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Chapter 1 

Introduction 

1.1 Introduction 

Proba.bility is a. common word to cvcryonc now-a-days, which is associated with 

uiicortain situations. The origin of this conccpt, was in 1 6 ~ ~  ccntury arid it was as a, rc- 

siilt of thc problems associated with tlic thcory of gambling. However, this association 

with gambling theory contributcd slow and sporadic growth to probability thcory duo 

to inadequate mathematical support. The measure theoretic approa.ch to proha.bility 

ill thc beginning of the last ccntury providcd a, logically consistent founda.tion for 

proba.bility theory and consequently imparted a rapid and systematic dcvelopmcilt to 

t,hc samc. Today, probability thcory cxtcnds its infliicnce and applicat,ions to many 

spheres. 

One important aspcct of proba.bi1it-j theory is to provide probability distributions 



to randoin variables defined over those uncertain situations. The developillerit ill- 

currcd in probability theory enhanced the branch of probability distributions also, 

to higher altitudes. It comprises of many commonly occurring probability distribu- 

tions like binomial, Poisson, gcoliiot ric, llyl~c~rgc~omctric, normal, exponential, gainma. 

Wcibull, etc. Exponential distribution is an important probability distribution due 

to its memorylcss propcrty. This propcrty makes it a powerful device in rcliability 

contexts, especially in life testing. The constant hazard rate is onc of its charactcr- 

izing properties. Weibull and gamma distributions havc tremendous applications in 

situations where the failure rate is monotone. 

However, there arc numerous situations where more heavy tailed distributions 

than exponential a.re e~sent~ial in modeling certain data especially in finance, eco- 

nomics, etc. The most conlrnonly observed properties of financial data sets are their 

heavy tails and high peaks. Pi1la.i (1990) introduced hlittag-Leffler di~tribut~ion a.s a 

generalization to exponential dist,ribution. The data consisting of daily stock returns, 

commodity prices, foreign currency exchange rates and other financial data caa he a.d- 

equately modeled using WIittag-Leffler distribution. Kozubowski and R.achev (1994) 

well esta.blished the applica.t,ions of hj1itta.g-Leffler distribution in financial modeling. 

.Jayakuniar (2003) developed t,he first order autoregressive processes with Mittag- 

Leffler marginals to study the rate of flow of water in Kallada river, Kerala., India. 

Weron and Kotulski (1996) used hiittag-Leffler distribution to describe the Cole-Cole 

relaxation phenomena in Physics. The applications of Mittag-Leffler distribution in 



various socio-economic problems motivated to study its extension to  higher dimcn- 

sions. 

The probability distribution of sums of indcpendcntly and idcntically distributcd 

random variablcs was a subject of intensive investigation during the dcvclopmcnt 

of distribution theory. The central limit problem dcaling with limit distribution of 

sums of indcpcndcntly and idcntically distributed random variablcs emphasizes the 

importance of normal law as the limiting distribution. However, the limitations of 

normal law and its inadequacy to many natural phenomena necessitated the research 

along thcse lines on other distributions also. 

In compounding, we consider the probability distributions of random sums of 

idcntically and indcpcndcntly distributed random variables. Gncdenko and Korolcv 

(1996) gave a number of contexts where we usually encounter the distributions of 

random sums, cspccially gcomctric summation. Milne and Yco (1989) considered the 

closure property of exponential distribution under geometric summation and offered 

many practical interpretations 01 Illis ~)r .ol ) (~r ty .  Mittag-Leffler distribution is also 

closcd under geometric summation. Therefore it has excellent applications in situ- 

ations when a geometric sum and corresponding summands have samc distribution. 

For example, suppose that an investor has invested a fixed amount of money in 'n' 

ashcts. Let XI ,  X*, ... , Xn arc the rates of returns which arc assumcd to be indcpcn- 

dently and identically distributed according to Mittag-Leffler. Then the return X is 

considered as sum of smaller changes X,, taken over a period of random time N ( p ) .  



1 
The random variable N (p) has gcomctric distribution with mean -. Kozubowski and 

P 

Rachev (1994) used the distribution of gcomctric sums to model foreign currency 

exchange data. The distribution of geometric sums has wide applications in rcli- 

ability contexts also. In this work, we introduce bivariate forms of Mittag-Leffler 

distribution, its gcncralizations and thcir discrete counterparts using compounding 

techniques. Mundassery and Jayakumar (2007a) introduced a bivariate Mittag-Leffler 

distribution and studicd its propcbl t icsh. A clihc.rctc analogue of bivariutc Mittag-Lcfflcr 

distribution is obtained in Mundasscry and Jayakumar (2006). 

The organization of thc thesis is as follows: In the present Chapter, wc makc a 

quick rcvicw on various materials nccdcd for thc discussion in thc succeeding Chap- 

ters. 

In Chapter 2, we introduce a bivariate form of the Mittag-Leffler distribution. Its 

distribution function, density function, product moments, etc arc obtaincd. Various 

characterizations of the bivariate Mittag-Leffler are obtained. The parameters of 

l?ivari,zt,c Mittag-Lcfflcr distribiltion arc? cst,imatcd using log momcnts. First order 

autoregressive models with bivarii~ t.o h,li t t.i~g-Lefller marginals are ol-)tained. Bivariate 

Mit,tag-Lefflcr forrlis of important bivariatc cxporicritial distributions like IvIarshall- 

Olkin's bivariatc exponential, Hawkes' bivariatc exponential and Paulson's bivaristc 

exponential are introduccd. 

As a generalization of the bivariate Mittag-Leffler distribution, bivariate quasi 



factorial gamma distribution is introduccd in Chapter 3. Various distributional prop- 

ertics of bivariate quasi factorial gamma distribution are studied. Charactcrizations 

of bivariatc quasi factorial gamma are obtained using ncgative binomial compound- 

ing. First ordcr stationary autoregressivc processcs with bivariatc quasi factorial 

gamma marginals are developcd. As a special case of bivariate quasi factorial gamma 

distribution, Moran's bivariatc gamma distribution is studicd. Bivariatc semi quasi 

factorial gamma distribution is introduccd and studicd as a gencralization of bivariatc 

quasi factorial gainma distrib~t~ion. 

A discrete analogue of the bivariate A4itta.g-Leffler distribution, namely bivaai- 

ate discrete Mittag-Leffler distribution is introduced in Chapter 4. The properties 

of bivariate discrete Mittag-Leffler distribution including joint probabilities, factorial 

moincnt gcncrating function, arttraction towards discrete stable law, ctc arc stud- 

ied. We obtain characterizations of bivariate discrete Mittag-Leffler using geometric 

compounding. Thc estimatcs of thc parameters are obtained. First order autorcgres- 

sive models with bivariate discrete Mittag-Leffler marginals are developed. Discrete 

analogues of bivariate Mittag-Leffler that will generalize Marshall-Olkin's bivariate 

cxpoilential and Hawkes' bivasia.te exponential distributions arc introduccd. In this 

contcxt, we obtain bivariatc gconlctric distributions as special cases of bivariato dis- 

crete Mittag-Leffler distributions. 

Wc introduce a bivariatc form of thc discrete Linnik distribution and study its 

distributional propcrties in Cha.pter 5. Characterizations of bivaria.tc discrete Linnik 



distribution are obtaincd using thc ncgativc binomial sums of indcpcndcntly and 

identically distributed bivariate discrete Mittag-Leffler random variables. The first 

order autorcgrcssivc models with bivariatc discrete Linnik marginals arc obtaincd. 

We introduce tjhe tailed forms of the bivariate Mittag-Leffler distribution and 

bivariatc discrete Mittag-Lcfflcr distributioris in Cliapter 6. The first order autorc- 

gressive models with marginals following bivariate tailed Mittag-Leffler and bivari- 

8t.e tailed discret,e hlit,tag-Leffler distributions are developed. Tlle tailed forrri of 

hzloran's bivariatc cxponcntial distribution is studied as a special case of bivariatc 

tailed blit,tag-Leffler distribution. The summary and conclusion of the thesis is pre- 

sented in Chapter 7. 

1.2 Infinite Divisibility and Geometric Infinite Di- 

visibility 

A random variable X is said to be infinitely divisible if for every positive integer 

T L .  X can bc written as 

U T ~ C S C  X,&,,, . . . , arc indcpcndcntly and identically distributed random vari- 

ables. Infinite divisibility of X is in fact, a property of the distribution of X. Thcrcforc 

the probability distribution and distribution function of an infinitely divisible random 

variable will also be called as irlfii~itely divisible. Thus a distribution functioil F ( x )  is 



said to be irifiriitely divisible if for every positive integer n, there exists a distribution 

function Fn(x)  such that 

n times 

This implies that F ( x )  is the n-fold convolution of Fn(x) .  Equivalently, a char- 

acteristic function ,,h(/) of a random variable X is said to be irifi~iit~ely divisiblc if 

for every positive integer n ,  there exists a characteristic function $,(t),  such that 

$ ( c )  = ( v ~ , ~ ( t ) ) ~ .  Hcrc, $ , ( l , )  represents the common characteristic function of the 

set of independently and identically distributed random variables X,, , j = 1 ,2 ,  ... n.  

Ga~nrna arid Mittag-Lcfflcr distributions arc irifiriitcly divisiblc while uniforrr~ dis- 

tribution over [-l ,  l ]  is not. The class of infinitely divisible distributions plays an 

important role in the study of tlccomposition of probability distributions. A discus- 

sion on infinitely divisible distributions in relation to central limit problein can be 

fourid in Feller (1971). Boiidessori ct al. (1996) studied the irifiriite divisibility of 

the integer parts of positive rcal valued random variables. A detailed discussion on 

properties of infinitely divisible distributions can be found in Steutel and vaa Harn 

(2004). 

Klebanov et al. (1984) introduced tlric coricept of georrietric irifiriite divisibility. A 

ra.ndom variable X is geometrically infinitely divisible if 

whcrc N ( p )  has geometric dist.ril,iitio~~ such that P ( N ( p )  = k) = p(l  - p)"1, 



k = 1,2,3,  ...; p E (0, l ) ;  X:), j = 1, 2, . .  are independently and identically dis- 

tributed random variables and also independent of N ( p ) .  Equivalently, in terms of 

characteristic function, X is geometrically infinitely divisible if 

where +(t)  and &(t) are the characteristic functions of X and X?) respectively. 

Klebanov et al. (1984) obtained that a characteristic function $(t) is geometri- 

cally infinitely divisible if and only if e l - h  is infinitely divisible. Sandhya and 

Pillai (1999) showed that the class of geometrically infinitely divisible distributions 

is a proper of subclass of infinitely divisible distributions. Aly and Bouzar (2000) 

and Mohan et al. (1993) obtained characterizations geometrically infinitely divisi- 

ble distributions. Pillai and Sandhya (1990) showed that the class of distribution 

functions having complete monotone derivative is a proper subclass of geometrically 

infinitely divisible distributions. The applications of geometric infinite divisibility in 

autoregressive time series modeling are discussed in Jose and Pillai (1995). 

1.3 Mittag-Leffler and Semi Mittag-Leffler Distribu- 

tions 

W 
?Lk 

The function E,(u) = U E (0, m) was first introduced by 
k=O 

I'(1 + ak)  ' 

Mittag-Leffler in 1903 (see Erdelyi et al. (1955)). In Feller (1971), the Laplace 
X"-' 

transform of E,(-X") with 0 < a 5 1, is shown to be - X 2 0. But E,(-X") 
1 + X"' 

is not a probability distribution. Pillai (1990) showed that F,(z) = l - E,(-za) 



is a distribution function. Hcncc he named F,(x) as Mittag-Leffler distribution. We 

and the corresponding density function is 

The plots of f,(x) is presented in Fig. 1.1. The Laplace of transform (1.1) is 

'0 3 Fig. l .  l Plots of Mittag-Leffler density, fa  (X). 



Mittag-Leffler distribution has been received much attention by many researchers 

recently (see Jayakumar and Suresh (2003), Kozubowski (1999,20OOa, b), Lin 

(1998, 2001) and the references therein). Note that when cr = 1, (1.2) reduces to 

the Laplace transform of exponential distribution. Mittag-Leffler distribution is geo- 

metrically infinitely divisible, self decomposable and is normally attracted to stable 

law. Lin (1998) proved that Mittag-Leffler distribution belongs to the class of dis- 

tributions with completely monotone derivative. Pillai and Anil (1996) characterized 

Mittag-Leffler distribution using the integrated Cauchy functional equation. Based 

on Mohan et al. (1993), the Mittag-Leffler distribution can be called as positive geo- 

metric right stable law. Kozubowski (2000a) showed that the Mittag-Leffler random 

variable can be represented as X = W $ Z  where Z  and W  are independent, Z  is 

standard exponential and W  follows positive stable distribution with density function 

Parameters of Mittag-Leffler distribution are estimated using fractional moments in 

Kozubowski (2001). Jayakumar and Pillai (1996) obtained certain characterizations 

of Mittag-Leffler distribution and showed that within the class of infinitely divisi- 

ble laws with positive support, the Mittag-Leffler distribution F,(x) is the unique 

distribution function F(x)  satisfying the relation 



where +(X) is the Laplace transform of F ( x ) .  Pillai and Jayakumar (1994) de- 

rived the innovation distribution of the pth order autoregressive process with Mittag- 

Leffler marginals and using it specialized class L distributions are introduced. The 

Mittag-Leffler distribution has potential applications in various fields (see Jayaku- 

mar (2003), Kozubowski and Rachev (1994) and Weron and Kotulski (1996)). 

A random variable X with positive support is said to follow semi Mittag-Leffler 

distribution with exponent a,  0 < a < 1 if its Laplace transform is 

where ((X) satisfies the functional equation 

for some p, such that 0 < p 5 1. The solution of the functional equation (1.5) is 

-27ra 
((X) = Xah(X) where h(X) is periodic in 1nX with period - (see Kagan et 

lnp  

al. (1973)). When h(X) = 1, we get the Mittag-Leffler distribution. Jayakumar and 

Pillai (1993) developed first order stationary autoregressive process with marginals as 

semi Mittag-Leffler distribution and studied its properties. Bunge (1996) explained 

the use of semi Mittag-Leffler distribution in the study of random stability. 



1.4 Discrete Mittag-Leffler and Discrete Semi Mittag- 

Leffler Distributions 

A discrete analogue of Mittag-Leffler distribution was obtained in Pillai and 

Jayakumar (1995). A random variable X on {0,1,2, ...) is said to follow discrete 

hlittag-Leffler distribution if its probability generating function (p.g.f.) is 

The discrete Mittag-Leffler distribution can be viewed as the distribution of g e e  

metric sum of independently and identically distributed Sibuya random variables. 

a 
In a sequence of independent Bernoulli trials, let - be the probability of success in 

k 

kt" trial. Then the number of trials required to obtain the first success has Sibuya 

distribution (see Devroye (1993)) 

Discrete Mittag-Leffler distribution is a generalization of geometric distribution, 

since in (1.6) when a = 1, we get geometric. Pillai and Jayakumar (1995) obtained 

-. * - some distributional properties of the discrete Mittag-Leffler. It is geometrically in- 

finitely divisible, belongs to discrete class L and is normally attracted to stable law. 

Pillai and Jayakumar (1995) developed autoregressive models with marginals as dis- 

crete Mittag-Leffler distribution. Bouzar (2002) gave mixture representations of 

discrete Mittag-Leffler distribution. Jayakumar and Sreenivas (2003) noted that if 

X has Mittag-Leffler distribution and N,(.) is a unit Poisson process with parameter 

c, independent of X then Y = N,(X) has discrete Mittag-Leffler distribution. 



A random variable A' on {0.1,2 ,...l lias discrete se~ni  Mittag-Leffler distributior~ if 

its p.g.f.  is 

1 1  
whcrc J ( l  - S )  = -c(pz(l  - S))  for some p, 0 < p 5 1. The discrete scmi Mittag- 

P 

Leffler distribution was introduced by Jayakumar (1995a) as the discrete analogue of 

scmi Mitttag-Lefflcr distribl~t~ion. 

1.5 Quasi Factorial Gamma and Semi Quasi Fac- 

torial Gamma Distributions 

Pakes (1995) introduced the positive Linnik distribution. A non negative random 

variable X is said to follow positive Linnik distribution if its La.placc transform is 

,Jayakumar and Gadag (1999) studicd this Laplacc transform as a generalization 

t,o t,he Mitt,ag-Leffler distribl~tion m d  called t,hc corresponding di~t~rihution as qlmi 

factorial gamma. A non negative random variable X is said to follow qua.si fa.ctorial 

gamma distribution if it has the distribution function 

The density plot of quasi factorial gamma distribution is prescntcd in Fig.l.2. This 

family of distributions accommodates many important distributioils such gamma, 

hlittag-Lcfflcr, cxponcntial ctc (scc Fig 1.3). Jayzkumar and Gadiig (1999) st~idicd 



various distributional propcrtics of quasi factorial gamma. Thcy havc also dcvelopcd 

first order stationary autoregressive process with marginals as quasi factorial gamina 

distribution. Jayakumar and ~ a d a ~  (1999) introduced semi quasi factorial gamma. 

distribution as a gencralization to the quasi factorial gamma distribution. A ran- 

dom variable X on (0, oo) has semi quasi factorial gamma distribution if its Laplace 

transform 

1 
= ( l  + ( (X) ) . 

where ( (X)  satisfies the furictiorlal equation in (1.5). 

1.6 Discrete Linnik distribution 

Christoph and Schreibcr (1998a) studied thc discrcte analoguc of the positive 

Linnik distribution in (1.8). A non negativc integer valued randoin variable is said 

to be discrete Linnik distributed with cxponcnt a E (0, l] and scalc parametcr c if it 

e - ~ ( l - ~ ) "  for v = m 

Whcn v = 1, it coincides with the discrete Mittag-Leffler distribution in (1.6). We 

get thc p.g.f. of ncgative binomial distribution whcn a = 1 

Probabilitics of the discrcte Linnik distribution, some properties of thc proba- 

bilities and chara.cteriza.tions via survival function arc invcstigatcd in Christoph and 



Schrciber (1998a). Bouzar (2002) obtaincd representations for discrctc Linnik distri- 

bution using Poisson mixtures and established the infinite divisibility of the distri- 

bution. They have also obtaincd the mixture representation of discrctc Linnik laws 

by way of stable laws. Christoph and Schrciber (1998~) proved that discrctc Linnik 

distribution belongs to the domain of discrcte attraction of a discrete stablc law as 

well as to the domain of attraction of non negative strictly stablc law and obtained 

thc rate of convergence in both cases. 

1.7 Stable and Semi Stable Distributions 

The class of stablc distributions was developed in 1920's during the investigations 

of the behavior of sums of independently and identically distributed random variables. 

A random variable X  is said to follow stablc distribution in broad sense, if for any 

positive const,ants (1, and b, X  satisfies 

where X I  and X2 are independent copies of X .  Equivalently in terms of charactcristic 

function 

$(at) .li,(bt) = $(ct)eidt . 

It is a strictly stablc distribution when d = 0. The most often used parametrization of 

stablc distribution is tha.t discussed in Samorodnitski and Ta,qqu (1994). A random 

va.riablc X  is said to follow stablc distribution if it has charactcristic function 



t l ia t -c l t lo( l - iP s i g l ~ ( t )  tan y )  if cr#  1 
,*(t) = (1.11) 

e i a t - c ) t ) ( l + i P $ s i g ~ ~ ( t )  In It)) if a = 1 

Hcrc, a is known as  the exponent of stable distribution and 0 < cr 5 2: c is thc scale 

parameter, c > 0, a is the location para,meter, -m < a < co and p is the symmetry 

parameter, -1 5 /3 5 1. When /3 = 0, we gct symmetric stablc distribution. 

cT2 
When cr = 2, B = 0, c = - and b = p. then $(t) is the characteristic function of 

2 

normal distribution, N ( p ,  m2). For a = l, ,L? = 0, c = y and 6 = b ~b ( t )  represents the 

characteristic function of Ca.uchy (y,b)  distribution. Notc that Laplacc distribution 

is not stablc. 

Nolan (2005a) discussed various distributional properties of univariate and multi- 

variate stable distributioris arid examples of stable laws arising in different problems. 

Estimation of various parameters of stablc distribution including inoment estimators 

arc discussed in Press (1972a). For representation, estimation and other properties 

of stablc distributions, sec Laha and Rohatgi (1979) and Nolan (2001). Notc that 

the Laplacc transform of positive stable distribution is 

Thc density function corresponding to  (1.12) is stated in (1.3). 



Stable distributions have applications in Inany fields. This is because, stable distri- 

butions providc approximations for sums of independcntly and idcntically distributed 

random variables that arc heavy tailed. So they arc seemcd to bc appropriatc in 

modeling skewcd data. In cconornics, statistical physics, telecommunications ctc, WC 

mcct such data scts. Another important reason for focussing on stable distribution 

is its outstanding feature of having domains of attraction. That is, thcy arc thc only 

possiblc limits of sums of indcpendently and identically distributcd random variablcs 

(scc Kozubowski and Rachcv (1994)). 

The multivariate forms of stablc distributions arc provided in Nolan (1998). Nolan 

(2005b) studied multivariate stablc densitics and distribution functions in thc cllip- 

tical casc. A detailed discussion on multivariate stablc distribution can bc found in 

Prcss (1972b, c) and Samorodnitski and Taqqu (1994). 

A random variable X is said to follow positive semi stable distribution if its Laplacc 

transform is 4(X) = e-c(X) whcrc ((X) is as given in (1.5). The propcrtics of semi 

stablc distributions are discussed in Pillai (1971). 

1.8 Discrete Stable and Discrete Semi Stable 

Distributions 

A discrctc analogue of stablc distributions is obtained in Stcutcl and van Harn 

(1979). A random variablc X with support on on non negative intcgcrs, is said to 





follow discrete stable distribution with exponent y (> 0) if it satisfies the relation 

where X I  and X 2  are independent copies of X  

Jayakumar (1995a) considerd the operator 'B' as follows: If X has p.g.f. P(s ) ,  
X 

then a@ X  is defincd (in dist,ribut,ion) by its p.g.f. P ( l -  & + a s )  or by a G  X = N, 
,=l 

where P(N, = 1) = 1 - P(N, = 0) = a ,  all random variables being independent. 

