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Chapter 1 

Introduction 

1.1 Reliability - an introduction 

Reliability couaideratioua are iuportaut facton iu auy eugineeriug ayatem. The prob 

\ems of failures, repairs and maintenance etc. are to be viewed eeriously in the use of 

any equipmenb or system, be caul^ the future perforlllance or future life i entirely 

dependhg on such r d a b i t y  characteristics which are uot always deter~uinhtic due 

to the complexity, sophistication and automation inherent in the modem technology. 

They are stocbastic in nature . So to solve reliability problem it is highly essential to 

make use. of stochastic modeh suitable for the situations. 

1 



The applied probabilists are concerned with the evaluation of operating character- 

istic of systems by using appropriate modeb. The models p ropod  in the literature b 

the analysis of such systems vary depending upon the context and background of the 

analysis. Some of the baslc tools like Markov procese, Semi Markov proceea, Renewal 

theory, Regenerative stocbastic process etc. are found to be very useful in different 

models of such systems. 

The thesis deals with mathematical and statistical studies of some stochaatic mod- 

els in reliability. Here we are maiuly coucerued with multistate reliability d e l s  and 

certain aaaociated inferential problems. The transieut probabilities and eteady strtc 

probabilities of the multistate systems are obtaiued using Markov model formulatiouu. 

Also we have d e t e r h e d  some performauce measures like Meao Time to System Fail- 

ure (MTSF) and Availability for some models which are of interest from systems design 

point of view and aualysk. The aualysk of the modelrl are carried out utliug staudard 

renewal theoretic argument. The optimality problems under specified cost structure8 

associated with some of the models are ahso discussed. Further the problem of eati- 

mating the exponential parameters under order restriction has been addressed through 

Bayesian approach and limit Bayesian approach . Comparison of thew estimators 

are carried out with the usual estimators like Maximum Likelil~ood Eatiri~ator (MLE), 



Uniformly Minimum Variance U n b i  Estimator(UMVUE) etc. 

This chapter reviews briefly the earlier developments of the theories in the field 

related to the current work. In d o n  2 binary coherent system (BCS) are discussed. 

Section 3 of this chapter deals with Multistate Coherent systems (MCS). Maintenance 

policiea including repair and replacement problem of these models are given in section 

4 and preliminaries of Renewal theory are given in d o n  5. In Section 6, a brief 

outline of the procedure of estimating parameters under restriction using Bayesian 

and limit Bayesian approach is discussed. In the last section an overview of the main 

contributions of the thesis is provided. 

Reliability, as a human attribute h a  been praised for a very long time. The theory 

of reliab'ity has grown out of demands of modem technology experienced with complex 

military system. h the early 1930's certain areas of reliab'ity, viz. life t e h g  and 

reliab'ity problems started to receive a great deal of attention from statisticians and 

eugiueem. After world war I1 the development continued through out the world. 

In 1951 Epetein and Sobel(1953) began the work in the field of life testing. This 

work marked the beginning of the wide spread assumption of exponential distribution in 

life testing research. The mathematically more important paper of Moore and Shanon 

appeared in 1956. This was concerned with relay network reliability. In 1958 an elegant 



summation of the known msthematical results 111 renewal theory was presented by 

Smith (1 958). In 1959 and 1960's a class of reliability and logistic problems were solved 

in papers by Black and Pmecban (1959) with P r d a n  using some of the techniques 

of total poaitivity. Until 1960's reliability was defined as the probability that an item 

will perform a required function under stated conditions for a stated period of time. 

Research on coherent structures began with the paper published in 1961 by Bhbaum, 

Esary and Sanders (1961). H a sense it puts the work of Moore and Shannon in a 

more abstract eetting. Research on coherent structures and their extensions is still 

very active today. The publication of Mathelllatical Theory of Reliability by Barlow 

and Prosehan (1965) stimulated the research work on the failure rate function and 

classes of life distributions defined in terms of this function. Thus it was about 1970's 

the reliability began to interest a wider clam of people. The second book by Barlow 

and Proschan (1975) emphasized coherent syste~ns and their reliability. Many recent 

reaulte concerning multivariate life distributions and their properties were included iu 

this book During the last two decades a nubetantid progress has been occurred in 

reliability theory. 

Today design and production engineers discuss methods of improving reliability 

in design and production stages respectivdy. Testing engineers simulates the realis- 
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tic environmental conditions. Statisticians produce the optimal experimental methods 

of life testing. Mathematicians construct mathematical methods of system reliability. 

Operation rwarch workera are concerned with the beat methods of scheduling main- 

tenance, replacement, and repair of the equipment to obtain great reliability matched 

wit h adequate availability and eosts. Biologists proudly display facts dkriminating 

high reliability of living organisms. A new science was even invented with the aim of 

discussing how this great reliability is achieved by nature and of trying to imitate such 

met hods in building similar electronic or mechanical devices. All these investigations 

fall under the name of reliability studies, every year opens new vistas, but all the time 

probability concepts and statistical methods are used. 

1.2 Reliability Models: Binary System. 

Consider a system wkcb is composed of n different components and it is called a system 

of order n. In the traditional way, the system and its components are considered to be 

in one of two d a t a :  functioning and failed. The state of component i ,i = 1 ,2 ,3 .  . . , n 

can then be described by a binary variable x i  , where 
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1, if component i is functioning 
X; = 

0, if component i is in a failed state. 

= (gl ,  Q, .., X,) ia caIled the state vector. Further more we asaume that by knowing 

the s t a b  of all the n components, we alao know whether the system is functioning or 

not. 

Similarly the state of tbe system can tben be described by a binary function 

d ( ~ )  = # ( X I ,  x21ee, xn) 

where 

1, if the system is functioning 

0, if the system is in a failed state. 

)(g) ia called s t r u d u r e f u ~ i o n  of the system. Here we mention some simple 

structures of syateme, vh. series structure, par& structure, k-out of- n structure 

and coherent structure. 

Consider a system with n different components. A system that is functioning if 

and only if all of ita n components are functioning is called a eeries structure. A aystem 

that is functioning if atleast one of its n  components is functioning is called a ~arallel 

structure. A system that is functioning if and only if at least k of the n componenls 
b 
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are functioning is called a k-out of- n structure. A series structure is therefore an n-out 

of-n structure, and a parallel structure is a 1- out of-n structure. 

For a series structure 

For a parallel structure 

For a k- out of -n dructure 

When establishing the structure of a system it seems reasonable first to leave out 

all components that do not play any direct role for the functioning ability of the system. 

The components we are left with are called relevant. The components which are not 

relevant are called irrelevent. 

A system of components is said to be coherent if all of its components are relevant 

and the structure function #(X) is non decreasing in each argument. 

The dual of a structure function q! is defined as dD(x) = 1 - d(l - X), where 

1 - X  = (1 - X I ,  1 - x2, .., I -X,,). The dual of a series (parallel) system of n components 

is a parallel (series) ~ystem of n components. 



A coherent system can slso be described through minimal paths or minimal cut 

representations. A patb set ie a set of components such that the functioning of these 

componenta ensurea the functioning of the system. A minimal path set ia a path 

set such that all of its components must be functioning to ensure the functioning of 

the system. Similarly a cut set is a set of camponents such that the failure of these 

components ensurea the failure of the system. A minimal cut set is a cut set such 

that all of its components must fail to ensure the failure of the system. Let pl,pa, ..,PI 

denote all possible minimal path sets, and cl, c2, .., ck denote all pdesible minimal cut 

sets of a coherent sy&m with strndure fundion d .  . Then 4 can be repreeented as a 

parallel- series or a series - pardel structure. In this case 

1.2.1 Reliability of coherent systems: 

Consider a aystem consisting of n components, Assume that components are statisti- 

cally independent. Suppoee that the state X ;  of the i-th component is random with 



Here pi is the probability that the component i functions, which is cded  reliability of 

i. Similarly the reliability of the system is given by 

We can exprw system reliability as a function of component reliabilities, as h = 

h@) where P = (p1,~2, g , pn) 

h(p) is called reliability f undion of the structure 4 . If the components are not 

independent the system reliabiity is not a function of p alone, in this case h(p) will 

not be used. 

For the series structure 4(z) = K:,, X; ,  the reliability function is h@) = K=,p;, 

where as for parallel structure $ ( X )  = xi has the reliability function h(p) = 

= 1 - r=l(l - pi) The reliability of a k - out of - n system is 

In other words, a coherent system is a system that is not functioning if all of its 

components are not functioning, is functioning if all of its components are functioning 

and if it is initially functioning whenever eome initially failed components are restored 

to functioning statea. 

If the life times of the n components of a system are statistically independent and 



T denotes the life time of the system, then the system reliability at time t is given by 

where p;(t)  hr the probability that the Cth component is still functioning at  time 

In particular if the i- th component has an exponential life distribution wit h pi (t ) = 

exp (-At), for f > 0, 

then R(t) = Ctr4r)=,) IIic ysl ~ X P  ( - A i t )  I I j E B ( s ) ( l  - ~ X P  ( - A j t ) ) ,  

where A(x)  = { i  : zi = I )  and B(x)  = { j  : x j  = 0). 

The book Statisticaf theory of Reliability and lqe ttesfing by Barlow and Proschan 

(1 975) emphasized biiary coherent structuren and their reliability which is the fund* 

mental concept of reliab'ity analyeis. 

