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ABSTRACT

Income distributions and income inequality measures are key topics in econom-
ics and statistics, focusing on the allocation of wealth and resources across different
segments of a population. Understanding these concepts is crucial for evaluating
economic policies, social equity, and economic development. There are two primary
approaches to modeling data: the distribution function approach and the quantile
function approach. This thesis emphasizes a quantile-based analysis of income dis-
tributions and income inequality measures. We explore various quantile functions
from the literature and assess their potential for modeling income data. We conduct
a comprehensive quantile-based income analysis of the Power-Pareto (PP) distribu-
tion by deriving key income inequality measures and examining the Lorenz ordering
associated with it. Additionally, simulation, estimation, and application aspects are
investigated. This study introduces the Singh-Maddala-Dagum (SMD) distribution,
defined as the sum of the quantile functions of the Singh-Maddala (SM) and Dagum
distributions. Its distributional properties, along with measures of income inequality
and poverty, are derived. The poverty gap ratio and Foster-Greer-Thorbecke (FGT)
measures are formulated in quantile terms. Estimation of parameters and prac-
tical applications are conducted. Furthermore, this thesis includes a quantile-based
comparative analysis of income inequality across Indian states. Six parametric mod-
els with closed-form quantile functions, including Weibull, PP, SM, Dagum, SMD,
and Modified Lambda Family (MLF), are employed to model per capita household
income across Indian states using data from the India Human Development Survey-
IT (IHDS-II). Parameter estimation and validation are performed for each model.
For every state, empirical income inequality measures, including the Gini, Pietra,
Atkinson, generalized entropy, Bonferroni, and Frigyes measures, are derived and
compared with theoretical values from the best-fitting model. This thesis concludes
by highlighting the significance of quantile functions in income modeling and out-
lining potential directions for future research.

Keywords: Income distributions; Income inequality measures; Power-Pareto distri-

bution; Singh-Maddala Dagum distribution; Indian states.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Statistical modeling of income distributions and analysis of income inequality meas-
ures have been extensively studied in the literature. Beginning from Pareto’s model
by [Pareto (1897), a vast collection of statistical distributions has been developed
for modeling income data. There are two main approaches to modeling data: the
distribution function approach and the quantile function approach. While a substan-
tial amount of research exists on the former, studies on the latter remain relatively

limited.

The quantile function approach offers several advantages over the distribution

function approach. Similar to the distribution function, but with minimal effort, the
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distributional characteristics such as location, dispersion, skewness, kurtosis, etc., can
be directly derived from the quantile function. Motivated by this, we have tried to
use the potential of quantile functions for modeling income data. The quantile-based
approach to income modeling was initially introduced by [Tarsitano (2004). Later,
Haritha et al. (2007) and |Sreelakshmi and Nair| (2014)) have utilized the quantile

function approach for income modeling.

The study of income inequality and poverty measures has been widely explored
in the literature. There is a scope in evaluating these measures in quantile form
when the distribution function does not exist in an explicit form. So the present
work focuses on modeling income data and examining income inequality measures

in quantile form.

1.2 Quantile function - The basic concepts

The distribution function and quantile function approaches are two distinct methods
of defining a probability distribution. The quantile function is a pivotal concept
in probability and statistics, serving as the inverse of the cumulative distribution
function (CDF). It is widely used in various fields, such as finance, econometrics,

and reliability analysis.

The quantile function Q(u) is defined for a real-valued continuous random variable

X with a right continuous distribution function F'(x) as
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Q(u) = F'(u)=inf{z: F(z)>u},0<u<1. (1.2.1)

We have F(x) > w if and only if Q(u) < x for all —oco <2 < oo and 0 < u < 1. If
we can find an x such that F(z) = u, then F(Q(u)) = u and the smallest value of
x that satisfies F'(z) = u is Q(u). When F(x) is continuous and strictly increasing,
Q(u) is the only value of x that satisfies F'(x) = u. Hence the quantile function of

X can be obtained by solving the equation F(z) = u.

Quetelet| (1846]) pioneered the use of quantiles in statistical analysis, particularly
by introducing a concept similar to the inter-quantile range. Although the term
‘quantile’ was first introduced by Kendall (1940)), the concept itself appears to have
originated in Galton’s (1875)) article titled ‘Statistics by intercomparison, with re-
marks on the Law of Frequency of Error’ published in Philosophical Magazine. The
works of Hastings et al.| (1947)), [Tukey| (1977, and |Parzen (1979) played a significant
role in establishing the quantile function as an essential tool in statistical analysis, in
contrast to the distribution function. Later, |Gilchrist| (2000)) and Nair et al.| (2013a))

provided a comprehensive overview of statistical modeling with quantile functions.

The key properties of the quantile functions that will be useful in the following

discussion are

(a) Q(u) is non-decreasing on the interval (0,1) and Q(F(x)) < x for all z € R for

which 0 < F(x) < 1.

(b) For any 0 < u < 1, F(Q(u)) > u.
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(c)

(d)

(e)

(f)

()

Q(u) is left continuous i.e., Q(u~) = Q(u).
Q(u") =inf {x : F(z) > u}, indicates that Q(u) has limits from above.
Any jumps in F'(x) corresponds to flat point in Q(u), and vice versa.

If U is a random variable having uniform distribution on (0,1), and F(z) is
the distribution function of the random variable X = Q(U) then we have
P(QU) < z) = P(U < F(x)) = F(x). Thus Q(U) and X are identically
distributed and this property enables us to generate data from any distribution

having closed form quantile function.

H(Q(u)) is a quantile function whenever H(x) is a non-decreasing function of x.
Similarly, H(Q(1—u)) is a quantile function whenever H(z) is a non-increasing

function of z.

Let X be a continuous random variable with quantile function Q(u) and H (u)
is a non-decreasing function meeting the boundary constraints H(0) = 0 and
H(1) =1, then Q(H (u)) is a quantile function of a random variable having the

same support as X.

The sum of two quantile functions and the product of two positive quantile

functions are again quantile functions.

If the random variable X has quantile function Q(u), then % has quantile

: 1
fU.nCthH m .
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These properties make quantile functions useful for modeling and analyzing stat-

istical data.

1.3 Quantile density function

If X is a random variable with quantile function Q(u) then the quantile density

function is simply the derivative of Q(u), i.e.,

q(u) = Q'(u). (1.3.1)

If X has probability density function f(x), then the density quantile function is given
as f(Q(u)). We observe that the quantile density function and density quantile
function are reciprocal to each other, as differentiating the identity F'(Q(u)) = u

leads to the relationship

q(u) f(Q(u)) = 1. (1.3.2)

1.4 Quantile-based definitions

This section includes several general concepts that will be useful in the following
sections, such as percentiles, order statistics, moments, and L-moments in quantile

terms.
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1.4.1 Percentiles

Percentiles are used in statistics to indicate the value below which a specific per-
centage of observations in a dataset occurs. The dataset is divided into 100 equal
portions, with p'* percentile indicating the value below which 100.p% of the obser-
vations lie. Several distributional properties can be studied using percentile-based
measures, and frequently used measures are given below.

The median, a measure of location is determined using the equation

M = Q(0.5). (1.4.1)

The interquartile range is used to quantify dispersion and is given as

IQR = Q(0.75) — Q (0.25) . (1.4.2)

The quartile deviation is

QD = IQTR. (1.4.3)

Galton’s coefficient of skewness, also referred to as Bowley’s coefficient of skewness

(Bowley (1920))), is

Q (0.75) + Q (0.25) — 2M

5= IQR

(1.4.4)
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Moor’s coefficient of kurtosis, introduced by Moors| (1988)), is calculated using the

equation

Q (0.875) — Q (0.625) + Q (0.375) — Q (0.125)

T =
IQR

. (1.4.5)

In the cases of extreme positive skewness, (0.25) — M while in cases of extreme
negative skewness Q(0.75) — M, ensuring that S takes values between —1 and 1.
Also, when the distribution is symmetric, i.e., M = w, then S = 0. The
coefficient of kurtosis 7" is validated because the differences Q(0.875) — Q(0.625) and
Q(0.375) — (0.125) increase (decrease) when a relatively small (large) amount of
probability mass is dense around Q(0.75) and ¢(0.25). This corresponds to a greater

(lesser) spread near the p + o.

1.4.2 Order statistics

Let X1, X5... X, be a random sample of size n having common distribution func-
tion F(x), i.e., X1, Xs...X, are independently and identically distributed random
variables with distribution function F'(z). The order statistics of the random sample
are obtained by arranging the sample values in ascending order and are denoted as
(Xay, X2, X(n)). Here, X1y = min;<;<, Xj, represents the minimum value and

X(n) = maxi<j<p X;, represents the maximum value in the sample.

The distribution function and density function of the r** order statistic are given

in (1.4.6) and ([1.4.7)), respectively.
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Fi(w) = P(X) < 2) = (”) Pa)* (1 - F(z)™* (1.4.6)
1 r—1 - o) Ll
o) = gy J@) P (1= Pl (1.47)

Specifically, the distribution function of Xy and X, are
Fi(x)=1—-(1—=F(z))" and F,(z)=(F(x))".
The quantile function corresponding to the 7" order statistic is defined as

Quy(u) =Q (I (r,n —r+1)) (1.4.8)

where, I;1(.,.) denotes the inverse of regularized incomplete beta function. The
derivation of the 7" order statistic in the quantile terms is given in Nair et al.

(2013a). The quantile functions of the order statistics X(;) and X(,), are given by

Quy(w) =Q (1= (1= w)7) and Qu(w) =@ (u*). (1.4.9)

1.4.3 Moments

This section delves into moments based on quantile functions. The r** traditional

moment is defined as

/

w, = E(X") = /000 " f(z) dx. (1.4.10)
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By substituting z = Q(u) in (1.4.10)), we get moments in terms of the quantile

function and is

“’“:/o Q) du. (14.11)

The mean is obtained by putting » = 1 in (|1.4.11)) and it takes the form

,u:/o Q(u)du:/o (1 —u)q(u) du. (1.4.12)

The r* central moment in quantile form is

= B = = [ QU = d (1.4.13)

Using ([1.4.13) additional moment-based measures such as spread, skewness, and

kurtosis can be calculated in quantile terms.

1.4.4 L-moments

The expected values of linear functions of order statistics are known as the L-
moments. The L-moments are an alternative to the classical moments. Although
Hosking| (1990) developed a thorough theory on L-moments, the groundwork for L-
moments was built by the work on a linear combination of order statistics by Sillitto
(1969) and Greenwood et al.|(1979). These moments usually have lower sample vari-
ances and are resistant to outliers. L-moments are useful for summarizing probability

distributions, identifying distributions, and fitting models to data.
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The 7" L-moment is given as

r—1
Ly=r"Y (=1)* (T ; 1) E(Xo ), T=12.... (1.4.14)
k=0
We know that
B(X,) = / v f.(x) da (1.4.15)
| 1
= = 1)7(71 ) /0 w1 — )" Q) du.

By substituting the value of E(X,.,) in (1.4.14]), we get

L,=r""! M(—1)’f (T ; 1> W_T—Il_l)l /01 w1 — w)* Q(u) du.

Using the binomial theorem to expand (1 — u)* and combining the powers of u will

give the expression of L-moment as

L, = /01 i(—w—l—k (T . 1) (r N }{* k") u* Q(u) du. (1.4.16)

To establish the above relationship, Jones| (2004)) has provided a different approach.

Specifically, the first four L-moments are

L, = /01 Q(u) du, (1.4.17)

Ly = /0 (2u — 1) Q(u) du, (1.4.18)

10
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Ly = /1(6u2 —6u+ 1) Q(u) du, (1.4.19)

1
Ly= / (20u® — 30u® + 12u — 1) Q(u) du. (1.4.20)
0

Alternatively, we can use the quantile density function to compute the L-moments

given in ((1.4.17)) - (1.4.20]) and are given as

L, = /01(1 —u) q(u) du, (1.4.21)

Ly = /0 (u — u?) q(u) du, (1.4.22)
Ly = /1(3u2 —2u® — u) q(u) du, (1.4.23)
L, = /l(u — 6u® + 10u® — 5u?) q(u) du. (1.4.24)

L-moments exist as long as the F(X) is finite, whereas classical moments may need
more specific conditions to be finite across various distributions. The L-moments
(L.;r =1,2,...) can be used to characterize a distribution whose mean exists. How-
ever, any collection containing every L-moment except one is insufficient to charac-

terize a distribution.

Let X be a non-degenerate random variable with finite mean, then the ratios
T, = i—;, r = 3,4, ... are scale-free, dimensionless, and bounded. Also, the coefficients
7, lie between —1 and 1. L-moment ratios can be used to determine a distribution’s

skewness and kurtosis. The L-coefficient of skewness and L-coefficient of kurtosis are

defined in (|1.4.25)) and (|1.4.26]), respectively.

11
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Ls
= — 1.4.25
T3 L27 ( )
Ly
== 1.4.26
T4 Ly ( )

The coefficient 73 lies in (—1,1) and that of 74 is § (575 — 1) < 74 < 1. These results
can be found in Hosking| (1996) and |Jones (2004). Similarly, the L-coefficient of

variation is defined as

L,

Ty =— —.
Ly

(1.4.27)

When the random variable X is non-negative, L1 & Ly > 0 and Lo < L;, we get

0<m<l.

Due to their aforementioned characteristics, L-moments are widely used in many
fields, including hydrology, civil engineering, and meteorology. They can also be
utilized for parameter estimation by employing the technique of equating population

characteristics to sample characteristics, similar to the moment method of estimation.

Consider a random sample X7, X», ..., X, of size n from the population, and let
X(1), X(2), .-, X(n) be the ordered sample observations. We have sample counterparts

for population L-moments and the r* sample L-moment is represented as

r—1
L= Pk b, (1.4.28)
k=0

12
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where

e (1)

and

hye = <l> 3 ((z‘ —1)(i—2) (2 —_/2 o b0t ot

Asymptotic properties of sample L-moments are proved in [Hosking| (1990)).

1.5 Income inequality measures

The unequal distribution of income among individuals or groups within a society, re-

gion, or nation is referred to as income inequality. It highlights the gap between the

rich and the poor and shows how unequally income is distributed among a popula-

tion. This means that a small segment of the population holds a substantial portion

of the total income or wealth, while a larger segment has significantly less. Income

inequality is caused by several reasons such as variations in education, inheritance,

wealth accumulation, resource accessibility, and governmental policy. Income dispar-

ity can negatively affect the economy, such as slower economic growth, higher rates

of poverty, and more social unrest. Also, Dalton| (1920)) provided the requirements

that should be satisfied by an efficient income inequality measure. In this section,

we are discussing different methods to measure income inequality.

13
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1.5.1 Lorenz curve

The work of [Lorenz/ in 1905 revolutionized economic and statistical income distribu-
tion studies. Even today, the Lorenz curve is a fertile field of investigation into the
bordering area between statistics and economics. Despite various inequality meas-
ures, the Lorenz curve remains a crucial tool for assessing income inequality. For a
n-point distribution, by plotting the share L(i/n) of total income obtained by the
(i/n) * 100% of households with lower incomes, i = 0,1,2,...,n, and interpolating
linearly yields the Lorenz curve. The empirical (or discrete) Lorenz curve is thus

defined in terms of n + 1 points as

%

) i—1 Ljm
v(2) _Zm g, (1.5.1)
Zj:1xj:n

where x;., represents the 4% smallest income.

1.0
—— Lorenz Curve
- = Line of Equality
0.8
0.6
=
g
0.4
0.2
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.1: Empirical Lorenz curve
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In Figure [I.1] a straight line is drawn from the origin (0,0) to the point (1,1),
which is referred to as the ‘line of equality’ or ‘egalitarian line’. The Lorenz curve
typically bows below the line of equality. If the Lorenz curve coincides with this line it
represents a fictitious situation in which income is equally distributed throughout the
population. On the other hand, the amount of income inequality in the distribution

is indicated by how much the Lorenz curve deviates from the line of equality.

The ‘moment distribution form’ of the Lorenz curve is given in ((1.5.2) and is
defined using first-moment distribution. It has advantages, particularly for paramet-
ric families where the quantile function cannot be represented using basic functions.

Thus the Lorenz curve is given as

(1.5.3)

given that E(X) is finite. F{;)(x) indicates the proportional share of total income of

individuals whose income is less than or equal to x.

The Lorenz curve L(u) is a function defined on the interval [0, 1] for finite popu-

lations. For a fixed value of u, L(u) indicates the proportion of the total income in

15
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the population that is accounted for by the bottom 100u% of individuals in the pop-
ulation. A more accurate definition of the Lorenz curve using the quantile function
was proposed by Gastwirth! (1971)). If X is a non-negative random variable with a

finite positive mean, then the Lorenz curve is defined as
1 u
L(u)=— [ Q(p)dp, (1.5.4)
K Jo
where p = fol Q(p) dp. On differentiating 1’ we get
Qu) = p L' (u).

The above equation makes it obvious that the Lorenz curve uniquely determines the

distribution as the quantile function can characterize any distribution.

The following properties of the Lorenz curve are directly observable from the

equation (|1.5.4) and are

1. L(u) is continuous in the interval 0 < w < 1, with L(0) equals 0 and L(1)

equals 1 .
2. L(u) is increasing.

3. L(u) is convex.

On the other hand, any function that satisfies these properties can be identified as

the Lorenz curve of a statistical distribution (Thompson| (1976)). Aaberge (2000)

16
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recommended and justified the use of some inequality measures for encapsulating the

fundamental insights derived from the Lorenz curve.

There are two methods for generating Lorenz curve models. The first method
starts with an income distribution function, from which the corresponding Lorenz
curve is derived using the previously mentioned methods. The second one is to start
from simple curves that meet the desired conditions for the Lorenz curve. Although
this generally leads to cumbersome distribution functions, it may provide enough
flexibility for empirical Lorenz curves. One can refer to Kleiber and Kotz (2003) for

additional details on parametric families of Lorenz curves.

Lorenz ordering provides a method for assessing the inequality between two dis-
tributions. When the Lorenz curve of a distribution consistently remains above the
other, the former is considered to Lorenz dominate the latter, indicating a lower level
of inequality. Let £ be the class of non-negative random variables with positive and
finite mean. Hence, Lorenz ordering for two random variables X,Y € L is defined
as,

X2 Y« Fx >, Fy<:>Lx(u) SLy(u) (155)

for all w € [0,1]. In this case, X is said to be larger than Y in Lorenz’s notion.
When two Lorenz curves do not intersect the distribution with the lower curve may
be referred to as ‘more unequal’. Furthermore, the Lorenz ordering is scale-invariant.
Lorenz dominance loses its significance in cases where Lorenz curves cross each other,

thereby making it essential to employ the Gini index for evaluation.
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We can use star-shaped ordering to get the Lorenz ordering when the quantile
function of the distribution is available in closed form. If X and Y are random
variables in £ with quantile functions Qx and Qy respectively, then |Arnold (1987)

determined that star-shaped implies Lorenz ordering and is defined as follows.

DEFINITION 1.5.1. If Qx(u)/Qy(u) is a non-increasing function of u, then X is

star-shaped with respect to Y, and denoted as X <, Y.

1.5.2 Gini index

The Gini index is the most widely used measure of inequality. (Gini (1914) developed
the concept of the ratio of concentration, which evolved into what is now referred to
as the Gini index. The initial way to express it is by calculating the ratio of the mean
of absolute differences (a notion first put forward by (Gini in 1912) to two times the
mean. If X and Y are two random variables having the same distribution function

F and finite mean p then Gini as the mean of absolute differences is

1 o0 o0
G- ﬂ/0 /0 iz — y|dF(z) dF(y) (1.5.6)

Alternatively, the Gini index is defined as twice the area between the Lorenz curve

and the egalitarian line. i.e.,

G = 2/0 (u— L(u))du
=1- 2/1 L(u)du. (1.5.7)
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It can also be interpreted as the ratio of the area between the line of equality and
the Lorenz curve to the area under the line of equality. The Gini index ranges from
0 to 1, where G = 0 denotes perfect equality and G = 1 denotes perfect inequality.
The Gini index is also known as the Gini coefficient, Lorenz concentration ratio, and

coeflicient of concentration.

In literature, there are several representations for the Gini index however an

equation in terms of expected values of order statistics is

_ E(Xi.2)
G=1- E(X)
_ fooo[l — F(2)]?dx
—1- 5 (1.5.8)

A direct generalization of the above equation is given in [Muliere and Scarsini ((1989)

and is

E(Xi5)

Gs=1- B(X)

(1.5.9)

The generalized Gini index, which is sensitive to both high and low incomes, was
established by [Kakwani (1980b)), Donaldson and Weymark| (1980)), Donaldson and

Weymark! (1983)), and |[Yitzhaki (1983). It can be calculated using ((1.5.10))
1
Gs=1-6(6 — 1)/ L(u)(1 — u)’2du, (1.5.10)
0

where ¢ > 1 is the inequality aversion parameter. More specifically, the upper-income

percentiles are given more weight when § € (0, 1) and when 0 > 2 the index focuses
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on the lower-income percentiles. When § = 2, the index is the same as the traditional
Gini index.

The truncated Gini index is discussed in the studies of |Takayama (1979) and |Ord
et al.| (1983). However, |[Nair et al.| (2008) provides a detailed study of the truncated
Gini index for the poor and the rich separately. Let u and (1 — u*) denote the
proportion of poor and rich in the population, respectively. Now in terms of the

quantile function, the truncated Gini index for the poor and the rich is given as

G(u) = % /OupQ(p) dp — 1, (1.5.11)
G*(u") =1- 25’;_(—2;)))21 /uj(l —p) Q(p) dp, (1.5.12)
where
plu) = %/Ou Q(p) dp,
and
ph(u”) = 1_1u* /L:Q(p) dp.

