is independent of (X,,Y;),i > 1.
Then (pa—ll ® UN,pEIZ7 ® Vy) and (X;,Y:),i > 1 are identically distributed if and only

if (X;,Y:),i > 1 have BDML(cy, ¢2. 01, a2, 1) distribution.
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Proof. Assume that (X;,Y;),i > 1 have BDML(cy, ¢, o1, a, 1) distribution with p.g.f.

(51, 82). That is,

1
81, 892) = 4
Q( 1 2) 1+ C1(1 _ Sl)al + 02(1 — 82)02

From (4.10) the p.g.f. of (pu—ll @ UN,pé @ Vy)is

P(Sh 32)

K

L 1 1 L n
(@ = p™ +pst, 1 - p5 +p%isy) ) PV = )

n=1

1 € 1 4
pQ(1 — p*1 + pors;, 1 — po2 + pozsy)

- ke ek VR (4.11)
1= (1=p)Q(L ~p* +p=is;, 1 —p%2 + pas,y)
Substituting Q(si, s9) in (4.11) and simplifying, we get
1
P(51,82) = (4'12)

14+ 01(1 e 81>C"1 + CQ(]. - SQ)OQ.

Conversely, assume that (pﬁ M (]N,pﬁ (O V) has BDML (5. ¢9, ¥y, cv9, 1) distri-
bution. Substituting (4.12) in (4.11).

1 1 1 A
1 _ pQ(1 —pet + p1sy,1 — p>2 + p=2s9)
Lrel —s)™ el —s2)™ 1 (1= p)Q(1 - po1 +pdis;,1 - p¥ +poasy)

Solving, we get

1
51,82) = .
Q( 1 2) 1+ Cl(l‘— Sl)al + 62(1 — .92)0‘2

In the following remark, we obtain a characterization of BGD (c1, ¢z, 1) distribu-
tion.
Remark 4.1. Let {(X;,Yi).1 > 1} be a sequence of independently and identically

distributed random vectors and N have geometric distribution as stated in Thcorem
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4.2. Then (p® Un,p® V) and (X;,Y:),7 > 1 are identically distributed if and only

if (X;,Y;),7 > 1 are BGD(¢y, ¢, 1) random vectors.

Proof of the Remark 4.1 is obvious.

In the next theorem, we obtain BDML (ci, ¢2, @y, g, 8) as the distribution of

geometric sum of independently and identically distributed random vectors.

Theorem 4.3. Let {(X;,Y:).i > 1} be a sequence of independently and identically
distributed random vectors and N be geometric, independent of (X;,Y;),i > 1. Then
(pi & UN,pé ® V) follows BDML (c1, ¢a, a1, a2, 1 — p) distribution if and only if
X, and Y; are independently distributed discrete Mittag-Leffler random variables with

parameters oy, ¢y and oo, ¢y Tespectively.

Proof. Suppose that X; and Y;, 1=1,2,... arc independently distributed according to
discrete Mittag-Leffler distributions with parameters oy, ¢ and ag, ¢ respectively.
Then the joint p.g.f. of (X;,Y;),i > 11is

1
(1+c1(1—s3))(1 + ol — 552))

Q(Sla 82) =

From (4.11), the p.g.f. of (p"\lT & UN,puLz @ V) is

P(s1, 82)

1 1 uE -1
p [(1 +er(l— (1= +prs)™)(1+ea(l = (1 —p72 +p™ 52))”2)]

L) [ el = (L= p - pF )+ el — (1 p + pFEs)e)]
(4.13)

p
c1p(1 — s1)™ + cop(1 — s2)°2 + c1c0p?(1 — 51)%(1 — s9)*2 +p
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1
L+ cr(1 ~s1)® 4 co(1 — 52)°2 + creop(l — s1)@1 (1 — sp)2”

Comparing with (4.2), we get 1 — 6 = p. Hence (pElT @ UN,pKl'z @® Vy) follows BDML

(c1. ¢, @1, 00,1 — p) distribution.

2 Y
Conversely assume that (ps1 ¢y Uy, palz (b Vn) follows BDML (1, o, @, va,1—p)

distribution. Substituting its p.g.f. in (4.11) and on simplification, we get

1

Qs = Fro AN+ ol =)

Now we obtain BGD(cy, ¢a,1 — p) as the geometric compound of indepcndently
and identically distributed random vectors.
Remark 4.2. Consider a sequence {(X;,Y;).7 > 1} of independently and identically
distributed random vectors and also independent of NV, that following geomctric dis-
tribution. Then (p@® Uy, p @ Vi) follows BGD(cy, c2,1 — p) if and only (X;,Y;),i > 1

arc independently and identically distributed according to BGD(cy, ¢z, 0).

We omit proof the Remark 4.2 as it is obvious.

Now we obtain a characterization of the geometric distribution.

Theorem 4.4. Suppose that {(X;,Y:),i > 1} is a sequence of independently and
identically distributed random vectors — according to BDML (c1,co, 1,02, 1). Then
for0<p<1, (p‘%l <) UN,pfi 2 Vy) and (Xi,Y:),i > 1 are identically distributed if

and only if N follows geometric distribution.
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Proof of the theorem is analogous to that of Theorem 2.6.

In a similar manner, we can obtain a characterization of gcometric distribution

using the random sum of random vectors following BGD(cy, ¢o, 1).

Let {(X;,Y:),¢ > 1} be a scquence of independently and identically distributed
random vectors. Then for 0 < p < 1, (p®Un, p@ V) and (X;,Y;), ¢ > 1 are identically

distributed if and only if N is gecometric.

4.4 Characterization of BDML (¢, ¢, a1, ag, 0)

through Bivariate Geometric Compounding

In this Secction, we obtain characterization of BDML (¢, 2, ov1, g, #) using bi-
variatc geometric compounding. Supposc that {(X;,Y;),7 > 1} is a sequence of
independently and identically distributed random vectors with p.g.f. Q(s1,s2). Let

Nl N2 . . . . .
Un, = 3. X; and Vi, = }_Y; where (Ny, N;) has  the bivariate geometric  distri-
i=1 i=1
bution in (1.15). Herc we consider the discrete version of (2.15) to obtain characteri-

zation of BDML (¢y. ¢z, o, cvg, §) distribution. Thercfore (Un,, Vi,) has p.g.f.
P(s1,52) = Q(51, 52)(poo + proP(s1, 1) + po1 P(1, s2) + p1il(s1, $2)). (4.14)

From (4.14), we have

Q(sl’ SQ)
1 — p11P(s1,52)

P(s1,82) = (poo + p1oP(s1,1) +po1 P(1,52)) . (4.15)
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Thercfore,

(Poo + P10)Q(1, s2)

P(s;,1) = (Poo + po1)Q(s1,1)
, L~ (p11 + Po1)Q(L, s2)

" 11— (pu +p10)Q(s1, 1)

and P(1,s5) =

(4.16)

The following theorem gives a characterization of BDML (cy, ¢z, 01, as, 1) distri-

bution.

Theorem 4.5. Let {(X;,Y;),i > 1} be a sequence of independently and identically
distributed random vectors and (Ny, Na) have the bivariate geometric  distribution
in (1.15) such that pog = 0, pio + poy + P11 = 1. Also suppose that (Ny, No) is
independent of (X;,Yi),i > 1. Then (pé @ UNl,pf? @ Vn,) has bivariate discrete
Mittag-Leffler distribution with independent marginals if and only if (X;,Yi),i > 1

have BDML (cy, ¢a, 1, (g, 1) distribution.

Proof. Suppose that (X;,Y;),¢ > 1 have BDML (¢, ¢2, @1, @2, 1) distribution with

a1 S
p.g.f. Q(s1, s2). From (4.15), the p.g.f. of (p5} ® Uny,Pig¢ & Vi) is

1 1 1 1

P(s1, 52) = Q( Po1 me 1L P10 _I_Pm 1) (moP(s1,1) + pox P(1,57)) -
1-pnQ(l —pg +pori 1,1 = pig +pig S2)
(4.17)
Morcover, from (4.16)
BN
1—p5! + pot s1,1
P(Sl, 1) - pOlQ( Poi Tl 1 _1_) and
1= (1= po)Q(1 ~ poi +poi 51.1)
ST
1,1 —p2 +pigs
P(lysy) = — 2oL Lo PG T igs), (418)

1— (1= p1)Q(L, 1 = pg +pig s2)
Then from (4.17), we get

1
(14 c1(1 = 8)@)(1+ ol = s2)2)’

P(Sla 52) =
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To prove the converse, substituting P(s1, s;) in (4.17), we have
1 1 U
1 . _ QU —-ps +psil—pig +pis)
(141~ sNA + (1 - 92 N = > L L
N o ) 1—puQ(l = pg! +poi s1. 1~ pig + Pig s2)

+ .
<me Fal-sym PN T sg)az>

On simplification, we get

1

81,8y) = .
Qv ) 1+ er(1 = s1)™ +co(1 — s9)

We obtain a characterization of BGD (¢, ¢, 1) using bivariate geomctric com-

pounding in the following remark.

Remark 4.3. Supposc that {(X;.Y;),é > 1} is a sequence of independently and
identically distributed random vectors and (N;, N;) follows bivariate geomctric dis-
tribution with p.g.f. in (1.15) and pgg, P10, Por and pq; are as stated in Theorem 4.5.
Then (po1 @ Un,, P10 ® V,) have bivariate geometric distribution with independent

marginals if and only if (X;,V;),7 > 1 have BGD (e1,02.1) .

Theorem 4.6. Consider a sequence {(X;,Y;).1 > 1} of independently and identically
distributed random vectors according to bivariate discrete Mittag-Leffler distribution
with p.g.f. Q(s1,82). Let (Ny, Ny) be independent of (X;,Y;),i > 1 and have bi-
variate geometric distribution such that poy, pro, Por and p1y are as stated in Theorem
4.5. Then ({1 —pu)"—ll ® Uy, (1 ——pu);li & Vn,) has p.g.f.

1
14+ (1= pu)st)(1+ (1 —pu)sy®)
1
1+ pms‘l” -+ ,2710..‘};’2 '

P(51,52) = (

if and only if Q(s1, 52) =
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Proof. Assume that (X;,Y;).7 > 1 have p.g.f.

1

81, Sg) = —,
Q. 52) 1+ po1sy? + prosy*

From (4.18), we get

1 1

P(s1,1) = “(Ls2) = ‘
(bl, ) 1+(1—p11)8'1" and [(1‘52) 1+(1—P11)532

Substituting in (4.17) and simplifying

1

Pl = s A+ = el

Proof of the converse casily follows by substituting P(s;. s2), P(s1,1) and P(1. s2)

in (4.17) and then simplifying. O

In these lines, we have a characterization of bivariate geometric distribution.

