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ABSTRACT

Let H be a complex Hilbert space and B(H) denotes the algebra of all bounded

linear operators on H. An operator T ∈ B(H) is said to be normal if T ∗T = TT ∗,

hyponormal if T ∗T ≥ TT ∗ and subnormal if it has a normal extension, where T ∗

denotes the adjoint of T.

P. R. Halmos posed a problem, known as Halmos’ Problem 5, concerning the

characterization of subnormal Toeplitz operators on the Hardy space. The problem

asks: “Is every subnormal Toeplitz operator either normal or analytic?” C. Cowen

answered this question negatively, leading to the refined problem: “Which subnormal

Toeplitz operators are either normal or analytic?”

In this thesis, we address the refined version of Halmos’ Problem 5, particularly in

the context of Toeplitz and block Toeplitz operators with finite rank self-commutator

and answer a problem recently posed by R. E. Curto, I. S. Hwang and W. Y. Lee

[22, Problem 6.2]. We establish conditions for identifying subnormal block Toeplitz

operators whose self-commutators are of finite rank. Furthermore, we investigate the

subnormality and hyponormality of Toeplitz operators with operator-valued symbols

and present sufficient conditions for hyponormality in this setting. In addition, we

provide characterizations of hyponormality and subnormality for analytic Toeplitz

operators on the Hardy space of Hilbert space-valued functions.

Keywords: Hardy space, Halmos’ Problem 5, Subnormal operators, Hyponormal

operators, Block Toeplitz operators.
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PREFACE

LetH be a complex Hilbert space and let B(H) denote the algebra of all bounded

linear operators on H. An operator T ∈ B(H) is said to be normal if it satisfies the

relation T ∗T = TT ∗ and hyponormal if T ∗T ≥ TT ∗, where T ∗ denotes the adjoint

of T . An operator T ∈ B(H) is said to be subnormal if there exists a Hilbert space

K containing H as a closed subspace and a normal operator N ∈ B(K) such that

T = N |H, that is, T is the restriction of N to H.

Let H2 denote the Hardy space and Tφ be the Toeplitz operator on H2 with

symbol φ. It is well known that every normal operator is subnormal. Similarly, every

analytic Toeplitz operator Tφ is subnormal, since the corresponding multiplication

operator Mφ acts as a normal extension. The converse of these observations was

posed as a problem by P. R. Halmos [35, 36], known as Halmos’ Problem 5. The

problem asks:

“Is every subnormal Toeplitz operator either normal or analytic?”

C. Cowen and J. Long [18] gave a negative answer to Halmos’ Problem 5 by present-

ing an example of a subnormal Toeplitz operator that is neither normal nor analytic.

This naturally gave rise to the following two problems:

“Which Toeplitz operators are subnormal?”

“Which subnormal Toeplitz operators are either normal or analytic?”

In the major part of this thesis, we address the second question in the setting

of Toeplitz and block Toeplitz operators whose self-commutators are of finite rank.

This thesis is based on three articles [1, 2, 3]. Among these, [1] and [2] are joint



works with R. E. Curto, I. S. Hwang, W. Y. Lee and T. Prasad, whereas [3] is a

collaboration with R. E. Curto and T. Prasad. The preliminaries are covered in the

first chapter.

In the second chapter, we address the refined version of Halmos’ Problem 5 in the

context of Toeplitz operators with finite rank self-commutators and obtain partial

results that extend the classical Nakazi–Takahashi Theorem [44].

In the third chapter, we identify a large class of subnormal block Toeplitz op-

erators whose self-commutators are of finite rank. The results presented provide a

partial answer to a conjecture recently posed by R. E. Curto, I. S. Hwang and W.

Y. Lee [22].

The fourth chapter discusses the refined version of Halmos’ Problem 5 in the

context of block Toeplitz operators with finite rank self-commutators. The results

we obtain form an analogue of the Nakazi–Takahashi Theorem in the setting of

block Toeplitz operators and answer a problem recently posed by R. E. Curto, I. S.

Hwang and W. Y. Lee [22]. Furthermore, we present the block Toeplitz analogue of

the result obtained in Chapter 2.

Chapter 5 explores the hyponormality and subnormality of Toeplitz operators

on the Hardy space of Hilbert space-valued functions, a topic of significant current

interest in operator theory. We present a sufficient condition for the hyponormality

of Toeplitz operators with operator-valued symbols. In addition, we provide charac-

terizations of the hyponormality and subnormality of analytic Toeplitz operators on

the Hardy space of Hilbert space-valued functions. Finally, we conclude the thesis

with recommendations and an outline of future research directions.



CHAPTER 1

INTRODUCTION

Let H be a complex Hilbert space and let B(H) denote the algebra of all bounded

linear operators on H. For T ∈ B(H), we denote by kerT , RanT and RankT the

kernel, range and rank of T , respectively. IfK ⊆ H is a subspace, then dimK denotes

its dimension. The adjoint of T is denoted by T ∗ and its self-commutator is defined

as [T ∗, T ] := T ∗T −TT ∗. An operator T ∈ B(H) is said to be self-adjoint if T = T ∗,

unitary if T ∗T = TT ∗ = I and normal if [T ∗, T ] = 0. The class of subnormal

operators introduced by P. R. Halmos [33] is an interesting extension of normal

operators. A bounded linear operator T on a Hilbert spaceH is said to be subnormal

if it has a normal extention, that is, if there exists a normal operator N on a Hilbert

space K, where H is the closed subspace of K, N|H = T and NH ⊆ H. It can be

observed that the theories of subnormal operators found in the literature are not easy

and highly nontrivial (see [14]). A more general class that of hyponormal operators

includes both the normal and subnormal operators. An operator T ∈ B(H) is

hyponormal if [T ∗, T ] is positive.

Research on normal and hyponormal operators has an extensive range of ap-

plications across various fields including mathematics, mathematical physics and

machine learning (see [39], for instance). In particular, the self-adjoint operators
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CHAPTER 1. INTRODUCTION

play a key role in problems related to electrophoretic transport, enzyme reaction

dynamics and microwave heating in composite media [41]. The classical commuta-

tion relation naturally leads to the concept of subnormal operators, which has been

explored by F. H. Szafraniec [53] in connection with the quantum harmonic oscilla-

tor. Furthermore, the theory of subnormal operators made significant contributions

to fileds like functional analysis, operator theory, mathematical physics, etc [37].

Thus, the following question arises naturally

“Which operators are subnormal?”

P. R. Halmos [33] provided a characterization of subnormal operators in terms of

their action on a finite set of vectors in their domain, while J. Bram [10] further

refined this result.

Bram-Halmos criterion for subnormality. [10] An operator S ∈ B(H) is sub-

normal if and only if
∑n

j,k=0⟨Sjfk, Skfj⟩ ≥ 0 for every finite set f0, f1, . . . , fn ∈ H.

In other words, Bram-Halmos criterion on subnormality says that S ∈ B(H) is

subnormal if and only if

I S∗ · · · S∗k

S S∗S · · · S∗kS

...
...

. . .
...

Sk S∗Sk · · · S∗kSk


≥ 0 for all k ≥ 1. (1.1)

Subnormal operators have also been characterized by several authors including

J. Agler, J. W. Bunce - J. A. Deddens (jointly), M. R. Embry and W. Szymanski

(see [5, 12, 29, 54]). These methods generally require an infinite number of trials,

which makes addressing the question challenging. Finding feasible methods to check

whether an operator is subnormal is one of the important problems in the theory

of subnormal operators. P. R. Halmos [35, 36] addressed this question particularly

4



CHAPTER 1. INTRODUCTION

in case of Toeplitz operators. To set the stage, we begin with a brief overview of

Hardy space and Toeplitz operators.

Hardy space

Let D = {z ∈ C : |z| < 1} denote the open unit disc and T = {z ∈ C : |z| = 1}

denote the unit circle in the complex plane C. The Hardy space H2, also known

as Hardy-Hilbert space is the space of all analytic functions on D having power

series representation with square-summable complex coefficients. Equivalently, an

analytic function f on D belongs to H2 if and only if sup0<r<1

∫ 2π

0
|f(reiθ)|2dθ is

finite. The Hardy space is a Hilbert space equipped with an inner product defined by

⟨f, g⟩ :=
∑∞

n=0 anbn, where f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n. The mapping∑∞
n=0 anz

n 7→ (a0, a1, a2, . . .) defines an isometric isomorphism between the Hardy

space H2 and the Hilbert space ℓ2(W), the space of square-summable sequences

indexed by the set W = N ∪ {0} of non-negative integers.

For any measurable set E ⊆ [0, 2π], the normalized Lebesgue measure m is

defined by m(E) := 1
2π

∫ 2π

0
χE(θ) dθ, where dθ is the ordinary Lebesgue measure on

[0, 2π] and χE denotes the characteristic function of E. Let L2 := L2(T) denote the

Hilbert space of all equivalence classes of square integrable complex-valued functions

which are equal almost everywhere with respect to the normalized Lebesgue measure

m on [0, 2π]. It is well known that the set of functions {en(eiθ) = einθ : n ∈ Z} defines

an orthonormal basis for L2. Furthermore, the mapping
∑∞

n=0 anz
n 7→

∑∞
n=0 ane

inθ

defines an isometric isomorphism from H2 into L2. This mapping allows us to

identify H2 as the closed subspace of L2 consisting of functions whose negative

Fourier coefficients vanish, that is, H2 ≡ H̃2 := {f ∈ L2 : ⟨f, en⟩ = 0 for all n < 0}.

For f(z) =
∑∞

n=0 anz
n ∈ H2, the corresponding image in H̃2 is denoted by f̌ and is

given by f̌(eiθ) =
∑∞

n=0 ane
inθ.

5



CHAPTER 1. INTRODUCTION

Let H∞ denote the space of all bounded analytic functions on the unit disc D and

let L∞ := L∞(T) be the space of essentially bounded measurable functions on the

unit circle T, defined modulo equality almost everywhere with respect to the nor-

malized Lebesgue measure on [0, 2π]. The space H∞, equipped with the supremum

norm ∥f∥∞ := sup{|f(z)| : z ∈ D}, is a Banach algebra under pointwise opera-

tions. Moreover, H∞ embeds into the Hardy space and is isometrically isomorphic

to H̃∞ := L∞ ∩ H̃2.

A function φ ∈ H∞ is called an inner function if it satisfies |φ̌(eiθ)| = 1 for

almost every θ ∈ [0, 2π]. A function φ ∈ L∞ is said to be of bounded type if there

exist φ1, φ2 ∈ H̃∞ such that φ = φ1

φ2
.

From now onwards, we will use the notation H2 to refer to both H2 and H̃2 and

similarly, H∞ to denote both H∞ and H̃∞.

Toeplitz operators

For φ ∈ L∞, the multiplication operator Mφ on L2 is defined by Mφf := φf , for all

f ∈ L2. Let P denote the orthogonal projection of L2 onto H2. For φ ∈ L∞, the

Toeplitz operator Tφ with symbol φ on H2 is defined by Tφf := (PMφ)f = P (φf),

f ∈ H2. Equivalently, an operator T ∈ B(H2) is a Toeplitz operator if and only if

S∗TS = T , where S is the unilateral shift operator on ℓ2(W). If φ ∈ H∞, then the

Toeplitz operator Tφ is called an analytic Toeplitz operator. It is referred to as a

co-analytic Toeplitz operator if its adjoint T ∗
φ = Tφ is analytic. For φ ∈ H∞, the

Hankel operator Hφ on H2 is defined by Hφf := JP⊥Mφf for f ∈ H2, where P⊥

denotes the orthogonal projection of L2 onto L2 ⊖ H2 and J is an operator on L2

defined by J(g)(eiθ) := e−iθg(e−iθ), g ∈ L2.

The following lemma by M. B. Abrahamse [4], related to the bounded type

symbols, plays a crucial role in the subsequent development.

6



CHAPTER 1. INTRODUCTION

Lemma 1.1. [4] Let φ ∈ L∞, then the following statements are equivalent:

(i) φ is of bounded type;

(ii) P (φ) is noncyclic for S∗;

(iii) kerHφ ̸= {0}.

For more details regarding Hardy space and Toeplitz operators, see [4, 27, 42, 46].

Halmos’ Problem 5

P. R. Halmos studied the characterization of subnormal Toeplitz operators by the

properties of their symbol. He observed that every normal operator is subnormal

and that every analytic Toeplitz operator is subnormal. Also, he thought about the

converse and posed a problem in 1970, which is the well-celebrated Halmos’ Problem

5 [35]. The problem states that

“Is every subnormal Toeplitz operator either normal or analytic?”

A Toeplitz operator is self-adjoint if and only if its symbol is real-valued almost

everywhere [42, Theorem 3.2.15]. The class of normal Toeplitz operators was char-

acterized by A. Brown and P. R. Halmos [11, Corollary], who showed that the only

normal Toeplitz operators are those that are linear functions of self-adjoint ones.

Later, a complete characterization of hyponormal Toeplitz operators was given by

C. Cowen [16].

Cowen’s Theorem. [16, 44] For each φ ∈ L∞(T), the Toeplitz operator Tφ is

hyponormal if and only if E(φ) is nonempty, where

E(φ) = {k ∈ H∞(T) : ∥k∥∞ ≤ 1 and φ− kφ ∈ H∞}.

In 1976, M. B. Abrahamse [4] gave a partial answer to Halmos’ Problem 5 as follows:

Abrahamse’s Theorem. [4, Corollary A] If φ ∈ L∞ and φ or φ is of bounded

type, then the subnormal Toeplitz operator Tφ is either normal or analytic.

7



CHAPTER 1. INTRODUCTION

In [4], M. B. Abrahamse raised several questions, including the following:

“Is the Bergmann shift unitarily equivalent to a Toeplitz operator?”

S. Shunhua [52] provided a negative answer to this question. Motivated by Shunhua’s

approach, C. Cowen and J. Long [18] presented a negative solution to Halmos’

Problem 5 in 1984 by constructing an example for a subnormal Toeplitz operator

which is neither normal nor analytic.

Example 1.2. [18, Theorem] For 0 < α < 1, let ψ be a conformal map of the unit

disk onto the interior of the ellipse with vertices ±i(1 − α)−1 and passing through

the points ±i(1 + α)−1. Then Tψ+αψ is a subnormal weighted shift operator that is

neither normal nor analytic.

The negative solution to Halmos’ Problem 5 gives rise to the following two natural

questions:

“Which Toeplitz operators are subnormal?”

“Which subnormal Toeplitz operators are either normal or analytic?”

In recent years, similar questions have also been explored in the context of block

Toeplitz operators [22, 23, 32]. Before proceeding, we first present a brief overview

of the theory of Banach-valued functions.

Banach-valued functions

Let (Ω,F , µ) be a positive σ-finite measure space and X be a Banach space. A

Banach-valued function f : Ω → X is called countable-valued if it can be expressed

in the form f =
∑∞

k=1 xkχEk
, where xk ∈ X, Ek ∈ F and the sets {Ek} are pairwise

disjoint, that is, Ei ∩ Ej = ∅ for i ̸= j. A function f : Ω → X is called weakly

measurable if for every x∗ ∈ X∗, the scalar-valued function x∗ ◦ f : Ω → C is

measurable, where X∗ denotes the dual of X. The function f is said to be strongly

8



CHAPTER 1. INTRODUCTION

measurable if there exists a sequence of countable-valued functions {fn} on Ω such

that f(ω) = limn→∞ fn(ω) for almost every ω ∈ Ω.

A Banach-valued function f : T → X is said to be essentially separably valued if

there exists a measurable subset T′ of T such that the image f(T′) is separable and

m(T \T′) = 0. The following theorem, known as the Pettis measurability Theorem,

addresses the connection between weak measurability and strong measurability.

Pettis measurability Theorem. [38, 47] For a function f : T → X, the following

are equivalent:

(i) f is strongly measurable;

(ii) f is essentially separably valued and weakly measurable.

In particular, if X is a separable Banach space, then f is strongly measurable if and

only if it is weakly measurable.

A countable-valued function f : Ω → X is said to be (Bochner) integrable if∫
Ω
∥f(s)∥ dµ(s) < ∞ and its integral is defined by

∫
Ω
fdµ =

∑∞
k=1 xk µ(Ek). A

function g : Ω → X is said to be (Bochner) integrable if there exists a sequence {fn}

of countable-valued (Bochner) integrable functions fn satisfying limn→∞ fn(s) = g(s)

for almost all s ∈ Ω and limn→∞
∫
Ω
∥g−fn∥ dµ = 0. Then,

∫
Ω
g dµ = limn→∞

∫
Ω
fn dµ

exists and
∫
Ω
g dµ is called the (Bochner) integral of g. If f : Ω → X is integrable,

then we see that

T

(∫
Ω

fdµ

)
=

∫
Ω

(
Tf
)
dµ for each T ∈ B(X, Y ), (1.2)

where Y is a Banach space and B(X, Y ) denotes the space of all bounded linear

operators from X to Y . For a complex Banach space X and 1 ≤ p ≤ ∞, define the

Banach space Lp(T, X) by

Lp(T, X) := {f : T → X : f is strongly measurable and ∥f∥p <∞}, (1.3)

where the norm is given by

9



CHAPTER 1. INTRODUCTION

∥f∥p ≡ ∥f∥Lp(T,X) :=


(

1
2π

∫ 2π

0
∥f(eiθ)∥pXdθ

) 1
p

if 1 ≤ p <∞;

ess sup
θ∈[0,2π]

∥f(eiθ)∥X if p = ∞.
(1.4)

Given f ∈ L1(T, X) and n ∈ Z, the n-th Fourier coefficient of f , denoted by

f̂(n), is defined by f̂(n) := 1
2π

∫ 2π

0
e−inθf(eiθ) dθ. For 1 ≤ p ≤ ∞, the Hardy space

Hp(T, X) is defined as the subspace of Lp(T, X) consisting of those functions f for

which f̂(n) = 0 for all n < 0.