Therefore, a random variablc X is said to follow discrete stable distribution if its 

p.g.f. satisfies 

Stuetcl and van Harn (1979) established that the p.g.f. in (1.13) exists only 

for 0 < y 5 1 and a random variablc X  defined on {O,1, 2, ..) has discrctc stable 

distribution if and only if its p.g.f. is 

In case y = 1, (1.14) represents the p.g.f. of a Poisson random variablc with mean r b .  

Christoph and Schreiber (199813) obtained the expression for probability distribution 

of  X when O< y < 1. 



Let XI ,  X 2 ,  ... be a sequence of independently and identically distributed Sibuya 

random variables and Y be a Poisson random variable with mean c, independent of 

XI. X2, ... Thcn Devroyc (1993) obtained that X = X1 + X2 + ... + X,, has discrctc 

stable distribution. 

Jayakumar and Sreenivas (2003) obtained mixtures of discrctc stablc distribu- 

tion as a generalization to Poisson mixtures and studied its properties. Christoph 

and Schrciber (1998~) showed that a discrctc stable random variable belongs to the 

domain of attraction of a positive stablc random variable and obtained the rate of con- 

vergence. For other various distributional propcrties of discrctc stable distribution, 

sec Christoph and Schrciber (199813) and Remillard and Theodorcscu (2000). 

The concept of discrctc semi stability was introduced in Bouzar (2004). A non 

dcgcncratc random variable on (0.1.2, ...) is said to have discrctc semi stable distri- 

bution with exponent y (>  0) and order n E (0, l] if its p.g.f. P ( s )  satisfies 

In other words, a distribution with support on {O,1.2, ...) is said to bc discrete semi 

stablc if its p.g.f. is 

= (<-c(l-s) 

where the function E ( . )  is as: stated in (1.7). 

Discrete semi stablc distributions exist only for 0 < y 5 1. Bouzar (2004) proved 



that discrete serrii stable distributions are illfinitely divisible and ol~tained its char- 

acterizations. Jayakumar and Srccnivas (2003) obtained discrete semi stablc distri- 

bution mixtures as a gcncralization to discretc stablc mixtures. Thcy found that a 

random variable X on {O,1, 2, ...) is discretc semi stablc mixture with mixing distri- 

bution function F ( . )  defined over (0, m) if the p.g.f. of X can be expressed as 

where < (.) satisfies the furlctiorlal cyuatiori given in (1.7). Bouzar arid Jayakumar 

(2007) developed stationary integer valued first order autoregressive process with 

discrete semi stablc marginals. 

1.9 Geometric Stable Distributions 

Gcomctric stablc distributions are thc weak limits of random sums of indcpen- 

dcntly and identically distributed random variablcs. A random variable Y is said 

to bc gcomctrically stablc if thcrc exists a scqucncc of independently and identically 

distributed random variables XI. Xq.  ... such that for constants, a = a(p)  > 0 and 

b = b(p) E R, thc relation 

holds. N ( p )  is a gcomctric random variable, indcpcndcnt of X, such that 

givcs strictly gcomctric stable distribution. 



I<ozubowski and Rachcv (1999a) discusscd various paramctcrizations of geometric 

sta.blc distributions. Among these the most standard representation has the charac- 

teristic function 

G(t) = [l +cl t Iaw(t, a ,  p) - iatl-I 

whcrc 

a is the exponent of the distribution, 0 < a < 2; c is the scale parameter, c > 0; a is 

the location parameter, -cc < n < cc and ,!? is the symmetry parameter, -1 < 0 5 1. 

Mittnik and Rachcv (1991) obtained the following characterization of geomct- 

ric stablc distribution. A random variablc Y is gcometric stablc if and only if its 

charactcristic function $(t) has the form 

whcrc $(t) is the charactcristic function of stablc distribution given in (1.11). 

Kozubowski (2000a) showed that every strictly geometric stable random variable can 

be rcprescnted as product of an exponcntially distributed random variablc and an 

independent random variablc with stable distribution. The estimators of the paramc- 

tcrs of gcometric stable distribution and their properties can be found in Kozubowski 

(1999). The properties of geometric stablc distribution like representation, computer 

simulation ctc, arc discusscd i11 Kozubowski (1994, 2000b). 



Geometric stable distributions approximate random sums of identically and indc- 

pcndcntly distributcd random variables whcrc thc number of summands has geometric 

distribution. Such situations arise in a varicty of applicd problcms in risk analysis, 

biology, economics, qucucing thcory and rcliability. Conscqucntly gcometric stable 

distributions havc potential applications in these areas. Moreover, geomctric sta- 

ble laws havc an important rolc in modeling heavy tailcd data (scc Kozubowski and 

Rachcv (1994) and Mittnik and Rachcv (1991, 1993) ) .  Multivariatc extensions of 

gcomctric stablc distributioris arc studied in Kozubowski ct al. (2005), Koanbowski 

a i ~ d  Panorska (1999a) and I<ozubowski and Rachcv (1999b). 

l. 1 Bivariate Geometric Distribution 

We consider thc following bivariate gcometric distribution. A random vector 

(NI ,  N2) is sa.id to follow bivariatc geomctric distribution if it has the survival function 

A practical interpretation whcrc this bivariate geomctric distribution becomcs ap- 

propriatc can bc found in rcliability context. Consider a system consisting of two 

components in which both arc subjected to shocks causing failurc. Suppose that with 

probability pll, both comporicnts survive aftcr shocks, plo, thc first slirvivos and scc- 

ond does not, with proba.bility yol, the first component fails and t,he second survives, 

a.nd with probability p"", both components fail. Let (NI: N2) represent thc riumbcr 



of shocks caused to failurc of thc componcnts. Then ( N I ,  N2) admits thc probability 

distribution given in (1.15). 

The p.g.f. of (1.15) is 

Block (1977) have obtained many bivariatc cxponcntial and gcomctric distributions 

using the bivariatc geometric sums of indcpcndcntly and identically distributed ran- 

dom vectors. Balakrishna and Nair (1996) obtained characterizations of Moran's 

bivariate exponential using the distribution of sums of independcntly and identically 

distributed random vcctors when the number of summands follow the bivariatc gco- 

metric distribution in (1.15). 

1.11 Moran's Bivariate Exponential Distribution 

Due to the potential applications of exponential distribution, it is natural to 

consider its extensions to highcr dirncnsions. However, unlike normal distribution, 

no unique extension of exponential distribution is available. A survcy on various 

bivariatc cxponcntial distribution was found in Kotz ct al. (2000). In the prcscnt 

study spccial attention is paid to Moran's bivariatc cxponcntial distribution and its 

generalizations. Moran (1967) introduced a bivariatc cxponcntial distribution which 

was later popularized by Downton (1970) as a model to describe the failurc time of 

a system having two components. The joint density function of Moran's bivariate 



exponential distribution is 

CO 2 j  

where p l .  p2 > 0; 2 ,y  > 0; 0 5 0 < 1 and In(/) = E (I) is the modified 
j=o 

2j!  

Bessel furictiori of the first kind of order zero. We denote the Moran's bivariate cxpo- 

ncntial distribution by MBE (p1, pal 0). Thc Laplace transform of MBE (p1, p2,O) 

distribution is 

I"( . )  is the modified Bessel function of the first kind of order zero. Downton (1970) 

presented an interpretation of this bivariatc cxponcntial distribution which is appli- 

cable in reliability context. Consider a system in which the two componcnts arc 

subjected to non fatal shocks occurring according to independent Poisson process 

with parameters S1 and S2. Lct Xt3, i = 1'2,  j = 1,2,3,  ... denote the intcr arrival 

timc of the ith proccss. Assume that ith component fails aftcr AT, shocks where N, 

follows geometric distribution. Thc timc to failure of the componcnts arc given by 

Suppose that (NI, N2) ha.s bivariate geometric distribution with p.g.f. 

whcrc (ll, dj  and d3 are non nega,tive. Then Downton (1970).showcd that the (X, Y) 

in (1.18) follows MBE (p1, p2, 6 )  and its Laplace transform is in (1.17) where 

61 62 did2 + d2d3 + dld3 + d3 + di 
P1 = , P2 = and 0 = 

1 + dl + d3 1 + d2 + d3 (1 + d l  + & ) ( l  + d:! + d3) 
' 



As a gcneralization to MBE (p1, p2,O) distribution, Moran (1967) obtained bivariatc 

gamma distribution with Lapla.cc transform 

It is dcnoted by MBG ( p l ,  /h,  B,  11) .  Thc joint density function corrcsponding to this 

Laplacc transform and its propcrtics arc found in Kotz ct al. (2000). 

1.12 Random Summation 

The probability distributions of random sums of indepcndcntlj. and idcntically 

distributed random variablcs, cspccially the geomctric sum, havc bccn cxtcnsivcly 

studicd by many researchers during the last decadc. For example, Gncdenko and Ko- 

rolcv (1996), Klcbanov ct al. (1984), Kozubowski and Panorska (1999b), Kozubowski 

and Rachcv (1999a) and Rolski et al. (1997). Thc problem of gcomctric summation 

can bc dcscribcd as follows: Consider a scqucncc {X,, i 2 1) of indcpcndently and 

idcntically dist,rihl~t,ed random vnriablcs. Dcfine 

whcrc N follows geometric distribution. When cSN and X, arc idcntically distributed 

for some c > 0, we say that distribution of X, is stable undcr geomctric summation. 

Thc applicability of thc result that geomctric sum of exponential randoin variablcs is 

exponential, is investigatcd in Milne and Yeo (1989). Chufang (1997) charactcrizcd 

the Marshall-Olkin type distributions using bivariatc gcomctric summation. Klcbanov 

and Rachcv (1996) studicd the distribution of random sums and their applications 



when the riurriber of surrirllarids is irifiriitely divisible laws. Liri arid Stoyariov (2002) 

studicd the momcnt problcm for the distribution of geometric sums. Cai and Kalash- 

nikov (2000) cxtcnded thc ricw worse than property (NWU) of gcomctric sums to the 

class of random sums distribution. Later, Li ct al. (2006) investigated the negative 

ageing property of random sums and obtained that the propcrty is solcly dctcrmined 

by thc negative ageing propcrty of the distribution of N. 

A gcncralization of geomctric sums is obtained in Milne and Yco (1989) by con- 

sidcring negative binomial sums and found that thc random sun1 has gamma dis- 

tribution when N follows ncgativc binomial distribution and summands arc cxpo- 

ncntial. Prokhorov and Ushakov (2001) studicd thc conditions of reconstructing thc 

distribution of indcpcndcntly and identically distributcd random variablcs when thc 

distribution of thc random sum is given. 

1.13 Autoregressive Processes 

Autorcgressivc proccsscs of a.ppropriatc orders are used for modcling timc se- 

ries data. The gcncral form of pth ordcr autorcgrcssive proccss with paramctcrs 

(11, u.2, ..., up 1s 

X , = a l X n  -1+azX,-2+. . .+a. ,Xn- ,+~n 

whcrc {E,, n 2 l), callcd thc innovations, is a sequence of indepcndcntly and idcnti- 

cally distributed random variables and indcpcndcnt of X,-1. . . . , X,,-,. Even though 



Guassian autoregrcssivc modcls dominated in the development of timc series mod- 

cling, autoregrcssive processes with non Guassian marginal distributions arc a fast 

growing area of investigation in recent years due to its wide applications in many 

naturally arising timc series modcls (see Gaver and Lcwis (1980) and Lawrancc and 

Lcwis (1980, 1981)). Exploiting the class L property of exponential distribution, 

Gaver and Lewis (1980) developed a first order exponential autoregressive (EAR(1)) 

model. The EAR(1) process has the structure 

P&- 1 with probability p 
(1.20) 

pXnP1 + 6, with probability l - p 

whcrc 0 5 p < 1. {E,, n 1 l)  is a sequcnce of independent cxponcntial random 

d 
variables such that X. = c l .  

Further, Jayakumar and Pillai (1993) developed a first order Mittag-Leffler au- 

toregrcssive (MLAR(1)) proccss. 

Construction of stationary autoregrcssivc models with margi~lals have biva.riatc 

distributions is an emerging area of research recently. Block ct al. (1988) devcl- 

oped a first order autoregressive additive process with bivariate geometric marginals 

and studied its propert,ies. Dewald et al. (1989) developed an additive first order 

autoregressive bivariatcexponcntial process. Balakrishna and Jayakuma.i (1996) ob- 

tained an  extension of the first ordcr ant,orc?gressive exponential minification process 

of Tavarcs (1980) to  bivariatc case and dcvcloped Gumbcl's bivariatc cxponcntial au- 

torc~grcssive process. Ristic and Popovic (2003) introdiicrd a first ordrr stationary 



autoregressive process (BUAR(1)) having bivariate unifbrm marginals over (0,l) and 

obtained the estimates of the parameters of the process. Balakrishna and Jayakumar 

(1997) developed a bivariate minification process using bivariate semi Pareto distri- 

bution and studied its properties. A class of stationary bivariate minification process 

is obtained in Ristic (2006) and established that process has the uniformly mixing 

property. 

1.14 Tailed Distributions 

In tailcd distributions, tail of a nonncgativc random variable refers to  thc positivc 

part of the sample space excluding the point zero. The random variable X is treated 

as a mixture of an atom at  zcro with probability a and the whole positive part with 

probability l - . We encounter such situations in life testing experiments where an 

item fails instantaneously and hcnce the observed lifetime becomes zero. During thc 

dry days of season, the volurne of water in a reservoir may be zcro. In modcling the 

tlaily data of river flow, there may be days wit,hout flow. That is, thc rivers will bc dry 

during certain days of an year. In epidemiology, if X is the percentage of progress 

of an infectious disease, the incubation period (X = 0) has non zcro probability. 

Similarly, in clinical trials, it happens that initially a medicine has no response with 

ccrtain probability and on a later stage, there is some response, then the length of the 

response is described by ccrtain probability distribution. Such situations arc common 

in agriculture and inventory also. As an cxamplc of tailcd distribution, consider 

cxponcntial tailed distribution. A random variable X is said to follow exponcntial 



tailcd distribution if P ( X  = 0) = a and P ( X  > X) = (1 - a)e-p", n: > 0 , p > 0  and 

0 5 a < 1 . The Laplacc transform of exponential tailcd distribution is 

Kemp (2004) considered a geometric distribution in a modified form. A random 

variable X is said to follow ' zero modified ' geometric distribution if its probability 

distribution is 

m + ( l  - o ) p  when n : = O  
P ( X  = X) = (1.21) 

( l - a ) p ( l - p ) " ,  X =  1,2 ,3  ,..., O < p <  1, O i a <  1. 

Thc p.g.f. of (1.21) is 
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Chapter 2 

Bivariate Mittag-LefFler Distribution 

2.1 Introduction 

hlittag-Leffler distribution has been studied extensively by many authors in the 

past dcca,de (see Jayakumar and Pillai (1993), I<ozubowski (1994, 1999), Lin (1998, 

2001), Pillai (1990) and Wcron and Kotulski (1996)). Pillai (1990) cstablishcd that 

the hlittag-Leffler di~tribut~ion is geometrically infinitely divisible. Various distribu- 

tional properties of Mittag-Leffler are discussed in Jayakumar ant1 Suresh (2003) a.nd 

Lin (1998). Kozubowski (2001) estimated the parameters of Mittag-Leffler tlistribu- 

tion using fractional  moment,^. Even though a lot of investigations on Mittag-Leffler 

distribution were carried out,, studies in the direction of its extensions to highcr di- 

mcnsions a.rc not yet explorctl. 



Mundassery and Jayakurnar (2007a) iritroduced a bivariate Mittag-Leffler distri- 

bution. 

Definition 2.1. A non ncgativc random vector (X, Y) is said to follow bivariatc 

Iuittag-Leffler distributio~l with parameters p1. p 2 ,  a1, a2 and 8, denoted by BML 

(p1, p 2 ,  W, a 2 ,  O ) ,  if its Laplacc transform is 

A I , ~  2 0 ;  O < a l , a 2 I  1; pl, p2 > 0 ;  0 5 0 5  1. 

Note that 

1 and @(O, A2) = 1 
rn(h, 0) = , + plX;l 1 + ~ 2 1 \ ; * ~  ' 

Whcn 8 = 1, 

and H =O implics that  X and Y arc indcpcndcnt. Whcn t r l  = 0 2  = 1, BML 

(pl, p 2 ,  a1, a2,e) distribution givcs a generalization of the MBE (p1, p2 ,O)  distribution 

discussed in (1.17). 

Now, we define a bivariate positive stable distribution. 

Definition 2.2. A non ncgativc random vector (Wl. W2) is said to follow bivariatc 

positive stable distribution if its Laplacc transform is 



When M/; and MT2 arc independent (r = O), 

In Scction 2, we discuss various distributional properties of BML (/l1, /12,1~1, ( ~ 2 ,  H ) .  

The characterizations of the distribution using geometric compounding arc obtaincd 

in Section 3, while in Scction 4, we have the characterizations using bivariatc geonlct- 

ric compounding. Estimates of the parameters of BML (p1, p2, a l ,  a 2 ,  1) arc obtaincd 

in Scction 5. Autorcgrcssivc processes with BML (/lsl, /r2, (11, (12, l) marginals are de- 

veloped in Section 6. Bivariate Mittag-Leffler distributions that generalize Marshall- 

Olkin's bivariate exponcntial, Hawkes' bivariate exponcntial and Paulson's bivariatc 

exponential are introduced in Section 7. A bivariate semi Mittag-Leffler distribution 

is introduced and studied in Scction 8. 

2.2 Distributional Properties 

Kozubowski et al. (2005) cstablishcd the one to one correspondence bctwccn the 

operator stablc and opcrator geometric stable distributions as 

where G( t )  and $ ( t )  are the cha.racteristic functions of the opcra.tor geometric stablc 

and opcra.tor stablc distributions rcspcctivcly. In the light of this , we note t11a.t BML 

(p l ,  p2, al ,  a2, 6 )  distribution is thc gcornctric stablc form of the bivariatc positive 



stable distribution with Laplace transform given in (2.3). 

Therefore. 

1 
+ ( h ,  X2) = 

1 + plXyl + p2AP + ~plp2Xyl 
' 

The following theorem gives a mixture representation of BML (p1, p2, 01, a 2 ,  l )  

distribution. 

Theorem 2.1. Let (Wl, W2) have positive stable distribution with Laplace transform 

in  (2.4) and Z, independent of (Wl, W2), have standard exponential distribution. 

Then ( X ,  Y )  = (z* w1, Z= w2) has BML (pl, p2, all a2, l )  distribution. 

Proof. The Laplace transform of (X,  Y) is 

Theorem 2.1 implies that a random vector (X,  Y) with BML (p1, p2, all a 2 , l )  

distribution admits the representation 

Now, we obtain the distribution function of BML (p1, p2, ~ 1 ,  a 2 , l ) .  



From the representation given in (2.5), we have 

where Fw1,wz (. , .) represents bivariate positive stable distribution function with Laplace 

transform in (2.3). 

When Wl and W2 are independent (r  = O), 

where S,,(.), (i = 1,2.) represents the distribution function of a standard positive 

stable random variable Laplace transform, +(X) = e-'". 

The joint density function of BML (p1, p2, al, a2, 8) distribution is 

where fWl,W2 (. , .) is the joint density function of bivariate positive stable distribu- 

tion. When Wl and W2 are independent, 

where D,,(.), (i=1,2.), represents the density function of positive stable random vari- 

able stated in (2.2) 



We note that the Laplace transform in (2.2) is the geometric version of the bi- 

variate positive stable distribution given in (2.4). Therefore, BML (p1, p2, all a2 , l )  

is geometrically infinitely divisible (see Kozubowski (2005)). 

The product moments of the distribution, E(x61Ys2), exists if and only if 

0 < 61 < al, 0 < 62 < a 2  and 

In (2.5), assume that 2, Wl and W2 are independent. Then 

But 

Substituting in (2.6), we get the required result. 

The following theorem shows the attraction of BML (p1, p2, a l ,  a 2 ?  1) distribution 

towards the bivariate positive stable distribution in (2.4). 

Theorem 2.2. Let {(Xi, K),  i 2 1) be a sequence of random vectors which are inde- 

pendently and identically distributed as BML (p1, par a1, a2 , l ) .  Define 

- 1 - - 1 

U n = n l ( X 1 + X 2 +  ...+ X,) and Vn=na2(Y1+Y2+ . . . + K )  

Then  (U,, V,) is  asymptotically distributed as bivariate positive stable law with Laplace 

transform in (2.4). 



Proof. Suppose that (X , , ,  K ) ,  i 2 1  are distributed as BML ( y l ,  p2: al ,  a2, 1 ) .  

Thcreforc, 

Thc Laplace transform of (Un, V,,) is 

Whcn n - m ? we get 

2.3 Characterization of BML (p1, p2, C Y ~ ,  CYZ,  8 )  through 

Geometric Compounding 

Let { ( X , .  K),  i 2 1) bc a sequence of independently and identically distributed 

random vectors with Laplacc transform $ ( X 1 ,  X2). Define 

N N 

whtw N follows gcoinctric distribution such that 



and is independent of ( X i ,  K),  i L. 1. Thcn thc Laplacc transform of (UN: VN) is 

Now, WC obtain a characteriza.tion of BML (p1, p2, crl, o2,l) distribution. 

Theorem 2.3. Let {(Xi: K ) ,  i 2 1) be a sequence of independently and identically 

distributed random vectors and N, independent of (X,, K ) ,  i 2 1, follows geornet- 

ric distribution i n  (2.8). Suppose that U,v and VN are as defined i n  (2.7). Then  

1 1 

( p G  UN, PG V*,) is  distributed as B M L  (p1, p,2, all  a2, 1) i f  and only i f  ( X , ,  Y,): i > l 
follow B M L  (p1, p2, cxl, a2 , l )  distribution. 

Proof. From (2.9), the Laplacc transform of (p$ UN. VN) is 

where @(X1, X2) represents thc Laplace transform of (X.i, K ) ,  I: 2 1. 

Substituting l/)(A1, X2) in (2.10) and simplifying, WC get 



Convcrscly, assume that (p$ U N ,  V N )  has B M L  (p1 , p2. a1, C Y ~ ,  1 )  distribution. 