1.5.3 Pietra index

Pietra index is another significant measure of income inequality obtained from the
Lorenz curve, proposed by [Pietral (1932)). It is also called the Schutz index (Duc-
los and Araar (2006)). In geometrical terms, the Pietra index is defined as the

maximal deviation between the Lorenz curve and the egalitarian line. ie., P =
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max o<u<1 {u — L(u)}. Alternatively, it can also be described as twice the area of
the biggest triangle that can be drawn within the space between the Lorenz curve
and the egalitarian line.

An alternate expression in terms of the distribution function for relative mean devi-

ation and the Pietra index is

_ E|X - E(X)

= =Fm (1.5.13)
_ E|X - E(X)|

P= B (1.5.14)

In quantile terms, the formula for relative mean deviation and the Pietra index is

given as

__ [y 1Q(u) — Q(u)ldu
i

_ fol |Q(u) — Q(ug)|du
2

(1.5.15)

?

P , (1.5.16)

where p is the mean of the corresponding distribution. Also, u = Q(ug) for some

0 < ug < 1. We can determine uy by solving for u in the equation u = Q(u).

The P ranges from 0 to 1. The minimum value of P is attained when there
is complete income equality, which means the Lorenz curve aligns with the line of
equality. The maximum value of P occurs when the Lorenz curve approaches the
bottom right corner. These conditions are clear from Figure [1.1] The Pietra index
represents the portion of the income that needs to be reallocated from wealthier

individuals to poorer ones to achieve total income equality. The value of P indicates
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the proportion of total income that needs to be reallocated from households above the
mean to those below the mean to achieve an equal distribution of incomes. Higher P
values signal greater income inequality, necessitating more extensive redistribution
to attain income equality. For this reason, the index is also referred to as the Robin

Hood index.

1.5.4 Bonferroni curve and Bonferroni index

The Bonferroni curve is an income inequality measure based on the first moment
distribution proposed by Bonferroni| (1930). It is useful in situations where income
inequality is largely due to the existence of individuals or groups with incomes sig-
nificantly lower than the majority. Assume that X is a non-negative, absolutely
continuous random variable with distribution function F'(z) and having a finite non-

zero mean . Now the first-moment distribution and the partial mean u, of the

probability distribution are given in ((1.5.3) and (1.5.17)) respectively.

e — o tf(t)dt
J ft)dt
()
= 1.5.17
Fo) ( )
The Bonferroni measure is given as
Ha
B(F(x)) = m
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= . (1.5.18)

The Bonferroni curve is represented in the orthogonal plane (F'(x), B(F(z))) within
a unit square. The parametric expression for the Bonferroni curve is obtained by

putting © = F'(x) in the above equation and is given as

1

=il Q(p) dp, (1.5.19)

where u € (0,1]. Bonferroni curve and the Lorenz curve are related through the

equation

B(u) = . (1.5.20)

The line that joins the points (0,1) and (1,1) in Figure is referred to as the
line of equality of the Bonferroni curve. The area bounded by the Bonferroni curve,
the egalitarian line, and the y-axis in Figure [1.2]is known as the Bonferroni index,

and it is determined by

B=1- /1 B(u) du. (1.5.21)
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Figure 1.2: Empirical Bonferroni curve

The sensitivity of the Bonferroni curve to lower income levels is a feature that
makes it useful for measuring poverty (Giorgi and Crescenzi (2001)). For further
reading on the Bonferroni curve, its statistical inference, and the methodological

advancements in the reliability framework, refer to Pundir et al.| (2005]).

1.5.5 Atkinson index

Atkinson (1970) proposed an inequality measure based on a social welfare function
known as the Atkinson index or Atkinson measure. This index lies between 0 and 1
and helps to identify which end of the distribution contributes more significantly to

the observed inequality. It is defined as

/Oo xl_edF(x)] o (1.5.22)
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where € > 0 is a sensitivity parameter that assigns greater weight to lower incomes
as it increases. ¢ is also known as the inequality aversion parameter. As e approaches
1, the Atkinson index becomes more sensitive to variations at the lower end of the
income distribution. On the other hand, as e approaches 0, the Atkinson index
becomes more receptive to changes in the upper end of the income distribution.

In quantile terms, the Atkinson index is defined as

1
1—e

1 1
0
1.5.6 Generalized entropy measures

The generalized entropy measures (Cowell and Kuga| (1981))) represent another ap-

proach for measuring income inequality and are defined as follows

(E&))e‘l

where 6 is a sensitivity parameter, # € R and 0 # 0& 1. Here the parameter 6

dF (z), (1.5.24)

1 o0
S —
G Eo 9(9_1)/0

focuses the lower tail for values of # < 0 and the upper tail for values of # > 0. Also,
we obtain the squared coefficient of variation for 6 = 2.

In quantile terms, the generalized entropy measure is given as

o M ew Y,
GEQ_Q(Q_D/O (folQ(u)du> 1| du. (1.5.25)
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When 6 — 0, 1 the generalized entropy measures given in (|1.5.24]) takes the form

T, = GE, = /Ooo E(:CX) log <E(5”X)) dF (z), (1.5.26)
Ty = GEy = /Ooo log (E(xX)) dF (). (1.5.27)

These indices are known as Theil coefficients (Theil (1967)). 77 is commonly known
as the Theil coefficient, whereas T, is the mean logarithmic deviation or Theil’s
second measure.

The Theil coefficients are represented in quantile terms as follows

_ [ QW) Q)

T _/O Q(Uo)l gQ(uo)d : (1.5.28)
= 1 o) Q(uo) u

Tz_/o log 00 du. (1.5.29)

1.5.7 Frigyes measures

Instead of one, [Frigyes| (1965)) introduced three measures with clear economic inter-
pretation and are
m B mo mo

p=—,v=—n=—, (1.5.30)

)
m m m

where m = F(X), m; = E(X|X < m), mg = E(X|X > m). The measure v eval-
uates the inequality level across the entire income distribution range. On the other
hand, the measures p and 7 reflect inequality in the two regions of the distribution

below and above the mean, respectively. The measures p, v, and 7 take values in the
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interval (1, 00), however, they are easily convertible to the standard range of (0,1).
The properties and uses of these three measures have been covered by |Elteto and
Frigyes| (1968).

In quantile terms, these three measures can be expressed as

p= %, (1.5.31)
Ug fulo Q(u)du

Y= T Oy (1.5.32)

n= Ju Q) (1.5.33)

(1 —uo) Q(uo)’

1.5.8 Zenga curve

The Zenga curve proposed by [Zenga (1984) is formulated using the first-moment
distribution, hence, it requires the expected value of X to be finite. For 0 < u < 1

the Zenga curve is defined as follows

| Fgbw) - Fl(w)
A )
=1 F(;)l(u) (1.5.34)

Also, the Zenga concentration curve is the set {(u, Z(u));u € (0,1)}. More inform-
ation regarding the Zenga curve and associated index are available in [Kleiber and

Kotz| (2003)).
A new and more practical inequality measure based on the conditional expect-
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ations of the relevant distribution was put forward by |Zenga (2007). Let X be a
continuous and non-negative random variable having a finite positive mean g, with
a distribution function F(x) and a density function f(x) that is strictly positive on

the interval 0 < a < b < 0o, then Zenga curve is given as

Ar) =1 - 1) (1.5.35)

where p~ () = E(X|X < z) and pt(z) = E(X|X > z). The key feature of this
measure of inequality is its approach of comparing segments of the population, where
the segments being compared are always two mutually exclusive and adjacent groups.
Moreover, the comparison focuses on the ratio between the arithmetic mean of these

two groups. The corresponding inequality index [ is given as

I—/ A(x)f(x) dz (1.5.36)

The Zenga curve in ((1.5.35)) can be expressed in quantile terms as follows

(1.5.37)

The inequality index I is defined as the area beneath the curve I(u) and is represented
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as

I = /1 I(u) du. (1.5.38)

The relationship between the Zenga curve (I(u)) and the Lorenz curve is
(1.5.39)

For more details on the characteristics of the Zenga measure in terms of quantiles,
refer to [Sreelakshmi and Nair| (2014)). Throughout this thesis, we have used the

Zenga curve, proposed in 2007.

1.5.9 Leimkuhler curve

The Leimkuhler curve (Burrell| (1991} |2005)), Rousseau (1987)) in the field of infor-
metrics and the Lorenz curve in economics are closely related. They illustrate the
relationship between the cumulative proportion of total productivity versus the cu-
mulative proportion of resources. The key difference between the construction of
these two curves is that the Lorenz curve arranges the sources in ascending order
of productivity, whereas the Leimkuhler curve arranges the sources in descending

order.

Let £ denote the class of non-negative random variables with a positive finite
mean, and let X € £ have a distribution function F(x), and a quantile function

Q(u). Then the Leimkuhler curve K (u) associated with random variable X is given
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as

1
K(u) = —/ Q(p)dp, 0<u<l. (1.5.40)
WJ1—y
The Leimkuhler curve defined in ((1.5.40)) satisfies the following properties.

1. K(u) is continuous in the interval 0 < u <1 .

2. K(u) is differentiable almost everywhere within the interval [0, 1].
3. K(0) is equal to 0 and K (1) is equal to 1.

4. K(u) is non-decreasing function.

5. K(u) is concave function.

The Leimkuhler curve is related to the Lorenz curve through the equation given

below

K@) =1-L{1 - u). (1.5.41)

Nair and Vineshkumar| (2022) utilized quantile functions to develop new properties
of Leimkuhler curves and studied applications in the field of informetrics. Also, see
Sarabia (2008), Sarabia et al.| (2010), Sarabia and Sarabial (2008)) for further details

on the Leimkuhler curve.
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1.6 Other inequality measures

The Kolkata index, or the k-index proposed by |Ghosh et al.| (2014) is defined as the
solution to the equation

kp 4 L(kp) =1, (1.6.1)

where L(.) is the Lorenz function. k-index is an income inequality index that takes
values in the interval [1/2, 1], which makes it different from other inequality measures
like the Gini coefficient or the Pietra index. It is also used as a summary measure.

A simple normalization of the k-index is given by

Kp=2kp—1. (1.6.2)

This normalized k-index Ky ranges from 0 to 1, with Kr = 0 denoting complete
equality and Kz = 1 denoting complete inequality. Refer to the works of (Chatterjee
et al.[(2017), [Banerjee et al.| (2020a), and Banerjee et al. (2020b) for more information

on the Kolkata index.

A broad category of inequality measures denoted by T (X ), where h is a convex

function in the interval (0,00) was examined by Ord et al.| (1981). It is defined as

h(X)
T X)=F|==1|. 1.6.
Specifically, when h(z) = (gf\k(:%)l) and A = —2,—1,0, and 1, these correspond to
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various indices: the arithmetic mean to the harmonic mean ratio, the arithmetic
mean to the geometric mean ratio, the Theil index, and the Herfindahl index (which

is the squared coefficient of variation), respectively.

Additionally, Ord et al| (1981)) proposed the entropy measures which function as

inequality measures and is given as
1 oo
ex(X) = X/ f@)(1 = fA2)de, —1<\<oo. (1.6.4)
0
Analogously, the quantile form of the above equation is
1
ex(u) = —/ (1—q*u)du, —1<\<oo. (1.6.5)
0

Using a linear averaging technique, Mehran! (1976) introduced a class of linear income

inequality measures by

B — —/0 (Q(u) — 1) W (u) du, (1.6.6)

where W (u) represents a score function that is assumed to be independent of the
shape of distribution with fol W (u)du = 0. Each score function provides a specific

linear inequality measure.
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1.7 Poverty measures

Poverty measures are quantitative tools used to evaluate and describe the economic
status of individuals or populations, determining whether they live in poverty and
the extent of their deprivation. These measures are crucial for understanding the
magnitude and nature of poverty, designing targeted interventions, and monitoring
progress towards poverty alleviation. Let D(z,y) be the function that represents the
degree of deprivation faced by an individual whose income y is below the poverty
line z.

Thus

P=FE,[D(zy)!(y<2)

= /OZD (z,v) f(y)dy, (1.7.1)

where [ (y < z) denotes an indicator function that takes value 1 when y < z and 0
in other cases, and f(y) denotes the probability density function. To get a compre-
hensive understanding of poverty measurements, refer to Kakwani (1980al), |Duclos
and Araar| (2006), and Morduch| (2008). Furthermore, |Chotikapanich et al. (2013])
derived poverty measures based on the generalized beta distribution and analyzed

shifts in poverty levels across countries in south and southeast Asia.
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1.7.1 Headcount ratio

The most basic and popular measure to quantify poverty is the headcount ratio. It
indicates the proportion of a population whose income is below the poverty line.
This measure tracks the most direct aspect of the human scale of poverty by literally
counting heads, which is useful for researchers and policymakers. The headcount
ratio H stands for the proportion of the population living in poverty and is defined
as

H= % (1.7.2)

where NN, denotes the number of individuals below the poverty line and N denotes

total population (or sample) size.

Headcount ratio can also be represented by setting D(z,y) = 1 in (1.7.1]) and is
H = F(z). (1.7.3)

When we set D(z,y) = 1, we give every individual whose income below the poverty
line the same weight, regardless of whether their income is marginally below or
significantly below the poverty line. Therefore, the headcount ratio provides an
estimate of the prevalence of poverty but fails to consider the severity of poverty

faced by the poor.
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1.7.2 Poverty gap ratio

The poverty gap ratio is a straightforward extension among the several alternatives
to the headcount ratio. It considers both the proportion of the poor population and

the severity of poverty among the poor. The poverty gap ratio measures the shortfall

in income for each relative to the poverty line. By setting D (z,y) = (z_y) in (1.7.1)),

z

we can derive poverty gap ratio. Thus

PG = / "D (eyy) fl)dy

_ /O (" ; y) Fy)dy. (1.7.4)

1.7.3 Foster-Greer-Thorbecke measure

The Foster-Greer-Thorbecke (FGT) measure suggested by Foster et al. (1984) is a

generalization of the poverty gap ratio. It is obtained by setting D (z,y) = (Z_y)a

in (1.7.1) and is given as

FGT(a) = /O ("' - y)a F(y)dy, (1.7.5)

z

where a@ > 0. The parameter « influences how responsive the measure is to the
intensity of poverty among those living below the poverty line. The FGT measure
reduces to the headcount ratio when a = 0 and reduces to the poverty gap ratio

when o = 1. Also, when o = 2, it is commonly known as the squared poverty gap.
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1.7.4 Watts index

Watts index proposed by Watts| (1968)) is the first distribution-sensitive poverty meas-
ure. It satisfies the poverty axioms like focus, monotonicity, transfer, and decom-
posability. |Zheng (1993) identified a large set of axiomatic properties for the Watts
index. Watts index is obtained by setting D(z,y) = (Inz — Iny) in and is

given as

W = /Oz(lnz —Iny)f(y)dy. (1.7.6)

In quantile terms, the Watts index can be written as

v (G

A measure introduced by [Kakwani| (1999) which is closely connected to the Watts

) dp. (1.7.7)

indexis K*=1—¢".

1.7.5 Sen index

Sen| (1976)) introduced an index that aims to integrate the impact of the number of
poor individuals, the severity of their poverty, and the distribution of poverty within
the group. Sen index weights the poverty gap according to a person’s position among

the impoverished. It is defined as

5= /0 Z ( = y) (F (;{f <y)> F(w)dy. (1.7.8)
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The Sen index is represented in quantile terms as follows

where

and

1

arlw) = [ 2p =) Q).

Here w; (u) denotes derivative of w; with respect to u.

1.8 Objectives

The main objectives of this study are as follows:

those with explicit quantile functions.

To utilize the advantages of quantile functions in income modeling.

(1.7.9)

To analyze income distributions from the literature, with a particular focus on

To explore other distributions with explicit quantile functions and evaluate

their potential for income modeling. Additionally, to derive income inequality

measures for all identified distributions.
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Subsequently, to derive income inequality and poverty measures for the pro-

posed model.

e To model the per capita household income data of Indian states using para-
metric models with closed-form quantile functions and to compute income in-

equality measures for each state.

1.9 Outline of the thesis

The thesis includes six chapters as outlined below.

Chapter 1 introduces quantile functions and their fundamental concepts. It also

provides an overview of income inequality and poverty measures.

Chapter 2 contains a detailed literature review on income distributions, income
inequality measures, and quantile functions. The utility of quantile functions for
modeling reliability and income data is discussed along with distribution functions.
Hence in this chapter, we explore some quantile functions mentioned in the literature
and their effectiveness in modeling income data. We derive the Lorenz curve, Gini
index, Pietra index, Bonferroni curve, Bonferroni index, and Zenga curve for five
different distributions and evaluate the model adequacy of three distributions by

applying them to real income data.

We conduct a comprehensive quantile-based income study of the Power-Pareto

(PP) distribution in Chapter 3. We derive significant income inequality measures
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and analyze the Lorenz ordering associated with the PP distribution. Through a
simulation study, we assess the efficacy of three estimation techniques, finding that
the L-moments method performs better than the other two. The model is applied
to two real income datasets, and we compute both empirical and estimated income
inequality indices.

In Chapter 4, we propose the Singh Maddala Dagum (SMD) distribution, defined
as the sum of the quantile functions of the Singh-Maddala (SM) and Dagum distri-
butions. We derive its distributional properties, income inequality measures, and
poverty measures. The poverty gap ratio and FGT measures are transformed into
quantile form. The model is applied to a real dataset, and the parameters of the

proposed distribution are estimated using the L-moments method.

In Chapter 5, six parametric models with closed-form quantile functions are em-
ployed to model per capita household income data across Indian states, using data
from the India Human Development Survey-II (IHDS-II). The models analyzed are
the Weibull, PP, SM, Dagum, SMD, and modified lambda family (MLF). Parameter
estimation for these models in each state is carried out using the L-moments tech-
nique. We used the Q-Q plot, chi-square test, histogram, and correlation coefficient
to identify the most suitable model for each state. Subsequently, for every state, we
derive both empirical and theoretical measures of income inequality, including the
Gini, Pietra, Atkinson, generalized entropy, Bonferroni, and Frigyes measures. The

theoretical values are obtained from the best-fitting model for each state.
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In Chapter 6, the key findings of the thesis are summarized, and recommendations
are presented. This is followed by an extensive bibliography that includes all the

referenced sources.
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A STUDY ON QUANTILE FUNCTIONS, INCOME
DISTRIBUTIONS, AND MEASURES OF INCOME

INEQUALITY

2.1 Introduction

E] The Pareto model developed by Vilfredo Pareto in (1897 is credited for sparking
the beginning of studies on income distribution. Following this, numerous mod-
els like lognormal, Dagum, SM, and others emerged in the literature for analyzing
income data. Additionally, the literature features various measures of income in-

equality. Kakwani (1980a]) conducted an extensive examination of income distribu-

LA part of this chapter has been published as an article titled “A Review on Quantile Functions,
Income Distributions, and Income Inequality Measures” in the journal “ Reliability: Theory &
Applications” (See Ashlin and Haritha (2023)).
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tions, inequalities in income, the impact of government policies on personal income
distributions, and the assessment of poverty. Dagum| (1980) presented the concept
of the economic distance ratio, a tool for assessing the extent of income inequality
between two groups. For a comprehensive study of income distributions and meas-
ures of income inequality from the beginning, refer to Haritha and Nair| (2005)). This
chapter aims to consolidate all the discussions on income distributions and measures

of income inequality found in the literature.

Analyzing probability distribution in practical situations can be achieved via
two methodologies: one involves defining the distribution function, while the other
uses the quantile function. |Gilchrist| (2000) offered an extensive discussion on the
quantile function and model-building techniques. Most income distribution studies
have utilized the distribution function method, with a minimal number adopting the
quantile function method (Tarsitano (2004), Haritha et al.| (2007), |Sreelakshmi and
Nair| (2014)). Hence in this study, we have explored different quantile functions as

potential models for income.

Following the introduction, in Section 2.2, we examine various income distribu-
tions that feature distribution functions in closed form. In Section 2.3, we explore
certain quantile functions suitable as models for income. Section 2.4 focuses on
quantile functions with applications in the field of reliability. The discussion in Sec-
tion 2.5 centers on income inequality measures found in the literature, and we derive
inequality measures for five distributions that have quantile functions in closed form.

The estimation and real data analysis are performed in Section 2.6, and the summary
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of the study is given in Section 2.7.

2.2 Income distributions

Huang and Oluyede| (2014)) proposed the exponential Kumaraswamy-Dagum (EKD)
distribution for lifetime and income data analysis. Its cumulative distribution func-

tion is
é 0
F(z) = {1 - [1 —(1+ Aaz‘ﬁ)‘“} } ., x>0, a, N0, ¢, 0>0. (2.2.1)

The fundamental statistical characteristics, including moments, mean and median
deviations, reliability measures such as hazard functions, k' order statistics, Renyi
entropy, and income inequality measures like Lorenz and Bonferroni curves, are de-
termined. The parameters of the EKD are estimated using maximum likelihood

estimation, and the model is applied to a real dataset.

Clementi et al.| (2016]) provided a survey of findings associated with the x-generalized
distribution, a statistical model used to describe the distribution of income and
wealth. They explored the k-generalized model (Clementi et al.| (2008, 2007, [2009)))
for income distribution, along with a mixed k-generalized model for wealth distri-
bution, and the extended versions of the k-generalized distributions of both first
and second kinds. They discussed the fundamental characteristics of these distribu-

tions, and their connections with other distribution models, and derived the income
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inequality measures like the Lorenz curve and Gini index. Their findings suggest
that x-generalized models provide a good fit for the distribution of income and
wealth. Subsequently, Clementi (2023) reviewed and compiled all the results on

the k-generalized distribution into a single source.

