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ABSTRACT

Graph theory has wide-ranging applications across science, engineering, and
real-world systems. It studies abstract structures used to model relationships
among objects. Significant attention has been given to vertex parameters such
as domination, zero forcing number, k-forcing number, and their connected vari-
ants in recent years. This thesis introduces a new concept, described as dom-
forcing set and links it to connectedness, propagation time and k-forcing sets.
Domination and zero forcing are two fundamental and well-studied concepts in
graph theory, each with important applications in areas such as network analysis,
quantum system control, power grid monitoring, and information dissemination.
The notion of a dom-forcing set naturally arises from combining these ideas. It
represents a set of vertices that not only dominate the graph locally but also ini-
tiate a forcing process that eventually influences the entire graph. This synthesis
provides a powerful framework for understanding how control and influence prop-
agate in complex networks. The study develops these concepts by establishing
bounds, determining exact values for specific classes of graphs, and presenting
various characterizations. A dominating set Dy C V(I') in a graph I is called
a dom-forcing set if the subset Dy forms a zero forcing set. The minimum car-

dinality of such a set is defined as the dom-forcing number of I', denoted by

Fy(T).

The thesis is organized into eleven chapters. Chapters 1 and 2 present the



broad context and necessary preliminaries. Chapters 3, 4, and 5 focus on the
dom-forcing number, its behavior under different graph operations, and dom-
forcing propagation time. Connected dom-forcing sets are examined in Chapters
6 and7. Chapters 8 and 9 extend these ideas through generalizations to dom-
k-forcing and connected dom-k-forcing sets. The thesis concludes in Chapter
10, followed by directions for future research in Chapter 11. Overall, this work
contributes to the growing body of research in graph theory by introducing and
systematically analyzing dom-forcing related parameters. The results not only
deepen the theoretical understanding of domination and zero forcing processes
but also open new directions for further investigation, particularly in the study
of dynamic processes on networks. The concepts and techniques developed in
this thesis are expected to have potential applications in areas such as network

control, information propagation, and complex system analysis.

Key Words: Dom-forcing sets; Connected dom-forcing sets; Dom-forcing
propagation time; Connected dom-forcing propagation time; Dom-k-forcing sets;

Connected dom-k-forcing sets.

X



MNo(NaNo

(N9a0 MIIRLIOMO (Graph Theory) af)(M@® CUMPLOUT IN LRSS NIMWEERAS
(@MW @1 H0)0M @B LISMBHOSB alC1H0I0M M@ LRIMI(@UDIEUQIEN).
WMo, age@IMIOloy), AW Al MV0aN2IELEERWE  af)M I3
OUL0alBHDIQ  (AIGWINEERUE OBSMTIMIT YV GREILIWINEI NBNIAHEMo NS
GOUNOTYIEd (USMBOMY (UMY, VA laldh0RIOM, GAUOZIGMaHNE (domination), (MU1EOI
BaNIPMI16B3 M3 (zero forcing number), k -GaNOPMYleB3 MMM (k-forcing number),
@OOUYES BH616eME) (connected) @)al6BBRU3 af)MM IO BN 2SS AlOMEBRUT B0
(LREL BMSIWISIANE.

0D @ lIMI@3 “Gdo- BaNIBMIIEE ©VG @om-forcing set)” a0 3@ 1@
@OUOWo @AM 1aflHNIBH@Y0 @RDIOM HEMEQRMY, O)(aldalBGNaHUM MAWo, k-
GaNo@BMles G)(TU(j (connectedness, propagation time, k-forcing sets) ag)0I1CUQQOQS]
nIMWlaldNH@lo  0al@IM). (N MIIRLIIOMIOR] @RS ITUNIMAlENo
U0l BHD0W]  alClHNNASOMMNIQ  EENBIUOQEBRSBIAN)  GAIAIBMaHNE  (domination),
M1BNO BaNOPMI16BS  (zero forcing) af)(MIO. OAUWHE OXMNQ UBHE @RMILNMII,
aOI@ (U e@oemIgoles, AU MIGEMIHNNRYS, B10emEo Mo HEMESIU3
MSEERIL  GOEIRIGSITd  (UI0alHOI®  (AJGRINMIIRBLIMEH:ESINS. O  (06N3)
@DUOWEBRBYAS MOGWIBMMAIWIAN] GI0- GaNIBME3 OVQ (dom-forcing set) af)tm
@OUOWO  alOSYM@. DM ((N9a01OM (alIGRUTH-MIW] (T HNM@IOMIa]o
(Jocal controf, MPINUME ((Na0IGRIGHN)0 MUIOWIMo (idallaflenim 63@) (al(d Q@Yo
(Propagation)  @Q)@oG1HENOM). @G IMIM3, (VB 1BENAIW  HIMNQ CUBHEBHE3 10D
MuJoWIMo AUL0aNlENMEMEBREMERM) lC1H603 ED0) LOATMDIQ OaldUSIIAT). M
O @3 0D @RYUWEBRHS N0V afla] HAIWIAS 1EMEBRUE AlO1HNIM@ 1MW
DO  aflel  al@lWldud  (bounds)  EHEIEMROMB@Y0  aflel  (alGmid @0
((N0aD)BHEOS HIOIDOQ  MPeIEerRud MM emmM@IM cnlaElss
MUDUIEIEBRUE  OMRONILNH @Yo AUINIW  (MUIBINIRIGHEMEBBUS  (characterizations)
@U@ 1o lHNHDI0 )al@YM). B30) (N0a0 WeRl (Fl@aUBRBINS NEMMIEM V(T).
VM) Q@S 9alN6eMMO® Dy &0) GWIdiemgles eavQlo(dominating set) MUIGNI
GaNI@MUIE3 VQY0 (zero forcing set) xS 1WIEIEMEBSITE @RTEOM GWIo- GaNI@MUl63
OMVQ  (dom-forcing set) af)M QNS1HOM). aBQN0 HINNT @VONEEREIBS OO0
OMNIBHE 162! BRONEERRNS af)INEIDD BUI00-GaNd@NU163 MMU@ (dom-forcing number)
)M AE1HMM). MVIWIEEMOWS]T DI OM Fo(I) ag)M) MY lallH3H@I0 H1alQIM).



0D (NGOUAMEM(AlENIMWO al@16MIM) @OWI0WEERSIW] (0@ 12f1@ 106 m).
B0M)o @60 @OWIOWEBRUE al@lal@eSYOMENo @RS IMUNIM  (T@MU2IMEBBRS)0
DU HHOBSYM). MIMYo MILo @REMIJo @VWIOWEERE T3 BUII0-BaNI@MU63 M@
(dom-forcing number), QIO1WERBIQ (N9l EBIUCOHMIBENTD  CUI00-BaNIBMI 63
MMIAIMY QUM BOQ0, ESIOM BWI0- GaNIBMIE3 §)(aldalGNUM VAo (dom-
forcing propagation time) af)MIUOQHN1240aM. @O0 aRlPlo  @OWIOWEBRUZ
HEMBQW B0~ GaNIBMUNEE VY (connected dom-forcing set) MBNV12406M. af)S)o
B08al@)0 @OWIIQEBRUZ GUI0-k- BaNIB@MIIEE 6)XTVY, dheMEBHQMUS BAWIo- k-BaNd@MIl63
G)(TUQJ (dom-k-forcing  set,  connected  dom-k-forcing  set) )M’ 6)al0OIUO®
QlEBROBHNT1240aM.  @OWIOWo  al@MIT3  alOMOWIMEN  HEEBOTRYHE)0
MnameBalo  @RAM@lalenmm). J@IeMIMMIo  @OUWIOQODIT3 NSO
NEUUEM@T MBS MVORLIMIGHSIo  MIBBRUEBBREB0  MTBLYHY0  6)2lQIOM).
OROOMO0IN@S, dom-forcing  MVONIMLAIW  al@IBINMBHEOS  @OOUDE lafld)H®Io
(HDENIRLAOW]  alClHNHDI0  6al@IOEIMNE O (NEMUaUEMo  ((N0a
MU1RLOOT TVOENIMVAIW )@ @2amommi@az 1)@ ed (651 QOODHDIW)
SEAIS)AMN). BISIEN® domination, zero forcing af)MN] (al(BQEHEYOS MU1ERLINMAIONIWQ
@ROUGENIOWOo UBUW a0, ©NNNIBHE M (MmEeMo, ANNIENILIAIMo, NV IEem
MIlqQueeRud  aMIUQI@3  HYSYO@  alOMEBRUBHE  all@IQ  QVIRLIOBUT
OB 121N,

M) alhnlB6BRU3: B00-BaNIBMIIER OMUY, HEMEQUS G- Band@MUle3 6TV,
GWI0-  BaNOBMIIEE  &aldalCaUMB  (MVA®O;  EEMEHQU)  BIWIo-CaNI@MUIE3
O)l0alBUNAYNE MVAWO; BWIo-k- GaNIBMIIE3 VG, BHEMEQMI BAIo- k-GaNdBMJl6e3

[e)

6)NQ.

(e



Contents

1 INTRODUCTION

2 PRELIMINARIES

2.1

2.2

2.3

Basic Definitions . . . . . . . ..

Graphs Operations . . . . . . . . ... ...

Zero Forcing and Domination . . . . .. ... ... ... .....

3 DOM-FORCING SETS IN GRAPHS

3.1

3.2

3.3

3.4

3.5

Introduction . . . . . . . ..

x1i

11

11

15

18

21



Contents

3.6 Dom-forcing Number of Splitting Graph of a Graph I" . . . . . . 38
DOM-FORCING SETS AND GRAPH OPERATIONS 47
4.1 Introduction . . . . . . . .. ..o 48
4.2 Dom-forcing Number and Graph Operations . . . . . . ... ... 48

4.2.1 Edge Operations . . . . . . ... .. ... ... ... .. 49

4.2.2  Vertex Operations . . . .. ... ... ... ... ..... 54
4.3 Join and Product of Graphs . . . . . . . ... ... 58
DOM-FORCING PROPAGATION TIMES IN GRAPHS 65
5.1 Imtroduction . . . . . . . ..o 65
5.2 Dom-forcing Propagation Time of Graphs . . . .. ... ... .. 66
5.3 Exact Values of Dom-forcing Propagation Time . . . . . .. ... 73
CONNECTED DOM-FORCING SETS IN GRAPHS 91
6.1 Introduction . . . . . . . .. .. 92
6.2 Exact Values of Connected Dom-forcing Number . . . . . . . . .. 93
6.3 Connected Dom-forcing Number of Product of Graphs . . . . . . 99

6.4 Connected Dom-forcing Number of Splitting Graph of a Graph . 107

CONNECTED DOM-FORCING PROPAGATION TIMES IN
GRAPHS 113

xiii



Contents

7.1 Imtroduction . . . . . . . ..o 114
7.2 Connected Dom-forcing Propagation Time of Graphs . . . . . . . 114

7.3 Graphs Where The Connected Dom-forcing Propagation Time

Greater Than One . . . . . .. .. .. ... ... ... ... 120
7.4 Extreme Values of Connected Dom-forcing Propagation Time . . 125
DOM-£-FORCING SETS IN GRAPHS 127
8.1 Imtroduction . . . . . . . . ... 127
8.2 Exact Values of Fyp(I') . . . . . . ..o oo oo 129

8.3 Exact Values of Dom-k-forcing Number of Graphs Where Z (") =

3 132
8.4 Dom-k-forcing Number of Snake Graphs . . . . .. .. ... ... 133
8.5 Graphs Where Fyp(I') =~(I") . . .. .. ... oo ... 139
8.6 Dom-k-forcing Number of the Splitting Graph of a Graph . . . . 144
CONNECTED DOM-i£-FORCING SETS IN GRAPHS 149
9.1 Introduction . . . . . . . . . ... 149
9.2 Bounds for Connected Dom-k-forcing Number . . . . . . . . . .. 150
9.3 Graphs Where Fy(I') = Foge(T) . . . o o 0 0 0 000 o oo 152
9.4 Graphs Where Fy(T') < Fogr(T) . . . . o 0 0000 155

9.5 Connected Dom-k-forcing Number of Splitting Graph of a Graph 163

Xiv



CONTENTS XV

10 CONCLUSION 165

10.1 Summary of the Thesis . . . . . .. .. .. ... .. ... .... 165

11 RECOMMENDATIONS 169



Chapter

INTRODUCTION

In mathematics, a graph is an abstract representation of a set of objects. Graph
Theory is an important branch of Discrete Mathematics, which is a key tool to
model network systems involved in major domains of real life. Graph Theory ex-
tends its countless applications to various walks of science like Network Theory,
Operational Research, Chemistry, Quantum Physics, Biology, Economics, Arti-
ficial Intelligence, Sociology and so on. It marks its origin in 1735 with Leonard
Euler’s solution [1] to the famous Konigsberg bridge problem. Now it has been
evolved as a tool to analyse the structure of networks arising from real world
system. This will help to study the impact of the structure on the dynamic
processes taking place in it. Due to graph theory’s diverse applications in almost
all fields of real life, like network analysis, power system and biological system,
research has been flourishing in this area since its inception. The study of areas
in different vertex parameters such as domination, zero forcing number, k-forcing
number, connected k-forcing number and other related problems has significant

importance in the contemporary context. In this thesis, new concepts are in-
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troduced, such as the dom-forcing set !, connected dom-forcing set, dom-forcing
propagation time, connected dom-forcing propagation time, dom-k-forcing set,
and connected dom-k-forcing set.The study further explores these concepts by
deriving bounds, computing exact values, and presenting various characteriza-

tions.

A graph I' = (V, E) consists of a finite set of vertices V(I') and a set of edges
E(T") joining pairs of vertices. The study of control processes on graphs—where
the state of vertices changes according to specific rules—has given rise to impor-
tant concepts such as domination, propagation, and zero forcing. Among these,
zero forcing sets and dominating sets have individually played a significant role
in understanding control and influence mechanisms within networks. The in-
terplay between these two notions has led to the concept of dom-forcing sets, a

parameter that unifies ideas of control and coverage in graphs.

Zero forcing is a step by step coloring process where at every discrete time
step, a black colored vertex with a single white colored neighbor forces that white
colored neighbor to become colored black. A zero forcing set of a simple graph
I' is a set of initially colored black vertices which forces the entire graph I' to
become colored black. The zero forcing number is the cardinality of the least (or

minimum) zero forcing set.

The zero forcing number of a graph I', denoted by Z(I'), was found by the

AIM Minimum Rank Special Graphs Group [2]. They used this graph parameter

LA Dom-forcing set is a portmanteau term coined and used in this thesis to refer to a set
that is both dominating and zero forcing. It combines the concepts of domination and zero
forcing, meaning that the set satisfies the properties of both. Such a set may also be referred

to as a zero forcing dominating set or a dominating zero forcing set.



Z(I") to bound the minimum rank for numerous families of graphs. In 2012,
Minerva Catral et al. studied the relationship between the maximum nullity, the
zero forcing number and the path cover number of a graph I' [3] and obtained
some useful results. They also included the relationship between the zero forcing
number and the maximum nullity of edge subdivision graphs in their discussion.
In 2015, Amos et al.[4] gave an upper bound of the zero forcing number of a
connected graph I' in terms order n and A > 2, where A is the maximum degree
of the graph I'. In 2016, Michael Gentner et al. verified this conjecture and
proved that the result is true only for the graphs C,, , K,, and K a [5]. A lower
bound for triangle free graphs were also provided by them. More useful studies
regarding the zero forcing number were also carried out by Darren D. Row in the
paper “A technique for computing the zero forcing number of a graph with a cut-
vertex” [6]. In this paper, a technique for computing the zero forcing number
of graph with a cut-vertex was established. Darren D. Row also focused his

attention in finding graphs having very low or very high zero forcing numbers.

The k-forcing number is a generalization of the zero forcing number. A subset
Z;, of vertices in a graph is called a k-forcing set if its vertices are initially assigned
a color while the remaining vertices start as uncolored. The graph undergoes a
color propagation process based on the following rule: a colored vertex with at
most k uncolored neighbors forces each of those neighbors to become colored.
This process continues until all the vertices in the graph are colored. The k-
forcing number of a graph, denoted as Z;(I"), represents the smallest possible
size of a k-forcing set. In [4], Amos et al. proposed the definition of k-forcing
set. In [7], the authors present a detailed study on the k-forcing number in the

context of splitting graphs. Yair Caro et al. in [8] proved a conjuncture post by
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Amos et al.in [4].

It is challenging to study Z(I") of a graph I', without knowing much about
the structure of a forcing set. This fact had actually motivated the study of the
connected zero forcing number of a graph I', denoted by Z.(I") and the connected
k-forcing number of I, denoted by Z.(I"). In 2016, Boris Brimkov and Randy
Davila [9] imposed a condition on the zero forcing set that the initially colored
set of black vertices should form a connected induced subgraph. This restriction
on the zero forcing set had led to the introduction of the concept of connected

zero forcing set and thus the connected zero forcing number Z.(I').

A connected k-forcing set of a graph I', is a k-forcing set of I' that induces
a sub graph of I which is connected. The minimum size of connected k-forcing
set is called connected k-forcing number. Connected k-forcing number Z.(I") of
several families of graphs including trees, flower snarks, and hyper cubes were
studied and analysed. Further studies were carried out and in 2016, Randy
Davila, Michael A. Henning, Colton Magnant, and Ryan Pepper [10] provided a
sharp lower and upper bounds on the connected forcing number of a graph. In
[11], the authors present a detailed study on the connected k-forcing number in

the context of splitting graphs.

A set D C V of vertices in a graph I' = (V| E) is called a dominating set
if every vertex v € V(I') is either an element of D or is adjacent to an element
of D. The rigorous study of the dominating sets in Graph theory began around
1960. According to Hedetneimi and Laskar (1990) [12], the domination problems
were studied from the 1950’s onwards, but the rate of research on domination

significantly increased in the mid 1970’s. In 1958, Berge[13] defined the concept



of the domination number of a graph, called as “coefficient of external stability”.
In 1962, Ore [14] used the name “dominating set” and “domination number” for
the same concept. In 1977, Cockayane and Hedetneimi [15] made an interesting
and extensive survey of the results known at the time about dominating sets in
graphs [16, 17]. They have used the notation v(I") for the domination number
of a graph, which has become very popular since then [18]. The survey paper of
Cockayane and Hedetniemi [15] has generated a lot of interests in the study of
dominating sets in graphs. Recent books on dominating set have stimulated a
sufficient inspiration leading to the expansive growth of this field to study. It has
also put some order into this huge collection of research papers, and organized
the study of dominating sets in graphs into meaningful subareas, placing the

study of dominating sets in even broader mathematical and algorithmic contexts

[19, 16, 20].

This thesis, combine domination, a graph-theoretic parameter, and other
graph-theoretic parameters such as zero forcing, connected zero forcing, k-forcing,
connected k-forcing, and propagation time. While extensive research has been
conducted on each parameter separately, their combined study is a novel ap-
proach. The hybrid concept of dom-forcing sets in graphs is introduced here.
For a graph I', a set Dy C V of vertices is called a dom-forcing set if Dy must
form a dominating set as well as a zero forcing set. The minimum cardinality
of such a set is called the dom-forcing number of the graph I' and is denoted by
Fy(T"). Tt also introduce dom-forcing propagation time, connected dom-forcing
set, connected dom-forcing propagation time, dom-k-forcing set, and connected

dom-k-forcing set.
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The study of dom-forcing sets in graphs is motivated by the need to unify
and generalize two fundamental concepts in graph theory: domination and zero
forcing. Both concepts serve as effective tools for modeling control and influence
in networks, but they capture different aspects of these processes. Domination
focuses on local or immediate control, requiring every vertex to be either selected
or adjacent to a selected vertex. In contrast, zero forcing models a dynamic
spread of influence, where control propagates through the network according to
prescribed rules. By combining these two perspectives, dom-forcing sets provide
a richer framework that simultaneously captures both the static placement of

control and its dynamic propagation across the network.

This combination is particularly motivated by real-world applications where
influence must be initiated and sustained throughout a system. For example, in
power systems, starting sensors (domination) have to blanket the grid as well as
facilitate cascading monitoring (forcing). In social networks, it may be the case
that only a small group of influential actors need to directly reach their neighbors
as well as start a more general chain effect of influence. Likewise, in biological
systems or distributed computing, a connected and efficient spread of signals or
information is crucial. Dom-forcing sets provide a mathematical model for such

dual demands for instant coverage and sustained propagation.

In addition to the introductory Chapter, the thesis is divided into ten other

Chapters and Chapters into Sections.
Chapter One is the introduction.

Chapter Two provides a brief description of the basic definitions of graph

theory that will be very useful in the upcoming chapters.



In Chapter Three, the problem of determining the dom-forcing number of
graphs is addressed. The chapter is divided into six sections, with the first section
serving as an introduction. In Section 2, certain bounds for the dom-forcing
number are discussed. Section 3 is devoted to determining the exact values of the
dom-forcing number for several well-known graphs. In Section 4, the dom-forcing
number is obtained for graphs satisfying Fy(I') = Z(I"). Section 5 deals with
graphs for which Fy(I') = v(I'). Finally, Section 6 presents several inequalities

involving the dom-forcing number of splitting graphs of certain classes of graphs.

In Chapter Four, the effect of various graph operations on the dom-forcing
number, an important parameter related to domination in graphs, is examined.
The operations considered include vertex deletion, edge deletion, vertex addi-
tion, as well as the sum and product of graphs, each of which alters the structure
and properties of a graph. The chapter is divided into three sections. In Sec-
tion 2, upper and lower bounds for the dom-forcing number in the context of
edge operations are established. It is analyzed how the deletion or contraction
of an edge in a graph I' influences its dom-forcing number. Further, vertex op-
erations are investigated by considering the impact of vertex deletion and the
vertex sum of graphs on this parameter. In Section 3, the dom-forcing number
is determined for various graph products, including corona products and rooted
products. Relevant examples and theoretical results are presented, illustrating

how these graph operations lead to variations in the dom-forcing number.

Chapter Five introduces a new parameter in graph theory called dom-
forcing propagation time. Section 2 establishes the upper and the lower bounds

for minimum and maximum dom-forcing propagation time in terms of dom-
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forcing number. Section 3 explores the maximum and minimum dom-forcing
propagation time for several renowned graphs. Also characterize graph with

extreme dom-forcing propagation time.

In Chapter Six, a new graph theoretic parameter, namely the connected
dom-forcing set, is introduced. Following the introductory section, Section 2
is devoted to establishing upper and lower bounds for this parameter in terms
of the connected zero forcing number and the connected domination number.
In Section 3, the connected dom-forcing number is studied for various classes of
product graphs, including the corona product, generalized corona product, rooted
product, and Cartesian product of graphs. Section 4 focuses on the investigation
of the connected dom-forcing number of the splitting graph of a given graph. In
particular, the connected dom-forcing number is determined for specific graphs

such as S(P,), S(C,,), S(K1,), and S(L,).

It is stated in Chapter Seven that a new parameter in graph theory, namely
the connected dom-forcing propagation time, is introduced. In Section 2, upper
and lower bounds for the minimum connected dom-forcing propagation time are
established in terms of the dom-forcing number. Section 3 explores the minimum
connected dom-forcing propagation time for several well-known graphs, while
Section 4 provides a characterization of graphs with extreme connected dom-

forcing propagation time.

It is described in Chapter Eight that it serves as a generalization of Chap-
ter Three. Throughout the chapter, the problem of determining the dom-k-
forcing number of graphs is addressed. The chapter is organized into six sections.

In Section 2, bounds for the dom-k-forcing number are established and graphs



with extreme dom-k-forcing number are characterized. Section 3 determines the
dom-k-forcing number for graphs satisfying Fy(I') = ZEk(I"). In Section 4, exact
values of the dom-k-forcing number are obtained for several snake graphs. Sec-
tion 5 examines graphs for which F'dk(I') = v(I"). Finally, Section 6 establishes
several inequalities involving the dom-k-forcing number of splitting graphs of

certain classes of graphs.

It is explained in Chapter Nine that it is a generalization of Chapter
Six. In this chapter, the connected dom-k-forcing number of graphs is studied.
Section 2 establishes upper and lower bounds for this parameter in terms of the
connected k-forcing number and the connected domination number. Section 3
investigates graphs for which Fy(I") = Foq(I"), while Section 4 focuses on graphs
where Fyu(I') < Fog (). In Section 5, the connected dom-k-forcing number of
the splitting graph of a given graph is examined, with particular attention to

graphs such as S(F,), S(C,), and S(Ly,).

Chapter Ten concludes the thesis and further recommendations discussed

in Chapter Eleven .






Chapter 2

PRELIMINARIES

This chapter provides a brief account of the preliminary definitions from graph
theory which are very useful for the upcoming chapters. For the notations and

terminologies not defined directly in the thesis, it may refer to [21] and [22].

2.1 Basic Definitions

Definition 2.1.1. [21] A graph I' is an ordered triple I' = (V/(I'"), E(I'), ¢(I"))
consisting of a non-empty set V(I') of vertices, a set E(I") of edges and an inci-
dence function ¥ (I") which associates with each element of E(I'), an unordered

pair of vertices (not necessarily distinct) of I'.

Definition 2.1.2. [21] Two vertices are said to be adjacent, if there is an edge
between them. Otherwise, they are non-adjacent. If a vertex u is adjacent to
a vertex v in a graph I', denote it as u ~ v. If two edges are incident with a

common vertex, then they are adjacent. Otherwise, non-adjacent.

11
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Definition 2.1.3. [21] An edge with identical end points is called a loop. Edges

joining the same pair of vertices are called multiple edges.

Definition 2.1.4. [21] A graph I is finite if both the vertex set V(I') and the

edge set E(I") are finite. Otherwise, the graph I' is said to be infinite.

Definition 2.1.5. [21] The number of vertices in a graph I' is known as the

order of the graph and it is denoted by |T'|.

Definition 2.1.6. [21] A graph which has no loops and multiple edges is called

a simple graph. A graph is trivial if it has only one point.

Definition 2.1.7. [21] Two graphs I' and H are said to be isomorphic if there
exists bijections 0 : V(I') — V(H) and ¢ : E(I') — E(H) such that ¢r(e) = uv

if and only if ¥y (¢(e)) = 0(uw)f(v). If I and H are isomorphic, write it as I' & H.

Definition 2.1.8. [21] A graph T' is complete if every pair of distinct vertices

are adjacent. A complete graph on n vertices is denoted by K.

Definition 2.1.9. [21] An empty graph (null graph) is a graph which has no

edges.

Definition 2.1.10. [21] A graph I' is called bipartite if the vertex set V(I') can
be partitioned into two subsets X and Y such that each edge of I' has one end

in X and the other end in Y. (X,Y) is called a partition of I'.

Definition 2.1.11. [21] A graph I is said to be complete bipartite if I" is simple,
bipartite with bipartition (X,Y’) and each vertex of X is joined to every vertex

of Y. If | X |=m,| Y |=n, then I is denoted by K, .
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Definition 2.1.12. [21] The complement of a simple graph T, denoted by T, is
a simple graph with vertex set V(I') and such that two vertices are adjacent in

T if and only if they are non-adjacent in T

Definition 2.1.13. [21] A graph H is a subgraph of I', if V(H) C V(I'), E(H) C
E(T') and vy is the restriction of ¢r to E(H).

