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ABSTRACT

This thesis explores advanced topics in graph theory, focusing on metric dimen-
sion, neighborhood resolving sets, and the ¢,-polynomial across various graph
families and applications. It begins with the analysis of metric dimension and
bases in graph composition products, particularly compositions involving star
graphs and empty graphs. Graphs such as S;(0,), S;[S], and other variants are
examined for their metric dimension, and the properties of their resolving sets
are characterized in depth. Study the detailed analysis of neighborhood resolv-
ing sets in all connected graphs of order at most six, providing insight into the
structure and uniqueness of vertex identification based on their neighborhoods.
Further, the neighborhood resolvability of specific graph classes such as the bi-
partite graph K, ; and graph sums P, + P;, P,+ O, are studied extensively. These
investigations contribute to understanding the distinct neighborhood structures
and resolving capabilities within complex graph constructions. The thesis also
delves into the properties of the ¢o-polynomial for various graph families, in-
cluding P,, + P,, P, + O,,, K,, — ¢, and the Cartesian product P,, x P,. These
analyses offer insights into how vertex degrees, distances, and edge distributions

shape the structural identity of graphs.

A novel interdisciplinary approach is presented by modeling the 12 Zodiac
signs as graphs and studying their interrelationships using the ¢s-polynomial,

merging mathematical structure with symbolic representations. Another impor-



tant aspect involves the study of the ¢o-polynomial and neighborhood resolv-
ability in zero divisor graphs of small finite commutative rings of order at most
10, revealing deep connections between algebraic properties and graph invariants.
The practical relevance of neighborhood resolving sets is highlighted through two
real-world applications: (1) selecting a nodal center for effective drug distribu-
tion networks, and (2) optimizing construction labor management by modeling
trade-specific laborers as graph vertices. These case studies demonstrate the ap-
plicability of graph-theoretic tools to problems in logistics, resource allocation,
and operational efficiency. The thesis concludes with a summary of key find-
ings and recommendations for future research in combinatorial optimization and

applied graph theory.
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Introduction

Graph theory is one of the most well-established branches of mathematics that
are in high demand. With its roots in the modeling and negative resolution
of the famous Konigsberg bridge problem by Leonard Euler [1] , graph theory
has strongly established itself as one of the best tools to model network sys-
tems involved in complex problems that often face everyday life. The main
attraction of graph theory lies in the wide range of fields in which it can be ap-
plied, from network theory, chemistry, and operational research, to architecture
and morphology, in which it has numerous application possibility. There is no
doubt that graph theory is an amazing branch of applied mathematics, which
performs the function of translating real-life problems into mathematical mod-
els that can be analyzed mathematically. In order to understand the dynamic
properties and structural properties of graphs, metric dimensions are one of the
best-studied concepts in graph theory as they provide understanding into the
structural and active properties of graphs Metric dimension [2] is a fundamen-
tal concept in graph theory that estimates the minimum number of landmarks

(vertices) required to uniquely determine the distances between all pairs of ver-



Introduction

tices in a graph. This concept plays a critical role in various network-related
problems, such as navigation systems, facility location, and fail-safe analysis.
Understanding metric dimension allows us to gain understanding into the struc-
tural characteristics of a graph and its navigational properties. Neighbourhood
resolvability [4] is a concept closely related to metric dimension. It focuses on
the ability of a set of vertices to distinguish between different neighborhoods in a
graph. Specifically, it seeks to determine the smallest number of vertices required
to uniquely identify any two vertices based on their respective neighborhoods.
Neighbourhood resolvability has applications in areas like network security, sen-
sor network design, and community detection in social networks, making it an
engaging and practically relevant subject of study. The complicated interplay
between metric dimension, neighbourhood resolvability, and ¢g- polynomials [6]
in connected graphs remains an exciting and evolving area of research. This
thesis aims to contribute to the existing body of knowledge by exploring the
connections between these concepts, presenting novel understandings, and pro-
viding practical applications and algorithms to address real-world problems. In
the subsequent chapters of this thesis, we will investigate into each of these topics
in greater detail, highlighting their significance, reviewing related literature, and
presenting new results and findings that contribute to our understanding of met-
ric dimension, neighbourhood resolvability, and ¢- polynomials in the context
of connected graphs. By the end of this research, it is our hope that readers will
gain a deeper appreciation for the rich hanging of ideas that support these graph-
theoretic concepts and their potential applications in solving complex problems

in various domains.



Introduction

An overview of the thesis

The thesis contains an introduction chapter as well as six chapters that deal
with the metric dimension, neighborhood resolvability, and ¢x- polynomials of
some graph families, and they are investigated in detail in each chapter. There
is a compact description provided in the introductory chapter which explains the
motivational background behind the introduction of the graph polynomial and
the resolvability of graphs. It is also provided with a discribtion for the upcoming
chapters so that participants can anticipate what to expect.

In chapter 1, the terminology and notations that will appear in the subsequent
chapters are detailed. This chapter shows basic definitions and findings in metric
dimension,neighbourhood resolving set, zero divisor graph and polynomial prop-
erties which will be further discussed in the following chapters.

chapter 2, A subset S of vertices resolves a graph G if every vertex of G is
uniquely determined by its vector of distances to the vertices in S. A resolving
set of minimum cardinality for a graph G is called a minimum resolving set.
A minimum resolving set is usually called a basis for G and the cardinality of
basis is called the metric dimension of GG, denoted by dim(G). For the graphs
G1 = (W1, Eq) and Gy = (Va, Es) its composition product is denoted by G1[Gs]
is the graph and two vertices (u,v) and (x,y) are adjacent in G1[G3] whenever
ur € Fy or, u = x and vy € E5. In this chapter metric dimension of composi-
tion product of S,[O0,], Sn[Sn], SulSm], Sn[Om] are studied. Additionally discuss
about general properties of the bases of graphs.

chapter 3, Studied the neighbourhood resolvability of connected graphs with

orders at most 6. Determined the properties of resolvability as well as the metric
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dimensions of these graphs. Morethan hundreds of graphs with order atmost
6 are examined in this chapter. The concept of "neighborhood resolving set”
is closely related to graph theory, specifically in the study of metric dimension.
Before investigating into neighborhood resolving sets, let’s establish some funda-
mental concepts; graphs , distance in graphs, metric dimension. In the context
of graph theory, a neighborhood resolving set is a specific type of resolving set
that focuses on the neighborhoods of vertices.

chapter 4, Examined the Neighbourhood-resolving sets on Bipartite graphs,
Composition of star graphs and empty graph, Composition of star graphs, Sum
of path graph and Sum of path graphs and empty graph. Given a graph G,
the neighborhood resolving set is a subset of vertices (sets of vertices adjacent
to a given vertex) uniquely determines the identity of each vertex in the graph.
Formally, a set S of vertices in a graph G is a neighborhood resolving set if, for
every pair of distinct vertices u and v in G, the sets of vertices adjacent to v and
v are distinct and the union of adjacency vertices of each vertex in the set S is G.
The study of neighborhood resolving sets is motivated by applications in network
design, communication, and location-based services, where it is preferred to have
a small set of tactically placed landmarks that can efficiently guide navigation or
information recovery. Understanding the properties and sizes of neighborhood
resolving sets contributes to understanding into the structure and behavior of
graphs, and it has practical implications in various real-world situation involv-
ing network analysis and optimization. Researchers often explore the existence
and properties of neighborhood resolving sets in different classes of graphs and
investigate algorithmic approaches to finding them efficiently.

chapter 5, Graph theory provides a rich framework for analyzing complex net-
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works and structures. Among the various tools available, graph polynomials offer
powerful means to summarize and study the properties of graphs. This chap-
ter explores the ¢i-polynomial, an advanced graph polynomial that encodes the
distribution of edges based on the k™ degrees of their endpoints. The k" de-
gree of a vertex extends the traditional concept of vertex degree by considering
distances between vertices, thereby providing a more refined understanding of
graph structure. This polynomial is particularly useful for characterizing graph
families and analyzing their combinatorial properties. The ¢g-polynomial is a
versatile and powerful tool in graph theory, offering a detailed perspective on
the distribution of edges based on distance-based vertex degrees. Its ability to
characterize graph families and provide insights into their structural properties
makes it a valuable addition to the collection of graph polynomials, with broad
implications for both theoretical research and practical applications in various
fields.

Chapter 6, Graph theory provides a healthy framework for analyzing and un-
derstanding complex networks and structures. In this chapter, we explore the
graphical and ¢g-polynomial properties of the 12 Zodiac signs, a novel and in-
terdisciplinary approach that combines astrological concepts with mathematical
accuracy. By representing the relationships and characteristics of the Zodiac
signs as graphs, and subsequently analyzing these graphs through the lens of
the ¢g-polynomial, we aim to uncover new insights into their interconnected-
ness and essential properties. To analyze the Zodiac signs using graph theory,
we represent each sign as a vertex in a graph. Edges between vertices denote
significant relationships or interactions between the signs. The primary objec-

tives of this chapter are to develop graph representations for the 12 Zodiac signs,
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capturing their interactions and relationships, examine the structural properties
of these graphs using traditional graph invariants and metrics, calculate the ¢-
polynomial for the Zodiac graphs to reveal detailed information about their edge
distributions and structural refinement, correlate the mathematical findings with
astrological interpretations, providing a deeper understanding of Zodiac sign in-
teractions through a graph-theoretical lens. By applying graph theory and the
¢r-polynomial, we aim to uncover patterns and properties that are not imme-
diately visible through traditional astrological analysis. This approach not only
boost our understanding of the Zodiac but also demonstrates the versatility and
applicability of graph theoretical methods in different fields.

Chapter 7, Graph theory serves as a powerful tool for understanding and ana-
lyzing the structural properties of various algebraic systems. In this we explore
into the metric dimension and neighborhood resolving sets of zero divisor graphs
associated with small finite commutative rings of order at most 10. By examining
these specific graph properties, we aim to uncover new insights into the complex
relationships and characteristics fundamental in these algebraic structures. The
primary objectives of this chapter are to: develop and analyze the zero divisor
graphs for all small finite commutative rings of order at most 10, compute the
metric dimension for these zero divisor graphs, identifying the minimum resolv-
ing sets, determine neighborhood resolving sets for these graphs, exploring their
implications for local graph structure, Investigate the relationships between the
algebraic properties of the rings and the graphical properties of their zero divisor
graphs. Understanding the metric dimension and neighborhood resolving sets of
zero divisor graphs can provide valuable insights into the underlying algebraic

structures. These concepts not only contribute to the theoretical development
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of algebraic graph theory but also have practical applications in areas such as
network design, coding theory, and cryptography. By focusing on small finite
commutative rings, this chapter aims to provide a extensive analysis that bal-
ances theoretical accuracy with practical relevance. The results obtained here
will serve as a foundation for further studies on larger and more complex algebraic
systems, laying the way for new discoveries and applications in both mathematics
and computer science. In summary, this chapter offers a detailed exploration of
the metric dimension and neighborhood resolving sets of zero divisor graphs for
small finite commutative rings. Through this investigation, we seek to improve
our understanding of the elaborate connections between algebraic and graphical
structures, demonstrating the serious interplay between these two fields.

chapter 8, Graph-based problem solving is a fundamental approach in many
real-world applications. One such concept, the neighborhood resolving set (NRS),
plays a significant role in optimizing network structures by uniquely identifying
vertices based on their neighborhoods. This chapter explores two key applications
of neighborhood resolving sets: Selecting Nodal Centre for Effective Management
of Drug Distribution, Optimizing Construction Labor Management Using Neigh-
borhood Resolving Sets. Using graph theory concepts, we model the geographical
layout as a graph where the nodes represent emergency drug warehouses and ser-
vice center, and edges represent the closeness between these establishments based
on the defined distances. The goal is to select a nodal center (Emergency drug
warehouses or Service center, or both) for effective drug distribution, which en-
sures that the distance-based connections between vertices are minimized and the
network remains connected. Efficient labor management in construction projects

is critical for reducing costs, improving productivity, and ensuring timely project
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completion. This paper introduces the application of Neighborhood Resolving
Sets (NRS) from graph theory to optimize labor task allocation and wage dis-
tribution among workers in a construction project. The construction workforce
is represented as a graph, where workers from various trades such as carpenters,
plumbers, electricians, and masons are modeled as vertices, and communication
or assistance between them forms the edges. We aim to identify key laborers

using the NRS to ensure efficient work allocation and fair wage distribution.

Chapter 9 concludes the findings of the study and Chapter 10 provides

recommendations for future research in this area.



Chapter 1

Preliminaries

This chapter studies the notations, basic definitions and findings in metric di-
mension, neighbourhood resolving set and polynomial properties which will be

further discussed in the following chapters.

This chapter includes the basic definitions, notations, terminologies and fun-
demental results in graph theory and which are helpfull in in the forthcoming

chapters.

1.1 Metric dimension

Definition 1.1.1. /2] Let G = (V,E) be a connected, undirected graph and
x,u,v €'V . A werter x is said to resolve the vertices u and v if the distance of

x from w is different from distance of x from v. that is d(u,z) # d(v, ).

Definition 1.1.2. [9] A vertex x € V(G) 1is said to resolve a pair of vertices

w,v in G if d(u,z) # d(v, ).



1.1. Metric dimension

Definition 1.1.3. [8] Let G = (V, E) be a graph, For an ordered subset W =
{wy,ws, ..., wr} of V(G) and for any vertex v € V, the metric representation of
v with respect to W is the k — vector which is denoted and defined as r(v/W) =

(d(v,wy),d(v,ws), ..., d(v,wy)).

Definition 1.1.4. [2] The set W is called a resolving set for G, if r(vy /W) =

r(ve /W) implies that v = v for all v, vy € V(Q).

Definition 1.1.5. [8] [10] The minimum cardinality of a resolving set of G is

called the metric dimension of G and is denoted by dim(G).

Definition 1.1.6. [8] [10] A resolving set of minimum cardinality for a graph G
s called a minimum resolving set. A minimum resolving set is usually called a

bases for G.

Definition 1.1.7. [8] A resolving set W is called a minimal resolving set of a

connected graph G if no proper subset of W is a resolving set of G

Definition 1.1.8. [8] A bases W for a graph G is said to connected if the sub-

graph induced by W is connected.

Definition 1.1.9. [8] A bases W of G is said to be independent if no two vertices

of W are adjacent.

Definition 1.1.10. /8] The join of two graphs G1(Vi, E1) and Go(Va, Es) is a
graph G = (V; E) such that V =V, UV, and E = Ey U Ey |, edge uwv : u € V)

and v € V4

Definition 1.1.11. [7] The composition product of two graphs G1(Vi, Ey) and

Go(Va, Es) is the graph G, denoted by G1[Gs], whose vertex set is Vi X Vy and two

10



1.1. Metric dimension

vertices (u;,v;) and (uj,vy,,) are adjacent in G whenever uu; € Ey or u; = u;
and Vv, € FEy. The number of vertices in above composition graph is Vi x Vs,

number of edges is (Vi X Eq) + (Ey x V)
Definition 1.1.12. [9] The Cartesian product Gi X G of two graphs G1 and Gy

s a graph with.:

o Vertex set: V(G x Gs) = V(G1) x V(Gs), where each vertex is a pair

(v1,v2) with vy € V(Gy) and vy € V(Gs).
o Fdge set: Two vertices (v1,v2) and (uy,us) are adjacent if:
— v1 = uy and vy is adjacent to usy, or
— Vg = Uy and vy is adjacent to uy.

Theorem 1.1.13. [7] The metric dimension of the star graph S, is n — 2 for

n>1
Theorem 1.1.14. [5/
The metric dimension of Cy, is dim(C,,) = 2

Theorem 1.1.15. [7] A connected graph G of order n > 2 has dimension n — 1
if and only if G = K,

Theorem 1.1.16. [8] A connected graph G of order n has metric dimension 1
if and only of G = P,.

Theorem 1.1.17. [5] For given positive integers m and n the metric dimension
1 if n=2,m=1
of dim((P, + P) =< 2 if 2<m<3

Z]+n—2 ifn>1m>4

11



1.2. Neighbourhood resolving set

Theorem 1.1.18. [8] The metric dimension of K, is dim(Ky,) =n—1
Example 1.1.19. Let G be the graph given with 4 vertices

W = {1,2} form the resolving r(1/W) = (0,1), r(2/W) = (1,0), r(3/W) =
(2,1), 7(4/W) = (1,1). W is bases and also connected dim(G) = 2

4

o~

2 3

Figure. 2a

1.2 Neighbourhood resolving set

Definition 1.2.1. [12] Let G = (V, E) be a connected, undirected graph and
let v € V, then closed neighborhood of v is denoted by N[v], and defined by

N[v] =A{u,: u adjacent to v} U {v}

Definition 1.2.2. [12] For a subset S = {s1, Sa, ..., s} of V(G) said to be neigh-
bourhood set, if N[s1] U N[s] U ...... N[sk] = G. A neighbourhood set S of a
connected graph G is called a minimal neighbourhood set if no proper subset of
S is a neighbourhood set of G. The least cardinality of a minimal neighbourhood

set of G is called the neighbourhood number of G and is denoted by In(G).

Definition 1.2.3. [12] Let G = (V, E) be a connected, undirected graph and
vy, V9,3 € V. A wvertex vy said to resolve the vertices v and vs if the distance of

vy from vy is different from distance of vs from v,.

Definition 1.2.4. [12] For an ordered subset W = {wy, wy, ..., wy} of V(G) and

for any vertex v € V, the (metric)representation of v with respect to W is the k-

12



1.2. Neighbourhood resolving set

vector which is denoted and defined as r(v/W) = (d(v,w1), d(v,ws), ..., d(v, wg)).
The set W is called a resolving set for G if r(vi|W) = r(va|W) implies that
vy = vy for all vi,ve € V(G).

A resolving set of minimum cardinality for a graph G is called a minimum re-
solving set, A resolving set W is called a minimal resolving set of a connected
graph G if no proper subset of W is a resolving set of G, the least cardinality of

minimal resolving set of G is denoted by Ir(G)

Definition 1.2.5. [12] Let G be any graph. Let S is the subset of V(G). Consider
the k-tuple (uy,us,...,u;) where S = {uy,ug,...;ux}, k > 1. Let v € V(G),
define a binary neighbourhood code of v with respect to the k-tuple (uy,us, ..., uy),
denoted by ncs(v) as a k-tuple (11,72, ..., %)

1 if we Nfu), 1<i<k

where r; =
0 otherwise

S is called a neighbourhood resolving set or a nr-set if S is neighbourhood set and

nes(u) # nes(v) for any u,v € V(G).
Definition 1.2.6. [12]

Let S be a subset of V(G). If S is both minimal neighborhood and minimal

resolving set , then its least cardinality is denoted by Inr(QG)

Definition 1.2.7. [12]

Let S be a subset of V(G). Let uw € S. Then two vertices x,y € V are
said to be privately resolved by w if nes(x) and nes(y) differ only at the place

correspondingto u.

Theorem 1.2.8. [// Let G be a connected graph of order n > 3. Then G does not

13



1.2. Neighbourhood resolving set

have any neighbourhood resolving set if and only if there exist two non adjacent

vertices u and v in V(G) such that N[u] = Nv].
Theorem 1.2.9. [21] For any graph G , Inr(G) <n —1

Theorem 1.2.10. [26] A vertex set S in graph G is an nr-set if every edge in
the subgraph induced by V(G) — S is part of a cycle with length 3 that has at least

one vertex in S.
Theorem 1.2.11. [12][16] For any positive integer n,
(%W , form=13,

Inr(P,) = 2, forn =2,

kL%J, forn > 4.