The Exponential Arc Tan (EAT) model and the composite EAT-Lognormal
model, proposed by |Calderin-Ojeda et al.| (2016)), are two extensions of the expo-
nential distribution. These models can describe income distributions, including cases
with zero income. Their effectiveness is evaluated using Australian income data from
2001 to 2012, and the results showed that these models provide a better fit for the

data when compared to the exponential and gamma distributions.

Bourguignon et al.| (2016)) introduced and analyzed a new Pareto-type (NP) dis-
tribution, which serves as a generalization of the Pareto distribution and is defined

by

25

F(a:)zl—xa+ﬁa,

x>0>0,a>0. (2.2.2)

Later on |Abd Raof et al.|(2022) employed the NP distribution to model the income
of the Malaysian upper-class group. Their analysis reveals that both the Pareto
type 1 and the NP models fit the top income data well across all years considered.
However, the NP model offers greater flexibility, covering a broader range of incomes
in the upper tail of the distribution compared to the Pareto type 1 model. They also
measured income inequality among Malaysian top earners using the Lorenz curve,

Gini, and Theil indices based on the fitted NP model.
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Mirzaei et al.| (2018) introduced the odd Weibull (OW) distribution and examined

its applicability in analyzing income inequality. Its CDF is

[1—e ]
[1 - e*(%)“} i [e*(%)a] v

wl8

F(z) = x>0, «a B,v>0. (2.2.3)

They investigated various mathematical and statistical properties of the OW distri-
bution, deriving expressions for the hazard function, quantile function, first incom-
plete moment, and several measures of income inequality. The study also explores
Lorenz and Zenga ordering based on the OW distribution. Parameter estimation is
carried out using moments and maximum likelihood approaches. Finally, the effect-

iveness of the OW distribution is demonstrated by fitting it to real income datasets.

The suitability of the log Student’s t model for fitting and describing income dis-
tributions across various European Union countries during three different economic
phases: 2006, 2011, and 2016 was done by Barroso et al| (2020). The study shows

that, in most cases, the log Student’s t distribution provides the best fit.

The article by Bakar and Dharini (2020) introduced six mixture models based
on the Weibull distribution, namely, Weibull-Paralogistic, Weibull-Weibull, Weibull-
Fisk, Weibull-Gamma, Weibull-Burr, and Weibull-Dagum, for analyzing income
data. The maximum likelihood method is used to estimate the parameters of Weibull
mixtures and examine their performance based on average income per tax unit data
from ten countries through information-based criteria approaches and graphical ob-

servations. Furthermore, they present the application of these models to inequality
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measures such as the Gini, Bonferroni, and generalized entropy index. They also
derived analytical expressions for poverty measures, including the head-count ratio

and poverty-gap ratio.

Safari et al.| (2020) conducted a comparative analysis of the income distribution of
low-income households in Malaysia. The study examined several models, including
the reverse Pareto (Kleiber and Kotz (2003), Safari et al. (2019)), shifted reverse
exponential, shifted reverse stretched exponential (Brzezinski (2015)), and shifted
reverse lognormal. For each of the four models, they obtained expressions for the
Lorenz curve and Gini index. Based on the outcomes of the Kolmogorov-Smirnov
(KS) test and the R? coefficient, it was concluded that the reverse Pareto distribution
provides an adequate representation of income distribution in low-income households.
Also, the Lorenz curve and Gini index, derived from the reverse Pareto models,
indicate that income is distributed evenly among poor households. The reverse
Pareto distribution is often termed the inverse Pareto or power function distribution.
On the other hand, [Safari et al.| (2021a)) observed that the best model to explain

Malaysian urban household incomes is the generalized beta 2 (GB2) distribution.

The review by Hlasny (2021) encompassed historical evidence, empirical char-
acteristics, associations among distribution functions, and the process of selecting
models for top-income distributions. He concluded that the generalized Pareto and
the generalized beta family, which consists of the Dagum, SM, and GB2 distributions

are consistently successful in income modeling.
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Trzcinskal (2022)) used the Zenga model (Zenga (2010)) for analyzing income dis-
tributions within the Czech Republic and Poland. The study shows that the Zenga
distribution is effective in modeling income distribution. It demonstrates its applic-
ability in both the examination of income inequality and the comparison of income

distributions across the Czech Republic and Poland.

Majid et al.| (2023)) introduced a three-part composite Pareto model to analyze
income data in Malaysia. This model segments the population into three distinct
groups, each characterized by a different distribution model. Specifically, the lower
segment is modeled using the inverse Pareto distribution, the upper segment with the
Pareto distribution, and the middle segment is described by a different, unspecified
distribution model. Applying a Gaussian mixture distribution for analyzing income
data is recommended for the middle segment, resulting in the inverse Pareto-Gaussian

mixture-Pareto distribution model.

The four-parameter logistic Burr XII (LBXII) distribution is introduced by |Guerra

et al.| (2023) and its CDF is given as

A1)
Flz)={1+ oclog(l—l—(%) )] L x>0, o, B0, A>0. (224)

They demonstrated that the distribution can exhibit decreasing and upside-down-
bathtub hazard functions. It is shown that the density function of the LBXII distri-
bution consists of an infinite linear combination of Burr XII density functions. The

mathematical characteristics of the LBXII distribution, including ordinary and in-
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complete moments, the generating function, and the quantile function, are explored.
The model’s parameters are estimated using the maximum likelihood method, and a
simulation study is conducted via Monte Carlo experiments. Additionally, two prac-
tical examples are provided to showcase the effectiveness of the LBXII distribution

in modeling income data.

2.3 Income distributions based on quantile func-
tions

Sodomova et al.| (2005) conducted the statistical analysis and modeling on the an-
nual net income of 1,566 households in the Slovak Republic for the year 2002. The
results indicate that the Weibull distribution, with parameters determined through
maximum likelihood estimation, offered the best fit across all income intervals except
for those at the extreme lower and upper ends. Two distributions from the Weibull-
Pareto class, derived using quantile properties, provide a good fit for the lowest and

highest income intervals.

Hankin and Lee (2006) developed and studied the PP distribution, defined by

the quantile function

It is also known as the ‘Hankin and Lee’ distribution and the ‘Davies’ distribution.
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They analyzed the characteristics, shape, and connections with other distributions
and derived the moments of the PP distribution. The maximum likelihood and
log regression methods are utilized to estimate the parameters of this distribution
and assess the efficiency of these two estimation techniques through simulations.
They found that the regression method is suitable for small sample sizes and when
parameters are nearly equal, whereas the maximum likelihood method is preferable
in other cases. Moreover, they applied this distribution to model the release of
toxic gases. The quantile function of the PP distribution is obtained by combining
the quantile functions from both the Pareto and Power distributions, indicating its

potential usefulness in modeling income distributions.

Haritha et al. (2007) explored the MLF, which is defined through the quantile

function

1 (u -1 Q—uwM—1
=M+ — - 2.3.2
Q(u) 1 _'_ )\2 )\3 )\4 Y ( )

where 0 < u < 1, Aj, Ao, A3, and A4 are real. They conducted a thorough analysis of
the distributional properties of the MLF, showing that many major income distri-
butions can be derived as special cases, limiting cases, or approximations from this
family. They expressed commonly used income inequality measures in quantile terms
and derived those measures for the MLF. A novel estimation procedure, known as
percentile method II, is developed by utilizing quantile-based measures of location,
dispersion, skewness, and kurtosis. Their simulation study indicated that this estim-

ation method outperforms traditional methods based on percentiles and moments.
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The parameters of the MLF distribution are estimated for a real data using this new
estimation method. Moreover, they used the truncated Gini index and the income
gap ratio to characterize income distributions across various ranges of poverty and

affluence.

Pérez and Alaiz| (2011) used the Dagum type I model for analyzing the evolution

of personal income in Spain from 1995 to 2005, and its quantile function is

Q(u) = As [(1)6_1] ., 0<u<1, a,pB,6>0. (2.3.3)

The model, as shown in equation (2.3.3), accurately represented the empirical in-
come distribution in Spain. The study also delved into the economic significance of
the parameters in the Dagum model. Data taken from the European Community
Household Panel (ECHP) and the European Union Statistics on Income and Living
Conditions (EU-SILC) are utilized to examine how changes in the model’s parameters

impacted income inequality growth in Spain and on various income percentiles.

Sreelakshmi and Nair (2014]) carried out a quantile-based analysis of income data
and explored the potential of the Zenga curve as an alternative measure of income
inequality. They conducted an in-depth examination of the Zenga curve’s prop-
erties and used stochastic orders derived from this curve to substantiate various
results. The study identified connections between the Zenga curve and other in-
equality measures, such as the Bonferroni and Leimkuhler curves. Additionally, they

found relationships between the Zenga curve and reliability measures, including the

50



Chapter 2

mean residual quantile function and the reversed mean residual quantile function.
The research also utilized quantile-based models, such as the Govindarajulu distri-
bution, a linear hazard quantile model, and the PP distribution for income modeling.
They also derived various income inequality measures, such as the Lorenz and Bon-
ferroni curves, corresponding to these models. Moreover, their work explored the
link between L-moments and income inequality indices and extended the study to

bivariate reliability concepts using copulas.

Sanchez et al. (2021) developed quantile regression models using the Birnbaum-
Saunders distribution and its diagnostics, specifically for application to economic
data. |Saulo et al.| (2023)) provided parametric quantile regressions based on the SM

and Dagum income distributions.

2.4 Quantile functions in reliability analysis

Nair et al.| (2012) explored the technique of developing quantile functions for lifetime
models by using the connection between the hazard quantile function and the Parzen
score function (Parzen| (1979)). The paper presented three models based on the score
function, highlighting that many well-known distributions are special cases of these
models. Additionally, various reliability properties of the Parzen score function are

analyzed.

The concept of reliability in terms of quantiles is extensively discussed by [Nair

et al.| (2013a)). They also examined distributions with closed-form quantile functions,
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aging concepts, total time on test transforms, L-moments of residual life, hazard

quantile function, stochastic orders, and the application of quantile-based modeling.

Bijamma et al. (2014)) presented a software reliability model with a quantile
function

Q(u) = kBula+1,b+1) (2.4.1)

where 0 < u < 1, k > 0, a, b are real and f,(.,.) denotes an incomplete beta
function. The study examined several distributional and reliability aspects of this
quantile function. They managed to approximate to two popularly recognized
distributions namely the inverse Gaussian and the Weibull. The parameter estima-
tion for this model is conducted using the L-moments technique, and the model is

applied to real data.

The study by [Nair et al.| (2018) focused on examining the reliability aspects of the
quantile-based proportional hazard model (PHM). They derived and showcased the
aging properties and characterizations of the PHM with examples. This work also
explored significant stochastic orders relevant to the PHM. Additionally, the dynamic
cumulative residual Kullback-Leibler divergence based on quantiles is studied in the

framework of PHM.

Vineshkumar and Nair| (2019) introduced a new definition of bivariate quantile
function appropriate for reliability modeling and demonstrated its applications. How-
ever, this work did not address the general properties of bivariate quantile functions.

Later in 2021, Nair and Vineshkumar (2021) conducted an initial study into the
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properties of bivariate distributions expressed through quantile functions.

Some new quantile function models introduced by Dileep Kumar and Sankaran
(2019) are useful in lifetime data analysis. In particular, the models are the half
logistic-exponential geometric quantile function, the Pareto-Weibull quantile func-
tion, a new class of distributions that extends the class of distributions with a linear
mean residual quantile function and the class of distributions with quadratic mean
residual quantile functions. They thoroughly examined the distributional character-
istics and reliability measures based on the quantiles of the proposed models. The
estimation of parameters utilized the L-moments method and the percentile method.
Real-life datasets are employed to validate the practical uses of these models. Driven
by the special characteristics of quantile functions, they studied the properties and
uses of the proportional odds model within a quantile framework. In this work, they
discussed the use of quantile functions in the modeling and analysis of competing
risks data. They also introduced and analyzed the cause-specific hazard quantile
function. Furthermore, a definition of the revelation transform based on quantiles is
proposed, along with an investigation into its features in the realm of lifetime data
analysis. Additionally, the study delved into the reliability aspects of the propor-

tional hazards revelation transform.

Aswin et al.| (2020) proposed a class of distributions with a quadratic hazard

quantile function and is given as

B+ au

00 = 7oy 9B+ g ol =0 = s (57 ) 42
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where 0 < u < 1, 8 > 0, 8 > |a|, and f # «. The authors explored various
distributional properties, reliability features, and the characterizations of this model.
They employed the least square method for estimation and illustrated the practical

usefulness of the above model with real data.

Jeena and Asishal (2021]) introduced the power exponential geometric distribution,
which is obtained as the sum of the quantile functions of the power and exponential

geometric distributions. Its quantile function is

1—u

Qu) = au? +§log (1_5”), (2.4.3)

where 0 <u <1, a, 5, A >0 and 0 < § < 1. The study explored its distributional
and reliability properties. Additionally, a simulation study is conducted, and the

model is applied to real data for validation.

Deepthy et al.| (2023) introduced the Burr III-Weibull (BIIIW) quantile function,
which combines the quantile functions of both the Burr IIT and Weibull distributions

and is given as

>

Q(u) =0 (—log(l —u))* + <u_% — 1>7 , 0<u<l, ¢k o A>0. (244)

They discussed various distributional and reliability characteristics of this new model.
Parameter estimation for the model is carried out using the least squares method and

the L-moments method. The application of the BIIIW model is examined through
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the two real-life datasets. Due to the flexibility of the hazard quantile function, the

model is efficient in modeling various types of lifetime data.

2.5 Income inequality measures

Some of the references related to income inequality measures discussed in Section

LA are excluded from this section.

The book edited by |Chotikapanich| (2008) focuses on modeling income distribu-
tions and Lorenz curves. The first section compiles five major papers in this area.
The second section features four survey papers that discuss Lorenz functions, along
with generalizations and extensions of certain income distributions. The final section

contains eight papers highlighting recent research and developments in this field.

For thirty-five continuous distributions, |Giorgi and Nadarajah|(2010)) has provided
explicit expressions for the Bonferroni curve and Bonferroni index, in addition to the

Lorenz curve and Gini index.

Fellman| (2012) investigated two optimal scenarios in which the transformed vari-
able either Lorenz dominates the original variable or is dominated by it. The first
scenario is more applicable in practical terms than the second, as it leads to policies
that reduce inequality. This study examines additional characteristics of the trans-

formed Lorenz curves, particularly focusing on their limits.

The study by Nair et al.| (2013b)) examined the distributional and geometric

characteristics of first and second-order partial moments when expressed in quantile
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terms. The 1" order partial moment in quantile terms is given as

Po(u) = / Q) — Q)" dp. (2.5.1)

This paper primarily explores the concept of the quantile-based stop-loss transform.
They also developed relationships between the scaled stop-loss transform curve and

the Gini, Lorenz, Leimkuhler, and Bonferroni curves.

Sarabia and Jorda (2014) obtained explicit formulas for the Pietra index for
different distributions like the generalized gamma distribution (GG), the generalized
beta of the first kind (GB1), the generalized beta of the second kind (GB2), and its
special cases. Additionally, they derived the Pietra index for other significant income
models, including finite distribution mixtures and the x-generalized distribution. The

paper concludes with two practical examples using actual income data.

Utilizing a semiparametric approach, Pillai et al.| (2014) estimated the Lorenz
curve and Gini index specifically for the exponential distribution. These estimations
were performed under type 1, type 2, and interval censoring. A Monte Carlo simu-
lation study is utilized to compare the performance of the estimators based on their

mean square error (MSE).

Porro| (2015) examined the Lorenz ordering and orderings associated with the
I(u) curve for the Zenga distribution. Arnold (2015) explored the relationships, scale
invariance, and inequality partial orders of the Lorenz, Bonferroni, Zenga, and I(u)

curves. The Bonferroni and Zenga curves are fundamentally similar to the Lorenz
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curve, and they identify the parent distribution up to a scale factor. Although I(u)
is scale-invariant, various distributions might have the same I(u) curve, making it

unable to identify the parent distribution up to a scale factor.

The book by Kampke and Radermacher| (2015) targets experts and informed lay
readers interested in the mathematical foundations of Lorenz curves. It is divided
into two parts: the first part delves into quantile functions, Lorenz curves, their
mathematical properties, and partial ordering in detail. It also covers the extension
of Pigou-Dalton transfers to general probability distributions using weak conver-
gence and discusses the Atkinson theorem. The second part of the book focuses on
specific Lorenz curves, explores methods for deriving Lorenz curves, and discusses a

computational model that utilizes Lorenz curves.

Gomez-Déniz| (2016) introduced a new family of parametric Lorenz curves us-
ing the arctan function by incorporating an extra parameter into an initial Lorenz
curve Lo(u). Specific cases of this family are derived using the initial Lorenz curve
Lo(u) as egalitarian, the Aggarwal and Singh Lorenz curve, and the Pareto Lorenz
curve. The paper outlines the process for deriving distribution functions, calculating
Gini and Pietra inequality measures, and suggests a technique for determining the
Gini index through the inverse Lorenz curve. The utility of this family of curves is
demonstrated through its application to two datasets yielding satisfactory outcomes
through statistical techniques like least squares and maximum likelihood, proving its

capability in precisely modeling income data.
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Sarabia et al. (2017)) offered a brief review of Theil indices and presented general
formulas for these indices. This paper includes closed-form expressions for the Theil
indices of several distributions, including the GG, GB1, GB2, Champernowne distri-
bution, the k-generalized income distribution, and various Pareto and gamma-type
distributions. Additionally, they discuss the decomposition of generalized entropy

measures and propose extending the Theil indices to higher dimensions.

Fellman| (2018) thoroughly discussed the Lorenz curve and succinctly explained
the Gini and Pietra indices. This work explored how the Lorenz curves, along with
the Gini and Pietra indices, vary according to the model parameters for the Pareto
(Rasche et al.| (1980)), simplified Rao Tam (Rao and Tam (1987))), and Chotikapanich
(Chotikapanich| (1993)) distributions. It is noted that when these three models
have an identical Gini index, the Lorenz curves of the simplified Rao Tam and
Chotikapanich models appear quite alike, in contrast to the distinct Lorenz curve

associated with Pareto’s model.

Behdani and Borzadaran (2019) redefined some measures of income inequality
through the use of quantiles. They characterized probability distributions by explor-
ing the connection between the Lorenz curve and concepts from reliability theory,
such as the mean residual quantile function and the reversed mean residual quantile
function. Additionally, they used the quantile function and the Lorenz curve to study

aging concepts.

Arora and Jain (2006) developed a test to evaluate generalized Lorenz dominance
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within a specific range but a test for assessing multisample generalized Lorenz dom-
inance had not been explored. To address this, Rattan et al. (2021)) introduced a test
for this assessment using two distinct strategies: one based on specified intervals and
another on confidence intervals. They also conducted a simulation study to evaluate

the effectiveness of the proposed test.

A non-parametric method for estimating the Gini index in cases where the sample
includes right-censored observations has been presented by [Sudheesh et al.| (2021)).
The proposed estimator is consistent and follows an asymptotic normal distribution.
They used Monte Carlo simulations to evaluate the estimator’s effectiveness. The
result of the simulation study indicates that the confidence interval for the Gini
index, derived from the proposed estimator, has a high coverage probability and is

easy to implement.

Mdingi and Ho| (2021) conducted a comprehensive literature review exploring
the relationship between income inequality and economic growth. Their study thor-
oughly examines both theoretical and empirical literature to understand the rela-

tionship between income inequality and growth.

Outliers at both ends of an income distribution can impact the estimation of
income inequality. [Safari et al.| (2021b]) introduced a semi-parametric technique,
which is a combination of inverse Pareto, empirical, and Pareto distributions to
evaluate income inequality. This method employs a robust statistical estimation,

based on the probability integral transform, to calculate the shape parameters for
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the inverse-Pareto and Pareto models, accommodating outliers in both tails of the
income distribution. Using the semi-parametric model, they derived the Lorenz
curve, Gini coefficient, generalized entropy index, and Atkinson index. A simulation
study shows that the semi-parametric approach performs better than the traditional
non-parametric methods for measuring income inequality, particularly in the presence
of outliers. As an application, this semi-parametric method is applied to calculate

income inequality in Malaysia using data from a household income survey.

Gomez-Déniz et al. (2022) developed parametric Lorenz curves based on the
system of beta distributions, including the beta, Kumaraswamy, and generalized
beta distributions. They established the Lorenz ordering based on the parameters
of these models and derived explicit expressions for the Gini indices corresponding
to each Lorenz curve. An empirical study using individual income data from the US

indicates that the suggested models provide a precise fit for income data.

Sudheesh et al.| (2022) proposed straightforward non-parametric estimators for
the Gini covariance, Gini correlation, and Gini regression coefficients. The proposed
estimators are consistent and follow an asymptotic normal distribution, with explicit
expressions for the asymptotic variances. An empirical study assessed the effective-
ness of confidence intervals generated using normal approximation and bootstrap-t.
The finite-sample performance of the estimators is further evaluated through a Monte
Carlo simulation, focusing on a bivariate Pareto distribution. Finally, simulations
demonstrated that the jackknifed versions of the proposed estimators are preferable

for small sample sizes, as they successfully reduce the bias present in the original
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estimators.

