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Introduction 

Orthonormal Sets, Frames, \litvclets, h1R-A ancl Frame illRA ... Daubechies. 

Grossmann and lleyer [l51 laid the fou~iclations for the study of frames in Hilbert 

Spaces. hIallat [25] used these ideas and cleveloped li'avelet Theory. The 

stucly of Wavelet Theory arid its applications to Signal Processing and Image 

Processing are well described in the works of Niklas Grip 1211 and Ja~nes  S. 

Walker [33]. Probably the main reason for the success of the wavelet theory 

was the introduction of the concept of iC1ultiresolution Analysis (hIR4), which 

provided the right frame work to construct orthogonal wavelet bases with good 

localization properties, which are very useful in physical applications. Similarly, 

the theory of Frames and Frame hiultiresolution Analysis (FMRA) in L2(R) are 

highly developed subjects with origins in speech and image processing. 

The frame concept for Hilbert Spaces generalizes the notion of an orthonormai 

basis in the sense that a frame X = {xi : i E I) provides a stable representation 

for signals f by means of an expression f = C ci(f)xi, but it is not necessarily 
2 

an orthonormal or independent sequence. Further, and important for their 

applicability, the coefficients c i ( f )  in a frame expansion of a signal f are 
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co111putaI)le ancl tlepentl c.ontinuousl!- on j .  ant1 1.cclun<lancics arc allo~vecl ill the 

frame itself. This latter prol~erty can leacl to morc freedom when constructing 

frame elements .r, E S for spccific types of espansions. 

The notion of Frame llultiresolution Analysis in L2(R) developed and 

studietl by J .  J .  Benetletto alitl S. Li [3], [2] ant1 0. Christcnscii [g]. combine the 

theories of frames ant1 .\IR-Is with the goal of attacking problems in 

signal processing. There lias also been a general tlevelopment on the construc- 

tion of Tight \travelet Franics bj. Ron and Shen [30]. [28]. [31] ancl [29]. In their 

urork, Hall and Larson 1221 have shown that there is no AIR-4 supern~avelet in the 

superspace L2(R)2 analogous to AIR-\ ~vavelets in L ~ ( R ) .  Stefan Bildea, Dorin 

Ervin Dutkay and Gabriel Picioroaga [S] have realized multiresolutiorl construc- 

tions in the case of wavelets in the superspaces L2(R)n, n being a natural number, 

by making some slight modifications to the usual dilation and translation oper- 

ators. 

The main objective of our study is to look at Frame hIultiresolution 

Analysis (FMRA) theory for superspaces L2(R)n and study some consequences. 

This thesis is a result of our investigations along these lines. Our work on this 

study is presented in this thesis in five chapters. We hope that this study will 

simplify applications in data transmission, image and signal processing etc. In 

the study of wavelets, construction of examples plays an important role. In this 

work we have given emphasis for this aspect. 

Chapter 1 begins with a quick review of some of the known 

fundamental definitions, results and examples needed for our study. For the 

sake of completeness we have added details to some of the important examples. 
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\\-orking out tlle clotails have liclpe<l 11s in constructing ucw esaniples. \\ 

Ijegin with the tl~firiitions and esani1)les of nm-elets ant1 franlc n~c~velets ill 1.1. 

Starting with the clesc.riptio~i of Jl~~ltiresolution A4~~a1ysis for L2 (R). JIR.4 wavelets 

i ~ ~ i c l  AIR=\ fii~lilr n-a~.t)lct s i l l  L2(R)  , I I  c tlisc.nssctl hcicl. \\in-clct Scts aricl Fr;\ilie 

Sets arc tliscussetl in 1.2. Sul>er~~avclcts ancl constn~ctio~i of suptlrn-avelcts in 

L2(R)l are tliscnssctl in 1.3. Tlie ilnportant rcsnlt of Ha11 and Larson that 

superwa\-elet of Iengtll 2 t)xists is givtbn ill 1.3.6. 1.4 is a tliscussion on wl~etller 

JIR.4 \vavelets (i.e.. wavelets ~riatlc out of an AIR-A) can 1)e constructed in the 

superspace L2(R) $ L2(R). -4s n~entioned above. the fact that AIR.1 super- 

wavelets do not exist in tlio usual sense is stated in Theorem 1.4.2. However. 

Han and Larson have given a \-er\- simple definition of AIR=\ superwal-elet as: 

( q ~ .  772) E L2(R) CB L2(R) is an AIR.1 supernravelet if each ql and rh is an AIR-A 

frame wavelet in L2 (R) .  Based on this idea an exan~ple of an hlR.4 supernravelet 

is constructed in 1.45. Follo~ving the definition of IIR-4 super~vavelet given by 

Stefan Bildea et al. which involves modifications in the dilation and translation 

operators, superwavelets are constructed via hlRL\ in 1.5. 

As mentioned above, with a view to giving importance for the construction 

of examples, Chapter 2 is devoted for studying some important examples. In 

the first section construction of orthogonal scaling vectors associated with an 

MRA for the scale N = 2 is discussed. Using this idea superwavelets via h4RA 

in L2(R)2 and L2(R)6 are constructed. In the final section of the chapter an 

example of superwavelet via MRA in L2(R)3 now using the scale N = 3 is con- 

structed. These examples further help us in constructing Bessel maps. 

Frames in the superspace L2(R)n via the Bessel map is introduced in 

Chapter 3. We discuss about the frame theory in L2(R)" giving various results. 

We discuss the relation between a countable collection and the associated Bessel 
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map wlien tlio coulitable c.ollec.tiun is ;I fia111e. 3.1.13 gives a cliaracterizatio~i of 

frames in tc.rnls of ac1,joint of tlic Bessel map. In the second section of this chapter 

Framr. Opc~rators o ~ i  L2(R)" is introduc~d. That elcnlents of L2(R)'"1as a series 

1el)i (~s(lilt at ioii iii t ( ~ i ~ ~  of t 1 1 ~  fi ;ilii(l op(>ra t or :ili;ilogo~~b to Fu~~r i (>i  c~xpailsio~i of' 

elellients in a Hill>c\rt sl>acc is gil-e11 in 3.2.11. 

Cli;\ptcr 4 is a study about thc frarries generatet1 by translatio~is of functions 

in LL(R)'< In the first sectiori of this cl1aptc.r. we introtluce translation and 

dilation operators on In 4.2.1 of the second section we obtain a relation 

between the Bessel maps and the associated bourlded 27r- periodic functions. 

1.2.9 sho~vs that if $ 42 generates a frame for 16, then tht. elements of It; and 

qbl @ 9;! are closely related by their Fourier transforms. 

Having discussed the ideas of superwavelets and frames in superspaces, we 

come to the study of Frame &IRA in L2(R)" in chapter 5. John J. Benedetto and 

Oliver M. Treiber [4] constructed multiresolution analysis frame (LIRA frame) in 

the case of L2(R) and studied various results in this connection. \Ire have used 

the ideas of John J.  Benedetto, Oliver M. Treiber, D. Han and D. Larson [22] 

to develop FMRA theory in L2(R) @ L2(R). In 5.1.1, we give the definition of 

FMRA in the superspace L2(R)n. Important properties are given in 5.1.4 and 

5.1.7. In 5.1.10 we give example of an FMRA generated by the given qhl @ 4 2 .  In 

the second section, Theorem 5.2.1 tells about a case for which there is no MRA 

frame wavelet in L2(R) @ L2(R). In 5.2.2 we see an example where the given 

qhl @ qh2 cannot give a Fh4RA. 

We conclude our thesis with an epilogue where we have listed some problems 

which can be investigated. For example, we can think of a result that ensures a 
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AIR;\ frame wavelet y t l $  - . @ I,,, in L'@), corresponding to the Fh1R.A scaling 

fiinction . . CB d,,. 

0.1 Preliminaries 

The Fourier transform f of f E L1(R)  is defined as In what follows, Z 

is the set of integers; R is the set of real numbers, C is the set of complex 

numbers and T is the unit circle in the complex plane. The points of the unit 

circle T = { z  E C : lzl = l} in the complex plane form a multiplicative group 

known as the Circle group. When considered as a subset of R, T is [0, 2 ~ ) .  We 

sometimes identify T with [--T, T) or with [0, 1). 

L2(R) is the Hilbert space of square-integrable functions on R, i.e., L2(R)  is 

the set of Lebesgue measurable functions f : R + C with norm 

The inner product ( . , . for L2(R)  is defined as 

L1(R)  is the set of Lebesgue measurable functions f : W + C with norm 

Here we note that L1(R)  is not an inner product space. 
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Tllc Fouri~r. tmr~c~fom j of ,f E L '  (R) is tiefint.tl as 

3 Example 0.1.1. If f ( t )  = e-l'!. t E W. then f E L1 ( W )  arid f ( ;  ) = *. 
Example 0.1.2. If 

1, for I t ( <  l 
f ( t )  = 

0, for (tl >_ 1 

2 sin W then f E L1(W) and f ( y )  = 7. 

If f E L1(W), b y  t,he Riernann-Lebesgue Lemma [8], f is a continuous 

function vanishing at f CO and f E LW(W) [19]. 

A corollary of Plancherel identity states that the Fourier transform estends 

from L1 (E) n L2(R) to a unitary operator on L2(R) [20]. This extension is 

designated the Fourier transform f o f f  E L2(B),  and we use the notation of (1) 

L for the L2(R) setting as well as for L1(R) [ l] .  The extended Fourier transform 

on L2(R) is sometimes denoted by 3, so that 

The inverse Fourier transform operator is defined, both in L1(R) and L2(R) ,  

as 

L ~ ( R )  $ L ~ ( R )  is the set of all tuples ( f l ,  f 2 ) ,  where f i  and f 2  E L2(R) . 
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L2(W) 69 L2(R)  is also a Hill~r.rt space uo(ler the inner product ( - . . ) L 2 ( k ) 6 L 2 ( K )  

tlefined by 

11% can extencl this for any natural riulnher n :  L2(R)" ,  the set of n tuples of 

elements in L2(R) ,  is also a Hilbert space under the irliier protluct 

for f 1 @ . - . CB f,, E The Fourier transform on L2 (R)" is defined as: 

for ( f i ,  f 2 ,  - .  . ,  f n )  E L2(R)n-  

l2(2) is the normed space of absolutely square-summable complex sequences. 

That is, 

C = ( c ~ ) ~ ~ ~  : ck E C for k E Z such that 1ckl2 < m 
~ E Z  

and the associated norm is 
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12(Z) is a Hilbcrt space with the inner 1)rocIuct 

for c: d E 12(Z). 

-1 functiori F is 27r -periodic on R if F ( y )  = F(? + 2 7 r )  for all -, E R. This 

does not necessarily rnean that 27r is the largest period of F. From nonr on we 

view 2~ periodic complex valued filnctions f E L' [ - X .  T ]  or L*[-T. n-] as having 

T as their domain, and denote them, respectively, bj- L1(T)  or LYT) .  

L2(T)  is the space of 27r-periodic cornplex-valued Lebesgue square in teg ra t~ i~  

fl~nctions F on R with norrn 

and inner product 

If c E 12(Z) ,  i: E L2(T)  denotes its 2~-periodic Fourier transform 

A 

i.e., c is the Fourier series associated with c and the Fourier coefficients are 

c k ,  k E Z. 
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I11 the case of Hilbert spaccs. conr-ergence will be ill H ~ ~ n l e s s  otllern-isc stilted. 

In particular, if H = L2(R). or if we are dealing with Fourier series in L2(T) .  

tlleri convergence is in L2-norm. 

Translation bv y E R is tlcnoted by rY. i.e., if f : R + C is a functiou. then 

r,,f : R -+ C is the function clefined by 

If y = k is an integer, then we use T in place of T .  and the translation by k is 

given by 

T~ f ( t )  = f ( t  - k ) .  

In particular, 

T f ( t )  = f ( t  - l ) .  

The t,ranslation operator is a unitary operator on L2(R). 

The unitary dyadic dilation operator U : L2(R) -+ L2(R) is defined as 

(Uf) ( t )  = h f (at) ,  , for f E L ~ ( R )  

Hence for all k E iZ 

(uk f ) ( t)  = 2k'2 f (2%). 

In particular, 
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Tlic fiinction P ,  : W -+ (C is clcfinetl by 

C ,  ( t )  = e - i t ~  v t  E W 

arltl is 27i periodic. 

\S-ith the above notations. W(. ha\-t. for f E L2(R) 

Proposition 0.1.3. For ,f t L2(W) or L1(B)  

Proof. 



0.1. Preliminaries 13 

The 27r periodzratzon operator Per is defined for a function f on R as 

Remark 0.1.4. Per(f) is a 27r-periodic function. If g is 2n-periodic ant1 gf E 

L1(R), then 

Brackets are used to denote pullbacks; for example, 

and so on. 

The characteristic or indicator function of a set E is denoted by X E .  
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If f : R -+ C is a function. then f (2.) denotes t , lv  function f ( 2 ~ )  aucl f (i) 
denotes tlic function f (:). 

Example 0.1.5. If E C R alitl f = , k ~ ; .  the11 

and 

If Iil and 1i2 are linear spaces and C : K1 -+ is a linear operator: then 

R ( L ) ,  the range of L, is a subspace of Ii2 ant1 N ( L ) ,  its kernel, is a subspace of 

I(1. 

In the case of a separable Hilbert space H and a subset S C H, spar1 S C H 

is the set of finite linear combinations of elements from X; and span S is the 

closure of span X in H .  If X H ,  then 

X'= { Y E  H :  (X, y ) ,  = 0 for all X E X) .  

A linear operator C : HI + H2, mapping the Hilbert space H1 into the Hilbert 

space H2, is a topological isomorphism if L is bijective and continuous. In this 

case, the open mapping theorem [24] ensures the continuity of C-'. 