If H is a subgraph of I', then it is denoted by H C I'. T" is the super graph of H.
If H is a subgraph of I" and H # T', then H is a proper subgraph of I' (H C I').
H is a spanning subgraph of I' if H is a subgraph and V(H) = V(I).

Let T be a graph. By deleting all loops and for every pair of adjacent vertices
all, except one link joining them, obtain a simple spanning subgraph of I' called

the underlying simple graph of T'.

Definition 2.1.14. [21] Let V! be a non-empty subset of the vertex set V of T..
The subgraph of I whose vertex set is V1 and whose edge set is the set of those
edges of T" that have both ends in V! is called the subgraph of I" induced by V!

and is denoted by T'[V!]. The graph I'[V'!] is the induced subgraph of T'.

Definition 2.1.15. [21] If u € V(I"), the open neighborhood of w; denoted by

Nr(u) is the set of vertices adjacent to u in I

Definition 2.1.16. [21] Let ' be a graph and v be it’s vertex. Then, the degree
of v is the number of edges of I' incident with v, counting each loop as two
edges. The degree of v is denoted as deg(v). For a simple graph, deg(v) is the
cardinality of Np(v). The vertex with zero degree is called an isolated vertex. A
vertex with degree one is called an end vertex or pendant vertex.

O(I") and A(T") are denoted as, the minimum degree and the maximum degree of

vertices in I' respectively.
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Definition 2.1.17. [21] A graph T is k-regular if deg(v) = k for all v € V.. A

regular graph is a graph which is k-regular for some k£ > 0.

Definition 2.1.18. [21] A walk in a graph is a finite, non-null or non-empty
sequence w = Ve V1€V, ..., exUr Whose terms are alternatively vertices and
edges so that for 1 < ¢ < k, the ends of ¢; are v;_; and v;. Then, w is a walk
from vy to v or w is a (vy, vx) walk. v is called the origin and vy is called the
terminus of w. wvy,vs,...,vx_1 are called the internal vertices. The integer k is

called the length of w.
Definition 2.1.19. [21] A walk in which every edge is distinct is called a trail.

Definition 2.1.20. [21] A walk in which every vertex is distinct (hence edges

are distinct) is called a path.

Definition 2.1.21. [21] A cycle is a closed trail whose origin and internal vertices

are different. A cycle of length k is called a k-cycle and it is denoted by CY.
Definition 2.1.22. [21] A graph is called acyclic if it has no cycles.

Definition 2.1.23. [21] Two vertices u and v of T" are said to be connected if

there is a (u,v) path between them.
Definition 2.1.24. [21] A tree is a acyclic graph which is connected.

Definition 2.1.25. [21] The distance between two vertices u and v, denoted by
dr(u,v), is the length of a shortest path connecting them. Clearly dr(u,u) = 0

and dr(u,v) = 0o, if there is no path connecting v and v.

Definition 2.1.26. [21] Diameter of a graph I' is the maximum distance between

the vertices of I'. That is, diam(T") = Max{d(x,y): = and y are vertices of I'}.
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Definition 2.1.27. [21] In a connected graph I', the transmission degree of a

vertex v is defined as Tr(v) = 3 ey dr(u, v).

Definition 2.1.28. [21] Clique of a graph is a set of mutually adjacent vertices.
The maximum size of a clique of a graph I', called the clique number of I'; is

denoted by w(I').

2.2 Graphs Operations

Definition 2.2.1. [23] Let I'y = (V4; E1) and I'y = (Vs; E3) be two simple graphs.
Then, the graph I' = (V; E); where V =V, UV, and E = F; U Es, is called the
union of graphs I'; and I'y and is denoted by I'y UT,. If ViNV, = 0, then I'y UT,

is usually denoted by I'; + I'y, called the sum of the graphs I'y and T's.

Definition 2.2.2. [23] Let I'y = (Vi; Ey) and I'y = (V3; Ey) be two simple graphs.
Then, the graph I' = (V; E); where V =V, NV, and E = F1 N Es, is called the

intersection of graphs I'y and I'y and is denoted by I'y N T's.

Definition 2.2.3. [24] If K is a subgraph of I' with V(K) = V(I') and E(K) =
E()\{e} (where e € E(I')), then, K is obtained from I' by removing an edge e

and write K =1 — e.

Definition 2.2.4. [24] Consider an edge e that connects two vertices z and y in
the graph T'. Edge contraction I'/e has two steps. First, the edge e is removed
from the graph so x and y are no longer connected. Second, x and y are merged
into one vertex. This simplifies the graph by reducing the number of vertices

and edges.
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Definition 2.2.5. [24] Given a graph I'(V, E), and edge subdivision involves
selecting an edge e = wv in F and introduce a new vertex w currently not in
V', then replace the edge wv in I" with two new edges uw and wv. The resulting

graph is called a subdivision of T'.

Definition 2.2.6. [24] When a vertex u is removed from a graph I', along with
all edges incident to u, the resulting graph is denoted as I' — u.

Definition 2.2.7. [23] Let I' = (V(I'), E(I')) and K = (V(K), E(K)) be two
graphs. The join of two graphs is defined as their union, augmented by all

possible edges hk, where h € V(I') and k € V(K). This operation is represented

by I'V K.

Definition 2.2.8. [23] The corona of I with K, represented as I'o K, is a graph
constructed by taking one copy of I and |V (I")| copies of K. The resulting graph
is an order |V (I)||V(K)|+|V(T)|. Each vertex in the i* copy of K is connected

to the i-th vertex of T'.

Figure 2.1 illustrates this construction for Cy o P;.

N e
N N
O O

_/ S

Figure 2.1: Cyo Ps.
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Definition 2.2.9. [25] Let I' be a graph with |I'| = n, where V(I') denote
the vertex set of I', and let Hy,---, H, be the graphs. Define the graph I' <

H,,---, H, > as the graph obtained by joining all the vertices of the graph H; to

the i-th vertex of I', where ¢ = 1,--- ,n. Note that |H;| can be zero, in which case
no extra vertices will be joined to the vertex i. The graph I' < Hy,--- , H, > is
called a generalized corona of I' with Hy,--- | H, .

Definition 2.2.10. [25] Let I" and K be two graphs of order n; and ns respec-
tively. For any integer j > 2, define the graph I" o/ K recursively from I' o K as
o K= (To ' K)o K. It is also noted that |I' o/~! K| = ny(ny + 1)~ and

Dol K| = [T o/~ K| + nina(ng + 1)1 .

See Figure 2.2 for an illustration of Ps o K.

Figure 2.2: P;0? K.

Definition 2.2.11. [26] Let I" be a connected graph with vertices vy, vq, -+ , vy,
and let K be a sequence of n rooted graphs Hy, Hs, - -- , H,. The rooted product

of I" and K is defined as the graph obtained by identifying the root of H;,1 <
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i < n, with the ith vertex of I' for all <. This graph is denoted by I'(K') and is

known as the rooted product of I by K.

Definition 2.2.12. [23] The cartesian product of two graphs I' and H, denoted
by 'C0H, is the graph with vertex set V(I') x V/(H) such that (u,v) is adjacent
to (u/,v") if and only if

(1) u =" and vv’' € E(H), or

(2) v ="20" and v’ € E(T).

2.3 Zero Forcing and Domination

Definition 2.3.1. [2] Zero forcing is a step-by-step coloring process in which, at
each discrete time step, a black-colored vertex u with exactly one white-colored
neighbor v forces that neighbor to become black. When this rule is applied, it is
said that u forces v, denoted by u — v. It is further defined that a zero forcing
set of a simple graph I' is a set of vertices initially colored black that eventually
forces the entire graph I' to become black. The zero forcing number of I' is

defined as the minimum cardinality of a zero forcing set and is denoted by Z(T).

Definition 2.3.2. [27] A connected zero forcing set ( or CZFS for brevity) of
a graph I, is a zero forcing set of I' that induces a sub graph of I' which is
connected. The connected zero forcing number of I'; Z.(I"), is the minimum size
of connected zero forcing sets. Any connected zero forcing set of order Z.(I') is

called a minimum connected zero forcing set.

Definition 2.3.3. [4] A subset Z of vertices in a graph I is called a k-forcing

set if its vertices are initially assigned a color while the remaining vertices start
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as uncolored. The graph undergoes a color propagation process based on the
following rule: a colored vertex with at most k uncolored neighbors forces each
of those neighbors to become colored. This process continues until all the vertices
in the graph are colored. The k-forcing number of a graph, denoted as Z(T),

represents the smallest possible size of a k-forcing set.

Definition 2.3.4. [11] A connected k-forcing set of a graph T, is a k-forcing set
of I' that induces a sub graph of I" which is connected. The connected k-forcing
number of I', Z(T"), is the minimum size of connected k-forcing sets. Any
connected k- forcing set of order Z.(T") is called a minimum connected k-forcing

set.

Definition 2.3.5. [13] Let T" be a graph. A dominating set is a subset S of
the graph’s vertex set such that every vertex not in S is adjacent to at least
one vertex in S. The domination number of a graph I', denoted by ~(I'), is the

minimum number of vertices in a dominating set.

Definition 2.3.6. [28] If a sub graph formed by the vertices of a dominating
set in a graph I' is connected then the set is called a connected dominating set.
A minimum connected dominating set of a graph I' is a connected dominating
set with the smallest possible cardinality among all connected dominating sets
of I'. The connected domination number of I' is the number of vertices in the

minimum connected dominating set, and is denoted by 7.(T").

This chapter discuss at-length all the pre-requisites for the study. The next

chapter will focus on the concept of dom-forcing sets in graphs.






Chapter

DOM-FORCING SETS IN GRAPHS

This chapter! addresses the problem of determining the dom-forcing number of
graphs. In Section 2, it establishes bounds for the dom-forcing number of graphs.
Section 3 presents the exact values of the dom-forcing number for several well-
known graphs. In Section 4, it determines the dom-forcing number for graphs
satisfying Fy(I") = Z(I"). Section 5 examines graphs for which F;(I") = v(I"). In
Section 6, it provides several inequalities involving the dom-forcing number of

splitting graphs of certain graphs.

3.1 Introduction

This section combines two graph theoretic parameters namely, zero forcing and

domination and introduce a new hybrid concept dom-forcing sets of graphs.

Definition 3.1.1. Let I' = (V, E) be a graph. A set Dy CV of vertices is called

!This chapter has been published in Asian Research Journal of Mathematics, Volume 22,

Number 3, March 2026, Pages 88-104.

21
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a dom-forcing set if it satisfies the following two conditions.
i) Dy must form a dominating set.

ii) Dy must form a zero forcing set.

The minimum cardinality of such a set is called the dom-forcing number of
the graph I' and is denoted by Fy(I'). For instance, contemplate the graph Cj

illustrated in Figure 3.1.

Figure 3.1: In this graph Cs, Dy = {uy, ug, us} is a dominating as well as a zero
forcing set and no subset of the vertex set with cardinality less than three has

this property, so Fy(C5) = 3.

3.2 Bounds for Dom-forcing Sets

This section discussed some bounds for the dom-forcing set. The definition makes
it evident that the combination of a zero forcing set and a dominating set con-

stitutes a dom-forcing set. Therefore, the following relationship holds:
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Proposition 3.2.1. For any connected graph I’

i) Z(D) < Fy(T) < Z() + (1)
ii) 1(T) < Fy(T) < Z(T) +5(T)

The following figure illustrates a graph where Z(I') = y(I") = Fy(I") = 2.

Example 3.2.2. The dom-forcing set and the dom-forcing number of the graph

in the Figure 3.2 is Dy = {v1,v2} and Fy(I') = 2.

V4 U3

Figure 3.2: The graph I'(V, E).

Proposition 3.2.3. Let " = (V| E) be a graph and S be its minimum zero forcing
set. Then Fy(T') < Z(T') +~(I" — N[5]).

Proof. Let I' = (V, E) be a graph and S be its minimum zero forcing set. There
exists a dominating set with cardinality (I' — N[S]), say D, of I' — N[S]. Then

S UD is a dom-forcing set of I'. Therefore, Fy(I') < Z(I") +v(I' = N[S]). O

It can be seen that this bound is sharp for Paths, Cycles etc. This is illustrated

in the Figure 3.3.
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Figure 3.3: In the cycle Cig, S = {v1, v2} will be a minimum zero forcing set and
[' — N[S] is a path with vertex set {vy, vs, -+ ,v15}. T = {vs, vs, v11, v14} Will be
a minimum dominating set of I' — N[S], therefore ~(I' — N[S]) = 4. Hence SUT

is a dom-forcing set of Cjg, which is minimum. Hence Fy(Ci6) = 6.

The next section discusses the exact values of the dom-forcing number of
some graphs like, path, cycle, ladder graph, coconut tree graph, and diamond

snake graph.

3.3 Exact Values of The Dom-forcing Number

of Graphs

This section investigates precise values of the dom-forcing number for several

renowned graphs. Start with a path P,.
Theorem 3.3.1. [29, 30| For a path P,, v(P,) = [n/3] and Z(P,) = 1.

Example 3.3.2. Consider the graphs given in Figure 3.4. For Py, Dy = {v,v3}
and Fy = 2. For Py, Dy = {uy,us} and Fy = 2. The result is generalized as

follows.
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Figure 3.4: Dom-forcing set for P; and Pj.

Theorem 3.3.3. For a path P, Fy(P,) = |n/3| + 1.

Proof. Consider a path P,, with V(P,) = {vy,va,- -+ ,v,}. Fori =23,--- n—1
each vertex v; is adjacent to v;_; and v;y1. It can be easily observed that Fy(P;) =
Fy(P,) = 1. For n > 3, consider the following cases and the following subset of
V(P,).

Case 1: Assume n = 0 mod 3, the set S = {vsr42}, where 0 < k < 3 is a
minimum dominating set of P, which is unique upto isomorphism. The set S
cannot zero force the entire graph. Hence Fy(P,) > [n/3] + 1. But the set
D¢ = {vsgy1,v,} where 0 < k < |[n/3] dominates and zero forces the entire
graph P,. Therefore, Fy(P,) = |n/3] +1

Case 2: Assume n =1 mod 3, Dy = {vs41,v,} where 0 < k < [n/3].

Case 3: Assume n =2 mod 3, Dy = {vg41, v—1} where 0 < k < |n/3].

In both cases Dy contains one of the end vertices, and therefore it forces P,. In
addition, it dominates P,,. Therefore, the set D is a dom-forcing set for P,. Any
pendant vertex or two adjacent vertices forces P,, and no set with cardinality
less than |Dy| have this property, since |D¢| = v(P,).

Therefore, in all cases, Fy(P,) = |n/3] + 1. O
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The following observations are noted in [10].

Observation 3.3.4. [10] For any connected graph I' = (V; E), Z(I') = 1 if and

only if I' = P,.

Using the above observation, a graph with dom-forcing number one can be

characterize as follows.

Theorem 3.3.5. For any graph T', Fy(I') = 1 if and only if T' = P, or P;.

Proof. For I' = Py or P,, by the Theorem 3.3.3, F;(I") = 1. Conversely, suppose
that Fy(I') = 1. Then Z(I') = 4(I') = 1. But by Observation 3.3.4, Z(I') = 1

implies that I" is a path, also from the Theorem 3.3.3, I' = P, or P;. [

Now let us examine the dom-forcing number of cycle graph C),.

Theorem 3.3.6. [29, 30] For a cycle C,, of order n > 3, Z(C,,) = 2 and

Y(Cn) = [n/3].
Theorem 3.3.7. For cycle C,,, n > 3

FA(C,) = In/3]+1 if n=0,1 mod3
In/3]+2 if n=2 mod 3
Proof. Let C,, be a cycle with vertices vy, vq, - -+ ,v,. Consider the following cases
and the following subset of V(C,,).
Case 1: Assume n = 0 mod 3, the set S = {vsp42}, where 0 < k < % is a
minimum dominating set of C, which is unique upto isomorphism. The set S

cannot zero force the entire graph. Hence Fy(C,) > [n/3] + 1. But the set

D¢ = {vspt1,vn}, where 0 < k < |n/3] dominates and zero forces the entire
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graph C,,. Therefore, F;(C,) = [n/3| + 1.

Case 2: Assume n =1 mod 3, Dy = {vs41, v}, where 0 < k < |n/3]. In this
case, Dy contains two adjacent vertices, and therefore it forces C,,. In addition,
fori =2,3,--- ,n—1, each vertex v; is adjacent with v;_; and v;41, Dy dominates
C,. Therefore, Dy is a dom-forcing set. Any pair of adjacent vertices can force
the cycle graph C,,. Moreover, no set with cardinality smaller than |D¢| possesses
this forcing property, since |Ds| = vy(C,,). Hence, Fy(C,,) = |n/3] + 1.

Case 3: Assume n = 2 mod 3, the set S = {vspq1,vp-1}, where 0 < k < % is
a minimum dominating set of C, which is unique upto isomorphism. The set
S cannot zero force the entire graph. Hence Fy(C,) > [n/3] + 1. But the set
D¢ = {vskt1,Un—1,0n}, where 0 < k < [n/3]| dominates and zero forces the
entire graph P,. Therefore, Fy;(C,) = [n/3] + 1= |[n/3] + 2

From these cases,

Fi(C,) = In/3]+1 if n=0,1 mod3

In/3|+2 if n=2 mod 3

The ladder graph L, is the graph obtained by taking the Cartesian product

of P, with P,.
Theorem 3.3.8. [30] For a ladder graph L,, n > 2, Z(L,) = 2.
Theorem 3.3.9. [31] For a ladder graph Ly, n > 2, y(L,) = [ § + 1].

Theorem 3.3.10. For n > 2, let L, denote the ladder graph, then Fy(L,) =

5]+ 1.
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Proof. Let {uy,ug, -+ ,Up,v1,02, -+ ,v,} be the vertices of the ladder graph L,,.
For the ladder graphs Lj, Lo, L and Ly, the subset of vertices {u;}, {uy, us},
{uy,ug,v3} and {uy,uq,v4} respectively constitute a dom-forcing set, and for
n > 4, consider the following cases and the following subsets of vertex sets.

Case 1: Assume that [%§] is odd, consider
Dy = {u1, uap—2, Vag, up } for 1 < k < [n/4]
Case 2: Assume [%] is even, consider
Dy = {uy, ug, Vag, Usgg42, v, } for 1 <k < [n/4].

Now Dy forms a dom-forcing set. It can be easily verified that no set with less

than |Dy| vertices cannot form a dom-forcing set, hence Fy(L,) = [5]+1. O

The above theorem illustrated in the case of Ls.

@ (2) V3) &
U3) U4)

Figure 3.5: The ladder graph Lz, dom-forcing set Dy = {uq,us,v4,us} and
Fy(Ls) = 4.

A coconut tree graph CT'(m,n) is the graph obtained from the path P,, by

appending ‘n’ new pendant edges at an end vertex of P,,.

Theorem 3.3.11. [32] For any coconut tree graph C'T'(m,n), the domination

number is 1 + [2:2], where m > 1,n > 1.
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Theorem 3.3.12. For any coconut tree graph CT(m,n), the zero forcing number

s n, where m > 1,n > 1.

Proof. Let vy,vq, -+ , Uy, U1, ug, -+ , uy, be the vertices of CT(m,n), then
{uy,ug,- -+ ,u,} forms a zero forcing set. Which is minimum since CT(m,n)
contains a star graph of n + 2 vertices. ]

Theorem 3.3.13. For any coconut tree CT(m,n), the dom-forcing number is

n+ [224, where m > 1,n > 1.

Proof. Let vy, vq, - Uy, Uy, U, - - - U, be the vertices of CT(m,n). Then

{uy1,ug, -+ ,u,} forms a minimum zero forcing set.

Case 1: Assume n = 0,1 mod 3, Dy = {uy,ug, - u,vsr}, where 0 < k <
lm/3].

Case 2: Assume n = 2 mod 3, Dy = {uy, ug, - Up U3k, vy}, where 0 < k <
|m/3].

In both cases Dy is a dom-forcing set. No set with cardinality less than |Dy]|

have this property. Therefore, Fy(CT(m,n)) =n+ [Z54]. O

There are graphs having Z(I") = v(I"), but its dom-forcing number is larger
than Z(I'). For example, a diamond snake graph D,, is a connected graph ob-
tained from a path P of length n with each edge e = (u,v) in P replaced by
a cycle of length 4 with v and v as non-adjacent vertices of the cycle. For any

diamond snake graph, Z(D,,) = v(D,,) =n + 1 [25, 32].
Theorem 3.3.14. For diamond snake graph

Fu(D,) = S if nois even
3ntl i nis odd.
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Proof. Let uy, -+ Uy, vy, ,Upy1, W, -+, w, be the vertices of diamond snake
graph D, (see Figure 3.6). Consider the following cases and the following subset
of the vertex set of D,,.

Case 1: Assume n is even, Dy = {uy, -+ , Uy, Voi, }, where 1 <

T o
IA
3
&

Case 2: Assume n is odd, Dy = {uy, -+ , Uy, Vo }, where 1 <
Now Dy forms a dom-forcing set. It can be easily verified that no set with less

than |Dy| vertices forms a dom-forcing set. Therefore,

if n is even

3l if s odd.

Figure 3.6: The Diamond Snake Graph Ds.  Dom-forcing set Dy =

{ulau27 s, Ug, Vg, Uy, Uﬁ} and Fd(DG) =9.

3.4 Exact Values of Dom-forcing Number of Graphs

Where Z(I') = Fy(I')

There are graphs having the same dom-forcing number and the zero-forcing num-
ber. For example, consider the triangular snake graph, denoted by, T'S,,, obtained

from a path P,y by replacing each edge of the path by a triangle C5 [33].
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Theorem 3.4.1. [33] For a triangular snake graph 7'S,,, Z(T'S,)) = n + 1.

Theorem 3.4.2. For a triangular snake graph T'S,,, F4(TS,) = Z(TS,) = n+1.

Proof. Let vy,v9,++ ,Upy1,Ut, Uo, - -+ , U, be the vertices of the triangular snake
graph T'S,, (see Figure 3.7). Dj = {vy,u1,ug, -+ ,u,} form a dom-forcing set,
which is minimum since Z(7T'S,,) = n+ 1. Therefore Fy(T'S,) = Z(TS,) = n+1.

Figure 3.7: The triangular snake graph 7TSs, dom-forcing set D; =

{Ulau1>u27 T 7“6} and Fd(TSG) =T.

]

A hypercube of dimension &, represented by, Q, has vertex set {0, 1}*, with
vertices adjacent when they differ in exactly one coordinate. Or, the constructive
definition:

Let Qg be a single vertex. For k > 1, @)y is formed by taking two copies of Q51
and adding a matching joining the corresponding vertices in the two copies. This
is equivalent to taking the Cartesian product of Q_; and Ks to form Qy [34].

Zero forcing number of hypercube graph Qy is 2¥7! [2].
Theorem 3.4.3. For a hypercube graph Qy., Fi(Qy) = Z(Qy) = 2871,
Proof. The set of all vertices having first coordinate zero (all vertices of Q1)

forms a zero forcing set with cardinality 2¥~!. Clearly, it dominates Qy(see Figure

3.8). Hence Fy(Qx) = Z(Qy) = 281
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OF
Qs

Figure 3.8: Dom-forcing sets (as well as zero forcing sets) in hypercube graphs

(3 and Q.

[]

Theorem 3.4.4. Let T" be a graph with n vertices and A(I') = n — 1. Then

Z(I) < FyT) < Z(1) + 1.

Proof. Let v be the vertex of I' having degree n — 1. If the minimum zero forcing
set S contains v, then Z(I') = Fy(I"). Otherwise, S U {v} forms a dom-forcing

set. O

By using Theorem 3.4.4, the following results can be verified.

Theorem 3.4.5. For a complete graph K,,, Z(K,) = F4(K,) =n — 1.

The wheel graph, W,,, is a graph obtained by connecting a single vertex to

all vertices of a cycle graph C,,_;.

Theorem 3.4.6. For wheel graph W,,, Z(W,,) = Fy(W,,) = 3.
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The dove tail graph, DT, is the graph P, + Ki,n > 2. The dove tail graph

has n + 1 vertices and 2n — 1 edges [35].

Theorem 3.4.7. Let DT,, denote the dove tail graph. Then, Z(DT,) = F4(DT,) =

2.

In the case of complete bipartite graph every zero forcing set dominates the

entire graph and, hence, the following result.

Theorem 3.4.8. Let K,,,, denote the complete bipartite where n,m > 2. Then
Z(Kpn) = Fa(Kppn) =m+n—2.
From Theorems 3.3.1, 3.3.3, 3.3.6 and 3.3.7 here are the following observa-

tions.

Observation 3.4.9. For a path P, and a cycle C,,

e Z(P,) = Fy(P,) if and only if n =1 or 2.
o Z(C,) = Fy(C,) if and only if n =3 or 4.

Theorem 3.4.10. [30] For the star graph K ,,, (K1) = 1 and Z(K;,,) = n—1,

for n > 2.

Theorem 3.4.11. For the star graph K, Fy(K1,) =n, forn > 2.

Proof. It is noted that the star graph K, have n vertices of degree 1 and one
vertex of degree n. Any minimum zero forcing set does not contain the vertex of

degree n, and Z(K,,) =n — 1. Therefore by Theorem 3.4.4, Fy(K;,) = n.
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The pineapple graph, denoted by K, is the graph formed by coalescing any

vertex of the complete graph K, with the star graph K;,, (m > 3,n > 2). The

m2—m+2n

number of vertices in K, is m + n and the number of edges in K7 is 5

[36].

Theorem 3.4.12. Let I' be the pineapple graph K] with n > 2,m > 3. Then

FyT)=m+n-—2.

Proof. The pineapple graph comprises m + n vertices. In [25], the zero forcing
number of the pineapple graph is m+n—3, when n > 2, m > 3. Pineapple graph
has a vertex v with degree m + n — 1, and the vertex v does not belong to any
minimum zero forcing set. Therefore by Theorem 3.4.4, Fy(T') =m+n—3+1 =

m+n— 2. ]

Definition 3.4.13. [37] Let ' = (V, E) be a graph and B a zero forcing set
of T. Define B = B, and for t > 0, BV is the set of vertices w for which
there exists a vertex b € Ui:o B such that w is the only neighbor of b not
in UZ:O B®). The propagation time of B in I, denoted pt(I', B), is the smallest
integer ¢y such that V' = UtSU:O B®) Two minimum zero forcing sets of the same
graph may have different propagation times.The minimum propagation time of
['is

pt(T') = min{pt(T, B)|B is a minimum zero forcing set of I'}.