From (2.10), 

Solving, we get 

A characterization of BML ( p 1 ,  p2, a l l  a2,l)  dist,ribution is obtained using rc- 

pcatcd geometric compounding. 

Theorem 2.4. Let (TJ,v,, VNk)  be deJiaed as 

,where Nk - l ,  independent of ( X i ,  Yi), i > 1: follows geometric distribution such that 

{(,F, K ) ,  i 2 1 )  is a sequence of independently and identically distributed ran.dom vec- 

tors with distribution function Fk-l (., .) and Laplace transform @ k - l ( X 1 ,  X 2 )  k=2,3,. . . 

To start with, take Fl ( . ,  .) = F ( . ,  .) and the corresponding Laplace transform as 

@ ( X 1 ,  X2). Then  ( U N k ,  VNk)  is distributed as B M L  ( p 1 !  p2, a1, ~ 2 :  1 )  i f  and only if 

( X i ,  K ) ,  i > l are distributed as BML ( p l ,  / L Z ,  Q I ,  ~ 2 . 1 ) .  

Proof. From (2.10), the Laplacc transform of ( U N k ,  V N k )  is 



Thcrcfore, 
1 1 - - 

Applying rccursively (2.11) , 

k - l  k - 1  L k-1 r n P. 4 [n P:~ A I -  n P : 2 ~ 2 ]  
2=1 2=1 %=l 

k - l  k - l  I k - l  L . (2.12) g k ( X 1 ,  X2) = k-11- I - 1 ~  

n p , 2 h 2  + npt4 np:lXl1 np:2x2]  
1=1 ] [r=l ,=l 

Suppose that (Xi, E), i 2 1 arc distributed as BML (p1, p2, al, a;?, 1). 

Thcrcforc, 

l 
= 1 + , L I X y l  + p2X;2. 

Substituting @ ( X 1 ,  X2)  in (2.12) and simplifying, we get 

Converscly, assuming that ( U N ~ ,  Kvk) is distributed as BML (p1. p2, ul ,  u2. 1). Sub- 

stituting @ k ( X 1 ,  X2) in (2.12) a.nd simplifying, we gct 

Now WC introduce BML (p1, 112, a l ,  a;?, 8) distribution by considcring the gcomctric 

sum of a set of independcntly and identically distributed random variables. Lct 

{(X,, E), i 2 1) bc a scqucncc of independcntly and identically distributed random 



vcctors such that  the cornponcnts Xi  and Y ,  arc indcpendently distributed as Mittag- 

Leffler. 

1 1 
$ x ' ( X ~ ,  0) = 1 + l"lJyl ; "%(O' X2) = 1 + 11,2XT for i = 1 ,2 ,3 ,  ... 

The joint Laplace transform of (X,, I:), i 2 1 is 

1 
$(X,, X2) = 

(1 + jLIX;l)(l  + j ~ 2 X ; ~ )  ' 

From (2.10), thc Laplacc transform of (p& (lN, p& vN) is 

Comparing with (2.1), B = 1 - p. 

1 

Thcrcforc, ( ~ = U N : ~ ~ V ~ )  has BML (p1, p2, al, at: l - p) distribution. 

1 

On thc othcr hand suppose that (pl UN, p& VN) follows BML (p1, p,. al. a 2 ,  l - p) 

distribution. From (2.10), 

Solving, WC obtain 

1 
~ l ~ ( A 1 ,  X2) = 

(1 + /LlX:l)(l + p 2 X 3  ' 

Hencc we have thc following thcorcm. 



Theorem 2.5. Consider a sequen.ce of independently and identically distributed ran- 

dom vectors {(Xi: K),  i 2 1) and N has geonaetric distribution. given i n  (2.8). 

Assume that N is independent of (Xi, K),  i 2 1. Then (p*UN, p* VN) has BML 

(p1, p2, ml ,  ( 1 2 , l  - p )  distribution if and only if Xi and Y ,  are independently distributed 

as Mittag-LefJEer . 

Hcncc Theorem 2.5 cnablcs to generate BML (p1, pp, a1, a 2 ,  H)  distribution as a 

gcomctric compound of random vectors (Xi, K),  i 2 1 such that Xi and Y,,  i 2 1 arc 

independent Mittag-Leffler random variables. 

The following theorem gives a characterization of geometric distribution. 

Theorem 2.6. Suppose that { ( X , ,  K),  i > l) is a sequence of independently and 

1 1 

identically distributed BML (pl, 11.2, al, a 2 , l )  random vectors. Then  ( p G  UN, p G  VN) 

and ( X i ,  K ) ,  i 2 1 are identically distributed if and only if N is geometric. 

Proof. Thc proof of the 'if' part is omitted as it is presented in Thcorcm 2.3. 

To prove thc convcrsc, assumt. that (P& (lN, P& vN) and (X,, 1;). i > 1 arc idcn- 

tically distributed as  BML (p1. p z ,  all a2.1). Without loss of generality, wc take 

1 1 

p1 = p2 = 1. The Laplace transform of (pU'UN.pGV,) is given by 

whcrc $(X1, X2)  rcprcscnts the La.place transform of (X,, K),  i 2 1. Thcrcforc, frorn 



the assumption it follows, 

Expanding both sides, 

cc cc 
( - l ) . ' ( j  + n - l ) ! (Xyl  + Xiv:'pj W 

CC P(N = n)  = ~ ( - l ) j ( ~ ; "  + 
n=l j=O 

j ! ( n  - l ) !  
j=O 

Comparing the coefficients of (X:' + X?):' , 

Thcrcforc, 

1  2 
E ( N )  = -, E ( N ( N  + 1 ) )  = - and so on. 

P p2 

Considcr 

- P - 
p - t  

Also 

Thcrcfore, 



Comparing we gct, 

P ( N  = n) = (1 - p)"-'p, n = 1 ,2 ,3 ,  ... 

2.4 Characterization of BML (p1, p 2 ,  cul, cu2 ,8 )  through 

Bivariate Geometric Compounding 

Block (1977) discussed the probability distributions of random sums of indc- 

pcndcntly and idcntically distributcd random vectors whcn the number of summands 

follow the bivariatc gcomctric distribution in (1.15). 

Lct {(Xi, E), i > 1) be a, scqucncc of indepcndcntly and idcntically distributed 

ra.ndom vectors with La.placc trmsform c/l(X1, X 2 )  . Define 

Arl NZ 

U N ~  = X, and VN2 = 

whcrc (NI ,  N2) has thc bivariatc gcomctric distribution with p.g.f. in (1.16). 

Block (1977) has given the cxprcssion for thc Laplacc transform of (UN,, vv2). 

Thcrcforc, 



AIso, from (2.15) 

(p00 + po l )dOl ,  0 )  and # ( O ,  X 2 )  = (p00 i- Plo)$(O. A21 , (2.17) 
d ( X 1 '  O )  = 1 - (p,, + pl")? ,o(~l ,  0) 1 - (p11 + P"l)$(O,  X 2 )  

By choosing appropriately $ ( X 1 ,  X 2 ) ,  poo, plo, p01 and p11 we obtain charactcrizations 

o f  BML (p1 , p2, a1, a2,O) distribution and a.lso generate some other forms of bivariate 

hlittag-Leffler distribution. 

Theorem 2.7. Consider a sequence { ( X i ,  K ) ,  i 2 1 )  of independently and identically 

distributed random vectors. Let ( N I ,  N 2 )  be independent of ( X i ,  K ) ,  i 2 1 and have 

the bivariate geometric distribution with p.9.f. i n  (1.16) such that poo = 0 and 
N1 lV2 1 I - 

plo+pol +p11 = 1. Let UN, = Xi  and VN2 = K . Then ( p $ U ~ l , p ; , l  VN,) fol- 
,=l i=l 

lows bivariate Mittag-Lefler di.str.ibution with indepen,dent marginals where (U.V,, VN,) 

are as stated in (2.14) i f  and only if ( X i ,  K,),  i 2 1 have BML ( p l ,  p2, ul, tra, l )  dis- 

tribution. 

1 1 

Proof. From (2.15), the Laplxcc transform of UNl , p 2  VN, ) is 

When PO" = 0 and p10 + pol + pll = 1, 

Also, from (2.18) 



If (X,, K ) .  i > 1 havc BML (p1. p2, al l  a2,1)  distribution, thcn from (2.20), we get 

1 1 
4 ( X ' , O )  = 1 + p l J y l  and $(0,  X P )  = 

1 + c ~ 2 - A ; ~  ' 

Substituting 4(X1,0)  and d ( 0 ,  X 2 )  in (2.19) and simplifying 

1 1 - 
Conversely, suppose that UN,,  p:; V N 2 )  follows bivariate Mittag-Leffler 

distribution with independent marginals . Substituting the La.placc transform of 
1 1 

(P(;;' u N 1  : p;b2 VNZ ) in (2.19) 

Thcrcforc, 

1 1 1 - - 
1 - p l l $ ( p ~ ~ l l  X 2 )  = $(p;; X l ,  p;; X 2 )  [p10(1 + ~ 2 x 7 )  + p01(1 + ~1h;il)I  . 

On simplification, we get 

Theorem 2.8. Let {(Xi, K ) ,  i > l )  be a sequence of independently and identically 

distributed Mittag-Lefler random vectors with Laplace transform, $(X1, X2). Suppose 

that ( N I ,  N2)  is independent of (Xi. ).;),i > 1 and follows bis~ariate geometric 

distrzbz~tion with p.g.f. given in (1.16). Let p"" = 0 ,  p10 + pm + p11 = 1. Then 

1 

( ( l  - p l l )  k uNI l ( 1  - p l l )  G VN ) has Laplace tmn , s fom 



if and only if +(X1, X2) = 
l 

1 + p01 X;" + p10X;~ 

Proof. Suppose that 

1 
@ ( A l l  X2)  = 

1 + POIXY1 + Pl0XF ' 

Using (2.17), 

1 1 
O) = 1 + (l pl,)XY' 

and @(0, X2) = 
l + (1 - pll)Xp 

From (2.16) the Laplacc tra,nsform of ((1 - pll) * uNl1 (l - pll) k V&) is 

Substituting @(X1, 0) and d(0, X2) in (2.21) and simpIifying, we get 

In order to prove the converse, substituting @(X1, X2), @(X1 .O) and @(O , X2)  in 

(2.21). On simplification, WC got, 

Using the Laplace transform of bivariatc compounding mentioned in (2.15), now 

we obtain BML (p1. p2, a l ,  cv2. Q) as the random sum distribution of independently 

and identically distributed random vectors in which the components have independent 

hlithg-Lefflcr. 



Theorem 2.9. Suppose that { ( X , ,  K ) ,  i 2 1) are independently and identically dis- 

tributed random vectors with Laplace transform 

Take PO" = ( 1  + rn)-l, plo = p01 = 0 cLn.r? pll = m(1 + m)-1, /rl,l~,p > 0, 711. > 0. 

Then the random vector (Unrl, VN~)  has B M L  (p1, p2, al, a 2 ,  e) distribution i f  and 

only if ( X , ,  K ) ,  i 2 1 have the Laplace transform in  (2.22). 

Proof. Suppose that (Xi, K ) ,  i > 1 have thc Laplacc transform in (2.22). From (2.15), 

thc Laplace transform of (UN1, V&) is 

- l + nz 
((1 + m )  + p1XY1) ( ( l  + m) + - nz(1 + m) 

1 

Comparing with (2.1), WC gct (UR.', , V&) has BML (/l1, ~ 2 ,  al, a 2 ,  e) distribution. 

Convcrscly, lct (UN,. VNz) havc BML (p1, ~12, a l ,  0 2 , s )  distribution. From (2.15), 

wc gct 

Substituting d(X1, X2) and simplifying, WC gct (2.22). 



2.5 Estimation of Parameters 

In this Section, we obtain the log moment estimators of the parameters of BML 

(/l1, / 1 2 , c r l ,  a 2 , l )  distribution. Kozubowski (2000a) showed that a random variable X 

following Mittag-Leffler distribution with parameter cr can be represented as Zwl/" 

where Z has standard exponential distribution and W follows positive stablc distribu- 

tion given in (1.3). Suppose that a random vector (X, Y) has BML (pl, p ~ ,  cr1, c r 2 , l )  

distribution. Then (X, Y)  admits the relation 

(X, Y )  2 ( ~ ( ~ 1 ~ 1 )  + ] z(p2w2)  k) 

where \V1 and W2 arc independently distributcd stablc random variables and also 

independent of Z which follows standard exponential distribution. Now let us consider 

the estimation of the parameter r u l .  We have 

1 
Then it follows that the random variables In X a.nd In Z + - ln(pl Wl ) have same 

a1 

distributions. 

Therefore, 



Taking expectations on both sides of (2.23) 

Let us consider first the moments of the random va.riable In Z. Define the function 

Froin Gra.dshtcyn and Ryzhik (1996), we havc 

where y is thc Euler's constant. 

Thus the first moment of the random variable In Z is 

Consider now the second momcnt of the random variable In 2. From Gradshtcyn and 

Ryzhik (1996), we havc 

It follows that the second momcnt E(ln Z)2 is 



Now, we will corisider the first arid the secorid rriorrierit of the randorri variable 111 Mfl. 

Define the function gl (t) as 

ln xda. 
, O < t < 2 l r .  

x2 - 22 cos t + l 
0 

Thcn 

i In xdx In xdx +i In xdn: 
x2 - 2xcost + 1  x2 - 2x COS t + 1  2 2  -2xcost + l .  

0 0 1 

Considcr thc second intcgral on thc right side. Thc changc of varia.bles z = l l y  gives 

Thus wc obtain that 

The first moment of the random variable lri bVl is 

sin TU S In z d : ~  - sin lru 
E(ln Wl) = - -- g1 (T + a ~ )  = 0. 

7rcr x2 + 2xcos(7ra) + 1  7ra 
0 

Finally, consider the sccond moment of thc random variablc In CV2. Define the 

function g2(t) as 

g2(t) = :c2 - 2:r: cos I + l ' i (ln 

Taking thc samc argumcnt as in the case of the function gl(t), WC obtain tha.t 

= (1nx)'dn: 
.X2 - 2n: cos t + 1  

0 



Now, using Prudnikov et a.1. (1981), WC obtain 

t(t - 27r)(t - 7r) 
g2(f) = 

3 sin t 

Then the sccond moment of the random variable In Wl is 

sin n a  
E ( ln~1 /1 )~  = 

7ra 
0 

- sin 7rtu -. 
7ra g2(7r + a n )  

Using thc above results, from(2.24), the sccond momcnt of (In X ) 2  its 

Rcplacing E(ln X)2 by the corresponding sample cquivalcnt WC gct 'a quadratic cqua- 

tion in all 

Thcli as an cstimatc of tr l ,  wc havc 

The first moment of In X is 



Thcrcforc, the estimate of p1 is 

Similarly, 

As an illust,ation, wc cstimatc the unknown parameters using Monte Carlo mcthod. 

For different values of the parameters al, a2, 1-11 and p2, WC simulatc 10 scqucnccs 

of 1000, 5000, 10000 observations following BML (p1, p2, al, a2,l) distribution. In 

Tablc 2.1, WC present the avcragcs and standard deviations of thcsc c~timat~ors.  

2.6 Autoregressive Processes with BML (pl, p 2 ,  al, a2,l) 

Marginals 

Gavcr and Lcwis (1980) dcvclopcd cxponcntial autoregrcssivc process (EAR(1)) 

as the solution of the first order autoregressive equation 
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Table 2.1. The estimators of the parameters for different values of a l ,  0 2 ,  p1 and 112 .  



whcrc 0 5 p < 1, {E,,, n 1 1) is a sequence of independently and identically dis- 

tributcd exponential random variables and Xks have marginally exponential distri- 

bution. Later, Jayakumar and Pillai (1993) developed first order blittag-Leffler au- 

torcgressive proccss (MLAR(1)) as a generalization of the EAR(1) proccss. Thc 

MLAR(1) proccss has structurc, 

( pXnVl + E, with probability 1 - p" 

whcrc 0 < a 5 1. Mundassery and Jayakumar (2007b) introduced a bivariate first 

order autorcgressive process with BML (pl1 p2, al: a2, 1) marginals. 

Theorem 2.10. Consider a first order o.utoregressive process { (X , , , ,  K,),  11, 2 l)  with 

structure 

d 
(Xo,Yo) = ( E ~ , & )  and for n = 1,2,3, ... 

p'yn-1) w i t h  probability p 
(X,, K,) = 1 (2.25) 

(/)G X,,-1 + (.,, : pUz Y ,,,.. + 11) .,,,) will/, probtrh1:121,y 1 - p 

where 0 5 p < 1, 0 < al: a2 5 1 and {(E,, @,), n 2 1) is  a sequen,ce of independently 

and identically distributed random vectors. Then  {(X,, Y,), n 2 1 )  repre~en~ts  a sta- 

fion,ary ,first order wrtoregre.ssiv~ process with. B M L  (p1, p2, all a 2 , l )  marg.innls if and 

only if (E,, @,), n 2 1, are distributed according to B M L  (p1, p2, @ll Q2,l).  

Proof. The Laplacc transfornl of the proccss in (2.25) is 



When the process is stationary with BML (p1, p2,  all  a2, 1) marginals, from (2.26) we 

havc 

1 - P + l - P  
l + p1 xpl + 1 + pp1 X;Y1 + pp2X;2 1 + pp1 X;] + P I L ~ X ; ~  

4 f , W ( X 1 7  h). 

011 simplification, WC gct 

Convcrscly, supposc that (c,! Q,), n > l arc distributcd according to BML 

d 
(/ill j1,2,(~1, (Q, 1) and (Xo, Yo) = (( 1. q l ) .  Choose n=l. From (2.26), we havc 

Substituting thc Laplace tra.nsform of (€1, 

Hcncc by mathematical induction, the proccss is stationary with BhlL (p1, p2, (t1, a 2 ,  1) 

marginals. 

Now we obtain a generali~at~ion of the first order autoregressive process developed 

in (2.25). Consider an autorcgressive proccss with structurc: 

(c,rt,, $71,) , with probability l - p 

( x n , ~ r i ) = { ~  pm]  xn-l1~:2 - yn-d1 with probability p(1 - q) 

( p ,  + e r ,  + d , )  with probability (1 - ~ ) ( l  - q )  

(2.27) 



where {(E, , ,  $,,), 12 2 1 )  is a sequence of independently and identically distributed 

random vectors, Yn-l) and ( E , , $ , )  are independent random vectors and 

0 < p < 1, q = 1 - p and 0 < a l ,  a2 5 1 . Note that for q = 0 ,  we get the first order 

autoregressive process discussed in (2.25). 

Thc following theorem givcs a iiecessary arid sufficient coriditiorl for tlic station- 

arity of the process in (2.27). 

Theorem 2.11. Let (X", Yo) d ( E ~ , $ ~ ) .  The process {(X, ,  Y,,),n > 1 )  defined 

in (2.27) is stationary with B M L ( p l ,  ,u2, a l ,  a 2 ,  l )  marginals if and only zf 

{ ( c , ,  $,), n 2 l )  is a sequence of independently and identically distributed random 

vectors according to B M L ( p l ,  p2, al .  a2, 1 )  distribution. 

Proof. The Laplacc transform of (2.27) is 

When the process is shtionary, we have 

QX.Y (A1 A,) = P&.$(AI X 2 )  + p(1 - q)4X,Y ( p & ~ l  pkA2) 

+ ( l  - p ) ( l  ~ ) $ x , Y  (P'XI ,  ~ ' ~ 2 ) 4 ~ , * ( ~ 1 ,  ~ 2 ) .  

Assume that q 5 X , y ( X 1 ,  X 2 )  corresponds to B M L ( p l ,  p2, a1, a2, 1 )  distribution. Substi- 

tuting and simplifying, wc gct 



Proof of the converse is obtained by mathematical induction. Suppose that 

d 

( c , ,  dn), n 2 1 follow BML(pI, p2, al! a2, 1) distribution and (Xo, Yo) = (cl, $1). Put 

n = 1 in (2.28) we obtain 

Under the assumption, 

1 
4x1,y, ( h ,  X2) = 

1 + plX;' + p2X;2 ' 

Hence by mathematical induction we get that thc process is stationary with BML 

(M, pp, 01 ,  a 2 , l )  marginalS. 

i 

As a remark, we obtain a bivariate first order autoregressive process with MBE 

Remark 2.1. Consider a first order autoregressive process (X,,, K,),  n _> 1 with fol- 

lowing structure: 

d 
(X", Yo) = (€1, $1) and for n. = 1,2 ,3 ,  .. 

(cn, with probability q 

(X,. yn) = (PX~J- I ,  P ~ , - I ) ,  with probability (1 - q)p 

(pX,-l + c,, pY,-l + with probability (l  - p) ( l  - q) 



Then the process {(X,., K.),  n 2 1) is stationary with MBE (PI, p2, l) margillals 

if and only if the innovations (6,. h), n 2 1 follow MBE(p1, p2: 1). 

Proof of the Remark 2.1 is omitted since we can easily deduce from Theorcm 2.11. 

A first order aut,oregressive process {X,,,. n > l), called TEAR(l),  is introduced 

in Lawrance and Lewis (1980). Its structure is 

X,,, = 
[ Pen with probability p 

( X,,-i + p. with probability 1 - p 

whcrc {E,, n > 1) is a sequence of independently and identically distributcd random 

variables and 0 5 p < 1. Using this model, in the following theorcm we develop a 

first order autoregressive process having BML (p1, p2, all a2,l) marginals. 

Theorem 2.12. Let a first order autoregressive process {(X, ,  Y,), n 2 1) have the 

structure 

where {(E,,, Q,,), n 2 1) is a sequence of independently and identically distributed ran- 

dom vectors. Then {(Xn, Y,), n t 1) is a first order stationary autoregressive process 

~12th BML (PI, p2. all 0 2 , l )  marginals if and only z f  (c , ,  n > 1 are distributed 

according to BML (/"l, p2, al. 0 2 ,  l ) ,  provided (X", Yo) 
((r, $,). 



Proof. The Laplace transform of (2.30) is 

@xn1yn('1, ' 2 )  = P ~ ~ ~ . Q ~ ( P ' x I ,  P'AZ) + ( 1  - P ) ~ x ~ - ~ , Y , - ~  (A l .  X 2 ) 4 c n , y ,  ( P ' X ~ ,  P ~ X ~ ) .  

