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ABSTRACT

Graph labeling is an emerging area in graph theory research. Graph labeling is a mathe-
matical technique that assigns labels to vertices, edges, or both, subject to specific conditions.
One of the most interesting areas of graph labeling is the study of magic labeling. A finite
connected simple graph G is said to be a magic graph if there exist real numbers, the edge
labels of G with the following properties.

(1) Different edges have different labels

(2) The sum of the label values assigned to all edges, which are in incidence to the certain
vertex, is the same for all vertices of graph G.

Motivated by this definition, the area of group magic labeling of graphs has been developed.

The magic labeling of graphs using abelian groups is a well-established research area in
graph theory. This involves labeling the edges (or vertices) of a connected simple graph G
with the non-identity elements of a finite abelian group A in such a way that the sum of the
labels incident to each vertex (or edge) is constant for all vertices (or edges) of G.

This thesis attempts to generalize the magic labeling of graphs using finite abelian groups
to any finite group (abelian or non-abelian) A. Since the group operation of a non-abelian
group is not commutative, investigating group magic labeling of graphs using a finite non-
abelian group is an interesting research topic. When defining group magic labeling for graphs
with finite groups, it is crucial to ensure consistency with the existing definition of A-magic
labeling, where A is a finite abelian group, as established by S. M. Lee, Doob, and others.
If the group A is non-abelian, then from the definition of A-magic labeling, it follows that
the sum of the labels of edges or the sum of the labels of adjacent vertices incident to a
particular vertex or edge may change according to the order in which we sum. To address
this, we impose an additional ordering in the magic labeling.

This thesis introduces the concept of A-magic labeling of graphs with a finite non-abelian
group A. Specifically, the non-abelian groups S35, Dy, and (Jg are considered, and necessary
and sufficient conditions are determined for several well-known graphs to be Ss-magic, Dy-
magic, and QJg-magic. This thesis also discusses the idea of induced S3;-magic labeling of
graphs and extends the concept of A-barycentric magic labeling of graphs with abelian
groups to any finite group by defining the same for non-abelian groups. Furthermore, this
study introduces a new magic labeling concept called conjugate A-magic labeling of graphs
and investigates the conjugate S3-magic labeling of some well-known graphs. Additionally, a
study of neighborhood magic labeling of graphs using the finite non-abelian group A is also
included in this thesis.

Keywords: Non-abelian group, A-magic labeling, Ss-magic graphs, Ds-magic graphs, Qs-
magic graphs, induced Ss-magic labeling, conjugate S3-magic, Ss-barycentric magic label-

ing,neighborhood S3-magic labeling.
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Introduction

Graph theory is a dynamic and thriving field of study, boasting a rich collection
of elegant and powerful theorems with diverse and broad applications. Graphs
are a versatile tool for solving problems in various fields, such as computer
science, biology, engineering, genetics, social science, network analysis, and

many others.

Background and Motivation for study

Graph labeling is a mathematical technique that assigns labels to vertices,
edges, or both, subject to specific conditions. Various restrictions are imposed
on the labeling to satisfy particular conditions, often driven by practical ap-
plications and inherent mathematical interest. The concept of labeling was
first introduced by Sedldcek, then formally developed by Kotzig and Rosa [1].

Graph labeling encompasses several types, including:

e Graceful labeling

Radio labeling

Magic labeling

Harmonic labeling

Cordial labeling

Group distance magic labeling
e Antimagic labeling, etc

This field has grown into a diverse and extensive area of graph theory research,

with numerous applications in:

Coding theory

X-ray technology

Radar systems

e Communication networks



e Radio astronomy

For a comprehensive overview, refer to Gallian’s dynamic survey, “A Dynamic
Survey of Graph Labeling” [2], covering approximately 200 graph labeling tech-
niques from over 2000 papers since the 1960s.