In skewed and heavily tailed income distributions, the mean is not an ideal meas-
ure of central tendency. Thus Brazauskas et al. (2024) discussed three median-
based income inequality indices and their related equality curves, all of which are
based on percentiles. These indices Wi, ¥y and W3 compare the median income
of the poor to the median income of the entire population, the non-poor, and an
equivalent proportion of the rich, respectively. They analyzed these indices both
analytically and numerically using different income distribution models. Real data
applications are demonstrated using capital incomes taken from surveys conducted
in fifteen European countries in 2001 and 2018. They also studied the impact of

income transfers on these indices.

Table includes the income inequality curves and measures of the five distribu-
tions discussed in the above sections, namely the Bijamma Thomas distribution, the
shifted reverse exponential distribution, the k-generalized distribution, the shifted
reverse stretched exponential distribution, and the Weibull-Paretovo distribution.
Here income inequality measures are derived for the distributions having explicit

quantile functions.

In Table LC, GI, PI, BC, BI, and ZC stand for the Lorenz curve, Gini index,
Pietra index, Bonferroni curve, Bonferroni index, and Zenga curve, respectively.
The value ug in the context of the Pietra index is determined by solving for u in the

equation p = Q(u), where p represents the mean of the corresponding distribution.
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Table 2.1: Income inequality curves and inequality measures

Quantile functions Income inequality curves / inequality measures
LC [uBu(a+1,b+1) — Bu(a+2,b+1)]
Bla+1,b+2)
GI | (a+1D(a+b+3)""
PI Buo(a+2,b+1)
Bijamma Thomas distribution Bla+1,0+2)
Q(U’) :kﬁu ((l+1b+1) 1
—— |fu 1,b+1)— 13, 2,b+1
BC SN [Bula+ 1,6+ 1) — 18, (a+2,b+1)]
BI 1 mese(bm)(a + 2) [Harno(a + 1) — Har.no(a + b + 2)]
Bla+1,b+2) I'(=b)I(a+b+3)
7C Bla+1,0+2)—Bula+1,0+1)+ %ﬁu(a +2,b+1)
Bla+1,0+2) —uBu(a+ 1,0+ 1)+ Bu(a+2,0+1)
LC u(logu + Azg — 1)
Al’o —1
GI !
U
Shifted reverse exponential PI oo — 1
Lo
distribution
1
Qu) =zo + X log(u) BC logu + Arg — 1
AIO -1
1
BI
/\I() —1
logu
z¢ 14+ u(logu — 1) — Azo(1 — u)
LC | I,y (541,55 — 55)
268 (41,1 - L
GI _ /[j (1a+ ’{i 2](1)
Ba+Ls— )
PI 2610(1 — ug) (1 — (1 — ug)“)l/(l — Br—(—ug)2+ (i +1, i - i)
k-generalized distribution B (i +1, i - i)
1
Q) = 4 [, (£))* 1
BC E [1—(1—11,)% (i + 1" i - i)
BI 'l !
L= ] =l (54 15 = 55) du
g | Bt la —50) = Brogowe (G 150~ 3q)
w[B G+ 15— 5) ~ Praew (G+ 15— 5)]
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Table 2.1: (continued)

Quantile functions Income inequality curves / inequality measures
Lo zou — AL (1 + %, - l()gu)
w— AT (1+1)
Looar(1+Y)
GI | (1—2% )ﬁ
o — AT (1+ ;
AT (1 + i, —log u0> — Aug(— loguU)%
PI
Shifted reverse stretched exponential x9g— Al (1 + i)
distribution
Q(u) = zg — M(—logu)» g — AT (1 + %, —log u)
BC
2= AT (1+1)
AT (1+1)
BI | —————*
2op — AT (%)
A {F (1 + %, —]()gu) —ul (1 + %)]
zC
u {:r“(l —u)+ A [F (1 + %, - l()gu) -T (1 + %)] }
1 _ _ . N
Lo | (=07 =2 = (=) g =)~ g+
+276B 0y [0(B +1) — T(B + 1, —2log(1 — w))]}
ar | SO [ )+ (272 =3 (= 1) - 20 = 3T+ )]
(v =3 {27+ (v =Dy = DA + 0y = Dy = 2)T(B+ 1)}
T J o ;
Weibull-Paretovo distribution PI i{uo (1= uo) [~log (L —w)l” + (v = )7y =97 (1 —uo) [ug(y = 1)?
. —ugy +1— (1 —up)"] = 27CDD(B+1) =T (B + 1, —2log (1 — up))]}
Qu) = A+ [(1 —u) (~log(1 - u))’ ’ ’ ’
1 . '
" 8|z {(y=D"v=2)"uw " 1 —w) " [(1—u) +ulu+vy—uy) — n+ A
+ .
(1- u)”} +27 )y (B 4 1) = T(B + 1, —2log(1 — u))]}
1
1-— 1 {(y=D"v=2) " A —w) 7 [(1—u) +ulu+y—uy) — 1
BI i g g g Y ]
0
A+ 27y DB + 1) = D(B + 1, —2log(1 — w))] } du
n ki
7ZC | =.—
2 k’2

The symbol f,(.,.) represents the incomplete beta function, while csc(.) denotes the
cosecant function. The notation Har.no(n) represents the n'* harmonic number,
defined as Harmo(n) = 3_;_, +. The function I'(.) stands for the gamma function,

while I'(., .) represents the incomplete gamma function. The term, ,(.,.) denotes the
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regularized incomplete beta function, defined as I,(.,.) = %‘((.'f')). For the Weibull-

Paretovo distribution the mean, p = X\ + m + 271 T(B + 1). Finally,

—u —v+1 —u)Y U—u— —
by = 2 el 4 978 (B1(5) — ul(5+1) ~ T(5+ 1, ~2log(1 — w))], and

Fy = u(l —u) | Bt /\] — 27Dl (B 4 1, —2log(1 — u)).

2.6 Estimation and applications

This section uses the per capita personal income data to evaluate the suitability of the
shifted reverse exponential, Bijamma Thomas, and Weibull-Paretovo distributions
for modeling income. The parameters for these three distributions are estimated

using the method of percentiles 1.

2.6.1 Method of percentiles I

The percentile method I is one of several techniques used to estimate the parameters
of a quantile function. We apply the percentile method I discussed in |Karian and
Dudewicz| (1999) to estimate the parameters.

Consider a dataset X, X, ..., X, and define 7, as the (100 p)"" percentile of the
data. The percentile 7, can be calculated by initially expressing (n 4 1)p as r + ¢,
where 7 is a positive integer, and the fraction () takes value in the interval [0, 1].

Then, 7, is determined by

(X1 = X)) (2.6.1)
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where X1y, X(g) ... X(,) represent the ordered dataset.

Now we examine the four sample percentiles, vy, 09, U3, and 4, which is given as

U1 = To.5, (2.6.2)
Uy = To.9 — To.1, (2.6.3)
By = % (2.6.4)
By = 7”’751};2”“5 (2.6.5)

Here v, U9, ©3 and 04 represent the sample median, inter-decile range, the ratio of
the left tail-weight to the right tail-weight and ratio of the inter-quartile range to the
inter-decile range respectively. In this method, the parameter estimates are derived
by matching the sample percentiles with their respective population percentiles i.e.,

@i:’Ui for ¢ = 1,2,3,4.

2.6.2 Applications

To explore the potential of the shifted reverse exponential, Bijamma Thomas, and
Weibull-Paretovo distributions for modeling income data, we use the 2021 per capita
personal income (in dollars) from 64 counties in Colorado, US. This data is sourced
from https://www.bea.gov. The parameters for these three distributions are es-

timated using the percentile method.

The Chi-square test and Q-Q plot play a crucial role in evaluating the adequacy
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Table 2.2: Parameter estimates, chi-square statistic, and p-value

Distribution Parameter estimates | Chi-square statistic | p-value
: N 7}
Shifted reverse Lo = 7.11434 x 1(1 91.09340 0.02045
exponential A = 4.50376 x 107°
k = 9.00356 x 102
Bijamma Thomas | a = —1.95688 7.86247 0.64227
b= —2.66202
A = 3.26130 x 10*
s 4
Weibull-Paretovo | '}~ V9187 x 107 5.00374 0.89093
B =4.03255 x 10~
A = 4.78090 x 107!
150000 - -
5 R
§ 100000 - Lol .
5 [ o
L L ’.‘.'
50000 / -
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Theoretical Quantities

Figure 2.1: Q-Q plot for the per capita personal income of counties in
Colorado state in 2021

of the model. Table presents the parameter estimates, test statistics, and p-

values for the shifted reverse exponential, Bijamma Thomas, and Weibull-Paretovo

distributions. Although the p-value for the Bijamma Thomas distribution exceeds

0.05, the Q-Q plot indicates a poor fit. Therefore, based on Table and the Q-Q

plot in Figure [2.1] we conclude that the Weibull-Paretovo distribution provides the

best fit for the real data under consideration.

The income inequality measures such as Gini, Pietra, and Bonferroni indices of
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the Weibull-Paretovo distribution are presented in Table These indices take the
values 0.21783, 0.15519, and 0.27319, respectively, indicating a low level of income

inequality in the above dataset.

2.7 Summary

This chapter has examined recent studies on income distributions, income inequality
measures, and quantile functions from the literature. The study is organized into five
sections: income distributions, quantile-based income models, new quantile functions
for reliability assessments, income inequality measures, and applications. For the
five distributions, we derived the Lorenz curve, Gini index, Pietra index, Bonferroni
curve, Bonferroni index, and Zenga curve. Three distributions are applied to the per
capita personal income data of 64 counties in Colorado, and the Weibull-Paretovo

distribution is found to provide the best fit.
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CHAPTER 3

A QUANTILE-BASED INCOME ANALYSIS OF

POWER-PARETO DISTRIBUTION

3.1 Introduction

Income modeling using distribution functions dates back over a century, while the
quantile-based approach was more modestly introduced by Tarsitano|in [2004. A key
property of quantiles is that the sum of two quantile functions produces another
quantile function, and their product also results in a quantile function when restric-
ted to non-negative values. The Power-Pareto (PP) distribution (Gilchrist| (2000)),
Hankin and Lee| (2006))) is derived from the product of the quantile functions of the
Power and Pareto distributions. This chapter utilizes the PP distribution within a

quantile-based framework to model income.
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The remaining portion of the chapter is structured as follows. Section 3.2 dis-
cusses the origin and properties of the PP distribution. Section 3.3 derives the key
quantile-based income inequality measures associated with the PP distribution and
study Lorenz ordering. In Section 3.4, we discuss three quantile-based estimation
methods for this distribution. Section 3.5 presents a simulation study using the PP
distribution to evaluate the capabilities of the three estimating approaches used in
this study. In Section 3.6, we apply the above model to real income datasets and
calculate both empirical and estimated income inequality measures. Finally, Section

3.7 concludes the study.

3.2 The PP distribution

The quantile function of the PP distribution is

CuM
Q(u):m, 0<u<1, C>0,\>0, A >0. (3.2.1)

Here, C' denotes the scale parameter, while A\; and A\, are shape parameters that
determine the behavior of the left and right tails, respectively. Also, it is possible
that either A\; or A3 to be zero, but not both simultaneously. This distribution is also

known as the ‘Hankin and Lee’ distribution and the ‘Davies’ distribution.
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The quantile density function of the PP distribution is

q(u) = ( Cu™ [Al Ao ] . (3.2.2)

1—uw |u ' (1—u)

Hankin and Lee| (2006)) analyzed the properties of the PP distribution and com-
pared it with other distributions, employing both maximum likelihood estimation and
the least squares technique for parameter estimation. [Sankaran and Preetha Kumari
(2010) utilized the PP distribution to develop a parameter regression model and
assessed its attributes within a reliability context. Nair and Vineshkumar| (2010)
showcased the application of the PP distribution in reliability studies and validated
their findings with real data. Nair et al.| (2013a) studied the basic characteristics
of the PP distribution, including L-moments, percentile-based measures, and certain
reliability-based characterizations. Sreelakshmi and Nair|(2014) briefly examined and
derived economic measures such as the Lorenz curve and income share elasticity for
this distribution. Recently, Caeiro and Norouzirad| (2024) compared the perform-
ance of various estimation methods for the PP distribution through a simulation
study and real data analysis. Research on income studies using the PP distribution
has been limited, so this work focuses on a quantile-based income analysis of this

distribution.
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3.3 Income inequality measures

Income inequality describes the extent of uneven distribution of income across a
population. It continues to be a significant topic of discussion even today, owing to

the considerable income disparities that exist in the population.

The income inequality measures of the PP distribution discussed in this section

are derived using quantile-based equations.

The Lorenz curve of the PP distribution, based on (1.5.4)) is

~ Bu(M 11— N9)

Ltw) B +1,1—Xy)

:Iu()\l—f—l,l—)\g), Aoy < 1, (331)

where 3(.,.) and (,(.,.) represent a complete beta function and incomplete beta
function respectively. The regularized incomplete beta function is represented as
L(.,.).

The Gini index of the PP distribution is derived using (1.5.7)) and is

AL+ Ao

G:Al—A2+2’

Ao < 1. (3.3.2)

Now, the generalized Gini index based on ([1.5.10)) is

8B 1,8 - )

G:]. 9
o B +1,1— Ay)

Ay < 1. (3.3.3)
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The relative mean deviation and the Pietra index of the PP distribution obtained

using (1.5.15)) and ([1.5.16)) are

2 [ug™ (1 — o)™ = Bup (A1 + 1,1 = Xo)]
- . A < 1, 3.3.4
" LA+ 1,1 —=Xy) 2 ( )

ug ™ (1 = ug) ™2 = Buy (M 4+ 1,1 = Xy)

P:
LA+ 1,1 = Ag)

. Ao < L. (3.3.5)

Here ug is determined by solving the equation p = Q(u) for u, where the mean p of
the PP distribution is given by C5(A; + 1,1 — Xg), and the corresponding Q(u) is
provided in (3.2.1)).

The Bonferroni curve and the Bonferroni index of the above distribution, based on

(1.5.20) and (1.5.21)) are

1

3F2</\1 + 1, )\1 + 1,/\2; /\1 —+ 2, )\1 + 2; 1)

B=1-
M+ 1280+ L1— ) ’

Ay <1, (3.3.7)

oo (DA F1De(A .
where 3F2()‘1 + 17)‘1 + 1, Aot A + 27)‘1 + 2 1) = Zk=0 ( 1(>\1—)1162()1:(—)'\—1-)ii€2()162)1c (%) IS a
generalized hypergeometric function and (A 4 1) represents an ascending factorial.
The Lorenz curve, Gini index, Bonferroni curve, and Bonferroni index of the PP

distribution are discussed in |Giorgi and Nadarajah| (2010)).

The Atkinson index and generalized entropy measure of the PP distribution based
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on (|1.5.23) and (|1.5.25)) are

1

[B(1—€)+1,1—N(1 —e))]7

A, =1- . A< L. 3.3.8

BA+1,1— ) ? ( )

GEy— — fuf+1,1 = Aze)e —1|, A<l (3.3.9)
00 —1) | (B(A1+1,1— X))

The Theil coefficients T; and T5 of the PP distribution derived using (|1.5.28) and

(1.5.29)) are
(1 — UO)AQ
Ug
Cuy*
— XV (1—=X) =V (A +2—X\)]—log — (3.3.10)
(1 — UO) 2
Ty = A (logug + 1) — Ag (log (1 —ug) + 1), (3.3.11)

where ¥(.) denotes digamma function.

The Frigyes measures p, v and 7 of the PP using (1.5.31))-(1.5.33) are as follows

u81+1 1
= ;A < 1.
p (1 — Uo))‘2 ﬁuO (/\1 + 1, 1-— )\2) 2
Uo 1
Y= 1), A<t 3.3.12
(1 - UO) Iuo()\l + 1, 1-— )\2) 2 ( )
(1 — UO))\271
n=-————BM+1L1=X) =B, +1,1-X)], l<L

Ug

The Zenga curve is related to the Lorenz curve and is represented by (|1.5.39)). Ac-
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cordingly, the Zenga curve of the PP distribution is given as follows

- uﬁ()\l + 1, 1-— /\2) — Bu(/\l + 1, 1-— )\2)
I = w[BAM 41,1 =) = Bu(M + 1,1 = X)) o< L (3:3.13)

The Leimkuhler curve of the PP distribution, also derived in |Nair and Vineshkumar

(2022), is given as

. Blfu()\l + 1, 1— )\2)
LA+ 1,1 = Xg)

K(u) =1

=1- Ilfu(/\l + 1, 1-— )\2), Ao < 1. (3314)

The Lorenz, Bonferroni, and Zenga curves of PP distribution are given in Figure

B.1[3-2 and [3.3 respectively.
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Figure 3.1: Lorenz curves of PP distribution

Most poverty or wealth indices derived from income data typically rely on the

proportion of individuals within a given category, combined with their income dis-
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Figure 3.3: Zenga curves of PP distribution

tribution. This is often assessed using the income gap ratio and income inequality
measures, such as the Gini index, truncated at a specific income threshold. |Sen
(1976), Takayama| (1979), and [Sen| (1986)) addressed these indices. In Nair et al.
(2008), we find a detailed study of income gap ratios for both the poor and the rich

and the truncated Gini indices for each group separately.

Let u and (1 — u*) represent the proportion of poor and rich individuals in the
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population, respectively. In quantile terms, the income gap ratio for both the poor

and the rich is expressed as follows

afu)=1-— foug—((i))dp. (3.3.15)
o (u*) =1— (1 —u)Qw) (3.3.16)

[ Q(p)dp

The truncated Gini index for the poor and the rich in quantile terms are already

discussed in ((1.5.11]) and (|1.5.12]).

Now the income gap ratio and the truncated Gini index for poor and rich based

on the PP distribution are given as

(1 —u)*

Oé(U) =1- Y ﬁu<)\1 + 1, 1— )\2), (3317)
oo u*)q(]_ o u*)l_)\Q
D 5 VIR B vy s W W (3:3.18)
2\ B 210
Glu) = (ﬂ) Bu(M + 1,1 = Ag) b (33.19)

G(u) = 1— ( 2 ) B +1,2=X) = Bus( M +1,2 = Xyg)

. 3.3.20
1 —wu* ﬁ()\l—i‘l,l—)\z)_Bu*()\l—i—l,l—)\g) ( )

Here in equations (3.3.17)-(3.3.20) we have Ay < 1.

Remark 3.3.1. For a PP distribution with parameters (C, A1,0), the income inequal-

ity curves and measures specified in (3.3.1)-(3.3.14) and (3.5.17)-(53.3.20) reduces to

corresponding income inequality curves and measures of the Power distribution.

Remark 3.3.2. For a PP distribution with parameters (C,0, \y), the income inequal-
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ity curves and measures specified in -(53.3.14) and (3.3.17)-(3.3.20}) reduces to

corresponding income inequality curves and measures of the Pareto distribution.

3.3.1 Lorenz ordering

A brief description of Lorenz ordering is provided in Section[I.5.1l When the quantile
function is available in a closed form, we can employ star-shaped ordering to establish
Lorenz ordering. Therefore, in this context, we can apply the Definition to

demonstrate the Lorenz ordering of the PP distribution.

Theorem 3.3.1. The Lorenz ordering for a PP distribution is,

Casel : X ~ PP (1,A\,Xs) and Y ~ PP (1,\,\)) then Qx(u)/Qy(u) is non-
increasing in u iff Ay’ > Ao.

Case2 : X ~ PP(1,\,X) and Y ~ PP (1,\',Xs) then Qx(u)/Qy(u) is non-
increasing in u iff A" > Ap.

Case3 : X ~ PP(1,\,Xs) and Y ~ PP (1,\',\)) then Qx(u)/Qy(u) is non-

increasing in u iff \i' > A\ and Xy’ > Ao,

In the three cases mentioned above, the scale parameter C' is taken as 1, as the

Lorenz ordering remains unaffected by scale changes.
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3.4 Methods of estimation

In this section, we discuss three quantile-based estimation techniques, namely the
L-moment method and two variations of the percentile method, that can be used for
estimating the parameters of the PP distribution. In the next section, a simulation

study is conducted to evaluate the performance of these three estimation techniques.

3.4.1 Method of L-moments

L-moments estimation involves equating sample L-moments with the corresponding
population L-moments to obtain the parameter estimates. [Hosking| (1990) developed
a comprehensive framework and conducted an in-depth study of L-moments. These
moments tend to have lower sample variances and are more resistant to the influence

of outliers.

Consider a random sample X, X5, - -+ , X, of size n, then the 7** population and

sample L-moments are given as

L = /01 i(—n“k (T . 1> (T - ]1€+ k) ok Qu)du, (3.4.1)

and

= 13 S LA ()

- (n) T,
i=1 r

where z;., is the i"" order statistic. By equating, L, = [, r = 1,2, ... we get estimates

(3.4.2)
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of the parameters. In this case, the number of equations to consider matches the

number of parameters in the model.

Nair et al.| (2013a)) provided the first four L-moments of the PP distribution and

are
Li=CB0 +1,1— ), (3.4.3)
C(A1+ A2)
Ly= 22122 gy 411 ) 44
2 )\1_)\2+25(1+ ; 2), (3.4.4)
2 + 223 + 40 Ag + Ao — A
L= SN =) g (3.4.5)

()\1 — )\2 —+ 2)(2)

C(A1+ X)) (A2 + X2+ 8\ g — 3\ + 33X +2)
Ly = M H11 =) 3.4.6
4 =t 2 B(A 2). (3.4.6)

3.4.2 Method of percentiles I

The method of percentiles I involves equating appropriate sample percentiles with
their corresponding population percentiles to obtain the estimates. This estimation

method is explained in Section [2.6.1]

For the PP distribution the population percentiles vy, v, and vs are given as

follows

vy = C 2} (3.4.7)
C (9N — 9~2)
Vg = 10)\1_)\2 , (348)

5/\1*)\2 _ 9*/\2

= o (3.4.9)
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The three sample statistics used here are the sample median (0), the inter-decile
range (0g), and the ratio of left to right tail weight (03), respectively. By equating
U1 = v1, Uy = U9, and U3 = v3, we can estimate the parameters C', A1, and Ay of the

PP distribution.

