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Chapter

Introduction

Orthonormal Sets, Frames, Wavelets, MRA and Frame MRA ... Daubechies,
Grossmann and Meyer [15] laid the foundations for the study of frames in Hilbert
Spaces. Mallat [25] used these ideas and developed Wavelet Theory. The
study of Wavelet Theory and its applications to Signal Processing and Image
Processing are well described in the works of Niklas Grip [21] and James S.
Walker [33]. Probably the main reason for the success of the wavelet theory
was the introduction of the concept of Multiresolution Analysis (MRA), which
provided the right frame work to construct orthogonal wavelet bases with good
localization properties, which are very useful in physical applications. Similarly,
the theory of Frames and Frame Multiresolution Analysis (FMRA) in L?(R) are

highly developed subjects with origins in speech and image processing.

The frame concept for Hilbert Spaces generalizes the notion of an orthonormal
basis in the sense that a frame X = {x; : i € I} provides a stable representation
for signals f by means of an expression f = Z ¢;(f)z;, but it is not necessarily
an orthonormal or independent sequence. Igurther, and important for their

applicability, the coefficients ¢;(f) in a frame expansion of a signal f are
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computable and depend continuously on f, and redundancies are allowed in the
frame itself. This latter property can lead to more freedom when constructing

frame elements x; € X' for specific types of expansions.

The notion of Frame Multiresolution Analysis in L?(R) developed and
studied by J. J. Benedetto and S. Li [3], [2] and O. Christensen [9], combine the
theories of frames and MRAs with the goal of attacking problems in
signal processing. There has also been a general development on the construc-
tion of Tight Wavelet Frames by Ron and Shen [30], [28], [31] and [29]. In their
work, Han and Larson {22] have shown that there is no MRA superwavelet in the
superspace L}(R)? analogous to MRA wavelets in L?(R). Stefan Bildea, Dorin
Ervin Dutkay and Gabriel Picioroaga [5] have realized multiresolution construc-
tions in the case of wavelets in the superspaces L?(R)", n being a natural number,

by making some slight modifications to the usual dilation and translation oper-

ators.

The main objective of our study is to look at Frame Multiresolution
Analysis (FMRA) theory for superspaces L2(R)" and study some consequences.
This thesis is a result of our investigations along these lines. Our work on this
study is presented in this thesis in five chapters. We hope that this study will
simplify applications in data transmission, image and signal processing etc. In
the study of wavelets, construction of examples plays an important role. In this

work we have given emphasis for this aspect.

Chapter 1 begins with a quick review of some of the known
fundamental definitions, results and examples needed for our study. For the

sake of completeness we have added details to some of the important examples.
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Working out the details have helped us in constructing new examples.  We
begin with the definitions and examples of wavelets and frame wavelets in 1.1.
Starting with the description of Multiresolution Analysis for L2(R). MRA wavelets
and MRA frame wavelets in L?(R) are discussed here. Wavelet Sets and Frame
Sets are discussed in 1.2. Superwavelets and construction of superwavelets in
L*(R)? are discussed in 1.3. The important result of Han and Larson that
superwavelet of length 2 exists is given in 1.3.6. 1.4 is a discussion on whether
MRA wavelets (i.e.. wavelets made out of an NMRA) can be constructed in the
superspace L*(R) @ L*(R). As mentioned above, the fact that MRA super-
wavelets do not exist in the usual sense is stated in Theorem 1.4.2. However,
Han and Larson have given a very simple definition of MRA superwavelet as:
(m. m2) € L*(R) & L*(R) is an MRA superwavelet if each 7, and 7, is an MRA
frame wavelet in L?(R). Based on this idea an example of an MRA superwavelet
is constructed in 1.4.5. Following the definition of NIRA superwavelet given by
Stefan Bildea et al. which involves modifications in the dilation and translation

operators, superwavelets are constructed via MRA in 1.5.

As mentioned above, with a view to giving importance for the construction
of examples, Chapter 2 is devoted for studying some important examples. In
the first section construction of orthogonal scaling vectors associated with an
MRA for the scale N = 2 is discussed. Using this idea superwavelets via MRA
in L*(R)? and L?(R)® are constructed. In the final section of the chapter an
example of superwavelet via MRA in L*(R)3 now using the scale N = 3 is con-

structed. These examples further help us in constructing Bessel maps.

Frames in the superspace L?(R)" via the Bessel map is introduced in
Chapter 3. We discuss about the frame theory in L?(R)™ giving various results.

We discuss the relation between a countable collection and the associated Bessel
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map when the countable collection is a frame. 3.1.13 gives a characterization of
frames in terms of adjoint of the Bessel map. In the second section of this chapter
Frame Operators on L?(R)” is introduced. That elements of L?(R)" has a series
representation in terms of the frame operator analogous to Fourier expansion of

elements in a Hilbert space is given in 3.2.11.

Chapter 4 is a study about the frames generated by translations of functions
in L?*(R)*. In the first section of this chapter, we introduce translation and
dilation operators on L#(R)". In 4.2.1 of the second section we obtain a relation
between the Bessel maps and the associated bounded 27— periodic functions.
4.2.9 shows that if ¢; @ ¢, generates a frame for V4, then the elements of V{ and

d1 P @9 are closely related by their Fourier transforms.

Having discussed the ideas of superwavelets and frames in superspaces, we
come to the study of Frame MRA in L?(R)™ in chapter 5. John J. Benedetto and
Oliver M. Treiber [4] constructed multiresolution analysis frame (MRA frame) in
the case of L?(R) and studied various results in this connection. We have used
the ideas of John J. Benedetto, Oliver M. Treiber, D. Han and D. Larson [22]
to develop FMRA theory in L*(R) & L?(R). In 5.1.1, we give the definition of
FMRA in the superspace L2(R)". Important properties are given in 5.1.4 and
5.1.7. In 5.1.10 we give example of an FMRA generated by the given ¢ © ¢,. In
the second section, Theorem 5.2.1 tells about a case for which there is no MRA
frame wavelet in L?(R) & L*(R). In 5.2.2 we see an example where the given

1 ® ¢, cannot give a FMRA.

We conclude our thesis with an epilogue where we have listed some problems

which can be investigated. For example, we can think of a result that ensures a
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MRA frame wavelet ¢, & - - - @y, in L2(R)™ corresponding to the FNMRA scaling
function ¢; B - - & @,,.

0.1 Preliminaries

The Fourier transform f of f € LYR) is defined as In what follows, Z
is the set of integers; R is the set of real numbers, C is the set of complex
numbers and T is the unit circle in the complex plane. The points of the unit
circle T = {z € C: |z| =1} in the complex plane form a multiplicative group
known as the Circle group. When considered as a subset of R, T is [0, 27). We

sometimes identify T with [—7, 7) or with [0, 1).

L*(R) is the Hilbert space of square-integrable functions on R, i.e., L*(R) is

the set of Lebesgue measurable functions f : R — C with norm

1/2
T / Pl <o
R

The inner product { -, - );2( for L*(R) is defined as

(D = [ £ fae R
R

LY(R) is the set of Lebesgue measurable functions f : R — C with norm

1/2

1l = | [11] <o

R

Here we note that L!(R) is not an inner product space.
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The Fourier transform f of f € L! (R) is defined as

. 1 .
(1) flo) = E!.f’(t)e~f/,(1t, 7 €R

Example 0.1.1. If f(t) = e, t € R, then f € L}(R) and f(5) = =2

142"

Example 0.1.2. If
1, for |t| <1
0, for {t| >1

then f € L'(R) and f(y) = 2sine

w

If f € LY (R), by the Riemann-Lebesgue Lemma [8], f is a continuous
function vanishing at +oc and f € L®(R) [19]. -

A corollary of Plancherel identity states that the Fourier transform extends
from L}(R) N L%R) to a unitary operator on L?(R) [20]. This extension is
designated the Fourier transform f of f € L*(R), and we use the notation of (1)
for the L*(R) setting as well as for L!'(R) [1]. The extended Fourier transform

on L%(R) is sometimes denoted by F, so that

F(f)=1{.

The inverse Fourier transform operator is defined, both in L}(R) and L*(R),

as

3 1 ity
Fon == HZ FR)edt.

L*(R) @& L?(R) is the set of all tuples (f,, f2), where f; and f» € L*(R) .
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L?(R) @ L*(R) is also a Hilbert space under the inner product ( -, - ) L2 ()2 ()

defined by

(fie o). (91 .02))1,2(2)«51,2(;;;) = (/1. f]l)/,'-’(;:‘) + (fo- .(12>L:(3)-

for (fi, f2). (g1, 92) € L*(R) ® L*(R).

We can extend this for any natural number n: L?*(R)", the set of n tuples of

elements in L?(R), is also a Hilbert space under the inner product

(.f}@ EBfrmgl@ ®g">L'~’(R)":Z<fJ" gj>L2(R)=

j=1

for i --- & f, € L*(R)". The Fourier transform on L?(R)" is defined as:

(fi, for -1, fa) = (fla fz: ) fn)’

for (fl, fg, ey fn) € LQ(R)"

12(Z) is the normed space of absolutely square-summable complex sequences.

That is,

3(Z) = {c = (ck)kez - ¢ € C for k € Z such that Z lex)? < oo} .
keZ
and the associated norm is

1/2
lellizzy = (Z lck|2> :

keZ
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I2(Z) is a Hilbert space with the inner product

<C~, d>12(z) = ZCkav

keZ

for ¢, d € I*(Z).

A function F'is 27 -periodic on R if F(v) = F(y + 2xn) for all y € R. This
does not necessarily mean that 27 is the largest period of F. From now on we
view 27 periodic complex valued functions f € L'[—n, «] or L?[—=, 7] as having

T as their domain, and denote them, respectively, by L'(T) or L*(T).

L?(T) is the space of 27-periodic complex-valued Lebesgue square integrable

functions F on R with norm

1/2 . 1/2
1F Lo, = / F| = / FP| < oo,
T T

and inner product

(F, G)poqry = / FG, F, Ge L*(T).
T

If ¢ € [*(Z), é € L*(T) denotes its 2m-periodic Fourier transform
6(7) = Z ckeik’ya

i.e., ¢ is the Fourier series associated with ¢ and the Fourier coefficients are

c, k € Z.
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In the case of Hilbert spaces. convergence will be in A unless otherwise stated.
In particular, if H = L*(R), or if we are dealing with Fourier series in L?(T).

then convergence is in L?-norm.

Translation by y € R is denoted by 7,, i.e., if f : R — C is a function, then

7,/ : R — C 1s the function defined by

(r, f)(#) = ft —y).

If y = k is an integer, then we use T in place of 7, and the translation by k is
given by

T*f(t) = f(t — k).

In particular,

Tf(t) = f(t - 1).

The translation operator is a unitary operator on L%(R).

The unitary dyadic dilation operator U : L?(R) — L?(R) is defined as
UF)(t) = V2f(@t), , for f e L*(R)

Hence for all k € Z
(U*£)(t) = 2K/ £ (2%¢).

In particular,
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12

The function e, : R — C is defined by

ex(t)=e™ ¥V teR

!

and is 27 periodic.

With the above notations, we have for f € L*(R)

A 1
flv) = \/T—ﬂ_/fev-

Proposition 0.1.3. For f e L*(R) or L'(R)

(Tyf) = eyf
and
Uf)=v"'f
Proof.
mWHe) = (1, ) (et

[t —y)e ™ dt
f(u)e vy

! /f(u)e""”du
2m
R

= e,(7)f(7).

B, P T

- 8- -

= e W7
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(UF) (t)e™"dt

5i-

f 2f (2t)e

"
-
5 e

—-1117 du

3 -

lv |\>

Sl -
ﬂl

!
] e

Il
S~
—_

B2
~—

i
il
s,
S

The 27 periodization operator Per is defined for a function f on R as

Per(f)(-) = ) _ f(- — 2k)

kEZ

Remark 0.1.4. Per(f) is a 27-periodic function. If g is 27-periodic and gf €

LY(R), then
[or= [ gperts)

R T

Brackets are used to denote pullbacks; for example,
[f = 0] = {t € domain(f) : f(t) = 0};

[f # 0] = {t € domain(f) : f(t) # 0};

and so on.

The characteristic or indicator function of a set F is denoted by xg.
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If f: R — Cisa function, then f(2-) denotes the function f(2x) and f (E)

denotes the function f (£).

Example 0.1.5. If F C R and f = yg, then

f(2:) =x

E

N f

and

f(3) = xee-

If K, and K, are linear spaces and £ : K; — K5 is a linear operator, then
R(L), the range of L, is a subspace of K, and N(L), its kernel, is a subspace of
K.

In the case of a separable Hilbert space H and a subset X C H, span X C H
is the set of finite linear combinations of elements from X; and Span X is the

closure of span X in H. If X C H, then
Xt={yeH:{(z, y)y=0forallz e X}.

A linear operator £ : H; — H,, mapping the Hilbert space H; into the Hilbert
space Hs, is a topological isomorphism if £ is bijective and continuous. In this

case, the open mapping theorem [24] ensures the continuity of £71.
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Chapter 1

Wavelets and Superwavelets

This chapter is devoted to basic definitions and results on wavelets and frames

that are necessary for our study.

1.1 Frames, Wavelets and MRA Wavelets

Definition 1.1.1. A frame in a Hilbert space H is a sequence {x,} of vectors

in H with the property that there exist constants A, B > 0 such that for f € H
AP <Y KS zad? < BIFIE.

The greatest possible such A is the lower frame bound and the least possible such
B is the upper frame bound. If A = B, then the frame is called a tight frame. If

A = B =1, then the frame is called a normalised tight frame.

Definition 1.1.2. A function ¢ € L*(R) is a wavelet (resp. frame wavelet) if
{UIT*+ : j,k € Z} is an orthonormal basis (resp. frame) for L*(R), where T
and U are the translation and dilation unitary operators, respectively, on L*(R)

defined by

15



1.1. Frames, Wavelets and MRA Wavelets 16

(1.1) (Tf)t)= f(t-1)
and
(1.2) (UH(E) = V2f(21).

Definition 1.1.3. ¢ € L*(R) is a tight frame wavelet (resp. normalized tight
frame wavelet) if {UIT*y : j.k € Z} is a tight frame (resp. normalized tight

frame).
Example 1.1.4. Consider the function ¥ : R — R defined by
1if tefo, 3)

() =4 —lif te[i 1)

0 otherwise

Then it can be shown that {U7T*y : j, k € Z} is an orthonormal basis for L2(R),

so that 1 is a wavelet. This wavelet is called Haar wavelet.

Example 1.1.5. Let 1 be such that $(§) = \7157)([_2777 —mu[r, 2r)- Then
{UIT*y : j, k € Z} is an orthonormal basis for L2(R), so that ¢ is a wavelet.

Example 1.1.6. The function vy whose Fourier transform satisfies

w(é-) =e'2 X[-2rx, —m)U[x, 2x)

is a wavelet, called the Shannon wavelet.

