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ABSTRACT

Let H be a complex Hilbert space and B(H) denotes the algebra of all bounded
linear operators on H. An operator 1" € B(H) is said to be normal if 7T = TT",
hyponormal if 7*T > TT* and subnormal if it has a normal extension, where T™
denotes the adjoint of T.

P. R. Halmos posed a problem, known as Halmos’ Problem 5, concerning the
characterization of subnormal Toeplitz operators on the Hardy space. The problem
asks: “Is every subnormal Toeplitz operator either normal or analytic?” C. Cowen
answered this question negatively, leading to the refined problem: “Which subnormal
Toeplitz operators are either normal or analytic?”

In this thesis, we address the refined version of Halmos’ Problem 5, particularly in
the context of Toeplitz and block Toeplitz operators with finite rank self-commutator
and answer a problem recently posed by R. E. Curto, I. S. Hwang and W. Y. Lee
[22, Problem 6.2]. We establish conditions for identifying subnormal block Toeplitz
operators whose self-commutators are of finite rank. Furthermore, we investigate the
subnormality and hyponormality of Toeplitz operators with operator-valued symbols
and present sufficient conditions for hyponormality in this setting. In addition, we
provide characterizations of hyponormality and subnormality for analytic Toeplitz

operators on the Hardy space of Hilbert space-valued functions.

Keywords: Hardy space, Halmos’ Problem 5, Subnormal operators, Hyponormal

operators, Block Toeplitz operators.
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PREFACE

Let ‘H be a complex Hilbert space and let B(#) denote the algebra of all bounded
linear operators on H. An operator 7' € B(H) is said to be normal if it satisfies the
relation T*T = TT* and hyponormal if T*T > TT*, where T* denotes the adjoint
of T. An operator T € B(H) is said to be subnormal if there exists a Hilbert space
IC containing H as a closed subspace and a normal operator N € B(K) such that
T = N|y, that is, T' is the restriction of N to H.

Let H? denote the Hardy space and T, be the Toeplitz operator on H? with
symbol . It is well known that every normal operator is subnormal. Similarly, every
analytic Toeplitz operator T;, is subnormal, since the corresponding multiplication
operator M, acts as a normal extension. The converse of these observations was
posed as a problem by P. R. Halmos [35, 36], known as Halmos’ Problem 5. The

problem asks:

“Is every subnormal Toeplitz operator either normal or analytic?”

C. Cowen and J. Long [18] gave a negative answer to Halmos’ Problem 5 by present-
ing an example of a subnormal Toeplitz operator that is neither normal nor analytic.

This naturally gave rise to the following two problems:

“Which Toeplitz operators are subnormal?”

“Which subnormal Toeplitz operators are either normal or analytic?”

In the major part of this thesis, we address the second question in the setting
of Toeplitz and block Toeplitz operators whose self-commutators are of finite rank.

This thesis is based on three articles [1, 2, 3]. Among these, [1] and [2] are joint



works with R. E. Curto, I. S. Hwang, W. Y. Lee and T. Prasad, whereas [3] is a
collaboration with R. E. Curto and T. Prasad. The preliminaries are covered in the
first chapter.

In the second chapter, we address the refined version of Halmos’ Problem 5 in the
context of Toeplitz operators with finite rank self-commutators and obtain partial
results that extend the classical Nakazi-Takahashi Theorem [44].

In the third chapter, we identify a large class of subnormal block Toeplitz op-
erators whose self-commutators are of finite rank. The results presented provide a
partial answer to a conjecture recently posed by R. E. Curto, I. S. Hwang and W.
Y. Lee [22].

The fourth chapter discusses the refined version of Halmos’ Problem 5 in the
context of block Toeplitz operators with finite rank self-commutators. The results
we obtain form an analogue of the Nakazi—Takahashi Theorem in the setting of
block Toeplitz operators and answer a problem recently posed by R. E. Curto, I. S.
Hwang and W. Y. Lee [22]. Furthermore, we present the block Toeplitz analogue of
the result obtained in Chapter 2.

Chapter 5 explores the hyponormality and subnormality of Toeplitz operators
on the Hardy space of Hilbert space-valued functions, a topic of significant current
interest in operator theory. We present a sufficient condition for the hyponormality
of Toeplitz operators with operator-valued symbols. In addition, we provide charac-
terizations of the hyponormality and subnormality of analytic Toeplitz operators on
the Hardy space of Hilbert space-valued functions. Finally, we conclude the thesis

with recommendations and an outline of future research directions.



CHAPTER 1

INTRODUCTION

Let H be a complex Hilbert space and let B(H) denote the algebra of all bounded
linear operators on H. For T' € B(H), we denote by ker ', RanT and Rank T the
kernel, range and rank of T, respectively. If I C H is a subspace, then dim K denotes
its dimension. The adjoint of T" is denoted by 7™ and its self-commutator is defined
as [T*,T) :=T*T —TT*. An operator T € B(H) is said to be self-adjoint if T' = T*,
unitary it T*T = TT* = I and normal if [T*,T] = 0. The class of subnormal
operators introduced by P. R. Halmos [33] is an interesting extension of normal
operators. A bounded linear operator 1" on a Hilbert space H is said to be subnormal
if it has a normal extention, that is, if there exists a normal operator N on a Hilbert
space K, where H is the closed subspace of K, Nj = T and NH C H. It can be
observed that the theories of subnormal operators found in the literature are not easy
and highly nontrivial (see [14]). A more general class that of hyponormal operators
includes both the normal and subnormal operators. An operator T € B(H) is
hyponormal if [T*,T] is positive.

Research on normal and hyponormal operators has an extensive range of ap-
plications across various fields including mathematics, mathematical physics and

machine learning (see [39], for instance). In particular, the self-adjoint operators
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play a key role in problems related to electrophoretic transport, enzyme reaction
dynamics and microwave heating in composite media [41]. The classical commuta-
tion relation naturally leads to the concept of subnormal operators, which has been
explored by F. H. Szafraniec [53] in connection with the quantum harmonic oscilla-
tor. Furthermore, the theory of subnormal operators made significant contributions
to fileds like functional analysis, operator theory, mathematical physics, etc [37].

Thus, the following question arises naturally
“Which operators are subnormal?”

P. R. Halmos [33] provided a characterization of subnormal operators in terms of
their action on a finite set of vectors in their domain, while J. Bram [10] further

refined this result.

Bram-Halmos criterion for subnormality. [10] An operator S € B(H) is sub-

normal if and only if Z?,k:()(ijk? S*f;) > 0 for every finite set fo, f1,..., fn € H.

In other words, Bram-Halmos criterion on subnormality says that S € B(H) is

subnormal if and only if

S S*S ... G*kg
>0 forallk>1. (1.1)
Slc S*Sk . S*kSk

Subnormal operators have also been characterized by several authors including
J. Agler, J. W. Bunce - J. A. Deddens (jointly), M. R. Embry and W. Szymanski
(see [5, 12, 29, 54]). These methods generally require an infinite number of trials,
which makes addressing the question challenging. Finding feasible methods to check
whether an operator is subnormal is one of the important problems in the theory

of subnormal operators. P. R. Halmos [35, 36] addressed this question particularly
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in case of Toeplitz operators. To set the stage, we begin with a brief overview of

Hardy space and Toeplitz operators.

Hardy space

Let D = {z € C: |z| < 1} denote the open unit disc and T = {z € C : |z| = 1}
denote the unit circle in the complex plane C. The Hardy space H?, also known
as Hardy-Hilbert space is the space of all analytic functions on D having power
series representation with square-summable complex coefficients. Equivalently, an
analytic function f on D belongs to H? if and only if sup,., ., f027r | f(re?®)|2df is
finite. The Hardy space is a Hilbert space equipped with an inner product defined by
(f,g) =00, anby, where f(2) =>"° a,z" and g(z) = Yo7 b,2". The mapping
Yo g anz™ — (ag,ar,as,...) defines an isometric isomorphism between the Hardy
space H? and the Hilbert space ¢*(W), the space of square-summable sequences
indexed by the set W = N U {0} of non-negative integers.

For any measurable set F C [0,27], the normalized Lebesgue measure m is

defined by m(E) := L [*"

5= Jo Xxz(0)df, where df is the ordinary Lebesgue measure on

0, 27] and xz denotes the characteristic function of E. Let L? := L*(T) denote the
Hilbert space of all equivalence classes of square integrable complex-valued functions
which are equal almost everywhere with respect to the normalized Lebesgue measure
m on [0, 27]. It is well known that the set of functions {e, (e?) = €™ : n € Z} defines
an orthonormal basis for L?. Furthermore, the mapping > - a,2" — > oo a,e™
defines an isometric isomorphism from H? into L?. This mapping allows us to
identify H? as the closed subspace of L? consisting of functions whose negative
Fourier coefficients vanish, that is, H2 = H2 := {f € L2 : (f,e,) = 0 for all n < 0}.
For f(z) =Y 0" a,2™ € H?, the corresponding image in H? is denoted by f and is

given by f(e?) =322 a,e™.
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Let H* denote the space of all bounded analytic functions on the unit disc D and
let L := L>(T) be the space of essentially bounded measurable functions on the
unit circle T, defined modulo equality almost everywhere with respect to the nor-
malized Lebesgue measure on [0, 27]. The space H*, equipped with the supremum
norm || f|l = sup{|f(z)|] : z € D}, is a Banach algebra under pointwise opera-
tions. Moreover, H* embeds into the Hardy space and is isometrically isomorphic
to H® := L> N H2.

A function ¢ € H™ is called an inner function if it satisfies |@¢(e?)| = 1 for
almost every 6 € [0,27]. A function ¢ € L™ is said to be of bounded type if there
exist @1, s € H*® such that ¢ = %.

From now onwards, we will use the notation H? to refer to both H? and H? and

similarly, H*° to denote both H* and H>.

Toeplitz operators

For ¢ € L™, the multiplication operator M, on L? is defined by M, f := ¢f, for all
f € L?. Let P denote the orthogonal projection of L? onto H?. For ¢ € L*, the
Toeplitz operator T, with symbol ¢ on H? is defined by T,,f := (PM,)f = P(¢f),
f € H?. Equivalently, an operator T € B(H?) is a Toeplitz operator if and only if
S*T'S =T, where S is the unilateral shift operator on ¢2(W). If o € H*, then the
Toeplitz operator T, is called an analytic Toeplitz operator. 1t is referred to as a
co-analytic Toeplitz operator if its adjoint T3 = T5 is analytic. For ¢ € H™, the
Hankel operator H, on H? is defined by H,f := JP*M,f for f € H? where P+
denotes the orthogonal projection of L? onto L? © H? and .J is an operator on L2
defined by J(g)(e?) := e ?g(e~?), g € L2

The following lemma by M. B. Abrahamse [4], related to the bounded type

symbols, plays a crucial role in the subsequent development.



CHAPTER 1. INTRODUCTION

Lemma 1.1. [4] Let ¢ € L>, then the following statements are equivalent:

(i) ¢ is of bounded type;
(ii) P(®) is noncyclic for S*;

(ili) ker H, # {0}.

For more details regarding Hardy space and Toeplitz operators, see [4, 27, 42, 46].

Halmos’ Problem 5

P. R. Halmos studied the characterization of subnormal Toeplitz operators by the
properties of their symbol. He observed that every normal operator is subnormal
and that every analytic Toeplitz operator is subnormal. Also, he thought about the
converse and posed a problem in 1970, which is the well-celebrated Halmos’ Problem

5 [35]. The problem states that
“Is every subnormal Toeplitz operator either normal or analytic?”

A Toeplitz operator is self-adjoint if and only if its symbol is real-valued almost
everywhere [42, Theorem 3.2.15]. The class of normal Toeplitz operators was char-
acterized by A. Brown and P. R. Halmos [11, Corollary|, who showed that the only
normal Toeplitz operators are those that are linear functions of self-adjoint ones.

Later, a complete characterization of hyponormal Toeplitz operators was given by

C. Cowen [16].

Cowen’s Theorem. [16, 44] For each ¢ € L*°(T), the Toeplitz operator T, is

hyponormal if and only if £(p) is nonempty, where
E(p) ={k € H*(T) : ||klloc <1 and ¢ — kp € H*}.
In 1976, M. B. Abrahamse [4] gave a partial answer to Halmos’ Problem 5 as follows:

Abrahamse’s Theorem. [4, Corollary A] If ¢ € L* and ¢ or ¥ is of bounded

type, then the subnormal Toeplitz operator T, is either normal or analytic.

7
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In [4], M. B. Abrahamse raised several questions, including the following;:

“Is the Bergmann shift unitarily equivalent to a Toeplitz operator?”

S. Shunhua [52] provided a negative answer to this question. Motivated by Shunhua’s
approach, C. Cowen and J. Long [18] presented a negative solution to Halmos’
Problem 5 in 1984 by constructing an example for a subnormal Toeplitz operator

which is neither normal nor analytic.

Example 1.2. [18, Theorem] For 0 < a < 1, let ¢ be a conformal map of the unit
disk onto the interior of the ellipse with vertices +i(1 — «)~! and passing through
the points +i(1 + «)~'. Then Ty 1oy 1s a subnormal weighted shift operator that is

neither normal nor analytic.

The negative solution to Halmos’ Problem 5 gives rise to the following two natural

questions:
“Which Toeplitz operators are subnormal?”

“Which subnormal Toeplitz operators are either normal or analytic?”

In recent years, similar questions have also been explored in the context of block
Toeplitz operators [22, 23, 32]. Before proceeding, we first present a brief overview

of the theory of Banach-valued functions.

Banach-valued functions

Let (2, F,pu) be a positive o-finite measure space and X be a Banach space. A
Banach-valued function f : Q) — X is called countable-valued if it can be expressed
in the form f = >"7, zxXg,, where z;, € X, E;, € F and the sets { Ej;} are pairwise
disjoint, that is, E; N E; = 0 for ¢ # j. A function f : Q — X is called weakly
measurable if for every x* € X*, the scalar-valued function z* o f : Q@ — C is

measurable, where X* denotes the dual of X. The function f is said to be strongly
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measurable if there exists a sequence of countable-valued functions {f,} on €2 such
that f(w) = lim,, 0 fn(w) for almost every w € .