3.4.3 Method of percentiles 11

The method of percentiles II introduced by Haritha et al.| (2008) utilizes quantile-
based measures of location, dispersion, skewness, and kurtosis. In this approach,

the population’s median, quartile deviation, Galton’s coefficient of skewness, and

Moor’s kurtosis, as given in (1.4.1), (1.4.3)), (1.4.4) and (1.4.5)), are equated to the

corresponding sample statistics to derive the estimators.

These measures for the PP distribution are also provided in Nair et al.| (2013al)

and are

M =(C2 M, (3.4.10)
QD = # (3% —37%), (3.4.11)
g 3M —|—§>}\1>\2__3_2:22)\1+1’ (3.4.12)
SO Gt 5;?_&;315” - (3.4.13)

Hence the sample median, quartile deviation, and measure of skewness be equated

to (3.4.10)), (3.4.11)), and (3.4.12)), respectively, to obtain the estimates C', A;, and Ao
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of the PP distribution.

3.5 Simulation study to compare three estimation
techniques

A simulation study is conducted to assess the effectiveness of the method of L-
moments, as well as the method of percentiles I and II. The performance of these
three competing estimation techniques is evaluated using data generated through the

inversion method.

Samples with sizes of 100, 500, 1000, and 3000 are generated from the PP distri-
bution, having parameters C' = 8.326, A\; = 0.319, and A\ = 0.181. For every sample
size, the L-moments, method of percentiles I, and method of percentiles I are used
to determine the bias and mean square error (MSE), repeating this procedure 1000

times. The entire simulation is conducted using the R statistical software.

This simulation study shows that as the sample size increases, the absolute bias
and mean square error (MSE) in the L-moment and percentile method I tend to
decrease. From Table it is evident that as the sample size increases, the MSE
decreases, while the absolute bias shows a fluctuation at one point for the parameter
A1 in the method of percentiles II. When comparing the numerical values of bias,
none of the estimation methods consistently shows lower bias. However, the method

of L-moments generally exhibits a lower MSE at all points compared to the other
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Table 3.1: Simulation table

Estimation methods | Parameters Sam?rlle): stze Absolute bias | MSE
100 0.04413 0.54136
o 500 0.01914 0.09035
1000 0.00994 0.05612
3000 0.00463 0.01435
100 0.00222 0.00359
500 0.00129 0.00059
Method of L-moments A1 1000 0.00028 0.00037
3000 0.00009 0.00009
100 0.00255 0.00178
Ay 500 0.00091 0.00032
1000 0.00041 0.00019
3000 0.00026 0.00005
100 0.08471 0.88213
o 500 0.03844 0.18391
1000 0.01860 0.08614
3000 0.01192 0.02857
100 0.00893 0.00524
. 500 0.00342 0.00116
Method of percentiles I A1 1000 0.00134 0.00054
3000 0.00080 0.00018
100 0.00163 0.00309
Ay 500 0.00094 0.00066
1000 0.00044 0.00030
3000 0.00043 0.00010
100 0.15141 2.95712
. 500 0.03979 0.60647
1000 0.00831 0.28698
3000 0.00710 0.09558
100 0.00337 0.01799
. 500 0.00052 0.00398
Method of percentiles 11 A 1000 0.00167 0.00188
3000 0.00060 0.00062
100 0.00195 0.01499
Ay 500 0.00078 0.00325
1000 0.00041 0.00152
3000 0.00030 0.00052

two methods. As a result, the L-moments method provides better estimates for the

PP distribution.
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3.6 Applications

To illustrate the application of the PP distribution, we use two real datasets. As
mentioned in Section [3.5] the L-moment method yields the most accurate estimates
for the PP distribution. Therefore, we apply the L-moment estimation method to

determine the parameters of the PP distribution.

Table 3.2: Per capita personal income (in dollars) by industries in Indiana

25696 23481 26678 27250 36286 23934 30617 27867
31722 27212 29649 24338 26905 26885 28778 25802
33955 31122 25756 26896 25680 25287 21667 33586
27723 27758 25704 25231 25046 35605 27352 25408
23577 27950 44354 31845 28781 32045 22699 26422
42946 27431 36466 28238 27484 27137 23922 27738
31456 36752 27744 32054 31049 26809 28639 25651
27767 31725 32246 22795 24940 25611 31784 28926
27168 26666 26787 29136 25974 26753 27767
30067 35413 30713 27222 25419 29040 34194
24498 26399 27469 26500 23583 32354 27402
25635 27984 27777 28688 24077 24571 27425

The first dataset is taken from [Census Bureau (2007) and is given in Table [3.2]
It shows the per capita personal income (in dollars) by various industries in the state
of Indiana, United States, for the year 2005. We apply the L-moment estimation

method to determine the distribution parameters. Here the sample L-moments are

l1 =28353.7 [y =2081.596 and I3 = 506.7143.
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The parameter estimates are obtained by matching the sample L-moments with
the corresponding population L-moments given in (3.4.3), (3.4.4), and (3.4.5). The
resulting system of three nonlinear equations is solved using the Newton-Raphson
method, and the estimates obtained are presented in Table[3.3] The PP distribution
is obtained by taking the product of the quantile functions of the Power and Pareto
distributions. Hence we fitted the above data to these distributions, and the results

are also given in Table [3.3]

Table 3.3: Parameter estimates, chi-square statistic, and p-value of the
fitted models for dataset 1

Distribution | Parameter estimates | Chi-square statistic | p-value
(C'=26104.50
PP A1=0.03399 9.58381 0.65242
Ao=0.10744
Power 4=32846.75 40.71903 < 0.001
A1=0.15846
Pareto 0=24475.25 2208863 0.02782
A=0.13679
40000:— ““...‘. E
% 35000 - _‘"'.‘ o ’ i
3 I RS 1
S i - .. oo
S 30000 “‘_-" ° ]
] : “‘.J..‘d’ :
25000 - Qn""" 1
L ‘.’..‘ J
R 25000 30000 35000 40000

Theoretical Quantities

Figure 3.4: Q-Q plot of the per capita personal income by various indus-
tries in Indiana state in 2005
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Table 3.4: Income inequality indices for the per capita personal income
by various industries in Indiana state

Income inequality Empirical | Estimated | Abs. diff
Gini index 0.07262 0.07342 0.00080
Bonferroni index 0.10123 0.10306 0.00183
Pietra index 0.05163 0.05191 0.00028
Atkinson index 0.00454 0.00472 0.00018
Generalized entropy 0.00910 0.00945 0.00035
Theil coefficients T} 0.00931 0.00974 0.00043
T, 0.00891 0.00920 0.00029
Frigyes measures p 1.08597 1.09389 0.00792
v 1.24716 1.23756 0.00960
n 1.14843 1.13134 0.01709

Two methods are used to evaluate the adequacy of the model. The first is the
Q-Q plot, shown in Figure [3.4] demonstrating that the data aligns well with the PP
distribution. Additionally, the chi-square test is employed to assess the goodness
of fit. From Table it is clear that the PP distribution fits the given dataset

reasonably well, whereas Power and Pareto do not.

The empirical values and theoretical estimates of the Gini, Bonferroni, Pietra,
Atkinson indices, along with generalized entropy, Theil coefficients, and Frigyes meas-
ures for the per capita personal income by various industries in Indiana state, are
shown in Table 3.4 The empirical values of these inequality measures are computed
using R software; for further details, refer to Section [5.2.2] The theoretical estimates
of these income inequality measures are calculated for the PP distribution using a
quantile-based formula outlined in Section [3.3] To calculate the empirical and the-

oretical values of the Atkinson index and generalized entropy, we use ¢ = 0.5 and
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6 = 0.5, respectively. Table |3.4] shows that the PP distribution provides the closest
estimates to the empirical values, with a maximum absolute difference (Abs .diff) of
0.01709. The term ‘Abs. diff’ in Table 3.4 and [B.7] denotes the absolute difference

between the estimated and the empirical value.

The second data is taken from https://open.dosm.gov.my and is given in Table
[3.5] It contains the mean gross monthly household income of the 40 administrative
districts in Sarawak, Malaysia, for the year 2022. We use the method of L-moments
to estimate the parameters of the PP distribution. The sample L-moments corres-

ponding to the second dataset are

l1 =4925.4 [y, =709.6526 and I35 = 208.8994.

Table 3.5: Mean gross monthly household income of the districts in
Sarawak

4557 5621 4239 4873 4422 9645 3509 4841 4368 3548
4002 3711 4053 7588 4476 5148 4129 4935 4117 5373
4362 7932 5962 3936 3395 7123 4621 5440 5120 4128
4988 6645 3917 3477 4881 6390 4017 5617 3218 4692

Here, also the parameter estimates are derived by equating the sample L-moments
with the corresponding population L-moments. The resulting three nonlinear equa-
tions are solved using the Newton-Raphson method. The parameter estimates of the
PP distribution along with the Power and Pareto distributions are given in Table|3.6|
The Q-Q plot and the chi-square goodness of fit test evaluate how well the model fits
the data. The Q-Q plot for the second dataset is shown in Figure|3.5] which indicates
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Table 3.6: Parameter estimates, chi-square statistic, and p-value of the
fitted models for dataset 11

Distribution | Parameter estimates | Chi-square statistic | p-value
C=4189.68
PP A =0.07140 4.24811 0.83407
Xo=0.19846
Power a=06583.62 14.47853 0.07011
A1=0.33667
Pareto g=3681.81 9.43194 0.30718
Ao=0.25187
9000 — : *
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Theoretical Quantities

Figure 3.5: Q-Q plot of the mean gross monthly household income of the
districts in Sarawak state in 2022

that the data closely follow the PP distribution. In addition, the chi-square value
and p-value from Table indicate that the PP distribution provides a good fit for
the dataset. Figure |3.6] shows the histogram of the data together with the density
functions of the Power, Pareto, and PP distributions. This figure clearly shows that

the PP distribution gives a better fit to the dataset than the other two distributions.

Table presents empirical values and the theoretical estimates for various in-

equality measures, including the Gini, Bonferroni, Pietra, and Atkinson indices, as
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Figure 3.6: The densities of the Power, Pareto, and PP distributions fitted
to the mean gross monthly household income of the districts in Sarawak

state in 2022

Table 3.7: Income inequality indices for the mean gross monthly house-

hold income of Sarawak state

Income inequality Empirical | Estimated | Abs. diff
Gini index 0.14048 0.14408 0.00360
Bonferroni index 0.18587 0.19707 0.01120
Pietra index 0.09972 0.10193 0.00221
Atkinson index 0.01617 0.01810 0.00193
Generalized entropy 0.03248 0.03637 0.00389
Theil coefficients Ty 0.03366 0.03866 0.00500
T 0.03157 0.03472 0.00315
Frigyes measures P 1.18984 1.19447 0.00463
v 1.50623 1.52006 0.01383
n 1.26591 1.27259 0.00668

well as generalized entropy, Theil coefficients, and Frigyes measures, based on the
average gross monthly household income of districts in Sarawak state. From Table

3.7, it is clear that the PP distribution provides the closest approximations to the

empirical values, with a maximum absolute difference (Abs. diff) of 0.01383.
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3.7 Summary

In this chapter, we conducted a quantile-based income analysis of the PP distribution.
We derived significant income inequality curves and measures of the PP distribution
and examined its Lorenz ordering. Through a simulation study, we assessed the effi-
ciency of three different estimation techniques, finding that the L-moments method
performed better than the others. Additionally, we applied the model to two income

datasets and computed both empirical and theoretical income inequality indices.
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SINGH MADDALA DAGUM DISTRIBUTION

4.1 Introduction

[ The distribution and quantile functions are equivalent methods for modeling and
analyzing statistical data. However, the quantile function has certain properties that
the distribution function lacks. Notably, the sum of two quantile functions and the

product of two positive quantile functions results in another valid quantile function.

This chapter introduces a new quantile function that is particularly useful for
analyzing income data. Given the flexibility and widespread use of the SM and
Dagum distributions in income modeling, we propose the Singh Maddala Dagum

(SMD) distribution, which is formed by adding the quantile functions of these two

LA part of this chapter has been published as an article titled “Singh Maddala Dagum Distri-
bution with Application to Income Data” in the journal “Statistics and Applications” (See Ashlin
and Haritha (2024)).
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distributions.

The SM distribution initially introduced by Singh and Maddala)in [1975/and later
refined in 1976, has gathered special interest within the field of income distributions.
This distribution is a specific case of the GB2 distribution and is also recognized as
the Burr XII, or simply the Burr distribution. For an in-depth analysis of the SM
distribution, see the works of Kleiber and Kotz (2003), Shahzad and Asghar (2013b),
and Kumar| (2017). The distribution and quantile functions of the SM distribution

are specified as

Ga)=1-[1+(7)] Coeso, (4.1.1)

and

Qi(u) =b [(1 )T — 1} L 0<u<l, (4.1.2)

where all three parameters a, b, and ¢ are positive.

The Dagum distribution, introduced by |[Dagum| (1977)), also belongs to the class
of GB2 distributions and is known as the Burr III distribution. It finds broad ap-
plications across various fields, including reliability, meteorology, quality control,
insurance, business failure data, and income modeling. For further insights into the
Dagum distribution, see Kleiber and Kotz| (2003)), |Zenga et al.| (2012)), and Shahzad
and Asghar (2013a)). The distribution and quantile functions of the Dagum distri-

bution are specified as

—-p

H(z) = {1 + (%) _a} . 20, (4.1.3)
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and

1

Qa(w) =blur =1 7, 0<u<1, (4.1.4)

where all three parameters a, b, and p are positive.

The rest of the chapter is organized as follows. Section 4.2 introduces the SMD
distribution along with its fundamental characteristics. Section 4.3 explores sev-
eral well-known distributions within the proposed class or derived through relevant
transformations on the proposed quantile function. The distributional properties, in-
cluding skewness, kurtosis, L-moments, and order statistics are discussed in Section
4.4. Section 4.5 focuses on key income inequality and poverty measures associated
with the proposed class. Section 4.6 illustrates the application of the SMD distri-
bution to a real income dataset. Finally, the overall conclusions of the study are

summarized in Section 4.7.

4.2 SMD quantile function

Motivated by the property that the sum of two quantile functions results in another
valid quantile function, we introduce a class of distributions, with the following

quantile function
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where a, b, p, ¢ > 0. It is obtained by taking the sum of quantile functions of SM and

Dagum distributions given in (4.1.2) and (4.1.4)) respectively. The proposed class of

distribution is known as SMD distribution and its support is (0, co).

The quantile density function of the SMD distribution is given as

o) = 19
. (1—u)a " ((1 —u) e — 1> ‘ N wr ! (u‘% - 1) ‘ 122
aq ap

The density and distribution functions for the class of distributions defined in
(4.2.1) are not available in closed form. However, they can be obtained through
numerical inversion of the quantile function. The density function f(z) for the SMD

distribution is expressed in terms of the distribution function as follows

apq F(a)7 ™' (1 - F(z))a ™!
pF(x)r (1 = F(z))™1 — 1Je 4 ¢(1 — F(2))a ™ (F(z) ™ — 1)~
(4.2.3)

S

fx) =

Figure [4.1) shows the density function plot for different parameter combinations.
The plot demonstrates that, depending on the parameter values, the family encom-

passes decreasing, unimodal, positively skewed, and negatively skewed models.
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3 ——————————————P b=0.7,a=0.9,q=6,p=0.7 |

b=0.5,a=1.5,q=2,p=0.1

b=0.5,a=5,q=2,p=0.6

/TV b=2,a=30,q=15,p=0.15 b
P b=1,a=5,g=2,p=2 7

b=0.7,a=5,q=0.3,p=0.6

; ‘ ; ‘
0 1 2 3 4 5 6 7
Q(u)

Figure 4.1: Plots of density function for different values of parameters

4.3 Members of the family

Several popular distributions can be derived from the proposed class given in (4.2.1)),
for various parameter values and by applying specific transformations outlined in
Gilchrist (2000).

Case 1. b>0,¢g>0,a=1and p — 0

The quantile function of the proposed class tends to the Lomax distribution and is

expressed as

Qu) = b [(1 — )T — 1] . (4.3.1)

Case 2. b>0,a>0,g=1land p — 0
The quantile function of the proposed class tends to the Fisk distribution and is

expressed as

Q=

Qu)=b[(1—wu) "' —1] (4.3.2)
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Case 3. b>0,a=qgand p — 0
The quantile function of the proposed class tends to the Paralogistic distribution and

is expressed as

Q|-

Qu) = b [(1 )T — 1} . (4.3.3)

By implementing a reciprocal transformation to (4.3.3)), we obtain the inverse Para-

logistic distribution with the corresponding quantile function

Q) = = = <u*a - 1>_ , (4.3.4)

where k = % and a are the parameters. Additional details on the Paralogistic and

inverse Paralogistic distributions can be found in Klugman et al.| (2019).

The theorems below establish the relationships between the random variables

corresponding to the SM, SMD, and Dagum distributions.

Theorem 4.3.1. If V ~ SM(a,b,q) then the random variable,

oy
U=V +b { [1 — (1 + (%)a)_q} . 1} has SM D(a,b,p,q) distribution.

Proof. Let S and R represent two random variables with distribution functions
Fs(x) and Fgr(x) and quantile functions Qg(u) and Qgr(u) respectively. Suppose
Q*(u) = Qs(u) + Qr(u), then the random variable that corresponds to the quantile

function Q*(u) is S+ Qg (Fs (S)) or R+ Qs (Fg (R)) (Sankaran et al., 2016).

Consider that V' ~ SM(a,b,q) and W ~ Dagum(a,b,p), then V + Qw (Fy(V))
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has SM D(a, b, p, q) distribution by the above result.

We have, Qw(u) =0 (uﬁ — 1>7E and Fy(V)=1-— [1 + (%)a] -

1

Hence, V+Qw (Fv(V)) =V +b { [1 - (14 (%)a)_q} = 1} " has SMD(a,b,p,q)

distribution. ]

Theorem 4.3.2. If W ~ Dagum(a, b, p), then the random variable,

1

_1 .
U=W+b { ll — (1 + (%)_a) _p} L 1} has SM D(a, b, p,q) distribution.

Proof. The proof is omitted since it is similar to that of Theorem (4.3.1]). m

4.4 Distributional characteristics

Quantile functions simplify the process of describing a distribution through its mo-
ments. As a result, quantile-based measures are commonly used in statistical analysis
to assess distributional characteristics such as location, dispersion, skewness, and kur-
tosis. These measures can then be applied to estimate model parameters by equating

the population’s characteristics with the corresponding sample characteristics.

4.4.1 Measures of location, spread and shape

The mean of the SMD distribution is

(4.4.1)
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The median of the SMD distribution is
M = Q(0.5)
1 : 1 -
—b {(2 -1)"+ (20 - 1) ] . (4.4.2)

The interquartile range is

IQR = Q(0.75) — Q (0.25)

- b{ [(0.25)‘5 - 1}‘1‘ - [(0.75)—% - 1]‘11

: } (4.4.3)

+075) 5 1]
The Galton’s skewness and Moors kurtosis measures are expressed in (4.4.4)) and
(4.4.5)) respectively.

Q=

- [(0.25)‘% - 1]_

o Q (0.25) + Q (0.75) — 2M
N IQR

[(0.25)*% - 1}‘11 :

where S, = [(0.25)‘% - 1]i + [(0.75)—% - 1}
and S, = [(0.25)‘% - 1} o
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o _ Q(0.875) — Q(0.625) + Q (0.375) — Q (0.125)
- IQR

_ T\ + T,
[(0.25)‘% - 1}

Q=

_1

[(075) q—1] [(075) p—1} : [(025) p—1]

?

Q=

(4.4.5)

1

where T} = [0125 é_}“ [0375 é_}

2=
2=

1

[ 0.625) 7 — 1} [(0 875) " — 1]

8=
\H

and T = [(0 875) 1}

Q=

[(o 625) 7% — 1} [(0 375) 7% — 1} : [(0.125)—% - 1} )

4.4.2 L-moments

The definitions and formulas for calculating L-moments are discussed in Section[I.4.4]

Hence the first four L-moments of the SMD distribution are as follows

Ll = b [AlOl —|— AgRl] 3

(4.4.6)
Ly =b[A; (01 — 05) — Ay (Ry — Ry)] (4.4.7)
L3 = b[A; (O — 305 + 203) + Ay (Ry — 3Ry + 2R3)) (4.4.8)

= b[A; (01 — 605 + 1005 — 50,) — Ay (Ry — 6Ry + 10R; — 5Ry)],  (4.4.9)

where A; :F(l—i—é),Ag:F(l—é),Oi: F(iqig),Ri: % and i =1,2,3,4.

The L-coefficient of variation (73), skewness (73), and kurtosis (74) for the SMD

distribution are presented in (4.4.10), (4.4.11]), and (4.4.12)), respectively.
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L2
Ty = H
Ay (01 — Oy) — Ay (Ry — Ry)
_ Ol . (4.4.10)
I3
T3 = E
_ A1 (01 =30, +205) + As (Ry — 3Ry + 2Rs) (4.4.11)
A1 (01 = 0) = Ay (B — o) | h
L4
Ty = E
_ A1(01 =60, + 1003 = 504) — Ay (1 — GRy + 10R — 5Ry). (4.4.12)

Al (Ol — 02) — A2 (R1 — RQ)

Figures , , and show the plots of the L-coefficients of skewness (73) and
kurtosis (74) for various parameter values. In Figure the curve for 73 decreases
with increasing a when ¢ and p are fixed, while the curve for 74 also decreases with a
for fixed ¢ and p, provided that p > 1.Figure [4.3|illustrates that the curves for both
73 and 74 increase with p when a and ¢ are kept constant, given that ¢ > 1. Figure

[4.4] represents the curves of 73 and 74 for fixed values of a and p, when ¢ varies.