Consider a sequence {(X;,Y;),7 > 1} of independently  and identically distributed
random vectors following bivariate geometric distribution with p.g.f. Q(s1, s2) and

(N1, Np) with the bivariate gcometric distribution as stated in Theorem 4.5. Then

((1 - pll) ® UNI, (1 - pu) S VNQ) has pgf

P(s1, 5) =
)S = .
LR (1 = pr)s))( + (1 — pir)s2)
if and only if
1
Q(SI’SQ) =

1+ po1S1 + Prosz

Now, we obtain BDML (cy, ¢2, o, a2, 8) distribution as the geometric sum of iden-

tically and independently distributed random vectors.
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Theorem 4.7. Let {(X;,Y;),i > 1} be a sequence of independently and identically

distributed random vectors with p.g.f.

1 — ] -1 _ g -1
Q(s1,82) = (1 + cl(l—+;11l—> (1 + 52(—1—%—) O<ara<l (4.19)

and (N1, Na) follow the bivariate geometric distribution given in (1.15) such that

poo = (1 +m)™Y, pro=po =0and pyy = m(1+m)~' , m >0 . Then (Unys Vivy)

follows BDML (cy, ¢o, vy, 0o, ﬁ%) distribution if and only if Q(s1,s2) 1s as in (4.19)

Proof. Let {(X;,Y;),7 > 1} havc the p.gf. in (4.19). From (4.14) the p.gf. of

(UNU VN2) 1S

P(s1,8:) = (1+M>—1 (4.20)

1+m
) _ 223 -1
(1 + 5%%—) (A +m)™ +m(1+m) " P(s1, 52))

- (1 + T?L)_l (]. + mP(sl, 82))

(1 + (;1(1_-31)"‘1) (1 + {:2(1—82)“2)

1+m 14+m

: 1
(L m) (14 8tz (14 2Gza)
1+m
[+ m) + a1 —s0m) (1 +m) + el = s2)7) —m(I+m)
1
14 (1 = s1)® + ol — s9)22 + ‘:lffz(l—sirr;(l—sz)“’-’
1
(14 (1 = s1)2 )1 + (1 — 52)22) — 1-Tmclc2(1 —51)2(1 — s9)2’

Comparing with (4.2), we get that (Un,, Vi,) follows BDML (c1, ¢2, au, ca, 13%;) dis-

tribution.
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To prove the converse, assume that (Un,, Viy,) has BDML (ci, ¢, o, a2, 725) dis-

tribution. From (4.14), we have

(1 4+ m)P(sy,52)
1+ TTLP(Sl, 82) '

Q(sla 52) -

Substituting P(si. s2) and simplifying, we get the sufficiency part. O

Theorem 4.7 shows that BDML (cy, 9, a1, a9, 8) distribution can be obtained as
the bivariate geometric compound of independently and identically distributed ran-

dom vectors following BDML (¢4, ¢2, ap, a2, 0).

In the following remark, we can obtain BGD (ci, ¢p, 8) as the distribution of bivari-
atc geometric compound of independently and identically distributed random vectors.

Remark 4.4. Suppose that {(X;,Y;),7 > 1} is a sequence of independently and iden-

tically distributed random vectors with p.g.f.

Q(s1, 59) = (1 Lal=s) sll)>‘1 (1 L el=s) 32))—1 (4.21)

1+m 1+m

and (Ny. N) is as stated in Theorem 4.7. Then (Uy,, Vi,) follows BGD(c1, ¢2, 15)

if and only if Q(s1, s2) is as given in (4.21) .

Proof of Remark 4.4 follows casily.
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4.5 Estimation of Parameters

Let us consider the estimation of the unknown parameters ¢y, ¢z, a; and as, The

parameters can be cstimated following Remillard and Theodorescu (2000) as
. q . q
by = Zl Lux (t;)b;, G = ) Luy (t7)b;
Jj= Jj=1

. 9 . ) q .
¢1 = exp {% Zanx(tj) - ﬁal} , G2 =cxp {% > Ly (t5) - ﬁaz} ,
Jj= j=l

where ’
Lax(t) = ¢ tn (ﬁ - 1) . gnx(t) € (0,1)
1, otherwise
\
Ly (t) = $ (5 = 1), ()€ ©.)
1, otherwise,

where gnx and gny are the empirical probability generating function for X and VY,

q
respectively, 3 = l; Z (1 —-;) and

In(1 -1¢;) — .
biz ( ) /H s 7,=1,2,...q.

zi;m—t) )2

We estimate the unknown parameters using Monte Carlo method. For different values
of the parameters ¢, co, a3, ag, we simulate 10 sequences of 1000, 5000 and 10000
obscrvations. In estimation, we usc the values £; = 0.1 and f; = 0.2. In Tablc 4.1, we

illustrate the averages of these estimators with standard deviations in brackets.
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Table 4.1. The estimators of the parameters for different values of ¢, ¢z, oy and as.

n cl = 0.2 Co = 02 o = 0.2 Qg = 0.2
1000 0.20020 0.20316 0.20319 0.20103
(0.02016)  (0.02155) (0.03082) (0.03032)

5000 0.19948 0.20015 0.20138 0.19855
(0.00929)  (0.00961) (0.01579) (0.01303)

10000 | 0.19969 0.19988 0.20098 0.19929
(0.00621)  (0.00626) (0.01015) (0.00933)

[ 0.7 Cy = 0.9 )] = 0.5 Qg = 0.5

1000 | 0.70858 0.91300 0.49447 0.50478
(0.07149)  (0.09982) (0.04004) (0.04452)

5000 0.70135 0.89726 0.49868 0.49668
(0.03173)  (0.04048) (0.01841) (0.01713)

10000 | 0.69972 0.90124 0.49778 0.49764
(0.02325) (0.02708) (0.01291) (0.01302)

6122 62=3 a1=0.9 042"—‘0.2

1000 2.07103 3.07039 0.91617 0.20467
(0.23953) (0.45107) (0.08257) (0.03533)

5000 2.01874 3.02542 0.90379 0.20064
(0.10346) (0.17818) (0.03612) (0.01534)

10000 | 2.00939 3.00945 0.90281 0.20045
(0.07770)  (0.12292) (0.02847) (0.01053)

c1 =0.5 c2=03 a;=04 =02

1000 0.48957 0.30236 0.39545 0.20397
(0.03705)  (0.02561) (0.03373) (0.02845)

5000 0.49898 0.30208 0.39733 0.20006
(0.01848) (0.01244) (0.01601) (0.01197)

10000 | 0.49960 0.30238 0.39842 0.20083
(0.01172) (0.00867) (0.01077) (0.00907)

c1 =15 =08 «a;=08 =05

1000 5.07397 1.97708 0.30091 0.39910
(0.62618) (0.18638) (0.04609) (0.03714)

5000 5.04043 2.00126 0.29994 0.39965
(0.29254)  (0.09229) (0.02093) (0.01757)

10000 | 5.01553 2.0038 0.29963 0.39951
(0.19998)  (0.06703) (0.01311) (0.01090)




111

4.6  Autoregressive Processes with

BDML(cy, co, a1, a9, 1) Marginals

Therc are many situations in which discrete variate time series arise often as,
counts of cvents, objects or individuals in consccutive intervals. For example, number
of road accidents that occurred on national highways of a country on a day, number
of customers waiting in a ticket booking counter that recorded in every one hour
duration, number of calls received in a fire rescue center in a week, etc. Moreover

such data can also be obtained by discretization of continuous variate time scrics.

Stuctel and van Harn (1979) introduced the concept of discrete sclf decomposabil-
ity.

Definition 4.3. An integer valued random variable X on {0, 1, 2,...} is called dis-

crete self decomposable if its p.g.f. satisfies the relation

P(s) = P(1 —a+as)P,(s),| s| <1,a € (0.1)

where P,(s) is a p.g.f. This rclation can be expressed as X L ad X' + X, where
a ® X' and X, arc independent and X' L X, Using this concept of discrete sclf
decomposability, Al-Osh and Alzaid (1987) introduced first order integer valued au-
toregressive process. For a p'* order integer valued autoregressive time series model,
see Jayakumar (1995b). Pillai and Jayakumar (1995) developed the first order au-

toregressive DML process as a generalization of first order autoregressive geometric
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process of McKenzie (1986).

Now, we develop a first order autoregressive process with BDML (¢, ¢o, a1, a2, 1)

marginals.
Theorem 4.8. Consider a first order autoregressive process with structure

(Xo, Yo) 4 (c1,¢1) and for n=1,2,3,..

L
(p“l_l & Xn-1,p% & Y,_1) with probability p
. . (4.22)

(pa1 @ Xp_1 + €n,p22 @ Yy_1 + ¥y) with probability 1 — p

(Xm Yn) =

where {(cn, ), n > 1} is a sequence independently and identically distributed random
vectors. Then {(X,,Yn),n > 1} defines a stationary first order autoregressive process
with BDML (c1, ¢2, a1, g, 1) marginals if and only if (€n,¥n). n > 1 are distributed as

BDML ((11, Co, (X1, (X9, 1)

Proof. The p.g.f. of the process in (4.22) is

. 1 1 1
Px, va(51,82) = pPxo_iy, (1= p®1 + poisy, 1= po2 + pozsy)
1 1 . a1
+(1 - p)xn 17),", 1(1 - pal + pul 81’ 1 - pa2 + png 32)Pen,wu(51752)-

(4.23)

When the process is stationary, (4.23) becomes

i FU
Pxy(s1,87) = pPxy(l—p* +p*sy, 1 —po2 + pe2sy)

L 1 1 1
+(1 - p)Px‘y(l — pe1 + persy, 1-— p2 + p>2 Sz)Pe,w(b‘],b‘Q).

Taking that, (X,,Y;),n > 1 follow BDML (ci, ¢o, 1, @2, 1) distribution. Then the
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p.g.f. of (e,,v,) is

1
P. . (81,82) = )
K12 ( 1 2) 1 + 01(1 - Sl)al + 02(1 — 82)02

Proof of the converse is obtained by mathematical induction. Let n = 1. Assume
that (e,,4y,),n > 1 follow BDML (¢, ¢z, o1, ag, 1) distribution. From (4.23) we have,

£ +
L+ cip(l = s1)* + cop(l — s2)*
1—p 1
1+ Clp(l — 31)01 + C2,0(1 - 52)5\(2 1+ Cl(l - 81)0‘1 + 02(1 — 52)0‘2 '

Px, v, (51, 52)

On simplification, we get

1
P = '
Xl,yl (81’ 82) 1 _+_ Cl(]' —_ 81)(’11 + (/2(1 - 32)“2

Therefore, by the mathematical induction, we get that the process {(X,, Yn).n > 1}

is stationary with BDML (c1, ¢o, a1, a9, 1) marginals. O

We develop a bivariate first order autoregressive process with BGD (c1,09,1)
marginals.

