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INTRODUCTION

Aneesh Kumar K. “Phase type modelling in reliability and survival analysis”
Thesis. Department of Ststistics , University of Calicut, 2007



Chapter 1

INTRODUCTION



1.1 An Introduction

Phase type distributions are of great importance in modern probability and have
gained widespread acceptance in recent years, because of its computational prop-
erties in applied stochastic modelling. A phase type distribution is the distribu-
tion of killing time in a finite state Markov chain. This versatile class is much
applied in queuing theory, reliability and survival analysis.

When it is essential to have a more qualitative modelling to study real situ-
ations, like modelling deteriorating system, fluctuating failure rate, random en-
' vironment etc., analytical approach to such models under general distributional
assumption either fail or so complicated that they become intractable. By using
phase type representation to those probability distributions, the essential fea-
tures of the model can be reflected and useful information can be provided on its
physical behaviour. Further more, there is no essential loss of generality in this
set up. The class of phase type distributions is dense and hence any life distribu-
tion with positive support can be approximated arbitrarily close by a phase type
distribution.

The common life distributions used in practice for reliability modelling are
exponential and gamma. Practical experience over the past has suggested a much
more flexible family of models. Phase type distributions are of proven utility in
stochastic modelling but their application in reliability system is not all extensive,

though several researchers, (Keilson(1975), Neuts and Meier(1981) and Assaf and



Levinskon(1982) etc.) have found various application of the theory of phase type
distributions in reliability. Phase type distribution has the advantage that it (and
its density, Laplace transform and all its moments) can be written in a closed
form and thus, various probabilistic quantities of interest can be evaluated with
| relative ease. The closure and approxima.tibn results and the fact that phase type
distribution is dense in the class of all distribution with shpport on (0, c0) make
them useful in modelling different practical situations.

Several classes of life distributions used in reliability are closed under var-
ious reliability operations. Notably, the DFR class is closed under mixtures,
the IFR class is closed under convolutions and IFRA class is closed both un-
der convolutions and under the formation of binary coherent systems. Assaf
~ and Levikson(1982) proved that the Phase type class is closed under all the
above three operations. Dharmadhikari and Manoharan(1995) have shown that
the class of phase type distributions is closed under the formation of multistate
monotone system. Manoharan et.al.(1992) have obtained a preservation result
of phase type distribution under Poisson shock models. These results are use-
ful for evaluating reliability as well as various performance measures of a system.
Chakravarthy(1983) considered a parallel system consisting of n identical compo-
nents subject to failures. Failed components are repaired by a single repairman.
Under the assumption that the failure times are exponential and the repair times

are of phase type, it was shown that the busy period of the repairman, the density



of the number of components repaired during' a busy period and the stationary
down time of the system are also of phase type. Chakravarthy (1987) studied
the system of two machines in series with a buffer in between. The machines
have exponential failure and repair times and the processing time is phase dis-
tributed. An algorithm for obtaining the steady-state probabilities and some
system performance measures are presented. A complex priority redundant sys-
tem with phase type distribution is analyzed by Gururajan and Bhat(1990), and
the closed-form results for the reliability and availability of the system are pro-
- vided. Chakravarthy et.al.(2001) used phase distribution for modelling the repair
and service time of a k-out-of-n reliability system with an unreliable server. Time
spent by a failed component in service, total time in the repair facility, vaccation
time of the server, non-vaccation time of the server, and the time until failure
of the system are all shown to be phase type. Barron et.al(2005) considered
exponential life time and phase type repair time and proposed an algorithmic
approach in analysis of R out of N system with several repairmen. They derived
formulae for the point availability,the limiting availability, the distribution of the
down time and the up time. Wei Li and Alfa(2005) considered a problem of
optimal scheduling of a set of jébs on a single machine where the machine’s up-
time is assumed to have a general phase type with possible breakdowns and long
repairs, and the processing time of the job are all stochastic. In a recent paper of

Cui and Li(2007), an engineering system with structural as well as failure depen-



dence among their components is discussed. Using thé Markov process approach,
a coherent system of components with multivariate phase type life distribution
is introduced to model the components working in a common random environ-
ment. Apart from the above mentioned situations, there exists many other works
in reliability exploiting nicely the properties of phase type distribution. In this
thesis we bring together the properties of this versatile class of distribution and
augment some more properties of it and use ﬁhe distribution in various real life
situations arising in reliability theory and survival analysis.

Post-sale service is an important element of new product sales. A warranty
offers protection to buyers against early failures that might occur during the war-
ranty period. Offering any warranty causes the manufacturer to incurs additional
warranty servicing costs. For a product sold with warranty, the cost of servicing
the warranty depends on the reliability of the product. There are many issues
related to warranty. These includes selection of a warranty policy, warranty cost,
reliability management policies, and many related areas and interaction between
these. Murthy and Blischke(2001) describes various warranty policies and impor-
tant aspects of warranty and reliability. Among the different warranty policies
described, in FRW (Free Replacement Warranty) policy the manufacturer agrees
to repair or provide replacements for failed items free of charge upto a time W
from the time of the initial purchase; the warranty expires at time W after pur-

chase. In PRW (Pro-Rata Warranty) policy the manufacturer agrees to refund



a fraction of the purchase price should the item fail before time W from the
time of the initial purchase. The buyer is not constrained to buy a replacement
item. In RI (Reliability Improvement) policy the manufacturer agrees to repair
or provide replacements free of charge for any failed parts or units until time W
after purchase. In addition, the manufacturer guarantees the MTBF (Mean Time
Before Failure) of the purchased equipment to be at least M. If the computed
MTBEF is less than M, the manufacturer will providé, at no cost to the buyer;
(1) Engineering analysis to determine the cause of failure to meet the guaran-
teed MTBF requirement (2) Engineering change proposals (3) Modification of
all existing units in accordance with approved engineering changes and (4) Con-
signment spares for buyer use until such time as it is shown that the MTBF is
at least M. Nguyen and Murthy [1989], Jack and Dagpunar [1994] are some
among who discussed warranty problems. The behaviour of lifetime is evidently
an important aspect of warranty problems. It is of interest to learn more about
how a warranty policy can be determined under a general lifetime distribution
assumption. The use of phase type models seems to be quite worthwhile in such
investigations as it happens to be in the present work.

There are several reasons for using the class of phase type distribution as a
parametric model for failure time data. The class contains commonly used distri-
butions like exponential, Erlang, sum of exponential and mixture of exponential.

Then, when fitting a phase type distribution one get an automatic model selection

10



within a large class of distributions.

In survival analysis when one considers the time for the occurrence of certain
event, it may be noted that behind these events, there is an underlying process
going through a set of stages which are only partially observed. For example, a
diéease goes through various stages of severity and which may be healed or may
progress through gradual worsening to death. Modelling of seed germination is
an important problem in plant science. Giving phase representation for the seed
germination time, qualitative features of the various stages of germination process
can be brought out and highly informative measures on the hazard rate of the
stages be obtained.

Aalen(1995) describes the phase type methods for series model under acyclic
Markov chain, where stage transition is allowed from one stage to the nearest
stage only, with different transition intensities and plot its hazard function. It
describes various kinds of phase type models, and connect them to problems in
survival analysis. The model for incubation distribution of AIDS is an example
for phase type model of acyclic type. In the model for the incubation time of
AIDS, it considered two phases out of the five for developing to advanced HIV
disease. In that stage treatment may be offered, described by a rate 4. The effect
of treatment is to slow down the further progression of AIDS by factor §. The
incubation time in this model is the time it take to go from phase 1 to phase 5.

In biostatistical applications, the consideration of development of disease only

11




in one direction will be unrealistic. For example, in the multistage model for
cancer incidence one might allow cellular damage to be repaired. Hence it is
more realistic to assume that the process moves back and forth between states
even though absorption may eventually take place. Such models are so called
"models with feed back”. An appropriate modelling of such a situation is done
in Aalen(1995) using phase type distributions. The paper also includes another
example to illustrate fitting of phase type distribution to real data that concerns
women having had a live-born first child, and the object is to analyse the time
until their next birth, if any.

The length of stay of hospital patients can be effectively modelled using
phase type distribution. An attempt in this direction is done in Faddy and
McClean(2000). The phases are interpreted in terms of increased severity of any
illness being treated. This leads to an identification of ‘short stay’, ‘medium
stay’ and ‘long stay’ patients with the phase type distribution interpreted as a
mixture of such components. Differential effects of two covariates, age of patient
at admission and year of admission, are shown on the different phases of the
distribution. Ahlstrom et.al.(1999) considered bivariate phase type distribution
in a problem related with the parametric estimation procedure for relapse time
distribution. Marshall and McClean(2003) modelled the length of stay of a group
of elderly patients in a hospital using conditional phase type distribution. The

model incorporates the use of Bayesian belief networks with Coxian phase type
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distributions; a special type of Markov model fhat describes the duration of stay
in hospital as a process consisting of a sequence of latent phases.

The present thesis deals with phase type modelling, mainly in reliability
and survival analysis. For phase type distribution many characterization re-
sults are derived in the literature. See for example, Aldous and Shepp(1987) and
O’Cinneide(1991). In this thesis a characteristic property of phase type distribu-
tion is established based on the structure of a Poisson shock model.

A reliability and warranty problem of a product sold under warranty with
~ general lifetime distribution is discussed in this thesis. An optimal warranty
period for the product with preventive maintenances is suggested applying phase
type distribution.

Preventive replacement of units is an important activity to avoid failures and
~associated cost or down time. The objective of the replacement problem is to find
the optimal replacement age of the device that minimise the long run average cost
or down time per replacement cycle. Many works like Cho and Parlé,r(1991),
Suprasad Amari and Wes Fulton(2003), Berénguer et.al(2003) deals with the
problems of preventive replacement. Here we find an optimal replacement age for
a device working under Poisson shock using phase type distribution assumptions.

A vast majority of the reliability analysis assume that components and sys-
tems are in either of two states : functioning or failed. However in many real

life situations we are actually able to distinguish among various ‘levels of perfor-
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mance’ for both system and components. For such cases, the existing dichotomous
model is a gross over simplification and so models assuming degradable (multi-
state) systems and components are certainly preferable. This topic was discussed

earlier by Barlow and Wu(1978), El-Neweihi et.al (1978) etc. In this thesis we

vpresent the reliability analysis of a multistate deteriorating system subject to

Poisson shock with general life distribution assumption.

Another area where phase type modelling is employed is that of seed ger-
mination. Seed germination is a complex biological process that is influenced
by various environmental and genetic factors. The growth rate, hazard rate of
seeds are of particular interest among plant scientists. Copeland(1988) describes
various stages of seed germination. Shafili and Price(2001), Michael et.al(2004)
considered modelling of seed germination time under various situation and dis-
tribution assumption. In this thesis we model seed germination time through
phase type distribution assumption. Using phase type distribution, we modelled
the life distribution of a seedling in its different growth stages and also the entire
life, considering the data set including censored observations. The survival and
hazard pattern of the seedling in its different growth stages are obtained.

In the following sections we narrate the earlier developments in the field of
our current interest. In section 2, the development of phase type distribution
and some of the important works on phase type distribution are discussed. An

introduction to reliability theory is given in section 3. In section 4 an introduction
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to survival analysis is included. In the last section an overview of the main

contribution of the thesis is provided.

1.2 Phase Type Distribution - An overview

Among the distributions of non-negative random variables, exponential distri-
butién gained attention due to its simplicity and excellent analytical properties
like memory less property. But this distribution is not closed under the ba-
sic convolution and mixing operation in probability. Noticing the limitations of
exponential distribution, in the 20’s of last century Erlang introduced the well
known Erlang distribution through an ingenious method of stages (phases) which
was later proved to be the main source of innovations in the field of stochastic
modelling. Along this way Cox investigated a special series parallel network of
stages and derived from it the famous Coxian Distribution. Through the use of
complex transition probabilities Cox(1955) established the R-Distribution class
characterised by rational Laplace-Stieltges Transforms(LSTs) and pointed out
that in principle the distribution of any non-negative random variable may be
approximated by a distribution in the R-Class. Jenson(1954) was the first to
make the connection between the distribution of a non-negative random variable
and a finite state Markov chain. As an extension of such ideas, Neuts(1975) ini-
tiated the phase type distribution theory. Phase type distribution retains many
advantages of exponential distribution while overcoming some of its non-closure

15



drawbacks. The monograph of Neuts(1981) established phase type distribution
as a tool for unifying a variety of stochastic models and for constructing new
models that yield to algorithmic analysis.

Neuts(1981) mentions the motivation for using this versatile class of prob-
ability distribution. In a large number of analytical investigation of stochastic
models, it has been highly desirable to locate d Markov chain of sufficiently small
dimension which would describe the given stochastic model completely computa-
tionally tractable and is free from the dimensionally problems often crops up while
using the embedding techniques. Secondly, when one examines the models under
non-exponential assumption, there arises the question related to the robustness or
insensibility to the distributional assumption or to certain features of the model.
Under phase type distribution assumption, the insensitivity results may be nu-
merically examined and highly sensitive features of the model can be identified.
The most established motivation for using it as a statistical model comes from
their role as the computational vehicle of much of applied probability. Very often,
problems which have an explicit solution assuming exponential distributions but
not under general distributions are algorithmically tractable when one replaces
the exponential distribution with a phase type distribution. Phase type distribu-
tions have been widely used in stochastic modelling in diverse fields. For typical
examples, see Neuts(1981), Sengupta(1989), Asmussen(1992) in queuing theory;

Assmussen and Rolski(1991) in insurance risk theory; Kao(1988), Lispky(1992)
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in renewal theory; Jeonson et.al.(1994) in computer science and so on. Latouche
" and Ramaswamy(1999) presents the basic ideas, method of phases and algorithms
of mé,trix analytical theory.

The distribution of the time until absorption in a discrete parameter Markov
chain is termed as Discrete Phase Type (DPH) distribution and time until ab-
sorption in a continuous parametér Markov chain is térmed as Continuous Phase
Type (CPH) distribution . A detailed discussion on phase type distribution and
its properties is included in Chapter 2. Assaf et.al.(1984) discussed multivariate
phase type distribution. Assaf et.al.(1985) proved that any phase type distribu-
tion can Be represented as a proper mixture of two distinct phase type distri-
butionvs. Shantikumar(1985) deﬁnéd a bilateral phase type distribution. Sdohan
and Ramaswamy(2005) proved that bilateral phase type distribution is having
many closure properties and is dense on the class of all distributions on real line.
Following up Neut’s idea, Shi Dinghua et.al.(1996) introduced the SPH distribu-
tion class, which describes on the absorption time in an infinite Markov chain.
Shi Dinghua et.al.(2005) characterize the SPH class through the derivatives of
the distribution functions. It is well known that DPH class has different prop-
erties wit_h respect to the minimal coefficient of variation than CPH class, since
the deterministic distribution (with zero coefficient of variation) is a member
of DPH class. Motivated by the convenience in using the DPH family in ap-

plied stochastic modelling, Bobbio et.al.(2003) investigated more closely on the
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DPH distributions and its acyclic subclass referred to as acyclic-DPH. Bobbio et.
al.(2005) presents more on acyclic phase type (APH) distribution.

A statistical approach to estimation theory for phase type distribution is
presented in Assmussen et.al.(1996). The idea of this approach is : the class of
phase type distribution may for a fixed k transient states, be viewed as a multi
parameter exponential family, provided the whole of the underlying absorbing
Markov process is observed. Since the data in practice consist of i.i.d. replication
of the absorption times Y},Ys,...,Y,, of Y , there are incomplete observations
and it is given to implement the EM algorithm. The program for implementation
of the proposed algorithm is EMPHT-program by Haaggstrom et.al.(1992). The
performance and the dynamics of the algorithm are illustrated in Assmussen
et.al.(1996) by a sequence of fits of phase type distributions to three different
theoretical distributions : Weibull, lognormal and Erlang distribution with feed
back. As an extension to EMPHT-program, Olsson(1998) introduced a fitting
tool, called EMpht programme to fit a CPH distribution. Bobbio and Telek(1994)
also discussed the fitting of phase type distribution. A phase type fit tool recently

introduced by Horvath and Telek(2002) can fit both CPH and DPH.

1.3 Reliability - An Introduction

Reliability considerations are important factors in any engineering system. The
problems of failures, repairs and maintenances etc., are to be viewed seriously

18



in the use of any equipments or systems., because the future performance or
future life is entirely depending on such reliability characteristics which are not
always deterministic due to the cdmp_lexity, sophistication in nature. So to solve
reliability problems it is highly essential to make use of stochastic models suitable
for the situation.

Today design and production engineers discuss methods of improving relia-
bility in design and production stages respectively. Testing engineers simulates
the realistic environmental conditions. Statisticians produce ﬁhe optimal experi-
mental methods of life testing. Matheméticians construct mathematical methods
of system reliability. Operations Research workers are concerned with the best
methods of scheduling maintenance, fep‘lacement and repair of the equipment to
obtain greater reliability matched with adequate availability and costs. All these
investigations fall under the name of reliability studies, every year opens new
| vistas, but all the time probability concepts and statistical methods are used.