Example 1.1.7. Let ¢ € L%*(R) be such that supp () is contained in
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{SER: % <s| < 2} and

L for all s # 0.
2m

JET

Then ¥ is a normalised tight frame wavelet and these type of frame wavelets are

called Frazier-Jawerth tyvpe frame wavelets.
Example 1.1.8. Consider the Mexican hat function

2
Y(z) = 7

2 1.
which coincides with e ¢ 2" ), when normalized in the space L2(R). Ingrid
2

Daubechies [13] has reported frame bounds of 3.223 and 3.596 for the frame

2

1 , L
7 (1 —x)%e 2",

obtained by translations and dilations of the Mexican hat function.

An important concept in wavelet theory is the multiresolution analysis es-
tablished by Mallat [25] which is used to derive wavelets. Such wavelets are
called MRA wavelets. However, there exist non-MRA wavelets. e.g., Journe’s
wavelet [23] and wavelets constructed by Bownik., et al. [6]. But Papadakis [26]
introduced the concept of generalised frame MRA (GFMRA) and announced
that any wavelet in L?(R) is derived by GFMRA. A GFMRA may not give

wavelets, e.g. [35].

Definition 1.1.9. A Multiresolution Analysis (MRA) for L*(R) consists of a
sequence {V; : j €Z} of closed subspaces of L*(R) satisfying

L. ‘/jc‘/}-)-h JGZ,

2. ﬂjeZ VJ = {0}7

3. UjeZV} = L2 (R)a
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4. fel) ifandonlyif Uf €V, jeZ.

5. There is a ¢ € V; such that {T%¢ : k € Z} is an orthonormal basis for V5.

The function ¢ given above is called an orthogonal scaling function for the
mutliresolution analysis.

Example 1.1.10. Let 1} be the closed span of functions in L*(R) which are
constant on intervals of the form [27/k, 277(k + 1)], k € Z. Then {V;:j € Z}
i1s an MRA and we can take the scaling function to be ¢ = x[—;, ¢. As we shall

see in Example 1.1.12, this MRA is related to the Haar wavelet.

It was shown by Hernandez and Weiss [23] that if ¢ is a scaling function for

an MRA, then there is a 27 -periodic measurable function m such that

$(26) =m (€) §(€)

for a.e. £ € R. It is known that the function v given by

V(€) =eim (%5 + w)éS (%«S)

is a wavelet, and moreover, it is known that every function of the form
A i€ 1 ~ (1
(1.3) P (&) = e?k({)m §§+7T ¢ 55

where £ is any measurable unimodular 27-periodic function, gives a wavelet.
These are all contained in the difference space Wy, = V; © V,, and more

importantly, every wavelet contained in W, has the form above.

Definition 1.1.11. A wavelet which has the form given in (1.3) for some MRA
is called an MRA wavelet.
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Example 1.1.12. The Haar wavelet seen in Example 1.1.4is constructed (up
to a translation) from the MRA generated by the scaling function ¢ = x[_1, g

associated with the MRA described in Example 1.1.10.
Example 1.1.13. The Shannon wavelet seen in Example 1.1.6 is an MRA
wavelet whose scaling vector ¢ is given by the Fourier transform é(f ) = X[=m ) (&)

Remark 1.1.14. In practice, the wavelets v are constructed from the scaling
function in such a way that

{TFy k€ Z)}

is an orthonormal basis for IV, := V] & V4, the orthocomplement of Vj in 17.

Suppose ¢ is a wavelet. For j € Z, let TV; be the subspace generated by

{Ujle :le Z} and let
(14) Vv] = ®k<j"vk.

Then {V; : j € Z} satisfies (1) to (4) in the Definition 1.1.9 of MRA. If (5) in
Definition 1.1.9 is also satisfied, then v is an MRA wavelet.

Definition 1.1.15. Let ¢ be a normalized tight frame wavelet. For j € Z, let
W; be the subspace generated by {U‘T'¢:1 € Z} and V; as in (1.4). Then
{V; : j € Z} satisfies (1) to (4) in the Definition 1.1.9 of MRA. Also, if there
is a function ¢ in V4 such that {T’qﬁ S Z} is a normalized tight frame for Vj,
then we call v an MRA frame wavelet.

1.2 Wavelet Sets and Frame Sets

Definition 1.2.1. A unitary system U is a subset of the set of all unitary

operators acting on a separable Hilbert space H which contains the identity



1.2. Wavelet Sets and Frame Sets 20

operator .

Definition 1.2.2. A vector x € H is called a normalised tight frame vector (resp.
frame vector with bounds 4 and B) for a unitary system U if Ur = {Ux : U € U}
forms a tight frame (vesp. frame with bounds A and B) for span (U.x). It is
called a complete normalised tight frame vector (resp. complete frame vector
with bounds A and B) when Ux is a normalized tight frame (resp. frame with

bounds A and B) for H.

Notation 1.2.3. Let F be the extended Fourier transform on L*(R) and U and

T be defined as in (1.1) and (1.2). Then we use the following notations:
U=FUF!,

T=Frr,

and

Uy 7= {ﬁ"T"‘ in, me Z} i
Proposition 1.2.4. For f € L*(R)
Tf=e"f

and

Uf=U"'f
Proof.

(Tr)© = (FTF5) @
1 4
= — | (TF'f) (s)e ™ds
\/27rR/
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= _\/12:7T/ (F~'f) (s = 1)e "4ds

1 . )
= \/ﬁ/ (f-lf) (U/)e~l(u+l)§d“

= = [ e
= e—"ff-(f:f) ()

= (FF)(HE©

= 74f(e).

(Ur)©) = (FUF5) (@)
1 ' :
= — (U}'_lf) (s)e ¢ds
=

1 —1 —1is
= \/T_W\/ik/ (F71f) (2s)e *¢ds
§du

1 ~1 —1tu
- EﬁR/(f ) (e 35

1 -1
= 5" (Ff) (§)

1
= ﬁf(%)

= UT'f(©).

O

Definition 1.2.5. A measurable subset E of R is called a wavelet set if F=XE,
where X is the characteristic function of E, is the Fourier transform of a wavelet

in L*(R).

Example 1.2.6. [14] \/%X[_Q,r, —m)ufr, 2r) is the Fourier transform of the wavelet

seen in Example 1.1.5, and hence [—27, —7) U [r, 27) is a wavelet set.
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Definition 1.2.7. A measurable subset E of R is called a frame set if ﬁ,\ £ s
a complete normalized tight frame vector for Uy ;. In other words, E is a frame

set. if \/'%XE is the Fourier transform of a normalized tight frame wavelet.

Example 1.2.8. [22] F'=[-7. —Z)U[Z. 7) is a frame set.

2

1.3 Superwavelets and Construction of Super-

wavelets in L?(R)?

Now we pass on to the super space L*(R) ® L*(R) and study superwavelets in

L*(R) ® L(R).

Definition 1.3.1. [22] Suppose that 1, 7, are normalized tight frame wavelets.
The ordered pair (7;,12) is a superwavelet of length 2 if {U¥T'n, @ U*T'n, : k.1 €
Z} is an orthonormal basis for L*(R) @ L*(R).

Definition 1.3.2. [22] Let G, E and F be measurable subsets of R. G is 2-
dilation congruent to F' if there is a bijection 7 : G — F such that for any s € G
there is n € Z satisfying 7(s) = 2"s. G is 2 —translation congruent to E if there
is a bijection ¢ : G — E such that ¢(s) — s is an integral multiple of 27 for each
se€d.

Lemma 1.3.3. [12] Let E and F be bounded measurable sets in R such that F
contains a neighbourhood of 0, and F' has nonempty interior and is bounded away
from 0. Then there is a measurable set G C R, which is 2-dilation congruent to

F and 27— translation congruent to E.

Theorem 1.3.4. [22] Let E be a measurable subset of R. Then E is a frame
set if and only if E is both 2w —translation congruent to a subset F of [0, 27] and

2-dilation congruent to [—2m, —7) U 7, 27).
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Remark 1.3.5. (11, 12) is a superwavelet for U;; + means 1, and 1, are normal-

ized tight frame wavelets and
{U"Tm (th D 1g) :n.m € Z} = {[AJ”'T"'I]I @U"T™ 0. m e Z}
is an orthonormal basis for L2(R) & L?(R).

Using the above results, we have the following examples:

Let By = [-7, —im) U]
and 7: By = [-27, —7) U [n, 27) defined by:

M, §37r)

7, m). Consider the mappings ¢ : E; — |2

L
2

s+2m, s€[-m, —im)

P(s) =
s, s€ [-;—7r, )
and

7(s) =25, s€ E,

Then ¢ and 7 are bijective mappings. Hence by Theorem 1.3.4, noting that

[, 7] is 2 translation congruent to [0, 27|, E, is a frame set.

Let E = [}, im) and F = [-7, —1r)uU [3m, m). Then by Lemma 1.3.3,
there exists a measurable set G such that G is 2-dilation congruent to F' and
2r—translation congruent to E. Now G is 2-dilation congruent to F and F is
2-dilation congruent to [—2w, —m) U [, 27). Hence G is 2-dilation congruent
to [~27, —m) U [r, 27). Similarly, G is 27 translation congruent to [, ).

Hence, by Theorem 1.3.4, G is a frame set.

Claim:(m;, 12) is a superwavelet, where 7§, = \/%XEl and 17, = \/—é—;xg.
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We have, for every j,/ € Z. k #0

<[7le7]1 D UleUQ. T'jl)] D TJT)2> = <[jrleIh. Tj7]1>

L2(R)&L2(R) L2(7)

+ <CF'ATA'I/2. T-)1}2>
12(3)

= 0,
as <U"'Tl77i= Tj7h> =0 (1=1.2).
Also
N N 1ifl=0
<T Th @ TV”‘Z-, m o T)2> . sy '
L2(R)BL(R) 0if [#0

Hence {U’“T’nl ® Uy, -kl € Z} is an ONB for L?(R) & L?(R). Hence
(m, m2) is a super-wavelet of length 2.

We can summarise the above discussion as:
Proposition 1.3.6. There is a super-wavelet of length 2.

Definition 1.3.7. If E and F are frame sets, we call (£, F') a strong comple-
mentary pair if (.7:—1 (ﬁ)@) , F1 (\/‘%—;XF)) is a super-wavelet.

The following version of Theorem 1.3.4 is needed in the following example.

Theorem 1.3.8. Let E be a measurable subset of R. Then E is a frame set
if and only if E is both 2m—translation congruent to a subset F of [0,2x] and

2-dilation generator for R.

Example 1.3.9. Let E = [-m, —im) U [37, 7). The argument before
Proposition 1.3.6 gives us the existence of the strong complement frame set of E.
Now we construct a concrete one. Consider a set of type [a, T) U [27, a + 27).

This set is a 2-dilation generator of a partition of [0, co) if  (a + 27) = 2a.

So we get a = Z. Thus [Z, I) U [27, 1&7) is a 2-dilation generator of a

partition of [0, co). Symmetrically, [—%’-, —2m) U [——%, —21} is a 2-dilation
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generator of a partition of (—>c, 0]. Writing

4= [—@ —27r). B= [_

{

2r 7w 16w
(=|—., =], = |27, — }.
[7’2>/D [" 7)

and welet L=AUBUCUD. Then

™
=

«x'

ot

(1.5) (A+27)UBUCU (D - 27) = [—% —g)

Thus L is 27 translation congruent to [—%, -2’3] .

L is a 2—dilation generator of partition of R and since [—

).

T
3

3) 1s 27 trans-

lation congruent to a subset of [0, 27), Theorem 1.3.8 shows that L is a frame

set. Also

T(E) =[5, 3m) and 7(L) = [0, im)U[3n, 2m).

Hence

T(EYUT(L) =[0, 27) and 7(E)N7(L) = .

Now we use the following result:

Proposition 1.3.10. Let E and F be frame sets. Then (E,F) is a strong
complementary pair if and only if both 7(E) U T(F) = [0,27) and 7(E) N 7(F)

has measure zero.

By this proposition, the pair (£, L), where E and L are as obtained above,

is a strong complementary pair. Thus L is a strong complementary frame set of

FE and (}"‘1 (\/%XE) , F1 (#XL)) is a super-wavelet.

The above two crucial results 1.3.6 and 1.3.9 are the essence of what is done

in [22].
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We conclude this section by giving the definition of superwavelet having

length n.

Definition 1.3.11. [22] Suppose that 5, ... .1, are normalized tight frame
wavelets. The n—tuple (5. ... ;) is a superwavelet of length n if {UFT"y, @

.. ® Uy, : k,1 € Z} is an orthonormal basis for L*(R)".

It is shown in [22] that for anyv n . there is a superwavelet of length n. Just
like in the L?*(R) case, the superwavelet usually gencrates a normalized tight
frame and to get an orthogonal basis, some extra conditions must be imposed
on the initial low-pass filter from which the superwavelet is constructed such as
the Cohen condition [10] or Lawton’s condition [34], Theorem 3.9 in [5]. In [18]
and [17], a certain affine structure on the space L?(R)" was introduced which

was shown to admit multiresolution wavelet bases.

1.4 MRA Superwavelets

We have seen in the previous section that L*(R) & L?(R) has a wavelet
(superwavelet of length 2). In this section we discuss whether MRA wavelet

(i.e., wavelet made out of an MRA) can be found in L?(R) & L*(R).

The following theorem tells us that there is no MRA superwavelet in the

usual sense, i.e., as given in Definition 1.1.9.

Theorem 1.4.1. [22] Let ¢y, ¢o € L? (R) and let Vo be the closed subspace
generated by {T'¢, & T'¢s: 1l € Z}. Suppose Vo C L*(R) & L*(R) and Vy C
(U U)Vy and that

{T'¢ @ T'¢y: 1 € 7}
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15 an orthonormal basis for Vy. Then

U_ @et)y
)T
is not dense in L*(R) & L*(R).

Since MRA superwavelets cannot be defined similar to MRA wavelets, Han

and Larson [22] have modified the definition of MRA superwavelet as follows:

Definition 1.4.2. A superwavelet (1. 7o) € L*(R) @ L*(R) is an MRA super-

wavelet if each 1, and n, are MRA frame wavelets.

Remark 1.4.3. In the case of MRA waveletes in L? (R), ¢ is an MRA wavelet
if {U'T*y : j,k € Z} is an orthonormal basis for L*(R). However, (1, 7,) €
L*(R) & L*(R) is an MRA superwavelet only when both 7, and 1, are MRA

frame wavelets in L2 (R) .

Proposition 1.4.4. [11] For a frame set G, F~! (\/‘%Xc) s an MRA frame if

w .
and only if G* := |J 279G is 2w-translation congruent to a subset of [, 7].
i=1

The following is an important result. In the proof given below we have

explicitly constructed the function ¢.

Proposition 1.4.5. [11] There is an MRA superwavelet of length 2.

Proof. Consider E and L as in Example 1.3.9.