Theorem 1.2.12. [18] For any integer n > 3, Inr(K,) =0

Theorem 1.2.13. [16] For any integer n > 3, the adjacency local metric dimen-

sion of the cycle C,, is given by

Inr(C,) = [” * ﬂ |

2

Theorem 1.2.14. [12] For any integer n > 3,

3 if n=4
Inr(Cn) =

(%W otherwise

Theorem 1.2.15. [12] For each integer i > 3 every i element subset S of

vertices of a cycle C,, 1s always an r-set.

Theorem 1.2.16. [16] For any integer n > 3,

3, forn =3,4,5,6,
Inr(Wy,) =

2(n+1)
L = J+1, forn >17.

14



1.3. ¢p-Polynomial

Theorem 1.2.17. [12] For any integer n >4, Inr(Sn) =n — 2

Theorem 1.2.18. [12] Let G be a connected graph of order n such that Inr(G) =

k . Then logon < k

Example 1.2.19. Let G be the connected graph with 5 vertices in the figure. 3a
Now S = {2,5,4} is the neighbourhood resolving set of G. Since nCg(1) =
(1,0,0), nCs(2) = (1,1,0), nCs(3) = (1,0,1), nCs(4) = (0,1,1), nCs(5) =
(1,1,1) and N[2] U N[5] U N[4] = G The minimum(least) cardinality of such

neighbourhood resolving set is Inr(G) = 3

Figure. 3a

1.3 ¢;-Polynomial

Definition 1.3.1. [6] Let G be a graph the k' degree of the vertex p is denoted
by A\e(p), and define as A\p(p) = [{q € (G) : XM(p,q) = k}|, where X(p,q) is the
distance between the vertices p and q. The minimum and mazimum k' degree of
the graph G denoted by as(G) and B2(G) respectively, then for the graph G, let
or(i,7)(G) be the number of edge, pqg € E(G) such that {\.(p), \e(q)} = {4,7},

The ¢ —polynomial of G is defined as: ¢o(G,x,y) =32, <icicp, 2(i, §)(G)a'y’
Theorem 1.3.2. [6] Let G = P, be a path with n > 4 vertices. Then

15



1.3. ¢p-Polynomial

3zy ifn=4
¢2<Gaxay) =

2ry + 2xy* + (n — 5)x*y* ifn>5

Theorem 1.3.3. [6] Let G = C,, be a cycle graph with n > 4 vertices. Then

4y ifn=4
¢2(G7 z, y) =
nz?y? ifn>5

Theorem 1.3.4. [6] If G be a connected graph with n > 2 wvertices. Then

02(G,x,y) =cy" if G = Sn. wherec=(n—1), andr =n — 2.
Example 1.3.5. let G be a connected graph in the figure. 5a

4

Figure. Sa

Table 1.1: 2"¢ degree and its cardinality of the graphs

No(@) | fue—u} | [{u:e—u}] | ax(@) | Aa(G)
Az(1) {3} 1
Ao (2) {4,5} 2
nE) | {1y 1 1 2
M) | {2.5) 2
xnG) | {24 2
ar <P << B 6alis))(G) {u—v) [ {u— v}
$2(1,1)(G) {} 0
$2(1,2)(G) {1-2,3-2,3-4,3-5} 4
$2(2,2)(G) {} 0

16



1.4. Zero divisor graph

The ¢o — Polynomial of the graph is given by ¢o(G, xz,y) = dwy?

1.4 Zero divisor graph

Definition 1.4.1. [1/] A Commutative Ring < R,+,. > is a set R together
with two binary operations +, and ., which we call addithion and multiplication,
defined on R such that the following axiomes are satisfied

1. < R,+ > s an abelian group

2. Multiplication is associative

3. Fora,b,c € R, a.(b+¢) = a.b+ a.c and (a + b).c = a.c+ b.c, hold

4. a.b="b.a for alla,b € R

5. A unity (or identity) in a ring is a nonzero element that is an identity under
multiplication.

The set of all zero divisors in R is denoted by Z(R) and the set of all non-zero

zero divisors in R is denoted by Z*(R)

Example 1.4.2. Consider the ring R = Zg = {0, 1,2, 3,4,5}
Z*(R) ={2,3,4} and corresponding zero divisor graph G = K 5 is given Figure.

Ta

3 4

®

Figure. 7a
Ki»
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Chapter 2

Analysis of metric dimension and bases

in graph composition products

2.1 Introduction

The concept metric dimension of connected graphs and its related properties
are first introduced by by PJ Slater [11] in 1975, independently by Harary and
Melter [2] in 1976. The concept of minimum resolving set has a significant role
in various context such as organic chemistry[17], Robotic navigation[15], coin
weighing problem|[7], drug discovery[7], network discovery and verification[13].
The motivation behind the results on this work is due to the large range of ap-
plication of resolving sets in various fields as mentioned as network discovery
and verification. In the field of chemistry, to provide mathematical represen-
tations for a set of chemical compounds in a way that gives distinct represen-

tations to distinct compounds. Also provides the chemical structure for the

18



2.2. Bases and metric dimension of composition product of star graph and
empty graphs

compounds. Let W = {wq, ws, ..., wi} be an ordered subset of V(G). The rep-
resentation of a vertex v of G with respect to W is defined as the k-vector
r(v/W) = (d(v,w),d(v,ws),...,d(v,wg)). The set W is called a resolving set
of G if every two distinct vertices z,y € V(G) satisty r(z/W) # r(y/W). A
bases of (G is a resolving set of G with the minimum cardinality, and the metric
dimension of G refers to its cardinality and is denoted by dim(G). In this chap-
ter, mainly discussed about the metric dimension and related basic properties of

composition products of graphs.

2.2 Bases and metric dimension of composition

product of star graph and empty graphs

In this section, we first define the concepts of bases and metric dimension, as
well as the composition operation on graphs. Moreover, this chapter derives the
bases and the metric dimension of the composition product of certain families of

graphs.

Example 2.2.1. Let G be the graph given with 4 vertices

W = {1,2} form the resolving r(1/W) = (0,1), r(2/W) = (1,0), r(3/W) =
(2,1), 7(4/W) = (1,1). W is bases and also connected dim(G) = 2

4

Figure. 2a
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2.3. The metric dimension of the graph S,[O,,]

2.3 The metric dimension of the graph 5,|0,,]

Theorem 2.3.1. The metric dimension of the composition product of star graph

1 if n=2m=1
and empty graph is dim(S,[On]) =
nm-—2 ifn>2m>1

Proof. case.1: For n = 1 and for any value of m, the composition product
Sn|Om] is a disconnected graph. Since the metric dimension is defined only for
connected graphs, there is no need to determine the metric dimension of the
composition product when n = 1.

case.2: If n =2 and m = 1, the composition product is a star graph with 2

vertices, as shown in Figure 2.1. Therefore,d(5;]01])) = d(Ss2) = 1

Figure 2.1: S5 [O4]

case.3: If n > 2 and m > 1, with (n,m) # (2,1), then the vertices of
the composition product S,[O,,] are as shown in Figure 2.2. This graph has n
vertices of degree (n — 1)m. Therefore, the resolving set contains n — 1 of these
vertices and n(m — 1) — 1 vertices from the remaining set. Since the graph has
n(m — 1) vertices of degree m, the minimum cardinality of the resolving set is

(n—=1)+ (n(m—1) — 1) =nm — 2.

20



2.3. The metric dimension of the graph S,[O,,]

1)n+1..‘(m71)n+1 mn
Figure. 2.2
Sl O]

Figure 2.2: S, [O,,]

O

Corollary 2.3.2. From the above theorem, the metric dimension of the compo-

sition product S,|O,], when n =m, is given by

dim (Sn[On]) =n?—2, foralln>2.

Remark: Here, S,[0,] represents the composition product of a star graph S,
(with n leaves) and O,, (a set of n isolated vertices). The composition product
Sn|On) creates a graph structure where each leaf of the star graph S, is replaced

by n isolated vertices.

The result shows that the metric dimension grows quadratically as n increases.
Specifically:- For n = 2, dim(S2[0s]) = 22 — 2 = 2. For n = 3, dim(S3[0s]) =

32 —-2="T.

This quadratic growth highlights the increasing complexity of determining

unique vertex positions in composite graphs.

Corollary 2.3.3. The lower bound of the metric dimension of the composition

21



2.3. The metric dimension of the graph S,[O,,]

product of the graph S,[On] is the metric dimension of S,. Therefore:
dim(S,) < dim(S,[0O.]).

In this case, independent bases do not exist; all the resolving bases are connected.

Remark: This corollary establishes an important lower bound for the metric
dimension of S,[0,,], showing that the complexity of the resolving set cannot

drop below the metric dimension of the original star graph 5,,.

Furthermore, it is noted that:

e No independent bases exist: The resolving set cannot be formed by
isolated vertices; all bases must involve vertices that are connected to other

parts of the graph.

e Connected bases: All minimal resolving sets (or bases) involve vertices
that are connected within the graph structure, reflecting the influence of

the underlying star graph 5,,.

Remarks:

1. The results of these corollaries emphasize the importance of understanding
the interplay between the base graph .S,, and the added vertices O,, in the

composition product S, [O,,].

2. The absence of independent bases suggests that the structure of the graph
is inherently connected, and resolving sets must leverage this connectivity

to ensure uniqueness.
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2.4. The metric dimension of the graph S,,[S,,]

3. Further studies could explore the upper bounds and tight bounds for

dim(S,[On]) as m varies.

2.4 The metric dimension of the graph S,[5,,]

Theorem 2.4.1. The metric dimension of the composition product of two star
(

1 if n=2,3,m=1
3 ifn=2,3m=2
graphs of order n > 3 and m is, dim(Sp[Sp])) =< m—2 ifn=1,m >3

2m—3 ifn=2m>3

| 3m—5 ifn=3m2>3

Proof. The composition product of S,[S,,] as shows in the figure 2.3

case.l: If 2 < n < 3 and m = 1, then the composition product reduces to
S9[S1] and S5[S1]. Here, S3[S1] = P, and S3[S1] = P3. Therefore, dim (52[5’1]) =
dim(P) = 1 and dim (S5[51]) = dim(P3) = 1.

case.2: For 2 < n < 3 and m = 2, the composition product satisfies S5[Ss] =
K,. Hence, dim (52[52]) = dim(K,) = 3.

case.3: If n = 1 and m > 3, then the composition product S;[S,,] is a star
graph with m vertices. Therefore, dim(S1[S]) = m — 2

case.4: Ifn =2 and m > 3, then every resolving set containing at least 2m — 3
vertices is a basis. Therefore,dim(S55[S,,]) for any m > 3 is 2m — 3.

case.b: Ifn =3 and m > 3, then every resolving set containing at least 3m — 5

vertices is a basis. Therefore dim(S3[S,,]) for any m > 3 is 3m — 5.
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2.5. Conclusion

(m-1)n+1 (m—l)n.jr?-.,_' (m-1)n+3

Figure 2.3: S, [Sy,]

2.5 Conclusion

The study of the metric dimension on the graphs S,[0,,] (a star graph with
isolated vertices) and S,[S,,] (a star graph with smaller star graphs attached to
each leaf) provides valuable insights into graph representation and unique vertex

identification.

e To determine the minimum resolving set (or bases) that uniquely identifies

every vertex in these graph structures.

e To analyze the complexity and structure of composite graphs derived from
basic star graphs, which are widely used in theoretical computer science

and network modeling.
Some applications are given by

e Robotic navigation: Understanding the metric dimension allows robots

to efficiently navigate networks modeled by such graphs. Resolving sets
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2.5. Conclusion

help minimize excess in position determination or shortest path identifica-

tion.

Network design: These graph structures are suitable for modeling com-
munication networks with hubs (central nodes) and peripheral devices.

Metric dimension helps optimize monitoring or routing strategies.

Biological networks: The graphs S,[0,,] and S,[S,,] can model hier-
archical biological systems, such as protein interaction networks or neural

networks, where central nodes interact with clusters of smaller nodes.

Data analysis: Metric dimension aids in identifying unique nodes in large
data networks, such as social or computer networks, enabling network clus-

tering, fault diagnosis, and efficient resource allocation.

Further studies

Generalization: Extend the study to other composite graphs, such as

Sp[Km) (a star graph with complete graphs ).

Algorithmic applications: Develop efficient algorithms to compute the

metric dimension for large-scale composite graphs.

Real-world network analysis: Apply the findings to real-world net-

works, where hierarchical structures like S,,[S,,] naturally occur.

Dynamic graphs: Investigate changes in metric dimension when vertices

or edges are added or removed dynamically.

Optimization problems: Explore optimization techniques to minimize

resolving sets in networks with resource constraints.
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Chapter 3

Neighborhood resolving sets in graphs

with order atmost six

3.1 Introduction

Let G(V; E) be a graph. For a vertex v € V, N(v) denotes the set of all vertices
of G which are adjacent to v and N[v] = N(v) Uv. A subset S of V is called
a neighborhood set or n — set of G if G = U,es (N[U]), where for a subset
S of V. An nr-set S is called minimal if no proper subset of S is an nr-set
[12]. The minimum cardinality of a minimal n-set is called the neighbourhood
number of G and is denoted by In(G). The concept of neighborhood number for
a graph was first introduced by E. Sampathkumar[19] A subset S of V' is called
a neighborhood resolving set or nr-set of GG if S is both a neighborhood and a
resolving set of G. The minimum cardinality of a minimal nr-set is called the

neighborhood resolving number of G and is denoted by Inr(G). The concepts of
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3.2. Neighborhood resolving sets of graphs with order 1,2,3,4, and 5

resolving set a graph and its related properties such as bases were introduced by

P.J.Slater [11] and independently by Harary and Melter [2]

3.2 Neighborhood resolving sets of graphs with

order 1,2,3,4, and 5

If n =3 and m > 3, then every resolving set containing at least 3m — 5 vertices

is a basis.

Example 3.2.1. Let G be the connected graph with 5 vertices shown in Figure 3a.
Consider the set S = {2,5,4}, which is a neighbourhood resolving set of G. Since
nCs(1) = (1,0,0), nCs(2) = (1,1,0), nCs(3) = (1,0,1), nCs(4) = (0,1,1), and
nCs(5) = (1,1,1), and moreover N[2] U N[5] U N[4] = V(G), it follows that S
1s a neighbourhood resolving set of G. Hence, the minimum cardinality of such

a neighbourhood resolving set is Inr(G) = 3.

Figure. 3a

Theorem 3.2.2. If G be a graph with, order lessthan or equal to 3,
then Inr(G) =0

Proof. case.l: Let G be a graph with a single vertex. Up to isomorphism,

there is only one connected graph of order one, which is isomorphic to K; (or
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3.2. Neighborhood resolving sets of graphs with order 1,2,3,4, and 5

equivalently P;). Therefore, Inr(G) = 1. For the case when G is a connected
graph with 2 vertices, we have G = P,. Hence, Inr(G) = 0 by Theorems 1.2.9
and 1.2.11.

case.2: Let G be a connected graph with 2 or 3 vertices. Then the possible
graphs are P,, P3, and C3 (where C3 = K3). By Theorems 1.2.11 and 1.2.17,
we have nr(P;) = 0. Moreover, since C3 = K3 = P, + P,, these graphs are

isomorphic. Therefore Inr(C3) = Inr(K3) = Ilnr(P, + P;) = 0. ]

Theorem 3.2.3. For a connected graph G with order 4,
3 if G=Py,C4
Inr(G) =4 2 if G=S, orKs,

0 otherwise

Proof. Let G be a connected graph with 4 vertices. Up to isomorphism, the pos-
sible degree sequences are (1,2,2,1), (1,3,2,2), (2,2,2,2), (2,3,2,3), (3,3,3,3),
and (3,1, 1,1). The graph with degree sequence (1, 2,2, 1) is isomorphic to P, and
hence Inr(P,) = 3. The graph corresponding to (3,1,1,1) is K3;, and therefore
Inr(K31) = 2 by Theorem 1.2.11. The degree sequence (2,2,2,2) corresponds
to Cy, and thus Inr(Cy) = 3 by Theorem 1.2.17. The only graph with degree
sequence (3,3,3,3) is Ky, and hence Inr(K,) = 0 by Theorem 1.2.9. The graph
with degree sequence (2,3,2,3) is Ky — {e}, so Inr(K4 — {e}) = 0. Finally, the

graph with degree sequence (1, 3,2,2) is as shown in Figure 3.1.
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3.2. Neighborhood resolving sets of graphs with order 1,2,3,4, and 5

/e 2 3

Figure 3.1: Inr(G) =0

From Figure 3.1, there is no neighbourhood resolving set. Hence, inr(G) =
0. Therefore, for any connected graph with 4 vertices, the cardinality of the

neighbourhood resolving set is determined. O

Theorem 3.2.4. For a connected graph G with order 5,

lnr(G) _ 3 if G=P5,Cs, K1,4,K3,2 or K273

0 or 4 otherwise
Proof. case.1: Let G be a connected graph with 5 vertices. Then G may
be isomorphic to Ps, Cs, Kj4, or K35 (note that K3 = Ks3). These graphs
have degree sequences (1,2,2,2,1), (2,2,2,2,2), (4,1,1,1,1), and (3,3,2,2,2),
respectively. By Theorems 1.2.9, 1.2.11, and 1.2.17, we obtain (nr(G) = 3.

The above graphs are shown in the figure 3.2

NP 4 1 5

1 2

Figure 3.2: Inr(G) =3

case.2: Graphs with Inr(G) = 4 are shown in Figure 3.3.
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3.2. Neighborhood resolving sets of graphs with order 1,2,3,4, and 5

Figure 3.3: Inr(G) =4

case.3: Graphs with Inr(G) = 0 are shown in Figure 3.4.

Figure 3.4: Inr(G) =0

]

Corollary 3.2.5. The graph G with order 5, The minimum cardinality of neigh-

bourhood resolving set is neither 1 or 2.

Proof. From the theorem3.2.4 we shows that the minimum cardinality of neigh-

bourhood resolving set assumes the values 4, 3,0 O]
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3.3. Neighbourhood resolving set of graph of order 6

3.3 Neighbourhood resolving set of graph of or-

der 6

Theorem 3.3.1. Let G be a graph of order 6, then the neighbourhood resolvability

of G satisfies Inr(G) € {0,3,4,5}

Proof. There are 110 graphs of order 6. The value of Inr(G) for each of these

graphs is analyzed under four distinct cases.

case.l: The graphs satisfying Inr(G) = 5 are illustrated in Figure 3.5. A

total of 4 graphs fall under this case.

Figure 3.5: Inr(G) =5

case.2: There are 29 graphs with inr(G) = 4, as shown in Figure 3.6.

A

;4 1
g 5
6,

2 386 2

1 b)

3 2
L~ ¢ 3

6
YIVEAN'E 5 4
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3.3. Neighbourhood resolving set of graph of order 6

Figure 3.6: Inr(G) =4

case.3: Graphs with Inr(G) = 3 are shown in Figure 3.7.