Ih reliability, we are mainly concerned with devices or system that fail at an
unpredictable random age of T > 0. This random variable is assumed to have a
distribution F, F(t) = P(T < t), t € R, with a density f. Then the reliability

R(t) of the system is defined as
P(T>t)=1-F(t)=F(t) (1.3.1)

This function is also know as the ‘survival function’.
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The failure rate ) is defined on the support of the distribution by

)
0 = 50

The failure rate A(t) measures the proneness to failure at time ‘t’ and we have

the relation,

F(t)=e X4 [see Aven and Jenson(1999)]

Epestein and Sobel(1953) began the work in the field of life testing, which marked
the beginning of wide spread research using exponential distribution. Until
1960 reliability was defined as the probability that an item will perform a re-
quired function under stated condition for a state of period of time. Research
on coherent structure began with the paper by Birnbaum et.al.(1961). Barlow
and Proschan(1965) stimulated the research work on the failure rate function
and élasses of life distributions defined in terms of this function. Barlow and
Proschan(1975) can be viewed as first milestone in lifetime analysis, complex
systems and maintenance models.

The notion of ageing is first discussed in Bryson and Siddique(1969). The
concept of ageing for life distributions have been found very useful in reliability
theory. Based on these notions, results may be derived concerning the behaviour
of systems, bounds for survival functions, moment inequalities etc. It has been
found useful for arriving at efficient algorithms for use in maintenance policies.
Concernihg the lifetime random variable T, the mean of T is denoted by p.
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For each t, with F(¢) > 0,

F(t+z)

F(.’E/t) = —W =

P[T>t+z/T >

represents the survival function of a unit of age t. The remaining (residual) life,
at age t, is E(T — t/T > t), which may be shown to be [, F(z/t)dz . When
At) = %(% exits, —lbg'F_(x) = [; A(t)dt, represents the cumulative failure rate.

The following notions of positive (adverse effect) ageing are common in reli-

ability theory. We say F is said to be

1. Increasing Failure Rate (IFR) if F(z/t) is decreasing in 0 < ¢t < oo for

each t > 0. When the density exists, this is equivalent to A(t) = %% being

non-decreasing in ¢ > 0.
2. Increasing Failure Rate Average (IFRA) if —@ﬂ is non-decreasing in x.

3. Decreasing Mean Residual Life(DMRL) if the mean remaining life function

00 ==

Jy° F(z/t)dz is non-increasing in x.
4. New Better than Used (NBU) if F_(x/t) < F(z) for t > 0,z > 0.

5. New Better than Used in Expectation (NBUE) if [~ F(z/t)dz < p for

t>0.
6. Harmonically New Better than Used in Expectation (HNBUE) if
/ F(z)dz < pe~% for ¢t > 0.
0
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7. L-Distribution if [ e~**F(t)dt > £ for s > 0.
8. New Better Than Used in Failure Rate (NBUFR) if A(¢) > for ¢ > 0.

9. New Better Than Used in Average Failure Rate (NBAFR) if

A0) < % /D " \z)dz = _@.

1.4 Survival Analysis - An Introduction

Survival analysis is a traditional statistical theme, but the recent surge of interest
in this area is mainly due to its applications in biomedical sciences. In survival
and évent history analysis, one studies the time to occurrence of certain events.
The field of survival analysis emerged in the 20** century and experienced tremen-
dous growth during the latter half of the century. The early efforts in development
of survival analysis methodology were predominantly focussed as the estimation
of the hazard function A(t) and the survival function S(¢). The developments in
the field of survival analysis that have had the most profound impact on various
application field are the Kaplan—Meier(1958) method for estimating the survival
function, the log-rank statistic by Mantel(1966) for comparing two survival distri-
butions and the Cox(1972) proportional hazard model for quantifying the effects
of covariates on the survival time.

Survival data is a term used for data measuring the time to some event. In
the simplest case, the event is death, but the term also covers other events, like
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occurrence of diseases, germination time of seeds etc. In industrial applications, it
is typically time to failure of a unit or some component in a unit. In economics, it
can be time acceptance of a job offer for an unemployed person. In demography,
the event can be entering marriage.

Lifetime (survival time) data often come with a feature that creates problems
called censoring in the analysis of the data. In broad sense it occurs when exact
lifetime are known for only a portion of the individuals under study, the remaining
- lifetimes are known only to exceed certain values. Some times experiments are run
over a fixed time period in such a way that an individual’s lifetime will be known
exactly only if it is less than some predetermined value. In such situation the
data are said to be type I censored. The situation in which only the 7’ smallest
observations in a random sample of n item are observed (1 < r < n), the sample
collected is said to be type II censored. It is to be noted that with type I censoring
the number of exact lifetimes observed is random, incontrast to the case of type
IT censoring where it is fixed. Generalized type II censoring, random censoring
etc., are some other types of censoring existing in literature. Lawless(1982) gives
a detailed illustration on various types of censoring on survival (lifetime) data
and also the parametric/non-parametric methodology for lifetime data analysis.

Some concepts in lifetime distribution:

Let T be a non-negative continuous random variable representing the life-

time of individuals in some population. Let f(¢) denote the probability density
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function (p.d.f.) of T and let the distribution function be
] t
Fit)=Pr(T<t)= / f(z)dx

and the survival function

S(t)=1-F()

In case of lifetimes of manufactured items, S(¢) has been referred to as the
reliability function.

The p.d.f.( or p.m.f.) and the distribution and the survival function are com-
mon representation of a probability distribution, the hazard function (called the
failure rate earlier) is a function which is particularly useful with lifetime distri-
butions. They describes the way in which the instantaneous probability of death
for an individual with time. Often, in applications there may be qualitative infor-
 mation about the hazard function, which can help in selecting a life distribution
model. For example, there may be reason to restrict consideration to models
with non decreasing hazard functions or with hazard function having some other
well-defined characteristic. In short, the hazard function represents an aspect of
a distribution that has direct physical meaning and that information about the
nature of the hazard function is helpful in selecting a model.

The hazard function of a life distribution which specifies the instantaneous

rate of death or failure at time t, given that the individual survives up till t, is
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denoted by h(t) and is defined as,

t<T<t+At/T>t

h(t) = ZT—>0PT[

R ] (1.4.1)
= h(t) = Fg—g—;—, provided f(t) exists. (142)

- It now follows that,
t
log.S(t) = — / h(z)dz.
0

fot h(z)dz is the cumulative hazard function and is denoted by H(t). Then,

S(t)= exp(—H(t))
Also f(&)=  h(®)S(®)

= h(t)eH®,

When lifetime are grouped or when ‘lifetime’ refers to an integral number of
cycles of some sort, it may be desired to treat T' as a discrete random variable.
Suppose T can taken on values #j,t,... with 0 <t <ty <...and let the
probability function be P(t;) = Pr(T =t;) for j = 1,2,... . Then the survival
function is,

SW)=PrT 2= Pt

j=ti>t

hazard function h(t;) = Pr(T =t;/T > t;)
Pl) . _
"WJ_L),] = 1, 2, N

As in continuous case, the probability, survivor, and the hazard functions give
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equivalent specifications of the distribution of T. Since p; = S(¢t;) — S(¢j+1),

S(tiv1) .
Rt)=1-2322.5=12 ...

and,

S@) = [T 1~ A

Jiti<t

Occasionally situations arises in which one would like T" to have both discrete and
continuous components. Special notation or definitions will not be introduced
for such situations, which will be handled as they occur. No real difficulties
are encountered with mixed distributions, especially if one works primarily with
the survival function, which, as usual, is a monotone decreasing left-continuous

function on [0, o).

1.5 An overview of the main contribution of the

thesis

The thesis is organised into six chapters and each chapter is divided into differ-
ent sections. In the introductory chapter, a general introduction to the thesis is
provided in the first section. Section 2 presents an overview on phase type dis-
tribution. A brief introduction of reliability and survival analysis is given in the
next two sections. The last section provides an overview of the main contribution

of the thesis.
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Chapter 2 presents a detailed discussion on phase type distribution. Analyt-
ical properties, closure results etc., of the discrete and continuous form of phase
type distribution is provided. Main characterisation results of the distribution in
the literature is included in this chapter. Along with this we present a new char-
acterization result on phase type distribution. We consider the life distribution
H(t) of a device subject to shocks governed by a hofnogenous Poisson process.
It is established that under certain mild conditions, {p;} - the probabilities that
the device fails on the k™ shock, is a discrete phase-type (DPH) distribution is
a necessary and sufficient condition for H(t) to have a continuous phase—typé
(CPH) distribution. In particular, we prove that H(t) follow exponential(yu) dis-
tribution, if and only if {p;} is a geometric distribution, under the homogenous
Poisson(A) shock model, when A > u. This chapter ends with a description of
fitting of phase type distribution using EM-algorithm.

In chapter 3, we consider a product with general life distribution that exhibits
different life patterns at various places of installation according to the environ-
mental conditions. A combination of Free Replacement Warranty(FRW) policy
and Reliability Improvement (RI) policy is employed, while the product life time
is modelled using Phase type distribution. Optimal warranty period with preven-

tive maintenances is obtained and the method is illustrated through a numerical

example.

Chapter 4 deals with an optimal preventive replacement policy for a device
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that sustains shocks those arrive according to a homogenous Poisson process.
The discrete phase type distribution(DPH) is assumed for the failure (shock)
probabilities. The DPH approximation for thé failure probabilities could help to
handle quite general situations. The problem assumes greater significance when
loss due to preventive replacement is smaller than that due to the corrective
replacement. For discrete phase type failure probabilities, the problem of finding
the optimum value of the replacement time by minimising long run cost per unit
time for replacement, and also the same problem by considering a particﬁlar loss
function is discussed. A comparison of the above preventive replacement policies
with the failure replacement is made proposing the gain due to age replacement.

In chapter 5, a multistate system is considered. The system is subject to
homogenous Poisson shocks. The system gets deterioréted according to the mag-
nitude of the shocks acted on it. The shock probabilities follow discrete phase
type distribution and the parameters are determined using the probability distri-
bution of shock magnitude. The life of the system is shown to have continuous
phase type distribution. The reliability of the system is discussed.

A problem of modelling the seed germination time is discussed in chapter 6.
- The process of seed germination involves many stages,the end of which a mature
plant suitable for plantation develpps. The time required for the process and the
sojourn time in each of its growth stages are modelled by phase type distribution.

The growth rate and the hazard of the growing plant in its different growth
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stages are studied. The problem is illustrated using an experimental data. The
EMpht program is used for the estimation procedure involved. The methodology
sgggested in this paper can be used for any seed gerrhination process or similar
ones. |
All the mathematical illustrations appeared in this thesis are performed using
MATLAB. The computer codes used for the purpose of each chapter are appended
at the end of the thesis.
We conclude the thesis pointing out the salient features of our studies and
scope for further work. A fairly comprehensivé bibliography including all papers

and books mentioned in this thesis is given at the end.
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2.1 Introduction

A non negative random variable (or its distribution) is said to be of phase type, if
it is the time until absorption in a finite state,v time homogeneous Markov chain.
This family which we denote by PH, was introduced by Marcel F Neuts(1975)
as a tool for unifying a variety of stochastic models and for constructing new
models that yield algorithmic analysis. The idea of methods of phases is quite
old, but the modern interest in this methqd, to a large extent, is due to Neuts,
the main sources being his two books - (1981) ,(1989). The PH distributions
are important in their own respects and have found useful in various fields such
as queuing, reliability, survival analysis, branching process, telecommunication,
computer science etc.

There are two parallel discussion of phase type distribution; one corresponds
to absorption time in a discrete parameter Markov chain, which is termed as dis-
crete phase type (DPH) distribution and and the other corresponds to absorption
time in a continuous parameter Markov chain termed as continuous phase type
(CPH) distribution. This chapter presents a detailed discussion on discrete and
continuous phase type distributions and their properties. The characterization
results on phase type distributions are revieﬁed and a new characterization of

phase type distribution under Poisson shock model is given.

31



2.2 Discrete Phase Type (DPH) Distribution

Definition 2.2.1 A probability density {p,} on the set of nonnegative integers is
called a discrete phase type (DPH) distribution if it is the density of the time until
absorption in a finite state Markov chain with stationary transition probability

matric given by

T|T
P= (2.2.1)

011

and initial probability vector (o, apm41). Here T is-an m x m substochastic matriz

such that Te + T° = e and (I — T) is nonsingular.
The DPH density is given by
Po = Cm+1;, DPn= ng—-llvO, n2>1. (222)

The pair (a,T) is called the representation of DPH and m is the order of the

phase type distribution.

Examples of DPH distributions:

Example 2.2.1 Let X follow a geometric distribution of the form

P(X=2)=¢%, 5=0,1,2,...; 0<p<1; p+g=1

Here X is the waiting time for the first success. Consider a two state Markov
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chain on the state space {0,1} where 1 is an absorbing state. Then the distri-
bution of time until absorption to state 1 starting from state 0 is the geometric

distribution. Here

01
P= 9 glp
1 0|1

wherea=(1-p)=qandT =¢q

Thus geometric distribution is DPH (a,T) wherea=q and T =¢q

Example 2.2.2 Generalized negative binomial distribution

012 ...r-1r
0 qu p 0 ... 0 0 -

1 00 ¢ m 0 ... |0

P= o 0 0 ¢ p ... |0
r—1 0 0 0 ... gr-1|Pr—1
r 000 .0 |1 |

where pi+¢=1 for i=0,12,...,7r—1L
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This is DPH(a, T), where

Example 2.2.3

Then

This is DPH(a, T).

0

0

Q

0

Wiy

Do

q1

where

N =

0 .- 0

p e 0
ja=(1,0,...,0)

gr-1

0123
- ;
0 |0 2o0|;
1 |00 113
2 |00 0|1

L L

; a=(1,0,0) and T°=

=
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Example 2.2.4

012 3
- -
1 1
0 |0l o]}

11
Let’rk—{—,z,z}, P= 1 00 % _;_
2 0 0 01
3 000 lj

This is DPH(a, T),; where

030 | 3
T=190 0 % a=(1,0,0) and T® = L
000 1

2.3 Properties of DPH distribution

The class of PH distributions possesses useful analytical properties as well as some
interesting closure properties which makes it a good choice in the modelling of life
~ times in various practical situations. Most of these results are well established in

Neuts (1975, 1981). We discuss some important properties which have a direct

bearing on the further development of the present work.

2.3.1 Analytical properties

Property 2.3.1 The probability generating function(pgf) of DPH {ry,k > 0},

with representation (a, T) is given by R(2) = a1 +2a[I — 2T T°, for | z|< 1
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Note that this representation is valid, since for a DPH, (I — T)~! exists and
T" — 0 elementwise. Therefore (2T)" — 0 elementwise for | z |< 1. Thus

(I — 2T)~?! exists and is equal to =L ,(2T)*.

Property 2.3.2 The j** factorial moment of DPH {ry,k > 0} with represen-

tation (o, T) is given by,
p? = jt @T9"YI - T) e for j>1

It follows that the mean of DPH

=a(l - T) e

Also since (I — T)™! exists, it follows that all factorial moments of DPH exist

and hence all raw moments exist.

Property 2.3.3 Any probability density on a finite number of positive integers

is of phasev type.

Property 2.3.4 Every density obtained by shifting a density of phase type, an

integer number of steps to the right is itself of phase type

For an illustration, let us consider a DPH whose associated Markov chain is



The proBability density {px} of DPH is given by,

Do = Gm41

D = QTk_l_'I:O’ fOT k 2 1

In order to shift the above density, ‘r’ places to the right, consider the represen-

tation, (8, S) of dimension(m + r), given by,

1 010...0
2 001 0

3 00O0...0

B=(L0,...,0)and S= _ 000 ..1

T 0 00 0 o (85)] Qm,
r+1 Tw T ... Tim
r+m Tml ng e Tmm

It is clear that in an (m + 1) state Markov chain, if a state can be reached from
another state, it can be reached in ‘m’ steps or less; Hence in a DPH, all of
the terms py, p1, ..., Pm cannot be equal to zero. Suppose that p,,1 <r <mis
the first nonzero term of a PH density, then that density can be shifted upto ‘r’

steps to the left by changing the initial probability vector. The shifted densities

37



are still of phase type. To illustrate, consider the density with

go=aT T’ =p,
and gk = ppi, = aT"T*'T°, for k> 1
The density {gi} is of phase type with representation (8, T) with § = oT". It is
easily verified that p; = 0,0 < j < (r—1).This implies that o T"'T°+oT"e = 1.
Thus the left shifts of the negative binomial density on m, m + 1,... are therefore

also of phase type.

2.3.2 Closure Properties

Property 2.3.5 The convolution of a finite number of densities of phase type is

itself of phase type.

When we are considering two phase type distributions say {r;} and {sx}, repre-
sented respectively by (o, T)m and (B, S),, using the properties of pgf it is shown
that, the convolution of {ry} and {s;} is phase type with parameters (y,P) ,

where

7= (2,0,0).
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and,

where T? is a m x n matrix with n identical columns, each given by the vector

T? and ‘B’ is n x n diagonal matrix with elements (51, B2, - . -, Bn)-

Property 2.3.6 Any finite mizture of probability densities of phase type is itself

of phase type.