Also, let
o0 [o,0]
E° = UZ"E, L¥ = U 2771
j=1

J=1
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Then E°® = [—.‘I, O) U (0,

N =

E” is 2m-translation congruent to the set itself which is a subset of [—.

2L
=3
3

{

map ¢ defined by

shows that the set L® is 27-translation congruent to the set

e NV [N WU R WU i WUR K N i
T 7772 7’ * 7 20 7 7 ")
which is a subset of [-m, 7]. Hence by Proposition 1.4.4 both F~! (\/—15—7;)(5) and
F! (\712=WXL) are MRA frame wavelets. In Example 1.3.9 we have seen that

(= () 7 (7))

is a superwavelet and hence by the discussion above and using the Definition 1.4.2,

(]-'—1 (\/%XE) , Fl (\/‘;T;XL)) is an MRA superwavelet. 0

1.5 Superwavelets via MRA

In this section and the following sections we discuss the theory for the con-
structions of superwavelets via MRA giving examples [5]. For the discussion we

need an abstract version of the situation existent on L*(R) and we replace L*(R)
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by an abstract Hilbert space H and the dilation and translation operators are
replaced by two unitaries U and T satisfving the relation UTU ! = TV for some
integer N > 2 and the integer NV is called the scale for I” and T. The standard

translation and dilation operators have scale 2.

We have seen in Theorem 1.4.2 that MRA superwavelets do not exist in
the usual sense in L*(R)?. i.e.. the technique of multiresolution analysis breaks
down, when multiplexing is required, if one just amplifies the steps used in the
construction of MRA wavelets. In [5] multiresolution constructions have been

realized for multiple signals, provided some slight modifications are done to the

usual dilation and translation operators.

Hereinafter, by superwavelet via MRA we mean a superwavelet made from a

multiresolution analysis (MRA).

Notation 1.5.1. We often identify functions f on T with 27— periodic functions
on R or with functions on the interval [—m, m). The identification is given by

f(2) < f(0) where z=e%.

Definition 1.5.2. [5] A wavelet representation is a triple 7 := (H, U, 7) where
H is a Hilbert space, U is a unitary on H and = is a representation of L>(T) on
H such that

Ur( U™ =a(f(z")), feL*(T)

(here, by f (2V) we mean the map z — f(z") ).

Definition 1.5.3. [5] A wavelet representation is called normal if for any
sequence (f,)nen Which converges pointwise a.e. to a function f € L*(T) and
such that || f.|l., < M, n € N for some M > 0, the sequence {7(f,)} converges

to 7(f) in the strong operator topology.
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Notation 1.5.4. U is called the dilation and T := 7(z) the translation of the
wavelet representation. where z indicates the identity function on T. z — 2. We

note that the identity function (denoted by z) on T is an element in L>(T).

Some of the examples in this chapter are outlined in [5]. For the sake of

completeness, we give them with details.

Example 1.5.5. A classical exainple of a normal wavelet representation is the

following: H = L*(R). We choose an integer N > 2.

ven) = =6 (). £e ),

and 7 is defined by its Fourier transform
(1.6) 7 (f) (&) = f¢€,

where f e L*(T), €€ L*(R).

It is enough to check that for £ € H

Ur(HUHE)T) = (w(F(zM))(E) )

Now

Ur(HUE) = U ((r(HU()))

~

noting that (T'f)"=Tf, where Tf =e *f
= U (R(HU)

= v (1)
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= VNF(N)U(E)(N)

i 1 .
= \/./Vf(N-)ﬁf(-)

= (V)
= (7(f=))9):

In particular (1.6) gives

Te(x) = e7™€ (x)

so that
T¢(z) =€(x - 1),

for£ € L?(R), z € R.

We denote this normal wavelet representation by Ry.

Example 1.5.6. If (H;, U;, 7;) are (normal) wavelet representations for i €
{1,...,n}, then (&} H;, &%, U;. @, ™) is a (normal) wavelet representation

called the direct sum of the given wavelet representations.

Definition 1.5.7. For a given scale N > 2, an N cycle is a set {z1,...,2p}

of distinct points in T, such that zI¥ = 2y, 2 = 23,..., z) =z. pis called the

273

length of the cycle. {1} is called the trivial cycle. {w, w?}, where w =e~ 5", is

a 2-cycle having length 2.

Example 1.5.8. Let # = (H, U, ) be a (normal) wavelet representation. Let

C:={z,...,2} be acycle and ay, ..., q, € T. Define

Hoow =HOH®.. ® H

—
p times
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and, for f € L>(T). &.....¢, € H.

e () &)= (T (f(212) &7 (f (222)) &v o7 ([ (52)) &) -

Then 7 o := (He o Uca. Teq) 1s a (normal) wavelet representation which we
call the cyclic amplification of & with cvcle C' and modulation «.
In particular,

TC, a =T a (Z)

and

T = n(z),

where z is the identity map on T. Since (7w o (z — 2,2)) (&) = 21T€,, we have

TC,a (617 R fp) = (Zngla ) ZpTép)

The cyclic amplification with the trivial cycle and «; = 1 is the initial wavelet

representation.

Notation 1.5.9. When a; = ... = o, = 1 in Example 1.5.8, we use the following

notation:

Tc = TC,a-

Example 1.5.10 (Special case of Example 1.5.8). If C is a cycle of length

pand oq,...,, are in T, we denote by

%C,a = (LQ(R)C,OH UC,a7 7TC,oz)

the cyclic amplification (Rg)c,o of the main representation Ry. When all o; are
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1, we use the notation

Re = (LX(R)e. Ue. 7).

Example 1.5.11. Another important wavelet representation is the direct sum
of wavelet representations associated to several N cyvcles. That is. if Cy.....C,,

are distinct cyveles and «, .. ., o, are some finite sets of numbers in T, then let

C:=C,U...uC,. and define

§RC,(\ = §RC],O¢) @ st @ §}ecu,an’

and is called the wavelet representation associated to the cycles Cy,...,C, and

the numbers o, ..., «a,.

Definition 1.5.12. [5] Let (H,U,m) be a wavelet representation. A sequence

(Vi) ez of closed subspaces of H with the properties

L Vn C Vn+1;
i. J Vo, =H;
nez
ii. )V, ={0}
nez

iv. U(V,) =Vaor;

v. There is a ¢ € V; such that {T’“(b ke Z} is an orthonormal basis for V),

is called a multiresolution analysis (MRA) for the wavelet representation.

A vector ¢ as in (v) for which there exists an MRA such that (i) to (iv) hold

is called orthogonal scaling vector.

Theorem 1.5.13. [5] Let Rc,, be the wavelet representation in Ezample 1.5.11.
Denote by e=*%:i the j-th point of the cycle C;. Then oc = pe, Boc,d...Dyc,
is an orthogonal scaling vector for this wavelet representation if and only if the

following conditions are satisfied:
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n P

i. [Orthogonality] 3 3 (Per (l*%ki?)) (E—=0;4) =1 for ae. £ €R;
i=1k=1 '

it. [Scaling equation] There exists a function mg € L°(T) such that for a.e.

EeR and for all i€ {1. .... n}:

ai 1V Ne, ,(NE) = mg (01 +€) e, (€).
(1'1',2\/:\—/:#5(/',_3(1\76) =Ny (‘gi,‘z + E) @Ci.'l(f)ﬂ

Qi p; \/N@Clx 1 (1V£) =My (eiepi + g) @Ci_pi (5)

i1. [Cyclicity] For eachi € {1, ..., n}, j€ {1, ..., p;},Pc, does not vanish
on any subset E of R invariant under dilations by NP (i.e., NP"E = F) of

positive measure.

Proposition 1.5.14. [5] Choose a scale N > 2. Let & be a normal wavelet
representation having an orthogonal scaling function ¢ with non-degenerate filter
mg. Denote by (Vy,),c; the associated MRA. Assume that there are given the
"high-pass filters” my,...,my_1 € L*®(T) satisfying

- mo(2) mo(pz) mo(p"~'2) |
1 m(2) my (pz) my(pN~12)
(1.7) Vit
| my-1(2) myoi(pz) -0 myoa(pVh2) |

273

is unitary for a.e. z € T, (p = eT> , and define ; € H by

(1.8) v = U 'n(my)g, (G€{l, ..., N—1}).

Then

{T*; :k€Z, i€{l, ..., N—1}} is an orthonormal basis for V; 6 V;
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and
{U"T"y:m, n€Z. i€ {l. ..., N—1}} is an orthonormal basis for H.

Remark 1.5.15. Thus by starting with a scaling vector ¢. we can work out

N — 1 wavelets, where 1V is the scale.
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Chapter 2

Examples of Superwavelets via MRA

As we have mentioned in the introduction we are devoting a chapter for

constructing some examples of superwavelets via MRA in superspaces.

2.1 Construction of Orthogonal Scaling Vector
with Scale N =2
We construct an orthogonal scaling function ¢ for the wavelet representation

(Re, @ ... ® Re,), where Cy, Cy, ..., Cp are 2-cycles. Also, let C =C,UC,U
..UCp. Let z € R:

1. z is called a cycle point if there is a ¢ € C such that x = 6 mod 27, where

2. z is called a supplement if x — 7 is a cycle point;

3. z is called a main point if it is a cycle point or a supplement;

4. z is called a mid-point if r = “T‘Lb with a, b consecutive main points;

36



2.1. Construction of Scaling Vector with Scale .V =2 37

5. a is called a cycle midpoint if @ = %’3 with a, b consecutive cycle points.

In the above, when we say consecutive’. we refer to the order on the real line.

For z € C with = = ¢~ define for 6 € [—/T. TT].

2:(0) = x [;uoﬂﬁeg’ HQ+E(HQ>] (0 +6) .

where a(fy), o, b(By) are consecutive cycle points. It can be verified that

Y Per|gf(0-0)=1. R

z=e~%0eC

Hence by Theorem 1.5.13, ¢ defined by its Fourier transform

~

¢ = ®Z€C@Z - 69f:l 6526(},' (f)z = GBf:l@Ci

is a good candidate for an orthogonal scaling vector corresponding to C' built
out of orthogonal scaling vector corresponding to each C;. Next, let us define

the filter mg:

M= Y g s
Bo€[—m, ], cycle point
where for the cycle point 6y € [—7, 7],¢(6p), 6o, d(6) are consecutive main
points. We will now check the scaling equation for the above defined ¢ and filter
—i6,

mg. It suffices to show that for two consecutive elements z; = e~ %, 2z, = ¢

of a cycle C; (i.e., 22 = 2z, or equivalently 26, = 6; mod 27) the following holds:

$2,(20) = mg (0 + 6o) P, (0), ae O€R
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or. equivalently
(2.1) D2, (20 — 260y) = mg (0) @ (0 — By), ae. B €R.

Suppose

Pz0(0 = 00) = X[utea 31001(6).

where, a<fy < 3 are consecutive cvcle points. By the definition of my, it follows

that there are consecutive main points a<8y < b such that

(2.2) Mo(0)$2, (0 — o) = Y[a_w:ia b_t(m](g)

Actually a is either « or the first supplement on the left of 8,. Suppose
20 (0= 01) = Xazns msan)(0),

with a; < 6; < b; consecutive main points. Then, we obtain

£1(0) = Xuze 1z (0),

(23) ()521 (29 - 200) = X[El%‘fl’ él;_eL](29 - 290)

We note that, under the map =z — 2z, the consecutive main points a <
8y < b are mapped into consecutive cycle points . Since 26y = 6; mod 27, and
because a translation by an integer multiple of 27 maps consecutive cycle points
to consecutive cycle points , it follows in particular that there exists k € Z such
that

a, = 2a + 2km, 6, =26y + 2knw, and by = 2b+ 2k
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We have
U= _9p 9 < 61;91
if and only if
a—+ b, <0< 1)4—()0.
2 - T 2

Hence with (2.2) and (2.3). the relation (2.1) is obtained.
The cylicity condition is automatically satisfied because all . contain a neigh-
bourhood of 0.

Consequently by Theorem 1.5.13 ¢ is an orthogonal scaling vector with filter my.

2.2 Examples of Superwavelets via MRA with
Scale N =2

In this section we workout particular cases of the filters, orthogonal scaling
vectors, and wavelets for some superspaces. Here we take the scale as N = 2.
Since the low pass filter mq is just a characterstic function, the corresponding
high-pass filter m; can be chosen as the characterstic function of the complement

of the set that gives my, and (1.7) holds. Then the wavelet is defined as in (1.8).

Example 2.2.1. (Superwavelet vie MRA in L?(R) & L*(R)) As a special case
of Example 1.5.8, we consider the dilation and translation operators on L*(R) ®
L?(R). First consider a fixed 2 cycle, i.e., a periodic orbit for the map z +> 22 on
the unit circle. Let C' = {21, 2,} be this cycle, so that 2? = 2z, 22 = z,. Let

a1 = az = 1 and let the Hilbert space be

Hc = L*(R) @ L*(R).
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For fi & fo € L*(R) & L?(R). the translation operator T on He is given by

(2.4) Te (i@ fo) = 2T fL ® 22T f,

and the dilation operator Ug on He is given by

(2.5) Uc(fi®f))=Uf, ®Uf.

where we take T"and U as the translation and dilation operators on L?(R) defined

by:
(2.6) Tf(z)=f(z—-1)
(2.7) Uf() = —=£(3)

for f € L)(R), z € R. For this T and U the scale is 2.

. _2mi _dni
Consider the 2-cycle C = {z;, 23}, where 2, = e~ 3, zy=e" 5 =¢ 3
so that 27 = 2z and 22 = z;.

: 8w 4in 2r 2m 4w 8
The cycle points are —5F, -3¢, -0, 20 2% 5%

% @ Sn I 1ll=n
The supplements are —<¢, —%, %, 3%, & =t
The main points are
8 57 _4x _2r _ A& ® 2rm 4rn Bm Im 8x llm
3> 773> T3> T3 733 3> 3> 31 37 37 3
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Hence
p 2T
g1 = X[uwgzwg Pbido) ](9 +6y). b= 3
2w
= Xjo. -r](() + —3—)
= X[-zx.5]®)
and

Then the orthogonal scaling vector (¢, py) € L?(R) @ L*(R)) is given by the

Fourier transforms of ¢; and , as given above.

The filter mg is determined as follows:

[ m, 7]

my = V2 Z [00)+00 90+d(90)]

Bo€[—m, )
= V2 (X -5+ X2, )
IR ST

The high pass filter is

\/_X[‘rr

wlﬂ

]

N

Determination of the orthogonal wavelet (1, 1;): Using (1.8), we have

UC(¢1, Py) = Wc(ml)(‘ﬂl, ©2)
(Uthg, Uthr) = mc(m1)(¢1, ©2)
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Taking the Fourier transform. we have
(U, Un) = (7 (my (212)) 1. 7 (a1 (222)) ©2)
Hence

U™y, = #lm(z12))é

Y1=Xgz 4z, and Yo=X 4z gz
[ [-3a—3]

Example 2.2.2. (Superwavelet via MRA in L?(R)®)

In this example, instead of considering a single cycle, we consider two 2-cycles

and construct a superwavelet via MRA in L?(R)S.
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and
The translation and dilation operators ave defined as follows:

For (fi, fa, fs, fu: fs, fo) € L*(R)®

Tc (f1, fas f3, fa, 15, f6) = (Zlel, 2T fo, 23T fs, 24T fa, 25T f5, ZGTfG)

and

Uc (fi, for fas far f5o f6) = (Ue, (fi, for f35 fa)s Uc, (fss fs))
= (Ufo, Ufs, Ufs, U1, Ufe, Ufs).