O N  THE STUDY OF 
FRAME MULTIRESOLUTION ANALYSIS IN 

THE SUPERSPACES L ' ( I w ) ~  

Thesis submitted to the 

University of Calicut 

in partial f~~lfillment of the requirenlents 
for the award of the degree of 
DOCTOR OF PHILOSOPHY 

under Faculty of Science 

BIJUMON RAMALAYATHIL 

DEPARTMENT OF MATHEMATICS 

UNIVERSITY OF CALICUT 

KERALA 

INDIA 

July 2009 



Wavelets and Superwavelets 

This chapter is devoted to basic. definitions ancl rcslilts on wavclcts ancl f r i~~ncs  

that are necessary for our study. 

1.1 Frames, Wavelets and MRA Wavelets 

Definition 1.1.1. A frame in a Hilbert space H is a sequence {X,) of vectors 

in H with the property that there exist constants A, B > 0 such that for f E H 

A I l f  1 1 2  5 C l ( f >  x.)12 5 B l l f  1 1 2  
n 

The greatest possible such A is the lower frame bound and the least possible such 

B is the upper frame bound. If A = B, then the frame is called a tight frame. If 

A = B = 1, then the frame is called a normalised tight frame. 

Definition 1.1.2. A function .1C, E L~(B)  is a wavelet (resp. frame wavelet) if 

{UjTk$  : j ,  k E Z) is an orthonormal basis (resp. frame) for L ~ ( I w ) ,  where T 

and U are the translation and dilation unitary operators, respectively, on L*@) 

defined by 
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Definition 1.1.3. (ij E L ~ ( R )  is a tight frame wavelet (rtsp. norrr~ulzzed tight 

frnme wavelet) if {U3Tke. : j. k E Z) is a tight frame (resp. nornlalizetl tight 

frame). 

Example 1.1.4. Consider the filnction I) : R --+ R dcfintcl by 

1 if t E [O, $) 

-1 if t ~ [ $ ,  1) 

0 otherwise 

Then it can be shown that {UjTk$ : j, k E Z) is an ~rt~honorlnal basis for L2(B), 

so that II, is a wavelet. This wavelet is called Haar wavelet. 

Example 1.1.5. Let II, be such that G ( [ )  = -n)qr, 2=). Then 

{ujTk$ : j, k E Z) is an orthonormal basis for L2(R), so that $ is a wavelet. 

Example 1.1.6. The function whose Fourier transform satisfies 

is a wavelet, called the Shannon wavelet. 

Example 1.1.7. Let E L2(R) be such that supp (4) is contained in 
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C l l i , ( e ~ , ~ ) l ~  = 2- for all s # 0. 
27r 

/E: 

The11 + is a norrllaliscd tight frame \\.ayclet and thcst> type) of fraiiic wavclc~ts arc 

callecl Frazier- Jan-erth type fi.anie n.avc~lets. 

Example 1.1.8. Consitler thc Mexican hat fiinct ion 

which coincides with , when norrnalized in tile space L2(R). Ingricl 
d:r 

Daubechies [l31 has reported frame bounds of 3.223 and 3.596 for the frainc 

obtained by translations and clilations of the Alexican hat function. 

An important concept in wavelet theory is the multiresolution analysis es- 

tablished by Mallat [25] which is used to derive wavelets. Such wavelets are 

called MRA wavelets. However. there exist non- h lR -4 wavelets. e.g., Journe7s 

wavelet [23] and wavelets constructed by Bownik., et al. [6]. Biit Papadakis [26] 

introduced the concept of generalised frame MRA (GFMRA) and announced 

that any wavelet in L2(R) is derived by GFMRA. A GFMRA may not give 

wavelets, e.g. [35]. 

Definition 1.1.9. A Multiresolution Analysis (MRA) for L ~ ( R )  consists of a 

sequence {1/, : j EZ) of closed subspaces of L ~ ( I W )  satisfying 
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4. f E I ; if and orily if C f E I l+, , j E Z. 

5. There is a q5 E such that {T" : k E Z)  is ilr l  orthonor~nal basis for l i. 

The fuliction 4 given a b o v ~  is called an ortlroqorrol .ic.c1/7s,,q fultctlon f'ol tlic 

mutliresolution analysis. 

E x a m p l e  1.1.10. Let 1; bc. the closet1 spar1 of functions in L ~ ( I W )  ~vliicli are 

co~istant on intervals of the form [2-Jk., 2-l(k + l ) ] .  h. E Z. Then {I; : j E Z) 

is an hIRX and we car1 take the scaling fu~ictio~i to be d = X[-,, 01. -4s n-tl shall 

see in Exarnple 1.1.12, this XIR.4 is related to the Haar wavelet. 

It was shown by Hernandez and IYeiss [23] that if q3 is a scaling function for 

an illRA\, then there is a 27r -periodic measurable function m such that 

$ P E )  = m (0 4 (0 
for a.e. , E R. It is known that the functiorl given by 

is a wavelet, and moreover, i t  is known that every function of the form 

where k is any measurable unimodular 2n-periodic function, gives a wavelet. 

These are all contained in the difference space WO = Vl 8 h, and more 

importantly, every wavelet contained in T/tb has the form above. 

Definition 1.1.11. A wavelet which has the form given in (1.3) for some MRA 

is called an MRA wavelet. 



1.2. Wavelet  Se t s  a n d  Frame  Se t s  19 

Example 1.1.12. The Haar wavelet sec11 in E s a ~ l i ~ ~ l c  1 .l .-l is constrlictetl (111, 

to  a translation) from the h1R.A generated by tlle scaling f~inction Q = X[-,. o~ 

associatecl with the hIR.4 dcscribed in Example 1.1.10. 

E x a m p l e  1 .l. 13. Tht Slianlion n-avelct sec\rl ill Esaliil)lc 1.1 .G is ill1 AIR;\ 

wavelet whose scaling vector h is given by the Fouric~ transfhrlli d(() = y[-,. .) (<) 

R e m a r k  1.1.14. In practice, the n-avclcts 2 ,  are collstructt~l fro111 the scaling 

function in such a way that 

{ T * $ :  k E Z)  

is an orthonorrnal basis for I.lfo := 15 8 1 h ,  the orthocomplement of 1; in 1;. 

Suppose $ is a ~vavclet. For j E Z, let TI;  be the subspace generated bj. 

{UJT'$ : l t Z) and let 

Then {t; : j E Z) satisfies (1) to (4) in the Definition 1.1.9 of AIRX. If ( 5 )  in 

Definition 1.1.9 is also satisfied, then is an MRA wavelet. 

Definition 1.1.15. Let $ be a ~lormalized tight frame wavelet. For j E Z,  let 

Wj be the subspace generated by {u~T'$  : 1 E Z) and 4 as in (1.4). Then 

{l$ : j E Z} satisfies (1) to (4) in the Definition 1.1.9 of MRA. Also, if there 

is a function 4 in V. such that {T'O : 1 E Z} is a normalized tight frame for Vo, 

then we call $ an MRA frame wavelet. 

1.2 Wavelet Sets and Frame Sets 

Definition 1.2.1. A unitary system U is a subset of the set of all unitary 

operators acting on a separable Hilbert space H which contains the identity 
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operator I. 

Definition 1.2.2. -A vector z E H is calletl a ~iormaliscd tight fra~rie vector (rcsp. 

frame vector with hounds -4 aritl B) for a unitttry S ~ S ~ ~ I I I  U if' 24.). = { [ - I .  : C- E U} 

forrns a tight f'ra11ic1 (rcs~). f r i t ~ i i ~  wit11 I)oulitls -4 arid B) for sllarl (U,(,). It is 

callcc1 a coniplete ~lornialised tight fra~ilc vcctor (rcsp. c~oniplete fiallio vector 

with bountls -4 and B) wlien U.1. is a riormalizctl tiglit f r a ~ ~ i e  (rcslx franle with 

bounds A and B) for H. 

Notation 1.2.3. Let F be the extend~tl Fo~uicr transform on L ~ ( I W )  ant1 U a~it l  

T be defined as in (1.1) and (1.2). Then use the following notations: 

and 

i ~ , , ~  = {PT-:  n, m E z) .  

Proposition 1.2.4. For f E L2(R) 

and 

Pro0 f. 
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- 
-" (33-1) ( f ) ( F )  

( ~ f )  (a = ( 3 ~ 3 - l f )  ( F )  
1 I' 

- 1 h clu 

- -h[ 6 ( r - l f )  (u)e-iu2 - 
W 

2 

Definition 1.2.5. A measurable subset E of W is called a wavelet set if AXE, 
where XE is the characteristic function of E, is the Fourier transform of a wavelet 

in (R). 

Example 1.2.6. 114) $==X[-,,, -,)ul,, 2 3  is the Fourier transform of the wavelet 

seen in Example 1.1.5, and hence [ - 2 ~ ,  - K )  U [.R, 27r) is a wavelet set. 
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Definition 1.2.7. -4 measoral110 s~ibs(lt E of R is callod a f i o r r ~ ~  s r t  if \ E  is 

a complete normalizetl tight fra~nc vector for Ui . , j .  In otlier n-ortls. E is ;l fra~iie 

set if LYE is the Fouricr transforn~ of a nor~nalixcd tight fra~lie ~ a \ - ~ l e t .  "'% 

E x a m p l e  1.2.8. [22] E = [-T. -:)U [:. ;T) is il f'ri1111f'~~t. 

1.3 Superwavelets and Construction of Super- 

wavelets in L2(W)2 

Now we pass on to the super space L2(IR) CB L2(R) and s tud .  supern-avclcts in 

L2(W) @ L2(R). 

Definition 1.3.1. [22] Suppose that 71177/.  are normalized tight franir. wavelets. 

The ordered pair (vl, q2) is a superwavelet of length 2 if {UkTT"~)I  @ UkTT'r12 : X.. l E 

Z) is an orthonormal basis for L ~ ( R )  @ L ~ ( R ) .  

Definition 1.3.2. 1221 Let G, E and F be measurable subsets of R. G is 2- 

dilation congruent to F if there is a bijection T : G -+ F such that for any s E G 

there is n E Z satisfying ~ ( s )  = 2ns. G is 2n-translation congruent to E if there 

is a bijection 4 : G -+ E such that 4(s) - s is an integral multiple of 2n for each 

S E G. 

L e m m a  1.3.3. [l21 Let E and F be bounded measurable sets in R such that E 

contains a neighbourhood of 0, and F has nonempty interior and is bounded away 

from 0. Then there is a measurable set G C R, which is 2-dilation congruent to 

F and 27r- translation congruent to E .  

T h e o r e m  1.3.4. [22] Let E be a measurable subset of R. Then E is a frame 

set if and only if E is both 2~-trans2ation congruent to a subset F of [0,  2n] and 

2-dilation congruent to [-27r, -7r) U [n, 27r). 
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R e m a r k  1.3.5. ( r l l .  v2) is a slipcrn'a\.clet for U(.. 1lic.ans 111 ant1 112 arc noriiial- 

ized tight frame wavelets and 

is an orthonorrnal basis for L2(R) $ L2(lR). 

Using the above results, we liave the follon~ing exaniples: 

Let El = 1-71> - + a )  U [lr, 7r). Consider tlie niappings 0 : El -t [:a. $a )  

and r : El + [-27r, -a)  U [T, 27r) defined by: 

and 

~ ( s )  = 2s, S E El 

Then $J and T are bijective mappings. Hence by Theorern 1.3.4, noting that 

[-7r, X] is 271. translation congruent to [O, 27r], E, is a frame set. 

Let E = [-$7r, $71) and F = [-R, -)R) U [%T, T). Then by Lemma 1.3.3, 

there exists a measurable set G such that G is 2-dilation congruent to F and 

2~-translation congruent to E. Now G is 2-dilation congruent to  F and F is 

2-dilation congruent t o  [-27r, -7r) U [7r, 27r). Hence G is 2-dilation congruent 

to [-27r, -7r) U [R, 27r). Similarly, G is 27r translation congruent to  [+a,  ;R). 

Hence, by Theorem 1.3.4, G is a frame set. 

Clairn:(ql, q 2 )  is a superwavelet, where ql = LXE1 Jz;; and q2 = LXG. v'% 



1.3. S u ~ e r w a v e l e t s  a n d  Cons t ruc t ion  of S u ~ e r w a v e l e t s  i n  L'IIWI" 24 

l\ have. for every j. 7 E Z. X. # 0 

Also 

Hence { u ~ T ' ~ ~  @ U ~ T ' T , I ~  : k ,  l t Z} is an ONB for L 2 ( R )  @ L 2 ( W ) .  Hence 

(v1, v2) is a super-wavelet of length 2. 

We can summarise the above discussion as: 

P ropos i t ion  1.3.6. There is  a super-wavelet of length 2. 

Definition 1.3.7. If E and F are frame sets, we call ( E ,  F) a strong comple- 

mentary pair if (F-' ( h X E )  , F1 ( k X F ) )  is a super-rvavelet. 

The following version of Theorem 1.3.4 is needed in the following example. 

Theorem 1.3.8. Let E be a measurable subset of W .  T h e n  E i s  a frame set 

i f  and only if E is both 27r-translation congruent to  a subset F of [0, 2n] and 

2-dilation generator for W .  

Example 1.3.9. Let E = [-T, - i n )  U [is, 7r ) .  The argument before 

Proposition 1.3.6 gives us the existence of the strong complement frame set of E. 

Now we construct a concrete one. Consider a set of type [a, ;) U [an, a + 27r). 

This set is a 2-dilation generator of a partition of [0, m) if a ( a  + 27r) = 2a. 

So we get a = 9. Thus [$, 5) U [ 2 s ,  F) is a 2-dilation generator of a 

partition of [0, m). Symmetrically, [-7, -27r) U [-f, -F) is a 2-dilation 
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, ['i i )  [ l?) C =  - . -  D = :'K. - . 
7 2 

ancl we let L  = .4 U B U C' U D. Then 

Thus L  is 27r translation congruent t,o [-5; f] . 

L  is a 2-dilation generator of partition of R and since [-:. F) is 27r trans- 

lation congruent t o  a subset of [O. 2 x ) ,  Theorern 1.3.8 shows that L is a frame 

set. -Also 

r ( E )  = [:, $p) and r ( L )  = [0, $ T )  U [;X, 27r). 