- Let the mixing density be (p1, po, . - . , p,) and let the densities r¢(h),h = 1,2,...,v
be represented by the matrices T(h) and the initial probability vectors a(h). The

mixture 7, = [Y_,_; PaTx(h)] can be represented by the matrix,

- T(1) 0 0 0 T°(1) -

0 T(2) 0 0 T°(2)
P=

0 0 0 T(v) | T°(v)

0 0 0 o |t |

and the initial probability vector y = (p1a(1), p20(2),...,p(v),0)

But it is to be noted that an infinite mixture of phase type distributions are

generally not of phase type.
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Property 2.3.7 Let {ry} be a density of phase type on positive integers defined
by the vector o and m x m matriz T. Let {r,(:')} be the v fold convolution of
the density {ry} with itself. Let {s,} be a density of phase type on the positive
integers defined by the vector B and the n x n matriz S. Déﬁne the probability

density {vr} on the non-negative integers by,

vo =0 and v,; ?VOZS,,T,(:) for k>1 (2.3.1)

v=1
where 0,60’ > 0and 0+6 = 1. Then {vx} is of phase type and is the density of the

time till absorption in a Markov chain with (m + 1) states , the initial probability

vector (0 a® B,0') and tpm

T®I,+(T°A)®S T°®S°
P’ = (2.3.2)

0 1
where @ is the Kronecker product operation, I, is the n x n identity matriz, T°

is the m x m matriz with (T°);; = T? and A = diag(on, ag, .. ., o).

2.3.3 Associated Renewal Sequence

Consider a DPH {p;,k > 0} with representation (a,T) with a4 = 0. Let

Q =T + T°A. The matrix Q is clearly non negative. Also we have

Qe=Te+ T Ae=Te+ T’ ge=Te+ T’ =e.
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Therefore Q is a stochastic matrix. From a given Markov chain with tpm P of

the form

T T°
P= and initial probability vector a* = (@, Am+1)

0 1

with a;, 41 = 0, one can construct a Markov chain with tpm Q and initial prob-
ability vector . When an absdrption into the state m + 1 occurs in the Markov
chain with tpm P, instantaneously restart the chain by performing an indepen—
dent multinomial trial with the probabilities oy, ay, . . ., oy, If we can denote the
state of this new chain at time n by X,, we can see that {X,,n > 0} is a Markov
chain.

Let us call the ‘restarting’ of the original Markov chain a ‘renewal’. The time
between the successive renewals form an ordinary renewal sequence in the usual

sense. The distribution of the times between renewals is of phase type given by
{pk, k 2> 0}
Remark 2.3.1 In view of the above observation one can construct an eztremely

efficient algorithm to compute the ‘renewal density’ {hn,n > 0} of an ordinary

renewal process in which the lifetimes distribution is of DPH.

Remark 2.3.2 Since h, is the expected number of renewals at time ‘n’ and at
any time ‘n’ atmost one renewal can occur, hy, is interpreted as the probability

that at time n a renewal occurs.

The following indicates the computation of the renewal density {hn,n > 0}.
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Theorem 2.3.1 If the life time distribution {pi,k > 0} is DPH with represen-

tation (a, T), then the associated renewal density {h,,n > 0} is given by,

0

I

ho

hp = (T +T°A)"'T°, n>1.

Reducible T matrix:

~ We say that a square matrix T is reducible if by applying the same permutation

to its rows and columns it can be brought into the form T = where

Ty | T
T;; and T, are square matrices. '
Property 2.3.8 If the stochastic matriz T + T°A is reducible, then the density
{ri} may be represented by an initial probability vector B of dimension less than

m and a matriz B, which is a proper sub matriz of T.

2.3.4 Renewal limit distributions

Let {px, k > 0} be a probability density on the nonnegative integers with
0 < po < 1, and with finite mean u. Define the sequence, {gx, k > 0} by

o = inu

v=k.

= i[l - Zp,,],for k>1

v<k

The sequence {gx, k > 1} is a probability density, which will be referred to as the
‘renewal limit density’, associated with the density {px,k > 0}. The following
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theorem shows that the renewal limit density of a pha_se type distribution is also
of phase type.

Note: It can be seen that the density {g;} is independent of p, for 0 < pp < 1,
and hence we may assume without loss of generality that po = 0. Thus we can
- consider the density {ry,k > 1} has the répresentation (o, T) with apyy = 0.
Also further assume that the stochastic matrix T +T?A, used in property (2.3.8)
is irreducible. This implies that there exists a unique probability vector m with

all positive components such that 7T +T°A =7, 7e=1

Theorem 2.3.2 If the density {ry} is of phase type with representation (a, T),then
the corresponding renewal limit density {qx} is of phase type with representation

(x,T).

The theorem is established by showing that the pgf of the distribution {gx, k > 1}

is the same as that of DPH with representation (m, T).

2.4 Continuous Phase Type (CPH) Distribution

Definition 2.4.1 A distribution F on [0,00) is a continuous phase type (CPH)

if it is the distribution of time until absorption in a finite state Markov process
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with generator
Q= and initial probability vector (@, am+1)-
T = (T;;) is a nonsingular matriz of order m and satisfies T;; < 0,1 < i <
m,T;; > 0 for i # j. The distribution F' is given by
F(z)=1—-aexp(Tz)e, >0 (2.4.1)
and we say F has representation (c, T)m.
Examples of CPH distribution:

Example 2.4.1 The ezponential distribution F(z) =1—e>*,2 >0,A >0 has

CPH representation (@, T)y, witha=1,T=-X and m=1.

Example 2.4.2 The generalized Erlang distribution of order'm’ with parameters

- A1y A2, ..., Am has the representation o = (1,0,...,0) and

A M O - 0
0 =X X 0
0 0 Am

2.5 Properties of CPH distribution

Here we discuss the important properties of CPH distribution. Many of them are

highly useful in lifetime modelling.

44



2.5.1 Analytical properties
Property 2.5.1 The Laplace-Stieltjes transform f*(s) of F(z) is given by,
f(8) = ams1 +a(sI —T)'T° for Re s>0
Property 2.5.2 IfX ~ CPH(a,T)m, and Y = aX ; then Y ~ CPH(a,a"'T),,
Property 2.5.3 The non central or raw moments of F(zx) are given by
i = /Ooo y'dF(y) = (-1)'laT e for i>1.
In particular the mean of CPﬁ is given by :
py = —aT'e
and Vériance of CPH is given by :

p2 = py — (1)°
= 2gT'_2e — (—aT 'e)?

= 20T %e — (aT'e)?

2.5.2 Closure Results

Property 2.5.4 If F(.) and G(.) are both continuous PH distributions with
representations (o, T) and (B, S) of orders m and n respectively, then their con-

volution F x G(.) is a PH distribution with representation (v, L) given by,

7 = la, omi1 8]
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and

Property 2.5.5 If F(.) is a PH distribution with representation (o, T), then,

F*z) = ;},l-/ox.[l—- F(u)]du, for x>0

is a PH distribution with representation (z, T) where x is the stationary proba-

bility vector of the irreducible generator Q* = T + T°A°

Property 2.5.6 A finite mizture of CPH distributions is again a CPH distri-
bution. If (p1,p2,...,Dk) 8 a mizing density and F;(.) has the representation
[a(3), T(3)] of order m; +1,1 < i < k, then the mizture F(zx) = Yr_, p;Fi(z) has

the representation,

f T1) 0 - 0 -
, _ 0 T@) --- 0
a = [pa(1),pa(2), -, pree(k)] and T =
0 0 - Tk

of order m = Y% m,

Property 2.5.7 Let {S,} be a discrete PH densz‘tybwz'th representation (8, S)

of order n and F(.) a continuous PH distribution with representation (a, T) of
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order m, then the mizture )07 | S, F*(.) of the successive convolutions of F(.) is

of phase type with representation (7, L) of order mn , given by,
Y¥=a®p( - am+1S) land
L=TQ®I+(1-an)TA’® (j - pm1S)7!S (2.5.1)
The height of the jﬂmp Ymn+1 6t zero and the vector L° are given by,
Ymn+1 = Bat1+@m18(I—0py18)7'S° and L° = _T_o®(I—Qm+1S)'1§O (2.5.2)

Property 2.5.8 Let X andY be z'ndependeni random variables with PH distri-
butions F(.) and G(.) having representations (o, T)m and (B, S). respectively. Let
Fi(.) and F3(.) be the distributions corresponding to maz(X,Y) and min(X,Y)
~ respectively, where F1(.) = F(.)G(.) and F3(.) = [1 — F()][1 — G(.)]. Then Fy(.)

and F3(.) are also of phase type and are given as follows:

Fi(.) has the representation (y,L)mntm+n where
7=[a® B, bunrc, am+1ﬁ] and

( ;

TRI+I®S I®RS’ T'®Ir

and Fy(.) has the representatibn e®8,TO®I+1Q®S]
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Now we have another interesting property. Let N be the number of arrivals in
a Poisson process of rate A during an interval [0, X] where X is a random variable

independent of the Poisson process. If F(.) is the distribution of X, then,

00 k
ar, =P[N =k] = / e"\"'&\k—u')—dF(u), k>o0.
0 : '
The pgf A(z) of {ax} is given by A(z) = f(A — Az) where f(.) is the Laplace-
Stieltjes transform of F(.).The following property gives a method to compute the -

density {a;} without numerical integrations, if F(.) is a PH distribution.

Property 2.5.9 If F(.) is a PH distribution with representation (a,T) then

{ax} is a discrete PH density with representation (B,S) given by

B = a(A] - T)'_1
S =AM\ — T) 'and
,Bm+1 =0m+1 + a()\I - T)_l']'.‘0

S° =(AI — T)~'T°.

2.5.3 Associated Renewal Process

The probability distribution F'(t) may be used to construct a renewal process in
the same way as in the discrete case.Define the quantities Q;; for 1 <i,j < m
by,

Qij =Tij + TPa; for i#] (2.5.3)
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Qi =— ZTij - Z'anj =T+ T
J# J#
so that Q = T + T°A° where T? is an m x m matrix all of whose elements are

T° and A% = (1 - ams1)"diag(an, az,. . ., o).

Now T°A® =T%1 - Q1) diag(ay, oz, . . ., 0m)
= (1 - Ofm.*.l)—-lToA

= (1= omu) ' T2

The matrix Q is of considerable importance. It is the infinitesimal generator of the
phase type renewal process which can be obtained by restarting the Markov chaivn
~defined in Equation (2.4.1) instantaneously after each absorption (renewal) by
performing a multinomial trial with probabilities a;, a3, . . ., @m41 and outcomes
1,2,...,m+ 1. The times between successive renewals of such a renewal process
is the CPH F(.). |
Consider the m state Markov chain with infinitesimal generator Q. Suppose
that upon absorption into state m + 1, we instantaneously perform independent
multinomial trials with probabilities a1, ay, . .., 0m, @m41 until one of the alter-
natives 1,2,...,m occurs. Restarting the process Q in the corresponding state,
let us consider the time of the next absorption and repeat the same procedure.
It is .ea.sy to see that by continuing this procedure indefinitely, we will get a new
Markov process in which state m+1 is an instantaneous state. When that process

enters the instantaneous state, the probability that it stays there for » > 1 tran-
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sitions is given by, (1 — aym+1)efr}; and the number of visits to the instantaneous
state are independent with the common geometric distribution.

If we further consider the Markov process in which the path functions are
right-hand continuous,we will obtain a Markqv process on 1,2,...,m with in-
finitesimal generator, Q* = T + TYA°, where T® is a m X m matrix with iden-
tical columns T° and A® = (1 — apy1) 'diag(er, @, ..., ay). Thus TPA? =
(1 — omy1) T, provided apmy1 # 1.

It can be seen that the successive visits to the instantaneous state form a renewal

process with underlying distribution F'(.) given by
F(z) =1 — aexp(Tz)e,z > 0.
The point process so obtained is a PH renewal process .

Property 2.5.10 Let S(z) be the pgf of a density of phase type on the non-

negative integers, represented by,
5(2) = Bas1 + Bz(I — 28)7'S°, (2.5.4)

and let R*(s) denote the Laplace-Stieltjes transform of a phase type density on

[0, 00), represented by,
R*(s) = amyy + a(sI - T)'TC, (2.5.5)
then the mizture with Laplace-Stiletjes transform

V*(s) = S[R*(3)], (2.5.6)
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is of phase type with representation (v, L), where

= a®B(In — tmS)™! - (2.5.7)

=

L = T®L+TA® (I, — an1S)”'S. (2.5.8)

2.5.4 Asymptotic Behaviour of CPH

In this section, a number of simple results on the asymptotically exponential
nature of PH distributions is cited. These results are useful in the computation

of the waiting time distribution for a number of queues.

Definition 2.5.1 A probability distribution F(.) is asymptotically exponential if

and only if for some K > 0and n > 0,
1 - F(z) = Kezp(~nzx) + o(exp(—nz)),as £ — oo. (2.5.9)

Theorem 2.5.1 If the matriz T is irreducible, any PH distribution F(.) with
representation (@, T) is asymptotically ezj)onential and —n, is the eigen value
with largest real part of T. The constant K = av, where v is the positive right
eigen vector of T, corresponding to —n,uniquely determined by the requirements

that uv = ue = 1, where u is a left eigen vector of T, associated with —1.

Corollary 2.5.1 A geometric mizture of the convolution powers of a PH distri-

bution is asymptotically exponential.
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2.6 Characterization Results

The characterization of phase type distribution has been attempted by many
researchers in the past, specifically through its structural property and variability
through the concepts of coefficient of variation or that of majorization. Notable

among them are the following.

Theorem 2.6.1 A distribution on [0, 00) is phase type if and only if it is either

the point mass at zero or
1. it has a continuous positive density on (0,00) and

2. it has rational Laplace-Stieltjes transform with a unique pole of mazimal

real part.

A discrete-time version of this is due to Soittola (1976) and Katyama et.al(1978).
The class of phase type distributions represents the natural family to which Er-
lang’s method of stages extends. So it is of intereset to have an idea of variability
for a phase type distribution of a given order. bThe Erlang distribution E(n, \) is
PH distribution of order n. With regard to comparison in terms of coefficient of

variations, Aldous and Shepp (1987) have proved the following theorem.

Theorem 2.6.2 The coefficient of variations of an order n PH -distribution is

atleast 715 and the order n Erlang distribution is the only one to attain the bond
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The discrete counterpart of the above ‘result is provided by Telek (2000). Another
way of comparing variability is through majorization, the concept of which we
present below for better clarity of ideas.

Another way of comparing variability is through the following concept of
majqrization introduced by Hardy et.al(1952). A more recent treatment of ma-

jorization may be found in Marshall and Olkin(1979)

Definition 2.6.1 Let p and v be two probability measures on R™ with finite

means. We say that v majorizes u if

/ fdv > / fdp  for all convez functions f.

It is written as u < v. It implies, in particular the means of u and v are equal.
This stochastic ordering has been found useful for comparing variability among

life distributions.

Theorem 2.6.3 A PH-distribution with an order n representation majorizes the

order n Erlang distribution of the same mean.

Remark 2.6.1 By means of a trz'c)cy example O’Cinneide(1991) also establishes
that the above Erlang distribution is not least variable among general distributions
with rational transforms and hence it suggests that Aldous and Shepp’s result
hings on the Markov property and on the order of PH-distribution, rather than

the more elementary quantity-its degree.
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Maier and O’Cinneidie(1992) characterises the class of continuous and discrete
phase type distributions as they are closed under convolutions, mixtures and
under the ‘unary geometric’ operation. They proved that the continuous classes
are the smallest family of distributions that is closed under these operations and
contains all exponential distributions and the point mass at 2er0. An analogous
result holds for the discrete distribution also.

O’Cinneidie (1999) also put forward conjectures éoncerning phase type dis-
tributions. Renhai (2002) proved the steepest increase conjucture, which states
that ”for any phase type density f(t), of order n, ti,,(_i)r is increasing for ¢t > 0”.

Shi Dinghua et al.(2005) presented an extension for the phase type distribu-
tion _named as SPH distribution. It is the distribution of the absorption time in
an infinite state Markov chain. Phase type distribution is given as a subclass of
SPH. Shi Dinghua et al.(2005) characterized the SPH class through the deriva-
tions of thé distribution function and further proved that the infinite mixture of
SPH distributions is also an SPH, but it is true only in case of finite mixture for

the phase type distributions.
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2.7 Characterization Result Under Poisson Shock

Model

In this section a new characterization of phase type distribution under Poisson
shock model is given. The result of exponential distribution then follows as a
special case. Here we consider the_ life distribution H(t) of a device subject to
shocks governed by a homogenous Poisson process.

Consider a device subject to shocks occurriﬁg randomly over time according
to a counting process N = {N(t),t > 0}. Let p; be the probability that the
device faiis on the k™ shock, and Py = Y2, | p, be the probability that the
device survives k shocks, k = 0,1,2... where 1 = P, > P, > P, > .... Then it

follows that the survival function H(t) of the device is given by

1200 =‘iP{N(t) — k)P, (2.7.1)

=0

When the shock probability {pk.} has a speciﬁed property and that carried over to
the life distribution H(t), we say that the property is preserved under the above
Poisson shock model.

The preservation results of various ageing properties like increasing failure
rate (IFR), increasing failure rage average (IFRA), decreasing mean residual
life (DMRL), new better than used(NBU), new better than used in expecta-
tion(NBUE), harmonic new better than used in expectation(HNBUE), when N
is a homogenous/non-homogenous Poisson process or more general counting pro-
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cess are now well known.