Example 3.4.14. Let T' be the graph in Figure 3.9. Let By = {vi,v9} and
By = {vs,v3}. Then B{" = {vs,v5}, B® = {w}, BY = {5}, B = {v7},
and Bf) = {ws}, so pt(I', By) = 5. However Bél) = {v;}, B§2) = {vs}, Bég) =

{v1,v4}, and B§4) = {vq,v3}, so pt(T', By) = 4.
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@ 3

@ @

Figure 3.9: Graph for Example 3.4.14.

Theorem 3.4.15. Let I' = (V, E) be a graph with minimum propagation time
one. Then, Fy(I') = Z(T).

Proof. From the definition of minimum propagation time, there exist a minimum
zero forcing set B such that V = B U BW. Every vertex of B(Y is adjacent to
some vertex in B, so B dominates I'. Hence B is a dom-forcing set which is

minimum. O

The converse of the above theorem is false. For example, let I' be the wheel

graph with six vertices. Then Fy(I') = Z(I"), but minimum propagation time 2.
Theorem 3.4.16. Let P denote the Petersen graph shown in Figure 3.10. Then,

Fy(P) =5 = Z(P).

Proof. The minimum propagation time of the Petersen graph is one and mini-

mum zero forcing number is five [2]. Hence by theorem 3.4.15, here is the result.



36 CHAPTER 3. DOM-FORCING SETS IN GRAPHS

Figure 3.10: Dom-forcing set and zero forcing set for the Petersen graph.

3.5 Graphs Where ~(I') = Fy(I')

There are some graphs with (') = Fy(T"). For example, a helm graph is a graph
that is created by attaching a pendant edge to each vertex of an n-wheel graph’s

cycle, and is denoted by H,,, where m > 4 [38].

Theorem 3.5.1. [38] Let H,, denote the helm graph. Then the domination

number of graph H,, is m.

Theorem 3.5.2. The dom-forcing number of helm graph H,, is m. ie Fy(H,,) =

m =~(H,,).

Proof. Let vy denote the vertex in helm graph such that its degree is equal to
m, and let vy, vo, -+ ,v,, represent the vertices in the helm graph, each with a
degree of 3. Also uy,us, - - , u,, represent the pendant vertices of the helm graph

H,, (See Figure 3.11). It can be easily verified that Dy = {vy,u2, us, -, Un}
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is a dom-forcing set of H,,, which is minimum since v(H,,) = m. Therefore,

Fy(Hy) =m = ~v(Hp).

Figure 3.11: The Helm graph Hg, dom-forcing set Dy = {vy, u2, us, - -+ ,us} and
Fy(Hg) = 8.

From Theorem 3.3.1, 3.3.3, 3.3.6 and 3.3.7, the following results can be de-

rived.

Theorem 3.5.3. For any path P,, Fy(P,) = ~v(P,) if and only if n is not a

multiple of three.

Theorem 3.5.4. For any cycle C,, Fy4(C,) = ~(C,) if and only if n = 3k + 1,

where k 1s any positive integer.
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3.6 Dom-forcing Number of Splitting Graph of

a Graph I

The splitting graph of a graph I" is the graph S(I') obtained by taking a vertex
v" corresponding to each vertex v € I' and join ¢’ to all vertices of I adjacent to

v [39].

Theorem 3.6.1. Let I' be a connected graph of order n > 1 and S(I') be its

splitting graph. Then, Fy[S(I")] < 2Fy(T).

Proof. Consider any minimum dom-forcing set Dy of I'. Let Dy = {vy, va, - -+, v3}
for 1 < k < n be a minimum zero forcing set of I'. " Now consider the set
D = {vi, v, vk} U {us,ug, - ,up}, where uy, ug, - -+, uy are vertices cor-
responding to vy, v, -+, v, which are added to obtain S(I'). As in [30], D}
forces S(I'). From the definition of splitting graph N (uy, ug, - - ,ug) = N(Dy),
where N(Dy) denotes the vertices which are adjacent to {vq,vs,--- , v}, and
Nlvi,vg,-+ ,v) = V(S(T)) — {ur, ug, -+ ,up}. Hence Dy dominates S(I), it is

a dom-forcing set. Therefore, Fy[S(I")] < 2F,(T). O

Definition 3.6.2. [24] Given a graph I' = (V, E), a path cover is a set of disjoint
induced paths in I" such that every vertex v € V belongs to exactly one path.

The path cover number P(I') is the minimum number of paths in a path cover.

Theorem 3.6.3. [24] Let I' be a graph. If X C V(I') is a zero forcing set for T',

then X induces a path cover for I" and P(T") < Z(T").

Theorem 3.6.4. [40, 30] Let S(P,) denote the splitting graph of the path P,.
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if n=0 mod4

Then, Z[S(P,)] =2Z(P,) =2 and v[S(P,)| = if n=1,3 mod4 -

3 3
1\3‘4- w‘-{- NS
) —

if n=2 mod4
Theorem 3.6.5. Let S(P,) denote the splitting graph of the path P,. Then for

2<n<d4, F[(S(P,)] =n.

Proof. Let vy,v9, -+ ,v, be the vertices of the graph P, and uy,us, - ,u, be
the vertices corresponding to vy, v, -« , v, which are added to obtain S(P,).
Depending upon the number of vertices of P,, consider the following subsets of
the vertex set of S(P,).

For S(P), Dy = {uy,v}, for S(Ps), Dy = {uy,v1,v2}, Dy forms a dom-forcing
set which is minimum. For S(Fy), Dy = {w,v1,v4,us} forms a dom-forcing
set, therefore Fy[S(P,)] < 4. The domination number of S(FP,) is 2. Hence
2 < Fy[S(Py)]. Let A = {vy,v3} be a minimum dominating set of S(P;). Then
S(P,) — A has four components (two components contains only single vertex and
two of them is a path of length one), hence the set A cannot induces a path cover

for S(P,). Hence F,[S(P,)] cannot be 2. Claim the following

Claim 3.6.6. Any dominating set of cardinality 3 must contain A.

Proof of the Claim: Assume that there exists a dominating set D of S(P;)
which does not contain A and the cardinality of D is 3. In S(F,), deg(u;) =
deg(uy) = 1, and vy, v3 be the vertices having degree 4. All other vertices are of
degree 2. Then consider the following cases.

Case 1: D contains a vertex of degree 4.

Then D must contain any one of the pendant vertices and the remaining non-

dominating vertices are of degree two and which are non-adjacent. Hence, it is
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concluded that a dominating set of cardinality 3 cannot be formed.

Case 2: D cannot contain a vertex of degree 4

Then D must contain the pendant vertices uq,u4, and all other vertices are of
degree two. Hence, a dominating set of cardinality 3 cannot be formed.

In both cases there is a contradiction, hence our assumption is wrong, and the

claim is proved.

By the above claim Fy[S(P,)] cannot be 3. Therefore, Fy[S(P,)] = 4. That

is Fy[(S(P,)] = n,for 2 <n <4 O

Let me now consider the case where the number of vertices in the splitting

graph of the path is > 5.

Theorem 3.6.7. For n > 5, let S(P,) be the splitting graph of the path P,.

Then
22 F(S(P)] <™ if m=0 mod4
Fy[(S(P,)] = 22 if n=1,3 mod4
Fy[(S(P,)] = 22 if n=2 mod 4.
Proof. Let vy, vq,--- ,v, be the vertices of the graph P, and wuq,us, - ,u, be
the vertices corresponding to vy, vs, -+ ,v, which are added to obtain S(P,).

At least one vertex from each pair uq,vy and u,,v,_1 belong to any dominat-
ing set, since N(u;) = {ve} and N(u,) = {v,_1}. Also at least one vertex
from v;_1,v;11 belongs to the dominating set, since N(u;) = {v;_1,v;11} and
N(v;) = {vi—1,Vig1,%i—1,uip1}. Thus any dominating set contains at least &
number of vertices. The set {vy,u;} forces S(P,). Now depending upon the

number of vertices of P,, consider the following subsets of the vertex set of
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S(P,).

For n > 5, consider the following cases.

Case 1: Assume n = 0 mod 4, Dy = {uy, v1, Vak, Va1V, Un } where 0 < k <
[2] forms a dom-forcing set, therefore Fy[S(P,)] < ™. The domination num-

ber of S(P,) is %

5. Hence § < Fy[S(F,)]. Let A be a minimum dominating
set of S(P,). Then S(P,) — A has 3 + § components (two components con-
tain only a single vertex, two of them is the path of length one and 7 — 1
components having six vertices which include four pendant vertices), the set A

cannot induce a path cover for S(P,). Hence Fy[S(P,)] cannot be . Therefore,

2 < Fy[S(Py)] < R

Case 2: Assume n = 1,2 mod 4, Dy = {u1, v1, Vg, Vaps1 } where 0 < k < [§],

forms a dom-forcing set, therefore

FS(P,)] < "T+3 if n=1 mod4

”T” if n=2 mod 4.

Ifn =2 mod 4, then the domination number of S(P,) is “£2. Hence F,[S(P,)] =
22 — |Dy|. Ifn =1 mod 4, then the domination number of S(P,) is 1. Hence
Fy[S(P,)] > ™. Let A be a minimum dominating set of S(P,). Then S(P,)—A
has 4 + "T_l components (three components contain only a single vertex, two of
them are paths of length one and "T’l — 1 components having six vertices which

include four pendant vertices), the set A cannot induce a path cover for S(F,).

Hence Fy[S(P,)] cannot be ", Therefore, Fy[S(P,)] = 252

Case 3: Assumen =3 mod 4, Dy = {u1, vy, Uak, Vagt1, Vn—1} Where 0 < k < [2]
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form a dom-forcing set, therefore Fy[S(P,)] < 2. The domination number of

S(P,) is 2. Hence Fy[S(P,)] > . Let A be a minimum dominating set

of S(P,). Then S(P,) — A has at least 3 + "3 components, the set A can-

not induce a path cover for S(P,). Hence Fy[S(P,)] cannot be =+, Therefore,
F[S(P)] = RTH

From all the cases, for n > 5,

w‘-t,-
N
IA
=
2
S
N
i

if n=0 mod4
Fy[(S(P,)] = t3 if n=1,3 mod 4
Fy[(S(P,)] = 2 if n=2 mod 4.

]

Theorem 3.6.8. [40, 30] Let S(C,,) denote the splitting graph of the cycle C,,.
if n=0 mod4

g
Then Z(S(Cy)) =22(Cn) =4 and ¥(S(Cn)) = ¢ 2 if n=1,3 mod 4 -
2 if n=2 mod 4.
%‘ tf n=0 mod 4

Theorem 3.6.9. Forn >4, Fy[S(C,)] < 2 if n=1,3 mod4 -

”—;6 if n=2 mod 4.

Proof. Forn > 4, let vy, v, - -+ , v, be the vertices of the graph C,, and uy, us, - - - , uy,
be the vertices corresponding to vy, v, - - - , v, which are added to obtain S(C,,).
It can seen that {vy,vq, us,us3} forms a zero forcing set. Now depending upon
the number of vertices of C,,, consider the following cases and following subsets
of the vertex set of S(C,,).

Case 1: Assume n = 0,2,3 mod 4, Dy = {ug, us, Vat1, Vakt2}, where 0 < k <

%]
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Case 2: Assume n =1 mod 4, Dy = {ug, us, Vag41, Vag+2, Vn }, Where 0 < k <

n—1
-

In both cases Dy forms a dom-forcing set. Hence

”TH if n=0 mod4
FalS(C)l < 2 if n=1,3 mod 4

”TG if n=2 mod 4.

]

Theorem 3.6.10. [30] Let S(K,) denote the splitting graph of a Star Graph
K ,,. Then, for n > 2, y[S(K;,)] =2 and Z[S(K;,)] = 2n — 2.

Theorem 3.6.11. Let S(K;,) denote the splitting graph of a Star Graph K ,,.

Then, for n > 2, F4[S(Ky,)] =2n — 1.

Proof. For n > 2, let uy, vy, v9,- - , v, be the vertices of the star graph K, with
deg(uy) = nand u}, vy, vh, -+ -, v), be the vertices corresponding to uy, vy, va, - -+ , Uy
which are added to obtain S(K ;). From the above theorem, Z[S(K; )] = 2n—2
and B = {vg, -+, v, 0, -+ v/} forms a zero forcing set which is minimum and
any minimum zero forcing set does not contain w;. B is not a dom-forcing set.
So adding u; to B, the considered dom-forcing set which is minimum. Hence

FiS(K,,)] = 2n — 1. O

Theorem 3.6.12. [30] Let S(L,,) denote the splitting graph of ladder graph L,,.

Then for n > 2, Z[S(L,)] = 4.

Theorem 3.6.13. Let S(L,) denote the splitting graph of ladder graph L,.

Then, v[S(Ln)] = 2[%].
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Proof. Let {uy,ug, -+ ,uy,v1,v9, -+ ,v,} be the vertices of the ladder graph L,
and let {u},us, - ,ul,, vy, 05, -+, v} be the vertices corresponding to

{uy,ug, -+ Uy, v1,v9,- -+ ,v,} which are added to obtain S(L,). At least one
vertex from {uf, us,v1}, {v], v, u1}, {u),, un_1,v,}, and {v),v,_1,u,} belonging
to any dominating set, since N(u)) = {ug,v1}, N(v}) = {vo,u1}, N(u)) =

{tn-1,v}, and N(v},) = {vn_1,u,}. For 0 < k < [Z] at least one vertex from

{usg, ugpr2} and {vsg, v3r12} belong to any dominating set, since
/ / /
N(U3k+1) = {U3k, UBk+25 U3k+1, Uy Ugky2, U3k+1}7

N(Usk+1) = {U3k, U3k+2, U3k+1, véka U§k+27 U§k+1}a
N (U§k+1) = {usk, Uskt2, Usky1),
N(Uékﬂ) = {U3k¢7 VU3k+2, U3k+1}~

Thus, any dominating set contains at least 2[% ] number of vertices. For S(L),
the set {uy,v2} be a minimum dominating set. For n > 2, depending upon the
number of vertices of L,,, consider the following subset.

For n = 0,2 mod 3, S = {usri2,v3k42}, where 0 < k < [Z] and for n = 1
mod 3, S = {uski2, V3kt2, Un, Un }, where 0 < k < (”T’W Now the set S forms a

dominating set. So v[S(Ln)| = 2[%]. O
Theorem 3.6.14. Forn > 2,

2151 < FalS(La)] <2+2[3).

Proof. Let {uy,ug, -+ ,Up,v1,02, - ,v,} be the vertices of the ladder graph L,,
and let {u},ul, -, ul,v],vh, -+ v} be the vertices corresponding to

Y n’

{uy,ug, -+ Uy, v1,v9, -+ ,v,} which are added to obtain S(L,). For S(L),
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{u1,v2} be a minimum dom-forcing set. For n > 2, depending upon the number
of vertices of L,,, consider the following cases and following subsets of the vertex
set of S(L,,) .

Case 1: For n =0,2 mod 3, Dy = {u}, v}, Usg42, V3rt2}, where 0 < k < [%] and
Case 2: For n = 1 mod 3, Dy = {u}, v}, usk+2, Vsk+2, Un, Un }, where 0 < k <
(%51

Now Dy forms a dom-forcing set. Therefore, F4[S(L,)] <2+ 2[%]. Domination

number of S(L,) is 2[%]. Hence

2[%1 < Fy[S(La)] <2+ 2[%1.

This Chapter elaborated the concept of dom-forcing with illustrations. The
next Chapter continues it by explaining how different graph operations affect the

dom-forcing number.






Chapter

DOM-FORCING SETS AND GRAPH
OPERATIONS

This chapter looks at how different graph operations affect the dom-forcing num-
ber, a key parameter in graph theory that relates to domination sets in graphs.
The operations considered are vertex deletion, edge deletion and vertex addition
and the sum and product of graphs, each of which can change the structure and
properties of a graph. It contains three sections, Section 1 introduces it, Section
2 provides upper and lower bounds for the dom-forcing number in the context
of edge operations, and Section 3, enplanes the dom-forcing number for different

types of graph products including corona products and rooted products.

The study investigate how the dom-forcing number of a graph I' changes un-
der edge operations such as edge deletion and edge contraction In addition, it
examines vertex-based operations, specifically vertex deletion and the vertex sum

of graphs, and analyze their impact on the dom-forcing number. The thesis pro-

47
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vides theoretical results and shows how these graph operations lead to different

dom-forcing numbers.

4.1 Introduction

The concept of dom-forcing number is introduced in Chapter 3. In this chapter,
the effect of different graph operations on the dom-forcing number is studied. By
analyzing how these operations influence the dom-forcing number, the study aim
to gain deeper insight into the behavior and structural properties of dom-forcing

sets across various classes of graphs.

4.2 Dom-forcing Number and Graph Operations

In this section, the thesis examine how various graph operations influence the
dom-forcing number. Specifically, it analyzes the effects of vertex deletion, where
a single vertex is removed, and edge deletion, where an edge between two vertices
is removed. It also studies vertex addition by introducing new vertices and

observing how these modifications change the structure of the graph.

Furthermore, the analysis explores graph sum and graph product operations
to understand how combining two graphs impacts the dom-forcing number. Over-
all, this section aims to provide a clear understanding of the relationship between
these graph operations and the behavior of the dom-forcing number. The study

considers edge operations and vertex operations in the analysis of graph opera-
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tions.

4.2.1 Edge Operations

Here, the thesis analyses the effect of edge deletion in dom-forcing number. Re-
moving an edge can change the dom-forcing number by at most one. Consider

the following examples.

Decrease j :
Fal) =3 FyT —¢) =2

Figure 4.1: Removing an edge lowers the dom-forcing number.

No Change

Fy(T) =2 Fy(l—e) =2

Figure 4.2: Removing an edge does not alter the dom-forcing number.
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Increase

Fd(F) =2 Fd(F — 6) =3

Figure 4.3: Removing an edge raises the dom-forcing number.

Theorem 4.2.1. [24] Let ' be a connected graph. If e = uv represents an edge
of I', then

ZI)—1< 2T —e)< Z(T) +1

Theorem 4.2.2. [41] Let e = uv be an edge in a graph I'. If there is a minimum
zero forcing process for I' in which neither u forces v nor v forces u, then Z(I") —

1< Z(I'—e) < Z(I'). Otherwise, Z(I') < Z(I' —e) < Z(I') + 1.

Theorem 4.2.3. [42] Let I' be a connected graph. If e = uv represents an edge

of I', then

YI) <y —e) <~(I) + 1.

Theorem 4.2.4. Let I" be a connected graph. If e = uv represents an edge of T,

then

FyI) =1 < Fy(T' —e) < Fy(T) + 1.

Proof. Let Dy be the minimum dom-forcing set of I Consider the following
cases.

Case 1: If both w and v are in Dy, then deletion of e does not affect the
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domination property of I' — e, forcing number may be differ by one (Theorem
4.2.2). So Fy(T') = 1 < Fy(T' —e) < Fy(I).

Case 2: If either u or v is not in Dy and Dy is a dom-forcing set for I' — e then
FyI') =1 < Fy(I' — e) < Fy(I"). If either w or v is not in Dy and Dy is not a
dom-forcing set for I' — e, then Dy U {v} (or Dy U{u}) forms a dom-forcing set
of ' —e.

Case 3: If both u and v are not in Dy, then the deletion of e does not affect
the domination of I' — e, forcing number may be differ by one (Theorem 4.2.2).

Therefore, Fy(I') — 1 < Fy(I' — e) < Fy4(T') + 1. Therefore, in all cases

FyT) =1 < FyT —e) < Fy(T) + 1.

The dom-forcing number can increase or decrease due to edge contraction
depending on the original graph and the edge being contracted. This shows how

graph properties are connected and complex in relation to edge operations.

Theorem 4.2.5. [24] Consider an edge e that connects two vertices, v and v, in
a graph I". Then,

ZI)—-1<Z(T/e) < Z(I) + 1.
Theorem 4.2.6. Let e = uv be an edge in a graph I'. Then

Fy(T) —1 < Fy(D/e) < Fy(T) + 1.

Proof. Let Dy be the minimum dom-forcing set of I'.  Consider the following
cases.

Case 1: If both u and v are in Dy, then Dy — {u} (or Dy —{v}) dominates I'/e.
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So by theorem 4.2.5, Fy(I') — 1 < Fy(T'/e).

Case 2: If either u or v is not in Dy, and Dy is a dom-forcing set for I'/e, then
Fy(I') =1 < Fy(I'/e). If either u or v is not in Dy and Dy is not a dom-forcing
set for T'/e, then Fy(T'/e) < Fy(T') + 1.

Case 3: If both u and v not in Dy, then D; dominates I'/e So by Theorem 4.2.5.

Fy(I') =1 < Fy(I'/e) < Fy(T') + 1. Therefore, in all cases

Fy(T) = 1 < Fy(T/e) < Fy(T) + 1.

The following examples illustrate each of the three possible cases.

Decrease f
Fy(G) =2 Fy(Gle) =1

Figure 4.4: Contracting an edge reduces the dom-forcing number.

No change
&@
O

Figure 4.5: Contracting an edge does not alter the dom-forcing number.
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Increase

FyT/e) = 4

Figure 4.6: Contracting an edge raises the dom-forcing number.

Subdividing an edge may increase the dom-forcing number.

Theorem 4.2.7. [24] If K is obtained from I' by subdividing an edge e = uwv,

then

ZI) < Z(K)< Z()+ 1.

Theorem 4.2.8. If K is obtained from I' by subdividing an edge e = uv, then

Fy(T) < Fy(K) < Fy(T) + 1.

Proof. Let Dy be the minimum dom-forcing set for I'. If D¢ is a dom-forcing

set for K, then Fy(I') = Fy(K). Otherwise Dy U {v'}, where ¢’ is the new vertex

added, forms a dom-forcing set for K. Hence Fy(K) < Fy(I") + 1. O

The following are examples of the two possible cases in the Theorem above.
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No change
Fy(G)=2 Fy(H)=2

Figure 4.7: An example of a graph where edge subdivision leaves the dom-forcing

number unchanged.

Increase
E
O
Fy(T) =2 Fy(H) =3

Figure 4.8: An example of a graph where subdividing an edge increases the dom-

forcing number.

4.2.2 Vertex Operations

This section discusses the effect of vertex operations on dom-forcing number.

It is observed that the removal of a vertex from a graph can either increase
or decrease its dom-forcing number. It is noted that there exist graphs for which

Fy(T') and Fy(T' —u) differ by an arbitrarily large amount. As an illustration, the
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wheel graph W,, of order n is considered. It has already been shown in Chapter
3 that Fy(W,) = 3. When the vertex of degree n — 1 is removed, the resulting
graph becomes isomorphic to C,,_1, and hence Fy(W, —u) = Fy4(C,—1). The

following examples are then considered.

Decrease

o—O

FyT) =2 Fyl —v) =1

Figure 4.9: Vertex deletion decreases the dom-forcing number.

No change

Fd(F) =2 Fd(F - ’U) =2

Figure 4.10: Vertex deletion does not change the dom-forcing number.
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Increase

Fy(T—u) =6

Figure 4.11: Fy(I") and Fy(I" — u) can be arbitrary far apart.

Theorem 4.2.9. [24] Let u be a vertex of the graph I".Then
ZP—u)—1<ZT)<Z(T —u)+1.

Theorem 4.2.10. Consider a graph I with a vertex labeled as v. If there is a

mainimum dom-forcing set of I' not including v, then

Fd(F) -1 S Fd<F — U) S Fd(F) + 1.

Proof. Let Dy be a minimum dom-forcing set of I" and v ¢ D;. Then the deletion
of v does not affect the domination, therefore D; dominates I' — v. By Theorem
4.2.9, the zero forcing number of I' — v differ by maximum of one. If Dy forces
I' — v, then Fy(I') — 1 < Fy(I' —v) < Fy(I'). If Dy does not forces I' — v,
adding one more vertex to Dy, by [24], got a new set that forces I' — v, then

Fy(T) < Fy(T' —v) < Fy(T) + 1. Hence Fy(T') —1 < Fy(T' —v) < Fy(T)+ 1. O
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Corollary 4.2.11. Let T be a graph with a vertex labeled v. If Fy(I' —v) >

Fy(T) + 1, then every minimum dom-forcing set of I' contains the vertezx v.

Let I" and K be two simple undirected graphs with V(I') N V(K) = () and
ET)NE(K)=0. If v; € V(T') and vy € V(K), the process of identifying the
vertices v; and vy forms the vertex-sum of the graphs I' and K at a new vertex
u, denoted as I' +, K. The resulting simple graph has the vertex set V(I') U
(V(K)\{v1,v2}) U{u} and the edge set E(I') U E(K). The open neighborhood

of u, denoted N(u), is given by N(u) = N(vy) U N(vq) [41].

Theorem 4.2.12. [41] Let I" and K be two graphs each with a vertex labeled
u. Then the following results hold.
1. If w is in some minimal zero forcing set of K but not in any minimal zero
forcing set of I, then
ZI+, K)=2I)+ Z2(K).

2. If w is in some minimal zero forcing set of K and some minimal zero forcing
set of I', then

ZO+, K)=Z1)+ 2(K) — 1.
3. If w is neither in any minimal zero forcing set of K nor in any minimal zero

forcing set of I', then
Zr4+,K)=Z()+ Z(K)+ 1.
Theorem 4.2.13. Let ' and K be two graphs each with a vertex labeled v. Then,
Fu@) + Fy(K) =1 < Fy(T +, K) < Fy(T') + F(K) + 1.

Proof. Let Dy. be a minimum dom-forcing set for I' and Dy, be a minimum

dom-forcing set for K. Consider the following cases.
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Case 1: Let v € Dy, and v € Dy,.. If Dy UDy, be a dom-forcing set for I+, K,
then Fy(I' +, K) = Fy(I') + F4(K) — 1. Otherwise, the union of Dy. and the
reversal of the forcing sequence of Dy, form a dom-forcing set for I' 4, K, hence
Fy(T' +, K) = Fy(I') + Fy(K).

Case 2: If either v € Dy, or v € Dy,, then Dy, U Dy, is a dom-forcing set for
I' +, K. Therefore Fy(I' 4+, K) < Fy(I') + Fy(K).Consider the graph I' +, K. If
a vertex is removed from N(v) N (Dfr U Dy, ) and the resulting set remains a
dom-forcing set for I' +, K, then Fy(I' +, K) = Fy(I') + F4(K) — 1, otherwise,
Fy(T' +, K) = Fy(T') + Fy(K).

Case 3: If v ¢ Dy and v ¢ Dy,.. If Dy, U Dy, is a dom-forcing set for I' +, K,
then Fy(I' +, K) < Fy(I') + F4(K). Otherwise, Dy. U Dy, U{u}, where u be a
vertex that is forced by v in a zero forcing process started with the vertices of
Dy,., form a dom-forcing set. Thus, Fy(I'+, K) < Fy(I') + Fy(K) + 1.

Hence from the above cases,
Fo(T)+ Fy(K) =1 < Fy(T'+, K) < Fy(I') + Fy(K) + 1.

O

The next section discusses the dom-forcing number of joint and product of

graphs.