(2.31) 

When the process is stationary, 

Supposc that the process has BML ( p l ,  p2, al ,  a2,l)  marginals. Thcn, wc gct 

On simplification, we get 

To provc thc convcrsc wc usc induction mcthod. Supposc that ((,,, {I,,,), TI.  2 1 arc 

distributed according to BML (pl, p2, a l ,  a 2 ,  1 )  and ( X o ,  h) 2 ( c l ,  i1). 

Put n=l in (2 .31) ,  WC get 

Substituting the Laplace transform of ( t l ,  

Hcnce by nlathcmatical induction, we get thc process { (X , ,  Y,), n 2 1 )  is stationa.ry 

with BML ( p 1 ,  p2: c r l ,  an, 1 )  marginals. U 



Lawrarice arid Lewis (1981) developed a first order new exporieritial autoregressive 

process (NEAR(1)) that will generalize both the EAR(1)and TEAR(1) processes. The 

structure of the NEAR(1) process is 

PX,,L-l with probability p 
Xn = E, + 

with probability 1 - p 

where 0 5 p 5 1 and 0 < p 5 1. { ~ , , n  _> 1) is a sequence of independently and 

identically distributcd random variables and could be generated as follows: 

with probability &$p 

( (1 - p)pE, with probability l-(yf,,P 

Note that for /)=l, we get the EAR(1) process given in (1.20) and for = 1 , we have 

the TEAR(1) process given in (2.29). 

Now, consider a first order autoregressive process with followirig structure. 

( x ~ ,  , B n l  with probability p 
(Xn, Yn) ( ~ n ,  $n) + 

with probability 1 - p 

where {(F,,, $,,), n > 1) is a sequence of random vectors distributcd according to BML 

(p1! ~ 2 . 0 1 ,  02, 1). {E,, Q,, n _> 1) is defined as follows: 

(En. Fn) with probability & 
( E , ' ,  $71) = 

P ( ( l  - p ) ~ , ,  ( l  - F )  with probability l-(-p)P 

When p=l we get bivariate Mittag-Leffler autoregressive process developed in (2.25) 

and while P= l ,  it is the bivariate Mittag-Leffler autoregressive process given in (2.30). 



2.7 Bivariate Mittag- Leffler Distributions Generated 

through Bivariate Geometric Compounding 

In this Section. we introduce t,he bivariate hilittag-Leffler forms of some impor- 

tant bivariatc cxponcntial distributions (sce Jayakumar and Mundasscry (2006)). 

Marshall-Olkin (1967) obtairlcd a biva.riatc cxponcntial distribution which can be 

treated as a shock modcl. Considcr a two componcnt system which arc subjected to 

fatal shocks. Thcsc shocks follow iildcpcndcnt Poisson process with parameters hl .  h2 

and 612 according as thc shocks a.pplicd to componcnt 1 only, componcilt 2 only or 

both componcnts rcspectivcly. Then the joint survival function of the lifc timcs of 

the components denoted by (X1, X1) is 

The Laplacc tra.nsform of Marshall-Olkin's bivariatc cxponcntial distribution is 

We obtain a generalization of Marshall-Olkin's bivariate cxponcntial distribution. 

Theorem 2.13. Consider n sequence { ( X , .  E), i 2 1) of independently and ident- 
NI 

icnllg d i s tnb~ ted  B M L  (p l ,  p2. ol, a2, l )  random vectors. Let UNl = X I  and 
i= l  

NZ 

VN2 = C where (NI,  N2) has bivariate geometric distribution i n  (1.15) and inde- 
i= l  

pendent of (Xi, l:), i > 1 . Ch,oose poo = hi2, plo = 62. pol = hl und pll = 1 - 6 ,where 



b = bl + b2 + b12 . Then the distribution of ( U N 1 ,  V N z )  is the biuur-iute Mittuy-Lefler 

generalization of the Marshall-Olkin's bivariate exponential distribution . 

Prooj. Assume that (Xi, K ) .  i 2 l have the Laplacc transform 

Substituting PO", plo, pal, p11 and $ ( X l ,  X 2 )  in (2.17) ,  we get 

612 + 

and 4 ( 0 ,  X 2 )  = 
612 + (52 

4(h1' 
= J I 2  + 61 + / L ~ X ; I '  612 + 62 + p2XF2 

The Laplacc transform of ( lJN1,  V&) is obtained by substituting $ ( X 1 ,  0 )  and 4 ( 0 ,  X 2 )  

in (2.16) ,  

On simplification, we get 

When al = a2 = 1,  $ ( X 1 :  X 2 )  coincides with the Laplacc transform of Marshall- 

Olkin's bivariatc exponential distribution in (2.32). 

Hawkcs (1972) obtained a bivariate exponential distribution which describes the 

failurc time of a system having two components. Suppose that tllc two comporlcnts 

are subjected to non fatal shocks occurring in independent Poisson fashion with pa- 

rameters h1 and S2 (S1,  b2 > 0 ) .  Lct thc number of shocks needcd to cause failurc 

of these components have thc bivariatc gcomctric distribution with p.g.f. P ( s l ,  s2) .  



Then thc waiting timc for failurc of thc componcnts, denotcd by (X,  Y), is givcn by 

thc random sum 

where X,,,, j=1,2,3, ... dcnotc thc inter arrival timc of the ith proccss, i=1.2. Thcn 

(X. Y) has the Laplace transform 

Hawkcs (1972) considercd thc p.g.f. 

a bivariate cxponcntial distribution as bivariate gcometric sum of indcpcndcntly and 

idcntically distributed ra.ndom vcctors. The Laplacc transform of Hawkcs' bivariate 

cxponcntial distribution is 

m,, = &;Pi, i=1,2. 

In the following theorem we derive the bivariate hlittag-Leffler form of (2.36). 

Theorem 2.14. Let {(Xi, K ) ,  i 2 1) be a sequence of independently and identically 

distributed random vectors svch that each component has Mittag-LefJEer distribution 

,with Laplace transforms (X1) = 
61 

and lljy,(X2) = 
62 

61 + X:' J2 + X;' ' 61,62 > 0, 

i =l, 2,. . . respectively. Then  the distribution of (X,  Y) defined i n  (2.34) gives n gener- 

akization to (2.36) when (NI, N2) has the bivariate geometric distriblrtion with p.g. f. 



Proof. Supposc that (X,. K ) ,  i 2 l are indcpcndcntly and idcntically distributed such 

that 

Lct thc joint Laplacc transform of (Xi, K ) ,  i _> 1 be $(X1. X2). From (2.35) thc Laplacc 

tra.nsform of (X. Y )  is 

Substituting +xi (X1), IjlK (X2) a.nd ,$(X1, X2) 

whcrc mi = hipi ,  i=1,2. 

Hcncc when cxl = a2 = 1 WC gct (2.36) 

Paulson (1973) obtained a bivariatc cxponcntial distribution using thc bivariatc 

gcomctric compounding given in (2.15). Choosing p"" = a, plo = b, pol = c. pll = d 



and 

Ol,O2>O1 O < a ,  b, c, d < l , a + b + c + d = l , b + d  < l ,  c + d  < l .  

From (2.15)' 

1 1 
@(XI, 0) = l + hXl and 4(0, X2) = 

1 + 62x2 

01 02 whcrc S1 = - and 62 = - This implies that marginal distributions have 
n + r  n + b '  

exponential distribution. Hcncc $(X1, X2) represents the Laplacc transform of a bi- 

variate exponential distribution. We obtain a, bivariate Mittag-Leffler dist,ribut,ion 

that generalizes the Paulson's (1973) bivariatc exponential distribution. 

Choose pool ploy poll and pll as before and 

From (2.15)' we gct 

1 b(a + c) c(b + cl )  
4(Xl, X2) = 

(1 + /~lX:l)(l + a + c + p I ~ ~ l  + b+d+p2X?  
+ de(xl l  h2)) 

Hence 

P1 P2 where bl = - and 6 - -. 
2 - o + b  n, + c 



2.8 Bivariate Semi Mittag- Leffler Distribution 

I11 the following definition we introduce a bivariate semi Mittag-Leffler distribution 

(scc Mundasscry a.nd Jayakumar (2007~)) .  

Definition 2.3. A non negative random vcctor (X. I.') is said to follow bivariatc scmi 

hlit,tag-Leffler di~t~ribution, denoted by BSML (al, a2,p),  if its Laplacc transform is 

whcrc ((X1: X2) satisfies the functional equation 

A solution of this functional equation is givcn by 

When hi(&) = l for i = 1 ,2 ,  wc gct BML (1.1, all  a*. 1) distribution. 

Using thc geometric compoullding statcd in (2.9), WC now obtain a characterization 

of BSML ( a l ,  a2, p) .  

Theorem 2.15. Consider a sequence {(Xi, Y, ) ,  i 2 1) of independently an.d iden.ti- 
N N 

cally distributed random vectors. Define (ON, VN) as UN = C Xi and VAT = Y ,  
i=l i=l 

where N is  independent of ( X , ,  K) .  1: 2 1 and has the geometric distribution such 

distributed as B S M L  (al .  ~ p ,  p)  if and only zf ( X i ,  Y , )?  I > 1 follow B S M L  ( a l ,  a >  p) 

distribution.. 



Proof. Suppose that (Xi, K ) ,  i 1 1 follows BSML (a l ,  a 2 ,  p). Substituting its Laplacc 

transform $(X1, X 2 ) ,  in (2.10) and on simplification the Laplace transforill of 

(p* UN, vN) becomes 

Conversely, supposc that (p& U,, p= vN) follows BSML (al, a2, p) distribution. 

From (2.10), 

Solving, wc get 

Now by repeatcd geometric compounding, WC have the characterization of BShilL 

(01, a 2 ,  P). 

Theorem 2.16. Let {(Xi, Y, ) ,  i 2 l )  be a sequence of independen.tly and identically 

distributed random vectors with distribution function F ( x ,  y )  and Laplace transform 

d(X1, X2). Suppose that Nk-1 follows geometric distribution such that 

and Nk-1 is independent of (Xi: X), i > l .  Define (UN,, VNk) as 



where (Xi, K ) ,  i > 1 are the summands of the ( k  - l)th stage of compounding and 

~n~dependent ly  and identically distributed according to Fk-l (., .), k = 2,3, ... . For the 

in.itia1 stage, choose Fl (., .) = F ( . ,  .). Then  Fk(., .), the distribution of (UNk, VNk), 

and F(., .) are B S M L  ((11, 0 2 ,  p ) .  

Proof of thc thcorcm easily follows by the recursivc application of (2.11). 

Now, we obtain the bivaria,t,e extension of the semi Mittag-Leffler process devel- 

oped in Jayakumar and Pillai (1993). 

Theorem 2.17. Let {(X,, Y,), n _> 1) constitute a first order autoregressive process 

with structure 

(p*xn-1, pk lh -1)  w i t h  probability p 
(X7,, K,,) = I (2.40) 

- 
( ) X ,  + Y , ,  + )  l /  0 l - /) 

where {(c,, $,), n > 1) is  n sequence of independently and identically distributed 

random vectors. T h e n  {(X,, Y,), rl 2 1) defines a stationary first order au.toregres- 

sive process with B S M L  (al, a2, p) marginals if and only if ( c , , ,  Ij,,), n 2 1 are 

distributed as B S M L  ( a l ,  a 2 ,  p) ,  provided (X", Yo) 2 (11; $1). 

Proof of the theorcm can be obtained by procceding with arguments sirnilar to 

that of Theorem 2.10. 

Now, wc dcvclop a first order stationary aut,orcgressive proccss wit,).i BSML 

( a l ,  a 2 ,  p) margina,ls that gcrlcralizes thc process sta.tcd in (2.40). 



Theorem 2.18. Suppose tll,ut u Divuriute f i s t  order uutoreyressive process 

(X,,, Y,), n > 1 have the following structure: 

w i t h  probability q 

(Xn, Yn) = w i t h  probability ( l  - q)p (2.41) 

( X ,  + c , ,  p + ) u ~ l t h  prohahilit?/ ( 1  - p)(l - q) 

Then the process given i n  (2.41), is  stationary with marginals B S M L  (a1, az, p) dis- 

tribution i f  and only i f  {(c,,, $,,), 71. 2 1) is  a sequence of independently an,d identically 

distributed random vectors according to B S M L  (al, a 2 ,  p) . 

Proof of thc theorcm is omittcd as it is obvious. 

In the following theorem we develop a first order autoregressive process with 

BSML (al, an, p) marginals, along thc lines of the TEAR(1) proccss that discusscd 

in Lawrancc and Lewis (1980). 

Theorem 2.19. Consider a first order autoregresszve process { (X, .  Y,), n > l) wzth 

structure 

(X", Y") 2 (f-l,  d)l) 

w i t h  probability p 

( ( X  + , Y + ) w i t h  probability 1 - p 

where { ( E , .  @,). '11. > 1) is  a sequen.ce of independently and identically distributed run.- 

dom vectors. Then  {(X,,,, Y,,),n > 1) de.fin.c.s a ,station,nry first order nutorc,qrcssi~lc 



process with BSML (al, a2, p)  marqinals if and only if { ( E , ,  , V,,,), n 2 1) are dis- 

tributed as BSML (a l , a2 ,  p). 

Proof of the theorem follows casily. 

A first order autoregressive process that will generalize the processes. mentioned in 

Theorem 2.17 and Theorem 2.19, could bc dcvclopcd along the lines of the NEAR(1) 

process discussed in Lawrancc and Lewis (1981). 



Chapter 3 

A Generalization of B M  L ( ~ , , ~ , , a , , a , , e )  

3.1 Introduction 

As a generalization to Mittag-Leffler distribution, .Jayakumar and Gadag (1999) 

introduced quasi factorial gamma distribution in (1.9). This family of distributions 

includes important distributions like gamma, Mittjag-Leffler, exponential, etc. In 

this chaptcr we introducc bivariatc extension of quasi factorial gamma distribution 

and study its propcrtics. Wc will also obtain bivariatc quasi factorial gamma as the 

distribution of sum of independently and identically distributed random vectors when 

the number of summands is treated as random. 

We introduce a biva.ria,te quasi factorial gamma distribution in the following defi- 

nition. 



Definition 3.1. A non ncga.tivc random vector (X, Y) is said to follow bivariate quasi 

factorial gamma distribution if its Laplace transform is 

It is denotcd by BQFG(pl, pp, u1, u2, 61, U )  . Note that each of thc marginal prob- 

ability distribution is quasi factorial gamma. Whcn B = 0, X and Y arc indc- 

pcndcntly distributed. Whcn X and Y arc perfectly correlated, thc distribution is 

BQFG(p1. p2, a1 , a2. 1, v) and its Laplace transform is 

BQFG(p1, p2, all a p ,  B, U) i~lcludcs many important bivariate distributions. It gcn- 

craIizes thc MBE (p1, p2, 6) distribution discussed in (1.17) and MBG (p1, p2, B,  v) 

distribution givcn in (1.19). In Tablc 3.1, WC present the distributions that arc gcncral- 

izcd by BQFG(/L~, p2, al ,  a2. 8, v).  Jayakumar and Mundasscry (2007) studicd MBG 

(p1, p2, 8 ,  21) distribution as a special case of thc BQFG (p1. p2, nl , ~ ~ 2 . 8 ,  U ) .  Thc 

distributional properties of BQFG (pl. p2, nl ,  a2. B, v)  arc studicd in Scction 2. In 

Section 3, we obtain characterization of BQFG (p1, p2, 01. 02, B. U )  distribution us- 

ing negative binomial compounding. In Scction 4, wc develop autorcgrcssivc models 

having marginals BQFG(pl. p2 ,  al l  a2. 1, v) distribution. The bivariatc scmi quasi 

factorial gamma distribution is introduced in Scction 5. 



Table 3.1. 

3.2 Distributional Properties 

No 

1 

2 

3 

The following theorem gives mixture representation of BQFG(/I,~, p2; ( ~ 1 ,  ( ~ 2 ~ 1 .  ( I ) .  

Theorem 3.1. Let G be a random variable following gamma distribution with 

parameters 1 and U ,  ( 1 )  > 0). Suppose that Wl and W2 follow independently positive 

1 1 

stable distribution i n  (2.4) and also independent of G. Then (G< W1: G% W2) follows 

BQFG(pl, p2, al: cr2, 1, v )  distl-ib,ution. 

Parameters 

v = l  

a1 = l 

a 2 = l  

C Y ~  = l 

N2 = 1 

v = l  

1 

Proof Thc Laplacc transform of (GG Wl , G& IN2) is 

Laplace transform 

1 
(1 + p l q l ) ( l  + ~2X'2'~) - op1p2Xy1X(;2 

1 

((1 + 111.\1)(1 + ~12X2) - H ~ L I ~ L ~ X ~ X ~  ) " 
1 

(1 + ~ l X l ) ( l +  ~ 2 x 2 )  - 6plp2XlX2 

Probability 
distribution 

BML 

(PI. P21 Q1 1 Q2.8). 

MBG 

(PI, P21 01 v); 

MBE 

(14, ~ 2 ,  6). 



Theorem 3.1 shows that a random vector (X. Y) with BQFG(pl, p2, ~ 1 ,  ~ 2 ,  l , U)  

distribution can be cxpresscd as a mixture of gamma distribution and bivariatc pos- 

itive stablc distribution with independent marginals. Hcncc (X, Y)  sat,isfies t.hc rcp- 

rcscntation. 

(X, Y )  (G& WI, G& ~ 2 )  

Now, we obtain the distribution function of BQFG(pl, pp, al, Q Z ,  l. U). 

whcrc FMr1,W2(. , .) represents the distribution function of bivariatc positive stablc 

distribution with Laplacc transform in (2.3). 

When Wl and W2 arc independent ( r  = 0) 



wllcrc Sal (.) rcpresents the distribution function of standard positive stablc ra.ndom 

variablc with Laplacc transform $(X) = e P X U .  

Thc joint dcnsity function of BQFG(/rll p:!, 01, (~2,f '? ,  11) is 

wherc .fw1,wz (.. .) is the joint dcnsity function of bivariatc positivc stablc distribution. 

Whcn Wl a.nd W2 arc indcpcndcnt, WC gct 

whcrc D,, (.) rcpresents the dcnsity function of standard positive sta.blc random vari- 

able given in (1.3). 

We find the product moments of BQFG(pl, p ~ ,  01, Q 2 , 1 ,  V). 

Assumc that in (3.3) G'. W1 and W2 arc indepcndent. Then 

But 

Substituting in (3.4), we gct 



Now WC show that BQFG(pl, p2, al, a2, 1, V) distribution is attractcd towards thc 

bivariate positive stable distribution. 

Theorem 3.2. Suppose that {(Xi, K ) ,  i 2 l )  is a sequence of independently and 

identically distributed BQFG (pl, p z ,  al, az, 1, v) random vectors. Define 

- 1 - 1 

U n = n K ( X 1 + X z +  ...+ X,) and Vn=nG(Yl+Y2+ ...+ Y,). 

Then ( I / , , ,  V,,) is asymptotically distributed as bivariate positive stable law with Laplace 

transform in (2.4). 

Proof. Thc Laplace transform of (U,,,, V,,) is 

Taking thc Laplacc transform of (Xi, K ) ,  i 1 l as 

1 
PU,,,~,, ( A l l  A2)  = 

[l + $*l h;' + p&?) 
] "' 

As n + CO, WC get 



3.3 Characterization of BQFG ( p ,  p2, &l, m,@, v) 

through Negative Binomial Compounding 

We obtain the characterization of BQFG (p1, p2, a l .  a2, 0, V )  distribution usiag 

sums of independently and idcntically distributed random variables when the number 

of summands N has negative binomial distribution. 

A random variable N is said to follow negative binomial distribution if 

The p.g.f. of N is 

Considcr a scqucnce { ( X , ,  K ) ,  i 2 1) of independently and idcntically distributed 
N N 

random vectors with Lap1a.c~ transform d ) ( X l ,  X z )  Let UN = C Xz  and VN = 1: 
1=l 1 = 1  

where N follows negative binomial distribution in ( 3 . 5 ) .  Then Laplacc transform of 



In the following theorem, we obtain a characterization of BQFG (p1, p2: al, a2,l: v). 

Theorem 3.3. Consider a sequence {(Xi, K),  i 2 l} of indepen.dently an.d identi- 

cally distributed random vectors. Let N follow the negative binomial distribu- 

t ion in (3.5) and independent of  (Xi,Y,).i 2 1. Then ,  ( p k ~ , ~ , p k ~ N )  has BQFG 

(pl1 p2, N I ,  ~ ~ 2 ~ 1 ~ 1 1 )  distribution if and only if ( X , ,  K),  i 2 1 are distributed according 

to  B M L  (PI,  112: W ,  a2 , l ) .  

Pmof .  Assume that (Xi, K ) ,  L 2 1 have BML (p1, p2, al, cu2, l )  distribution with 

Laplacc transform 

l 
X2) = 1 + plXY1 + p 2 q 2  ' 

1 1 

Thc Laplacc transform of ( p l  U N ,  pG VN) is 

From (3.7), 

Substituting the Laplace transform of BML (p1, p2, a l l  a2, l) in (3.8) we get, 



1 

Conversely, suppose that ( p ~  U N ,  vN) follows BQFG(pl, p2. a1 , a 2 ,  l .  v) distri- 

bution. Substituting its Laplacc transform in (3.8) 

On simplification, 

1 

Along the lines of Thcorem 3.3, a characterization of MBG (p1, pp, 1, v) distribu- 

tion is obtaincd (sec Jayakurnar and Mundassery (2007)). 

Remark 3.1. Let {(X,, K ) .  i 2 1) bc a scquencc of indepcndcntly and idcntically 

distributed random vectors and N,  independent of (X,, K ) ,  i 2 1 follow ncgative bi- 

nomial distribution in (3.5). Thcn (pUNl pVN) follows MBG (p1, pl, 1, V) distribution 

if and only if (X,, K ) ,  i 2 1 havc MBE (p1, p2, l) distribution. 

Proof of the Remark 3.1 can be obta.incd by replacing BML (pl ,  p2, ol, all 1) in 

Thcorem 3.3 by MBE (p1, p2, 1) distribution. 