Manoharan et.al(1992) presented the preservation theorem of phase type dis-
tribution under finite mixture of Poisson processes and established the relation-
ship between the mean value of {p;} and H(t). Now we supplement this result
By proving that phase type distribution of the shock probability is a necessary
condition for the life distribution to have phase type distribution under certain
mild conditions on the underlying parameters.

Consider a device subject to Poisson shocks and getting deteriorated. The
shock probabilities has a discrete phase type representation, then the life dis-
tribution of the system H(t) has a continuous phase type distribution. (See
Manoharan et. al (1992)). Now consider a device with the lifetime following con-
tinuous phase type distribution CPH(c, T') subject to Poisson()) shocks. Then,
it is proved that the shock probabilities of the system follow discrete phase type
(DPH) distribution under some restrictions on A

Since the life of the device H(t) follows CPH(c, T)y, , where T = [T}]

then for any A > |T;;| for all i,j ; there exists a stochastic matrix T* such that,

T =\T* - 1) | (2.7.2)

e, T* = § i (2.7.3)

where T* satisfies the restrictions imposed on the transition probability matrix
for a discrete phase type distribution and I is an identity matrix. Then we can

represent H(t) ~ CPH(a, \(T* — I)). Hence the survival function of the device
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is
H(t) = 0™ D¢ (2.7.4)
where, e = (1,1,...1). Again since the shock arrival is Poisson(}), the survival

function of the device can be expressed as

H(t) = i f-_—,\—t’;(;\—ﬁfa(T*)kg ' (2.7.5)
k=0 )

which is the expression of the survival function of a device under homogenous
Poisson shock with DPH (o, T*) shock probabilities. Thus we proved the follow-

ing result.

Theorem 2.7.1 The life distribution H(t) of the device under homogenous Poisson()) |
shock model is CPH(a, T) if, and only if, the shock probabilities {p} is DPH (a,T*),

when XA > |Ty;| for all i,j . Further T = A\(T* - I).

¢ A special case:

Consider a device with exponential(u) life, which can be expressed in CPH
form as CPH(a,T) ,where a = (1) and T = [—y]

Then for any A > u , we can find an element g, where 0 < ¢ < 1, such that ,
—p=Mg—-1)
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Hence here the expression of survival function of the device with life CPH (e, T),

H(t) = aelle (2.7.6)

can be expressed as

Hit)=1xe*x1 (2.7.7)
that is
H(t) = e -t (2.7.8)
which can be written as,
0 -t k
_— : e ()t
H(t) = kZ%——,g, L g (2.7.9)

this in the form of the survival function of a system under Poisson(A) shock and
DPH shock probabilities with parametér a=landT*=¢q

This implies that for a device under Poisson shock, with life CPH (e, T) ,where
a= (1) and T = [—p], the shock probabilities {px} follows DPH(a,T*), where
a = (1) and T* = ¢, when A > p, which is the geometric distribution with failure

probability g.

2.8 Fitting of Phase Type Distribution

In order to fit a phase type distribution to a sample y = (¥1,¥2,...¥n) an EM-
algorithm can be used. The EM- algorithm is an iterative method to calculate

maximum likelihood estimates. It is often used in situations where the observed
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data are incomplete in some sense, or; to put it another way, can be viewed

" as partial observations of a larger experiment than the experiment actually per-
formed. For a general account of the EM-algorithm and its properties, one maj
refer to Dempster et.al.(1997) and Wu(1983).

The EM-algorithm for fitting phase type distribution was presented in detail
in Asmussen(1996). Suppose that we want to fit a phase type distribution with
representation (a,T),, to a sample y = (¥1,¥2,...,¥n). The idea behind the
EM-algorithm is to regard each observation y; as an incomplete observation of
the underlying Markov process X;(t). A sample of n complete observations of
Markov processes on the intervals (0, y1], . - . , (0, yn) respectevely, has the following

likelihood Vfunction

L(a,T) = HaB‘Hexp{t"Z}H H £ (2.8.1)

i=1 i=1 j=0;5#1

where,

B; =the number of Markov processes starting in state i, i = 1,2,...,m.

Z; =the total time spent in state i,‘ i=12,...,m

N;; =the total number of jumps from state i to state j, for i # j,

i=12,...,mand j=1.2,... mm+l

The maximum likelihood estimates of the elements of @ and T', based on a
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sample of n complete observations of the Markov process, are calculated as

m

fi=—EG+ Y, G)ii=12...,m (282)
J=Lj#i

A

a; =

%; t;j = Ny, t = N,

Z0 WS g
It may be noted that the distribution of such a sample of Markov process is a

member of a curved multi parameter exponential family with sufficient statistic

S = ((Bi)i=12,..m» (Zi)i=_1,2,...,m, (Nij)iz1,2,....moj=1,2,..m; isti)-

However, the phase type distributed sample y does not include observed values
of the sufficient statistic S, and this is where the EM-algorithm comes in.

In the_éo—called E-step, the first step iﬁ each iteration of the algorithm, the
conditional expectation of the sufficient statistics, given the .observed sample y
and the current estimates of the parameters, is calculated. In the second step, the
M-step, new estimates of the parameters are calculated by using the conditional
expectation of the sufficient statistic as if it was the observed value. Thus, let
(o, T)*-1 denote the estimate number (k-1) of (e, T), then iteration number k
of the algorithm is:

E-step: Calculate

o
ngk) = Z E[B;gu)/yu; (a) T)(k—l)L i=1,2,...,m.

v=1

z® =Y BZP [ (e, T)* V], i=1,2,...,m.

v=1

n
N® =3 BING fyui (@, T)®V], i=1,2,...,m, j=1,2,... . mm+1, i # j

v=1
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Next we have,

M-step: The new estimators are given by,

(x) N"
w_ B® w Ny @ NP ®) _ (4R (k)
o) = n’t‘f“z(k)’t Z""’t = —(t +;¢t .
=137

(Observe that in the E-step the single statistic in S are written as sums over the
sample, eg. B; =Y 7 _, B(”) where B is the contribution to B; from X;(t).)

The likelihood functions of y increases in every iteration of the algorithm
until it reaches a stationary value. It is recommended to run the algorithm
several times, starting with different initial values of the parameters.

While fitting phase type distribution to survival data, it may require to han-
dle censored data also. Olsson(1996) presents a way to estimate parameters of
phase type distribution of fixed order from cersored samples, using EM algorithm.
Two types of censored data-right censored and interval censored-are considered.
The performance of the algorithm is illustrated with éxample of estimated phase
type distributions from both simulated and real data sets. As an implementa-
tion of the EM algorithm presented by Asmussen et.al.(1996) and Olsson(1996),
Olsson(1998) introduced a C language based program called EMpht-programme
for fitting phase type distribution. It can be used either to fit a phase type
distribution to a sample or make a phase type approximation of another continu-
ous distribution. EMpht-programme is an extension of the EMPHT-programme
of Haaggstrom et.al.(1992). The main difference being that EMpht can handle

samples which contains right/interval censored observations.
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3.1 Introduction

Warranty has been a part of trade since ancient times, however the modern
notion of warranty is a post-industrial concept. It is a contract between the
consumer and the manufacturer, which is entered into upon sale of the product.
Warranties are an integral part of nearly all consumers and commercial anvd maﬁy
government transactions that involve product purchases. In such transactions,
warranties serve somewhat different purpose for buyer and seller.

To face the competition in the field of marketing, it is better for a manufac-
turer to introduce an attractive warranty policy. By preventive maintenances, one
can offer long warranty periods for the component with a desired level of reliabil-
ity. Designing a proper warranty program has become an important marketing
tool now, especially to advertise the quality of the product. Of course, offering
: warranty uSually results in additional costsb to the manufacturers. The warranty
servicing cost depends on the warranty length, item reliability and other costs.
By properly designing the warranty, the manufacturer can inarease the sales and
also the market share.

Often warranty specifies the commitment of the manufacturer to replace or
repair a failed item within the predétermined warranty period. The free reﬁlace—
ment warranty policy under which the manufacturer agrees to repair or provide
replacements for failed item free of charge during the warranty period; the pro-

rata warranty policy according to which the replacements are provided under
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pro—réted cost to the consumer and their combinations are the most commonly
used warranty policies. Thére -are Séveral aspects of warranty and many disci-
plines involved in the analysis of these issues. One may refer to Murthy and
Blischke (2001) for an excellent composition on various topics that link warranty
| and reliability.

Maintenance policies during warranty are analysed by several authors ( see
Nguyen and Murthy (1989), Jack and Dagpunar(1994) among all) in which a
one dimensional wafranty characterised by an interval called the warranty pe-
riod is considered. The case of t&&dimensional warranty is discussed in several
papers. The two dimensional warranty is characterised by a region in two di-
mensional plane with one axisfepresenting age and the other one usage. Murthy
et. al. (1990) deals with two-dimensional ‘renewal processes to model the item
failure behaviour under the free replacement and no repair assumption. Chen
and Popova(2002) proposes a new maintenance policy which minimizes the total
expected servicing cost for an item with two-dimensional warranty.

The majority of the literature on warranty servicing deals with the case where
all failures are rectified by correcti{re- maintenance. Also there are different op-
timal repair-replace strategies and cost limit replacement strategies studied by
many researchers. When there is a long warranty period it may be quite worth-
while for the manufacturer to schedule preventive maintenance during the war-

ranty period in order to reduce the chance of system failures. For a brief literature
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on preventive maintenance one may refef to Jack and Murthy (2002). In the exist-
ing literature, optimal maintenance schedules are found by minimizing expected
total costs over a finite/infinite time horizen.

Preventive maintenance of product with warranty under general failure time
distribution is rather an unexplored area of research. Most devices when used
in different places exhibit different levels of deterioration and lifetimes owing to
the prevailing environmental conditions which vary in time. This necessitates the
use of mixture models for the lifetilﬁe of such devices. We consider an attrac-
- tive model where the underlying life distributions are phase-type and suggest a
method of finding the optimal free replacement warranty period with ‘n’ number
of preventative maintenancee under the given cost restriction , ensuring a spec-
ified reliability for the product during the warranty period. By a product we
mean either a component or a system throughout the discussion.

In many real life situations, the ageing plays a crucial role with regard to the
reliability of a product. When there-is a positive ageing the product will have
an adverse effect, reducing its reliability; In such situations, by imparting proper
maintenances, one may enhance the reliability to a desired level. When the life
of the prqduct varies quiet widely, owing fo the extraneous factors such as the
environmental conditions, place of installation,etc., it is an extremely important
and crucial problem faced by the manufacturer to model the life time and also

to find the most plausible warranty period for the product. The manufacturer
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would naturally expect high reliability of the system. The following is a typical
situation of a general problem that we are faced with.

Suppose that a manufacturer produces a particular product having random
life time. The product seem to have different life time bahaviour over different
places where they are used. The manufacturer can amply offer free maintenances
(service) while assuring a reliabilii;y. of at least a pre-decided ‘p’ percentage. The
problem is to obtain the optimal warranty time for the product under a com-
bination of FRW and RI warfanty policy so as ensuring a reliability of at least
‘P’ percentage during the warranty period with ‘n’ free maintenances under the
given cost restriction, that the expected cost of warranty should not exceed an
allotted é,mount C. Let X denote the life time of the product under normal
(factory) condition. When it is used at a different place thé life time becomes
BX,0 < B < 1 where B refers to the degree of reduction in the life time owing to
that particular place. .

We model the product life times using phase type distributions. The proper-
ties (2.5.2),(2.5.6), (2.5.8) of phase type distribution cited in chapter 2, are used
for further development in this chapter and we used MATLAB software for the
comﬁu’tation of various quantities of interest.

In section 2 we present the problem of obtaining the optimal warranty period
for a component, and that for a series system presented in section 3. The method

of computing the optimal warranty period is illustrated using a hypothetical data
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in the last section.

3.2 Determination of warranty period for a com-

ponent

" For the sake of simplicity ‘we shall first consider the case of determining the
warranty period of a component manufactured by a company. The manufacturér
supplies the components to ‘r’ different places including the place with factory
conditions. Let X be the life time of the component at the factory condition
and X ~ CPH(a,T)n. Let ¥, Ys,.. .,Y._; respectively be the life times at
(r-1) different places where Y; = £ X, for i=1,2,...,r-1; 0 < f; < 1. Here
B, Ba, . .., Br—1 refer to the factors denoting the effect of the different places on
the life of the component. Since X is assumed to have CPH, by the properties
of phase type distribution, Ys are C-PH variates with respective parameters
(a, ,B,-'IT),_,,. Let (do,61,-..,0,—1) be the sé.le distribution of the component at
the above r places, where &y corresponding to the place of factory, and in general
d; corresponds to the place with component life Y;. Now the life time distribution

- of the component is given by
r—1 .
Fz(t) = P(Z < t) = 6Fx(t) + Y _ 8:Fy,(t).

i=1

It follow from the property that Z ~ CPH(y, L) , where
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¥= (JOQ) 61_@7 R 6(1'—-1)(_1_) and

- ]
T 0 0 0
0 BT o 0
L=
0 0 0 ...8AT

Suppbse that the manufacturer decides to‘ offer a FR wafranty with 'n’ free
maintenances so as to keep the total warranty cost not exbeeding a pre-fixed
amouﬁt, say 'C' and ensuring a reliability of at least 'p’ percentage during the
warranty period.

To compute the warranty period we shall proceed as follows: From the relia-

bility function R(t) of the lifetime Z following CPH(y, L) where,
R(t) = P(Z > t) = ye'e,

we find é time point ¢, such that t; = Sup{t/R(t) > p}. Ai; this time point ¢;
the manufacturer provide the first maintenance service to the component which
boosts its life. But because of ageing it cannot act as a new component. The
maintenance time is small relative to. the mean working time of the component
and so can be ignored. After the first maintenance, the life time of the the
component at the place of factory condition is denoted by X;, where X; = ¢, X,
and the life at the other r — 1 different places as Y;;, where Y¥;; = ¢1Y;; i=1,2,...,
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(1-1). where g; represent the joint effect of ageing and maintenance on the life
time of the component after the ﬁrst inaintenance. In general it is represented as
- gj for the component after the 7** maintenance. The lifetimes of the components
after the j** maintenance at the place of factory condition and at the remaining
(r —1) places are respectively denoted by X; and Y;;, fori =1,2,...,(r—1);j =
1,2,...,n. As in the last case, we can find the probability distribution of the life

time Z; of the component after the first maintenance as a mixture by,

r-1
Fz,(t) = P(Zy < t) = 8oFx, (t) + Y _ 6:Fy, (t).
. i=1

Here X; ~ CPH(a,q;'T) and Y;; ~ CPH(a, (q:8;)~'T) for i= 1,2,...,(r-1). So

“we have Z; ~ CPH (7, L1) where

g'T 0 0 ... 0

0 (@B)7'T 0 ... 0
L1=

0 0 0 ... (@fr-1)"'T

Using the life distribution of the component after the first maintenance, plot
its reliability function and find the next time point ¢, for giving the second free

maintenance, where t, = Sup{t/Ri(t) > p}, Ri(t) being the reliability function
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associated with the life time Z;. As before we can find the life time of the com-
ponent, after the second maintenance by considering the joint effect of the ageing
and maintenance on the life time of the cbmponent as ¢go. Thus we can derive
the prqbability distribution of the lifetime Z; of the component after the second

maintenance as CPH '(1, L,)where,

@&'T 0 0 ... 0

0 (Q2,31);1T o ... 0
L, =

0 0 0o ... (lhﬂr_l)_lT

Next we find the time point ¢3, where t3 = S'up{t/ Ry(t) > vp}; Ry(t) is the reli-
ability function of the component after the second maintenance. The component
works up to this time point ¢3 with atleast p percentage of reliability and this is
the time for the third maintenance. Continuing like this one can find the time
points for the successive maintenances so as to ensure the component is working
with atleast p percentage of reliability. Then the component is considered work-
ing upto a time ¢(,,1) with ‘p’ percentage of reliability after the nt* maintenance.
Hence the total time the component is expected to work with at least ‘p’ percent-

age of the reliability is t = t; + 2 + ... + t(n41). The manufacturer restricts that
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the total warranty cost with maintenances not to exceed a pre fixed amount 'C".
So it is to find the optimal number of maintenances and optimal warranty period
within the restriction that the expected warranty cost F(Cy) < C. Expected

cost of warranty with ‘n’ maintenances can be expressed as -
E(Cy) = Co(My(t1) + Ma(t2) + ... + M, 11 (tns1)) + Crm (3.2.1)

where, C; is the component cost, M;(%;) is the expected number of failures in the
duration t; after the (i —1)** maintenance. C,, is the cost per maintenance which
is assumed uniform for all of the maintenances. Expected number of failures up

to time t of a component can be expressed as
_ . _
M) = / h(8)dt = —logF (t). (3.2.2)
0 : ' ‘

where, h(t) is the hazard function _and F is the life distribution of the component.
The expected number of failures between each of the maintenances represented by
M (t), Ma(ts), ..., M,,,) can be found‘ using the corresponding estimated CPH
life distribution. The restriction E(Cy) < C, is verified for n = 1,2,.... The
highest value of n satisfying the restrictioﬁ E(C,) < C is the optimal number
of maintenances and with respect to the total number of maintenances 'n’, the

optimal warranty period that can offeris ¢t = ¢; +t2 + ... + t(ny1)-
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3.3 Warranty period for a series system

The foregoing methods can be adopted for optimizing the warranty period of a
system with the components arfanged serially. Let there be 'k’ components for the
system with lifetime X, X5... Xk. as continuous phase type(CPH) distributed
with respective parameters (a;,T})my, (@, To)mss--- (0%, Tk)m, in the factory
condition or in the standard situation. Suppose that this company supplies the
system to r different places, including the place with standard situation. Out of
the r diﬁ'efent places, let the first place provide standard situation for the system
where .th'e system life is denoted by Xoo and the system lifé at the remaining
(r — 1) places are denoted by Yjp, fori =1,2,. .. (r-1). At the first place other
than the place with factory condition, let the life of the components of the system
denoted by B11X1, Bi12X2 ... Bk Xk., where f,; is the effect on the life of the 5th
component due to the physical atmosphere of the second place, where 0 < 8;; < 1,
j= 1,2,....k. Then the life of the components in this situation follows CPH with
parameters (@, BT )my> (@2, B2 T2)mar - - - (@ B Th)m, Tespectively.