4.3 Join and Product of Graphs

This section explores the dom-forcing number for the join of two graphs, as well
as for various types of product graphs, including corona products and rooted

products.
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The study proceed to analyze the dom-forcing number associated with join

of two graphs I' V K.

Theorem 4.3.1. [41] Let I and K be two graphs which are connected . Then,
Z('VK)=min{|K|+ Z(1);|T'| + Z2(K)}.
Theorem 4.3.2. Let I and K be two graphs which are connected. Then,

FyTVEK)=ZTVK)=min{|K|+ Z();|I'| + Z(K)}.

Proof. Every zero forcing set dominates I' V K, since by the definition of join,

one vertex from both I' and K dominates I' V K. Therefore,

FyuTV K) = 2TV K) = min{|K| + Z(I); [T| + Z(K)}.

Consider the dom-forcing number of generalized corona product of graphs.

Theorem 4.3.3. [41, 25] For the graph I with |I'| = n and Hy, --- , H, be graphs

with order at least two,

n

ZO < Hy,--  Hy =)= Z()+ Y _ Z(H)).

=1

Also for any graph K with order at least two,
ZToK)=Z()+nZ(K).

Theorem 4.3.4. For the graph T" with |V(T')| = n and graphs Hy,--- , H,, each

of order at least two, the dom-forcing number Fy(I' < Hy,--- , H, >) is given by:

FyU' < Hy,- Hy =) =ming ZO)+ > Z(H)+ Y a

Vg GZF Vg ¢ZF
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where a; = inf{Z(H;) + 1, F4(H;)}, and minimum is taken over all possible

mainimum zero forcing sets of I.

Proof. Let Zr = {vy,--- ,v;} be aminimum zero forcing set for I', and Zy,,- -+ , Zg,,,
be the minimum zero forcing sets for Hy, - -, Hy, and Dy, -+ Dy, , be the min-
imum dom-forcing sets for Hy,--- , H, respectively. Let

A= (ZrUZy U---UZy,) U (UL, 4),

where A; is either Zy,U{v;}, or Dy, formsadom-forcingset forI" < Hy,--- , H, >.

Hence Fy(I' < Hy,--- , H, >) < |A], that is,

FyU' < Hy,---  Hy =) <min{ Z0)+ Y Z(H)+ Y a

v, EZp v; ¢Zr

where a; = inf{Z(H;) + 1, F;(H,)}.

Note that the degree of each vertex v; of I is increased by | H;| and the degree
of each vertex of H; is increased by 1 in I' < Hy,---, H, >=. Let v; € Zr and
consider the corresponding graph H;. It is observed that at least Z(H;) + 1
vertices are required as initially colored black to start the zero forcing process in
each of these H;’s, 1 < i < t. Also these vertices dominates these H;’s. Then
vy forces vy41 and to continue the process, at least Z(H;.1) more vertices are
required in Hyyy as initially colored black to zero force. Also min{Z(Hyy1) +
1, Fy(Hy 1)} vertices are required to dom-force all the vertices of H;i; in the
graph I' < Hy,--- , H, > . Continue the process until all the vertices are turned

black. Hence,

FyU < Hy, -+ Hy =) >mind Z0)+ Y Z(H)+ Y a

V4 GZF (% %ZF
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where a; = inf{Z(H;) + 1, F4(H,)}.

From the above,

FyT < Hy, -+ Hy =) =min{ Z0)+ > Z(K)+ Y a

v, €21 vi¢Zr
where a; = inf{Z(H;) + 1, F;(H;)}, and minimum is taken over all possible

minimum zero forcing sets of I'. [l

For the graph I' with |V(I")| = n and for any graph K, from the Definition
2.2.8 it can be seen that 'o K =T' < K,--- , K . Therefore from the above

theorem, the following result can be derived.

Corollary 4.3.5. For the graph T with |V (I')| = n and for any graph K with

order at least two,
FyT o K) =min{n(Z(K)+ 1), Z(I") + nFy(K)}.

From Corollary 4.3.5, the following result can be derived.

Corollary 4.3.6. For the graph T with |I'| = n and for any graph K with order
at least two, if Fy(K) = Z(K), then

FyToK)=Z(T oK)= 2(T) +nZ(K).

Otherwise

Fy(T oK) =n(Z(K)+1).
Proof. If Fy(K) = Z(K), then

min{n(Z(K)+1),Z(T) + nFy(K)} = Z(T') + nFy(K) = Z(') + nZ(K).
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Moreover if Fy(K) > Z(K), then
min{n(Z(K)+ 1), Z(T') + nFy(K)} =n(Z(K) + 1).

Hence the result. O]

By the repeated application of Corollary 4.3.6, the following results obtained.

Theorem 4.3.7. Let I' and K be two graphs of order ny and ns, (ny > 2),

respectively. If Fy(K) = Z(K), then
FiToJdK)=ZT o K)=ZT ' K) 4+ ny(ng + 1)/ Z(K).

Otherwise

FyT o/ K) =ny(ng + 1)1 (Z(K) +1).
Theorem 4.3.8. For the graph I with |V (I')| = n, Fy(I' o K;) = n.
Proof. Let {v;} be the vertex set of i copy of K;. Then A = {v;---v,} be a
dom-forcing set for I' o K. Therefore, Fy(I' o K7) < n.

Every vertex v; in I' o K is a pendant vertex and no two v; is adjacent to a
common vertex. Hence at least n vertices needed to dominate I'o K. Therefore,

Fd(r 0] Kl) 2 n.

From the above, Fy(I' o K;) = n. O

By the repeated application of Theorem 4.3.8, the following results obtained.

Corollary 4.3.9. For the graph T with |V (T)| = n, Fy(T' o K;) = 27" 1n,

It is noted that, K; o C,, be the wheel graph of order n + 1, denoted by Wi,

[25]. Hence, the following result.
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Remark 4.3.10. Let Wy, n > 3, be a wheel graph. Then, Fy(W,,) = 3.

The fan graph F),, ,, is defined as the join graph K, + P,,. The case ny =1
corresponds to the usual fan graph £ ,,. Note that I} ,, = K; o P,,, where K,

is the singleton graph. Hence
Remark 4.3.11. Let F\,,, n > 2, be a fan graph. Then, Fy(Fy,) = 2.

A k—Comb graph is obtained by appending a leaf to each vertex of a path
on k vertices. That is a k—Comb graph is P, o K;. Hence,

Remark 4.3.12. Let I', be a k—Comb graph. Then Fy(T') = k.

The thesis investigates the dom-forcing number of rooted product of graphs.

Theorem 4.3.13. Let I' be a graph with order n and K be a graph rooted with
any vertex and its dom-forcing number is Fy(K). Then the dom-forcing number

of rooted product of I' by K 1is given by:
FyT(K)] < nFy(K).

Proof. Let Dy, be the minimum dom-forcing set for ith copy of K. Then A =

Uiz1 Dy, forms a dom-forcing set for rooted product of I' by K. Hence

FT(K)] < nFy(K).

The inequality is strict for some graphs. For example, consider the rooted
product of P, by P3, where the pendant vertex of Pj3 is the root. The graph

thus obtained is isomorphic to Ps. It can be derived that Fy(P;) = 2 and
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Fy[Py(Ps)] = 3, hence the inequality is strict. Also consider the example of the
rooted product of P, by Cj rooted with any vertex of Cy. It can be noted that
Fy(Cy) = 2 and F,[P>(Cy4)] = 4, hence the upper bound is sharp. It is an open

problem to characterize the graph I" with Fy[I'(K)] = nFy(K).

Chapter 4 discussed the effect of graph operations in dom-forcing set. The
study identified that the dom-forcing numbers bounded under these graph opera-
tions. The next Chapter further explains the minimum number of steps required

to complete the coloring process starting with minimum dom-forcing set.



Chapter

DOM-FORCING PROPAGATION
TIMES IN GRAPHS

In this chapter introduces a new parameter in graph theory called dom-forcing
propagation time. Section 1 introduces the concept, Section 2 establishes upper
and lower bounds for minimum and maximum dom-forcing propagation time in
terms of dom-forcing number and Section 3 explores the maximum and minimum
dom-forcing propagation time for several renowned graphs. The graphs with

extreme dom-forcing propagation time is characterized .

5.1 Introduction

The propagation time of a dom-forcing set of graph I' is the minimum number
of steps that it takes to force all the vertices black, starting with the vertices
in the dom-forcing set and performing independent forces simultaneously. The

minimum and maximum dom-forcing propagation times of a graph are taken

65
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over all minimum dom-forcing sets of the graph. It discusses the minimum dom-
forcing propagation time of a graph I'. Additionally, it delves into the precise
determination of minimum dom-forcing propagation times for certain well-known

graphs.

5.2 Dom-forcing Propagation Time of Graphs

This section discusses the minimum and the maximum dom-forcing propagation
time for a graph I". Also, the study finds the exact value of minimum dom-forcing
propagation time for certain well-known graphs. It define the propagation time
in Chapter 3 (Definition 3.4.13). The thesis extend the concept of propagation
time into dom-forcing sets. Every dom-forcing set is also a zero forcing set.
Hence it can find the propagation time for dom-forcing set of a graph I'. The
study defines the minimum and maximum dom-forcing propagation time of I" as

follows.

Definition 5.2.1. Let I' = (V, E) be a graph and Dy be a dom-forcing set of I.
Define D;O) = Dy, and fort > 0, D;Hl) is the set of vertices w for which there
exists a vertex b € Uizo D}S) such that w is the only neighbor of b not in Ui:o fo).
The propagation time of Dy in I', denoted pt(I', Dy), is the smallest integer t,
such that V = U?:o D;S).Two manimum dom-forcing sets of the same graph may

have different propagation times. The minimum dom-forcing propagation time

of I is defined as follows
dpt(I') = min{pt(I', Df)|Dy is a minimum dom-forcing set of I'}.

Definition 5.2.2. A subset Dy of vertices of I' is an efficient dom-forcing set
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for I if Dy is a minimum dom-forcing set of I' and pt(I', D) = dpt(I').
Definition 5.2.3. The mazimum dom-forcing propagation time of T is

DPT(I') = max{pt(I', Df)|Dy is a minimum dom-forcing set of I'}.

Consider the following example to show that two minimum dom-forcing sets

of the same graph may have different propagation times.

Example 5.2.4. Let I' be the graph in Figure 5.1. Let By = {vs,v3,vs,vs}
and By = {vs,v4, 07,09} be two minimum dom-forcing sets for I'. Then Bfl) =
{v1, 04}, B§2) = {vs,vr}, Big) = {w}, so pt(T',B1) = 3. However Bél) =

{va, v5, 08}, BY = {v1,v6}, so pt(I', By) = 2. Hence dpt(I') =2, and DPT(I") =

3.
N @ Vg
& @ ©9
V3 @ 1

Figure 5.1: Graph for Example 5.2.4.

From the definition, it is clear that dpt(I') < DPT(I'). The bounds for

dom-forcing propagation time is given below.

Proposition 5.2.5. Let I' be a graph with dom-forcing number Fy(T'). If n is

the number of vertices in I', then

[n—&@)

QG)WSMMDSDPHDSn—%@)
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Proof. Let T" be a graph with dom-forcing number Fy(T"). If n is the number
of vertices of T', then a total of n — Fy(I") vertices are white in the first stage.
In each stage at least one vertex and at most Fy(I') number of vertices colored
black. Hence

[n — Fy(I)

Fu(D) —‘ < dpt(l') < DPT(T) < n — Fy(T).

The above bounds are sharp. For example, consider a path Ps; with the
vertex set {vy,vq, v3, vy, v5}, each v; is adjacent with v;—; and v;41, 1 <7 < 5
. Dy = {v1,v4} is a minimum dom-forcing set and dpt(P;) = DPT(Ps) = 3
= 5— Fy(Ps). Also consider a k regular hypercube, @y, having vertex set {0, 1}*,

with vertices adjacent when they differ in exactly one coordinate. For a hyper

"n*Fd(Qk)—l.

cube graph Qy, Fy(Qr) = 281 Here dpt(Qy) = DPT(Qy) = 1 oo

Again, consider the path graph Ps with the dom-forcing set Dy = {vy,v4,v5}. In

TL—Fd(PG)

this case, dpt(Fs) = 1 Fo(Pe)

. Now consider another dom-forcing set of Fg,

namely Dy = {vy,v3,v5}. In this case, DPT(Fs) = 3 =6 — Fy(F%).

It is noted that every dom-forcing set is also a zero forcing set, hence, the

following observations.

Observation 5.2.6. For any graph ', dpt(T") < pt(T').

Observation 5.2.7. For any graph ', dpt(I') = 0 if and only if I is a totally

disconnected graph.

Theorem 5.2.8. Let ' be a graph with pt(T') = 1. Then dpt(T") = 1.
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Proof. Given that T" is a graph with pt(I") = 1. Hence, there exists a minimum
zero forcing set that forces all the vertices to turn black in one step. Therefore,

this zero forcing set also dominates the graph, establishing dpt(I") = 1. O]

Converse of the above proposition is not true. Consider the graph Py, dpt(FPs) =

1 but pt(T') = 5. From the Proposition 5.2.5, the following proposition derived.

Proposition 5.2.9. For any graph I' with dpt(I') = 1, then F4(T") > ‘V(;)l.

The converse of this proposition is false. Let I' be the graph obtained from K,

by appending a leaf to one vertex. Then Fy(I') =3 > |V(I")|/2 and dpt(T") = 2.

In Chapter 3, proved that for any graph I', Fy(I') = 1 if and only if ' = P,

or P, . Using this result, the following theorem established.

Theorem 5.2.10. For any connected graph I', dpt(I') = |V(I')| — 1 if and only

if I' is either Py or Ps.

Proof. Let I" be a connected graph with dpt(I') = |V (I')|—1. Then by Proposition
5.2.5, it is observed that Fy(I') < 1. Since I' is connected and Fy(I') = 1.

Therefore, I' = P, or P,. Converse part is trivial. O

Proposition 5.2.11. Let I' be a disconnected graph. Then the following are
equivalent.

1. dpt(T") = |V/(I)| — 2.

2. DPT(I') = |V(I')| — 2.

. '=FPUP orI'=P UP.

Proof. If I' = P, U Py, then dpt(I') = DPT(I') = 1 = |V([')] — 2. Also if

I'= P UP, then dpt(I') = DPT(I') = 0 = |V(I')| — 2. Now assume DPT(I") =
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|V(T')| —2. Then by Proposition 5.2.5, F4(I") = 2, I' has exactly two components.
At least one component of I' is an isolated vertex otherwise, more than one force

occurs at time step one, and soI'=FP, U P, or I'= P, U P. O

Remark 5.2.12. In the case of a connected graph the following results observed.
1. If dpt(I') = |[V(I")| — 2, then DPT(I") = |V(T')| — 2, but converse is not true.
For example, consider the graph Py, DPT(P,) =2 = |V(I')| — 2 but dpt(Py) = 1.
2. dpt(I") = |V(I")| =2 if and only if F4(T") = 2 and exactly one force is performed
at each time for every minimum dom-forcing set. For example, Py and Ps are
graphs with dpt(I') = |[V(I')| — 2.

3. DPT(T") = |V(I')| — 2 if and only if F4(I') = 2 and there exists a minimum

dom-forcing set such that exactly one force performed at each time.

Minimum dom-forcing propagation time of a graph I' and its sub graph H

are not comparable. Consider the following examples.

Let I" be a graph. If H is a sub graph of I', then dpt(H) < dpt(I") is not true

in general.

Consider the path I' = P given below.
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Figure 5.2: The Graph T.

Let Dy = {2,3,6}. Then Dy is a minimum dom-forcing set for P and and

dpt(T') = 1. Now consider a sub graph H of " given below.

Figure 5.3: The Graph H.

Here D} = {1,4} be a minimum dom-forcing set for H and dpt(H) = 3.

Therefore, the assertion follows.

Next example shows that if ' is a graph and H is a sub graph of I', then
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dpt(H) > dpt(T") is not true in general. Consider the wheel graph I' = Wy given

below
—~
@3 7
0
Figure 5.4: The wheel graph Wj.
Let S; = {v1,v2,v9}. Then S; is the minimum dom-forcing set. Hence

dpt(I") = 3. Now consider a sub graph H = Cy of I" given below.

@ )

(S
-3

————@

Figure 5.5: The Cycle Cs.

Let Sy = {v1,v9,v5,06}. Then Sy is the minimum dom-forcing set for H.

Hence dpt(H) = 1. Therefore, the assertion follows.
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5.3 Exact Values of Dom-forcing Propagation

Time

This section computes the exact values of dom-forcing propagation time of certain
graphs such as the path P,, cycle C,,, complete graph K,, complete bipartite
K, n, Petersen graph P, wheel graph W), triangular snake graph 7'S,,, helm
graph H,, and dove tail graph DT,, . The discussion begins with the path graph

P,. The following theorem establishes its dom-forcing propagation time.
Theorem 5.3.1. Let I' be the path P,, of order n > 2. Then DPT(FP,) =

n — Fd<Pn)

Proof. Consider a path P,, with V(P,) = {vy,ve,--+ ,u,}. Fori =2,3,--- n—1
each vertex v; is adjacent with v;_; and v; ;. It can be easily observed that for
n=2and 3, DPT(P,) = DPT(P;) =1 =n — Fy(P,). For n > 4, consider the

following cases and the following subsets of V' (FP,).

Case 1: Assume n = 0 mod 3, Dy = {vsks+1,Vn—3,0n-1}, where 0 < k <

1n/3 —1].

Case 2: Assume n =1 mod 3, Dy = {vsi1,vp—1}, where 0 < k < |n/3].

Case 3: Assume n =2 mod 3, Dy = {vs41, Un_1}, where 0 < k < |n/3].

In all the cases above, Dy is a minimum dom-forcing set, and need any pen-

dant black vertex or two adjacent black vertices to force the remaining white
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vertices in the path P,. Since it is not considering the adjacent black ver-
tices to force the path P, hence only one force occurs at any time, therefore
pt(P,, D) = n — Fy4(P,), and which is maximum by Proposition 3.4.14. Hence
DPT(P,) =n — Fy4(P,). O

Now let me consider the minimum dom-forcing propagation time for the path

P,.

Theorem 5.3.2. For the path graph P,,

1. dpt(P,) =n — Fy4(P,), forn =2 mod 3.

2. dpt(P,) = {%(P")—‘, form=1 mod 3.

3. dpt(P,) = {%(P")W, forn =0 mod 3.

Proof. Consider a path P,, with V(P,) = {vy,vg,- -+ ,v,}. Fori =2 3,--+ n—1,
each vertex v; is adjacent with v;_; and v;;1. It is noted that any pendant black

vertex or any two adjacent black vertices forces the entire vertex set of the graph

P,. Consider the following cases.

Case 1: Assume n = 2 mod 3. In this case, every minimum dom-forcing set
contains exactly one pendant black vertex and no two adjacent black vertices.

Hence only one force occurs at each time. Therefore, dpt(P,) = n — Fy(P,).

Case 2: Assume n =1 mod 3. In this case, there exist a minimum dom-forcing
set containing two pendant vertices. Hence two simultaneous forces occur at

each time step.
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Claim: There does not exist a minimum dom-forcing set with more than two

simultaneous forces occurring in at least one time step.

Proof. Assume that there exists a minimum dom-forcing set Dy, containing one
pendant vertex and one set of two adjacent vertices. Also, assume that three
simultaneous forces happen in at least one time step using this dom-forcing set.
Now Dy must contain the vertices v; or v,. Also need to choose the adjacent
black vertices as v, v;11, for 4 < i < n—3. Now |N[v;, v;41,v,]| = 6. To dominate
the remaining n — 6 vertices, need
n—=~6 n—4
ke
n+5

vertices. Now |Dy| = 222 + 3 = 22 contradiction to our assumption that

FyP) = |n/3] + 1. O

Hence dpt(P,) = {—N_F;(P")]
Case 3: Assume n = 0 mod 3. In this case, there exists a minimum dom-
forcing set containing one set of two adjacent vertices and one pendant vertex,
three forces occur in at least one time step. Moreover, there does not exist a
minimum dom-forcing set with more than three forces occurs at a time (it can

be proved in similar manner, as in the proof of the above claim). Hence

n— ng(Pn)w ‘

For the path P3, Dy = {ve,v3} and dpt(P;) = 1, and for n > 6, consider

dpt(P,) > [ (5.1)

Dy = {vsps2,V3[n01,v35},0 < k < [n/9] and [n/9] < j < §. Then Dy is a

minimum dom-forcing set with propagation time {%(P”)-‘ . Hence

n— Fd(Pn)-‘ .

: (5.2)

dpt(P,) < [
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From (5.1) and (5.2), dpt(P,) = [%(PW -

Theorem 5.3.3. For the cycle C,,, n >3, DPT(C,) = PHF‘;(C”)-‘.

Proof. Let C,, be the cycle with vertex set V(C,) = {vy,vq,- -+ ,v,}. Consider

the following cases and the following subsets of V(C,,).
Case 1: Assume n=0,1 mod 3, Dy = {vs+1, vy}, where 0 < k < [n/3].

Case 2: Assume n =2 mod 3, Dy = {vsk41, Un—2,Un}, where 0 < k < [n/3].

n—Fd(Cn)—‘ ‘

In both cases, Dy is a minimum dom-forcing set and pt(C,,, Dy) = [ 5

Any two adjacent vertices force the entire vertex set of C,, also at most two

and(cn)w ‘

forces occur at each time step. Hence DPT(C,,) = [ :

O

Now let me consider the minimum dom-forcing propagation time for the cycle

Ch.

Theorem 5.3.4. For the cycle C,, of order n > 3,

1. dpt(Cy,)

n—Fy(Ch _
[%W forn=0,1 mod 3.

2. dpt(C,)

n—Fy(Ch) _
[+-‘ forn =2 mod 3.

Proof. Let C, be a cycle with vertices vy, v, -+ ,v,. Any two adjacent vertices

forces C,. Consider the following cases.

Case 1: Assume n = 0,1 mod 3, every minimum dom-forcing set contains ex-

actly two adjacent vertices, two forces occur at each time step. Hence dpt(C,,) =
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n—Fy(Ch)
).

Case 2: Assume n = 2 mod 3. It can be noted that dpt(Cs) = 1, and for
n > 5, there exists a minimum dom-forcing set with two set of two adjacent

vertices. Maximum of four forces can occur in at least one time step, hence

(5.3)

dpt(C,,) > [%d(o")w .

Now consider Dy = {vsj41,v3j42} where 0 < k < [n/6] and |n/6| < j < [n/3].

Here Dy is a minimum dom-forcing set with pt(C,,, Dy) = {%(C")-‘ . Hence

- F
dpt(C,,) < [”Td(oﬂ (5.4)
Therefore from (5.3) and (5.4), dpt(C,,) = [%(C")—‘ for n =2 mod 3. O

From the definition of dom-forcing set and by the Theorem 5.2.8, the following

theorems can be verified.

Theorem 5.3.5. Let K, be the complete graph with n vertices. Then dpt(K,) =

DPT(K,) = 1.

Theorem 5.3.6. Let K., ,, be a complete bipartite graph, where n,m > 2. Then

dpt(Kpn) = DPT(Kp ) = 1.
Theorem 5.3.7. For the Petersen graph P, dpt(P) = 1.
Theorem 5.3.8. For the star graph K, dpt(K,,) = DPT(K,,) = 1.

Theorem 5.3.9. Let W, be the wheel graph with n vertices. Then dpt(W,) =

DPT(W,) = [%52].

2
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Proof. Let vy, vq,--- ,v, be the vertices of the wheel graph W, with degree
d(v1) = n—1 and all the other vertices have degree 3. Then Dy = {v;,v2,v3} be
a minimum dom-forcing set and which is unique (up to isomorphism). Hence

two simultaneous forces occur at each time step, dpt(W,) = DPT(W,) =
{L(W)] = [22]. O

2 2

Next the study investigates the dom-forcing propagation time of the triangu-

lar snake graph T'S,,, where n denotes the number of triangles in 7T'S,,.

Theorem 5.3.10. For the triangular snake graph TS,, with triangles n > 2,
dpt(T'S,) =2 and DPT(TS,) = n.

Proof. Let vy,v9,++ ,Upy1,Us, Usg, - -+ , U, be the vertices of the triangular snake
graph T'S,, (see Figure 5.6). If Dy = {vy, uy,us, -+ ,u,}, then Dy is a minimum
dom-forcing set with pt(7'S,, D) = n = |T'S,| — Fu(T'S,,), which is maximum

by Proposition 5.2.5. Hence DPT(T'S,,) = n.

There exists no minimum dom-forcing set in 7'S,, with propagation time one.
Now consider the following cases.
Case 1: Assume n is odd, D = {vy, u1, v3,u3 -+, Un, Up }-
Case 2: Assume n is even, D} = {v1,u1,v3, U3+, Vp_1, Up_1, Up }.
In both the cases, D’ act as a minimum dom-forcing set with pt(T'S,, D}) = 2.

Hence dpt(TS,) = 2.

/

Figure 5.6: The triangular snake graph T'Ss, dom-forcing set D} =

{Ul,ul,Ug,Ug,U5,U5,U6} and pt(TSGa D}) = 2.
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Remark 5.3.11. It can be easily verified that dpt(T'Sy) = dpt(T'Ss) = 1.

A double triangular snake graph D(T),) consists of two triangular snake graph
that have a common path. Specifically, double triangular snake graph is obtained
by attaching two new vertices u; and w; to the consecutive vertices v; and v;4

of a path, for 1 <+ <n [43]. Thus, D(7},) contains 2n triangles.

Theorem 5.3.12. [33] Let I' be a double triangular snake graph D(7},), and

n>2. Then Z(I') =n+ 1.

Lemma 5.3.13. [33] For a double triangular snake graph, the vertices u; or w;

must contain in every zero forcing set.

Lemma 5.3.14. For a double triangular snake graph, either u; and w; or one

of the vertices v; or viy1 must contained in every minimum dominating set.

Proof. Assume that v; and v; 1 does not belong to the domination set. Then w;
and w; are in the dominating set, because both u; and w; are adjacent with v;

and v, 1 for 1 <i < n. O

Theorem 5.3.15. For the double triangular snake graph D(T,,), F4|D(T,)] =

Proof. Let vy, -+ ,vpi1,uy, -+ ,Up, Wy, - ,w, be the vertices of the double tri-
angular snake graph D(7},). Consider the following cases.
Case 1: Assume n is odd, Dy = {uy, -+ ,Up, V2,04 ,Up_1,Up}.

Case 2: Assume nis even, Dy = {uy, -+ , Uy, V2, U4+ ,Up}.
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In both the cases, Dy must be a dom-forcing set. Both u; and w; are adjacent
with v; and v;1; for 1 < ¢ < n. By Lemma 5.3.13, the vertices u; or w; must
contained in every zero forcing set. With out the loss of generality, let these
vertices be uy, -+ ,u,. Also by Lemma 5.3.14, either u; and w; or one of the
vertices v; or v;41 must contained in every minimum dominating set. Hence Dy
is a minimum dom-forcing set. Since the researcher is choosing the minimum
dom-forcing set, to find the dom-forcing number, he chose the vertices for the

dom-forcing set as described in case 1 and 2. Hence Fy[D(T5,)] =n+ [§]. O

Theorem 5.3.16. Let D(T,) be the double triangular snake graph with n > 1.