A Banach-valued function f : T — X is said to be essentially separably valued if
there exists a measurable subset T’ of T such that the image f(T’) is separable and
m(T \ T’) = 0. The following theorem, known as the Pettis measurability Theorem,

addresses the connection between weak measurability and strong measurability.

Pettis measurability Theorem. [38, 47] For a function f : T — X, the following
are equivalent:

(i) f is strongly measurable;

(ii) f is essentially separably valued and weakly measurable.
In particular, if X is a separable Banach space, then f is strongly measurable if and

only if it is weakly measurable.

A countable-valued function f : Q — X is said to be (Bochner) integrable if
Jo If ()|l du(s) < oo and its integral is defined by [, fdu = Do xp u(Ey). A
function g :  — X is said to be (Bochner) integrable if there exists a sequence { f,, }
of countable-valued (Bochner) integrable functions f,, satisfying lim,, . fn(s) = g(s)
for almost all s € Q and lim,,_, fQ llg— fnll dir = 0. Then, fﬂ gdp = lim,_, fQ fndp
exists and ngd,u is called the (Bochner) integral of g. If f: Q — X is integrable,

then we see that

(/fdu) / (Tf)dp for each T € B(X,Y), (1.2)

where Y is a Banach space and B(X,Y’) denotes the space of all bounded linear
operators from X to Y. For a complex Banach space X and 1 < p < oo, define the
Banach space LP(T, X) by

LP(T, X):={f:T — X : f is strongly measurable and || f||, < oo}, (1.3)

where the norm is given by
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1
(% 0 Hf(ew)H?(dQ)p if 1 <p < oo
I fllp = ([ fllzeer,x) == (1.4)

ess sup || f(e) | x if p = oc.
0€[0,27]

Given f € LY(T,X) and n € Z, the n-th Fourier coefficient of f, denoted by
f(n), is defined by f(n) — 1 2w

= Jo e~™M9 f(e)df. For 1 < p < oo, the Hardy space

HP(T, X) is defined as the subspace of LP(T, X) consisting of those functions f for
which f(n) = 0 for all n < 0.

A function f : D — X is said to be analytic if it admits a power series repre-
sentation of the form f(z) = >~ x,2", where z,, € X and z € D. Let Hol(D, X)
denote the set of all such analytic functions. Also, we write H?(ID, X) for the set of

A 1
all f € Hol(D, X) satisfying || f|| z2(p,x) := sup0<r<1(f02 | f(re)||% df)* < oo.

For a separable complex Hilbert space H, if f € H?*(D,H), then there exists
a boundary function f € H*(T,H) such that f(z) = & 0% P,(e) f(e') df, where
P,(e) = % is the Poisson kernel and 6 ranges from 0 to 27. It can be observed
that f(e) = lim,_,; f(re?) nontangentially almost everywhere on T. Moreover, the
mapping f — f defines an isometric isomorphism between H?(ID, H) and H?(T, H)
[47, Theorem 3.11.7]. Consequently, we identify H?(D,H) with H*(T,H). For f

and ¢ in L*(T,H), the inner product (f,g) is defined by

1
o

(1) = (FE 0 = 5 | .0l (15)

A function ® : T — B(X,Y) is said to be strong operator topology (SOT) mea-
surable if for every z € X, the function ®z : T — Y defined by ®x(e?) = ®(e)z
is strongly measurable. Similarly, ® is said to be weak operator topology (WOT)
measurable if the same funtion is weakly measurable for every z € X. Let D and
E be separable complex Hilbert spaces. Then a function ® : T — B(D, F) is SOT

measurable if and only if it is WOT measurable (see [47], page 46).

10
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For 1 < p < o0, a function & : T — B(D, E) is called a strong LP-function if for
each x € D, the map ®x : T — E belong to LP(T, E). The space of all such functions
is denoted by L2(T, B(D, E)). It is clear that LP(T, B(D, E)) C L?(T,B(D, E)). The
notion of strong L2-function was introduced by V. Peller [50] and its formal theory
was further developed in [26].

If ® € LYT,B(D,E)) and x € D, then the function ®x belongs to L!(T, F).

A

For each n € Z, the n-th Fourier coefficient of ®, denoted by ®(n), is defined by

d(n)z == @(n) We define
HP(T,B(D, E)) := {® € L(T,B(D, E)) : ®(n) = 0 for n < 0}.
Let L3, (T, B(D, E)) denote the space of all bounded SOT-measurable functions

from T into B(D, E) and let
H3or(T,B(D, E)) := {® € LG (T,B(D, E)) : ®x € H*(T, E) for all z € D}.
Moreover, it can be observed that
L>=(T,B(D,FE)) C L>*(T,B(D, E)) = L3, (T,B(D, E)).

On the other hand, we define H>(D, B(D, E)) as the set of all analytic functions
¢ : D — B(D, E) such that ||®|| geom,B(D,E)) := Sup.ep || P(2)]| < 0o. By convention,
we identify H>*(D, B(D, F)) with H>*(T, B(D, E)) [47, Theorem 3.11.10]. If B(D, E)
is separable, then we see that L>(T,B(D, E)) = L3,r(T,B(D, E)) (see [47], page
46).

Let ® € LS, (T, B(H)). Then the Toeplitz operator Ty on H*(T,H) with symbol
® is defined by Tef := P, (®f), where P, denotes the orthogonal projection of
L*(T,H) onto H*(T,H) and f € H*(T,H). Similarly, the Hankel operator Hg with
symbol ® is defined by He f := JP_f, where P_ denotes the orthogonal projection
of L*(T,H) onto L*(T,H) © H*(T,H) and J is the unitary operator on L*(T,H)

given by Jg(e?) := e 1, g(e=?) (I3 denotes the identity operator on H).

11
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For a function ® : T — B(H), we denote ®(e?) := d(e ) and & := .
Let & € L, (T,B(H)) and ¥ € HZ(T,B(H)). The following identities are
established in [26]:

Ty = Te- and Hy = Hy; (1.6)

H@T\Ij = Hq;q/ and H\Ijqp = T\%H@ (17)

Extensive studies on operator-valued Toeplitz and Hankel operators are presented
in [9, 26, 27, 28, 45, 47].

Toeplitz operators with matrix-valued symbols & € L>(T, M,,) are often referred
to as block Toeplitz operators, where M,, denotes the set of all n xn complex matrices.
For a fixed natural number n, let P, and P+ denote the orthogonal projection of
L*(T,C") onto H*(T,C") and L*(T,C") & H*(T,C"), respectively. By identifying

the vector-valued Hardy space H*(T,C") with the direct sum
H*(T,C")=H*® H*®---® H*> (n times),

the Toeplitz and Hankel operators with matrix-valued symbol ® take the block

matrix form

T<I>11 T<I>1n Hq)n H‘1>1n

Tchl e Tchn Hq>n1 e Hq>nn

where ® = [¢;;]1<ij<n € L®(T, M,) and each ¢;; € L. A function © € H*(T, M,,)
is called an inner function if ©*© = I, almost everywhere on T. For notational con-
venience, we denote by H(©) := H?*(T,C")6O©H?(T,C") the model space generated
by the inner function © € H>°(T, M,,). The following basic properties of Toeplitz and
Hankel operators, involving the symbols &, ¥ € L>*(T, M,,) and © € H*(T, M,),

are used implicitly in the sequel:

12



CHAPTER 1. INTRODUCTION

HiHy — HiyHoo = HiHo- HY. Ho. (1.10)

For m,n € N, let M,,«, denote the set of all m x n complex matrices. Given
a function ® € H*(T, M,x,), an inner function A € H?(T, M,,»,,) is a called a left
inner divisor of ® if ® = AA for some A € H*(T, M,,x,) (m < n). Note that if
® € L>(T, M,,) and det @ is not identically zero, then any left inner divisor A of ®
belongs to H?(T, M,) [22]. Two functions ® € H*(T, M, x,) and ¥ € H*(T, My, x.,)
are said to be left coprime if the only common left inner divisor of both ® and ¥
is a constant unitary matrix. They are said to be right coprime if ® and U are
left coprime. Equivalently, two functions ® and ¥ in H?*(T, M,) with det® # 0
and det W # 0 are called right coprime if there does not exists a nonconstant inner
function A € H*(T, M,,) and functions A, B € H?*(T, M,,) such that ® = AA and
U = BA. We say that functions ® and ¥ in H?(T, M,,) are coprime if they are both
left and right coprime.

A function ® € L>°(T, M,,) is said to be of bounded type if each of its entries is
of bounded type. Let ® = [¢;;] € L>(T, M,,) be such that ®* is of bounded type.
Then by Lemma 1.1, each ¢;; can be written as ¢;; = Qij@, where 6;; is inner and
bij € H?. If 6 denotes the least common inner multiple of 6,;’s, then we have

¢ = [fa;;] = OA, (1.11)
where © = 01, and A = [a;;] € H*(T, M,).

For a function ® € L*(T, M,), we denote ®, := P,(®) and ®_ := [PL(D)]",
where P,, and P} denote the orthogonal projections from L*(T, M,,) onto H?(T, M,)
and L*(T,M,) © H?*(T, M,), respectively. It is clear that ®, € H?*(T, M,) and
®_ € z1,H*(T, M,,). With this notation, we may write ® = ®* + &, . Suppose that

® € L>°(T, M,,) is such that both ® and ®* are of bounded type. Then by Lemma

13
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1.1, it follows that both ®% and ®* are of bounded type. In view of Equation (1.11),
we write

q)Jr = @1A* and ®_ = @28*, (112)

where ©; = 6;I,, with an inner function §; and A, B € H*(T, M,,), for i = 1,2. In
this case, if the block Toeplitz operator Ty is hyponormal, then O, is a right inner

divisor of ©; [23, Lemma 3.1]. Hence, we can write
(I)+ = A*@()@Q and d_ = B*(—')Q, (113)
where ©y = 6y1,, for some inner function 6.

An n x n matrix-valued function @ is called a finite Blaschke-Potapov product if

it can be expressed in the form

M
Q(z) = v [[ bn(2) P + (I = P)), (1.14)
m=1
where v is an n X n constant unitary matrix, each b,, is a scalar Blaschke factor
given by
Z— Qyy

bm(Z) = ) (7% EID)

1l —a,,z
and P,, is an orthogonal projection on C”. An n x n matrix-valued function
is rational and inner if and only if it admits a representation as a finite Blaschke-

Potapov product [51].
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CHAPTER 2

SUBNORMAL TOEPLITZ OPERATORS
WITH FINITE RANK SELF COMMU-
TATOR

The theory of subnormal operators has found extensive applications in various fields,
including analytic function theory, differential geometry, approximation theory and
quantum mechanics [53]. In particular, subnormal operators with finite rank self-
commutator have been one of the interesting topics in functional analysis and oper-
ator theory. The finite rank condition suggests that the operator is nearly normal,
thereby simplifying the spectral analysis. In 1973, B. B. Morrel [43] established that
any subnormal operator whose self-commutator is of rank one can be written as a
linear combination of the unilateral shift operator and the identity operator. Later
in 1987, D. X. Xia [55, 56] made an attempt to classify all subnormal operators
with finite rank self-commutator. In 1998, J. B. Conway and L. Yang [15] posed the

following open problem:

Classify all subnormal operators whose self-commutator has finite rank.

In this chapter, we address this problem within the framework of Toeplitz op-
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erators in conjunction with Halmos’ Problem 5 and establish a sufficient condition
for subnormal Toeplitz operators with finite rank self-commutator to be classified
as either normal or analytic, building on and modifying the methods of T. Nakazi

and K. Takahashi [44].

2.1 Introduction

In 1993, T. Nakazi and K. Takahashi [44] studied the self-commutator of hyponormal
Toeplitz operators and characterized the hyponormality of Toeplitz operators with

finite rank self-commutator.

Theorem 2.1.1. [44, Theorem 10] The operator T,, is hyponormal and the self-
commutator [T7;,T,] is of finite rank if and only if there exists a finite Blaschke
product b in £(y). In this case, the Blaschke product b can be chosen such that
deg (b) = Rank [T7},T,].

In this chapter, we examine the following question in detail.

Problem 2.1.2. Which subnormal Toeplitz operators with finite rank self commu-

tator are either normal or analytic?

We begin by discussing the historical developments related to Problem 2.1.2.
The following result was proved by T. Nakazi and K. Takahashi [44] in 1993.

Nakazi-Takahashi Theorem. [44, Theorem 15] If T,, is subnormal and ¢ = ¢,

where ¢ is a finite Blaschke product, then T, is either normal or analytic.

Later, in 2012, R. E. Curto, I. S. Hwang and W. Y. Lee [23] posed a conjecture

on the subnormality of Toeplitz operators whose self-commutator has finite rank.

Conjecture 2.1.3. [23, Conjecture 4.1] If T, is a subnormal Toeplitz operator with

finite rank self commutator, then T, is either normal or analytic.

Furthermore, they provided positive evidence for Conjecture 2.1.3 by demon-
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strating its validity under specific conditions [23]. The following Theorem 2.1.4

offers significant insights into the subnormality of Toeplitz operators.

Theorem 2.1.4. 23, Corollary 4.3] Suppose T, is a subnormal Toeplitz operator
with finite rank self-commutator. If bker[T,T,] is invariant under T, for some

b€ E(p), then T, is normal or analytic.

With these historical foundations, we now proceed to a rigorous formulation of

Problem 2.1.2 and a detailed presentation of our key findings.