Here again scale for T and Ug is 2.

The cycle points are:

_dn __8m
5

57 3> 57 57 37 57 571 37
The supplements are:
9 _5m _Im _3r _x _x m™ T 3m
50 37 ~3» 50 73 T 515 3 5
lir 197
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4 2 _ 3w _2x _xm _Z T X 2%
5 3 5 5 3 5 5 3% §5°
3n 2n dm 6x dx Tx 87 Sm 97
5 3 5 5 3% 5 57 3° 5§57
I T Mz 177 Mz 197

[ 9En [

T2 Bz 8x M
5° 3° 5° 53° 3° 5°

Hence the orthogonal scaling function for the wavelet representation R, @
Q) — Al 11 1 A2 42 , | N R Y L,
Re, is v = ((01, v2. w3, 21). (91, ©3)). where 0. 03 3, o1y

given by their Fourier transforms as below:

] (0), &3(0) = X[_; 7] (0), &3(0) = X[_'z_rr’ b] (9),

$1(0) = X[tz 2
157 15 15’ 15 15" 15
&4(0) = x _3r _Tr_] (9), @%(9) =X[_2z & (8), and @%(9) =X[_ =z 2% (9)
[ 15° 15 [ 15 15] [ 1 =15]
The filer my is given by
mp = \/§XE7

where

The high pass filter is

my = \/§XEU
where
_[_19 15 r 1 157 19
B = [-5 -%lu[-5 5V 5
Using (1.8), and taking Fourier transforms, we obtain
U} =0, UMWy = Vax_wmn _ayirae am), U3 =0,
[~%0 -30]Y[35° 30)
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U_l’./A.i = \/5\[ im 3_vr]u[r. rzﬁ], U_l"?ff = \/5\/[1 4_,7] and

~30' T 30]-[30° 30 30" 30

U3 = \/§X[ dn -

7307730
Hence the MRA  wavelet is  ((¢). v, wi o). (i v3)).  where

vl vl vl ol v? and w2 are given by their Fourier transforms as below:

2.3 Example of Superwavelets via MRA with
Scale N =3

Consider the 3-cycle C = {z1, 23, 23}. For z € C with z = e~ define for
g €[-n, 7,

~

@.(0) = X[a(993)+90, 09+g(99)] (04 6y) .

where a(fp), 6y, b(6) are consecutive cycle points. Hence by Theorem 1.5.13, ¢

defined by its Fourier transform
¢ = (¢217 (75227 @zg) = (@17 @27 (12)3)

is an orthogonal scaling vector corresponding to C' . Next, the filter my is given
by

my = \/g E X [ e(8g)+6g 3Q+d(9g)]ﬁ[_ﬂ =t
3 ! 3 ’
Oo€[—=, 7], cycle point
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where for the cycle point 6y € [—7, 7],c(bh), 6. d(fy) are consecutive main

points. Then the high pass filters m; and m, are such that

mo(z) mo(pz) me(p*z)
1

)
% mi(z) my(pz) my(p’z)
)

my(z) ma(pz) ma(p?2)

is unitary for a.e. z € T and (p = €3 ). We define v, and v+ in L*(R)? as
follows:

W = U w(my)é
and

e = Ulm(my)¢

Then {UZTZy; :i=1,2,m, n € Z} is an orthonormal basis for L?(R)?. We

conclude this chapter by giving an example.

Example 2.3.1. (Superwavelet via MRA in L?(R)?)

27 673

1871
Now we take z; =e™ 26, z9 =€~ 26 and z3 = 6_71. Define, for i ® fo @ f3 €
L2(R)3,
Te(h @ fa®f3)=aTfi® 2T f ® 2T f3

and

Uc(h@f®fs)=Ufa0Ufs ®UA,

where, for f € L?(R),
Ti(z) = f(z ~1)

and
Uf(z) = %f (3).

This T¢ and U have scale N = 3 and C = {21, 29, 23} is a 3-cycle.
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The cycle points are:

_50n  _ 46z _3dx 2r 6r 18z Bdx  38%x 70«
26 ° 26 ¢ 26 7 267! 26° 26 6 26 7 206 °

The supplements are:

4

_24m  _20m  _ 8 28r 32r dxr 80m 8z %6x

26 ° 26 ° 26° 26° 26° 26 267 26 26 °

The main points are:

_50m  _46m  _3x _24m _20r _8r 21 6r 181
26 26 26 ° 26 ° 26 ° 267 267 267 267

287 32r  d4nr 54z 58x 7T0x  80m 84

887 967

Am
26° 267 267 267 26° 267 26° 26 26 °

Then

O1 =X, 38z 2m,, P2 =X, 10z 6z, P3= X, 48
~%8 > 78 ~7s 78 [0, 757

The filter my is given by
my = \/gX 6r  46m,-

78 )

(-7 78
Now we can choose

=V, et

and

Mg == \/gx 587 67,
(- 78 ’"78]

The wavelets ¢ = (Y11, Y1,2, ¥1,3) and 12 = (2,1, V2,2, Y2 3) are determined

as follows:

Ucty = U (Y1,1, ¥1,2, ¥1,3) = me(my) (01, @2, ©3)
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Taking Fourier transform, we have

<U_11&1,2, U_ll/}l,s, Dr_lu?"l,l) = (7 (my (212)) 21, 7 (g (222)) €1, (M (232)) £1)

U—l’lZ?1,2 = m(212) $1
= \/3,\’ 587, 46 s\ X, 387 2%
Men -Z808 A+ (-5%) -5 5

= V3xa0r 2

(75 78]

Similarly, we obtain

i3 =0, and 11 = X, 24x, -
0. %)

Also,
1/:'2,1:07 "/}2,2:X 38r 127 12/'2,3:0.

3
[_26’ 26]

Hence {UZTEy; : i =1,2,m, n € Z} is an orthonormal basis for L?(R)3.

Remark 2.3.2. Thus for a given scale N > 2 and a superspace we can find

orthogonal scaling vector ¢ and can work out N — 1 wavelets.
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Chapter 3

Frames in L*(R)"

In this chapter we describe frames in the superspace L?(R)" via the Bessel
map. We discuss about the frame theory in L?(R)" giving various results. \We
discuss the relation between a countable collection and the associated Bessel map
when the countable collection is a frame. We see that the adjoint of the Bessel

map has more importance in the study.

3.1 Bessel Map and Frames

Definition 3.1.1. A countable collection X = {z; 1 & --- @z, ,:1€Z} isa

frame for L2(R)" if there exist constants A, B > 0 such that

Al - @l € SHA® - ©fm 1@ o Bl
i€z

(3.1) < Blli® - @anQLz(R)n’

for every f1® --- & f, € L3(R)".

49
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The greatest possible such A is the lower frame bound and the least possible
such B is the upper frame bound. If A = B, then the frame is called a tight

frame. If A = B =1, the frame is called normalized tight frame.
Definition 3.1.2. A frame {4, & -+ @ x; 1 i € Z} is called minimal or cract
if

VieZ 2,1® - @ui,¢span{e 1 ® - ®xj,:jcZ\{i}}.

A frame is redundant or non exact if it is not minimal.

Definition 3.1.3. Let X = {z;,® --- &z, ,:1 € Z} be a countable system
in the separable Hilbert space L?(R)". If for fiy®---® f, € L}(R)". the collection
{id-®fa 21D - Dx;n): i €L} I*>(Z), then the correspondence

H® D far {{fi® B fa, i1 D Dy ,) i €L}

denoted by L, is called the Bessel map associated with X.

In the case where the Bessel map £ exists, then it is bounded by the uniform

boundedness principle.

The following Proposition says that whenever the collection is a frame, then

the Bessel map exists and also is a bounded invertible map.

Proposition 3.1.4. Let X = {z;1® - @ z;n:1 €L} be a frame for the
Hilbert space L*(R)"™. Then the map

L:LAR)™ — 12(2)
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defined by

e - @ofimr{id - ®fo. v ® - D) i€}
is the Bessel map associated with X and is a bounded invertible map onto R(L).

Proof. X is a frame implies there exist constants 4. B > 0 such that (3.1) holds.

Hence

”E(fl @fn H12 Z’ fl o @fn, LUZ"1@ @IEi7n>l2<OO,

iI€Z

and L is the Bessel map associated with X and we obtain

A ”fl o - D fn“i2(R)n < “‘C (fl ® - D fn)”?l(Z) < B Hfl o - D ani?(R)" .

Hence £ is bounded and one-to-one. Hence £ is a bounded invertible map onto

R(L). 0

Example 3.1.5. In Example 2.2.1, we have seen that a wavelet on L*(R) &
L*(R)) is (41, ) given by

1 6’43% e'3”
() (’Y) = ;
V2T 27y
and .
1 e~i37 _ 737
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Hence {U{TC':H Duy: g, ke Z} is an orthonormal
basis for L*(R) @ L*(R) and hence is a frame for L?(R) @ L%(R). Hence by

Proposition 3.1.4, the map
L:L*(R) @ L*(R)) — I*(Z)

defined by
S1® far {<f1 ® fo, UéTg‘% 2 ’U2> NS Z}

is a Bessel map. Moreover, here A = B = 1, so that ||L(f; ® f2)| = ||/ © fol
for f; & fa € LQ(R) & Lz(R))

Example 3.1.6. In Example 2.2.2, we have seen that a wavelet on L?(R)® is

(61, wh vk 01, (2, 02)), where vl wl, wl, 6}, 4% and v given by their

Fourier transforms as below:

77011:01 "/;%:X[ 127 7r] [3_7( 4_71'], 1/1;20

15’ 15

W:X[ an 3_1r] [n m_w], 1/}%=X[7r 4vr] and lﬁgzx[_‘i_w 1]-

15 T 15)-l15° 15 15 15 15’ ~ 15

Hence {Ungdzl PUPYs DU DYs D Yg: J, k € Z} is an orthonormal ba-
sis for L?(R)® and hence is a frame for L?(R)®. Hence by Proposition 3.1.4, the
map

L:L*R)® — *(z)
defined by
O @fe (i@ @ fo, UTEQ @ Do) : j, k € Z}

is a Bessel map. Moreover, here A = B = 1, so that ||[L(fi® - & fe)|| =
|fi®- & foll for fr® .- & fs € L*(R)S.
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In view of 3.1.4 we make the following definition.

Definition 3.1.7. Let £ be the Bessel map associated with a countable
collection X. Then X is a frame associated with £ if the map £ is a bounded
invertible operator from L*(R)" onto a closed subspace of I?(Z). i.e.. if there

exist constants A and B such that for every @& --- @ f, € L*(R)",

Allfe - @Banie(R)n <HL(fied - & fa)

by SBIUA® - @ fulllage

Definition 3.1.8. Let 4 be a bounded linear map from a Hilbert space H, to

H,. The adjoint of A is the bounded linear map B from H, to H, satisfying

(A(z), Yy, = (=, By)y,

for all x € H; and y € H,. The adjoint of A is unique and is denoted by A*.

Proposition 3.1.9. Let X = {z;1® -+ ®z;,:01€Z} C L*(R)" be a
countable system with a well-defined Bessel map L : L*(R)® — (*(Z). The adjoint
of L s given by

£ 2(Z) - IA(R)".

cH> E CiT; 1D - DTy
1€Z

Proof. Fix n € Z. Consider a sequence of the form

c=1(...,0,Cp,..crCly..., Ca, 0, ...) € }(Z).

Then

1@ D Yn, L)@y = (LWO -+ D), g
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= {nd - BYp. 11D Pyl E 7} . C>12(z)

n
= Z(Z/IEB D Yn, '1;1',1@ @517i,n>ri
i=—n
n
= Z (.1/1 b - BYp. i D - @-'7i.u>
(=—n
n
= <Z/1 D - DUn, Z cri g - @Ii,n> .
i=—n
Hence,
n
L(c) = Z CiTi 1 ® 0 D Tyin-
1=-n
Now take any c¢=(...,Cc_n,..-,Cl, ..., Cpn,...) € [*(Z). Then ¢ can

be considered as the limit of the sequence (d"),  where

d* = (...,0,¢c_pn,-.., €1y ..., €, 0, ...). Then, by the discussion above, we
n
have £*(d") = Y ¢z ® -+ @D Tin
i=—n

Claim: {£*((d"))} is a Cauchy sequence in L*(R)". Let n > m.

1€ (@) = £ (@™ = ML (") = (d™)Iz2mye
<71 li(d*) - (@™)|I”

IN

Since (d™) is a convergent sequence, it is Cauchy and from the above, we have
L*((d™)) is also a Cauchy sequence in the complete space L?(R)" and hence is

convergent.

Now

lim £*(d") = £*(lim d") = £*(c),

n—roo n—oo
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Hence
ox

L*(c) = nll_l)YOlc Z cGrian® o0 BPa, = Z CGri1® - DXy,

i=—n j=—n

We use the following Theorem in the proof of Proposition 3.1.11.
Theorem 3.1.10. [32] Suppose H, and Hy are Hilbert spaces, and T is a
bounded linear transformation from H, to Hy. Then
(R(T))" = N(T")
and
(R(T*))" = N(T).

Proposition 3.1.11. Let X = {z; 1 ® -+ @®z;,:1€Z} C LA R)" be a
countable system with a well-defined Bessel map £ : L*(R)* — [*(Z) and
adjoint map C* : 1*(Z) — L*R)". Then

Proof. Tt remains to prove (ii), as the other two follows immediately from

Theorem 3.1.10 because £ is a bounded linear transformation from L*(R)™
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to [*(Z). Now

(x, y) =0Vy e N(L")
z e (N(LH)*E

r € R(L) & there exists a sequence (z,) in R(L) converging to x
& ((wn). y)=0Vye N(L)
& lim ((z.), y) =0 Vy € N(L")
& (lim (). y) =0y € N(L)
=4
-~

and this completes the proof. 0

We need the following fundamental result in the proof of Proposition 3.1.13.

Proposition 3.1.12. Let Hy and H, be Hilbert spaces and T be a bounded linear

transformation from Hy to Hy. Then
IT]F =T~
If T is invertible, then T* is also invertible and
T =(T7Y".
Proof. For x € Hy, y € Hy, we have

(T*(@), Y| = (@0 T | = [(T®), 2)4,)-
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Thus

T+ = sup{,(T*(.r). y),,l‘ cr € Hy, ye Hy. |zl < L. |yl < 1}
= sup {l(T(q) .l‘>“‘lb € Hy ye Hy, o] <10yl < 1}
= |7

If T is invertible, then there is U : Hy — H; such that

TU =1y, and UT = Iy,.