1.3 Reliability Models: Multistate 

The theory of biiary coherent systems Berves as a unifying foundation for a mmhtbb 

matical and statistical theory of reliability. In thie theory system and components are 

assumed to be in one of two states: functioning and failed. In many real life situatione, 
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however, systems aud componeub are actually capable of assuming a whole rmge of 

levels of performance, vary'iog from perfect functiouing to complete failure. In these 

situations the dichotomised model is an over simplification of the actual situation. In 

order to describe more adequately the performauce of such 'degradable' systems aud 

components, the theory of multhtate coherent system hw been developed. In the last 

two decades, many different multistate coherent system have been investigated. Some 

of the earlier worb in this direction can be found in S.M. Roas (1979), Barlow and Wu 

(1978), El-Neweihi (1978) aud W.S. Gr i i th  (1980). Basically the ideas underlying the 

different modeh propowl are the saue. These models wsume that the system aud its 

n components can be described txparately by a totally ordered set S called the states 

space. The set of states is S = {0,1,2,. . . , M). The M t l statea represent successive 

levels of performauce raagiug from the perfect functioning level M down to the com- 

plete failure level 0. Let xi, i = l ,  2 , .  . . , n denote the state or performance level of the 

i-th component. The vector a = (zl ,  22 ,  .. ,X,) representing the states of the n compo 

nents takes its value in S, where S" is the n-th cartesian power of S. It is assumed 

that the state q5 of the system is a deterministic function of z; i.e., 4 = q5(z), which 

takes the values in S. The function 4 is called the structure function of the system. 

Set theoretic and axiomatic approaches are adopted by various au thorn to introduce a 
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variety of dasaes of multistate syatema. They bave studied different models and their 

structural properties. In late seventies Barlow and Wu (1978)) El-Neweibi et.al(1978)) 

Ross (1979) have initiated research in this area. 

In 1984 an excellent survey of multistate ~ y ~ t e m  theory was presented by E.El- 

Neweihi and Praschan (1984) on degradable systems. In this paper they investigated 

the deterministic, probabi t ic  and dynamic aspects of multistate models with suitable 

examples. 

DEFINITION 1.3.1 A system ofn wmponents is said to be a multistate coherent system 

(MCS) if its ,truelure function satisfies. 

1. is increasing. 

2. For level j and component i, there exists a vector (.;,I) ) such that #(ji, XJ = j 

while d(li, 4 # j for I # j, i = 1 ,2 ,3 , .  . . , n and j = 0,1,. . . , M 

This definition is due to EL Neweihiet.al (1978). Several authors bave contributed 

much to the development of this theory, both deterministic and stochastic. Some of 

the recent worka in this direction are Griflith (1980)) Block and Savita (1982)) Natvig 

(1982), Ebrahimi (1984), Ohi and Nishida (1984) and Natvig (1985). In these papers 
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the relationship between various defiuitious of MCS have beeu established, occssionally 

comparing and contrasting them. 

Two recent papers on multistate coherent systems are by Dharmadhikari and N h -  

balkar (1991) and Kai Yu,et. ai(1994). Iu the paper by Dharmadhikari, et. ul a mewure 

of importance of an itex11 and that of a given state of an item are discussed with respect 

to the expected utility function. Kai Yu, et.al presented a new MCS model, a gener- 

dised multistate coherent system (GMCS) model, which is bafied on a more general 

assumption that the state sets of the system and its components are partially ordered. 

1.4 Failure and repair models - An Introduction 

We know that reliability is the probability of a device giving satisfactory performance 

for a specified period uuder specified operatll~g conditious. When a colzlponeut or sys- 

tem does not function satisfactorily it is said to have failed. The pattern of failure can 

be obtained from life-testing experiments. These results provide a basis for formulating 

or constructing mathematically a failure model for analysis. 

Many of the currently used failure models are developed under the premise that 

the operating environmentis static. Now new models have been developed when the 

environment under which the items operate is dynamic. These new fdure models are 



derived by dmib ing  the underlying failure causing mechanisms, such as degradation 

and wear, ueing suitable sbchastic processes. Because dynamic environments induce 

changes in the phyaica of failure, a stochastic procem approach to failure modelling 

provides flexibiity in describing the failure generating mechanisms. This flexibility 

results in a better description of the failure data and an improved assasment of system 

reliabiity, Some of the worka in this direction are given by Deshmond (1985), Cinlar 

and Ozekiu (1987), Singpurwalla and Youngreen (1993) and Singpurwalla (1995). 

The notion of aging ia an important aspect in reliability theory. If X denotes the 

life time of a fresh ullit, the reliability or survival probability of it corresponding to a 

mission of duration X is given by 

- 
F(z)  = 1 - F($)  where F M the life distribution of the unit. 

The conditional reliabiity of a unit of age t is 

The conditional probability of failure during the next interval of duration z of a 

unit of age t is 



The conditional failure rate r(t) at  time t is 

= - f(t) where f (t) exhb and r(t) > 0. 
F(t  ) ' 

r(t) ie atso known as ham4 rate, force of mortality or intensity. We can write reliability 

in terms of huard. Integrating the above, we have 

6' = - log7(z) 

Therefore F($) = exp{ 

where R is d e d  h w r d  function. 

Now consider a device which doea not age stochastically. In this case failure rate 

will be a constant and the life distribution will be exponential. If a unit ages adversely 

F t t t  i.e, F(% I t) = is decreasing iu t > O for each z > 0, then F is ao 

InereusingFailuruteRute (IFR) distribution. Suppose aging is beneficial, i.e, F((z I t) 

is increasing in t > 0 for each z 2 0, then F is a DecreasingFailurateRate (DFR)  

distribution. 

Similar to IFR and DFR distributions we can define a number of classes of life 

distributions namely Increasing Failure Rate Average (IFRA), Decreasing Failure Rate 



Average (DFRA), New Better than Used (NBU), New Better than Used in Expectation 

(NBUE), Harmonically New Better than U d  in Expectation (HNBUE), Increasing 

Mean Residual Life (IMRL), Decreasing Mean Residual Life (DMRL) etc., which are 

of very great significance in the apects of agiug. 

Another measure to characterise a failure model is the Mean T i e  to System 

Failure. If one is interested in a summarised measure of the random variable X, rep  

resenting the lite time of the ayatern, MTSF is to be computed. It corresponds to the 

average duration between successive system failurecr. By using standard manipulations, 

we get 

Now we discuw reliability hprovemeut by means of repair. In general, whenever 

the average repair cost in time and luouey of a piece of system a fraction of the initial 

coat of the system, one considers system repair. If such a system can be rapidly returned 

to service, the effect of failure is minimised. Analysis of a repairable bleystema has 

been the conceru of many iodustrid engineers, applied probabilists and statisticians. 

Consequently wveral directions of reeeaearch have been developed on this topic. In auch 

a aystem the h e  between failures, repair timea, number of failures in an interval, 

and percentage of operating time in an interval, are figures of merit which are to be 



conaidered along with the system reliability. 

In order to describe the beneficial featurea of repair in a system that tolerates 

shutdown times, the system function called availa bifit y is introduced. The availability 

function A(t) is defined as the probabiity that the ayatem is operating at time t. By 

contrast, the reliability function R(t) is the probability that the system has operated 

over the ioterval (0, t). Tbua reliability is an in tervd function while availability is a 

point function, describing the behaviour of the system at a specified epoch. Secondly, 

the reliability function precludes the failure oi  the system during the interval under 

consideration , while availability function does not impcm any such restriction on the 

behaviour of the system. An important difference between A(t )  and R(t) is tbeir steady 

state behaviour. As t becomes large, all reliability functions approach zero, where as 

availability functions reach some steady state value. So iu the steady state 

The performance of a repairable system can be better or worse with the paeeage 

of time. A repairable system deteriorates with time if the time between two successive 

repairs tend to get smaller in some sense. Asher and Feingold (1 984) defined system 

deterioration in terms of orderings between interanivd times. Deterioration in aye- 

terns can also takes place due to usage or age and are subject to shocks which cause 



failures. Due to the inevitable deterioration and shocks, manufacturing system rmght 

not retain a condition in which acceptable gods  cm be produced. Restoring a k h l y  

deteriorated or failed system is uaually time consuming and costly. Frequent inspec- 

tion and replacement might reduce the chances of high deterioration and failure, but 

it dso incurs maintenance wta. Maintenance policies of stochaaticdy fsiliog systems 

have been widely investigated in the literature. ValdeeFlores and Feldman (1989) sur- 

veyed recent works and Pierskalla Vmlker (1976) and Shed  and Smith (1981) reviewed 

the earlier p a p a  in this area excellently. Mmiy articles in the literature concentrate 

on modelhug the deterioratiug procm of a stochastically failing system by a Markov 

Procees, because of the tractability of the resulting mathematical problems. 

During the last decade, after the introduction of multistate reliability systems, 

many researchers have studied the maintenance policies of multist ate deteriorating 

systems. Here the operating condition of the system ia characterised by the degree 

of deterioration and can be classified into a finite number of state. In each state, 

the system is assumed to deteriorate gradually to the next higher state. Without 

maintenance action the system will eventually fail. It is assumed that the syatem ia 

monitored continuously such that current dale of the system is always known. When 

failures occur, the system must be replaced with a new identical system. The system 
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can also be replaced at any point of t h e .  The coat and time required to replace 

the system depends on the state of the system. In general, the operating cost rate, 

replacement cost and replacement time increase as the system deterioratee. Therefore 

it is desirable to replace the system before it fails to avoid operating or replacing the 

system in a highly deteriorating condition. Some of the studies in this direction axe 

Ohnishi,et.a1(1986) and Lam and Yeh (1994). 

1.5 Renewal Theory - An outline. 

All the replacement problems can be treated by the techniques of renewal theory. Here 

we give a brief account of the relevant aspects of renewal theory. 

Renewal theory provides elegant and powerful tools for analysing sstohastic pm 

c-. Renewal theory had its origin in the study of strategies for replacement of tech- 

nical components. Renewal theory is concerned with the replacement of an item whicb 

deteriorates with time. 

Consider a sequence of independent and identically distributed random variables 

{X,) which are nonnegative. At time 0 an item starts functioning. On i h  failure at 

time XI, a new item starts operation. This is repkced at time XI t X2.. The process 

continues in thia fashion. 



Write Sn = E:=, Xi Then Sn is the time at which the n-th renewal takes place. 

Denote by N(t ) ,  the uumber of renewals at time t measured from the time 0. 

Clearly {S,, t} if and only if { N ( t )  > n). Then {S,, n = 0 , 1 , 2 . .  . .} with So = 0 or 

equivalently { N ( t ) ,  t  2 0) ia cded a renewal process. 