T T T T T E
04l 1 [
025

P 4=09,p=0.05 t

03l 1 [
» q=0.8,p=0.08 [

» q=2,p=9

o \ ] 015

o0 4=08,p=0.08
-01| - [
=6,p=2 =3,p= t
4=3,p=0.04 L 4=0.9,p=0.05
I

I I I I
10 20 30 40 50 10 20 30 40 50

Figure 4.2: Plot of L-coefficients of skewness and kurtosis for particular
values of q and p as a function of the parameter a
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Figure 4.3: Plot of L-coefficients of skewness and kurtosis for particular

values of a and q as a function of the parameter p
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Figure 4.4: Plot of L-coefficients of skewness and kurtosis for particular

values of a and p as a function of the parameter q

4.4.3 Order statistics

The density function of the r** order statistic X,., is expressed as

1

frl@) = f@)F () (1= F(x))""

B(r,n —r+1)
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From (4.2.3)), we get

B apq
Jr2) = bB(r,n —r+1) x

Fla) (1= Fa))"™ s

PR (1= @) = 1] a1 - P (P 1)
Hence
E(Xn) = e na]iqr —_
/OO xF(x)”“%(l _ F($))n+§+1—r N

pF(@)»* (1= F(2) 77 ~ 1]
The above expression can be represented in terms of quantiles as follows

apq %
bB(r,n —r+1)

1 ur—f—%(l . u)n—&-%-i-l—r Q(u)
1 1 11 1 1 —i-1 du.
O purt! ((1 —u) @ — 1> T g1 =)™ <u_5 — 1> ‘

E(Xr:n) -

For SMD distribution, the quantile function of the first-order statistic X;., takes the

form
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and the quantile function of the n'* order statistic X,,., is

:b{[(l—ui>_; —1r+ [u—n% —1]_‘1‘}. (4.4.14)

4.5 Income inequality and poverty measures

Income inequality and poverty measures are widely discussed topics in statistical
and economic literature. An income inequality measure aims to provide an index
that quantifies the disparities in income within or between groups, while a poverty
measure assesses the extent of poverty experienced by individuals whose income falls

below a specified poverty threshold.

4.5.1 Income inequality measures

The Lorenz curve of the SMD distribution based on (1.5.4)) is

1 ,_1 11_1
L(u) = 9P -l (It ga—a)+p8y (p+a1-3)

B(1+gq—2)+pB(p+51-13)

: (4.5.1)

where S,(.,.), is an incomplete beta function.

The Gini index of the SMD distribution obtained using ([1.5.7)) is

1
G:1—2/ L(u)du
0
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SN KA bt ) et (et Bk A it ent) A DR
B+ L= D) +pB (ot L1 1) "
The Pietra index of the SMD distribution derived using (1.5.15)) is
wQ ) =08, 1 (4 Ea =84 (p k1= )
P= = . (45.3)

] and mean p is given in

The Bonferroni curve of the SMD distribution based on ((1.5.20]) is

qgl_(l_u) (1 + §7q - %) +pﬁu% (p+ %, 1-— %)
B(u) =

wlgB (L+5.a—3)+pB(p+41-7)]

(4.5.4)

The Frigyes measures p, v and n of the SMD distribution obtained using (|1.5.31])-

(1.5.33]) are as follows.

o [((1 — )i — 1)51‘ + (u;; - 1)_‘11]

- , 4.5.5
ST Y (e NI FuT Y R 429
Uo
1+L -1 1711
L 1uo a8 ( Jrla,q1 a)Jlrpﬁ(era, 1a)1 |, s
(1 — up) qﬁk(kuo)%( +;>q—g)+Pﬂu§ (P‘i‘;, —g)
0= at, TP (4.5.7)

o [(“ ARV OO 1)_1 ’
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where

1
a a
1 1 1 1
W, = {6 <p+—,1——) B3 (p+—,1——)] :
a a uf a a
The Zenga curve of the SMD distribution based on ([1.5.39) is given as

I(u) = LatPé (4.5.8)
433 T D3y

where

[ 1 1 1 1
= /8(1+_7q__)_u_1/8 1(1+_7q__>:|7
i a a 1=(1-u)d a a
1 1
e N T e
i a a up a a
[ 1 1 1 1
= 1+—-,9g—-|— 1 (14 —,¢q——
3 _B( +o.a a) 51_(1_u)q( + 04 )}
1
a

[ 1
54: 6(p+_71_
L a

Our proposed model SMD distribution does not have closed-form expressions for
the Bonferroni index, Atkinson index, and generalized entropy measures. Figures
[4.5 [4.6, and display the Lorenz, Bonferroni, and Zenga curves of the SMD

distribution.

105



Chapter 4

.
10k A
L N,
—— a=3,p=.1,q=5 !
o
L a=2,p=5,4=0.6 S0
08l a=4,p=0.5,q=0.6 A
/
— a=4,p=2,q=2
06l R B
EX
3
04l . |
02f |
0.0 =+ B
.
0.0 02 04 06 08 1.0

u

Figure 4.5: Graph of SMD Lorenz curve
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Figure 4.6: Graph of SMD Bonferroni curve

4.5.2 Poverty measures

Poverty measures are mainly utilized to monitor socioeconomic progress and establish
benchmarks for achievement or setbacks. Most poverty measures can be described
as the average level of deprivation experienced by the poor. Section outlines the

key poverty measures and provides their formulas.
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In this section, we derive quantile-based formulas for the poverty gap ratio and
FGT measure. By applying the transformation F(z) = w and F(y) = p, where
0<u<land O < p < 1,in (1.7.4), the poverty gap ratio can be expressed in

quantile form as follows
[ Q) — Q(p))
PG —/0 ( 0 dp. (4.5.9)

The poverty gap ratio is also called the income gap ratio of the poor in Nair et al.
(2008). It can be expressed using the reversed mean residual quantile function as

follows

(4.5.10)

where R(u) =u™" [[(Q(u) — Q(p)) dp.

The FGT measure defined in (1.7.5) can be expressed in quantile form by applying
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the same transformation used for the poverty gap ratio. It is obtained as
FGT(a) = / (M) dp. (4.5.11)
0

where o > 0 represents the inequality aversion parameter.

Now the poverty gap ratio for SMD distribution is derived using (4.5.9) and is

4Byt U+ ma—g)+p8 s (p+31-7)

1-(1—u uP
1

(=w@=1)" 4 (w1

Furthermore, the FGT measure lacks a closed-form expression for the SMD distri-

PG =u—

(4.5.12)

Q=

_1
a

bution.

The Sen index proposed by Sen (1976) is expressed in quantile form as

sw)zu(“%“”+““w), (4.5.13)

where w1 (u) = + [ Q(p)dp , and wy(u) = % [ (2p — u) Q(p)dp . Here wy (1) indic-
ates the derivative of w; with respect to u. For SMD distribution w;(u) and wq(u)

are given as
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The truncated Gini index for the poor in (1.5.11)) can also be written as

6t =1- 2 ["aw (22 ) a

(4.5.14)

mm:%x——L (4.5.15)

where

1 1 1 1
A = qgl—(l—u)% (1 + E)Q - 5) - Q/Bl—(l—u)% (]- + aa 2q - a)

1 1 1 1
B=qp i(1+—g—=)+pBslp+—-1——].
1-(1-u)9 a a up a a

The Watts index, defined in (1.7.7)), and a measure introduced by |[Kakwani| (1999),
expressed as K* = 1 — e, do not have simple algebraic expressions for the SMD

distribution.
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4.6 Applications

In this section, we utilize a real-life dataset to estimate the parameters of the class of
distribution described in (4.2.1]) and evaluate the model’s performance and practical
applications. The L-moments estimation method described in Section is used

to estimate the parameters of this distribution.

The data, sourced from https://ihds.umd.edu, contains per-capita household
income data for Himachal Pradesh from the IHDS-II. The SMD distribution is ob-
tained by summing the quantile functions of the SM and Dagum distributions. Ac-
cordingly, the dataset is fitted to the SM, SMD, and Dagum distributions, with the

parameter estimates provided in Table [4.1]

Table 4.1: Parameter estimates, chi-square statistic, and p-value of the
fitted models for the dataset

Distribution | Parameter estimates | Chi-square statistic | p-value
b=061372.5
a = 2.05570

SMD 5= 0.11765 14.77930 0.99933
q = 6.03782
b = 33195.5

SM a = 1.67809 34.60771 0.53479
q = 1.27762
b = 34745.4

Dagum a = 2.04751 38.84004 0.34294
p = 0.72442

Here, the Q-Q plot and the chi-square goodness of fit test are used to examine the
adequacy of the model. The Q-Q plot in Figure 4.8 shows that the SMD distribution
fits the data well. Additionally, the chi-square statistics and their corresponding p-
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Figure 4.8: Q-Q plot of per-capita household income in Himachal Pradesh
based on IHDS-II
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Figure 4.9: The densities of the SM, SMD, and Dagum distributions fitted
to the per-capita household income of Himachal Pradesh from THDS-II

values in Table [4.1] indicate that the SMD distribution offers a good fit to the data.
Similarly, the SM and Dagum distributions also provide an acceptable fit. Figure
displays the histogram of the data along with the density functions for the SM,
SMD, and Dagum distributions. This figure clearly shows that the SMD distribution

fits the dataset more accurately than the other two models.
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4.7 Summary

We introduce the SMD distribution by adding the quantile functions of the SM and
Dagum distributions. The proposed class includes several well-known distributions.
We studied the distributional properties as well as the major income inequality, and
poverty measures of this class. We also derived quantile-based formulas for poverty
measures, such as the poverty gap ratio and the FGT measure. Parameter estimation
of the model is performed using the L-moments method. The proposed distribution
is applied to a real income dataset and demonstrates a superior fit compared to the

SM and Dagum distributions.
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A COMPARATIVE ANALYSIS OF INCOME
INEQUALITY ACROSS INDIAN STATES USING

QUANTILE FUNCTIONS

5.1 Introduction

E] The modeling of income data began with the pioneering work of [Pareto| (1897)),
and since then, income distribution has remained a widely discussed topic. Research
has shown that while the Pareto distribution effectively models high incomes above a
certain threshold, it performs poorly for lower income levels. The lognormal distribu-

tion, initially studied in the |Gibrat| (1931) thesis and further examined by |Aitchison

LA part of this chapter has been published as an article titled “Comparison of Income Inequality
Among Indian States Using Quantile Functions” in the journal “Computational Economics” (See
Ashlin and Haritha (2025)).
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and Brown| (1957), is more suitable for modeling lower incomes.

(1898)) primarily applied the gamma distribution to model income data.

'Amoroso| (1925)) applied a four-parameter generalized gamma distribution to model

the Prussian incomes of the year 1912. Similarly, Bartels (1977) used a three-

parameter generalized gamma distribution to analyze the fiscal incomes of three

regions in the Netherlands. In another study, |Vartia and Vartial (1980) modeled the

Finnish taxed income of 1967 using a four-parameter shifted beta 2 distribution. For

income data modeling, McDonald| (1984), Butler and McDonald| (1989), and others

used the GB2 distribution.

The significant contributions to income data modeling and analysis are well doc-

umented in the influential works by (1983) and [Kleiber and Kotz (2003).

Recent income models based on distribution and quantile functions are reviewed in
Section [2.2] and [2.3] respectively.
Most studies on economic inequality in India are based on consumption expendit-

ure data rather than income data. In developing countries, obtaining data on house-

hold or individual incomes is always challenging. However, the India Human Devel-

opment Survey (IHDS) (Desai and Vanneman| 2018, Desai et al., 2018)) has made

income data publicly available. Despite this, little research has analyzed income in-
equality variations within Indian states over time. To address this gap, (2023))
used income data from IHDS-I and THDS-II to estimate the empirical Gini coefficient,

Atkinson index, and generalized entropy measures for Indian states at two different
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periods.

The literature lacks a comparative study of quantile-based income distribution
models across countries. Additionally, some probability distributions used in income
modeling do not have a closed-form distribution function but do have a quantile
function. Therefore, in this study, we modeled per-capita household income data
from Indian states using six parametric models with closed-form quantile functions.
We then computed the empirical and theoretical income inequality measures for each

state.

The rest of the chapter is organized as follows: Section 5.2 addresses the quantile-
based income models and income inequality measures employed in this study. Section
5.3 explains the estimation method used. The applications to per-capita household
income data are presented in Section 5.4. Finally, Section 5.5 wraps up the study

with concluding remarks.

5.2 Quantile-based income models and income in-

equality measures

5.2.1 Quantile-based income models

This study examines six parametric distributions, such as Weibull, PP, SM, Dagum,
SMD, and MLF, for modeling the per capita household income data of Indian states.
While all these distributions possess closed-form quantile functions, only the Weibull,
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SM, and Dagum distributions have closed-form distribution functions.

Weibull distribution (Weibull (1939a,b))) was initially introduced to model the
distribution of material breaking strengths. The Weibull distribution may be relat-
ively lesser-known in economics, but its applicability for modeling income data and
insurance losses has been highlighted by D’Addario (1974) and Hogg and Klugman

(1983)), respectively. Its quantile function is given as

Q=

Q(u) = B(—log(1—u), 0<u<l, (5.2.1)

where, a, 5 > 0.

The quantile-based income analysis of PP distribution is discussed in Chapter 3,
and its quantile function is outlined in In Chapter 4, we explored the SM,
Dagum, and SMD distributions, with their respective quantile functions presented
in (4.1.2), (4.1.4), and ([4.2.1)). [Freimer et al| (1988) introduced the MLF, and its
application in income modeling is further explored by Haritha et al| (2008]). Its

quantile function is given in (2.3.2]).

5.2.2 Income inequality measures

Income data can be presented either as individual observations or in groups. For
samples with individual observations, income inequality can be assessed using para-
metric and non-parametric methods. In this chapter, we apply both approaches to

calculate income inequality measures.
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In the non-parametric approach, the empirical formulas for calculating income

inequality measures such as the Gini index, Pietra index, Bonferroni index, Atkin-

son index, generalized entropy, and Frigyes measures are provided in (5.2.2))-(5.2.8)).

For more information, see Kleiber and Kotz (2003), Bakar and Dharini (2020)), and

Tyagi| (2023). Here, z; represents the income of the i** unit, z stands for the mean

income, and n is the total number of observations. Additionally, the empirical Bon-

ferroni index is determined after arranging the observations in ascending order. If

the data consists of non-zero, positive, and ascendingly sorted observations, the Gini

coefficient can be easily computed using ([5.2.3)); otherwise, ((5.2.2)) should be used.

D i1 2 [T — g

M2z

é:

where 0 < € # 1.

where 0 # 0& 1.

117

(5.2.2)

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)



Chapter 5

The three Frigyes measures are given as follows

5o EX) :(m—l) YR

E(X|X < m) n Sta
E(X|X > -1 o T

po EXIX 2m) _(m iz It (5.2.8)
E(X|X <m) n—m/) "

In contrast, the parametric approach requires theoretical formulas to calculate
income inequality measures. This approach involves estimating the distributional
parameters and substituting them into the equations for the theoretical measures.
Table presents quantile-based income inequality measures for the Weibull, SM,
and Dagum distributions. The income inequality measures of the PP and SMD dis-
tributions are discussed in Section and [£.5.1], respectively, while the measures for
MLF can be found in Haritha et al.| (2008)). The MLF lacks closed-form expressions
for the Atkinson index and generalized entropy while the SMD distribution lacks
closed-form equations for the Bonferroni index, Atkinson index, and generalized en-
tropy. Consequently, numerical integration is performed in Mathematica to compute

theoretical inequality measures that do not have explicit formulas.

In Table p.1, GI, PI, BI, Al, and GE represent the Gini index, Pietra index,
Bonferroni index, Atkinson index, and generalized entropy measures, respectively.

Additionally, F'M;, F' M and F M3 denote the three Frigyes measures. The value of
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Table 5.1: Income inequality measures

Distributions Income inequality measures
GI 1—2a
1 1
Pl 2[u0(_1og(1_u0))a_Y]+r(1+§)_(_1og(1_uo))a
2T(1+1)
1
oo (i+2) @t
BI 1— Zi:(] ( i)-s-l
1 1—c =
Al L= rny P+ )]
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GE 17 F(1+%) - 1
D |[1(1+2)
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Table 5.1: (continued)

Distributions Income inequality measures
1
FMI uQ [(1—u0)7%—1} ¢
ap 1 (1+2.0-1)
1—(1—ug) 9
U 1
1-(1— “O)q
qB1 ,
FMs (1—uo) [(1—%)_%—1] ’
1
Gl L(TQ2p+5) 1
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up in these inequalities is obtained by solving for w in the equation u = Q(u), where
denotes the mean and Q(u) represents the quantile function of the respective distri-
bution. Here, T =~ (1+ %, —log (1 — ug)), where v (a,z) = a™*2* 1 F} (a;a + 1; —x)
and I (a, )+ (a,x) = Ta. The term 3F5 denotes a generalized hypergeometric func-
tion. Furthurmore, B, is defined as [5 (1 + %, q— i) —p

17(17u0)% (1 + é, q— %)] and

By is defined as ﬁ(p—i—c—ll,l—%)—ﬁi(p—l—%,l—%) )

Ug

5.3 Estimation

The main goal of estimation is to find values that closely approximate the true model
parameters. Various criteria can ensure this proximity, leading to different estimation
methods. One method involves matching the population characteristics of the fitted
model with the corresponding sample properties of the data. This includes estimation
methods such as probability-weighted moments, L-moments, conventional moments,
and percentiles. A second class of estimation methods relies on optimality conditions,
aiming to minimize the difference between the fitted model and observed data, or
that yield the most probable estimates.

The L-moments estimation technique described in Section is applied to
estimate the parameters of the six models used in this study. The L-moments of the
SM, Dagum, and MLF distributions can be found in [Shahzad and Asghar| (2013b)),
Shahzad and Asghar| (2013a)), and Haritha et al.| (2008)), respectively. Additionally,

the L-moments of the PP distribution are presented in Section [3.4.1} and the L-
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moments of the SMD distribution are provided in Section [4.4.2] Also, we require the

first two L-moments of the Weibull distribution to estimate the parameters, a and

B in (5.2.1)), and it is given as follows

L2:<1—2—i) 5r<1+%).

5.4 Data application

5.4.1 Data

The IHDS is a nationally representative panel survey covering multiple topics across
Indian states and union territories, except Andaman & Nicobar, and Lakshadweep.
[HDS data can be accessed from https://ihds.umd.edu. This analysis uses data
from IHDS-II, which includes 42,152 families across 1,503 villages and 971 urban
neighborhoods throughout India. Most of these families were re-interviewed from the
initial IHDS survey conducted in 2005. IHDS-II employed a comprehensive question-
naire to capture all aspects of income. In this study, we use per-capita household
income data from each state and model it with six parametric distributions. Ob-
servations with negative or zero income and outliers, comprising about 1.48%, are

excluded from the analysis.
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Table 5.2: Parameter estimates, chi-square statistic, and p-value for the
distributions fitted to the per-capita household income data of Indian
states.