One of the most fascinating areas of graph labeling study is magic label-
ing, drawing inspiration from the concept of Magic Squares. For generations,
magic squares have captivated both mathematicians and laypeople. A magic
square is a square grid filled with distinct integers, arranged such that the
sum of numbers in every row, column, and major diagonal (and sometimes
other diagonals) is identical. The oldest recorded magic square is the Lo Shu
Square, originating in ancient China approximately 4,000 years ago. Legend
has it that during a devastating flood, the people sought the river gods’ inter-
vention. In response, a mystical turtle emerged, bearing a pattern on its back.
This pattern consisted of a 3 x 3 grid with numbers 1 — 9, where the sum of
each row, column, and diagonal was consistently 15. This arrangement is now
recognized as the 3 x 3 magic square. Here is the renowned Lo Shu Square

with a constant sum of 15:

Magic squares continued to appear in texts and artworks from numerous cul-
tures, including the Mayans, the Hausa people of Africa, and Renaissance
Europe. Due to the historical interest in magic squares, in the early 1960s,
Sedld¢ek explored applying ‘magic’ concepts to mathematics. Sedlacek [3] first
introduced the concept of a magic graph in his 1963 report at the Smolenice
symposium. According to Sedldcek, a finite, connected, simple graph G is

considered a magic graph if:
1. Different edges have distinct labels (real numbers).

2. The sum of label values assigned to edges incident to any vertex is con-

stant across all vertices of G [3].

Group magic labeling of graphs is a fascinating topic in magic labeling of
graphs. For any abelian group A with identity element 0, written additively,
any mapping [ : E(G) — A\ {0} is called a labeling. A graph G is said to be
A-magic [4] if there exists a labeling [ : V(G) — A\ {0} such that the induced
vertex set labeling [T : V(G) — A defined by [T (v) = E{l(w)|uv € E(G)}
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is a constant map. In general, a graph G may admit more than one labeling
to become an A-magic graph. Several authors studied about A-magic labeling
of graphs including Vj-magic graphs [4-8|, Z-magic graphs [9-11], Z;-magic
graphs [12] etc.

Our research aims to address the question of whether graphs can be mag-
ically labeled using non-abelian groups. This thesis explores the existence of
graphs admitting A-magic labeling for non-abelian groups A. We investigate
the potential of various magic labeling schemes using finite non-abelian groups,

focusing on three specific cases:

1. The symmetric group S3
2. The dihedral group Dy

3. The quaternion group Qg

Organization of the thesis

The research work presented in the thesis is organized and structured in the
form of nine chapters, which are briefly described as follows:

In chapter 1, basic definitions and terminologies in graph theory and group
theory which are needed in the ensuing chapters, are provided.

Chapter 2 explores the concept of A-magic labeling of graphs, focusing
on the smallest non-abelian group, S3, the symmetric group on 3 symbols.
We investigated the Ss-magic labeling of some well-known graphs. The first
section is devoted to A-magic labeling of graphs, where A is an additive abelian
group due to S.M. Lee, F. Saba, Ebrahim Salehi, and Hugo Sun. In the second
section, we introduced the A-magic labeling of graphs using a non-abelian
group A. In the third section, we investigated S3-magic graphs. And also,
derived necessary and sufficient conditions for some general graphs that admit
Ss-magic labeling. We have shown that any regular graph is Ss-magic. Also,
if the degrees of the vertices of a graph G are either all even or all odd, then it
is S3-magic. The third section deals with the A-magic property of the graph
obtained from the product of two A-magic graphs and also proves that the
cartesian product and the lexicographic product of two A-magic labelings of
graphs are A-magic, where A-is any finite non-abelian group. The fourth
section investigates the S3-magic labeling of some graph products on cycles
and paths.

Chapter 3 deals with the D,-magic labeling of graphs, where D, is the
dihedral group of order 8. The first section of the chapter includes a brief

3



description of the dihedral group D4. The second section discusses the Dy-
magic labeling of graphs. We proved that if A is a non-abelian group having
an element of order 2 and if GG is a graph whose degree of the vertices is either
all even or all odd, then G is A-magic. Also, the second section discusses
the Dy-magic labeling of the cycle-related graphs, namely wheel W,,, shell
Sn.n—s, helm H,, web graph W (2,n), n-gon book of k pages B(n, k) and path-
generated graphs, namely splitting graph of the path graph, middle graph
of the path P,, triangular snake T,,, alternate triangular snake, and double
triangular snake.

In chapter 4, we discuss the (Jg-magic labeling of graphs, where QJg is the
quaternion group of order 8. In the first section, we include the definition of
the quaternion group (s and define the (Qg-magic labeling of graphs. Also, we
provide an example of a (Jg-magic labeling. The second section of the chapter
deals with the (Qg-magic labeling of some graphs and their subdivision graphs,
and also classifies them according to the magic constants.