Let M ( t )  = E { N ( t ) ) .  It ia cded the renewal f unction. 

Now assuming that Xi have distributiou F(.)  we get 

When r(d(.) is the n fold convolution of F(.) with itself. 

Thus 

which is a convergent series. This means that the mean number of renewals is finite 

for every finite interval of time. 

Next we shall get an integral equation satisfied by the renewal function. By con- 



ditioning on the time of first renewal, we get 

M (t)  = F ( t )  t M (t - x)dF(x) .  6' 
Here an integral equation of the form 

where a(t) and F(t )  are known functions and A(t)  is an unknown function to be 

determined as a solution to the integral equation is called a renewal equation The 

solution of an arbitrary renewal equation can be represented in t e r m  of the renewal 

function. 

When a(t) is a bounded function, there eyists one and only one solution given by 

for ( 1.5.1). 

Now we are interested in the asymptotic behaviour of F as t -+ m. The elemen- 

tary renewal theorem states that F -, L aa t -r m, where p = &(Xl). The renewal 
P 
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theorem states that M(t + h )  - M(t )  -r h P t  + oo for my h > 0. Using renewal 

theorem we can determine the limit distribution of the exceas life. 

Now we define certain variations of the renewal process. 

1. A delayed renewal process is one in which the initial component's life time has 

a distribution different from that of the remaining components. Thus if X has 

distribution G(.) and 4, Xs, . . . have ditribution F(.) and setting 

we see that Mo(t) = E{N( t ) } ,  the reuewd function associated with the delayed 

renewal prouw satisfies the renewal equation 

2. A stationary renewal process is one in which the initial component's life has the 

distribution function 

3. A renewal p r o m  with possibly infinite interoccurrence time is called a termi- 

nating renewal process. 
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l .6 Estimation of ordered parameters 

Inference concerned with ordered parameters has received considerable attention in 

statistical literature during the last two d ~ a d e e .  Frequently one may come acrm 

situations in reliability where one is intereated in the estimation of parametera which 

are restricted. For example, one may be intereated in the estimation of mean lives of 

two components having exponential life distributions, out of which one is produced 

by a standard company and other is produced by a local company W here it is apriori 

known that the mean life of the component of the standard company is not less than 

that of the component produced by the local compauy. For more details on estimation 

of ordered parameters the reader may refer to Bluementhal and Cohen (1968), Kuahary 

and Cohen (1991)) Sackrovitr (1970), Kaur and Singh (1991). 

There are mainly two approaches in statistical inference . One is called frequen- 

tist approach and other is cded  Bayeaian approach. In the frequentiat approach, the 

inference is completely based on data and no further information about the nature of 

parameter(s) is used. The minimum variance unbiased estimation, maximum likeli- 

hood method of eetimation and method of least equaree are the common frequentist 

approach in estimation. On the other Laud, in the Bayesian approach the inference 

is made by incorporating the information from the data with the prior information 



regarding the parameter. This approach rests on the belief that in most practical situ- 

ations the statisticians will possess some subjective apriori information concerning the 

probable value of the parameter(s). We make use of such information in the form of a 

probability distribution on the parameter space. This probability distribution is called 

prior distribution of the paramter(s). The application of Baye's theorem leads to the 

conditional distribution of the parameter(s) given the data. This distribution is called 

posterior distribution and all the inference iR made from this distribution. 

In several practical situations the frequentist method of estimation such aa mini- 

mum variiuce u u b i d  W timation and maximum likelihood a thation may uot give 

satisfactory estimators. For example, in the case of UMVUE when the parameters 

are ordered, the estimators may be lying ouhide the parameter space with non zero 

probability. h the case of MLE also such limitation exiRts. The Bayesian approach 

is free of this draw back as the support of posterior distribution never lie outside the 

parameter space. 
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1.7 An overview of the main contribution of the 

thesis. 

The thesis is organised into five chapters and each chapter is then divided into many 

sedions, In the introductory chapter the concept of 'Reliability' is introduced and a 

survey of reliability literature confined to our study is provided. In sections 2 and 3 

the preliminaries of b'iary and multiatate reliability models are given respectively. An 

introduction to failure and repair modeh are given 111 section 4. Section 5 discusses an 

outline of Renewal theory. Section 6 deals with the eatimation of ordered parameters 

and in the last section an overview of the main contributions of the thesis is provided. 

In chapter 2, analysis of a repairable multistate esytem having different failure 

modes is considered under Markov model formulation. (See Joseph and Manoharm 

(1997)). Here we study a system which can be repaired at different failure modes 

and the repair is assumed to be complete. That means the system is having M + 1 

states with one good and M mutually exclusive failure modes M - 1, M - 2,. . . ,2,1,0. 

From the perfect functioning level M, the system can go to any of these failure modes 

with the corresponding failure rate. After repair is completed, from the failure mode 

the system can reach the perfect functioning level M with the corresponding repair 
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rate. Tbe system i characterised by the state of the system at time t. The transient 

and steady state distributions of the system state are obtained and tbe results are 

illustrated through a numerical example. 

In chapter 3 we are dealing with the explicit solutions of a Markovian k-out of -n 

system. Many author8 have investigated the reliability analysis of series, parallel and 

k-out of- n systems. Some of the works in this direction can be found in Ravichandran 

(1990). A k-out of -n system is a system which functions if at least k components func- 

tion. The system is described by means of its faded components. Explicit solutions for 

transient and steady state probabilities are computed for the k-out of -n system using 

the underlying stochastic process. Performance measures like MTSF and availability 

are computed for the model under study as these measures are of very much interest 

from the view point of ayatem design and analysis. Finally a numerical example is 

provided. 

Chapter 4 deals with a multistate deteriorating system with distinct performance 

levels. Here we study a multistate system that deteriorates over time such that the 

duration through which the system has a given level of performance is a random variable 

following an arbitrary distribution where we refer to the performance level as the state 

of the system. The state of the system is continuously monitored and whenever it 
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exceeds a particular control limit c, replace the system instantaneously. There are 

many red life situations in which replacements are made based on a control limit 

policy. The transient and steady state distributions of the system state a.re obtained. 

An asmhted optimal replacement strategy under a s p d c  eost 8tmcture i contidered 

and some numerical illustrations are provided. 

In chapter 5 we discuw the estimation of reliability parameters under order re- 

striction.The multistate deteriorating system described in Chapter 4 presents itseIf as 

a reliability model where the parameten are restricted. Starting from the perfect func- 

tioning level, the pedormance level of the system goes down aa time elapsar and wben 

it reaches a particular hvel c the syst~m is being replaced. The system stays for some 

time at each performance level called sojourn time. For instance, consider a multietate 

system having performance levels 0, 1 and 2 with perfect functioning level at 2, Let 

X1 and X2 be the sojourn times at levels 2 and 1 respectively with exponential distri- 

bution. It is naturd to assume that E(X1) > E(X2).  Here the underlying parameters 

will be ordered and so their estimation will be of much practical importance. We see 

that the usud methods of estimation such as minimum variance unbiased (MVU) and 

maximum likelihood p e a s  certain limitations. In the case of MVU method when 

O1 ( 02, if we compute ~ r ( &  > $) we can see that the estimators are lying outside 



the parameter space with non Eero probability . In the case of MLE also ~ ~ ( 6 1  = 6 2 )  

is significant for moderately smdl sample i e .  Due to these drawbaclrs we p r o p  

Bayesian approach to atimate the parametera in nhieb pr(Jl > J2) = 0 for any sam- 

ple size. Here we &m two families of prior dktributions suitable for this context 

and the Baye's estimators are derived under invariant squared error loss function. We 

have obtained general expression for Baye's estimators and their risks for any prior 

distribution. In particular cases of prior distributions that we have chosen these are 

seen to be computationally tractable. We compare the limit Baye's estimator of the 

two cases with respect to the risk using invariant squared error loes function and $ao 

established numerically the superiority of them estimators over the MLE. 

We conclude the thesis poioting out the salient features of our studies and scope 

for further work. A fairly comprehensive bibliography iucluding all papers and books 

mentioned in this thesis are given at the end. 



Chapter 2 

A repairable mult ist at e system 

2.1 Introduction 

The engineering systems used today can be classified as simple and complex. We assume 

that the components constituting the system are repairab1e.h system, repair is a 

common operation siince the w t  of repair is much lm than that of replacing the 

entire system. .h this chapter a repairable system having different failure modes is 

considered. For the iuvestigation of the t i e  dependent behaviour of the repairable 

systems, stochastic process is a powerful tool. Under reasonable assumptions on the 

'Some part of this chapter is appeared in h i .  of Injorrnaiion and hfanajemenl Scincea 8,  No. 
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failure and repair distributions a time homogelleous Markov process with finite state 

space may be used. The transienr distribution as well as steady state distribution of 

the system state can then be easily studied. 

Here the analysis is carried out with respect to a multistate system, which is re- 

pairable. Consider a system consiting of n units. Here by a system we mean a technical 

unit, namely an automatic machine, or an eletrouic product. In the traditional way 

the system is considered to be in one of two states; functioning and failed. In many 

real life situations, the system is capable of assuming a whole range of levels of per- 

formance, varying from perfect functioning to complete failure. In these situations the 

dichotomised model is an oversimplification of the actual situations, and some kind of 

multistate consideration is needed. Over the past years, many different multistate m 

herent system models have been proposed. One may refer to EI- Neweihi and Proschan 

(1984) for an excellent survey of multistate (degradable) systems. The state of the sye 

tem could be M, M - 1, M - 2, . . . , l ,  0 where M is the perfect functioning level and 

0 is the complete failure level. Here we a u l l l e  that M is the only operating mode of 

the system and M - 1, M - 2,. . .2,1,0 are the statea of the system at different failure 

modes. This means that the system functions only at the perfect functioning level M 

, but at any level leas than M the system fails. We assume constant failure rates to 
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each of the failure modes and coustaut repair rates at each failure mode. 

In many practical situations there are systems whicb poeaeea more than one perfor- 

mance paramek, and each of the parameters can degrade separately or fail separately. 