A function f : D → X is said to be analytic if it admits a power series repre-

sentation of the form f(z) =
∑∞

n=0 xnz
n, where xn ∈ X and z ∈ D. Let Hol(D, X)

denote the set of all such analytic functions. Also, we write H2(D, X) for the set of

all f ∈ Hol(D, X) satisfying ∥f∥H2(D,X) := sup0<r<1

(∫ 2π

0
∥f(reiθ)∥2X dθ

) 1
2<∞.

For a separable complex Hilbert space H, if f ∈ H2(D,H), then there exists

a boundary function f̌ ∈ H2(T,H) such that f(z) = 1
2π

∫ 2π

0
Pz(e

iθ)f̌(eiθ) dθ, where

Pz(e
iθ) = 1−|z|2

|1−zeiθ|2 is the Poisson kernel and θ ranges from 0 to 2π. It can be observed

that f̌(eiθ) = limr→1 f(re
iθ) nontangentially almost everywhere on T. Moreover, the

mapping f 7→ f̌ defines an isometric isomorphism between H2(D,H) and H2(T,H)

[47, Theorem 3.11.7]. Consequently, we identify H2(D,H) with H2(T,H). For f

and g in L2(T,H), the inner product ⟨f, g⟩ is defined by

⟨f, g⟩ ≡
〈
f(eiθ), g(eiθ)

〉
L2(T,H)

:=
1

2π

∫ 2π

0

⟨f(eiθ), g(eiθ)⟩H dθ. (1.5)

A function Φ : T → B(X, Y ) is said to be strong operator topology (SOT) mea-

surable if for every x ∈ X, the function Φx : T → Y defined by Φx(eiθ) = Φ(eiθ)x

is strongly measurable. Similarly, Φ is said to be weak operator topology (WOT)

measurable if the same funtion is weakly measurable for every x ∈ X. Let D and

E be separable complex Hilbert spaces. Then a function Φ : T → B(D,E) is SOT

measurable if and only if it is WOT measurable (see [47], page 46).
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For 1 ≤ p ≤ ∞, a function Φ : T → B(D,E) is called a strong Lp-function if for

each x ∈ D, the map Φx : T → E belong to Lp(T, E). The space of all such functions

is denoted by Lps(T,B(D,E)). It is clear that Lp(T,B(D,E)) ⊆ Lps(T,B(D,E)). The

notion of strong L2-function was introduced by V. Peller [50] and its formal theory

was further developed in [26].

If Φ ∈ L1
s(T,B(D,E)) and x ∈ D, then the function Φx belongs to L1(T, E).

For each n ∈ Z, the n-th Fourier coefficient of Φ, denoted by Φ̂(n), is defined by

Φ̂(n)x := Φ̂x(n). We define

Hp
s (T,B(D,E)) := {Φ ∈ Lps(T,B(D,E)) : Φ̂(n) = 0 for n < 0}.

Let L∞
SOT (T,B(D,E)) denote the space of all bounded SOT-measurable functions

from T into B(D,E) and let

H∞
SOT (T,B(D,E)) :=

{
Φ ∈ L∞

SOT (T,B(D,E)) : Φx ∈ H∞(T, E) for all x ∈ D
}
.

Moreover, it can be observed that

L∞(T,B(D,E)) ⊆ L∞
s (T,B(D,E)) = L∞

SOT (T,B(D,E)).

On the other hand, we define H∞(D,B(D,E)) as the set of all analytic functions

Φ : D → B(D,E) such that ∥Φ∥H∞(D,B(D,E)) := supz∈D ∥Φ(z)∥ < ∞. By convention,

we identifyH∞(D,B(D,E)) withH∞
s (T,B(D,E)) [47, Theorem 3.11.10]. If B(D,E)

is separable, then we see that L∞(T,B(D,E)) = L∞
SOT (T,B(D,E)) (see [47], page

46).

Let Φ ∈ L∞
SOT (T,B(H)). Then the Toeplitz operator TΦ onH2(T,H) with symbol

Φ is defined by TΦf := P+(Φf), where P+ denotes the orthogonal projection of

L2(T,H) onto H2(T,H) and f ∈ H2(T,H). Similarly, the Hankel operator HΦ with

symbol Φ is defined by HΦf := JP−f, where P− denotes the orthogonal projection

of L2(T,H) onto L2(T,H) ⊖ H2(T,H) and J is the unitary operator on L2(T,H)

given by Jg(eiθ) := e−iθIH g(e
−iθ) (IH denotes the identity operator on H).

11
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For a function Φ : T → B(H), we denote Φ̆(eiθ) := Φ(e−iθ) and Φ̃ := Φ̆∗.

Let Φ ∈ L∞
SOT (T,B(H)) and Ψ ∈ H∞

SOT (T,B(H)). The following identities are

established in [26]:

T ∗
Φ = TΦ∗ and H∗

Φ = HΦ̃; (1.6)

HΦTΨ = HΦΨ and HΨΦ = T ∗
Ψ̃
HΦ. (1.7)

Extensive studies on operator-valued Toeplitz and Hankel operators are presented

in [9, 26, 27, 28, 45, 47].

Toeplitz operators with matrix-valued symbols Φ ∈ L∞(T,Mn) are often referred

to as block Toeplitz operators, whereMn denotes the set of all n×n complex matrices.

For a fixed natural number n, let Pn and P⊥
n denote the orthogonal projection of

L2(T,Cn) onto H2(T,Cn) and L2(T,Cn) ⊖ H2(T,Cn), respectively. By identifying

the vector-valued Hardy space H2(T,Cn) with the direct sum

H2(T,Cn) = H2 ⊕H2 ⊕ · · · ⊕H2 (n times),

the Toeplitz and Hankel operators with matrix-valued symbol Φ take the block

matrix form

TΦ =


TΦ11 · · · TΦ1n

...
. . .

...

TΦn1 · · · TΦnn

 , HΦ =


HΦ11 · · · HΦ1n

...
. . .

...

HΦn1 · · · HΦnn

 , (1.8)

where Φ = [ϕij]1≤i,j≤n ∈ L∞(T,Mn) and each ϕij ∈ L∞. A function Θ ∈ H∞(T,Mn)

is called an inner function if Θ∗Θ = In almost everywhere on T. For notational con-

venience, we denote by H(Θ) := H2(T,Cn)⊖ΘH2(T,Cn) the model space generated

by the inner function Θ ∈ H∞(T,Mn). The following basic properties of Toeplitz and

Hankel operators, involving the symbols Φ,Ψ ∈ L∞(T,Mn) and Θ ∈ H∞(T,Mn),

are used implicitly in the sequel:

12
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TΦΨ − TΦTΨ = H∗
Φ∗HΨ; (1.9)

H∗
ΦHΦ −H∗

ΘΦHΘΦ = H∗
ΦHΘ∗H∗

Θ∗HΦ. (1.10)

For m,n ∈ N, let Mm×n denote the set of all m × n complex matrices. Given

a function Φ ∈ H2(T,Mn×r), an inner function ∆ ∈ H2(T,Mn×m) is a called a left

inner divisor of Φ if Φ = ∆A for some A ∈ H2(T,Mm×r) (m ≤ n). Note that if

Φ ∈ L∞(T,Mn) and detΦ is not identically zero, then any left inner divisor ∆ of Φ

belongs to H2(T,Mn) [22]. Two functions Φ ∈ H2(T,Mn×r) and Ψ ∈ H2(T,Mn×m)

are said to be left coprime if the only common left inner divisor of both Φ and Ψ

is a constant unitary matrix. They are said to be right coprime if Φ̃ and Ψ̃ are

left coprime. Equivalently, two functions Φ and Ψ in H2(T,Mn) with detΦ ̸≡ 0

and detΨ ̸≡ 0 are called right coprime if there does not exists a nonconstant inner

function ∆ ∈ H2(T,Mn) and functions A,B ∈ H2(T,Mn) such that Φ = A∆ and

Ψ = B∆. We say that functions Φ and Ψ in H2(T,Mn) are coprime if they are both

left and right coprime.

A function Φ ∈ L∞(T,Mn) is said to be of bounded type if each of its entries is

of bounded type. Let Φ = [ϕij] ∈ L∞(T,Mn) be such that Φ∗ is of bounded type.

Then by Lemma 1.1, each ϕij can be written as ϕij = θijbij, where θij is inner and

bij ∈ H2. If θ denotes the least common inner multiple of θij
′s, then we have

Φ = [θaij] = ΘA∗, (1.11)

where Θ = θIn and A = [aij] ∈ H2(T,Mn).

For a function Φ ∈ L2(T,Mn), we denote Φ+ := Pn(Φ) and Φ− := [P⊥
n (Φ)]

∗,

where Pn and P⊥
n denote the orthogonal projections from L2(T,Mn) onto H

2(T,Mn)

and L2(T,Mn) ⊖ H2(T,Mn), respectively. It is clear that Φ+ ∈ H2(T,Mn) and

Φ− ∈ zInH
2(T,Mn). With this notation, we may write Φ = Φ∗

− +Φ+. Suppose that

Φ ∈ L∞(T,Mn) is such that both Φ and Φ∗ are of bounded type. Then by Lemma

13
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1.1, it follows that both Φ∗
+ and Φ∗

− are of bounded type. In view of Equation (1.11),

we write

Φ+ = Θ1A
∗ and Φ− = Θ2B

∗, (1.12)

where Θi = θiIn with an inner function θi and A,B ∈ H2(T,Mn), for i = 1, 2. In

this case, if the block Toeplitz operator TΦ is hyponormal, then Θ2 is a right inner

divisor of Θ1 [23, Lemma 3.1]. Hence, we can write

Φ+ = A∗Θ0Θ2 and Φ− = B∗Θ2, (1.13)

where Θ0 = θ0In for some inner function θ0.

An n×n matrix-valued function Q is called a finite Blaschke-Potapov product if

it can be expressed in the form

Q(z) = v
M∏
m=1

(bm(z)Pm + (I − Pm)), (1.14)

where v is an n × n constant unitary matrix, each bm is a scalar Blaschke factor

given by

bm(z) =
z − αm
1− αmz

, αm ∈ D

and Pm is an orthogonal projection on Cn. An n × n matrix-valued function Q

is rational and inner if and only if it admits a representation as a finite Blaschke-

Potapov product [51].
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CHAPTER 2

SUBNORMAL TOEPLITZ OPERATORS

WITH FINITE RANK SELF COMMU-

TATOR

The theory of subnormal operators has found extensive applications in various fields,

including analytic function theory, differential geometry, approximation theory and

quantum mechanics [53]. In particular, subnormal operators with finite rank self-

commutator have been one of the interesting topics in functional analysis and oper-

ator theory. The finite rank condition suggests that the operator is nearly normal,

thereby simplifying the spectral analysis. In 1973, B. B. Morrel [43] established that

any subnormal operator whose self-commutator is of rank one can be written as a

linear combination of the unilateral shift operator and the identity operator. Later

in 1987, D. X. Xia [55, 56] made an attempt to classify all subnormal operators

with finite rank self-commutator. In 1998, J. B. Conway and L. Yang [15] posed the

following open problem:

Classify all subnormal operators whose self-commutator has finite rank.

In this chapter, we address this problem within the framework of Toeplitz op-
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erators in conjunction with Halmos’ Problem 5 and establish a sufficient condition

for subnormal Toeplitz operators with finite rank self-commutator to be classified

as either normal or analytic, building on and modifying the methods of T. Nakazi

and K. Takahashi [44].

2.1 Introduction

In 1993, T. Nakazi and K. Takahashi [44] studied the self-commutator of hyponormal

Toeplitz operators and characterized the hyponormality of Toeplitz operators with

finite rank self-commutator.

Theorem 2.1.1. [44, Theorem 10] The operator Tφ is hyponormal and the self-

commutator [T ∗
φ, Tφ] is of finite rank if and only if there exists a finite Blaschke

product b in E(φ). In this case, the Blaschke product b can be chosen such that

deg (b) = Rank [T ∗
φ, Tφ].

In this chapter, we examine the following question in detail.

Problem 2.1.2. Which subnormal Toeplitz operators with finite rank self commu-

tator are either normal or analytic?

We begin by discussing the historical developments related to Problem 2.1.2.

The following result was proved by T. Nakazi and K. Takahashi [44] in 1993.

Nakazi-Takahashi Theorem. [44, Theorem 15] If Tφ is subnormal and φ = qφ,

where q is a finite Blaschke product, then Tφ is either normal or analytic.

Later, in 2012, R. E. Curto, I. S. Hwang and W. Y. Lee [23] posed a conjecture

on the subnormality of Toeplitz operators whose self-commutator has finite rank.

Conjecture 2.1.3. [23, Conjecture 4.1] If Tφ is a subnormal Toeplitz operator with

finite rank self commutator, then Tφ is either normal or analytic.

Furthermore, they provided positive evidence for Conjecture 2.1.3 by demon-
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strating its validity under specific conditions [23]. The following Theorem 2.1.4

offers significant insights into the subnormality of Toeplitz operators.

Theorem 2.1.4. [23, Corollary 4.3] Suppose Tφ is a subnormal Toeplitz operator

with finite rank self-commutator. If b ker[T ∗
φ, Tφ] is invariant under Tφ for some

b ∈ E(φ), then Tφ is normal or analytic.

With these historical foundations, we now proceed to a rigorous formulation of

Problem 2.1.2 and a detailed presentation of our key findings.

2.2 Subnormality of Toeplitz operators with finite

rank self commutator

In this section, we provide further supporting evidence for Conjecture 2.1.3, thereby

contributing to the ongoing investigation of its validity. Our results provide a partial

answer to Problem 2.1.2, offering deep insights into a broader aspect of the conjec-

ture. Moreover, Theorem 2.2.3 is a significant extension of the classical Nakazi-

Takahashi Theorem to the setting of subnormal Toeplitz operators with finite rank

self-commutator. We begin by presenting a couple of auxiliary lemmas, each of

which contributes to a different aspect of the proof of Theorem 2.2.3.

Lemma 2.2.1. [44, Lemma 5] If φ = qφ+ g, where q is inner and g ∈ H∞(T), then

the closure of the range of [T ∗
φ, Tφ] equal to the closure of Tφq(H(q)).

Lemma 2.2.2. Suppose φ = qφ + g ∈ L∞, where q is an inner function, g ∈ H∞

and the Toeplitz operator Tφ is subnormal. If φ is not of bounded type, then

T ∗
φ(H(q)) ⊆ Ran [T ∗

φ, Tφ].

Proof. Initially, we establish that

T ∗
φ(H(q))

⋂
H(q) = {0}. (2.1)
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Since {0} ⊆ T ∗
φ(H(q))

⋂
H(q), it suffices to show that

T ∗
φ(H(q))

⋂
H(q) ⊆ {0}.

Recall that if z ∈ H(q), then z ⊥ qH2 which implies that T ∗
q z = 0 and hence

qz ∈ H2.

Let y ∈ T ∗
φ(H(q))

⋂
H(q). Then y ∈ H(q) and there exists some x ∈ H(q) such

that y = T ∗
φx. Therefore, we see that

0 = T ∗
q y = T ∗

q T
∗
φx = TqTφx = T ∗

φqx

and hence φqx ∈ H2. Since x belongs to H(q), we have qx ∈ H2 and this implies

that qx ∈ kerHφ. It is easy to see that Hφ is an injective map, since φ is not of

bounded type (see Lemma 1.1). Thus, we get qx = 0 and therefore, x = 0. This

proves (2.1), because y = T ∗
φx = 0.

Since φ = qφ+ g, it follows that

Tφ(H(q)) ⊆ Tqφ(H(q)) + Tg(H(q)). (2.2)

Furthermore, observe that for any x ∈ H(q),

⟨Tgx, qH2⟩ = ⟨gx, qH2⟩ = ⟨x, qH2⟩ = 0,

since x ⊥ qH2 and g is bounded. Thus, Tg(H(q)) ⊆ H(q). Applying Lemma 2.2.1

and Equation (2.1) to Equation (2.2), we conclude that:

Tφ(H(q)) ⊆ Ran[T ∗
φ, Tφ] +H(q) ⊆ Ran[T ∗

φ, Tφ].

This completes the proof.

Having established the necessary background, we are now in a position to extend

the Nakazi-Takahashi Theorem to the case of scalar-valued Toeplitz operators with

finite rank self-commutator.