2.2 Subnormality of Toeplitz operators with finite
rank self commutator

In this section, we provide further supporting evidence for Conjecture 2.1.3, thereby
contributing to the ongoing investigation of its validity. Our results provide a partial
answer to Problem 2.1.2; offering deep insights into a broader aspect of the conjec-
ture. Moreover, Theorem 2.2.3 is a significant extension of the classical Nakazi-
Takahashi Theorem to the setting of subnormal Toeplitz operators with finite rank
self-commutator. We begin by presenting a couple of auxiliary lemmas, each of

which contributes to a different aspect of the proof of Theorem 2.2.3.

Lemma 2.2.1. [44, Lemma 5] If ¢ = qp+ g, where ¢ is inner and g € H*(T), then

the closure of the range of [T, T,] equal to the closure of T,5(H(q)).

Lemma 2.2.2. Suppose ¢ = qp + g € L, where ¢ is an inner function, g € H*®
and the Toeplitz operator T, is subnormal. If ¢ is not of bounded type, then
T:(H(g) € Ram [T, 7).

Proof. Initially, we establish that
T3 (H(q)) () H(a) = {0} (2.1)
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Since {0} C T3 (H(q)) (N H(q), it suffices to show that

T3 (H() () H(a) € {0}.

Recall that if z € H(q), then z L gH? which implies that 7z = 0 and hence
qz € H.

Let y € T(H(q)) N H(q). Then y € H(q) and there exists some = € H(q) such
that y = TZx. Therefore, we see that

0=Ty=T,T 0 =TTx =T,

and hence pgT € H?. Since z belongs to H(q), we have ¢z € H? and this implies
that ¢z € ker H,. It is easy to see that H, is an injective map, since ¢ is not of
bounded type (see Lemma 1.1). Thus, we get ¢ = 0 and therefore, x = 0. This
proves (2.1), because y = Tz = 0.

Since ¢ = g + g, it follows that

T5(H(q)) C Ty (H(q)) + T(H(a)). (2.2)

Furthermore, observe that for any = € H(q),
(Tyw,qH?) = (g, qH*) = (v,qH*) =0,
since # L ¢H? and g is bounded. Thus, T5(H(q)) € H(g). Applying Lemma 2.2.1
and Equation (2.1) to Equation (2.2), we conclude that:
Tx(H(g)) € Ran[T, T,] + H(q) C Ran[Ty, T,].

This completes the proof. n

Having established the necessary background, we are now in a position to extend
the Nakazi-Takahashi Theorem to the case of scalar-valued Toeplitz operators with

finite rank self-commutator.

Theorem 2.2.3. Let T, be a subnormal Toeplitz operator and assume that ¢ =

qp+g € L*(T), where ¢ is a finite Blaschke product and g € H*. If gH? C Ran T,
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then T, is normal or analytic.

Proof. If either ¢ or P is of bounded type, then by Abrahamse’s Theorem, the
subnormal Toeplitz operator T, is either normal or analytic. Therefore, we may
assume that ¢ is not of bounded type. It then follows from [4, Lemma 6] that @ is
also not of bounded type.

We begin by showing that

dim H(g) < dimker 77.

Since ¢ is a finite Blaschke product and by Theorem 2.1.1, we see that [T ;,Tw] is
a finite rank operator. Moreover, Ran[T; ,T,] is invariant under T, &, because T, is

subnormal. By applying Lemma 2.2.2, we obtain
7; (Ran[T7, T,] + H(g)) € RanT, T, (2.3)
Also, by [44, Lemma 6], we have Ran[T}, T,,| (1 H(q) = {0}. This implies that
dim (Ran[T;, T,] + H(q)> — Rank[T?, T,] + dim(%(q)). (2.4)
Now, by the Rank Theorem and Equation 2.3, we see that

dim (Ran[T;, T, + H(q)) = dim <ker T )

| (Ran[T T, 1+ H(a))
+dim (7 (Ran(T;, T,] + H(q) ) )

< dim (ker T3 o o)+ Rank(ZE T,

Comparing with (2.4), we obtain

dim(H(q)) < dim <ker T;‘(Ran[T;’Tw]+%(q))> < dimker T7. (2.5)

Next, we establish that
Ty(kerT7) C H(q). (2.6)

Since gH* C RanT,, it follows that
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ker T = ker T;; C H?© gH*.
That is, © L gH? whenever x € ker T7;. Moreover, if x € kerT7, we see that
T5T,x = Th,0 = Ter — Tye = 0.
This implies that T,z L ¢H? for all z € ker T7. Hence, the conclusion (2.6) is
established.

Proceeding further, we show that H(g) C Ran T,. Recall that either T, or T o
is injective by Coburn’s Theorem [42, Theorem 3.3.10]. Since T}, is hyponormal, we
obtain that ker T}, is contained in ker T7;. These two facts together imply that T}, is
injective. Thus, we have dimker T}, < dim H(q) by Equation (2.6). In conjunction
with (2.5), we get dimker T = dim #H(q) and T, (ker T7;) = H(q). Thus, we obtain
H(q) € RanT,, as desired.

We now move on to show that
¢"H(q) CRanT, foraln=0,1,2,.... (2.7)

Recall, gz € H? is equivalent to € ¢H?. Therefore, we have ker H; = ¢H?, which

implies that Ran H} = H(q). Since H(q) € Ran T, it follows that
Ran Hg C RanT,.

We now use the identity

T,T, - T,T, = H:H,
and the fact that T, (ker T)}) = H(q) to compute:

qH(q) = T, T, (ker T7) = (T,T, — HyH,)(ker T7) C RanT,. (2.8)
Since ¢H(q) € RanT,,, we obtain
¢*H(q) C T,T,H? = (T, T, — H;H,)H* C RanT,.

By proceeding inductively, we conclude that (2.7) holds.

We now proceed by considering two distinct cases, depending on whether ¢ is
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constant or non-constant. If ¢ is constant, then by Theorem 2.1.1, Rank[T};, T, = 0.
That is, T}, is normal.
Now, assume that ¢ is non-constant. We will show that this assumption leads to

a contradiction. First, we claim that

H? = é q"H(q).

n=0
Observe that for each n =0,1,2,..., we have
¢"H(q) = (¢"H?) © (" H?).
Then, by the Projection Theorem, it follows that
¢"H? = (¢""'H?) @ (¢"H(q)) forallmn=0,1,2,....
Repeated application of this decomposition yields:
H? = qH* & H(q) = H(q) ® qH(q) ® ¢°H* = - = équ(Q) ¢ H.
j=0

Since this decomposition does not terminate in a finite number of steps, we have the

equality

H* = @D q"H(9).
n=0

Therefore by Equation (2.7), we have H?> C Ran T, and hence T is injective.

However, this contradicts the fact that
0 =dimker 7} = dimH(q) > 1,

since H(q) is nontrivial when ¢ is non-constant. This completes the proof. []

Remark 2.2.4. It is important to observe that if we set ¢ = 0 in Theorem 2.2.3,
the result reduces to the classical Nakazi-Takahashi Theorem. In this case, the
given decomposition of ¢ reduces to ¢ = g, where ¢ is a finite Blaschke product.
This special case corresponds precisely with the setting of the Nakazi—Takahashi

Theorem, thus establishing Theorem 2.2.3 as a natural extension of the classical
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result.

Remark 2.2.5. In the proof of Theorem 2.2.3, we do not use any properties of sub-
normal operators beyond the invariance of ker[T;, T;] under T,,. As a consequence,

we obtain the following result:

Suppose that T, is hyponormal and that ker[T;, T, is invariant under T,,. Further,
assume that ¢ € L™ satisfies the representation ¢ = q + g, where q s a finite

Blaschke product, g € H* and gH* C Ran T,. Then T, is normal or analytic.

Remark 2.2.6. An operator T' € B(#H) is called 2-hyponormal if Equation (1.1)
holds for k£ = 2. It was established by R. E. Curto and W. Y. Lee [21] that the kernel
of the self-commutator is invariant under any 2-hyponormal operator. Therefore,
Theorem 2.2.3 continues to hold if the subnormality condition on 7, is replaced with
2-hyponormality.

The following example establishes that the condition gH* C Ran Ty in Theorem

2.2.3 is not necessary.

Example 2.2.7. Consider the unilateral shift operator 7T,. It is clear that T, is
subnormal and that the self-commutator [T}, T,] = T;T, — T, T} is of finite rank.
Moreover, observe that

z=z2z+z—1
on the boundary T. Here, z — 1 belongs to (z — 1)H?, but doesn’t belongs to zH?.
Hence, the condition gH? C Ran T, fails in this case, even though the conclusions

of Theorem 2.2.3 still hold. This shows that the condition is not necessary.
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HYPONORMAL BLOCK TOEPLITZ OP-
ERATORS WITH FINITE RANK SELF
COMMUTATOR

In this chapter, we introduce the problem of characterizing subnormal operators
with finite rank self-commutator in the setting of block Toeplitz operators, in con-
junction with Halmos’ Problem 5. The primary objective of this investigation is to
identify subnormal block Toeplitz operators whose self-commutator has finite rank.
Significant progress in the scalar case was made by T. Nakazi and K. Takahashi [44],
who characterized hyponormal Toeplitz operators with finite rank self-commutator
in terms of the Cowen set of the symbol (see Theorem 2.1.1). This naturally leads
to the question of whether similar characterizations extend to the framework of
block Toeplitz operators. Motivated by this question and building on a conjecture
proposed by R. E. Curto, I. S. Hwang and W. Y. Lee [22], this chapter aims to inves-
tigate the validity of analogous results for block Toeplitz operators. In addition, we
explore the underlying relationship between the Cowen set of the symbol and various

operator-theoretic properties associated with hyponormal block Toeplitz operators.
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We begin by examining certain properties of hyponormal block Toeplitz operators

whose symbols are trigonometric polynomials.

3.1 Block Toeplitz operators with trigonometric
polynomial symbol and hyponormality

Let & € L>(T, M,,). The function ® is said to be normal, subnormal or hyponormal
if ®(e") is normal, subnormal or hyponormal, respectively, for almost every e € T.
A characterization of hyponormal block Toeplitz operators was given by C. Gu, J.

Hendricks and D. Rutherford [32], as stated below.

Hyponormality of block Toeplitz operators. [32, Theorem 3.3] For each ® in
L>(T, M,), let

£() = {K € H¥(T,M,) : |K|w <1 and & — K& e H¥(T, Mn)}.

Then, the block Toeplitz operator T is hyponormal if and only if ® is normal and
E(P) is nonempty.

This characterization of hyponormality for block Toeplitz operators is analogous
to Cowen’s Theorem with the notable addition of a normality condition on the
symbol.

In the case of scalar-valued symbols, it has been observed that if the symbol
@ € L™ of a Toeplitz operator T, is a trigonometric polynomial, then the self-
commutator [T7%,T,] is of finite rank. To see this, let () = 3"  a,e™ € L
be a trigonometric polynomial, where k,m € W. Recall that for ¢,¢ € L, the
identity

Ty — T, Ty = HzHy,

holds. Using this, we obtain
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T;T@ — T@‘P - H;H@ and T@T; — T@¢ - H%H@,

which shows that
17, T,) = Tgp — Typ + HyHy — H H, = H Hy — H  H,,.
Since ¢ is a trigonometric polynomial, the Hankel operators H, Hg, H, H,, are all
of finite rank. Consequently, the self-commutator [T7}, T, ] is a finite rank operator.
However, this result does not generally extend to the case of block Toeplitz op-

erators. To understand the limitations of such an extension, we begin by presenting

the following lemma, which plays a key role in the subsequent discussion.

Lemma 3.1.1. Let & € L>°(T, M,,) be such that Tg is a hyponormal operator and

let K € £(®). Then the self-commutator of Ty satisfies

15, Te) = Hpe (I — T5Tx.)Hor,
where K () = K*(e7i).
Proof. Recall from Equation (1.9) that

Toy — ToTy = Hy. Hy  for all &, ¥ € L(T, M,).
Using this identity, we observe the following:
TeTe = Tereo — He-He and ToTy = Toer — Hy Hox.
This implies that
T2, Ts) = Toeo_aar + Ho Hee — Hye Ho.
Since Ty is hyponormal, it follows that ® is normal. Consequently, we obtain
T3, To] = Hyo Ho — HyHo.
Given K € £(®), then there exists G € H*(T, M,,) such that
o =Ko 4+ G.

Thus, we see that Hy = Hgerrc = Hger and hence Hj = Hjg.. Therefore, the

self-commutator of T3 becomes
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T3, To] = Hye Hor — Hiegpe Hcopr -
From Equation (1.7), it follows that
Hgor = TrHe« and  Hpgo = (TzHe)" = Hg Tx.
By the above identities, we obtain
T3, Te] = Hy Hopr — H g Hicpr
= Hy Hor — Hy T T Hy-
= Hyp (I = TT7)Hoe.

This completes the proof. O

Now, consider the matrix-valued trigonometric polynomial symbol
d(e) = | € LX(T, My).

In this case, the self-commutator [T, Ts| of the block Toeplitz operator Tg is infinite

dimensional. To illustrate this, observe the following calculation:

§ T,-w0 O T.io I T.ie I T.-w O
[Ttln T@] - -
I T, 0 T, 0 T, I T,

~TooTyio Tyio — Toio

Tyo —Toie ToioTyio

Therefore, the range of [Ty, Te| is infinite dimensional.
In general, the following identity holds for a trigonometric polynomial symbol

® e L™(T, M,) :
[T&‘;, T.:p] = Top_po+ + Hg*H.;p* — H(};Hq)

Hence, for a normal matrix-valued symbol ¢, we obtain
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[T, Tp) = Hy He — HyHg.

Since the Hankel operators Hj., He+, Hy, He are of finite rank, it follows that for
a normal matrix-valued trigonometric polynomial ®, the self-commutator [T, 7]
is a finite rank operator. In particular, if Tp is hyponormal, then [T}, Ts| is a
positive semi-definite finite rank operator. This observation motivates a detailed
examination of hyponormal block Toeplitz operators with trigonometric polynomial
symbols.

Building on the work of C. Gu, J. Hendricks and D. Rutherford [32], who exam-
ined hyponormal block Toeplitz operators with matrix-valued trigonometric polyno-
mial symbols and analyzed their structural properties, we further investigate such
operators by extending the analytical techniques developed by R. E. Curto and W.
Y. Lee [20].