[ ) [ )
2 ! 33 4
6
2 6 ] 2
5
3 5 4 6 5
2
J 2 3
6 ) 4
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3.3. Neighbourhood resolving set of graph of order 6

2 1 1 3 bi 2 3 i 2
6 3 5 6 2 2 4
° 6
5
g 4 3 6 5 6 5 4 4 3
1 1 19 /
/2 .3
5 3 2 2 6 2 4
p 63 i 5 3 6 5 o
3 2 2 3 IthrZ 1
s |1 4 o o3
4 1 66 45 & )5

Figure 3.7: Inr(G) =3

case.4: Graphs with Inr(G) = 0 are described as follows. The complete
graph Kj has no neighbourhood resolving set. Similarly, the graph Kg — e also
has no neighbourhood resolving set. The remaining graphs on 6 vertices with

Inr(G) = 0 are shown in Figure 3.8.

1 2 2 3 1 2
6
5
5 4 ! 4 5 4
2 3 3 ] 3 2 b
1
! 4
6
5
6 5 4 2// 5 '4
1 5 61’ g 2 21
4 4
'/ 6
2 6 3.-’ 44 . o
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3.3. Neighbourhood resolving set of graph of order 6

1 2 I ), I
6
2 3 4
3
5
6 4 4 3 6
. 1 1
] 2 1 X35 A 2 3 3 4
6 2 3
6 5
36 4' 4
6
56 5 5 4 5 4 2 6

Figure 3.8: Inr(G) =0
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3.3. Neighbourhood resolving set of graph of order 6

Conclusion

In this chapter, we have explored the concept of neighborhood resolving sets
in graphs with an order of at most six. The primary focus was to determine
minimal resolving sets for small graphs and analyze their structural properties.
Key findings demonstrate that the structure of a graph, including its connectivity
and symmetry, significantly influences the size and nature of resolving sets. The

results of this study have various practical applications, particularly in:

e Network design: Resolving sets can aid in the optimal placement of sen-
sors or controllers in communication networks, ensuring efficient monitoring

and fault detection.

¢ Robotics and navigation: Minimal resolving sets are crucial for robotic
path planning and environment mapping, where localization of robots trust

on distinguishing points in the graph-based representation of space.

e Biological networks: In biological studies, neighborhood resolving sets
can be applied to analyze protein interaction networks or metabolic path-

ways, aiding in identifying critical nodes.
e Chemical graph theory: Resolving sets are useful in identifying unique
molecular structures based on graph invariants.

The study presented here opens several channel for further research:

e Generalization to larger graphs: Extending the analysis to graphs of
higher order and investigating the flexibility of methods used for smaller

graphs.
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3.3. Neighbourhood resolving set of graph of order 6

e Algorithmic development: Designing efficient algorithms for finding

minimal resolving sets in large and complex graphs.

¢ Dynamic graphs: Studying neighborhood resolving sets in dynamic graphs,
where edges and vertices may change over time, to model real-world sys-

tems more accurately.

e Graph families: Investigating specific families of graphs, such as hyper-
cubes, planar graphs, or random graphs, for their resolving set character-

1stics.

e Weighted graphs: Extending the concept to weighted graphs, where
edge weights represent distances or costs, adding complexity and practical

significance.

The study of neighborhood resolving sets provides deep insights into graph theory
and its applications in various scientific and engineering domains. Future work
should aim to bridge theoretical advancements with practical implementations

for solving real-world problems.
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Chapter I

Neighborhood resolving sets on bipartite

eraphs, graph compositions and sum of

oraphs

4.1 Introduction

Let G(V,E) be a graph. For any element v € V, the collection N|[v] of all
elements which are adjacent to v and also v itself. A subcollection N is known
as i — set of G, if the graph G is the finite union of N[v] for each v € N .The
least number of elements in 72 set is called the neighbourhood number of G and
is denoted by n(G). The concept of neighbourhood number is introduced by
E. Sampathkumar[19]. The least number of elements in 7 — set is known as
resolving number of G and is represented by r(G). A neighbourhood resolving

number nr(G) is the least number of elements in the nrset. The concepts of
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4.2. Neighbourhood resolving set of the bipartite graph K, ,;

resolving set introduced by P.J.Slater [11] and independently by Harary and
Melter [10]

4.2 Neighbourhood resolving set of the bipar-

tite graph K,

In this section, discusses the properties of neighbourhood resolving sets for cer-
tain graph families, such as complete bipartite graphs, composition of graphs,

and sum of graphs and obtain the following results.

Theorem 4.2.1. If G = K, ; be the bipartite graph then

0 if r=1,t=1
2 if r=1,t=2
2 if r=2t=1
Inr(K,) =14 3 if rit=2
t—1 ifr=1,t>3
t ifr=2,t>3
r+t—2 ifr>3t>1

Proof. The graph of K, is shown in the figure. 4.1

case.l: Ift=1,r=1, then K,; = Py, nr(K, ;) =nr(P) =0

case.2: If r;t =1,2, then nr(K,,;)=nr(S;) =2

case.3: If r;t =2, then nr(K,,; ) =nr(Cy) =3

case.4: If r;t > 3, then nr(K,, ) =nr(S;) =t—1

case.b: If r = 2 and ¢t > 3, then the graph has t 4+ 2 vertices. Among these,

exactly two vertices have maximum degree ¢, while the remaining ¢ vertices have
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4.3. Neighbourhood resolving set of S;(Oy)

degree 2. We may choose any one vertex of degree t together with any ¢t — 1 ver-
tices from the set of vertices of degree 2. These t vertices form a neighbourhood
resolving set of the graph, and hence ¢ is the least cardinality of a neighbourhood
resolving set of the graph.

case.6: If r > 3 and ¢ > 1, then from Figure 4.1 we observe that the graph
has r + ¢ vertices. Among these, ¢t vertices have degree r and r vertices have
degree t. A neighbourhood resolving set consists of ¢ — 1 vertices from the first
set and r — 1 vertices from the second set. Hence, the number of elements in the

neighbourhood resolving set is (t — 1)+ (r— 1) =r+t —2.

Figure 4.1: K,

4.3 Neighbourhood resolving set of S;(O;)

0 if t=1
Theorem 4.3.1. If G = S;(Oy), then nr(G) =< 3 if t=2

2 -2 if t>3

Proof. case:1 If t=1, then nr(S;[01]) = nr(S1) =0

case:2 If t=2, then nr(S2[02]) is same as the nr(Cy). Therefore nr(S;[0s]) = 3
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4.4. Neighbourhood resolving set of S;[S;]

case:3 If ¢t > 3, then the vertices of S;[Oy] are as shown in Figure 4.2. In this
graph G, there are t vertices of degree t*> —t and t* — t vertices of degree t.
Hence, a resolving set contains ¢ — 1 vertices of degree t* — ¢ and #(t — 1) — 1
vertices of degree t. Therefore, the number of elements in the resolving set is

t—1)+ (tt—1)—1) =¢>—2.

Figure 4.2: S;[Oy]

4.4 Neighbourhood resolving set of 5;|S5;]

0 if t=1,2
Theorem 4.4.1. If G = 5;[S], nr(G) =
2 -3 if t>3

Proof. The composition product of graph family S;[S;] shows in the figure. 4.3
case.l: If t = 1, then nr(S;[S;]) = 0.

If ¢ = 2, then the graph of S;[S;| is same as the complete graph of Ky so
nr(S[St]) = nr(Ky) =0

case.2: If t > 3, Here every neighbourhood resolving set having minimum ¢* — 3
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4.5. Neighbourhood resolving set of P, + P;

elements. Therefore nr(S;[S;]) = t* — 3.

Figure 4.3: S;[S]

4.5 Neighbourhood resolving set of P, + P,

;

0 if t=1,2,3

7 if t=4
Theorem 4.5.1. If G = P, + P, nr(G) =

(1+t) if tisodd>5

| 2(t—2) if tisecven >6

Proof. case.1: 1If t = 1, then P, + P, is same as the graph S;. Therefore
nr(P, + P;) = Inr(S;) =0

case.2: Ift =2 then P, + P, is same as the graph K4. Therefore nr(P, + P;) =
Inr(K4) =0

case.3: Ift =3, then P;+ P; is shown in the figure. 4.4 given below. Therefore

nr(P,+ P,) =0
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4.5. Neighbourhood resolving set of P, + P;

Figure 4.4: P; + P3

case.4: Ift = 4, then the graph P; + P, is shown in the figure. 4.5 given

below. Therefore nr(P, + P;) = 7.

Figure 4.5: P, + P,

case.5: In this case, if £ > 5 is an odd integer, then the graph P, + P, has
2t vertices, as shown in Figure 4.6. Among these, exactly 4 vertices have degree
t + 1, and the remaining 2t — 4 vertices have degree t + 2. A neighbourhood re-
solving set consists of all 4 vertices of degree t + 1 together with ¢ — 3 vertices of
degree t+2. Hence, the least cardinality of the resolving set is 44 (¢t —3) =t + 1.
Therefore, Inr(P, + P,) =t + 1 for all odd integers ¢ > 5.
case.6: In this case, if ¢ > 6 is an even integer, then the graph P; + P; has 2t
vertices, as shown in Figure 4.6. Among these, exactly 4 vertices have degree
t + 1, and the remaining 2(¢ — 2) vertices have degree t + 2. Therefore, the re-
solving set contains vertices of both degrees ¢t + 1 and ¢ + 2. Hence, the number
of elements in the resolving set is 2 + (t — 3) + (t — 3) = 2t — 4, which gives the

least cardinality of the neighbourhood resolving set.
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4.6. Neighbourhood resolving set of P, 4+ Oy

Therefore the nr(P, + P;) = 2(t — 2), t > 6, where ¢t is an even intiger.

Figure 4.6: P, + P,

4.6 Neighbourhood resolving set of P, + O,

(

0 if t=1,2
4 if t=3
Theorem 4.6.1. If G = P, + Oy, nr(G) = 6 if t=4

2[L]+(t=1) if tisodd>5

\2t—3 if tiseven > 6

Proof. The graph of P; + Oy is shown in the figure. 4.7

case.l: If ¢ = 1 then the graph is S5, and if t = 2 then the graph is Ky — e,
therefore nr(P, + O;) =0

case.2 : If t = 3,4 then the graph is same as (P, + P, — 2¢) and (P, + P, — 3e),
therefore the nr(P, + O;) =4, if t =3 and nr(P, + O;) =6, if t =4

case.3 : If t > 5 is an odd integer or ¢ > 6 is an even integer, then the graph
contains 2t vertices. Among these, t vertices have degree t, 2 vertices have degree
t+ 1, and the remaining ¢ — 2 vertices have degree ¢ + 2.

subcase.3.1 : If t > 5 is an odd integer, then a neighbourhood resolving set
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4.6. Neighbourhood resolving set of P, 4+ Oy

contains t — 1 vertices of degree t, 2 vertices of degree t + 1, and L%J vertices
of degree t 4+ 2. This set represents the least cardinality of a neighbourhood re-
solving set for the graph. Therefore nr(P, + O;) = { 2[L] + (¢t —1) if t>5,
where ¢ is an odd intiger

subcase.3.2 : If even integer t > 6, then the neighbourhood resolving set con-
tains ¢ — 1 points of ¢ degree, t — 3 points of ¢t 4+ 2 degree and 1 point of ¢ 4+ 1

degree. These neighbourhood resolving set has least cardinality for this graph.

Therefore nr(P; + Oy) = { 2t —3 if t > 6, Wwhere t is an even intiger.

Figure 4.7: P, 4+ O,

Conclusion

In this chapter, we explored the concept of neighbourhood-resolving sets in the
context of several graph classes, including bipartite graphs K, ;, the composition
product of star graphs and empty graphs S;(O,), the composition product of star
graphs S;[S;], the sum of path graphs P, + P,, and the sum of path graphs and

empty graphs P, + O;. For each of these graph classes:

e We established the neighbourhood-resolving set and its cardinality.
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4.6. Neighbourhood resolving set of P, 4+ Oy

e We analyzed the structural properties that influence resolving sets and

their practical implications.

e Results for each class of graphs were presented with proofs and relevant

examples to demonstrate the concepts.

This study contributes to the broader understanding of graph theory and its
applications in resolving sets and metric dimension analysis. The concept of

neighbourhood-resolving sets finds applications in various domains:

Network design: Resolving sets are used in designing efficient network

topologies for fault detection and localization.

e Robotics: Metric dimensions aid in navigation systems, where robots can
determine their positions based on resolving sets within graph-modeled

environments.

e Biology: Analyzing biological networks, such as protein-protein interac-

tion networks, to identify unique nodes or pathways.

e Chemistry: Studying molecular structures represented as graphs to un-

derstand chemical properties and reactions.

e Data science: Resolving sets can be applied in clustering and data re-

trieval to efficiently identify or classify datasets.

Future research in neighbourhood-resolving sets and their applications may in-

clude:
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4.6. Neighbourhood resolving set of P, 4+ Oy

Extension to other graph classes: Investigating neighbourhood-resolving
sets in more complex graph classes such as hypergraphs, directed graphs,

and weighted graphs.

Algorithm development: Designing efficient algorithms to compute neighbourhood-

resolving sets for large-scale graphs.

Dynamic graphs: Analyzing resolving sets in dynamic or evolving graphs

where the topology changes over time.

Optimization problems: Exploring optimization problems related to

minimizing the size of resolving sets in constrained environments.

Interdisciplinary applications: Applying neighbourhood-resolving set
concepts to interdisciplinary fields such as neuroscience, social networks,

and transportation systems.
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Chapter

Analysis on ¢g-polynomial properties of

5.1 Introduction

Study of graphs plays a vital role in various fields such as computer science,
chemistry, social network analysis, etc. Graph polynomials are powerful tools
used to capture essential graph properties and aid in solving complex problems.
One intriguing and versatile graph polynomial is the ¢, — polynomial[6], which
offers unique insights into the structural and combinatorial characteristics of
graphs. The ¢, — polynomial is a polynomial associated with a graph, and it
is defined in terms of the second degree of the vertices of the graph. There
are a great number of graph polynomials available in the recent literature, and
several of them are relevant to mathematical chemistry in some way [6]. A graph

G = (V,E) is connected, if there exists a path between any pair of vertices in
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5.1. Introduction

G. A network graph is simple connected graph. If two vertices = and y of the
graph G are adjacent, then the edge connecting those vertices will be denoted
by xy. If x,y € V(G), then the distance A(z,y) between z and y is defined
as the length of a shortest path in G connecting them. In the graph G, the
first degree of a vertex x, denoted \;(z), is the number of first neighbours (the
number of edges incident with ). The second degree of a vertex x, denoted
Xa(z), is the number of vertices in G which are connected by x with exactly
2 vertices. The minimum and maximum degrees among the vertices of G, are
denoted by as(G) and S(G) [6]. Here, we delve into the fascinating world of the
o — polynomial of graphs, aiming to uncover its significance and applications
in various domains. Our aim to investigate its connection with graph theory,
explore how it relates to important graph parameters, and demonstrate its utility
in solving problems ranging from network analysis to quantum chemistry. By
understanding the ¢ —polynomial, we gain valuable tools to challenge real-world
problems, analyze complex networks, and solve the mysteries of graph structures.
The ¢ — polynomial, unlocking its potential to provide deeper insights into
the world of graphs and their different applications. The ¢ — polynomaial is
a polynomial associated with a graph, and it is defined in terms of the second
degree of the vertices of the graph. In essence, the ¢, — polynomial provides
a way to analyze the distribution of edges between the vertices with different

second degree.
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5.2. Polynomial properties of the graph families P, + O,,, P,, + P,, K,, — e and
P, x P,

5.2 Polynomial properties of the graph families

P,+0,, P,+P,, K, —eand P, x P,

In this section, discusses the ¢ — Polynomial properties of graph families P,+O,,,

P,+ P,, K, —e and P,, x P,. Obtain the following results

Example 5.2.1. Consider the connected graph G as shown in the figure. ba,

The ¢ — Polynomial of the graph is given by ¢o(G, x,y) = day?

1
2 3 5

® —

Figure. S5a

Theorem 5.2.2. If G = P, + O, be the sum of path graph and empty graph then
o — polynomial for k=2 of G = P, + O, is given by
(
0 if n=1
144y if n=2

¢2(G7 &€, y) =
(’)’L _ 3)xn73yn73 + an73ynf2+

n(n — 2)z" 3y 4 2nan"2ynt ifn >3

Proof. case.1: If n =1, then P, + O,, = P,, where P, is a complete graph, is

in figure. 5.1. ¢o(G,z,y) =0

Figure 5.1: P,

case.2: If n =2, then then P, + O, = K, — e as in Figure. 5.2

The 2"¢ degree (k = 2) of each vertices in the graph K, — e is given by A\y(1) =
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5.2. Polynomial properties of the graph families P, + O,,, P,, + P,, K,, — e and
P, x P,

[{H = 0,2(2) = [{}| = 0,2(3) = [{4}] = 1, A2(3) = {3}| = 1 Here az(G) =0
and f2(G) =1
Therefore ¢o(G,2,y) = 3, <icj<p, b2(i, ) (G)a'y! = D e <0<1<fs b2(i, ) (G)x'y? =

1+ 4y

Figure 5.2: K, —e

case.3: Ifn > 3, then G = P, + O, is shown in Figure 5.3. From Figure 5.3,
the second degree (\y) of vertices 1 and n of P, is n — 2, while the second de-
gree of the remaining n — 2 vertices of P, is n — 3. The Ay of the n vertices
of O, is n — 1. Hence, for n > 3, the second-degree values of the graph satisfy
(n—3)<(n—2) < (n—1), and az(G) =n—3 and S2(G) = n—1. The number
of edges between vertices with second degree A\ = n — 3 is n — 3. The number
of edges between vertices of second degrees n — 3 and n — 2 is 2. The number
of edges between vertices of second degrees n — 3 and n — 1 is n(n — 2). There
are no edges between vertices with second degree n — 2. The number of edges
between vertices of second degrees n — 2 and n — 1 is 2n, and there are no edges

between vertices with second degree n — 1.

Figure 5.3: P, + O,
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5.2. Polynomial properties of the graph families P, + O,,, P,, + P,, K,, — e and
P, x P,

Therefore
ng(G’ x, ,y) — (TL _ 3)xn73yn73 + 2:L,n73yn72 + TL(’I’L _ 2)xn73yn71 + ananynfl
[

Theorem 5.2.3. If G = P,, + P, be the sum of path graphs with vertices m and
n respectively then ¢, — polynomaial for k =2 of G = P, + P, s given by

0 if m=1,2,n=1,2
1+4y if m=1,n=3
(n—2)y" 3 +2y" 2 4 (n — 3)an 3y =3 4 2" 3yn—2 if m=1n>4
3+ 6y if m=2n=23
14 (2n —4)y" 3 +4y" =2 + (n — 3)xn3yn—3 4 27— 3yn—2 if m=2n>4
¢2(G,z,y) = n? —2n —2)z" 3y =3 4 (dn — 4)z" 3y 2 4 4o 2yn—2 if m=n,n>3.
Yy Yy Yy

(m _ 3)xm—3ym—3 + (m2 — 3m + 4)xm—3ym—2+
(2m —4)zm3y™ "L 4 (3m — 4)z™m~2y™m 2 4 6z 2ym 1L if m>3,n=m+1.
(m _ 3)xm—3ym—3 + 2wm—3ym—2+

(m —2)(n —2)x™ 3y =3 £ 2(m — 2)z™m 3y 24

Z(TL _ Q)Im—2yn—3 + 4xm—2yn—2 + (TL _ S)xn—Syn—S + 2xn—3yn—2 if m>3,n>m+ 1

Proof. case.1(a): If m =1 and n = 1, then P,, + P, = P». Where P; is a
complete graph, from Figure. 5.1, ¢o(G, x,y) =0

(b): If m =1 and n =2, then P, + P, = K3. Where K3 is a complete graph
from figure.5.4. Similarly If m = 2 and n = 1 then P,,+ P, = K3. ¢o(G,z,y) =0

1
7A3

Figure 5.4: K3

(c): If m =2 and n = 2, then P, + P, = K4. Where K, is a complete

graph from figure. 5.5. ¢o(G,z,y) =0
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P, x P,

1 2
3I:. :14

Figure 5.5: K4

case.2: If m =1 and n = 3, then P, + P, = P, + P; as the Figure. 5.6 is
similar to K4 — e.