Hence 

r ( E )  U T ( L )  = [O, 2n) and r ( E )  fl r ( L )  = (P. 

Now we use the following result: 

Proposi t ion  1.3.10. Let E  and F  be frame sets. Then ( E ,  F )  is a strong 

complementary pair if and only if both r ( E )  U r ( F )  = [O, 2n) and r ( E )  n r ( F )  

has measure zero. 

By this proposition, the pair (E, L) ,  where E and L  are as obtained above, 

is a strong complementary pair. Thus L is a strong complementary frame set of 

E  and (F-' (hXE) , .F1 (hXL)) is a super-wavelet. 

The above two crucial results 1.3.6 and 1.3.9 are the essence of what is done 

in [22]. 
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\ii~ c.o~icluclc this section l)?- giving thc dtfiiiitio~i of s~~l>tlrn-a\-clct lial-ing 

length n. 

Definition 1.3.11. ['L21 Sltpl>os(~ that ,ll.  . . . . I / , ,  a1.c ~ior~iializt.<l tiglit f ia~l l t~  

~ravclcth. Tlicl ,!-tul>lc (11,. . . . , ,l,,) is a . S I I ~ (  rroo ucjlrt of le~igtli r ,  if' {17'T',II @ 

. . . @ L7"'r1,, : k , ,  l E Z) is an ort 1iono1.nia1 basis for L'(R)". 

It is show~i in [22] that for any 11 . tlicre is a sul>ern-ayelet of lciigtli 1 , .  .Ji~st 

like in the L2(R) case, the superwa~-clet usually genr\rates a normalize<l tight 

frame and to get an orthogonal basis, soirie estra conditions niust be irnposecl 

on the initial low-pass filter from ~vliich the superwayclet is constructed such as 

the Cohen condition [l01 or La~vton's condition [34]. Tlieoreni 3.9 i11 [S]. 111 [l81 

ancl [17]. a certain afine structure on the spacc L2(R)" \\-as introtlucctl which 

was shown to admit multiresolution wavelet bases. 

1.4 MRA Superwavelets 

We have seen in the previous section that L2(R) @ L2(B) has a wavelet 

(superwavelet of length 2) .  In this section we discuss whether MR4 wavelet 

(i.e., wavelet made out of an MRA) can be found in L2(R) @ L2(R). 

The following theorem tells us that there is no hlRA superwavelet in the 

usual sense, i.e., as given in Definition 1.1.9. 

Theorem 1.4.1. [22] Let q!q, 42 E L2 ((R) and let V. be the closed subspace 

generated b y  {T1$I @T142 : l E Z).  Suppose C L2(R) @ L2(B) and V. C 

(U @ U )  V. and that  

( ~ ' 4 1  CB ~ " 2  : l E Z) 
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is ar~  or.tho~lor,rnc~l h(~5i.i  for .  1 b.  T i l r :~~ 

is  lot der~se  irl L2 ( R )  @ L2(R). 

Sirice 1IR.A sl~per\vavclcts caliitot 1)c tlefi~~etl silnilar to \IR-A ~n-avelcts. Hart 

ant1 Larsori [22] have nioclifietl the tlefil~itioti of AIR.\ sul)c~rn-a\-cl~~t as follon-S: 

Definition 1.4.2. -A superwavelet ( r l l  / p 2 )  E L2(R) @ L"(IW is an AdRA swper- 

wavelet if each 711 and 49 are AIR.4 frame wavelets. 

R e m a r k  1.4.3. In the case of AIRX waveletes in L'-' (R) .  I,, is an hlR,4 n-avelet 

if {UjTk  $ : j ,  k E Z} is an orthonorrnal basis for L ~ ( R ) .  However. (,lI. r12) E 

L2(R) CD L2(R) is an LIRA superwavelet only when both 711 ant1 712 arc AIR*A 

frame wavelets in L2 (R). 

P ropos i t ion  1.4.4. [11] For a frame set G,  F-' (2 f i X ~  ) is an hlRA f~arrre if 
0 0 .  

and only if G" := U 2-JG is 2n-translation congruent to a subset of I - T ,  ;.r] . 
j=1 

The following is an important result. In the proof given below me have 

explicitly constructed the function 4. 

Proposi t ion  1.4.5. [l11 There is an MRA superwavelet of length 2. 

Proof. Consider E and L as in Example 1.3.9. 

Also, let 
W M 

E" = U 2-j,73, Ls = U 2 - j ~ .  
j=1 j=1 



1.5. Superwavelets  v ia  MRA 2 8 

E" is 2~-translation congruent to tlic sclt itself wliic.11 is a s11l)sct of [-T. T] . Tlie 

map Q tlcfirlcd by 

shows that the set LS is 27r-translation congruent to tlic set 

which is a subset of [-r, K ] .  Hence by Proposition 1.4.4 both F-' 

F-' (hXL) are MRA frame wavelets. In Example 1.3.9 rve have seen that, 

(3-1 (&'.E) , 3- ('X.)) & 

is a superwavelet and hence by the discussion above and using the Definition 1.4.2, 

(F1 (-$!J=xE) , F-' (hXL)) is an BIRA superwavelet. 

1.5 Superwavelets via MRA 

In this section and the following sections we discuss the theory for the con- 

structions of superwavelets via MRA giving examples [5]. For the discussion we 

need an abstract version of the situation existent on L ~ ( B )  and we replace L ~ ( ( B )  
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11y an abstract Hilbclrt space H itii(1 the1 tlilatioli and translation opcrators are 

replaced bv ttvo unitaries LT and T satisf?.ing the relation LTTC-l = TV for some 

integer !V 2 2 and tlie in tc~g~r  ,V is calletl the scale for I -  ancl T. Tlie standard 

trtuislatioli ant1 (lilatioii opclratorh 11a1 c >  .sc.nlo 2. 

II*e have seen in Theoreni 1.4.2 tliat 11R-1 su~)crn.avelots tlo not csist in 

the usual sense in L* (R)? i.e.. tlie t~c.hniqllc of ~nultirt~soluticm analysis breaks 

d o ~ ~ ~ n ,  when multiplexirig is required. if one just amplifies the steps usecl in tlie 

construction of AIRA ~va~ele ts .  In [;j] nlultiresolution c.onstructions have been 

realized for niultiple signals, provided sollie slight modifications are done to  the 

usual dilation and translation operators. 

Hereinafter, by superwavelet via MRA we mean a supern-avelet made from a 

multiresolution analysis (hIR-A). 

Notation 1.5.1. We often identify functions f on T with 2n- periodic functions 

on R or with functions on the interval [-X, K). The identification is given by 

f (2) t, f (6) where z = epic. 

Definition 1.5.2. [5]  A wavelet representation is a triple ii := (H, U, n)  where 

H is a Hilbert space, U is a unitary on H and n is a representation of Lm(T) on 

H such that 

U T ( ~ ) U - '  = n ( f ( z N ) ) ,  f E Lm(T) 

(here, by f (zN) we mean the map z + f (zN) ). 

Definition 1.5.3. [5] A wavelet representation is called normal if for any 

sequence which converges pointwise a.e. to a function f E Lm(T) and 

such that 1 1  f, (l, 5 M, n E N for some M > 0, the sequence {T( f,)) converges 

to n ( f )  in the strong operator topology. 
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A'otwtlor~ 1.5.4. by is called tlic clilation ailtl T := ;T( :) tlicl tralislatioll of tlle 

ivavelet representation. ivhcre : ilitlicatcs tht> idclitit!- functio~i on T. z e z .  

note that the identity fi~lir.tioil ((lcnott~l 1 ) ~  3) 011 T is ail C ~ C I I ~ C ~ I ~  ill L X ( T ) .  

Sollie of t11c e~it11il)lO~ ill  this c I I ~ I ~ ) ~ P Y  i \Y( l  ~litlilic(l ill [3] .  For the s i t k ~  of. 

completeness. we give t11e111 with tlctails. 

Example 1.5.5. -4 classical ~salril)le of' a iiosnial wavelet rcprcsent wtion is tlic 

follonring: H = L* ( R ) .  \\-P choos(1 all integer ,V > 2. 

ancl is defined by its Fourier transfornl 

where f E L w ( T ) ,  < E  L2(R). 

It  is enough to check that for E H 

Now 

( ~ 4 f  )~-~(o)* = U-l ((4f 
= U-l (d(f) (U-l(O).), 

noting that (T f)^= T f ,  where T f = 8.f 

= a-' ( + ( f ) u ( e ) )  

= U-l (fwi)) 
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I11 particular (1.6) gil-cs 

so that 

TC(x) = < (X - 1) 7 

for E L2 (R), X E R. 

We denote this normal wavelet representation by $lo. 

Example 1.5.6. If (Hi, Ui, iri) are (normal) ~vavelet representations for i E 

{l, . . . , n), then Hi, $:=, Ui. @:=l iri) is a (normal) wavelet representation 

called the direct sum of the given wavelet representations. 

Definition 1.5.7. For a given scale N >_ 2, an N cycle is a set {zl , .  . . , z,} 

of distinct points in T,  such that ZY = z2, z;?N = z3,. . . , z, N -  - al. p is called the 
2 x  i length of the cycle. {l) is called the trivial cycle. { W ,  W" , where W = e - 3 ,  is 

a 2-cycle having length 2. 

Example 1.5.8. Let 5 = (H, U, K )  be a (normal) wavelet representation. Let 

C := {z l , . .  . , z,) be a cycle and a l l . .  . , ap E T. Define 

Hc,a := H @ H @  . . .  @ H  
v 

p times 



1.5. Superwavelets via MRA 32 

allcl. for f  E L" (T)  . <,. . . . . <!, E H .  

TC.CY ( f )  ({I. . . . . <P) := (T (f (31 S ) )  { I .  7i ( f  ( ~ 2 2 ) )  t2 .  . . . . ( f  (--p)) tP)  . 

Then iic..,, := (Hc,. ,, . 1;: ,, . .ii(., ,,) is a (nornial) ~1-11-elet 1cyl.escntatio11 which wc 

call the cyclic arnp~f icc~t ion  of % with c!-clc C an(l modl~lation o. 

In particular, 

Tc,, : = K(' ,  0 ( 2 )  

and 

T := ~ ( 2 ) ;  

where z is the identity map on T. Since (7i o (z -+ 2 , ~ ) )  ( t l )  = z l T t l ,  we have 

The cyclic amplification with the trivial cycle and a1 = 1 is the initial wavelet 

representation. 

Notation 1.5.9. When a1 = . . . = ci, = 1 in Example 1.5.8, we use the follonring 

notation: 
- - 
Tic := 7 r ~ , ~ .  

Example 1.5.10 (Special case of Example 1.5.8). If C is a cycle of length 

p and al ,  . . . , a, are in T, we denote by 

the cyclic amplification ($?o)c,a of the main representation 930. When all ai are 
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1. wc use the notation 

RC = ( L ~ ( R ) ( ~ .  Uc. T ~ ) .  

Example 1.5.11. .lriotlic~ ii11l)ortaiit n-avclct rcprf~scntatio~~ is the clirpct sl1111 

of n.avelc)t l . ( ' l ) ~ ~ ~ ~ ( > i i t i l t i ~ ~ ~ ~  itsso(.ii~t(~d to scbvvral _lT c.yclt..s. That is. if' C,. . . . . C,, 

are distinct c!-cles ancl a l .  . . . . o,, are sonic finite sets of' nurnbers ill T. the11 let 

C := Cl U . . . U C,, . illl<l (If'fill(' 

and is called the nravelet represcntation associated to the cycles Cl, . . . , C, and 

the nurnbers al ,  . . . ,a,. 

Definition 1.5.12. [S]  Lot (H,C>;.r) be a nravelet represcntation. -1 sequence 

(V,),,z of closed subspaces of H with the properties 

iv. U (Vn) = Vn-1 ; 

v. There is a 4 E such that { T ~ $  : k E Z} is an orthonormal basis for Vo, 

is called a multiresolution ar~alysis (MRA) for the wavelet representation. 

A vector 4 as in (v) for which there exists an MRA such that ( i) to ( iv) hold 

is called orthogonal scaling vector. 

Theorem 1.5.13. [5] Let Xc,, be the wavelet representation in  Example 1.5.11. 

Denote by e-''i.j the j-th point of the cycle Ci. Then pc = pcl @pc, @ . . . @ pcn 

is an orthogonal scaling vector for this wavelet representation i f  and only if the 

following conditions are satisfied: 
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n P, 
i .  [Orthogonality] C C (per (/tu , 1 2 ) )  ( F  - = 1 for a.e. C E R ;  

z = 1  /,=l 

ii. [Scaling: equation] There exists a function m0 E L" (T) such that for a. e. 

E R t r r l d  for lsl l  i E {l. . . . . I / > )  : 

a t . ,  m3s, (1VO = 7n0 (QL.P ,  + E )  3~~~~ (C): 

iii. [CS-clicit,y] For each i E { l .  . . . . r ~ )  , j E {l, . . . , p,) . @C, does not vanish 

on any subset E o f R  invariant under dilations b y  :Vpl (i.e., NPIE = E)  of 

positive m,ea,ssrre. 

Proposition 1.5.14. [5] Choose a scale N >_ 2. Let f be a normal wavelet 

representation having an orthogonol scaling function 4 with non-degenerate filter 

mo. Denote by (V,),,;, the associated MRA. Assume that there are given the 

"high-pass filters" ml ,  . . . , m ~ - l  E LW('IT) satisfying 

is unitary for a.e. z E 'IT, p = e N , and define $i E H by ( ") 
(1.8) $i =: u - ' T ( ~ ~ ) $ ,  (i  E {I, . . . , N - l}) . 

Then 

{ T  : k , 2 1 . . . N - l is an orthonorrnal basis for Vl @Vo 
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{L-'"T1'4t, : t n .  ! I  E Z. I E {l. . . . , i\i - 1)) is an orthonormal basis for H. 