Remark 4.5. Let a first order autoregressive process {( Xy, Y»),n > 1} have structure

(X(), Y()) g (61,1/)1) and for n= 1,2,3,
(p&® Xn-1,p® Yn_1) with probability p
(X'm }/n) =
(p® Xn-1+ €n, p® Yyo1 + ) with probability 1 — p
where {(en, ¥n),n > 1} is a sequence independently and identically distributed ran-

dom vectors. Then the process {(Xy, Yn), n > 1} is stationary with BGD (1, ¢2,1)

marginals if and only if {(cn, ¥n).n > 1} are distributed according to BGD (¢1, ¢, 1).
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Proof of the remark follows casily.
A generalization to the autoregressive process considered in (4.22) is obtained in

Thecorem 4.9.

Theorem 4.9. Let {(X,,,Y,),n > 1} form a first order autoregressive process with

structure as given below:

(€n, Un), with probability q
(X, Yo) = (puLl @ Xo1,p S Yo_1), with probability (1 —q)p
(PP @ Xn-1+ €0, p™ @ Yooy +9a),  with probability (1—p)(1 - q).
(4.24)

Then the process is stationary with BDML (cy, c2, a1, a2, 1) marginals if and only
if {(€n, W), n > 1} is a sequence of independently and identically distributed random

vectors with BDML (c1, ¢z, a1, ap, 1) distribution provided (Xo, Yo) L (e1,41).

Proof. Assume that (X, Y;),n > 1 are distributed according to BDML (¢, ¢z, a1, a2, 1).

The p.g.f. of (4.24) is

P)"n,Yn(Sl7 82) = qun,'(//'n(817 82)
L L 2 1
+p(1 - Q)PXn-laYn—l(l - pal + pﬂl 811 ]’ - pa2 + pag 82) (4'25)
L 2 L 1
+(1 = p)(1 = @) Pxoyvaos (1= P10 +poisy, 1= po2 +poasy)

Pﬁnﬂl’n (81 » 82)'



115

Under the condition of stationary, we have

PX,Y(SlaSZ) = qu,¢(81782)
1 1 . A
+p(1 — q)Px,y(1 — pa1 +pois;,1 — pa2 + pozsy)

. 1 1 1
+(1—p)(1 —q)Pxy(1 —par +pars;, 1 —pez 4 pezsy) P y(s1, s2).

Substituting Py y(s1,s2) in the above expression and simplifying, we get

1
14+ ci(1 = s1)0 4 c(1 = s2)°2

Pe,w(slv 52) =

Conversely assume that (e, 1,),n > 1 follow BDML(cy, ¢p, a1, a2, 1) distribution.

When n = 1, from (4.25) we have

PXLYl(Sl’ 52) = quM/)x(sla 32)
1 2 1 1
+p(1 - Q)PXO,YO(I — p°1 + pe1 8y, 1 - pez + p~2 32)

1 1 1 1
+(1 - p)(]' - (I)PXO,YO(]‘ - pal + poq 81, 1- pn2 +p02 82)P€1,U)1(81782)'

Under the assumption, we get

1
1+ Cl(]. - .5‘1)0‘1 + 62(1 —_— 82)a2 '

Px, v, (51,82) =

Hence by mathematical induction, we obtain that the process is stationary with

marginals follow BDML (ci, ¢2, oy, g, 1) distribution. O

We can develop a similar bivariate autoregressive process with BGD (c1, ¢z, 1)

marginals, by putting oy = ap = 1 in Theorem 4.9.
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A first order autoregressive model called, TEAR(1), is introduced in Lawrance
and Lewis (1980). In the following theorem we develop a first order autoregressive

process having BDML (¢4, ¢a, iy, 2, 1) marginals.
Theorem 4.10. Consider a first order autoregressive process with structure:

(X Y,) = (p% & €n, ;1)512_ D ) | | with probability p (426)
(X1 + 9% @€, Yoo + po2 @ ,) with probability 1 —p
where (€,,%n),n > 1 are independently and identically distributed random wvectors.
Then the process {(Xn, Yn),n > 1} is stationary with BDML (c1, ¢z, o1. &2, 1) marginals
if and only if (¢, ¥n),n > 1 are distributed according to BDML (cy, ¢z, 0y, 03, 1) and

(X0, Yo) £ (e1,91)-

Proof. The p.g.f. of (4.26) is

L L 3 B
Px,v.(s1.82) = pPy (1 —pt +po1s1,1—pe2 +p= 52)
L 1 1 1
(1= P) P, os (51, 82) Pe (1 — %1 + p2rs1, 1 — p@2 + pezsy).

(4.27)

Let the process be stationary with BDML (cy, €. a1, a2, 1) marginals. Substituting

Px y(s1, s2) in (4.27) and simplifying, we get

1
Poy(s1,82) = T+ ci(1 = s1) 4 c2(1 — s2)™

The converse of the theorem is proved by mathematical induction. Suppose that

{(én,¥n),n > 1} arc distributed according to BDML(cy, ¢2, a1, v, 1) distribution.



117

Putting n = 1 in (4.27), we get

1 . a 1
Px, v (51,82) = pPey (1 —pa1 +pois;, 1 —p= + pazsy)

1 1 1 .
+(1 - p)PXo,Yo(slv 82)P€1,1/J1(1 —= P 4 per sy, I- pez + pe2 32)'

1

1 + per(1 — 1) + pea(1 — s9)%2
1
L4 er(1 = s1)™ + ep(1 — 52)™

+1—-p
1
1+ p(51(1 - 51)01 + pC2(1 — SQ)O’"”

On simplification. we get

1
1+ 01(1 — 51)011 +CQ(1 - 82)0‘2‘

PX1,Y1(51»52) =

Hence by mathematical induction, we have that the process {(X,,Yn),n > 1} is

stationary with marginals follow BDML(c,, ¢q, a1, a2, 1) distribution. O

By putting oy = as = 1 in Theorem 4.10 we obtain a first order autoregressive

process with BGD (¢, ¢, 1) marginals.

4.7 Bivariate Discrete Mittag-Leffler Distributions Gen-
erated through Bivariate Geometric Compounding
Jayakumar and Mundassery (2006) obtained the discrete analogucs of bivariate

Mittag-Leffler distribution introduced in Section 2.7. In the following theorem, we in-

troduce discrete analogue of the bivariate Mittag-Leffler distribution that gencralizes
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Marshall-Olkin’s bivariate exponential distribution.

Theorem 4.11. Let {(X;,Y;),i > 1} be a sequence of independently and identi-

N
cally distributed random wvectors following BDML (cy, co, a1, a2, 1). Let Uy, = i X;
i=1
No
and Vy, = > Y; where (N1, N2) has bivariate geometric distribution in (1.15) and

i=1
Poo = 012, P1o = 02, po1 = 01 and py11 = 1 — & where § = &, + 0y + d10. Assume that
(N1, N2) is independent of (X;,Y;),i > 1. Then the distribution of (Un,, Vi,) is the

discrete analogue of biwariate Mittag-Leffler distribution discussed in (2.33) .

Proof. Suppose that {(X;,Y;),¢ > 1} have p.g.f.

1

, O<ap,ap <1
1+ Cl(l - 81)0‘1 + 62(1 - 82)02 Lo

Q(Sl, -5’2) =

From (4.15) and (4.16)

1
P(51’52) - 8 + (51(1 _ Sl)al -+ C2(1 - 32)“2

P 62(612 + 61) n 61(612 + d2) )
12 512 + 51 + Cl(]. — 81)0'1 512 + 52 + CQ(]. — 82)”2 ’

On simplification, we get

P(Slv 82) =

((S + (11(1 - 81)01 + (Zz(l - 82)02)((51 + 612)(52 + (512) + (11(12(1 - Sl)al(l - 82)(12(5‘12.
((5 + 61(1 — 81)0‘1 + C2(1 — 82)‘!2)(51 + b0 + Cl(]. — 81)0‘1)(62 + 612 + 62(1 - 52)("2)

a

In the following remark, we obtain the discretc analogue of Marshall-Olkin’s bi-

variate exponential distribution.
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Remark 4.6. Consider a scquence {(X;,Y;),i > 1} of independently and identi-
cally distributed random vectors according to BGD (¢p, ¢z, 1) and independent of
(N1, N2) where (N, Na) has bivariate geometric distribution given in (1.15). Choose
Poo> P10, Po1 and p11 as in Theorem 4.11. Then the distribution of (Uy,, Vi,) is the
discrete analogue of Marshall-Olkin’s bivariate exponential distribution discussed in

(2.32). The p.gf. of (Un,,Va,) is

(04 c1(1 — s1) + 21 = 52))(01 + 612) (2 + d12) + c1e2(1 — $1)(1 — 52)d12
(4 car(1—81) + co(1 — $2))(d1 + 12 + c1(1 — $1)) (G2 + S12 + c2(1 — 82))

P(S]. (82) =

Now we introduce the discrete version of the bivariate Mittag-LefHler distribution

that generalizes the Hawkes’ (1972) exponential distribution.

Theorem 4.12. Suppose that the components of a sequence of independently and

identically distributed random vectors {(X;,Y;),i > 1} have discrete Mittag-Leffler
0 _ 2
O+ (1 —s1)™ d2 + (1 — s2)2”

i=1,2,.... respectively and 61,0, > 0. Then the distribution of (Un,,Vn,) is discrete

distribution with p.g.f.s Qx,(s1) = and Qy,(s2)

analogue of the bivariate Mittag-Leffler distribution in (2.37) where (Ny, N3) has the

p.g.f. stated in (2.85).