Then DPT[D(T,)] =1+ [%] and

1+ [22] if nis odd
dpt[D(T,)] =

1+5  if nis even.

Proof. Let vy, -+ ,Upi1,U1, "+ ,Up, W1, -+ ,w, be the vertices of the double tri-
angular snake graph D(T},). Consider the following cases.

Case 1: Assumeniseven, Dy = {uy, -+ , Uy, V2,04, U, } is @ minimum dom-
forcing set, which is unique up to isomorphism. In first time step, color all the ver-
tices v;, 1 <1 < n+1 into black and with the remaining n vertices, two simultane-
ous forces occur at each time step. Hence DPT[D(T,)| = dtp[D(T,)] = 1+ [5].
Case 2: Assume nis odd, consider Dy = {uq, -+ , Uy, V2,04 -+ ,Up_1,Vs}. Then
Dy is a minimum dom-forcing set and in first time step, color all the vertices v;,
1 <i <n+1into black. And the remaining n vertices, two simultaneous forces
occur at each time step, which is maximum. Hence DPT[D(T,)] = 1 + [%].

Case 3: For the minimum dom-forcing propagation time, it can be easily ob-
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served that for n = 3, D} = {u1, ug, u3,v2,v3} be a minimum dom-forcing set

with propagation time 2 and for n > 3, consider

/
Df = {ula ©t, Up, Vg, U2j717w2[%]—1}7

1 <i<[f]and [§] <j<[3] Here D} is a minimum dom-forcing set and
in the first time step, color all the vertices v;, 1 <7 < n + 1 into black. For the
remaining n — 1 white vertices, four simultaneous forces occur at each time step,

which is minimum. Hence dpt[D(T},)] =1+ [2:1]. O

The above theorem is illustrated in the case of D(T5).

Figure 5.7 The double triangular snake graph D(T5), dom-forcing set D, =

{uy, -+ ,us,va,v5,ws} and dpt[D(T5)] = 2.

Alternate triangular snake graph A(7),) is a graph obtained from the path P,

by replacing each alternate edge of the path P, by a cycle C3 [43].

Theorem 5.3.17. For the alternate triangular snake graph A(T,), F4lA(T,)] =

1 + number of triangles in A(T),) .

Proof. Let A(T,) denote the alternate triangular snake graph. From the defini-
tion, A(T,) is obtained from the path P, by replacing each alternate edge of P,
by a cycle C3. One of the vertices of each Cj is contained in every dominating

set of A(T,,). But exactly one vertex in each Cj3 cannot zero force the entire
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graph. Hence, every dom-forcing set of A(7},) must contain at least one vertex
from each cycle of A(T},), together with one additional vertex. Therefore, every
dom-forcing set of A(T},) contains at least (number of cycles in A(7},)) + 1 ver-

tices. Now consider the following cases.

Case 1: Assume that n is even. Consider the case in which the first edge is
replaced by a cycle C3. Since alternate edges are replaced by a cycle C3, there
will be only 7 cycles and the rest of the edges will remain as the paths connecting
these cycles. Let vy, - -, v, be the vertices in the path P, and wy, -+ ,wz be the
vertices added to obtain A(T;,). Now, Dy = {v;,wi, - ,wz} be a dom-forcing

set of A(T,).

Now consider the case when second edge is replaced by the cycle C3. It is
clear that there are § — 1 triangles in each A(T},). Let vy,--- v, be the vertices
of the path P, and wy,---,wn_; be the vertices added to obtain A(7},). Now

Dy ={vi,wy,- -+ ,wn_5,v,1} be a dom-forcing set of A(T,).

Case 2: Assume that n is odd. Consider the case when the first edge is replaced
by the cycle C5. Since alternate edges are replaced by a cycle C3, there will be
only ”T’l cycles and rest of the edges will remain as the paths connecting these
cycles. Let vq,---,v, be the vertices in the path P, and wy,--- , Wt be the
vertices added to obtain A(7},). Now Dy = {wy, - - - , Wi, v, } be a dom-forcing

set of A(T,).

Consider the case when second edge is replaced by the cycle C5. Since n is

odd, the graph contains same number of triangles. Let v, --- , v, be the vertices
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in the path P, and wy,--- yWa be the vertices added to obtain A(T),). Now

Dy = {vy,wy,--- ,wan} be a dom-forcing set of A(T},).

In all the cases, there exists a dom-forcing set with cardinality equal to the
number of triangles in A(T,,) + 1. Therefore, Fy[A(T,,)] = 1 + number of triangles
in A(T,). O

The dom-forcing set described in the above theorem has propagation time

n — 1, which is maximum by Proposition 5.2.5. Hence the following result.

Theorem 5.3.18. Let A(T,) denote the alternate triangular snake graph. Then
DPT[A(T,)] =n— 1.

Consider the minimum propagation time of the alternate triangular snake

graph.

Theorem 5.3.19. Let n be an odd number and A(T,) denote the alternate tri-
angular snake graph. Then dpt|A(T,)] = ”T“

Proof. Let A(T,,) be the alternate triangular snake graph and n be an odd num-
ber. The alternate triangular snake graph obtained by replacing the first edge
or the second edge of the path P, by the cycle (5 are isomorphic. Hence con-
sider the case when the first edge is replaced by the cycle C5. Let vy, -+, v,
be the vertices in the path P, and wq, - - - SCES be the vertices added to obtain
A(T,). It can be noted that every minimum dom-forcing set contains one vertex
from each of the cycle C35 and an additional vertex. Hence in the color changing
process maximum two forces occur at each time step. Also note that, each w;

is adjacent with vy;_; and vy;. Now for n = 3, Dy = {wy, v2} with propagation
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time 2 and for n =5, Dy = {wy, wy,v4} with dpt[A(T5)] = 3. For n > 5, the set

Dy = {wy,--- ,wnT%’),Un_l,UnTH} be a minimum dom-forcing set of A(T),) with

n+1

propagation time *7=. Which is minimum since only one forcing occurs at first

time step. Therefore dpt[A(T},)] = "L O

Theorem 5.3.20. Let n be an even number and A(T,) denote the alternate
triangular snake graph with first edge is replaced by the cycle Cs. Then

4+1 if n=0 mod4
dpt[A(T,)] =

5 if n#0 mod 4.

Proof. Let n be an even number and A(7},) denote the alternate triangular snake

graph with the first edge is replaced by the cycle C3. Then there will be only

5 cycles. Let vy,---, v, be the vertices in the path P, and w, -+, w2 be the
vertices added to obtain A(7},). It can be noted that every minimum dom-forcing
set contains one vertex from each of the cycle C5 and an additional vertex. Hence

maximum of two forces occur at each time step. Now consider the following cases.

Case 1: n =0 mod4. Dy = {wy,--- ,w%,vn%z} be a minimum dom-forcing
set with propagation time 7 + 1. Which is minimum since only one force
occurs at first time step and there are even number of cycles. In this case
dpt[A(T,)] = 5 + 1.

Case 2: n #0 mod 4. Dy = {wy,--- ,w=,vz} be a minimum dom-forcing set
with propagation time 7. Which is minimum since only one force occurs at the

first time step and there are odd number of cycles. In this case dpt[A(T,)] = 5.
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Therefore,

5+1 if n=0 mod4
dpt[A(T,)] =

5 if n#0 mod 4.

Next consider the alternate triangular snake graph with second edge is re-

placed by the cycle Cs.

Theorem 5.3.21. Let n be an even number greater than 4 and A(T,,) denote
the alternate triangular snake graph with second edge is replaced by the cycle

Cs. Then

|3

if n=0 mod4
dpt[A(T,)] =

5+1 if n#0 mod 4.
Proof. Let n be an even number greater than 4 and A(T},) denote the alternate
triangular snake graph with second edge is replaced by the cycle C3. Then there
will be only § — 1 cycles. Let vy,---,v, be the vertices in the path P, and
wy, -+ ,wn_y be the vertices added to obtain A(7,). It can be noted that every
minimum dom-forcing set contains one vertex from each of the cycle C'3 and an
additional vertex. Hence maximum of two forces occur at each time step. Now

consider the following cases.

Case 1: n = 0 mod4. Dy = {vg,wy, ++ ,wz_9,v,-1,v2} be a minimum

dom-forcing set with propagation time 7. Which is minimum since only one

force occurs at first time step and there are odd number of cycles. In this case

dpt[A(T,)] = 5.
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Case 2: n # 0 mod 4. For n = 6, Dy = {ve,wy,v5} and for n > 6, Dy =
{vg, wa, - - ,Wn 9, Vp—1, v%}. Then D¢ be a minimum dom-forcing set with prop-
agation time § + 1. Which is minimum since only one force occurs at first time
step and there are even number of cycles. In this case dpt[A(T,)] = § + 1.

Therefore,

if n=0 mod4

o3

dpt[A(T,,)] =
5+1 if n#0 mod 4.

Remark 5.3.22. Consider the case of A(T,) with second edge is replaced by
Cs. Then Dy = {v1,vs} be the minimum dom-forcing set, which is unique up to

isomorphism. Hence, dpt[A(Ty)] = 3.

The Figure 5.8 depicts an alternate triangular snake graph A(7%) with dom-
forcing number 4 which gives the maximum propagation time 6 and minimum

propagation time 4.

Figure 5.8: The alternate triangular snake graph A(77) with first edge is replaced

by the cycle Cs.

The Figure 5.9 depicts an alternate triangular snake graph A(7Tg) with first
edge is replaced by the cycle C3. The dom-forcing number of A(7Tg) is 5, which

gives the maximum propagation time 7 and minimum propagation time 5.
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Figure 5.9: The alternate triangular snake graph A(7g) with first edge is replaced

by the cycle Cs.

The Figure 5.10 depicts an alternate triangular snake graph A(7%) with second
edge is replaced by the cycle C3.The dom-forcing number of A(Tg) is 4, which

gives the maximum propagation time 7 and minimum propagation time 4.

Figure 5.10: The alternate triangular snake graph A(7Tg) with second edge is

replaced by the cycle Cj.

Consider the helm graph H,,. the dom-forcing number of helm graph H,, has

been proved and is included in Chapter 3.

Theorem 5.3.23. For the helm graph, H,,, dpt(H,,) = 3.

Proof. Let vy denote the vertex in helm graph such that its degree is equal to
m, and let vy, vs,--- , v, represent the vertices in the helm graph, each with a
degree of 3. Also uy,us, - -+ ,u,, represent the pendant vertices of the helm graph
H,,. To complete the colour changing process in two steps, it is needed that,
all pendant vertices as black in the initial step, but it not possible because the
pendant vertices does not dominates the entire graph. Therefore, dpt(H,,) > 3.
Here Dy = {v1,u,u3- -+ ,uy} be a minimum dom-forcing set with propagation

time 3. Hence dpt(H,,) = 3. O
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Now the study investigates the dom-forcing propagation time of the dove tail
graph, DT,,. It can be easily observed that the dom-forcing number of the dove

tail graph is 2.

Theorem 5.3.24. Let DT, denote the dove tail graph. Then dpt(DT,) =

DPT(DT,) =n—1.

Let DT, be a dove tail graph and {u,vq, - ,v,} be the vertex set of DT,
with degree deg(u) = n. Also let e; = uv; and ey = uvy. Then the following

result.

Proposition 5.3.25. Let I' be a connected graph. Then dpt(I') = |V/(I')| — 2 if
and only if T is one of the following (up to isomorphism):

1. Pj

2. DT, where n > 2

3. DT,, — ey or DT,, — ey, where n > 2.

4. DT, —{e1, e}, where n > 4.

5. T be the graph obtained from 2 to 4 (which is not a path) by appending a leaf

to vertex u.

Proof. Let I" be the one of above graphs. Then verify that dpt(I') = |[V(I')| — 2.
Conversely, assume that dpt(I') = |V(I')| -2, then by Proposition 5.2.5, dpt(I") <
V(D) — Fy(I") , ie Fy(I") < 2. Here Fy(I') cannot be one, since Fy(I') = 1 only
for P, and P,, in both cases dpt(I') = 1. Hence Fy(I') = 2 and exactly one force
is performed at each time step for every minimum dom-forcing set. Without loss
of generality, assume that {u,v} be a minimum dom forcing set for I'. If " is a

path then I' = P5 or Pj, otherwise there are two cases.



5.3. EXACT VALUES OF DOM-FORCING PROPAGATION TIME 89

Case 1: There exists a minimum dom-forcing set having forcing sequence with n—
1 vertices starting with v. Therefore the graph is of the form 2 to 4 (Proposition
5.3.25).

Case 2: Every minimum dom-forcing set having forcing sequence with n — 2
vertices starting with v, and forcing sequence with 2 vertices starting with wu.

Therefore the graph is of the form 5 (Proposition 5.3.25). Hence the result. [

The Chapter 5, introduced and examine the dom-forcing propagation time.
The study detected the exact value of minimum and maximum dom-forcing prop-
agation time of different snake graphs. It has also characterized graphs with
extreme dom-forcing propagation time. The next chapter takes it further to

explain how connectedness will change the dom-forcing set.






Chapter

CONNECTED DOM-FORCING SETS
IN GRAPHS

This chapter! elaborates the concept of the connected dom-forcing number. Sec-
tion 1 lays out the preliminary idea, Section 2 establishes upper and lower bounds
for this parameter in terms of the connected zero forcing number and the con-
nected domination number. Section 3 deals with the connected dom-forcing
number for various types of product graphs, including the corona product, gen-
eralized corona product, rooted product, and Cartesian product of graphs. And
Section 4 examines the connected dom-forcing number of the splitting graph of
a given graph. the chapter considers the connected dom-forcing number for spe-

cific graphs such as S(P,), S(Cy), S(K1,) and S(L,,).

IThis chapter has been published in Advances and Applications in Discrete Mathematics,

Volume 42, Number 7, October 2025, Pages 713-736.

91
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6.1 Introduction

The concept of dom-forcing number is introduced in Chapter 3. This section
integrate the concepts of connected domination and connected zero forcing to
introduce a new graph-theoretic parameter: the connected dom-forcing set. In
this chapter considers only connected graphs. First define the hybrid concept of

connected dom-forcing set.

Definition 6.1.1. Let I' = (V, E) be a graph. A set CD;y C V of vertices is
called a connected dom-forcing set if it satisfies the following two conditions.
i) CDy must form a connected dominating set.

ii) CDy must form a connected zero forcing set.

The minimum cardinality of such a set is called the connected dom-forcing
number of the graph I' and is denoted by F.4(I"). For instance, contemplate the

graph Cj illustrated in Figure 6.1.

Figure 6.1: In this graph C5, C Dy = {uy, u2, us} is a connected dominating as
well as a zero forcing set and no subset of the vertex set with cardinality less

than 3 has this property, so F.4(C5) = 3.
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The focus of this chapter is on determining the connected dom-forcing num-
ber, denoted by F4(T"), for various well-known graphs and their specific products,
including the corona product, rooted product, and Cartesian product of graphs.
This investigation aims to explore the structural properties of F.4(I") and provide

new insights into its applications in graph theory.

6.2 Exact Values of Connected Dom-forcing Num-

ber

This section compares the dom-forcing set and the connected dom-forcing set in

the context of specific types of graphs.

From the definition, it is evident that the union of a connected zero forcing
set and a connected dominating set forms a connected dom-forcing set. Conse-

quently, the following relationship holds.
Proposition 6.2.1. For any connected graph T’
i) Ze(D) < Fea(I) < Ze(T) 4 7e(T)
i) (') < Fea(I') < Ze(T') + 7.(T)
Also from the definition, every connected dom-forcing set is a dom-forcing

set and if a dom-forcing set is connected in components, then it is a connected

dom-forcing set. Hence, the following result.

Proposition 6.2.2. For any connected graph T,

Fy(T') < Fa().
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A connected acyclic spanning sub graph of a graph is called a spanning tree
of a graph. A vertex in a spanning tree is called a leaf if it has degree one.
A maximum leaf spanning tree is a spanning tree that has the largest possible
number of leaves among all spanning trees of I'. The maximum leaf number of

[ is the number of leaves in the maximum leaf spanning tree [44].

If d is the connected domination number of an n-vertex graph I', where n > 2,
and [ is its max leaf number, then the three quantities d, [, and n obey the simple

equation n = d + [ [45]. Therefore by Proposition 6.2.1, n — 1 < Fo4(I').

There are graphs having connected domination number is equal to the con-
nected dom-forcing number. From the relation connecting connected domination

number and max leaf, the following results obtained.

Proposition 6.2.3. Let P,, n > 4 be a path of order n. Then

Fua(P) = 7e(P.) = n—2.

Proposition 6.2.4. Let C,,, n > 4 be a cycle of order n. Then

Foa(Ch) = 7(Co) = n — 2.

Proposition 6.2.5. Let I' be any connected graph with order greater than two.

Then F4(T) > 2.

Proof. If possible assume that F,;(I') = 1. Then by Proposition 3.3.5, I" must

be P, or P, both have order less than or equal to two. Hence the result. O

From the definition of connected dom-forcing number, dom-forcing number

and the results in Chapter 3, the following results can be verified.
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Proposition 6.2.6. .
e For a complete graph K,,, Fy(K,) = F.q4(K,) =n— 1.

e For a complete bipartite graph K, ., Fo(Kmn) = Fea(Kppn) =m+n—2,

where m,n > 2.
e For the star graph Ky ., F4(K1,) = Foa(K1n) =n, forn > 2.
e For the Petersen graph P, Fy(P) = F.4(P) =5
e For a wheel graph W,,, Fy(W,,)) = Fq(W,,) = 3.
o For a hyper cube graph Qy, Fy(Qr) = F.q(Qy) = 2871,
e For a Coconut tree graph CT(m,n), FoqCT(m,n)] =m +n — 2.

e For a Helm graph H,,, Foq(Hy,) =m + 1.

The connected dom-forcing number of a graph and its sub graphs are not

comparable. Consider the following propositions.

Proposition 6.2.7. Let T' be a graph. If H is a sub graph of T, then F.4(H) <

F.4(T) is not true in general.

Proof. Consider the wheel graph I' = W4 given below

Figure 6.2: The wheel graph Wig.
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Let S; = {v1,v2,v17}. Then S is the minimum connected dom-forcing set.

Hence F4(I") = 3. Now consider a subgraph H = Ci5 of I" given below.

Figure 6.3: The Cycle Cig.

Let Sy = {v1,v9,- -+ ,v14}. Then Sy is the minimum connected dom-forcing

set. Hence F.4(H) = 14.Therefore, the assertion follows. O

Proposition 6.2.8. Let I" be a graph. If H is a sub graph of ', then F.,(H) >

F.q4(T) is not true in general.

Proof. Consider the graph I' given below

Figure 6.4: The Graph I'.

Let S; ={2,3,4,5,7}. Then S; is the minimum connected dom-forcing set.

Hence F_4(I') = 5. Now consider a subgraph H of I' given below.
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Figure 6.5: The Graph H.

Let Sy = {2,3,4}. Then S, is the minimum connected dom-forcing set. Hence

F.4(H) = 3.Therefore, the result follows. O

For a tree T, F.4(T) > F.4(T3). where Ty is any sub tree of T

Proposition 6.2.9. Let T be a tree with n > 3 wvertices and m leaves. Among
these m leaves, n; leaves are adjacent to a vertex v; of T, for v = 1,2,--- 7.

Then the connected dom-forcing number of T is n — r.

Proof. Given T is a graph with n vertices and m leaves, hence every connected
domination set contains all n—m non-leaf vertices. Also, the vertex v is adjacent
to ny leaves. To force all these ny leaves, must color n; — 1 leaves black initially.
Therefore every connected dom-forcing set must contain n—m+ (ny — 1) + (ng —

1)+ -+ (n, — 1) vertices. But ny + --- 4+ n, = m, hence

Fu(T)=n-—r.

The above theorem is illustrated in Figure 6.6.
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U10 U9 @

Figure 6.6: A tree T with 14 vertices and 8 leaves. Among these leaves, vy, v, v3
are adjacent to vy; vg is adjacent to v7; v1g, v11 are adjacent to vg and wvq3, v14 are

adjacent to vio. Hence Foq(T) = 14 — 4 = 10.

Now consider the connected dom-forcing number of I' V H, the join of two

graphs.

Proposition 6.2.10. Let I' and H be two connected graphs. Then

Fu(TV H) = FyTV H)=Z(V H) =min{|H| + Z(); |T| + Z(H)}.

Proof. Every zero forcing set dominates I' V H, since by the definition of join of
graphs, one vertex from both I' and H dominates I' V H. Also it is connected.

Therefore,

Fu(TV H) = FyT'V H)=Z(V H) =min{|H| + Z(); |T| + Z(H)}.
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6.3 Connected Dom-forcing Number of Prod-

uct of Graphs

This section discusses the connected dom-forcing number of different types of

product of graphs. Starting with the generalized corona product.

Theorem 6.3.1. [27] Let I' be a graph with |V(I')| = n, and let Hy,--- , H, be

the graphs with order at least two,
ZJ( < Hy, -+ Hy =) = V(D) + > Z(H,).
i=1

Theorem 6.3.2. Let I" be a graph with |V(I')| = n, and let Hy,--- , H, be the

graphs with order at least two,

FuT < Hy, -+ \Hy =) = Z(0 = Hy, -+ Hy =) = [V(I)| + > Z(H,).
=1

Proof. Let Z; be a minimum zero forcing set of H; for all 1 <7 < n. It can be
noted that, V(I') U Z; U--- U Z, is a minimum connected zero forcing set of the
graph I' < Hy,--- ,H, > . From the definition of generalized corona product,

this set dominates I' < Hy,---, H, >. Hence

Fog(D =< Hy,++ (Hy =) = 2.0 < Hy, -+ Hy =) = V(D) + Y Z(H)).
=1

For the graph I' with |V(I')| = n and for any graph H, from the definition,
it is evident that o H =1' < H,--- , H . Therefore from the above theorem,

the following results obtained.
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Corollary 6.3.3. For the graph I with |V(I')| = n and any graph H with order
at least two,

Foa(T o H) = n(1 + Z(H)).

Let I' and H be two graphs of order n; and ns respectively. For any integer
k > 2, define the graph I' oF H recursively from I' o H as
['o* H= (o1 H)o H. Tt is also noted that |I' o*~t H| = n;(ny + 1)*~1 and

’F ok H| = ’F ok—1 H| + nlng(nQ + 1)k_1.
By the repeated application of Corollary 6.3.3, the following result derived.

Theorem 6.3.4. Let I' and H be two graphs of order ny and ns,(ny > 2),

respectively. Then
Fy(Tof H) =ny(ny + 1) Y(Z(H) +1).

Theorem 6.3.5. If ' is a graph with |V (I')| = n, then F4(I' o K7) = n.

Proof. Let {vy,va,--- ,v,} be the vertex set of I'. Then A = {vy,---,v,} be a

connected dom forcing set for I' o K. Therefore F4(I" 0 K) < n.

Note that every connected dominating set contains all vertices of I'. There-

fore, Fiy(I' 0o K1) > n.

From the above, F4(T" o K7) = n. O

By the repeated application of Theorem 6.3.5, the following results obtained.

Corollary 6.3.6. For the graph T with |T'| = n, F4(T of K;) = 28 1n.

Consider the connected dom-forcing number of rooted product of two graphs.
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Theorem 6.3.7. Let I' be a graph of order n, and let H be a graph of order at
least two, rooted at some vertex. Suppose the rooted vertex belongs to a minimum
connected dom-forcing set of H. Then the connected dom forcing number of the

rooted product of I' by H,

Feall'(H)] = n(Fea(H)).

Proof. Let CDy, be the minimum connected dom-forcing set for the ith copy
of H. Then A = |Ji_, C Dy, forms a connected dom-forcing set for the rooted

product of I' by H. Hence
Full(H)) < n(FualH)). (6.)

Given that the rooted vertex is an element of the minimum connected dom-

forcing set, every connected dom-forcing set contains C'Dy,, for all . Hence
Fea[D(H)| > n(Fua(H)). (6.2)

From (6.1) and (6.2),
Fu[l'(H)] = n(Fua(H)).

Now consider the ladder graph L,,.
Theorem 6.3.8. [26] Connected domination number of the ladder graph L, is

2 if n=23
Ye(Ln) = 70(P27n) =
n if n>4

Theorem 6.3.9. The connected dom-forcing number of the ladder graph L, is

ch(Ln) = ch<F2,n) = n.
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Proof. The graph I'y 5 is cycle Cy, and it is noted that F.;(Cy) = 2. In the case of
'y 3, no connected domination set with cardinality 2 forces I'y 3. However the set
A=1{(1,1),(1,2),(1,3)} is a dom-forcing set. Hence F,4(I's3) = 3. For n > 4,
the set A = {(1,1),(1,2),---,(1,n)} forms a connected dom-forcing set, which

is the minimum by Theorem 6.3.8. Therefore
ch<Ln) = ch(FZ,n> =n.
O

Theorem 6.3.10. [26] Connected domination number of 3 x p grid graph I's,

is 7.(I's ) = p.

Theorem 6.3.11. The connected dom-forcing number of 3 X p grid graph I's,, is
ch(l_‘&p) =P + 1

Proof. 1t is clear that the set A = {(2,1),(2,2),---,(2,p)} is a minimum con-
nected domination set, and A is unique. The set A cannot force I's,. But

AUA{(1,1)} forms a connected dom-forcing set, which is minimum. Hence
Foa(T3,) =p+ 1.
[

Theorem 6.3.12. [46] Connected domination number of p x ¢ (p > 4,9 > 4)

grid graph I, is
/

pPq — ap,

(T =
Ye( pvq) 3

—/ /
+ g T Cpg
in which

a, , = p(mod 3).q(mod 3)
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Pg
1 p(mod 3).g(mod 3) =
[ 0 p(mod 3).¢g(mod 3) =0
(
min{%, 4 p(mod 3) =0 and ¢(mod 3) =0
) L p(mod 3) = 0 and g(mod 3) # 0
Cpaq =
1 p(mod 3) # 0 and ¢(mod 3) =0
L 5]+ 3] =1 p(mod 3) # 0 and g(mod 3) # 0

Theorem 6.3.13. Forp x q (p >4,q>4) grid graph I, ,

Ye(Tpq) < Fea(Tpg) < 7e(Tpg) + 1.

Proof. Consider the following cases.

Case 1: For any ¢ and p (mod 3) = 0, consider the vertex set S = AUBUC
in which A = {(1,2),(2,2),---,(p,2)}, B = {(2,3),(2,4),---,(2,¢9)}, and C =

{(2,3), -+ ,(x,q)|lx =5,8,--- ,p—1}. Theorem 6.3.12 says that S is a minimum

connected dominating set with cardinality @.