Remark 1.5.15. Thiis l)!- stwl ting ~vitli a sc.aling 1-cctor o. lvtl can work out 

I\- - 1 wavelets. n-here S is thc scale. 
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Examples of Superwavelets via MRA 

-4s we have mentioned in the introcluction we are tlevoting a chapter for 

constructing some exa~rlplcs of super\~avelets via lIR.4 in superspaces. 

2.1 Construction of Orthogonal Scaling Vector 

with Scale N = 2 

We construct an orthogonal scaling function 4 for the wavelet representation 

(%c1 @ . . . @ %cp), where Cl, C2, . . , Cp are 2-cycles. -41~0, let C = Cl U C2 U 

. . .  U C,. Let X E R: 

1. X is called a cycle point if there is a c E C such that X = 6 mod 27r, where 

e - i S  - - c; 

2. X is called a supplement if X - 7r is a cycle point; 

3. X is called a main point if it is a cycle point or a supplement; 

4. X is called a mid-point if X = 9 with a, b consecutive main points; 
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5. .r. is called a ryrlr rrirdpomt if .I. = 9 - with cr. b co~~secut iw cycle points. 

In thc above. whcm nr say 'consecutin~'. 11-e refer to tlie order on the real line. 

For : E C with : = r -'Oo tlt4iilc filr 0 E [-T. T]. 

~rlierc ~ ( 0 0 ) .  Bo, b(Bo) arc consecl~tive cycle points. It can be verifietl that 

Hence by Theorem 1.5.13, 4 defined by its Fo~irier transform 

is a good canclidate for an orthogonal scaling vector corresponding to C built 

out of orthogonal scaling vector corresponding to each Ci. Next, let us define 

the filter mo: 

m0 = C X [ c ( ~ o ~ + ~ o ,  eo+:(eo)] "F., 7 

O o € [ - a ,  H ] ,  cycle point 

where for the cycle point B. E [-T, T], c(Oo), 00, d(OO) are consecutive main 

points. We will now check the scaling equation for the above defined $ and filter 

mo. It  suffices to show that for two consecutive elements zo = e-ieO, z1 = e-iel 

of a cycle Ci ( i.e., .z,2 = zl, or equivalently 200 O1 mod 27r) the following holds: 
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\vhc\re. n<Ho < 3 are consecutive cycle points. By the definition of lllo.  it follon-s 

that there are cor~secutive main points n<BO < b such that 

.Actually m is either a or the first supplement on the left of QO. Suppose 

SZl(0 - 01) = x[l,+ffl bl+ff l  (Q), 
z 1  2 1  

with a1 < O1 < bl consecutive main points. Then, nre obtain 

and 

We note that, under the map X I+ 22, the consecutive main points a < 

80 < b are mapped into consecutive cycle points . Since 200 = O1 mod 2n, and 

because a translation by an integer multiple of 27r maps consecutive cycle points 

to consecutive cycle points , it follows in particular that there exists k E Z such 

that 

al = 2a + 2kn ,  O1 = 200 + 2kn, and bl = 2b + 2kn. 
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if allcl only if 

Herice wit11 (2 .2 )  t~r i t l  (2.:3). the relation (2 .1)  is obtailled. 

The cylicit,~ contlition is auto~ilatically satisfied hccause all $z coritai~l a neigh- 

bou~hood of 0. 

Coriseclue~itly by Theorem 1.5.13 4 is an orthogonal scaling vector wit11 filter Ino. 

2.2 Examples of Superwavelets via MRA with 

Scale N = 2 

In this section we workout particular cases of the filters, orthogonal scaling 

vectors, and wavelets for some superspaces. Here we take the scale as N = 2. 

Since the low pass filter m0 is just a characterstic function, the corresponding 

high-pass filter m1 can be chosen as the characterstic function of the complement 

of the set that gives m,,, and (1.7) holds. Then the wavelet is defined as in (1 .8) .  

Example 2.2.1. (Superwavelet via MRA in L2(R) @ L Y R ) )  As a special case 

of Example 1.5.8, we consider the dilation and translation operators on L2(R)  @ 

L2(R).  First consider a fixed 2 cycle, i.e., a periodic orbit for the map z  z2 on 

the unit circle. Let C = {zl, z 2 )  be this cycle, so that z; = 2 2 ,  z; = 21. Let 

al = a2 = l and let the Hilbert space be 
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For f l  CB .f:L E L2 (R) $ L2 (R). the translation operator Tc, on Hc is given by 

(2.4) Tc ( f l  CB f 2 )  = z1Tf1 CB ~2Tf.2. 

and the tlilation operator C;(- on H(. is give11 1)y 

where we take T and I; as the translation and dilation operators on L2(R)  defined 

by: 

for f E L2(R) ,  X E R. For this Tc and Uc the scale is 2. 

2a 2 4a i -- - -2ni 
Consider the 2-cycle C = { z l l  z 2 ) ,  where zl = e - 7 ,  z2 = e 3 = e , 

so that zf = z2 and z; = z l .  

2n 2s 4s 8 s  The cycle points are -F7 - -3' 5' 3, 7. 

5n 7 s  11s The supplements are - F ,  - f , f , 5, 5, 7. 

The main points are 

8s 57r 47r 2n s s 2n 4s 5s 7n 8n 11s -- -- -- -- -- 
3 7 3 1 3 1 3 7 31 31 3 1  3 1  3 1  3 1  3 1  3. 
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Hence 

Then the orthogonal scaling vector ( p l ,  p2)  E L 2 ( R )  @ L2(IK)) is giwrl by tlle 

Fourier transforms of p1 and p2 as given above. 

The filter m0 is determined as follows: 

The high pass filter is 

" 1  = fixI-;, ;l 

Determination of the orthogonal wavelet (&,  $9): Using (1.8),  me have 
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Taking the Fourier tl~ansfol.111. \TC~ have 

u-ql - - *(m1(z2z))@2 

= m1(.2z)@2 

= fix 47r X 27r 4ff 1-5, $I+(,) 1-7, 71 

= 7r 7a 27r 471 
[K '  ~1"[-6' 61 

= f i x  7r 4% 
L,? ,l' 

Hence the orthogonal wavelet (Q1, Q2) is given by 

Example 2.2.2. (Superwavelet via MRA in L2(R)6) 

In this example, instead of considering a single cycle, we consider two 2-cycles 

and construct a superwavelet via MRA in L2(R)6. 
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Tlie translation ant1 dilation operators are tltfinetl ;\S follo\~s: 

For ( f l ,  . f2 :  f 3 ,  f-l: . f5 :  f 6 )  E L2(R)6 

and 

Here again scale for Tc and Uc is 2. 

The cycle points are: 

2a 2a 4n 6n 4n 8a 12a &r - - 
5 1  3 1 5 7 5 1 3 1 5 7 5 1 1  3 1  5 -  

The supplements are: 

7n 5n 9n l l n  777 13n 17n l l n  19n - -  
5 '  3 '  5 '  5 '  3 '  5 '  5 '  3 '  5 '  

The main points are: 
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Hence the orthogonal scaling fi~rictioil for the wal-elvt ~ ~ p r c s c n t  at ion RC,, @ 

2 l 1  I RC2 is 3 = ((p:, pi. pi. + j ) .  (pI. $4)). where p,. g,. F:. p, .  P:. i ~ n d  ;; are 

given by their Fourier trailsforms as b ~ l o w :  

The filer m0 is given bv 

where 

197r E =  [-T, -=]U [-F, - 1  U [ g] U [S, K ] .  

The high pass filter is 

where 

197r El = [ - X ,  -$] U [-S, g] U [g, g]. 

Using (1.8)' and taking Fourier transforms, we obtain 
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Hence the AIR-4 W~I-elct is ( ( 1 ,  . . L ) .  ( 1 )  wlic.re 

$::. (11.:. d.;. hi. U:. ancl l I! are given by their Fonrier transfbrms as below: 

^ 2  4; ':= 7 [" g1 [ X  ""1. W1 = X [ % .  E] and d: = X IT T . 
- 15. U z' 15 [-K. -C] 

2.3 Example of Superwavelets via MRA with 

Scale N = 3 

Consider the 3-cycle C = {zl, 2 2 ,  z3).  For z E C with z = ebiB0 define for 

0 E 1-1 4 1  

Gz(0) = X a(@ )+on [ O 3  
, on+;'"'] ' 0  + 6) ; 

where a(Oo), Bo, b(Bo) are consecutive cycle points. Hence by Theorem 1.5.13, 4 
defined by its Fourier transform 

is an orthogonal scaling vector corresponding to  C . Next, the filter m0 is given 

m0 = h C X [c(@,:+e, ,  oo+:i@")] nl-n, ,]l 

Oo€[-n, n], cycle point 
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where for the cycle point B. E [-ir, n;], c ( & ) ,  Bo. ( / ( B o )  a1.P c.onsc>cuti\-t> 1riai11 

points. Then the high pass filters ml arid ns2 are such that 

2a z 
is unitary for a.e. z E T and ( p  = PT). IVe define u1 arid yq2 in LL(R)" as 

follows: 

dJl := U-17r(rn1)q5 

and 

$2 := U-1n;(n12)$ 

Then {U$T$,hi : i = 1 ,2 ,  m, n E Z) is an orthonormal basis for L2(R)3. \Ye 

conclude this chapter by giving an example. 

Example 2.3.1. (Superwavelet via MRA in L2 (R)") 
2z i - - m 

Now we take zl = e- 26 , 22 = e 26 and z3 = e- 26 . Define, for f l  $ f 2  @ f 3  E 

L 2 ( q 3 ,  

Tc ( f l  e3 f 2  €B f 3 )  = 2lTfl G3 z2Tf2 @ z3Tf3 

and 

uc ( f l  @ f 2  (3 f 3 )  = U f 2  $ U f 3  $ U f l  

where, for f E L2(R), 

T f  ( X )  = f ( X  - 1) 

and 

This Tc and Uc have scale N = 3 and C = {z l ,  2 2 ,  z3) is a 3-cycle. 



2.3. Example of Superwavelets via MRA with Scale S = 3 47 

The cycle points are: 

The supple~nerits are: 

The main points are: 

Then 

The filter m. is given by 

Now we can choose 

and 

The wavelets $1 = ($I,I, $1~2 ,  $1,3) and $2 = ($2,1, $2,2, g2, are determined 

as follows: 
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Taking Fourier transforln. we have 

Similarly, n7e obtain 

$1,3 = 0, and $1,1 = X 24a . 
261 

Also, 

$2.1 = 01 $2,2 = X I--- 38n --l i 2 i i  4 ~ 2 , ~  = 0- 
26 ' 26 1 

Hence (UFT&!I~ : i = 1,2,  m, n E Z) is an orthonormal basis for L2(R)3. 

Remark 2.3.2. Thus for a given scale N 2 2 and a superspace we can find 

orthogonal scaling vector $ and can work out iV - 1 wavelets. 



O N  THE STUDY OF 
FRAME MULTIRESOLUTION ANALYSIS IN 

THE SUPERSPACES L ' ( I w ) ~  

Thesis submitted to the 

University of Calicut 

in partial f~~lfillment of the requirenlents 
for the award of the degree of 
DOCTOR OF PHILOSOPHY 

under Faculty of Science 

BIJUMON RAMALAYATHIL 

DEPARTMENT OF MATHEMATICS 

UNIVERSITY OF CALICUT 

KERALA 

INDIA 

July 2009 



Frames in L ~ ( w ) "  

In this chapter we describe frames in the superspace L2(R)" via tllcl Besscl 

map. \Ye discuss about the frame theory in L2(R)" giving various results. \Ye 

discuss the relation between a countable collection and the associated Bessc.1 map 

when the countable collection is a frame. IVe see that the adjoint of the Bess~l  

map has more importance in the study. 

3.1 Bessel Map and Frames 

Definition 3.1.1. A countable collection X = {xi,l @ . -  €3 xi,, : i E Z) is a 

frame for L2(R)" if there exist constants A, B > 0 such that 

for every fl €3 - . . €3 fn  E L2 (R)". 
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The greatjest possible ~ 1 1 ~ 2 1  -4 is tho losuer fr(~,,lnr Dos~,n,d ailcl tllo least possil,lc 

such B is the upper frame hound. If A = B, then tlie frarne is called a tight 

frame. If A = B = 1, the framt. is callctl rlor..rncdizec.! tight frr:larr~e. 

Definition 3.1.2. -4 franio { t.,, - - . 8 .c,, ,, : I E Z) is callccl I I I I ~ I L I I I ~ I ~  01. cJ.rnct 

if 

-4 frarne is redundant or n o n  exctct if it is iiot minimal. 

Definition 3.1.3. Let X = {X,, l @ - @ X,. , : i E Z) be a countable system 

in the separable Hilbert space L2 If for f l  @ - - S @  . fn  E L2 (R)". the coll~ction 

{ ( f ~  . - @ fn ,  X%, I G3 - ' . G3 : i E Z) E 12(Z). then the correspontlencc. 

denoted by L, is called the Bessel m a p  associated with X 

In the case where the Bessel map L exists, then it is bounded by the uniform 

boundedness principle. 

The following Proposition says that whenever the collection is a frame, then 

the Bessel map exists and also is a bounded invertible map. 

Proposi t ion  3.1.4. Let X = {xi, l @ - - - @ xi,, : i E Z) be a frame for the  

Hilbert space L2(R)n. T h e n  the  m a p  
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f @ . . .  @ f n  { ( f l  @ ' 0 .  $ f n :  ~ i . 1  @ - - .  : i E Z} 

is the Bessel mo,p associated u~itlt, S and i s  a bows~ded ilLor:r.tiblc 7 1 6 ( 1 . p  01120 R ( C ) .  

Proof. S is a frame implies thwe exist coiista~its -4. B > 0 sl~ch tliat (3.1) liol~ls. 