Hence

(3.2) U'T™ =1y, = Iy,
and

(3.3) T°U = Iy = Iy,.

From ( 3.2) and ( 3.3), T* is invertible and

a

Proposition 3.1.13. Let X = {z;,® - ®zi,:i€Z} C L*(R)" be a
countable system with a well-defined Bessel map L : L*(R)" — {*(Z). Assume
span {z;1® - - @DTin:t€L}=L*R)". Then for every 1@ --- @ fn €
L*(R)",
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Alf® - @ fllieere < 1L - @ f)lbg
(3.4) < Bifie - @fn\ﬁ}(;%;)n

7

if and only if for every ¢ € (N(L£*))".
(3.5) Allellbg < 1L @@ < Bllelig, -
t.e., X s a frame if and only if L* is bounded and invertible.

Proof. Let X be a frame. i.e., assume (3.4). Then £ is a bounded and one-to-
one map. Hence £ is a bounded invertible map onto R(L). In this case R(L) is
closed (by Definition 3.1.7) so that R(£) = (M(L£*))", by Proposition 3.1.11.

Thus the adjoint map of £ : L*(R)" — R(L) is L and this latter map

L)+
is invertible with bounds equal to those of £, by Proposition 3.1.12. Hence the

assertion (3.5) is obtained.

Conversely, assume (3.5). Then EI*( A is a bounded one-to-one map from

Lot
R(L) onto L*(R)" and hence is a bounded invertible map onto L?(R)™. Thus the

is Lizzry» = L itself and this latter map is also, by

adjoint map of E\(N(c*))L

Proposition 3.1.12, invertible with bounds equal to those of LT(N(E*))'L' Hence
the assertion (3.4) is obtained. a
3.2 Frame Operators

Proposition 3.2.1. If {z;1® -+ @ x;,:1€ L} is a frame for L*(R)", the

series Y (fr® DB fny Ti 1D - BDTin) Ti1 D B Xy i convergent.
i€Z
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Proof. We consider the n—th partial sum

S":ZUI@ e B fpe i ® o BLi)T D o DTin

i=—n

For m > n, noting that

l(Sm —S$n. h® - D yn)l < Hsm - 571“ Hy[ @ - B yn“
and
. Sm — Sn
‘<5m — Sn, Y1 ®---D yn>‘ = Hsm - 51LH7 if we let n D--- @yn = 0 i
lism — sall
it follows that
lI5m — snll”
2
= sup (Sm — Sny, Y1 D+ @ yn>L2(R)n
ly1® - Syall=1
2
= sup | Y (1@ D fa 21 @ BT (T0,1@ B Tin, 1D D U)|
i€Jm,n
where J,, = {-m,...,-n—-1,n+1,...,m}
< sup Z Kfi® - & fn, fi,l@"‘@xi,nH?

lyn® - Synll=1 i€Jmon

X sup S i@ O Tim 1@ S,
@ - Synll=lyey
by Holder's inequality
< sup Z (i@ - ®fn i1 ® -0 Bz
“?ﬂ@ EBynllzl i€Jmom

xB sup lym@® - ®w.l|*, by the definition of the frame
ly® - @ynll=1
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. ‘ 9
< B Z l(fl @ o Dfp, it - @l'i.,n>L2(R)n
ie‘]"l.n
— 0 asm. n — oo,
since Z l<fl e - D, F T B ~’5i.n>’2 couverges ])}' the frame

i€l
inequality. Hence (s,) is a Cauchy sequence in the Hilbert space and therefore

(sn) converges to a vector S(fi @ --- @ f,) of L3(R)". -

Definition 3.2.2. Let \' = {1; ;& -+ @, ,:i€Z} C L*R)" be a frame

with Bessel map L. The frame operator § is defined as

flEB"'@anZ<fl@"'®fne Tit @ O Tin)Tin D O Tin.
€7

Remark 3.2.3. By the Proposition 3.2.1, § is a well-defined linear operator on
LA(R)"™.

Theorem 3.2.4. The frame operator is a continuous operator on L*(R)™.

Proof. To see that S is bounded, consider

2

I'S(f1®$fn)||2= sup (S(fl®®fn)7 yl@"'@yn>L2(R)n
e - Gynll=1

2
= sup Z(fl@"'@fm Ti1® - @) (@i 1D BTin, ND- DYn)

1€Z
< sup Y (i@ @ fo m@) Y (@Dl 1@ By’
lly1@-@ynll=1";c7 i€Z
< sup  Bllh® - ®hLIPBlne - &yl
llrn® - @ynll=1
< BlAe @ fl

Consequently § is bounded, and ||S|| < B. O
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Theorem 3.2.5. The frame operator S is a positive operator and
Al < S < BI.

Proof. For fi @& ---& f, and g1 ® --- @ ¢, € L*(R)". using the linearity and

continuity of the inner product,we have

<S(fl © "'@.fn)v 0 ea@(]n)

= <Z<f1@ D fns X B BLi) T D DL, 1D - @gn>

€Z

= Z(fl®@fnv l‘i,l@"'@xi,n><$i,1@"'@$i,n’ gl@@gn>

i€z
= Z<.fl@"'@f7u <xi,l@"'@mi,n7 glG}"'@gn)l‘i,l@"'@xi,n>
i€z
= Y i@ @ (D B, T B BT )T 1 B BTy )
i€z
= <f1€9"'®fn, 2(91@'“@%, 1’1,1@"'@%,1;)9«7,1@"'@$i,n>
i€Z

= (fi® - ®fa, S(GD--Dygn))

Hence § is self adjoint. Also,

<S(fl@®fn)7 fl@@fn>

= <Z<f1@"'@fm T ® - BTin)Ti1 D - B Tin, f1€9-"@fn>
i€Z

= Z|<f1€9 o D fu T B e EBﬂCz',n)l?

1€Z
> 0

so & > 0, and hence we can rewrite the frame inequality for f, & --- & f, €
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L3(R)" as
A(fl@ @fn- fl@ @fn>
< (ShE - @f) e - D fa)
= > e - Bfa i ® o D))
ez
< B{fid - @fu. L® - B fa)
or
A1 < S< BI

d

Lemma 3.2.6. Let X be a Banach space and let T be a bounded linear operator
from X to itself. Suppose that ||T|| < 1. Then I — T is invertible, (I —T)7! is

bounded, and ||(I — T)7Y|| < 1—]1]TH‘

Proposition 3.2.7. Let H be a Hilbert space. Let T and U : H — H are positive
maps, then

T<U=|T|<|Ull.

Proof. T and U are positive maps implies 7" and U are self adjoint. Hence

1T = sup{[(T'(z), 2)|:z € H, |lz|| =1}
< sup{[{U(z), z)| : = € H, ||z]| =1},
as T <Uand 0 < (T(z), z) <{U(z), x)
— .

Theorem 3.2.8. 87! erists and is positive on L*(R)™.
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Proof. Since AI < 8§ < BI by Theorem 3.2.5, we have

I-B'S>0

and

I-BlS§<I-AB'I.

Here I — B7'S and I — AB~'I are both positive operators, and hence by

Proposition 3.2.7,
|1 -=B'S|| < -AB'||=1-AB ' |[I||=1- AB™' < L.

Hence, by Lemma 3.2.6. [B~'S]™! = (I — (I — B~18)) 'exists on all of L%(R)"
and is a bounded operator. The same is thus true for S=!'. By 3.2.5 , S is self

adjoint. Hence for fy @ --- @ f, € L*(R)", we have

(ST'hod- @ fu ho-afu) = (STH® & fo, S(S_lfl@"'@fn»
(S(S'he - ®fa), STTHO D fa)
Als he - @ g

0.

(VAR

v

S~ is positive.

O

Theorem 3.2.9. For the frame operator S with frame bounds A and B, S~! is

a frame operator with frame bounds B™! and A, and

B'I<St< AL



3.2. Frame Operators 64

Proof. Since S commutes with 8! and I and
AI<S&s0<S - 4],
it follows that
0<(§—ANS™ © 0<T-AS"! or S'< A7
Similarly, since § < BI, it follows that B! < §~!. Hence
Bl'r<st<all

O

Corollary 3.2.10. Let S be a frame operator on L*(R)™. Then S™' is bounded.

Proof. By Theorem 3.2.9, we have
St< A,

where A is the lower frame bound associated with S. Also, by Theorem 3.2.8,

S~! is positive. Hence, by Proposition 3.2.7,
ls7H < a7,

which implies that S~! is bounded. O

Theorem 3.2.11. Let X = {z;1® - - D x;,: i € Z} C L}R)" be a frame with
frame operator S. Then for every f @ --- @ f, € L*(R)™,

36) f[®-®f

= Z<f1@"'@fm 3_1($i,1@"'69$i,n)>33i,1®"'€9$i,n
i€z
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and

= Z (1D @ foxi1® B i >Sﬁl(-1'i,l S Drin)

i€EZ

In particular. iof X is a tight frame with frame bound A. then for every fi®---®
fn € L*(R)",

38) fie---®fn

= ‘4—IZ<.f1 DD fu i1 B BT )T 1D D Eyp.
i€Z
Proof. Because of Proposition 3.2.8, Theorems 3.2.4 and 3.2.5 and Corollary
3.2.10 and the fact that S = §*, the decompositions (3.6) and (3.7) are conse-

quences of the following calculations:

= Z<5_1f1@ o @ f, xi,1€9"-@$i,n>$i,1® o D Tyn
i€Z

= Z(fl@ o @ fa, 3_1($z‘,1EB"'GBZBi,n»fEi,l@-'-EBxi,n
i€Z

and

H®-&f, = S'S(hd @ fa)

= 8—1Z<f1®"'®fn7 Ti1 @ O Lin)Ti1 @ D Tin
i€z

= D@ B f, 2 @ D) S @1 B B T )
i€Z

In the case X is a tight frame with frame bound A, A~Y2L is an isom-
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ctry. Thus, A™IS = (A7Y2L)*(A7Y2L) is the identity operator on L%(R)",
whence (3.8) follows. O

Proposition 3.2.12. For the frame operator S. (S™!)" = &L,

Proof. By Theorem 3.2.5, S is self adjoint. Also, by Proposition 3.1.12, since

S 1s bounded and invertible. we have
(S—l)* — (S*)—] — 8_1.

O
Proposition 3.2.13. Let X = {2;,® - ® z;,:1 € Z} C L*(R)" be a frame
with Bessel map L and frame operator S. The maps

LS~ [}(R)" — R(L)

L® & f,— {<f1@...@fm‘g*l(xi,l@...@xi’n) >:i€Z},
and the restriction of L* to R(L), viz.,

L:: R(L) — LA(R)"

cC— ZCM&J@ SRS R 7
1€EZ

are continuous maps and are inverse to each other. i.e.,
(Ei“)_1 = LS.

Proof. By Propositions 3.1.4 and 3.1.12, £ and L£* are continuous maps. By
Corollary 3.2.10, 87! is also continuous. Hence, being the composition
of continuous maps, LS is also continuous.

Take
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{fi®e - ®fi.vi1® - Dur,,:i€Z) R(L). Then
LS~ Bfp it ® - By, :i€l))
= LS <Z (i@ fo v 1D D T D D ;L‘i,,,>
i€z
= L <Z (i@ &fo, v, D B2, )S (i, ®- D Jri’,,l)>
e - af)
= {{hi® - Bfu 21D Buyn):i €L}
Hence
LE™'L) = I
Also

ETES_I = 88_1 = IL2(]R)”-

Hence q‘ and £S™! are inverse to each other. i.e.,
(EI*)‘1 =LS!

a

Remark 3.2.14. Hence, minimality of a frame (Definition 3.1.2) is equivalent

1o

N(L*) = (R(L))" = {0}, the zero sequence,

because N(L*) # {0} if and only if there is a non-zero sequence ¢ such that
Yt 1 ® D Tin =08 - 0. This means that some z; 1 & --- ® z; », can
i€Z

be expressed as a linear combination of other z; | @ --- @ z; », means that the

frame is not minimal.

Remark 3.2.15. When X is not minimal N(£*) is a non-zero subspace of {*(Z);
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so that given a signal f; & --- @ f, € L*(R)" there are different coefficients

c. d € I*(Z) for which L*(c) =L (d) =/ B - D f.

Removal of a vector from a frame leaves either a frame or an incomplete
set [7]. An orthonormal basis is obviously a normalized tight frame. The next
result tells us that normalized tight frame of unit vectors form an orthonormal

basis.
Proposition 3.2.16. Let X = {z;,,® -+ &z ,:i€ I} CL*R)" be a tight
frame with frame bound 1 and

lzi1® - @zinll=1 Vi,

then X is an orthonormal basis (ONB).

Proof. By the definition of frame bound, for j € Z, we have
(3.9) D@ @ o BT @ o B =1
i€z

The terms in the series on the LHS of (3.9) is a sum of non-negative numbers of

which one term ||z;; @ --- @ z;,|° = 1; hence all other terms are 0. That is

0if i

<37j,1@ e ®xj,n7xi,l@ ‘e @xl,n>: ) ) .
1if i=y
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Chapter I

Frames Generated by Translation of

a Function in L?(R)"

As mentioned in the introduction, our aim is to define frame MRA in L?(R)".
We first study the situation in L?(R)? and these can be extended naturally to

L2(R)".

4.1 Translation and Dilation Operators on L?(R)"

Considering the Hilbert space L?(R)" and taking the N cycle C := {zy, ..., z,}
and a; = ... =, = 1 in Example 1.5.8, we have the translation operator given
by

Te(fhi®@ @ fa)=aThe - ©zTf

and the dilation operator given by

Uc(fid--@®fr)=Ufd---0Uf ®@UA,

69
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where we take T and U as the translation and dilation operators on L*(R) given

by (1.1) and (1.2).

We begin with two simple basic theorems which will be helpful in proving

results in this chapter.

Theorem 4.1.1. Let fi & --- & f, € L*(R)". Then
(i@ @ fallizmy = D1l
Jj=1

Proof. The inner product on L?*(R)" is defined by

n

(i@ @ fa,n® -~ D gn) 2(w) wa gJL(&)
=1
Thus, we have

”fl @"'Eefnl'i?(ng)n = <f1 ®"'@fn, fl S "'@fn>L2(R)n

= Z (fj7 fj)L?(R)

i=1

n
2
= Z ”fj”L‘Z(R)
J=1

a

Theorem 4.1.2. For fi & f; € L*(R) ® L*(R) and T and Uc as in (2.4) and
(2.5), we have

(TE(HL @ fo) = ex(zi fr @ 25 fo)

and

Uc(ho® )y =U"heU'f
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Proof.