State Distribution Parameter estimates Chi-square value | p-value
Weibull G=1.08330, = 44100.20 53.45425 0.00177
PP € =33222.90, \; =0.59451, )\, = 0.42898 9.80608 0.99900
SM b = 37685, a= 1.77284, § = 1.39426 8.94463 0.99957
Jammu & Kashmir R
Dagum b= 38585, & =2.29792, p = 0.66899 12.02829 0.99418
SMD b = 25051.90, & = 2.31170, p = 0.20392, § = 1.14204 7.43182 0.99993
MLF A = 24782, A, = 0.000058458, A3 = 0.81693, A; = -0.37580 11.19978 0.99678
Weibull & =0.95122, 3 = 42715.5 153.89400 <0.001
PP € = 30271, A\, = 0.62314, A, = 0.48386 36.77498 0.43281
SM b = 33195.50, @ = 1.67809, § = 1.27762 34.60771 0.53479
Himachal Pradesh
Dagum b = 34745.40, & = 2.04751, p = 0.72442 38.84004 0.34294
SMD b = 61372.50, & = 2.05570, p = 0.11765, § = 6.03782 14.77930 0.99933
MLF AL =19887.70, A, = 0.0000517652, A3 = 1.31279, \; = -0.39919 57.97155 0.01158
Weibull & = 0.97146, f= 42766.90 279.68594 <0.001
PP C = 25275.80, A; = 0.45353, Ay = 0.52843 34.16930 0.68969
SM b = 24431.10, & = 2.13922, § = 0.87362 39.32874 0.45516
Punjab .
Dagum b = 22698.50, & = 1.90042, p = 1.24999 33.91232 0.70083
SMD b = 94021.40, & = 2.13786, p = 0.06378, § = 12.73190 37.37963 0.54389
MLF A1 = 20784.10, Ay = 0.0000647864, As = 1.09591, \; = -0.48366 66.53972 0.00389
Weibull & = 0.94986, 3 = 29999.20 57.50761 <0.001
pp € = 21509.70, \; = 0.63446, A, = 0.48097 24.24828 0.39017
SM b = 23868.40, @ = 1.65451, § = 1.31005 20.31885 0.62261
Uttarakhand
Dagum b = 24960.70, & = 2.05764, p = 0.70418 22.06330 0.51643
SMD b = 45790.80, & = 2.12072, p = 0.11800, § = 7.77030 17.72232 0.77237
MLF A1 = 13475.20, A, =0.0000704259, A3 = 1.45557, \; = -0.38293 32.60033 0.08829
Weibull & = 0.93458, 3 = 33871.20 205.66002 <0.001
PP € = 2142850, A\, = 0.53382, Ay = 0.52051 29.93999 0.85107
SM b =21579.10, & = 1.88235, § = 1.02327 28.80009 0.88437
Haryana
Dagum b = 21779.49, & = 1.91972, p = 0.96599 29.22564 0.87251
SMD b = 15255.40, & = 2.39289, p = 0.18244, § = 0.77850 33.34190 0.72509
MLF A1 = 17569.50, Ay = 0.0000845374, A3 = 0.81413, A, = -0.50493 53.73273 0.05840
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Table 5.2: (continued)

State Distribution Parameter estimates Chi-square value | p-value
Weibull & = 0.94538, 8 = 26119.60 367.23084 <0.001
PP €' = 15875.80, A\, = 0.49254, A, = 0.52819 28.71642 0.98366
SM b = 15604.30, 4 = 2.00273, G = 0.93940 30.97418 0.96556
Rajasthan )
Dagum b =15139.70, & = 1.89705, p = 1.10407 29.18962 0.98069
SMD b =15133.90, & = 2.15392, p = 0.07167, § = 0.94985 29.82734 0.97604
MLF A = 13462, ), = 0.000112926, s = 0.83106, A; = -0.51259 75.71728 0.00499
Weibull & = 0.91982, 3 = 18113.50 453.85872 <0.001
PP € = 11605.20, \; = 0.55425, A, = 0.52164 40.55744 0.89480
SM b = 11811.20, & = 1.82522, § = 1.05708 41.31629 0.87796
Uttar Pradesh
Dagum b = 12062.30, & = 1.91344, p = 0.92105 42.00321 0.86136
SMD b= 11432, & = 1.98705, p = 0.08836, § = 1.09699 49.90144 0.59557
MLF A = 9121.01, Ay = 0.000149698, A3 = 0.91310, Ay = -0.49430 95.44015 <0.001
Weibull A= 0.91046, f= 16677.98 227.93006 <0.001
PP C' = 9549.85, A, = 0.46198, Ay = 0.55457 23.31414 0.96117
SM b =9178.86, & = 2.08512, G = 0.85314 23.93380 0.95223
Bihar
Dagum b =8314.29, @ = 1.81152, p = 1.31274 24.41765 0.94429
SMD b = 4362.22, & = 1.90102, p = 1.38754, § = 0.90252 24.81848 0.93706
MLF M = 8797.96, Ay = 0.000198268, A3 = 0.66186, \; = -0.56804 34.86590 0.56948
Weibull 6= 1.17664, B = 54778.50 14.23904 0.28571
PP C' = 34861.80, A; = 0.40916, Ay = 0.45899 5.03183 0.95691
SM b = 33983.90, & = 2.39365, § = 0.89976 5.03183 0.95691
Sikkim
Dagum b = 32614.80, a = 2.18721, p = 1.17556 4.81259 0.96395
SMD b = 93591.50, & = 2.44477, p = 0.06288, § = 9.21887 4.26661 0.97813
MLF A = 29943.90, Ay = 0.0000529872, A3 = 0.94261, A, = -0.40217 6.43170 0.89278
Weibull a=0.91278, § = 81812.90 18.71183 0.22709
PP C = 89537.80, A, = 1.06191, Ay = 0.37020 22.52715 0.09471
SM b = 290884, & = 1.07673, ¢ = 4.59039 18.75544 0.22503
Arunachal Pradesh
Dagum b = 126736, a = 2.53118, p = 0.32011 23.46874 0.07468
SMD b = 36953.30, & = 4.41210, p = 2.78123, § = 1.35143 34.05024 0.00335
MLF A = 21124.52, A, = 0.0000609631, A3 = 0.96982, A, = -0.51160 36.74661 0.00138
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Table 5.2: (continued)

State Distribution Parameter estimates Chi-square value | p-value
Weibull & = 0.97621, 3 = 56908 15.65998 0.26798
PP ¢ = 51382.70, A, = 0 .82500, A, = 0.40518 8.96721 0.77542
SM b= 81760.90, & = 1.34359, § = 2.28942 10.82055 0.62585
Nagaland .
Dagum b = 67847.8, & = 2.37790, p = 0.44415 8.05677 0.83938
SMD b = 133086.82, & = 1.26178, p = 0.00355, § = 3.66715 9.79159 0.71088
MLF A = 32184, J, = 0.0000401895, s = 0.76766, A; = -0.36848 9.49195 0.73486
Weibull & = 1.73906, 3 = 48715.80 1.76002 0.99918
PP € = 50621.90, A\, = 0.57253, A, = 0.20556 2.79271 0.99319
SM b = 118753.45, & = 1.90743, § = 6.18523 1.66873 0.99936
Manipur
Dagum b = 59589.10, & = 4.41998, p = 0.35268 2.08779 0.99816
SMD b = 52123.70, & = 4.39599, p = 0.19806, § = 141.95667 3.06383 0.98936
MLF M = 36620.60, Ay = 0.0000530083, A3 = 0.55038, Ay = -0.00451 1.08326 0.99992
Weibull & = 1.24314, 8 = 66450.40 3.97321 0.97069
PP €' = 56110.40, A\, = 0.60385, Ay = 0.35663 4.24248 0.96228
SM b = 71962.40, 4 = 1.78052, ¢ = 1.81579 4.27742 0.96109
Mizoram
Dagum b = 67327.60, @ = 2.72196, p = 0.54383 4.64880 0.94698
SMD b = 75386.30, & = 2.73965, p = 0.14837, § = 7.83161 4.93871 0.93410
MLF A1 = 38393.40, Ay = 0.0000328686, A3 = 1.03166, A, = -0.21081 8.55044 0.66331
Weibull & = 1.25147, 3 = 26308.90 22.75483 0.15740
PP C = 18407.90, A; = 0.45000, Ay = 0.41531 7.88528 0.96894
SM b = 18816.60, & = 2.25189, § = 1.08115 8.36108 0.95821
Tripura
Dagum b = 19122.90, & = 2.39986, p = 0.90071 7.88528 0.96894
SMD b = 21896.10, & = 2.39870, p = 0.07268, § = 1.61425 7.34345 0.97865
MLF M = 15545.70, Ay = 0.000111951, Ay = 0.75768, Ay = -0.36349 9.64003 0.91802
Weibull & = 0.98753, 3 = 38455.90 11.88801 0.61530
PP ¢ = 35000.50, A, = 0.82389, Ay = 0.39908 12.29989 0.58223
SM b = 56628.60, 4 = 1.34618, § = 2.34783 12.71406 0.54915
Meghalaya
Dagum b = 46182.20, 4 = 2.41064, p = 0.43866 10.81431 0.70056
SMD b = 65806, & = 2.67999, p = 0.14630, § = 52.24140 9.33732 0.80885
MLF M = 15280.80, Ay = 0.0000404445, Jy = 2.09340, A, = -0.21197 16.19671 0.30151
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Table 5.2: (continued)

State Distribution Parameter estimates Chi-square value | p-value
Weibull & = 0.99976, 3 = 31763.70 99.63165 <0.001
PP € = 23320.80, A\, = 0.62285, Ay = 0.45917 29.59604 0.53822
SM b = 26220.30, 4 = 1.69045, ¢ = 1.35414 28.60266 0.58992
Assam
Dagum b = 27182.40, & = 2.15128, p = 0.68317 29.66946 0.53441
SMD b = 47771.40, & = 2.25564, p = 0.11745, § = 3.84803 18.25926 0.96616
MLF M = 14638.80, ), = 0.0000654578, s = 1.46412, A, = -0.34512 55.54066 0.00436
Weibull & = 0.90554, § = 27292 372.15192 <0.001
PP € = 17435.30, A; = 0.56092, Ay = 0.52698 73.76096 0.00438
SM b = 17755.30, & = 1.80429, § = 1.05862 72.82032 0.00540
West Bengal
Dagum b = 18151.20, & = 1.89399, p = 0.91877 74.39073 0.00380
SMD b = 58652.70, & = 2.16688, p = 0.08357, ¢ = 15.76601 32.16558 0.92452
MLF A1 = 10656, Ay = 0.0000779768, A3 = 1.92962, A, = -0.42600 104.37460 <0.001
Weibull & = 0.86648, 3 = 20126.30 117.10535 <0.001
PP C' = 13483.70, A, = 0.63046, Ay = 0.52752 35.84448 0.17814
SM b = 14320.60, a = 1.64059, ¢ = 1.18034 35.70311 0.18238
Jharkhand
Dagum b = 15064.90, & = 1.88497, p = 0.79095 36.84274 0.15029
SMD b = 35072.10, & = 1.95034, p = 0.10650, § = 7.97153 41.22656 0.06579
MLF AL = 8447.66, Ay = 0.000108006, A3 = 1.52862, A, = -0.45068 71.54190 <0.001
Weibull & = 0.87145, 3 = 18412.90 410.89852 <0.001
PP € = 10118.60, A; = 0.44968, Ay = 0.57743 32.14270 0.86414
SM b =9621.99, @ = 2.10906, § = 0.80790 38.01212 0.64665
Orissa
Dagum b =8232.51, @ = 1.74169, p = 1.47129 30.13489 0.91418
SMD b = 52035.80, & = 2.03343, p = 0.05748, § = 19.08230 32.07433 0.86608
MLF A\ = 8341.41, Ay = 0.000151836, Ay = 1.18831, A, = -0.54264 92.13101 <0.001
Weibull & = 0.76363, 8 = 17146.90 305.42667 <0.001
PP C = 9354.93, A, = 0.51080, Ay = 0.61822 33.71838 0.52992
SM b =8973.71, a = 1.87713, § = 0.85161 38.27264 0.32320
Chhattisgarh
Dagum b =7914.84, & = 1.62389, p = 1.33793 33.95700 0.51832
SMD b = 56979.10, & = 1.93084, p = 0.06201, § = 24.45070 23.79824 0.92423
MLF AL = 6347.29, Ay =0.000141024, Ay = 1.82247, Ay = -0.56459 65.66647 0.00128
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Table 5.2: (continued)

State Distribution Parameter estimates Chi-square value | p-value
Weibull & = 0.89310, 8 = 17413.60 447.05734 <0.001
PP €' = 10226.30, \, = 0.49448, A, = 0.55336 28.84853 0.99035
SM b =9957.72, & = 1.97674, § = 0.90596 29.57439 0.98731
Madhya Pradesh
Dagum b =9416.30, & = 1.81248, p = 1.17712 29.73716 0.98653
SMD b = 33911.30, & = 1.74572, p = 0.06097, § = 5.70088 48.36476 0.49879
MLF AL = 8990.78, Ay = 0.000178377, Ay = 0.73707, Ay = -0.55637 63.19845 0.08361
Weibull & = 0.83334, § = 28776.70 216.17278 <0.001
PP € = 18881.40, A, = 0.63486, A, = 0.54521 31.25132 0.83747
SM b = 19850.10, & = 1.62248, § = 1.14969 33.93150 0.73910
Gujarat
Dagum b = 20858.50, & = 1.82585, p = 0.81650 31.62483 0.82513
SMD b = 22909.40, & = 1.65942, p = 0.08174, § = 1.44293 27.75644 0.92836
MLF M1 = 13906.30, \p = 0.0000892538, A3 = 0.94916, A, = -0.52421 62.09572 0.01412
Weibull & = 1.08139, 8 = 30549.40 239.31163 <0.001
PP €' = 24815.10, A, = 0.65990, Ay = 0.40648 108.91138 <0.001
SM b = 31174.60, & = 1.63050, G = 1.68641 100.18403 <0.001
Maharashtra
Dagum b = 30293.70, & = 2.40239, p = 0.56315 126.64433 <0.001
SMD b = 41194.60, & = 2.48908, p = 0.14149, § = 10.78540 56.32609 0.25022
MLF A = 15397.10, Ay = 0.0000657236, As = 1.31086, \; = -0.26972 135.53774 <0.001
Weibull & = 1.14639, 3 = 24638.20 160.25950 <0.001
PP C = 17687.60, A; = 0.52024, Ay = 0.42873 43.32107 0.41477
SM b = 18827.50, & = 1.98448, § = 1.21072 39.99545 0.55930
Andhra Pradesh
Dagum b = 19394.20, & = 2.31362, p = 0.78211 40.49195 0.53725
SMD b = 27269.70, & = 1.81675, p = 0.02318, § = 1.99551 36.95966 0.69148
MLF M\ = 15074.40, Ay = 0.000132962, A3 = 0.48970, A, = -0.44057 40.25369 0.54783
Weibull & =0.93914, B = 28517.40 458.13241 <0.001
PP ¢ =17333.10, A, = 0.49627, Ay = 0.53003 39.81258 0.90981
SM b = 17052.20, 4 = 1.98922, § = 0.94285 30.96478 0.90686
Karnataka
Dagum b =16573.10, @ = 1.89023, p = 1.09763 37.95640 0.94081
SMD b =11142.30, & = 2.56581, p = 0.24821, § = 0.67946 59.45113 0.25238
MLF M = 15257, Ay = 0.000110607, A3 = 0.67753, A4 = -0.53591 56.50516 0.34543
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Table 5.2: (continued)

State Distribution Parameter estimates Chi-square value | p-value
Weibull & = 1.39754, 8 = 39755.70 14.24673 0.58034
PP ¢ = 37800.10, A, = 0.62785, Ay = 0.28735 7.12698 0.97074
SM b = 61829.40, 4 = 1.73987, G = 2.84578 7.31651 0.96667
Goa R
Dagum b = 45984.20, & = 3.28054, p = 0.42854 8.00638 0.94868
SMD b = 301035, & = 1.56546, p = 0.00146, § = 25.68720 8.63095 0.92783
MLF A1 = 27866.70, Ay = 0.000074885, A3 = 0.40668, \; = -0.25276 7.14315 0.97040
Weibull & = 1.24923, 3 = 48439.40 78.48560 <0.001
PP C = 37795.70, A; = 0.53720, A = 0.38101 26.99429 0.88666
SM b = 43001.40, & = 1.95934, § = 1.43648 28.53141 0.83949
Kerala
Dagum b = 43266.60, & = 2.57994, p = 0.66028 35.43710 0.54238
SMD b = 61373.90, & = 1.80666, p = 0.01238, § = 2.31413 24.50421 0.94278
MLF M\ = 31167.10, Ay = 0.0000668706, A3 = 0.45094, A, = -0.38362 36.58450 0.48836
Weibull & = 1.14495, 8 = 36739.70 172.35762 <0.001
PP C' = 25008.10, A, = 0.47776, Ay = 0.44528 27.12488 0.95294
SM b = 25503.70, 4 = 2.11868, ¢ = 1.06960 25.49330 0.97240
Tamil Nadu
Dagum b = 25940.30, & = 2.23977, p = 0.91125 25.35602 0.97371
SMD b = 45453.20, & = 1.88885, p = 0.03791, § = 2.51854 39.15850 0.55271
MLF A = 22186.60, y = 0.0000925338, A3 = 0.49879, A, = -0.46058 38.33929 0.58953

5.4.2 Fitting of distributions

The six distributions such as Weibull, PP, SM, SMD, Dagum, and MLF are fitted
to the income data of each state. This study utilizes the L-moments method for
parameter estimation. The adequacy of the model is assessed using the Q-Q plot
and the chi-square goodness of fit approach. Models are accepted if their p-value
exceeds 0.05 and their Q-Q plot demonstrates a satisfactory fit. Table presents

the parameter estimates, chi-square statistics, and p-values of the six models.

Figure displays the Q-Q plot corresponding to the best model for each state.
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Figure 5.1: Q-Q plot of per-capita household income data of Indian states

129



Chapter 5

L ST 500000 R
250000 e :
400000 .
» 200000 e ] " -
g o § 300000 .t b
& 150000 S ] 3
g . g
S 100000 F et ] s 2000001 ]
w N i}
/
50000[ // 1 100000 [ 1
oL ‘ ‘ ‘ ‘ s o ‘ ‘ ‘ ‘ ‘
0 50000 100000 150000 200000 250000 0 100000 200000 300000 400000 500000
Theoretical Quantities Theoretical Quantities
(9) Q-Q plot for Sikkim dataset w.r.t. Dagum. (10) Q-Q plot for Arunachal Pradesh dataset w.r.t.
SM.
‘
300000 . A 140000 ‘ ‘ ‘ ‘ ; ;
250000 [ . ] 120000 - ) e 1
8 . o 100000 p
£ 200000 . ] £ &
g - =
E e S 80000] 1
§ 150000 ] c
g . § eo000f 1
5 £
& 100000 ] g
e & 400001 p
s0000f ] w00l o~ ]
V e
0 L L L L L L o L L L L L L
0 50000 100000 150000 200000 250000 300000 0 20000 40000 60000 80000 100000 120000 140000
Theoretical Quantities Theoretical Quantities
(11) Q-Q plot for Nagaland dataset w.r.t. SM. (12) Q-Q plot for Manipur dataset w.r.t. Weibull.
250000 9 150000 -
g 2000001 L q 3 . :
g N £ 100000 e -
- ] g S
& 150000 <} °t e 1
g K] ]
e 100000 : q e -
o Re 4 50000 -
50000 ] -
o ‘ ‘ ‘ ‘ ‘ 0 A ‘ ‘ 1
o 50000 100000 150000 200000 250000 o 50000 100000 150000
Theoretical Quantities Theoretical Quantities
(13) Q-Q plot for Mizoram dataset w.r.t. SMD. (14) Q-Q plot for Tripura dataset w.r.t. SMD.
300000 600000 F T T T T T =
250000 ] 500000]- PR
8 o 2 ot
£ 2000001 . ] £ 400000 1
2 S
E s -
S 1s0000f ] S 300000 k!
£ o 8 B
g_ - 5 . °
E 100000f ] £ 200000} ]
50000 a ] 100000 ]
o ‘ ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ ‘
0 50000 100000 150000 200000 250000 300000 0 100000 200000 300000 400000 500000 600000
Theoretical Quantities Theoretical Quantities
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Figure 5.1: (continued)
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Figure 5.1: (continued)
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(27) Q-Q plot for Kerala dataset w.r.t. SM. (28) Q-Q plot for Tamil Nadu dataset w.r.t. SMD.

Figure 5.1: (continued)

To identify the best model in each state, the data histogram is plotted along with

the density functions of the accepted models, as illustrated in Figure [5.2]

In many states, the histogram does not explicitly reveal the most suitable model
for modeling the income data, as several models exhibit similar levels of fit. Hence,
we base our selection on the goodness of fit assessment using correlation, choosing the
model with the highest correlation as the most suitable among the available options

(Nair et al., [2024])).

The correlation method used in this study is outlined as follows. For a given

random sample and an assumed model, the pairs used to compute the correlation

coefficient are expressed as (x;.,, Q@ (2’2;1)) Here, w;., represents the " ordered
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(8) Bihar data.

Figure 5.2: The densities of the accepted models for the per-capita house-
hold income data of Indian states
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(continued).
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(23) Maharashtra data.

(24) Andhra Pradesh data.

Figure 5.2: (continued)
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Figure 5.2: (continued)

observation in the sample, and @(.) denotes the quantile function of the assumed

model. Let, y; = @ (

2i—1
2n

2 i

(i — 2)(

Yi— Y

)

), then the correlation coefficient r, between x;.,, and y; is

(5.4.1)

—z)? Z?:l(yi - 37)2’

where 7 is the mean of the sample and 7 is the mean of the y; values. The correlation
coefficient between z; and y; is expected to be close to one when a sample is generated

from the assumed model.
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5.4.3 Results

The results of the primary goodness of fit criteria, including the Q-Q plot and chi-
square test, are compiled in Table Additionally, it illustrates the distributions
that give comparable fits in the histogram and pinpoints the best model for each
state based on the correlation coefficient. The table clearly shows that out of the six
distributions, the SMD distribution offers the best fit for the per-capita household
income data of sixteen states. In contrast, the Weibull and PP distributions each
offer the best fit in only one state, while the MLF, Dagum, and SM distributions

provide the best fit in two, three, and five states, respectively.

For each state, we calculate empirical income inequality measures, including the
Gini, Pietra, Bonferroni, and Atkinson indices, as well as generalized entropy and
Frigyes measures. We also compute the corresponding theoretical measures derived
from the best-fitting model for that state. Table displays the empirical and
theoretical income inequality measures for various Indian states, derived from per-
capita household income data in IHDS-II. The empirical and theoretical measures
of the Atkinson index and generalized entropy measures have been estimated for
e = 0.5 and 6 = 0.5, respectively. As mentioned, numerical integration is employed

to calculate the theoretical inequality measures that lack closed-form expressions.