Theorem 2.2.3. Let Tφ be a subnormal Toeplitz operator and assume that φ =

qφ+g ∈ L∞(T), where q is a finite Blaschke product and g ∈ H∞. If gH2 ⊆ Ran Tφ,
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then Tφ is normal or analytic.

Proof. If either φ or φ is of bounded type, then by Abrahamse’s Theorem, the

subnormal Toeplitz operator Tφ is either normal or analytic. Therefore, we may

assume that φ is not of bounded type. It then follows from [4, Lemma 6] that φ is

also not of bounded type.

We begin by showing that

dimH(q) ≤ dimkerT ∗
φ.

Since q is a finite Blaschke product and by Theorem 2.1.1, we see that [T ∗
φ, Tφ] is

a finite rank operator. Moreover, Ran[T ∗
φ, Tφ] is invariant under T ∗

φ, because Tφ is

subnormal. By applying Lemma 2.2.2, we obtain

T ∗
φ

(
Ran[T ∗

φ, Tφ] +H(q)
)
⊆ Ran[T ∗

φ, Tφ]. (2.3)

Also, by [44, Lemma 6], we have Ran[T ∗
φ, Tφ]

⋂
H(q) = {0}. This implies that

dim
(
Ran[T ∗

φ, Tφ] +H(q)
)
= Rank[T ∗

φ, Tφ] + dim(H(q)). (2.4)

Now, by the Rank Theorem and Equation 2.3, we see that

dim
(
Ran[T ∗

φ, Tφ] +H(q)
)
= dim

(
kerT ∗

φ |(Ran[T ∗
φ,Tφ]+H(q))

)
+ dim

(
T ∗
φ

(
Ran[T ∗

φ, Tφ] +H(q)
))

≤ dim
(
kerT ∗

φ |(Ran[T ∗
φ,Tφ]+H(q))

)
+ Rank[T ∗

φ, Tφ].

Comparing with (2.4), we obtain

dim(H(q)) ≤ dim
(
kerT ∗

φ |(Ran[T ∗
φ,Tφ]+H(q))

)
≤ dimkerT ∗

φ. (2.5)

Next, we establish that

Tφ(kerT
∗
φ) ⊆ H(q). (2.6)

Since gH2 ⊆ RanTφ, it follows that
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kerT ∗
φ = kerTφ ⊆ H2 ⊖ gH2.

That is, x ⊥ gH2 whenever x ∈ kerT ∗
φ. Moreover, if x ∈ kerT ∗

φ, we see that

TqTφx = Tqφx = Tφx− Tgx = 0.

This implies that Tφx ⊥ qH2 for all x ∈ kerT ∗
φ. Hence, the conclusion (2.6) is

established.

Proceeding further, we show that H(q) ⊆ Ran Tφ. Recall that either Tφ or T ∗
φ

is injective by Coburn’s Theorem [42, Theorem 3.3.10]. Since Tφ is hyponormal, we

obtain that kerTφ is contained in kerT ∗
φ. These two facts together imply that Tφ is

injective. Thus, we have dimkerT ∗
φ ≤ dimH(q) by Equation (2.6). In conjunction

with (2.5), we get dimkerT ∗
φ = dimH(q) and Tφ(kerT

∗
φ) = H(q). Thus, we obtain

H(q) ⊆ RanTφ, as desired.

We now move on to show that

qnH(q) ⊆ RanTφ for all n = 0, 1, 2, . . . . (2.7)

Recall, qx ∈ H2 is equivalent to x ∈ qH2. Therefore, we have kerHq = qH2, which

implies that RanH∗
q = H(q). Since H(q) ⊆ RanTφ, it follows that

RanH∗
q ⊆ RanTφ.

We now use the identity

TφTq − TqTφ = H∗
qHφ

and the fact that Tφ(kerT
∗
φ) = H(q) to compute:

qH(q) = TqTφ(kerT
∗
φ) = (TφTq −H∗

qHφ)(kerT
∗
φ) ⊆ RanTφ. (2.8)

Since qH(q) ⊆ RanTφ, we obtain

q2H(q) ⊆ TqTφH
2 = (TφTq −H∗

qHφ)H
2 ⊆ RanTφ.

By proceeding inductively, we conclude that (2.7) holds.

We now proceed by considering two distinct cases, depending on whether q is
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constant or non-constant. If q is constant, then by Theorem 2.1.1, Rank[T ∗
φ, Tφ] = 0.

That is, Tφ is normal.

Now, assume that q is non-constant. We will show that this assumption leads to

a contradiction. First, we claim that

H2 =
∞⊕
n=0

qnH(q).

Observe that for each n = 0, 1, 2, . . . , we have

qnH(q) = (qnH2)⊖ (qn+1H2).

Then, by the Projection Theorem, it follows that

qnH2 = (qn+1H2)⊕ (qnH(q)) for all n = 0, 1, 2, . . . .

Repeated application of this decomposition yields:

H2 = qH2 ⊕H(q) = H(q)⊕ qH(q)⊕ q2H2 = · · · =
n⊕
j=0

qjH(q)⊕ qn+1H2.

Since this decomposition does not terminate in a finite number of steps, we have the

equality

H2 =
∞⊕
n=0

qnH(q).

Therefore by Equation (2.7), we have H2 ⊆ Ran Tφ and hence T ∗
φ is injective.

However, this contradicts the fact that

0 = dimkerT ∗
φ = dimH(q) ≥ 1,

since H(q) is nontrivial when q is non-constant. This completes the proof.

Remark 2.2.4. It is important to observe that if we set g = 0 in Theorem 2.2.3,

the result reduces to the classical Nakazi-Takahashi Theorem. In this case, the

given decomposition of φ reduces to φ = qφ, where q is a finite Blaschke product.

This special case corresponds precisely with the setting of the Nakazi–Takahashi

Theorem, thus establishing Theorem 2.2.3 as a natural extension of the classical
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result.

Remark 2.2.5. In the proof of Theorem 2.2.3, we do not use any properties of sub-

normal operators beyond the invariance of ker[T ∗
φ, Tφ] under Tφ. As a consequence,

we obtain the following result:

Suppose that Tφ is hyponormal and that ker[T ∗
φ, Tφ] is invariant under Tφ. Further,

assume that φ ∈ L∞ satisfies the representation φ = qφ + g, where q is a finite

Blaschke product, g ∈ H∞ and gH2 ⊆ Ran Tφ. Then Tφ is normal or analytic.

Remark 2.2.6. An operator T ∈ B(H) is called 2-hyponormal if Equation (1.1)

holds for k = 2. It was established by R. E. Curto and W. Y. Lee [21] that the kernel

of the self-commutator is invariant under any 2-hyponormal operator. Therefore,

Theorem 2.2.3 continues to hold if the subnormality condition on Tφ is replaced with

2-hyponormality.

The following example establishes that the condition gH2 ⊆ Ran Tϕ in Theorem

2.2.3 is not necessary.

Example 2.2.7. Consider the unilateral shift operator Tz. It is clear that Tz is

subnormal and that the self-commutator [T ∗
z , Tz] = T ∗

z Tz − TzT
∗
z is of finite rank.

Moreover, observe that

z = zz + z − 1

on the boundary T. Here, z − 1 belongs to (z − 1)H2, but doesn’t belongs to zH2.

Hence, the condition gH2 ⊆ Ran Tz fails in this case, even though the conclusions

of Theorem 2.2.3 still hold. This shows that the condition is not necessary.
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CHAPTER 3

HYPONORMAL BLOCK TOEPLITZ OP-

ERATORS WITH FINITE RANK SELF

COMMUTATOR

In this chapter, we introduce the problem of characterizing subnormal operators

with finite rank self-commutator in the setting of block Toeplitz operators, in con-

junction with Halmos’ Problem 5. The primary objective of this investigation is to

identify subnormal block Toeplitz operators whose self-commutator has finite rank.

Significant progress in the scalar case was made by T. Nakazi and K. Takahashi [44],

who characterized hyponormal Toeplitz operators with finite rank self-commutator

in terms of the Cowen set of the symbol (see Theorem 2.1.1). This naturally leads

to the question of whether similar characterizations extend to the framework of

block Toeplitz operators. Motivated by this question and building on a conjecture

proposed by R. E. Curto, I. S. Hwang and W. Y. Lee [22], this chapter aims to inves-

tigate the validity of analogous results for block Toeplitz operators. In addition, we

explore the underlying relationship between the Cowen set of the symbol and various

operator-theoretic properties associated with hyponormal block Toeplitz operators.
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We begin by examining certain properties of hyponormal block Toeplitz operators

whose symbols are trigonometric polynomials.

3.1 Block Toeplitz operators with trigonometric

polynomial symbol and hyponormality

Let Φ ∈ L∞(T,Mn). The function Φ is said to be normal, subnormal or hyponormal

if Φ(eiθ) is normal, subnormal or hyponormal, respectively, for almost every eiθ ∈ T.

A characterization of hyponormal block Toeplitz operators was given by C. Gu, J.

Hendricks and D. Rutherford [32], as stated below.

Hyponormality of block Toeplitz operators. [32, Theorem 3.3] For each Φ in

L∞(T,Mn), let

E(Φ) :=
{
K ∈ H∞(T,Mn) : ∥K∥∞ ≤ 1 and Φ−KΦ∗ ∈ H∞(T,Mn)

}
.

Then, the block Toeplitz operator TΦ is hyponormal if and only if Φ is normal and

E(Φ) is nonempty.

This characterization of hyponormality for block Toeplitz operators is analogous

to Cowen’s Theorem with the notable addition of a normality condition on the

symbol.

In the case of scalar-valued symbols, it has been observed that if the symbol

φ ∈ L∞ of a Toeplitz operator Tφ is a trigonometric polynomial, then the self-

commutator [T ∗
φ, Tφ] is of finite rank. To see this, let φ(eiθ) =

∑m
n=−k ane

inθ ∈ L∞

be a trigonometric polynomial, where k,m ∈ W. Recall that for φ, ψ ∈ L∞, the

identity

Tφψ − TφTψ = H∗
φHψ

holds. Using this, we obtain
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T ∗
φTφ = Tφφ −H∗

φHφ and TφT
∗
φ = Tφφ −H∗

φHφ,

which shows that

[T ∗
φ, Tφ] = Tφφ − Tφφ +H∗

φHφ −H∗
φHφ = H∗

φHφ −H∗
φHφ.

Since φ is a trigonometric polynomial, the Hankel operators H∗
φ, Hφ, H

∗
φ, Hφ are all

of finite rank. Consequently, the self-commutator [T ∗
φ, Tφ] is a finite rank operator.

However, this result does not generally extend to the case of block Toeplitz op-

erators. To understand the limitations of such an extension, we begin by presenting

the following lemma, which plays a key role in the subsequent discussion.

Lemma 3.1.1. Let Φ ∈ L∞(T,Mn) be such that TΦ is a hyponormal operator and

let K ∈ E(Φ). Then the self-commutator of TΦ satisfies

[T ∗
Φ, TΦ] = H∗

Φ∗(I − TK̃TK̃∗)HΦ∗ ,

where K̃(eiθ) = K∗(e−iθ).

Proof. Recall from Equation (1.9) that

TΦΨ − TΦTΨ = H∗
Φ∗HΨ for all Φ,Ψ ∈ L∞(T,Mn).

Using this identity, we observe the following:

T ∗
ΦTΦ = TΦ∗Φ −HΦ∗HΦ and TΦT

∗
Φ = TΦΦ∗ −H∗

Φ∗HΦ∗ .

This implies that

[T ∗
Φ, TΦ] = TΦ∗Φ−ΦΦ∗ +H∗

Φ∗HΦ∗ −HΦ∗HΦ.

Since TΦ is hyponormal, it follows that Φ is normal. Consequently, we obtain

[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
ΦHΦ.

Given K ∈ E(Φ), then there exists G ∈ H∞(T,Mn) such that

Φ = KΦ∗ +G.

Thus, we see that HΦ = HKΦ∗+G = HKΦ∗ and hence H∗
Φ = H∗

KΦ∗ . Therefore, the

self-commutator of TΦ becomes
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[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
KΦ∗HKΦ∗ .

From Equation (1.7), it follows that

HKΦ∗ = T ∗
K̃
HΦ∗ and H∗

KΦ∗ = (T ∗
K̃
HΦ∗)∗ = H∗

Φ∗TK̃ .

By the above identities, we obtain

[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
KΦ∗HKΦ∗

= H∗
Φ∗HΦ∗ −H∗

Φ∗TK̃T
∗
K̃
HΦ∗

= H∗
Φ∗(I − TK̃T

∗
K̃
)HΦ∗ .

This completes the proof.

Now, consider the matrix-valued trigonometric polynomial symbol

Φ(eiθ) :=

eiθ 1

0 e−iθ

 ∈ L∞(T,M2).

In this case, the self-commutator [T ∗
Φ, TΦ] of the block Toeplitz operator TΦ is infinite

dimensional. To illustrate this, observe the following calculation:

[T ∗
Φ, TΦ] =

Te−iθ 0

I Teiθ


Teiθ I

0 Te−iθ

−

Teiθ I

0 Te−iθ


Te−iθ 0

I Teiθ



=

−TeiθTe−iθ Te−iθ − Teiθ

Teiθ − Te−iθ TeiθTe−iθ

 .
Therefore, the range of [T ∗

Φ, TΦ] is infinite dimensional.

In general, the following identity holds for a trigonometric polynomial symbol

Φ ∈ L∞(T,Mn) :

[T ∗
Φ, TΦ] = TΦ∗Φ−ΦΦ∗ +H∗

Φ∗HΦ∗ −H∗
ΦHΦ.

Hence, for a normal matrix-valued symbol Φ, we obtain
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[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
ΦHΦ.

Since the Hankel operators H∗
Φ∗ , HΦ∗ , H∗

Φ, HΦ are of finite rank, it follows that for

a normal matrix-valued trigonometric polynomial Φ, the self-commutator [T ∗
Φ, TΦ]

is a finite rank operator. In particular, if TΦ is hyponormal, then [T ∗
Φ, TΦ] is a

positive semi-definite finite rank operator. This observation motivates a detailed

examination of hyponormal block Toeplitz operators with trigonometric polynomial

symbols.

Building on the work of C. Gu, J. Hendricks and D. Rutherford [32], who exam-

ined hyponormal block Toeplitz operators with matrix-valued trigonometric polyno-

mial symbols and analyzed their structural properties, we further investigate such

operators by extending the analytical techniques developed by R. E. Curto and W.

Y. Lee [20].

Theorem 3.1.2. For m,N ∈ W, suppose that Φ ∈ L∞(T,Mn) is a trigonometric

polynomial of the form Φ(eiθ) =
∑N

j=−mAje
ijθIn, with AN is invertible. Then, the

hyponormality of TΦ is independent of the matrices A0, A1, . . . AN−m.

Proof. Since TΦ is hyponormal, it follows from [32, Corollary 5.2] that m ≤ N .

Moreover, there exists a function K ∈ H∞(T,Mn) with ∥K∥∞ ≤ 1 such that

Φ−KΦ∗ ∈ H∞(T,Mn).

Consequently, we obtain

(KΦ∗
+ − Φ∗

−)(e
iθ) = K

N∑
j=1

A∗
je

−ijθIn −
m∑
j=1

A−je
−ijθIn ∈ H∞(T,Mn).

Let K(eiθ) =
∑∞

j=0Kje
ijθIn. Then, we get

K0 = K1 = · · · = KN−m−1 = 0In and KN−m = A−m(A
∗
N)

−1.

Moreover, for n = N −m+ 1, N −m+ 2, . . . , N − 1, we have
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Kn =

(
A−N+n −

n−1∑
j=N−m

KjA
∗
N−n+j

)
(A∗

N)
−1.

To see this, observe that

Kje
ijθIn · A∗

Ne
−iNθIn = KjA

∗
Ne

i(j−N)θIn.

If j < N−m, then Kj must be zero; otherwise, the term KjA
∗
Ne

i(j−N)θIn will appear

in the expansion of (KΦ∗
+−Φ∗

−), which contradicts its analyticity. In the case where

j = N −m, we observe that

(KN−mA
∗
N − A−m)e

−imθIn = 0 if and only if KN−m = A−m(A
∗
N)

−1.

For j > N −m, we obtain the recurrence relation

KjA
∗
N +

j−1∑
i=N−m

KiA
∗
N−j+i − A−N+j = 0.

This relation is obtained by equating the corresponding Fourier coefficients in the

expansion of (KΦ∗
+ − Φ∗

−).

Since N − n + j > N − m for n = N − m + 1, N − m + 2, . . . , N − 1 and

N −m ≤ j ≤ n− 1, the recurrence is well-defined and the proof is complete.

Theorem 3.1.3. Suppose that Φ = F ∗+G =
∑N

j=−mAje
ijθIn ∈ L∞(T,Mn), where

F and G are analytic polynomials of degree m and N , respectively and the leading

coefficient AN is invertible. Now, define Ψ = F ∗ + P(e−irθInG), where r ≤ N −m

and P(A) denotes the analytic part of the matrix-valued function A ∈ L∞(T,Mn).