Chapter 5 introduces the concept of induced A-magic labeling of graphs
when A is a finite non-abelian group. The first section of the chapter gives an
introduction to induced A-magic labeling, and the second section deals with
the induced A-magic labeling of graphs when A is a finite non-abelian group.
Also, we consider the particular non-abelian group symmetric group S3 and
investigate the induced Ss-magic labeling of graphs. The third section of the
chapter discusses a necessary and sufficient condition for some cycle-related
graphs that admit induced S3-magic labeling. The graphs considered in the
third section are cycle C),, wheel, helm, fan, gear, sunflower, flag, sun graph,
broken sun graph C'BSun, ,, web, flower, friendship graph, and n-gon book of
k pages.

Chapter 6 introduces a new concept, conjugate A-magic labeling of graphs,
where A is a finite non-abelian group. The chapter consists of two main sec-

tions:

1. Definition and introduction to conjugate A-magic labeling.

2. Investigation of necessary and sufficient conditions for well-known graphs

to admit conjugate Ss-magic labeling.

Additionally, we establish the following key result: If G is a conjugate S3-magic
graph with a vertex of degree 2, then the conjugate S3-magic constant cannot
belong to the set {p1, p2, i3}

Chapter 7 explores the concept of A-barycentric magic labeling of graphs,

with a focus on S3-barycentric magic labeling. We investigate whether various
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graphs admit S3-barycentric magic labeling, including:
e Cycle C),
e Star K,
o Wheel W,
e Helm H,
e Shell S,,,_3
e n-gon book of k-pages
e Flag Fl,
e Complete graph K,
e Sun and gear graph G,
We classify these graphs into three categories:
1. BSpo: Graphs that are Ss-barycentric magic with constant py.
2. BSp: Graphs that are Ss-barycentric magic with constants in {p1, p2}.
3. BSp: Graphs that are Ss-barycentric magic with constants in {1, o, p13}-

Chapter 8 introduces the concept of neighborhood A-magic labeling, where

A is a finite non-abelian group. The chapter consists of three sections:
e Introduction to group distance magic labeling.
e Neighborhood S3-magic labeling of well-known graphs.
e Neighborhood S;-magic labeling of cycle-related graphs.

In chapter 8, we introduce the notion of neighborhood A-magic labeling,
where A is a finite non-abelian group. The first section of this chapter gives an
introduction about the group distance magic labeling and the second and third
sections deal with the neighborhood Ss;-magic labeling of some well-known
graphs and some cycle-related graphs respectively.

Chapter 9 presents a concise summary of the research findings and sug-
gests avenues for future exploration. The thesis is supplemented by the follow-

ing:



e Compilation of presented and published papers
e An extensive bibliography

e A comprehensive index

located at the end of the document.



Chapter 1

Preliminaries

This chapter provides a quick revision of the preliminary topics
in graph theory and group theory that will be used in subsequent

chapters.

1.1 Basic Definitions

1.1.1 Basic Definitions from Graph Theory

Definition 1. [15] A graph G is an ordered pair (V, E), where V' is a non-
empty set and E is a symmetric and irreflexive relation on V. The set 'V is
called the vertex set and the elements of V' are called vertices. The set E is
called the edge set and the elements of E are called edges. An edge of the form
e = (u,v) is usually denoted by uv. If e = uv is an edge, then we say that e
s said to join u and v. The vertex u is called the initial vertex and u is called
the terminal vertex of e. Moreover, we say that u and v are the neighbors of

the edge e.

Pictorically a graph G = (V| F) is representing the vertices as points and

edges by line segments in a plane.

Definition 2. [14] A vertex of a graph G which is not the end of any edge
15 called isolated. The set of all neighbors of a fixed vertex v of G is called the
neighborhood set of v and is denoted by N(v). That is,

Nw)={vu:ueV}

Definition 3. [14] An edge e of a graph G is said to be incident with the
vertex v if v is an end vertex of e. In this case, we also say that v is incident
with e. Two edges e and f are incident with a common vertex v are said to be

adjacent.

Definition 4. [15] In a graph G, the number of elements in a vertex set is
called the order of G and is denoted by |V (G)| and the number of elements in

7



Chapter 1. Preliminaries

the edge set of G is called the size of G and is denoted by |E(G)|. A graph is

finite if its vertex set and edge set are finite.

Throughout this thesis, we consider only finite graphs until it is mentioned

in other ways.

Definition 5. [15] The degree dg(v) or d(v) or deg(v) of a vertez v in a graph

G 1s the number of edges of G incident with v, each loop counting as two edges.