Also,

4.2

(Tg‘(fl 2] f-z))A =

(Uc(fi® f2))

(AT @ 2KTEf,)
;f'/T’“\fl ® g.TT?fz, as gL B g = 1 D &
zk]{‘kz S 25 T/kE,
by the linearity property of Fourier transform
zfekfl @ zgekfg, as @ = ekf

ex(2V fL @ 25 fr)

(2 fL @ 25 fo)

U@ UAT

Uf)e (Uf)
U'LoU ' fi, asUf=U"f for f e L*(R)

Frames Generated by Translation of a

Function in L%(R)"

In the following theorem we associate two bounded 27 periodic function with

a given family X in L?*(R)? and prove that whenever these associated 27 peri-

odic functions are bounded, then the Bessel map £ corresponding to X is also

bounded. The converse is also proved.

Theorem 4.2.1. Let X = {Tk¢p @ ¢y : k€ Z} C L*(R) @ L*(R) and define
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-~ 2

Qi(y) = X ¢1(”/+27’ﬂ)l and ®o(y) = > ¢52 ¥ +27rk')l . Assume that the
keZ keZ

Bessel map L associated with X ezists. If &, < A4 and &, < B a.e. then

L]l < (A+ B)z. Conversely, |L|| < C? implies &, < C and &, < C a.e.

Proof. By 3.1.12, we have ||L|| = ||£*]|. Let ¢ be a finitely generated sequence .
Then

L) = |IL*(c )||2 as Fourier transform is unitary

— 2
= (Z cxTEp @ ¢2>

kez L(R)SLA(R)

— 2
= (Z cx2fTh @ 2 Tk¢2>

kEZ

L2A(R)SL2(R)
= <Z ckz{“T’C(bl) + (chzQTw)z) :
kEZ keZ

L*(R)
using Theorem 4.1.1

2
. - .
= E Ch2ierdr E Cr2sertdy

L%(R)

k€Z L2(R) keZ L2(R)
2 2
_ k. kT
= / E Cr2iexd1 +/ E Crz3 €k P2
R keZ R |Kk€Z

ZCkZQek )$2(7)| dv

d7+/

= R/chzlek(v $1(7)

kez k€Z
2 2
= / chzfek(y) ' l d’y+/ chzzek ¢2(’7)‘ dvy
» |kez kEZ
= Z/ chzlek ’)’+27l'l i¢17+2ﬂ-l)| dy
162 3 | kezZ

+Z/

lez

Z crz¥er (v + 2ml)
kEZ

’¢2 ’Y+27rll dry
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2
. . R 9
=[S astatn) Slao+omfa
T VkeZ leZ
? 2
+/ ZCkZlek(’}’) Z (gQ(",‘/—FQTFl) d,
keZ leZ

™
i

as ey 1s 2m — periodic.

2
E cszek q)l+/ E ckzgek

keZ T [k€Z

2
:/ o,

T

We note that Y~ cyzfe; is the Fourier transform of the sequence (c;2¥) € 12(Z)
kezZ

and Y cyz¥ey is the Fourier transform of the sequence (cx25) € 1?(Z). Hence,
keZ
by the Parseval-Plancherel theorem for T [27]

((cr2t), (csz»l?(z) = ((ex21)’ (Ckzk)?m(ﬂr)’

we have

2

E cszek

kEZ

(Wl =) sy = [

T

and, similarly,

2

E cszek .

kEZ

(“(Ck)llfz(Z) =) etz = /

T

Thus, if &; < A and $3 < B a.e. on T, then

P = sup {IL* @) : e = (cx) € (D), [lell <1}
< Asup {[[(ceeb) |+ @)l < 1} + Bsup {[[(cxch) | - (el < 1}
< Asup {le)*: Iex)ll < 1} + Bsup {{l(e)ll’ : ()]l < 1}
< A+B
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so that

£l < (A+ B):.

For the converse, consider for 6§ > 0 theset T = [<I>1 >C+ f;] U [<I>2 >C+ %]
Now, for any mcasurabie set I' C T, there exists a sequence {p,} of trigonometric
polynomials with “pn“i?(m < |T'| such that {p,} converges to 1 (the character-
istic function of the set I') except on a set of arbitrarily small measure. Thus,
if the measure |I'| of I was strictly greater than 0, there would be a finitely

supported sequence ¢ with “C}|12'2(2) < |I'| such that

P > (o)

implies
e GEOrR > e+l
iy 2

Hence

141" = sup {J.L* (I : llellizgzy < 1} > C.

We can naturally extend the above result to L?(R)" as follows:

Proposition 4.2.2 (General version of Proposition 4.2.1). Let
X={Tp® - ®¢y: k€ Z} C L*(R)"

~ 2
and define ®;(y) = 3 qﬁ,-(v—l—?wk)l = 1,.. Denote the Bessel map

., n.
kEZ
associated with X by L. If &; < A; < o0, 1 = 1,...,n a.e., then ||L] <

(A1 +...+ An)%. Conversely, ||L|| < C3 implies ®;, < C, i=1,...,n a.e.

The next theorem deals with a situation in which the given collection becomes
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a frame.

Theorem 4.2.3. Let X = {T{¢1 @ ¢2: k € Z} C L*(R) © L*(R) and assume
~ 2 ~ 2
() = 3 qf>1(7+27rk)‘ and By(7) = 3 ¢2(7+27k)‘ € L°(T). Then X

kEZ keZ
has a well defined Bessel map L and

N (L) = {e= (c) € P(Z) : () = 0 on [®) > 0] and (c;w) = 0 on [®, > 0]}.

Further, taking
Ay =inf{a:|[® <a]N [Py > 0| > 0},

Ay =inf {a:|[®; < a]N [Py > 0]] > 0},
esssup®; = B; < oo, and esssupd, = By < o0,

X is a frame for Vy = span {T(’§¢1 Doy k€ Z} with lower frame bound greater
than or equal to A; + Ay > 0 and upper frame bound less than or equal to

By + By < 00. This frame is called the frame generated by ¢ @ ¢

Proof. ®; and ®, are essentially bounded implies that there are C; > 0 and
Cy > 0 such that
|(I)1(CE)| < C; and |(I>2(a:)| < (Cy a.e.

Taking
% — max{C\,Cs}.

we have

P, S—g— and @zgg a.e.

Hence by Proposition 4.2.1, we have

el < cV/2.
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3

Hence £ takes values in [?(Z) and hence L is well-defined.

By the definition of V}, {T(’?él Doy ke Z} is complete in 15.

Let ¢ € [*(Z) be arbitrary. Then

[1£7(c)

Hence

N(L*) = {c:(ck) El2(Z)t@=00n [®; > 0] and@zﬂon [(I)2>0]}.

I* =

2

(Z CkT(k,;(bl S 052)

keZ L2AR)BLA(R)

P i 2

(Z ki Th gy @ ng%)

hel L2A(R)SL(R)

2 2

(Z cr2¥ Tkgi)l) (Z (07%2 Tk¢2>

keZ L2(®) keZ L2(R)

2
p o~
E Crz1er P

keZ

/

R

o

Z Ck 25 6k¢2

keZ

@,

2
E ckzgek

kEZ

-/

keZ

]

Now for the values Ay, Aq, By, By chosen above,

o

and

of

T

T

keZ

keZ

E ckz’fek S/ E cszek

chzgek S/ chzfek ®2§B2/ chzfek
T

2 2 2

(1)1 S Bl z cszek
keZ

S —

T (KEZ keZ



4.2. Frames Generated by Translation of a Function in L3(R)" 77

implies

a |

2

4,

2

E Cszek E ('kZlek

'm kEeZ ,, kezZ
) 2
< /chzfek (I>1+/ chu)’”ek P,
r lkez 2 kez
2 _ 2
< B1/ chz’fek +Bg/ chzgek
T lkez T lkez

Hence

(A1 + A2) llelliazy < LN < (Br + Ba) el

Consequently, by Proposition 3.1.13, X is a frame with lower frame bound
greater than or equal to A; + Ay and upper frame bound less than or equal to

B, + Bs. a

Corollary 4.2.4. For X, Vj, Ay, Ao, By and By asin Theorem 4.2.8, if A} + A, =
By + By, then X s a tight frame for Vi with bound A, + A,.

Corollary 4.2.5. Take X, Vg, Ay, Ao, By and By as in Theorem 4.2.3 such that
Ay = Ay =B; = By = A. Then X is a tight frame for Vy with bound 2A.

Theorem 4.2.6 (General version of Theorem 4.2.3). Let
X={Tip® - @®dn:ke}CL*R)"

~ 2
and assume O;(v) = Y. |di(y + 27rk)l ,i=1,---,n. Then X has a well defined
k€Z
Bessel map L and

N(L) ={c=(c) € 2(Z): {cxzF) =0on [®; > 0], i=1,---,n}
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Take A; = inf{a:|[®; <a|N[®; > 0]| >0} and esssup®; = B; < oc.i =
1.---n . Then X s a frame for Vo = Span {Tf,gﬁl D--- Do, k€ Z} with
lower frame bound greater than or equal to Ay + --- + A, > 0 and upper frame

bound less than or equal to By + --- + B,,.

Corollary 4.2.7. For X, V4, 4; and B; as in Theorem 4.2.6, if A{+-+-+ 4, =
B, +---+ B, then X is a tight frame for Vi with bound A, +-- -+ A,,.

Corollary 4.2.8. For X, V5, A; and B; as in Theorem 4.2.8 such that A, =
«o-=A, = By =By = A, then X is a tight frame for V with bound nA.

In the next result we will see that if ¢; ® ¢ generates a frame for V), then

elements of Vj and ¢; & ¢ are closely related by their Fourier transforins.

Proposition 4.2.9. Suppose {TEd) @ ¢, : k € Z} C L*(R) @ L%(R) is a frame
for its closed span V. Then

A®fac Vo= f=Fi, and fo = Fods,

for some Fy, Fy € L*(T) depending on f1® f; € L*(R)®L*(R). In particular, for
such an f1® f,, W2 = (0, 0) almost every where on the set [(;/5\1 = O]ﬂ[q’;z =0].
Conversely, if fi = Fi$: and fo = Fygo with Fy = (ce2f) " and Fy = (cx22k) " for
some sequence (cx) € 1%(Z), then fi & f, € V4.

Proof. Since {T§¢1 @ ¢ : k € Z} is a frame for its closed span V, fi @ fa € Vy
implies

@ f=) aTih © s,

keZ

for some sequence ¢ = (c¢;) € I2(Z). That is,

L fa= chszk(ZSl & ngqug.
keZ
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Taking the Fourier transform of this equation gives

hef= (Z cx2ferdr, chzé‘@kﬁ,%)

keZ keZ,
implies
fi=F¢y and f, = Fys,
where Fi = Y ¢2¥e, and F, = 3" cpz¥e;. Here note that F is the Fourier
k€Z k€L

transform of the sequence (cxz¥) and F; that of (c,25). The fact that F; and F, €

L*(T) follows from Parseval’s theorem.

Conversely,
fl = chzfekd;1 and fQ = Z Ckzgek¢22
keZ keZ
implies
fl = Z Csz (quﬁl)”\ and f2 = Z Clczé: (Tk¢2)A
keZ keZ
implies
fr=> AT and = abT
keZ keZ
implies
hefo=) aTihos
kEZ
implies
[1® f €Va.

Proposition 4.2.10 (General version of Theorem 4.2.9). Suppose

(T @ Dy k€ Z} C L*R)"
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is a frame for its closed span Vy. Then

for some Fy, --- | F, € L*(T) depending on fi® --- & f, € L*(R) ® L*(R).
Conversely, if f;- = Fiqgl- with F; = (ckzl’?)’: i = 1,....n for some sequence

(ck) € P(Z), then fr® - @ fo € Vp.
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Chapter 5

The Frame MRA Approach in the
Superspace L*(R)"

Multiresolution analysis frame (MRA frame) in the case of L*(R) have been
discussed in [4]. In this chapter we introduce the MRA frame theory in L?(R)".
In this chapter also, we first state and prove results in L?(R)? and then we nat-
urally extend those results to L?(R)", where proof is omitted as it is exactly
similar to those in L?(R)2. In 5.1.4, we see that if the set of translations of
@1 D ¢ is a frame for V4, then the set of dilation and translation of ¢, @ ¢, is a
frame for V; with same frame bounds. In 5.1.10 we give example of an FMRA
generated by the given ¢; @ ¢o. Theorem 5.2.1 tells about a case for which there
is no frame wavelet in L*(R) & L?(R).

We first recall the Definition of FMRA in L?(R), noting T and U as in (1.1)
and (1.2):
Definition: A frame MRA (FMRA) {Vj, ¢},.; of L*(R) is an increasing se-
quence of closed subspaces V; C L?(R) and an element ¢ € Vj for which the

following hold:

81
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1. UV, = L*(R),
J

[\]

S feVieUfeVi, Vjelk

)

L feVo e T el, Vhel

W

) {T’“qﬁ 1k € Z} is a frame for the subspace 17 .

5.1 The Frame MRA Approach in L?(R)"

Definition 5.1.1. A frame MRA (FMRA) {Vj, ¢, ®--- @ ¢n} 5 of LA(R)"
is an increasing sequence of closed subspaces V; C L*(R)" and an element

&1 DD ¢, € Vg for which the following hold:

1. UV = L*R)",
J
2. i fneV,oUchi® - @fneVj VjelZ
3. i@ fneVo o Tifid---BfaeVy VEeZ,
4. {TEp1 @ - ® ¢y : k € Z} is a frame for the subspace V; .
An FMRA is called redundant or eract according to the nature of the frame
in {Tsp1 @ ® ¢y : k € Z} . (Ref. Definition 3.1.2).

Remark 5.1.2. The crucial difference in defining FMRA in the superspace is
that we take T instead of T and Ug instead of U. We also observe that C can
vary. Thus, in fact, for various choices of C' we get the different FMRAs.

Remark 5.1.3. The condition (2) in the Definition 5.1.1 is equivalent to saying
UcVi =Vjn.

Proposition 5.1.4. Let {V;, ¢1 ® ¢2} be an FMRA of L*(R) & L*(R). If
{T£¢1 B Py ke Z} s a frame for Vj, then  the  system
{Uéquﬁl Dok € Z} is a frame for V; with the same frame bounds.
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Proof. {T('”}¢1 Bo: ke Z} is a frame for V) implies that there exist lower frame
bound, say, A > 0 and upper frame bound , say, B < oc such that for all

he el
(5.1) AL Ll < Z J<f1 @ fo. Ty & (/52>‘2 < Bllfi @ L
keZ
Also,
(T @ ¢y keZ} CVy o {UlTE0 @ ¢y ke Z) C V),

by (2) in the Definition 5.1.1.

<Ucf1 o f27 UC’fl & f2>L2(R)69L2(R) = (sz @ Uf17 Uf2 7 Ufl)Lz(R)@LZ(R)
= (Uf27 Uf?)[,?(R) -+ (Uf17 Ufl>L2(R)
= <f27 f2>L2(R) + <f1’ fl)LZ(R) 5

as U is unitary operator on L*(R)

= <f17 fl)L?‘(R) + <f27 f2>L2(]R)
= (@ fr, 1D ) mer g -

Hence Ug is a unitary operator on L%(R) @ L*(R), and hence
UcUt =1=UUg,

which implies that
U, =Ug".