Then, TΨ is hyponormal if and only if TΦ is hyponormal.

Proof. Let G0(e
iθ) =

∑N
j=r Aje

ijθ and define Φ0 := F ∗ +G0. Consider the function

H(eiθ) = P(e−irθInG(eiθ)). Then, H(eiθ) = e−irθInG0(e
iθ) and Ψ = F ∗ + H. By

Theorem 3.1.2, TΦ is hyponormal if and only if TΦ0 is hyponormal.

Let us first assume that the operator TΦ is hyponormal. Since TΦ0 is also hy-
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ponormal, there exists K ∈ H∞(T,Mn) such that

Φ0 −KΦ∗
0 ∈ H∞(T,Mn).

Equivalently, this condition can be expressed as

Φ0
∗
− −KΦ0

∗
+ = F ∗ −KG∗

0 ∈ H∞(T,Mn).

Furthermore, by Theorem 3.1.2, the function K admits a Fourier expansion of the

form

K(eiθ) =
∞∑

j=N−m

Cje
ijθIn.

Since G∗
0(e

iθ) = e−irθInH
∗(eiθ), it follows that

F ∗ −Ke−irθInH
∗ ∈ H∞(T,Mn).

Under the assumption r ≤ N −m, we define K ′ := e−irθInK. Then, K
′ belongs to

H∞(T,Mn) and we see that

∥K ′∥∞ = ∥Ke−irθIn∥∞ ≤ ∥K∥∞ ≤ 1.

Hence,

F ∗ −K ′H∗ = Ψ∗
− −K ′Ψ∗

+ ∈ H∞(T,Mn),

which implies that

Ψ−K ′Ψ∗ ∈ H∞(T,Mn).

Therefore, TΨ is hyponormal.

Conversely, assume that TΨ is hyponormal. Then, there exists a matrix-valued

function K ′ ∈ H∞(T,Mn) with ∥K ′∥∞ ≤ 1 such that

Ψ−K ′Ψ∗ ∈ H∞(T,Mn).

Equivalently, since Ψ− = F and Ψ+ = H, it follows that
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Ψ∗
− −K ′Ψ∗

+ = F ∗ −K ′H∗ ∈ H∞(T,Mn). (3.1)

Now, we define K = K ′eirθIn. Clearly, K ∈ H∞(T,Mn). Moreover, ∥eirθ∥∞ ≤ 1

implies that ∥K∥∞ ≤ 1. From Equation (3.1), it follows that

F ∗ −Ke−irθInH
∗ ∈ H∞(T,Mn).

Since G∗
0 = e−irθInH

∗, we immediately obtain F ∗ − KG∗
0 ∈ H∞(T,Mn). The rep-

resentation Φ0 = F ∗ + G0 implies that Φ0
∗
− − KΦ0

∗
+ ∈ H∞(T,Mn). Equivalently,

Φ0 −KΦ∗
0 ∈ H∞(T,Mn).

Hence TΦ0 is hyponormal and therefore, TΦ is hyponormal.

3.2 Hyponormality of block Toeplitz operators with

finite rank self commutator

In this section, we identify certain hyponormal block Toeplitz operators with finite

rank self-commutator by analyzing the Cowen set of the symbol. T. Nakazi and

K. Takahashi [44] proved that if the set E(φ) contains at least two elements for

some φ ∈ L∞(T), then φ must be of bounded type. However, this result does not

extend to the matrix-valued case, where Φ ∈ L∞(T,Mn). For example, consider the

matrix-valued function

Φ(eiθ) :=

(f + f)(eiθ) 0

0 eiθ

 ∈ L∞(T,M2),

where f is not of bounded type. Since

Φ(eiθ) =

1 0

0 eiθ


(f + f)(eiθ) 0

0 e−iθ

+

0 0

0 eiθ − 1


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and

Φ(eiθ) =

1 0

0 ei2θ


(f + f)(eiθ) 0

0 e−iθ

 ,
it follows that

B(eiθ) =

1 0

0 eiθ

 and B0(e
iθ) =

1 0

0 ei2θ


are elements of E(Φ). Nevertheless, Φ is not of bounded type.

We now turn our attention to the following Conjecture 3.2.1 formulated by R. E.

Curto, I. S. Hwang and W. Y. Lee [22], which plays a significant role in the study

of hyponormal block Toeplitz operators with finite rank self-commutator.

Conjecture 3.2.1. [22, Conjecture 6.1] If Φ ∈ L∞(T,Mn) is such that TΦ is a hy-

ponormal operator whose self-commutator [T ∗
Φ, TΦ] is of finite rank, then there exists

a finite Blaschke-Potapov product B ∈ E(Φ) such that Rank [T ∗
Φ, TΦ] = deg (detB).

We now present a sufficient condition under which a hyponormal block Toeplitz

operator has a finite rank self-commutator. The following theorem asserts that if the

Cowen set E(Φ) contains a finite Blaschke-Potapov product B for a normal symbol

Φ, then the associated hyponormal block Toeplitz operator TΦ has a finite rank

self-commutator.

Theorem 3.2.2. If the block Toeplitz operator TΦ is hyponormal and the Cowen

set E(Φ) contains a finite Blaschke-Potapov product Q, then the self-commutator

[T ∗
Φ, TΦ] is a finite rank operator.

Proof. By Lemma 3.1.1, we have [T ∗
Φ, TΦ] = H∗

Φ∗(I − TQ̃T
∗
Q̃
)HΦ∗ . To analyze the

range of the operator I − TQ̃T
∗
Q̃
, consider the following computation:
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〈
(I − TQ̃T

∗
Q̃
)x, Q̃H2

〉
= ⟨x, Q̃H2⟩ − ⟨TQ̃T

∗
Q̃
x, Q̃H2⟩

= ⟨x, Q̃H2⟩ − ⟨x, Q̃H2⟩

= 0.

This implies that Ran(I − TQ̃T
∗
Q̃
) ⊆ H(Q̃). Since Q is a finite Blaschke-Potapov

product, it follows that Q̃ is also a finite Blaschke-Potapov product. Therefore, by

[22, Lemma 2.4], we obtain

Rank [T ∗
Φ, TΦ] ≤ Rank (I − TQ̃T

∗
Q̃
) ≤ dimH(Q̃) <∞.

This completes the proof.

We begin our investigation of Conjecture 3.2.1 by verifying its validity in the

special case of normal block Toeplitz operators. We recall a core result by C. Gu, J.

Hendricks and D. Rutherford [32] that characterizes normal block Toeplitz operators.

Lemma 3.2.3. [32, Theorem 4.3] Let G = G+′ +G0 +G∗
− ∈ L∞(T,Mn), where G0

is a constant matrix and G+′ = G+ − G0. Suppose that detG+′ is not identically

zero. Then TG is normal if and only if the following two conditions are satisfied:

(i) G∗G = GG∗ almost everywhere on T and

(ii) there exists a constant unitary matrix U ∈Mn such that G+′ = G−U .

Next, we observe that if the Cowen set E(Φ) contains a constant unitary matrix

U , then the block Toeplitz operator TΦ is normal. Our approach follows a modifi-

cation of the techniques developed by M. Abhinand, R. E. Curto, I. S. Hwang, W.

Y. Lee and T. Prasad [1].

Theorem 3.2.4. If Φ ∈ L∞(T,Mn) and E(Φ) contains a constant unitary matrix

U , then the block Toeplitz operator TΦ is normal.

Proof. Suppose that U ∈ E(Φ) is a constant unitary matrix, i.e., U∗U = UU∗ = In.

Then, it follows that
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[T ∗
Φ, TΦ] = H∗

Φ∗(I − TŨTŨ∗)HΦ∗ = 0.

This establishes the normality of TΦ and thus completes the proof.

The following theorem addresses the converse direction of Theorem 3.2.4 by

providing conditions under which the normality of the block Toeplitz operator TΦ

implies the existence of a constant unitary matrix in E(Φ).

Theorem 3.2.5. Let Φ = Φ+′ + Φ0 + Φ∗
− ∈ L∞(T,Mn) be such that detΦ+′ is

not identically zero. If TΦ is normal, then E(Φ) contains a constant unitary matrix

U ∈Mn.

Proof. Recall that every normal operator is hyponormal. Therefore, the normality

of TΦ ensures that it is hyponormal. This, in turn, guarantees the existence of a

function K ∈ H∞(T,Mn) with ∥K∥∞ ≤ 1 such that

Φ−KΦ∗ ∈ H∞(T,Mn).

Equivalently, this condition holds if and only if

Φ∗
− −KΦ∗

+ ∈ H∞(T,Mn).

By applying Lemma 3.2.3, we conclude that the normality of TΦ implies two condi-

tions:

Φ∗Φ = ΦΦ∗ and Φ+′ = Φ−U

for some constant unitary matrix U ∈Mn. To verify that U ∈ E(Φ), observe that

Φ∗
− − UΦ∗

+ = Φ∗
− − U(Φ+′

∗ + Φ∗
0)

= Φ∗
− − U(U∗Φ∗

− + Φ∗
0)

= −UΦ∗
0,

where the last equality holds because U is unitary. Hence, Φ∗
− − UΦ∗

+ belongs to

H∞(T,Mn), which completes the proof.
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The following example reveals an important feature of the Cowen set E(Φ).

Specifically, it illustrates that the set E(Φ) can contain a constant unitary matrix

even in the case when the block Toeplitz operator TΦ is normal but the determinant

of Φ+′ vanishes identically. This example highlights that the assumption detΦ+′ = 0

in the previous result is sufficient, but not necessary.

Example 3.2.6. Consider the function

Φ(eiθ) :=

eiθ + e−iθ eiθ + e−iθ

eiθ + e−iθ eiθ + e−iθ

 ∈ L∞(T,M2).

The associated block Toeplitz operator is given by

TΦ =

Teiθ+e−iθ Teiθ+e−iθ

Teiθ+e−iθ Teiθ+e−iθ

 .
Note that TΦ is self-adjoint and hence normal. Observe that the symbol Φ satis-

fies the relation Φ = I2Φ
∗, where I2 is the 2 × 2 identity matrix. Consequently,

the constant unitary matrix U = I2 belongs to E(Φ). However, a straightforward

computation shows that

Φ+′ =

eiθ eiθ

eiθ eiθ

 and hence detΦ+′ ≡ 0.

Now, we give a partial answer to Conjecture 3.2.1.

Theorem 3.2.7. Let Φ ∈ L∞(T,Mn) be such that each row of Φ∗ contains at least

one scalar-valued function that is not of bounded type. If TΦ is hyponormal and has a

self-commutator of finite rank, then the set E(Φ) contains a finite Blaschke-Potapov

product.

Proof. Assume that each row of Φ∗ contains at least one scalar-valued function that
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is not of bounded type. Under this condition, it follows that the Hankel operator

HΦ∗ has dense range. Consequently, the adjoint operatorH∗
Φ∗ is injective. Therefore,

by Lemma 3.1.1, we obtain the identity

Rank[T ∗
Φ, TΦ] = Rank(I − TK̃TK̃∗),

for some K ∈ E(Φ). Since the commutator [T ∗
Φ, TΦ] is assumed to be of finite rank,

it follows that the operator I − TK̃TK̃∗ is also of finite rank. This implies that K̃

must be a finite Blaschke-Potapov product and hence so is K. This completes the

proof.

The following example demonstrates that the Cowen set E(Φ) can contain a finite

Blaschke-Potapov product even in the presence of a row in Φ∗ consisting entirely of

scalar-valued functions that are of bounded type. This shows that the assumption

on the presence of non-bounded type functions in each row of Φ∗ is not necessary

for E(Φ) to include a finite Blaschke-Potapov product.

Example 3.2.8. Consider the matrix-valued function

Φ(eiθ) :=

(f + f)(eiθ) 0

0 eiθ

 ∈ L∞(T,M2),

where f ∈ H2. In this case, the block Toeplitz operator TΦ is hyponormal and the

self-commutator is given by

[T ∗
Φ, TΦ] =

0 0

0 [T ∗
eiθ
, Teiθ ]

 .
Since [T ∗

eiθ
, Teiθ ] has rank one, it follows that the self-commutator [T ∗

Φ, TΦ] is a finite

rank operator . However, note that the second row of Φ does not contain a scalar-

valued function that fails to be of bounded type. Despite this, the matrix-valued
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function

B(eiθ) =

1 0

0 eiθ

 ∈ E(Φ).

Although a complete characterization of subnormal block Toeplitz operators with

finite rank self-commutator remains elusive, we have successfully identified a signif-

icant class of such operators. The unresolved components of this conjecture are

posed as problems in the final recommendations, presented as refined versions of

the original conjecture. Answers to these problems would contribute significantly

toward a complete characterization of block Toeplitz operators with finite rank self-

commutator. In light of this, we devote the next chapter to the study of Problem

2.1.2 in the setting of block Toeplitz operators.
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CHAPTER 4

SUBNORMAL BLOCK TOEPLITZ OP-

ERATORS

4.1 Introduction

The study of subnormal operators with finite rank self-commutator has gained sig-

nificant attention from many researchers. In 2006, under certain assumptions on

the normal extensions of operators, D. V. Yakubovich [57] developed an insightful

characterization of subnormal operators with finite rank self-commutator.

Yakubovich’s Theorem. [19, 57] Let T ∈ B(H) be a pure subnormal operator

with finite rank self-commutator and no point masses (i.e., T has a normal extension

N that has no nonzero eigenvectors). Then, T is unitarily equivalent to an analytic

block Toeplitz operator TΦ with rational symbol Φ.

Yakubovich’s Theorem served as a motivation for exploring the subnormality of

block Toeplitz operators. C. Gu, J. Hendricks and D. Rutherford [32] characterized

the hyponormality of block Toeplitz operators, as discussed in Chapter 3, while R.

E. Curto, I. S. Hwang and W. Y. Lee [23] developed a matrix-valued extension of

Abrahamse’s Theorem.
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Abrahamse’s Theorem for matrix-valued symbols. [23, Theorem 3.5] Suppose

Φ = Φ+ + Φ∗
− ∈ L∞(T,Mn) is such that Φ and Φ∗ are of bounded type of the form

Φ+ = A∗Θ0Θ2 and Φ− = B∗Θ2, where Θi = θiIn with an inner function θi(i = 0, 2)

and A,B ∈ H2(T,Mn). Assume that A,B and Θ2 are left coprime. If

(i) TΦ is hyponormal and

(ii) ker [T ∗
Φ, TΦ] is invariant under TΦ,

then TΦ is normal or analytic. In particular, if TΦ is subnormal then it is normal or

analytic.

In the scalar-valued case, every analytic Toeplitz operator is subnormal. How-

ever, this property does not generally extend to the case of block Toeplitz operators.

For instance, consider the analytic matrix-valued symbol

Φ =

0 1

0 0

 ∈ H∞(T,M2).

The self-commutator of the corresponding block Toeplitz operator TΦ is given by

[T ∗
Φ, TΦ] = T ∗

ΦTΦ − TΦT
∗
Φ =

−I 0

0 I

 ,
where I denotes the identity operator on H2. Now observe that

〈
[T ∗

Φ, TΦ]

1
0

 ,
1
0

〉 =

〈−I 0

0 I


1
0

 ,
1
0

〉 = −1.

Since the self-commutator is not positive semi-definite, TΦ is not hyponormal and

hence not subnormal.

However, it is evident that any analytic block Toeplitz operator with a normal
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symbol Φ is subnormal, as the associated multiplication operator MΦ serves as a

normal extension of TΦ. Furthermore, C. Gu, J. Hendricks and D. Rutherford [32,

Corollary 3.4] proved that an analytic block Toeplitz operator TΦ is hyponormal

if and only if Φ(eiθ) is normal for almost every eiθ ∈ T. Consequently, if TΦ is

subnormal, then Φ(eiθ) must be normal for almost every eiθ ∈ T.

In this chapter, we discuss under what conditions a subnormal block Toeplitz op-

erator with finite rank self-commutator can be classified as either normal or analytic,

by developing the ideas of T. Nakazi and K. Takahashi [44].

4.2 Nakazi-Takahashi Theorem for matrix-valued

symbols

From this point onward, we focus on the study of subnormality in the context of block

Toeplitz operators with finite rank self-commutator. A significant open question in

this area was posed by R. E. Curto, I. S. Hwang and W. Y. Lee [22], who formulated

Problem 4.2.1. This problem investigates whether the Nakazi-Takahashi Theorem,

originally established for scalar-valued Toeplitz operators, extends to the framework

of block Toeplitz operators.

Our analysis reveals that, in general, the answer to Problem 4.2.1 is negative,

as evidenced by Example 4.2.2. However, by considering specific subclasses of block

Toeplitz operators, we obtain affirmative results under certain conditions. These

findings are formally presented in Theorem 4.2.3 and Theorem 4.2.10, where we de-

rive sufficient criteria ensuring the validity of the Nakazi-Takahashi Theorem within

these restricted settings. The subsequent discussion presents a detailed examination

of these results along with the mathematical techniques and insights that support

our conclusions.
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Problem 4.2.1. [22, Problem 6.2] If Φ ∈ L∞(T,Mn) is such that TΦ is subnormal

and Φ = QΦ∗, where Q is a finite Blaschke-Potapov product, does it follow that TΦ

is normal or analytic?