Theorem 3.1.2. For m, N € W, suppose that & € L*(T, M,,) is a trigonometric

polynomial of the form ®(e?) = S2%  A.i], with Ay is invertible. Then, the

j=-m

hyponormality of Ty is independent of the matrices Ag, A1,... Ay_m-

Proof. Since Tg is hyponormal, it follows from [32, Corollary 5.2] that m < N.

Moreover, there exists a function K € H*®(T, M,,) with | K || < 1 such that
O — K& € H™(T, M,).

Consequently, we obtain

N m
(K®* — @) (") =K Y Aje L, = " A_je I, € H*(T, M,).

j=1 j=1
Let K(e) = Y 72 K;e°I,. Then, we get
Ko=K ==Ky, 1=0I, and Ky_,,=A_,(Ay)""

Moreover, forn=N—-m+1,N —m+2,...,N — 1, we have
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n—1
K, = (AN+n - Z KjA}F\f—n-&-J’) (Ay)"

j=N-—-m

To see this, observe that
K;e'1, - Aye ™01, = KAy e,

If j < N—m, then K; must be zero; otherwise, the term KjA}‘Ve"(j*N)aIn will appear
in the expansion of (K'®* —®* ), which contradicts its analyticity. In the case where

j = N —m, we observe that
(Kn-mAy — A_p)e™™1, =0 if and only if Ky_, = A_,(A%)""

For j > N — m, we obtain the recurrence relation

7j—1
KAy + Y KAy ;i — Ay =0

i=N—m
This relation is obtained by equating the corresponding Fourier coefficients in the
expansion of (K@% — ®*).

Since N—n+j > N-mforn=N-m+1,N—m+2,....,N—1and

N —m < j <n —1, the recurrence is well-defined and the proof is complete. O

Theorem 3.1.3. Suppose that & = F*+G = Z;V:_m A;e%], € L=(T, M,,), where
F and G are analytic polynomials of degree m and N, respectively and the leading
coefficient Ay is invertible. Now, define ¥ = F* + P(e="?[,G), where r < N —m
and P(A) denotes the analytic part of the matrix-valued function A € L>*(T, M,,).

Then, Ty is hyponormal if and only if Tg is hyponormal.

Proof. Let Go(e?) = Z;V:T A;e and define @y := F* + Gy. Consider the function
H(e") = P(e”"1,G(e?)). Then, H(e?) = e "91,Gy(e?’) and ¥ = F* + H. By
Theorem 3.1.2, Ty is hyponormal if and only if T4, is hyponormal.

Let us first assume that the operator Ty is hyponormal. Since Tg, is also hy-
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ponormal, there exists K € H*>°(T, M,,) such that
by — K& € H(T, M,).
Equivalently, this condition can be expressed as
Pyt — K&y, = F* — KGj € H*(T, M,).

Furthermore, by Theorem 3.1.2, the function K admits a Fourier expansion of the

form

K@) = > Ciel,
A

J m

Since Gj(e?) = =01, H*(e'?), it follows that
F*— Ke ™1, H* € H*(T, M,).

Under the assumption r < N — m, we define K’ := ¢~ "%, K. Then, K’ belongs to

H>(T, M,) and we see that
1K oo = 1Ke™ Lilloo < 1Kl < 1.
Hence,
F*— K'H=V" — K'V € H*(T, M,),
which implies that
U — K'U* € H*(T, M,,).

Therefore, Ty is hyponormal.
Conversely, assume that Ty is hyponormal. Then, there exists a matrix-valued

function K’ € H*(T, M,,) with ||K'||« < 1 such that
U — K'U* € H(T, M,).

Equivalently, since V_ = F and ¥, = H, it follows that
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Ut — K'U% = F* — K'H* € H*(T, M,,). (3.1)

Now, we define K = K'e[,. Clearly, K € H>®(T, M,). Moreover, |||, < 1

implies that ||| < 1. From Equation (3.1), it follows that
F* — Ke ™[, H* ¢ H*(T, M,).

Since G = e[, H*, we immediately obtain F* — KG} € H>®(T, M,,). The rep-

resentation ®y = F* + G implies that ®,* — K&} € H*(T, M,). Equivalently,
Oy — KO € H®(T, M,).

Hence T4, is hyponormal and therefore, T% is hyponormal. O

3.2 Hyponormality of block Toeplitz operators with
finite rank self commutator

In this section, we identify certain hyponormal block Toeplitz operators with finite
rank self-commutator by analyzing the Cowen set of the symbol. T. Nakazi and
K. Takahashi [44] proved that if the set £(y) contains at least two elements for
some ¢ € L*(T), then ¢ must be of bounded type. However, this result does not
extend to the matrix-valued case, where ® € L>(T, M,,). For example, consider the

matrix-valued function

where f is not of bounded type. Since

_ 1 0 + NEe?)y 0 0 0
B(e) = (f+ 1)) N
0 et 0 e~ 0 e?—1
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and

L0 | [(f+D(e) 0

0 ei20 0 e—iG

(D(eie) —

it follows that

are elements of £(®). Nevertheless, ® is not of bounded type.
We now turn our attention to the following Conjecture 3.2.1 formulated by R. E.
Curto, I. S. Hwang and W. Y. Lee [22], which plays a significant role in the study

of hyponormal block Toeplitz operators with finite rank self-commutator.

Conjecture 3.2.1. [22, Conjecture 6.1] If & € L>(T, M,,) is such that Ty is a hy-
ponormal operator whose self-commutator [Tj, Ts] is of finite rank, then there exists

a finite Blaschke-Potapov product B € £(®) such that Rank [T5, Ts] = deg (det B).

We now present a sufficient condition under which a hyponormal block Toeplitz
operator has a finite rank self-commutator. The following theorem asserts that if the
Cowen set £(P) contains a finite Blaschke-Potapov product B for a normal symbol
®, then the associated hyponormal block Toeplitz operator T has a finite rank

self-commutator.

Theorem 3.2.2. If the block Toeplitz operator Ty is hyponormal and the Cowen
set £(P) contains a finite Blaschke-Potapov product @, then the self-commutator

(T3, Ts] is a finite rank operator.

Proof. By Lemma 3.1.1, we have [T§,Te] = Hj.(I — TQTS)H@' To analyze the

range of the operator [ — T@Té, consider the following computation:
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<(I - T@Té)xa ©H2> = <.CC, ©H2> - <T@T5$,@H2>
= (,QH*) — (x,QH’)

=0.

This implies that Ran(/ — T@Té) C H(Q). Since Q is a finite Blaschke-Potapov
product, it follows that @ is also a finite Blaschke-Potapov product. Therefore, by

[22, Lemma 2.4], we obtain

Rank [T§, Ts] < Rank (I — T5T7) < dimH(Q) < .
This completes the proof. n

We begin our investigation of Conjecture 3.2.1 by verifying its validity in the
special case of normal block Toeplitz operators. We recall a core result by C. Gu, J.
Hendricks and D. Rutherford [32] that characterizes normal block Toeplitz operators.
Lemma 3.2.3. [32, Theorem 4.3] Let G = G + Go + G* € L*(T, M,,), where Gy
is a constant matrix and G = G, — Gy. Suppose that det G+ is not identically

zero. Then Ty is normal if and only if the following two conditions are satisfied:

(i) G*G = GG* almost everywhere on T and

(ii) there exists a constant unitary matrix U € M, such that G, = G_U.

Next, we observe that if the Cowen set £(®P) contains a constant unitary matrix
U, then the block Toeplitz operator Ty is normal. Our approach follows a modifi-
cation of the techniques developed by M. Abhinand, R. E. Curto, I. S. Hwang, W.
Y. Lee and T. Prasad [1].
Theorem 3.2.4. If & € L>(T, M,) and £(P) contains a constant unitary matrix

U, then the block Toeplitz operator T is normal.

Proof. Suppose that U € £(®P) is a constant unitary matrix, i.e., U*U = UU* = I,,.

Then, it follows that
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Ty, Te)| = Hyo (I — T5T5.)Ho = 0.
This establishes the normality of T and thus completes the proof. O

The following theorem addresses the converse direction of Theorem 3.2.4 by
providing conditions under which the normality of the block Toeplitz operator T

implies the existence of a constant unitary matrix in £(®).

Theorem 3.2.5. Let & = &,/ + &y + &* € L*(T, M,,) be such that det P,/ is
not identically zero. If Ty is normal, then £(®) contains a constant unitary matrix

UeM,.

Proof. Recall that every normal operator is hyponormal. Therefore, the normality

of Te ensures that it is hyponormal. This, in turn, guarantees the existence of a

function K € H>(T, M,,) with || K||o < 1 such that
d— Ko* € H*(T, M,).
Equivalently, this condition holds if and only if
¢ — K& € H™(T, M,).

By applying Lemma 3.2.3, we conclude that the normality of Tg implies two condi-

tions:
O*P =PP* and P =0U
for some constant unitary matrix U € M,,. To verify that U € £(®), observe that
¢ —UPL =" —U(Pp" + @f)
_ &t —U(UD + BY)
— U},

where the last equality holds because U is unitary. Hence, ®* — U®? belongs to
H>(T, M,,), which completes the proof. O
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The following example reveals an important feature of the Cowen set £(P).
Specifically, it illustrates that the set £(®) can contain a constant unitary matrix
even in the case when the block Toeplitz operator T is normal but the determinant
of @,/ vanishes identically. This example highlights that the assumption det ®,, = 0

in the previous result is sufficient, but not necessary.

Example 3.2.6. Consider the function

y 62‘9 + e—i@ ez’@ 4 e—i@ .
d(e”) = | o | € L™(T, Ma).
619 4 6719 619 + 6719

The associated block Toeplitz operator is given by

Tei9+€—i9 Tei€+e—i9
Ty =
T,

¢i0 o—i0 L ioy o—io

Note that Ty is self-adjoint and hence normal. Observe that the symbol & satis-
fies the relation ® = [,®*, where Iy is the 2 x 2 identity matrix. Consequently,
the constant unitary matrix U = I, belongs to £(®). However, a straightforward

computation shows that

ot ot
= and hence det ®, = 0.
ot it

Now, we give a partial answer to Conjecture 3.2.1.

Theorem 3.2.7. Let ® € L>(T, M,,) be such that each row of ®* contains at least
one scalar-valued function that is not of bounded type. If Tg is hyponormal and has a
self-commutator of finite rank, then the set £(P) contains a finite Blaschke-Potapov

product.

Proof. Assume that each row of ®* contains at least one scalar-valued function that
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is not of bounded type. Under this condition, it follows that the Hankel operator
Hg- has dense range. Consequently, the adjoint operator Hj. is injective. Therefore,

by Lemma 3.1.1, we obtain the identity
Ra,nk[Tg, Tcp] = Rank([ - TI}TIN{*),

for some K € £(P). Since the commutator [T, Te] is assumed to be of finite rank,
it follows that the operator I — T7T%. is also of finite rank. This implies that K
must be a finite Blaschke-Potapov product and hence so is K. This completes the

proof. O]

The following example demonstrates that the Cowen set £(®) can contain a finite
Blaschke-Potapov product even in the presence of a row in ®* consisting entirely of
scalar-valued functions that are of bounded type. This shows that the assumption
on the presence of non-bounded type functions in each row of ®* is not necessary

for £(®) to include a finite Blaschke-Potapov product.

Example 3.2.8. Consider the matrix-valued function

ey |THDE O

0 e’
where f € H?. In this case, the block Toeplitz operator Ty is hyponormal and the

self-commutator is given by

i 0 0
15, To] =
0 [T7, Ti)
Since [T%,,T.i| has rank one, it follows that the self-commutator [Ty, T5] is a finite

rank operator . However, note that the second row of ® does not contain a scalar-

valued function that fails to be of bounded type. Despite this, the matrix-valued

35



CHAPTER 3. HYPONORMAL BLOCK TOEPLITZ OPERATORS WITH
FINITE RANK SELF COMMUTATOR

function

Although a complete characterization of subnormal block Toeplitz operators with
finite rank self-commutator remains elusive, we have successfully identified a signif-
icant class of such operators. The unresolved components of this conjecture are
posed as problems in the final recommendations, presented as refined versions of
the original conjecture. Answers to these problems would contribute significantly
toward a complete characterization of block Toeplitz operators with finite rank self-
commutator. In light of this, we devote the next chapter to the study of Problem

2.1.2 in the setting of block Toeplitz operators.
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CHAPTER 4

SUBNORMAL BLOCK TOEPLITZ OP-
ERATORS

4.1 Introduction

The study of subnormal operators with finite rank self-commutator has gained sig-
nificant attention from many researchers. In 2006, under certain assumptions on
the normal extensions of operators, D. V. Yakubovich [57] developed an insightful

characterization of subnormal operators with finite rank self-commutator.

Yakubovich’s Theorem. [19, 57] Let T' € B(#) be a pure subnormal operator
with finite rank self-commutator and no point masses (i.e., 7' has a normal extension
N that has no nonzero eigenvectors). Then, T is unitarily equivalent to an analytic
block Toeplitz operator Te with rational symbol ®.

Yakubovich’s Theorem served as a motivation for exploring the subnormality of
block Toeplitz operators. C. Gu, J. Hendricks and D. Rutherford [32] characterized
the hyponormality of block Toeplitz operators, as discussed in Chapter 3, while R.
E. Curto, I. S. Hwang and W. Y. Lee [23] developed a matrix-valued extension of

Abrahamse’s Theorem.
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Abrahamse’s Theorem for matrix-valued symbols. [23, Theorem 3.5] Suppose
b=, +Pd* € L*(T, M,) is such that & and &* are of bounded type of the form
O, = A*Oy0, and ®_ = B*O,, where O; = 0;1,, with an inner function 6;(i = 0, 2)
and A, B € H*(T, M,,). Assume that A, B and ©, are left coprime. If

(i) Ty is hyponormal and
(i) ker [Ty, Ts| is invariant under Ty,

then T% is normal or analytic. In particular, if T is subnormal then it is normal or
analytic.