Proof Assume that {(X,;,Y;),i > 1} arc indcpendently and identically distributed
random vectors such that the components have independent discrete Mittag-Leffler

distribution. Thercfore the joint p.g.f. is

4104
(01 4 (1 — 51)21) (02 4 (1 — 89)°2)

Q(31,32) =
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From (2.35) the p.g.f. of (Un,, Vy,) is

_ Q(s1, 82) ( Ploszm(Sﬂ po1 P1Qx, (s1)
P(sq, = i
N T T | L o e R e Qlei(sl)> ‘

Substituting Qx,(s1), Qy,(s2) and Q(s1, s2)

819
P(si1.82) = += -2
(01 4+ (1 — s1)21) (02 + (1 — $9)%2) — d102P0o
P10FP202 Po1 P10,
+ -
<p11 Podo + (1 — .92)0‘2 T Piéy + (1 — .S‘l)al
_ mymy
(mq + Pi(1 — s1)21)(ma + Py(1 — 82)%2) — mymapgo
Pioma Poimn
+ +
(pu ma+ (1 —s2)22  my +(1-— 31)“‘)
where m; = §;F;, i=1,2.
mym
P(Slt 82) = ke

(my + (1 = s1)* ) (g + (1 — s2)22)

(pn(ml + (1 = 51)1)(ma + (1 — 52)2) 4+ proma(my + (1 — 81)*) + porma(me + (1 — 32)“2)>
(my + Pi(1 — 51)®)(mg + Pa(1 — 52)*2) — mymapoo '

On simplification, we get

(my + (1 - 81)"1')(771‘2 + (1 — s9)22)
(1 i : [poo — (1 = P)(A = R — s1)* (1 — $2)* ) _

my + Pi(1 — 51)%)(ma + Po(1 — 52)%2) — poornama

P(sy, s2)

g

We obtain a bivariate gcometric distribution, as the discrete analogue of the bi-
variate exponential distribution considered in Hawkes (1972). For this, taking Qx,(s1)

and Qy,(s2) arc as follows:

01 03 .
" == o= ¥ > R = = ]..,2,
QX1 ('Sl) 51 + (1 _ 31) d‘nd Q),(S‘Z) (52 + (1 _ 32) t
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Then the p.g.f. of (Un,, Vn,) is

mimso (1+ ( [p()()—(l "Pl)(]."“PQ)](].“‘Sl)(].’_SQ) ) .

(my+ (1= 51))(ma+ (1 — s2)) my + Py(1 — s1))(me + Pa(1 — s2)) — poomima

4.8 Bivariate Discrete Mittag-Leffler Distributions
Through Translated form of Block’s Bivariate Ge-

ometric

Block (1977) considered the bivariate geometric compound of a sct of indepen-
dently and identically distributed random vectors. In that context, he considered the
random vector (N7, No) that follows bivariatc geometric distribution such that cach
of the components realizes valucs from ‘one’ onwards (sce (1.15)). Here we consider a
translated model of this bivariate gecometric distribution so that the random variable
takes values from ‘zero’ onwards. The survival function of this translated form of

Block’s bivariate gecometric distribution is

—= pii(por + )™  ifn; <np
F(ny,ng) = P(N1 > ny, Ny 2 ng) = (4.28)

P (po+ 1) ifng <my

where ny, ng = 0,1,2,3,..., poo+Po1 +Pro+p11 =1, pro+p11 <1, and poy +pnn < 1.

The joint probability distribution is
{

porpT (poo + p10) (por + pr1)™2 ™ ifng < g

P(Ny =n1, No =ng) = P10P72 (Poo + Po1)(Pro + pr1)™ T ifng < my

n . i f —_— —
\ Pi1loo if iy = ng = n.
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The p.g.f. of (4.28) is

P(sy, 3) = (Poo p10(Poo + po1)s1 Po1(Poo + P10)s2 > '
1—pnsise 1= (pii+pw)si 1 —(pu+por)sz
That is,
P(s1,52) = poo + proP(s1,1)s1 + po1 P(1, 52)82 + p11 P (51, 82)5152. (4.29)

Note that (4.29) is a special casc of the characteristic function equation

d(t1.t2) = poo + prod(t1, 0)1(t1,0) + po1d(0, t2)¥(0, ta) + prid(t1, t2)w(t1, t2). (4.30)

Thercfore, along the lines of Block (1977), ¢(t1, t2) represents the characteristic func-
tion of (U, . V,) where Uy, = gllei and Vi, = %;Yl {{(X;.Y;),i > 1} is a sequence
of independently and identically distributed random vectors with characteristic func-
tion ¥(t1,t2). Moreover (Ni, N;) is independent of {(Xj,Y;),7 > 1} and follows
the bivariate geometric distribution given in (4.28). A discrete analoguc of (4.30) is

expressed below in terms of p.g.f.

P(s1,82) = poo + P1oP(s1.1)Q(s1,1) + po1 P(1, 52)Q(1, s2) + p11 P (51, 82)Q(51, 52)-
(4.31)
where P(sy,s2) is the p.g.f. of (Un,, Vi,) and Q(s1, s2) is that of (X;,Y;),7 > 1.
From (4.31) we get,

Poo + Pro
1 — (p11 + po1)Q(1, s2)
(4.32)

Poo + Po1
P(s1,1) = and P(1,sy) =
(o1,1) 1 — (p11 + p10)Q(s1,1) (1.52)

Mundassery and Jayakumar (2006) introduced bivariate discrete Mittag-Leffler

distribution as the probability distribution of random sums of independently and
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identically distributed random vectors when the number of summands have the bi-
variate geometric distribution given in (4.28).

Now, we define a bivariate Sibuya distribution.

Definition 4.4. A non negative integer valued random vector (X, Y') is said to follow

bivariate Sibuya distribution if its p.g.f. is

Q(Sl,Sg) =1- (1 - Sl)al — (]. - 82)007 0< oy, <1 (433)

Note that the marginal p.g.f.s arc those of the Sibuya distribution discussed in
(4.1).
Theorem 4.13. Consider a sequence {(X;,Y;),i > 1} of independently and identi-
cally distributed random wvectors. Let (N1, N3) have the bivariate geometric dis-
tribution in ({.28) and independent of {(X;,Y:),i > 1} . Choose poy = p1p2,

p1o = p2(1 — p1), por = p1(1 — p2) and p;; = (1 — p1)(1 — p2) so that N1 and N, are
independent. Then (Un,, Vn,) has bivariate discrete Mittag-Leffler distribution with

independent marginals if and only if (X;,Y;),1 > 1 have p.g.f.

Qs1,82)=(1—-(1-5)")(1 - (1=-52)*),0< 0,09 < 1. (4.34)

Proof. Assume that (X;,Y;),i > 1 have the p.g.f. in (4.34). From (4.31), the p.g.f.

of (Ule VNz) is
P(s1,82) =pip2 + p2(l —p1) P(s1,1)(1 — (1 = 51)*)
+ p1(1—p2)P(1,82)(1 — (1 — s2)™)

+ (1 =p1)(A = p2)P(s1,82)(1 = (1 = 1)) (1 — (1 = 2)*).



124

Solving, we get

1 1
and P(1, sp) = = :
1+ T(l — 82)"2

P(Sl, ].) =
1+ &)1 — )

Substituting P(sy,1), P(1,s2) in (4.31) and simplifying, we get

1

(4.35)

Conversely, assume that (Uy,, Vi,) has bivariate discrete Mittag-LefHer distribu-
tion with p.g.f. in (4.35). Using this in (4.32) obtain @Qs;,1) and Q(1,s2) . Then

from (4.31) we get,

Qs182) = (1 = (1 —s1)™) (1 = (1 —52)™).

In Theorem 4.13, if we take that the sequence {(X;,Y;),i > 1} of independently
and identically distributed random vectors have bivariate Sibuya distribution in (4.33),

then (Un,, Vi,) has bivariate discrete Mittag-Leffler distribution with p.g.f.

11 -p)(1=p) (1 = (1 =s1)") (1 = (1—82)")
P(s1,82) = —— (1—p)(1—pa) [1 — (1 —s1)a — (1 — s2)] (4.36)
C 1

(1+520- s ) (14 2201 - 2)7)

In order to prove this, assume that Q(s;, s2) is as in (4.33). Substituting Q(s1. s2)
in (4.32) to obtain the expressions of P(s1,1) and P(1, s2). We get (4.36) by substi-

tuting P(s;.1) and P(1, s3) in (4.31) and then on simplification.
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Suppose that in the bivariatc geometric distribution considered (4.28), pgg = 0
and p1; = po, Po1 = p1 and pip = pa. Then (4.29) becomes

P(s1,82) = p1P(s1,1)s1 + paP(1, s2)s2 + po P(51, 52)8152. (4.37)

Let {(X:,Y:),¢ > 1} be a sequence of independently and identically distributed ran-
dom vectors with p.g.f. Q(s1,s2) and (Ny, Np), independent of (X;,Y;),i > 1, have

p.g.f. in (4.37). Then along the lines of Block (1977), (Un,, Vi, ) has the p.g.f.

5) = P1P2 Q(31,1)+Q(1732)“Q(sl,l)Q(lasz)@—Ih —P2)
Plonse) = 77 Olos0) ( 0 A p)QGEn D)= (1 - p)Q(, 52)) ) |
(4.38)
From (4.38), we gct
P(s1,1) = 2 and  P(1,s) = P2 . (4.39)

1—(1-p)Q(s1,1) T 1-(1-p2)Q(1,s2)

This bivariate gecometric compounding was considered in Arnold (1975) to ob-
tain the characterization of bivariate exponential distribution. Using (4.38), now we

generate a bivariate discrete Mittag-Leffler distribution.

Theorem 4.14. Suppose that {(X;,Y;),1 > 1} is a sequence of independently and
identically distributed random vectors and (Ni, N2), independent of (X;,Yi),i > 1
follows bivariate geometric distribution with p.g.f. in (4.37) . Then (Un,, Vi,) follows
bivariate discrete Mittag-Leffler distribution if and only if (X, Yi),% > 1 have the

bivariate Sibuya distribution in (4.33).

Proof. Let (X;.Y;),i > 1 follow bivariate Sibuya distribution in (4.33). Substituting
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Q(s1,1) and Q(1, s7) in (4.39), we get

1 1

= and P(1,s9) = .
T+ B s b= S Ema e

P(Sl, 1)

Also from (4.38), the p.g.f. of (Un,, Vy,) is

P(sy,s2)
_ 1— (1= 51)(1 = 52)* — po(1 ~ (1 = 81)*)(1 ~ (1 - 55)*)
(L= po(l = (1= s1) = (1= sp)o2)) (1+ 2201 - 51)‘“) (1 + L)~ 52)~z) '
(4.40)

Conversely assume that (Up,, V,) has the p.g.f. in (4.40). Substitute P(sy,1)

and P(1, s7) in (4.39). We obtain
Q(Sl, 1) =1- (1 - Sl)(” Q(1,52,) =1- (]. — 82)(’2.

Further substituting Q(s;.1) and Q(1,s;) in (4.38) and on simplification, we get

(4.33). 0

Suppose that in Theorem 4.14, the sequence of random vectors {(X;,Y:).i > 1}
have bivariate Sibuya distribution with p.g.f. in (4.34). Let (N1, V) follow bivariate
geometric distribution with p.g.f. in (4.37) and independent of (X;,Y;),i > 1. Then

the p.g.f. (Un,, Vi,) is as follows:
I)(Sl.' ‘92)

1—(1-s)*(1 —89)* —po(l — (1 —s1)*)(1 — (I — 55)%) .
(1= po(1 = (1= s)m)(1 = (1= o)) (1 + 521 =)o) (14 5522(1 = s2))
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Chapter 5

A Generalization of BDML(c,,c,,a ,a_,0)

5.1 Introduction

As discussed in Chapter 1, a discrete analogue of the quasi factorial gamma distri-
bution called discrete Linnik distribution is investigated in Christoph and Schreiber
(1998a). In this Chapter, we introduce a bivariate form of discrete Linnik distribution

and study its propertics.