Now, we obtain a charactcrization of BQFG(pl, p2, a1, &p,  1, ,U)  by rcpcatcd nega- 

tive binomial compounding. 

Theorem 3.4. Consider the mndom vector (TJNk, VNk) defined cis 



,where Nk-1 follows the negative binomial distribution given i n  (3.5) with parameters 

v and pk-l. {(Xi: K ) , i  1 l ) ,  independent of N k - l ,  is a sequence of independently 

and identically distributed random vectors with distribution fun.ct.ion Fk- l ( . ,  .) and 

with Laplace transform $ k - l ( X 1 ,  X 2 ) ,  k=2,3,.  . . Assume that I;; (., .) = F ( . ,  .) and 

the corresponding Laplace transform is $(A1, A 2 )  Then  V&) is distributed as 

BQFG ( p 1 ,  p2. al, a2, l .  v )  i f  and only if { ( X i ,  K ) ,  i 2 l )  are distributed as B M L  

( p l , p 2 ? Q l , Q 2 , 1 ) .  

Proof of the theorem is omittcd as it is analogous to the proof of Thcorcm 2.4. 

Now we obtain BQFG ( / l 1 ,  pz. crl, a2 ,0 ,  v) as the distribution of negative bino- 

mial sum of independently and identically distributed random vectors in which the 

components a,re Mittag-Leffler random variables. 

Theorem 3.5. Let { ( X i ,  K ) .  i > 1 )  be a sequence of independently and identically 

distributed random vectors and N have negative binomial distribution given i n  (3.5). 

Assume that N is independent of ( X , ,  K ) ,  i 2 1. Then  ( p k u N ,  p k ~ ~ )  follows BQFG 

(p1 ,  p2, al,ag, 1 - p, v )  distribution if and only if the components X l s  and Y,/s are 

i~idcpendently distributed us Mittuy-Lefler. 

Proof. When X:s and K's arc indcpcndently di~tribut~cd according to Mittag-Lcfflcr, 

the joint Laplace transform of (X,, K ) ,  i 2 1 is 



l 1 
From (3.8), the Laplacc transform of (p< U N ,  p% V N )  is 

Comparing with (3.1)) we get 6  = l - p, 

1 
To prove thc converse, substituting the Laplace transform of ( P ~ U N .  p 4  V . )  in 

(3.8)) we get 

Solving, we obtain tha.t XIS and K's are independently distributed as Mittag-Leffler. 

Using similar arguments we can also generate MBG ( p 1 ,  p2, 6 ,  v) distribution. 

Hcrc, WC consider the distribution of sums of indepcndeiltly and identically distributcd 

random vectors in which the componcnts follow independently exponential distribu- 

tion with means p1 and pp ,  while the number of summands have negative binomial 

distribution. 

Remark 3.2. Consider a sequence of independently and identically distributcd random 

vectors { ( X , ,  K),  1; > 1). and N,  which is independent of ( X , ,  K ) ,  i > 1  with negative 

binomial distribution given in (3.5). Then ( p U N ,  pVN) follows MBG ( p 1 ,  p*, l - p ,  V )  

if and only if thc componcnts of (X,, K ) ,  i 2 1 follow indepcndcntly cxponcntial 

distribution with means p1 and p2. 



Proof of Remark 3.2 follows easily. 

A characterization of the negative binomial distribution is obtained in the follow- 

ing theorem. 

Theorem 3.6. Suppose that {(Xi, E ) ,  i 2 1) is a sequence of independently and 

identically distributed random vectors according to BML (pl,  p 2 ,  NI.  0 2 ,  l). Then for 

1 1 

0 < p < 1, (pqUN,pGVN) has BQFG (p1, p2, a l ,  a2 ,  1, v) distribution if and only if 

N follows negative binomial distribution discussed in (3.5). 

Proof. The necessary part of the theorem is already discussed in Theorem 3.3. 

1 1 

To prove the sufficiency part, take p1 = p2 = 1. Assume that (pG U N ,  p 5  V , )  follows 

BQFG(l . l ,  N I ,  ~ 2 :  1, I ) )  distribution. 

Therefore, 

1 1 

By definition, the Laplace transform of ( p q  U N ,  PG VN)  is 

m 

#(X1, X2) = C ~ + ! J ( ~ ~ A ~ , ~ ~ x ~ ) " ~ P ( N  = n) 
n=u 

where t+!J(X1, X2) represents the Laplace transform of (Xi,  E ) ,  i 2 1. We have, 

Exparidirig both sides arid cornparing the cocfficicnts of (X:' + X;2)J for j = 1,2,3, ... 



Therefore, 

v 
E ( N )  = -, E ( N ( N  + 1)) = 

v(v + 1) 
and so on. 

P p2 

Consider 

= ( )  v - l  n - l )  ( z )~  

But 
M - - 

E(1 - = x ( 1  - L)-"P(N = n). 

Therefore, 

Comparing both sides, we get 

It is to be noted that, we can obtain a characterization of negative binomial 

distribution when cul = cu2 = 1. Hcrc we assume that (X,, K).  i > 1 have MBE 

(1, l ,  1) distribution and (PUN. pVN) follows MBG(1,1, l! U) distribution. 



3.4 Autoregressive Processes with BQFG 

Consider the first order random coefficient autoregressive model with structure 

whcrc { c , , ,  n > 1 )  is a scqucncc of indcpcndcntly and identically distributed ran- 

dom variables. Assume that U,. n 2 1 have distribution function F ( u )  = U"", 

0 < rr < 1, 71 > 0 and 0 < 11 < l. Using this structure, Jayakumar and Gadag 

(1999) developed first order autoregressive process with marginals follow quasi facto- 

rial garrirria distribution. In tlic following thcorein wc obtain a first order autorcgrcs- 

sivc process with BQFG ( p l ,  pz. a ,  a ,  1, v + 1)  distribution as inarginals. We take, 

p 1  = p2 = 1 for easier simplification. 

Theorem 3.7. Let a first order autoregressive process { (X, ,  Y,), n 2 1 )  have the 

structure 

(X,, Yn) = (TnX,-I + t,, TnYn-l  + 'd),), f o r  n = 1 , 2 ,  3, ... (3.9) 

,where ( E , ,  $,) i s  a sequence of independently and identically distrib~rted random vec- 

tors. Let T, be another sequen.ce of random variables, independent of (E , ,  $I,), n 2 1 

and with distribz~tion function F ( f )  = tau , 0 < a < l , 7 1  > 0 , 0 < t < 1. Then. 

(X , ,  Y,), n 2 1 defines a station,n.ry process with margin.als BQFG(1.1, a ,  a ,  1, I! + 1 )  

distribution zf and only if ( E , ,  . ui,,): n 2 1 are distmbuted as BML(1,1,  a ,  a ,  1 ) .  



Proof. The Laplacc transform of the model (3.9) is 

When the process is stationary, 

1 

Take X ,  = yyX for j = 1,2. Therefore (3.10) becomes, 

If Xt = r, thcn 

x ~ ~ ~ x , Y  ((7;. 7; )X) = m,,, ((T:", 7: )A) @v ~ x . ~  ((y!. d )r) raU-ldr. (3.11) 

0 

Differcntiatitig both sides of (3.11) with respect to X ,  

Substituting j $ x , v  ((1b,7i)r) raw-'dr from (3.11) and thcn dividing both 
0 

sides by ~ X , Y  ((7;. $)A) ), 



m;,, ((+,?))X) (7: 

( i h l , ( . )  
Writing (3.12) as - and si~nplifying, 

d X 

Assume that ( E ,  $) have BML(1,1, a ,  a ,  l ) .  We have 

1 1  

Substituting m,,r ((?P. ?:)X) in (3.13) and simplifying, we get 

Convcrscly, suppose that (X,, Y,), n 2 1 have BQFG(1, l, a,  cr. 1, v + 1) distribu- 

tion. Thcn from (3.10), 

1 - avtav-ldt 
mc,v (X1 l X2) mx,v (Xi? X2) 

0 

by putting La = U J .  



(71 .-rz)Au 
1 U - - d t .  

+f,V)(Xl X2) $X,Y (X1 , X2) (71, y2)')Xa1' 

where z = (yl, Y~)X '* IO.  

4 
Substituting .s = - and simplifying , WC get 

1 + z  

l 
4,>$('l, X21 = + + 

Gaver and Lewis (1980) considered the first order stationary autoregressive equa- 

tion X, = pXn-l +E, where 0 5 p < l and obtained solution for marginals as gamma 

distribution with parameters m, and n. Thc innovation distribution in this casc has 

thc Laplacc transform 

Hcrc, we obtain a first ordcr autorcgrcssivc process wit11 BQFG (p l ,  p 2 ,  ( ~ 1 , ( ~ 2 , 1 , 1 1 )  

marginals. 

Theorem 3.8. Consider a first order azltoregressive process with structure 

where ( c , , ,  G,,,), n 2 1 is a sequence of independently an,d identically distributed random 

vectors . Assume that (Xo, Yo) has BQFG(pl, p2, N I ,  0 2 , 1 ,  v) distribution. Then the 

process given by (3.14) is station,ary with BQFG(pl, p 2 ,  (XI,  a2,1,1!) marginals if and 

only if the innovation rand0.m ,vectors (c,,,, .c//,), 71 > 1 have Laplace transform 



Proof. The Laplacc transform of (3.14), is 

Suppose that the process is stationary with BQFG(pl, p2, al ,  0 2 ,  l, v) marginals. 

Then from (3.15) we have, 

Solving, we get 

Converse of thc proof is obtained by mathematical induction. Assume that 

( c n ,  Qn, n -> 1) have the Laplace transform in (3.16). When n= 1, from (3.151, we get 

Under the assumption, we have 

By 1na.thcrnatica1 induction, it follows that the process {(X,, Y,), n > 1) is stationary 

with BQFG(pl, p2, a l .  a2,1,11) marginals. 
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3.5 Bivariate Semi Quasi Factorial Gamma Distribu- 

tion 

As a gcncralization to the biva.riate quasi factorial ga,mma. distribution introduccd 

in (3.1), WC obtain bivariatc scmi quasi factorial gamma distribution. 

Definition 3.2. A non ncga.tivc random vcctor (X,  Y) is said to follow a bivaria.tc 

semi quasi factorial gamma distribution if its Laplacc transform is 

A solution of this functional cquation is in (2.39). We dcnotc this distribution by 

BSQFG(ol, 02, p, 11) .  When ? ] = l  we gct thc bivariate serrii hlittag-Lefflcr distributiori 

in (2.38). Putting ((X1, X2) = X;Y1 + X;' in (3.17), WC get BQFG(1,1, al. a2,1, V)  

distribution. The following theorem givcs a characterization of BSQFG(oI, 0 2 ,  p, 7 1 )  

distribution. 

Theorem 3.9. Let {(Xi, K ) ,  1: > 1) be a sequence of independen.tly and identically 

distributed random vectors and N ,  independent o f ( X i .  I/,), i 2 1 follows the negative 

bin,omial d i s t r ibut io~~ i n  (3.5). Then  (p* liN, p& KY) has the BSQFG (n l .  n2, p, v) 

distribution 2f and on.ly if (X,,, K ) .  i 2 1 follo,w B S M L  ( a l ,  an, p )  distribution i n  (2.38). 

Proof of this thcorem is omitted as it is analogous to thc proof of Thcorcm 3.3. 
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Chapter 4 

Bivariate Discrete Mittag- Leffler 

Distribution 

4.1 Introduction 

Pillai and Jayakumar (1995) obtained a discrete counterpart of Mittag-Leffler 

0 . 
distribution as geometric sum of Sibuya, random \laria,bles. Supposc that - is the 

ik 

proba.bility of success in ikth trial of a scqucncc of independent Bcrnoulli t,rials, 

0 < rr < 1, k-= 1,2,3, ... Let S rcl~rcscnt tlic nuiribcr of trials before tlic first succ.css. 

Thcn thc distribution of S ,  called Sibuya distribution with pa.ramctcr a ,  is 

k (1 U (P 
P(,9 = k )  = ( l  - a ) ( l  - -)(l - -)...(l - -)- 

2 3 k - l  k 



Note that Sibuya distribution with parameter one is degenerate and P(S = 1) = 1. 

The p.g.f. of the Sibuya distribution is 

Discrete Mittag-Leffler distribution in (1.6) is obtained as the geometric sum of inde- 

pendently and identically distributed Sibuya random variables. 

h~liindassery and .Jayak~imar (2006) introduced a bivariate discrete Mit,t,ag-Leffl~r dis- 

tribution and studied its propcrtics. 

Definition 4.1. A non negative integer valucd random vector (X,  Y)  is said to follow 

bivariate discrete Mittag-Leffler distribution if it has p.g.f. 

1 
P(s1: s2) = (I + ~ ~ ( 1 -  sl)al) ( i  + ~ ~ ( 1 -  s2)a2) - ec1c2(i - ~ ~ ) ~ 1 ( i  - 

I (4.2) 

Is11 I 1, 1521 I 1, C l ,  c2 > 0, 0 I Q  < 1, 0 < a11 a2 I 1. 

It is dcnotcd by BDML (cl, c2, c u l l  a2,O). Note that each of the componcnts of (X,  Y)  

has discrete Mittag-Lcffler distribution. 

1 1 
P(s1 , l )  = and P(1, s 2 )  = 

1 + c l ( l  - sl)al 1 + c2(1 - < ~ 2 ) ~ 2  ' 

Whcn 0 = 1, 

1 
P(sl. ~ 2 )  = 1 + (;l(l - 61)1yl  + - <S2)"2. 

Whcn X a.nd Y arc indepcndcnt (H = 0) .  



When a1 = a:! = l in (4.2), WC get a bivariate gcomctric distribution (BGD(cl, c2,O)) 

with p.g.f. 

Phatak and Srcchari (1981) considcrcd a bivaria.te geometric distribution which 

could be interprctcd as a shock model. Assume that two componcnts of a system arc 

affected by shocks; with pr~babilit~y pl. the first component survives, with proba.bility 

p2, thc sccond componcnt survives and with probability po. both componcnts fail. 

Lct N1 and N2 denote the number of shocks to the first and second compo~lents 

rcspect,ivcly beforc thc first failure of the system. Thcn (NI, NZ) has thc following 

joint probability distribution, 

1 
l + :(l - s1) + :(l - s2). 

P1 P2 We notc that (NI, NZ) has BGD (cl,c2, 1) when cl = - and c2 = -. 
PO PO 

In Scction 2, we study thc distributional propcrtics of BDML (c1. f.2, 01,  ( ~ 2 ,  H) .  

Various characterizations of thc BDML (cl, c2, al,  a2, 6 )  distribution arc obtained in 

Sections 3 and 4. The pararnetcrs of thc distribution arc estimated in Section 5. 

In Section 6, we develop first order stationary autoregressive process with bivariate 



discrete Mittag-Leffler rriargirials . We iiltroduce sorrie other. forrrls of bivariate discrete 

blittag-Leffler distribution in Sections 7 and 8. 

4.2 Distributional Properties 

Mundasscry and Jayakuma.r (2006) obtaincd thc joint probabilities of a random 

vector (X, Y)  following BDML (c1. c2, trl, 02, 1). By defiriitio~i, p.g.f. of (X,  Y)  is 

whcre p,,, = P(X = X. Y = y). Herc, 

Thcrcforc, p,,, can bc obtaincd by cxpanding the following cqua.tion. 

Tha.t is, 



Comparing the powers of ~ 1 ~ 2 ,  we get 

2 p;,oclal(l - a1) 
Pl,o = po,oclal, P2,0 = P~,oPo,oC~Q~ + and so on. 

1.2 

In general, 

z- 1 

pi,j = P I  C(-l) 
r=0 i - r  

with the understanding piYj = 0 if i or j < 0. 

The factorial moment gencrating function G ( s l ,  s2 )  of any random vector (X, Y) 

with p.g.f. P ( s l ,  sa )  is G ( s l ,  s z )  = P(s l  + 1, s2 + 1) .  Therefore in thc casc of BDML 

(c1. c2, a l ,  02 ,  l ) ,  WC have 

We show that BDML (cl7 Q, all a z .  l )  is normally attracted to the bivariate posi- 

tivc stable law. Consider the Laplacc transform corrcsponding to (4.3), 

Let {(X,, K),  i 2 1) be a sequcncc of independently and identically distributed ran- 

dom vectors with Laylace trarlsforrn in (4.7). Defirie 

-1 ( X 1  + X 2  + .. . + X,,) and U ,  = n,- L 



Then (U,,, V,,) has Laplacc tra.nsform 

But 

1 
( 1  - e - h n  a= )a1 = L ( 1  X"' + o ( l / n ) )  and 

n 

When n -+ m, wc get c p ~ , , , ~ , ( X ~ ,  X * )  -+ e -c lX~1-c2 i~2  , the Laplacc transform of bivari- 

atc positive stable distribution in (2.4) 

We obtain bivariate Mittag-LeRer distribution discussed in ( 2 . 1 )  as limit of a 

scquerice of bivariate discrete Mittag-Leffler random variables. 

Suppose that a random vector (X, Y) has the Laplace transform in (4.7). Replace 

cl and ~2 by r*ln"l and c2n f f2  respectively. Then 

1  
" )  = l + q n a l  ( l  - e-Al)al + c2n.z(1 - e - i 2 ) @ ~  ' 

(c, L) will be Therefore, Laplace transform of - - 



I11 the followirlg definition, we have a t~ivariate discrete stable distribution. 

Definition 4.2. A non negative integer valued random vector ( X ,  Y) is said to follow 

bivariate discrete stable distribution if its p.g.f. is 

When X and Y arc indcpcrldcnt ( r  = 0 ) ,  we have 

Now, we consider the operator '$', defined in Jayakumar (1995a), in the bivariate 

set up. Let ( X ,  Y) have p.g.f. P ( s l ,  s2 ) ,  then (p@ X ,  p@Y) is dcfincd (in distrihiition) 

by the p.g.f. P(1 - p + psl, l - p + ps2). 

We show that BDML ( c l ,  c2, al l  a2 ,  1) is the attracted towards thc bivariate dis- 

crete stable law. 

Theorem 4.1. Consider a sequence { ( X , ,  K ) ,  i 2 l )  of independent random vectors 

and identically distributed according to BDML ( c l ,  c2. all a2 , l ) .  Let 

Then (I/,,, V,,) is asyrnptotically distributed according to bivariate discrete stable law 

with p.g.f. in  (4.9). 



Thc p.g.f. of (U,,, V,,) is 

Whcn n -4 m, we gct 

Now, wc exprcss BDML ( c l ,  al l  a2.1) as a mixture of bivariate discrctc stable 

distribution and exponential distribution. 

Suppose that the joint distribution of thc random vector (S, T) is bivariate discrete 

stable in (4.9) with exponcnts al and a 2  and pararncters cl = c2 = W. Hencc its 

p.g.f. is 

Also assume that W is a random variablc following cxponential distribution with 

1 
mcan = - . Then thc p.g.f. of the unconditional distribution of (S, T) is 

P 

- l 1 
. Herc wc takc cl = C:! = - 

1 + $ ((1 - sl)"l + (1 - ~ 2 ) ~ ~ 2 )  P 



4.3 Characterization of BDML ( c l ,  c 2 ,  &l ,  a 2 , O )  through 

geometric compounding 

Characterizations of BDML (cl, c2, a l l  a2,O) distribution arc obtained using geo- 

metric sums of indcpendcntly a.nd identically distributcd random vectors. Consider 

a sequence { ( X , ,  K ) ,  i 2 1)  of independently and identically distributcd ra.ndom vcc- 

N N 
tors with p.g.f. Q ( s l ,  $ 2 ) .  Let (/,V = C X, and VN = C Y, where N follows geometric 

i=l i = l  

distribution such that  P ( N  = n,) = (l - 0 < p < 1 and n ;  1,2,3,.. . Assume 

that N is independent of (X;, K ) ,  i > l .  Then p.g.f. of (TIN, V N )  is 

The following theorem gives a chara.ctcrization of BDML ( c l ,  c2, a l ,  a 2 ,  1)  distribution. 

Theorem 4.2. Consider a sequence of ~ndependen~tly and identically distributed 

~ a n d o m  vectors { ( X , .  K ) ,  i > l )  and N with geometric distribution such that 

P ( N  = n )  = p ( l  -p)"-',  n; 1,2,3 ... Assume that N is independent of ( X , ,  K ) ,  i 2 1. 

Then (p* @ u N , p &  @ V N )  and ( X i ,  K ) ;  i 2 1 are identically distributed i f  and only 

if ( X i ,  K ) ,  i > l have BDML(cl, CS a l l  a 2 ,  1 )  distribution. 



Proof. Assume that ( X , ,  K ) ,  i > 1 have BDML(cl, c2, crl ,  cu2,l) distribution with p.g.f. 

Q(sl ,  sz). That is, 

From (4.10) thc p.g.f. of (p+ @ liN1 p& @ V N )  is 

Substituting Q(s l l  s2) in (4.11) and simplifying, we get 

- 
Convcrscly, irssumc that (pC:1 (1, l J N ,  p$ (1) V N )  has BDML (c1. c2, ( v l ,  (v2, 1) distri- 

bution. Substituting (4.12) in (4.11). 

Solving, we get 

In thc following remark, we obtain a characterization of BGD (cl, Q, 1) distribu- 

tion. 

Remark 4.1. Let { ( X , ,  K). i 2 1) bc a sequcncc of indcpendcntly and idcntically 

distributcd random vectors and A' havc gcomctric distribution as stated in Thcorcm 



4.2. Then ( p  @ U N ,  p @ V,) and (X,, K ) ,  i 2 1 arc identically distributed if and only 

if ( X , ,  K ) ,  i 2 1 arc BGD(c l ,  c 2 , l )  random vcctors. 

Proof of the Remark 4.1 is obvious. 

In thc ncxt thcorcm, WC obtain BDML ( c l ,  c2, a l l  a2 ,0 )  as thc distribution of 

geometric sum of independcntly and identically distributed random vcctors. 

Theorem 4.3. Let { ( X , ,  K ) .  i 2 1) be a sequence of independen.tly and identically 

distributed randonr vectors and N be geometric, independent of (Xi, K),  i > 1. Then  

( p $  %3 U N ,  G3 V") follows BDML ( c l ,  c2, a l l  a2, l - p) d i s tnbd ion  i f  and only z '  

X i  and Y ,  are in,depen.den,tljj distributed discrete Mittag-Leffler ro,n,dom, ~inriahlea with, 

parameters al ,  cl and an, c2 respectively. 