In the scalar-valued case, every analytic Toeplitz operator is subnormal. How-
ever, this property does not generally extend to the case of block Toeplitz operators.

For instance, consider the analytic matrix-valued symbol

KA
Il

€ H®(T, Ms).

The self-commutator of the corresponding block Toeplitz operator Ts is given by

-1 0
(T3, To] =TTy — TeTy = ,
0 I

where I denotes the identity operator on H2. Now observe that

i 1 1 —1 0f |1 1
T3, To] , = , =—1.
0 0 0 I]10 0

Since the self-commutator is not positive semi-definite, T4 is not hyponormal and
hence not subnormal.

However, it is evident that any analytic block Toeplitz operator with a normal
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symbol ® is subnormal, as the associated multiplication operator Mg serves as a
normal extension of Tg. Furthermore, C. Gu, J. Hendricks and D. Rutherford [32,
Corollary 3.4] proved that an analytic block Toeplitz operator Ty is hyponormal
if and only if ®(e?) is normal for almost every e € T. Consequently, if Ty is
subnormal, then ®(e?) must be normal for almost every e € T.

In this chapter, we discuss under what conditions a subnormal block Toeplitz op-

erator with finite rank self-commutator can be classified as either normal or analytic,

by developing the ideas of T. Nakazi and K. Takahashi [44].

4.2 Nakazi-Takahashi Theorem for matrix-valued
symbols

From this point onward, we focus on the study of subnormality in the context of block
Toeplitz operators with finite rank self-commutator. A significant open question in
this area was posed by R. E. Curto, I. S. Hwang and W. Y. Lee [22], who formulated
Problem 4.2.1. This problem investigates whether the Nakazi-Takahashi Theorem,
originally established for scalar-valued Toeplitz operators, extends to the framework
of block Toeplitz operators.

Our analysis reveals that, in general, the answer to Problem 4.2.1 is negative,
as evidenced by Example 4.2.2. However, by considering specific subclasses of block
Toeplitz operators, we obtain affirmative results under certain conditions. These
findings are formally presented in Theorem 4.2.3 and Theorem 4.2.10, where we de-
rive sufficient criteria ensuring the validity of the Nakazi-Takahashi Theorem within
these restricted settings. The subsequent discussion presents a detailed examination
of these results along with the mathematical techniques and insights that support

our conclusions.
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Problem 4.2.1. [22, Problem 6.2] If & € L>(T, M,,) is such that T is subnormal
and ® = Q®*, where () is a finite Blaschke-Potapov product, does it follow that T

is normal or analytic?

We are now in a position to provide a negative answer to Problem 4.2.1. In par-
ticular, we construct a counterexample that reveals the invalidity of the anticipated
conclusion. A careful examination of Example 4.2.2 establishes that the assumptions

of Problem 4.2.1 do not necessarily lead to the expected outcome.

Example 4.2.2. Let

d(e) = € L>(T, My).
O eiO
We observe that
ei& + 671‘6’ 0 1 O ei@ + efiG O
= , (4.1)
0 eie 0 ei20 0 6—i6

which implies ®(e?) = Q(e?)®*(e?), where ®*(e?) = ®(e)* and

Since () is a rational inner function, it must be a finite-Blaschke Potapov product.

Furthermore, the corresponding block Toeplitz operator is given by

T,iope—i0 0O
T<I> - i )
0 T

which is the direct sum of a self-adjoint Toeplitz operator T, .- and an analytic
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Toeplitz operator T,iw. Consequently, Tg is subnormal. However, since ® is not

analytic and T is not normal, we conclude that Ty is neither normal nor analytic.

Now, we examine the approach used to analyze Problem 4.2.1 and establish affir-
mative results. By investigating the structural properties of the symbol, we identify
specific conditions that ensure the validity of the expected outcome. The following
discussion provides a detailed account of the techniques used in our analysis, leading
to the affirmative answers presented in Theorem 4.2.3 and Theorem 4.2.10.

Let & € L>(T, M,,) be such that & = Q®*, where @ is a finite Blaschke-Potapov

product. There are three cases to consider:

Case 1: ®* is of bounded type of the form

®_ = B*© (where B € H*(T, M,), © = 01, for  an inner function),
where B and © are left coprime.

In this case, we obtain an affirmative result as presented below.

Theorem 4.2.3. Suppose & = &, + &* € L>*(T, M,) is such that both ¢ and
®* are of bounded type of the form ®_ = B*©,, where Oy = 051, with an inner

function 6, and B € H*(T, M,,). Moreover, assume that B and ©, are left coprime.

It
(i) Te is hyponormal and
(i) ker [Ty, Ts| is invariant under Tg,
then Tg is normal or analytic. In particular, if T is subnormal, then it is either

normal or analytic.

Before presenting the proof of Theorem 4.2.3, we discuss a series of intermediate
results that play a crucial role in establishing the main argument. These results

offer valuable insights into the structure and behavior of the operators involved.

Beurling-Lax Theorem [8, 34, 40]. A nonzero closed subspace M of H*(T,C") is
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invariant under the shift operator S on H?(T,C") if and only if M = @ H*(T,C™),
where © is an inner matrix function in H*(T, M, «,n,) (m < n). Moreover, the func-
tion © is unique up to a unitary constant right factor. That is, if M = AH?(T,C")
for another inner function A € H*(T, M, ), then m = r and there exists a constant

unitary matrix W € M,,x,, such that © = AW.
Lemma 4.2.4. [23, Lemma 3.2] Let & = &* +®, € L>(T, M,) be such that both ®
and ®* are of bounded type. Suppose ®, and ®_ admit right coprime factorizations
of the form

(I>+ - AlA:, (D, - AQB:,

where Ay, Ay € H®(T, M,,) are inner matrix functions. If T is hyponormal, then A,
is a left inner divisor of Ay, that is, there exists an inner function Ay € H*>(T, M,,)

such that Al = AQAO.

Lemma 4.2.5. [23, Lemma 3.3] Suppose that B € H*(T, M,,) and © := 01,,, where
0 is a finite Blaschke product. Let Z(6) denote the set of zeros of the function 6.

Then the following statements are equivalent:

(a) B(a) is invertible for each o € Z(0);

(b) B and © are right coprime;

(¢) B and O are left coprime.

We are now ready for the proof of Theorem 4.2.3.

Proof of Theorem 4.2.3. Let & = [¢;;] = ®* + &, € L>(T, M,,) and suppose
that ® and ®* are of bounded type. Assume further that the Toeplitz operator Ty
is hyponormal and ker[Ty, Ts] is invariant under 7. Since ® and ®* are of bounded
type, it follows that each entry ¢;; and its complex conjugate ¢_U are of bounded

type for all 4, j € {1,2,...n}. This implies that both ¢;;_ and ¢;;, are of bounded

type (see Lemma 1.1). Consequently, ®% and ®* are also of bounded type. By
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Equation (1.12), we obtain the following representations:
(I)+ = @114* and ®_ = @23*,

where ©; = 6;1,, with an inner function 0; and A, B € H*(T, M,,), for i = 1,2.

In view of Equation (1.13), we write

O, = A"0y0, and P_ = B*O,,

where ©; = 0,1, for © = 0,2 with each 6; being an inner function. Furthermore,
according to Abrahamse’s Theorem for matrix-valued symbols, it suffices to prove
that if B and ©, are left coprime, then A and ©, are also left coprime.

By Lemma 4.2.5, the notions of left coprimeness and right coprimeness coincide
for matrix-valued functions A € H?*(T,M,) and Oy = 0,1, where 6, is an inner

function. In light of Lemma 4.2.4, we can express
O, =A"000, = O;A1A7 and P = O,B",
where Ay € H*(T, M,) is an inner function and A, € H*(T, M,,). Furthermore, the
functions A, and ©,A; are right coprime.
First of all, a careful analysis of STEP 1 in the proof of [23, Theorem 3.5] reveals

that
O0H*(T,C") C ker[Ty, Ts). (4.2)
(It is important to note that the assumption that “A and ©, are left coprime” was
not used in establishing (4.2) within this part of the proof.)
We begin by showing that

©p and O, are coprime. (4.3)

To see this, assume for the sake of contradiction that ©y and ©, are not coprime.

Then there exists a non-constant inner function 2; such that
@0 = 91@6 and @2 = Ql@é (44)

Suppose further that there exists an inner function w such that Q) = wl,, satisfying
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Equation (4.4). Then, using (4.4) and ©} = w 0,1, for i = 0,2, we obtain

0,0}, = 00,0/, = 00,0, = 0,0},

since 0,0, = 0,0(. It then follows from Equation (4.2) that

0,0, H?*(T,C") = ©,05H*(T,C") C ©gH*(T,C") C ker[Ts, Ts).

(4.5)

We now recall that the hyponormality of Tg implies that the symbol ® is normal.

Consequently, the self-commutator of T can be written as

(T4, To) = Hy. Hy — HyHy = Hy, Hor — Hye Hye .

Moreover, since &, = A*©y 0, and _ = ©,B*, we obtain

* _ * *
T3, To] = HA@;@gHA%@;; - HB@;HBG*-

2

From Equation (4.5), it follows that
[T<1t7 T‘P]@QGBHZ(P]R Cn) = {0}7

which in turn implies

Since
Hpe;©:0,H*(T,C") = {0},
we conclude that
H po30;(020,H*(T,C")) = {0}.
Now, using the identity ©, = QOj, we obtain
AO;0;0,0, = AN*O, 0 = AQ*.

Hence,

{0} = Haeyo; (0200H*(T,C"))= Haq-H*(T,C").

(4.6)

(4.7)

This implies that G = AQ* € H?(T, M,). Replacing €’ with Q in Equation (4.4)

and applying the identity G = AQ*, we get
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(I)+ - @0@214* - @0@/2914* - @OQIQG*, (48)

which leads to a contradiction, since the representation ®, = ©y0,A* is assumed
to be in minimal form, as noted in (1.13).

To establish the claim in (4.3), it suffices to show the existence of a non-constant
inner function w such that Q = wl, satisfying Equation (4.4). By the Beurling-Lax

Theorem, the subspace
M = O,H?*(T,C") v O, H*(T,C")

is invariant under the shift operator S. Furthermore, we observe that

M = ©uH*(T,C") vV ©,H*(T,C") = @P(6H* v 6. H*) = P wH”.
j=1

j=1
This follows from the fact that each subspace 6yH? V 0,H? is invariant under the
(scalar) right shift operator, where w is a common inner divisor for both 6y and 6.
Since ©; H?*(T,C") C M for i = 0,2, it follows from [30, Corollary 2.2, Chapter IX]
that 2 = wl, is a left inner divisor of each ©; (i = 0,2). Furthermore, by applying

[30, Corollary 2.2, Chapter IX] to Equation (4.4), we obtain
M C QH?*(T,C").

Since € is non-constant, the space €y H?(T,C") is a proper subspace of H?(T,C"),
which in turn implies w is a non-constant inner function.

We next show that A and O, are right coprime. To see this, let A’ be a common
right inner divisor of A and ©;. Then we can write

A=AA" and O, =AA, (4.9)
where A € H*(T, M,,) is an inner function and A; € H*(T, M,,). It follows from
Equation (4.9) that
P, = OgO,A* = O AN ATA = O9AAL = AOAT.

On the other hand, since
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O, = 0,A1A7 (where ©2A; and A, are right coprime),
we have ker Hp: = ©,A,H*(T,C") (see [22, Remark 2.2]). In addition, we observe

that
He: AOf = Jo P, (A1O5A*AO f)= J, P, (Aif)=0,
which shows that
AB H?*(T,C") C ©,AH*(T,C").

Hence, by [30, Corollary 2.2, Chapter IX], it follows that ©,A; is a left inner divisor
of ABOg. In particular, this implies that ©, is a left inner divisor of A©.
We now claim

O, is a left inner divisor of A. (4.10)

Since the intersection ©qH?*(T,C") N ©,H?*(T,C") is an ivariant subspace for the

shift operator §, the Beurling-Lax Theorem implies that
OoH?*(T,C") N O, H?*(T,C") = QH*(T,C"),

for some inner function 2 € H*(T, M,,).

We now show that QH?(T,C") = 0,0, H*(T,C"). Observe that
000, H*(T,C") C O H*(T,C") N ©,H*(T,C") = QH*(T,C"),
which implies that €2 is a left inner divisor of ©y0,. Furthermore, since
QH?*(T,C") C ©H*(T,C") and QH?*(T,C") C ©,H*(T,C"),

it follows that both ©¢ and O, are left inner divisors of 2. Therefore, there exists

inner functions €', Ay, Ay € H*(T, M,,) such that
OO0, = Q0 and Q= 06y4; = O,A,.
From these identities, we obtain
OO, = Q0 = 0uAY and 6y, = QN = O, A0,

which implies that

46



CHAPTER 4. SUBNORMAL BLOCK TOEPLITZ OPERATORS

@2 = AOQI and @0 = AQQ/.

Thus, ' is a common right inner divisor for both ©¢ and ©,. Since O and O, are
coprime by Equation (4.3), it follows that ' must be a constant unitary matrix.

Hence,
OoH*(T,C") N O, H*(T,C") = QH*(T,C") = 0,0, H*(T,C").
Since O, is a left inner divisor of A©y, it follows that
AO H?*(T,C") C ©,H*(T,C").
Consequently, we have
AB H?*(T,C") = AO H*(T,C") N ©,H*(T,C")

C OoH?*(T,C") N ©,H*(T,C")

= 00, H*(T,C"),
which implies

AH*(T,C") C ©,H*(T,C").
This proves that O, is a left inner divisor for A. Hence, there exists an inner function
A" such that A = ©,A”. Combining with Equation (4.9), we obtain
0, = AA' = 0,A"A.