Case 2: For any p and q (mod 3)= 0, consider the vertex set S = AU B U ('

in which ¢’ = {(3,y),---,(p,y)|ly = 5,8,---,¢ — 1}. Then S is a minimum

connected dominating set with cardinality @ (By Theorem 6.3.12). In both

cases, the set AU {(1,1)} is sufficient to force the entire graph. Hence

%(szq) < ch(rp,q) < ’Yc(rp,q) + 1.
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Case 3: For p (mod 3) =1 and q (mod 3) = 1, consider the vertex set

g AUB UC,UE; forp=4

AUBUCLUD,UE; forp>4,
where Bl = {(27 3)7 (274)5 Ty (27 q_2)}7 Cl = {(37 y)? ) (p7 y)‘y = 57 87 g
2}7 Dl = {('T7q - 1)7(I,Q)|Z‘ = 5787”' P — 5} and El = {(p_ ]-7q - 1)7<p_
1,9),(p—2,q)}. Then S is a minimum connected dominating set with cardinality
’%ﬂ_?’ (By Theorem 6.3.12). The set S forces the entire graph, as explained

below.

Color the vertices in S black. The only white neighbor of (p — 1,q) is (p, q).
Therefore, (p —1,q9) — (p,q) = (p,q — 1). Since the vertices in C; and D; are
already black, the top three rows can be forced using C; and D;. Hence, the

entire graph can be forced to become black. Therefore,

'Yc(Fp,q) = ch(rp,q)'

Case 4: For p (mod 3) = 1 and q (mod 3) = 2, consider the vertex set S =
AUBUCyUDyU Ey, in which Cy = {(3,y), -, (p,y)|ly = 5,8, - ,q—3}, Dy =
{(z,q¢—2),(z,q—1),(z,¢)|lz=5,8,--+ ,p—2} and Er = {(p,q — 2),(p.q¢ — 1)}
Then S is a minimum connected dominating set with cardinality pq“’T’w (by

Theorem 6.3.12). This set forces the entire graph, as explained below.

Color the vertices in S black. The only white neighbor of (p,q —2) is (p —

17q_2)’ therefore’ (paq_Q) — (p_laq_Q) — (p_laq_l) — (p_]-7Q> — (p;Q)
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Since the vertices in Cy and D are black, the top four rows are forced by Cy and

D,. Hence, the entire graph is forced to be black. Therefore,

%(Fp,q) = ch(rp,q)'

Case 5: For p (mod 3) = 2 and q (mod 3) = 1, consider the vertex set S =
AU BUC;U DsU Es, in which C3 = {(3,v),---.,(p,y)ly = 5,8,---,¢ — 2},

Dy ={(z,q—2),(v,q—1),(v,q)|r =5,8,--- ,p—3} and E3 = {(p,q¢—1), (p,q) }-

Pq+p+q—2 (By

Then S is a minimum connected dominating set with cardinality 3

Theorem 6.3.12). This set forces the entire graph, as follows.

Color the vertices in S as black. The only white neighbor of (p,q — 1) is
(p — 1, — 1), and the only white neighbor of (p,q) is (p — 1,q). Therefore
(pg—1)—=(p—-19-1) = (p—2,9—1)(p,q) = (p—1,9) = (p—2,q). Since
the vertices in B3, C3 and D3 are black, the top three rows are forced by Bs,Cs5

and D3. Hence, the entire graph is forced to be black. Therefore,

Ye(Tpg) = Fea(T'pyg)-

Case 6: For p (mod 3) = 2 and q (mod 3) = 2, consider the vertex set S = AUBU
CyUD4UEy, in which Cy = {(3,v), - ,(p,y)|ly =5,8,-- ,q—3}, Dy = {(x,q—
2)7 (If,q—l), (l'7q)|l’ - 5787 e ap_3} and E4 = {(pvq_2)a (p7q_1)7 (pu Q)}Then

pqt+pt+q—2 (
3

S is a minimum connected dominating set with cardinality by Theorem

6.3.12). This set forces the entire graph as follows.
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Color the vertices in S as black. The only white neighbor of (p,q — 2) is
(p—1,q—2), the only white neighbor of (p, g—1) is (p—1, g—1) and the only white
neighbor of (p, q) is (p—1, ¢). Therefore (p,q—2) — (p—1,¢—2) — (p—2,q¢—2);
(Pa—=1) = (p-Lag-1) = (p-2,¢-1)p,q9 = (p—1,9) = (p—2,9). Again
vertices in By, Cy and D, are black, the top four rows are forced by By, Cy and

D,. Hence, the entire graph is forced to be black. Therefore,
Ve(Tpg) = Fea(T'pq)-

In all cases,

Ve(Tpg) < Fea(Tpg) < ve(Tpg) + 1.
m
Corollary 6.3.14. For p and ¢ = 1( mod 3), the connected dom-forcing number
of a p xq grid graph I', 4 is

pqg+p+q—3
ch(rnq) = 3 .

Corollary 6.3.15. If p,q is not a multiple of 3 and p or ¢ = 2( mod 3), then

connected dom-forcing number of a p x q grid graph Iy, is

pqg+p+q—2
ch(rpvq) = 3 .

Theorem 6.3.16. The connected dom-forcing number of Cartesian product of

cycle C,, and path P, is n. That is,
ch(CnDPQ) = n.

/

Proof. Let vy, -+ , v, be the vertices of one copy of C,, in C,,[0P, and v},--- v,

be the vertices of other copy of C,, in C,,00P;, each v; is adjacent to v. It can
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be noted that every connected dominating set contains at least n vertices, and
let these vertices be {vq,--- ,v,}. Also these vertices force the entire graph as
black. Hence

Fy(C,O0P) =n.

6.4 Connected Dom-forcing Number of Split-

ting Graph of a Graph

The splitting graph of a graph I is the graph S(I') obtained by taking a vertex
v" corresponding to each vertex v € I' and join v’ to all the vertices of I adjacent

to v [39].
Theorem 6.4.1. [47] Let I" be a connected graph of order n. Then

2 if r)=1

Ye(l) if 7e(l) = 2.

7e(S(1) =

Theorem 6.4.2. [30] Let S(P,) denote the splitting graph of the path P,. Then
Z[S(P)] = 22(P,) = 2.

Theorem 6.4.3. Let S(P,) denote the splitting graph of the path P,. Then

n—1<FyulS(P)] <n.

Proof. Let vy,vq,- -+ ,v, be the vertices of the path graph P, in S(F,), and let
Uy, U, - -+ , Uy be the vertices corresponding to vy, vs, - -+ , v, which are added to

obtain S(P,). Then A = {vg, -+ ,v,-1} be a minimum connected dominating
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set by Theorem 6.4.1 and is unique. It can be noted that this set is not a zero
forcing set. Hence F.4[S(P,)] > n — 1. The set B = {vy,u;} zero forces S(P,)
by Theorem 6.4.2. Therefore, AU B forms a connected dom-forcing set of S(P,).

Hence F4[S(P,)] < n. From these, n — 1 < F4[S(P,)] < n. O

The Chapter 3 derived the dom-forcing number of S(P,), the splitting graph
of the path P,, is Fy[S(P,)] = n, for 2 <n < 4. From the above two Theorems,

the following result can be verified.

Corollary 6.4.4. Let S(P,) denote the splitting graph of the path P,. Then for

2<n <4, Fq(S(P)] =n.

Theorem 6.4.5. Let S(P,) denote the splitting graph of the path P,. Then for

n>5, Ful(S(P)] =n— 1.

Proof. Let vy, v, -+ , v, be the vertices of the path graph P, in S(P,), and let
Uy, Ug, * -+ , U, be the vertices corresponding to vy, vs,- -+ ,v, which are added
to obtain S(P,). For S(Ps), CDy = {vs,us,vg,v5} and for S(Fs), CDy =
{v9, v3, U4, v5,v6} form a connected dom-forcing set and is minimum. For n > 7,
consider the subsets CD; = {vy,vs,us, s, Vs, -+ ,v,—1} of the vertex set of
S(P,). The set CDy forms a connected dom-forcing set of the graph S(P,)

and is minimum. Hence for n > 7, F.4[(S(P,)] =n — 1. O

Theorem 6.4.6. [30] Let S(C,,) denote the splitting graph of the cycle C),. Then

Theorem 6.4.7. Let S(C,,) denote the splitting graph of the cycle C,,. Then

n—1< FulS(Ch)] <n.
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Proof. Let vy,vq,- -+ , v, be the vertices of the cycle graph C,, in S(C,,), and let
Uy, U, - -+ , Uy be the vertices corresponding to vy, vs, - -+ , v, which are added to
obtain S(C,,). Then A = {v, -+ ,v,_2} is a minimum connected dominating set
by Theorem 6.4.1. This set is unique up to isomorphism. It can be noted that

this set is not a zero forcing set. Hence
Fa[S(Ch)] > n—1. (6.3)

The set B = {vy, v, us, us} zero forces S(C,,) by Theorem 6.4.6. Therefore AUB

be a connected dom-forcing set of S(C,,). Hence
FqlS(Ch)] < n. (6.4)
From (6.3) and (6.4), n — 1 < F4[S(C,)] < n. O

Corollary 6.4.8. Let S(C,,) denote the splitting graph of the cycle C,. Then

forn>7, Fq[(S(Cn)] =n—1.

Proof. Let vy,vq,- -+ , v, be the vertices of the cycle graph C,, in S(C,,), and let
Uy, U, - -+ , Uy be the vertices corresponding to vy, vy, - -+ , v, which are added to
obtain S(C,,). For n > 7, consider the subset CD; = {vy, va, ug, Uz, vg, - -+ , Up_2}
of the vertex set of S(C,). The set C'Dy forms a connected dom-forcing set of

the graph S(C,,) and is minimum. Hence for n > 7, F4[(S(C,)] =n — 1. O
Chapter 3 proved Fy[S(K )] = 2n — 1. Now investigates its connected dom-

forcing number.

Theorem 6.4.9. Let S(K,,) denote the splitting graph of the star graph K .

Then forn > 2, Fu4[S(K1,)] = 2n — 1.
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Proof. For n > 2, let uy, vy, v9,- - , v, be the vertices of the star graph K, with
deg(uy) = nand u}, v, vy, - -, v), be the vertices corresponding to uy, vy, va, - -+ , Uy,
which are added to obtain S(K,). From the above theorem

B = {uy,ve, -+ v, vh, -+ 0.} forms a dom-forcing set which is connected.

Hence Foq[S(K1,)] =2n — 1. O

Theorem 6.4.10. [30] Let S(L,,) denote the splitting graph of the ladder graph

L,. Then for n > 2, Z[S(L,)] = 4.
Theorem 6.4.11. Forn > 2,

n+1< Fg[S(Ly)] <n+2.

Proof. Let {uy,ug, - ,up,v1,v9,- -+ ,v,} be the vertices of the ladder graph L,
and let {u),ul, -, ul, v}, vh, -+ v} be the vertices corresponding to

{uy,ug, "+ Uy, v1,v9,+ -+ ,v,} which are added to obtain S(L,). Then A =
{v1,+ -+ ,v,} is a minimum connected dominating set by Theorem 6.4.1. It can be

noted that no minimum connected dominating set zero forces the entire graph.

Hence

FalS(Ly)] = n+ 1. (6.5)

The set B = {vy, vy, u}, v} } zero forces S(L,,) by the above Theorem. Therefore,

the set AU B is a connected dom-forcing set of S(L,,). Hence
FoalS(Ly)] <n+2. (6.6)

From (6.5) and (6.6),

n+1<FyS(Ly,)] <n+2.
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Chapter 6 examined the way in which connectedness changed the dom-forcing
set in various type of graphs. The next chapter will examine how connectedness

changed the dom-forcing propagation time.






Chapter

CONNECTED DOM-FORCING
PROPAGATION TIMES IN GRAPHS

This chapter! computes the connected dom forcing propagation time of sev-
eral classes of graphs, such as paths, cycles, the star graph, etc. Section 1
introduces the concept, section 2 explains the connected dom-forcing propaga-
tion. Section 3 elaborates the notion of one — dfpt graphs and identify several
classes of such graphs, and section 4 investigates the graphs having connected
dom-forcing propagation time more than one. Also, characterize graphs having

dpte(G) = [V(G)| — 1 and dptc(G) = [V(G)| - 2.

IThis chapter has been published in Advances and Applications in Discrete Mathematics,

Volume 43, Number 1, January 2026, Pages 77-95.
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7.1 Introduction

The propagation time of a zero forcing set is defined as the number of steps re-
quired to color all vertices of a graph black, starting from the initial zero forcing
set. At each step, all possible independent forcing actions are applied simultane-
ously; that is, every vertex that is able to force a neighboring vertex to change
color does so in parallel until no further forcing can occur. The propagation time
of a zero forcing set is investigated in [37] and the connected propagation time
is discussed in [27]. This chapter extends connected propagation time into con-
nected dom-forcing sets and introduce the connected dom-forcing propagation
time of a graph. Additionally, it delves into the precise determination of mini-

mum connected dom-forcing propagation time for certain well-known graphs.

7.2 Connected Dom-forcing Propagation Time

of Graphs

This section introduces the concept of connected dom-forcing propagation time
of graphs. Also investigated some bounds for connected dom-forcing propagation

time of graphs. Connected propagation time is already defined in [27].

Definition 7.2.1. [27] Let I' = (V, E) be a graph and A is a connected zero
forcing set of I'. Define A® = A, and for t > 0, A**D be the set of vertices w for
which there exists a vertex a € Ui:o A®) such that w is the only neighbor of the
vertex a not in Ui:o A®) . The connected propagation time of A in I, denoted

pt.(T, A), is the smallest integer ¢, such that V = [J  A®). Two minimum
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connected zero forcing sets of the same graph may have different propagation

times. The minimum connected propagation time of I' is

pt.(I') = min{pt.(I'; A)|A is a minimum connected zero forcing set of I'}.

This concept is extended to connected dom-forcing sets. Every connected
dom-forcing set is a connected dominating set as well as a connected zero-forcing
set. Hence, to find out pt.(I', A), where A is a connected dom-forcing set. The

connected dom-forcing propagation time of a graph I' is defined as follows.

Definition 7.2.2. Let I' = (V, E) be a graph and C' is a connected dom-forcing
set of I. Define C© = C, and for t > 0, C**V s the set of vertices w for
which there exists a verter a € UZZO C®) such that w is the only neighbor of
the verter a not in UZ:O C). The connected dom-forcing propagation time of
C in T', denoted pt.(I',C), is the smallest integer ty such that V = Ut;’zo C®),
Two minimum connected dom-forcing sets of the same graph may have different
propagation times. The minimum connected dom-forcing propagation time of T’

18
dpt.(T") = min{pt.(I', C)|C is a minimum connected dom-forcing set of I'}.

Every connected dom-forcing set is also a dom-forcing set, a connected zero

forcing set, and a zero forcing set. Hence, the following observations.

Observation 7.2.3. For any graph T,
1. dpt.(T) < dpt(T) < pt(T).

2. dpt.(T) < pte(T) < pt(T).
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Similar to the dom-forcing propagation time, the connected dom-forcing prop-
agation time of a graph I' and its sub graph H are not comparable. Consider

the following examples.

Let T be a graph. If H is a sub graph of I', then dpt.(H) < dpt.(T") is not

true in general.

Consider the graph I' = K, depicted in Figure 7.1.

Figure 7.1: The Graph I'.

Let CDy = {v1, 03, v3} be the connected dom-forcing set for K, and dpt.(I') =

1. Now consider a sub graph H = K, — e of I given below.

Figure 7.2: The Graph H.

Here CD’} = {vz,v3} is a minimum connected dom-forcing set for H and
dpt.(H) = 2. Therefore, the assertion follows. Converse of the above assertion

is need not be true in general. See the following example.

Let T be a graph. If H is a sub graph of ', then dpt(H) > dpt(T") is not true
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in general.

Consider the wheel graph I' = Wy depicted in Figure 3.

&

Figure 7.3: The wheel graph Wj.

m
&

Consider the set S; = {v1,v2,v9}. Then S; is the minimum connected dom-
forcing set of Wy. Hence dpt.(I') = 3. Now consider a sub graph H = Cys of T

given below.

@ ) ©7

Figure 7.4: The Cycle Cs.

Let Sy = {v1,v2,v3,04,v5,06}. Then Sy is the minimum connected dom-

forcing set for H. Hence dpt.(H) = 1. Therefore, the assertion follows.

The bounds for the connected dom-forcing propagation time are given below.
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Proposition 7.2.4. Let " be a connected graph with connected dom-forcing num-

ber Foy(I'). If V()| is the number of vertices of T, then

ch(F)

] < dpto(T) < [V(T)| - Fu(I).

Proof. Let ' be a graph with connected dom-forcing number F.4(T"). Also let
V()| be the number of vertices of I', then a total of |V(I")| — F.4(I") vertices
are white in the first stage. In each stage, at least one vertex and at most Fo4(T")

number of vertices colored black. Hence

[IV(F)I — Fa(T)

Fog(T) W < dpte() < |V(D)] = Fua(T).

These bounds are sharp, for example consider the dove tail graph DT,,, (The
dove tail graph DT, is the graph P, + Ki,n > 2. The dove tail graph has
n + 1 vertices and 2n — 1 edges [35]). Foa(DT,) = 2 and dpt.(DT,) =n—1 =
\V(DT,)| — F.a(DT,). Also for the path P,, F.4(P,) =n—2 and dpt.(P,) =1 =

Fea(Pn)

Theorem 7.2.5. Let I' be a graph with pt.(I') = 1. Then dpt.(I') = 1.

Proof. Given that I' is a graph with pt.(I') = 1. Hence, there exists a minimum
connected zero forcing set that forces all the vertices to turn black in one step.

This zero forcing set also dominates the graph, establishing dpt.(I") = 1. O

The converse of the above Theorem is not true. Consider the path graph Fs.

Then dpt.(Ps) = 1, but pt.(Ps) = 5.

Proposition 7.2.6. Let I' be any graph with dpt.(I') = 1. Then F.4(I') > |V(2F)‘.
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The converse of the above Proposition is not true. For example, consider the
graph I' be the graph obtained from K4 by appending a leaf to one vertex. Then
Fu(T') =3 > |V(I')|/2 and dpt.(I") = 2.

From results in Chapter 6 and the definition of connected dom-forcing propa-
gation time, it can be noted that the following graphs have connected dom-forcing

propagation time 1.

1. Path P,.

2. Cycle C),.

3. Tree.

4. Complete graph K,.

5. Complete bipartite graph K,, ,.
6. Petersen graph P.

7. Star graph K .

8. Comb graph P, o Kj.

9. Hyper cube graph Q.
10. Coconut tree graph CT'(m,n).

11. Helm graph H,,.

It is an open problem to characterize the graph I" for which dpt.(I') = 1. For

brevity, call these graphs as one-dfpt graphs.
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7.3 Graphs Where The Connected Dom-forcing

Propagation Time Greater Than One

This section investigates the graphs having connected dom-forcing propagation

time greater than one.

There are graphs having connected dom-forcing propagation time greater

than one. For example, consider the wheel graph W,, with n vertices.

Theorem 7.3.1. Let W, denote the wheel graph with n vertices. Then dpt.(W,) =

il

Proof. Let vy, vq,--- ,v, be the vertices of the wheel graph W, with degree
d(v1) = n — 1 and all other vertices have degree 3. Then D; = {vy,vq,v3},
is a minimum connected dom-forcing set and which is unique (up to isomor-

phism). Therefore, two forces occur simultaneously at every time step, hence

dpte(Wy) = [ 2= | — [o2]. O

The dove tail graph DT,,, is the graph P, + K, where n > 2. The dove tail
graph has n 4 1 vertices and 2n — 1 edges [35]. It can be easily observed that

the connected dom-forcing number of the dove tail graph is 2.

Theorem 7.3.2. Let DT,, denote the dove tail graph. Then dpt.(DT,) =n — 1.

An antiprism graph [48] is a graph having 2n vertices on two cycles labeled
with {v1,va,...,v,} in the inner cycle, {v,11, Vnya, ..., V2, } in the outer cycle.
Joining these two cycles with edges of the form (v;v; : 1 <@ < n,j = n+i), (v1va,)

and (vvj—; : 2 <4 < n,j = n+ 1) such that v; and v (moedn)are adjacent.
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It is denoted as A,. Now consider the antiprism graph A, and its connected

propagation time.

Theorem 7.3.3. [49] Let A,, denote an antiprism graph with 2n vertices. Then

Y(A,) =n—1.

First discuss the connected dom-forcing number of the antiprism graph.

Theorem 7.3.4. Let A, where n > 3, be an antiprism graph. Then F.i(A,) =

n.
Proof. Let vy, v, ..., v, be the vertices of the inner cycle and let {v,, 11, Uni2, ..., Von}
be the corresponding vertices in A,. Consider the set A = {vy,v9,..., 0,1},

which dominates A,,. The set A is a minimum connected dominating set by the
above Theorem. It can be noted that the set A cannot force the entire graph

A,,. But the set AU {v,,2} forces the entire graph. Hence F.4(A,) = n. O

In the case of As, the connected dom-forcing set CDy = {vy, v2, v3,v4} is the

minimum connected dom-forcing set and hence F,.4(A3) = 4.

Theorem 7.3.5. Let A, where n > 4, be an antiprism graph. Then dpt.(A,) =

51

Proof. Let vy, v, ..., v, be the vertices of the inner cycle and let {v,, 11, Uni2, ..., Von}
be the corresponding vertices in A,,. Consider the set C' = {vy,v9,..., 051, U513},
which is a minimum connected dom-forcing set for A,,, by the above Theorem.
It can be noted that two simultaneous forces occur at each time step. Hence

dpto(Ay) = [2]. =
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In the case of Ag, the above Theorem is illustrated in Figure 7.5.

Figure 7.5: The antiprism graph Ag, the connected dom-forcing set A =

{U17 V2, U3, V4, U5, Vg, U7, Ull}u ch(A8> - 8 and dptc(An) — 4

In the case of As, {v1, v2,v3,v4} is @ minimum connected dom-forcing set with
dpt.(As) = 1. For Ay, {vi,v9,v3,06} is @ minimum connected dom-forcing set

with dptc(A4) =3.

The gear graph is a wheel graph with a vertex added between each pair of
adjacent vertices of the outer cycle. The gear graph I',, has 2n + 1 vertices and

3n edges [49].
Theorem 7.3.6. [49] For the gear graph I';,, 7.(I',) = 1+ [n/2].
Theorem 7.3.7. For the gear graph T,

Foa(Ty) = 24 [n/2].

Proof. Let v,v1,vs,...,v, be the vertices of the wheel graph with deg(v) = n

and uq,us, - -+, u, be the vertices added to get the gear graph GG,,. Now consider
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the set A = {v,v1,vs,...,0,}, if nis odd and A = {v,vy,v3,...,0, 1}, if n is
even. In both cases, the set A is the minimum connected dominating set by the
above Theorem and which is unique up to isomorphism. Since every vertex in
the set A has two white neighbors, it cannot zero forces the graph G,,. But the

set AU {u;} zero forces G,,. Hence

Fa(Ty) =2+ [n/2].

Theorem 7.3.8. Let I',, denote the gear graph. Then

[%] for n is even

[3”4_3] for n is odd.

Proof. Let v, vy, v,...,v, be the vertices of the wheel graph with deg(v) = n and
Uy, U, - -+ , Uy be the vertices added to get the gear graph I',,. Now consider the
set A = {v,v1,v3,...,0,,us}, where nis odd and let A = {v,vy,v3,...,0p_1,u1},
where n is even. In both the cases, the set A is the minimum connected dom-
forcing set by the above Theorem. It can be noted that two simultaneous forces

occur at each time step. Hence

{%-‘ for mnis even

2

(L) va)r - chm B

{MW for nis odd.

4

The above Theorem is illustrated in Figure 9.6.
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Figure 7.6: For the gear graph I'y, A = {v, v, u;,v3} is a minimum connected

dom-forcing set. Here F4(I'y) = 4 and dpt.(I'y) = 3.

Next, consider the connected dom-forcing propagation time of the generalized
corona and the corona product of graphs. In Chapter 6, find the connected dom-
forcing number of the generalized corona and the corona product of graphs. From

these, the following results obtained.

Theorem 7.3.9. Let I" be a graph with |V (I')| = n and Hy,-- - , H,, be connected

graphs with order at least two. Then

dptc(r < Hla o ’Hn >') = max{pt(Hl)apt(H2)a e 7pt<Hn)}‘

Theorem 7.3.10. For a graph T with |V (I')| = n and for any graph H of order

at least two,

dpt.(T' o H) = pt(H).
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7.4 Extreme Values of Connected Dom-forcing

Propagation Time

This section characterizes the graphs having connected propagation time |V (I')|—
1 and |V(I')| — 2. It can be noted that for any graph I', Fy(I') = 1 if and only
if I' = P, or P, (Proposition 3.3.5). Using this result, the following results

obtained.

Proposition 7.4.1. Let I" be any connected graph. Then dpt.(I') = |V(I')] — 1,

if and only of ' = Py or Ps.

Proof. Consider any connected graph I" with dpt.(I') = |V(I")| — 1. Then by the
Proposition 7.2.4, F4(I') < 1. Since I' is connected and F4(I') = 1 = Fy(I),

either I' = P, or P,. Converse part is trivial. O

Let DT, be a dove tail graph, and {u, v, - ,v,} be the vertex set of DT,
with degree deg(u) = n. Also let e; = uv; and ey = uwve. Then, the following

result obtained.

Proposition 7.4.2. Let I" be a connected graph. Then dpt.(I') = |V(I')| — 2 if
and only if T is one of the following (up to isomorphism).

i) DT,,, where n > 2.

ii) DT,, — es, where n > 2.

iii) ' be the graph obtained from either i or @i (which is not a path) by appending

a leaf to the vertex u.

Proof. Let I' be any one of the graphs described above. Then, it can be verified

that dpt.(I') = |V(I')| — 2. Conversely, assume that dpt.(I') = |V(I')| — 2, then
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F4(T") = 2 and exactly one force is performed at each time. Without loss of
generality, assume that {u,v} be a minimum connected dom-forcing set for I
Since {u, v} is connected, there exists an edge connecting u and v. Consider the
following cases.

Case 1: Every minimum connected dom-forcing set having forcing sequence
with n — 1 vertices starting at v. Therefore, the graph is of the form either i or
ii.

Case 2: Every minimum connected dom-forcing set having forcing sequence
with n — 2 vertices starting with v, and forcing sequence with 2 vertices starting

with u. Therefore, the graph is of the form iii. Hence the result follows. n

The next chapter generalize the concept of dom-forcing sets and deals with

dom-k-forcing sets in graphs.



Chapter

DOM-k-FORCING SETS IN GRAPHS

This chapter! addresses the problem of determining the dom-k-forcing number
of graphs. After introducing the concept in Section 1, Section 2 explains some
bounds for the dom-k-forcing number. Also characterize graphs with extreme
dom-k-forcing number. Section 3 determines the dom-k-forcing number of some
graphs, where Fy,(I') = Z;(I").Section finds precise values of the dom-k-forcing
number for several snake graphs. Section 5 computes the dom-forcing number of
some graphs, where Fy;(I') = ~v(I'). And the last Section 6 provides some inequal-

ities containing the dom-k-forcing number of spitting graphs of some graphs.