Proof. Suppose that X i  and l',, i=1,2, ... arc independently distributed according to 

discrete Mittag-Leffler distributions with parameters cull cl and a2,  C:! rcspcctivcly. 

Thcn the joint p.g.f. of (X,, K ) ,  i > 1 is 

From (4.11) ,  thc p.g.f. of (p* @ u N , p &  @ V N )  is 

- 1 

p [ ( l  + c l ( l  - ( l  - p* + p*s l ) )" l ) ( l  + Q(l - ( l  - p= + pks2 ) ) "2 ) ]  
- 

- 1 

l - ( l  - p )  [( l  + c1(1  - ( l  - p+l + p ~ . 3 1 ) ) ~ 1 ) ( 1  + 4 1  - ( l  - l)& + p k s 2 ) ) a 2 ) ]  
(4.13) 



Comparing with (4.2), we get 1 - B = p Hcnce (p& @ uNlpk @ \ f N )  follows BDML 

(cl. cz, all a 2 , l  - p) distribution. 

1 

Conversely assume that (11;; 1 1 )  [INI (1) V N )  follows BDML ((*l, (-2, ( r l ,  rr2, l - p) 

distribution. Substituting its 11.g.f. in (4.11) and on simplification, we get 

Now we obtain BGD(cl, c2, 1 - p) as the geometric compound of indepcndently 

and identically distributed random vectors. 

Remark 4.2. Consider a sequence {(X,, K).  i 2 1) of independently and identically 

distributed random vectors and also independent of N ,  that following geometric dis- 

tribution. Then (p CB UN, p VN) follows BGD(cl, c ~ ,  1 - p) if and only (X,, K ) ,  1' 2 1 

arc independently and identically distributcd according to BGD(cl, c2, 0). 

We omit proof the Remark 4.2 as it is obvious. 

Now wc obtain a characterization of the geometric distribution. 

Theorem 4.4. Suppose that {(Xi, K),  i 2 1) is a sequence of independently and 

identically distributed ran,dom vectors according to BDML (cl, ~ 2 ,  all a p ,  1).  Then, 

for  0 < p < 1, (p* @ uNlp& e V,) and (X . i ,  K),  i > 1 are identically distributed if 

and only if N follows geometric distribution. 



Proof of the thcorcm is ana.logous to that of Thcorcm 2.6. 

In a similar manner, we can obtain a charactcrization of gcomctric distribution 

using the random sum of random vectors following BGD(c1, Q, 1).  

Let {(X,, E),  i 2 1) be a sequence of independently and idcntically distributcd 

random vectors. Then for 0 < p < 1, (pa l lN ,  pd>VN) and (X,, K ) ,  i 2 1 are idcntically 

distributcd if and only if N is gcomctric. 

4.4 Characterization of BDML (cl, c2 ,  &lr  &li 0) 

through Bivariate Geometric Compounding 

In this Section, we obtain charactcrization of BDML (cl, ( .2 ,~1 ,~2 ,19)   sing bi- 

varia.tc geometric compounding. Suppose that {(Xi. E), z 4 1) is a sequence of 

independently and idcntically distributed random vectors with p.g.f. Q(.sl, ~ 2 ) .  Let 

NI NZ 
UN1 = Xz and VN2 = C Yi where (NI. N2) has the bivariatc geometric distri- 

i=l i= l 

bution in (1.15). Here we consider the discrete version of (2.15) to obtain chara.ctcri- 

zation of BDML (cl. c2, a l .  a 2 , 6 1 )  distribution. Therefore (UN1, yv,) has p.g.f. 

From (4.14), we have 



Therefore, 

T h e  following theorem gives a characterization o f  BDML ( c l ,  c2, all a 2 ,  l )  distri- 

bution. 

Theorem 4.5. Let { ( X i ,  K ) ,  i 2 1) be a sequence of independently and identically 

distributed random vectors and ( N I ,  N 2 )  have the bivariate geometric distribution 

in (1.15) such that poo = 0 ,  plo + pal + pl l  = 1. Also suppose that (NI, N2)  is 
l 1 - - 

independent of ( X i ,  K ) ,  i 2 1. Then (p,",' @ UN,,  p;; @ V N 2 )  has bivariate discrete 

Mittag-Lefler distribution with independent marginals if and only if ( X , ,  K ) ,  i 2 1 

have BDML (c l ,  ~ 2 ,  (11, ( ~ 2 ~ 1 )  distribution. 

Proof. Suppose that ( X , ,  K ) ,  i 2 1 have BDML ( c l ,  c2: all az, 1 )  distribution with 
1 1 - 

p.g.f. Q ( s l ,  s Z )  From (4.15), thc p.g.f. o f  (p,",' @ UNl , p$ @ VN2) is 

Moreover, from (4.16) 
1 1 - - 

Then  from (4.17), WC gct 



To prove thc converse, substituting P(s1, s2) in (4.17), we have 

1 + P01 l f c2(1 - s 2 p 2  

On simplification, we get 

1 
Q(s11 S2) = 1 + Cl(1 - bl)@l + c2(1 - s2)@' ' 

We obtain a characterization of BGD (cl. ~ 2 , l )  using bivariatc geomctric com- 

pounding in thc following remark. 

Remark 4.3. Suppose that {(X,. l<), i 2 1 )  is a sequence of independently and 

identically distributed random vectors and ( N I ,  N2) follows bivariatc geomctric dis- 

tribution with p.g.f. in (1.15) and poo,plo,pol and p,, arc as stated in Theorem 4.5. 

Then (pol @ UN1, plo $ V&) havc bivariatc geomctric distribution with independent 

marginals if and only if (X,, l',), I 2 l havc BGD (c1, rq. l )  . 

Theorem 4.6. Consider a sequence {(X,, K).  i _> l )  of independently and identically 

distributed random vectors according to bivariate discrete Mittag-Lefler distribution. 

with p.g. f. Q(sl ,  s 2 )  Let ( N I ,  NZ) be independent of (X.i ,  K ) ,  i > 1 and ha,ve bi- 

variate geometric distribution svch that poo, pia, pal and p11 are as stated in Theorem 

4.5. Then ((l - 69 [lNI, (1 - pll )= 63 VN2) has p.g.f. 

1 
if and only if Q(s1, s2) = 

1 + p01 S;" + ~ 1 0 s ; ~  ' 



Proqf. Assume that (X , ,  K ) :  i 2 1 ha.& p.g.f. 

1 
dZ(s1, ~ 2 )  = 

l + pO1syl + p10s2a.2 ' 
From (4.18), we gct 

P(s l ;  1) = 
1 

and P(1. s2) = 
1 

1 + (1 - pll)sY1 l + ( l  - ~ 1 1 ) s ; ~ .  

Substituting in (4.17) and simplifying 

Proof of the convcrsc easily follows by substituting P(s1. S*), P ( s l ,  1) and P(l. s 2 )  

in (4.17) and then simplifying. 

In thcsc lines, WC have a characterization of bivariate gcomctric distribution. 

Considcr a scqucncc {(X,, K ) ,  i > 1) of indcpcndcntly and identically distributed 

random vcctors following bivariatc gcomctric distribution with p.g.f. Q(sl ,  52) and 

(NI,  N2) with the bivariatc gcomctric distribution as stated in Thcarcm 4.5. Then 

((1 - pll) a> U,vl. (1 - pll)  ( I )  VN2)   hit^ p.g.f. 

1 
P(S1, = (l + (l - p,,)s,)(l + ( l  - ~ l l ) ~ , ) .  

if and only if 

Now, we obtain BDML (cl. c;!, crl, ~ ~ 2 ~ 0 )  distribution as the gcomctric sum of idcn- 

tically and indepcndcntly distributed random vcctors. 



Theorem 4.7. Let { ( X i ,  K ) :  i 2 1 )  be a sequence of independently and identically 

distributed random vectors with p.9.j. 

c2 ( l  - s2)[j2 , O  < a l .  a2 < 1 (4.19) 

l + m  

and ( N I ,  N 2 )  follow the bivariate geometric distribution given in  (1.15) such that 

poo = (1 + m)-', plo = p01 = 0 and p11 = m ( 1  + m)-' , m > 0 . Then ( U N l ,  VN2)  

follows BDML (c l ,  c2, a l l  0 2 .  *) distribution if an,d only if Q ( s l ,  3 2 )  is as in (4.19) 

Proof. Let { ( X i , Y , ) , i  _> 1 )  havc the p.g.f. in (4.19). From (4.14) thc p.g.f. of 

- - l + m  
( ( l  + m) + cl(1  - . s l ) cx l )  ( ( l  + m) + c2(l - ~ 2 ) " ~ )  - m ( l  + m) 

1 

Comparing with (4.2), we gct that ( U N l r  V N z )  follows BDML (c l !  c2, 0 1 ,  a2, e) dis- 

tribution. 



To prove the converse, assume that (UNl, VNz) has BDML (cl, c2. al, cuz, e) dis- 

tribution. From (4.14), we have 

Substituting P(s l .  s2) and simplifying, we get the sufficiency part. 

Theorem 4.7 shows that BDML (cl, cg, a l ,  a2, 8) distribution can be obtained as 

the bivariate geometric compound of indcpcndently and identically distributed ran- 

dom vectors following BDML (cl, Q, 01, ~ 2 . 0 ) .  

In the following remark, we can obtain BGD (cl, cp, 0) as the distribution of bivari- 

ate geometric compound of independently and identically distributed random vcctors. 

Remark 4.4. Suppose that {(X,, K ) ,  i 2 1) is a sequence of indcpcndently and idcn- 

tically distributed random vectors with p.g.f. 

and (NI.  N2) is as stated in Theorem 4.7. Then ( U N ~ ,  VNa) follows BGD(c1, c2, &) 

if and only if Q (sl, s2) is as given in (4.21) . 

Proof of Remark 4.4 follows easily. 



4.5 Estimation of Parameters 

Let us consider the cstimation of the unknown parameters cl, C*, a1 and az, The 

pa.ramctcrs can be estimated following Rcmillard and Theodorcscu (2000) as 

(l Q 

61 = C L~Lx (t.7)b.j 6 2  = C L ~ , Y  (t:j)bj, 
j=1 

czl = exp 

whcrc 

I l, otherwisc 

I l-  
otherwisc, 

whcrc g,x and g,y are the empirical probability generating function for X and Y,  

(l 
rcspcctivcly, ,i3 = C ln(1 - l , i )  and 

" j=1 

We cstiriiatc the urikriowri pararrictcrs using Moritc Carlo rricthod. For diBcrcrit valucs 

of the parameters cl, cz, ct.1, a2, we simu1a.t~ 10 sequences of 1000, 5000 and 10000 

observations. In estimation, we usc the valucs tl = 0.1 and tp = 0.2. In Table 4.1. we 

illustrate the averages of these estimators with standard deviations in brackets. 



Table 4.1. The estimators of the parameters for different values of cl ,  c2, a1 and an. 



4.6 Autoregressive Processes with 

There arc many situations in which discrete variatc timc sorics arise often as, 

counts of cvcnts, objects or individuals in consccutivc intervals. For example, number 

of road accidents that occurred on national highways of a country on a day, number 

of customers waiting in a tickct booking counter that recorded in cvcry one hour 

duration, number of calls received in a fire rescue center in a week. etc. Moreover 

such data can also be obtained by discrctization of continuous variate timc scrics. 

Stuctcl and van Harn (1979) introduced the conccpt of discrctc sclf decomposabil- 

ity. 

Definition 4.3. An integer valucd random variable X on { 0, 1, 2, ...) is called dis- 

crete self decomposable if its p.g.f. satisfies the relation 

whcrc P,, ( S )  is a p.g.f. This relation can be expressed as X g n B, X' + X(. whcrc 

a c3 X '  and X, arc independent and X' g X. Using this conccpt of discrctc sclf 

decomposability. Al-Osh and Alzaid (1987) introduced first order integer valued au- 

torcgrcssive process. For a p"' ordcr integer valucd autoregrcssivc timc series modcl, 

see Jayakumar (1995b). Pillai ant1 Jayakumar (1995) developed the first order au- 

toregressive DhIL process as a gerleralization of first order autoregressive geometric 



process of McKenzie (1986). 

Now, we develop a first order autoregressive process with BDML (cl, cz, a l ,  0 2 ,  l) 

marginals. 

Theorem 4.8. Consider a first order autoregressive process with structure 

1 

(pi Q3 &-I,  p"? Q3 %-l) with probability p 
(Xn, Yn) = 1 1 (4.22) 

(pa '  ~3 XnT1 + c,, @ Y,-l + d~,) with probability l - p 

,where { ( c , , ,  ?/lrl), n 2 1) is a sequence independently and identically distributed random 

,vectors. Then {(X,: Y,), n 2 1) defines a stationary first order autoregressive process 

with BDML (cl, c2. a l ,  a 2 ,  l) marginals if and only if (E,. +,): n 2 1 are distributed as 

BDML (cl, c2, ~ 1 ,  ~ 2 :  1) .  

Proof. Thc p.g.f. of the process in (4.22) is 

When thc proccss is stationary, (4.23) bccomcs 

Ta.king that ,  (X,, K),  n 2 1 follow BDML (cl, c2, a l ,  a 2 , l )  distribution. Thcn thc 



Proof of the converse is obtained by mathematical induction. Let n = l. Assume 

that (E,, $,), n 2 1 follow BDML (cl, cn, all a 2 , l )  distribution. From (4.23) we have, 

On simplification, we get 

1 
Px'.~' ( ~ 1 ,  ~ 2 )  = 1 + cl(l - S l ) ~ l  + C2(1 - S 2 ) n 2 .  

Thcrcforc, by thc mathematical induction, we gct that the proccss {(X,, Y,). n 2 1) 

is stationary with BDML (cl, cz,ctl, an, 1) marginals. U 

We develop a bivariate first order autoregressive process wit11 BGD (cl, c2 , l )  

marginals. 

Remark 4.5. Let a first order a.utoregressive process {(X,, Y,), n 2 1) have structure 

d (XO, Yo) = (cl ,  ql) a.nd for n = 1 ,2 ,3 ,  ... 

with probability p 

( (p @ X,-I + E,,  p $ Yn-I + $,) with probability l - p 

whcrc {(E,, $,), n 2 1) is a sequence independently and identically distributed ran- 

dom vcctors. Then the proccss {(X,. Y,), n 2 1) is stationary with BGD (cl, CZ, 1) 

marginals if and only if {(c,, (/),,). n > 1) arc distributed according to BGD (cl, LZ. 1). 



Proof of thc rcmark follows casily. 

A generalization to thc autorcgrcssive proccss considered in (4.22) is obtained in 

Thcorem 4.9. 

Theorem 4.9. Let { (X , ,  Y,), n > 1 )  form, a first order autore,qre.sai~~e proce.s,s with 

structure as given below: 

(G , ,  & ) ,  w i t h  probability q 

( p ~ ~ ~ n ~ l , p ~ e ~ n ~ l ) l  w i t h  probability ( 1  - q)p  

(p* Q XnT1  + tn,pk @ Yn-i + $,), w i t h  probability ( l  - p)( l  - q)  

(4.24) 

Then  the process is  stationary with BDML ( c l ,  c2, cul, c u 2 , l )  marginals if and only 

if {( t , ,  $,), n _> 1 )  is  a sequence of independently and identically distributed random 

d 
vectors with BDML ( c l ,  c2, c r l ,  u2, 1 )  distribution provided ( X o ,  1'") = ( 6 1 :  ,+l). 

Proof. Assume that (X , ,  Y,), n 2 1 are distributed according to BDML ( c l ,  c2, cul, 0 2 ~ 1 ) .  

Thc p.g.f. of (4.24) is 

Px', , ,Y~ ( ~ 1 ,  S Z )  = qPcn,~n (sir ~ 2 )  

- ~ ) P X , , - , , Y ~ - ~  ( 1  -p* + p Q s l ,  1 + p = ~ 2 )  (4.25) 

- 
+(l - p ) ( l  - q ) P x  .-,, y,-,(l - p+ +p&,  1 - p= + Pd2 s2) 

pc,,,, ( ~ 1 .  ~ 2 ) .  



Undcr the condition of stationa.ry, we have 

Substituting PX,y(sI, s2) in the above expression and simplifying, we get 

Conversely assumc that ( E , ,  $,), n 2 1 follow BDML(cl, c2, a l .  a 2 , l )  distribution. 

When n = 1, from (4.25) we have 

Undcr thc assumption, we get 

Hcncc by mathematical induction, we obtain that the process is stationary with 

marginals follow BDML (cl, c2, al,  a2 ,  1) distribution. 

We ca.n develop a similar bivariatc autorcgressivc process with BGD (cl, cp, 1) 

marginals, by putting a1 = a:! = 1 in Theorcm 4.9. 



A first order autoregressive rriodel called, TEAR(l), is iritroduced in Lawrance 

and Lewis (1980). In the following theorem we develop a first order autoregressive 

process having BDML (cl, c2, a l l  a 2 , l )  marginals. 

Theorem 4.10. Con.sider a ,first order autoregress~;ve process with, structure: 

CB cnj  CD 4)n) with probability p 
(XI,, XL) = (4.26) 

(X,,-, + p* CE c,, + p& 9 $l,.) with probability 1 - P 

where (c,, $,), n > 1 are independently and identically distributed random ,vectors. 

Then the process {(X,,  Yn), n > l} is stationary with BDML (cl, c2, a l .  a 2 , l )  marginals 

if and only if (c,,, Ijl,), n 2 1 are distributed according to BDML (cl, c2,cul, ~ 2 ,  l )  and 

(Xo, Yo) 2 ( € 1 1  $1). 

Proof. The p.g.f. of (4.26) is 

Let the process be stati0na.r~ with BDML (cl, c2. a,, a 2 , l )  marginals. Substituting 

Px,Y (S,, s2) in (4.27) and simplifying, we get 

The converse of thc theorem is proved by mathematical induction. Suppose that 

{ ( c , ,  G,), n >_ 1) a,rc distributed according to BDML(cl, c2, al. az, l) distribution. 



Putting n = 1 in (4.27), we get. 

On simplification, we get, 

Hence by mathematical induction, we have that the process {(X,, Y,), n 2 1) is 

sta.tionary with marginals follow BDML(cl, cs, al ,  a 2 ,  1) distribution. 

By putting al = a 2  = 1 in Theorem 4.10 we obtain a first order autoregressive 

proccss with BGD (cl, c2, 1) marginals. 

4.7 Bivariate Discrete Mittag-Leffler Distributions Gen- 

erated through Bivariate Geometric Compounding 

Jayakumar and Mundasscry (2006) obtained the discrete a.nalogucs of bivariate 

hlitta.gLeffler distribution int,roduced in Section 2.7. In the following t>heoreln, we in- 

troduce discrcte analoguo of thc bivariatc Mittjag-Lcfflcr dist,rib~it,ion t,hat gcnoralizcs 



Marshall-Olkin's bivariate cxponcntial distribution. 

Theorem 4.11. Let {(Xi, K) ,  i 2 l} be a sequence of independently and identi- 

N1 
cally distributed random vectors following BDML (cl, c2, a1 , ac2,l). Let UN, = E Xi 

i=l 
N2 

and VN, = E Y,  where (NI, N2) has bivariate geometric distribution i n  (1.15) and 
i=l 

POO = 612, p10 = 62, p01 = 61 and p11 = 1 - 6 where 6 = bl + b2 + d12. Assume that 

(NI, N2) is independent of (Xi,  K) ,  i 2 1. Then  the distribution of (UN,, V&) is the 

discrete anmlogue of bivarinte Mitta'q- Lef ler  distribution discu.ssed i n  (2.33) . 

Proof. Suppose that {(Xi. l:), 2. 2 l} havc p.g.f. 

From (4.15) and (4.16) 

On simplification, we get 

In the following remark, WC obtain the discrete analogue of Marshall-Olkin's bi- 

variatc exponential distribution. 



Remark 4.6. Consider a sequence {(X,, K ) ,  i _> 1) of independently and identi- 

cally distributed random vcctors according to BGD ( c l ,  c 2 , l )  and indepcndcnt of 

( N I ,  N2) where ( N I ,  N 2 )  has bivariate geomctric distribution given in (1.15).  Choose 

POO, plo, p01 and p11 as in Theorem 4.11. Then the distribution of ([lN,, V N 2 )  is the 

discrete analogue of Marshall-Olkin's bivariate exponential distribution discussed in 

(2.32). The p.g.f. of ( U N I .  VN2) is 

Now we iritroducc the discrctc versio~i of the bivariate Mittag-Lcfflcr distribution 

that generalizes the Hawkcs' (1972) exponential distribution. 

Theorem 4.12. Suppose that the components of a sequence of independently and 

identically distributed ran,dom vectors { ( X i l  K ) ,  i 2 1) have discrete Mittag-Lefler 

distribution with p.9.f.s Q x l ( s l )  = - 61 (52 

d l  + ( I  - ~ 1 ) " '  
and 

( s 2 )  = b2 + (1 - s 2 ) 0 2  

i=1,2, ... . respectively and 6 i ,  62 > 0. Then the distribution of ( U N , ,  V N ~ )  is discrete 

analogue of the bivariate Mittag-Lefler distribution in. (2.37) where ( N I ,  N2)  has the 

p.g. f. stated in (2.35). 

Proof. Assume that { ( X , ,  K ) ,  L > 1) arc independently and identically distributed 

random vectors such that thc components have independent discrcte Mittag-Lefflcr 

distribution. Therefore the joint p.g.f. is 



From (2.35) the p.g.f. of (UNl, V&) is 

where nLi = d i e ,  i=1,2. 