The minimum degree among the vertices of GG is denoted by mindegG or
d(G), and the maximum degree among the vertices of G is denoted as max degG
or A(G). If all the vertices have the same degree, ie. if 6(G) = A(G) = r,
say, then the graph G is called regular graph of degree r. Such a graph is also
called r-regular graph.

Definition 6. [13] If the degree of a vertex in G is zero, then the vertex is
called an isolated vertex and if the degree of a vertexr in G is one, then it is

called a pendant vertex or a leaf or an end verter of G.

Definition 7. [15] A walk of length k is a sequence vy, €1,v1, €2,Va, .. ., €, Vg
of vertices and edges such that e; = v;_qv; for alli.

A trail is a walk with no repeated edge.

A path is a walk with no repeated vertex. This walk is also denoted by
VU1 « . . Up_1Vy, and called a vg, v, walk. If vg = v,, then the is a closed and
open otherwise.

A closed path is called cycle. The length of the walk is the number of edges
occurring in it. C, denotes the cycle with n vertices and hence length of C,, is

n. P, is a path with n vertices and length n — 1.

Definition 8. [15/ A graph G is connected if each pair of vertices in G belongs

to a path. Otherwise, G is disconnected.

Definition 9. [15] A simple graph in which each pair of distinct vertices is
joined by an edge is called a complete graph. Up to isomorphism, there is just

one complete graph on n vertices; it is denoted by K, .

Definition 10. [13/ A graph G is bipartite if V(G) is the union of two dis-
joint(possibly empty) independent sets called partite sets of G.

Definition 11. [13] A complete bipartite graph or biclique is a simple bipartite
graph such that two vertices are adjacent if and only if they are in different
partite sets. When the sets have sizes m and n the complete bipartite graph s
denoted by K, .



1.1. Basic Definitions

Definition 12. [13] A graph is Eulerian if it has a closed trail containing all
edges. We call a closed trail a circuit when we do not specify the first vertex but
keep the list in cyclic order. An Eulerian circuit or Eulerian trail in a graph

15 a circuit or trail containing all the edges.

Definition 13. [15/ A graph with no cycle is acyclic. A tree is a connected
acyclic graph. A leaf(or pendant vertez) is a vertex of degree 1.
A star is a tree consisting of one vertex adjacent to all the others. The n-vertex

star is a biclique Ky 1.

Definition 14. [15] A wheel W,, of order n + 1 is a graph obtained from a
cycle C,, by adding a new vertex (which is known as hub) and edges joining it
to all the vertices of the cycle; the new edges are called the spokes of the wheel.
Equivalently, W, = K1 + C,.

1.1.2 Basic Definitions from Group Theory

Definition 15. [16/ A binary operation on a set S is a function mapping *
from S x S into S. Usually, the image of (a,b) € S x S under * is denoted by
axb. That is, *(a,b) = a *b.

Definition 16. [16] A binary operation on * a set S is commutative if( and
only if) axb="bxa for all a,b € S.

Definition 17. [16] A binary operation x on a set S is associative if (axb)xc =
ax* (bxc) for all a,b,c € S.

Definition 18. [16] A set S together with a binary operation * is called a

binary algebraic structure or simply binary structure, denoted by < S, >.

Definition 19. [16/ A group < G,* > is a set G, closed under a binary

operation x, such that the following axioms are satisfied:
(i) The operation x is associative.

(ii) There exists an element e € G such that exx =z =x *xe for all x € G.

(The element e is called the identity element of the binary operation on

x on G.)

(iii For each a € G, there is an element a=' € G such that a * a™' = e =

al % a foralla € G. ( The element a™! is called the inverse of the

element a.)



Chapter 1. Preliminaries

Definition 20. [16/ A group G is abelian if its binary operation * is com-
mutative. Otherwise it is said to be non-abelian.( i.e., there exists at least one
pair of elements a and b of G such that axb # bxa.)

Definition 21. [16] If G is a group, then the order |G| of G is the number of

elements in G.

Example 22. [16] The set M,,x, (R) of all m x n matrices under matriz
addition is a group. The m X n matriz with all entries 0 is the identity matriz.

This group is abelian.

Example 23. [16] The set M,, (R) of all n x n matrices under matriz mul-

tiplication is not a group. The n X n matriz with all entries 0 has no inverse.