Hence 

and L is the Bessel map associated with X and we obtain 

Hence L is bounded and one-to-one. Hence L is a bounded invertible niap onto 

W ) .  cl 

Example 3.1.5. In Example 2.2.1, we have seen that a 117avelet on L2(R) @ 

L2 ( R ) )  is ($1, $72) given by 

Explicitly, (g1, $ 2 )  is given by 

and 
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Hence { U  B :  . I . E  Z) is all ort honornial 

basis for L2(R) @ L2(B) ant1 lielice is a frame for L2(B) 8 L2(R).  Hcnce l)!- 

Proposition 3.1.4. thc~ r~iap 

is a Bessel map. LIoreover, here .-l = B = 1. so that II,L ( c f l  @ h) 1 1  = 1 1  f l  

for f l  @ f 2  E L2 ( R )  L2(R)) .  

E x a m p l e  3.1.6. In Example 2.2.2, we have seen that a wavelet on L2(R)" is 

(($:, $1;) $,!. $:) , ($11;. 41;)) , vhere 4:, $;, Q;, $:. di f .  tin(1 t,: given by tlioir 

Fourier transforms as below: 

Hence {u$k$i @ $2 @ $3 d '$4 $ $5 $ $6 : j ,  k E Z} is an orthonormal ba- 

sis for L ~ ( I w ) ~  and hence is a frame for L2(IW)6. Hence by Proposition 3.1.4, the 

defined by 

is a Bessel map. Moreover, here A = B = 1, so that IIL ( f i  . . - $ f 6 )  1 1  = 

1 1  fie. . . @ f6ll for fie . . . e f6 E L2(R)6. 
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In view of 3.1.4 wt. make the following tlefinitio~i. 

Definition 3.1.7. Let C be tlie Bessel rriap associatetl with a countal~lc 

collectiori S. Then S is a fi(11ne ussocucrtfd 7illtll C if' t11(\ I I I ~ ~ )  C is il I)o1111(1(~1 

invertible opciator fro111 L2(R)" onto a c.losctl s~il)sl>wc.o o f  12(Z) .  i.(l.. if tlic~io 

exist constants .4 ancl B such that for every f l  $ . - f,! E L2(R)". 

Definition 3.1.8. Let A be a houi~letl  linear map froill il Hilbert space HI to  

H2. The adjoint of A is the botinded linear map B fro111 H2 to HI satisf\-ing 

for all X E H1 and y E H2. The adjoint of A is unique and is denoted by .-l*. 

Proposition 3.1.9. Let = {xi, l @ - . . CB xi,, : i E Z )  C L2(R)n be U 

countable system with a well-defined Bessel map C : L ~ ( I w ) "  + 12(2). The adjoint 

of L is given by 

L* : l 2 ( z )  + L ~ ( B ) " .  

Proof. Fix n E Z. Consider a sequence of the form 

Then 
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= ( { ( g ,  G3 - . G3 yll. X L ,  1 @ - * . 63 .?.l, , /)  : ; E Z} . ~ ) ~ 2 ( ~ )  

Hence, 

No\\? take any c = (. . . , c-,  , . . . , cl, . . . , c,,, . . .) E 12(Z). Then c can 

be corlsidered as the lirnit of the sequence ( ( l") ,  where 

dn = (. . . , 0, . . , cl, . . . , c,, 0, . . .) . Then, by the cliscussion above. we 
n 

have L* ( d n )  = C c;x;, l @ - - - xi, n. 
z=-n 

Claim: {L*( (dn) ) )  is a Cauchy sequence in L2(R)". Let n > m. 

Since ( d n )  is a convergent sequence, it is Cauchy and from the above, we have 

C * ( ( d n ) )  is also a Cauchy sequence in the complete space L2(R)" and hence is 

convergent. 

Now 

lim L* (dn)  = L* ( lim dn)  = L* ( c ) ,  
n+w n -+ oo 
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\lye use the following Thcorcnl in the proof of P1.oposition 3.1 .l 1. 

T h e o r e m  3.1.10. [32] Supyosr H1 c~nd H2 ure Hblbert spu,ces, a,nd T is n 

bounded linenr tran,sformetion frorrr, H I  to  H?. Then 

Proposi t ion  3.1.11. Let X = {xi, l @ . - . @ xi. ,, : i E Z) C L2(R)" be a 

countable system with a well-clefined Bessel map C : L2(R)" -+ Z2(Z) and 

adjoint map L* : l2(2) -+ L2(R)". Then 

i. (R(L))' = N ( L * ) ,  

ii. R ( L )  = (N(c*) ) ' ,  and 

iii. (R(c*))' = N ( L ) .  

Proof. It remains to prove (ii), as the other two follo~vs immediately from 

Theorem 3.1.10 because L is a bounded linear transformation from L2(R)" 



3.1. Bessel Map and Frames 56 

.c E R ( C )  H there exists a scquencc (n.,) in R ( C )  converging to m 

e (( l . , , ) .  g )  = 0 V!/ € -hT(L*) 

H lim ((.c,,), y) = 0 'v'!) E lV(L*) 
) I - + %  

l ( I - )  J = 0 l fg  E -V(C*) 
H ) 
H (X, y) = 0 vy E lV(C*) 

z E (N(c*))' 

ancl this completes the proof. 

\Ve need the follo~ving fuildanlental result in the proof of Proposition 3.1.13. 

Proposition 3.1.12. Let HI  and H2 be Eilber-t spaces a n d  T be a bounded lineur 

transformation from HI  to H2. Then 

If T is invertible, then T* is also invertible and 

Proof. For X E H2,  y E H I ,  we have 
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Thus 

If T is invertible: then there is C; : H2 -+ H I  such that 

Hence 

and 

From ( 3.2) and ( 3.3), T* is invert.ible and 

Proposition 3.1.13. Let X = {xi, l . . . $xi,, : i E Z) C L2(R)n be a 

countable system with a well-defined Bessel map C : L 2 ( ~ ) n  t 12(2). Assume 

span @ . . . @ xi,, : i E Z) = L2(R),. Then for every fi @ . . . $ f, E 

L2(Wn,  
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%f and only if for rver?, c E (.\'(C*))'. 

i.e., S is a frume zf and only if C* is boumded and invertible. 

Proof. Let X be a frame. i.e.. assume (3.4). Then L is a bounded and one-to- 

one map. Hence L is a bounded invertible rnap onto R(C) .  In this case R ( L )  is 

closed (by Definition 3.1.7) so that R ( L )  = (N(c*))' , by Proposition 3.1.11. 

Thus the adjoint map of L : L2(R), -+ R ( L )  is L;(M(L*))L, and this latter map 

is invertible with bounds equal to those of C, b- Proposition 3.1.12. Hence the 

assertion (3.5) is obtained. 

Conversely, assume (3.5). Then L* 
I(N(L*))~ 

is a bounded one-to-one map from 

R ( L )  onto L2(R), and hence is a bounded invertible map onto L2(R)n. Thus the 

adjoint map of L* 
I(N(L*))~ 

is LILz(R)n = L itself and this latter map is also, by 

Proposition 3.1.12, invertible with bounds equal to those of L* 
l(JVv*)lL. 

Hence 

the assertion (3.4) is obtained. 

3.2 Frame Operators 

Proposition 3.2.1. I j  {xi, l @ - - . @ xi,, : i E Z} is a frame for L ~ ( I W ) ~ ,  the 

series C ( f l  @ . ' ' @ fn ,  Xi, 1 @ . . @ Xi, ,) Xi, l @ . . . @ xi,, is convergent. 
i EZ 
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Proof. IVe consider the I !  -th p;trt,ial surn 

S,, = C ( f , @  - . .  @.f,,. . C r . ,  @ .. .  @ . l n ) . .  . . -  @ X z , n  

For 172 2 n, noting that 

it f o l l o ~ ~ ~ s  that 

by Holder's inequality 

2 
- - SUP l(sm - S,, 91 . . . ~ n ) p ( R ) n  I 

I~YI@ ... @ynII=l 

x B  sup Ilyl@ @ y n 1 ) 2 ,  bythedefini t ionoftheframe 
J J Y ~ @  ... @ynlJ=l  

2 

i = Sup 

where J,,, = { -m,.  . . , -n - 1, n + 1,. . . , m }  

C ( f l @ - . . @ f n ,  X i , l @ . . . @ ~ i , n ) ( x i , l @ . . . @ X i , n ,  Y L @ " ' @ Y ~ )  
iE Jm,n 
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since l (  f l  @ - . - 3 .L,. . l . , .  L @ . . . @ .I.,. ,,) 1' convclrgcs l,? thc hame 
, € F '  

ine~lualit~y. Hence (s,,) is a Caucl1~- sclcluencc in thc1 Hilbert space allcl thercforc 

(S,) co~il-erges to a vector S( . f l  @ . - - $ f I L )  of' L2(R)n. 

Definition 3.2.2. Lct S = { . l . , .  I 3 . . $ .c,, , : i E Z) C be a frame 

with Bessel map L. The frurne o p e n ~ t o r  S is defined as 

Remark 3.2.3. By the Proposition 3.2.1, S is a well-defined linear operator on 

L2 ( q n .  

Theorem 3.2.4. The frame operator. is  a continuous opera,tor o n  L2(R)" 

Proof. To see that S is bounded, consider 

Consequently S is bounded, and I(S(I 5 B. 
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Theorem 3.2.5. T/),P .fr(17r~e oye~u~tor S is a positive operator and 

.4I 5 S 5 BI .  

Prooj. For f l  $ . - B j'!, and 91 $ . . . @ g,, E L2(R)". usillg tlle linearity ancl 

continuity of the i~lner  proc1uct.u-e ha\-e 

(S( f1  @ . . @ .f,%), g,  a3 . . - @ g,,) 

Hence S is self adjoint. Also, 

(s(f1 @ ..  @ f n ) ,  f l  @ CD f n )  

so S > 0, and hence we can rewrite the frame inequality for f l  @ - - . @ f, E 
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L2(R)" as 

'41 5 S 5 BI. 

Lemma 3.2.6. Let S br (1 Ban,ach space a,nd let T be a bounded litnear operc~tor 

f rom S t o  itself. Suppose that IlTl] < 1. T h e n  I - T is invertible, ( I  - T)-l i s  

bounded, and ll(I - T)-'ll < h. 
Proposition 3.2.7. Let H be a Hilbert space. Let T and U : H -+ H are positive 

maps,  then 

T F U * IITII F IIUII - 

Proof. T and U are positive maps implies T and U are self adjoint. Hence 

IlTll = SUP{I(T(X), % > I  : X E H, Ilxll = 1) 

< SUP { I ( U ( x ) l  X ) )  : E ( l x I I  = l) l 

as T 5 U and 0 5 (T (X),  X) 5 (U(x), X) 

= IIUII. 

Theorem 3.2.8. S-l exists and is  positive o n  L2(R)n. 
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Here I - B-IS alitl I - --IB-'I are both positive operators, and hence by 

Proposition 3.2.7. 

Hence, by Lemma 3.2.6. [B-lS]-' = ( I  - ( I  -  exists on all of L2(R)" 

ant1 is a bounded operator. The same is thus true for S-' .  By 3.2.5 , S is self 

adjoint. Hence for f l  @ . . . @ f n  E L* (R)n,  we have 

:. S-' is positive. 

Theorem 3.2.9. For the frame operator S with frame bounds A and B, S-' is 

a frame operator with frame bounds B-' and A-', and 
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it follows that 

0 < ( S  - -41)s- '  0 5 I - -4s-l .  or S-' 5 -4V11. 

Similarly. since S 5 BI. it follows that B-'I  <_ S-'. Hence 

B-'I < - S-l 5 PI. 

Corollary 3.2.10. Let S be u frame operator on Ly(IWn. Then S-' is bounded. 

Proof. By  Theorem 3.2.9, nre have 

where A is the lower frame bound associated with S .  Also, by Theorem 3.2.8, 

S-' is positive. Hence, by Proposition 3.2.7, 

I J s - ' I /  < A-', 

which implies that S-' is bounded. 17 

Theorem 3.2.11. Let X = $ - - .  $:c i , ,  : i E Z) C L2(R)n be a frame with 

frame operator S .  Then for every f i  $ . . $ f n  E L2(R)n,  
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In ~~orticular. if S i a tiqh,t frrrrnr: with frume bourl,d -4. the71 for every f i  @ - . 

. f ; l  E L 2 ( W " ,  

Proof. Because of Proposition 3.2.8, Theorcrns 3.2.4 and 3.2.5 and Corollav 

3.2.10 and the fact that S = S*. the decompositions (3.6) and (3.7) art. conse- 

quences of the following calculations: 

and 

In the case X is a tight frame with frame bound A, A - ' / ~ L  is an isom- 
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(>try. Tlius. &'S = (=I-"~c)*(.-I-~/~c) is the identity operator on L2(R)". 

whence (3 .8)  follo\vs. 

Proposition 3.2.12. For the Ptrrne operc~tor S :  (S- ' )*  = S- ' .  

Proof. By Theorem 3.2.5. S is sclf atljoint. .Also. by Proposition 3.1.12, since 

S is boundctl ant1 in\-c~til)lc. n-e haye 

Proposition 3.2.13. Let S = {X,, l @ . -  @ xi,, : i E Z) C L2 (B), be a f:rum.e 

with Bessel map L and frurne operator S.  The maps 

f l  @ . . . @ f n  { ( f l @ . . . @ f n , S - l ( x i , 1 @ . . . @ x i , n )  ) :  i E Z ) ,  

and the restriction of L* to R(L) ,  viz., 

are continuous maps and are inverse to each other. i.e., 

Proof. By  Propositions 3.1.4 and 3.1.12, L and L* are continuous maps. By 

Corollary 3.2.10, S-' is also continuous. Hence, being the composition 

of continuous maps, ,CSp1 is also continuous. 

Take 



3.2. Frame  Opera to r s  67 

{ f ~  @ - - . CB f7 , .  .l:,. I CB . . - @ .l. ,.,, : i E Z) E R(L).  Then 

Hence 

LS-lC; = I 1 2 @ ) .  