From Table we can infer that the empirical and theoretical (estimated) income
inequality measures such as Gini, Pietra, Atkinson, Bonferroni, generalized entropy,

and Frigyes measures have their lowest values in Manipur and highest values in
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Table 5.3: Results of data analysis on per-capita household income data
across Indian states

State Distributions that satisfy goodness of fit | Distributions that gives good | Correlation | Distribution that gives
criteria - chi-square test and Q-Q plot fit from histogram coefficient best fit
Jammu & Kashmir | PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.99234 MLF
Himachal Pradesh | PP, SM, SMD, Dagum SMD 0.99093 SMD
Punjab PP, SM, SMD, Dagum SMD 0.99297 SMD
Uttarakhand PP, SM, SMD, MLF, Dagum PP, SM, Dagum 0.94221 SM
Haryana PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.99490 MLF
Rajasthan PP, SM, SMD, Dagum PP, SM, SMD, Dagum 0.99523 SMD
Uttar Pradesh PP, SM, SMD, Dagum PP, SM, SMD, Dagum 0.96279 SMD
Bihar PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.97466 Dagum
Sikkim PP, SM, SMD, MLF, Dagum PP, SM, Dagum 0.94690 Dagum
Arunachal Pradesh | PP, SM, Dagum, Weibull SM 0.97579 SM
Nagaland PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.96664 SM
Manipur PP, SM, SMD, MLF, Dagum, Weibull PP, SM, MLF, Dagum, Weibull 0.99701 Weibull
Mizoram PP, SM, SMD, MLF, Dagum, Weibull PP, SM, SMD, Dagum 0.99144 SMD
Tripura PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.98867 SMD
Meghalaya PP, SM, SMD, MLF, Dagum PP, SM, Dagum 0.99559 SM
Assam SMD SMD 0.98683 SMD
West Bengal SMD SMD 0.97709 SMD
Jharkhand PP, SM, SMD, Dagum SMD 0.99168 SMD
Orissa PP, SM, SMD, Dagum PP, SM, SMD, Dagum 0.97416 SMD
Chhattisgarh SMD SMD 0.96188 SMD
Madhya Pradesh PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.98057 SMD
Gujarat PP, SM, SMD, Dagum PP, SM, SMD, Dagum 0.97577 SMD
Maharashtra SMD SMD 0.99752 SMD
Andhra Pradesh PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.99212 SMD
Karnataka PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.93827 Dagum
Goa PP, SM, SMD, MLF, Dagum, Weibull PP, SM, SMD, MLF, Dagum 0.99630 PP
Kerala PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.99296 SM
Tamil Nadu PP, SM, SMD, MLF, Dagum PP, SM, SMD, MLF, Dagum 0.98826 SMD

Chhattisgarh. However, an exception to this trend is the empirical Frigyes measure
p, which attains its highest value in Arunachal Pradesh. Also, Table summarizes

the ranking of Indian states with respect to estimated income inequality measures.
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5.5 Summary

In this chapter, the per-capita household income data of Indian states, obtained from
the THDS-II survey, has been effectively modeled using the Weibull, PP, SM, Dagum,
SMD, and MLF distributions. The parameters of these distributions have been
estimated using the L-moments method, and the model adequacy has been initially
evaluated through Q-Q plots and the chi-square tests. Additionally, histograms with
the density functions of the adequate models have been analyzed, and the correlation

coefficient has been employed to determine the best model for each state.

The study demonstrates that the SMD distribution provided the best fit in sixteen
states, whereas the Weibull and PP distributions each attained the best fit in only
one state. Moreover, both empirical and theoretical income inequality measures
such as the Gini, Pietra, Bonferroni, Atkinson, generalized entropy, and Frigyes
measures, are computed and analyzed. Notably, all these income inequality measures
attained their lowest values in Manipur and their highest values in Chhattisgarh,
except for the empirical Frigyes measure, p, which peaked in Arunachal Pradesh.
Future research could explore the factors contributing to the low-income inequality
in Manipur and the elevated levels in Chhattisgarh. These insights provide valuable
guidance for policy decisions to reduce income inequality in Chhattisgarh and foster

more equitable economic development.

139



Chapter 5

9T087'C | 0S8¥C'S | 0GITT'C P¥8¢S 0 F98€9°0 LLIVE0 8888¢°0 G6¢ES0 wn3e(]-peretunse

L28€9°¢C | 1€01€°S | 89T60°C 0¢814°0 60790 ¢ECYS o €L68¢€°0 092650 [eorndue Teqry

6TL6EC | TT661°G | #8891°C 046050 G5079°0 665€G°0 1688¢°0 ¢E6¢S0 ([N S-pejeu}se

889¥V°¢ | 9807¢'S | 98IVI'C ¥€967°0 T€T¥9°0 LLCEC0 LG68€°0 816¢4°0 [eotnduwe [sepeld ey

9rree’C | 996€0°G | 89V0T'C GCL8Y°0 ¢98¢9°0 648¢¢0 PEI8E0 €9614°0 (TN S-pejelI}se

08V97°G | ¥8860°G | 99890°C ¢lesyo 676290 €99¢¢°0 1618€°0 61470 [eotudure weryseleyy

GLIVE'C | 08L66°F | GGVET'C 6€967°0 ¢4¢e9°0 08¢¢6 0 L908€°0 89¢C4°0 ATIN-peyetIL}se

1L949€°C | 00690°G | CLIVI'C ¥¢967°0 8L4€9°0 €LCEC0 LTERE0 66€¢S0 [eotndwe euefTe]

0€99C°C | GCOV8Y | L8LVT'C 1S¥8%°0 LELE90 8GLCC 0 €67.LE°0 96L14°0 NS -peyeuir}se

€999€°¢ | ¢0T0T°G | 9V99T°C 1919¥°0 6T€€9°0 6VLIC0 G¢98¢0 989140 [eotndue pueyyereiyn

669€7°C | TSC90°G | 9€LL0O'C 056570 299190 9991¢°0 80T8¢0 800TS0 ([N S-pejeu}se

€998€°C | C6CT6'Y | G6TLO°C 7894170 024190 864160 TL9LE°0 86040 [eotnduwe qefung

¥CCLe'G | 0€€C0'S | €L01C°C ¥L697°0 ¥9ce9 0 801660 G8¢8¢0 IVLTISG 0 (TN S-pejel}se

L698C°C | LTTCO'S | C9961°C ¥6797°0 861€9°0 9681¢°0 G9¢8¢°0 TTL1S0 [eorudute | ysspeid [eypeTIf]

G8EVO'C | PFFVTV | 6LLC0°C ¥L8€0 912640 PEV810 8TIVE0 €9CLT0 ATIN-peyetr}se

19190°C | ¢C0LT'V | 6L8C0°C 8T.L8¢0 0T¥65°0 ceh810 05¢re0 L61LY°0 [eotndute | Iryse}] 23 nururef
b 1 d Adoajyua Xopul Xopul Xopur Xopul Aypenbou swoou] ore1g
soanseaw SoASIIq PoZI[eloudr) | IUOIISJUOE | UOSUIY LRG| uro) :

Aoaans [I-SAHI @Y?) WOIJ ejep awiodul pjoy
-osnoy ejideos-1od Suisn soje)s UeIpU] SsoIde seanseawl A}ifenbaur awooul pajewir)so pue [esrardwy :§°G a[qe],

140



Chapter 5

COI8I'C | 99GELY | 9€0LT'C 88TET0 69919°0 8¢¥0¢0 0€0L€°0 800040 (AINS-pojemiyse

I8GTC'C | 9699L°F | PEICT'C G08c¥'0 69L19°0 162020 09T2€°0 1566770 reordud wessy

8V00T'C | €€099'Y | V6ETT'C 202S1°0 £96€9°0 9¢eTT0 2699¢°0 9€v04°0 INS-pojeti}so

GTEST'T | 6LTELY | TGLET'C 8GGET 0 18429°0 €650¢°0 L00LE0 650040 [eotrdure eAR[eySaTy

88€96°'T | €¢C09°€ | TEveER'T 7€80¢°0 PEIVa0 €C8V1°0 1060€°0 8C4Cy 0 AN S-PajeulII}sd

CITLE'T | PCO8G'E | €G618'T vov0e 0 €88€9°0 ceorT’o G8L0€0 €EETT'0 [eotdue eandiy,

LY098°'T | P8EVI'E | 9G8G6'T 0TL0€0 181640 99.¥1°0 861T¢°0 1vLev 0 NS -poyewr}se

T.826'T | #L009°€ | 16998°T ¢€96¢°0 €9¢14°0 L9¢v1°0 L860€°0 €61¢V0 [eotndwo WeIOZIN

L09EG'T | 86€99°C | 6CVEL'T LE88T°0 €8697°0 L6160°0 969€2°0 €L8¢€°0 [[MAIOAN -poyetIIse

CIG6S'T | 9TT19°C | L69EI'T GL6LT0 1975770 981800 8¢5€C0 06¥¢E0 [eotdure mdrrepy

LLSTT'C | LVSTIL'Y | LGSCTC 866570 €06€9°0 L291¢°0 €069¢°0 L€80G°0 INS-pojet1}se

66V7C'C | 6488S°F | TOVV0'C 7€05¥°0 ¢a1e9’0 Sizaral 8T¢9¢€°0 GLe0S°0 [eotndwo puereseyN

608GT°C | €GLVC°G | 99TEV'C 0LTTG0 64299°0 6v6€¢°0 ¢€06¢°0 G0ces0 INS-pojetriso

c00VT'C | GPPeS'e | 199649°C LT6L7°0 122590 €049cc0 L€66¢€°0 998¢4°0 [eordud | ysopeid [eyoeunty

69770°C | GCE8L'E | 65098°T 9L€9€°0 €6L99°0 90691°0 GI61€°0 LTISPY°0 wnde(q-parennso

00T¥0°'C | GCSS8°€ | 06888°T cr6ee0 €LLYVG0 €6.51°0 60¥¢E0 L6077°0 [eorudure WIS
b a d Adoayuo xopur Xopur xXopul xopur Lypenbouy suzoony 01818
soanseawr soASII PoZI[eIoUdY) | TUOIIJUOE | UOSUNIY 'IIOIJ uro)

(ponurjuod) :3°g S[qey,

141



Chapter 5

€L966°T | OVOT8'€ | CE806'T L929¢°0 ¢09L5°0 6E4LT°0 V1ece 0 €LEST 0 (N S-pojewIIso

GSTE0'C | LT9EY'E | €E88YT 6199€°0 1CLLG0 9erLT0 60€3€°0 16E57°0 [eorduwe | gsoperd eIypuy

TLVC0'C | LG8LG'T | €0ETTC 11¢8¢€°0 074650 €6181°0 16L¥€°0 GCELY 0 (N S-PojewIIse

68970°¢ | L9TOE'V | LGTOT'G PS18¢0 8L964°0 L918T°0 8¢6V¢0 80610 [eotnduwe vhysereyeI\

89L99°¢ | 060€6°G | €860€°G G8¥84°0 LEGL9°0 G0TLT0 V1Yo GLY9S0 (N S-PojewIIse

LOT9G'C | #¥616°G | CETIEC 88GLG°0 LEGL9°0 1¢L9¢°0 Gl91v°0 crr9s0 [eotndmwe ereny

80€89°C | G9VIG'G | T6VET'C 0r9€<0 €LLY0 ¢605¢0 96L6¢°0 186€4°0 (AN S-PojewIso

6¢874°¢ | T00CV'S | ¢69¢1°G TT1€5°0 GCLY9°0 G6LYC 0 GLV6¢°0 €96¢4°0 [eordue | ysopeld BAYPRI

80C00°€ | €9¥9€°L | LTEGV'C LIPS9°0 98¢69°0 $€00€°0 GLLSY 0 GG964°0 (AN S-Pojewso

€0€LO'E | CTOVE'L | 9988€°C EVIv9 0 916970 0056¢°0 [sizsal 019650 [eotndure UIe3s1yer)

6600L°¢ | 09966°G | 9V€0C'C PGerao 88679°0 1€€5¢°0 6SV1V°0 098740 (AN S-Pojelso

€0689°C | 0LE98°G | ¥¥08T'C TTLES0 65879°0 €505¢°0 8660770 €E8Y40 [eotndure BSSLIO

G0997°C | CGIVL'G | VIOEE'T 60740 0£099°0 81¢4¢ 0 980110 4904470 N S-Pojelnso

LL6YO'C | 69FV6°G | LVEVC'C 0GEES0 16T99°0 €88VC0 88V1¥°0 000<5°0 [eotndure pueyreyr

0€0S¥°C | ¢68¢S'G | ¥1949C°C €1c0%0 09¢v9°0 1€4€c0 ¢ec0r0 88V64°0 (N S-Pojelso

12087'C | ¥OV1G'S | GVECE'TC ¢1967°0 LGCV9°0 89CEC 0 SLTovo G9¥€S°0 reotndum [esuog 159
b : d Adoxyua Xopul xXopul xoput Xopul Aypenbomy owoouy oreeg
soansesaw soASLIY poezi[elauar) | TUOLIBJUOY | UOSUDIV RIS urs) :

(ponurjuoo) :§°g o[qer,

142



Chapter 5

78650°C | 9TLGR'C | GGTL8'T 9rL9€’0 LT€LS°0 6¢SLT°0 19¢€¢¢°0 VIvayo AINS-poremnyse

GEOVO'C | PLTS8'E | LT88Y'T €999¢°0 9reLG 0 crvLT 0 76€2€°0 16€57°0 [eorduws | npey [ruref,

98T88'T | €E0TGE | GEG98°T LIGTEO 0TTSG0 8ETST0 66€0€°0 G8GCT 0 INS-pojeti}se

GEC8Y'T | TL88Y'E | TPESR'T 991¢¢0 6€€494°0 LEVETO 9620€0 L84¢7°0 [eotidurs BIRIO3]

6660L°T | 0GGPT'E | 8V6ERT 07920 06250 €26¢1°0 081270 €0T6€°0 dd-pejeminsoe

09%FL'T | L69TT'E | €998L°T 9908¢°0 1€8¢5°0 IPSET 0 899.¢°0 6888€°0 [eotnduwo B0

T808€'C | 08C86°V | L1€60°C 66T0S°0 £02€9°0 7¢9€ec0 168L€°0 9612050 Wnge(]-poyeuIso

L8VEV'C | TT090°G | 8T8L0°C 08T67°0 Ggee9'0 8L0€C°0 70T18¢€°0 ¢81¢4°0 [eotdue | eyejRUIRY]
b a1 d Adoayua Xopul Xopul Xopul Xopul fAyrenbouy sucouy orelg
soanseawl SOASLI] pozi[elauar) | TUOLIDJUOY | UOSUIN}Y e1yeld Ly

(ponurjuod) :3°g o[qe],

143



Chapter 5

il uressy pueyyeIe} ) Teqrg pueredeN puereseN eyeyRIIRY] pueyseIe))) qefung

e [sopeld [eorunIy uressy RIN[SRIRTRI qelung qelung uerjseley] uressy puereseN

Aql puereseN puereseN uejseley eAe[RYSO\ eAe[eyUSoT\ qefung puereseN eAe[RYSO\

Tl eARTRYSO\ eARTRYSON eyejeuUIRY| wessy wressy wessy eARTRYSON wessy

01 npey e, eINSRIRTRI\ qelung ITUsey] 29 NWWer | IWseS] 29 nuurep RINSRIRTRI RIN[SRIRTRI RINSRIRTRI\

6 YIS ITUISeY] 29 NWURl | IWISLS] 29 NUIUIeL RIN[SRIRTRI RISRIRTRI IIUISeY] 29 MU, | IWYSR] 29 NWURL | IWSeY] 23 NUIurer

8 ITISeY] 2 NUITTe npey [Mrey, UreIOZIN sopeld eIpuy sopeid eIypuy sopeld eIypuy npey [meJ, npey [meJ,

L BISRIBRIN [sepeld eypuy [sepeld elypuy npeN [fe, NpeN e, npeN [fueL, [sepeld elypuy Usopeld eypuy

9 [sopeld BIpuy TS peN [feL, WIS RESEIS WIS WIS RESEIN

4 emdriy, UreIOZI e[RIoN] e[RIoN] e[RIN] UreIozI UreIoZI\ UrelozI

¥ RIRIOY emduiy, wIyyig emduy, emduy, e[RIOY emduy, & GAC)S |

¢ TRIOZI\ R[RIDI] 8OY) TRIOZI\ TRIOZI\ eindriy, R[RIOY] emdriy,

4 ®O5) ®O5) emndiiy, ©05) ®O5) ®O5) °05) °O5)

1 adruey mdruepy mdruey adruey amdruey mdruey adruey mdruey

b n d Adoajuo xXopul xXopul Xopul Xopul

e soanseatr SoASLIY pazi[eIauox) uosury{)y o Isjuog e1ard 10185

Aoaans [I-SAHI 2Y? WOJIJ ejep awodul
proyesnoy ejideo-iad Sursn seanseown Ajipenboaur swooul pojewiilsa Aq soje)s ueipuj jo Sunjuey :G°G I[qe],

144



Chapter 5

14 aessnyeyy) qressniey) ressnieyy) aessnyeyy) qressnieyy) ressnyeyy) ressnyeyy) ressnieyy)

IX4 ®SSLIO) eSSLIO) sopeIJ [RYDRUNIY yere(no) yerelnn) yere(nn yere(no) yere(nn)

9g ysopeid eAYpey yereno) pueysIey s ®SSLIO) ®SSLIO) sopel [RUPRUNIY ®SSLI() pueysIRyQ

(4 yereno) pueIRy L yerenn) pueysrer pueIRy L puesIey puRIR L ®SSLI()

%4 reyrg [eSuog 1soA\ TeSuag 1SoA sopeIg eAYpRN soprig RAYpPRIN ®SSLIO) TeSuag 1S9\ sopeiJ RAYPRIN

€C pueprey ysoped eAypey puepedeN Teqrg eyt usopeld eAYPeIN ysoped eAYpeN [e3uag IS0

[44 [e8uag 159 reqrg eAeeySay [sopeld [RYPRUNLY | [Sopedd] [RYpRUNLLY [e3udg 489M [sopedd [eyprunty reqrg

1c qefung [sopeld [Pyprunly | gsopeld [eyoetiy qsopedd renn [sopeld Ienn sopeld e sopedd renn [sopeld [ryprunty

0z soperq Iejyn) ysopel Iejyn SSLIO) [eSuog 980\ [eSuog 1SoA\ puereSen Teyrg sopel Ieyyn

61 uerpjseleyy qelung uressy eYRJRUIRY] eejeIIR Y| Teyrg [SopeIJ [RUORTIIE eueAIRH]

ST eYR)RUIRY] uerjseley] ysopeid Iejyn eueAIeR] eueAIRR] pueyseIe)) uetjseley] eyeRILIRY]

L1 eURAIRE] [sepeld [eyoruI pueyyeIR))) uerseley uerseley eAR[RYSaI\ qelung uerseley

9T [Sopei [RYDRIF] eueATRE] ysopeld eAype pueyeIR)) ) pueyyeIR)) ) eueATel] eueAIeR] pueyyeIR)) )

[} pueyyeIR)) ) eyRjRUIRY] euRATRF] [Sopei [RUPRWIL] | [Sopeld [RUDRWIH | [SOpRIJ [RUDRUIIF] eYR)RUIRY] sepeld [eyorwIyg

% : d Adoayus Xopur xXoput Xopurl Xopur

ey soanseawr soASLILY pozifeiouan) uosun)y uoajuog eIpIg s

(ponurnyuod) :¢°g d[qeL,

145






CHAPTER 6

CONLUSIONS AND RECOMMENDATIONS

Income distributions and inequality measures are widely discussed topics in modern
econometrics and statistics. They provide insights into the distribution of wealth
and resources among different populations. Analyzing these measures is essential for

understanding economic disparities and informing policies for sustainable growth.

This work explores the significance of quantile functions in modeling and analyz-
ing income data. Chapter 1 covers the fundamental properties of quantile functions,
along with income inequality and poverty measures, discussed within the quantile

framework.

A detailed literature review comprising four sections, including distribution function-
based income distributions, quantile function-based income distributions, quantile

functions in reliability analysis, and income inequality measures, is presented in
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Chapter 2. The Lorenz curve, Gini index, Pietra index, Bonferroni index, Bonfer-
roni curve, and Zenga curve for five distributions are also derived in this chapter.
Additionally, the effectiveness of three quantile functions in income modeling is ex-

plored.

A thorough quantile-based income analysis of PP distribution has been carried
out in Chapter 3. Major income inequality measures are derived, and the Lorenz
ordering associated with the PP distribution is examined. A simulation study is
conducted to evaluate the performance of three estimation methods, and the method
of L-moments outperforms the others. We utilized the PP distribution to model two
real income datasets, and both empirical and theoretical income inequality measures

are computed.

Motivated by the property that the sum of two quantile functions results in
another quantile function, we proposed the SMD distribution in Chapter 4. Several
distributional properties, major income inequality, and poverty measures of the SMD
distribution are derived. We transformed the poverty gap ratio and FGT measures
into quantile form. The parameters are estimated using the method of L-moments,
and the practical application of the SMD distribution is demonstrated using a real-life

income dataset.

In Chapter 5, the six parametric models such as Weibull, PP, SM, Dagum, SMD,
and MLF having closed-form quantile functions are utilized to model per capita

household income data across Indian states. The L-moment estimation technique is
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employed to estimate the parameters of the models. We primarily used the Q-Q plot
and chi-square test to identify the most suitable model for each state, followed by
the histogram and correlation coefficient. Then for each state, we derived empirical

and theoretical income inequality measures.

In this paragraph, we present additional research areas that could build upon
this thesis. One possible direction is to interpret the parameters of each income
distribution as income inequality parameters based on the study of their income
inequality measures. As a future endeavor, one could explore the non-parametric
estimation of income inequality measures using U-statistics, particularly for those
measures that currently lack established non-parametric estimators. Our focus has
primarily been on unimodal income data, however, in real-life situations, bimodal
income patterns may also be observed. Therefore, it would be valuable to introduce
quantile-based distributions capable of modeling bimodal income data. In this thesis,
we consider only univariate income data. The analysis of high-dimensional income
datasets using quantile functions remains an open area of research. The use of
quantile-based approaches to study various income inequality and poverty measures

in a multivariate setup has yet to be explored.
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