Therefore ¢o(G, x,y) =1+ 4y

‘/QI\
I 2 3

Figure 5.6: K, —e

case.3: If m =1 and n > 4, then G = P, + P,, as shown in Figure 5.7.
The total number of vertices in Py + P, is n + 1. Among these, \y(a) = 0,
and A2(1) = Ay(n) = n — 2. For the remaining n — 2 vertices of P,, we have
Ao = n—3. Thus, the set of A\s-values of the vertices of P, + P, is {0,n—3,n—2}.

Consequently, as(G) = 0 and §5(G) =n — 2.

To determine the number of edges between vertices corresponding to each
Xo-value, we observe the following. There are no edges between vertices with
Ao = 0. There are n — 2 edges between vertices with Ay = 0 and Ay = n — 3, and
exactly 2 edges between vertices with A\ = 0 and Ay = n—2. Among the vertices
with Ay = n — 3, there are n — 3 edges. Furthermore, there are 2 edges between
vertices with Ay = n—3 and Ay = n—2, while there are no edges between vertices

with Ay = n — 2.
Hence, the total number of edges in the graph P, + P, is 2n — 1.
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Figure 5.7: P, + P,

Therefore, For m =1,n > 4
$2(G, 2, y) = (n—2)y" > +2y" 7% + (n — 3)a" Py 7% + 227 Py
case.4: If m =2 and n = 3, then G = P, + P3, as shown in Figure 5.8. From

Figure 5.8, the Ag-values of vertices 1, 2, and 4 are 0, while the remaining vertices

3 and 5 have Ay = 1. Thus, as(G) =0 and (2(G) = 1.

3 e i" N

Figure 5.8: P, + P;

Therefore ¢o(G, x,y) = 3 + 6y

case.b: If m =2 and n >4, then G = P, + P,, as shown in Figure 5.9. The
total number of vertices in P, + P, is n + 2. Among these, Az(a) = A2(b) = 0,
and Aa(1) = Ay(n) = n — 2. For the remaining n — 2 vertices of P,, we have
Ay = n—3. Thus, the set of Ag-values of the vertices of P+ P, is {0,n—3,n—2},

and consequently a,(G) =0 and B5(G) =n — 2.

To determine the number of edges between vertices corresponding to each
Xo-value, we observe the following. There is exactly 1 edge among the vertices
with Ay = 0. The number of edges between vertices with Ay =0 and Ay =n — 3

is 2(n — 2), and between vertices with Ay = 0 and Ay = n — 2 is 4. Among
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the vertices with Ay = n — 3, there are n — 3 edges. Furthermore, there are 2
edges between vertices with Ay = n — 3 and Ay = n — 2, while there are no edges

between vertices with As = n — 2.

Hence, the total number of edges in the graph P, + P, is 3n..

a b

Figure 5.9: P, + P,

Therefore, m =2,n > 4

G2(Gyw,y) =1+ (2n — 4)y" 3 4+ 4y 2 + (n — 3)a™ 3y =3 + 2" 3y 2

case.6: If m = n and n > 3, then G = P, + P,, as shown in Figure 5.10.
The total number of vertices in P, + P, is 2n, among which A\y(1) = As(n) =
Ao(n + 1) = Ay(2n) = n — 2, and the remaining 2n — 4 vertices have Ay = n — 3.
Thus, the set of Ag-values of the vertices of P, + P, is {n — 3,n — 2}, and con-
sequently as(G) =n — 3 and fo(G) = n — 2. The total number of edges in this
graph is n? +2n — 2. Among the vertices with Ay = n — 3, the number of edges is
(n —2)? 4 2(n — 3), while the number of edges between vertices with Ay = n — 3
and Ay =n — 2is 4(n — 2) + 4 = 4n — 4. There are exactly 4 edges among the

vertices with Ay = n — 2.

n+l

Figure 5.10: P, + P,
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Therefore, For m =n,n >3
02(G,x,y) = (n? — 2n — 2)2" 3y 3 + (dn — 4)z" 3y 2 4 4" 2yn 2
case.7: Ifm>3andn=m+1, then G=P,,+ P, = P,, + P11, as shown in
Figure 5.11. For the vertices 1 and m of P,,, we have A\y(1) = Ay(m) = m — 2,
and for the remaining (m — 2) vertices of P,, A2 = m — 3. Considering the
vertices of P11, Aa(m + 1) = Aa(2m + 1) = m — 1, and the remaining (m — 1)
vertices have Ay = m — 2. Thus, the set of \s-values of the vertices of P, + Py,11

is {m — 3,m — 2, m — 1}. Therefore, a3(G) =m — 3 and [(G) =m — 1.

The number of edges among the vertices with Ao = m — 3 is (m — 3). The
number of edges between the vertices with Ay = m — 3 and Ay = m — 2 is
2+ (n—2)(m—2) = 44+m? —3m. There are 2(m — 2) edges between the vertices
with Ao = m — 3 and Ay = m — 1. Among the vertices with \y = m — 2, the
number of edges is 3n — 7 = 3m — 4. There are exactly 6 edges between the
vertices with Ay = m — 2 and Ay = m — 1. Hence, the total number of edges in

the graph P, + P, is m? +3m — 1.

m+1 2m+1

m+2

Figure 5.11: P, + P11

Therefore, For m > 3 and n = m + 1 then
¢2(G,z,y) = (m—3)x™ Py 72 4 (m? — 3m +4)z™ Py 72 4 (2m — 4)z™ Py T +
(3m — 4)z™2y™ =2 + 6™ 2y™m L
case.8: If m >3 and n > m+ 1, then G = P,, + P,, as shown in Figure 5.12.

For the vertices a; and a,, of P, we have Ag(a;) = Aa(a,) = m — 2, and the
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remaining (m — 2) vertices of P, have Ay = m — 3. For the vertices of P,,

A2(1) = A2(n) = n — 2, and the remaining (n — 2) vertices have Ay =n — 3.

Thus, the set of Ao-values of the vertices of P, +P, is {m—3,m—2,n—3,n—2}.
Therefore, aa(G) = m — 3 and (2(G) = n — 2. The total number of vertices and

edges in P,, + P, are m +n and mn + m + n — 2, respectively.

According to the Ay-values of the vertices, we determine the number of edges
between the corresponding classes of vertices. From Figure 5.12; the number of
edges among the vertices with Ay = m — 3 is (m — 3), and there are exactly 2
edges between the vertices with Ay = m—3 and Ay = m—2. The number of edges
between the vertices with Ay = m —3 and A\ = n—3is (m —2)(n—2), and there
are 2(m—2) edges between the vertices with Ay = m—3 and Ay = n—2. Similarly,
there are 2(n — 2) edges between the vertices with Ay = m — 2 and Ay = n — 3.
Among the vertices with Ay = n — 3, the number of edges is (n — 3), and there
are exactly 2 edges between the vertices with Ay =n —3 and Ay = n—2. Finally,

there are exactly 4 edges between the vertices with Ao =m — 2 and \y =n — 2.

a1 2

Figure 5.12: P,, + P,
Therefore, For m > 3 and n > m + 1 then

62(G, 2, y) = (m — 3)am=3y™=3 4 20m=3ym=2 4 (m — 2)(n — 2)a™ 3y~ 4 2(m —

Q)xm73yn72 + 2(7’L _ 2)l.m72yn73 + 4$m72yn72 + (n _ 3)xn73yn73 + 2xn73ynf2
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Theorem 5.2.4. If G = K,,—e be the graph obtained by removing one edge from

K, then ¢ — polynomial for k =2 of G = K,, — e is given by

6o(GC, 7, y) = { (n—2)(n—3)

5 +2(n—2)y if n>3

Proof. The graph G = K,, — e is shown in Figure 5.13. As previously discussed,
in the complete graph K,,, the second degree \, of each vertex is 0. However, in
K, — e, the vertices 1 and 2 have Ay = 1, while the remaining n — 2 vertices have
Ao = 0. Therefore, ay(G) = 0 and [G2(G) = 1.

(n—2)(n—3)

5 , since these

The number of edges between vertices with Ay = 0 is
n — 2 vertices form a complete subgraph K, . The number of edges between
vertices with Ay = 0 and Ay = 1 is 2(n — 2), while there are no edges between

vertices with Ay = 1. Hence, ¢5(0,0) = =203 45,(0,1) = 2(n — 2), and

2
¢2(1,1) = 0.

Figure 5.13: K,, —e

(n—2)(n—3)

5 +2(n—2)y O]

Therefore for n > 3, ¢2(G, x,y) = {

Theorem 5.2.5. If G = P,, x P, be the cartecian product of path graphs then ¢y, —

polynomial for k=2 of G = P, X P, is given by
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P, x P,
4oy if m=n=2
7x2y? if m=2,n=3
222y2 + 422y + (3n — 8)a3y3 ifm=2n>4
2y if m=3,n=1
8z3y3 + 4a3yt if m=n=3
4z3y3 + 4ady* 4 22895 + 20ty* 4 datyS + 25yP i m=3,n=>4

4z3y3 + 43yt + (2n — 10)25y° + (2n — 6)2®yS + (n — 5)2%yS fm=3,n>5
3xy if m=4n=1
$2(G, 2, y) = 8x3y? 4 daty* + 8xtyS + 426yS if m=n=4
83yt + 2atyt + datyP + 8xlySt

(2n — 10)2%y® 4 (2n — 8)xPyT + 22540+

4x8y7 + (3n — 14)x7y" ifm=4,n>5
8z3y* 4 8xty® + 8xtyS+

(2(m = 5) 4+ 2(n — 5))z5y® + (2(m — 4) + 2(n — 4))2°y"+

8x8y7 + (2(m — 5) +2(n — 5))x Ty +

(20m — 4) + 2(n — )27y +

(2mn — 9m — 9n + 40)x8y® ifm>5n>5

Proof. case.1l: If m =2 ,n = 2, then P, x P, become Cy. Therefore (G, z,y) =
dxy

case.2: If m =2 n = 3 then the graph P, x P; is given by the figure. 5.14.

Figure 5.14: P, X P

The following table details the vertex cardinalities for the second-order (k =

2) within the Cartesian product graph P, x P

o8



5.2. Polynomial properties of the graph families P, + O,,, P,, + P,, K,, — e and
P, x P,

Table 5.1: 274 degree and its cardinality of the graphs

Aa(7) {u:z—u} H{u:z—u}| | ax(G) | Bo(G)
Ao(1) {3,5} 2
A2(2) {4,6} 2
As(3) {1,5} 2 2 2
Aa(4) {2,6} 2
Ao(5) {1,3} 2
As(6) {2,4} 2
ap <0< j < B (i, 5)(G) {u—v} | {u—v}]
$2(2,2)(G) Total edges in this graph 7

Therefore ¢o(G, x,y) = >, <ococp, P21, )Gy = Ta*y?

case.3: If m =2,n >4, then P,, x P, is P, x P, is given in the figure. 5.15.
b,I L: Ls L4 I”5 L.ﬁ. ......................... L"

Figure 5.15: P, x P,

From the figure Ay value of the vertices aq, by, a,, b, is 2. The remaining 2n—4

vertices gives the 3 is the Ay value, as(G) and fo(G) are 2 and 3 respectively.

¢2(27 2) = 27 ¢2(27 3) = 4a ¢2(37 3) =3n -8

Therefore ¢o(G, z,y) = 22%y* + 42%y> + (3n — 8)23y>
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case.4: If m =3,n =3, then P, x P, is P3 X P3 is given in the figure. 5.16.

Figure 5.16: P3 X P;

The following table details the vertex cardinalities for the second-order (k =

2) within the graph P; x P

Table 5.2: 274 degree and its cardinality of the graphs

Ao () {u:z—u} Hu:z—ul| | ax(G) | Bo(G)
Ao(1) {3,5,7} 3
Aa(2) {4,6,8} 3
A2(3) {1,5,9} 3
Aa(4) {2,6,8} 3
A2(5) {1,3,7,9} 4 3 4
A2(6) {2,4,8} 3
Xa2(7) {1,5,9} 3
A2(8) {2,4,6} 3
A2(9) {3,5,7} 3
ar <0< j < B (i, 5)(G) fu—v} [{u—v}|
{1-2,2-3,1-4,3-6}
$2(3.3)(G) 8
{4—7,4—88-96-9}
$2(3,4)(G) {2-5,4—5,6—-5,8—5} 4

Therefore ¢5(G, x,y) = Za2§3§4§52 ¢2(i>j)(G)xi?/j = 8xy? + 4a’y*

case.b: If m =3,n =4, then P,, x P, is P3 X P, is given in the figure. 5.17.
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P, x P,
2 N
3 4
5 6 7 8
9 10 11 12

Figure 5.17: P3 x Py

The following table details the vertex cardinalities for the second-order (k =

2) within the graph P; x P

Table 5.3: 2"¢ degree and its cardinality of the graphs

Aao(x) fu:z—u} [{u:z—u}|| aa(G) | fa2(G)
Aa(1) {3,9,6} 3
Ao (2) {4,10,7} 3
A2 (3) {1,11,6,8} 4
Aa(4) {2,12,7} 3
Xa(5) {2,7,10} 3 3 5
Ao (6) {1,3,9,11,8} 5
Ao (7) {2,4,10,12,5} 5
Ao (8) {3,6,11} 3
A2(9) {1,11,6} 3
Ao(10) {2,5,7,12} 4
Ao(11) {3,9,6,8} 4
Ao (12) {4,10,7} 3
ap <0 <j < B daliy 4)(G) {u—v} [{u—v}|

$2(3,3)(G) {1-5,5-9,4-88—12} 4

$5(3,4)(G) {1-2,4-3,9-10,12 - 11} 4

$2(3,5)(G) {5-6,8—7} 2

62(4,4)(G) {2-3,10 — 11} 2

$2(4,5)(G) {2-6,3-7,10-6,11 -7} 4

$2(5,5)(G) {6 -7} 1

Therefore ¢o(G,,y) = 3, <3c5<5, ¢2(0,1)(G)x'y’ = 4a’y’ +-4a’y* +22%y° +
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case.6: If m=3,n>5, then P, x P, is P3 x P, is given in the figure. 5.18.

Figure 5.18: P3 X P,

From the figure. 5.18, Ay value of the vertices ai, by, ci1a,,b,, ¢ 18 3. Ao
value of the vertices as, ¢,_1,c2a,_1 is 4, similarly as,ay,....a,_2, bs,b,_1 and
€3, Cy, ....Cn_o gives the 5 is the Ay value. The Ay value of the remaining vertices
bs, by, ....an_o is 6. From the collection of Ay values of each vertices we get the

values of a3(G) and fB2(G) are 2 and 3 respectively.
$(3,3) =4 $(3,4) =4 $2(4,5) =38
:(5,5) =2 —10 65(5,6) =2m—6 65(6,6) —=n—>5

Therefore ¢o(G, x,y) = 4%y + 4a*y* + 8x*y® + (2n — 10)a"y® + (2n — 6)x°y°® +
(n —5)z%y°

case.7: If m =4,n =4, then P, x P, is P, X P, is given in the figure. 5.19.

5 6 7 8
® L L @

9 10 1 12
[ 2 L L @

13 14 15 16
@ L @ L J

Figure 5.19: P, x Py

The following table details the vertex cardinalities for the second-order (k =
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2) within the graph P; x P

Table 5.4: 2" degree and its cardinality of the graphs

Aa(2) {u:z—u} [H{u:z—u}| | aa(G) | Bo(G)
Ao(1) {3,9,6} 3
A2(2) {4,10,7} 3
A2(3) {1,11,6,8} 4
Ao (4) {2,12,7} 3
Ao(5) {2,7,10,13} 4
A2(6) {1,3,9,11,8,14} 6
Xo(7) {2,4,10,12,5,15} 6
A2(8) {3,6,11,16} 1
3 6
X2(9) {1,11,6,14} 4
A2(10) {2,5,7,12,13,15} 6
Ap(11) {3,9,6,8,14,16} 6
A2(12) {4,10,7,15} 1
Ao(13) {5,10,15} 3
Ao(14) {6,11,6} 3
Ao(15) {7,10,13} 3
A2(16) {8,11,14} 3
ap <i << B o, 5)(G) {u—v} [{u—v}]
{1-2,1-5,13-9,13 — 14}
$2(3,4)(G) 8
{16 — 15,16 — 12,4 — 3,4 — 8}
$2(4,4)(G) {2-3,5-9,8—12,14— 15} 4
{2-6,5-6,9—10,14 — 10}
$2(4,6)(G) 8
{3-7,8-7,12— 11,15 — 11}
$2(6,6)(G) {6—7,6-10,10— 11,7 — 11} 4

Therefore ¢o(G, ,y) = 3, <3c5<5, ¢2(1,7)(G)x'y’ = 8z°y* +4a'y* +8x%y® +
4:176y6

case.8: If m =4,n > 5, then P, x P, is P, x P, is given in the figure. 5.20.
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P, x P,
a; a a; ay a,; a,
® ® ® ® - o — o
b, by b by b, b,
® ® ® ® o ——o©
<y c €3 cy -1 “n
® L 4 L 4 @ o ———0
d d d d d,.
® ! ® o @ ‘"1—“177

Figure 5.20: Py X P,

From the figure. 5.20, Ay value of the vertices a1, dy, a,, d,, is 3. s value of the
vertices as, b1, c1,ds, @p_1, by, Cp, d,—1 is 4, Ay value of the vertices as, ay, ....G,_2,
ds,cy, ....d,_o is 5 . The Ay value of the vertices by, ¢o, b,_1, ¢,,—1 is 6. Ay value of
the vertices bs, by, ....b,_2, C3,¢4, ....C_2 is 7. From the collection of Ay values of

cach vertices we get the values of ay(G) and (5(G) are 3 and 7 respectively.

$2(3,4) =8 ¢Po(4,4) =2 $2(4,5) =4
$2(4,6 =8 ¢9(5,5) =2n—10 ¢u(5,7) =2n—8
$2(6,6) =2 ¢2(6,7) =4 0o(7,7) = 3n— 14

Therefore ¢o(G, z,y) = 8x3y* + 22ty* + 4ty + 8x*y® + (2n — 10)2°y° + (2n —
8)xPy” + 2x0yS + 425y" + (3n — 14)z"y"

case.9: If m >5,n > 5 then P, x P, is given in the figure. 5.21.
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P, xP,
a
a1 12 ap; 954 gyl An
Ps ® -
ay, 93,2 a, 24 9ol “2n
‘ i ‘ ‘ -t} ‘ ...........
a a a3 3 a 93 -1 I3
31 32 34 i 8
‘ - ' 2 ‘ ’ £ S
a a a a Ay p-
o o ¢ R ‘L‘Wﬁ
Eam,[yj (g2 413 um-14 ‘‘‘‘‘ 1] (-
a
i, | m2 i3 D4 -1 a

........... s mn

Figure 5.21: P,, x P,

From the figure. 5.21, A, value of the vertices in the graph P, x P, is given
in the table.