We define a bivariate discrete Linnik distribution as follows:

Definition 5.1. A non negative integer valued random vector (X, Y) is said to follow
bivariate discrete Linnik distribution if it has p.g.f.

1 v
Plsi,92) = <(1 T (1= s1)P)(1 + ca(1 — 52)°2) — Berca(1 — s1)™ (1 — 52)02) ’
: (5.1)
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¢, >0, v>0,0<a, apg <L 0<HLT [s1] €1, |s9] < 1.
We represent the distribution with the above p.g.f. by BDL (ci, co, oy, a0, 8, v). It is
to be noted that BDL (cy, ¢g, 01, a9, 8, v) gencralizes many important distributions.

When a1 = ap =1, we get

1 ). 62
(1+Cl(1—81))(1+C2(1 —82))—9C1C2(1—81)(1—82) ' .

P(s1,82) = (

(5.2) represents the p.g.f. of a random vector with bivariate ncgative binomial
distribution and we denote the respective distribution by BNBD (c¢q, ¢2, 6, v). When
v =1, (5.1) coincides with the p.g.f. of BDML (c1, ca. a1, @2, 8) distribution obtained
in (4.2). Morcover, when a7 = @ = v = 1, P(s1, $2) represents the p.g.f. of BGD

(Cl-, Ca, 0)

From (5.1), it is clear that p.g.f.s of the components of (X, Y') are that of univariatc

discrete Linnik distribution given in (1.10).

When 6 = 1, (5.1) becomes

1

, 5.3
T4+l —s1)o + ol - 52)”‘2) 53

P(s1,82) = (

Distributional propertics of BDL (ci. ¢g, a1, a2, 8, v) are studied in Section 2. In Sce-
tion 3, we obtain characterizations BDL (c1, co, 11, @2, 8, v) using ncgative binomial
compounding. Autoregressive models with BDL (cy, ¢2, a1, 02, 1, v) marginals are de-

veloped in Section 4.
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5.2 Distributional Properties

We show that a random vector (X,Y) following BDL (cy, ¢o. a1, ag, 1, v) is nor-

mally attracted to the bivariate positive stable law.

Suppose that (X,Y) follow BDL (c1, ¢z, a1, @2, 1, v) distribution with p.g.f. in

(5.3). Then the Laplace transform corresponding to (5.3) is

1 v
$(hAp) = (1 + (1 —e M) 4 el — e"\2)a2> '

(5.4)
Consider a sequence {(X;,Y;),i > 1} of independently and identically distributed
random vectors with Laplace transform in (5.4). bDeﬁne

U, = n a(X;+Xa4 ... + X,) and

V, = n %(Yl T Y+ .+ Yy).
Then (U, V,,) has Laplace transform

ﬂPUn,Vn(/\l,)\Q) — E(e~(A1Un+/\2Vn))

= (qﬁ()\ln- o‘—11, Aot al3))n

nv
1
_ A - :
1 + Cl(]- — 6"\‘" ay )(yl + 02(1 — 6')‘2" 2 )()12
Also we have

_ 1 aj 2
27

_ = Aim STyen /\l ___ —Azn_—o‘% oy )‘2
1-—e =—(1+4+0(l/n)) and (1-e )22 = —=~(1 + o(1/n)).
n n

_ @y )\0‘2
When n — 00, we get, oy, v, (A1 Ag) — e A TV

Hence BDL (cy, ¢z, 1, ag, 1, v) distribution is normally attracted to bivariate positive

stable law given in (2.4).
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We can also obtain bivariate quasi factorial gamma distribution discussed in (3.2)
as limit of a sequence of random vectors following bivariate discrete Linnik distri-
bution. For this, consider a random vector (X,Y) with Laplace transform in (5.4).

Replace ¢; and ¢; by ¢in® and ¢on®? respectively. Then the Laplace transform of

(—X;, X) will be

non

1 v
d) ()‘1-,)\2) = — - .
" 1+ ¢nor(l — e—nh‘)”1 + canez (1 — e_r?l)"?

When n — o0, we get

1 v
n(A1. Ag) — < .
Fn(A1- o) (1+(31X1“+(32/\22)

The following theorem shows the attraction of the BDL (c1, ¢q, g, a2, 1, v) towards

bivariate discrete stable law.

Theorem 5.1. Let {(X;,Y;),1 > 1} be a sequence of independent random vectors and

identically distributed according to BDL (cy, ca, o1, 2, 1. v). Define
U, = no X1+ Xo+ ...+ X,) and V= na &Y +Yo+...+Yn)
Then (Up, V;) is asymptotically distributed according to bivariate discrete stable law

with p.g.f. in (4.9)

Proof. Let (X;,Y;),i > 1 arc distributed as BDL (c1, 02, o1, 02, 1, v).

1 (2
P(31’32) - (1 + e (1 - §1)™ + (1 — 52)0‘2) .
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The p.g.f. of (U,, V) is

-1
_ nol §(X1+X2+...4+Xn) n%2 (Y1+Ye+..+Y,
PUn,Vn(Sl’S2) - E(sl % 2 ")82 W( ! : ﬂ))

1 nv
<1 +e(l=(1=n% +n ) + (1 - (1-n +na%sm"2>

1 nv
B (1+%(1—31)“1+%(1—52)°‘2> '
Asn — oo , we get

PU v (51 82) e~(:1v(1—s1)"‘1-1:2'17(1—82)"‘2
ns¥n ’ .

We obtain BDL (cy, ¢, a1, as, 8, v) as a mixture of bivariate discrete stable distri-

bution and gamma distribution with parameters 8 and v.

Let the joint distribution of the random vector (S, T') be bivariate discrete stable
having p.g.f. in (4.9), exponents (v, and «; and parameters ¢; = ¢ = W. Supposc that
W follows gamma distribution with paramecters 3 and v. Consider the unconditional

distribution of (S,T). Its p.g.f. is

o
. v, —fw,, =1
: @ . (43 e w
P(s1,82) = /e—w((l—«sl) 1+(1-s2) 2)_—_ﬁ ) dw
0

B (/34' (1- -“‘1)‘5‘" (1- 32)"2>U

1 v
- <1+g<<1—sl)m+<1—82)az>> |

1
Hence (S, T) follows BDL (c1, 2, a1, v, 6, 1) distribution such that ¢; = ¢ = ik
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5.3 Characterization of BDL (¢, 3, a7, an, 8, v) through
Negative Binomial Compounding

In order to obtain characterizations of BDL (cy, ¢o, a1, ag, 6, v) distribution, we con-

sider the negative binomial sums of independently and identically distributed random
N N

vectors. Let Uy = ) X;, Vv = 1Y where {(X;. Y;),7 > 1} is a sequence of in-
i=1 i=1

dependently and identically distributed random vectors with p.g.f. Q(sy, s9) and N

follows negative binomial distribution in (3.5). Then the p.g.f. of (Un, Vn) is

P(s1,8) = E(s{"s5")

— Z E(S«IYI+X2+-~~+XNS§I+Y2+~~-+YN/N — fl)P(N — TL)
n=1

— Z E(S{(l+X2+“'+X”s§1+y2+“'+y”)P(N — 7?,)
n=1
i s oyan | T 1 ~

= z [E<31 7521)} p'(1—p)"7",
n=1 v—1

- (=) 5

Using this compounding a characterization of BDL (i1, ¢, a1, ao. 1, v) distribution is

obtained in the following theorem.

Theorem 5.2. Let {(X;,Y;), i > 1} be a sequence of independently and identically
distributed random vectors and N, independent of (X,,Y:),i > 1, be a random variable
with negative binomial distribution stated in (8.5). Then, (pa_ll > UN,p“_lz & V) has
BDL (c1,¢2, 01, 0. 1,0) distribution if and only if (Xi,Yi),i>1 follow BDML

(¢). 2, a1, g, 1) distribution.
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Proof. Suppose that (X;,Y;),7 > 1 follow BDML(c, ¢z, a1, a2, 1) distribution with
p.g.f. Q(s1,s2) . Then p.g.f. of (p% &> UN,pEIE ® Vy) is

L L
x

P(s1, 52) = B(s}" SUN g™ OVNy

From (5.5),

1 1

1 1 1 1 v
1 —p= +pursy, 1 —pez +pezs
,)(81’82):< pQ(l —p 2_1 L 1 pes 112 2)_ )  (G6)
1-(1~p)Q—p +pois;, 1 =p& +p=sy)

In (5.6) substituting the p.g.f. of (X;,Y:),i > 1, we get

1 v
P(sy,85) = '
(81, 52) (1 +ei(l—s1) + ool — 52)a2>

In order to prove the converse, suppose that (p'*_ll 53] UN,pEIE @ Vy) follows

BDL(cy, ¢, a1, g, 1, v) distribution. Substituting its p.g.f. in (5.6)

1 v
(1 +e1p(1 — s1)™ + cap(1 — 32)0‘2) B
( PQ(L = p*i +paisy, 1 - p +paisy) )U
1 1 1 1 :
1-(1-p)Q(L —po1 +poisy, 1 —po2 +pezsy)

On simplification, we get

i
1+ 61(1 - 81)0’1 -+ 62(1 - 82)‘12 '

Q(Sl, 32) =

Jayakumar and Mundassery (2007) obtained a characterization of thc BNBD

(c1.c2, 1, v) distribution using negative binomial compounding.
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Remark 5.1. Let {(X;,Yi).7 > 1} be a sequence of independently and identically
distributed random vectors. Then (p@® Uy, p @ Vi) follows BNBD (c1, co, 1, v) distri-
bution if and only if (X;,Y;),i > 1 have BGD (cy, 9, 1) where N is independent of

(Xi,Yi),i > 1 and follows negative binomial distribution.

Proof of the Remark 5.1 is omitted as it is obvious.

Now we introduce BDL (cq, ¢o. a1, @9, 8, v) using negative binomial sum of a set of
independent random vectors in which the components are independently distributed

as discrete Mittag-LefHler.

Theorem 5.3. Suppose that {(X;,Y;),i > 1} is a sequence of independently and
identically distributed random wvectors and N, independent of (X;,Y;),i > 1 has
the negative binomial distribution in (8.5). Then (pEIT @ UN,p“—lz @ Vy) follows
BDL(cy,co, a1, a9, 1 —p,v) distribution if and only if the components X|s and Y/s are
independently distributed according discrete Mittag-Leffler with parameters (aq,c)

and (ag, ¢) respectively.