8.1 Introduction

The dom-forcing set of graphs are discussed in Chapter 3. This chapter general-

izes this concept. The Chapter combines k- forcing and domination, two graph

IThis chapter has been published in Advances and Applications in Discrete Mathematics,

Volume 43, Number 2, February 2026, Pages 241-266.
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theoretic parameters and introduce a new hybrid concept in graph theory called

the dom-k-forcing set, which is defined as follows.

Definition 8.1.1. A subset of vertices Dy in a graph I' is referred to as a dom-
k-forcing set if it satisfies the properties of both a k-forcing set and a dominating
set. The dom-k-forcing number of a graph T, denoted as Fyu(I"), represents the

smallest possible size of a dom-k-forcing set.

When k£ = 1, this is equivalent to the dom-forcing number, denoted by Fy(T').
When k = 2, this is known as the dom-2-forcing number and is denoted by

Fyo(T).

For instance, consider the graph I' illustrated in Figure 8.1. The set Dy, =
{vq,v5} is a valid 2-forcing set as well as a dominating set, whereas F}, = {vy, vg}

does not satisfy the condition. The dom-2-forcing number of I" is 2.

05 &

U1 &

Figure 8.1: The graph I' = (V, E)) with dom-2- forcing set {vs, vs}.

This chapter introduces the study of dom-k-forcing sets in graphs. It studies
the dom-k-forcing sets in certain special graphs, deriving formulas for dom-k-
forcing number based on these studies. Additionally, explore the relationships

between this parameter and other well-known graph theoretic parameters.
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8.2 Exact Values of Fy(I)

In this section, precise values of the dom-k-forcing number for several renowned

graphs are presented. Also investigating some bounds for Fy(T") .

By definition, the union of a k-forcing set and a dominating set forms a

dom-k-forcing set. Consequently, the following relationship holds.
Proposition 8.2.1. For a graph T’
i) Zp(T) < Fur(I') < Z5,(I') +4(T)

it) y(I') < Fa(T') < Z5(1) +~(T)
It is noted that for any graph I' with minimum degree ¢ and for any positive

integer k, Zi(I') > § — k + 1 see [4]. Combining this inequality and above

Proposition, the following results obtained.

Proposition 8.2.2. Let I' be a graph with minimum degree § and let k be any

positive integer. Then, Fg(I') > § — k + 1.

From the definition it is also evident that, for a graph I', every dom-k-forcing

set is also a dom-k + 1-forcing set. Hence, the following result.
Proposition 8.2.3. Let I' be a graph. Then Fy41)(I') < Fagu(T), for all k € N.
Theorem 8.2.4. [7] If T is a connected graph with A(I") < 2, then Z5(T") = 1.

Theorem 8.2.5. Let I' be a connected graph with A(T') < 2. Then Fp(T') =

y(T).

Proof. Let I be a graph with A(I') < 2. Then any single vertex in V(I') 2-forces
the graph. Hence every dominating set is also a dom-2-forcing set. Therefore,

Fap(I') = ~(I). O
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The above theorem can be generalized as follows.

Theorem 8.2.6. Let I' be a connected graph with mazimum degree A. Then

Fya(T) = ~(I).

Proof. Let T' be a graph with maximum degree A. Then any single vertex in
V(T') A-forces the graph. Hence every dominating set is also a dom-A-forcing

set. Therefore, Fya (') = y(I'). O

By the above theorem it can be observed that if k& > A, then Fy(I') = v(I').

Henceforth, & is assumed to be lie strictly between 1 and A.

There are graphs with Z5(I') = 1 and Fj(I') > (I'). Consider the graph
given below. The set Z; = {v1} is a 2- forcing set, but it cannot dominates T.
The set S = {v9,v5} is a dominating set for I', but it is not a 2-forcing set. The
set Z, U S form a 2-forcing as well as a dominating set for I'. Hence I' is a graph

with Z5(I') =1, v(I') = 2 and Fy(T") = 3.

Figure 8.2: A graph I" having Z5(I') = 1, 4(I') = 2 and Fy(I') = 3.

From the above example, it is evident that the upper bound given in Propo-

sition 6.2.1 is sharp. The following result can be observed.

Proposition 8.2.7. IfT" is a connected graph with minimum degree 6(I') > k+1,

then de(F) > 1.



8.2. EXACT VALUES OF Fy,(T) 131

The case of Fys(I') = 1 is investigated below.

Proposition 8.2.8. For a graph T', Fg(T') = 1 if and only if T is one of the
following.
Z) A path Pl,PQ OTP3.

ii) The cycle Cs.

Proof. Let T" be one of the graphs listed above. It can be seen that Fy(I') = 1.
Conversely, assume Fjyo(I') = 1. Let {v} be the corresponding dom-2-forcing set.
Then every other vertex must adjacent to v. Also the set {v} must 2-forces T,
the degree of v is atmost 2. Hence the graph I" must be one of the following.

i) A path Py, P, or Ps.

ii) The cycle Cs. O

The dom-k-forcing number is exactly equal to the order of the graph when
the graph is totally disconnected. This result will be proved in the following

proposition.

Proposition 8.2.9. Let I' be a graph of order n > 1. Then Fy (') = n if and

only if I = K,,.

Proof. Let ' = K,. Then clearly Fy (T') = n for all positive integer k. If
I' # K, then there exists a component of I having more than one vertex. Hence

Fy(T') < n. Therefore, Fy(I') = n if and only if I = K,,. O

The friendship graph F,, is formed by connecting n copies of the complete
graph K3 to a single common vertex [23]. It is evident that (F,) = 1 and

Zy(F) =n—117].
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Proposition 8.2.10. Let F), denote the friendship graph with p > 2 triangles.

Then Fy(F,) = p.

Proof. Let v, v, v, -+ ,vp, vz’) be the vertices of I, with common vertex v. Con-
sider the subset A = {vy, -+ ,v,-1} of V(F,). Then A is a minimum 2-forcing
set, which is unique up to isomorphism. But A does not dominate F),. Hence
Fyo(F,) > p. It is evident that the set AU {v} dominates as well as 2-forces F),,

therefore Fys(F,) = p. O

8.3 Exact Values of Dom-k-forcing Number of

Graphs Where Z,(I') = Fy(1)

There are graphs having the same dom-k-forcing number and the k-forcing num-

ber.

Let I' = K, be a complete graph with n vertices. Then Z;(K,) = max{n —

k,1} for any positive integer k [4].
Theorem 8.3.1. For a complete graph K,,, Fyg.(K,) = Z,(K,) = max{n—Fk, 1}.

Proof. For any complete graph K,,, every k-forcing set dominates K,. Hence

Fu(K,) = Z(K,) = max{n — k, 1}. O
Let K, be a complete bipartite where n,m > 3. Then, Zy(K,,,,) = m+n—
4[7]. Here every 2-forcing set of K, , dominates K,,,, hence the result follows.

Theorem 8.3.2. Let K,,, be a complete bipartite, where n,m > 3. Then

ZQ(Km’n) = FdQ(Km,n> =m-+n— 4.
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The wheel graph, W,,, is a graph obtained by connecting a single vertex to
all the vertices of a cycle graph C,_;. Also, Z3(W,) = 2 for all n > 4 and

Z,(W,) = 1 for k > 3[7).

Theorem 8.3.3. For a wheel graph W,,, Fgp(W,) =2 for2 <k <n— 1.

Proof. Let vy,v9, -+ ,v, be the vertices of the wheel graph W, with degree
d(v1) = n — 1 and all other vertices have degree 3. Then Dy, = {v1,v2},
2 <k <n-—1 forms a dominating as well as a k- forcing set for W,,, which

is minimum. Hence Fy(W,) =2 for 2 <k <n — 1. O

Now consider the dove tail graph DT,,.

Theorem 8.3.4. Let DT, be a dove tail graph. Then, Fyu(DT,) = Z(DT,) = 2,

for1 <k<n-—1.

Proof. Let DT, be a dove tail graph and {u, vy, - - ,v,} be the vertex set of DT,
with degree deg(u) = n. The set D = {u} is a minimum dominating set of DT,
which is unique. For 1 < k <n —1, D cannot k-force DT,,. But the set {u,v;}

k- forces the entire graph DT,,. Hence Fy,(DT,) =2, for 1 <k <n— 1. O

8.4 Dom-k-forcing Number of Snake Graphs

This section investigates the dom-k-forcing number of some snake graphs like
diamond snake graph, triangular snake graph, double triangular snake graph

and alternate triangular snake graph. Starts with the diamond snake graph D,,.
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Theorem 8.4.1. For the diamond snake graph D, the dom-k-forcing number

Fu(Dy) =~(Dyp) =n+1, for2 <k <A4.

Proof. Let wuy, -+ ,up,v1, -+ ,Ups1, w1, -+ ,w, be the vertices of the diamond
snake graph D, (see Figure 3.6). Now consider the subset Dy, = {vy, -+, 11}
of the vertex set of D,,. The vertex set Dy, dominates the graph D,, as well as

it k-forces the graph D,,. Hence

From proposition 8.2.1
Hence from (8.1) and (8.2), Fux(Dy) = v(D,). O

The dom-k-forcing number of the diamond snake graph Dy is illustrated be-

low.

Figure 8.3: The Diamond Snake Graph Dg, and its dom-k-forcing set Dy, =

{Ul,vg, tee ,U7} with de<D6) = 7, for 2 < k < 4.

The triangular snake graph, 7'S,,, is obtained from a path P, ; by replacing

each edge of the path by a triangle Cj [33].

Theorem 8.4.2. For a triangular snake graph T'S,, Fp(TS,) = [21].
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Proof. Let vy, vy, -+ ,Upy1, U, usg, -+ ,u, be the vertices of the triangular snake
graph T'S,, (see Figure 8.4). Each u; is adjacent with v; and v, for 1 <i < n.

Now consider the following cases.

Case 1: Assume n isodd, the set Dy = {v2,v4, - -+ , Up_1, Vpy1} forms a dominat-

ing set, which is minimum. Also this set 2-forces T'S,,. Therefore, Fy(T'S,) = "TH

Case 2: Assume n is even, the set D = {vg, vy, ,v,, } forms a minimum
dominating set, which is unique. This set does not 2-force 7'S,,. But Dy =
{v9, V4, , U, Vps1} forms a dom-2-forcing set of T'S,,. Hence Fy(T'S,) = ”T”

In both cases, Fp(T'S,) = [%51].

Figure 8.4: The triangular snake graph 7T'Ss, dom-2-forcing set D; =

{UQ,U4,U6,’U7} and FdQ(TS6) =4.

Now consider the double triangular snake graph D(T},).

Theorem 8.4.3. For the double triangular snake graph D(T,), the dom-2-forcing

number Fg|D(T,)] =n+ 1.

Proof. Let vy, -+« ,Upi1,Uq, "+ ,Up, W, -+ ,w, be the vertices of the double tri-

angular snake graph D(T,,). It is evident that either u; and w; or one of the
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vertices v; or v;;1 must be contained in every minimum dominating set. The set
Dy =A{v1,--+ ,vp41} forms a dom-2-forcing set for D(7},). This set is minimum,
since removing any vertex v; from Dy, prevents the remaining vertices in Do
from forcing either u; or w;. To complete the 2-forcing process, one additional
vertex must be added to Dys \ v;. If both v; and v;;; are removed from Dy,, the

resulting set fails to dominate D(7},). Hence, Fyo[D(T},)] =n + 1.

The above theorem is illustrated in the case of D(T5).

Figure 8.5: The double triangular snake graph D(T5), dom-2-forcing set Dyy =
{v1,++ ,v6} and Fy[D(T5)] = 6.

Investigate the dom-k-forcing number of alternate triangular snake graph

A(Ty).

Theorem 8.4.4. Let A(T,,) denote the alternate triangular snake graph which
is obtained from the path P, with n > 6 vertices. Then Fy[A(T,)] = v[A(T,)] =

number of triangles in A(T,), for 2 <k < 3.

Proof. Let A(T,) denote the alternate triangular snake graph with n > 6. From

the definition, A(T,,) is obtained from the path P, by replacing each alternate
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edge of the path P, by a cycle C5. One vertex of each Cj5 is contained in every
dominating set of the alternate triangular snake graph A(T,,). Now consider the

following cases.

Case 1: Assume that n is even. Consider the case in which the first edge is
replaced by a cycle (3. Since alternate edges are replaced by a cycle C3, there
are only 7 cycles and the rest of the edges will remain as the paths connect-
ing these cycles. Let vy,---, v, be the vertices in the path P, and wy, -+, w2
be the vertices added to obtain A(7,). Now it can be easily verified that

Dy, = {wi, - ,wz} acts as a dom-k-forcing set for A(T,,), 2 <k < 3.

Now consider the case when second edge is replaced by the cycle C5. It is
clear that there are § — 1 triangles in each A(T},). Let vy,--- ,v, be the vertices
of the path P, and wy, -+ ,wa_; be the vertices added to obtain A(T,). Now

Dy, = {vo,wy, - - ,Wn g, Un_1} 18 a dom-k-forcing set of A(T),), for 2 < k < 3.

Case 2: Assume that n is odd. Consider the case when first edge is replaced
by the cycle C'3. Since alternate edges are replaced by a cycle Cj5, there will be
n—1

only “7= cycles and the rest of the edges will remain as the paths connecting

these cycles. Let vy,---,v, be the vertices in the path P, and wy,--- ) Wt

be the vertices added to obtain A(7,). Now it can be easily observed that

Dy = {wy,--- ,Wns, Un—1} acts as a dom-k-forcing set for A(T},), 2 < k < 3.

Consider the case when the second edge is replaced by the cycle Cs. Since n
is odd, the graph contains the same number of triangles. Let vq,--- v, be the

vertices in the path P, and wy, - - - y Wt be the vertices added to obtain A(T,).
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Now Dy, = {va, wa, - - ,w%} is a dom-k-forcing set of A(7),), for 2 <k <3.

In all the cases, there exists a dom-2-forcing set with the cardinality equal to
the number of triangles in A(7},). Hence, Fy[A(T,)] = number of triangles in
A(T,). O

Now examine the value of Fy[A(T,)], for n < 6.
For n = 2, the graph A(T3) is the cycle C3, and hence FpuA(Ty)] = 1).
When n = 3, the set {vy, vo} forms a minimum dom-2-forcing set, giving Fys[A(T3)] =
2.
For n = 4, let A(T}) denote the alternate triangular snake graph in which either
the first or the second edge is replaced by the cycle Cs5. In this case, the set
{v9,v3} is a minimum dom-2-forcing set, and thus Fpu[A(Ty)] = 2.
In the case n = 5, two non-isomorphic forms of A(7T5) arise. If the first edge
is replaced by the cycle C3, then {wq,v4} is a minimum dom-2-forcing set. Al-
ternatively, if the second edge is replaced by Cj, then {vy, ws} is a minimum
dom-2-forcing set. In both configurations, Fy[A(T5)] = 2.
Finally, when n = 6, consider the alternate triangular snake graph A(Ts). If
the first edge is replaced by the cycle Cs, then {wy,wy, w3} forms a minimum
dom-2-forcing set. On the other hand, if the second edge is replaced by Cj, the
set {vy,v9,v5} serves as a minimum dom-2-forcing set (see Figure 6). In both

cases, Fyo|A(Ts)] = 3.
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@ & @ @
Figure 8.6: The alternate triangular snake graph A(7g) with the second edge is

replaced by the cycle C3. The set {v1,v9,v5} is @ minimum dom-2-forcing set.

8.5 Graphs Where Fy.(I') = (I

There are some graphs with v(I') = Fg (). In general, the following result

obtained.
Theorem 8.5.1. Let I' be a graph with Fy,(I') = ~(I') for some positive integer
p. Then Fyg(T') = ~v(T") for all k > p.

From the Theorem 8.2.5, the following result established.

Theorem 8.5.2. .
1. For the path P,, Fpu(P,) = v(FP,).
2. For the cycle C,, Fg(Cp) = v(C).

Now consider the ladder graph L,,.

Theorem 8.5.3. Let L, denote the Ladder graph which is obtained from the

path P, with n > 2 vertices. Then Fy(Ly,) = v(Ly,).

Proof. Let {uy,us, -+ ,up,v1,02, -+ ,v,} be the vertex set of the ladder graph

L,,. The vertex u; is adjacent with us and vy, and similarly, v; is adjacent with
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vy and uy. Consequently, any dominating set of L, must include either u; or
v1, or both uy and wvy.Moreover, each of these choices is sufficient to initiate a
2-forcing process that eventually colors the entire graph. Therefore, the dom-
2-forcing number of the ladder graph equals its domination number, that is,

Fd?(Ln> = 7<Ln)- U

The sunlet graph with 2n vertices [50], denoted as S,,, is formed by attaching
n pendant edges to the cycle C),. The dom-k-forcing number of the sunlet graph

Sy is investigated.

Theorem 8.5.4. For the sunlet graph S, of order 2n, Fu(S,) = n, where k is

any positive integer.

Proof. Let vy,v9,--- v, represent the vertices in the sunlet graph, each with
degree 3. Alsolet uq,us, - - -, u, represent the pendant vertices of the sunlet graph
Sy (See Figure 8.7). It can be easily verified that Dy, = {uy, ug, ug, -+, up} is
a dom-k-forcing set of S,,. Which is minimum, since .S,, has n pendant vertices.

Therefore, Fy(S,) =mn = v(S,).
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Figure 8.7: The sunlet graph Ss, dom-k-forcing set Dy, = {uy, ug, us, - -+ ,us}
and de(Sg) = &.

The line graph of a graph I [51], denoted as L(I), is a graph where each vertex
represents an edge of I'. Two vertices in L(I") are adjacent if their corresponding
edges in I' share a common vertex. The dom-2-forcing number of line graph of

sunlet graph is investigated.

Theorem 8.5.5. The dom-2-forcing number of the line graph of the sunlet graph

18

”—;“2 if mis even
Fao[L(Sn)] =
"Tl if nis odd.
Proof. Let vy, vo, -+ ,v, represent the vertices in the line graph of the sunlet
graph, each with a degree 4. Also uy,us,- - ,u, represent the vertices with de-

gree 2 (See Figure 8.8). Each wu; is adjacent to v;_; and v;, hence at least one
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of the vertices from v;_1,v; belongs to every dominating set of L(S,). Since the
degrees of the vertices v; and v;_; are 4, it is not possible to initiate the 2-forcing
process from these vertices. Now consider the following subset of the vertex set
of L(S,) and the following cases.

Case 1: If nis odd, Do = {uy,ve,v4, -+, Vp_1}.

Case 2: If n is even, Dy = {uy, va, 04, -+ , 05}

In both the cases Dy, is a dom-2-forcing set of L(.S,,), which is minimum. There-
fore,

22 if nis even

2l if 1 is odd.

Figure 8.8: The line graph of the sunlet graph L(Ss), dom-2-forcing set Dy =

{u1,v9,v4,v6,v8} and Fya(L(Ss)) = 5.

Now consider the dom-k-forcing number of the grid graph I, ,,.
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Theorem 8.5.6. For m xn (m > 2,n>2) grid graph 'y, .,

Proof. Let Iy, ,, be the grid graph. Also let S be the minimum dominating set
for Ty, . that is |S| = (') If the set S is a 2-forcing set of I',,,, then

Fao(Timn) = v(Linn). Otherwise, SU{(1,1)} dom-2-forces I';, ,,. Hence

7<Fm,n) S Fd?(rm,n) S V(Fm,n) + 1.

Theorem 8.5.7. Let ', ,, denote a grid graph of order mn. Then Fy,(I'y,,) =

Y(Lmn), for any integer k > 3.

Proof. Let Iy, ,, denote a grid graph of order mn. In Ty, ,,, (1, 1) is adjacent with
(1,2) and (2, 1), any one of these vertices must belong to every dominating set of
I'), . Hence every dominating set k-forces I'y, ,, for any integer £ > 3. Therefore,

Fur(Trun) = v(Tyn), for any integer k > 3. O

Now consider the prism graph C,,[JK,.

Theorem 8.5.8. Let I' be the prism graph C,0K,, where vy, vs,...,v, are the
vertices of the cycle C,. Let v}, v, ... vl be the corresponding vertices in C,[ K.
Now, consider a graph H obtained by subdivides the edges v;v (fori=1,2,...,n)
exactly once ([7]). Then, Fgo(H) =~v(H) = n.

Proof. Let wy,ws,--- ,w, be the vertices which subdivides the edges v;v. (for
i =1,2,...,n), respectively, exactly once. Here w; is adjacent to v; and v, one

of the vertices must belong to every minimum dominating set of H. Otherwise,
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the dominating set would fail to be minimum. Hence y(H) > n. Also D =

{wy,wsy, -+ ,w,} dominates H, so 7(H) = n. Here the set D dominates and

2-forces the graph H. Therefore, Fyo(H) = v(H) = n. O

8.6 Dom-k-forcing Number of the Splitting Graph

of a Graph

The splitting graph of a graph T is the graph S(I") obtained by taking a vertex
v’ corresponding to each vertex v € I' and join v’ to all the vertices of I" adjacent
to v [39]. First, consider a bound for the dom-k-forcing number of the splitting

graph of a graph T.

Theorem 8.6.1. Let I' be a connected graph of order n > 1 and S(I') be its

splitting graph. Then Fy,[S(I')] < 2Fy, (L), for all positive integer k.

Proof. Let Dy, be a minimum dom-k-forcing set of I'. Suppose Dy, = {vy, va, -+, v},
where 1 < j < n. Now consider the set Dy, = {v1,v2, -+, v;} U{uy, ug, -+, w1},
where wuy,ug,- -+ ,u; are the vertices corresponding to vy, vs,--- ,v; which are

added to obtain S(I'). As in [7] Dy, k-forces S(I'). From the definition of
splitting graph, N(uy,ug,---,u;) = N(Dyy), where N(Dyy) denotes the ver-
tices which are adjacent to {vi,vs, -+ ,v;}, and Nvy, v, - ,v;] = V(S(I')) —
{u1,ug, -+ ,u;}. Hence Dy dominates S(I), it is a dom-k-forcing set. Therefore,

Fu[S(T)] < 2F4(T), for all positive integer k. O

Consider the exact values of the dom-k-forcing number of the splitting graph

of a graph I'. Start with the splitting graph of a path P,.
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Theorem 8.6.2. Let S(P,) denote the splitting graph of the path P,. Then

VS(P)] < Fao[S(Po)] < 4[S(Pu)] + 1.

Proof. Let vy, vy, -+ , v, be the vertices of the graph P, and uy,us, - -+ ,u, be the
vertices corresponding to vy, ve, - -+ , v, which are added to obtain S(P,). Also
let S be the minimum dominating set for S(P,), that is |S| = v(S(P,)). If the
set S is a 2-forcing set of S(P,), then Fyn(S(P,)) = v(S(P,). Otherwise, SU{us}

dom-2-forces S(P,) [7]. Hence

VS(P)] < Fao[S(Po)] < A[S(P)] + 1.

m
Proposition 8.6.3. For n = 2(mod 4), Fp[S(P,)] = [S(P,)] = *£2.
Proof. Let vy, vq,--- ,v, be the vertices of the graph P, and wuq,us,--- ,u, be
the vertices corresponding to vy, ve, - - - , v, which are added to obtain S(P,). For

S(Py), {v1,v2} form a dom-2-forcing set, which is minimum since y[S(2)] = 2.
For n > 3 and n = 2(mod4), consider the subset of the vertex set of S(P,), as
D = {V2445, V3445, Vn—1, 0} where 0 < j < [2]. Clearly D dominates S(P,),
which is minimum since v[S(P,)] = ”T” Since v, is in D, it 2-forces S(P,).

Hence Fp[S(P,)] = v[S(P,)] = 2. O

For any integer 3 < k < 4, every dominating set of S(P,) k-forces the entire

graph. Hence, the following Proposition derived.

Proposition 8.6.4. For any integer k > 3, Fy[S(P,)] = v[S(P,)].
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Next, consider the splitting graph of the cycle C,,. In [7] it can be seen that,
for a fixed j, {vj,u;} or {v;_1,v;,v;41} 2- forces S(C,,). Where vy, vq,- - , v, are
the vertices of the graph C, and uj,us,--- ,u, are the vertices corresponding
to vy, v, -+ ,v, which are added to obtain S(C,). Using this, the following

Theorems obtained.

Theorem 8.6.5. Let S(C,,) denote the splitting graph of the cycle C,,. Then
VS(Cn)] < Faa[S(Cn)] < A[S(C)] + 1.

Proposition 8.6.6. If n is not a multiple of 4, then Fy[S(Cy)] = v[S(Cy)].

Proof. Forn > 3, let vy, v, - -+ , v, be the vertices of the graph C,, and uy, us, - - - , uy,
be the vertices corresponding to vy, v, - - - , v, which are added to obtain S(C,,).

It is noted that either {vy,u;} or {vy, vy, v,_1} forms a 2-forcing set.

For S(C3), Dy = {uy,v1}, forms a dom-2-forcing set which is minimum. For
n > 5, depending upon the number of vertices of C,,, consider the following cases
and following subsets of the vertex set of S(C,,).
Case 1: Assume n = 1(mod 4), Dyy = {v1, Vgm, Vam+1}, where 0 <m < [2].
Case 2: Assume n = 2(mod 4), Dy = {V1, Vg, Vgm+1, Un}, Where 0 <m < | 7).
Case 3: Assume n = 3(mod 4), Dyy = {u1, V1, Vam, Vams1}, Where 0 <m < [F].
In all the cases Dy form a dom-2-forcing set. Hence Fy[S(C,)] = ~[S(Cy)],

where n is not a multiple of 4. O]

It can be noted that every dominating set of S(C,,) k-forces, for all k& > 3.

Hence, the result.

Corollary 8.6.7. For any integer k > 3, Fyg.[S(C,)] = v[S(C,)].
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Now, consider the splitting graph of ladder graph and its dom-k-forcing num-
ber. The result for 2-forcing number and domination number is already estab-

lished.

Theorem 8.6.8. [7| Let S(L,) denote the splitting graph of ladder graph L,,.

Then for n > 2, Z5[S(L,)] = 2.

Using Proposition 8.2.1, a bound for the dom-2-forcing number of the splitting

graph of a ladder graph S(L,,) can be easily obtained.

Theorem 8.6.9. Forn > 2,

2 @ < FplS(Ly)] <2 +2 [g] |

For a wheel graph, Fp(W,) = 2 (By the Theorem 8.3.3). Also in [7],
Z5(S(W,,)) = 3 for all n > 5. Combining the Proposition 8.2.1 and Theorem

8.6.1, the following results obtained.

Theorem 8.6.10. For a wheel graph W,,, 3 < Fyp(S(I')) < 4.

This chapter investigates the dom-k-forcing number of graphs and establishes
several bounds. It determines the exact values of the dom-k-forcing number and
characterizes graphs for which the dom-k-forcing number is equal to the k-forcing
number. The next chapter discusses the concept of the connected dom-k-forcing

number.