A device is said to have M + 1 states if it has one g d  state and M mutually exclusive 

fdure modes M - 1, M - 2, . . . ,2,1,0. Some examples of such devices include a fluid 

flow valve, an automatic machine and an explosive. A repairable 3-state device has 

been developed using Markov model in Proder and Singh (1976). For further refer- 

euces, ooe can see John. B, deMercado (1971), Prockr et.d. (1976)) Yamashiro (1980 

a, 1980 b, 1981 a, k 1981 b). 

In this chapter we are examining a sysiem which can be repaired at different failure 

modes and the npair is wumed to be complete. Let au-1, au-2, . . . , al, h be the con- 

b b stant fdure rates at modes M-l ,  M-2,. . . , l ,  0 respectively and b ~ - ~ ,  b M 4 , .  . . , 1, 

be the constant repair rates respectively at modes M - 1, M - 2,. . . , l ,  0. From the 

perfect functioning level M the system can go to any of the fdure  modes with the 

corresponding fdure rate. Also after repair, from that fdure mode the system can 

reach the perfect fuuctioning level M with the corresponding repair rate. 

Here we model the system using Markov process aud obtain the probability du+ 

tribution of the state of the system at time t under the assumption that initidly the 
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system is at state M. In section-2 the transient behaviour of the system is studied and 

explicit solutions for the Laplace transforms of the transient probabilities are obtained. 

Further, when the parameters oi the problem are known, the roots of the polynomial 

which are hown to be real aud distinct are obtained uslllg standard suitable cornpu ter 

routines. In section 3, steady state solutions are obtained and a numerical illustration 

is given for M = 2 in the last section. 

2,2 Transient Analysis 

Define {X (t), t > 0) as a right continuous stochastic process representing the state of 

the system at h e  t, where t rauges over nonnegative real uumbers. The state space 

is { M ,  M  - l , .  . . ,l,O). Also define p j ( t )  = Prob{X(t) = j } ,  for j  = O , I ,  2 , .  . . , M .  

Assume that X ( 0 )  = M so that Probi X (0 )  = M )  = l. Repair is.started as soon as 

the failure occurs and the repair is assumed to be complete. Let au-1, U M - ~  . . . , al , 

be the constant Mure  rates and bM-],  b M 4 , .  . . b l ,  bO be the constant repair rates 

corresponding to the failure modes M - 1, M - 2, . . . l ,  0  rwpectively. Because of the 

constant failure and repair rates the etochatic procm8 Flsvolved is a time homogeneous 

Markov p r o w  with the states 0, l, 2,. . . , M. 
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Using the standard argu~llents, we have 

pj(t.t  At) = pj(t)(l - bjAt) t pu(t)ajAt + u(At), J' = O I 1 , .  . . M - 1 

which lead to the following system of differential equations. 

d(t) = -b jp j ( t )  + ajpv(t)) j = 0 ,1 ,2 , .  . . , M - l 
M-l  

and &(t) = -(( ly- l+ UM-2 + . . . + ~ ) p ~ ( t )  t b j p j ( t )  
j=o 

with initial condition pY(0) = Irpj(0) = 0, j = 0,1 ,2  ,..., M - 1.  

Note that 

L [pi(t)] = sF,(s), since p,(O) = 0,. 

Using ( 2.2. l), we get 

Hence 
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M M 1 
Since Cpj(t) = 1, on taking Laplace Transform, we get CF,(s) = -. 

S 
j d  j=o 

Substituting the value of ? , ( S ) ,  we get 

which yields 

Hence 

Fj(3) = , j = O,l, ..., M - l .  (2.2.3) 
4 s  + b i )  (1 + EL1 *) 

The above system of equations obtained by Laplace Transform technique can be re- 

written as 
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and finally 

In matrix form, 

where, 

and 

By using Cramer's rule, the Laplace transform of the function p, (t ) can be explicitly 
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determined aa 

where Aj(s) is obtained from A(s) by replacing the j-th column vector by the unit 

vector in the right hand side of ( 2.2.4). Under the assumption that the polynomial 

1 A(s) I has real and distiuct roots, a partial fractiou expresaiou of % ( S )  is fearible. Any 

standard computer routine can be used for thb purpcse. Then taking inverse Laplace 

transform we obtain pj(t). 

2.3 Steady state solutions 

Assume that the steady state condition prevaifs. 

Then lim p j ( t )  =pj is independent oft, aud pi ( t )  = O 
t+co 

Then from ( 2.2.1), 

Whence 



. multist ate system 

Ueiug the noroldisiug condition zEopj = 1,  we get 

Hence 

Equations ( 2.3.2) and ( 2.3.3) give the steady state solutions. 

REMARK 2.3.1 We observe that the steady state aolutious cau also be obtained from 

the Laplace transforms of transient solutions as follows. 

p, = lim p,(?!) = lim sP,(s) ,  
t+w $40 

by find value theorem of Laplace transform. Thus usiug equatious ( 2.2 .2)  and ( 2 .2 .3 ) )  

one can see that, the above limita reduce to the quantities obtained in ( 2.3 .2)  and 

( 2.3.3). 

2.4 Numerical Illustration 

The transient solutiolr of the model described above determined for a system having 3 

states O,l,and 2 with the parameters Q = 2, nl = 3, bo = 1 and b1 = S. When M = 2, 
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the system of equations obtained after taldug Laplace Transform can be written as 

(3 + bo)Fo($) - %&(S) = 0 

(3 + bl)~l(~) - ala(s) = 0 

In matrix form, this system of equations can be expressed as 

We can solve this system of equations by Crarmner's rule; which gives 

Here 
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= ao(8 + bl ) .  

On substitution, we get 

Fo(s) = (:) (:) - ($1 (A) - (:) (h) 
F+(s) = (;) ( t )  - (:) (h) (A) (A) 
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On taking inverse Laplace Transform of &[S), &(S) and &(S), we get the transient 

PO (t) = (%) - (;) exp (-9t) - (;) exp (-W 

p&) = (A) - (;) .xp(-9f)+ (i) exp(-2f) 

= (;) t (g) exp(-9t)+ (;) exp(-2f) 

Also the steady state distribution of the system is given by 



Chapter 3 

Explicit solutions of a Markovian 

k- out of -n system 

3.1 Introduction: 

Syetem reliability ia depending on the manner in which the subsystems or components 

are conneded to constitute the given system. The Rimpleat combination of c o m p  

nents that form a system is a series comblnatiou. ThiR is one of the most commonly 

used structure, where the system functious if all the components function satisfact* 

rily. Another one is a combination of components. Here the system functions 
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if atleaat one of the componenb functios aatiafactorily. Also mixed configuration of 

systems consisting of componeuta connected iu series sad parallel are avdable. There 

are many situations where a system consisting of 'n' components function satisfactorily 

when at lead k of the n components function. That means a k- out of- n structure ie a 

structure of order 'n' that function if and only if at least k components function where 

1 5 Ic 5 n. For example, an eigbt cylinder automobile engine in which the succeasful 

operation of at least six cylinders are enough for satisfactory performance of the au- 

tomobile; a shaft lift operated by four cable8 out of which at leaat 2 are necessary for 

safe operation. Such structura are important because among all monotollic sltruct ura  

of order tr they dbplay the a t e e p t  reliability functions. 

In majority of aituations, we encounter systems, simple aa well aa complex, where 

mast of the components constituting the syatem are repairable. There are engineering 

systems where repair is a common operation since the cost of repair or replacement is 

much less than that of replaciug the eutire system. Generally repair and maintenance 

make a system available for use for a long period. Availability is the combination of 

reliability and mainteuabiility. It it3 the probability that the system will be able to 

operate with-in the toleranm at a given instant of time. 

In this chapter, a k-out of-n system is considered and it is described through the 
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number of failed components. Here the life times and repair times of the components 

are exponentially diitributed. We examine the situation of a maintained k - out of- n 

system where each component k separately maintained and undergoes a perfect repair 

every t h e  it g- down. Repair starts huediately after a component's break down 

and the repair time is independent of other components. The transient and steady 

state probabilities of the system are obtained using Markov model formulation. Using 

this, the operating characteristics like, the system availability, Mean time to system 

failure (MTSF) e k  are also obtained. 

The k-outof-n system hat3 been studied iu the past by several authors. See for 

example, Barlow and Proechan (1965), Linton et.$ (1974). The transient analysis of 

multiple unit systems can be found in Ravicbandran (1990). For further studies in this 

direction one may refer to Derman, et.al (19R2), Fu, J.C. (1985), Hwang, F.K. (1986) 

Papastawidis, S.G. et.al (1992). 

For the sake of convenience in description, let us begiu with its dual system vie.(n- 

k)-out-of-n where the life h u e s  of the coluponenta are aasulued to be exponentially 

distributed. We shall describe the system by means of its failed componenta. Here 

the system is incapdated  only il k f l elements have failed. Let us take for granted, 

that the system is in state sr, when the number of failed components is k. The states 
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so, s1,32,. . . , 3k  a.re the functioning statea of the system and sk+l is the state of failure 

of the system. The stab  sh+2, sk+3, . . . , S, are regarded as imporrsible. 

Initially all the n components are aesumed to be in the functioning state. As time 

elaptm, the components may fail a d  it ib' repaired aad replaced. When the number 

of failed componellts exceeds k at any hstant, the system will be in down state. Let 

the time of unfailing operation of a functioning component be distributed according to 

the exponential law with parameter X and the time of repair of a failed component be 

distributed according to the exponential law with parameter p. 

We now summarise the content oi this chapter. In Section 2, the transient be- 

haviour of the system is studied and the solutions for the Laplace transforms of the 

transient probabilities for the system are obtained using matrix method and also Mean 

Time to System Failure (MTSF) is determined. In Section 3, steady state distributions 

and system availability are computed. In the last Section, a special case of the model 

is discussed for k = 1 and n = 2. 

3.2 Transient Analysis 

Let X ( t )  be the number of failed compoueuk at time t .  Then { X ( t ) , t  > 0) is an 

integer valued stochastic procm taking values in S = {0, l , & .  . . , k + 1) .  In the light 
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of the exponential distribution of the life times and repair times, X ( t )  b a Markov 

proceas and by physical nature it is a birth aud death process. 