In general,

(VL) =U5" forjez.
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Hence for fi @ f, € 17,

(52) S [(h & f UTisr @) = Y |(UZfi® fo. Thr @ 62)|"

keZ ke

Since Ugjfl @ fr € ¥y and {Té‘}(bl Doy k€ Z} is a frame for 1y, we have
AlvFhe ) <> UEh fo Tho o) <B|UZ fie bl
keZ

But,

lUGhofl = (UA® f U A S R e
= (V&) U heh heh)
= <If1 @ f?a fl 2 f2>L2(R)€BL2(R) y

where I is the identity operator on L*(R) @ L*(R)

LA2(R)®L*(R)

= (L@ fr /D H)rrere
= |lfi® fo>

Now using (5.2), we have

Allfi @ BIP < S |(f1 @ fo, ULTES @ 02)| < BllAi® fll?,

k€Z

Hence {Uéquﬁl Doy k€ Z} is a frame for V; with same frame bounds as the
frame {Th¢) @ ¢2 : k € L} of Vi O

In a natural way, we can extend the preceding result to get the following one:

Proposition 5.1.5. Let {V}, ¢1®"'€9¢n}jez be an FMRA of L*(R)". If
(Tép1®- - Ddp:kel} is a frame for Vo, then the system
{UéT(’jqbl DDy k€ Z} is a frame for V; with the same frame bounds.
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Given an FMRA of L*(R)", define 117 to be the orthogonal complement of

Voin Wy (e, Wy =V, © 1), and set for j € Z

Wi={fi& @ fic ’R)": Ufi@ & f, €y}

Analogous to an MRA, there are two fundamental problems associated with
FMRAs: first, finding FMRAs, and, second, given an FMRA, constructing a
frame wavelet 1 @ -- - @y, such that {T("}L/Jl G- PBY,: ke Z} is a frame for

Wy, with given frame bounds. Then, as in the standard MRA setting,
L*(R)" = clos (&7 W)
as an orthogonal direct sum, and
(UiTEp @ - @, 1 j, k€ Z)

will be a frame for L2(R)" with given frame bounds.

Theorem 5.1.6. Suppose {V;, ¢1 ® ¢2} be an FMRA of L*(R) ® L*(R). Then
there are 2m-periodic functions HY and HY € L*(T) such that

~

(5.3) 61(2) = Hyps
and
(5.4) $2(2") = Hy.
Also

®; = |Hy (5))" @2 (3) + |Hy (5 + )" @2 (5 + 7).
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and

o = [Hy(5)" @1 (5) + | H G5+ m)* @1 (5 + 7).

where ®; and ®5 are given by

~ 2 —~
1(7) = Y |du(y -+ 2mh)| and @o(9) = 3 |5l + 2h)
ke keZ
Proof. Vy is closed and invariant under translations. So Vy C V] if and only if
¢1 @ Py € V] : For
WCVi=d Do el]

and

®1 ® ¢ € V1 = integer translates of ¢, ® ¢ € Vy = 1V, C 17.

As {UCquﬁl Doy ke Z} is a frame for 17, we have

1D g2 = Z cxUcTd1 @ ¢o
keZ
implies
S ® o =) clc2fT ¢y @ 2Ty
keZ
implies
01D ¢ = Z Uz T ¢ & U2fT ¢,
keZ

Taking the Fourier transforms on both sides, we obtain

Db = (chU—l(zg/TkaQ),chU—l(z@Q),
keZ keZ
as(Ugy = U™'¢, for ¢ € L*(R)
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implies
03\1 = Z U™t (Zka@)-,
keZ
and
gﬁ; = Z ('k[,hl (Z{CTk(bl) s
keZ
implies
Udy = cu(5T4).
kez
and
Ubr =Y (2l Th¢)),
keZ
implies
U¢31 = chzé“ekcz32 and U€£2 = Z Csz€k¢31
keZ keZ
implies
$1(2) = Hyps
and

$2(2-) = Hi'dy,

where Hy = 7= 3 cpzbey,  and  Hy = 2 - cvz¥er and both belong to L*(T).
keZ kez

~ 2
Moreover, we may choose Hj = 0 on [® = 0], where ®a(7) = > [d2 (v + 27rk)l
kez

o~ 2
and H{ =0 on [®; = 0}, where &,(y) = > | (v + 27rk)> :
kezZ

Now we periodize the square modulus of (;51() = H{)QASQ(;) :

S|t +omm = STy gy

kezZ keZ

- o) o o)
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+ 3 'H{,(émm)! 032(—+2,¢/<)'21
k€2Z+{1}
— Z‘H{)(§+27rk)|zl¢2(§+27r/s) ’
keZ
+ZIH6(§+7r+27rk)'2|q32(§+7r+2ﬂk)’2
keZ
= |H6(5)}2Zi¢32(5+27rk)‘2
keZ
+‘Hé(§+ﬂ)‘2§:<f;2<§+ﬂ'+2ﬂk) QT
keZ
That is
w= 8y ()] 2 (5) + 1 (5 47)[ @2 (5+7).

Similarly, we obtain

O, = |Ho(5)|" @1(5) + |HE (s + 7] @1(5 + ).

I Rearrangement of abosulutely summable series doesn’t effect the sum.

1 As

IH(’,(; + 27rk)|2 = chwzkek(g + 27k)

h since ey is 27 — periodic as e (t + 27) = e {HITVE = g=itk — ¢ (4),
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Similarly,

|Hy(5 + 7+ 27k)|" = |Hy(; + )]

O
Proposition 5.1.7 (General version of Proposition 5.1.6). Suppose
{Vi, 1@ @ ¢}
be an FMRA of L*(R)". Then there are 2r-periodic functions Hy y, ... , Hy » €

L*(T) such that

~

(5-5) ¢1(2') = Ho, 1Q32
(5.6) $2(2) = Hy, 203
(57) én—1(2) = HO, n—ldA)n
and

(5.8) n(2) = Ho, nths

Proposition 5.1.8. Let {V}, ¢1 @® ¢2} be an FMRA of L*(R) & L*(R) and let
Hj and H{ be the functions defined in (5.3) and (5.4). Define

®;(v) = Z &1 (7 + 2k)

keZ

and

®y(7) = Z 62 (7 + 27k)

keZ
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Given any 27-periodic functions H), H{ € L*(T), define v1 vy € L*(R)®L*(R)

by means of the equations

(5.9) v(2) = H! o,
and
(5.10) ¥a(2-) = Hydy.

Define Wy as the orthogonal complement of Vy in V. Then 'H-{)Hj@frn (FéHi@z) =
0 and HJH!®, + 7 (H{H!®)) = 0= 1), ® vy € 11,

Conwversely, <1,ZJ1, szk¢1>L2(R) >0 and <1/)2, Z§Tk¢2>llz(R) >0 and Py €
Wy implies that HYH|®, + 7, (HyH]®;) = 0 and HyH{®, + 1, (HJH!®,) = 0.

Proof.

V1 DYy eV & UEI% d Y e W
& Uy, oU 'y €V
A (U/_\l%) = Fi$; and (U/—\%) = Py,
for some Fy, F> € L*(T) by Proposition 4.2.9

(U)o = Fi¢y and (U™ = Fydy

(3

& Uty = Fi¢y and Uiy = Fydy
1

A 1/32(2')=—I*F1¢31 and 121(2’)_ N

7% Fyy.

By the assumption H] and H;' € L*(T). Hence from the discussion just above
and by the definition of 11 @ ¢, in (5.9) and (5.10), we have ¢, @ ¥, € V,.
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Moreover, Vk € Z
H H{®, + 7 H Hy®; = 0 and H'H]®, + r, H/HI®, = 0
implies, by the uniqueness theorem of the Fouricer series. for all & € Z
/ (H{H{®> + 7, H{H}®s)e_y, = 0 and / ’ (HVH{®, + m HHY®,) e_p = 0
[0, =) (0. =)

implies
2
e g =10

o1

.2 _
/H{H{, |¢2l e_or = 0 and /H{'H{)'
R R

implies for all k € Z
/H{QASQZ{CGQIC(];Q}I(’) = 0
R

and

/H£’¢31Z§62k<131H6' =0
R

implies for all £ € Z

(HI(a), eny()oa()) =0

LXR)

and

(HOGO, dentf0h0),, =0

L(R)
implies for all k € Z

L%(R)
and

(HI()h(5), Aell(5)0n(3)) =0

L®)
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implies for all k € Z
<'(;17 Zfek(51> . =0
L2(R)

and

<1[127 Z§ek¢32> =0
L)(T’*v

2(R)

implies for all k € Z
{1, Z’ka¢l>L2(R) =0 and (¢, Z2ka¢‘2>L2(R) =0

implies for all k € Z

<'(/11, Z{CTk¢1>L2(R) + <w27 Zng¢2>L2(R) =0
implies for all k € Z

(h @, 4TF¢1 @ Z§Tk¢?>L2(R)@L2(R) =0
implies for all k£ € Z

<'l/)1 @ ¢2, T£¢1 © ¢2>L2(R)®L2(R) =0

implies

1 D Yy € V5
Conversely, assume
<¢17 Zka¢1>L2(R) Z 07 <w2a Zng¢2>L2(R) Z O a'nd ’(/}1 @ ¢2 € WO-

Then for all k € Z
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(V1 ® o, Té61 © ¢2>L2(R)%L3(E\) =0
implies for all k € Z
(1@ vn, AT 0@ AT ) 0oy = 0
implies for all k € Z
(vn, Zka¢1>L2(R) + (¢, Z"ka¢?>L2(R) =0
implies for all k € Z

<’¢1’ Zka¢1>L2(R) =0 and <1//'2~, Zng¢2>L2(R) =0

implies for all k € Z

<¢1, 2f€k<$1>L2(R) =0 and <1/A12, Z§€k<132>L =0

*(R)

implies for all k € Z

(Hi(:)9(5), Henty(5)da(3)) =0

L*(R)

and
(HIGh (). ZecHy(3)ai(5)) , =0

implies for all k € Z

<Hi()<;52(), z’f€2kH6(')‘£2(')> ="



5.1. The Frame MRA Approach in L?(R)" 94
and
(HORO). AealfOh0) |, =0
implies for all k£ € Z
/H;&sze%&zH(') =0 and / H{IQZBIZ.zkezkc%ng =0
R R
implies for all k£ € Z
.2 — g2
/H{H() |¢2‘ e_s = 0 and /H;’Hg }(;51 e =0
R R
implies for all k € Z
/ (H{F()q)g -+ T,TH{F(,)(I)Q)E_QJC =0
(0, m)
and
/ (HVER®, + r HYFT®,) c_op = 0
{6, )
implies, by the uniqueness theorem of the Fourier series, that for all k € Z
H{H}®y + 7, HH,®, = 0 and H'H]®, + 7, H'HI®, = 0.
a

Proposition 5.1.9 (General version of Proposition 5.1.8). Let

{Vi, &1 ®--- @ é,}

be an FMRA of L*(R)" and let Hy, 1, ... ,Hp, n be the functions defined in (5.5)
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0 (5.8). Given any 2w-periodic functions Hy y, ... ,Hy ,. define v @®---®, €

L2(R)" by means of the equations
y

(5.11) 01(2)) = Hy, 160
(5.12) 2(27) = Hy, 203
(513) L‘?)n—l(Q’) = Hl, n-—ld;n
and

(514) zﬁn(Q) = Ifl7 nél'

Define Wy as the orthogonal complement of Vy in Vi. Then Hy H, ®y +
Tr (Ho, 1 H1,1®2) = 0, Hy oH), 2®s + 7, (Ho, 2Hy,2®3) = 0, -, and

IT[()7 nHl,n(I)l + T (H(), nHl,nq)l) =0= wl DD wn € I/Vg

Conversely, (Y1, szk¢1>L2(R) >0, , and (¢, zﬁT’“q&n)Lz(R) >0 and Y, @

- I

- D wn € W() z'mplies that HO, lHl, 1(1)2 + Tx (H(), 1H1, 1@2) = 0, H()’ ‘2H1, 2@3 +

Tr (F(:;Hl,2q>3) = 0, ) and HO,nHl, nq)l + T (HO, nHl,n(I)l) =0.

Example 5.1.10. Consider ¢; & ¢ € L*(R) @ L?(R) defined by

d;1 = 032 = e’fﬁfﬂ‘,ﬂ)'
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Then Py = @y = \;—z. ) on [-7, 7). Hence by Corollary 4.2.4, the system
{Tp’f@ Doy k€ Z} is a tight frame with frame bound 2 for its closed span 1}

and

o= {fi@hel*®)e LXR):swp fi C (-7 7) and supp fy C [~7. m)}.

We take Hy = H| = (%I’?% . By means of proof of the Proposition 5.1.6, we
-z

I

first prove ¢ @ ¢ € V) :
We first note that {z;, z}. where z; = w and 2, = w? with w? = 1, is a 2-cvcle.
In this example, </31(2-) = H(’)(}Q and qﬁz(Q) = H(’)'qgl becomes ngI(Q-) = H(’,gz;l
as ¢, = ¢ and H) = HI'. This implies é1(-) = H} (3) b1 (3) implies o1 () =
Hy (3) V2U "¢y () implies ¢,(-) = hiy (-) Uy (), where hy = H (3) v2
implies
$1 D¢y = Z cxwterUd@we U,
k€Z
implies
b b= aTiUS @ U,
keZ
implies
G1@ b= aTiUd ®Ugr €V,
kEZ
as UcTLd @ ¢y = Ucy ® ¢ = Uy ® Uy € V; and V; is closed and invariant
under translations. Hence ¢; @ ¢, € Vi, so that Vo C Vi, and {V}, ¢, & ¢o}
forms a FMRA.

Setting H} = H| = e??f z)Z. ) 2nd defining ¢ © ¢, by means of the equa-
™ —3)Uly,

— 2 o~ 2
tions (5.9) and (5.10), we get 3 |41 (- +k)l =Y |l +k)’ = X, Ty
kEZ keZ o202

so that by Theorem 4.2.3, {T&y1 @, :k € Z} is a tight frame with frame
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bound 2 for the closure of its span. Let
IWy = span {Tf @ oy k € 2} .

If, also, 11y = 116815, then {U'Z,T('”}m Diung:j, k€ Z} will be a frame for L*(R)@®
L%(R), so that 1} ® v is a frame wavelet for L*(R) & L*(R) .

5.2 On Non-Existence of FMRA Frame Wavelets

The following result tells about a case for which there is no frame wavelet in

L*(R) & L*(R) associated with the given FMRA.

Theorem 5.2.1. Suppose {Vj, ¢, ® o} be an FMRA of L*(R) & L*(R) and let
H| and H{ be the functions defined in (5.1) and (5.4). Set

I'={yec[-m m): ®1(27) = ®2(27) = 0, 1(y) >0, D2(7) >0,

Oi(y+m) >0, Doy +7) > 0}.