Proof. Assume that the components of (X;,Y;),7 > 1 are independently distributed
according to discrete Mittag-Lefler with parameters (aq,c1) and (g, cz) respectively.
Therefore the joint p.g.f. of (X;,VY:),71 > 11is

1
(1 + (1 = 51)2) (1 + 21 = 52)2)

Q(s1,82) =
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1 L .
From (5.6), the p.g.f. of (p®1 @ Un,p>z @ Vy) is

p )v
(1 +per(l — 1)) (1 +pea(l = 52)*2) ~1+p

P(s1,82) =

)
<pCl 1 81 0‘1 + p02(1 32)a2 +p (31C2(]. 81)0‘1(1 82)0‘2 +p
1 >
<1 + 01 1 — 81 al + 02(1 - 82)“2 +p0102(1 — 81)0‘1(1 - 82)

Comparing with (5.1), we get § = 1 —p.

1
Converscly, suppose that (pEIT @® Uy, pa: & Vi) follows BDL(cy, 3, 01, a2, 1 = p. V).

From (5.6), we get

1 v
(1 +c1(1 = 51)® + (1 — 82)*2 + peyea(l — s1)* (1 — 32)0‘2>
a 1 4 v
pQO~pﬁ+pmaJ—p%+p%®) >
1 1 1 1 :
—(1-p)Q(L —p* +p&1s1,1 —p* +psy)

Solving, we obtain that X|s and Y/s are independently distributed according to dis-

crete Mittag-Leffler with parameters (o, ¢;) and (as, ¢2) respectively. 0

Jayakumar and Mundassery (2007) obtained BNBD (cy, ¢, #, v) distribution as the
negative binomial sum of independently and identically distributed random vectors.
Remark 5.2. Consider a sequence {(X;,Y:).i > 1} of independently and identically
distributed random vectors. Let N be independent of (X;,Y;),s > 1 and follow
negative binomial distribution stated in (3.5). Then (p@® Uy, p®Vy) follows BNBD
(€1, ¢2,1 — p,v) distribution if and only if (X;,Y;),7 > 1 are BGD (¢1, ¢2,0) random

vectors.

Proof of the Remark 5.2 follows easily.
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Now, we obtain a charactcrization of the negative binomial distribution.

Theorem 5.4. Consider a sequence {(Xi,Y;).i > 1} of independent and identical
random vectors following BDML (cy, ca, a1, g, 1) distribution. Then for 0 <p <1,
(p?'l—1 @UN,p"’l? @& Vi) has BDL (cy, ¢, y, a2, 1,v) distribution if and only if N follows

the negative binomial distribution in (3.5).

Proof of the theorem is analogous to that of Thecorem 3.6.

A characterization of negative binomial distribution along the lines of Theorem

5.4 can be obtained using BNBD (c;, ¢z, 1,v) and BGD (¢1, ¢2,1).

5.4 Autoregressive Processes with

BDL (¢, ¢o, a1, a9, 1,v) Marginals

In the following theorem we obtain a necessary and sufficient condition for a first
order autoregressive process with marginals have BDL (¢y, ¢, a1, @, 1, v) distribution

to be stationary.

Theorem 5.5. Let (X,,Y,),> 1 constitute a first order autoregressive process with

structure

L L
(Xn Ya) = (0™ @ Xy 4 €0,p7 & Yoo +4n), 0<p<1 (5.7)

where (€n,%n).,n > 1 is a sequence of independently and identicelly distributed ran-

dom vectors . Then the process in (5.7) is stationary with BDL (c1,¢2, 0, 09, 1,0)
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marginals if and only if innovation random vectors, (€n,¥n),n > 1 have p.g.f.

1 _ p v
P.y(su. 55) = 5.8
wls1,52) ('0 1 c(l — s1) + (1 - Sz)'”) 68

provided (Xo,Yy) has the BDL (cy, ¢2, a1, o, 1,v) distribution.

Proof. The p.g.f. of (5.7), is
1 1 1
Px, v, (51,82) = Px,_, v, ,(1 = p*1 +p%is1,1 = p™2 + p@283) Py, (51.82).  (5.9)

Suppose that the process is stationary with BDL(cy, ¢2, @1, a2, 1, v) marginals. Then

from (5.9) we have,

1 t 1 1
<1 + Cl(]. - 81)0’1 + C2(1 — 82)”2) N (1 -+ pCl(l —_ 81)”‘1 + pC2(1 — 82)”2>

Hence we get,

P(_.,/,(Sl, 82).

1 _ p (2
Pf s ? = .
o (81 82) <p + 1+ Cl(]. — 81)"l + 62(1 — 52)”‘2>

Proof of the converse is obtained by induction method. When n= 1, from (5.9),

wce get
1 1 . 1
Px, v, (51, 82) = Pxovo(1 — po1 + pe181,1 — pi2 + pe283) P, (51, 52)-

Suppose that (€,,%,),n > 1 have the p.g.f. given in (5.8). Therefore,

] v
PXl.Yl(sh 82) - (]_ + pcl(l — 31)011 + PC2(1 - 82)a2>

+ P )v
p 1+ Cl(l — 31)011 + 02(1 — 52)042

i

1 v
<1 + Cl(l — 51)01 + 02(1 - 82)0‘2) .

By mathematical induction, it follows that the process {(Xy,Yn),n > 1} is stationary

with BDL(u, pa, a1, a2, 1, v) marginals. O
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Now we develop a first order autoregressive process with BNBD (¢1, €9, 1, v) marginals.

Remark 5.3. Supposc that an autoregressive process {(X,,, ¥,),n > 1} has the struc-

-turc

(Xnvyn) = (p@Xn—l + emp@yn—l +wn);0 < p< 1

where (€,, %), n > 1 is a sequence of independently and identically distributed ran-

dom vectors with p.g.f.

1—p Y
P wn(81:82) = { p+ : 5.1
v ( ! 82) (p 1+Cl(1—81)+02(1—82)> ( O)

Let (Xo, Yo) have BNBD (cq, ¢y, 1,v) distribution. Then the process (X, Y,),n > 1
is stationary with BNBD (¢, ¢o, 1, v) marginals if and only if (€,, ¥,), 7 > 1 have the

p.g.f. in (5.10).

We omit the proof as it is obvious.

Jayakumar and Gadag (1999) developed a first order autoregressive random coef-

ficient model with structure
X, = (]an—l +G,n= 1,2,3,...

where {e,,n > 1} and {U,,, > 1} are two independent scquences of independently and
identically distributed random vectors and {/,, has distribution function F'(u) = u*?,
D<a<l,v>00<u<l.

In the following theorem we develop a first order autoregressive process with this

structure and having BDL (c¢;, ¢2, @, @, 6, v + 1) marginals.
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Theorem 5.6. Consider a first order autoregressive process {(X,,Yy),n > 1} with

structure

(Xn, Yo) = (TaXna+ €, TnYno1 +9,). for n=1,2,3, ... (5.11)

Let {T,,n > 1} be a sequence of independent random variables distributed according
to Fit) =t 0 <a<1l,u>0,0<t <1 and (€, 1,),n > 1 denote the sequence
of innovations which are independent of Tn,n > 1. Then (X,,Y,),n > 1 define a
first order stationary autoregressive process with marginals BDL(cy, 3, o, 0, 1,0 + 1)

distribution if and only if (¢,,,¥,),n > 1 are distributed as BDML(cy, ¢o, o, v, 1).

Proof is analogous to that of Theorem 3.7.
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Chapter 6

Bivariate Tailed Distributions

6.1 Introduction

In real life we cncounter a number of situations where the multivariate forms of
tailed distributions are applied for their modeling. For example, consider the study
of reliability of a two component system. Let the random variables X and Y repre-
sent lifetimes of the components. Suppose that the system will fail because of the
instantaneous failure of the components. In this situation, we can apply the bivariate
tailed distributions to study probability behavior of the random veetor (X.Y). Tail
of the non negative random vector (X, Y) includes the positive part of the sample
space excluding the point (X = 0,Y = 0). Therefore in bivariate tailed distributions,

we express the probability distribution of (X,Y') as mixture of a probability ‘o’ at

140
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(X =0,Y = 0) and the remaining part with probability ‘1—¢’. In Section 2, we intro-
duce the tailed form of BML(p1, pi9, @1. a2, 8) distribution and develop autorcgressive
process with bivariate tailed Mittag-Leffler marginals. A discrete analogue of bivari-
ate tailed Mittag-Leffler distribution is studied in Section 3 and the corresponding

autoregressive model is developed.

6.2 Bivariate Tailed Mittag-Leffler Distribution

We define now the tailed form of BML(uq, o, a1, g, 8) distribution given in (2.1).

Definition 6.1. A non ncgative random vector (X,Y) is said to follow bivariate
tailed Mittag-LefHler distribution if its Laplace transform is

L+ o(uAT + pAg? + (1 — ) AT peA5®)

, 6.1
14+ g AT + 112292 + (1 — 0) i AT paA5? (6.1)

P(A1, A2) =

0<o<1l;p,p>0;0<a,00<1;0<6< 1L

It is denoted by BTML(o, 1, o, aq, a2, 6).

A non negative random vector (X, Y) following BTML(a, p1, fi2, 01, 02, 8) distri-
bution has a probability ‘o’ at (X = 0,Y = 0) and for (X > 0,Y > 0) it admits
(1—0) times the bivariate Mittag-Leffler distribution with Laplace transform in (2.1).
That is, the following expression leads to (6.1)

1
(1 + ,U])\Cfl)(l + ug/\gz) - 0[1.1 )\(1’1/1,2/\32 ’

d)()\h/\?) =07+ (1 - 0')
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When o = 0, we get (2.1).
The Laplace transform of BTML(g, y1, o, a1, a9, 1) distribution is

140 (AT + 12A3?)

AL dg) = .
. 2a) L (uaAY + paAo?)

(6.2)

In the following theorem we develop autoregressive models with marginals have

BTML(a, p1, pa. a1, a2, 1) distribution.

Theorem 6.1. Consider a bivariate first order autoregressive process

(Xo,Yo) = BTML(o, p1,pe,1,00,1) and for n=1,2,3,...

(€ns¥n) with probability p

(a7 Xnot + €n,a™ Yooy + ¥n) with probability 1 — p

0<a<l1,0p <L
where  {(en,¥n),n > 1} is a sequence of independently and identically  dis-
tributed random vectors.  Suppose that {(Un, Vy),n > 1} and {(Rn. Sy),n > 1}

are two independent sequences distributed as BTML(a, p1, pt2, 01, 02,1) and
o
b
where b = a(p + (1 — p)o).  Then the process is stationary with marginals follow

BTML(0', py, g, 1, ta, 1) respectively such that o = —,pu = mb and [y = pob

BTML (o, p1, a2, a1, a2, 1) distribution if and only if

(€ns¥n) £ (Un, Vi) + (Bus Sn). (6.4)

Proof. Supposc that (X,,Y,),n > 1 have BTML (o, 1, i, a1, @2, 1) distribution.