This identity implies that both A" and A” must be constant unitary matrices. There-

fore, A and O, are right coprime. This completes the proof. O

Having established the result for the first case, we now proceed to analyze the

second case.
Case 2: ®* is of bounded type of the form

®_ = B*O (where B € H*(T, M,), © = 01, for § an inner function),
where B and © are not left coprime.

In this case, we present a counterexample to demonstrate that the anticipated
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result does not hold. The following discussion provides a detailed analysis, high-

lighting the key factors that lead to this negative outcome.

Example 4.2.6. Let

" e + e 0
O(e”) := | € L=(T, My).
0 616’
Then by Example 4.2.2, we have ® = (Q®* and the block Toeplitz operator Ty is
subnormal, but neither normal nor analytic.

We now show that ®_ = B*O, where B € H*(T, M;) and © = 01, for some

inner function #, and that B and © are not left coprime. Observe that

eiﬁ 0 e—i@ 0 €i26 0

d_(e") = = = B*(¢?)0(e?),
0 0 0 0 0 e
where
, 619 ) 6i20 0
B(e") = and O(e”) =
0 O 0 e
Since
e? 0 e? 0 1 0
— ‘ and
0 0 0 e 0 0
6129 0 61'0 0 619 0
0 6229 0 629 0 610

it follows that both B and © admit a common left inner divisor. This implies that

they are not left coprime.

Now we turn our attention to the third case.

48



CHAPTER 4. SUBNORMAL BLOCK TOEPLITZ OPERATORS

Case 3: ®* is not of bounded type.

Similar to the first case, we establish a negative answer to Problem 4.2.1 through
the following example, which illustrates the failure of the anticipated conclusion

under the given assumptions.

Example 4.2.7. Let

(e = € L>=(T, M),

where f € L* is a function that is not of bounded type. Then ®* is also not of
bounded type. Moreover, by following the same approach as in Example 4.2.2, we
find that the block Toeplitz operator T is a subnormal operator but neither normal

nor analytic. In addition, we observe that

o) — |V FDED 0

0 62’29 0 6719
= Q(e") D" ("),
where
) 1 0
Q") = ,
0 6229

is a finite Blaschke-Potapov product.

Nevertheless, in Case 3, we establish a sufficient condition that ensures an affir-

mative answer. This result is formally stated as Theorem 4.2.10. To proceed with
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the proof of Theorem 4.2.10, we first present a couple of auxiliary lemmas.

Lemma 4.2.8. Let ® be a normal matrix-valued function in L*(T, M,,) such that
® = ©P*+ G, where O is an inner function and G € H*(T, M,,). Then the following
holds.

(1) Hy. (I = TgTE)(H*(T,C")) = Hy.(H(O))

(it) Hj-(H(6)) = Toer (H(O))

(i) ((I — TéTg)H@)*(I —TgTE)Hor = Hyo (I — TgTE ) Ho

(iv) Hy.(I - ToTg)(HA(T,C")) C (ker(T3, To))* — Ran [Ty, Tal.
Proof. Since & = ©9* + G, it follows that © € £(P), implying that the set £(P)
contains an inner function. Moreover, by Equation (1.9), we observe that

I —1T5T8 =T3Tg — TgTy = He+Hg-.
Since ker H§. = ker Hy, = éHz(T,C”) and recalling that ker S*S = ker S for any
S € B(H), it follows that
ker(I — T5T%) = ker Ho- Hy. = ker H. = OH(T,C").
Furthermore, since I — TgT. 6}; is self adjoint, we conclude that
Ran(I — T5T%) = H(O).

Consequently, we obtain

H (1 — T5TS)(HA(T,C) = H;. (H(O)),

which completes the proof of (i).

Let f € Hj.(H(©)). Then there exists ¢ € H(O) such that f = Hj.g. We
observe that
f=Hyg=Hyg=J,P; Myg = P,MaJpg.

Now, let ¢ := ©(J,g). Since g € H(O), it follows that ©g L H2(T,C"). Therefore,
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g =0(Jng) = J.(Og) € H*(T,C") and ©*¢ = J,g L H*(T,C"),
which implies that ¢’ € H(O). Next, observe that
Tso-g' = Po(®0°O(Jng)) = Pu(®(Jng)) = PuMaJug = f.

Hence, we conclude that

Hg.(H(©)) € Toe-(H(O)).

Conversely, let f € Toe-(H(O)), so that f = Tpe+g for some g € H(O). Let

g = J,(©*g). Since g L ©H?(T,C"), it follows that ©*g L H?*(T,C") and hence
g € H*(T,C"). Furthermore, we obtain

0*¢' = 0J,(0%g) = J.g L H*(T,C"),
which implies that ¢’ € #(©). Now observe that

Hy.gd = Hp Jo(©%g) = J, P My J,(©%g).

Since J,.J, = I, we have

P,MgJ,J,(©g) = P (PO*g) = Toe+g
and therefore, H}.9' = Tpe~g = f. This shows that

Tso-(H(0)) C H;.(H(6)).

which proves (ii).

First, observe that
(I =TgTE)(I —T5T5) = 1 — TgTy — TeT3 + TT3Ts TS
=1 —2T5T5 + TTy
=1-T5T5.
That is, I — TgT. g is an idempotent operator. Therefore, we compute
(I = TgT%)Ho) (I — TgTE) Hor = Hyo(I — TgT2)He-,

which establishes the validity of (iii).
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Let f € Hy.(I — TgTE)(H?*(T,C")) and g € ker[Tg, Ts]. Then
f = Hj(I - TsT5)h
for some h € H*(T,C"). From (iii), it follows that
ker[Tj, To] = ker Hy. (I — ToT2) Hae = ker(I — ToT2) Ha.
Therefore, we compute
(F,9) = (Hio(I = T5T3)hog) = (h (I — T5T) Harg) = .

Thus, f € (ker[T;, Tp])*. Recall that for any bounded self-adjoint operator A on a

Hilbert space H, we have
ker A= (Ran A)* and (ker A)* = Ran A.
Consequently,
Hi (I = ToT2)(HA(T,C") C (ker(T3, To])* = Ran [T, Tl

which establishes (iv). O

As a direct consequence of Lemma 4.2.8, we obtain the following result.

Lemma 4.2.9. Let ® be a normal matrix-valued function in L>°(T, M,,). If there
is an inner function © in £(P), then the closure of Ran [Ty, Ts] equals the closure

of Tee(H(O)).
Proof. By combining parts (i) and (ii) of Lemma 4.2.8, we obtain
Hy (I = T5TE) (H2<1r, cn)) — Too- (H(O)).
Now by applying Lemma 3.1.1, it follows that
Ran [Ty, Ty] = Hy.(I — TgTE)He- (H?*(T,C"))
C Hy.(I — TgT%)(H?*(T,C"))
= Toe-(H(O)).
It then follows from part (iv) of Lemma 4.2.8 that
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Too-(H(©)) = Hg. (I — TgTE) (H*(T,C"))C Ran [Ty, Ty). (4.11)

Therefore, the closure of Ran [T, Ts| coincides with the closure of Tpe+(H(©)). This

completes the proof. O

Theorem 4.2.10 gives a sufficient condition for the normality of a subnormal
block Toeplitz operator Ty under the assumption that ® = QQ®*, where @ is a finite
Blaschke-Potapov product and ®* is not of bounded type.

For ® = [¢;;] € L>(T, M,,), we define ® := [¢;;]. Then we have:

Theorem 4.2.10. Let & € L>(T, M,) be a matrix-valued function of the form
d = QP*, where () is a finite Blaschke-Potapov product and ®* is not of bounded
type. Suppose that both the adjoint Toeplitz operator Tj; and the Hankel operator

Hg are injective. Then the subnormality of T% implies that it is normal.

Proof. Suppose that ® = Q®*, where () is a finite Blaschke-Potapov product. Then
by Lemma 3.2.2, it follows that Ran[Tj,Ts] is finite dimensional. In particular,

Ran[T§, Ts] is a closed subspace. Therefore, applying Lemma 4.2.9, we obtain
Ran[Tg, To] = Toq-(H(Q)) = To-(H(Q))- (4.12)

We now consider two cases. First, suppose that () is a unitary matrix. In this

case, we observe that
QH*(T,C") = H*(T,C"),
which implies H(()) = {0}. Therefore, from Equation (4.12), it follows that
Ran[Tg, Ts| = Te-(H(Q)) = {0}
Hence, the self-commutator of Ty vanishes and we conclude that T is a normal
operator.

Now, suppose that @ is not a unitary matrix. Then dim H(Q) > 1. Since the

self-commutator [T, Tp| is a finite rank self-adjoint operator, it follows that
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Ran[Ty, T = (ker[Ty, Ts]) ™

Recall that if Ty is subnormal, then Ran[T§, Tp| is invariant under T§. Therefore,

from Equation (4.12), we deduce that
T3 (Ran[T5, To) + H(Q) ) = T (Ran[T5, To)) +T4(H(Q)
= Ran[T}, Ts). (4.13)

We now proceed to show that

Ran[Ty, To) [ | H(Q) = {0}. (4.14)
To prove this, let f € Ran[Ty, Ts] (H(Q). Then,
f €Ran[T;,Ts] and f L QH*(T,C"),
which implies that Q* f L H?*(T,C") and hence Ty f = 0. By Equation (4.12), there

exists g € H(Q) such that f = Tpo+g. In addition, observe that Q'g € H*(T,C"),

where Q! denotes the transpose of ). Since ® and Q* commute, it follows that
0 =Ty f = To-Tag-g = Tpe2g.
This implies that
Q**dg = dQ**g L H*(T,C").
Taking the transpose and using the identity (¢*Q?®*)! = ®(Q?)'g, we obtain
(g"Q*®")" = ®(Q*)'g € H*(T,C"),
which implies that (Q?)'g € ker Hg. Moreover, by hypothesis, the Hankel operator

Hz is injective and thus (Q%)'g = 0. Since Q is invertible, it follows that g = 0 and

hence g = 0. This shows that
[ =Teq-9g=0. (4.15)

This completes the proof of Equation (4.14).

Using Equation (4.15), we obtain
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dim(Ran[Tg, Ts] + H(Q)) = dim Ran[Ty, To| + dim H(Q). (4.16)
Moreover, by the Rank Theorem and Equation (4.13), we have
dim(Ran[T§, Ts] + H(Q))
= dimker To-|(Ran[7;, o) +3(Q)) + M RaNT 0+ (Ranfrg 75 ]+94(0))
= dim ker To+|(Ran[rs 10]+3(q)) + dim Ran[Tg, To]. (4.17)
Comparing Equations (4.16) and (4.17), we obtain
dim H(Q) = dimker T+ |(Ran[13, 73] +1(Q))»

which implies that

dimker Tp- > dim H(Q) > 1.

This contradicts the assumption that Tg« is injective. This concludes the proof. [
Remark 4.2.11. The preceding Theorem 4.2.10 relied on the injectivity of the
Hankel operator Hg to conclude that the intersection Ran[Ty, Ts] (| H(Q) is trivial.
However, one may naturally ask whether this conclusion remains valid if Hz fails to
be injective. The following example shows that the result may fail if the operator
Hg is not injective.

Let f € H® be such that f is not of bounded type and define ¢ := f + f. Set

d(e) = € L>™(T, My).

Then ®* is not of bounded type and observe that

R F
O = QP*, where Q%)=
0 €i29

is a finite Blaschke-Potapov product. We now compute
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which shows that Hg is not injective.

Next, consider

. 0 0 0 0 0
[qu T<1>] = =
1 0 [Te*w , Teie] 1 1

For any f,g € H?, we compute

Chl2 B =Gl o] [ =Rl
1 g 1 0 e?| |g 1 g

Thus, we conclude that

E Ran[T;, Ts| [ H(Q)

that is,

Ran(T;, Tal (| H(Q) # {0}

Remark 4.2.12. In Theorem 4.2.10, the injectivity of T and Hz is not a necessary
condition, even in the case where Ty is self-adjoint. To illustrate this, consider a
function ¢ as described in Remark 4.2.11. Since ¢ is real-valued, it follows that the

Toeplitz operator T, is self-adjoint. Define the matrix-valued function

e 0
b = € L>(T, My).
0 0

Then, ®* is not of bounded type and T is self-adjoint. Furthermore, observe that
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. 1 0
d = Qd*, where Q) =
0 e

and note that () is a finite Blaschke-Potapov product. Now consider the following:

and similarly,

These computations demonstrate that both T%- and Hg fail to be injective, even

though Tp is self-adjoint.

4.3 Extension of Nakazi-Takahashi Theorem for
matrix valued symbols

In this section, we develop the matrix-valued counterpart of Theorem 2.2.3. We
begin by showing with Example 4.3.1 that Theorem 2.1.4, which holds in the scalar-
valued case, does not extend to the setting of block Toeplitz operators. This example
highlights the additional complexities of matrix-valued symbols and the need for a

refined approach in the setting of block Toeplitz operators.

Example 4.3.1. Let

o(e) = | e (T, M),
0 e'?

Then, it is easy to see that
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" el e
D(c?) = (4.18)
0 61’9
1 0| |e?4+e ™ 0 0 0
0 e 0 e~ 0 e?—1

0 1 0
B(e") | €&(9)
0 629
Next, observe that
0 0 H?
[T‘i:, T@] = and keI‘[T&;, Tq)] =
0 [T%, T, e H?

Moreover, we compute

Taopeo 0 | |1 0 H?
To(Bker[Ty, To)) =
0 Tao| |0 €?| |e?H?

Teie +€—i9 0 H2

0 Tuo| |e2H?

C Bker[Tg, Ts).

However, Tp is a subnormal block Toeplitz operator which is neither normal nor

analytic.

We now turn our attention to the validity of Theorem 2.2.3 in the setting of

block Toeplitz operators. Unfortunately, Example 4.2.2 shows that Theorem 2.2.3
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does not extend directly to the case of block Toeplitz operators. To address this
limitation, we investigate what additional conditions may ensure the validity of the

theorem. Our analysis proceeds by considering three distinct cases.
Case 1: Suppose that ®* is of bounded type and can be written in the form
O, = A"Op0y and P_ = B*O,,
where ©y = 0yl,, and Oy = 0,1, for some scalar inner functions 6, and 65, and
A, B € H*(T, M,,). Further assume that A, B and Oy are left coprime.