Also 

L*&s-~ I = SS-' = IL~(W)". 

Hence L; and CSp1 are inverse to each other. i.e., 

R e m a r k  3.2.14. Hence, minimality of a frame (Definition 3.1.2) is equivalent 

to 

N ( L * )  = (R(L))' = {0} , the zero sequence, 

because N(L*) # (0) if and only if there is a non-zero sequence c such that  

Ccixi , l  $... 63 xi,, = 0 $ . . . $0.  This means that some xi, l $ $ xi, can 
i € Z  
be expressed as a linear combination of other xj,l @ . . . xj,,, means that the 

frame is not minimal. 

R e m a r k  3.2.15. When X is not minimal N(C*) is a non-zero subspace of 12(2); 
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so that gi\-en a sigilal f l  @ - - . @ f,, E L2(R)" thcre are tliff'erent cocfficicllts 

c. d E l2  (2) for which C* (c) = C* ( d )  = f l  CB - @ f,, . 

R c l i i o ~ ~ l  of a ~ . c ~ . t o r  froin a fran~c> leaves either il fraiilc or arl incon~plc\te 

set [7]. -An ort,honornial basis is obviol~sly a nor~nalizrcl tight frariir. Tlic 1ic.st 

result tells 11s that ~iormalizcd tight frame of unit vectors forni an orthorlorliial 

basis. 

P ropos i t ion  3.2.16. Let S = {xi ,  l @ . - . @ .c,. : i E I )  2 ( R ) ~  be u tight 

frame with frame bou,nd l and 

then S is an orthonormal basis (ONB). 

Proof. By  the definition of frame bound, for j E 2, we have 

The terms in the series on the LHS of (3.9) is a sum of non-negative numbers of 

which one term 1lxj,, @ - @ xj,n112 = 1; hence all other terms are 0. That is 
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Frames Generated by Translation of 

a Function in L'(Iw)" 

-4s mentioned in the introduction, our aim is to define frame hIR.4 in L2(R)". 

iVe first study the situation in L2(R)2 and these can be extended naturally to 

L2(R)". 

4.1 Translation and Dilation Operators on L2(R)" 

Considering the Hilbert space L2(R)" and taking the N cycle C := { > l , .  . . , 2,) 

- and a1 = . . . - Q, = 1 in Example 1.5.8, we have the translation operator given 

by 

TC ( f l @  @ f n )  = ~ l T f l  &j @ ZnTfn 

and the dilation operator given by 
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where JYC~ take T arid V as tlw transliitioii and dilation operators on L'@) givc.11 

by (1.1) and (1.2). 

\Ye begin with two simple basic tlieorenis whidi will be helpful ill proviilg 

results in this chapter. 

Theorem 4.1.1. Let f l  @ . . . $ f , ,  E LYR)". Then 

Proof. The inner product on L2(R)" is defined by 

Thus, we have 

2 
\ I f 1  @ . . @ f n \ l ~ . ~ e ) n  = ( f i  @ . . . f n  , f i  @ . . . @ f n ) L l ( p ) n  

n 

Theorem 4.1.2. For f l  $ f2 E L ~ ( R )  $ L ~ ( I W )  and Tc and Uc as in (2.4) and 

(2.5), we have 

( % ( f i  @ f2))-= ek(z:fi ie 4 f 2 r  

and 

(Ucic(fi @ f2))-= U-'& a-lx 
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by the linearity property of Fourier transform 

Also, 

4.2 Frames Generated by Translation of a 

Function in L 2 ( ~ ) n  

In the following theorem we associate two bounded 27r periodic function with 

a given family X in L2(R)2 and prove that whenever these associated 2~ peri- 

odic functions are bounded, then the Bessel map C corresponding to  X is also 

bounded. The converse is also proved. 

Theorem 4.2.1. Let  X = {T& CB $2 : k E Z} C L2(R) CB L2(R) and define 
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2 

(7) = C 1 (? + 2xh) l 07~d (P2(?) = /A(? + 27rk) . Assume thut the 
k € Z  kEZ 1 

Bessel mu,p L associated with S exists. If cP1 < -4 and cP2 < B a.e. then 

+ B )  Con"Je7'~~19, 1L11 < C+ implies (Pl 5 C and a, < C (l. e. 

Proof. B y  3.1.12, rve hal-r 11L1I = IlL'Il. Let c be a finitely ge~~era t rd  sequence . 

Then 

llL* (c) 1 1 2  = Ilf '(c) [ l 2 ,  as For~rier transform is unitary 

using Theorem 4.1.1 
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as e k  is 27r - periodic. 

\Ve note that C ckztek is the Fourier transform of the sequence ( ckz f )  E l2 (2)  
k € Z  

and C ckz;ek is the Fourier transform of the sequence (ckz,*) E 12(2). Hence, 
k E Z  

by the Parseval-Plancherel theorem for T [27] 

we have 

and, similarly, 

Thus, if 5 A and a2 5 B a.e. on T, then 
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For thc convr~se. consirlc\r for 6 > 0 the set r = [CD, > - C + $1 U [Q, 2 C + 91. 
Non., for any mcilsurable set r c T. t h c r ~  exists a sequence {p,)  of trigonometric 

polynomials with 5 IT] such that {p,,} converges to lr (tlie character- 

istic function of the set I') escept on a set of arhitrarily small measure. Thus, 

if the measure Irl of r was strictly greater than 0, there would be a finitely 

supported sequence c with \lrll:2cz, 5 II'l such that 

implies 

Hence 

1 1 ~ * 1 1 2  = SUP {ll~*(c)l12 : Ilcllr2cz) -< 1) > C. 

We can naturally extend the above result to  L2(R), as follows: 

Proposi t ion  4.2.2 (Genera l  version of Proposition 4.2.1). Let 

2 
and define Qi(7) = + 2ak)l , i = l,.  . . , n. Denote the Bessel map 

kEZ 
associated with X by L. If Qi 5 Ai < m, i = l ,..., n a.e., then (IL(( < 
(Al + . . . + A,)$. Conversely, IlLIl 5 C +  implies h 5 C, i = 1,. . . , n a.e. 

The next theorem deals with a situation in which the given collection becomes 



4.2. Frames Generated by Translation of a Function in L2(R)" 75 

Theorem 4.2.3. Let S = {T;& @ QZ : k E Z) C L2(R) $ L 2 ( R )  untl assurne 
2 2 

a,(?) = C 1&(?+2rrk) l  nnd  = C IT2(; +2r ik ) l  E L m ( T ) .  Then 
L t Z  k E Z  

hu,s a ,well de.fined Bessel ma,p L and 

- 
1V (L*)  = { c  = ( c l )  E 12(2) : (c,twk) = 0 on [B1 > 01 anrl ( r r d k )  = 0 on [a2 > 01). 

Further, taking 

A2 = inf {a : / [ Q 2  _< a] n [B2 > 01) > 0) : 

esssupGl = B1 < cm, and esssupQ2 = Bp < 00, 

X is a frame for I.'o = 3jZE {T;& @ qh2 : k E Z] with lower frame bound greater 

than or equal to Al + A2 > 0 and upper frame bound less than or equal to 

B1 + B2 < cm. This frame is called the frame generated b y  qbl @ q52 

Proof. Q1 and Q2 are essentially bounded implies that there are Cl > 0 and 

C2 > 0 such that 

lQ1(x)l < Cl and I&2(x)I < C2 a.e. 

Taking 
/* 
C/ 
- = max {C1 , C2) 
2 

we have 
C C 

Q1 < - and a2 _< - a.e. 
2 2 

Hence by Proposition 4.2.1, we have 



4.2. Frames  Genera ted  by Translat ion of a Funct ion  i n  L2(W)" 76 

Henw C takes values in 12(2) ant1 herlccl C is well-tlcfinetl. 

By the definition of 1. ( ~ $ 4 ,  t On : k E Z} is complrte in 1 b.  

Let c E 12(Z) be arbitrary. Then 

Hence - 
N (L*) = {c  = (c*) E l2(Z) : (ckzf) = 0 on [@l > 01 and (ckz;) = 0 on [G2 > 01) . 

Now for the values AI ,  A2, B1, B2 chosen above, 

and 
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Hence 

Consequently, by Proposition 3.1.13, X is a frame with lower frame bound 

greater than or equal to AI + A2 and upper frame bound less than or equal to  

B1 + B2. 

Corollary 4.2.4. For X, h, Al, A2, B1 and B2 as in Theorem 4.2.3, if A1+A2 = 

B1 + B2, then X is a tight frame for V. with bound Al + A2. 

Corollary 4.2.5. Take X ,  h, All A2, B1 and B2 as in Theorem 4.2.5 such that 

Al = A2 = B1 = B2 = A. Then X is a tight frame for K, with bound 2A. 

Theorem 4.2.6 (General version of Theorem 4.2.3). Let 

2 
and assume Oi(7) = l & ( ,  + 27rk) l , i = 1, . - , n. Then X has a well defined 

kEZ 
Bessel map L and 

N (L*)  = {c = (ck) E 12(2) : (ck$) = 0 on [Qi > 01, i = l , . . .  , n.) 
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Tu,ke ;li = inf { ( I  : ( [ < P i  5 a] n [Qi > 011 > 0 )  and esssupQ, = Bi < cc. i = 

1. . - . . I ,  . Then S is a frame for T.b = {T2Ql $ . . - @ Q, : X. E Z) u~ith 

lower frcme boumd greater than or equal to AI + . . + *4, > 0 and upper frame 

bound less thus1 or. equal to Bl + - - + B,,. 

Corollary 4.2.7. For X, I'i. and B, (1,s in Theorem 4.2.6. if .ql i- - . + .-I,, = 

B1 + . . + B,, , then S is a tight frame for. I b with bound .-I1 + . , - + .A,, . 

Corollary 4.2.8. For S, l,;, ;li and B, as in  Theorem 4.2.3 such that --l1 = 

.. .  = A  - B  - 1 - - B2 = A, then X is a tight frame for 1.b with bound n.4. 

In the next result we will see that if @ 42 generates a frame for l/;, then 

elements of T/o and $1 @ 4 2  are closely related by their Fourier transforms. 

Proposition 4.2.9. Suppose {T6qb1 @ 42 : k E Z} C - L2(W) @ L2(W) is a frame 

for its closed span Vo. Then 

fi @ f2  E Vo +- f~ = F,& and f 2  = ~ ~ $ 2 ,  

for some F I ,  F2 E L2(T)  depending on f l @  f 2  E L2(W) @ L2(R) .  In particular, for 

such an f ~ @  f 2 ,  f~ @ f 2  = (0,  0 )  almost every where on the set [Tl = 0]n[& = 01. 

conversely, if .fl = F,& and .f2 = ~ 2 6 2  with Fl = ( ~ ~ Z f ) ~ d n d  F2 = (ck.zik)^for 

some sequence (Q) E 12(;2), then f l  @ f 2  E G. 

Proof. Since ( ~ 6 4 1  @ 4 2  : k E Z} is a frame for its closed span h, fi @ f 2  E I/o 

implies 

for some sequence c = ( ck )  E 12(2). That is, 
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Taking tlie Fourier transform of this equatiorl gives 

implies 

where F1 = q r t e r  and F2 = q z , f e k .  Here note that Fl is the Fotlrier 
k ~ j z  ~ E Z  

transform of the sequence (Q':) and F2 that of ( q r , * ) .  Tllr fact that Fl and F, E 

L2 ( T )  follows from Parseval's theorem. 

Conversely, 

f l  = X c k z : e k &  and f 2  = X ck$ekJ2 
k € Z  k € Z  

implies 

h = X ( ~ ~ $ 1 ) "  and f2 = E ( ~ k 4 ~ ) -  
k € Z  k 6 Z  

implies 

f i  = c x z : T k $ l  and f, = E C k t t ~ k $ 2  
k € Z  k € Z  

implies 

implies 

Proposition 4.2.10 (General version of Theorem 4.2.9). Suppose 

{T;$I@ . . @ $n : k E Z} 2 L ~ ( R ) ~  
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is a ficirne for its closecl .spurn 1 b. Then, 

for some Fl ,  - - , F, E L 2 ( T )  depending o n  ,fl @ . . . $ f,, E L 2 ( R )  @ L 2  (R) .  

Conversely, if f i  = with F, = (err")^ i = 1,. . . . I ,  /or sonie sequence 

(Q) E Z2(Z),  then .f~ @ - 0  . $ f 2  E l/;. 
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The Frame MRA Approach in the 

Superspace L' (W)" 

i'vIultiresolution analysis frame (AtIRA frame) in the case of L ~ ( R )  have been 

discussed in [4]. In this chapter rve introduce the AIR4 frame theory in L2(B)". 

In this chapter also, we first state and prove results in L2(R)2 and then we nat- 

urally extend those results t o  L2(W)", where proof is omitted as it is exactly 

similar to those in L2(R)2. In 5.1.4, we see that if the set of translations of 

@ $2 is a frame for I/o, then the set of dilation and translation of 4, @ 4S2 is a 

frame for V, with same frame bounds. In 5.1.10 we give example of an FMRA 

generated by the given 41 4 2 .  Theorem 5.2.1 tells about a case for which there 

is no frame wavelet in L2(R) @ L2(R). 

We first recall the Definition of FMRA in L2(R), noting T and U as in (1.1) 

and (1 .2) :  

Definition: A frame MRA (F'MRA) {V,, $) jGz of L2(W) is an increasing se- 

quence of closed subspaces V, C L2(R) and an element $ E V. for which the 

following hold: 
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1. { T ~ &  : k E Z) is a frame for tlie subspace 1,; . 

5.1 The Frame MRA Approach in L'(R)" 

Definition 5.1.1. A frame MRA (FMRA) { L ,  @ - . @ of L2(R)" 

is an increasing sequence of closed subspaces I/j C L2(R)'Qnd an ele~nent. 

41 @ - . . @ 6, E V. for which the following hold: 

4. { T ~ $ I  @ .  @ 4, : I; E Z} is a frame for the subspace V. . 