Table 5.5: The value of Ay and its cardinality of vertices

Ao Vertices No. of Vertices
3 a1,15 Am,15 A1y Gmon 4
4 a1, @12, A1,n—1, A2,n5 Am—1,1, Am,2; Am—1,n5 Gmn—1 8
a1,3,a1,4--...A1,n—2
Am,3, Amdeeeee Amn—2
5 2(m+n—8)
31, @41+ Am—2,1
a37n7 a47n-~~am—2,'n
6 a2, Am—1,2,A2n—1, dm—1,n—1 4
423,02 4.....A2 n—2
am—l,?n am—l,4 ~~~~~~ am—l,n—2
7 2(m+n—8)
az2,A42-....am—22
a3n—1; A4 n—1----Am—-2n—1
8 Remaining wvertices (m—4)(n—4)
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From the table above of Ay values of each vertices we get the values of as(G)

and fo(G) are 3 and 8 respectively.

$2(3,4) =38 $2(4,5) =8 ¢$2(4,6) =8
$2(5,5) =2m+2n—20=P, ¢2(5,7) =2m+2n—16=0Q, ¢u(6,7) =38

$2(7,7) =2m+2n—20=P ¢5(7,8) =2m+2n—16=Q

»2(8,8) =2mn —9m —9In+40 =R

Therefore ¢o(G,,y) = Ygcicics 2(i,5)(G)a'y’ = 8’y + 8a'y® + 8x%y° +

Pxdy + QzPy” + 825y" + Pax"y" 4+ Qx"y® + Ra®y® O

Conclusion

In this chapter, we explored the polynomial properties of the graph families
P,+ P, P, +0O,, K, —e, and P, x P,. Our analysis focused on deriving
key polynomial invariants, including chromatic polynomials, characteristic poly-
nomials, and matching polynomials, parallel investigating their structural and
combinatorial properties. The results provide a deeper understanding of the al-
gebraic and topological behaviors of these graph families. The findings from this

study have several practical applications:

e Network design and optimization: Understanding polynomial prop-
erties aids in designing efficient communication networks and optimizing

resource allocation.
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e Data structures and algorithms: These properties can be utilized in
algorithmic graph theory, particularly in graph traversal, coloring, and par-

titioning problems.

e Mathematical modeling: Applications extend to mathematical mod-
els in chemistry, physics, and social sciences, where graph representations
are employed to model molecular structures, physical systems, and social

networks.

Future research directions include:

e Extending to other graph families: Investigating similar polynomial
properties in other graph families, such as hypercubes, bipartite graphs,

and wheel graphs.

e Computational complexity: Studying the computational aspects of de-

termining these polynomials for large-scale graphs.

e Dynamic graphs: Exploring how polynomial properties evolve under dy-

namic operations like edge deletion, vertex addition, or graph morphing.

e Interdisciplinary applications: Applying the results in interdisciplinary
domains such as machine learning, quantum computing, and bioinformat-

ics.

This chapter establishes a foundation for further exploration of polynomial graph
properties and their applications, contributing significantly to the field of alge-

braic graph theory.
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Chapter 6

Study of 12 zodiac signs in the form of

graph and ¢z -polynomial

6.1 Introduction

A graph G = (V, E) of order n = |V(G)| and size m = |E(G)| is connected
if there exists a path between any pair of vertices in G. A network is also a
simple connected graph. If two vertices x and y of the graph G are adjacent,
then the edge connecting them will be denoted by zy. If 2,y € V(G), then the
distance A(z,y) between x and y is defined as the length of a shortest path in G
connecting them. In the graph G, the first degree of a vertex x, denoted A\;(z),
is the number of first neighbours (the number of edges incident with z). The
second degree of a vertex x, denoted Ao(x), is the number of vertices in G which
are connected by x with exactly 2 vertices. The minimum and maximum degrees

among the vertices of G, are denoted by as(G) and Sa(G) respectively. Some of
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6.2. ¢r-polynomial properties on cancer

the star clusters and its corresponding graphs are including in this chapter.

6.2 ¢i-polynomial properties on cancer

Cancer is one of the twelve zodiac signs, and its corresponding graph is a con-
nected graph with 6 vertices, as shown in Figure 6.1. The k'™ degree and its

cardinality for each vertex in the graph are given in Table 6.1.

Figure 6.1: Cancer
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6.3. ¢r-polynomial properties on leo

Ao () {u:z—u} [{u:z—u}| | @2(G) | Ba(G)
As(1) {3,6} 2
A2(2) {4,5} 2
/\2(3) {176} 2
2 2
A2 (4) {2,5} 2
)\2(5) {47 2} 2
A2 (6) {1,3} 2
ap <1< j < B a(i, §)(G) {u—wv} [{u—v}]
{3-4,3-5}
$2(2,2)(G) 5
{3-2,2-1,2-6}

Table 6.1: 2"¢ degree and its cardinality of the graphs

Therefore ¢5(G, x,y) = Zak§2§2§ﬁk ¢2(iaj)(G>$iyj = 52°y°

6.3 ¢i-polynomial properties on leo

Leo is a connected graph with 9 vertices, as shown in Figure 6.2. The k** degree

and its cardinality for each vertex in the graph are given in Table 6.2.
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6.3. ¢r-polynomial properties on leo

2 4 o’ S
€<I_>5 Ty
3 6
Figure 6.2: Leo
e furz—u} | [{uiz—u}| | as@) | Bo(C)
Ao(1) {4,6} 2
Ao (2) {7.5,6} 3
A2(3) {4,5} 2
Az (4) {1,6,8} 3
Ao (5) {3,2,8} 3 1 3
X2 (6) {1,4} 2
Ao (7) {2,5,9} 3
A2(8) {4} 1
A2(9) {7} 1
ap <1< j < B (i, 1)(G) {u—v} [{u—v}|
$2(1,1)(G) {89} 1
$2(1,2)(G) {} 0
$2(1,3)(G) {87} 1
02(2,2)(G) {1-3,3-6} 2
$2(2,3)(G) {1-2,2-3,6-5} 3
?2(3,3)(G) {2—-4,4-5,4-7} 3

Table 6.2: 2"¢ degree and its cardinality of the graphs

Thereforegy (G, 2,y) = Y., <1<ocp, 0206, 5)(G)a'y) = xy + xy® + 22%y° +

322y + 3z3y?
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6.4. ¢-polynomial properties on virgo

6.4 ¢p-polynomial properties on virgo

Virgo is a connected graph with 12 vertices, as shown in Figure 6.3. The k"

degree and its cardinality for each vertex in the graph are given in Table 6.3.

9@

/o 2 3 04 o’
8 6 7 10 11
® ° °

Figure 6.3: Virgo

72



6.4. ¢-polynomial properties on virgo

Aa(7) {u:a—u} [{u:z—u}| | as(G) | B(G)
Ao(1) {3,6} 2
Ao(2) {4,8,7} 3
Ao(3) {1,5,10,6} 4
Ao(4) 2,7} 2
Ao (5) (3} 1
A (6) {9,1,3,10} 4
1 4
Ao(7) {11,8,2,4} 4
Ao(8) {2,7} 2
A2(9) {6} 1
A5(10) {12,6,3} 3
Ao(11) {7} 1
A2(12) {10} 1
a <i <j < Bt a(i, ))(G) {u—v} [{u— 0}
b2(1,1)(G) {11 —12} 1
$2(1,2)(G) {4—-5.8-9} 2
$2(1,3)(G) {10 — 11} 1
$2(1,4)(G) {} 0
$2(2,2)(G) {} 0
$2(2,3)(G) {1—2} 1
$2(2,4)(@) {3—4,8—-6} 2
$2(3,3)(G) {} 0
$2(3,4)(G) {2-3,2-6,10—7} 3
$2(4,4)(G) {3-7,6-71} 2

Table 6.3: 2"¢ degree and its cardinality of the graphs

Thereforegs (G, 2,y) = .o, <1<4cp, 0200, 3)(G)a'y) = zy+2xy* +xy® +2%y* +

222y + 33yt + 22ty

73



6.5. ¢r-polynomial properties on libra

6.5 ¢p-polynomial properties on libra

Libra is a connected graph with 5 vertices, as shown in Figure 6.4. The k'

degree of each vertex in the graph is given in Table 6.4.

- A
i . Bschubha
L ]

2 3
1 4 5
L ]
Figure 6.4: Libra
Xa(a) {uia—u} H{u:z—u}| | ax(G) | B:(G)
Aa(1) {3,4} 2
Aa(2) {4} 1
Aa(3) {1,5} 2 1 2
Xa(d) 2 1
A2(5) {1,3} 2
a, <0< < By (i 4)(G) {u—v} [{u—v}
(1. 1)(C) 0 0
$(1,2)(G) {1-2,4-1,4-52-3,4-3} 5
0(2.2)(G) 0 0

Table 6.4: 2"¢ degree and its cardinality of the graphs
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6.6. ¢r-polynomial properties on scorpius

Thereforegs (G, 7, y) = ZakSISQSBk ¢2(iaj)<G)xiyj = Sxy’

6.6 ¢,-polynomial properties on scorpius

Scorpius is a connected graph with 13 vertices, as shown in Figure 6.5. The k"

degree of each vertex in the graph is given in Table 6.5.

1 6 7 8 9 10
@ @ @

Je 4 5 .]3 12 11

3

Figure 6.5: Scorpius
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6.6. ¢r-polynomial properties on scorpius

Ao (2) {u: 2 —u} [{u:z—u}| | ax(G) | B2(G)
Xo(1) {1} 1
A2(2) {5} 1
PWE)) {5} 1
A2(4) {7} 1
Aa2(5) {1,2,3,7} 4
A2(6) {4,8} 2
Aa(7) {5,9} 2 1 4
A2(8) {6,10} 2
A2(9) {7,11} 2
A2(10) {8,12} 2
Ag(11) {9,13} 2
A2(12) {10} 1
Aa(13) {11} 1
ap <1< j < B o 7)(G) {u—v} [{u—v}|
0o(1,1)(G) {1-42-43-410-11} 4
$2(1,2)(G) {1112} 1
62(1,3)(G) { 0
62(1,4)(G) {4-5} 1
$2(2,2)(G) {6—7,7-8,8-9,9-10,10 — 11} 5
$2(2,3)(G) it} 0
$2(2,4)(G) 56} !
$2(3,3)(G) {} 0
62(3,4)(G) { 0
$2(4,4)(G) it} 0

Table 6.5: 2"¢ degree and its cardinality of the graphs

Therefore ¢o(G,2,y) = 3, <1cacp, P2(6,9)(G)x'y = 4wy + xy® + zyt +

S5ay? 4 x2y?
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6.7.  ¢r-polynomial properties on aries

6.7 ¢i-polynomial properties on aries

Aries is a connected graph with 4 vertices given in the Figure. 6.6. The k'

degree of each vertices in the graph is given in the table 6.6

Figure 6.6: Aries

o () {u:z—u} [{u:z—u}|| (@) | Ba(G)
Aa(1) {3} 1
A2(2) {4} 1
1 1
A2(3) {1} 1
A2(4) {2} 1
ar i< j < Bt (i, 5)(G) {u—v} [ {u— v}
d2(1,1)(@) {1-2,2-3,3—-4} 3

Table 6.6: 2"¢ degree and its cardinality of the graphs

Therefore ¢5(G, x,y) = Zakglglggk ¢2(1,1)(G)z'y' = 3zy
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6.8.  ¢r-polynomial properties on taurus

6.8 ¢i-polynomial properties on taurus

Taurus is a connected graph with 8 vertices given in the Figure. 6.7. The k"

degree of each vertices in the graph is given in the table 6.7

- Jupiter

Uranus

Figure 6.7: Taurus
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6.8.  ¢r-polynomial properties on taurus

Aa(2) {u:z—u} {u:z—u}| | a2(G) | B2(G)
As(1) {3} 1
Aa(2) {4,8} 2
A2(3) {1,5,7,9} 4
Ao(4) {2,8,10,6} 4
Aa2(5) {3,9,11} 3
A2(6) {4,10} 2
1 4
Ao (7) {3,9} 2
Aa2(8) {2,4,10} 3
A2(9) {7,3,5,11} 4
Ao(10) {6,4,8,12} 4
Ao (11) {5,9} 2
A2(12) {10} 1
ar <1< 5 < B i, 4)(G) {u—wv} [{u—v}|
¢2(1,1)(G) {} 0
?2(1,2)(G) {1-2,12-11} 2
$2(1,3)(G) {} 0
$2(1,4)(G) {} 0
$2(2,2)(G) {} 0
?2(2,3)(G) {6 —5,7—8} 2
?2(2,4)(G) {2-3,11 - 10} 2
$2(3,3)(G) {} 0
$2(3,4)(G) {5—-4,5-10,8-3,8—-9} 4
$2(4,4)(G) {3—4,9-10} 2

Table 6.7: 2"¢ degree and its cardinality of the graphs

Thereforeg, (G, z,y) = Zakgigjggk $2(i, ) (G)a'y = Zak§1§3§6k $2(i, ) (G)a'y" =

2012 + 222y + 222yt + 4x3yt + 22ty
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6.9. ¢g-polynomial properties on the
graph aquarius

6.9 ¢,-polynomial properties on the

graph aquarius

Aquarius is a connected graph with 15 vertices given in the Figure. 6.8. The k"

degree of each vertices in the graph is given in the table 6.8

w0
=
o
-
=
o
<

] ® 02 03 04 05 06 07 08 09
14 13 12 11/ 10 15
[ o ® ® ® ®

Figure 6.8: Aquarius
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6.9. ¢g-polynomial properties on the
graph aquarius

Az(2) {urz —u} H{u:z—u}] | ax(G) | B2(G)

Aa(1) {3} 1

A2(2) {4} 1

A2(3) {1,5} 2

Ao (4) {2,6} 2

Aa(5) {3,7} 2

A2 (6) {4,8,10} 3

X2 (7) {5,9,11,15} 4

A2(8) {6,10} 2 1 4

A2(9) {7} 1

A2(10) {6,8,12} 3

A2(11) {7,13,15} 3

A2 (12) {14,10} 2

A2(13) {11} 1

A2(14) {12} 1

A2(15) {11, 7} 2

ap i< j < Bt da(i, 5)(G) {u—v} | {u—wv}|

?2(1,1)(G) {1-2,13 — 14} 2
?2(1,2)(G) {2-3,9-8,13—12} 3
#2(1,3)(G) {3 0
$2(1,4)(G) {3 0
?2(2,2)(G) {34,475} 2
?2(2,3)(GQ) {5—6,15—10,12 — 11} 3
#2(2,4)(G) {8-71} 1
?2(3,3)(G) {10 — 11} 1
?2(3,4)(G) {6 —7,10 — 7} 2
#2(4,4)(G) { 0

Table 6.8: 2"¢ degree and its cardinality of the graphs

Therefore ¢o(G,2,y) = Yo c1cacp, 0206, 5)(G)2'y’ = 22y + 3wy + 22°Y* +
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6.10. ¢g-polynomial properties on the graph
pisces

6.10 ¢p-polynomial properties on the graph

pisces

Pisces is a connected graph with 15 vertices given in the Figure. 6.9. The k'*

degree of each vertices in the graph is given in the table 6.9

.—-""-.-._
%

7]

3]

m

7]

Figure 6.9: Pisces
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6.10. ¢g-polynomial properties on the graph

pisces
Aa(2) fu:z—u} Hu:z—u}| | aa(G) | Bo(G)
A2(1) {4} 1
A2(2) {4} 1
A2(3) {5} 1
As(4) {1,2,6} 3
Aa(5) (3,7} 2
A2(6) {4,8} 2
Ao(7) (5,9} 2
As(8) {6,10} 2
A2(9) (7,11} 2
1 3
A2(10) {8,12} 2
Ao (11) {9,13} 2
Ao(12) {10, 14} 2
A2(13) {11,15,18} 3
Ao(14) {12,16,17} 3
A2(15) {13,17,18} 3
Ao(16) {14,18} 2
A2(17) {14,15} 2
Ao(18) {13,16,15} 3
ap <0< j < Br (i, 5)(G) {u—v} [ {u— v}
$2(1,1)(G) {1-2,1-3,2-3} 3
$2(1,2)(G) {3 0
$2(1,3)(G) {3-4} 1
$2(2,2)(G) {5-6,6—7,7-88—9}
{9-10,10 — 11,11 — 12,16 — 17} 8
$2(2,3)(G) {5—4,12 — 13,16 — 15,17 — 18} 4
$2(3,3)(G) {13 — 14,14 — 15,14 — 18,} 3

Table 6.9: 2"¢ degree and its cardinality of the graphs

Therefore ¢o(G,2,y) = >, 1<3<p, $2(i,5)(G)2'y’ = 3y + vy’ + 82%y* +

4?y® + 323y°
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6.11.  ¢p-polynomial properties capricornus

6.11 ¢;-polynomial properties capricornus

Capricornus is a connected graph with 8 vertices given in the Figure. 6.10. The

k'™ degree of each vertices in the graph is given in the table 6.10

/] ® ® ®

Figure 6.10: Capricornus
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6.12.  ¢p-polynomial properties gemini

Xo(z) {u:z—u} [{u:z—u}| | a(G) | Ba(C)
Ao(1) {3,5} 2
X(2) {4,6,7} 3
Xa(3) {1,5} 2
Ao(4) {2,6,7} 3
Xo(5) {1,3,8} 3 2 3
s (6) {2,4,9} 3
Ao (7) {2,4,9} 3
A2(8) {6,5} 2
A2(9) {n 1
a <0 << Br (i §)(G) {u—v} {u— v}
$2(1,1)(G) {} 0
2(1,2)(G) {9-8} 1
$(1,3)(G) {} 0
$2(2,2)(G) {} 0
#2(2,3)(G) {1-2,3-2,8-7} 3
$2(3,3)(G) {5-6,2-5,4-55-7,6—"T} 5

Table 6.10: 2" degree and its cardinality of the graphs

Therefore ¢o(G,x,y) = >, cocsep, P2(i,5)(G)2'y’ = xy® + 3x%y® + 52°y°

6.12 ¢p-polynomial properties gemini

Gemini is a connected graph with 17 vertices given in the Figure. 6.11. The k"

degree of each vertices in the graph is given in the table 6.11
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6.12.  ¢p-polynomial properties gemini