In this case, we have an affirmative answer by Abrahamse’s Theorem for matrix-

valued symbols [23].

Case 2: Suppose that ®* is of bounded type and can be written in the form
O, = A"Oy0, and P_ = B*O,,

where Og = 6yl,, and ©y = 60,1, for some scalar inner functions 6y and 65, and

A, B € H*(T, M,). Further assume that A, B and ©, are not left coprime.

A careful analysis of Example 4.2.6 reveals that the conditions under considera-

tion in this case are insufficient to guarantee a positive outcome.
Case 3: ®* is not of bounded type.

In this case as well, Example 4.2.7 yields a negative outcome, indicating that
the desired conclusion does not hold under the given assumptions. Nevertheless, the
following theorem provides a partial positive result by identifying a subclass where

the conclusion does hold.

Theorem 4.3.2. Let & = B®* + G € L>(T, M,,), where B is a finite Blaschke-
Potapov product, G € H*(T, M,,) and ®* is not bounded type. Suppose the fol-

lowing conditions hold:

(i) B*® = ®B*
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(i) GH*(T,C") C BH*(T,C")
(iii) 75 and Hg are injective.
Then if the Toeplitz operator Tg is subnormal, it must be normal.

Proof. Suppose that Ty is subnormal. Then by [32, Theorem 3.3], it follows that
the symbol @ is a normal matrix-valued function. Since B € £(®), Theorem 3.2.2
ensures that the self-commutator [T5,Ts] is of finite rank. Consequently, applying

Lemma 4.2.9, we obtain
Ran[Tg, Te] = Top-(H(B)).
We now claim that B is a unitary matrix. This immediately yields
H(B) = H*(T,C") © BH*(T,C") = {0}
and therefore,
Ran[Tg, Ts| = Top-(H(B)) = {0}.
It follows that the self-commutator vanishes and thus, 7% is normal.

To establish that B is unitary, we proceed by contradiction. Suppose that B is
not unitary. Then the model space H(B) is nontrivial, that is, dim H(B) > 1. Given
that

GH?*(T,C") C BH*(T,C"),
it follows that H(B) C H*(T,C") © GH*(T,C"). Consequently, for any f € H(B),
we have T+ f = 0 and hence,
Te- (H(B))= {0}.
Given that ® = B®* + G, we immediately obtain the identities
Bd*=® -G and ®B* =9 - G".
Using these identities, the range of the self-commutator can be written as

Ran(Ty, Ts| = Top: (H(B))= To+—c+ (H(B)).
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However, since we have already observed that Tg« (H(B))= {0}, the term involving

G* vanishes, and we obtain
Ran([Ty, To) = To- (H(B)).

By employing the method used in the proof of Theorem 4.2.10 and noting that

B* and & commute, we get
Ran[Ty, To] [ | H(B) = {0}.
Consequently, the sum of these subspaces is direct and we have
dim (Ran[T&‘;, To)| + H(B)) = dim Ran[T, Tp| + dim H(B).
Now, by the Rank Theorem, we see that
dim Ran[Ty, Ts] + dim H(B) = dimker T3 Ran(rs To)+dim ()} T dim Ran[Ty, Ts).
This yields
dimker Tg > dimH(B) > 1,
which contradicts the assumption that T3 is injective. Hence, the claim is estab-

lished. O

We conclude this chapter by presenting an extension of [44, Lemma 6(1)] to
the setting of matrix-valued symbols. This result may serve as a useful tool in the

further investigation of subnormal block Toeplitz operators.
Theorem 4.3.3. Let & = 09* + G € L>(T, M,,), where G € L>*(T, M,), © is

an inner function and suppose that the block Toeplitz operator Tg is subnormal.

Assume further that $0* = ©*® and GO = OG. Define the subspace M by

M :=Ran [T}, Ts| + H(O).
Then M is invariant under the adjoint operator T7.

Proof. Since ® = ©0* + G € L*(T, M,,), it follows that
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" = PO" + G,
Moreover, the commutativity of ® and ©* implies that
T3(H(O)) € Tora(H(O)) + T5(H(O)).
We claim that TZ(H(0)) C H(O). To see this, let f € H(O) and define g := T f.
For h € H?(T,C"), we compute:
(g9,0h)= (T¢f,©h)= (f,GOh).
Since GO = OG, it follows that
(g,0h)= (f,GOh)= (f,0Gh)=0
for f € H(O). Hence, g = T¢.f € H(O) and so
T5(H(©)) € H(O).

Now, by Lemma 4.2.9, we obtain

Ti(H(O)) C Ran [Ty, To) + H(O).

Finally, since Ran[T},Tp| is invariant under T3 due to the subnormality of T, it

follows that M is invariant under TF. O
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TOEPLITZ OPERATORS WITH OPER-
ATOR VALUED SYMBOLS

The study of subnormal and hyponormal Toeplitz operators, along with their block
matrix analogues, has sparked significant curiosity and interest among operator
theorists. This interest naturally extends to the more general framework of Toeplitz
operators with operator-valued symbols, where the symbol is a function taking values
in the algebra of bounded linear operators on a Hilbert space. Investigating these
properties offers deeper insights into the intricate interplay between operator theory
and function theory, particularly in understanding how the structural and spectral
characteristics of Toeplitz operators evolve when their symbols are generalized to
take operator values.

In this chapter, we present a sufficient condition for the hyponormality of Toeplitz
operators whose symbols are bounded operator-valued functions. This result is for-
mally presented in Theorem 5.2.3. Furthermore, by extending and refining the
methods developed by C. Gu, J. Hendricks and D. Rutherford [32], we provide char-
acterizations of both hyponormality and subnormality of analytic Toeplitz operators

with operator-valued symbols. These characterizations, which reveal the intricate
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relationship between analyticity and operator-theoretic behavior in the operator-

valued setting, are presented in Corollary 5.2.5 and Theorem 5.3.1.

5.1 Introduction

The characterization of hyponormality for block Toeplitz operators established by
C. Gu, J. Hendricks and D. Rutherford [32] plays a foundational role in this area.
However, when the symbol is operator-valued, neither of the two conditions identi-
fied in their characterization remains necessary for hyponormality. This significant
observation was first made by C. Gu [31] and the following example demonstrate it
explicitly.

Example 5.1.1. Consider the function ®(e) := p(e?)S € LS, (T, B(£?)), where
o(e?) = |e? + e~ is a scalar-valued function and S is the right shift operator on
¢?. Then ® defines a bounded operator-valued function on the unit circle T and
the associated Toeplitz operator Ty acts on the Hilbert space-valued Hardy space
H?*(T,¢?). The function ®(¢?) and the corresponding Toeplitz operator Tp admit

the following infinite matrix representations:

0 o 0 --- 0O 0 0O

B(e) o(e') 0O 0 --- _— T, 0 0 0
- ) d — )

0 e 0 - 0 7, 0 0

where T, denotes the scalar Toeplitz operator with symbol ¢.

Now observe that

T 0 0 - 0 0 0
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Thus, the self-commutator of Tg is given by

2
T2 0 0
T35, Te)=TgTs —TeTy= |0 0 0

Finally, since for any f € H?2,
(Tof )= Tef Tof )= ITof | > 0

it follows that the self-commutator [Tj,Ts] is positive semidefinite. Therefore, T
is hyponormal.
In the framework of block Toeplitz operators, the hyponormality of the operator

Ty is characterized by the following two conditions (see [32, Theorem 3.3)):
(i) ¥ is normal;
(ii) (V) is nonempty,
where condition (ii) is equivalent to the positivity of the operator
Hi.Hye — HiHy,

as established in [31, Corollary 2].

We begin by observing that

()] 0
(") P (e) = 0 lp(e”)?
and
0 0

S(e)2 () = |0 [p(e?)[? -]
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which shows that ®(e?) does not commute with its adjoint. Hence, ® is not normal.
Next, we examine the associated Hankel operators, which take the following

matrix forms:

0O 0 O 0 H, 0
H, 0 0 0 0 H
Hq) — v H(I)* v
0 H, 0 0 0 0
Now, we compute
0 0 0 HZH, 0 0
Hy.He- = |0 H3H, 0 and HyHe = | 0  H3H, 0
Therefore,
—-H;H, 0 0
Hy . Ho — HyHg = 0 0 0 )

which shows that the positivity condition fails even though Ty is hyponormal.

5.2 Hyponormality of Toeplitz operators with op-
erator valued symbols

We now turn our attention to the study of the hyponormality of Toeplitz operators
with operator-valued symbols. As a preliminary step, we investigate the Poisson

integral, which will be essential in establishing the auxiliary results needed for our
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analysis.
Let X be a complex Banach space. For f € L(T, X), the Poisson integral of f,
denoted by P[f], is defined by

PIf)(z) = = / P.(c) f(c) db, (5.1)

where z € D and P, is the Poisson kernel given by

1— |z

Py(e) := e — 2|2

The following result by N. K. Nikolski [47] is important and will be used in the
subsequent development.

Lemma 5.2.1. [47, Lemma 3.11.6] Let X be a Banach space and h € LP(T, X),

where 1 < p < co. For 0 < r < 1, we denote (P[h]),(e?) := P[h](re?). Then
(a) [[(P[R)rllzerx) < |llprx)y forall 0 <r < 1;
(b) if p < oo, then lim |(P[A])r = Rl Lo(r,x) = 0;

(c) lim ||(P[h]),(€?) — h(e®?)||x = 0 for almost all § € [0, 27].

r—1

Let ‘H be a separable complex Hilbert space. For each pair (G,z), where G
belongs to L, (T, B(H)) and = € H, consider the function Gz : T — H defined by

Gz(e"?) .= G(e)x, 6 0,2n].
Since G € LS, (T, B(H)), it follows that Gz is strongly measurable and essentially
bounded. Hence, Gz € L*(T,H).

We now define a function L on Lg,,(T,B(H)) by setting

L[G](z) x .= P|Gz](2) = % / P.(e") G(e?)2df, =z e D. (5.2)
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Observe that for each z € D, the mapping x — L[G](z) x defines a linear operator

on H. Moreover, using the inequality

0 < P.(e") <

we obtain
1 27
| LIG](2) ][ < %/IPz(e’pH |G (") x|2,db
0

< 1+ 2]

S1Tp |Gl e, r500) |22

This shows that L[G](z) belongs to B(H) for each z € D.

The following lemma, which examines the connection between the positivity of
the Toeplitz operator T with an operator-valued symbol G and the positivity of the
symbol G itself, plays a crucial role in the study of hyponormal Toeplitz operators

with operator-valued symbols.

Lemma 5.2.2. Let H be a separable complex Hilbert space and G € L, (T, B(H)).

Then the following statements are equivalent:
(i) Tg is a positive operator on H?(T,H);
(ii) L[G](2) is a positive operator on H for all z € D;
(iii) G(e%) is a positive operator on H for almost all € € T.

Proof. Suppose that T is a positive operator on H?(T,H). For each z € D, let k,

denote the normalized reproducing kernel of H? defined by

(1|2}

0
2° el e
1—zet) " ©

k(e =

Then for each x € H and z € D, the function e — k.(e?)x belongs to H?(T,H)

and we have:
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<Tgkzl', kZ$>H2(T,H) = <szx7 kzx>H2(T,7-L)

- % /<G(ei9)kz(ew)x, l{:z(ew)x>H do.

Since k.(e%) is scalar-valued, it factors out of the inner product, yielding

27
1 . .
(Tek.x, kzm>H2(T7H) =5 / k. (e"))2(G () x, x), db.
0

Recall that

1— |z

[k (") = = P.(e”).

- | eit — z|2
Moreover, P, is scalar valued. Therefore, by the properties of the inner product, we

have

<Tszx7 kzx>H2('ﬂ‘,H) = 5= /(Pz(ew)G(ew)xvx)H do.

By the Riesz representation theorem, we obtain

2

(Tok., k.x) 2y = /x* (Pz(ew)G(ew)x>d9.
0

Using Equations (1.2) and (5.2), this can be rewritten as

2T
1

(Toks, ko) o ag) = o° <% / Pz(ew)G(ew)xaw) = o' (L[E)()e).

Again by the Riesz representation theorem, we conclude that
<T(;kzl', kzx>H2(’]I‘7H) = <L[G](2)£L‘, $>’H-

Since T is a positive operator, it follows that the left-hand side is nonnegative for
every x € H. Hence, L[G](z) is a positive operator on H for every z € D. This

establishes that (i) = (ii).
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Assume that L|G](z) is a positive operator on ‘H for all z € D. Then, by Lemma

5.2.1, we obtain

(G(e®)a,x)y = < lim P[Gz] (rew),x>H = lim (L[G](re")z, x)3 > 0

r—1_ r—1_

for all z € H and for almost every ¢ € T. Hence, (ii)) = (iii).

Let G(e") is a positive operator on H for almost all e € T. Since G belongs
to L7 (T, B(H)), we may assume without loss of generality that [|G(e?)||gm < 1
for all € € T. Then there exists a sequence (p,),>o of polynomials such that
Qn(€) := p,(G(e)) > 0 and the sequence (Q,)n>0 converges strongly for almost

every e € T. Moreover, for every x € H, we have

lim Q,(e”)?r = G(e”)x for all » € H (see [36, Problem 121]).

n—oo
Let Q(e?) := SOT —1lim,, 0 Q,(e?) and {e, : n = 1,2,3,...} be an orthonormal

basis for H. Then for any x,y € H, we see that

(G*(e")z,y) = (G(e")z,G(e")y) = i (G(e?)z, en)(en, G(e”)y)

B §1<G<6w>w, en)(G(e)en, y).