In general, let the life of the j** component working at i* place other than the

the 7% place. At the place where 1 = (r — 1), the life of the components are de-
noted as f(r-1)1X1, Br-1)2X2 - . . Br—1) Xk.,. Consequently the life of the k com-

ponents at this place follows Continous phase type distribution with paraments
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(0, ,B(:l_l)lTl)ml, (0, ,B(:,ll)zTg)mz, oo (e, ﬂ(‘rl_l)ka)mk, respectively.

Now for series system under consideration, the life time in the standard envi-
ronment or in factory condition Xgg is the minimum of the life times of the compo-
nents which follows CPH with respective parameters (o4, T1)m,, (2, T2)mys - - - - - -

(o, Tk)m,, which is again a CPH with parameters (ago, T11)m; xms...xm;» Where
%)_(_)_-‘—” [a1®a2®a3...®ak],and

TOO = [Tl ® Im2><m3><...xmk + Im1 ® T2 ® Im3><m4x...xm,c +...+ Im1 XMa X...XMp—1 ® Tk]

where I,,, is an identity matrix of order m,. Similarly, the distribution of the life
of the system at the first place, other than the place with standard condition Y

is a CPH variate with parameters (oo, 710)m; xms...xm,- Where,
TIO = [ﬂl—llTl®Im2xm3x...><mk+Im1®ﬂ1_21T2®Im3 xm4x...xmk+- . -+Im1xm2x...xmk_1 ®,31—k1Tk]

Continuing in this way we get the life of the system at the (r — 1)** place Y{,_1)o

as a phase type variate with parameters(aqgo, T(;—1)0), where

T(r—l)O =[,B(_,-.1_1)1T1 ® Imzxmax...xmk + Im1 ® 13(7-1_1)2T2 ® Im3xm4x...ka +...

+ Im1 XMg X .. XMp—1 ® ,B(_,-l_l)ka]-

Suppose that systems produced by the factory are sent to the r places randomly
with respective probablities dg, 0y, .. ., 6(r/—1)- Since the system has to work under
any one of these randomly selected places, distribution function of life Z of a
system, can be taken as a mixture of the distribution functions of the lifes of the
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system under various places with the mixing density dq, 41, . ..,8r—1). We know
at the :** place, the distribution function of the system life
Fy,(t) = 1 — ageT e ,where e=(1,1,...,1). Consequently the life time of the

system Z has the distribution function,
r—1
Fz(t) = 80Fxoo(t) + > 8:iFy, (t), (3.3.1)
i=1
where Yo ~ CPH (g, Tio). But a finite mixture of CPH variates is again a CPH
variate. Note that Z ~ CPH distribution with parameters (-y, L)

where v = (500!00, (slaoo, veny (sr._laoo) and

- -

To 0 0 ... 0

0 Ty 0 ... 0

0 0 0 ... Tpoyo

Now we can obtain the reliability of the system and its hazard rate at different
time point.

Here we want to find how far the system can run with a reliability atleast 'p/
percentage. The system starts at time t=0, and we can find the highest value of t,
say t; such that R(t) > p, where R(¢) is the reliability of the system with the life

time Z at time t. But here the manufacturer decided to give an extended waranty

74



. period by giving maintenance services. So at time ¢; of running of the system, the
manufacturer should provide the first maintenance to all of the components of the
system uniformly. This maintenance boosts the efficiency of the components, but
even.though a maintenance is given it is natural that it cannot work as new due
to ageing. The life times of the system after the j®» maintenance at the factory
condition is denoted»by Xoj anci at the remaining (r-1) places are denoted by Y;;
fori=1,2,...,(r=1), j=1,2,.... After the first maintenance, the life length
of a components under standard condition is distributed as continuous phase type
~ with respective parameters (a;, ¢ T )mi» (@) €55 Te)mas - - - (@ 05 Tk )y wheré
@1 is the joint effect of the ageing and maintenance on the life of the i** component
after the first maintenance. (0 < ¢;; <1, fori =1,2,....... k) and hence, the life of
the syétein after the maintenance at the factory condition,Xbl, is the minimum

of the component life times and follows CPH with parametefs (g0, To1) where,
Th = [Q1_11T1®Im2xm3x...xmk +Im1®Q1-21T2®Im3xm4x...xmk+- . -+Im1 XM X... X Mg _1 ®Q;]¢1Tk]

In accordance with this, similar effect in life distribution after the first mainte-
nance is happening to all the components in running at all of the different places.
So at the 5™ destination other than the place with factory condition, the compo-
nents life é,fter the first maintenance may be distributed as CPH with respective
parameters (a, (91161) " T1)mi, (o, (@128i2) " Tedmas - - (@ps (9168i%) " T)mg- SO
the life of the system after the first maintenance at the i placé Y1 is the minimum
of the life of these components, which is again CPH with parameters(ayg, Ti1)m; xms...xmg -
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where,

]-"il =[(‘111,Bi1)—1T1 ® IszmaX...ka + Im1 ® (‘h2ﬂi2)_1T2 ® Imaxm.;x...xmk

+...+ Imlxmzx...xmk_l ® (QIk,Bik)_lTk];

for i=1,2,...,(r-1).
Therefore as shown above, we can find the distribution of the life of the system
after the first maintenance as a mixture of life distributions of different places
which again a CPH variate (let it be Z;) with parameters (v, L;),where 7 is as
given above, but L, is

T 0 O ... 0

0 Ty, 0 ... 0

0 0 0 ... Tpoan

By using the distribution of Z; we can find the reliability of the system af-
ter the first maintenance. Hence again we can find a time point, ¢; such that
to = Sup{t/Ry(t) > p}. Here R;(t) is the reliability function of the system with
life time Z;. This is the time of running of the system from the first mainte-
nance,where the manufacturer have to provide the second maintenance. Consid-
ering the joint effect of ageing and maintenance on the life of i* component after
the second maintenance as ¢y;. This changes the life time of a component under
standard condition and is distributed as continuous phase type with respective
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parameters (o, &1 )y (02, 033 T2)ms - - - (g @1 T)m,- Then as we proceed
in the case of the life distribution after the first maintenance we can derive the
distribution of the life of the system after the second maintenance Z; as a phase
type variate with parameters (v, L2), where,

i -
Tos 0 0 ... 0

0 T, 0 ... 0

0 0 0 ... 21(1'—1)2_]

Tz =[q{11T1 ® Imzxmsx...ka +In, ® Q2_21T2 ® Im3xm4x...xm,;

+...... + Im; XM2X.. XMp 1 ® qé_lek]
and for i=1,2,....,(r-1),

T2 =[(9218:1) "' T1 ® Imyxmsx...xmy + Imy ® (g228i2) "' T2 ® Iy xmax...xmy

+ oA Iy maxxmp_y ® (@orBik) " Tk

From the graph of the reliability function of the distribution of Z, we can find
a time point, t3 such that t3 = Sup{t/Ry(t) > p}. Here R,(t) is the reliability
function of the system with life time Z,. Similarly one can find the time points for
the 'n' maintenances as t4,ts, . .., t». Making use of the estimated life distribution
of the system in different time intervals and using (3.2.1) one can find the optimal
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number of maintenances to be provided within the cost restriction and the optimal

warranty can be found as described earlier in the case of component.

Remark 3.3.1 The procedure outlined above can be implemented for the case of
a parallel system or any general coherent system in order to find out the optimal

warranty period.

3.4 Numerical Illustration

Consider a hypothetical situation where a component with lifetime X following

CPH (e, T) with a = (1,0,0) and

-6 .1 2
T=1 5 17 1
1 4 -16

under the factory condition, being used at three different places with the pa-
rameter values f; = 0.8, f; = 0.5. The desired reliability level while offering a
warranty of atleast 80% and the component sale distribution among the three
different places is assumed to be {0.7,0.1,0.2} where the first entry corresponds
to the one having factory condition. The cost of the component is assumed to be
10,000, C,,=150 and the warranty cost limit is C=5,000.

The foregoing method yields the life of the system as following CPH (v, L),
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where v = (1,0,0,1,0,0,1,0,0) and

T 0 0

L=10 T/08 0

| i 0 0 T/0.5 ]
The plot of the reliability function (figure 1) using MATLAB for this Iifé distri-
butidn, gives t; = 0.5. Using (3.2.2), the expected number of failures up to ¢,
is calculated as M;(t;) = 0.2177. Hence for r = 1, E(C,) = 2327 which is not
greater that the givén value of FC. So the first maintenance is given at the time

point ¢; and the life of the system'after the maintenance for the value of ¢; = 0.8

is following CPH (v, L,) where,

T/0.8 0 0
L, = 0 T/(0.8x0.8) 0
0 0 T/(0.8 x 0.5) ]

The reli#bility function of this life in figure 2 gives the time upto vwhere the
component to work with atleast 80 percentage of reliability aﬁer this maintenance
as to = 0.4. The expected number of failures in this time span is calculated as
M,(t;) = 0.2178 and hence for r = 2V, E(C,) is calculated as 4657 which is less
than C. Then is is allowed to provide the sééond maintenance at this time point

t,. The life of the component after this maintenance for the value of g; = 0.6. is
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CPH(v, L;) where,

F T/0.6 0 0 -
Ly;=| 0 T/(0.6x08) 0
0 0 T/(0.6 x 0.5)

The plot of reliability function for-the product after this maintenance in figure 3
gives t3=0.34, that is the component works up to this time point after the second
maintenance with thé required reliability and the expected number of failures in
this region is calculated as 0.2502. The possibility of the next maintenance is
verified by E(C,,) for r = 3. On calculation E(C,,) =7306, which is greater that
the given value of C. Therefore only two maintenances are possible and with
these two maintenances the manufacturer can offer a warranty for the period

W = t; + t2 + t3 = 1.24 units of time.
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3.5 Figures:

Reliability function R (t) and Hazard function h (t) of the component
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R (t) and h (1) of the component after the first maintenance
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R_(t) and h (t) of the component after the second maintenance
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4.1 Introduction

The optimal replacement problem has been the centre of attraction to many
researchers for a long time,whefein we consider a system that will deteriorate and
thus should be replaced by a nev& one when it is reasonably bad. For example
see Cho and Parlar(1991), Manoharan and Joseph(2004). There are two types
| of the deterioration considered in the reliability literature, one is the continuous
time deterioration due to the operation of the system while the other is caused
by influence of the environment; for example, shocks to the system. These are
known. as system deterioration and the environment deteriofation respectively.
In general, the degradation process of a system can be controlled by monitoring
or by inspection - continuous or periodic. Maintenance action can be applied
When deterioration exceeds a particuiar threshold as described by Berenguer et.
- al.(2003)
Howevér there are many s;ituations where it is not possible to examine or
| inspect the current state of the device. In such cases a policy for preventive
replacement of the device is highly desirable. That is to find a pre-fixed replace-
ment age for the device so as to minimize the long run cost per unit time. Several
studies have been directed towards this problem in the past. Recently Suprasad
Amari and Wes Fulton(2003) presented bounds on optimal replacement time of
age replacement policy. In this thesis we propose a technique to obtain the re-

| placement age of a device under homogenous Poisson shocks with DPH shock
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probabilities, by minimizing the long run cost per unit time for replacement, and
also in another case‘by considering a particular loss function . We assume that
the loss due to preventive replacefnent of the device is small in comparison with
the loss due to the corrective réplacemeht (replacement after failure).

Consider a device subject to shocks governed by a homogenous Poisson pro-

cess. Let p; be the probability that the de\}ice fails at the k** shock and,

o0
Pe=) p

n=
be the probability that the device survive the k** shock, where 1 = Py > P, >
P, > ... Now if {p} have been specified, it is relatively easy to find the life
distribution of the system. Manoharan et. al.(1992) have noticed that if {px}
has a discrete phase type distribution, then the life distribution H(¢) of the
device, subject to shocks governed by a finite mixture of homogeneous Poisson
processes, has a continuous phase type distribution. The structural property
of this life distribution can be further exploited to gather better performance

measures about the device. In particular the optimal replacement age can be

obtained using the phase type formalism for the life distribution of the device.

4.1.1 Life of a device under Poisson shocks

The survival function of the device subject to shocks occurring randomly over
time according to a counting process N = {N(t),t > 0} and with the probability
of survival of k shocks Py is
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H(t) = i P{N(t) = k} . (4.1.1)
k=0

Shock models of this kind have been extensively studied in the past and it has
-~ been verified that the distribution function of the lifetime of the device H(t) has
IFR,IFRA,DMRL,NBU,NBUE and HNBUE property if the shock probabilities
{p:} has‘the corresponding discrete property. Note that wﬁen device is under
homogenous Poisson shocks with parameter A, the above éxpression takes the

form,

o0

H(t) = Z[ﬁﬂ]ﬁ. (4.1.2)
k=0 ot

Now we study the survival function of the device under the shock probabilities
{px} follows a discrete phase type distribution (DPH), a versatile class of distri-

butions on the positive integers.

4.1.2 Poisson shocks with Discrete Phase type shock prob-
abilities

There are several real life situations where one never knows the precise form

of distribution for the shock probabilities {pr}. So in such general situation

we can make use of the phase type modeliing to solve the problem. The class

of phase type distribution is dense, and hence any distribution with positive

support can be approximated arbitrarily close by a phase type distribution. [See
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Neuts(1981)]. Let us consider a device under homogenous Poisson shocks and the
shock probabilities follow discrete phase type distribution with parameters (o, T).
In such a case Manoharan et.al.(1992) established that the survival function of

the device can be represented as

H(t) = ae?TDig, (4.1.3)

where ) is the rate of Poisson shocks. So the life distribution of the device can
be represented as a continuous phase type distribution(CPH) with parameters o

and AM(T - 1I).

Special case:

Consider a device, which is under homogenous Poissoﬁ shocks with parameter).
Suppose that the shock probability distribution {px} is a geometric distribution-
which is a particular case of discrete phase type distribution when the parameters
are a = (1) and T = (q). Then p; = ¢*~!p, ‘q’ being the probability to survive a
shock and while ‘p’ the probability of failure by a shock, which are assumed same
for all shocks and shock effects are considered independent. Here the probability

of the system to survive k** shock is

o0
Po= ) d¢p=¢"
k=k+1
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Therefore the survival function of the device is,

) =y (2

k=o

=e~M(1-0) (4.1.4)

which is in the form of the surv-iv_al function of exponential distribution with
parameter A(1 — ¢). Hence the life of the device follow exponential distribution

which is the continuous phase type life with parameters @ = (1), T = - (1 - q).

4.2 Optimal Replacement Age of the Device

In this chapter we present twd different situations of finding optimal replacement
age for a device under Poisson shock with DPH shock probabilities. Té find
the optimal replacement age of such a device we use the result that the lifetime
of the device is CPH distributed. The first method suggested is that based on
cost aspects, in which the optimal age of the device is obtained by minimizing
the long run cost of replacement per unit time. The second method assumes
the prior knowledge of the loss function in a replacement situation. That is, we
considér a situation of age replacément, where the device under Poisson shock
is decided to replace before its expected lifetime for minimiiing the risk due to
failure at its maximum. In this case, the possible loss due to an early replacement
of the device is formulated. The loss 'function L(t) denotes the possible loss due
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to replacement at time ‘t’. The optimum replacement age is the time ‘t’ which

minimizes L(t). In both the cases the gain due to age replacément is quantified.

4.2.1 Optimal replacement age by minimising long run
cost per unit time for replacement

Consider the device under homogenous Poisson shocks with parameter A and with
shock probabilities follows discrete phasé type distribution with parameter («, T).
The life of the device is derived as following continous phase type distributions
with parameters (a, A(T' — I)). The device is replaced either upon failure or
when its age reaches some fixed _time t, which ever comes first. When replacement
occurs, the new unit is identical to the replaced unit. The replacement cost before
failure is C; and the cost of replacement due to failure is C3, where C; < Cs. In
such a situation, the long run cost per unit time for replacement at time ¢, of a
device with life F'(.) is

Cy(1 - F(t)) + Cy(F(2))
f; (1 - F(z))dz

To find the optimal age t for replacement we minimise C, with respect to t'.