An FMRA is called redundant or exact according to  the nature of the frame 

in {T& CB -.. CB $n : k E Z) . (Ref. Definition 3.1.2). 

Remark 5.1.2. The crucial difference in defining FMRA in the superspace is 

that we take Tc instead of T and Uc instead of U. We also observe that C can 

vary. Thus, in fact, for various choices of C we get the different FMRAs. 

Remark 5.1.3. The condition (2) in the Definition 5.1.1 is equivalent to saying 

UcV, = V,+1. 

Proposition 5.1.4. Let (4, (P1 CB $2) be an FMRA of L2 (R)  @ L2 (R) .  If 

{T ;$ I@ 42 : k E Z) is a frame for Vo, then the system 

{U;T;$~ @ : k E Z) is a frame for V, with the same frame bounds. 
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Proof { T $ $ l  $ 42 : k E Z) is a frarne for I ;  inlp1it.s that tllrrr rsist 101n.r franle 

bound. say, A > 0 and upper frame bound . say. B < x sllcli that for all 

f l  @ .f2 f v0 

by (2) in the Definition 5.1.1. 

- 
( U c f 1  @ f 2 ,  uc.h @ f2)L.(ra,,L2(,) - ( U f 2  U f17  U f 2  $ Uf i )L l (p )eL l (g )  

= 
( u f 2 ,  ' f 2 ) l Z ( a 1  + ( c i f 1 7  u f ~ ) ~ Z ( ,  

= 
( f27  f 2 ) L Z ( p )  f ( f l i  f l ) L 2 ( R )  7 

as U is unitary operator on L2(IEt) 

= 
( f l 7  f l ) L 2 ( a )  + ( f 2 1  . f ~ ) ~ z ( ~ )  

= 
( f l  @ f27 f~ @ f2)Lz(R)@L2(R)  - 

Hence Uc is a unitary operator on L2(R) @ L2 (R) ,  and hence 

which implies that 

In general, 
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Hence for f l  CB f 2  E l;, 

Since UG'f ,  $ .f2 t l b and ( ~ $ 4 ,  63 q52 : k E Z) is a hame fbr 16, rye 1la1-e 

But, 

= ( I f i  @ f 2 r  f~ @f2)L2(PlieL2(E) 1 

where I is the identity operator on L2(IR) $ L2(Et) 

Now using (5.2), we have 

Hence { u ~ T ~ Q ~  $ Q2 : k E Z) is a frame for V, with same frame bounds as the 

frame {T:$~ @ $2 : k t E} of h. 

In a natural way, we can extend the preceding result to get the following one: 

Proposition 5.1.5. Let {V,, d1 63 - $ &ljEz be an FMRA of L2(R)". If 

{T6gl $ .  - .  @ Qn : k t Z} is a frame for h, then the system 

{ U A T ~ ~ ~  $ . . CB : k E Z) is a frame for V, with the same frame bounds. 
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Given an FlIR.4 of L2(R)", define TTb to bc tlio ortl~ogonal cornple~lic~it of 

1.5 in 11; (i.e., IT; = 1; 8 I b ) .  and set for j E Z 

Analogous to an hIRLl, t l i ~ r e  are tnTo fi~nclarnc~ital probleriis c~ssociatctl nit11 

FAIRAS: first, finding FAIR-4s. and. secoiitl. given an FAIR-4. constl.licti~ig a 

frame wavelet @ . . . @ y;, such that @ . - . @ : k E Z)  is a fra~lw for 

WO, with given frame bounds. Then; as in the stantlard LIRA setting. 

= clos (@$l.Vj) 

as an orthogonal direct sum, and 

will be a frame for L2(R)" with given frame bounds. 

Theorem 5.1.6. Suppose {K, @ $2) be a n  FMRA of L2(R) @ L2(R).  T h e n  

there are 2 ~ - p e r i o d i c  functions H,!, and H: E L2(T)  such that 

and 

Also 
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u~li,ere Q1 and <P2 are  liven hy 

Proof. 1/; is closed ancl inval.ilint i~ncler translations. So 1 C 1; if ;\lid only if 

41 @ 4 2  E 1.1 : For 

1.b 5 1; =+ E 1; 

and 

$1 G3 $2 E V1 * integer translates of 4, @ $2 E + 16 C 1;. 

As { U C T ~ ~ I  @ 4 2  : k E Z} is a frame for 15, rrre have 

implies 

implies 

Taking the Fourier transforms on both sides, we obtain 

as(Uq57 = U-'$, for 4 E L ~ ( I W )  
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implies 

implies 

and 

implies 

= C qziekd2 and = >$ekJI  
k € Z  k € Z  

implies 

and 

where H,!, = $ X ckz:ek and H" - L X ckrfek and both belong to L2(T) .  
K& - kEz 

2 
Moreover, we may choose H,!, = 0 on [a2 = 01, where a 2 ( y )  = IF2 ( y  + 2ak) l 

k 6 Z  
2 

and H[ = 0 on [Q1 = 01, where @,(y) = IFl (y + 27rk) / . 
k EZ 

Now we periodize the square modulus of &(.) = : 
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That is 

Similarly, we obtain 

f Rearrangement of abosulutely summable series doesn't effect the sum. 

t As 

- 4 since ek is 27r - periodic as e k ( t  + 27r) = e-i(tt2T1)k - ee-itk - - ek( t )  
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Siinilarly, 

Proposition 5.1.7 (General version of Proposition 5.1.6). Suppose 

be an FMRA of L2(R)n.  Then there are 2n-periodic functions Ho, . . . , No;. E 

L2(T)  such that 

and 

(5.8) 4rL(2.) = H,,, 

Proposition 5.1.8. Let {T/,, @ qh2} be an FMRA of L2(R)  @ L2(R)  and let 

HA and H: be the functions defined in  (5 .3)  and (5.4). Define 

and 
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Given a719 2r-periodic functions Hi:  H: E L2(T). de.fi~rr: (,:I @ i T Q 2  E L2(R)@ L 2 ( R )  

b y  means of the equu,tions 

and 

Define lb as the orthogonal complement of1 b i n  1 ; . ~ l r r n  ~ H ; Q ~ + ,  ( % H ; @ ~ )  = 

0 and + T~  RH[@^) = 0 J $l @ (ii2 E ]lb.  

Converse$, ($1, ~:T*$I),,(~) t 0 and ($2, ~ $ ~ ~ 6 2 ) ~ , ~ ( ~ )  2 0 and +l @ c2 E 

CVo implies that F H ; @ ~  + T, = 0 and Z H ~ Q ,  + 7, ( T H ~ Q ~ )  = 0. 

Proof. 

$ 1 @ $ 2 E V l  U ~ l $ l @ $ 2  E h  

U-l$2 63 u-l$J1 E VO - - 
(U-l$2) = F I J I  and = 

for some Fl, F2 E L 2 ( T )  by Proposition 4.2.9 

H (U-')-'& = ~ ~ $ 1  and ( U - ' ) - ~ G ~  = F2J2 

H ~ 4 2  = and uG1 = F2J2 

o h ( 2 . )  = l 
1 

F and G1(2-) = -F~$?.  JZ JZ 

By the assumption Hi and H! E L2(T). Hence from the discussion just above 

and by the definition of $1 @ ~2 in (5.9) and (5.10), we have $I1 @ $I2 E Vl. 
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implies: by the uiliqueness theorerr1 of the  Fo~~ricr  scries. fbl. all X. E Z 

/' ( ~ i - ~ z  + ~ ~ ~ j q @ 2 ) e - ~ k  = o ancl (H:H;'CB~ + T T ~ ; z ~ ,  ) e-2k = 0 
P. [ O .  .I 77) 

implies 

implies for all k E Z 

and 

implies for all Ic E Z 

and 

( ~ : ' ( ' ) $ l ( . ) ~  z:e2k~:( . )$ , ( . ) )  L2 ( W )  = 0 

implies for all k E Z 

and 

( H ; ( ; ) $ I ( $ ) ~  z : e k ~ { ( ; ) $ ~ ( ; ) )  = 0 
L2 (R )  
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implies for all X: E Z 

implies for all k E Z 

( l ~ : ~ ~ 4 1 ) ~ ' ( ~ )  = 0 and ( 2 r : ~ * 4 2 ) ~ ~ ( ~ ,  = 0 

implies for all k E Z 

k k  ( $ 1  $ l L R  + ( 2  z2T 42)L2(n )  = 0 

implies for all k E Z 

( $l1 Q $27 'fTk$1 8 ~ [ ~ ~ 4 2 ) ~ ~ ( ~ ) ~ ~ ~ ( ~ )  - - 0 

implies for all k E Z 

implies 

Conversely, assume 

k k 
($1 ,  z f ~ ~ ( $ i ) ~ 2 ( ~ )  > O7 ($27 r2T ($2)L2(R) > 0 and $1 8 $2 E WO. 

Then for all k E Z 
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@ 2 ':$I @ (4?)L>(h)&Li(x) = 0 

implies for all k E Z 

implies for all k E Z 

implies for all k E Z 

implies for all k E Z 

( $ 1  1  Z : e k 6 1 ) L 2 ( p )  = O  and ( $ 2 ?  z ; e k & )  = O  
L 2 ( R )  

implies for all k E Z 

implies for all k E Z 
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ant1 

( H!(.)& (.). ~ : e ~ ~ ~ g ( - ) &  (-)) = O 
L2(W) 

irnl)lies for all k E ;Z 

implies for all k E Z 

$H; 4 2  (.2k = 0 and HYH;  = 0 S 1 1 2  
R S R - 1  1' 

implies for all k E Z 

and 

implies, by the uniqueness theorem of the Fourier series, that for all k E Z 

1 1 7  + T ~ H ; % @ ~  = 0 and H:%@, + 7,H1 H O a L  = 0. 

Proposition 5.1.9 (General version of Proposition 5.1.8). Let 

{47 41 @ . - . @  4n)  

be an FMRA of L2(R)" and let Ho, . . . , H o t ,  be the functions defined in  (5.5) 
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to (5 .8) .  Gzven (1ng 2-ir-yer.1od~c.fi~nctzo1ts H1 1 -  . . . . HI, ,a -  define ('1 @ -  . E 

L2(R)'"y nlecins o f  the equt~ftons 

and 

Define W. as the orthogonal complement of V. in  Vl. Then Ho, lH1,  + 

TT (Ho,iHl,1@2) = 0,  % ~ 1 , 2 @ 3  + TT ( - ~ 1 , 2 @ 3 )  = 0, . - .  , and 

Ho, .HI, n@l + TT (Ho, nH1, n@1) = 0 * $1 @ CD $n E EVo. 

converse%, ( $ 1 ,  ~ f T * ( 6 1 ) ~ ~ ( ~ )  > 0,  . and ($,l ~kT*(6~),,(,) > 0 and $ l @  

. . @ $Jn E WO implies that %HI ,  1 @2 + TT (%HI, 1G2) = 0,  HO, 2H1, 2Q3 + 

TT (-HI, 2%)  = 0 ,  .. . . and GHI, .@l + TT (KHI, n@1) = 0. 

Example 5.1.10. Consider qbl $ 42 E L2 ( R )  @ L2 ( R )  defined by  

230 
(61 = (62 = e,[-T,T). 
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Then (BI = (P2 = \C;-, i i )  011 [-a. T ) .  Hclice by Corollar!- 4.2.4. tlic systeni 

{ T ; ~ I  59 $2 : k E Z) is 11 tight frame wit11 frame boul~d 2 for its closed span 1; 

I I e  take H; = H{ = r " O -  , . By Illcans of proof of the Proposition 5.1.6. we 
l [ -$ .  7) 

first prove $1 @ $2 E I; : 

IVe first note that { z l .  z2}  . where zl = UJ and s2 = w2 with w' = l ,  is a 2-cycle. 

In this example, $,(2-) = ~ 6 4 2  and $212.) = H:& hecolnes &(2.) = H& 

as = 4, and HA = H:. This implies $ l ( - )  = H; (i) 6 ,  (i) implies = 

HA (i) f i ~ - ' &  (.) implies & ( m )  = h; (.) uT1 ( a ) ,  where h: = HA (I) ,.h 
implies 

k € Z  

implies 

implies 

kEZ 

as U c T g h  CB $2 = Uc$l B $2 = U$2 @ U41 E Vl and G is closed and invariant 

under translations. Hence $1 $ $2 E K ,  so that V. c Vl, and {V,, $1 CB $2) 

forms a FMRA. 

Setting Hi = H: = ei3e X and defining @7+b2 by means of the equa- 
I[-., -5)u[5, ") 

kEZ 

so that by Theorem 4.2.3, { ~ 2 $ ,  @ $2 : k E Z} is a tight frame with frame 
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1,ountl 2 for tlic closlire of' its span. Lct 

1 1 IT = l .  l { L  @ : j .  k E Z} will he a fiarnt. for L'(R)@ 

L2(R) ,  so that yl @ ul is a frainc \m\-elet for L2(R)  @ . 

5.2 On Non-Existence of FMRA Frame Wavelets 

The follonring result tells about a case for which there is no frame wavelet in 

L2(R)  @ L2(R)  associated with t,he given FhlR-4. 

Theorem 5.2.1. Suppose {l/,: q51 @ q52) be ari FMRA of L2 (R)  @ L2 (R )  arid let 

Ht, and H,!,' be the functions defined in (5.1) and (5.4). Set 

If irl > 0,  there is no @$2 E L2(P)  @ L2(P)  for which { ~ i l j l ~  @ q2 : k E Z) 

is a frame for the orthogonal complement WO of V. in lrl. 