We are now in a position to provide a negative answer to Problem 4.2.1. In par-

ticular, we construct a counterexample that reveals the invalidity of the anticipated

conclusion. A careful examination of Example 4.2.2 establishes that the assumptions

of Problem 4.2.1 do not necessarily lead to the expected outcome.

Example 4.2.2. Let

Φ(eiθ) :=

eiθ + e−iθ 0

0 eiθ

 ∈ L∞(T,M2).

We observe thateiθ + e−iθ 0

0 eiθ

 =

1 0

0 ei2θ


eiθ + e−iθ 0

0 e−iθ

 , (4.1)

which implies Φ(eiθ) = Q(eiθ)Φ∗(eiθ), where Φ∗(eiθ) = Φ(eiθ)∗ and

Q(eiθ) =

1 0

0 ei2θ

 .
Since Q is a rational inner function, it must be a finite-Blaschke Potapov product.

Furthermore, the corresponding block Toeplitz operator is given by

TΦ =

Teiθ+e−iθ 0

0 Teiθ

 ,
which is the direct sum of a self-adjoint Toeplitz operator Teiθ+e−iθ and an analytic
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Toeplitz operator Teiθ . Consequently, TΦ is subnormal. However, since Φ is not

analytic and Teiθ is not normal, we conclude that TΦ is neither normal nor analytic.

Now, we examine the approach used to analyze Problem 4.2.1 and establish affir-

mative results. By investigating the structural properties of the symbol, we identify

specific conditions that ensure the validity of the expected outcome. The following

discussion provides a detailed account of the techniques used in our analysis, leading

to the affirmative answers presented in Theorem 4.2.3 and Theorem 4.2.10.

Let Φ ∈ L∞(T,Mn) be such that Φ = QΦ∗, where Q is a finite Blaschke-Potapov

product. There are three cases to consider:

Case 1: Φ∗ is of bounded type of the form

Φ− = B∗Θ (where B ∈ H2(T,Mn), Θ = θIn for θ an inner function),

where B and Θ are left coprime.

In this case, we obtain an affirmative result as presented below.

Theorem 4.2.3. Suppose Φ = Φ+ + Φ∗
− ∈ L∞(T,Mn) is such that both Φ and

Φ∗ are of bounded type of the form Φ− = B∗Θ2, where Θ2 = θ2In with an inner

function θ2 and B ∈ H2(T,Mn). Moreover, assume that B and Θ2 are left coprime.

If

(i) TΦ is hyponormal and

(ii) ker [T ∗
Φ, TΦ] is invariant under TΦ,

then TΦ is normal or analytic. In particular, if TΦ is subnormal, then it is either

normal or analytic.

Before presenting the proof of Theorem 4.2.3, we discuss a series of intermediate

results that play a crucial role in establishing the main argument. These results

offer valuable insights into the structure and behavior of the operators involved.

Beurling-Lax Theorem [8, 34, 40]. A nonzero closed subspace M of H2(T,Cn) is
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invariant under the shift operator S on H2(T,Cn) if and only if M = ΘH2(T,Cm),

where Θ is an inner matrix function in H∞(T,Mn×m) (m ≤ n). Moreover, the func-

tion Θ is unique up to a unitary constant right factor. That is, if M = ∆H2(T,Cr)

for another inner function ∆ ∈ H∞(T,Mn×r), thenm = r and there exists a constant

unitary matrix W ∈Mm×m such that Θ = ∆W.

Lemma 4.2.4. [23, Lemma 3.2] Let Φ = Φ∗
−+Φ+ ∈ L∞(T,Mn) be such that both Φ

and Φ∗ are of bounded type. Suppose Φ+ and Φ− admit right coprime factorizations

of the form

Φ+ = ∆1A
∗
r, Φ− = ∆2B

∗
r ,

where ∆1,∆2 ∈ H∞(T,Mn) are inner matrix functions. If TΦ is hyponormal, then ∆2

is a left inner divisor of ∆1, that is, there exists an inner function ∆0 ∈ H∞(T,Mn)

such that ∆1 = ∆2∆0.

Lemma 4.2.5. [23, Lemma 3.3] Suppose that B ∈ H2(T,Mn) and Θ := θIn, where

θ is a finite Blaschke product. Let Z(θ) denote the set of zeros of the function θ.

Then the following statements are equivalent:

(a) B(α) is invertible for each α ∈ Z(θ);

(b) B and Θ are right coprime;

(c) B and Θ are left coprime.

We are now ready for the proof of Theorem 4.2.3.

Proof of Theorem 4.2.3. Let Φ = [ϕij] = Φ∗
− + Φ+ ∈ L∞(T,Mn) and suppose

that Φ and Φ∗ are of bounded type. Assume further that the Toeplitz operator TΦ

is hyponormal and ker[T ∗
Φ, TΦ] is invariant under TΦ. Since Φ and Φ∗ are of bounded

type, it follows that each entry ϕij and its complex conjugate ϕij are of bounded

type for all i, j ∈ {1, 2, . . . n}. This implies that both ϕij− and ϕij+ are of bounded

type (see Lemma 1.1). Consequently, Φ∗
+ and Φ∗

− are also of bounded type. By
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Equation (1.12), we obtain the following representations:

Φ+ = Θ1A
∗ and Φ− = Θ2B

∗,

where Θi = θiIn with an inner function θi and A,B ∈ H2(T,Mn), for i = 1, 2.

In view of Equation (1.13), we write

Φ+ = A∗Θ0Θ2 and Φ− = B∗Θ2,

where Θi = θiIn for i = 0, 2 with each θi being an inner function. Furthermore,

according to Abrahamse’s Theorem for matrix-valued symbols, it suffices to prove

that if B and Θ2 are left coprime, then A and Θ2 are also left coprime.

By Lemma 4.2.5, the notions of left coprimeness and right coprimeness coincide

for matrix-valued functions A ∈ H2(T,Mn) and Θ2 = θ2In, where θ2 is an inner

function. In light of Lemma 4.2.4, we can express

Φ+ = A∗Θ0Θ2 = Θ2∆1A
∗
r and Φ− = Θ2B

∗,

where ∆1 ∈ H∞(T,Mn) is an inner function and Ar ∈ H2(T,Mn). Furthermore, the

functions Ar and Θ2∆1 are right coprime.

First of all, a careful analysis of STEP 1 in the proof of [23, Theorem 3.5] reveals

that

Θ0H
2(T,Cn) ⊆ ker[T ∗

Φ, TΦ]. (4.2)

(It is important to note that the assumption that “A and Θ2 are left coprime” was

not used in establishing (4.2) within this part of the proof.)

We begin by showing that

Θ0 and Θ2 are coprime. (4.3)

To see this, assume for the sake of contradiction that Θ0 and Θ2 are not coprime.

Then there exists a non-constant inner function Ω1 such that

Θ0 = Ω1Θ
′
0 and Θ2 = Ω1Θ

′
2. (4.4)

Suppose further that there exists an inner function ω such that Ω = ωIn satisfying
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Equation (4.4). Then, using (4.4) and Θ′
i = ω θiIn for i = 0, 2, we obtain

Θ2Θ
′
0 = ΩΘ′

2Θ
′
0 = ΩΘ′

0Θ
′
2 = Θ0Θ

′
2,

since Θ′
0Θ

′
2 = Θ′

2Θ
′
0. It then follows from Equation (4.2) that

Θ2Θ
′
0H

2(T,Cn) = Θ0Θ
′
2H

2(T,Cn) ⊆ Θ0H
2(T,Cn) ⊆ ker[T ∗

Φ, TΦ]. (4.5)

We now recall that the hyponormality of TΦ implies that the symbol Φ is normal.

Consequently, the self-commutator of TΦ can be written as

[T ∗
Φ, TΦ] = H∗

Φ∗HΦ∗ −H∗
ΦHΦ = H∗

Φ∗
+
HΦ∗

+
−H∗

Φ∗
−
HΦ∗

−
. (4.6)

Moreover, since Φ+ = A∗Θ0Θ2 and Φ− = Θ2B
∗, we obtain

[T ∗
Φ, TΦ] = H∗

AΘ∗
2Θ

∗
0
HAΘ∗

2Θ
∗
0
−H∗

BΘ∗
2
HBΘ∗

2
. (4.7)

From Equation (4.5), it follows that

[T ∗
Φ, TΦ]Θ2Θ

′
0H

2(T,Cn) = {0},

which in turn implies(
H∗
AΘ∗

2Θ
∗
0
HAΘ∗

2Θ
∗
0
−H∗

BΘ∗
2
HBΘ∗

2

)
Θ2Θ

′
0H

2(T,Cn) = {0}.

Since

HBΘ∗
2
Θ2Θ

′
0H

2(T,Cn) = {0},

we conclude that

HAΘ∗
2Θ

∗
0
(Θ2Θ

′
0H

2(T,Cn)) = {0}.

Now, using the identity Θ0 = ΩΘ′
0, we obtain

AΘ∗
2Θ

∗
0Θ2Θ

′
0 = AΩ∗Θ′

0
∗
Θ′

0 = AΩ∗.

Hence,

{0} = HAΘ∗
2Θ

∗
0

(
Θ2Θ

′
0H

2(T,Cn)
)
= HAΩ∗H2

(
T,Cn

)
.

This implies that G = AΩ∗ ∈ H2(T,Mn). Replacing Ω′ with Ω in Equation (4.4)

and applying the identity G = AΩ∗, we get
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Φ+ = Θ0Θ2A
∗ = Θ0Θ

′
2ΩA

∗ = Θ0Θ
′
2G

∗, (4.8)

which leads to a contradiction, since the representation Φ+ = Θ0Θ2A
∗ is assumed

to be in minimal form, as noted in (1.13).

To establish the claim in (4.3), it suffices to show the existence of a non-constant

inner function ω such that Ω = ωIn satisfying Equation (4.4). By the Beurling-Lax

Theorem, the subspace

M = Θ0H
2(T,Cn) ∨Θ2H

2(T,Cn)

is invariant under the shift operator S. Furthermore, we observe that

M = Θ0H
2(T,Cn) ∨Θ2H

2(T,Cn) =
n⊕
j=1

(θ0H
2 ∨ θ2H2) =

n⊕
j=1

ωH2.

This follows from the fact that each subspace θ0H
2 ∨ θ2H

2 is invariant under the

(scalar) right shift operator, where ω is a common inner divisor for both θ0 and θ2.

Since ΘiH
2(T,Cn) ⊆ M for i = 0, 2, it follows from [30, Corollary 2.2, Chapter IX]

that Ω = ωIn is a left inner divisor of each Θi (i = 0, 2). Furthermore, by applying

[30, Corollary 2.2, Chapter IX] to Equation (4.4), we obtain

M ⊆ Ω1H
2(T,Cn).

Since Ω1 is non-constant, the space Ω1H
2(T,Cn) is a proper subspace of H2(T,Cn),

which in turn implies ω is a non-constant inner function.

We next show that A and Θ2 are right coprime. To see this, let ∆′ be a common

right inner divisor of A and Θ2. Then we can write

A = A1∆
′ and Θ2 = ∆∆′, (4.9)

where ∆ ∈ H∞(T,Mn) is an inner function and A1 ∈ H2(T,Mn). It follows from

Equation (4.9) that

Φ+ = Θ0Θ2A
∗ = Θ0∆∆′∆′∗A∗

1 = Θ0∆A
∗
1 = ∆Θ0A

∗
1.

On the other hand, since
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Φ+ = Θ2∆1A
∗
r (where Θ2∆1 and Ar are right coprime),

we have kerHΦ∗
+
= Θ2∆1H

2(T,Cn) (see [22, Remark 2.2]). In addition, we observe

that

HΦ∗
+
∆Θ0f = JnP

⊥
n

(
A1Θ

∗
0∆

∗∆Θ0f
)
= JnP

⊥
n

(
A1f

)
= 0,

which shows that

∆Θ0H
2(T,Cn) ⊆ Θ2∆1H

2(T,Cn).

Hence, by [30, Corollary 2.2, Chapter IX], it follows that Θ2∆1 is a left inner divisor

of ∆Θ0. In particular, this implies that Θ2 is a left inner divisor of ∆Θ0.

We now claim

Θ2 is a left inner divisor of ∆. (4.10)

Since the intersection Θ0H
2(T,Cn) ∩ Θ2H

2(T,Cn) is an ivariant subspace for the

shift operator S, the Beurling-Lax Theorem implies that

Θ0H
2(T,Cn) ∩Θ2H

2(T,Cn) = ΩH2(T,Cn),

for some inner function Ω ∈ H∞(T,Mn).

We now show that ΩH2(T,Cn) = Θ0Θ2H
2(T,Cn). Observe that

Θ0Θ2H
2(T,Cn) ⊆ Θ0H

2(T,Cn) ∩Θ2H
2(T,Cn) = ΩH2(T,Cn),

which implies that Ω is a left inner divisor of Θ0Θ2. Furthermore, since

ΩH2(T,Cn) ⊆ Θ0H
2(T,Cn) and ΩH2(T,Cn) ⊆ Θ2H

2(T,Cn),

it follows that both Θ0 and Θ2 are left inner divisors of Ω. Therefore, there exists

inner functions Ω′,∆0,∆2 ∈ H2(T,Mn) such that

Θ0Θ2 = ΩΩ′ and Ω = Θ0∆0 = Θ2∆2.

From these identities, we obtain

Θ0Θ2 = ΩΩ′ = Θ0∆0Ω
′ and Θ0Θ2 = ΩΩ′ = Θ2∆2Ω

′,

which implies that
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Θ2 = ∆0Ω
′ and Θ0 = ∆2Ω

′.

Thus, Ω′ is a common right inner divisor for both Θ0 and Θ2. Since Θ0 and Θ2 are

coprime by Equation (4.3), it follows that Ω′ must be a constant unitary matrix.

Hence,

Θ0H
2(T,Cn) ∩Θ2H

2(T,Cn) = ΩH2(T,Cn) = Θ0Θ2H
2(T,Cn).

Since Θ2 is a left inner divisor of ∆Θ0, it follows that

∆Θ0H
2(T,Cn) ⊆ Θ2H

2(T,Cn).

Consequently, we have

∆Θ0H
2(T,Cn) = ∆Θ0H

2(T,Cn) ∩Θ2H
2(T,Cn)

⊆ Θ0H
2(T,Cn) ∩Θ2H

2(T,Cn)

= Θ0Θ2H
2(T,Cn),

which implies

∆H2(T,Cn) ⊆ Θ2H
2(T,Cn).

This proves that Θ2 is a left inner divisor for ∆. Hence, there exists an inner function

∆′′ such that ∆ = Θ2∆
′′. Combining with Equation (4.9), we obtain

Θ2 = ∆∆′ = Θ2∆
′′∆′.

This identity implies that both ∆′ and ∆′′ must be constant unitary matrices. There-

fore, A and Θ2 are right coprime. This completes the proof.

Having established the result for the first case, we now proceed to analyze the

second case.

Case 2: Φ∗ is of bounded type of the form

Φ− = B∗Θ (where B ∈ H2(T,Mn), Θ = θIn for θ an inner function),

where B and Θ are not left coprime.

In this case, we present a counterexample to demonstrate that the anticipated

47



CHAPTER 4. SUBNORMAL BLOCK TOEPLITZ OPERATORS

result does not hold. The following discussion provides a detailed analysis, high-

lighting the key factors that lead to this negative outcome.

Example 4.2.6. Let

Φ(eiθ) :=

eiθ + e−iθ 0

0 eiθ

 ∈ L∞(T,M2).

Then by Example 4.2.2, we have Φ = QΦ∗ and the block Toeplitz operator TΦ is

subnormal, but neither normal nor analytic.

We now show that Φ− = B∗Θ, where B ∈ H2(T,M2) and Θ = θI2 for some

inner function θ, and that B and Θ are not left coprime. Observe that

Φ−(e
iθ) =

eiθ 0

0 0

 =

e−iθ 0

0 0


ei2θ 0

0 ei2θ

 = B∗(eiθ)Θ(eiθ),

where

B(eiθ) =

eiθ 0

0 0

 and Θ(eiθ) =

ei2θ 0

0 ei2θ

 .
Since eiθ 0

0 0

 =

eiθ 0

0 eiθ


1 0

0 0

 and

ei2θ 0

0 ei2θ

 =

eiθ 0

0 eiθ


eiθ 0

0 eiθ

 ,
it follows that both B and Θ admit a common left inner divisor. This implies that

they are not left coprime.

Now we turn our attention to the third case.
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Case 3: Φ∗ is not of bounded type.

Similar to the first case, we establish a negative answer to Problem 4.2.1 through

the following example, which illustrates the failure of the anticipated conclusion

under the given assumptions.