Example 24. [16] The subset S of M,, (R) consisting of all invertible n x n
matrices under matriz multiplication is a group and this group is not commu-

tative. So it is an example of a non-abelian group.

Definition 25. [16/ A permutation of a set A is a function ¢ : A — A that

18 both one one and onto.

We observe that the collection of all permutation of a non empty set A

forms a group under permutation multiplication(or function composition).

Definition 26. 160/ Let A be the finite set {1,2,3,...,n}. The group of all

permutations of A is the symmetric group on n letters, and is denoted by S,,.

Definition 27. [16] Let X = {1,2,3}. The group of permutations of X with
the the composition of functions as a binary operation is a non-abelian group.

It 1s called the symmetric group on 3 letters and denoted by Ss.

The elements of S5 are listed below.

(123 12 3
,00—1237,u1—1327
(123 12 3
101_2317,“2_3217
(123 12 3
2=\ 1 9) ™7 \a 1 3
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1.1. Basic Definitions

Po | P1 | P2 | M1 | M2 | M3
Po | Po | P1 | P2 | K1 | K2 | U3
PL | P1 | P2 | Po | U3 | K1 | M2
P2 | P2 | Po | P1 | K2 | U3 | M1
Hi | pr | M2 | B3 | Po | P1 | P2
Mo | H2 | p3 | 1| P2 | Po | P1
M3 | M3 | M1 | H2 | P1 | P2 | Po

The multiplication table for the elements S3 is shown in the above Table. There

is a natural correspondence between the elements of S3 and the ways in which

two copies of an equilateral triangle with vertices 1,2, and 3 can be places, one

covering the other with vertices on top of vertices. For this reason S5 is also

the group D3 of symmetries of an equilateral triangle |16].

Definition 28. [16/ The nth dihedral group D,, is the group of symmetries of

the reqular n-gon. D, are non abelian for n > 2.

Example 29. [16] The group of symmetries of a square is the dihedral group

Dy. The elements of Dy are given by

Po =

p1 =

P2 =

pP3 =

—_

[N

N w

N RN WD NN
_= W e W W W

N W

NN W N

N N N

3
2
3
4
3
3
3
1

Now the group table for the group D, is given in the following table below.

po | pr| p2 | P3| 1| pe | 01 | O2
po | po | p1| p2| p3 | p1 | p2 | 01 | 0o
pr | pi | p2 | P3| po| 01| 02 | po |
p2 | p2 | p3 | po| p1 | p2 | 1| 02 | 0
P3| p3 | po | p1| p2 | 02 | 01 | p1 | o
pa | pr | 02 | g2 | 01 | po | p2 | P3| P2
po | p2 | 01 | p1 | 02 | p2 | po | p1 | p3
01 | 01 | i1 | 02 | p2 | p1 | p3 | po | p2
Og | 02 | po | 01 | pa | p3 | p1 | P2 | Po

11



Chapter 1. Preliminaries

Definition 30. [16] Let G be a group with identity element e. Then the order
of an element a in G is the smallest positive integer m such that a™ = e and
it is denoted by o(a).

Definition 31. 16/ If a subset H of a group G is closed under the binary
operation of G and if H with the induced operation from G is itself a group,
then H s a subgroup of G.

Definition 32. 10/ Let G be a group and a € G. Then the subgroup {a"™|n €
Z} of G, is called the cyclic subgroup generated by a, and denotes by < a >.
An element a of a group G and is a generator for G if < a >=G. A group G

s cyclic if there is some element a in G that generates G.

Definition 33. [16] Let Qs = {£1,+i,+j,+k}. Qs is a non-abelian group

under quaternion multiplication. This group is generated by 7 and j, where

=152 =142 and ji = i%j.

12



Chapter 2

S3-Magic Labeling of Graphs

In this chapter, we introduced the concept of A-magic labeling of
graphs, when A is a non-abelian group. The first section of this
chapter gives an introduction about the A-magic labeling of graphs
when A is an abelian group and then extends this concept to A-
magic labeling of graphs when A is non-abelian. The second sec-
tion of the chapter gives a necessary and sufficient condition for
some general graphs which admits S3-magic labeling, where S3 is
the group of permutation on 3 symbols. In the third section, we
investigate the A-magic property of the graph obtained from the
product of two A-magic graphs. The fourth section of this chapter
deals with the the S3-magic labeling of some graph products on cy-
cles and paths.