Chapter

CONNECTED DOM-k-FORCING
SETS IN GRAPHS

This chapter! introduces the study of connected dom-k-forcing sets in graphs.
Connected dom-k-forcing sets are characterized for certain special graphs, and
formulas for the connected dom-k-forcing number are derived based on these
characterizations. Moreover, the relationships between this parameter and other

well-known graph-theoretic parameters are explored.

9.1 Introduction

The connected dom-forcing set of graphs is discussed in Chapter 6. In this
chapter, this concept is generalized. The concepts of connected domination and

connected k-forcing are combined to introduce a new graph theoretic parameter,

!This chapter has been published in Journal of Advances in Mathematics and Computer

Science, Volume 41, Issue 2, Page 15-27, 2026.
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called the connected dom-k-forcing set.

Definition 9.1.1. For any k € N,1 < k < A, a connected dom-k-forcing set
of a graph I', is a dom-k-forcing set of I' that induces a sub graph of I' which is
connected. The connected dom-k-forcing number of ', F.q.(T'), is the minimum

size of a connected dom-k- forcing set.

For instance, consider the graph I' illustrated in Figure 1. The set Dy, =
{vq,v5} is a valid 2-forcing set as well as a dominating set, the sub graph induced

by Dy is connected. Here the connected dom-2-forcing number of I" is 2.

Y6 &

Figure 9.1: I'(V, E).

When k£ = 1, the connected dom-k-forcing number is equivalent to the con-
nected dom-forcing number, denoted by F.4(I'). When k = 2, this is known as

the connected dom-2-forcing number and is denoted by Fi 4 (T).

9.2 Bounds for Connected Dom-k-forcing Num-

ber

This section derives some bounds for connected dom-k-forcing number. Also

examine the graph having F.q4(T') = 7.(T") . From the definition, it is clear that
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the union of a connected k- forcing set and a connected dominating set forms a

dom-k-forcing set. Consequently, the following relationship holds.

Proposition 9.2.1. For a graph T’
i) Zep(D) < Fean() < Zen(1) + ()

From the definition it is also evident that, for a graph I', every connected
dom-k-forcing set is also a connected dom-k + 1-forcing set. Hence, the following

results obtained.
Proposition 9.2.2. LetI" be a graph. Then Fqpq1)(I) < Foar(I'), for all k € N.

From the definition every connected dom-k-forcing set is also a dom-k-forcing
set. Hence, the following results obtained.
Proposition 9.2.3. For any connected graph T,

Far(T) < Fear(T).

Theorem 9.2.4. [7] If I is a connected graph with A(I') < 2, then Z,(I") = 1.
Theorem 9.2.5. Let I' be a connected graph with A(T') < 2. Then Fog(I') =

Ye(T).

Proof. Let T be a graph with A(I') < 2. Then any single vertex in V(I') is
a 2-forcing set of the graph. Hence every connected dominating set is also a

connected dom-2-forcing set. Therefore, F 4 (I") = ~.(I). O

There are graphs with Z.(I') = 1 and Fgu(I') > ~.(I"). Consider the graph

given below. The set Z; = {v;} is a connected 2- forcing set, but it cannot
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dominates I'. The set S = {vq} is a dominating set for I', but it is not a 2-forcing

set. The set Z5 U S forms a 2-forcing as well as a dominating set for I'. Hence I"

is a graph with Z, (') = 1, 7.(I') = 1 and Fg(T') = 2.

Figure 9.2: A graph I" having Z.4(I') =1, 7.(I') = 1 and F_5»(T") = 2.

From the above example, it is evident that the upper bound given in Propo-

sition 9.2.1 is sharp. The following result can easily observed.
Proposition 9.2.6. If ' is a connected graph with minimum degree 6 > k + 1,
then chk(F) > 1.

In general, the following results obtained.

Theorem 9.2.7. Let I" be a graph with F,4,(I') = ~.(I') for some positive integer

p. Then F.g(T') = (') for all k > p.

9.3 Graphs Where de(F) = chk(F)

There exist graphs having the same dom-k-forcing number and connected dom-
k-forcing number. Consider the friendship graph F),. In Chapter 8, it has been
proved that Fy(F,) = p. The connected dom-2-forcing set of this graph is now

investigated.
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Proposition 9.3.1. Let I}, denote the friendship graph with p > 2 triangles.

Then Fy(F,) = Fo2(F,) = p.

Proof. Let v, vy, vy, ,vp, v, be the vertices of F}, with common vertex v. Con-
sider the subset A = {v, vy, ,v,-1} of V(F,). Then A is a connected dom-2-
forcing set, which is minimum and Fy(F,) = p. Hence Fy(F,) = Fua(F,) =

p. ]

Let I' = K, be a complete graph with n vertices. It is evident that Fy(K,) =

max{n — k, 1}, for any positive integer k.

Theorem 9.3.2. For the complete graph K,,, Fu(K,) = Fear(K,) = max{n —

k, 1}, where k is any positive integer.

Proof. For any complete graph K,,, every dom-k-forcing set is connected. Hence,

Fur(K,) = Fear(K,) = max{n — k, 1}, for any positive integer k. O

Let K,,, be a complete bipartite, where n,m > 3. Then, Fyp(K,,) =
m + n — 4. Here every dom-2-forcing set of K, , is connected. Hence, the

following results established.

Theorem 9.3.3. Let K,,, be a complete bipartite, where n,m > 3. Then

FdQ(Km77L> = FCdQ(Km;n) =1m + n — 4

Let W, be the wheel graph. Then, Fy,(W,) =2, for 2 <k <n — 1.

Theorem 9.3.4. For the wheel graph W,,, Fu(W,) = F.q.(W,) = 2, where

2<k<n-—1.
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Proof. Let vy, vs,--- , v, be the vertices of the wheel graph W,,. Assume that v
has degree n — 1 and all other vertices have degree 3. Then for 2 < k <n — 1,
every minimum dom-k- forcing set contains v; and the set connected. Therefore,

de(Wn) = chk<Wn) = 2, for2<k<n-—1. ]

Let H,, be the helm graph. Then, Fy(H,,) = m. Now, consider its connected

dom-2-forcing number.

Theorem 9.3.5. Let H,, be the helm graph. Then Fy(H,,) = F.p2(Hy,) = m.

Let I" be the prism graph C,[JK,, where vy, vs,...,v, are the vertices of
the cycle C,, and v}, v}, ..., v be the corresponding vertices in C,[JK;,. Now,
consider a graph H obtained by subdividing each edge v;v; (for i = 1,2,...,n)

exactly once [7].

Theorem 9.3.6. Under the above assumptions, let H be the graph obtained from
the prism graph by subdividing each edge v;v, (for i = 1,2,...,n) exactly once.

Then, ng(H) = chg(H> =n.

Proof. Let wy,ws, - ,w, be the vertices obtained by subdividing each edges v;v;
(for i = 1,2,...,n) exactly once. Each vertex w; is adjacent to both v; and v.
Consequently, to dominate w;, any dominating set of H must contain at least one
of the vertices v;, w;, or v,. Hence y(H) > n. Also the set D = {wy,ws, - ,w,}
dominates H, y(H) = n. Here the set D is a 2-forcing set of the graph H and

the subgraph induced by D is connected. Therefore, Fyo(H) = Fogo(H) =n. O

Theorem 9.3.7. Let T' be the graph C,[OP3, n > 3. Then Fo4p(T) = 7.(T") = n.
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Proof. Let uy, -+ ,Up,v1, -+ ,Up, w1, - ,w, be the vertices of the three copies
of C, in C,0P;, with deg(u;) = deg(w;) = 3 and deg(v;) = 4. The set A =
{v1,+-+ ,v,} is a connected dominating set for I". Here, |A| is minimum, since
removing any vertex v; from A affects the domination property. Hence v.(I") = n.
Moreover, the set A is a 2-forcing set of the graph I', since it 2-forces the entire

graph. Therefore, F.5(I") = 7.(I') = n. O

9.4 Graphs Where de(F) < chk(F)

There are graphs with Fy(I") < Fog(I'). From the Theorem 9.2.5, the following

results obtained.

Theorem 9.4.1.

1. For a path P, of order n, Foge(P,) = v.(P,) =n — 2.

2. For a cycle C,, of order n, F.g(C,) = 7.(Cy) =n — 2.

Now, consider the connected dom-k-forcing number of trees.

Definition 9.4.2. Let T be a tree. Consider the vertices which are adjacent to

the leaf (pendant) vertex and call these vertices as parent leaf vertices.

For instance, consider the tree T illustrated in figure 9.3. Here the parent

leaf vertices of T" are vz and v,.
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Figure 9.3: The tree T'.

Theorem 9.4.3. Let T be a tree. The number of leaves adjacent to each parent
leaf vertex is at most k if and only if Fogu(T) = v.(T) = n — m, where n is the

number of vertices in T and m is the number of leaves in T.

Proof. First, assume that the total number of leaves adjacent to each parent leaf
vertex of the tree T is at most k. It is evident that all the vertices of T, except
the pendant vertices, form a unique minimum connected dominating set, which
k-forces the graph T. Hence F.4(T) = 7.(T) = n — m, where n is the number

of vertices in 17" and m is the number of leaves in 7.

Conversely, assume that F.u(T) = 7.(T) = n —m, where n is the number of
vertices in 1" and m is the number of leaves in T'. Let H be the subset of the vertex
set of T' that does not contain the pendant vertices of 7. Hence |H| =n —m. If
possible, assume that there exists a parent leaf vertex, say v, which is adjacent to
at least k 4+ 1 pendant vertices. All vertices, except the pendant vertices, belong
to the unique minimum connected dominating set of 7. Moreover, from v, it is
not possible to k-force all the pendant vertices adjacent to v. Therefore, the set

H cannot be a connected dom-k-forcing set of T, a contradiction. Hence, the
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total number of leaves adjacent to each parent leaf vertex of the tree T is at most

k. O

Now consider the ladder graph L,,. It is known that for a ladder graph L,
of order n, Fo4(L,) = n = 7.(L,), for n > 4 (see Chapter 6). Therefore, the

following Proposition.

Proposition 9.4.4. Let L,, be the Ladder graph of ordern > 4. Then F.q(L,) =

n, for all k € N.

Let us recall the following result from [26] to prove the succeeding Theorem.

Theorem 9.4.5. The connected dom-2-forcing number of 3 X p grid graph I's,,
18

ch2(r3,p) =Dp.

Proof. 1t is evident that the set A = {(2,1),(2,2),---,(2,p)} is a minimum
connected domination set, and is unique. The set A is a 2-forcing set of the

graph I's ,. Hence

ch?(r?),p) =P

Theorem 9.4.6. Let ', , be ap x q (p>4,q > 4) grid graph. Then

Feao (Fp,q) = %(Fp,q)-

Proof. Consider the following cases.

Case 1: For any ¢ and p (mod 3) = 0, consider the vertex set S = AU BUC
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in which A = {(1,2),(2,2),---,(p,2)}, B ={(2,3),(2,4),---,(2,¢9)}, and C =
{(2,3), -+ ,(x,q)|lz = 5,8,--+- ,p— 1}. Theorem 6.3.12 says that the set S is a

minimum connected dominating set with cardinality %.

Case 2: For any p and q (mod 3)= 0, consider the vertex set S = AUBUC" in
which C" = {(3,y), -+, (p,y)|ly = 5,8, -+ ,¢— 1}. Then the set S is a minimum

connected dominating set with cardinality @ (By Theorem 6.3.12).

Case 3: For p (mod 3) = 1 and ¢q (mod 3) = 1, consider the vertex set
S=AUBiUCUFE; forp=4and S = AUBUC;UD;UFE; for p > 4, in which
By ={(2,3),(2,4), ,(2,¢-2)} Ot ={By), (0 yYly =58, ,¢— 2},
Dy ={(z,q—1),(z,q)lx =5,8,--- ,p—5} and By = {(p—1,q—1),(p—1.q), (p—
2,q)}. Then the set S is a minimum connected dominating set with cardinality

pq“’Tw (By Theorem 6.3.12).

Case 4: For p (mod 3) = 1 and q (mod 3) = 2, consider the vertex set S =

AUBUCyUDyU Ey, in which Cy = {(3,y), -+, (p,y)|ly = 5,8, - ,q—3}, Dy =

{(xaq - 2)7 (xaq - 1>a (x,q)\a: = 5787 L, P 2} and E2 = {(paq - 2)7 (paq - 1)}

pg+p+q—2
3

Then the set S is a minimum connected dominating set with cardinality

(By Theorem 6.3.12).

Case 5: For p (mod 3) = 2 and q (mod 3) = 1, consider the vertex set
S=AUBUC;UD3U Ej, in which C3 = {(3,v),---,(p,y)|ly =5,8,--- ,q — 2},
D3 = {(l‘,q—Q), (l’,q—l), ($,q>|$ = 578a U 7p_3} and E3 = {(pvq_l)v <p7 Q)}

Then the set S is a minimum connected dominating set with cardinality pqﬂ’T’Lq_Q
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(By Theorem 6.3.12).

Case 6: For p (mod 3) = 2 and ¢q (mod 3) = 2, consider the vertex set
S=AUBUC,UD,UEy, in which Cy = {(3,v),---,(p,y)|ly =5,8,--- ,q— 3},

D, = {(%,Q—Q), (:L‘,q—l), ($’Q>|x =95,8,-- 7p_3} and F; = {(p,q—Q), (paq_
1),(p,q)}. Then the set S is a minimum connected dominating set with cardi-

nality 2422 (By Theorem 6.3.12).

In all the cases the set S is a 2-forcing set the graph I', ;. Hence

chZ(Fp,q) = %(Fp,q)-

Now consider the prism graph C,,[JKj.
Theorem 9.4.7. [49] Let I" be a prism graph C,,00K5, n > 3. Then ~.(I') = n.

Theorem 9.4.8. Let ' be a prism graph C,[OK5, n > 3. Then F.4(I) =

(') = n, for all positive integer 1 < k < 3.

Proof. Let vy, vq,...,v, be the vertices of the cycle C,, and let v}, v5, ..., v) be
the corresponding vertices in C,00K,. Consider the set A = {vy,vq,...,0,},
which dominates I'. The set A is a minimum connected dominating set by the
above Theorem. It is noted that the set A forces the entire graph I". Hence

F.t(T') = 7.(I") = n, for all positive integer 1 < k < 3. O

Now consider the antiprism graph A, and its connected 2-forcing set.

Theorem 9.4.9. [49] Let A, be an antiprism graph with 2n vertices. Then

Ye(Ap) =n— 1.
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Theorem 9.4.10. Let A,, n > 3, be an antiprism graph. Then F.g(A,) =

Ye(An) =n —1.

Proof. Let vy, v, ...,v, be the vertices of the inner cycle and let

{Uns1,Vns2,...,V2,} be the corresponding vertices in A,. Consider the set A =
{v1,v9,...,v,-1}, which dominates A,. The set A is a minimum connected
dominating set by the above Theorem. It can be observed that the set A is a 2-
forcing set of A,,, as it 2-forces the entire graph with the forcing process initiated

at the vertex vy. Hence Figo(A,) = v.(An) =n — 1. O

In the case of Ag, the above Theorem is illustrated in Figure 9.4.

Figure 9.4: The antiprism graph Ag, the connected dom-2-forcing set A =

{v1, v2, V3,04, V5,06, 07} and Figa(As) = 7.

The n-crossed prism graph [49], R,,, of positive even n vertices is the graph
obtained by taking two disjoint cycle graphs C,, labeled with {vy,vs,...,v,} in
the inner cycle, {v],v),...,v,} in the outer cycle. Adding edges (vy,v),,,) and

(Vgt1, Vhy), for k=1,3,---,(n —1). The graph R, is a 3-regular graph.
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Theorem 9.4.11. [49] Let R, be the n-crossed prism graph with 2n vertices.
Then ~.(R,,) = n.

Theorem 9.4.12. Let R, be the n-crossed prism graph. Then Fog(R,) =

Ye(Ry,) = n, for all positive integer k.

Proof. Let vy, v, ..., v, be the vertices of the inner cycle and let {v},v5,... v}
be the corresponding vertices of the outer circle. Consider the set

A = {vy,v9,...,v,}, which dominates R,,. The set A is a minimum connected
dominating set by the above Theorem. It is noted that the set A forces the entire

graph R,,. Hence Fog(R,) = v.(R,) = n, for all positive integer k. O

In the case of 8- crossed prism graph, Rg, the above Theorem is illustrated

in Figure 9.5.

Figure 9.5: The 8-crossed prism graph Rg, the connected dom-2-forcing set A =

{Ula V2, U3, V4, Us, Ug, U7, U8} and ch2<R8) = 8.

Now consider the gear graph G,,.

Theorem 9.4.13. [49] For the gear graph G,,, 7.(G,) = 1+ [n/2].
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Theorem 9.4.14. For the gear graph G,

F.ax(Gr) = 2+ [n/2] for k=1

1+ [n/2] for k> 1.
Proof. Let v,v1,vs,...,v, be the vertices of the wheel graph with deg(v) = n
and uy, us, - - - ,u, be the vertices added to get the gear graph G,,. Now consider
A = {v,v1,v3,...,0,} if nis odd and A = {v,vy,v3,...,v,1} if n is even. In
both cases, the set A is the minimum connected dominating set by the above
Theorem and which is unique up to isomorphism. It is noted that the set A is
a 2-forcing set of the graph G,. Since every vertex in the set A has two white
neighbors, it cannot zero forces the graph G,. But A U {u;} zero forces G,.

Hence

Foax(Gr) = 2+[n/2] for k=1

1+ [n/2] for k>1.

The above theorem is illustrated in Figure 7.6.

Figure 9.6: The gear graph G4, A = {v, vy, u1,v3} is a minimum connected dom-
forcing set and B = {v, v1,v3} is a minimum connected dom-2-forcing set. Hence

ch(G4) =4 and FCdQ(G4) =3.
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9.5 Connected Dom-k-forcing Number of Split-

ting Graph of a Graph

The splitting graph of a graph T is the graph S(I") obtained by taking a vertex
v" corresponding to each vertex v € I and join v’ to all the vertices of I" adjacent

to v [39].

Theorem 9.5.1. Let S(P,), n > 4, denote the splitting graph of the path P,.

Then Fog[S(P,)] = 7.[S(P,)] =n — 2.

Proof. Let vy,vq,- -+ ,v, be the vertices of the path graph P, in S(F,), and let
Uy, U, - -+ , U, be the vertices corresponding to vy, vs,--- ,v, which are added
to obtain S(P,). Then the set A = {wvy, - ,v,_1} is a minimum connected
dominating set by the Theorem 6.4.1. It is noted that this set 2-forces S(P,).

Hence Fq[S(P,)] =n —2. O

Remark 9.5.2. The graph S(Ps), which is isomorphic to Py, hence Fogp[S(Ps)] =
Ye[S(Pe)] = 2. For the graph S(Ps), A = {vy,v2} is a minimum connected dom-
inating set which 2-forces the entire graph. Hence Fogp[S(P3)] = 7.[S(Ps)] = 2.

Therefore in all cases, Fogo[S(Pn)] = Ve[S(Pn)] for all n.

Theorem 9.5.3. Let S(C,,), n > 5, denote the splitting graph of the cycle C,,.

Then

Fo[S(Cp)] = 7[S(Cn)] =n — 2.

Proof. Let vy,vq,-+ ,v, be the vertices of the cycle graph C,, in S(C,), and

let wy,us, -+ ,u, be the vertices corresponding to vy, v, - - - , v, which are added
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to obtain S(C,). Then A = {vy, -+ ,v,_2} is a minimum connected dominat-
ing set by the Theorem 6.4.1. It is noted that this set 2-forces S(C,,). Hence

Fq[S(C)] =n—2. O

In the case of S(C5), A = {vy,u;} is a minimum connected dominating set
which 2-forces the entire graph. Hence F.4[S(C3)] = 7.[S(Cs)] = 2. For S(Cy),
A = {v1,v3} is a minimum connected dominating set and is unique. It can be
seen that this set is not a 2-forcing set. But A’ = {vy,v9,u1} is a minimum

connected dom-2-forcing set. Hence F,.5»[S(Cs)] = 3.

Theorem 9.5.4. Forn > 2, F.43[S(Lyn)] = 7.[S(L,)] = n.

Proof. Let {uy,ug, - , Uy, v1, 09, -+ ,0,} be the vertices of the ladder graph L,
and let {u},ul, -, ul, v}, vh, -+ v} be the vertices corresponding to

{uy,ug, - ,Up,v1,09,- -+ ,v,} which are added to obtain S(L,). Then A =
{v1,-++,v,} is a minimum connected dominating set by the Theorem 6.4.1.

It can be noted that the set A is a 3-forcing set of the graph S(L,). Hence

Fea3[S(Ly)] = n. m

This chapter established several bounds for the connected dom-k-forcing num-
ber and determined its exact values for certain classes of graphs. Furthermore, it
was shown that there exist graphs whose dom-k-forcing number and connected

dom-k-forcing number are equal.
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CONCLUSION

In this thesis, several new concepts are introduced, such as the dom-forcing
set, connected dom-forcing set, dom-forcing propagation time, connected dom-
forcing propagation time, dom-k-forcing set, and connected dom-k-forcing set.
The study further explores these concepts by deriving bounds, computing exact

values, and presenting various characterizations.

10.1 Summary of the Thesis

The first Chapter is the introductory Chapter. This Chapter introduces the core
concepts and sets the stage for the research, providing background on the prob-
lem and its significance in graph theory.

In the second Chapter, the preliminaries, provides the essential definitions and
foundational concepts in graph theory that will be used throughout the thesis.
The third Chapter focuses on calculating the dom-forcing number of graphs. It

includes bounds, precise values for well-known graphs, and explores cases where
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Fy(T) = Z(T') and Fy(T') = ~«(T'). It also provides inequalities related to the
dom-forcing number of splitting graphs.

Chapter 4 investigates how various graph operations (vertex/edge deletion, ver-
tex addition, and graph sums/products) affect the dom-forcing number. It in-
cludes upper and lower bounds for edge operations and explores the impact of
graph products, such as the corona and the rooted products.

Chapter 5 introduces a new parameter, the dom-forcing propagation time. This
Chapter investigates bounds on the minimum and maximum propagation times
in terms of the dom-forcing number and determines the propagation time for
several well-known classes of graphs.

The concept of a connected dom-forcing set is introduced in Chapter 6. The
Chapter explores bounds for this parameter, its relationship with the connected
zero forcing number, and investigates the connected dom-forcing number for dif-
ferent types of graph products and splitting graphs.

Similar to Chapter 5, Chapter 7 focuses on connected dom-forcing propagation
time. Also compute bounds and investigates the propagation time for various
well-known graphs, as well as characterizing graphs with extreme propagation
times.

Chapter 8 generalizes the dom-forcing number by introducing the dom-k-forcing
number. It establishes bounds for this new parameter, investigates extreme cases,
and applies the concept to specific graph classes such as snake graphs. The
Chapter also explores inequalities involving the dom-k-forcing number of split-
ting graphs.

Chapter 9 extends the notion of the connected dom-forcing number by intro-

ducing the connected dom-k-forcing number. The Chapter investigates bounds
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for this parameter, analyzes its relationship with the dom-k-forcing number, and

studies how it behaves across various classes of graphs, including splitting graphs.

This study reveals that, for certain classes of graphs, the zero forcing number
and the dom-forcing number coincide. It is also observed that the removal of a
vertex from a graph may lead to a significant increase in its dom-forcing number,
which can, in some cases, become arbitrarily large. Furthermore, there appears
to be a notable tendency in graphs whereby, for sufficiently large values of k, the

dom-k-forcing set coincides with the dominating set.

In addition, the comparative table presented in this study serves as an ef-
fective tool for analyzing and contrasting the dom-forcing number, connected
dom-forcing number, dom-k-forcing number, and connected dom-k-forcing num-
ber for a selection of graphs. This comparative analysis provides deeper insights
into the relationships among these parameters and enhances the overall under-

standing of their structural behavior.
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Table 10.1: Dom-forcing number caparison table
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RECOMMENDATIONS

This study has opened multiple meaningful directions for future research to
deepen the understanding of dom-forcing sets and their connected parameters.
A few emerging challenges with its potential for development are furnished below

to provide a lead for future researchers.

One line of investigation is the characterization of graphs I" for which Fy(I") =
Z(I") and Fy(T') = y(I"). Such characterizations would unravel the inter connect-
edness of dom-forcing, zero forcing, and domination, which indeed will reveal the
structural properties that unify these concepts. In addition, in-depth analysis is
required to determine the exact value of the dom- forcing number for splitting

graphs of standard graph classes such as paths, cycles, and ladder graphs.

Although the dom-forcing number has been established for a set of few well-
known graphs, a detailed, analytical and problem-solving understanding across
broader classes of graphs is yet to be accomplished. Hence, extending these

results to more general families such as bipartite graphs and random graphs is
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an area yet to be explored. Such extensions could provide new insights and
potentially lead to general results applicable to wider classes. Moreover, the
characterization of graphs I' satisfying Fy[['(H)| = nFy(H), as well as those
for which the dom-forcing propagation time dpt(I') = 1 or 2, presents robust
opportunities for theoretical development, which is essential for progress in the

application of it in both simulation as well as problem solving in real life contexts.

The development of efficient algorithms to compute the dom-forcing num-
ber for arbitrary graphs is an important and challenging problem from a com-
putational perspective. Given the combinatorial complexity inherent in both
domination and zero forcing, designing polynomial-time algorithms or effective
approximation techniques would be highly valuable. Additionally, constructing
algorithms to determine the maximum and minimum dom-forcing propagation
time for connected graphs would significantly enhance the practical applicability

of these concepts in multiple emerging domains.

Another promising direction is the exploration of relationships between Fy(I")
and other graph parameters such as chromatic number, independence number,
and spectral properties. Investigating these connections may contribute to a
more unified theory of graph invariants. Further, it is worthwhile to characterize
graphs in which F,;(H) = Fo4(T"), where H is a subgraph of I, and to study ladder

graphs satisfying conditions such as F4[S(Ln)] =n+1 and F.4[S(Ln)] = n+ 2.

Last but not the least, additional attention should be given to connected vari-
ants and generalized forms of dom-forcing. In particular, characterizing graphs

for which the connected dom-forcing propagation time dpt.(I') = 1 or 2, as well

as graphs I" satisfying Fy,(I') = Z¢(T") and Fy(I') = y(I"), would further extend
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the theory in meaningful ways. Along with this, determining the connected dom-
k-forcing number of the splitting graph of an arbitrary graph remains an open
and challenging problem, offering significant scope for future investigation. In
short, developing further the new concept of dom-forcing sets would be a game
changer in a world which is evolving into technology driven one where artificial
intelligence will be a force to reckon with. A true integration and application
of the concept would certainly enhance the potentials unleashed through the
algorithm-based transformations of human lives of our times in the digital world

and beyond.
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