Define p j ( t )  = Prob{X(t) = j }  for j = 0 , 1 , 2 , .  . . , k  + 1 .  Assume that 

1, f o r j = O  

0 ,  elsewhere. 

Here p,(t)  represents the probability that the system iR in state sj at time t .  Using 

standard arguments, the probability of the system arriving at the state S, by the 

moment ( t  t At) can be expressed as 

differential equations. 

\ 

p j ( t + A t )  = p j ( t ) [ l - ( ( n - j ) X + W } A t ]  

+ ( j  + l )pp ,+l ( t )At  + (n - j + l ) X ~ , - ~ ( t ) A t  

+o (At ) ,  j = 0 ,  1, 2, .  . . , k.  

ph+l(t + A t )  = ph(t)(n - k)XAt 

t p k + i ( t )  [l - ( k  t l ) p A t ]  t o(At ) .  
i 

P$) = - [(n - j)A + ~ j l ~ , ( t )  + (j  f ~ ) P P , + I ( ~ )  

t ( n  - j t l ) X p , - ~ ( t ) ,  j = O,1,2,. . . , l (3.2.2) 

p;+l(t) = (n - k)APk(t) - ( k  + I ) P P ~ + I ( ~ ) .  

Solving ( 3.2.2) oue may get the explicit solutiou for p,( t ) ,  for which the techniques of 

(3.2.1) 

Laplace transform and mat tix met hod are employed. 

From the above it is dear that the transient probabilities p j ( t )  satisfy the following 
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.- Taking Laplace transform of ( 3.2.2) and denoting the Laplace transform of j ( t )  

by f(s) we get 

sF,(s) -pj(Q) = -[(n - j)X + jlrE,(s) f ( j  + l)lrFjtl(s) + (n - j + l)XF,-,(s), 

j = 0 ) 1 , 2 )  . . . ,  k 

shti(s) - pktl(0) = (n - k)@k(s) - (k + l)PFk+,(s) 

-- 

Putting j = 0,1,2,. . . , k in the above equations, we get the following system of equa- 

tions. 

sijo(3) -p@) = - ~ @ o ( J )  + ~ F l ( s )  

s&(s) - pl(0) = - [(n - 1 ) X  f $l(s) 4- 21-(?2(s) 4- nXFo (3) 

SF&) = -[(v 2)A+2pE2(9) +3p&(s) t ( n -  l)&(,) 

s&(s) - ps(O) = -[(n - 3)X t 3~p3(3) f 4~?4(3) + (n - 2)XF2(3) 

. - .  . - .  

. - .  
I - .  

sfjk(s) - pk(0) = -[(n- k)X +kp]B~(s) f ( k +  l)~Bk+l(s) 

tA(n - k + l )&- l (~)  

and s ~ ~ , , ( s )  -p~+l(0) = (n - k)X~k(s) - (k l)P~k+k+l(s) 
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After a rearrangement of the terms the above system may be conveniently written as 

Matrix Method: 

The above system of equations can be expressed as 

where A = A(s) is a (k + 2) X (k + 2) red symmetric tridiagonal matrix, P is a column 
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vector and I,,+l k a C O ~ U ~ U  vector. Specifically, 

The system of equations ( 3.2.3) can be solved by Crammer's rule and the Laplace 

transform of the fuuctiou p,(t)  cm be explicitly deterniued M 

and 1k+2 = 

where A,(s) it3 obtained from A(s)  by replacing the j- th column by the unit vector 

h+> Uuder the wsumption that the polyno~llial I A(s )  I has real and distinct roota, 

a partial fraction expression of pj(s) ir feasible. Any standard computer routine can 

P - 
1 

0 

0 - 
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be used for this purpae. Theu takiug iuverae Laplace trausform we obtaiu explicit 

8 0 1 ~  tions for pj (t). 

3.3 Mean Time to System Failure (MTSF): 

The performance measure MTSF is very important from system's design point of view 

and analysis. When one is interested iu a sum~aarised measure of the random variable, 

say, X, representing the life time of the uyutem, namely, its first moment, MTSF is 

to be computed, because thk cmaponds  to the average duration between successive 

system failures. 

By usual notations, 

W 

MTSF = E ( X )  = xf(x)dx 

= l* R(u)~u, 
where R(t) ia the reliability of the system w11icl1 ia equal to P(X > t). 

We can compute MTSF using qj (t) which is a modified version of the pj (t) functions 

requiring no transition to the down states during the intervd under consideration. 

So we define q,(t) aa 
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That means, qj(t) is the probability that the system is in state j at time t, given 

that the failed state k + l has not been visited in (0, t) starting from the initial state 0. 

U i i g  standard argumenb, the probability of the system arriving at the state S,, 

by the moment (t t At) can be expreaaed aa 

Here it is very dear that the probabiities p j ( t )  satidy the following differential 

equations. 

Taking the Laplace trandorm of the above equations we get 

and sijk(s) - q k ( 0 )  = (n - k S l)Aijk-l(s) - kpTk(3) .  
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The above system of equations can be expressed as 

When B = B(s) is a (k + I) X (k + 1) real symmetric trid'ional matrix, P and I are 

dumn vectors of order (k + 1). Specificdy 

where,& =s+(n-r)A+rp, r=O,1,2, ..., k-l. 

The system of equations ( 3.3.1) can be solved by Cramrner's rule and the Laplace 

Transform of the function qj (t ) can be explictly determined as 
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where Bj($) is obtabed from B($) by replacing the j-th column by the unit vector 

Under the assumption that the polynomial haa real and district roots, a partial 

fraction expression of F,($) is feasible. Auy standard computer routine can be used for 

this purpose. Taking iuveree Laplace Trausform we get explicit solutiolls for q,(t). 

With the knowledge of the Laplace Transform Tj(s), the operating characteristic 

MTSF of the system is computed as 

= C?jj(0), where u corresponds the up state of the system. 

3.4 Steady State Solutions 

In many practical aituations one is intermfed to know the behaviour in the steady 

state, ie, when the system reaches an equilibrium state, after being in operation for a 

pretty long time. 

For steady state solutions, let 
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provided the limit exbts. Thee from the differential equations satisfied by p j ( t ) ,  we 

have 

[(n - i)A + j p b ,  = ( j  + l)pp,+l + (n - j + l )Xpj - l )  j = 0 , 1 , 2 . .  . , k 
(3 .4 .1)  

and ( k  + l)ppk+l = (n - k)Xpr 

From the first set of ( 3.4.1)) we get 

From the second equation of ( 3.4. l), 

On combining, we get 

j 

& = ( )  ( )  p,, for j= 1 , 2 , 3 ) . , k + l .  

To find h, using the condition C::,' pj = 1 ,  we get 
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Therefore 

for j = 1,2,3,. , . , k + 1. These are the steady state solutions. 

Availability: 

T b  is also a performance measure defined as the probability that the system is o p  

erationd at time t. It is denoted by A@).  Recall that the reliability function precludes 

the failure of the system during the interval under consideration, while availability 

function does not impose any such reatriction on the behaviour of the system. 

In our model A(t)  is the probab'ity that not more than k components are faulty 

at time t .  Now in the steady state 

A(oo) = lim A(t )  
t+oo 

k 

= C p j  
j=o 

This quantity can be interpreted as the probability that the system is available at 

any moment of time, which can be considered as a performance measure of the system. 



3.5 A Special Case 

As a specid case, taking n = 2 and k = 1 the k- out of -n system becomes a parallel 

system. 

Defiue p,(t) = Prob{X(t) = j } ,  for j  = 0,1,2. Assume that 

1 for j = 0 

O elsewhere 

Here pj(t) represents the probability that the system is in state S, at time t .  

Using standard arguments, 

From the above it is clear that the trrnsient probabilities po(t) , pl(t) and ~ ( t )  satisfy 

the following differential equations. 
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On taking tbe Laplace Transforlu of the above system of equations, 

To solve the system of equations, matrix method ia employed. The system of equations 

can be expressed as 

Solving the above system of equations by Crammer's rule, we get 

Deducing the above equations by the method of partial fraction, we get 
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On taking inverse Laplace tranform of po(s), fi(s) and fi(s) in the above set of equa- 

tions, we get the transient probabilities as 

2X2 2" + 2A(A-p)exp{-(~+p)t}- (A +p)2 exp { - 2 ( ~  + 
= ( X t P ) 2  

X 2 
2XZ 

~ X P W  + 40 + (%) exp {-2(A t p)t). = (&) - (l +p)' 

Thus the steady state probab'ilities are given by 

To compute the performance measure MTSF in terms of qj(t), we get the following 

system of equations after taking Laplace trannform of the differential equations in qj(t)+ 

s t x t p  
W hence !O(S)  = ;' + s(h f 3p) t 2p2 

2X 
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and MTSF = qo (0) + q1 (0) 

To compute the availability, in this case, 



Chapter 4 

Optimal replacement policy of a 

multistate deteriorating system 

4.1 Introduction 

The main objective of reliability theory is to evaluate the performance of a complex 

system or i b  componenb aad to determine the functional relationships between their 

values.In the traditional way, the system or its components are considered to be in one 

of two states: functioning and failed, and hence in this caae the binary coherent system 

is a fundmental coufept for reliab'ity audyaiu. The b ia ry  theory has been extensively 

59 
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disfussed in Barlow and Prwhan (1975). But this approach fails to dmribe many 

situations where we caa have more than two distinct states.In many real life situations, 

however, the system or its components are capable of assuming a whole range of levels of 

performance, varying from perfect iundioning to complete failure. In these situations, 

tbe dicbotomised mod$ is an over simplification of the actual situation and some kind 

of multistate consideration is essential. 