2.1 A-Magic Labeling of Graphs

For any abelian group A, written additively, any mapping ¢ : E(G) — A\ {0}
is called a labeling. Given a labeling on the edge set of G, one can introduce

a vertex set labeling (™ : V(G) — A as follows:

o)=Y l(w)
weE(G)
A graph G is said to be A-magic [4] if there is a labeling ¢ : E(G) — A\ {0}
such that for each vertex v, the sum of the labels of the edges incident with v
are all equal to the same constant; that is, £*(v) = a for some fixed a € A. The
original concept of A-magic graph was introduced by Sedla¢ek [17]. According
to him, a graph G is A magic if there exists an edge labeling on G such that

(i) distinct edges have distinct nonnegative labels; and

(ii) the sum of the labels of the edges incident to a particular vertex is the

same for all vertices.

13



Chapter 2. S3-Magic Labeling of Graphs

It is natural to ask whether the definition of A-magic graphs can be extended
to non-abelian groups. In this chapter, we address this question and then
investigate graphs that are S3-magic, where S5 is the group of permutations

of X ={1,2,3} with the composition of functions as a binary operation.

2.2 A-Magic Labeling of Graphs Using Non-abelian
Group A

Definition 34. [1§/

Let G = (V(G), E(Q)) be a finite (p,q) graph and A be a finite non-abelian
group with identity element 1. Let f : E(G) — N, = {1,2,...,q} and let
g: E(G) — A\ {1} be two edge labelings of G such that f is bijective. Define
an edge labeling € : E(G) — N, x A\ {1} by

l(e) == (f(e),g(e)), e € E(G).

Define a relation < on the range of £ by:

’

(f(e). g(e)) < (f(e),g(¢) if and only if  f(e) < f(€').

Then obviously the relation < s a partial order on the range of (.

Let {(f(e1), g(e1)), (f(e2), g(e2)), ..., (f(ex), g(ex))} be a chain in the range of
£. We define the product of the elements of this chain follows:

k

[I(f (e, gle) := ((((gler) * glez)) = gle)) * glea))  -..) * glex)-

i=1
Let w € V and let N*(u) be the set of all edges incident with w. Note that
the range of Ulx-qy is o chain, say (f(er),glen) < (flea),glen)) < -+ <
(f(en), g(en)). We define

0 (u) = H(f(ez’)ag(ei))' (2.2.1)

If ¢*(u) is a constant, say a for all u € V(G), we say that the graph G is
A-magic. The map 0* is called an A-magic labeling of G and the corresponding

!The sections 2.1, 2.2, and 2.3 of this chapter have been published in the South East
Asian Journal of Mathematics and Mathematical Sciences, Volume 18, Number 3, pages
317-328, (2022).
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2.2. A-Magic Labeling of Graphs Using Non-abelian Group A

Uuq U2
(17 ﬂl)

Figure 2.1: S;-magic labeling of Cj

constant a is called the magic constant.

Observe that when A is an abelian group our definition coincides with that
by Doob [10,11] and Sin Min Lee et al |4].

Example 35. Consider the cycle graph Cs with vertex set V(Cs) = {uy, ug, us, ug, us },
and the permutation group Ss. Note the group Ss is a non abelian group [16]

of order 6 and its elements are given by

(123 (123
p0_1237,u1_1327
(123 (123
p1_2317,u2_3217
(123 (123
P2=\g 1 9) 7 9 1 3

Define f : E(C5) — N, = {1,2,3,4,5} as f(uius) = 1, f(ugus) =
2, f(ugus) = 3, fugua) = 4, fuguz) =5 and g : E(Cs) — S3\ {po} as

f1, if € = uius, Ui,
g(e) = H2, Zfe = U1Us5, U2U3,

3, Zf@ = UqUs.

Thus €(u1) = (1,111)(2, p2) = ppe = pr. Simalarly, €*(uz) = pape = p1,
0 (uz) = pape = p1, £ (us) = pspn = p1 and *(us) = piopiz = p1. Thus Cs is
Ss-magic with magic constant p;.

15



Chapter 2. S3-Magic Labeling of Graphs

2.3 S3-Magic Labeling of Graphs

In this section, we consider the symmetric group S3 and investigate graphs
that are S3-magic. We also find a necessary and sufficient conditions for some

graphs to be Ss3-magic.
Theorem 36. Any reqular graph is Ss-magic.