Example 4.2.7. Let

Φ(eiθ) :=

(f + f)(eiθ) 0

0 eiθ

 ∈ L∞(T,M2),

where f ∈ L∞ is a function that is not of bounded type. Then Φ∗ is also not of

bounded type. Moreover, by following the same approach as in Example 4.2.2, we

find that the block Toeplitz operator TΦ is a subnormal operator but neither normal

nor analytic. In addition, we observe that

Φ(eiθ) =

(f + f)(eiθ) 0

0 eiθ



=

1 0

0 ei2θ


(f + f)(eiθ) 0

0 e−iθ


= Q(eiθ)Φ∗(eiθ),

where

Q(eiθ) =

1 0

0 ei2θ


is a finite Blaschke-Potapov product.

Nevertheless, in Case 3, we establish a sufficient condition that ensures an affir-

mative answer. This result is formally stated as Theorem 4.2.10. To proceed with
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the proof of Theorem 4.2.10, we first present a couple of auxiliary lemmas.

Lemma 4.2.8. Let Φ be a normal matrix-valued function in L∞(T,Mn) such that

Φ = ΘΦ∗+G, where Θ is an inner function and G ∈ H∞(T,Mn). Then the following

holds.

(i) H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)(H2(T,Cn)) = H∗

Φ∗(H(Θ̃))

(ii) H∗
Φ∗(H(Θ̃)) = TΦΘ∗(H(Θ))

(iii)
(
(I − TΘ̃T

∗
Θ̃
)HΦ∗

)∗
(I − TΘ̃T

∗
Θ̃
)HΦ∗ = H∗

Φ∗(I − TΘ̃T
∗
Θ̃
)HΦ∗ .

(iv) H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)(H2(T,Cn)) ⊆ (ker[T ∗

Φ, TΦ])
⊥ = Ran [T ∗

Φ, TΦ].

Proof. Since Φ = ΘΦ∗ + G, it follows that Θ ∈ E(Φ), implying that the set E(Φ)

contains an inner function. Moreover, by Equation (1.9), we observe that

I − TΘ̃T
∗
Θ̃
= T ∗

Θ̃
TΘ̃ − TΘ̃T

∗
Θ̃
= HΘ∗H∗

Θ∗ .

Since kerH∗
Θ∗ = kerHΘ̃∗ = Θ̃H2(T,Cn) and recalling that kerS∗S = kerS for any

S ∈ B(H), it follows that

ker(I − TΘ̃T
∗
Θ̃
) = kerHΘ∗H∗

Θ∗ = kerH∗
Θ∗ = Θ̃H2(T,Cn).

Furthermore, since I − TΘ̃T
∗
Θ̃
is self adjoint, we conclude that

Ran(I − TΘ̃T
∗
Θ̃
) = H(Θ̃).

Consequently, we obtain

H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)(H2(T,Cn)) = H∗

Φ∗(H(Θ̃)),

which completes the proof of (i).

Let f ∈ H∗
Φ∗(H(Θ̃)). Then there exists g ∈ H(Θ̃) such that f = H∗

Φ∗g. We

observe that

f = H∗
Φ∗g = HΦ̆g = JnP

⊥
n MΦ̆g = PnMΦJng.

Now, let g′ := Θ(Jng). Since g ∈ H(Θ̃), it follows that Θ̆g ⊥ H2(T,Cn). Therefore,
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g′ = Θ(Jng) = Jn(Θ̆g) ∈ H2(T,Cn) and Θ∗g′ = Jng ⊥ H2(T,Cn),

which implies that g′ ∈ H(Θ). Next, observe that

TΦΘ∗g′ = Pn(ΦΘ
∗Θ(Jng)) = Pn(Φ(Jng)) = PnMΦJng = f.

Hence, we conclude that

H∗
Φ∗(H(Θ̃)) ⊆ TΦΘ∗(H(Θ)).

Conversely, let f ∈ TΦΘ∗(H(Θ)), so that f = TΦΘ∗g for some g ∈ H(Θ). Let

g′ := Jn(Θ
∗g). Since g ⊥ ΘH2(T,Cn), it follows that Θ∗g ⊥ H2(T,Cn) and hence

g′ ∈ H2(T,Cn). Furthermore, we obtain

Θ̃∗g′ = Θ̆Jn(Θ
∗g) = Jng ⊥ H2(T,Cn),

which implies that g′ ∈ H(Θ̃). Now observe that

H∗
Φ∗g′ = H∗

Φ∗Jn(Θ
∗g) = JnP

⊥
n MΦ̆Jn(Θ

∗g).

Since JnJn = I, we have

PnMΦJnJn(Θ
∗g) = Pn(ΦΘ

∗g) = TΦΘ∗g

and therefore, H∗
Φ∗g′ = TΦΘ∗g = f. This shows that

TΦΘ∗(H(Θ)) ⊆ H∗
Φ∗(H(Θ̃)),

which proves (ii).

First, observe that

(I − TΘ̃T
∗
Θ̃
)(I − TΘ̃T

∗
Θ̃
) = I − TΘ̃T

∗
Θ̃
− TΘ̃T

∗
Θ̃
+ TΘ̃T

∗
Θ̃
TΘ̃T

∗
Θ̃

= I − 2TΘ̃T
∗
Θ̃
+ TΘ̃T

∗
Θ̃

= I − TΘ̃T
∗
Θ̃
.

That is, I − TΘ̃T
∗
Θ̃
is an idempotent operator. Therefore, we compute(

(I − TΘ̃T
∗
Θ̃
)HΦ∗

)∗
(I − TΘ̃T

∗
Θ̃
)HΦ∗ = H∗

Φ∗(I − TΘ̃T
∗
Θ̃
)HΦ∗ ,

which establishes the validity of (iii).
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Let f ∈ H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)(H2(T,Cn)) and g ∈ ker[T ∗

Φ, TΦ]. Then

f = H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)h

for some h ∈ H2(T,Cn). From (iii), it follows that

ker[T ∗
Φ, TΦ] = kerH∗

Φ∗(I − TΘ̃T
∗
Θ̃
)HΦ∗ = ker(I − TΘ̃T

∗
Θ̃
)HΦ∗ .

Therefore, we compute

⟨f, g⟩ = ⟨H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)h, g⟩ = ⟨h, (I − TΘ̃T

∗
Θ̃
)HΦ∗g⟩ = 0.

Thus, f ∈ (ker[T ∗
Φ, TΦ])

⊥. Recall that for any bounded self-adjoint operator A on a

Hilbert space H, we have

kerA = (RanA)⊥ and (kerA)⊥ = RanA.

Consequently,

H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)(H2(T,Cn)) ⊆ (ker[T ∗

Φ, TΦ])
⊥ = Ran [T ∗

Φ, TΦ],

which establishes (iv).

As a direct consequence of Lemma 4.2.8, we obtain the following result.

Lemma 4.2.9. Let Φ be a normal matrix-valued function in L∞(T,Mn). If there

is an inner function Θ in E(Φ), then the closure of Ran [T ∗
Φ, TΦ] equals the closure

of TΦΘ∗(H(Θ)).

Proof. By combining parts (i) and (ii) of Lemma 4.2.8, we obtain

H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)
(
H2(T,Cn)

)
= TΦΘ∗(H(Θ)).

Now by applying Lemma 3.1.1, it follows that

Ran [T ∗
Φ, TΦ] = H∗

Φ∗(I − TΘ̃T
∗
Θ̃
)HΦ∗

(
H2(T,Cn)

)
⊆ H∗

Φ∗(I − TΘ̃T
∗
Θ̃
)
(
H2(T,Cn)

)
= TΦΘ∗(H(Θ)).

It then follows from part (iv) of Lemma 4.2.8 that
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TΦΘ∗(H(Θ)) = H∗
Φ∗(I − TΘ̃T

∗
Θ̃
)
(
H2(T,Cn)

)
⊆ Ran [T ∗

Φ, TΦ]. (4.11)

Therefore, the closure of Ran [T ∗
Φ, TΦ] coincides with the closure of TΦΘ∗(H(Θ)). This

completes the proof.

Theorem 4.2.10 gives a sufficient condition for the normality of a subnormal

block Toeplitz operator TΦ under the assumption that Φ = QΦ∗, where Q is a finite

Blaschke-Potapov product and Φ∗ is not of bounded type.

For Φ = [ϕij] ∈ L∞(T,Mn), we define Φ := [ϕij]. Then we have:

Theorem 4.2.10. Let Φ ∈ L∞(T,Mn) be a matrix-valued function of the form

Φ = QΦ∗, where Q is a finite Blaschke-Potapov product and Φ∗ is not of bounded

type. Suppose that both the adjoint Toeplitz operator T ∗
Φ and the Hankel operator

HΦ are injective. Then the subnormality of TΦ implies that it is normal.

Proof. Suppose that Φ = QΦ∗, where Q is a finite Blaschke-Potapov product. Then

by Lemma 3.2.2, it follows that Ran[T ∗
Φ, TΦ] is finite dimensional. In particular,

Ran[T ∗
Φ, TΦ] is a closed subspace. Therefore, applying Lemma 4.2.9, we obtain

Ran[T ∗
Φ, TΦ] = TΦQ∗(H(Q)) = TΦ∗(H(Q)). (4.12)

We now consider two cases. First, suppose that Q is a unitary matrix. In this

case, we observe that

QH2(T,Cn) = H2(T,Cn),

which implies H(Q) = {0}. Therefore, from Equation (4.12), it follows that

Ran[T ∗
Φ, TΦ] = TΦ∗(H(Q)) = {0}.

Hence, the self-commutator of TΦ vanishes and we conclude that TΦ is a normal

operator.

Now, suppose that Q is not a unitary matrix. Then dimH(Q) ≥ 1. Since the

self-commutator [T ∗
Φ, TΦ] is a finite rank self-adjoint operator, it follows that
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Ran[T ∗
Φ, TΦ] = (ker[T ∗

Φ, TΦ])
⊥.

Recall that if TΦ is subnormal, then Ran[T ∗
Φ, TΦ] is invariant under T

∗
Φ. Therefore,

from Equation (4.12), we deduce that

T ∗
Φ

(
Ran[T ∗

Φ, TΦ] +H(Q)
)
= T ∗

Φ

(
Ran[T ∗

Φ, TΦ]
)
+T ∗

Φ(H(Q))

= Ran[T ∗
Φ, TΦ]. (4.13)

We now proceed to show that

Ran[T ∗
Φ, TΦ]

⋂
H(Q) = {0}. (4.14)

To prove this, let f ∈ Ran[T ∗
Φ, TΦ]

⋂
H(Q). Then,

f ∈ Ran[T ∗
Φ, TΦ] and f ⊥ QH2(T,Cn),

which implies that Q∗f ⊥ H2(T,Cn) and hence TQ∗f = 0. By Equation (4.12), there

exists g ∈ H(Q) such that f = TΦQ∗g. In addition, observe that Qtg ∈ H2(T,Cn),

where Qt denotes the transpose of Q. Since Φ and Q∗ commute, it follows that

0 = TQ∗f = TQ∗TΦQ∗g = TQ∗2Φg.

This implies that

Q∗2Φg = ΦQ∗2g ⊥ H2(T,Cn).

Taking the transpose and using the identity (g∗Q2Φ∗)t = Φ(Q2)tg, we obtain

(g∗Q2Φ∗)t = Φ(Q2)tg ∈ H2(T,Cn),

which implies that (Q2)tg ∈ kerHΦ. Moreover, by hypothesis, the Hankel operator

HΦ is injective and thus (Q2)tg = 0. Since Q is invertible, it follows that g = 0 and

hence g = 0. This shows that

f = TΦQ∗g = 0. (4.15)

This completes the proof of Equation (4.14).

Using Equation (4.15), we obtain
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dim(Ran[T ∗
Φ, TΦ] +H(Q)) = dimRan[T ∗

Φ, TΦ] + dimH(Q). (4.16)

Moreover, by the Rank Theorem and Equation (4.13), we have

dim(Ran[T ∗
Φ, TΦ] +H(Q))

= dimkerTΦ∗ |(Ran[T ∗
Φ,TΦ]+H(Q)) + dimRanTΦ∗ |(Ran[T ∗

Φ,TΦ]+H(Q))

= dimkerTΦ∗ |(Ran[T ∗
Φ,TΦ]+H(Q)) + dimRan[T ∗

Φ, TΦ]. (4.17)

Comparing Equations (4.16) and (4.17), we obtain

dimH(Q) = dimkerTΦ∗ |(Ran[T ∗
Φ,TΦ]+H(Q)),

which implies that

dimkerTΦ∗ ≥ dimH(Q) ≥ 1.

This contradicts the assumption that TΦ∗ is injective. This concludes the proof.

Remark 4.2.11. The preceding Theorem 4.2.10 relied on the injectivity of the

Hankel operator HΦ to conclude that the intersection Ran[T ∗
Φ, TΦ]

⋂
H(Q) is trivial.

However, one may naturally ask whether this conclusion remains valid if HΦ fails to

be injective. The following example shows that the result may fail if the operator

HΦ is not injective.

Let f ∈ H∞ be such that f is not of bounded type and define φ := f + f . Set

Φ(eiθ) :=

φ(eiθ) 0

0 eiθ

 ∈ L∞(T,M2).

Then Φ∗ is not of bounded type and observe that

Φ = QΦ∗, where Q(eiθ) =

1 0

0 ei2θ


is a finite Blaschke-Potapov product. We now compute
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HΦ

 0

eiθ

 =

Hφ 0

0 He−iθ


 0

eiθ

 =

0
0

 ,
which shows that HΦ is not injective.

Next, consider

[T ∗
Φ, TΦ]

0
1

 =

0 0

0 [T ∗
eiθ
, Teiθ ]


0
1

 =

0
1

 .
For any f, g ∈ H2, we compute

〈0
1

 , Q
f
g

〉 =

〈0
1

 ,
1 0

0 ei2θ


f
g

〉 =

〈0
1

 ,
 f

ei2θg

〉 = 0.

Thus, we conclude that 0
1

 ∈ Ran[T ∗
Φ, TΦ]

⋂
H(Q),

that is,

Ran[T ∗
Φ, TΦ]

⋂
H(Q) ̸= {0}.

Remark 4.2.12. In Theorem 4.2.10, the injectivity of T ∗
Φ and HΦ is not a necessary

condition, even in the case where TΦ is self-adjoint. To illustrate this, consider a

function φ as described in Remark 4.2.11. Since φ is real-valued, it follows that the

Toeplitz operator Tφ is self-adjoint. Define the matrix-valued function

Φ :=

φ 0

0 0

 ∈ L∞(T,M2).

Then, Φ∗ is not of bounded type and TΦ is self-adjoint. Furthermore, observe that
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Φ = QΦ∗, where Q(eiθ) =

1 0

0 eiθ


and note that Q is a finite Blaschke-Potapov product. Now consider the following:

TΦ∗

0
1

 =

Tφ 0

0 0


0
1

 =

0
0


and similarly,

HΦ

0
1

 =

Hφ 0

0 0


0
1

 =

0
0

 .
These computations demonstrate that both TΦ∗ and HΦ fail to be injective, even

though TΦ is self-adjoint.

4.3 Extension of Nakazi-Takahashi Theorem for

matrix valued symbols

In this section, we develop the matrix-valued counterpart of Theorem 2.2.3. We

begin by showing with Example 4.3.1 that Theorem 2.1.4, which holds in the scalar-

valued case, does not extend to the setting of block Toeplitz operators. This example

highlights the additional complexities of matrix-valued symbols and the need for a

refined approach in the setting of block Toeplitz operators.

Example 4.3.1. Let

Φ(eiθ) :=

eiθ + e−iθ 0

0 eiθ

 ∈ L∞(T,M2).

Then, it is easy to see that
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Φ(eiθ) =

eiθ + e−iθ 0

0 eiθ

 (4.18)

=

1 0

0 eiθ


eiθ + e−iθ 0

0 e−iθ

+

0 0

0 eiθ − 1


for all eiθ ∈ T. This shows that

B(eiθ) =

1 0

0 eiθ

 ∈ E(Φ).

Next, observe that

[T ∗
Φ, TΦ] =

0 0

0 [T ∗
eiθ
, Teiθ ]

 and ker[T ∗
Φ, TΦ] =

 H2

eiθH2

 .
Moreover, we compute

TΦ
(
B ker[T ∗

Φ, TΦ]
)
=

Teiθ+e−iθ 0

0 Teiθ


1 0

0 eiθ


 H2

eiθH2



=

Teiθ+e−iθ 0

0 Teiθ


 H2

ei2θH2


⊆ B ker[T ∗

Φ, TΦ].

However, TΦ is a subnormal block Toeplitz operator which is neither normal nor

analytic.

We now turn our attention to the validity of Theorem 2.2.3 in the setting of

block Toeplitz operators. Unfortunately, Example 4.2.2 shows that Theorem 2.2.3
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does not extend directly to the case of block Toeplitz operators. To address this

limitation, we investigate what additional conditions may ensure the validity of the

theorem. Our analysis proceeds by considering three distinct cases.

Case 1: Suppose that Φ∗ is of bounded type and can be written in the form

Φ+ = A∗Θ0Θ2 and Φ− = B∗Θ2,

where Θ0 = θ0In and Θ2 = θ2In for some scalar inner functions θ0 and θ2, and

A,B ∈ H2(T,Mn). Further assume that A, B and Θ2 are left coprime.