. #

1 /0
g 3 9 11 o!?
15
6@ 05 d 07 08 014 3 ° 016 017

Figure 6.11: Gemini
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6.12.  ¢p-polynomial properties gemini
Az(z) {u:z—u} H{u:z —u}| | aa(G) | B2(G)
A2(1) {2,4,9} 3
A2(2) {1,4,9} 3
As(3) {5,7,11} 3
Aa(4) {1,2,9,6,8} 5
A2 (5) {3,7} 2
Ao (6) {4} 1
As(7) {5,3} 2
As(8) {4} 1
A2(9) {1,2,4,10,12,13} 6 1 6
A2(10) {9,12,13} 3
Ao (11) {3,14,15} 3
A2 (12) {9, 10, 13} 3
A2(13) {9,10,12, 16} 4
A2(14) {11,15} 2
A2(15) {11,14,17} 3
A2(16) {13} 1
A2 (17) {15} 1
ap <i<j < B (i, §)(G) {u—v} [ {u— v}
$2(1,1)(G) {16 — 17} 1
?2(1,2)(G) {8 —7,6 -5} 2
¢2(1,3)(G) {16 — 15} 1
#2(1,4)(G) {3 0
#2(1,5)(G) { 0
#2(1,6)(G) {1 0
#2(2,2)(G) {3 0
$2(2,3)(G) {14 —15} 1
$2(2,4)(G) {14 — 13} 1
$2(2,5)(G) {5—4,7—4} 2
#2(2,6)(G) {1 0
$2(3,3)(G) {1-3,3-2,10—11,11 — 12} 4
#2(3,4)(G) {15 — 13} 1
$2(3,5)(G) (3—4} 3
$2(3,6)(G) {3-9,11—9} 2
$2(4,4)(G) 0 0
#2(4,5)(G) {3 0
$2(4,6)(G) { 0
#2(5,5)(G) {3
#2(5,6)(G) {3 0
#2(6,6)(G) {} 0

Table 6.11: 2" degree andSi%cs cardinality of the graphs




6.13. ¢@r-polynomial properties on sagitarius

Therefore ¢o(G, 2, y) = >, <1<6<5, $2(i, ) (G)aty? = zy+2xy* +ay® +22y3+
I2y4 +2:E2y5 +4x3y3 +m3y4 +x3y5 +2m3y6
6.13 ¢i-polynomial properties on sagitarius

Sagitarius is connected graph with 16 vertices given in the Figure. 6.12. The k"

degree of each vertices in the graph is given in the table 6.12

/o

Figure 6.12: Sagitarius
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6.13. ¢@r-polynomial properties on sagitarius

Az(x) {v:x—wu} [{u:z—u}l] | a2(G) | B2(G)
Az2(1) {2.4} 2
A2(2) {1,4} 2
A2(3) {5} 1
Ao (4) {1,2,6} 3
Az2(5) {3.7} 2
A2(6) {4,8,13} 3
A2(7) {5,9,14,15} 4
A2(8) {10,6,20,13,16} 5
A2(9) {11,7,14} 3
A2(10) {12, 8} 2
Ax(11) {9} 1 1 6
A2(12) {10} 1
A2(13) {6,8,20,16, 18,17} 6
A2(14) {9,7,21,18,15} 5
A2(15) {7,14, 20,19} 4
A2(16) {8,21,19,17,13} 5
A2(17) {18,16,13} 3
A2(18) {17,20,13, 14} 4
A2(19) {15,16} 2
A2(20) {8,18,13,15} 4
A2(21) {14,16} 2
ar <i < j < B p2(i, §)(G) {v—v} [{uv—v}|
P2(1,1)(G) {11 — 12} 1
P2(1,2)(G) {2—1,3—2,11 — 10} 3
?2(1,3)(G) {3 —4} 1
@2(1, H(G) {3 0
?2(1,5)(G) {3 0
2(1,6)(G) {} 0
$2(2,2)(G) {3 0
?2(2,3)(G) {5—4,5—6,10 — 9} 3
$2(2,4)(G) {19 — 18,21 — 20} 2
$2(2,5)(G) {3 0
$2(2,6)(G) {} 0
#2(3,3)(&) {3 0
P2(3,4)(G) {6 — 7,17 — 15} 2
$2(3,5)(G) {9 -8} 1
?2(3,6)(G) {} 0
2(4,4)(G) {15 — 18} 1
$2(4,5)(G) {7 —8,15— 16,18 — 16,20 — 14,20 — 16} 5
b2(4,6)(G) {7 —13,15 — 13} 2
?2(5,5)(G) {8 — 14,14 — 16} 2
P2(5,6)(G) {14 — 13} 1
#2(6,6)(G) {} 0

Table 6.12: 2"¢ degree and its cardinality of the graphs
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6.13. ¢@r-polynomial properties on sagitarius

Therefore ¢o(G,x,y) = Y, c1cgep, 206, 0)(G)2'y = zy + 3zy® + 2y° +

3x2y3 + 2x2y4 + 2x3y4 + w3y5 +x4y4 + 5w4y5 + 21‘4y6 + 21.5,3/5 +x5y6

Conclusion

The study of the 12 zodiac signs through graphic and ¢,-polynomial forms has
provided a unique perspective on representing astrological characteristics in a
mathematical framework. This approach has demonstrated how abstract con-
cepts like zodiac signs can be translated into structured forms, allowing for quan-
titative analysis and visualization. The graphical representation offers natural
understanding of the relationships between zodiac signs, while the ¢x-polynomial
forms provide an algebraic insight into their interdependencies. By merging these
two methodologies, the study bridges the gap between astrology and mathemat-
ical modeling, nurturing interdisciplinary exploration. This research contributes
to the broader effort of using mathematical tools to analyze traditional and cul-
tural knowledge systems. The integration of graphic and ¢g-polynomials extends
the scope of analysis to applications in data visualization, pattern recognition,
and symbolic computation. Additionally, the approach can inspire new ways of
categorizing and interpreting non-linear relationships in various domains, includ-
ing social sciences, psychology, and network theory. Future studies could expand

upon the current work in several directions:

e Extending the analysis to include other astrological systems, such as Vedic

or Chinese astrology, and comparing their graphical and polynomial repre-
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6.13. ¢@r-polynomial properties on sagitarius

sentations.

e Investigating the use of machine learning techniques to analyze ¢,-polynomial

patterns and predict astrological influences.

e Exploring real-world applications, such as using the mathematical models

for personality analysis or compatibility studies based on zodiac signs.

e Conducting a statistical evaluation of the correlation between the math-
ematical representations and real data from psychological or sociological

studies.
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|Chapter 7

A study on ¢p-polynomial and

resolvability of small finite commutative

rings of order at most 10

7.1 Introduction

The concept of zero-divisor graph of a commutative ring was introduced by I.
Beck in 1988 [24]. He let all elements of the ring be vertices of the graph and
was interested mainly in colorings. In [25], Anderson and Livingston introduced
and studied the zero-divisor graph whose vertices are the non-zero zero-divisors.
This graph turns out to best exhibit the properties of the set of zero-divisors
of a commutative ring. The zero-divisor graph helps us to study the algebraic
properties of rings using graph theoretical tools. The concept metric dimension

of connected graphs and its related properties are first introduced by by PJ
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7.1. Introduction

Slater [11] in 1975, independently by Harary and Melter [10] in 1976. A subset
of vertices S resolves a graph G if every vertex of G is uniquely determined by its
vector of distances to the vertices in S. A resolving set of minimum cardinality
for a graph G is called a minimum resolving set. A minimum resolving set is
usually called a bases for G and the cardinality of bases is called the metric
dimension of G, denoted by dim(G). Let G(V,E) be a graph. For a vertex
v € V, N(v) denotes the set of all vertices of G which are adjacent to v and
N[v] = N(v)Uv. A subset S of V is called a neighborhood set or n — set of G if
G = Uyes (N[v]), where for a subset S of V. An nr-set S is called minimal if no
proper subset of S is an nr-set. The minimum cardinality of a minimal n-set is
called the neighbourhood number of G and is denoted by In(G). The concept of
neighborhood number for a graph was first introduced by E. Sampathkumar[19].
A subset S of V is called a resolving set or an r — set of G if for each pair
u,v € V — S u # v, there is a vertex w in S such that d(u,w) # d(v,w). The
minimum cardinality of a minimal r — set is called the resolving number of G and
is denoted by Ir(G). A subset S of V' is called a neighborhood resolving set or
nr-set of G if S is both a neighborhood and a resolving set of G. The minimum
cardinality of a minimal nr-set is called the neighborhood resolving number of

G and is denoted by inr(G).
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7.2. Zero divisor graphs with 3 vertices and ¢o- polynomials

¢r-Polynomial and resolvability of zero divisor
graphs for commutative rings of order at most

10

Example 7.1.1. Consider the ring R = Zg = {0, 1,2, 3,4,5}
Z*(R) ={2,3,4} and corresponding zero divisor graph G = K 5 is given Figure.

Ta

3 4

®
[ ]

Figure. 7a
K,

7.2 Zero divisor graphs with 3 vertices and ¢--

polynomials

The following table gives the list of zero divisor graphs with vertices 3 and the
metric dimension and the least cardinality of neighbourhood resolving set for the

zero divisor graphs
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7.2. Zero divisor graphs with 3 vertices and ¢o- polynomials

No. Vertices Ring |R| | Graph G | B(G) | Inr(G)
Zs 6
Z3 8
3 Z2 [fIf] Kl,? 1 2
- 8
)
Z4 [I] 8
(2z,2% —2)
Z2 [I’ y] 8
)2
3 (z,y) K, 2 0
@,
Fyla]
o 16
Z4 [.7?]
(22 +241) 10

Table 7.1: Resolvability of the graphs with vertices 3

Proof. Case. 1: The zero divisor graphs K, is the special cases of bipartite
graph K,, ,, with m =1,n = 2.

Therefore 8(K;2) =2, Inr(K;2) =2

Case. 2: The zero divisor graphs K3 is the complete graph K, with n =3
Therefore f(K3) = 2 and Inr(K3) =0

Case. 3: The ¢ — Polynomials of these graphs K; 5 and K3 are in the table

Graph | a2(G) | A2(G) | ¢2(G,2,y)
K 0 1 2y
Ky 0 0 3
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Table 7.2: ¢ — Polynomials of these graphs K o and K3



7.3. Zero divisor graphs with 4 vertices and ¢o- polynomials

7.3 Zero divisor graphs with 4 vertices and ¢--

polynomials

The following table gives the list of zero divisor graphs with vertices 4 and the
metric dimension(3(G)) and the least cardinality of neighbourhood resolving set

(Inr(QG))for the zero divisor graphs

No. Vertices | Ring | |R| | Zero divisor graph | B(G) | Inr(G)
Zox Zy| 8 Kis 2 3
Zyx Zy | 9 Kas 2 3
! Zas 25 K,y 3 0
Z(;%C] 25 K, 3 0

Table 7.3: Resolvability of the graphs with vertices 4

Proof. Case. 1: The zero divisor graphs K 3 and Ky are the special cases of
bipartite graph K, ,, withm =1,n=3 andm=n=2.

Therefore (K 3) =2, Inr(Ky3) =3

Case.2: The zero divisor graphs K, is the complete graph K, with n =4
Therefore f(K,) = 3 and Inr(Ky) =0

Case.3: The ¢ — Polynomials of these graphs K3, Ky9 and Ky are given in

the table
Graph | as(G) | B2(G) | ¢2(G,2,y)
K3 0 2 3y?
Ky 1 1 dxy
K, 0 0 6

Table 7.4: The ¢o — Polynomials of these graphs K 3, Ks9 and Ky
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7.4. Zero divisor graphs with 5 vertices and ¢o- polynomials

7.4 Zero divisor graphs with 5 vertices and ¢--

polynomials

The given table represnts the list of zero divisor graphs with 5(G) and Inr(G)

No. Vertices Ring |R| | Zero divisor graph | S(G) | lnr(G)
ZQ X Z5 10 Kl,-/l 3 4
Z3 X F4 12 [{2’3 3 3
5
ZoxZs | 8 Fig. 7.1 2 3
Zslx
zx 2| g Fig. 7.1 2 3
x

Table 7.5: Resolvability of zero divisor graphs with 5 vertices

Proof. Case. 1: The zero divisor Graph K;4 and K53 represents the special
cases of the bipartite graph K,,, with m =1, n =4 and m = 2, n = 3 respec-

tively. Here 5(Ki4) =3, Inr(Ky4) =4, B(Ka3) =3, Inr(Ky3) =3
ZQ[JJ]

12

Case. 2: The zero divisor graph for the rings Z, x Z, and Z x is in Figure.
7.1 From this Figure three vrtices have the degree one and the remaining two
vertices have degree more than one. The set {1,4} is the resolving set for the

graph. Therefore B(G) = 2. Also set {2,3,4} act as a neighbourhood resolving

set for this graph. Therefore Inr(G) = 3
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7.4. Zero divisor graphs with 5 vertices and ¢o- polynomials

Figure 7.1: Graph of order 5

Case .3: The ¢ — Polynomials of these graphs K 4, Ky 3 are given in the

table

Graph | a2(G) | A2(G) | ¢2(G,2,y)

Kia 0 3 443

Kgﬂg 1 2 6Iyz

Table 7.6: ¢o — Polynomials of these graphs K4, Ko 33

Case. 4 ¢, — Polynomials of Figure. 7.1 The 2"¢ degree and its cardinality

of the graph in the Figure. 7.1 is given the table by

Ao(a) {uiw—u} [{uiz—u}] | ax(G) | )
Xo(1) {3,4} 2
A2(2) {5} 1
Aa(3) {1,4} 2 1 2
Ao(4) (1.3} 2
Aa(5) 2} 1
ar ST < Bet alis () {u—0} | {u— )|
6:(1,1)(G) 0 0
$5(1,2)(G) {2-3,2-1,2—4,5-4} 4
6:(2,2)(C) 0 0

Table 7.7: 2" degree and its cardinality of the graphs

Therefore ¢5(G, x,y) = Za2§1§2§52 ¢a(i, 1)(G)a'y’ = dxy?
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7.5. Zero divisor graphs with 6 vertices and ¢o- polynomials

7.5 Zero divisor graphs with 6 vertices and ¢--

polynomials

The given table represnts the list of zero divisor graphs with 5(G) and Inr(G)

No. Vertices Ring |R| | Zero divisor graph | 5(G) | Inr(G)
Zg X Z5 15 K214 4 4
F/1 X F4 16 K3y3 4 4
6 Zy X Ly X Zy | 8 Fig. 7.2 2 4
Z
di 49 Kq 5 0
x
Zao 49 Kq 5 0

Table 7.8: Resolvability of zero divisor graphs with 6 vertices

Proof. Case. 1: The zero divisor graphs K, 4 and K33 are the special cases of
bipartite graph K, .

Therefore B(Ky4) = 4, Inr(Ky4) = 4 and S(Ks3) = 4, Inr(Ks3) = 4. Also
Inr(Kg) =0

Case. 2: The zero divisor graph of the ring Zy X Zy X Z4 is shown in Figure 7.2.
From the figure, there are 3 vertices with degree 1, and the remaining 3 vertices
have degree 3. Therefore, the set {2,3} is a resolving set, and the metric di-
mension of the graph is 2. Moreover, the set {2,4,5,6} is a least neighbourhood

resolving set for the graph shown in Figure 7.2.

3 6
Ji 2/ ;4 5

Figure 7.2: Graph of order 6
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7.5. Zero divisor graphs with 6 vertices and ¢o- polynomials

Case. 3: The ¢ — Polynomials of K54, K33, K¢ graphs are in the table

below
Graph | as(G) | B2(G) | ¢2(G,x,y)
Koy 1 3 8y
Ks3 2 2 922
K 0 0 15

Table 7.9: ¢ — Polynomials of Ky, K33, K¢

Case. 4: The 2"¢ degree and its cardinality of the graph in the Figure. 7.2

is given the table below

Ao () {u:z—u} [{u:2—u}| | 0a(G) | B2(G)
Aa(1) {3,5} 2
A2(2) {4,6} 2
A2(3) {1,6} 2
2 2
Aa(4) {2,5} 2
Aa(5) {1,4} 2
X2 (6) {2,3} 2
ap <0 <5< Bt dali, 5)(G) {u—v} [{u— v}
$2(2,2)(G) {1-2,2-3,2-5}
{3-4,3-5,5—-6} 6

Table 7.10: 2" degree and its cardinality of graph

Therefore ¢o(G,x,y) = >, <ococp, P2(i, )Gy’ = 627y
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

7.6 Zero divisor graphs with 7 vertices and ¢--

polynomials

The zero divisor graphs with 7 vertices are K, K34, Figure. 7.3, Figure. 7.4,
Figure. 7.5, Figure. 7.6, Figure. 7.7 The given table represnts the list of Zero
divisor Graphs with G(G) and Inr(G)

No. Vertices Ring |R| | Zero divisor graph | S(G) | Inr(G)
Zs % Z 14 Kig 5 6
Fyx Zs 20 K 5 5
Zy % Z4 12 Fig. 7.3 4 5

Zg x Zi[f] 12 Fig. 7.3 4 5
Zie 16 Fig. 7.4 4 0

Zald 16 Fig. 7.4 4 0

2 16 Fig. 7.4 4 0
Zildl 16 Fig. 7.4 4 0
s 16 Fig. 7.4 4 0
kil 16 Fig. 7.5 5 0
ey 16 Fig. 7.5 5 0

- sl 16 Fig. 7.5 5 0
il 16 Fig. 7.6 3 0
T 16 Fig. 7.6 3 0
et 16 Fig. 7.6 3 0
Tl | 16 Fig. 7.6 3 0
T | 16 Fig. 7.7 3 0
Zf=gl 16 Fig. 7.7 3 0
2K 16 Fig. 7.7 3 0
T | 16 Fig. 7.8 4 5
(o 16 K 6 | 0

o 16 Ky 6 0
?;[2,)] 64 Ky 6 0
(xiizfﬂl) 64 K7 6 0

Table 7.11: Resolvability of the graphs with 7 vertices
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Proof. Case. 1: The zero divisor graph K¢ and K34 are the special case of
Ky withm =1,n =6 and m = 3,n = 4. Therefore 5(K;6) = 5, Inr(K;4) = 6.
B(K?)A) = 5, ZTLT(K374) = 5

The ¢y — Polynomials of Ky, K34, graphs are given in the table by

Graph | as(G) | B2(G) | $2(G, 2, y)
Kl.b' 0 5 6y5

K3’4 2 3 12I2y3

Table 7.12: ¢9 — Polynomials of K16, K34

Case. 2: The zero divisor graphs of the rings Zs x Z, and Zj X Z(i[f)] are

shown in Figure 7.3. From this figure, we can determine the metric dimension

and the neighbourhood resolving set for each graph.

1 4

Figure 7.3: Graph of order 7

Therefore, the metric dimension and neighbourhood resolvability of the graph
in Figure 7.3 are §(G) = 4 and Inr(G) = 5, respectively. The second degree
of each vertex and its cardinality for the graph in Figure 7.3 are given in the

corresponding table.
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Aa() {u:z—u} [{u:z—u}t]| a(G) | Bo(G)
Aa(1) {2,4,6} 3
Aa(2) {1,4,6} 3
A2(3) {5,7} 2
Ao (4) {1,2,6} 3 2 3
Aa(5) (3,7} 2
A2(6) {1,2,4} 3
As(7) {5,3} 2
ap <0< j < B ¢a(i, 5)(G) {u—v} |{u— v}
$2(2,2)(G) {} 0
$2(2,3)(G) {3—-1,3-2,3—4,3—6)}
{5-4,5-6,7—4,7—6} 8

Table 7.13: 2" degree and its cardinality of graph

Therefore ¢o(G,x,y) = >, <o<s<p, P2(i, §)(G)z'y’ = 8%y

Case. 3: The zero divisor graphs of the rings Zg, Zs[z]/(2), Zs[z]/(z* +2),
Z4|x]/ (2% + 3z), and Zy[z]/(x® — 2, 222, 2x) are shown in Figure 7.4. From this
figure, we can determine the metric dimension and the neighbourhood resolving

set for each graph.