Proof. Suppose that /l-l > 0 and set F+ = n [O,  n )  and l?- = r n [-n, 0 ) .  B y  

the definition of I', neither I'+ nor l?- has measure 0. Now define the functions 

F,, F,, F;, F; E LW([-n,  T ) )  by the properties: Fl = F2 = a # 0 on r+, Fl = 

F2 = 0 on [-T, r)\r,F1 = F2 = b # Oon I'- and F: = F; = 1 on I'+,F{ = 

F; = 0 on [-n, n)\r, F: = 1 and F; = -1 on F-. Next, we define functions 

fi, f,! by the dilation equations 
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\\P note that f, ancl f,'. i = l. 'L are not identically z?ro. I11 fact. if f ,  = 0. 

the11 from (5.15). we sec1 that  

on [ - K ,  T).  ~vhic11 contradicts the hypothesis that  IF,^^ and are positive on 

l?. Similarly, f,' = 0 also leads to contradiction. -Also note by (5.3),  that 

Hence, we have 

Hence, if y E l?, then 

As a 2 ( y )  > 0 and G2(y  + T )  > 0 for y E r, (5.18) leads us to conclude that 

HA(y) = H ; ( y + r )  = O  for y E F 

That is 

(5.19) 
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Similarl~.. 

Sill(.(> H,!, = H;' = 0 011 F nlitl Fl = F2 = F( = F; = 0 on [-T. i;)\r. fbr X. t Z: 

we hi-11.e 

and 

By Parseval-Plancherrel Theorem and using (5.15), we have 

(fi7 ~ ~ 4 2 ) ~ 2 ( ~ )  = (h7 e k 4 2 )  L' (P) 

as H: is 2i7 periodic. 

L.H.S. of (5.22) is the R.H.S. of (5.23) and so, for k E Z 

(5.24) ( f i  Tk$2),2(,) = O7 2 = 1, 2- 

Similarly, for k E Z 
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k (C CB f t .  Tcbl d2)L2(8) ,Lr(- , ,  = (.f: @ f;. Z ~ T ' Q ~  CB z , * T ~ ~ ~ )  I , Y ~ ) ~ L ~ Z )  

k ~ k  
= (.C, 21 d ~ ) ~ , , , , )  + ( / t ,  z:T%~),,(,) 
- 

= 2: (f:, ~ " Q I ) ~ , , ~ )  + ( f i ,  ~ ~ 4 2 ) ~ ~ ( ~ )  

= 0. 

Hence .f: CB f ,  E 11;. i = 1 , 2  

Now assume there is a furlction @ T+!I~ E L2(R) $ L2(R)  for ~vhich 

$ 1  @ $2 : k E Z} is a frame for the orthogonal comylemerlt 11; of i b  in 

V;. Combining Proposition 4.2.9 nit11 both this assumption and the hypothesis 

that {T&% CB $2 : k t Z) is a frame for Vo, we claim the existence of l-periodic 

functions HI, Hi E L2 ( T )  and D,, D: E L2 ( T ) ,  i = 1 ,  2 for which 

and 

A = D:q2 = D : x " ( L ) $ ~ ( $ )  1 2  

where F,!(,) = DiH;($)  and F, ( , )  = D:H:($) by (5.15) and (5.16). 

Proof of the claim: f: $ f i  E WO implies there exists Di, D: E L2(T)  

such that = and fi = D ~ G ~ .  

Also, 
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- - 
(LT-lv2) = and (U- I I ,~~)  = G:&, 

for some G:. G',' E L~('JI'), h!- Proposition 4.2.9 

U& = G:& and U;,  = 

=+ G2 = (G:&) ancl (i, = ( G' 1 4 2 )  

1 
=+ r.2 = ancl = 

Ji 

Hence the claim is proved. 

If ?j E r, then 

To prove this, note by the definition of r and Ff that 

and 

implies 

D d r )  (HI(: + K) - H: (:)) = 0, 

since D1 is 2~-periodic. Since by (5.27), Dl(y)  # 0, from the above we 

obtain (5.26). Similarly, if we replace F: by F;, and if $ E l?, then two cases 

arise: 

Case 1: F;(;) = l, F;(; + X )  = -1 : 
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since D2 is 2~-periodic. Hence 

Case 2: F;($) = -1, F;(: + 7r )  = l : 

Then 

D2(7 + 27r)Hi (S + ~TT)  = F;(: + ~TT) = 1 

and 

D2(7) H; (S) = F,'($) = -1. 

This implies that 

D ~ ( Y )  ( H : ( ;  + 4 + H:(:)) = 0, 

since D2 is 2 ~TT-periodic. Hence 

i.e., for any S E F, we have 
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Colnbirlillg (5.26) allcl (5.25), we get 

and this contraclicts (S.27). Hence the theorenl. 

Example 5.2.2. Coilsitler 01 @ 9 2  E L 2 ( R )  $ L 2 ( R )  defined by 

Then = a2 = X[-,, on [ - X ,  n ) .  Hence, by Corollary 4.2.4, the system 

{T;$I @ $2 : k E Z} is a tight frame with frame hound 2 for its closed span 1; 

and 

h = {fi CB fi E L 2 ( R )  63 L ~ ( R )  : supp f~ C [-n, n) and supp f 2  5 1-71, T)} 

But the above 4, &t $2 cannot give an FhIRA: If so, by Theorem 5.1.6, there 

exists H,',, H[ E L2('!I') such that (5.3) and (5.4) hold. For the given @ $2, 

we have HA = H[ = X[-a a]. But there is no 2-cycle { z l ,  z 2 )  and no sequence 
2 '  2 

c = (ck) such that (%z:)* = (ckz$)^= X[-a a]. 
2' 2 
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Epilogue 

We have discussed FMRA in L2(R)", where n is a natural number. It 

was shown in [5 ]  that for any n there is a super~vavelet of length n, which 

assures the existence of frame wavelets in L2(R)". In the Example 5.1.10, nre 

have seen an FMRA in L2(R) $ L2(R). One can search for a result that ensures 

a frame wavelet $ - $ $, in L2(R)" corresponding to the FMRA scaling 

function $. - $ 4,. Theorem 5.2.1 tells about a case where there is no frame 

wavelet in L2(R) $ L2(R). Whether there is frame wavelet in L2 (B)  $ L2(R) in 

the case Irl > 0, where l? as in Theorem 5.2.1, is to be studied. Examples of 

frame wavelets in the superspaces obtained through FMRA are to be constructed. 

We note that the following result in [l61 gives a sufficient condition for the 

existence of an MRA in L2(R) : Let $ E L2(B), and V. = @iiii{rk$ : k E Z) 

and % = {Ui f : f E VO) for each j E Z. Suppose V. C Vl. If 141 > 0 almost 

everywhere on some neighbourhood of 0, then U V, = L2(B) and n V, = (0) .  A 
j i 

study for obtaining sufficient conditions on @ .  . @ $, in L2(R)" that gives an 

MRA in the superspaces can be carried out. 

The following Proposition in [4] gives us conditions which ensures the 

existence of frame wavelet via FMRA: Let {V,, $1 be an FMRA of L2(R),  and 
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H. and H I  aIre 2n periodic functions i n  L1(T) that relates with 4 and U> us below. 

Assume E TITo, where TVo is the orthogonul complement of T/o i n  l!;, and 

~ ( 1 4 1 ~ )  E Lm(T). I f  t h e n  are Go, Gl E Lm(T) such that 

and 

TT (H,@) Go + T, (H1@) G1 = O 

then { T ~ $  : k E Z) is a frame for WO. Analogous results can be investigated in 

the superspaces L2(R)n . 

In 5.1.2, we have observed that the FMRA depend on the choice of the cycle 

C. One can look a t  the relation between these FMRAs. 

Finally, whether superwavelets can be made through MRA in L2(R)" can 

be studied. In this connection, we feel that the study of FMRA in L2(IW)"O and 

frame wavelets through FMRAs will be interesting. 



O N  THE STUDY OF 
FRAME MULTIRESOLUTION ANALYSIS IN 

THE SUPERSPACES L ' ( I w ) ~  

Thesis submitted to the 

University of Calicut 

in partial f~~lfillment of the requirenlents 
for the award of the degree of 
DOCTOR OF PHILOSOPHY 

under Faculty of Science 

BIJUMON RAMALAYATHIL 

DEPARTMENT OF MATHEMATICS 

UNIVERSITY OF CALICUT 

KERALA 

INDIA 

July 2009 



Bibliography 

[l] J. J. Benedetto. Harmonic Analysis and Applications. CRC Press, Boca 

Rato, 1997. 

121 J. J. Benedetto and S. Li. The Theory of h~Iultiresolution -Analysis 

Frames and Applications to Filter Banks. Applied Computational Harmonic 

Analysis, 5:389-427, 1998. 

[3] J. J. Benedetto and S. Li. MRA Frames with Applications. ICASSP '93, 

Minneapolis, 11 1 :304-307, April 1993. 

[4] J. J. Benedetto and 0. M. Treiber. Wavelet Frames: Multiresolution 

Analysis and Extension Principle. Birakauhser, Wavelet Transforms and 

Time-Frequency Signal Analysis -ed. Lokenath Debnath Pages Nos.3-36, 

2000. 

[5] S. Bildea, D. E. Dutkay, and G. Picioroaga. MRA Superwavelets. New 

York Journal of Mathematics, 11:l-19, 2005. 

[6] M. Bownik, Z. Rzeszotnik, and D. Speegle. A Characterization of Dimension 

Functions of Wavelets. Appl. Comput. Harmonic Analysis, 10:71-92, 2001. 



Bibliography 107 

[7] P. G. Casazza. The Art of Frame Theory. Tazwanese .Journrr.l of 

Mathematics, 4 (2) : 129-201, 2000. 

[g] D. C. Champeney. A Hu,nd Book of Fourier Tl~eorenss. Cnnllxiclge 

University Press. Cambridge, 1987. 

[g] 0 .  Christensen. Frames and Riesz Bases. Bullettin of the American 

Mathematical Society, 38(3):273-291, 2001. 

[l01 X. Cohen. Ondelettes, Analyses illultiresolutions et Traitenlent N ~ ~ m e r i q ~ i e  

du Signal. Ph. D. Thesis, Universite Paris, Dauphine. 1990. 

[Ill X. Dai, Y. Diao, and Q. Gu. On Superwavelets. Operator Theory: Advances 

and Applications, (149):153-165, 2004. 

[l21 X. Dai, D. Larson, and D. Speegle. Wavelet Set in R". Journal of Fou,rier 

Analysis and Applications, 3:451-456, 1997. 

[l31 I. Daubechies. The Wavelet Transform, Time Frequency Localization and 

Signal Analysis. IEEE Trans. Inform. Theory, (36) :961-1005, 1990. 

[l41 I. Daubechies. Ten Lectures on Wavelets. CBMS-NSF Reg. Conf. Series in 

Appl. Math., (61):961-1005, SIAM, Philaldelphia, 1992. 

[l51 I. Daubechies, A. Grossmann, and Y. Meyer. Painless Nonorthogonal 

Expansions. J. Math. Phys., 27:1271-1283, 1986. 

[l61 C. de Boor, R. A. DeVore, and A. Ron. On the Construction of hlultivariate 

(pre)Wavelets. Constr. Approx., 9:123-166, 1993. 

[l71 D. E. Dutkay. Positive Definite Maps, Representations and Frames. Reviews 

in Mathematical Physics, 16(4):1-27, 2004. 

1181 D. E. Dutkay. The Wavelet Galerkin Operator. Journal of Operator Theory, 

51:49-70, 2004. 



Bibliography 108 

[l91 R. E. Etlmards. Fourier Series, A Modern I.ntrodu,ctiorl, Volum,e 1. Slxi~lgrr- 

l;erlag, 1979. 

[20] 51. IV. Frazier. An Introduction to Wavelets Through Linea,r Algebra 

Springer-Verlag Inc.. New Jrork, 1999. 

[21] N. Grip. Hilbert Space Frarnes and Bases, a Conlparison of Gabor ant1 

IYavelet Frames and AApplications to hlulticarrier Digital Communications. 

Licentiate thesis, Lulea Tekniska Universitet, 1999. 

[22] D. Han and D. Larson. Frames, Bases and Group Representations. Me~noirs 

of the AMS, 147(697), Sept 2000. 

[23] E. Hernandez and G. Weiss. A First Course on Wavelets. CRC Press, Inc., 

1996. 

[24] B. V. Limaye. Functional Analysis. New Age Internat,ional, New Delhi, 

second edition, 1996. 

[25] S. Mallat. Multiresolution Approximations and Wavelet Orthonormal Bases 

of L~(Iw).  Tran. Amer. Math. Soc., 315:69-87, 1989. 

[26] M. Papadakis. On the Dimension Functions of Orthonormal Wavelets. Proc. 

Amer. Math. Soc., 128(7):2043-2049, 2000. 

[27] J. Ramanathan. Methods of Applied Fourier Analysis. Birkhauser, Boston, 

2005. 

[28] A. Ron and Z. Shen. Frames and Stable Bases for Shift Invariant Subspaces 

of L2(Rd). Canadian Journal of Mathematics, 47:1051-1094, 1995. 

[29] A. Ron and Z. Shen. Affine Systems in L2(Rd) 11: Dual Systems. Journal 

of Fourier Analysis and Applications, 3:617-637, 1997. 



Bibliography 109 

[30] X .  Ron and Z. Shen. -4ffine Systems in L2 (R": The 'Analysis of the -Analysis 

Operator. Journal of Functional Analysis, 1997. 

[31] -A. Ron and Z. Shen. Compactly Supportetl Tight Affine Spline Frarnes in 

L2(Rd). Math. Conzp., 1997. 

[32] 11.'. Rudin. Functional Analysis. Tata Alc.Gran7-Hill Publishing Company 

Limited, New Delhi, 1977. 

[33] J .  S .  Walker. A Primer on Wavelets and their Scientific Applications. 

Chapman and Hall/CRC Press, 1998. 

[34] 1V.M.La~vton. Necessary and Sufficient Conditions for Constructing 

Orthonormal Wavelet Bases. J. Math. Phys., 32:57-61, 1991. 

[35] Z .  H .  Zhang. A Characterization of Generalized Frame MRAs Deriving 

Orthonormal Wavelets. Acta Mathernatica Sinica, English series, 