In the last decade, many different multistate coherent system models have been 

suggested by lllauy rewarchera.They have lnainly discussed the deterministic and prob 

abii t ic  aspects oi multistate reliability systems. The pioneering work by Barlow and 

Wu (1978) on multistate realiabiility models was a stepping atone for many researchers 

who worked on multistate redability systeins. Later El. Neweihi, et. a1 (1978), Ross 

(1979)) Natvig (1982), G S t h  (1980)) Block and Savits (1982) Fumo and Nishida 

(1984) bave contributed immensely for the vast development of multistate system red- 

ibility theory. For an excellent survey on multidate system one may refer to El.Neweihi 

and Proschan (1984). Recently Kai Yu et. a1,(1994) have investigated some interesting 

properties of geueralised multistate monotone coherent systems. But until recently bt- 

tle work had been done on the dynamic aspects of the multistate deteriorating systems. 

There is a vast literature on preventive replacements for systems subject to stochaa- 
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iic failure. Some comprehensive surveys of this field have been made by Cho and 

Parlar (1991), Pierskalh and Voelker (1976), Shed  and Smith (198 l), Valdez-Flores 

and Feldman (1989).More recent worh of Lam aud Yeh (1994 a,b) deal with optimal 

maintenance and replacelllent policiesl for deterioratiug multistate systems. 

In this chapter we consider multistate systems that deteriorates over time such that 

the duration through which the system has a given level of performance is a random 

variable following an arbitrary distribution where we refer to the performance level as 

the state of the system. The state of the system is continuously monitored and when- 

ever it exceeds a particular control limit, say c, replace the system instantaneously. 

There are many real life situations in which the replacements are made based on a 

control limit policy. Such replacement polick for systems subject to stochaatic dete- 

rioration are typically preferred if the system functioning at lower performance levels 

is costly or unrewarding. We analyse the multiutate system with such a replacement 

policy and obtain the optimal performance level at which replacement is to be made, 

In section 2 transient and steady state dbtributions of the state of the system are 

obtained. We find that the steady state distribution is independent of the distribu- 

tional assumptions of Xi's, but depends only on the first order moments.Section 3 deah 

with optimal replacement strategy under a specific cost structure, namely, the sum of 
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operating c a t ,  and replacement cmt. 

4.2 Analysis of the model 

We consider a system which deteriorates at any point of time and the deterioration 

can be classified into one of a finite number of states 1,2,  . . . , M which are the different 

performance level of the system. Level 1 represenb perfect functioning state and level 

M represents complete down state. The intermediate leveh 2,3, .  . . , M - 1 are ordered 

to reflect their relative degree of deterioratioxl in ascending order. The system can be 

described by S(t), the state of the system at time t. Then S(t) E { I ,  2,. . . , M). In 

each level the syatem rel~~ains there for a random duration and gradually deteriorates 

to the next higher leveLThe time spent at each performance level is a random variable 

whose distribution depends on the corresponding level. 

It is assumed that the time X ;  for the system to stay in level i follows a absolutely 

continuous distribution F, with finite mean p, and probability density function j,, 

( = l, 2,. . . , M). Also it is assumed that the random variables Xiye are independent 

and the system is monitored continuously such that the current state of the system iu 

always known. Tke ayetelu is replaced when the level reaches a control limit c. Here 
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both the inspection time and replacement time are considered to be neglqyble. More 

over it is assumed that the inspection does not cause any damage to the system and 

replacement reetores the system to like new. 

Clearly {S(t), t 2 0) is a stochmtic procesa with state space {l, 2,. . . , c - 1). 

Initiany we start with a system at level 1. That is, S(O) = 1. Let us look at the 

time epochs at which the replacement of the system occurs. Let Yk be the elapsed 

time between the (k - l)-th and k-th replacement of the system. Note that YI = 

X1 S X2 + . . .S Xel. Then, {B], k = 1,2,. . . f o m  an ordinary renewal process with 

the underlying distribution 

where * denotes the convolutiou operator. Let its density function be denoted by f (.). 

Probability that k-tb replace~~~ent is made betweell t aud t + dt i8 given by 

Pr ( t  < Y, + Y, + . . . + Yk < t t dt) = f ( l )( t )  

which can be need for the derivation of transient probabilities. 



Optimal replscem en t policy . 

4.2.1 Transient distribution of the system state 

The transient distribution of the system state is defined as 

pj(t) = Prob.{S(t) = j}, 1 ( j 5 c - l 

We denote the Laplace transform of g(t) as 

Then we have the following result. 

Theorem 4.2.1 The Laphce tmnsform of the transient distribution is given by 

Proof: Let us first calculate the probab'ity that the system is at level 1 at time t. 

This happens in two ways: (i) when tbere is no replacement in (0, t) (ii) There can be 

k(= 1,2,. . .), replacements iu (0, t - U) such that at t h e  t - U the state of the system 

will be at 1 and in the remaining duration of U the performance level remains at 1. 

Then usiug the total probability argument we get the expression for p,(t). In a similar 
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way conditioning on the time of last replacement we get the expression for p,(t). Thus, 

Similarly we can find p3(t). In general 

On taking the Laplace transform of the above equations, we get $l($) and j ,(s), 2 < 
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Similarly, 

Hence the proof. 

4.2.2 Steady state distributions 

The steady state dktribution of the system is given by 

P, = lim pj(t) = li~n SP,(S), 
t-rw $40 

by a Tauberian theorem. (Widder, ( 1  974)) 

Theorem 4.2.2 The steady state distri6ution of the system states is 

Proof: We have 
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By Tau berian theorem, 

~ f 4  [l - h ( 3 )  4- ELl(] - fd4)I(dk] for j = J 

Pj = 
j ( 3 )  - ni=, i ( 3 ) ]  [l + c;=, { i ( s ) ) * ]  2 1 j < c - 1 

Using ( 4.2.3) and Theorem 4.2.1, we have 

Clearly !;(o) = I ,  Vi .  Then by L-Hospital's rule 

Note that, 

Then, 

Thus 

Hence the proof. 
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Remark 4.2.1 The steady state distribution of the system state depends only on the 

first moments of the underlying distribu ton. 

Remark 4.2.2 As a specid case, when XI, X>, . . . , Xy are i.i.d random variables with 

a common distribution function F(.) with mean p, 

Then 

p - 1 -- 
pj=(c-l)p c-l' 

1SjLc-1 

which is a uniform distribution on (1 ,2 , .  . . , c - 1.) 

4.3 Cost Analysis 

Based on the model described above we develop an optimal replacement policy as 

follows. We have a multistate system that deteriorates over time such that the dura- 

tion through which the system has a given level of performance is a random variable 

following an arbitrary distribution where the system is described by the perfornlance 

level at time t. The state of the system is continuously monitored and whenever it 

exceeds a particular coutrol limit the system is replaced instanteneously. The decision 

on whether the system is to be replaced is based on the performance level at the time 

of inspection. 
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The following are considered: 

a fixed operating cost incurred per unit time. 

a state dependent cost incurred when the system is replaced in a particular state. 

a fixed coet incurred while the system ia being replaced. 

Under the above cost etructnre, it is reasonable to expect that the optimal policy 

follows a control limit rule which apeclfia a replacement when the system state exceeds 

a critical 1evel.The objective is to determine optimal replacement level for a minimum 

expected total cost rate. Let the total cast (TC) conaists of operating cost (OC) and 

replacement cost (RC).We shall fint con~ider the time dependent cost function. 

Let a be the conetant operatiug cwt per unit time. The total operatiug cost in 

where the above integral can be interpreted as a stochastic integral. Now 

Let R be the fixed replacement cost and r be the replacement cost per unit degra- 

dation in the level. Then the total cost for replacement per cycle (duration between 
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two su~~e8sive replacements ) is R t rc. If M(t) is the renewal function of the renewal 

procees {h, k > l), then the expected replacelllent cost over (0, t )  ia (R t rc)M(t). 

Therefore Total Cost (TC) over (0,t) is 

c-l t 

TC(c, t )  = o C n l Pr{S(u) = u}du + (R t rc) M(t). 
n=l 

4.3.1 Cost Analysis in the Steady State 

We choose the objective function as the steady state total expected cost per unit time. 

We have to c h o w  the value of 'c' so as to minimise the objective function. 

The expected t h e  elapsed between two replacements is 

Therefore, expected number of replacelllents per unit time is 

Also the expected performance level (state) at  any instant of time is 
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Therefore the steady state b ta l  expected cost per unit time is 

Using ( 4.3.1), ( 4.3.2) and ( 4.3.3), we get 

Using this we choose the value of c which minimises TC(c). 

Special case (1): Assume that Xi's are i.i.d random variables with common mean, 

E(X;) = m, Vi.  Then, 

Let c' be the optimal value of c at which TC(c) is minimum. 

Then we have the following theorem. 

Theorem 4.3.1 The optimal value, c*, ~af i~f ies  the inequality 

Proof: If TC(c) is to be minimum at c*, it should satisfy the following conditions: 

( i )  TC(c') _< TC(c* + 1) and (ii) TC(c') _< TC(c' - 1).  
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From condition ( i ) ,  

R + rc* oc* R + r (c* t l) + a(c* + 1) 
t-< 2 , rn(e - 1) 2 - m ( ~ )  

which reduces to 

Similarly the condition ( i i )  gives 

On combining these two inequalities we get ( 4.3.5). 

Fro111 the following table we can read c* for giveu values of R, r ,  a ,  m. 

For example, when R = ZOO, r = 10, o = 25 and m = 2, the value of c* is 4. 

C 

Special case (2): Suppoee Xi's are exponentially distributed r.v.s with mean m,,. 

For five different sete of values of nh, the valuea of c* and TC(c*)  are tabulated in the 

c c - l )  

next page for a set of values of R, r ,  and a. 

2 6 12 20 30 42 56 72 90 



Op thal  replacement policy 

Set No. 