Ca (4.2.1)

Applying differential calculus for finding optimal ¢, we have,

/Ot (1 - F(z))dzf(tNCz — C1) = C1(1 - F(2)) + CoF (1)(1 — F(2))

f0) [ __G
- /0 (1= F@)ds = 5+ F() (4.2.2)
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t ‘ Cl .
- - = 4.2.3
h(t) /0 (1- Fa)ds - F(t) = 5= (4.2.3)
where h(t) denotes the hazard rate. Now using the fact that the lifetime of the

device follows CPH (o, A(T — I)), we have

F(t) =1 — ae*TDte

aeA(T—I)tTO
h(t) =—a-e,\(T—I)tg :

Then equation (3.7) becomes,
adT-I'T, s | AT-I)t G |
ae T Dig /[; oeM )@gix -[1-ae (T-n 2] = Gi=C. (4.2.4)

The value of ¢t found by solving éqﬁat_ion (4.2.4) is suggested as the optimal

replacement time of the device.

N umefical Illustration

Consider a device under homogenous Poisson shock with parameter A = 2, and
with the shock probabilities following DPH(a, T'), where

a=(1,0,0)
- .
0.75 0.15 0.05

T=1]0.15 0.65 0.20

0.30 0.10 0.55
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Then it follows that the life of the device has CPH(a, T), where

a =(1,0,0)
-—0.5 03 0.1 -
T=| 03 -07 0.2
06 02 —09

It is veriﬁed that the distribution considered is IFR. Now for. a trial calculation,
we take C; = 10 and C, = 100. The MATLAB program gives us the value of
t satiéfying the equation (4.2.4) as a value lying in the interval [0.1242,0.1243].
Hence a three decimal approximaﬁoh of the replacement time ¢ for the device

can be taken as 0.124 units of time.

The gain due to age replacement

In this section we compare the preventive replacement policy considered in this
paper with the failure replacement policy in terms of the expected long run cost
per unit time. Assume one follows the age replacement policy for replacing a
device at the time ‘t’. Let Y} denbte the cost of kth feplacement. Let C) be the
cost of preventive replacement (replacement prior to failure) at ‘t’ and C; be the
cost of replacement in case of corrective replacement (replacement after failure).
This implies
| C, with probability 1 - F(t),

Y, =
C, with probability F(t).
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Therefore the long run cost per unit time in this case of age replacement is,

C, Ci(1 —; F(t)) + C2(F'(2)) (4.2.5)
Jo (1= F(¢))dt

If one does not follow the age replacement policy, but decides to replace the device

with a new similar one, only after the device fails, then for a finite time period

't’, there may occur a finite number of renewals of the device. The expected long

run cost per unit time in this case can be estimated as

C, x Expected number of renewals in (0,t)

: (4.2.6)

Cr =

Assume that the life distribution of the device is CPH (a, T). Then the associated
renewal process is a phase type renewal process. Following Neuts (1981), and

assuming @41 = 0, we have the expected number of renewals, N(t) as

2 2
EIN@) = 47— (- amy) ™ + T 0
1
+7 (1 = omy1) eIl - exp(Q7H)T e (4.2.7)

where,
., is the n™ raw moment, o? is the variance of F(.), and Q* = (T + T%).
Further, g, = (—1)"n!aT"e. Here the matrix II is defined as II;; = ; for all

i, where stationary probability vector 7; are the components of 7 = pi 'a(~T)"1.
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Consequently the expected number of renewals in (0,t) becomes,

aT 2%

Ty (4.2.8)

E[N®)] = (—aT'e) 't -1+

(—aT 'e) o[l — exp(T + T a)t]T1Q*t)]T e

The gain due to age replacement can be represented as G = C;—Cj, which can
be used as a relative measure of performance evaluation of the twd replacement
policies.

For illustration purpose we consider the example of section 2, wherein we have

the life distribution of the device as CPH(a, T) where,

a =(1,0,0)
F—0.5 03 0.1 -
T=|1 o0 -09 08
02 03 —06

with the optimal replacement age 0.124 time units, for C;=10 and C;=100,
we get C, = 90.3130 and Cy = 281.2802, yielding the gain, G=190.9672. The
following table gives the optimal replacement time ¢ and gain G, for different

values of C; and C,

94



c el t Ca c; |G=Cr-C,
5 | 25 |0.283 | 20.0003 | 70.3201 | 50.3168
15 | 125 | 0.153 | 110.0425 | 351.6003 | 241.5578
10 | 100 | 0.124 | 90.3130 | 281.2802 |- 190.9672
20 | 125 | 0.215 | 104.8634 | 351.6003 | 246.7369
25 | 150 | 0.225 | 125.2851 | 421.9203 |  296.6352

The numerical results show significant gain due to age replacement in all cases

and thereby confirm its superiority.

4.2.2 Optimal replacement age by considering a loss func-

tion

For a device, under homogenous Poisson shocks with parameterA. and the fail-
~ure probability p; follows Geometric distribution, where p; = ¢*1p, ‘q’ being
the probability to survive a shock and while ‘p’ the probability of failure by a

shock, which are asSumed same for all shocks and shock effects are considered

independent., we have the probability of survival of k shocks,

H{t) = e 09
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The averé.ge life of such a device

0

E(T) = [ (H(t))dt

00
e M-t

=

)
J

=1 -9 (4.2.9)

Using this information we can formulate the loss due to replacement of such a
device at time ‘t’. Here we wish to obtain the optimal replacement age minimizing
the loss associated with the replacement. In order to reduce the risk of failure we
assume that the system be replaced at or befere its expected life. If the device
is replaced at time ‘t’, the remaining operational time is E(T') — t. If the device
is replaced at the sterting stage of its life, it may incure a severe loss due to the
unused operational time of the system. So to reflect the big loss in the early
replacement, it is natural to medei the loss in this case while replacing the device
at time ‘t’, in terms of the square of the remaining operational time, (E(T') —t)2.
Hence the loss due to the replacement at time ‘t’ can be taken as C1(E(T) — t)?
,where (] is the consﬁant of proportionality reflecting the degree of severity due
to the early replacement. As we choose ‘t’ near E(T),the loss of the above type
will be minimal, but here the risk of failure of the device before replacement is
greater. Moreover as time goes on the level of the functioning of the device (by
many shocks ected on it), may be decreased. In such situations the loss may be

treated as directly proportional to the cumulative hazard of the device at time
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‘t’. So such a loss at ‘t’ can be represented as Cg(—log._;S (t)), where C; represents
the constant of proportionality wh_ich reflects the degree of hazard and S(t) is
the survival function of the device.

Combining these two types of losses at time ‘t’, we can formulate a natural

loss function due to the replacement of the device at time t, as
L(t) = Ci(E(T)—t)?*+ Cy(—logeS(t)) (4.2.10)

One may think of alternative lbss functioné associated with the present prob-
lem in a meaningful manner and seek the optimal replacement age accordingly.

In the present context, the time point ‘t’ which minimizes L(t) is the optimal
replacement age of the device,» corresponds to the given C; and Cs.

Obviously the nature of the loss function heavily depends on the life distri-
bution, particularly on the form of its survival functions. Also under the Poisson
shocks, the nature of the shock probabilities decides the nature of the life dis-
tribution of the device. When shock probabilities are DPH, then we get closed
form expression for the loss functions, which allow deriving optimum replace age
of the device. We discuss these cases 'separately in thé sequel.

Here in the case of device with geometric shock probabilities,

L) = Cl[ml_—q)—t]?+02[—logee"At<1—q>] (4.2.11)

L@) = GM1-g)7 -1+ CaM(1 - g)] (4.2.12)
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The ‘t’ value which minimises the quadratic function L(t) can be derived as,

go= 02’\2(1'9)2] (4.2.13)

1—
XT—9! T 20,
As an illustration we consider a case with A = 2 ,¢ = 0.4, C; = 10 and C, =8.
From the graph of L(t) (Fig.No.1) ,plotted using the given parameter values, the

optimal replacement age is the 0.36 units of time.

Poisson shocks with Discrete Phase type shock probabilities

There are several real life situations where one never knows the precise form of
distribution for the shock probabilities {p;}. So in such general situations we can
make use of the phase type modelling to solve the problem. The class of phase
type distribution is dense, and hence any distribution with positive support can
be af)proximated arbitrarily close by a phase type distribution. See Neuts(1981).
In such cases Manoharan et. al. (1992) established that the survival probability

at time t of the device can be represented as

H(t) = ae*T-Dtg, (4.2.14)

where ) is the rate of Poisson shocks. So the life distribution of the device can
be represented as a Continuous Phase Type (CPH) Distribution with parameters
a and \(T - I)

Therefore the expected life of the device

E(T)=—al\T - DI)]'e (4.2.15)
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Hence the Loss function L(t) has the form;
L(t) = Ci(—a[MT — )] 'e - t)? + Cy(—loge(ce*T~Dte)) (4.2.16)

By' standard calculus method, the optimal replacement age is obtained as,

CANT-1I)

ot 3G, o[ \T - I)] e | (4.2.17)

To illustrate the above method, first we consider the same problem discussed
in the previous section. We méy represent the geometric shock probability {px}
as a discrete phase type varié,te with pafameters a = (1) and T = (g). The
lifetime of the device T ~ CPH(a, A(T — I)) so here T ~ CPH((1), \(g — 1))

For the given set of parameter values A = 2,q = 0.4,C, = 10,C, = 8, the
optimal réplacement age as given by (4.2.13) is calculated as f* = (.36 time units
which again agrees with the former illustrated example.

Next we consider a non-trivial example with DPH shock probabilities. The
device is suffering from homogenous. Poisson shocks with parameter A=2 and, the

- shock probabilities following DPH with parameters o = (1,0) and

0.65 0.1
T =

015 0.8

Hence the lifetime of the device T ~ CPH(a, A(T' - I)). For Ci=1and Cy =7,
the optimal replacement age of the device is computed to be 1.3 time units.

Figure 2 shows the loss function and the optimal replacement of the device.
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Remark 4.2.1 In the case of an arbitrary distribution with the positive support
for the shock probabilities px, one may approzimate it as closely as possible by
a DPH distribution. Hence the foregoing methods can be followed to obtain the

optimal replacement age in such a general situation.

The gain due to age replacement

Here while finding the gain due to replacement we are taking the cost of preventive
replacement as V + L(t), where V is the price of the new device and L(t) is the
cost due to the replacement at time 't' and the cost of failure replacement as M.

Hence the long run cost per unit time in this case of age replacement is,

[(V + L(®))(1 = F(t)) + [M](F(¢))
f; (1= F(t))dt

and the expected long run cost per unit time in the case of failure replacement

C. = (4.2.18)

is,
M x Expected number of renewals in (o,t)

C; = : (4.2.19)

- This can be calculated as described earlier.

To conﬁrm the supremacy of the method, we re-consider the case of a device
with hbmogenous shocks and geonietric shock probabilities described earlier. We
got the optimum replacement age as 0.36 time units and the loss due to this
replacement L(t) as 5.6964 and suppose for instance, V= 50 and M = 5000.
Then we are getting C, = 6.1237 x 10% and C; = 1.959 x 10%. Therefore G =

1.3467 x 10%.
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In another case of a device with life distribution CPH(«a,T) where a =

(0.6,0.4) and

~-06 0.2
T =

04 -04

with the optimal replacement age 4 time units, for v=50 and M=3500 ,v we get

C, = 823.0761 and C; = 1.0383 x 103, therefore G = 9.5596 x 10°.
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4.3 Figures:

Figua Mot
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. DETERIORATING SYSTEM
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SHOCKS

1Contents of this chapter is accepted for publication in,
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der Statistics, March 2006, University of Kerala.
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5.1 Introduction

A fundamental concept in reliability analysis is that of a binary system, in
which the system or component are considered to be in one of the two states-
functioning or failed. But it is natural to think that the dichotomized modelling
~ of the system over simplifies the reality. In rﬁany real life situations, however, the
syste’ms are better modelled by allowing a range of levels of performance, from
perfect functioning down to complete failure. In these situations some kind of
multistate model is essential. Very early t‘he topic was discussed by Barlow and
Wu(1978), El-Newihi et al (1978) etc. And a discussion on multistate reliability is
performed by Grifith(1980). The mﬁltistate reliability theory can handle situation
in which the system and its components have a range of performance levels from
perfect functioning to complete failure. .Manoharan and Joseph(2004). consideréd
a multistate system with different performance level and suggested an optimal
replacement schedule for the system. Because of performance degradation is very
common in industrial products, it is importaht to develop the reliability theory
for multistate systems. Here we are considering a multistate system subject to
Poisson shocks.

In real life situations we can see that many systems reaches the end of its life
span by moving through different states of their performance level, from best to
Worse. There may be some factors which affect the system adversely and lead the

system to failure. Depending on the environment in which the system works, the
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adverse effects on the system (which we can call as shocks) may vary and thereby
~ the lifespan of the system may become short. In such situations the question
is about the life of the system. Narasimhalu and Prasad (1997), studied such a
system with accumulated damage. Here we model the life of the system in such
an _environment with the help of phase type distribution.

Consider the problem of finding the lifetime of a multistate system which is
subjegted to Poisson shocks at its working environment. The distribution 6f the
magnitude of shocks that would act on the system is known and the system goes
from one working state to the next deteriorated state and finally to the failure
state due to the shocks. In such cases the proposed method can be used to find
the life-distributibn of the system. We consider the shock probabilities as having
discrgte phase type (DPH) distribution and obtain the life distribution of the
system as a continuous phase type distribution. Hence the reliability, hazard
rate etc., of the system can be discussed.

The results following have applications in several.medical situations, for in-

stance, in the study of survival experience of patients with cerebral hemorrhage.

5.2 The model

Consider a multistate system. The system consists of n different working

states. A new system which is functioning perfectly is said to be in state 1. State

2 is the next deteriorated functioning state of the system and the n* state is
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" the complete failure state of the system. The sysfem is subjected to homogenous
| Poisson shocks with parameter A. The éystem is getting deteriorated and reachés
its failure state due to the shocks acted on the system. The magnitude of the
shock acted on the system determines the severity of the deterioration towards the
failure of the system. Any shock can deteriorate the condition of the performance
level of the system. If there are np shocks acted on the system, it is assumed to
continue in its current working‘ state. Let Z denote the magnitude of the shock
~acted on the system. When one designé a system, he knows the capacity of the
system to suffer shocks. The quantum of shocks that will shift the performance
level of the system is as follows: |

The quantum of shocks less than or equal to 'k’ shifts the performance level
of the system by one ﬁnit. Specifically, for the system working in i** state where
(1< .z' < n — 1), if the magnitude of the shock Z, acted on the system is such
that, 0 < Z < k, system get deteriorated to (i + 1)* étate. If k < Z <2k, it get
deteriorated to (i + 2)™ state. |

In general, if (r —v )k < Z<rk,forr=12,...,(n—¢— 1) system gets
deteriorated to (i + 7)™ state and if Z > (n — i — 1)k, the system directly jumps
to the failure state from the i** state. There is no maintenance facility available
to improve the current working state of the system. So if the system in in the
ith state, according 'po the shock rhagnitude Zb, it only moves to a state j, where

1< j<n
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Let p; denote Pr{(i — 1)k < Z <ik]fori=1,2,...,(n—2). and
Bi=PrlZ>n—-i-1)k],fori=1,2,...,n—2.
Note that,

Bn-—l = P‘I‘[Z> O] =1

Define Y;, = The working state of the system after the n*h shock acted on it,
where n =1,2,.... Then {Y,} is a Markov chain with initial probability vector

a=(1,0,0,...,0) and the transition probability matrix

- . 9
0 pr P2 P3 ... Pz bBh
0 0 pp po ... Pn3 Do
0 0 0 P ... DPns PDs
P =
0 0 0 O e pl ﬂn—2
o 0 0 0 ... O 1
0 060 0 0 ... O 1

we may write the block partitioned form as,

T B
P= =1,

0 1
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where,

0 pp P2 p3 ... Pn

0 0 pp pp ... Pn—;a

0 0 0 P ... Pn-s
T= ,

000 0 .. n

000 0 ... 0

0=(0,0,0,...0); and, B=¢—Te, given e¢= (1,1,1,...1)(n_1)x1.

Let X denote the number of transitions required for this Markov chain to get
into .t‘he absorbing state n. It is to be noted that the transition in the working
phase of 'the system is solely due td the shocks acting on it and each shock will
result in a state change however small its magnitude be. Therefore the number
of transitions required for the Markov chain Y,, to get in to the absorbing state is
equal to the total number of shocks acted on the system which leads the system to
failufe‘. This implies P(X=k) = P( Number of shocks acted on the system leading
the system to failure=k) Notice that, the probability distribution of the number
of transitions requiréd for an absorbing Markov chain to get into its failure state
is a discrete phase type (DPH) distribution with parameters a and T.

Obviously we get, the number of shocks to be acted on the system to its

failure follows the same DPH. That is the shock probabilities ax, the probability
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of the system fails by k%, follows DPH(q, T).

In our model the arrival of the shocks is considered as a counting process,
where, N(t), the number of shocks in .the time interval (0,t) is taken as a Poisson
process with parameter ).

Let Ag be the prbbability of surviving k shocks by the system, for k = 0,1,2, .

where 1 =49 >4, > 4,...