In this case, we have an affirmative answer by Abrahamse’s Theorem for matrix-

valued symbols [23].

Case 2: Suppose that Φ∗ is of bounded type and can be written in the form

Φ+ = A∗Θ0Θ2 and Φ− = B∗Θ2,

where Θ0 = θ0In and Θ2 = θ2In for some scalar inner functions θ0 and θ2, and

A,B ∈ H2(T,Mn). Further assume that A, B and Θ2 are not left coprime.

A careful analysis of Example 4.2.6 reveals that the conditions under considera-

tion in this case are insufficient to guarantee a positive outcome.

Case 3: Φ∗ is not of bounded type.

In this case as well, Example 4.2.7 yields a negative outcome, indicating that

the desired conclusion does not hold under the given assumptions. Nevertheless, the

following theorem provides a partial positive result by identifying a subclass where

the conclusion does hold.

Theorem 4.3.2. Let Φ = BΦ∗ + G ∈ L∞(T,Mn), where B is a finite Blaschke-

Potapov product, G ∈ H∞(T,Mn) and Φ∗ is not bounded type. Suppose the fol-

lowing conditions hold:

(i) B∗Φ = ΦB∗
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(ii) GH2(T,Cn) ⊆ BH2(T,Cn)

(iii) T ∗
Φ and HΦ are injective.

Then if the Toeplitz operator TΦ is subnormal, it must be normal.

Proof. Suppose that TΦ is subnormal. Then by [32, Theorem 3.3], it follows that

the symbol Φ is a normal matrix-valued function. Since B ∈ E(Φ), Theorem 3.2.2

ensures that the self-commutator [T ∗
Φ, TΦ] is of finite rank. Consequently, applying

Lemma 4.2.9, we obtain

Ran[T ∗
Φ, TΦ] = TΦB∗(H(B)).

We now claim that B is a unitary matrix. This immediately yields

H(B) = H2(T,Cn)⊖BH2(T,Cn) = {0}

and therefore,

Ran[T ∗
Φ, TΦ] = TΦB∗(H(B)) = {0}.

It follows that the self-commutator vanishes and thus, TΦ is normal.

To establish that B is unitary, we proceed by contradiction. Suppose that B is

not unitary. Then the model space H(B) is nontrivial, that is, dimH(B) ≥ 1. Given

that

GH2(T,Cn) ⊆ BH2(T,Cn),

it follows that H(B) ⊆ H2(T,Cn)⊖GH2(T,Cn). Consequently, for any f ∈ H(B),

we have TG∗f = 0 and hence,

TG∗
(
H(B)

)
= {0}.

Given that Φ = BΦ∗ +G, we immediately obtain the identities

BΦ∗ = Φ−G and ΦB∗ = Φ∗ −G∗.

Using these identities, the range of the self-commutator can be written as

Ran[T ∗
Φ, TΦ] = TΦB∗

(
H(B)

)
= TΦ∗−G∗

(
H(B)

)
.
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However, since we have already observed that TG∗
(
H(B)

)
= {0}, the term involving

G∗ vanishes, and we obtain

Ran[T ∗
Φ, TΦ] = TΦ∗

(
H(B)

)
.

By employing the method used in the proof of Theorem 4.2.10 and noting that

B∗ and Φ commute, we get

Ran[T ∗
Φ, TΦ]

⋂
H(B) = {0}.

Consequently, the sum of these subspaces is direct and we have

dim
(
Ran[T ∗

Φ, TΦ] +H(B)
)
= dimRan[T ∗

Φ, TΦ] + dimH(B).

Now, by the Rank Theorem, we see that

dimRan[T ∗
Φ, TΦ] + dimH(B) = dimkerT ∗

Φ|{Ran[T ∗
Φ,TΦ]+dimH(B)} + dimRan[T ∗

Φ, TΦ].

This yields

dim kerT ∗
Φ ≥ dimH(B) ≥ 1,

which contradicts the assumption that T ∗
Φ is injective. Hence, the claim is estab-

lished.

We conclude this chapter by presenting an extension of [44, Lemma 6(1)] to

the setting of matrix-valued symbols. This result may serve as a useful tool in the

further investigation of subnormal block Toeplitz operators.

Theorem 4.3.3. Let Φ = ΘΦ∗ + G ∈ L∞(T,Mn), where G ∈ L∞(T,Mn), Θ is

an inner function and suppose that the block Toeplitz operator TΦ is subnormal.

Assume further that ΦΘ∗ = Θ∗Φ and GΘ = ΘG. Define the subspace M by

M := Ran [T ∗
Φ, TΦ] +H(Θ).

Then M is invariant under the adjoint operator T ∗
Φ.

Proof. Since Φ = ΘΦ∗ +G ∈ L∞(T,Mn), it follows that
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Φ∗ = ΦΘ∗ +G∗.

Moreover, the commutativity of Φ and Θ∗ implies that

T ∗
Φ(H(Θ)) ⊆ TΘ∗Φ(H(Θ)) + T ∗

G(H(Θ)).

We claim that T ∗
G(H(Θ)) ⊆ H(Θ). To see this, let f ∈ H(Θ) and define g := T ∗

Gf .

For h ∈ H2(T,Cn), we compute:〈
g,Θh

〉
=
〈
T ∗
Gf,Θh

〉
=
〈
f,GΘh

〉
.

Since GΘ = ΘG, it follows that〈
g,Θh

〉
=
〈
f,GΘh

〉
=
〈
f,ΘGh

〉
= 0

for f ∈ H(Θ). Hence, g = T ∗
Gf ∈ H(Θ) and so

T ∗
G(H(Θ)) ⊆ H(Θ).

Now, by Lemma 4.2.9, we obtain

T ∗
Φ(H(Θ)) ⊆ Ran [T ∗

Φ, TΦ] +H(Θ).

Finally, since Ran[T ∗
Φ, TΦ] is invariant under T ∗

Φ due to the subnormality of TΦ, it

follows that M is invariant under T ∗
Φ.
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CHAPTER 5

TOEPLITZ OPERATORS WITH OPER-

ATOR VALUED SYMBOLS

The study of subnormal and hyponormal Toeplitz operators, along with their block

matrix analogues, has sparked significant curiosity and interest among operator

theorists. This interest naturally extends to the more general framework of Toeplitz

operators with operator-valued symbols, where the symbol is a function taking values

in the algebra of bounded linear operators on a Hilbert space. Investigating these

properties offers deeper insights into the intricate interplay between operator theory

and function theory, particularly in understanding how the structural and spectral

characteristics of Toeplitz operators evolve when their symbols are generalized to

take operator values.

In this chapter, we present a sufficient condition for the hyponormality of Toeplitz

operators whose symbols are bounded operator-valued functions. This result is for-

mally presented in Theorem 5.2.3. Furthermore, by extending and refining the

methods developed by C. Gu, J. Hendricks and D. Rutherford [32], we provide char-

acterizations of both hyponormality and subnormality of analytic Toeplitz operators

with operator-valued symbols. These characterizations, which reveal the intricate
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relationship between analyticity and operator-theoretic behavior in the operator-

valued setting, are presented in Corollary 5.2.5 and Theorem 5.3.1.

5.1 Introduction

The characterization of hyponormality for block Toeplitz operators established by

C. Gu, J. Hendricks and D. Rutherford [32] plays a foundational role in this area.

However, when the symbol is operator-valued, neither of the two conditions identi-

fied in their characterization remains necessary for hyponormality. This significant

observation was first made by C. Gu [31] and the following example demonstrate it

explicitly.

Example 5.1.1. Consider the function Φ(eiθ) := φ(eiθ)S ∈ L∞
SOT (T, B(ℓ2)), where

φ(eiθ) = |eiθ + e−iθ| is a scalar-valued function and S is the right shift operator on

ℓ2. Then Φ defines a bounded operator-valued function on the unit circle T and

the associated Toeplitz operator TΦ acts on the Hilbert space-valued Hardy space

H2(T, ℓ2). The function Φ(eiθ) and the corresponding Toeplitz operator TΦ admit

the following infinite matrix representations:

Φ(eiθ) =



0 0 0 · · ·

φ(eiθ) 0 0 · · ·

0 φ(eiθ) 0 · · ·
...

...
...

. . .


, TΦ =



0 0 0 0 · · ·

Tφ 0 0 0 · · ·

0 Tφ 0 0 · · ·
...

...
...

...
. . .


,

where Tφ denotes the scalar Toeplitz operator with symbol φ.

Now observe that

T ∗
ΦTΦ =


T 2
φ 0 0 · · ·

0 T 2
φ 0 · · ·

...
...

...
. . .

 and TΦT
∗
Φ =


0 0 0 · · ·

0 T 2
φ 0 · · ·

...
...

...
. . .

 .
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Thus, the self-commutator of TΦ is given by

[T ∗
Φ, TΦ] = T ∗

ΦTΦ − TΦT
∗
Φ =


T 2
φ 0 0 · · ·

0 0 0 · · ·
...

...
...

. . .

 .

Finally, since for any f ∈ H2,〈
T 2
φf, f

〉
=
〈
Tφf, Tφf

〉
= ∥Tφf∥2 ≥ 0

it follows that the self-commutator [T ∗
Φ, TΦ] is positive semidefinite. Therefore, TΦ

is hyponormal.

In the framework of block Toeplitz operators, the hyponormality of the operator

TΨ is characterized by the following two conditions (see [32, Theorem 3.3]):

(i) Ψ is normal;

(ii) E(Ψ) is nonempty,

where condition (ii) is equivalent to the positivity of the operator

H∗
Ψ∗HΨ∗ −H∗

ΨHΨ,

as established in [31, Corollary 2].

We begin by observing that

Φ∗(eiθ)Φ(eiθ) =


|φ(eiθ)|2 0 · · ·

0 |φ(eiθ)|2 · · ·
...

...
. . .


and

Φ(eiθ)Φ∗(eiθ) =


0 0 · · ·

0 |φ(eiθ)|2 · · ·
...

...
. . .

 ,
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which shows that Φ(eiθ) does not commute with its adjoint. Hence, Φ is not normal.

Next, we examine the associated Hankel operators, which take the following

matrix forms:

HΦ =



0 0 0 · · ·

Hφ 0 0 · · ·

0 Hφ 0 · · ·
...

...
...

. . .


, HΦ∗ =



0 Hφ 0 · · ·

0 0 Hφ · · ·

0 0 0 · · ·
...

...
...

. . .


.

Now, we compute

H∗
Φ∗HΦ∗ =


0 0 0 · · ·

0 H∗
φHφ 0 · · ·

...
...

...
. . .

 and H∗
ΦHΦ =


H∗
φHφ 0 0 · · ·

0 H∗
φHφ 0 · · ·

...
...

...
. . .

 .

Therefore,

H∗
Φ∗HΦ∗ −H∗

ΦHΦ =


−H∗

φHφ 0 0 · · ·

0 0 0 · · ·
...

...
...

. . .

 ,

which shows that the positivity condition fails even though TΦ is hyponormal.

5.2 Hyponormality of Toeplitz operators with op-

erator valued symbols

We now turn our attention to the study of the hyponormality of Toeplitz operators

with operator-valued symbols. As a preliminary step, we investigate the Poisson

integral, which will be essential in establishing the auxiliary results needed for our
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analysis.

Let X be a complex Banach space. For f ∈ L1(T, X), the Poisson integral of f ,

denoted by P [f ], is defined by

P [f ](z) :=
1

2π

2π∫
0

Pz(e
iθ)f(eiθ) dθ, (5.1)

where z ∈ D and Pz is the Poisson kernel given by

Pz(e
iθ) :=

1− |z|2

|eiθ − z|2
.

The following result by N. K. Nikolski [47] is important and will be used in the

subsequent development.

Lemma 5.2.1. [47, Lemma 3.11.6] Let X be a Banach space and h ∈ Lp(T, X),

where 1 ≤ p ≤ ∞. For 0 ≤ r < 1, we denote (P [h])r(e
iθ) := P [h](reiθ). Then

(a) ∥(P [h])r∥Lp(T,X) ≤ ∥h∥Lp(T,X) for all 0 ≤ r < 1;

(b) if p <∞, then lim
r→1

∥(P [h])r − h∥Lp(T,X) = 0;

(c) lim
r→1

∥(P [h])r(eiθ)− h(eiθ)∥X = 0 for almost all θ ∈ [0, 2π].

Let H be a separable complex Hilbert space. For each pair (G, x), where G

belongs to L∞
SOT (T,B(H)) and x ∈ H, consider the function Gx : T → H defined by

Gx(eiθ) := G(eiθ)x, θ ∈ [0, 2π].

Since G ∈ L∞
SOT (T,B(H)), it follows that Gx is strongly measurable and essentially

bounded. Hence, Gx ∈ L∞(T,H).

We now define a function L on L∞
SOT (T,B(H)) by setting

L[G](z)x := P [Gx](z) =
1

2π

2π∫
0

Pz(e
iθ)G(eiθ)xdθ, z ∈ D. (5.2)
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Observe that for each z ∈ D, the mapping x 7→ L[G](z)x defines a linear operator

on H. Moreover, using the inequality

0 < Pz(e
iθ) ≤ 1 + |z|

1− |z|
,

we obtain

∥L[G](z)x∥H ≤ 1

2π

2π∫
0

|Pz(eiθ)| ∥G(eiθ)x∥Hdθ

≤ 1 + |z|
1− |z|

∥G∥L∞
SOT (T,B(H)) ∥x∥H.

This shows that L[G](z) belongs to B(H) for each z ∈ D.

The following lemma, which examines the connection between the positivity of

the Toeplitz operator TG with an operator-valued symbol G and the positivity of the

symbol G itself, plays a crucial role in the study of hyponormal Toeplitz operators

with operator-valued symbols.

Lemma 5.2.2. LetH be a separable complex Hilbert space andG ∈ L∞
SOT (T,B(H)).

Then the following statements are equivalent:

(i) TG is a positive operator on H2(T,H);

(ii) L[G](z) is a positive operator on H for all z ∈ D;

(iii) G(eiθ) is a positive operator on H for almost all eiθ ∈ T.

Proof. Suppose that TG is a positive operator on H2(T,H). For each z ∈ D, let kz

denote the normalized reproducing kernel of H2 defined by

kz(e
iθ) :=

(1− |z|2) 1
2

(1− zeiθ)
, eiθ ∈ T.

Then for each x ∈ H and z ∈ D, the function eiθ 7→ kz(e
iθ)x belongs to H2(T,H)

and we have:
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〈
TGkzx, kzx

〉
H2(T,H)

=
〈
Gkzx, kzx

〉
H2(T,H)

=
1

2π

2π∫
0

〈
G(eiθ)kz(e

iθ)x, kz(e
iθ)x
〉
H dθ.

Since kz(e
iθ) is scalar-valued, it factors out of the inner product, yielding

〈
TGkzx, kzx

〉
H2(T,H)

=
1

2π

2π∫
0

|kz(eiθ)|2⟨G(eiθ)x, x⟩H dθ.

Recall that

|kz(eiθ)|2 =
1− |z|2

|eiθ − z|2
= Pz(e

iθ).

Moreover, Pz is scalar valued. Therefore, by the properties of the inner product, we

have

⟨TGkzx, kzx⟩H2(T,H) =
1

2π

2π∫
0

⟨Pz(eiθ)G(eiθ)x, x⟩H dθ.

By the Riesz representation theorem, we obtain

⟨TGkzx, kzx⟩H2(T,H) =

2π∫
0

x∗
(
Pz(e

iθ)G(eiθ)x
)
dθ.

Using Equations (1.2) and (5.2), this can be rewritten as

⟨TGkzx, kzx⟩H2(T,H) = x∗

(
1

2π

2π∫
0

Pz(e
iθ)G(eiθ)x dθ

)
= x∗

(
L[G](z)x

)
.

Again by the Riesz representation theorem, we conclude that

⟨TGkzx, kzx⟩H2(T,H) = ⟨L[G](z)x, x⟩H.

Since TG is a positive operator, it follows that the left-hand side is nonnegative for

every x ∈ H. Hence, L[G](z) is a positive operator on H for every z ∈ D. This

establishes that (i) =⇒ (ii).
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Assume that L[G](z) is a positive operator on H for all z ∈ D. Then, by Lemma

5.2.1, we obtain

⟨G(eiθ)x, x⟩H =
〈

lim
r→1−

P [Gx](reiθ), x
〉
H
= lim

r→1−
⟨L[G](reiθ)x, x⟩H ≥ 0

for all x ∈ H and for almost every eiθ ∈ T. Hence, (ii) =⇒ (iii).

Let G(eiθ) is a positive operator on H for almost all eiθ ∈ T. Since G belongs

to L∞
SOT (T,B(H)), we may assume without loss of generality that ∥G(eiθ)∥B(H) < 1

for all eiθ ∈ T. Then there exists a sequence (pn)n≥0 of polynomials such that

Qn(e
iθ) := pn(G(e

iθ)) ≥ 0 and the sequence (Qn)n≥0 converges strongly for almost

every eiθ ∈ T. Moreover, for every x ∈ H, we have

lim
n→∞

Qn(e
iθ)2x = G(eiθ)x for all x ∈ H (see [36,Problem 121]).