Chapter 5 

Statistical Estimation of Ordered 

Exponential Parameters 

5.1 Introduction 

Inference concerned with ordered parameters has received considerable attention in 

the statistical literature during tbe last two decades. For references on estimation 

of ordered parametera one can refer to Robertson et.al. (1988), Bluementhal and 

Cohen (1988), Cohen and Sackrowitz (1970) Sackrowitz (1970) and Kushary and Cohen 

(1991). Kusbary and Cohen, in tbeir paper 'Estimations of ordered Poisson parameters' 

74 l 
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have studied the problem of estimating the smallest of a set of ordered Poisson means, 

when it is known which population corresponds to each mean. They have also discussed 

the admissibility and minimaxity of the estimators. In reliability there are situations 

where estimation of means of two exponential life distributions with ordered parameter8 

is desired. For example, we can estimate the mean lives of two mechanical dcvirerr 

having exponential life distributions where one is an improvement of the other and 

naturdy the improved device should not have mean life length less than that of the 

original device. In another situation the interest may be in the estimation of mean lives 

of two components having exponential life distributions, out of which one is produced 

by a standard company and the other is manufactured by a local company where it is 

apriori known that the mean life of the component of the standard company is not less 

than that of the component produced by the local company. Such a consideration often 

comes with regard to certain multistate deteriorating systems. The model discussed 

in chapter 4 prwuts  itelf as a reliability model where the parameters are restricted. 

The model can be described W follows. Starting from the perfect functioning level, 

the performance level of the system goes down as time elapsm, and when it reaches a 

particular level, say c, the system is beiug replaced. The system stays for some t h e  at 

each performance level called mjouru t h e .  Iu particular , consider a multistate system 
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having performance levels 0, 1 aud 2 with perfect functioning level at 2. Let XI and 

X2 be the sojourn h e 8  at levels 2 aod 1 rapectivdy with exponential distributions. 

It M natural to assume that E(X1) 2 E(X2).  Here the underlying parameters will b 

ordered and so their estimation are of much interest in practice. 

In this chapter we are mainly concerned with Bayesian ~t imat ion of scale param- 

eters O1 aud Bz of two exponential distributions under the restriction 81 5 O2 using two 

cl= of priors and the invariant squared error lws function. We see that the usual 

methods of estimation such as UMVUE and MLE has certain limitations. 

In section 2 of this chapter the statement of the problem is given and the limitations 

of classical approach are established. In Section 3, we derive general expression for 

Baye's estimator and Baye's risk. In particular, in the case of two classes of prior 

distributions which are relevaut for reliability situations, we obtained nice expressions 

for Baye'e estimator) Baye'e riik, b i t  Baye'~ eathator and its frequentist risk. We see 

that these expressions are computationally tractable. In Section 4, we give a detailed 

co~nparieon of b i t  Baye's estimators with the MLE. 

Statement of the problem: 

Let X and Y be two iudependent expoueutial r.v.8 haviug means X1 = and 

X 2  = & such that O1 5 Oz. We wkh to eathate X1 and X2 aiinultaneously with the 
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order restrictiou 9' 92. 

Let Tl = C. $=l X; and = C;,, be sufficient atatistica of O1 and B1, based on 

n independent observations XI, X2,, . . , X, and Yl, Y2, .  . . , Yn reeyeclively. 

The joint probability density function ( p d f )  of (Tl, T2) at the point ( 1 1 ,  t 2 )  (which 

is the conditional pdf of (c, T2) given (01, 02)  in Bayesian approach) is 

64 f ( t l , t 2 ; 8 1 , 8 ~ )  = -exp{-( t lBl  + t2$)}t;-'t;-'. for 0 < t l ,  t2  < m; M2 

Several researchers have attempted this problem through classical approach. See 

Kaur and Singh (1991) and the references there in. In the next section we discuss the 

limitations of estimators obtained through clwical approach. 

5.2 The limitations of classical approach. 

The UMVUE of A I  aud A2 are respectively and %. For finite 'n' these atimators 

lie outside the parameter space with pmitive probability. 

The MLE of X1 aud X2 are respectively 
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Thia is obtained by isotonic regression (aee, Kaur & Singh (1991)). Now we compute 

the probability that the UMVUE lie outside the parameter space, which is same as the 

probability for il = 12. 

Hence P ( X I  = &) = P(Z _< T2) 

= =( n t ; - l  t n , where t = 8, 0 < t < 1 
i=O 

A-l 

Note that mau ( n t i -  l tn 1 = - for all n and which is attained when 
o s t g  

i=O 
i 

t = 1, i.e., wheu O1 = 4. Wheu 4 < 02 (strictly), there is a maximum of 50% chance 

for i1 = i 2 .  We expect that A I  = i 2  with probability 1 when = 02. But it iR clear 

from the above erpressiou that only 50% of the sample points will lead to RI = R2, 

when Bl = $. ie., in the case of UMVUE, there is a maximum of 50% chance for 

the estimator to lie out side the parameter apace. In the case of MLE, the estimators 

coincide with maximum probability f. When O1 = OS, the estimators coincide only in 

the 50% of sample space. In the last section we will see that the performance 

of MLE, with respect to the scale invariant squared error loss function, is drastically 

worse when O1 and O2 are wide apart. 



5.3 Baye's and limit Baye's estimation 

In the previous section, we have seeu that the main drawback of classical estimators 

ia that it lie out side the parameter apace with high positive probablity. To overcome 

this difficulty, the Baye's approach is advocated as io this case the estimators never lie 

out ~ i d e  the parameter space. 

First we derive a general expression of Baye's estimator and Baye's risk. 

Let a(Ol, 4) be the prior distribution of ( g 1 ,  $) with support on 81 5 O2 . The 

posterior distribution of O1 aud $ is giveu by 

where f (tl , t2; 81, 02) is given in ( 5.1.1) and h(t1, t 2 )  is the marginal pdf of (Tl , T2) 

given by 

- - exp - {T1& t T202}*(01, B2)d02d01 

n-l n-l - - t1 t2 n )  0 5 ti < CO O < t2 < CO, (5.3.2) 
r(n)2 
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where A ,  is defined as 

0; 0; exp - {Tl Bl + T 2 B 2 }  r ( B 1 ,  B 2 ) d B l ,  dBz, for r 2 0 and s 2 0 
1 

We wish to estimate XI = ft and X2 = i with respect to the invariant squared error 

loss function. Since O1 aud O2 are %ale parameters it is desirable to take scale invariant 

squared error loss fuuctiou. For au estimator ( h 1 ,  6 2 )  of ( X 1 ,  A 2 ) ,  the invarimt squared 

error loea function is defined by 

Denote E, as the expectation witb reped to the pdi g. The frequentist r i ~ k  of (61, 62) 

as an estimator of AI and A2 is given by 

For a prior distribution A ( O ~ ,  OZ), the Baye'a risk is given by 

Now we have the following theorem. 
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THEOREM 5.3.1 For any prior dbtribution *(el, $) with support on e1 5 gl, the 

Baye's estimator oj (A1, A2) With respect to the foss function defined in ( 5.3.4) is given 

b Y 

and the Baye's risk of (6;) 6;) is given b y  

n-l n-l 
, n  t2 dtldt2 

rt6;' r, = - 4- 6 4nt2,n(tl) t2; 71 r ( n ) 2  

n l n-l 
t 2 ;  *) t l -  tl 

dtldt2 (5.3.6) 

u~hew &,a (TI , G; r) W defined in ( 5.3.3). 

PROOF. In view of Baye'a sufficiency, the Baye's estimator is fully depending on 

sufficient statistic. Hence b find Baye's estimator it iR enough to concentrate on the 

e s t i m a h  based on the sufficient statistic (Tl,T2). Note that the Baye's estimator 

minimiRes the Baye's rbk 



By Fabus lemma, the m i n ~ a t i o n  of r(bl ,  J2; T )  with respect to (61, 62) is equivalent 

to the mhimisation of Ed.l(tl,t2){(SlBl - t (&B2 - which is the posterior risk. 

Now, 

It can be easily shown that the right hand side of the above expression is is minimum 

when 

Now using the posterior distribution ~ ( 0 ~ , 0 ~  I Tl,T2) given in ( 5.3.1), we get the 

Bayea estimator (67,61) in the form ( 5.3.5). 

To find the Baye's risk of this estimator, take the posterior risk 
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Now taking the expectation of posterior risk using the marginal pdf h(t1, t 2 )  given in 

( 5.3.2), we get ( 5.3.6). 

For a given sequence of priors, we can find the corresponding sequence of Baye's 

estimators using the above theorem. A limit of the sequence of Baye's estimators, if 

it exists, ie called limit Baye's estimator. Such an estimator is not necessarily Baye's 

with rwpect to a proper prior. Hence limit Baye's wtimator k uot exactly Baye's and 

it is considered as a frequeulist estimator. The 'limit Baye'~ technique' is considered 

to be a fruitful method to derive reasonable and admbsible estimators in most of the 

cases. 