The Laplace transform of the model in (6.3) is

a1 - 1
O3 va (A1 A2) = pBer A1y A2) + (1= )P Xy Ya-r (65T A1y €32 A2) b, (A1, A2). (6.5)
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If the process is stationary,

bxv(A; A2) = pdey(A1, Ag) + (1 — /))¢X,Y((1'U+l/\17 az‘%)\g)%w(/\l, Az).

Substituting ¢x y (A1, A2), we get

140 (A + 1oAg?)
L4 (AT + p2Ag?)

1+ 0 (ap AT + apip)g?)
1+ (auiA! + apz)s?) Pew (A1, Ag)
1+ (Al + 228%) (a(p + (1 = p)o))

1+ a (AT + peAd?) :

PBe(A1, A2) + (1 = p)

= ey ho) (

Simplifying, we get

b Ag) = (1+a(ﬂ1)\11 + 2 )) <1+0(N1/\11 +,m22)) (6.6)

L+ Ay + 2 A3° 1+ b(a AT + p12A3?)
where b = a(p + (1 — p)o).
Now, finding the Laplace transform of (6.4)

1+ a(mA? + ppA5?)
1+ (AT + 1223?)

1+ (;L’lx\‘f‘ + /1"2/\32)
1+ (p A + u;)\‘z’z) ’

PUL v (A1, M) =

ORn.Sn (A1, Ag) =

. . ’ g ' ' .
Substituting 0 = s fy = b and po = pob in @p, s, (A1, A2), we get

14 0 (JAS + 1A%
L+0 (AT + pAg®)

¢Rn~sn (/\17 A2) =

Thus we can see that Laplace transform of (U, V,,) + (Rn, Sn) coincides with (6.6).

Conversely we can show that the process is stationary with marginals BTML
(0, p1, o, a1, 09, 1) when (e, v, satisfies (6.4). Suppose that (Xo, ¥p) is distributed
as BTML (o, p1, o. o1, g, 1).

Put n=11in (6.5)

a .
Gx,.0, (A1, A2) = pdey oy (A1, A2) + (1 = p)dxo.v, (@1 A1, @22 A2} P,y (A1, A2).
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Substituting the Laplace transform of (Xp, Yy;) and (e1,%;) and simplifying, we get

14 0 (AT + paAg?)
1+ gAY+ p2Ay?

dx,vi (A1, Ag) =

Hence by mathcmatical induction, we get the process is stationary with marginals

follow BTML (o, p1, 2, oy, @, 1) distribution. O

As a remark of Theorem 6.1, we can obtain bivariate first order autoregressive
process with margfnals have tailed form of Moran'’s bivariate exponential distribution

given in (1.17).

We obtain the tailed form of Moran’s bivariate exponential distribution by putting
a; = ay = 1in (6.1). Therefore, Laplace transform of Moran’s bivariate tailed

exponential distribution is

1+ O’(ul/\l + paAg + (1 - 0)/11/\1;12/\2)
L+ pidy + pede + (1= 0) i A g o

Co(A1 Ag) =

0<0<1; pu,pue>00<60<1.
We denote the distribution with the above Laplace transform as MBTE (o, 11, 122, 8).

When 6 = 1, we have

14 0 (1 + p2d2)
1+ (p1A1 + pode)

¢(A1. Ao) =
In the following remark, we develop a bivariate first order autoregressive process with
MBTE (o, p1, pt2, 1) marginals.
Remark 6.1. Let {(c,, %), > 1} be a scquence of independently and identically

distributed random vectors such that

(Lna L/)n) = (Un7 Vn) + ([\)/ny Sn) (67)
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where {(U,,, V,),n > 1} and {(R,,, S,,),n > 1} are two independent sequences of inde-
pendently and identically distributed random vectors. Consider a first autoregressive

process with structure:

(X0, Yo) 4 MBTE(o, 1, t2,1) and for n;1,2,3,...
(€ns Pn) with probability p

(Xn, Yy) = (6.8)
(aXy-1 + €n,aYn_1 + ¢,) with probability 1 —p

0<a<x1,0<p< 1.

Then the process in (6.8) is stationary with marginals follow MBTE (o, p1, po, 1)
distribution if and only if (€, ¥, ), n > 1 satisfies (6.7) such that (Up,, V;,) and (R,. S,)
arc distributed as MBTE («, 11, t2,1) and MBTE (0", ji}, ji5, 1) rospectively where

ag ’ '
o= = p1b and py = pob and b = a(p + (1 — p)o).

Proof of the Remark 6.1 is omitted as it is obvious from the proof of Theorem 6.1.

A generalization of BTML (o, yy, i2, 1, g, 1) distribution could be obtained by
considering the tailed form of bivariate semi Mittag-Lefller distribution defined in
(2.38). For this, we introduce a scale parameter ‘0'(> 0) in BSML (o, a2,p) and
therefore (2.38) becomes

1
d(M1. Ag) = T4 6800 M) (6.9)

where £()1, Ay) is as stated in Definition 2.3. Denoting this bivariate semi Mittag-

Leffler distribution as BSML (4, ay, as, p).

Now, we define the tailed form of the distribution with Laplace transform in (6.9).
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Definition 6.2. A non negative random vector (X,Y) is said to follow bivariate

tailed semi Mittag-Leffler distribution if it has Laplace transform

) 1+5Uf()\1,)\2)

d(A1, Ag) = 0<o<1. (6.10)

1+66(A, )7 = —

and we denote the respective distribution as BTSML (4,0, a;, az,p). Note that
(6.10) is obtained by assigning a probability ‘¢’ at (X = 0,Y = 0) and for
(X > 0,Y > 0), the probability distribution is (1 — ¢) times the bivariatc scmi
Mittag-Leffler distribution with Laplace transform in (6.9). That is, (6.10) is obtained
from

1
(,25(/\1,/\2 = O'+(1 —U)m.

In the following theorem we obtain a first order stationary autoregressive process

with BTSML (4, 0, ay, cxa, p) marginals.

Theorem 6.2. The bivariate first order tailed semi Mittag-Leffler autoregressive pro-

cess can be defined as

(€nsUn) with probability p
(an Yn) = 1 1
(21 Xpo1 + €n,a°2 Y1 + 9,)  with probability 1 — p,
0<a<l1l,0<ps],
where {(€n,Pn),n > 1} is a sequence of independently and identically distributed

random vectors. Then the process is stationary with BTSML (8, 0, 04, a2, p) marginals

if and only if (€n, ¥n),n > 1 satisfies

(Cna "/)n) = (Um Vn) + (I{n,v Sn)
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where {(Un, V,,),n > 1} and {(R,,, S,.),n > 1} are two independent sequences of inde-

pendent and identical random vectors following BTSML (8,a, a1, s, p) and BTSML

7

(6,0, ay, ag, p) distributions respectively, §' = db, o = % and b=alp+(1—p)o),

provided (X, Yy) is distributed as BTSML (4, 0, a1, ara, p).

Proof of the Theorem 6.3 can obtained by following the arguments used in Theo-

rem 6.1.

The following theorem gives a characterization of BTSML (6, o, vy, avg, p).
Theorem 6.3. Consider a first order autoregressive process
1 i
(Xna Yn) = (0‘11 Xn-1 +5n70'a12 n—1 +wn)> (611)
forn=1,23..,0<¢ < 1.
When the process is stationary, the innovations {(e,,¥n,n > 1}) is a sequence
of independently and identically distributed random wvectors according to BTSML
(0,0,a1,0a9,p) if and only if {(X,,Y,).n > 1} are distributed as BSML(d, ay, az, 7).
Proof. The Laplace transform of (6.11) is
L a1
Dxn e (A1 A2) = Oxu_y a1 (05T AL, 072 A2) @, s, (A1, A2).
When the process is stationary

1 L
Oxy( A1, A2) = dxy (01 Ay, 022 X2)de (A1, A2). (6.12)

Supposc that (e, ¥,),n > 1 follow BTSML (o, 6, ay, ap, p) distribution.
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Thercfore,
14 00€(A1, A2)

¢6,1/1()‘13)\2) = 1+(5§()\17/\2) :

Substituting ¢, (A1, A2) in (6.12) and using the fact that any bivariate Laplace trans-

, we get

1
E(Alu )\2)

146080 M)
:@X,Y(U l)\l‘.a 2/\2) 1_*_55(/\1,)\2) ’

form, ¢(A1, A2) can be expressed as T35

1
14+ 86(A1, A2)

Therefore,
1

</)x,)'()\1, )\2) = m

Hence {(Xn, Yy), n > 1} arc distributed as BSML(J, a1, ag, 0).
To prove the converse, substituting the Laplace transform of (X,,Y,),n > 1in
(6.12) and solving, we get

1+ 50'5()\1, )\2)

Dew(A1, Ag) = 14 06(A, Ao

Thus (€n, ¥n),n > 1 are distributed according to BTSML (4, g, a1, a2, p). O

6.3 Bivariate Tailed Discrete Mittag-Leffler Distribu-
tion
- We consider a non negative integer random vector (X, Y) such that it assumes a

probability ‘o’ when (X = 0,Y = 0) and for other pairs of values it admits ‘1 — ¢’

times the bivariate discrete Mittag-Leffler distribution stated in (4.2). In the following
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definition we obtain the tailed form of the bivariate discrete Mittag-Leffler distribution

that introduced in (4.2).

Definition 6.3. A non ncgative integer valued random vector (X, Y') is said to follow

bivariate tailed discrete Mittag-Leffler distribution if its p.g.f. is

1+ 0(ep(1 = 51)% + (1 — 52)°2 + (1 — )yl = s1)* (1 — 52)2)
L+ (1 —51)® 4+ cp(l — 89)22 + (1 = O)cyez(l — s1) (1 — s)22
(6.13)

P(s1.89) =

c1.¢0 >0, 0<og,ap €1, 0§9_<_1, 181|S1, ISQ'S].

It is denoted by BTDML (o, c1, ¢, a1, a0, 0).  As stated carlier, we can obtain

(6.13) from

1
1+ 01(1 — 31)011 + CQ(]. — 82)("2 + (1 — 6)(;1C2(1 — 81)"1(1 — 82)”2 ’

P(s1,82) = 0+(1—0)

When 6 = 1, (6.13) becomes

1+0(a(l = s1)* + ca(1 — 59)®)
P(s1.52) = : .
(1. 52) 1+ c1(1 = s1)® + c2(1 — 59) (6.14)

Now, in the following thcorem we generate (6.14) as the distribution of random sum
of independently and identically distributed random vectors according to bivariate
Sibuya distribution with p.g.f. in (4.33). Wc assume that the number of summands

follow the ‘zero modified’ geometric distribution in (1.21).