This expression shows that G? is SOT-measurable by the Pettis measurability theo-
rem. By induction, it follows that G™ is SOT-measurable for all n € N. Consequently,
each @, = p,(G) is SOT-measurable and so is the pointwise SOT-limit Q).

For any polynomialp =", _, p(k)e™ with coefficients in H and for almost every
e’ € T, we have

(Gep(E), p(e)) o = DTGP, )M
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Hence, integrating over the circle, we obtain
(Tep, p) e = (G, D) e = QD220 = 0,
which shows that T is a positive operator. This completes the proof. O

We now proceed to present a sufficient condition for the hyponormality of Toeplitz

operators with operator-valued symbols.

Theorem 5.2.3. Let H be a separable complex Hilbert space and suppose that
G € Ly (T, B(H)). Assume that

(i) G is hyponormal and

(i) there exists a function K € H) (T, B(#H)) such that || K| < 1 and G— KG*
belongs to HZ% (T, B(H)).
Then the Toeplitz operator Ty is hyponormal.
Proof. Since the identities JP. = P.J and JMs = MgyJ hold, we obtain the
following identity:
TéTG - TGTE - HE*HG* — Hé’HG’ —I— TG*G—GG*'
Now, if the function G — KG* belongs to HZ},, (T, B(H)), then the corresponding

Hankel operator vanishes, that is, Hg_ g+ = 0. Consequently, using Equation (1.7),

we obtain
He = Hygegr = Ti.He-.
Since K € HZ, (T, B(H)) and
1K loo = [|K]loc = | Tl < 1,

it follows that T = is co-analytic and contractive. Therefore by [31, Corollary 2], we

have

Hi.Hg — HyHg > 0.
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Moreover, Lemma 5.2.2 ensures that Tg+g_gg+ > 0. Combining these two inequali-

ties, we conclude that the Toeplitz operator T is hyponormal. ]

The following example demonstrates that the hyponormality assumption on G

is essential and cannot be omitted in the statement of Theorem 5.2.3.

Example 5.2.4. Consider the function G(e??) = S*, where S denotes the unilateral
shift operator on H? and let T be the corresponding Toeplitz operator acting on

H?*(T, H?). Then for each 6 € [0, 27], we have
[G(e?)", G(e")] = SS* — 5*S.

This shows that G(e') is not hyponormal for any 6 € [0,27]. On the other hand,

choosing K = 0, we obtain
G- KG* =G € H (T, B(H?)).

However, Ty is not hyponormal, as demonstrated below. For

[ = (f17f27f3>"') S H2(T7H2>7

we compute:

(18, Telf f) = (T&Taf [)—(TcTif, f)-

Note that

TeTaf = TE(fas f3y fa,--) = (0, fa, f3,...),

TGTéf = TG(vahf?a"') = <f17f2af37"')'

Therefore,

[Té7TG]f = (Oa f27f37 e ) - (flaf27f37 e ) = (_flvoaov - ')’
and hence

<[TE¥7TG]f7 f>: <(_f17070; .- ')a (f17f27f37 .- )>: _lfl|2 S 0.
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The following corollary characterizes the hyponormality of analytic Toeplitz op-
erators with operator-valued symbols, showing that the operator is hyponormal if

and only if its symbol is hyponormal.
Corollary 5.2.5. Let H be a separable complex Hilbert space and suppose that
G € H3p(T,B(H)). Then the Toeplitz operator T¢; is hyponormal if and only if G
is hyponormal.
Proof. Since both G and 0 are analytic, we see that

G=G—-0G" € H3,p(T,B(H)).
Assuming that G is hyponormal, it then follows from Theorem 5.2.3 that the asso-

ciated Toeplitz operator T is hyponormal.

Conversely, suppose that T is hyponormal. Then
15, Te) = HiwHgs — HEHg + Torg-cor > 0, (5.3)
which shows that
(Hi Hgee™h, ™) — (HyHge™h, e™h) + (Taea—ca-e™’h, ¢™°h) > 0, (5.4)

for all m > 0 and h € H*(T,H).

It is straightforward to verify that
<Tg*G_Gg* €im6h, 6im0h> = <S;{mTG*G—GG*S7Th7 h> = <Tg*G_Gg* h, h), (55)
where Sy denotes the right shift operator on H?(T,H). Since
lim Hee™h = lim Hge™h =0,
m—ro0 m—o0
it then follows from Equations (5.4) and (5.5) that
(Ta+a—aa=h,h) > 0.

By applying Lemma 5.2.2, we obtain

G*<€i9)G(ei0> o G(ew)G*(ew) Z 0
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for all e € T. That is, G is hyponormal. O

5.3 Subnormality of analytic Toeplitz operators
with operator valued symbols

This section presents an in-depth study of the subnormality of analytic Toeplitz
operators whose symbols are operator-valued. Our objective is to establish a neces-
sary and sufficient condition for subnormality in terms of the structural properties
of the symbol. Particularly, we illustrate that an analytic block Toeplitz operator
is subnormal if and only if its symbol is subnormal. We begin with the following

characterization.

Theorem 5.3.1. Let H be a separable complex Hilbert space and suppose that
G € H3p(T,B(H)). Then the Toeplitz operator Tt is subnormal if and only if the

symbol G is subnormal.

Proof. In order to prove this result, we use the Agler criterion for subnormality [5,
Theorem 3.1]: a contractive operator T is subnormal if and only if for each n > 1,

S (-1y (Zl) 577 > 0.

Jj=0

Since G € HZ,p(T,B(H)), we may assume that ||G(e”)|gz) < 1 for almost
every e € T. Under this assumption, we observe that
Z(—1)J< _)TC*;JTé = Z(-l)ﬂ( _)TG*jTGJ- =Tu
pare j pars j 2 ni(f)ees
Now suppose that Ty is subnormal. Then, by Agler’s criterion, it follows that the

operator 1’ » is positive for each n € N. Applying Lemma 5.2.2 together

> (—1)7(7)GiG
j=0
with Agler’s criterion, it follows that G(e%) is subnormal for almost every e? € T.
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Conversely, assume that G is subnormal. Then, by Agler’s Criterion, the expres-

sion

i<_1)j <”) GG

=0 J

defines a positive operator on H for each natural number n. Applying Lemma 5.2.2

once again, we obtain that

Tz (—1)i (})GI G

j=0
is a positive operator for all n € N. Hence, T is subnormal. O
The following example illustrates that the hyponormality of G is not, in general,

a sufficient condition for the subnormality of the corresponding analytic Toeplitz

operator Tg.

Example 5.3.2. Consider the Hardy space H?*(T, H?) and let T be the Toeplitz

operator on this space with operator-valued symbol
G(e") = S* + 28,
with S denoting the unilateral shift on H?. It is straightforward to verify that G(e%)

is hyponormal for all 6 € [0,27], but not subnormal for any 6 € [0, 2x]. Indeed, for

any 6 € [0,27], we compute the self-commutator of G(e%) as
[G*(e), G(e)] = [(S* +25)*, (S* + 29)]
= (S 425)(5" +25) — (S* +29)(S + 257)
=3(1 — S57).
Hence, the self-commutator of T is given by

(T8, Ta) = Ts1-ss%)-

Therefore, for any f € H?(T, H?), we have
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(TG, Telf, [ 2,2y = (Tsa—sso [, f) a2 m2)

1 A * 0 0
— 5 [ G =SSV, £ et

2
— 1 0|2
— 5 [ e s
0

>0

9

where f =", fn.e™ with f, € H%. This shows that T is hyponormal.

Next, consider the kernel of the self-commutator [T, T¢], which is given by
ker[T}, Tg] = { }:f; G]?QTHQ)Q%:ZO}.

For g; € H?, define g(e?) := g1e?. Clearly, g € ker[Ty, Tg]. Now, observe that

Ta(gie?) = g1 + 2g1€™ ¢ ker [T}, T4

and hence the kernel is not invariant under 1. Therefore, T is not subnormal, even

though its symbol G is hyponormal.
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Halmos’ Problem 5

The classical problem of characterizing subnormal Toeplitz operators via the prop-
erties of their symbol was initially raised by P. R. Halmos [35]. Significant progress
was made through the contributions of M. B. Abrahamse [4] and jointly, T. Nakazi
and K. Takahashi [44]. More recently, R. E. Curto, I. S. Hwang and W. Y. Lee [23]
contributed further insights. In this thesis, we have presented a partial answer to
this question in the form of Theorem 2.2.3, which extends the Nakazi—Takahashi
Theorem to the setting of scalar-valued Toeplitz operators whose self-commutator
is of finite rank.

Despite the progress described above, a complete characterization of subnormal

Toeplitz operators remains unsettled. This leads to the following central problem:

Problem 6.1. Determine the necessary and sufficient conditions on the symbol for

a Toeplitz operator to be subnormal.

Furthermore, the result established in Theorem 2.2.3, together with Theorem
2.1.4 due to R. E. Curto, I. S. Hwang and W. Y. Lee [23], provides supporting
evidence for Conjecture 2.1.3. Nevertheless, a complete proof of the conjecture

remains open.
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Block Toeplitz operators

In the context of Toeplitz operators, the hyponormal Toeplitz operators with finite
rank self-commutator were characterized by T. Nakazi and K. Takahashi [44]. Build-
ing upon this direction of research, R. E. Curto, I. S. Hwang and W. Y. Lee [22]
examined the analogous question in the framework of block Toeplitz operators and
proposed Conjecture 3.2.1. Theorems 3.2.2, 3.2.4, 3.2.5 and 3.2.7 provide partial
progress towards solving this conjecture.

Despite these advancements, a complete solution of Conjecture 3.2.1 remains
open. Thus, it is appropriate to reframe the conjecture in light of our partial re-
sults. The following problems are proposed as refined versions of the conjecture,
whose answers would significantly contribute to a complete characterization of block

Toeplitz operators with finite rank self-commutator.

Problem 6.2. Let ® = &/ + &5+ ¢* € L>(T, M,,) be such that det ., = 0 and
Ty is normal. Does there exist a finite Blaschke-Potapov product B € £(®) such
that deg(det B) = 07

Problem 6.3. Let & € L*(T, M,,) be a normal symbol and suppose that £(®)

contains a finite Blaschke-Potapov product B. Does it follow that

Rank[Ty, Ts) = deg(det B)?

Motivated by Example 3.2.8, we pose the following problem:

Problem 6.4. Suppose ®* is not of bounded type such that there exists a row of
®* that contains no scalar-valued function which is not of bounded type. If Ty is
a hyponormal block Toeplitz operator with finite rank self-commutator, does there

exist a finite Blaschke-Potapov product B € £(®) such that
deg(det B) = Rank[Tg, To]?
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Problem 6.5. Suppose that & € L>(T, M,,) is such that Ty is a hyponormal oper-
ator with finite rank self-commutator [T3,Ts]. If ®* is of bounded type, does there

exist a finite Blaschke-Potapov product B € £(®) such that

Rank[Ty, Ts]) = deg(det B)?

Toeplitz operators with operator-valued symbols

Theorem 5.2.3 provides a sufficient condition for the hyponormality of Toeplitz op-
erators with operator-valued symbols. Furthermore, Corollary 5.2.5 and Theorem
5.3.1 offer characterizations for the hyponormality and subnormality of analytic
Toeplitz operators in this setting.

Although significant progress has been made, a complete characterization of
hyponormal Toeplitz operators with operator-valued symbols remains open. This

leads to the following problem:

Problem 6.6. Which Toeplitz operators with operator-valued symbols are hyponor-

mal?

Invariant subspace problem

The Invariant subspace problem is one of the most historically significant and funda-
mental questions in operator theory. It asks whether every bounded linear operator
on a separable complex Hilbert space admits a non-trivial closed invariant subspace.
Even after decades of significant effort, this problem remains open in its full gener-
ality. Over the years, several strategies have been proposed to attack this problem.
One of the more recent and potentially fruitful approaches involves the concept of
universal operators.

Let X be a Banach space. An operator U € B(X) is said to be universal for X
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if, for every nonzero operator T € B(X), there exists a scalar A # 0 and an invariant
subspace M of U such that the restriction U|y, is similar to AT". In the setting of
complex Hilbert spaces, it is known that every nonzero operator T' € B(H) has a
non-trivial invariant subspace if and only if there exists a universal operator U on
H that has a minimal non-trivial invariant subspace which is one-dimensional (see
(13, 17]).

A key example of such a universal operator is the adjoint of the unilateral shift
operator Sy = T, which is universal for the Hilbert space-valued Hardy space
H?(T,H). Furthermore, if ¢ is an infinite Blaschke product or an inner function
possessing a non-trivial singular inner factor, then the scalar Toeplitz operator 77 is
known to be universal for H2.

Therefore, the problem of characterizing the lattice of invariant subspaces for
such universal Toeplitz operators has attracted considerable attention in recent re-
search. Progress in this direction could yield deeper insights into the structure of
universal operators. Furthermore, it could significantly contribute to the broader

understanding of the Invariant subspace problem.

Riemann hypothesis

The Riemann hypothesis, one of the most profound and long-standing open problems
in mathematics, states that all non-trivial zeros of the Riemann zeta function lie on
the critical line in the complex plane where the real part is one-half. This classical
problem has been reformulated in the framework of various function spaces. In
particular, S. W. Noor [48] provided a reformulation of the Riemann hypothesis
within the context of scalar-valued Hardy spaces.

Motivated by this line of research, it is natural to explore analogous formulations

in various Hilbert spaces. The following problem outlines a potential direction for
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future investigation:

Problem 6.7. What is an appropriate formulation of the Riemann hypothesis in

the framework of Banach-valued Hardy spaces?

Furthermore, J. Manzur, S. W. Noor and C. F. Santos [49] established that
the Riemann hypothesis is equivalent to the shift-invariance of a certain subspace
considered in [49, Theorem 11]. Motivated by this characterization, we propose the

following question as a potential direction for further exploration:

Problem 6.8. Is the Riemann hypothesis equivalent to the invariance of the sub-

space considered in [49, Theorem 11], under some subnormal Toeplitz operator T,

on H??
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