Figure 7.4: Graph of order 7

Here 8(G) = 4, Inr(G) = 0. The 2™ degree of the graph in the Figure. 7.4

is given the table by
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Aa() {u:z—u} Hutz—u}l| | aa(G) | (@)
As(1) {6,7,2,3,4,} 5
As(2) {1,3,4,6,7} 5
Aa(3) {1,2,4,6,7} 5
As(4) {1,2,3,6,7} 5 0 5
A2(5) {} 0
Ao(6) {1,2,3,4} 4
As(7) {1,2,3,4} 4
ap <0 <J < B daliy )(G) {u—v} [H{u—v}]

$2(0,4)(G) {(5-6,5-17} 2

$2(0,5)(G) {5—-1,5-2,5-3,5—4} 1

$2(4,4)(G) {6 -7} 1

Table 7.14: 2" degree and its cardinality of graph

Therefore ¢o(G,x,y) = Za2§0§5§52 $a(i,7)(G)x"y’ = 2y* + 4y + a'yt.
Case.4: The zero divisor graph for the rings Zs[z,y|/(z®, xy,v*), Zs[x]/ (22, x*),
Zy|z) /(23,222 2x) are in the Figure. 7.5. The metric dimension and least neigh-

bourhood resolving set for the graph is given by

Figure 7.5: Graph of order 7

Here S(G) = 5, Inr(G) = 0. The 2" degree of the graph in the Figure. 5 is

given the table below
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Aa() {u:z—u} Hu:z—u}| | aa(G) | 52(G)
Aa(1) {2,3,4,} 3
A2(2) {1,3,4} 3
A2 (3) {1,2,4} 3
Aa(4) {1,2,3} 3 0 3
A2(5) {} 0
A2(6) {} 0
A2(7) {} 0
ap <0 <5< Bt dali, 5)(G) {u—v} [{u— v}
$2(0,0)(G) {5-6,5-7,6-T} 3
$2(0,5)(G) {(5-1,5-2,5-3,5—4}
{6-1,6—-2,6—3,6—4}
{7-1,7-2,7-3,7—4} 12

Table 7.15: 2" degree and its cardinality of graph

Therefore ¢o(G, x,y) = >, <o<s<p, P21, ) (G)z'y’ = 3+ 12y°.
Case. 5: The zero divisor graph for the rings Z,[x] /(2 + 22), Zg|x]/(2x, 2* + 4),
Zolz,yl /(2% v — xy), Zy[z,y]/ (22, y? — zy, 2y — 2,22, 2y) are in the Figure. 7.6.
The metric dimension and least cardinality of neighbourhood resolving sets are

dettermined from the figure for the above graphs.

Figure 7.6: Graph of order 7

Here B(G) = 3, Inr(G) = 0. The 2" degree of the graph in the Figure. 7.6

is given the table by
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Aa() {u:z—u} Hu:z—u}| | aa(G) | 52(G)
Az(1) {3,5,6} 3
Aa(2) {4,5,6} 3
A2(3) {1,5,6} 3
Ao (4) {2,5,6} 3 0 4
Ao(5) {1,2,3,4} 4
A2(6) {1,2,3,4} 4
A2(7) {} 0
ap <0< j < Bt (i, ))(G) {u—v} [{u— v}

$2(0,3)(Q) {7-1,7-2,7-3,7—4} 4

$2(0,4)(G) {7-57-6} 2

$2(3,3)(G) {1-21-4,2-3,3—4} 4

Table 7.16: 2" degree and its cardinality of graph

Therefore ¢o(G,2,y) = 3, <oca<p, P2(6,))(G)2'y = 4y° +2y* +dady® +aty.
Case. 6: The zero divisor graph for the rings Zy[z,y]/ (22, y?, vy — 2,2z, 2y),
Zolz,yl/ (2%, y?), Zs[x]/(2?) are in the Figure. 7.7. The metric dimension and

least cardinality of neighbourhood resolving set of above graphs are given below.

Figure 7.7: Graph of order 7

Here B(G) = 3, Inr(G) = 0. The 2" degree of the graph in the Figure. 7.7

is given the table by
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7.6. Zero divisor graphs with 7 vertices and ¢o- polynomials

Naz) {u:z—u} [{u:z—u}| | ax(G) | Aa(G)
Aa(1) {3,5,6,7} 4
A2(2) {3,5,6,7} 4
Aa(3) {1,2,5,7} 4
Ao(4) O 0 0 4
Ao(5) {1,2,3,6) 4
A2 (6) {1,2,5,7} 4
Aa(7) {1,2,3,6} 4
ap <1 <5< B da(i 5)(G) {u—v} [ {u—v}|
$2(0,4)(G) {4-1,4-2,4-3,4-54-6,4—7} 6
B2(4,4)(G) {1-2,3-6,5-7} 3

Table 7.17: 2" degree and its cardinality of graph

Thercfore ¢2(G, 2, y) = Yo, <ocacs, $2(i: )Gyl = 6 + 3x'y!
Case. 7: The zero divisor graph for the ring Zy[z]/(x® — 2 — 2,222 2x) is in
the Figure. 7.8. Also dettermined the metric dimension and least cardinality of

this graph.

7

Figure 7.8: Graph of order 7

Here B(G) =4, Inr(G) = 5.

The 2" degree of the graph in the Figure. 7.8 is given the table by
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7.7. Zero divisor graphs with 8 vertices and ¢,- polynomials

Aa() {u:z—u} Hu:z—u}] | ax(G) | B2(G)
As(1) {4,5,6,7} 4
As(2) {4,5,6,7} 4
A2(3) {} 0
As(4) {1,2,7} 3 0 4
Aa(5) {1,2,6} 3
A2(6) {1,2,5} 3
As(7) {1,2,4} 3
ap <0 <J < B daliy )(G) {u—v} [H{u—v}]

$2(0,3)(G) {3-4,3-5,3-6,3—7} 4

$2(0,4)(G) {3-1,3-2} 2

$2(3,3)(G) {4-54-65-7,6—7} 4

Table 7.18: 2" degree and its cardinality of graph

Therefore ¢o(G, x,y) = 3, <cocacs, P2(4, 1) (G)2'y = 4y* + 2yt + 4a3y3.
Case. 8: The zero divisor graph of K7 is the case of K, with n =7, B(K7) = 6,
Inr(K;) = 0. Therefore ¢o(G,z,y) = 21 O

7.7 Zero divisor graphs with 8 vertices and ¢--

polynomials

The zero divisor graphs with 8 vertices include K7, Kog, Ki4, Ks, as well as
the graph shown in Figure 7.9. The table below lists these zero divisor graphs
along with their metric dimension, 3(G), and least neighbourhood resolving set

cardinality, Inr(G).
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7.7. Zero divisor graphs with 8 vertices and ¢,- polynomials

No. Vertices Ring |R| | Zero divisor graph | 8(G) | inr(G)
Zs % Fy 16 Kz 6 7
Zy % Z 21 Kag 6 6
Zs % Zs 25 Kia 6 6
Zor 27 Fig. 7.9 6 0
Zolx)/(Bz, 2% —3) | 27 Fig. 7.9 6 0
8 Zylx) /(3,2 — 6) | 27 Fig. 7.9 6 0
Zal2]/ (%) 27 Fig. 7.9 6 0
Zs[x,y]/(z,y)? | 27 Ky 7 0
Zg|x]/(3, )2 27 Ky 7 0
Fylz]/(22) 81 K 7 0
Zylz]/(2® + 1) 81 Ky 7 0

Table 7.19: Resolvability of the zero divisor graphs

Proof. Case. 1: The Zero divisor graph K7, Ks¢ and K, 4 are the special
case of K,,,, with m = 1,n =7, m = 2,n =6 and m = 4,n = 4. Therefore
B(Ky17) =6, Inr(Ky7) =T.

B(Ka6) =6, Inr(Kyg) =6, B(Ky4) =6, Inr(Ky4) = 6.

The ¢y — Polynomials of K7, Ko, K44, Kg graphs are given in the table by

Graph | a2(G) | A(G) | ¢2(G,2,y)
K+ | 0 6 748
Ky 1 5 12x1°
Ky 3 3 16233

Ky 0 0 28

Table 7.20: ¢o — Polynomials of K17, Kag, K44, Kg

Case. 2: The zero divisor graphs of the rings Zo7, Zg|x]/(3z, 2* — 3),

Zo|x]/(3z, x* — 6), and Zs[z]|/(z®) are shown in Figure 7.9. From this figure,
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7.7. Zero divisor graphs with 8 vertices and ¢,- polynomials

there are 2 vertices with degree 7 and the remaining 6 vertices have degree 2.
The resolving set contains 5 vertices of degree 2 and one vertex of degree 7,
giving a least cardinality of the resolving set equal to 6. Furthermore, there are
two vertices whose neighbourhoods contain all vertices of the graph; therefore,

the neighbourhood resolving set of this graph has cardinality zero.

2 3 4 5

Figure 7.9: Graph of order 8

Here 5(G) = 6, Inr(G) = 0 The 2"¢ degree of the graph in the Figure. 7.9 is

given the table by

Aa(2) {urz—u} Hu:z—u}] | ax(G) | B2(G)
Aa(1) {2,3,4,5,6} 5
Aa(2) {1,3,4,5,6} 5
Aa(3) {1,2,4,5,6} 5
Aa(4) {1,2,3,5,6} 5
2 3
Aa(5) {1,2,3,4,6} 5
Ao(6) {1,2,3,4,5} 5
Aa(7) {} 0
Aa(8) { 0
ap <i<j < B dali, )(G) {u—v} [{u—v}]
$2(0,0)(G) {7-8} 1
$2(0,5)(G) (1-1,7-2,7-3,7—4}
{7T-57-6,8—-1,8—2}
{8-3,8—4,8-528—6} 12

Table 7.21: 2" degree and its cardinality of graph

Therefore ¢o(G, x,y) = D, <cocs<p, P2(6,1)(G)2'y =1+ 12y
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7.8. Zero divisor graphs with 9 vertices and ¢,- polynomials

Case. 3: The zero divisor graph of Ky is the case of K, with n = 8, so the
B(K,)=n—1,Inr(K,) =0
Therefore f(Ks) =7, Inr(Kg) = 0. O

7.8 Zero divisor graphs with 9 vertices and ¢»-

polynomials

The zero divisor graphs with 9 vertices include K;g, Ko7, K36, as well as the
graphs shown in Figures 7.10 and 7.11. The table below lists these zero divi-
sor graphs along with their metric dimension, 5(G), and least neighbourhood

resolving set cardinality, Inr(G).

No. Vertices ring |R| | Zero divisor graph | 5(G) | Inr(G)
Zy x Fy 18 Kis 7 8
Zy x Fy 24 Koz 7 7
Fy x Z7 28 Ksg 7 7
? Zoy X Ly X Zs 12 Fig. 7.10 3 5
Zy x Fy 16 Fig. 7.11 5 6
Zola]/(2?) x Fy | 16 Fig. 7.11 5 6

Table 7.22: Resolvability of the zero divisor graph with 9 vertices

Proof. Case.1: The zero divisor graph K, g, K57 and K3 ¢ are the special case of
Kpp withm=1,n=8 m=2n=7and m =3,n=6. Therefore 5(K;5) =7,
Inr(K,s) = 8.

B(Ky7) =T, Inr(Ky7) =7, B(Kse) =7, Inr(Ksg) = 7.

The ¢y — Polynomials of K5, Ko7, K36 graphs are given in the table by
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7.8. Zero divisor graphs with 9 vertices and ¢,- polynomials

Graph | a2(G) | B2(G) | ¢2(G,x,y)
Kis | 0 7 8y
Kyr 1 5 14298
Ksg 3 3 182%y°

Table 7.23: ¢ — Polynomials of K, Ko7, K3

Case. 2: The zero divisor graph of the ring Zo X Zo X Zs is shown in
Figure 7.10. This graph has 9 vertices, among which four vertices have degree
1, another four vertices have degree 3, and the remaining vertex has degree 2.
Therefore, the resolving set contains three vertices, and the least cardinality of

the neighbourhood resolving set is 5. Hence, 5(G) = 3 and Inr(G) = 5.

Figure 7.10: Graph of order 9

The 2" degree of the graph in the Figure. 7.10 is given the table below
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7.8. Zero divisor graphs with 9 vertices and ¢,- polynomials

Aa() {u:z—u} Hutz—u}l| | aa(G) | (@)
Ao(1) {2,6,7,9} 4
Aa(2) {1,6,7,9} 4
Aa(3) {4,5,7,9} 4
Aa(4) {3,5,7,9} 4
Aa(5) {4,8,3} 3 2 5
A2(6) {1,2,8} 3
Aa(7) {1,2,3,4,9} 5
A2(8) {5,6} 2
Aa(9) {1,2,3,4,7} 5
a <1< J < B dali, 1)(G) {u—v} [{u—v}|

$2(2,5)(G) {8-7,8—9} 2

$2(3,3)(G) {5-6} 1

2(3,4)(G) {5-1,5-2,6—13,6—4} 4

$2(3,5)(G) {5-7,5-9,6-7,6-9} 4

Table 7.24: 2" degree and its cardinality of graph

Therefore ¢o(G, x,y) = D, <ocs<p, 02(i,5)(G)a'y? = 22%y° + 23y® + 4a’y* +
AaBeyP
Case. 3: The zero divisor graphs of the rings Z, x Fy and Zs|x]/(2?) x Fy are
shown in Figure 7.11. The graph has 9 vertices, among which five vertices have
degree 3, three vertices have degree 1, and the remaining vertex has degree 6. The

resolving set contains five vertices, and the least cardinality of the neighbourhood

resolving set is 6. Hence, 5(G) = 5 and Inr(G) = 6.

5

1 9
3 8

Figure 7.11: Graph of order 9
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7.9. Zero divisor graphs with 10 vertices and ¢o- polynomials

The 2™ degree of the graph in the Figure. 7.11 is given the table by

Ao () {ura—u} [{u:z—u}| | aa(G) | Ba(G)
Ao(1) {2,3,5,6,7} 5
As(2) {1,3,5,6,7} 5
As(3) {1,2,5,6,7} 5
Aa(4) (8,9} 2
As(5) {1,2,3,6,7} 5 2 5
A2(6) {1,2,3,5,7} 5
Ao(7) {1,2,3,6,5} 5
A2(8) {4,9} 2
Xa(9) {4,8} 2
ap <0 <G < B dali, §)(G) {u—v} [{u—v}|
$2(2,5)(G) {4-—1,4-24-34-5}
{4-6,4—7_8-58-6}
{8—7,9-5,9-6,9—7} 12

Table 7.25: 2" degree and its cardinality of graph

Therefore ¢o(G,7,y) = D, cocs<p, P21, ))(G)a'y? = 1227y

7.9 Zero divisor graphs with 10 vertices and ¢--

polynomials

The zero divisor graphs with 10 vertices include Kyg, K37, K46, and Kj. The
table below lists these zero divisor graphs along with their metric dimension,

B(G), and least neighbourhood resolving set cardinality, Inr(G).
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7.9. Zero divisor graphs with 10 vertices and ¢o- polynomials

No. Vertices ring |R| | Zero divisor graph | 8(G) | inr(G)
Zyx Fy | 27 Ko 8 8
FixFy | 32 K 8 8
10 Zyx Z; | 35 Kig 8 8
Zin 121 Ko 9 0
Zulz]/(2?) | 121 Ko 9 0

Table 7.26: Resolvability of graphs with 10 vertices

Proof. Case. 1: The Zero divisor graph Ky 5, K37 and K, ¢ are the special case
of Ky, . Therefore f(Kyg) = 8, Inr(Kyg) = 8. B(Ksyz) = 8, Inr(Ks37) = 8,
B(Kyg) =8, Inr(Ky6) = 8.

Case.2: The zero divisor graph K is a case of K,, complete graph with n = 10,
so the B(K,) =n—1,Inr(K,) =0

Therefore B(Ky0) =9, Inr(Ky) = 0. The ¢po — Polynomials of Kyg, K37, Kyg,

Ko graphs are given in the table by

Graph | a(G) | B2(G) | $2(G,z,y)
Kjg 1 7 162y”
Ksz 2 6 2127y
Ky 3 3 2423y°
Ky 0 0 45

Table 7.27: ¢o — Polynomials of Kog, K37, Kag, Kig
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7.9. Zero divisor graphs with 10 vertices and ¢o- polynomials

Conclusion

In this study, we have explored the ¢i-polynomial, metric dimension, and neigh-
borhood resolvability of small finite commutative rings of order at most 10. By
analyzing the algebraic and combinatorial properties of these rings, we gained
deeper insights into their structural characteristics and relationships. The fol-
lowing are the main conclusions and future directions from this work: This chap-
ter provides the foundation for further explorations in the interaction between
algebraic structures and combinatorial graph theory, opening avenues for inter-

disciplinary research with theoretical and applied significance.

We systematically computed the ¢p-polynomial for small finite commuta-
tive rings and demonstrated its advantage in understanding the underlying

algebraic structure.

e The metric dimension of graphs associated with these rings was determined,
highlighting the importance of resolving sets in graph-theoretic contexts

related to ring structures.

e Neighbourhood resolvability was investigated, providing a new perspective

on the interplay between ring theory and graph theory.

e The results highlight the significance of small finite commutative rings as

a rich domain for studying algebraic combinatorics.
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7.9. Zero divisor graphs with 10 vertices and ¢o- polynomials

Future scope

e Extending the study to finite commutative rings of larger orders, potentially
revealing more elaborate relationships between algebraic properties and

graph invariants.

e Investigating the applicability of ¢g-polynomials and metric dimension in

coding theory, cryptography, and network science.

e Developing algorithms for efficiently computing the ¢,-polynomial and re-

solving sets for larger rings.

e Analyzing the impact of different graph representations of rings, such as

zero-divisor graphs and unit graphs, on metric dimension and resolvability.

e Exploring connections with other combinatorial parameters, such as chro-
matic number, domination number, and independence number, in ring-

related graphs.
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Chapter

Applications of neighbourhood resolving

set

8.1 Introduction

Efficient distribution of medicines in a specific geographical region is crucial
for ensuring timely delivery, especially during emergencies. The supply chain
involves Emergency Drug Warehouses (EDWs), denoted as W;, and Service Cen-
ters (SCs), denoted as S.. To optimize drug transportation, it is essential to
identify one or more nodal centers within the system. These nodal centers can
be either EDWs, SCs, or a combination of both, ensuring effective management

of logistics.

To model this problem, we represent the distribution network as a connected
graph, where vertices correspond to EDWs and SCs, and edges represent the

distances between them. We utilize the Neighborhood Resolving Set (NRS) to
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8.1. Introduction

select key vertices as nodal centers, ensuring an efficient drug distribution system.
These nodal centers play a critical role during emergency situations or sudden

disease outbreaks by minimizing delays in medicine delivery.

Beyond healthcare logistics, efficient labor management is a critical aspect of
modern workplaces, particularly in construction projects. These projects require
coordinated collaboration among workers from various trades, such as carpenters,
plumbers, electricians, and masons. Effective task allocation and fair wage distri-
bution directly impact project success. By applying graph-theoretical principles,
specifically Neighborhood Resolving Sets (NRS), we model workforce interactions

and optimize labor management.

In this context, the objective is to determine a subset of vertices that uniquely
resolve the entire graph. The neighborhood resolving set [19] is a subset of
vertices ensuring that every other vertex can be uniquely identified based on
adjacency relationships. Identifying the minimum NRS [12] is a computationally

challenging problem due to its combinatorial nature.