Here ,
A = > af™'8 (Since X ~ DPH(a,T)) (5.2.1)
n=k+1
= QTkQ(n—l)' (Since Tep_1y + B = gn-1)) (5.2.2)

Now from Manoharan et al (1992) , the survival function H(t) of the system can

be obtained as

Hl) = iP(N(t):k)‘A; | (5.2.3)
k=0
= QGA(T_I)tQ(n—l) (5.2.4)

which is the survival function of a random variable following continuous phase
type distribution with parameters (a, A(T" — I)),where I is the identity matrix.
So the lifetime of the system (let it be denoted by Y) follow CPH(a, M(T — I))

That is Y ~ CPH(a, \(T — I)) . This implies that the arrival rate of Pois-
son shocks and distribution of the shock magnitude ‘Z’ completely specifies the

lifetime of the multistate system considered above.
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5.3 System under Poisson shocks with exponen-

tial shock magnitude

Consider a system suffering from Poisson shocks with arrival rate A; . N(¢)
denote the number of shock arrivals in (0,t), then.,

P(N(t) =n)= ﬂ%,i\—‘t)—" ;n=012, ...

Let the magnitude of shocks ’Z’ is distributed as exponential random variable
with probability density function f(z) = Ae™?2%*,2 > 0. Here we are defining
n functioning states to the system. -According to the magnitude of the shock
acted on the system, it will change the states of the system from the perfect
functioning to failure as described earlier._ The value of 'k’ is selected for the
system according to the capacity of the system to work under shocks. By using
f(2) = Me™*2% 2 > 0, we can find the values of p;,ps, ... for the selected value of
'k’ and can complete the matrix P. Hence‘ we can identify the matrix T from P.
Since the shock arrival follows Poisson distribution we can set the life distribution
of the system as a CPH random \}ariable with parameters(a, A, (T — I)), that is

the life of the system Y ~ CPH (o, \,(T - I)).

5.4 Mathematical Illustration

For a mathematical illustration of the above description and for finding the reli-

ability characteristics, we assume a system having six different phases including
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one absorbing phase. Let the magnitude of shocks acting on the system is dis-
tributed as f(z) = 2%,z > 0. Also let the shock arrival be Poisson with
parameter A; = 3. Under this environment, for a system with \falue of k = 0.25

as the tolerance period of the magnitude of shocks for each phase, we can get the

matrix P as
FO 0.3935 0.2387 0.1447 0.0878 0.0878-
0 0 O..3975 0.2387 0.1447 0.2231
P=10 o 0 0.3975 0.2387 0.3679
0 O 0 0 0.3975 0.6065
0 0 0 "0 0 1

So the life Y of the system is distributed as CPH (a,3(T = I));
where ¢ = (1,0,0,0,0) and,
- -

0 0.3935 0.2387 0.1447 0.0878

0 0 0.3975 0.2387 0.1447

T=10 o0 0  0.3975 0.2387
0 0 0 0 0.3975
0 0 0 0 0

Hence the reliability of the system at the time point t,

R(t) — ge3(T—I)tg
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and the hazard function,
: ge3(T" ) ,3
MO = GemTrg

Using MATLAB, we obtain the plot of the reliability function of the system as

shown in Figure No. 1.

Remark 5.4.1 If the shock is a mizture of Poisson process, due to the environ-
mental factors, then also the system life can be ﬁodelled as following a phase typé
distribution. When N(t) is a mizture of Poisson process with mizing density G()\)
having ﬁnite support (A1, A, A, . . ., Ap) with mizing density (¢1, g2, g3, - - - @), then
the lz'fé of the system follows CPH (a*, T*); where o* = (qla,.qza, @B, . .. Qo)

and T* = diag(M (T = I),.. (T - I)).

5.5 System under Poisson shocks with unknown

distribution for shock magnitudes

The above cited method for finding the life and reliability of a multistate
system subjected to Poisson shocks acted can be easily applied to practical situ-
ations, where the distribution of the shock magnitude is unknown also. In such

situations the empirical estimates of p}s can be had from the data on the shock
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magnitude that would act on the system as follows,

A~

umber of shocks with magnitude in the interval (k(i - 1) ,ik]

(5.5.1)

bi =

Suppose we are interested in the reliability of a syétem which is installed at a
certain pl@ce. The environmental cbﬂditions of different places are different. We
have knowledge about the system and its tolerance level towards the shock mag-
nitude.. Consider the possible shocks, that may act on the system at the proposéd
place. Suppose we have the data on the magnitude of a series of large number n
of shéc’:ks-which would act on the system at these places. Using this data, we can
get empirical estimates of elemgnts p1, P2, . .. of the transition probability matrix
corresponding to the Markov chain associated with the different phases of the
system as in (5.5.1) |

To illustrate the method, we shall generate data having 1000 values on shock
magnitudes of Poisson shocks with rate X: 2 that would act on a system. We
estimaﬁe the reliability and hazard rate of ‘fhe system as follows. The system is
considgred having 6 states where the state 6 is the failure state and we assume

the value of k = 0.2. The classified data on shock magnitude is shown below.
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ShockMagnitude | No.of shocks
0<72<0.2 634
02<Z<04 238
04< 7206 89
06<2<08 | 28
Z>038 | 11
Total 1000

The transition probabilities are empirically estimated as p, = 0.634, p, =

~ 0.238.,3 = 0.089, ps = 0.028, and p5 = 0.11. Hence the life of the system follows

CPH|a, \(T - I)]

where, a = (1,0,0,0,0) and the matrix T is,

-

0 0

T=1¢0 o

0 0

b

The reliability and hazard plots of this system are plotted in Figure No.2.

- Remark 5.5.1 The problems of

rate of the system, can be solved

0 0.634 0.238 0.089 0.028

0.634 0.238 0.089

0 0.634 0.238

0 0 0 0 0634

0 0 0

interest which employs reliability and hazard

hopefully by reaching the life distribution and

the plots of reliability and hazard function of the system.
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5.6 Figures:
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MODELLING SEED
- GERMINATION - AN
APPLICATION OF PHASE

TYPE DISTRIBUTION

1Contents of this chapter is accepted for publication in,
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6.1 Introduction

Stochastic modelling of seed germination is a rather unexplored area of research
and finds great application and use in plant sciences. The information on spe-
cific stages of germination process may 'help one to have some precautionary or
remedial measures to check thém. Statistical Inference on the underlying process
based on Qénsored or incomplete observations remains to be an ever challenging
one in(such investigations.

Seed germination is the resumption of active growth of the embryo that results
in the rupture of the seed coat and the emergence of the young plant. Seed
germination is a complex process; involving many phasés. Some seeds are capable
of germination soon after fertilization, while other may be dormant and require
an extended rest period for germination. The major events occurring in seed
germination are water imbibition, enzyme activation, initiation of embryo growth,
rupture of seed coat and emergence of the seedling and finally establishment of
the seedling. For the fundamental notions of seed germination, one may refer to
Copeland(1988). Shafili and P;‘ice(2()01) discuss on modelling the time of seed
germination at various level of temperature and on the estimation of cardinal
temperature. Michael et.al(2004).reviews methods for fitting a range of models
to censored seed germination data and recommends adoption of a probability
-based model for the time to seed germination. The inverse normal distribution,

is considered as a distribution for the time to germination.
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In this chapter we model seedvgermination time under phase type distribution
assumption. We are considering the time required to get an established seedling
A for plantation, possibly for any variety of seed under standard or controlled con-
ditions. The different stages in the growth of the plant is known. In this study we
are considering seeds coming under epigeal germination process. Under epigeal
germination the cotyledon are raised above from soil and they 'continue to provide
nutrition support to the growing plants. In its growth, the hypocotyl begins to
elongateAin an arch which breaks through the soil, pulling the cotyledon aﬁd en-
closed plumule through the grour;d and projecting thém into the air. Afterwards
the cotyledon open and plumule growth continues and the exhausted cotyledon
“wither and fall to ground, then the leaves develop and seedling get ready to es-
tablish. It may help one interested in the physiology of seeds to gather more
information on the growth stages like the rate of growth, the hazard nature of
the seeds in its different growth stages.

For the description of the model we are éonsidering four noticeable stages
of the growth of the plant. The seed is considered in the 0** stage. When the
hypocotyl coming out of the soil, it is said to be in the first stage of the growth.
When the hypocotyl is partially develéped, that is about 2 cms. the plant is
considered in the second stage of its growth. The opening of the cotyledon and
thereby the appearance of the leaves is the vthird and and the seedling with fully

expanded leaves considered mature for plantation and this stage is taken as the
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fourth stage of the growth. It is observed that the growth rate of the seedling
in different stages are different and so are the distribution of the time to cover
the stages also. For the probabilistic modelling of the occupation time in these
stages, a more flexible class of probability distribution on the positive real line is
desirable, which allows better inferential capability. Here we use a highly versatile
class of probability distribution, that of Phase type distibution - introduced by
Neuts(1975).

The convolution property (2.5.4) of the Phase type distribution that is used
in the model description. In the parameter estimation of phase type distribution
which involving censored observations, we use the EMpht-programme described

in the section (2.8) .

6.2 The Model for Seed Germination

Since any distribution on positive support can be approximated by phase type
distribution, we are making use of the method of phase type distribution for
the probability distribution of time to reach the seedling to a stage from the
previous. In between each stage transition existence of many transient phases
can be assumed. When we are coﬁsidering the time to reach from one stage to
the next nearest stage, the starting stage is the initial phase and the next stage
is the absorbing phase. The time required to reach from the initial phase to the
absorbing phase through many phases in between can be modeled as a continuous
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phase type distribution (CPH).

This modelling can be done for each stage transition. Let X; denote the
time to reach first stage, X2, X3 and X,are the same for seeond, third and the
fourth stages respectifrely. Though the quality of seeds effect the growth rate
of seed in each stage, there are many random environmental factors which may
affect the growth rate of the seed in all stages independently. So one assume that
X!s are independent. Under CPH assumption, let X; follow CPH(c;, T;)m for
i =1,2,3,4. Then due to the convolution theorem for CPH distribution, it follows
that the total germination period, X = X; + X5 + X3 + X, follow CPH (v, L),

where ¥ = (011, O1,m+102, X1,m4102m4+103, al,m+1a2,m+la3,m+la4) and

Lz L2004
L=
0 T
where, i _
L} L10C¥3
L, =
0 T3
and )
_ - _
T Tloaz
Ll - -
0 T

Here for the i** stage, the probability of more than ’t’ hours is taken to reach

the next stage is given by the survival function P(X; > t), and since X; follow
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CPH(Q”T;) )

P(X; > t) = a;eTe.

where, e is a unit vector of dimension m x 1.
P(X; > t) measures the latent reliability of the i» stage and is a measure of the
growth of the plant in that stage.

Probability of instantaneous reach to the next nearest stage from a stage can

be denoted by h(t) and is defined by

h(t) = lf(—;zz)

For the ré.ndom variable X; , h x;(t) is the instantaneous growth rate of the plant
in the time duration of its growth from (i — 1)t stage to i** stage.

Also E(X;) gives us about the expected waiting time to reach stage ¢ from
(i — 1)* stage, while E(X) gives tbhe.z expected total time for getting a mature

plant for ready to replant from its seed.

6.3 Estimation of Distributions

The para;meters (a,-,T,-) and, thereby the distribution of X; can be estimated
using EMpht algorithm for fitting phase type distribution. Using the observed
times to reach the absorbing stage, one can make use Aof the algorithm for fitting
corresponding phase type distribution. The procedure can be used for data set
including censored observations also. In the present context, we are observing
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the seeds and noting their time to reach their first stage of growth. It is not sure
that all the seeds will survive to reach this stage within a finite time period and
therefore it is worthless trying to collect the observations from all the seeds. In
such cases we are satisfying with the data from a reasonable higher percentage
of seeds and the data for other seeds are considered as censored observations at
the time point where we collected the last observation. Since we are interestéd
in the time taken by the seed to reach each stage from the previous, we are
not considering the decayed seeds in between. Using these data the parameters
(o, Ty) for the phase type represéntation of X, is estimated. For fitting phase
type distribution to X5, we are following the seeds reached the first stage and
observing their time to reach the second stage, but not for all but for a major
percentage and others are considered as censored due to the early explained
reason. Similarly the distribution of all X]s are fitted using the data observed.
The data on the time of seed decay, if é,ny, can be used to model the distri-
bution of seed life. The survival chance of the seeds to a mature plant which is
ready to feplant can be found, using the decay time of the decayed seeds. We are
noting the decay time of all the seeds decayed up to our censored time point for
the last stage. Out of the total of N seeds, let n be decdyed and for the others the
decay times are right censored at vérious time points. On observing the seeds in
seed stage to its first stage of growth the seeds are under soil and we are observing

for the appearance of hypocotyl for a major percentage of the seed planted and
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the others are considered as censored. Many of the seeds may decayed under
soil, but unseen. Then later on a close observation, it is found that the delay in
growth of almost 40 percentage of the séeds which are considered censored is due
to its decay under soil within that censoring time. So when considering the decay
- time of th_é,t 40 percentage of seeds, we assﬁme that their decay is happened at
the mid of the time duration from vseed stage to the censoring time for the stage.
The resuiting observations are then summarised. Using the EMpht algorithm the
distribution of the life time of the seeds cé,n be found in phaée type distribution
form. From here we can plot the graph of the survival function of the seeds and
the hazard plot also. The plots caﬁ Ee used for finding the hazardous nature of
- the seed. ‘Modelling of the life distribution of the seed in phase type form in each
stage is done using the time of decay 6f the seeds which occurred at that stage
and the cénsoring times. A relative study on the hazardous nature of the seed in
each of its growth stage can also be obtained by ploting the hazard curve of the

life distribution in each stage.

6.4 Experimental Validation

For an illustration of the above method, we are making use of an experimental
data (see Table - I)obtained on 100 numbers of the seed of green peas (Pisum sativum)
observed for germination and to become a mature plant for plantation under stan-
dard conditions. The seeds are continuously observed and time required to reach
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each stage of its growth- which are élready mentioned in the description- from its
previous growth stage is noted in hour and rounded to the nearest integer. All
seeds are planted for germination at the same time and the time for the appeaf-
ance of hypocotyl is collected for about 80 percentage of the see(is and the others
are cénsidered censored at the highest time point observed. The phase type form
of the distribution for the time required to reach this first stage from the seed
stage is estimated using the data collected and using the EMpht algorithm. A
general Coxian form of the phase type distribution is fitted here,because when we
are considering the growth a backward movement in phases is not reasonable. It
is observed that this time duration denoted by X, follows phase type distibution

with parameters a; = (1,0) and

—0.057735 0.057735
T1 =

0 —-0.057735
In a similar way the distributions of the time duration required for each
stages, X, |
X3 and X, are estimated as in the general Coxian for of phase type distribution

using the observed data and the parameters estimated are as follows: for X, ,

Qg = (1,0)

—0.053238 0.053238
T2 = .
0 —0.053258
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for X3, Q3 = (1,0)

And for X; a4 = (1,0)

Then X = X; + X3 + X3 + X, follows phase type distribution with parameters

a=(1,0,0,0,0,0,0,0) and

-

0

0

0

The expected time durations E(X,),E(X;),E(X3),E(X}) are calculated using

The values are calculated as 34.64, 37.56,31.41 and 58.52 hours respectively. And
E(X) = 160.9563. Figurel gives the nature of instantaneous growth rate for

each stages of growth and it shows that the growth rate is highest is from stage

0 .

—0.0577 0.0577

—0.0577 0.0577

0

0

0

0

—0.0532 00532

0

0

0

0 :

0

0

—0.06366 0.06366

—0.06366

- —0.034885 0.034885
Ty =

0.034885

0

0

0

—0.0532" 0.0532

0

0

0

0
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—-0.0637
0
0

0

E(T}) = —oT 'e.

0

0

0.0637

0 —0.0637

0

0

0

0

0.0637

—0.0349

0

0
0

0.0349

—0.0349



2 to stage 3 and is least for the stage 3 to stage 4. Figure2 shows the curves
regarding the probability of the chance at next stage at a time t starting from a
particular stage.

Using the observed decay times, the life distribution of the seed (see Table-II)
is derived and the life distribution of the seed in each stage is also estimated.
The life distributions are estimated in a general phase type form and the life of

the seed up to mature stage L, is distributed as phase type with parameters

8 = (0.312411,0.687589, 0)

-

—0.032552 0.004845  0.027707

S=10044172 —0.065707 0.021535

0.006152  0.012213  —0.030373

The life from seed stage to first stage, L;; from first stage to second, Ls; from
second stage to third, Ls; and from the third stage to the last, L4 are respective-
ly distributed as general phase type with parameters (81,S51), (82, S2), (83, S3),

(B4, S4) They are estimated as; £, = (0.999965, 0.000035, 0)

—0.167049 0.167044  0.000005

S1=0.017308 —0.131828 0.11452

0.027979  0.058696  —0.11937
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B2 = (0.001334, 0.800287, 0.198378)

—0.084882 0.017825

S2 = [ 0.046926 —0.166635

0.151992  0.051021

B3 = (0.804312,0.195688, 0.000001)

—-0.358696 0.212524

Ss= 1 0.240711  —0.507013

0.128051  0.150568

and B, = (0.203247,0.394742, 0.402011)

—0.253126 0.166938

S:1=1 0.105748  —0.205621

0.115563  0.161631

Figure 3 exhibits the nature of the hazard of the seed from its seed stage to
its final stage. Figure 4 shows how the hazard function differ for the different
growth stage of the seed and it reveals that the hazard is highest for the time

from seed stage to the first stage and it is least for the growth from the first stage

to second.