On simplification, we get 

We obtain a bivariate geometric distribution, as the discrete analogue of thc bi- 

variatc exponential distribution considered in Hawkcs (1972). For this, taking Qxi(sl) 

and Qv,(s2) arc as follows: 

61 62  i = l, 2, ... Qx,(sl) = J1 + (1 - sl) and QY,(s~) = J2 + (1 - S2) 



4.8 Bivariate Discrete Mittag-Leffler Distributions 

Through Translated form of Block's Bivariate Ge- 

ometric 

Block (1977) considcrcd thc bivariatc gcometric compound of a set of indcpcn- 

dciltly and idcntically distributed random vectors. In that context, he considcrcd the 

random vector ( N I ,  N 2 )  that follows bivariatc gcomctric distribution such that each 

of the components realizes valucs from 'onc' onwards (sec (1.15)). Hcre we consider a 

translatcd modcl of this bivariatc geometric distribution so that the random variable 

takes valucs from 'zero' onwards. Thc survival function of this translatcd form of 

Block's bivariatc gcomctric distribution is 

Thc joint probability distribution is 

I ) o l P ~ ;  (poo + l ) l o ) ( P o l  + p l l ) n 2 - n l - 1  if 711 < TI,:! 

P(N1 = n l ,  N2 = n 2 )  = plOp;Lf (pOO + pO1)(p l0  + p l l ) n l - n ~ - l  if 712 < n , ~  

. . 
/):l 1)"" lf 11.1 = I1,2 = I ) .  



Thc p.g.f. of (4.28) is 

That is, 

Note that (4.29) is a special casc of the characteristic function cquation 

Thcrcforc, along the lincs of Block (1977), 4( t l ,  t2) rcprcsents the charactcristic func- 

N1 N2 
tion of (UN]. VN~) where UN, = C Xi and VN2 = C X. {(Xi: X) ,  i > 1) is a scqucncc 

i= l i=l 

of indepcndcntly and identically distributed random vcctors with charactcristic func- 

tion $(tl, t2). Moreover (NI. AT2) is independent of {(Xi, K ) ,  i > 1) and follows 

the bivariatc geomctric distribution given in (4.28). A discrete analogue of (4.30) is 

cxpresscd below in tcrms of p.g.f. 

P(s1, ~ 2 )  = POO + ~ i o P ( ~ 1 .  l ) Q ( ~ i ,  1) + p01P(l, ~2)Q(1,  ~ 2 )  + ~ i i P ( ~ i ,  s ~ ) Q ( s I ,  32). 

(4.31) 

whcrc P(s l ,  s2) is the p.g.f. of (UN,, V-) and Q(sl.  s2) is that of (Xi, X),  i 2 1. 

From (4.31) wc get, 

P00 + P01 and P(1, s2) = 
P00 + P10 

P(s1, l )  = 
1 - (p11 + Plo)Q(sl,1) 1 - (p11 + ~0 l )Q(1?  s2) 

Mundassery and Jayakulnar (2006) introduced bivariate discrete Mittag-Leffler 

distribution as the probability distribution of random sums of independently and 



idcntically distributed random vectors whcn the number of summands have the bi- 

va.riate geometric distribution given in (4.28). 

Now, we define a bivariate Sibuya distribution. 

Definition 4.4. A non ncgativc integer valucd random vector (X, Y)  is said to follow 

bivariate Sibuya distribution if its p.g.f. is 

Note that the marginal p.g.f.s arc thosc of the Sibuya distribution discusscd in 

(4.1). 

Theorem 4.13. Consider a sequence { ( X i ,  K ) ,  i 2 1 )  of independently and identi- 

cally distributed random vectors. Let ( N I ,  N2)  have the bivariate geometric dis- 

tribution in  (4.28) and independent of { ( X i , Y , ) , i  2 1 )  . Choose p"" = plp2, 

P10 = ~ 2 ( l  - ~ l ) ,  P01 = ~ l ( l  - ~ 2 )  and Pl l  = (1 - ~ l ) ( l  - ~ 2 )  so that N1 and N2 are 

independent. Then (UN,,  VN2) has bivariate discrete Mittag-LefJler distribution with 

independent marginals if and only zf ( X i .  K ) ,  i 2 1 have p.g.f. 

Proof. Assume that ( X i ,  K ) ,  i > l have the p.g.f. in (4.34). From (4.31), the p.g.f. 

of (UNl .  V N z )  is 



Solving, we get 

1 1 
p(sll 1) = and P(1, s 2 )  = 

1 + y ( 1  - s1)@l l + T ( l -  ('-p21 S 2 ) ( k 2  ' 

Substituting P(sl .  l ) ,  P(1, sn) in (4.31) and simplifying, we get 

Conversely, assumc that (UN1, VN2) has bivariatc discretc Mittag-Lcfflcr distribu- 

tion with p.g.f. in (4.35). Using this in (4.32) obtain Q(sl,  1) and Q(1, s2) . Thcn 

from (4.31) we get, 

In Thcorem 4.13, if WC takc that the scquence { ( X i ,  K),  i > 1) of indcpcndcntly 

and idcntically distributcd random vectors havc bivariatc Sibuya distribution in (4.33), 

thcn ((lN1, V , )  has bivariatc discrete Mittag-Lcfflcr distribution with p.g.f. 

In order to prove this, assumc that Q(sl ,  $2) is as in (4.33). Substituting Q(sl. sz) 

in (4.32) to obtain thc exprcssions of P(s l ,  1) and P(1, $2). We get (4.36) by substi- 

tuting P(s l .  1) and P ( l ,  s2) in (4.31) and then on simplification. 



Suppose that in the bivariate geometric distribution considcrcd (4.28), p"" = 0 

and p11 = PO,  p01 = p1 and p10 = p2. Then (4.29) becomes 

Let {(X,, K ) ,  i 2 1 )  be a sequcncc of' independently and identically distributed ran- 

dom vectors with p.g.f. Q ( s l ,  s2 )  and ( N I ,  N 2 ) ,  independent of ( X , ,  K ) ,  i 2 l ,  have 

p.g.f. in (4.37). Then along the lines of Block (1977), ( U N l ,  V N 2 )  has thc p.g.f. 

From (4.38), we gct 

P1 and P ( 1 ,  ~ 2 )  = P2 . (4.39) 
P ( S 1 7  l )  = 1 - ( 1  - p l ) Q ( s l ,  l )  1 - ( l  - p2)Q(l1 s2) 

This bivariate geometric con~pounding was considcrcd in Arnold (1975) to ob- 

tain the characterization of bivariate exponcntial distribution. Using (4.38), now we 

generate a bivariate discrete Nittag-Leffler distribution. 

Theorem 4.14. Suppose that { ( X i ,  K ) ,  i 2 1 )  is a sequence of independently and 

identically distributed random vectors and ( N I ,  N 2 ) ,  independent of (X,. K ) ,  i 2 1 

follows bivaviate geometric distribution with p.g.f. i n  (4.37) . Then ( [ I N 1 :  V N 2 )  follows 

bivariate discrete Mittag-Lefier distribution if and only if ( X i ,  K ) ,  i 2 l have the 

bivariate Sibuya distribution i n  (4.33). 

Proof. Let ( X , .  K ) ,  i 2 1 follow bivariate Sibuya distribution in (4.33). Substituting 



Q(s l ,  l )  and Q ( l ,  s2) in (4.39), wc get 

Also from (4.38), the p.g.f. of (UN1 ,  V&) is 

Conversely assume that ((JNlr VN2) has the p.g.f. in (4.40). Substitute P ( s l ,  1) 

and P ( l ,  sa) in (4.39). We obtain 

Further substituting Q(sl .  l )  and Q(1, s2) in (4.38) and on simplification, we get 

(4.33). 0 

Suppose that in Theorem 4.14, the sequence of random vectors {(X,, X ) .  i 1 1) 

have bivariate Sibuya distribution with p.g.f. in (4.34). Let (NI,  N2) follow bivariatc 

geometric distribution with p.g.f. in (4.37) and independent of (X,, K ) ,  I > 1. Then 

the p.g.f. (UNl. V&) is as follows: 
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Chapter 5 

A Generalization of BDM L (c ,  ,c2 ,a,  , a2 ,  0) 

5.1 Introduction 

As discussed in Chaptcr 1, a discrete analogue of the quasi factorial gamma distri- 

bution callcd discretc Linnik distribution is investigated in Christoph and Schreibcr 

(1998a). In this Chaptcr, WC introduce a bivariatc form of discrete Linnik distribution 

and study its propcrtics. 

V\Je define a bivariate discret,e Linnik distribution as follows: 

Definition 5.1. A non ncga.tivc intcger valued random vector (X, Y) is said to follow 

bivaria.tc discrete Linnik distribution if it has p.g.f. 



C l ,  c 2 > O , v > O , O < a 1 ,  0 2  < l , O I O < l ,  l s 1 l I 1 ,  I s21 I1 .  

We represent the distribution with the above p.g.f. by BDL (cl, c2, al, a2,0, v). It is 

to be noted that BDL (cl. c2, a l ,  a2, 0, v) generalizes many important distributions. 

Whcn a1 = a 2  = 1, we get 

1 
P ( % ,  s2) = 

((l  + C1( l  - Sl ) ) ( l+  c2(l - ~ 2 ) )  - 6 ~ 1 ~ 2 ( 1  - s1)(1 - 8 2 )  
) ' l  . 

(5.2) represents the p.g.f. of a random vector with bivariatc negative binomial 

distribution and we denote the rcspectivc distribution by BNBD (cl, c2,8, U ) .  Whcn 

v = 1. (5.1) coincides with thc p.g.f. of BDML (cl, ca. a l ,  a2,O) distribution obtained 

in (4.2). Moreover, when trl = (y2 = 21 = 1, I3(s1. ,s2) represents the p.g.f. of BGD 

From (5.1), it is clear that p.g.f.s of the components of (X, Y) are that of univariatc 

discrete Linnik distribution given in (1.10). 

Whcn 8 = 1, (5.1) becomes 

Distributional propertics of BDL (cl, c2, al. a2: 0, v) arc studied in Scction 2. In Scc- 

tion 3, we obtain characterizations BDL (cl, c2, al, a2, 0, v) using llcgative binomial 

compounding. Autoregressive models with BDL (cl, c2, al , a 2  , l ,  v) marginals are dc- 

vcloped in Scction 4. 



5.2 Distributional Properties 

We show that a random vcctor (X, Y) following BDL (cl, c2. all C Y ~ ,  1.21) is nor- 

mally attracted to the bivaria,tc positivc stablc law. 

Suppose that (X, Y) follow BDL (cl, c2, crl, a2,1,  v) distribution with p.g.f. in 

(5.3). Thcn the Laplace transform corresponding to (5.3) is 

l 
g ( x 1 . h )  = (l + c l ( l  - e- X 1  ) + C2(l - e-*z)a2 (5.4) 

Consider a sequence {(X,,  K ) ,  i 2 1) of independently and identically distributed 

random vectors with Laplace transform in (5.4). Define 

1 

U,, = 71- (X1 + X2 + .. . + X n )  and 

Thcn (U,, , V,,) has Laplacc transform 

Also we have 

-- X"' -1 A f l 2  
(1 - e - ~ n  '1 ) (11 - - &(l  + o(l/n)) and (1 - e X 2 "  a2 )(l2 = A ( 1  + o(l/n)).  

n 11, 

Whcn n - m, we get, i p ~ ~ , ~ ,  ( X 1  X2) - e-C1u"l -c2ux;= 

Hencc BDL (cl, c2, a l ,  a2, 1, v) dist,ribution is normally attracted to bivariatc positive 

stablc law given in (2.4). 



We can also obtain bivaria.tc quasi factorial gamma distribution discussed in (3.2) 

as limit of a sequence of random vectors following bivariate discrete Linnik distri- 

bution. For this, consider a random vector (X, Y) with Laplacc transform in (5.4). 

Rcplacc cl and c2 by cln"' and c2n(12 rcspcctivcly. Then the Laplace transform of 

1 
4 n  ( X I  X P )  = A 

1 + ein(r~ ( 1  - e . ) ( ) l  + c2nryz(l  - e*)fr2 

When n - cm, WC get 

Thc following thcorem shows thc attraction of the BDL ( ( : l ,  ( : 2 , ( ~ l ,  ru2.1, U )  towards 

bivariate discrete stable law. 

Theorem 5.1. Let {(Xi, K ) ,  i > 1 )  be a sequence of independent random vectors and 

iden.tically distributed according to B D L  ( c l ,  c2: a l ,  ap, 1. v). Define 

Then  (U,, Vn) is  asymptotically distributed according to bivariate discrete stable law 

with p.g.f. in (4.9) 

Proof. Let ( X , , ,  Y,), i 2 1 arc distributcd as BDL ( c l ,  ~ 2 , 0 1 , 0 2 , 1 , 1 / ) .  

1 

1 + cl( l  - ,s1)y1 + (&.(l - .s2)"2 

)". 



The p.g.f. of (U,,, V,) is 

As n. - m , we get 

WC obtain BDL ( c l ,  c2, a l .  a2 ,0 ,  v )  as a mixturc of bivariate discrete stablc distri- 

bution and gamma distribution with paramctcrs P and v. 

Let thc joint distribution of the random vector (S, T) bc bivariatc discrcte stable 

having p.g.f. in (4.9), exponents t v l ,  and t uz  and parameters rvl = rq = W. Suppose that 

I+' follows gamma distribution with parameters P and v. Consider the unconditional 

distribution of (S, T). Its p.g.f. is 

1  
Hence (S, T) follows BDL ( c l ,  c2, a l l  C Y ~ ,  0 , l )  distribution such that cl = c2 = -. P 



5.3 Characterization of BDL (cl, c2, ocl, oc2, 6 ,  v) through 

Negative Binomial Compounding 

In order to obtain characterizations of BDL (cl, c2,  a l .  cr2, 6 ,  v) distribution, wc con- 

sider the negative binomial sums of independently and identically distributed random 

N N 

vectors. Let UN = C Xi, YV = C Y,  whcrc {(Xi. Y, ) ,  i 2 1) is a sequcncc of in- 
z=1 1=1 

dependently and idcntically distributed random vectors with p.g.f. Q(sl, s2 )  and N 

follows ncgative binomial distribution in (3.5). Then the p.g.f. of (UN, h) is 

Using this compounding a cha.ractcrization of BDL (cl, c2, cul,  a 2 .  1, V) distribution is 

obtained in the following theorcm. 

Theorem 5.2. Let {(Xi,Y,), i 2 l) be a sequence of independen.tly and identically 

distributed random vectors and N ,  independent of ( X , ,  Y,) ,  i 2 1, be a random variable 

with negative binomial distribution stated i n  (3.5). Then,  G3 u,v.~& @ V N )  has 

BDL (cl, c2,a11 cr2. l, v) distribution i f  and only zf (Xi, K ) ,  i 2 1 follou~ BDML 

c2, 01, a2, 1) distribution. 



Proof. Supposc that (X,, X), i 2 1 follow BDML(cl, c2, all a 2 , l )  distribution with 

p.g.f. Q(s1. s2) . Then p.g.f. of ( p $  CB @ Vv) is 

From (5.5), 

p&(l - p &  +pksl, l +p=s2) IJ(.sl, s2) = 1 l )v. ( 5 . 6 )  
1 - (l - p)Q(l - + p+sl,  l - PG f p Z s 2 )  

In (5.6) substituting the p.g.f. of (X,, K),  i > 1, wc get 

l 
l + c,(l - s,)a' + c2(l  - s2)&2 

1 1 

In ordcr to prove thc convcrsc, suppose that (pG @ UN,pG CB VN) follows 

BDL(cl, e2, all a 2 , 1 ,  v) distribution. Substituting its p.g.f. in (5.6) 

On simplification, we get 

Jayakumar and Mundasscry (2007) obtained a characterization of thc BNBD 

(cl. c2,l .  v) distribution using llcgativc binomial compounding. 



Remark 5.1. Let { ( X , ,  K ) .  z 2 1) be a scquence of indepcndently and idcntically 

distributed random vectors. Thcn ( p  @ U N ,  p @ V N )  follows BNBD (c l .  c2, l .  v )  distri- 

bution if and only if (X,, K ) ,  i 2 1 have BGD ( c l ,  ~ 2 ~ 1 )  where N is indepcndcnt of 

(X,,  K ) ,  i > 1 and follows ncgativc binomial distribution. 

Proof of the Rcmark 5.1 is omitted as it is obvious. 

Now WC introduce BDL ( c l ,  c2, a l l  a2, Q, v )  using negative binomial sum of a sct of 

indcpendent random vcctors in which thc componcnts are independently distributcd 

as discrete Mittag-Leffler. 

Theorem 5.3. Suppose that { ( X i ,  Y , ) , i  > l )  is a sequence of independently and 

identically distributed random ,vectors and N ,  independent of ( X , ,  K ) , i  > 1 has 

1 1 

the negative binomial distribution i n  (3.5). Then  ( p q  @ U N ,  PG @ V N )  follows 

BDL(cl ,  c2, all  az, 1 - p ,  v )  distribution i f  and only if the components X i s  and K's are 

independently distributed according discrete Mittag-Lefler with pa,rameters ( a l ,  cl) 

and (a2, c z )  respectively. 

Proof. Assume that thc componcnts of ( X , ,  K ) ,  i 2 1 are independently distributed 

according to discrct,~ Mitt,ag-Lcfflcr with parameters (a l ,  c l )  and ( a 2 ,  c z )  respcctivcly. 

Thcrcforc thc joint p.g.f. of ( X , ,  K ) ,  i 2 1 is 



From (5.6), the p.g.f. of (p$ @ U N , ~ &  Q3 VN) is 

Comparing with (5.1), we get B = 1 - p. 

Conversely, suppose that CB UN, VN) follows BDL(cl, c2. all  a 2 ,  l - p. v). 

From (5.6), we get 

Solving, we obtain that X:s and K's are independently distributed according to dis- 

crete Mittag-Leffler with parameters ( a l ,  cl) and (a2, c2) respectively. 

Jayakumar and Mundassery (2007) obtained BNBD (cl, c2, H, v )  distribution as the 
l 

negative binomial sum of independently and idcntically distributcd random vectors. 

Remark 5.2. Consider a. sequence {(Xi, v ) .  i 2 1) of independently and idcntically 

distributcd random vectors. Let N be independent of (Xi: v), i 2 1 and follow 

negative binomial distribution statcd in (3.5). Then (p@ UN, p @  V , )  follows BNBD 

("1: c2, l - p, v)  distribution if and only if (Xi7 K ) ,  i 2 1 are BGD (cl, c2,O) random 

vectors. 

Proof of the Remark 5.2 follows easily. 



Now, we obtain a charactcrization of the negative binomial distribution. 

Theorem 5.4. Consider a sequence { ( X i ,  K).  i > 1) of ~ndepen~dent  and identical 

random vectors following BDML ( c l ,  c2, a l ,  a?, 1 )  distribution. Then  for 0 < p < 1,  

1 1 

( p 4  @ U N ,  p q  @ VN)  has B D L  (cl ,  c,, a l ,  a,. 1 ,  U )  distribution zf and only if N follows 

the negative binomial distribution in (3.5). 

Proof of the theorcm is analogous to that of Thcorem 3.6. 

A characterization of nega,tivc binomial distribution along the lines of Thcorcm 

5.4 can be obtained using BNBD (cl. c2, 1. v) and BGD ( c l ,  c 2 , l ) .  

5.4 Autoregressive Processes with 

BDL (cl, c 2 ,  cul, c u 2 , 1 ,  v) Marginals 

In the following theorem we obtain a necessary and sufficient condition for a first 

ordcr autorcgressivc proccss with marginals have BDL ( c l ,  c2, al ,  ~ p ,  l ,  U) distribution 

to bc stationary. 

Theorem 5.5. Let ( X n ,  Y,), 2 1 constztz~te a first order autoregressive process with 

structure 

where (c,. ~ n ) .  n _> 1 is a sequence of independently and identzcally distributed ran- 

dom vectors . Then the process i n  (5.7) is  stationary with BDL (cl ,  c2, 01, u 2 ,  1 , ~ )  



marginals if and only if innovation random vectors, (E,,, G,,), n 2 1 have p.g.f. 

provided (Xo, Yo) has the BDL (cl, c2: al, as, 1, v) distribution. 

Proof. The p.g.f. of (5.7), is 

Suppose that the process is stationary with BDL(cl, c2, al, a2,1, v) marginals. Then 

from (5.9) we havc, 

1 )" = ( 1 PC.l,,($l, ,721. 

1 + c l ( l  - ~ 1 ) ~ '  + c2(l - ~ 2 ) ' ~ "  1 + pcl(l - ~ 1 ) " '  + pc2(l - ~ 2 ) " ~  

Hence we get, 

Proof of the converse is obtaincd by induction method. When n,= 1, from (5.9), 

Suppose that (E,, $,), n 2 1 havc the p.g.f. given in (5.8). Therefore, 

By mathematical induction, it follows that the process {(X,, Y,), n > 1) is stationary 

with BDL(pl, pz, a l ,  cr2, 1, V) marginals. 



Now we develop a first order autoregressive process with BNBD (cl, c2, l, v) marginals. 

Remark 5.3. Suppose that an autoregressivc process {(X,, K),  n 2 1) has thc strut- 

. ture 

( X ~ , Y ~ ) = ( P @ X ~ - , + ~ , , P @ ~ - I + ~ L ~ ) , ~ I P <  1 

where (E,, $,), n 2 1 is a sequence of independently and identically distributed ran- 

dom vcctors with p.g.f. 

( 
l - p  

en,@n((s :  ~ 2 )  = P + 1 + cI(l - SI)  + c2(1 - s2) )" 
Let (X", Yo) have BNBD ( ( 8 1 ,  Q. l, PI) distribution. Then the proccss (X,#, YL), r i  2 l 

is stationary with BNBD (cl, c2,1, v) marginals if and only if (E,, Q,), n 2 1 have the 

We omit the proof as it is obvious. 

Jayakurriar and Gadag (1999) developed a first order autoregrcssivc random coef- 

ficient model with structure 

X,,, = IJ,LX,L-l +c,,,n = 1,2,3 ,... 

whcrc {E,, n 2 1) and {U,, 2 I )  arc two indcpendcnt sequences of indcpcndcntly and 

idcntically distributed random vcctors and [I,, has distribution function F ( I I )  = I I ~ " ,  

0 < a < 1 ,  v > o ,  0 < u < 1 .  

I11 thc followirlg theorcm wc dcvclop a first order autoregrcssivc proccss with this 

structure and having BDL (cl, cz, cr, a,  8 .  v + 1) marginals. 