IfIT| > 0, there is no 1@y, € L2A(R)®L*(R) for which {TEyp ®yo: k€ L}

is a frame for the orthogonal complement Wy of Vy in V1.

Proof. Suppose that |[I'| > 0andset ', =TN[0, 7) and - =T N[~ 0). By
the definition of I, neither I', nor I'_ has measure 0. Now define the functions
Fy, F,, F|, Fj € L>([-~, 7)) by the properties: F} - FF=a#0onT, F =
F,=0o0n[-m, 71)\[',F; = F,b, =b#0onl_and F{ = F; =1onT,, F| =
F) =0on[-m, m)\I', F{ = 1 and Fj = —1 on I'"_. Next, we define functions

fi, f! by the dilation equations

(5.15) fi(2:) = Fin i=1,2
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and
(5.16) f1(2:) = Flg, i=1 2

We note that f; and f/, i = 1, 2 are not identically zero. In fact, if f; = 0,

then from (5.15), we see that
|Fi[>®, =0

on [—7, 7). which contradicts the hypothesis that |Fj|* and ®; are positive on

I'. Similarly, f/ = 0 also leads to contradiction. Also note by (5.3), that
(517)  ®=[Hy (5) @ (5) +[H (5 + m)[ @2 (54 7).
Hence, we have

®1(27) = |Hy(n)I" 2(7) + [Hy(y +m)[" Doy + ).
Hence, if v € T', then

(5.18) 0 = [Hy(1)I° ®a2(y) + |Hy(y + 7)[° Doy + 7).

As ®5(v) > 0 and By(y+7) > 0 for y € T', (5.18) leads us to conclude that
Hy(y) = Hy(y+m) =0 foryel
That is

(5.19) H,=7,H)=0on T.
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Similarly,
(5.20) Hf =71,H) =0 on T.

Since Hy=Hf =0 on I'and F; = F, = F] = F; =0 on [-7, «)\I.for k € Z,
we have

(5.21) (F} Hy®s) e o =0
T

and

(5.22) / (F; Hi®)) e_g = 0
T

By Parseval-Plancherrel Theorem and using (5.15), we have

<fi7 Tk¢2>L2(R) = <-flv eké2>L2(R)
(5.23) = (R(:)61(5), B (3) 1 (5) ex (é)}Lz(R),
as H{ is 2m periodic.

L.H.S. of (5.22) is the R.H.S. of (5.23) and so, for k € Z

(5.24) {fi, T’“¢2>L2(R) =0, i=1, 2.

Similarly, for k € Z

(5.25) (fi T* 1) oy =0, i=1, 2.
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Hence. we have

<le @ fi. T£¢1 @ ¢2>L2(R)@L2(R) = <fi, ® fi. Z{CT%)I 57 Zng¢2>Lz(;g)%Lz(R)
= {fl AT 00) oy + (oo 8T62) o
= E<fz,v Tk¢1>L2(R) +;§<fl’ Tk¢2>L2(R)

= 0.

Hence f!/ & fi € Wy.i =1, 2.

Now assume there is a function ¥; & vy, € L*(R) & L*({R) for which
{Tgwl Pyy: k€ Z} is a frame for the orthogonal complement 1V, of 1§ in
V1. Combining Proposition 4.2.9 with both this assumption and the hypothesis
that {T('fv¢1 Bpy: ke Z} is a frame for V), we claim the existence of 1-periodic
functions Hy, Hj € L*(T) and D;, D! € L*(T), i =1, 2 for which

fl’ = DﬂZ‘l = D,H{(§)QA$2(§)
and
fi = Diahy = DiHY(5):(3)

where F/(3) = D;H|(5) and Fy(3) = D;H{(3) by (5.15) and (5.16).

Proof of the claim: f] & f; € Wy implies there exists D;, D, € L*(T)
such that f;-’ = Dpjy and f; = Dl’-z/A)z.
Also,

Y1@®Y €Wy = Ug' (W1 dn) €V
= Uy U 9 eV
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5157 BIT)o

5.2. On Non-Existence of FMRA Frame Wavelets , 101

e —

= (U-lygy) = G and ((//_?/1) = Gy,

for some Gy, G} € L*(T), by Proposition 4.2.9
= Uty = G.'l’(/gl and Ui, = G'lqu
= gy = Ut (G;’(ﬁl) and iy = U™ <G'1<52)

7 1 weexgog- 7 1 1N g
= ’L/f'QZEGx(i)@l@) and ’L/’1=7—§G1(§)¢2(§)

Hence the claim is proved.

If 2 €T, then

(5.26) H{(Z+7) = H{(Y).

To prove this, note by the definition of I' and F] that
Fl(Z+m) =F(3) =1

Di(y+2mH{(1+m)=F/(1+m) =1

and

(5.27) Di(H|(3) = Fi(3) =1

implies

Dy(v) (Hi(} +7) - Hi(})) =0,

since D; is 2m-periodic. Since by (5.27), D;(y) # 0, from the above we
obtain (5.26). Similarly, if we replace F] by Fj, and if 2 € T, then two cases
arise:

Case 1: F3(1) =1, Fy(3+m)=-1:
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Then
Dy(y +2mH|(2+7) = F3( +7) = -1

and

Do(m)H(2) = Fy(3) = L.

This implies that

Dy(v) (Hy(3 + ) + Hi(3)) =0,

since Dy is 27-periodic. Hence
Hi(% +7) = —H}(2).

Case 2: F3(3) = —1, Fy(i+m)=1:
Then
Dy(y+2mH{ (3 +m)=F)(+7) =1

and

Do) HY(3) = Fy(3) = 1.

This implies that
Dao(y) (Hy(3 +7) + Hy(3)) =0,

since Dy is 2 w-periodic. Hence

Hi(1+47)=—-H(2).

ie., for any 7 € I', we have

(5.28) Hi(3+7)=—-H{(2)
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Combining (5.26) and (5.28), we get

and this contradicts (5.27). Hence the theorem. O

Example 5.2.2. Consider ¢; & ¢, € L2(R) & L?(R) defined by
qgl = é? = X[-n, 7)-

Then @, = @y = x[_r, r) o0 [—7, 7). Hence, by Corollary 4.2.4, the system
{quﬁl Dy ke Z} is a tight frame with frame bound 2 for its closed span 1§

and
Vo = {fl @ frc *R)® L*(R) : supp f1 C [-m, 7) and supp fg C [, 77)} )

But the above ¢ @ ¢o cannot give an FMRA: If so, by Theorem 5.1.6, there
exists Hj, Hj € L*(T) such that (5.3) and (5.4) hold. For the given ¢, & ¢,

we have Hy = Hf = X[-1,7) But there is no 2-cycle {z;, 22} and no sequence

].

Tz
272

¢ = (cx) such that (cx2f) = (cx2k) = X[

s
L]
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Epilogue

We have discussed FMRA in L?(R)", where n is a natural number. It
was shown in [5] that for any n there is a superwavelet of length n, which
assures the existence of frame wavelets in L*(R)". In the Example 5.1.10, we
have seen an FMRA in L*(R) @ L?(R). One can search for a result that ensures
a frame wavelet ¢; @ --- @ ¢, in L*(R)" corresponding to the FMRA scaling
function ¢, @ - - - @ ¢,. Theorem 5.2.1 tells about a case where there is no frame
wavelet in L?(R) @ L*(R). Whether there is frame wavelet in L?(R) & L?(R) in
the case |I'| > 0, where " as in Theorem 5.2.1, is to be studied. Examples of

frame wavelets in the superspaces obtained through FMRA are to be constructed.

We note that the following result in [16] gives a sufficient condition for the
existence of an MRA in L*(R) : Let ¢ € L*(R), and V, = span {r;¢: k € Z}
and V; = {U’f : f € Vi} for each j € Z. Suppose Vo C Vi. If |¢| > O almost
everywhere on some neighbourhood of 0, then U—V] = L*(R) and NV;={0}. A
study for obtaining sufficient conditions on ¢, 6; -+ @ Py in Lz(R)"J that gives an

MRA in the superspaces can be carried out.

The following Proposition in [4] gives us conditions which ensures the

existence of frame wavelet via FMRA: Let {V;, ¢} be an FMRA of L*(R), and
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Hy and Hy are 27 periodic functions in L'(T) that relates with ¢ and ¥ as below.

and

Assume v € Wy, where Wy is the orthogonal complement of Vy in Vi, and

P([¢[2) € L®(T). If there are Gy, Gy € L*(T) such that
H()GO(I) -+ H1G1q> =&

and

Tr (Ho®) Go + 7 (H1®) G, =0

then {Typ: k € Z} is a frame for Wy. Analogous results can be investigated in

the superspaces L?(R)" .

In 5.1.2, we have observed that the FMRA depend on the choice of the cycle
C. One can look at the relation between these FMRAs.

Finally, whether superwavelets can be made through MRA in L?(R)* can
be studied. In this connection, we feel that the study of FMRA in L?(R)*® and

frame wavelets through FMRAs will be interesting.



ON THE STUDY OF
FRAME MULTIRESOLUTION ANALYSIS IN
THE SUPERSPACES L2(R)"

Thesis submitted to the
University of Calicut

in partial fulfillment of the requirements
for the award of the degree of
DOCTOR OF PHILOSOPHY
under Faculty of Science

BIJUMON RAMALAYATHIL

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALICUT
KERALA
INDIA

July 2009



Bibliography

[

2]

J. J. Benedetto. Harmonic Analysis and Applications. CRC Press, Boca
Rato, 1997.

J. J. Benedetto and S. Li. The Theory of Multiresolution Analysis
Frames and Applications to Filter Banks. Applied Computational Harmonic
Analysis, 5:389-427, 1998.

J. J. Benedetto and S. Li. MRA Frames with Applications. ICASSP 93,
Minneapolis, 111:304-307, April 1993.

J. J. Benedetto and O. M. Treiber. Wavelet Frames: Multiresolution
Analysts and Extension Principle. Birakauhser, Wavelet Transforms and
Time-Frequency Signal Analysis -ed. Lokenath Debnath Pages Nos.3-36,
2000.

S. Bildea, D. E. Dutkay, and G. Picioroaga. MRA Superwavelets. New
York Journal of Mathematics, 11:1-19, 2005.

M. Bownik, Z. Rzeszotnik, and D. Speegle. A Characterization of Dimension

Functions of Wavelets. Appl. Comput. Harmonic Analysis, 10:71-92, 2001.

106



Bibliography 107

[7]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

P. G. Casazza. The Art of Frame Theory. Taiwanese Journal of

Mathematics, 4(2):129-201, 2000.

D. C. Champeney. A Hand Book of Fourier Theorems. Cambridge
University Press, Cambridge, 1987.

O. Christensen. Frames and Riesz Bases. Bullettin of the American

Mathematical Society, 38(3):273-291, 2001.

A. Cohen. Ondelettes, Analyses Multiresolutions et Traitement Numerigue

du Signal. Ph.D. Thesis, Universite Paris, Dauphine, 1990.

X. Dai, Y. Diao, and Q. Gu. On Superwavelets. Operator Theory: Advances
and Applications, (149):153-165, 2004.

X. Dai, D. Larson, and D. Speegle. Wavelet Set in R*. Journal of Fourier
Analysis and Applications, 3:451-456, 1997.

I. Daubechies. The Wavelet Transform, Time Frequency Localization and

Signal Analysis. IEEE Trans. Inform. Theory, (36):961-1005, 1990.

I. Daubechies. Ten Lectures on Wavelets. CBMS-NSF Reg. Conf. Series in
Appl. Math., (61):961-1005, STAM, Philaldelphia, 1992.

I. Daubechies, A. Grossmann, and Y. Meyer. Painless Nonorthogonal

Expansions. J. Math. Phys., 27:1271-1283, 1986.

C. de Boor, R. A. DeVore, and A. Ron. On the Construction of Multivariate
(pre)Wavelets. Constr. Approz., 9:123-166, 1993.

D. E. Dutkay. Positive Definite Maps, Representations and Frames. Reviews
in Mathematical Physics, 16(4):1-27, 2004.

[18] D. E. Dutkay. The Wavelet Galerkin Operator. Journal of Operator Theory,

51:49-70, 2004.



Bibliography 108

[19] R. E. Edwards. Fourier Series, A Modern Introduction, Volume 1. Springer-
Verlag, 1979.

[20] M. W. Frazier. An Introduction to Wavelets Through Linear Algebra.
Springer-Verlag Inc., New York, 1999.

[21] N. Grip. Hilbert Space Frames and Bases, a Comparison of Gabor and
Wavelet Frames and Applications to Multicarrier Digital Communications.

Licentiate thesis, Lulea Tekniska Universitet, 1999.

[22] D. Han and D. Larson. Frames, Bases and Group Representations. Memoirs

of the AMS, 147(697), Sept 2000.

(23] E. Hernandez and G. Weiss. A First Course on Wavelets. CRC Press, Inc.,
1996.

[24] B. V. Limaye. Functional Analysis. New Age International, New Delhi,
second edition, 1996.

[25] S. Mallat. Multiresolution Approximations and Wavelet Orthonormal Bases
of L*(R). Tran. Amer. Math. Soc., 315:69-87, 1989.

[26] M. Papadakis. On the Dimension Functions of Orthonormal Wavelets. Proc.
Amer. Math. Soc., 128(7):2043-2049, 2000.

[27) J. Ramanathan. Methods of Applied Fourier Analysis. Birkhauser, Boston,
2005.

[28] A. Ron and Z. Shen. Frames and Stable Bases for Shift Invariant Subspaces
of L*(R?). Canadian Journal of Mathematics, 47:1051-1094, 1995.

[29] A. Ron and Z. Shen. Affine Systems in L?(R%) II: Dual Systems. Journal
of Fourier Analysis and Applications, 3:617-637, 1997.



Bibliography ' 109

[30] A.Ron and Z. Shen. Affine Systems in LZ(R¢): The Analysis of the Analysis
Operator. Journal of Functional Analysis, 1997.

(31] A. Ron and Z. Shen. Compactly Supported Tight Affine Spline Frames in
L%(R%). Math. Comp., 1997.

[32] W. Rudin. Functional Analysis. Tata Mc.Graw-Hill Publishing Company
Limited, New Delhi, 1977.

[33] J. S. Walker. A Primer on Wavelets and their Scientific Applications.
Chapman and Hall/CRC Press, 1998.

[34] W.M.Lawton.  Necessary and Sufficient Conditions for Constructing
Orthonormal Wavelet Bases. J. Math. Phys., 32:57-61, 1991.

[35] Z. H. Zhang. A Characterization of Generalized Frame MRAs Deriving

Orthonormal Wayvelets. Acta Mathematica Sinica, English series,
22(4):1251-1260, 2006. /”’\
| {;‘ ;‘}5 Nl
&, 3