Theorem 6.4. Consider a sequence {(X;,Y;),i > 1} of independently and identically
distributed random vectors. Let N be independent of (X;,Y:),i > 1, and have the ‘zero

N N
modified’ geometric distribution in (1.21). Let Uy = > X; and Vy = 3 Yi. Then
. 1=1 i=1
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(Un, V) is distributed as BTDML (o, ¢, ¢, a1,a,1) where ¢ = 1-p if and only if
p

(X;,Y5),1 > 1 follow bivariate Sibuya distribution with p.g.f. in (4.33).

Proof. Suppose that (X;,Y;),7 > 1 are independently and identically distributed ran-
dom vectors and have p.g.f. Q(s1,s2). Then the p.g.f. of (Un,Vn) is
P(s1,55) = E(s{"s5")

E(S{(I+X2+---+XNS;/1+Y2+...+YN/N — Tl)P(N — Tl)

I
WE

3
1l
o

E(S{(1+X2+---+Xn $§1+Y2+...+Yn)P(N — n)

s 104

(Bsisy)" P(N =n)

3
1l
o

NE

(Q(s1,82))" P(N = n)

3
1!
=}

p
S TR (019

]
Q
+

Putting Q(s1,82) =1 — (1 —s1)® — (1 —52)** in (6.15), we get

1+ 0(c(l — s1)% + (1 — $2)°2)

P(sla 32) = 1 T C(]. _ Sl)al + C(]. — 82)012

where ¢ = }_——_p Hence we get (U, V) is distributed as BTDML (o, ¢, ¢, a1, aa, 1).
p

In order to prove the converse, substituting P(sy, s2) in (6.15), we have

14 o(c(l —sP) + (1 — 55?))
1+ c(l—s§) + ¢l - s9?)

P
1-(1-p)Q(s1,52)

=oc+(1-o0)

Solving, we get

Q(81.52) =1- (]. - Sl)al - (1 - S2)a2.
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In the following theorem we develop a first order stationary autoregressive process

in which the marginals follow BTDML (o, ¢1, ¢, a1, ag, 1) distribution.

Theorem 6.5. Let a bivariate autoregressive process have the structure

(Couy tn) wilh probabilily p
(X'm)/n) = . . (616)
(@*r @ X1 + €,.a%2 @ Y, + ¢,) with probability 1 — p
0<a<1,0<p<Ll
where {(en, %), n > 1} is a sequence of independently and identically distributed

random vectors and satisfies
(éns¥n) = (Un, Va) + (Ra, Sn). (6.17)

where {(Uy, Vo), n > 1} and {(R,,S.),n > 1} are two independent sequences. Then

the process is stationary with marginals follow BTDML (o, ¢y, ¢2, a1, @z, 1) distribution

if and only if {(Un,Va).n > 1} and {(Rn, Sa),n > 1} are distributed according

to BTDML (a,cy, ¢, 0, 09,1) and BTDML (0, c;,Cy, o1, o, 1) respectively where
I

o =1 ¢, = b, cy = b, b= a(p+ (1 — p)o) and provided

(X[), Yo) g BTDML(O’ Cy,Co, 001, (9, 1)

Proof. The p.g.f. of (6.16) is
Py, v, (51.52)
L L L L
- pP(n-,l/)n(sl’ S2) + (1 - p)PXn—lyYn—l(]' —am + as 817 1 — a2 + a2 SQ)P(ns'l/)n (Sl’ 32)'
(6.18)
Assume that the process (X, Yy, > 1) is stationary with BTDML (o, ¢1, ¢, a1, a2, 1)

marginals. Then (6.18) becomes
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1+ o(c1(1 — 1) + ca(1 — 59)°2)
1+ 01(1 — 51)011 + C2(1 — 52)(!2 :

— [¢3] _ a
= Pe,w(517 52) (p+ 1-— pl - Ua(cl(l 31) + 02(1 52) 2))

L+ a(er(1 = s1)® + (1 — 52)*2)
Solving we get,

Poo(s1,52) = (1 +a(cr(1 = s1)* + (1 — 32)a2)) (1 +o(cr (1 — 51)% + cp(1 — 55)2)
o L+ al=s)m +e(l =) ) \1+ble(l~s1)m + ool — s2)72)

(6.19)

where b = a(p + (1 — p)o). Now finding the p.g.f. of (6.17)

1+a(a(l —s1)* + el — 52)*)
1+ (;1(1 - 81)‘” ~+ Cz(l —_ 82)“2 '

1+ ((1—s1)™ + ca(1 — 82)°2)
1+ ¢ (1= s1)™ + cp(1 — s2)

PUn,V,,(SI:SQ) =

Pr, s, (81,82) =

. ’ 7 ’ .
Replacing o, ¢, ¢, as given, we get

1 + 0o (Cl(l - Sl)a] + 02(1 — 32)012)
1+b(cy(1—81)™ + o1 — 82)92)

Pr, s, (s1,82) =

Since {(Un,V,),n > 1} and {(Rn,Sn),n > 1} arc two independent scquences of

random vectors, we get that p.g.f. of (6.17) coincides with (6.19).

In order to prove the converse, assume that (e,.,),n > 1 satisfies (6.17). Put
n=11n (6.18), wc get
1 1
Px,.v, (81, 52) = pdey o (51, 52)F(1—p) Pxy vo (1—a>1 +aei sy, 1—a*2 +a=2 $2) Pey oy (51152).

Substituting the p.g.f. of (Xp,Ys) and (e1,vy) and simplifying, we get

l1+0 (Cl(l — 81)011 + 02(1 — 82)042)
1+ Cl(]. — 81)”1 + 62(1 — 82)"’2 '

Px, v,(s182) =

By induction, we get the process is stationary with marginals have BTDML

(7,c1, 9, (1, g, 1) distribution. O
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Chapter 7

Summary and Conclusion

In the present work, we have introduced bivariate Mittag-Leffler ’ (BML
(w1, o, a1, a9, 8)) distribution, its generalizations, discretc analogues and studied
their properties. BML (g1, 2, a1, as, 8) distribution gives a gencralization to the well
known Moran’s bivariate exponential distribution. Distributional properties of BML
(11, p2, a1, az, 1) like, distribution function, density function, product moments, ctc
arc obtained. The distribution is characterized using a random summation in which
the number of summands have geometric or bivariatc geometric distribution. Us-
ing these compoundings, we have obtained BML (p, 2, a1, ag, 1) as the distribution
of sum of random vectors in which the components arc independently distributed as
Mittag-Lefller. Estimates of the parameters are obtained using log moments of the dis-
tribution. First order stationary autoregressive processes with BML (uy, p2, o, a2, 1)
marginals are developed. The bivariate Mittag-LefHer forms of different important bi-

variate exponential distributions like Marshall-Olkin’s bivariate exponential, Hawkes’

153
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bivariate cxponential and Paulson’s bivariate exponential are also introduced. As
a generalization to the BML (p, po, a1, a9, ) distribution, bivariate quasi facto-
rial gamma distribution is introduced. This distribution is a gencralization to the
Moran’s bivariate gamma distribution. Distributional propertics of bivariate quasi
factorial gamma distribution arc studied. We have obtained the bivariate quasi fac-
torial gamma as the negative binomial compound of independently and identically
distributed random vectors. Time secries models with bivariate quasi factorial gamma
marginals arc devcloped. As a gencralization to bivariate quasi factorial gamma,

bivariatc scmi quasi factorial gamma distribution is introduced and studied.

Bivariate discrete Mittag-Leffler distribution and bivariate discrete Linnik distri-
butions are introduced as the discrete analogues of BML (1, 2, @1, @2, 6) and bivari-
ate quasi factorial gamma distributions. As a special case of the bivariate discrete
Mittag-Leffler distribution, a bivariate geometric distribution is studied. Characteri-
zations of bivariate discrete Mittag-Leffler distribution are obtained using the geomet-
ric compounding. Autoregressive processes with bivariate discrete Mittag-Lefller dis-
tribution marginals arc developed. Using bivariate geometric compounding, discrete
analogues of the bivariate Mittag-Lefller distributions that generalize Marshall-Olkin’s
bivariate cxponential distribution and Hawkes’ bivariatc exponcential distribution are
introduced. Bivariate discrete Linnik distribution is introduced as a gencralization
to the bivariate discrete Mittag-Lefler distribution and its properties are obtained.

As a special case of bivariate discrete Linnik distribution, bivariate negative binomial
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distribution is studied. Charactcrization of bivariatc discrete Linnik distribution is
obtained using the negative binomial compounding. First order stationary autorcgres-
sive models with bivariate discrete Linnik marginals are developed. Bivariate tailed
Mittag-Lefller distribution and bivariate tailed discrete Mittag-Leffler distribution are

introduced and the corresponding autoregressive models are devcloped.

Random summation ariscs in many contexts. It is mainly appliecd in modeling
practical problems that deal with certain phenomena in which the respective mathe-
matical models arc sums of random number of independent random variables. Gne-
denko and Korolev (1996) gave a number of situations where we usually come across
random summation, especially gecometric summation and describe the modeling of

such situations with respective physical terminology.

Geometric summation ariscs naturally in many applied problems. Kozubowski
and Panorska (1999a) established the applications of geometric summation in financial
portfolio modeling. Kozubowski and Rachev (1994) used geometric random sums as
an adequate device to model the foreign currency exchange rate data. Distribution of
geometric sums appear in quecuing theory and reliability in connection to ‘regenerating
processes with rarc cvents’ (sce Gertsbakh (1984) and Jacobs (1986)). Gnedcnko
and Korolev (1996) cxpressed the waiting time of a telephone customer calling at
an arbitrary time to talk to the operator as a compound of geomctric distribution.
The applications of random summation in insurance are discussed in Rolski ct al.

(1999). The probability distributions, we have introduced and studied in this work
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may be appropriate in modecling bivariate data sets which are closed under geometric

sumimation.

Even though the constant hazard ratc and memoryless property causes much
applications of exponcntial distribution in rcliability studies and renewal theory, it is
inadequate to model heavy tailed data. The Mittag-Leffler distribution being heavy
tailed as compared to exponential distribution is a most suitable fit in such situations.
Jayakumar (2003) used Mittag-Letfler distribution to model the rate of flow of water
in Kallada river, Kerala, India. The semi Mittag-Leffler distribution and semi quasi
factorial gamma distributions arc useful in modeling data scts that exhibit periodic
movements. Recently much focus is given on developing different time series models
with non Guassian marginals (sce Balakrishna and Jayakumar (1997) and Block ct al.
(1988)). The first order stationary autoregressive processes having bivariate Mittag-
Leffler and bivariate discrete Mittag-Leffler marginals are developed in Mundassery

and Jayakumar (2006, 2007b)
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