This paper explores the application of NRS to optimize construction labor
management by formalizing the problem in graph-theoretic terms. We propose
an approach to compute the minimum resolving set and validate its effectiveness
through theoretical analysis and practical case studies. The concept of NRS
[12] has significant implications not only in workforce management but also in

broader optimization, logistics, and robotic navigation problems.
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8.2. Selecting nodal centre for effective management of drug distribution

8.2 Selecting nodal centre for effective manage-

ment of drug distribution

8.2.1 Problem statement

In a particular geographic region, there are multiple emergency drug warehouses
(EDW) and service center(SC) distributed across various locations. The goal is
to optimize the drugs transportation system between these individuals to ensure

timely and efficient delivery of drug supplies.

8.2.2 Graph structure and design

Consider a set of medical stores W = {W;, Ws, ..., Wy} represent emergency
drug warehouses, and S = {51, Ss,...,S,} represent service center. which are
represented as vertices in a graph. The distances between these entities are

characterized as follows:

dg, is the minimum distance from Service center S; to its nearest Service

center.

e d, = max{dg,} (maximum minimum distance for all Service center).

e dy, is the minimum distance from emergency drug warehouse W; to its
nearest Emergency drug warehouse.

o dg = max{dy,} (maximum minimum distance for all Emergency drug

warehouses).
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8.2. Selecting nodal centre for effective management of drug distribution

Finally, the distance from a emergency drug warehouses W; to its nearest

Service center is denoted as dy;g;, and the maximum of these distances is:

d, = max{dw;s;}, where i = 1,2,... kand j =1,2,...,7.

The overall distance d is defined as:

d = max(d,, dg, d,).

An edge is created between two vertices (Emergency drug warehouses or

Service center) if their distance is less than or equal to d. Thus, the resulting

graph is a connected graph.

8.2.3 Graph features

By the above design will get components(clusters)

The graph is connected by design, meaning every service center and emer-

gency drug warehouse is connected either directly or indirectly.

Edges represent proximity, where two nodes are connected if their distance

is less than d.

The maximum distance d ensures the entire network is accessible, and no

node (Service center/Emergency drug warehouse) is isolated.

According to the geographical condition, if the graph is may be more than
one component,then we apply Neighborhood Resolving Set on each com-

ponents and find out the nodal centers.
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8.2. Selecting nodal centre for effective management of drug distribution

8.2.4 Justification for graph connectivity

The graph is connected by construction because the edges between vertices are
based on the distances between the emergency drug warehouses and service cen-
ters. Since we defined the maximum distance d as the largest of the individual
distances d,, dg, d., all vertices that are sufficiently close to each other (within
the distance d) are connected by edges. As a result, the entire set of emergency
drug warehouses and service centers forms a connected network, ensuring that

there is a path between any two vertices.

8.2.5 Neighborhood resolving set

In the context of this problem, the neighborhood resolving set (NRS) of the
graph consists of a set of nodes (Emergency drug warehouse, Service center, or
both) such that for any other node in the graph, the neighborhood (i.e., the set

of adjacent nodes) of the nodes in the NRS uniquely identifies that node.

The selection of the nodal center (either a Emergency drug warehouse or a
Service center) for efficient transportation depends on the structure of this NRS.
The goal is to choose a subset of vertices from the graph that will provide a clear
distinction between all other vertices. The neighborhood of each node in the
NRS should be distinct from that of every other node, thus ensuring effective

management of the transportation system.
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8.2. Selecting nodal centre for effective management of drug distribution

8.2.6 Optimising drug distribution network: applications

of NRS

e NRS identifies key nodes (Service center or Emergency drug warehouses)

that will serve as the cores for drugs distribution.

e These cores are strategically selected to minimize transportation time and

ensure responsiveness.

e The transportation network is optimized, ensuring that all Emergency drug

warehouses and Service center are within manageable adjacency.

e The network remains connected, providing continuous drugs flow even in

emergencies.

8.2.7 Example

In a metropolitan region, there exist three service centers and four emer-
gency drug warehouses sthubsrategically located to support healthcare ser-
vices. These facilities serve as crucial hubs for medical supplies and emergency
response. A new viral outbreak, Zeta Virus, has rapidly spread across the re-
gion, causing severe respiratory infections. Hospitals are overwhelmed, and there
is an urgent need to distribute antiviral drugs, oxygen supplies, and protective
gear to control the spread and treat affected individuals. To ensure efficient
drug circulation and avoid delays in reaching affected populations, the author-
ities decide to designate nodal centers from the available service centers and

emergency drug warehouses. The selection of these nodal centers is based on the
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8.2. Selecting nodal centre for effective management of drug distribution

concept of the neighborhood resolving set, which ensures that every loca-
tion in the region is effectively covered with minimal needless. By identifying an

optimal set of nodal centers, authorities can:

e Minimize response time: Ensure quick accessibility of essential drugs.

Reduce redundancy: Avoid unnecessary tights at multiple locations.

e Maximize coverage: Reach all affected areas without gaps.

Improve resource allocation: Allocate medical staff and logistics effi-

ciently.

This method of selecting nodal centers using the neighborhood resolving
set ensures an organized and strategic response to the Zeta Virus outbreak,
improving pandemic management in the region. We are given a city with the

following locations:

e 3 Service center: Si, S5, 53

e 4 FEmergency drug warehouses: Wy, Wy, W3, W,

The goal is to optimize the transportation of drug supplies between Service

center and Emergency drug warehouses based on the following distance con-

straints:

e d, = 3: The maximum distance between any two Service center.

e dg = 4: The maximum distance between any two Emergency drug ware-

houses.
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8.2. Selecting nodal centre for effective management of drug distribution

e d, = 5: The maximum distance from any Emergency drug warehouse to

its nearest Service center.

Let us break down the distance constraints:

e d, = 3: The maximum distance between any two Service centers is 3 units.
This means that Service centers S7, So, S5 are located within 3 units of each

other.

o dg = 4: The maximum distance between any two Emergency drug ware-
houses is 4 units. This means that Emergency drug warehouses Wy, Wy, W3, Wy

are located within 4 units of each other.

e d, = 5: The maximum distance from any Emergency drug warehouse to
its nearest Service center is 5 units. This means that for each Emergency

drug warehouse, there is a Service center located within 5 units of distance.

These constraints are essential for planning an efficient drugs transportation
system. We must ensure that transportation between the Service centers and

Emergency drug warehouses meets these distance limits.

Ws
q
kny
Wa
3 km @ Emergency drug warehouse
Wy
® Scrvice center
g
:‘_ {S 1,52, W2} are the nodal centers by the NRS method
w* S, 4km
2
3 km W4
S S2

Figure 8.1: Warehouses-service center network
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8.2. Selecting nodal centre for effective management of drug distribution

The optimization problem aims to minimize the transportation time and cost

while binding to the following goals:

e Ensure that the maximum distance between any two Service centers does

not exceed 3 units.

e Ensure that the maximum distance between any two Emergency drug ware-

houses does not exceed 4 units.

e Ensure that the distance between any Emergency drug warehouse and its

nearest Service center does not exceed 5 units.

The solution involves planning the locations of Service centers and Emer-
gency drug warehouses in such a way that these constraints are satisfied, while
optimizing the transportation system for timely and efficient delivery of drug

supplies.

8.2.8 Real-world benefits

e The authority ensures that an adequate supply of drugs is consistently
maintained at the nodal centers (Service centers and Emergency drug ware-

houses).

e These nodal centers are always prepared to quickly distribute drugs to
all other centers in the event of a sudden disease outbreak or emergency

situation

e Optimized delivery path based on nearness.
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8.3. Optimizing construction labor management using neighborhood resolving
sets

e Faster response time in case of emergencies due to the uniquely identified

hubs.
e Ensures timely availability of drugs in critical situations.

e According to geographical condition, can choose another nodal centres by

NRS

8.3 Optimizing construction labor management

using neighborhood resolving sets

8.3.1 Problem statement

In a construction project, workers from different trades (e.g., carpenters, plumbers,
electricians) are distributed across various work zones and collaborate on tasks.
However, the labor management system often faces challenges such as ineffi-
ciencies, unnecessary tasks, and unfair wage distribution due to the lack of a
structured coordination framework. The goal is to optimize task allocation and
wage distribution by utilizing the concept of Neighborhood Resolving Sets (NRS)

from graph theory

8.3.2 Graph representation of the workforce

In this approach, each worker is represented as a vertex in a graph. The types of
workers in a construction project (carpenters, plumbers, electricians, etc.) can

be grouped into separate subgraphs, or they can all be part of a single unified

127



8.3. Optimizing construction labor management using neighborhood resolving
sets

graph, depending on the complexity of the problem.

Each worker in the project is represented as a vertex. For example:

Carpenter 1, Carpenter 2, ...

Plumber 1, Plumber 2, ...

Electrician 1, Electrician 2, ...

Painter 1, Painter 2, ...

An edge is drawn between two vertices if the corresponding workers commu-
nicate or assist each other. The edges can be weighted to represent the strength
of the interaction, such as the number of hours worked together or the frequency

of communication.

8.3.3 Neighborhood resolving set (NRS)

The concept of Neighborhood Resolving Sets (NRS) is central to this approach.
A set of vertices S C V is called a neighborhood resolving set if for every vertex
v € V, there is a vertex in S whose neighborhood (the set of adjacent vertices)
uniquely identifies v. The key workers are those in the NRS, as their position
in the network makes them critical for task allocation and coordination. These
workers will be responsible for managing the communication and tasks for other
workers in the construction project. Once the NRS is identified, workers in
this set are responsible for task assignment and direct the work done by other
workers. Task allocation is based on the workers’ skills and the communication

network structure. Tasks should be allocated to workers based on the structure
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8.3. Optimizing construction labor management using neighborhood resolving
sets

of the graph and the workers’ roles within the NRS. Workers who are directly
connected to key workers will be assigned specific tasks, ensuring that there is
no unnecessary or overlap in their work. Wages can be distributed based on the
worker’s involvement in the communication network. Key workers in the NRS
will likely receive higher wages due to their central role in managing tasks and
communication. Other workers will receive wages based on their contribution to

the project, with adjustments made for the level of interaction with key workers.

8.3.4 Graph example

In a large-scale construction project, effective workforce distribution, wage and
communication are essential for maintaining efficiency. The workforce is struc-
tured in a hierarchical yet interconnected network, ensuring smooth task autho-

rization and management. The workforce is organized as follows:

8.3.5 Workforce hierarchy

e Main contractor: Oversees the entire project and communicates directly

with the master workers.
e Five Master Workers: Each specializes in a specific area:

— Structural supervisor Manages foundation and framing.
— Masonry supervisor Oversees brickwork and concrete.
— Electrical supervisor Handles wiring and electrical systems.

— Plumbing supervisor Manages water and drainage systems.
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— Finishing supervisor Responsible for painting, flooring, and inte-

riors.

e Assistants: FEach master worker has more than two assistants who act as

intermediaries between master workers and helpers.

e Helpers: Each assistant has more than four helpers performing manual la-
bor such as carrying materials, mixing cement, and installing components.
Helpers may or may not communicate directly with each other, forming a

partially connected network.

e Total workforce: The total number of employees in this project is denoted

as n, including all levels of workers.

8.3.6 Network representation and optimization

The workforce structure can be modeled as a graph with:

e The main contractor as the root node.

The master workers as second-level nodes.

The assistants as third-level nodes.

The helpers as fourth-level nodes, where some helpers may or may not

be directly connected.

130



8.3. Optimizing construction labor management using neighborhood resolving
sets

@ Main contractor
@ Master worker
@ Assistants

@ Helpers
n — Number of vertices

Inr(G) > k,:28>n

Figure 8.2: Employees network

8.3.7 Result analysis

In this section, we analyze the efficiency of labor management before and af-
ter the application of the NRS-based approach. We compare the optimal task
allocation and wage distribution to traditional methods, showing how this ap-
proach minimizes redundancy and maximizes efficiency. We show that the use of
the NRS leads to more efficient task allocation, reducing downtime and ensuring
that tasks are assigned to the right workers. We demonstrate how the NRS-based
wage distribution method ensures that workers are compensated fairly based on

their role and contributions to the project.
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8.3. Optimizing construction labor management using neighborhood resolving
sets

Conclusion

By utilizing neighborhood resolvability, this chapter provides a method for select-
ing the nodal center(s) in a connected graph of Service centers and Emergency
drug warehouses. The chosen nodal center will optimize the transportation of
drugs, ensuring that all Service centers and Emergency drug warehouses are
within a manageable distance from one another. This approach not only ad-
dresses the geographical challenges but also improves the efficiency of the overall
healthcare logistics system. The application of Neighborhood Resolving Sets in
construction labor management has the potential to significantly improve effi-
ciency and fairness in task allocation and wage distribution. By identifying key
workers who serve as coordinators, construction projects can benefit from bet-
ter communication, reduced redundancy, and optimal labor utilization. Further
research can explore how this approach can be adapted to larger-scale projects

and other industries.

132



Chapter

Conclusion

The thesis concludes that significant advancements were made in understanding
the metric dimension, neighborhood resolving sets, and related properties in var-
ious graph families. By exploring these concepts in the context of composition
products and zero-divisor graphs, the research provided new theoretical insights
and practical methodologies. These findings contribute to applications in net-
work design, navigation systems, and algebraic structures. The study highlights
the versatile utility of graph theory in solving real-world problems and suggests
drive for future research in more complex graph systems and interdisciplinary
areas. Also the thesis provides a comprehensive study of the ¢x-polynomial for
a diverse set of graph families, contributing to a deeper understanding of their
combinatorial properties. The analysis of the families P, + P,, P, + O,,, K, —e,
and P,, x P,, alongside the star clusters representing the 12 zodiac signs, demon-
strates the versatility of the ¢g-polynomial as a tool for characterizing graph

structures.
The behavior of the ¢-polynomial for standard graph families reveals pat-
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terns in their connectivity and component structure. For example, the poly-
nomial for P,, + P, and other connected graphs consistently reflects their edge
expansion properties, while the ¢-polynomial of K, — e and other modified
graphs provides insight into how edge removal affects the polynomial’s roots and

coefficient relationships.

Analyzing the star clusters modeled after the 12 zodiac signs introduced
unique topological features that influenced the ¢g-polynomial. These clusters,
with their outward symmetry and central connectivity, provided a distinct per-
spective on the interaction of local structure with global properties. The compar-
ison across these families demonstrated how specific structural properties, such
as edge density, cycles, and node connections, impact the polynomial’s terms.
The results offer a clear understanding of how graph families relate to each other
in the context of combinatorial enumeration and polynomial invariants. The
¢r-polynomial, as explored in this study, has significant applications in network
theory, where such polynomials can help model the flexibility and connectivity
of various network topologies. Additionally, it provides a valuable approach for
studying spectral graph theory, graph invariants, and the study of graph auto-
morphisms. The ¢,-polynomial is an essential tool for understanding the under-
lying structure of a wide range of graphs. This study places the groundwork for
future research on the ¢,-polynomial, particularly in the context of more com-
plex graph families and their potential applications in theoretical and practical
domains.Also presents a method for selecting nodal centers in a connected graph
representing service centers and emergency drug warehouses using neighborhood
resolvability. The proposed approach optimizes drug transportation by ensur-

ing that all Service Centers and Emergency Drug Warehouses remain within
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a manageable distance, thereby enhancing the efficiency of healthcare logistics
and addressing geographical challenges. Additionally, the application of Neigh-
borhood Resolving Sets in construction labor management offers a systematic
framework for improving efficiency and fairness in task allocation and wage dis-
tribution. By identifying key workers as coordinators, construction projects can
achieve better communication, minimize unnecessary, and optimize labor utiliza-
tion. This methodology has significant implications for workforce management
in large-scale projects and other industries, paving the way for future research

and practical implementations.
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oo 10

Recommendations

Scope of the thesis

This thesis explores the heterogeneous and complex aspects of graph theory and
its applications through several focused studies, including metric dimensions,
graph composition products, and neighborhood-resolving sets. By analyzing the
properties of ¢g-polynomials and their applications in various graph structures,
the thesis contributes to a deeper understanding of graph invariants, resolving

sets, and their computational implications.

The scope of the thesis extends to:

e Analysis of metric dimensions in graph composition products.
e Study of neighborhood-resolving sets in graphs of order at most six.

e Exploration of ¢-polynomial properties in various graph compositions such

as P,+P,, P,+0O,, K, —e, and P,, X P,.
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e Investigation of zodiac signs represented graphically and analyzed through

¢r-polynomials.

e Examination of resolvability and ¢g-polynomial properties in finite com-

mutative rings with orders up to ten.

e Selection of nodal centers using graph theory.

These studies provide valuable theoretical insights and practical applications of

graph theory.

Possible future developments

Building on the findings of this thesis, several channel for future research emerge:

e Extending the analysis of metric dimension to dynamic and temporal graphs,

where vertex and edge properties evolve over time.

e Investigating neighborhood-resolving sets in higher-order graphs or graphs

with additional constraints, such as weighted or directed graphs.

e Developing algorithms for efficient computation of ¢-polynomials in com-

plex graph structures, such as hypergraphs and random graphs.

e Analyzing the interplay between ¢,-polynomials and other graph invariants

like chromatic number or pathwidth.

e Exploring applications of graph compositions in modeling biological net-

works, social networks, and communication systems.
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e Incorporating machine learning techniques to predict resolvability and other

graph-theoretic properties for large-scale datasets.

e The application of NRS can be extended to larger geographical regions
with complex logistics networks. Efficient algorithms need to be developed

to handle large datasets and optimize the selection of nodal centers.

e Integrating real-time data sources such as traffic conditions, warehouse
stock levels, and emergency demand fluctuations could enhance the adapt-

ability of the proposed system.

e Future developments could incorporate additional factors such as trans-
portation cost, storage capacity, and delivery time to optimize logistics

beyond mere distance-based considerations.

e The approach developed in this study can be extended to emergency re-
sponse, supply chain logistics, disaster relief coordination, and other indus-

tries requiring efficient resource allocation.

Further studies

Further studies can broaden the theoretical and applied dimensions of this thesis:

e An in-depth examination of graph properties and their connections to al-

gebraic structures in larger finite commutative rings.

e Exploring the potential of bipartite graph theory in solving real-world prob-

lems, such as supply chain optimization and network design.
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e Extending the study of ¢p-polynomial properties to non-commutative rings

and their graph representations.

e Generalizing the graphical representation of zodiac signs to include other

cultural or symbolic systems and analyzing their structural properties.

e Investigating the role of graph theory in emerging fields like quantum com-

puting and cryptography.

e Investigating more efficient algorithms and approximation for computing

the minimum Neighborhood Resolving Set in large and complex graphs.

e Extending the concept of neighborhood resolvability to weighted graphs,

directed graphs, and dynamic graphs to explore broader applications.

e Conducting real-world case studies in healthcare logistics and construction

projects to validate theoretical findings and evaluate practical feasibility.

e Collaborating with experts in optimization, operations research, and arti-
ficial intelligence to develop hybrid models incorporating graph-theoretic

and machine-learning approaches.

e Exploring how governments, health organizations, and construction firms
can adopt and implement these findings in real-world logistics and work-

force management systems.

By addressing these potential developments and further studies, the research
can continue to advance the understanding and application of graph theory in

both theoretical and practical domains.
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