¢ Discussion:

In this paper our interest centers on the process of seed germination which

involves many intermediate stages. The time required for germination as well
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0.05975

0.119709

—0.203013

0.146172

0.266303

—0.311636

0.083404

0.096256

—0.292831



as the sojourn times in the grthh stages have beeﬁ studied under a general
setting. Though the number of stages is taken as four in the present study, the
methodology can be carried over to any number of stages in the germination
process. Also quite important information on the growth rate and hazard rate at
each intermediate stages of the germination process are obtained and illustrated
through an experimental data. Thé choice of phase type distribution in the model
is a natural one as it does not loose any generality. The properties of this versatile
class of distributions is exploited in further gathering information on the seed
germination process. The problem 'assoqiated with the estimation of parameters
of phase type distribution is solved by the EMpht algorithm. The methodology
suggested can be applied in various similar situations in seed physiology and more

generally to problems of similar nature in Plant science.
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6.5 Tables and Figures:

Table - T : Data on the time taken (in hrs.) by 100 seeds in the four growth stages.

seed | Stagel | Stagell [ Stagelll | StageIV || seed | Stagel | Stagell [ Stagelll | Stage I'W
1 27 26 21 45 51 29 26 29%¥ -
2 29 31 25 46 52 25 28 11V —
3 32 29 26 15Y 53 29 31 26 5
4 26 29 2@1 44 54 28 34 25 9Y
5 31 33 9 — 55 35* - - -
6 23 24 22 55% 56 35* — - -
7 35* — - - 57 32 36 29* -
8 30 37* — - 58 27 28 12V -
9 31 29 21 42 59 27 28 12V -
10 14 29 24 45 60 _35* - - -
11 32 35 18" — 61 33 37* - -
12 26 25 23 55% 62 34 37* - -
13 35* — - - 63 28 30 6Y -
14 33 35 29* o 64 27 2Q, 29* -
15 28 30 24 23 65 27 10 - -
16 25 24 20 44 66 28 37* — —
17 25 25v 9¥ - 67 25 25 22 © 41
18 27 317 - ~ 68 25 25, 29* -
19 28 20 — — 69 29 24 - -
20 32 34 28 51 70 35* — - —
21 34 32 23 45 71 28 37* - -
22 24 26 20 40 72 35* — — —
23 31 33 1%” — 73 27 32 26, 47
24 29 34 8 - 74 26 2% 20 -
25 29 30 26 55% 75 33 19 - -
26 30 34 14Y - 76 35* — - -
27 35* - - 77 31 27 21v 43
28 25 37* - - 78 29 33 10 -
29 31 37* - - 79 35%* — - -
30 35* — ~ - 80 29 37* - -
31 26 24 20%* - 81 30 37* - Ty
32 25 29 26 44 82 27 27v 24 55
33 33 31 25 48 83 25 13 - -
34 31 36 10V - 84 29 32 4 —
35 34 31 20%* -= 85 32 37"': - -
36 35* - - - 86 26 18 - -
37 35* — — = 87 35* — — —
38 25 32 28 18 88 24 26 23 47
39 33 36 29* - 89 29 33 27 53
40 26 27 29 22V 90 35%* - - -
41 31 30 28 55* 91 30* 37 - -
42 34 - 32 28 50v 1192 35 — ~ -
43 26 27 29 22 93 26* 14 - -
44 28 33 7Y - 94 35 — - —
45 27 29 20%* —45 95 32 33 28 52>'<
46 29 24" - - 96 33 32 27 55
47 35* - - - 97 35* - - -
48 35%* - - — 98 35* — — -
49 32 37* - - 99 29 30 25 47
50 27 37* — - 100 35* - - Sl

* indicates the censoring times and "
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Table - 11

Observed decay/censoring times (in hrs.) of the 100 seeds.

(V denotes the decay times)

seed | Decay/censoring time || seed | Decay/censoring time
119 ol 84
2 131 52 64"
3 102" 53 140
4 123 54 96
5 73" 55 35
6 124 56 35
7 35 57 97
8 67 58 67"
9 123 59 84
10 112 60 35
11 85" 61 70
12 129 1 62 71
13 35 63 64
14 97" 64 82
15 109 65 3
'16 113 66 65
17 59" 67 113
18 58 68 89
19 48 69 53"
20 145 70 35
21 144 71 65
22 110 72 35
123 767 73 132
24 71 74 75"
25 140 75 527
26 78" 76 35
27 35 77 122
28 62 78 72"
29 68 79 35
30 35 80 66
31 79 81 67
32 124 82 133
33 137 83 387
34 Y 84 65"
35 94 85 69
36 35 86 44"
37 35 87 35
38 103" 88 120
39 98 89 142
40 104" 90 35
41 144 91 67 -
42 144 92 35,
43 104" 93 40
44 68" 94 145
45 85 95 35
46 53" 96 147
47 39 97 35
48 35 98 35
49 69 99 131
50 64 100 35
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Concluding Remarks
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Phase type distribution has been introduced as a tool for unifying a variety of
stochastic models and found useful initially in many queuing models. Its applica-
tion in reliability and survival analysis, though initiated sometime ago, is found
to be quite promising now. There is a recent surge of interest in applying phase
type models in industrial engineering and biomedical sciences. The present the-
sis augments a great deal towards the applications of this important probability
distribution in reliability and survival analysis.

The characterization of phase type distribution has been attempted by many
researchers in the past. In chapter 2, we presented a new characterization result of
phase type distribution under Poisson shocks. Characterization or identifiability
of the shock models based on the life distribution of the system is an interesting
research problem one can investigate further in tﬁis regard.

Chapter 3 contributes a solution for a reliability and warranty problem un-
der general lifetime distribution assumption. Using the method illustrated many
problems in business management under the assumption of general lifetime distri-
bution for a device/product, can be solved effectively. The methodology suggests
a practical solution to the warranty problems of products under random environ-
ment. Also it is worth investigating the role of various warranty policies when
the underlying life distribution is of phase type.

A problem of preventive replacement of a device under Poisson shock is con-

sidered in the chapter 4. The problem assumes greater significance when loss due
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to preventive replacement is smaller than that due to the corrective replacement.
For discrete phase type failure probabilities, the problem of finding the optimum
value of the replacement time by minimising long run cost per unit time for re-
placement, and the same problem under a given loss function are discussed. A
comparison of the above preventive replacement policies with the failure replace-
ment is made proposing the gain due to age replacement.

In chapter 5, a multistate system under Poisson shock is considered. While the
lifetime of the system is distributed as continuous phase type, the reliability and
hazard plots of the system are obtained. An extension of the lifetime modelling
of a multistate system using phaée type distribution is possible in the field of
medicine. The lifetime of a human being under the threat of heart attack or
cerebral hemorrhage can be modelled by extending the method presented in this
chapter.

In the last chapter, a problem of modelling seed germination under general life
distribution assumpﬁon using phase type distribution is discussed. We considered
different growth stages of the seed and the survival, hazard rate of the seed on
its the different growth stages are obtained. The method discussed is capable for
helping plant scientists. A more close observation on seed germination of a given
species can be made by considering more stages on germination and the effect of

random environment on seed germination also can be incorporated.
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~ Appendix

Computer Codes
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B.1 'Chapt_er 3

No.1 [To plot reliability and hazard function of the component]
T—[.6.I.2.5-1 7.1;.1.4-16]
B=0.5;
J-1;
a=[100]
Jori=1:2;
iG=I;
pG)=bG);
J
end
G=[t,eye(3,6)*0;¢*0,T*P(1),eye(3,3)*0;eye(3,6)*0,T*p(2)]
e=[.7.1.2];
al=Kron(e,a);
J=Kron(G,eye(9°2))+Kron(G,eye(9))+Kron(eye(9"2),G)
gll=gl’;bl=(-1)*(sum(g(1));b=bl";
g=1;
m=1;
fort=0:2:1;
t(m)=t;
S(@)=<f1*(expm(gl*))*b;m=m+1;
q=q+1;
end
el=sum(Kron(eye(9),eye(9°2))); e—el r=1;
Jor k=0..2:1
kk(r)=k; '
o) I(ﬂ *(expm(g1*k))*b)/(f1*(expm(g]*k))) *e;
r=r+
end
I
¥
- Kk
Plot(kk,Q)

No.2{To decide the number of preventive maintenances)
7=[-6,.1.2;.5,-1.7,.1,.1,.4,-1.6]

a={7,0,0,.1,0,0,.2,0,0]

e=[1,1,1111111]

L=[T,eye(3)*0,eye(3)*0;eve(3)*0,T/.8,eye(3) *0;eye(3)*0,eye(3) *0,T/.5]
LI=[T/.8,eye(3)*0,eye(3)*0; eye(3)*0,T/(.8*.8),eye(3) *0; epe(3) *0,epe(3) *0,T/(.8*. 5)]
L2=[T/.6,eye(3)*0,eye(3)*0;eye(3)*0,T/(.6*.8),eye(3)*0; eye(3) *0,eye(3)*0,T/(.6*.5)]
F=(a*expm(L*.5)*¢)

QI=-log(F)

Fl=(a*expm(L1*.4)*e)

Q2= -log(F1I)

F2=(a*expm(L2* 34)%e)

Q3= -log(F2)

CI1=10000*Q1+150

C2=10000%(Q1+02)+300

C3=10000%(Q1+02+Q3)+450
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B.2 Chapter 4

No.1[To plot the loss function)

r=[-7.2,.3-4];

a=[1,0];

e=[(1;1];

cl=1;

c2=7; .

L=-a*(inv(T))*e

=i

Jort=0:.4:L
kG)=t;
kk(j)=cl*(L-9)"2+c2*(-log(a*expm(T*))*¢));
T

end

k

kk

plot(k kk)

No.2[7o find the gain due to preventive replacement]

-T=[(-6),.2;.4,-.4]

a=[.6,4];

e=[1;1];

cl=10;

c2=8;

L=-a*(inv(T))*e

k=cl*(L-2.25)"2+c2%(- Iog(a"‘expm(T"‘(Z 25))%e)

=50

M=5000 _

aa=(a*expm(2.25*T)%e)

bb=(1-(a*expm(2.25*T)*¢))
Caa=[(V+k)*(a*expm(2.25*T)*e)]+[(M)*(I-(a*expm(2.25*T) *¢))]
Cbb=[(a*expm(2.25*T) *inv(T) "‘e)—a‘inv(T) *e]

Ca=Caa/Cbb

Pi=(1/L)*a*inv(-T)

P=[0.5263,0.4737;0.5263,0.4737]

pp=50000

Ren=(L)"(-1)*pp-1+((a*T\-2)*)/(L)"2) +(L)-1) *a*(P-expm(T+(e-T*¢)*a) *pp) *inv(T) *e
Cf=M*Ren/50000

Gain=Cf-Ca
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B.3 Chapter 5

'No.1{To plot the reliability and hazard function)

T=[0,.634,0.238,0.089,0.028;0,0,.634,.238,.089;0,0,0,.634,0.238,0,0,0,0,.634.0,0,0,0,0]
a=[1,0,0,0,0] ,
e=[1;1;1;1;1]; -
1=2;
I=eye(5)
b=[.011,.039,.128;.366;1];
L=-a*(inv(I*(T-)))*e
j=1;

for 1=0:.4:3*L
k)=t :
- -kk()=(@*expm(@*(T-1)*) *b)/(a*expmI¥(T-) ¥0) *¢);
kkk(j)=a*expm@*(T-D)*1)%e; :
J=itl;
i end -
" : k
kkk
plot(k.kk,k kkk)

No.2[To plot the reliability and hazard function .

T=[0,.3975,0.2387,0.1447,0.0878;0,0,.3975,. 2387 1447.0,0,0,. 3975 0.2387:0,0,0,0,.3975:0,0,0,0,0]
a={1,0,0,0,0]
e=[1:1;:1;1;1};
S I=2;
I=eye(3)
- b=[1353,.2191,.3638;,6025;1];
L=-a*(inv(1*(T-)))*e
J=1;

for t=0:.4:3*L
kG)=t;
kk(j)=(a*expm(1*(T-1) *t)*b)/(a*expm(I*(T- I)*l)*e):
kkk()=a*expm(*(T-D*)*e; -
J+L;

end

k

kk

kkk
plot(k kk,k kik)
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‘B4 : Chapter 6

No.1{To plot instantaneous growth rate of the
seed in each its different growth stages)
a=[1,0]
b=[1,0]
¢=(1,0]
da=[10] .
k=[-0.057735,0.057735,0,-0.057735]
1=[-0.053238,0.053238;0,-.053238]
m=[-0.06366,0.06366,0,-0.06366]
n=[-0.034885,0.034885,0,-0.034885]
=-1*sum(k')
e={1;1]
J=1
Jor t=0:.5:50;
h()=¢;
hh(j)=(a*expm(k*)*kk)/(a*expm(k*t) *e)
J=j+1;
end
hh
lI=-1*sum(l)
Jj=1;
Jor t=0:.5:50;
pi)=t
pp()=(b*expm(I*))*Il)/(b*expm(I*t)*e)
Jj=j+1;
end
p
pp
mm=-1*sum(m’)
Jj=1;
Jor t=0:.5:50;
- q0)=t : :
q9()=(c*expm(m*t) *mm’)/(c*expm(m*1)*e)
J=j+1;
end
q
9
nn=-1*sum(n’)
=L
Jor t=0:.5:50;
)=t
rr(j)=(d*expm(n*t)*nn’)/(d*expm(n*t)*e)
J=j+l;
end
r -
rr
plot(h,hh,'-g")
holdon
plot(p.pp,"r)
hold on
plot(q,q99,-b)
hold on
plot(r,rr,"*r)
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No.2{To plot the survival function
of the seed in various stages)

a=[1,0]

b=[1,0]

e=[1,0]

=[1,0]
k=[-0.057735,0.057735,0,-0.057735]
I=[-0.053238,0.053238;0,-.053238]

- m={-0.06366,0.06366,0,-0.06366]

n=[-0.034885,0.034885,0,-0.034885]

kk=-1*sum(k')

e=[1;1]

J=L

Jort=0:.5:50;
h()=t;
hh()=(a*expm(k*t)*e)
JHI;

end

h

hh

H=-1*sum()

J=L;

for t=0:.5:50;
pl)=t;
pp()=(b*expm(1*))*e)
J=jtl;

end

P

pp

mm=-1%sum(m'y

=L |

Jor t=0:.5:50;
qG)=t;
q9()=(c*expm(m*t)*e)
j =j +1; )

end

q

nn=-1*sum(n’)

J=1;

Jor t=0:.5:50;
r@)=t;
rr()=(d*expm(n*y)*e)
L

end

r

rr

plot(h,hh,"-g’)

hold on
plot(p,pp,"r)
hold on

Plot(g.q9,-b)

holdon
plot{r,rr,"™r)



NO.3[To plot the hazard rate of the seed in various stages of growth)
a=[0.001334,0.800287,0.198378]
k=[-0.084882,0.017825,0.05975,0.046926,-0.166635,0.119709,0.151992,0.051021,-0. 203013]
=-]*sum(k') .
e=[1:1;1]
i=l;
Jor t=0:.5:50;
h()=t; -
hh()=(a*expm(k*y) *kk)/(a‘exptn(k*t) *e) ~
j=j+l;
end
h
hh
b=[0.804312,0. 195688 0.000001] .
1=[-0.358696,0.212524,0.146172;0.240711,-0.507013,0.266303;0.128051,0.150568,-0.311 638]
l1=-1*sum(l’) .
e=[1;1;1]
j=I; .
Jor t=0:.5:50;
h2G)=t;
hh2()=(a*expm(l “t) ‘11)/(a*apm(1 *) *e)
J+L
end
h2
hhz .
c=[0.203247,0.394742,0.402011]
m=[-0.253126,0.166938,0.083404;0.105748,-0. 205621 0.096256,0.115563,0.161631,-0.292831]
mm=-1*sum(l’) _
‘e=[1;1:1] ’
j=I; |
Jor t=0:.5:50;
h3@G)=t;
hh3()=(a *axpm(m *)*mm)/(a*expm(m*t)*e)
JEtL
end
h3
hh3
d=[0.9999635,0. 000035 o]
. m1=[-0.167049,0.167044,0.000005;0.01 7308,-0.131828,0.1 1452 0.027979,0. 058696 -0.11937]
mmi=-1*sum(l")
e=[1;1;1]
j=I;
Jor t=0:.5:50;
h4g)=t;
hh4(j)= (a *expm(ml1*t)*mml )/(a *expm(mI*t) ‘e)
J+1;
end
h4
hh4
plot(h,hh,"-g)
hold on
plot(h2,hh2,"r")
hold on
plot(h3,hh3,"-b)
plot(h4,hh4,'*b)
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No.4 To plot the hazard rate of the seed from its first stage to final stage of growth)
a={0.312411,0.687589,0] '
k=[-0.032552,0.004845,0.027707,;0.044172,-0.065707,0.021535;0.006152,0.012213,-0.030373]
~ kk=-1*sum(k") '
e=[1;1;1]
j=l;
Jor t=0:1:200;
h@)=t;
hh()=(a*expm(k*t) *kk)/(a*expm(k*) *e)
JIHI;
end
h -
hh
plot(h,hk)
axis({0 1600 .01))
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