Es timafion o f .  . , 

Particular Cases: 

There may be some empirical evidence obtained through earlier experimenh which 

would help us to decide on the prior dktribution n(BI, 02). At this point of time we 

s h d  diwuss two particular cases of priors giveu by 

Case (i): In the case of prior, r1 (01, 02), 

Now using 

we get 
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e, Using ( 5.3.5) and ( 5.3.9)) the Baye's estimator k P = .+a +n where q = *+a+% 

of X1 and A2 with respect b the prior nl and the invariant squared error loss function 

( 5.3.4) is given by 

Usjng ( 5.3.6), the Baye's risk of this estimator is given by 

= 2 - Ii - 12, say (5.3.12) 

For I, (see, ( 5.3.9))) 
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where, 

Therefore, 

Use the transformations 

B t t 2  0 - S t t l  
4 = 9 P =  and u = cu + t l  + t 2 .  

c u t t l t t 2  Q  t t l  + t 2  

Then the inverse trandormatione are t l  = pv - a + /3 & t2 = qv - P, which gives 

v > m u  (a,  d) = a, (say). Then 
4 P 

where a = L 
4 

On taking cu = p, the integral becomes 

- p(n t l)!n! l' LW ( p ~ ) n - l ( q ~  - @)"-l 

' l  - ( n t  2 ) q n ) 2  Q#+' vdvdq 
(pv)n+l (qv)'b+l 

- - B2n!(n t I)! /l Q1pn-' LW (qv - 
(n + 2)r(nl2 yn+' "nt2 
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In the inside integral, put U = a then I - U = a d  dv = v v 4 o Z '  

In a similar way, 

where, 

Substitutiug the value of It and Iz in ( 5.3.12), we get the Bayes risk (when a = p)  as 

Now consider the limit Baye's estimator obtained by taking cu + and then -+ 0 
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iu ( 5.3.10) and ( 5.3.11), under the prior q 

where q = h. k p = h. As ( 5.3.13) is independent of 8, the limit of the Bayet 

risk when a + B and then /I -+ 0, is ( 5.3.13). Now, the frequentist risk of the limit 

Baye's estimator (q , ), is 

To find this risk we require 

wKb:)q = exp {-(tlOl + t202)}t;-'t;-'dtldt2 

which is obtained by the simplification as in the derivation of Baye's risk. Here t = $ 

and 
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In a similar way, 

where, 

Now, the frequentist risk of (c1, G'), is 

( ) 6 )  = E[(Blb;' - l)'] + E[(B2C1 - l)'] 

- - (h t l)! I1 tn+"Q:yn-lpn-l 

(n + 2)2(r(n))2 (q + pt)2n+2 
4 

(2n + l ) !  J' tnQ~qntlpn-' 
t 

(r(n))'(n + 1)' 0 ((I + pt) 2n+2 4 
n-l n 

- I' tnQ2p q + 2, 
(r(n))2(n + 1) 0 (q  + #)"+l 

which ia obtaiued by uaiug ( 5.3.16) aud ( 5.3.17) with k = 1 aud k = 2. 

Case (ii): In the case of prior, 

d," %(01, 82) = --p exp {-BB1}, 0 < d1 < O2 < m, m > 0, > 0 eitn 
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we obtain 

when m is an integer 5 S - 1. 

A and m is an kteger 5 s - I .  Therefore, usiug ( 5.3.5) and ( 5.3.9), where y = B+n+n. 

the Bayea dimator of XI and X2 with respect to the prior KZ and the invariant squared 

error 1068 function ( 5.3.4) is given by 

n-m-l 

p+T,+T, 
n t r n t i - t - 2  

4n,n+ 1 and g = - 
4n,n+2 
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Baye's riik of the estimator using ( 5.3.6) ia given by 

r((v,p); ~ 2 )  = 2 - h  - 1 2 .  

Here 

&&2 

(n - m - l ) ! ( n  t m + l ) !  
= mp L" L " Q1t;-lt?-l 

(n  + m + 2)l'(n)l (p  + t l  t t ~ ) ~ + l + l  
dld2, 

n + m + i + l  

where Q1 = 

Put q = V = + tl + tz, p = f i . The inverse transfomations are 

t l  = pu - /?. aud t2 = qv Here g varies from 0 to 1 slld e varies form @ to m. Therefore 
P 

mp(n - m - l ) ! (n  + m t l ) !  1 

Il = " (pv - p)n - l (q~ )m- l  
(n + m + 2)r(n) l  1 vdvdq 

(n - m - l ) ! (n  + m + l ) !  1 
- - 

n(n + m + 2)r(n)l m Q1 V ' " - ~ P ~ ( I ~ .  

which it3 obtained by making the trausforluatiou u = @ in the inside integral, as in 

the previous case. Similarly, 

(n - rn)!(n t m)! ml 1 I2 = 
it(ii - 7n t l ) I ? ( i ~ ) ~  QZP-'PY, 
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where Q2 = 
C';"" ( n+m+i 

; )*i 

To find the limit of the Baye's risk aa rn + 0, note that the right hand side of 

( 5.3.19) is continuous in m Hence the limit of the Baye's risk as m -+ 0 can be 

obtained t o m  the later expression by putting m = 0. Also, 

where U = qm. Now, 

lim Q1(u) = Lm 
m - 4  m+O 

0, when i 2 1 
since uf = 

1, when i = O  

Hence 
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which givea 

2n+3 
lim r((s;l, 67); r2) = 
rn+~ (n t l)(n t 3) ' 

The limit Baye'e eatimatora under this prior are given by taking the limit as p l +  0 

and m -, 0 is 

7-2 n here q = n+n 
n + i  

The frequentist risk of this estimator is give11 by 

To find this, we require 

Proceeding as in the previous case, we get 

0;+~03 (211 + k - l)! 
s:~(a;l)' = 

(TI C 2)kr~11n)2 
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where, t = and 

Similarly 

where, 

Putting k = 1 and k = 2 in the above expression, we get the frequentist risk aa 

(2n + l)! / l  tnQ;qn+lpn-l 
t 

r(n)?(n + , (g + pt)"t2 
4 

(2n)i J' tnQlqnPn-l 
-2 dq + 1 (5.3 15r 

r(n)2(r" 1 )  (q  + pt)2n+1 
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5.4 Numerical Comparison of estimators 

In this section we discuss the comparison of the limit Baye'e estimators with the MLE. 

As the expressioos for Baye's riik and frequentiat risk are much complicated, an analytic 

comparison is quite difEcult. We compute these expressiom numerically on a computer, 

using the numerical integration technique (Weddle'e rule) and the performance of these 

estimators m &used iu detail. 

First we derive an expression of tbe frequentist risk (mean square error) of the 

MLE. Note that the MLE of (Al, A2) is 

The MSE of MLE is 
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L 
To fiud thB riik we require, 

n-l n-l - exp { - ( t l f l l  + t 1 6 z ) } t l  t l  dd2 

n-l n-l - exp { - ( t l &  S t 2 9 2 ) ) t t  t2 &1&2 

- - O~'he /'/I t n t k - l  l t ,  n-1 e ~ p { - ( t ~ 6 ~ t t ~ O ~ ) } d t ~ d t ~  
"hr(n)2 0 t ,  

t 8 : + * ~  lwdtl ( t l  + tp)kt;-'l;-l exp { - ( t l q  t t262))&1& 
(2n)kI'(n)l 

Put p = A, v = t + t2,  and p = L. Then t l  = pv and t2 = qv. The restriction 
tl  +ta tl +h 

tl < t2 implies p C q whicb implies q > 112. Similarly t l  > t2 implies p < 112. This 

trainaformation gives 

where t = B 1 / B 2 .  Similarly, 
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Using ( 5.4.2) and ( 5.4.3) with k = I aud k = 2 the MSE of the MLE is given by 

We compute the frequentit risk of (c' , b. ' ) ,  (p2, 5;') and the MLE numerically by 

Weddle'a rule using the formulae ( 5.3.18), ( 5.3.25) and ( 5.4.4). The reeult is tabulated 

in the next page onwards. 



The Gmit Baye's risk of (q, q) = 0.5349 

The limit Baye's risk of ( b y ,  6,"1) = 0.8333 
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The limit Baye's risk of (v, Q )  = 0.4016 

The limit Baye's rkk of (6:, &,"l) = 0.5833 
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The limit Baye's risk of (c1, c') = 0.3238 

The limit Baye's risk of (6:, 67) = 0.4500 



~ 1 3 4 . 3 9 +  
519. 287- 

nt 
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The limit Baye's risk of (c', G') = 0.2724 

The limit BayeL risk of ( b y ,  $) = 0.3667 



The limit Baye's risk of (r, q) = 0.2356 

The limit Baye's risk of (&:, &,"l) = 0.3095 
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The limit Baye's risk of (c1, g') = 0.2078 

The limit Baye'e risk of (6:) 67) = 0.2678 
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I R(@?, $ ); t )  l X;; t )  

The limit Baye'u risk of (6;L , ) = 0.1861 

The limit Baye'u risk of (6:, 67) = 0.2361 
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The limit Baye's hk of (T, 6;') = 0.1686 

The limit Baye's risk of (6:, 6;') = 0.2111 



R(&) X',; t )  

Tbe limii Baye's risk of (S;', 6;') = 0.1542 

The limit Baye's risk of ( b y ,  67) = 0.1909 
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The limit Baye's risk of (h:, (T) = 0.1421 

The limit Baye's riak of (6;', 6;') = 0.1742 
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From the above tables, it is clear that the performance of M L E  L very pxtr 

especially when the value o f t  is smdl (i.e., when the difference of Ol and d2 *1 t ~ \ # I t  I 

Among (v, p) and (p, F), the performance of (F, v) seems to be better. 

From the values of limit Baye's risk of (6;' , c ) and (6;' , ), it is clear that the 

limit Baye's risk is smaller than their respective frequentist risks. Hence the minimaxity 

of these two estimators could not be daimed using Theorem 18 of Berger J.O. (1985) 

p.351. But on a close look at R((@', g'); t), it can be observed that the variation io 

the valuea of iih for differeut valuea of t ia lesa i cornparison with R ( ( v ,  F) ;  t) .  

It is well known that an estimator with constant risk is rninirnax. Also note that the 

limit Baye's risk of (p,  F )  is smaller than that of (F, q). Hence (p, q) may be 

considered aa an almost minimax estimator. 



CONCLUDING REMARKS 

In this thesis we have studied some stochutic models in Reliability which are phys- 

ically realizable though complex.The repairable multistate system studied in chapter 2 

may be extended with more general distributional wuuptions on fdure times and r e  

pah tirnes.ln such situations the underlying stochastic proress may be studied through 

a semi-Markov proeess.The theory of Markov renewal procem then could be applied to 

find the transient and s t edy  state probabiiities. Similarly the k - out of - n system 

studied iu chapter 3 poses au iuteresting problem with generally distributed failure 

times and repair times, 

Optimal replaceueut problelu considered iu chapter 4 luay be looked up011 under 

different cost structures dependiug upon the phyeical uituation~. Also the inferential 

problems associated with the model may be of much interest from the theoretical point 

of vie W. 

We observed that tbe limit Baye's estimator with respect to the priors a1 and a2 

discussed in chapter 5 are superior to the maximum likelihood estimators. Also thr 

limit Baye's estimator with respect to the prior ?rl is seemed to be almmt minimax.It 

is worthwhile to establish t h w  findbge aualyticdy. 
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