Theorem 5.6. Consider a first order. autoreyressive process { (X , ,  K,), 11 > 1 )  with 

structure 

( X n ,  Yn) = (TnXn-i  + t,, TnYn-1 + q,). f o r  n = 1 ,2 ,3 ,  ... (5.1 1) 

Let {T,, n > 1 )  be a sequence of independent random variables distributed according 

to F ( t )  = t"", 0 < a 5 1, v > 0 ,  0 < t < l  and (E, ,  q,,): n > 1 denote the sequence 

of innovations which are independent of T,, n 2 1. T h e n  (X,,  Y,), n > 1 define a 

first order stationary autoregressive process with marginals BDL(cl, c2, a ,  a ,  1, + 1)  

distribution i f  and only if ((., ,  , ,(I,,,), n > 1 are distributed as  BDML(cl, (:2 ,  N, I Y ,  1). 

Proof is analogous to that of Theorcm 3.7. 
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Chapter 6 

Bivariate Tailed Distributions 

6.1 Introduction 

In real life we cncountcr a number of situations where the multivariatc forms of 

tailcd distributions arc applied for their modeling. For cxamplc, considcr the study 

of reliability of a two component system. Let the random varia.blcs X and Y rcprc- 

scnt lifetimes of the componcnts. Suppose that the system will fail because of the 

illstantancous failure of the componcnts. In this situation, we can apply the bivariatc 

tailcd distributions to study probability behavior of the random vcctor (X, Y).  Tail 

of' the non negative random vcctor (X, Y) includes the positive part of the sa.mplc 

space excluding the point (X = 0. Y = 0). Therefore in bivariatc tailcd distributions, 

we express the probability distribution of (X. Y)  as mixture of a probability '0' at 



( X  = 0, Y = 0) and the rema.ining part with probability '1 -a'.  In Section 2, we intro- 

duce the tailed form of BML(pl, /l2, a l .  a2, 6) distribution and develop autoregressive 

process with bivariate ta.iled Mitt,ag-Leffler ma.rginals. A discret,e analogue of bivari- 

ate tailed Mittag-Leffler distribution is studied in Section 3 and the corresponding 

autoregressive model is developed. 

6.2 Bivariate Tailed Mittag- Leffler Distribution 

We define now tlie tailed forrri of BML(pl, p2, al, a2,O) distribution given in (2.1). 

Definition 6.1. A non ncgativc random vector (X,  Y) is said to follow bivariate 

tailed Mittag-Leffler distributiori if' its Laplace trarisforrri is 

O < a < l ;  p l , p 2 > 0 ;  O < ~ ~ , a 2 2 1 ;  O < 6 < 1 .  

It is denoted by BTML(a, p1, pp. 01,  a2,O). 

A non negative random vector (X,  Y) following BTML(a, p l , / ~ p ,  a1, ap,6) distri- 

bution has a probability ' a '  at  ( X  = 0, Y = 0) and for ( X  > 0, Y > 0) it admits 

( l  -a) times the bivariate Mittag-Leffler distribution with Laplace transform in (2.1). 

That is, the following expression leads to (6.1) 



Whcn g = 0 ,  we get (2.1).  

The Laplace transform of B T M L ( o ,  p l ,  p2, a l ,  a2, 1 )  distribution is 

In the following theorem wc develop autoregressive models with marginals have 

B T M L ( o ,  p1, p 2  a l ,  a2, l )  distribution. 

Theorem 6.1. Consider a bivariate first order autoregressi~)e process 

where { ( ) n  2 l is  a sequence of independently and identically dis- 

t ~ lbu t ed  random vectors. Suppose that {(U,, V,): n 2 1 )  and {(R,. S,), n 2 l} 

are two independent sequences distributed as B T M L ( a ,  p l ,  p2,01, a2, l )  and 

l 0 1  

B T M L ( ~ ' ,  p;, p;, al ,  n2,l) respectively such that o = -, p1 = plb and p; = 1126 
b 

where b  = a ( p  + ( 1  - p ) o ) .  Then  the process is  stationary with rnarginals fbllow 

B T M L  ( U ,  p l ,  p2, a l:  a2, l )  distribution if and only i f  

Proof. Suppose that (X, ,  Y,), n 2 1 have B T M L  (a, p l ,  p2, a l ,  cr2,l)  distribution. 

The Laplacc transform of thc model in (6 .3)  is 

~"x . ,Y . (~I .  X 2 )  = p@r, ,~ , (X~,  Az)  + ( ~ - P ) B x , - ~ , Y ~ ~  (u&Xl i  a ' ~ ~ ) + r . , ~ . ( ~ 1 ~  A2). (6.5) 



If the process is stationary, 

Substituting $ X , y  (X1 : X2)? WC get 

Simplifying, we get 

whcrc b = a ( p  + (1 - p)rr). 

Now, finding the Laplace transform of (6.4) 

1 0 1  

Substituting a  = -, p1 = plb and p; = p2b in $R,,.Y, ( X I ,  X z ) ,  WC get 
b 

Thus we can see that  Laplace transform of ( I / , ,  I/;,) + (R,&, S,,) coincides with (6.6). 

Conversely we can show that the process is stationary with marginals BTML 

(0,  pl ,  p2, al. a2, l )  when (E,, 711,) satisfies (6.4). Suppose that (XO, Yo) is distributed 

as BTML (a ,  p1, p2.01, NZ,  1). 

Put  71 = l in (6.5) 



Substituting the Laplacc transform of (Xo, Yo) and (c1, vl) and simplifying, WC get 

Hence by mathcrnatical induction, WC get the process is stationary with marginals 

follow BTML (a,  p1, p2. a l ,  a2 ,1 )  distribution. 

As a remark of Theorem 6.1, we can obtain bivariate first order autoregressive 

process with marginals havc tailcd form of Moran's bivariate exponcntial distribution 

given in (1.17). 

We obtain the tailed for111 of Moran's bivariatc exponential distribution by putting 

al = a 2  = 1 in (6.1). Thcrcforc, Laplacc transform of Moran's bivariatc tailcd 

exponential distribution is 

WC denote thc distribution with the abovc Laplace transform as MBTE (a. p1, p2, Q). 

When t )  = 1, we have 

In the following remark, we develop a bivariate first order autoregressive process with 

MBTE (a, p l ,  pq, 1) marginals. 

Remark 6.1. Lct {(c,,, .J/,,), 71 2 1) be a scqucncc of indepcndcntly and idcntically 

distributcd random vcctors such that 



whcrc {(U,, , V,), n 1 1 )  and {(R, ,  , S,,), n > 1 )  arc two indcpcndcnt sequcnccs of indc~ 

pendently and identically distributed random vectors. Consider a first autoregressive 

proccss with structurc: 

d (xo, yo) = B T (  p ,  p l )  and for n; 1 , 2 , 3 ,  ... 

with probability p 
(6.8) 

( (aX,-,  + c,, a y n p l  + Q,) with probability 1 - p 

Thcn thc proccss in (6.8) is stationary with marginals follow MBTE ( U ,  p1. p 2 , l )  

distribution if and only if (c,, &). n 2 1 satisfies (6.7) such that (U,, V,) and (R,. S,) 

arc distributcd as MBTE ( ( 1 ,  / l l ,  / l z2 ,  1 )  and MBTE (n ' ,  / L ; ,  / L ; ,  1 )  rcspcctivcly whcrc 

, U ,  
a = -, p1 = p l b  a n d p i = p 2 b a n d  b = a ( p + ( l - p ) a ) .  

h 

Proof of the Rcmark 6.1 is omitted as it is obvious from the proof of Thcorem 6.1. 

A generalization of BTML ( a ,  p l ,  p2,  cr l ,  az ,  1 )  distribution could bc obtaincd by 

considering the tailed form of bivariate semi Mittag-Leffler distribution defined in 

(2.38). For this, wc introducc a scalc paramctcr ' S ' (> 0) in BSML ( 0 1 ,  a z , p )  and 

therefore (2.38) bccomcs 

wherc < ( X 1 ,  X 2 )  is as stated in Definition 2.3. Denoting this bivariate semi Mittag- 

Leffler distribution as BSML (6.01, a2, p ) .  

Now, we define the tailed forin of the distribution with Laplace transform in (6.9). 



Definition 6.2. A non negative random vcctor ( X ,  Y) is said to follow bivariate 

tailed semi Mittag-Leffler distribution if it has Laplace transform 

and WC denote thc respcctivc distribution as BTSML (6, a, al .  a 2 , p ) .  Notc that 

(6 .10)  is obtained by assigning a probability ' a '  at ( X  = 0 ,  Y = 0 )  and for 

( X  > 0, Y > O ) ,  the probability distribution is ( 1  - g )  times the bivariatc semi 

hlittag-Leffler distributiori with Laplace transform in (6.9). That is, (6.10) is obtairied 

from 

In the following theorem we obtain a first order stationary autoregressive process 

with BTSML (6 ,  a, t r l ,  rr2, p) marginals. 

Theorem 6.2. T h e  bivariate first order tailed semi  Mzttag-LefJEer autoregressive pro- 

cess cun be defined us 

w i t h  probability p 
( X n ,  Yn) = 

( a  X + a + ) w i t h  probability 1 - p,  

O I a < l  , 0 5 p 1 1 ,  

where { ( c n ,  Gn) ,  n 2 l} i s  a seq2Lence of independently and identically distributed 

random vectors. T h e n  the process is  stationary with B T S M L  (6 ,  P, a l ,  a2, p )  marginals 

Lf and only zf (c, ,  $,), n 2 1 satisfies 



.where {(U,,, V,,), n 2 1) and {(R,,, Sri), n 1 l )  are two independent sequences of inde- 

pendent and identical random vectors following B T S M L  (6, a ,  crl, a2, p) and B T S M L  

, a  
(6 ' ,  a ' ,  a1 ,132 ,  p) distributions respectively, 6' = 66, a = - and b = a ( p  + ( 1  - p ) a )  , 

b 

provided ( X o ,  Yo) is distributed as B T S M L  (6, a, o l , o 2 ,  p). 

Proof of the Theorem 6.3 can obtained by following the arguments used in Theo- 

rem 6.1. 

The following theorem gives a characterization of BTSML (6,  g, 0 1 ,  a:!, p).  

Theorem 6.3. Consider a first order az~toregressive process 

for n=1,2,3 ,..., 0 5 g < 1. 

When  the process is  stationary, the innovations {(c,,, $,, n 2 1 ) )  is  a sequence 

of independently and identically distributed random vectors according to B T S M L  

( S ,  a ,  a l .  a2, p) i f  and only i f  { ( X , ,  Y,). n 2 l )  are distributed as BSML(6,  all a2. a ) .  

Proof. The Laplacc transform of (6.11) is 

When the process is stationary 

Suppose that (E, ;  +,), n 2 l  follow BTSML ( a ,  S, a l ,  a2, p) distribution. 



Thcrcforc, 

1 + 6at(X1, X21 
@(."(h11 X2) = 1 + @(Xl, X2) 

Substituting &,(Al, h2) in (6.12) and using the fact that any bivariatc Laplace trans- 

1 
form, @(X1, X2) can be expressed as we get 

1 + JE(X1, X2)' 

Thcrcforc, 

1 
d ~ , ~ - ( ~ l ,  '2) = + 6<(X1, X2) ' 

Hence {(X,, Y,), n 2 1) arc distributcd as BSML(6, al, an, a). 

To prove the converse, substituting the Laplace transform of (X,, Y,), n 2 1 in 

(6.12) and solving, WC get 

Thus (E,, $,), n > 1 are distributed according to BTSML (6, a, a l ,  a 2 ,  p). 0 

6.3 Bivariate Tailed Discrete Mittag-Leffler Distribu- 

tion 

WC consider a non negative integer random vector (X, Y) such that it assumes a 

probability 'c' whcn (X = 0,  Y = 0) and for other pairs of valucs it admits '1 - G' 

t'imos tho bivariatc discreto Mittag-Leffler dist,rib~it,ion stated in (4.2). In tho following 



defiriitiori we obtain the tailed for111 of the bivariate discrete Mittag-Leffler distribution 

that introduced in (4.2). 

Definition 6.3. A non negative integer valued random vector (X, Y )  is said to follow 

bivariate tailed discrete Mittag-Leffler distribution if its p.g.f. is 

It is denoted by BTDML (0, cl, c2, al, a2,  Q). As stated earlier, we can obtain 

(6.13) from 

1 
P ( s l .  s2 )  = 0+(1-g) 

1 + cl ( l  - sl)"l + c2(1 - s2)a2 + (1 - Q)c1c2(1 - ~ 1 ) ~ ~ ' ( 1  - ~2)()2 ' 

When 6 = 1, (6.13) becomes 

Now, in the following theorem wc generate (6.14) as  the distribution of random sum 

of independently and identically distributed random vectors according to bivariate 

Sibuya distribution with p.g.f. in (4.33). We assumc that thc number of summands 

follow the 'zero modified' geometric dist,rihut,ion in (1.21). 

Theorem 6.4. Consider a sequence {(Xi, K ) ,  i 2 l) of independently and identically 

distributed random vectors. Let N be independent of ( X i ,  Y , ) ;  i > l ,  and have the 'zero 
N N 

modified' geometric distribr~tion in (1.21). Let UN = C Xi and V ,  = l';. Then 
i=l  i=l 



l - p  . ( U N ,  V N )  is distributed as BTDML ( a ,  c, c,  u l ,  u2,l) where c = - zf and only i f  
P 

(Xi, K ) ,  i 2 1 follow bivariate Sibuya distribution with p.g.f. i n  (4.33). 

Proof. Suppose that ( X , ,  K ) ,  1: 2 1 are indepcndently and identically distributed ran- 

dom vectors and have p.g.f. Q ( s l ,  s2) .  Then the p.g.f. of ( U N ,  V N )  is 

Putting Q ( s l ,  s2 )  = 1 - ( l  - sl)"' - ( 1  - ~ 2 ) ~ '  in (6.15), we gct 

- p .  Hcnce WC gct ( U N ,  V N )  is distributed as BTDML (a, c,  c, a1 , az, l ) .  wherc c = - 
P 

In ordcr to prove thc convcrsc, substituting P ( s l ,  s 2 )  in (6.15), we have 

Solving, we get 



111 the following tlleorerri we develop a first order stationary a~t~oregressive process 

in which thc marginals follow BTDML ( U ,  cl, c2, a l ,  an, 1 )  distribution. 

Theorem 6.5. Let a bivariate autoregressive process have the structure 

u1il,h probf1,l)ilil~;y /) 
(X,,,, K,) = (6.16) 

I 

(a.1 @ XnP1  + t,: a G  % Yn-l + 111,) w i t h  probabibity 1 - p 

O < a < l , O < p < l .  

where {(c,, $,l,), n 2 1 )  is a sequence of independently and identically distributed 

random vectors and satisfies 

where {(ILtL, , ,  K,), n 2 1 )  and  IT?,^,, S,,), TL > 1 )  are two independent sequences. Then  

the process is stationary with marginals follow B T D M L  ( U ,  c l ,  c2, a l ,  ap,  1 )  distribution 

zf and only i f  {(U,: V,). n 2 l )  and { (R, ,  S,), n 2 1 )  are distributed according 

to B T D M L  ( a ,  c l ,  c2, al,  a2, l )  and B T D M L  ( U ' ,  c;,  c2, al, a2, l )  respectively where 

1 0 1  

a = - , c1  = clb, c2 = c2b, b = a ( p  + ( 1  - p)a )  and provided 
b 

Proof. The p.g.f. of (6.16) is 

pxn,yn ( ~ 1 .  ~ 2 )  

- 
= pPcn.q,n ( ~ 1 ,  r2) + ( l  - p)Px  ,,-, ,v ,,-, ( l  - o k  + a$ a l ,  l - n k  + a.:? a) E,,.,,,,, ( S , ,  S,). 

(6.18) 

Assume that thc proccss (X, ,  Y,, > 1)  is stationary with BTDML ( a ,  c l ,  cz, a l ,  a 2 , l )  

marginals. Then (6.18) bccomcs 



Solving we gct, 

whcrc b = a(p + (1 - p)a).  Now finding the p.g.f. of (6.17) 

1 1 1  

Replacing a , c,, c, as givcn, wc get 

Since {(U,, V,), n 2 l} and {(R,, S,), n 2 1) arc two independent scqucnccs of 

random vectors, we get that p.g.f. of (6.17) coincides with (6.19). 

In order to prove the convcrsc, assume that (c,,. $,,), n 2 1 satisfies (6.17). Put 

n = 1 in (6.18), wcgct 

Substituting thc p.g.f. of (Xo, Yo) and (cl, ql) and simplifying, wc gct 

By induction, we get the proccss is stationary with marginals havc BTDML 

( U ,  cl, c,, NI, 02, 1) distribution. 
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Chapter 7 

Summary and Conclusion 

In the present work, we have introduced bivariate illlittag-Leffler (BML 

(p1 , p2,(rl, a2, B)) distribution, its generalizations, discretc analogues and studicd 

their properties. BML (pl ,  p2, QI ,  ~ 2 , 0 )  distribution givcs a gcncralization to thc well 

known Moran's bivariatc cxponcntial distribution. Distributional properties of BML 

(pl ,  p2, (r1, a 2 , l )  likc, distribution function, dcnsity function, product moments, ctc 

arc obtaincd. The distribution is charactcrizcd using a random summation in which 

the numbcr of summands havc gcometric or bivariatc geometric distribution. Us- 

ing thcse compoundings, wc havc obtaincd BML (p1, pp, al, a2, 1) as the distribution 

of sum of random vectors in which thc components arc indcpendently distributed as 

Rlittag-Leffler. Estimates of the parameters are obtained using log moments of the dis- 

tribution. First ordcr stationary autorcgrcssivc proccsscs with BML (p1, p2, al, a 2 , l )  

inhrginals are developed. The bivariate Mittag-Leffler forms of different important bi- 

variatc cxponcntial distributions like Marshall-Olkin's bivariate cxponcntial. Hawkcs' 
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bivariatc cxponential and Paulson's bivariate exponcntial arc also introduccd. As 

a gcneralization to thc BML (p1, ,Q, a l ,  a2, 6 )  distribution, bivariate quasi facto- 

rial gamma distribution is introduccd. This distribution is a gcncralization to thc 

Ailoran's bivariatc gamina distribution. Distributional propertics of bivariatc quasi 

factorial gamma distribution arc studied. We havc obtained thc bivariate quasi fac- 

torial gamma as the ncgativc binomial compound of indepcndcntly and idcntically 

distributcd random vectors. Timc scrics modcls with bivariatc quasi factorial gamma 

marginals arc devclopcd. As a gcncralization to bivariatc quasi factorial gamma, 

bivariatc scmi quasi factorial gamma distribution is introduccd and studicd. 

Bivariate discrete Mittag-Leffler distribution and bivariate discrete Linnik distri- 

butions are introduced as the discretc analogucs of BML (p1. p2, al, aa, 6 )  and bivari- 

atc quasi factorial gamma distributions. As a spccial case of thc bivariatc discrctc 

Alittag-Leffler distribution, a bivariate geometric distribution is studied. Characteri- 

zations of bivariate discrete Mittag-Leffler distribution are obtained using the geomet- 

ric compounding. Autoregressive processes with bivariate discrete Mittag-Leffler dis- 

tribution marginals arc dcvclopcd. Using bivariate geometric compounding, discrctc 

analogues of the bivariate Mittag-Leffler distributions that generalize Marshall-Olkin's 

bivariatc cxponential distribution and Hawkcs' bivariatc exponcntial distribution arc 

introduccd. Bivariate discrctc Linnik distribution is introduccd as a gcncralization 

to the bivariate discrete Mittag-Leffler distribution and its properties are obtained. 

As a spccial case of bivariatc discrcte Linnik distribution, bivariatc negative binomial 



distribution is studied. Characterization of bivariatc discrete Linnik distribution is 

obtaincd using the negative binomial compounding. First order stationary autorcgres- 

sivc models with bivariatc discrete Linnik marginals are developed. Bivariate tailed 

Mittag-Leffler distribution and bivariate tailed discrete Mittag-Leffler distribution are 

introduced and the corresponding autoregressive models arc developed. 

Random summation ariscs in many contexts. It is mainly applied in inodeling 

practical problcms that dcal with ccrtain phenomena in which thc respective mathc- 

rnatical models arc sums of random number of independent random variables. Gne- 

dcnko and Korolev (1996) gavc a number of situations where WC usually comc across 

random summation, especially gcomctric summation and describc the modeling of 

such situations with respectivc physical terminology. 

Geometric summation ariscs naturally in many applied problems. Kozubowski 

and Pariorska (IYYYa) established the applications of georrietric summation in firlaricial 

portfolio modcling. Kozubowski and Rachev (1994) used geometric random sums as 

an adequate dcvicc to model the forcign currency exchange rate data. Distribution of 

gcomctric sums appear in qucuing theory and reliability in connection to 'regcnerating 

processes with rare events' (sec Gertsbakh (1984) and Jacobs (1986)). Gnedcnko 

and Korolcv (1996) expressed thc waiting timc of a tclcphonc customer calling at 

an arbitrary timc to talk to thc operator as a compound of geomctric distribution. 

Thc applications of random summation in insurance arc discussed in Rolski ct al. 

(1999). Thc probability distributions, we have introduced and studied in this work 



may bc appropriate in modcling bivariatc data sets which arc closcd under geometric 

summation. 

Evcn though thc constant hazard ratc and memoryless propcrty causcs much 

applications of exponcntial distribution in rcliability studics and rcncwal thcory, it is 

ili<~dcquatc to ~riodcl heavy tailed data. Tlic Mittag-Lcfficr distributiori bciiig heavy 

tailed as compared to exponential distribution is a most suitable fit in such situations. 

Jayakurriar (2003) used Mittag-Leffler distribution to rriodel the rate of flow of water 

in Kallada river, Kerala, India. The semi Mittag-Leffler distribution and semi quasi 

factorial gamma distributions arc useful in modeling data scts that exhibit pcriodic 

movements. Recently much focus is given on developing different time series models 

with non Guassian marginals (scc Balakrishna and Jayakumar (1997) and Block ct al. 

(1988)). The first order stationary autoregressive processes having bivariate Mittag- 

Leffler and bivariate discrete Mittag-Leffler marginals are developed in Pvlundassery 

and Jayakumar (2006, 2007b) 
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