Let Q(eiθ) := SOT−limn→∞Qn(e
iθ) and {en : n = 1, 2, 3, . . .} be an orthonormal

basis for H. Then for any x, y ∈ H, we see that

⟨G2(eiθ)x, y⟩ = ⟨G(eiθ)x,G(eiθ)y⟩ =
∞∑
n=1

⟨G(eiθ)x, en⟩⟨en, G(eiθ)y⟩

=
∞∑
n=1

⟨G(eiθ)x, en⟩⟨G(eiθ)en, y⟩.

This expression shows that G2 is SOT-measurable by the Pettis measurability theo-

rem. By induction, it follows thatGn is SOT-measurable for all n ∈ N. Consequently,

each Qn = pn(G) is SOT-measurable and so is the pointwise SOT-limit Q.

For any polynomial p =
∑n

k=0 p̂(k)e
inθ with coefficients inH and for almost every

eiθ ∈ T, we have

⟨G(eiθ)p(eiθ), p(eiθ)⟩H =
∑
j,k

⟨G(eiθ)p̂(j)eijθ, p̂(k)eikθ⟩H

=
∑
j,k

⟨Q(eiθ)p̂(j)eijθ, Q(eiθ)p̂(k)eikθ⟩H

= ⟨Q(eiθ)p(eiθ), Q(eiθ)p(eiθ)⟩H.
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Hence, integrating over the circle, we obtain

⟨TGp, p⟩H2(T,H) = ⟨Gp, p⟩H2(T,H) = ∥Qp∥2H2(T,H) ≥ 0,

which shows that TG is a positive operator. This completes the proof.

We now proceed to present a sufficient condition for the hyponormality of Toeplitz

operators with operator-valued symbols.

Theorem 5.2.3. Let H be a separable complex Hilbert space and suppose that

G ∈ L∞
SOT (T,B(H)). Assume that

(i) G is hyponormal and

(ii) there exists a function K ∈ H∞
SOT (T,B(H)) such that ∥K∥∞ ≤ 1 and G−KG∗

belongs to H∞
SOT (T,B(H)).

Then the Toeplitz operator TG is hyponormal.

Proof. Since the identities JP− = P+J and JMΦ = MΦ̆J hold, we obtain the

following identity:

T ∗
GTG − TGT

∗
G = H∗

G∗HG∗ −H∗
GHG + TG∗G−GG∗ .

Now, if the function G − KG∗ belongs to H∞
SOT (T,B(H)), then the corresponding

Hankel operator vanishes, that is, HG−KG∗ = 0. Consequently, using Equation (1.7),

we obtain

HG = HKG∗ = TK̃∗HG∗ .

Since K ∈ H∞
SOT (T,B(H)) and

∥K∥∞ = ∥K̃∥∞ = ∥T ∗
K̃
∥ ≤ 1,

it follows that T ∗
K̃

is co-analytic and contractive. Therefore by [31, Corollary 2], we

have

H∗
G∗HG∗ −H∗

GHG ≥ 0.

71



CHAPTER 5. TOEPLITZ OPERATORS WITH OPERATOR VALUED
SYMBOLS

Moreover, Lemma 5.2.2 ensures that TG∗G−GG∗ ≥ 0. Combining these two inequali-

ties, we conclude that the Toeplitz operator TG is hyponormal.

The following example demonstrates that the hyponormality assumption on G

is essential and cannot be omitted in the statement of Theorem 5.2.3.

Example 5.2.4. Consider the function G(eiθ) = S∗, where S denotes the unilateral

shift operator on H2 and let TG be the corresponding Toeplitz operator acting on

H2(T, H2). Then for each θ ∈ [0, 2π], we have

[G(eiθ)
∗
, G(eiθ)] = SS∗ − S∗S.

This shows that G(eiθ) is not hyponormal for any θ ∈ [0, 2π]. On the other hand,

choosing K = 0, we obtain

G−KG∗ = G ∈ H∞
SOT (T,B(H2)).

However, TG is not hyponormal, as demonstrated below. For

f = (f1, f2, f3, · · · ) ∈ H2(T, H2),

we compute:

〈
[T ∗
G, TG]f, f

〉
=
〈
T ∗
GTGf, f

〉
−
〈
TGT

∗
Gf, f

〉
.

Note that

T ∗
GTGf = T ∗

G(f2, f3, f4, . . .) = (0, f2, f3, . . .),

TGT
∗
Gf = TG(0, f1, f2, . . .) = (f1, f2, f3, . . .).

Therefore,

[T ∗
G, TG]f = (0, f2, f3, . . .)− (f1, f2, f3, . . .) = (−f1, 0, 0, . . .),

and hence〈
[T ∗
G, TG]f, f

〉
=
〈
(−f1, 0, 0, . . .), (f1, f2, f3, . . .)

〉
= −|f1|2 ≤ 0.
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The following corollary characterizes the hyponormality of analytic Toeplitz op-

erators with operator-valued symbols, showing that the operator is hyponormal if

and only if its symbol is hyponormal.

Corollary 5.2.5. Let H be a separable complex Hilbert space and suppose that

G ∈ H∞
SOT (T,B(H)). Then the Toeplitz operator TG is hyponormal if and only if G

is hyponormal.

Proof. Since both G and 0 are analytic, we see that

G = G− 0G∗ ∈ H∞
SOT (T,B(H)).

Assuming that G is hyponormal, it then follows from Theorem 5.2.3 that the asso-

ciated Toeplitz operator TG is hyponormal.

Conversely, suppose that TG is hyponormal. Then

[T ∗
G, TG] = H∗

G∗HG∗ −H∗
GHG + TG∗G−GG∗ ≥ 0, (5.3)

which shows that

⟨H∗
G∗HG∗eimθh, eimθh⟩ − ⟨H∗

GHGe
imθh, eimθh⟩+ ⟨TG∗G−GG∗eimθh, eimθh⟩ ≥ 0, (5.4)

for all m ≥ 0 and h ∈ H2(T,H).

It is straightforward to verify that

⟨TG∗G−GG∗eimθh, eimθh⟩ = ⟨S∗
H
mTG∗G−GG∗SmHh, h⟩ = ⟨TG∗G−GG∗h, h⟩, (5.5)

where SH denotes the right shift operator on H2(T,H). Since

lim
m→∞

HG∗eimθh = lim
m→∞

HGe
imθh = 0,

it then follows from Equations (5.4) and (5.5) that

⟨TG∗G−GG∗h, h⟩ ≥ 0.

By applying Lemma 5.2.2, we obtain

G∗(eiθ)G(eiθ)−G(eiθ)G∗(eiθ) ≥ 0
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for all eiθ ∈ T. That is, G is hyponormal.

5.3 Subnormality of analytic Toeplitz operators

with operator valued symbols

This section presents an in-depth study of the subnormality of analytic Toeplitz

operators whose symbols are operator-valued. Our objective is to establish a neces-

sary and sufficient condition for subnormality in terms of the structural properties

of the symbol. Particularly, we illustrate that an analytic block Toeplitz operator

is subnormal if and only if its symbol is subnormal. We begin with the following

characterization.

Theorem 5.3.1. Let H be a separable complex Hilbert space and suppose that

G ∈ H∞
SOT (T,B(H)). Then the Toeplitz operator TG is subnormal if and only if the

symbol G is subnormal.

Proof. In order to prove this result, we use the Agler criterion for subnormality [5,

Theorem 3.1]: a contractive operator T is subnormal if and only if for each n ≥ 1,

n∑
j=0

(−1)j
(
n

j

)
T ∗jT j ≥ 0.

Since G ∈ H∞
SOT (T,B(H)), we may assume that ∥G(eiθ)∥B(H) < 1 for almost

every eiθ ∈ T. Under this assumption, we observe that

n∑
j=0

(−1)j
(
n

j

)
T ∗
G
jT jG =

n∑
j=0

(−1)j
(
n

j

)
TG∗jTGj = T n∑

j=0
(−1)j(nj)G∗jGj

.

Now suppose that TG is subnormal. Then, by Agler’s criterion, it follows that the

operator T n∑
j=0

(−1)j(nj)G∗jGj
is positive for each n ∈ N. Applying Lemma 5.2.2 together

with Agler’s criterion, it follows that G(eiθ) is subnormal for almost every eiθ ∈ T.
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Conversely, assume that G is subnormal. Then, by Agler’s Criterion, the expres-

sion

n∑
j=0

(−1)j
(
n

j

)
G∗jGj

defines a positive operator on H for each natural number n. Applying Lemma 5.2.2

once again, we obtain that

T n∑
j=0

(−1)j(nj)G∗jGj

is a positive operator for all n ∈ N. Hence, TG is subnormal.

The following example illustrates that the hyponormality of G is not, in general,

a sufficient condition for the subnormality of the corresponding analytic Toeplitz

operator TG.

Example 5.3.2. Consider the Hardy space H2(T, H2) and let TG be the Toeplitz

operator on this space with operator-valued symbol

G(eiθ) = S∗ + 2S,

with S denoting the unilateral shift on H2. It is straightforward to verify that G(eiθ)

is hyponormal for all θ ∈ [0, 2π], but not subnormal for any θ ∈ [0, 2π]. Indeed, for

any θ ∈ [0, 2π], we compute the self-commutator of G(eiθ) as

[G∗(eiθ), G(eiθ)] = [(S∗ + 2S)∗, (S∗ + 2S)]

= (S + 2S∗)(S∗ + 2S)− (S∗ + 2S)(S + 2S∗)

= 3(I − SS∗).

Hence, the self-commutator of TG is given by

[T ∗
G, TG] = T3(I−SS∗).

Therefore, for any f ∈ H2(T, H2), we have
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⟨[T ∗
G, TG]f, f⟩H2(T,H2) = ⟨T3(I−SS∗)f, f⟩H2(T,H2)

=
1

2π

2π∫
0

⟨3(I − SS∗)f(eiθ), f(eiθ)⟩H2dθ

=
1

2π

2π∫
0

3|f0(eiθ)|2dθ

≥ 0,

where f =
∑∞

n=0 fne
inθ with fn ∈ H2. This shows that TG is hyponormal.

Next, consider the kernel of the self-commutator [T ∗
G, TG], which is given by

ker[T ∗
G, TG] =

{
f(eiθ) =

∞∑
n=0

fne
inθ ∈ H2(T, H2) : f0 = 0

}
.

For g1 ∈ H2, define g(eiθ) := g1e
iθ. Clearly, g ∈ ker[T ∗

G, TG]. Now, observe that

TG(g1e
iθ) = g1 + 2g1e

i2θ /∈ ker[T ∗
G, TG]

and hence the kernel is not invariant under TG. Therefore, TG is not subnormal, even

though its symbol G is hyponormal.
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CONCLUSIONS AND RECOMMENDA-
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Halmos’ Problem 5

The classical problem of characterizing subnormal Toeplitz operators via the prop-

erties of their symbol was initially raised by P. R. Halmos [35]. Significant progress

was made through the contributions of M. B. Abrahamse [4] and jointly, T. Nakazi

and K. Takahashi [44]. More recently, R. E. Curto, I. S. Hwang and W. Y. Lee [23]

contributed further insights. In this thesis, we have presented a partial answer to

this question in the form of Theorem 2.2.3, which extends the Nakazi–Takahashi

Theorem to the setting of scalar-valued Toeplitz operators whose self-commutator

is of finite rank.

Despite the progress described above, a complete characterization of subnormal

Toeplitz operators remains unsettled. This leads to the following central problem:

Problem 6.1. Determine the necessary and sufficient conditions on the symbol for

a Toeplitz operator to be subnormal.

Furthermore, the result established in Theorem 2.2.3, together with Theorem

2.1.4 due to R. E. Curto, I. S. Hwang and W. Y. Lee [23], provides supporting

evidence for Conjecture 2.1.3. Nevertheless, a complete proof of the conjecture

remains open.
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Block Toeplitz operators

In the context of Toeplitz operators, the hyponormal Toeplitz operators with finite

rank self-commutator were characterized by T. Nakazi and K. Takahashi [44]. Build-

ing upon this direction of research, R. E. Curto, I. S. Hwang and W. Y. Lee [22]

examined the analogous question in the framework of block Toeplitz operators and

proposed Conjecture 3.2.1. Theorems 3.2.2, 3.2.4, 3.2.5 and 3.2.7 provide partial

progress towards solving this conjecture.

Despite these advancements, a complete solution of Conjecture 3.2.1 remains

open. Thus, it is appropriate to reframe the conjecture in light of our partial re-

sults. The following problems are proposed as refined versions of the conjecture,

whose answers would significantly contribute to a complete characterization of block

Toeplitz operators with finite rank self-commutator.

Problem 6.2. Let Φ = Φ+′ + Φ0 + Φ∗
− ∈ L∞(T,Mn) be such that detΦ+′ ≡ 0 and

TΦ is normal. Does there exist a finite Blaschke-Potapov product B ∈ E(Φ) such

that deg(detB) = 0?

Problem 6.3. Let Φ ∈ L∞(T,Mn) be a normal symbol and suppose that E(Φ)

contains a finite Blaschke-Potapov product B. Does it follow that

Rank[T ∗
Φ, TΦ] = deg(detB)?

Motivated by Example 3.2.8, we pose the following problem:

Problem 6.4. Suppose Φ∗ is not of bounded type such that there exists a row of

Φ∗ that contains no scalar-valued function which is not of bounded type. If TΦ is

a hyponormal block Toeplitz operator with finite rank self-commutator, does there

exist a finite Blaschke-Potapov product B ∈ E(Φ) such that

deg(detB) = Rank[T ∗
Φ, TΦ]?
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Problem 6.5. Suppose that Φ ∈ L∞(T,Mn) is such that TΦ is a hyponormal oper-

ator with finite rank self-commutator [T ∗
Φ, TΦ]. If Φ

∗ is of bounded type, does there

exist a finite Blaschke-Potapov product B ∈ E(Φ) such that

Rank[T ∗
Φ, TΦ] = deg(detB)?

Toeplitz operators with operator-valued symbols

Theorem 5.2.3 provides a sufficient condition for the hyponormality of Toeplitz op-

erators with operator-valued symbols. Furthermore, Corollary 5.2.5 and Theorem

5.3.1 offer characterizations for the hyponormality and subnormality of analytic

Toeplitz operators in this setting.

Although significant progress has been made, a complete characterization of

hyponormal Toeplitz operators with operator-valued symbols remains open. This

leads to the following problem:

Problem 6.6. Which Toeplitz operators with operator-valued symbols are hyponor-

mal?

Invariant subspace problem

The Invariant subspace problem is one of the most historically significant and funda-

mental questions in operator theory. It asks whether every bounded linear operator

on a separable complex Hilbert space admits a non-trivial closed invariant subspace.

Even after decades of significant effort, this problem remains open in its full gener-

ality. Over the years, several strategies have been proposed to attack this problem.

One of the more recent and potentially fruitful approaches involves the concept of

universal operators.

Let X be a Banach space. An operator U ∈ B(X) is said to be universal for X
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if, for every nonzero operator T ∈ B(X), there exists a scalar λ ̸= 0 and an invariant

subspace M of U such that the restriction U |M is similar to λT . In the setting of

complex Hilbert spaces, it is known that every nonzero operator T ∈ B(H) has a

non-trivial invariant subspace if and only if there exists a universal operator U on

H that has a minimal non-trivial invariant subspace which is one-dimensional (see

[13, 17]).

A key example of such a universal operator is the adjoint of the unilateral shift

operator SH = TeiθIH , which is universal for the Hilbert space-valued Hardy space

H2(T,H). Furthermore, if q is an infinite Blaschke product or an inner function

possessing a non-trivial singular inner factor, then the scalar Toeplitz operator Tq is

known to be universal for H2.

Therefore, the problem of characterizing the lattice of invariant subspaces for

such universal Toeplitz operators has attracted considerable attention in recent re-

search. Progress in this direction could yield deeper insights into the structure of

universal operators. Furthermore, it could significantly contribute to the broader

understanding of the Invariant subspace problem.

Riemann hypothesis

The Riemann hypothesis, one of the most profound and long-standing open problems

in mathematics, states that all non-trivial zeros of the Riemann zeta function lie on

the critical line in the complex plane where the real part is one-half. This classical

problem has been reformulated in the framework of various function spaces. In

particular, S. W. Noor [48] provided a reformulation of the Riemann hypothesis

within the context of scalar-valued Hardy spaces.

Motivated by this line of research, it is natural to explore analogous formulations

in various Hilbert spaces. The following problem outlines a potential direction for
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future investigation:

Problem 6.7. What is an appropriate formulation of the Riemann hypothesis in

the framework of Banach-valued Hardy spaces?

Furthermore, J. Manzur, S. W. Noor and C. F. Santos [49] established that

the Riemann hypothesis is equivalent to the shift-invariance of a certain subspace

considered in [49, Theorem 11]. Motivated by this characterization, we propose the

following question as a potential direction for further exploration:

Problem 6.8. Is the Riemann hypothesis equivalent to the invariance of the sub-

space considered in [49, Theorem 11], under some subnormal Toeplitz operator Tφ

on H2?
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