Proof. Let G = (V(G), E(G)) be a regular graph with |E(G)| = ¢. Let g :
E(G) — S3\ {po} be any constant map and let f: E(G) - N, = {1,2,...,q}
be any bijective map. Then obviously, £* is a constant map. This completes
the proof of the theorem. O

Corollary 37. For any n > 3, the cycle graph C,, is S3-magic.
Corollary 38. For any n > 2, the complete graph K, is S3-magic.

Theorem 39. If the degrees of the vertices of a graph G are either all even or
odd, then it is S3-magic.

Proof. Let G be a (p, q) graph. We consider two cases:

Case(i): Assume that all the vertices of G are of even degree. Define a map
g: E(G) = S3\ {po} by gle) =, Ve € E(G) and let f : E(G) — N,
be any bijective map. Then obviously, G is S3-magic with ¢*(u) = py,
for all u € V(G).

Case(ii): Assume that all vertices are of odd degree. The proof is exactly

similar to case (i) and the magic constant is p;.

Corollary 40. All Fulerian graphs are Sz-magic.

Definition 41. [19/ The graph obtained by joining a single pendant edge to

each vertex of a cycle is called a sun graph.
Corollary 42. A sun graph is S3-magic.

Proof. Since all the vertices of sun graph has odd degree (1 or 3), the proof
follows from Theorem [39] O

Theorem 43. For any n > 3, the path of order n, is not S3-magic.

16



2.3. S3-Magic Labeling of Graphs

Proof. Let P, = (uy,us,...,u,) be a path of order n. Assume to the contrary
that P, admits a S3-magic labeling. This implies that there exist two maps f
and g such that ¢*(uy) = (*(uz) = --- = £*(u,) = a, for some a € S3\ {po}.
Since u; and wu, are vertices of degree 1, g(ujus) = g(u,_1u,) = a. Let
glugusz) = b, b € S3\ {po} and let f(ujus) = my, f(uguz) = my for some

mi,a)(me,b), if my < mo,
mi,me € N,_1. Now *(uy) = (m1, a)(ma, b) 1 )

This implies that *(uy) = ab, if m; < mg and ¢*(ug) = ba, if my < my. This
implies that either a = py or b = py, which is a contradiction. Hence the path

P, is not Ss-magic. O

Definition 44. [20/ Comb graph is a graph obtained by joining a single pen-
dant edge to each vertex of a path P,.

Theorem 45. Comb graphs are not S3-magic.

Proof. Let the vertices of P, be uy,us,...,u, and the end vertex of each pen-
dent edge at u; be u,,;. Suppose to the contrary that comb graph G is Ss-
magic. Then by the definition, there exist functions f : E(G) — Ns,_; and
g : E(G) — S3\ {po} such that I*(uy) = I*(uz) = -+ = [*(u2,) = a, for
some a € S3 \ {po}. Since each u,,;, 1 < i < n are of degree 1, it follows that
g(uitn1;) = a,1 < i < n. This implies that there exists b € S3 \ {po} such
that g(ujuz) = b and I*(uy) = a * b or I*(uy) = b * a according to the value
of f(ujug) and f(uju,iq1). Since I*(uy) = a, it follows that ab = a or ba = a
which implies either a = py or b = py. This contradiction shows that G is not

S3-magic. O]

Definition 46. [21] A splitting graph S(G) of a graph G is that graph obtained
from G by adding to G a new vertex z' for each vertex z of G and joining z'

to the neighbors of z in G.
Theorem 47. Splitting graph of a path P,, where n > 3 is S3-magic.

Proof. Let P, be a path of order n, where n > 3. Let uy,us,...,u, be the
vertices of P,. Then S(P,) has 2n vertices and 3n — 3 edges. Let u,; be the
vertex corresponding to the i*" vertex in S(P,). Observe that there are two
pendant edges in S(P,), one with end points us and u,,; and the other with

end points u,_; and us,. Here we consider 2 cases.

Case (i): n=3.
Define f : E(S(P3)) — Ng as f(uug) = 1, f(uzus) = 2, f(uguz) =
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Chapter 2. S3-Magic Labeling of Graphs

3, fluius) =4, f(ugua) =5, f(ugus) =6andg: E(S(Ps)) — S3\{po}

g(urug) = gugus) = p1, g(ugua) = glugug) = pua,
g(ujus) UgU

g
g(uguz) = po.

Note that ¢*(u) = p,Vu € V(S(Ps)). Hence, the graph S(P3) is Ss-

magic.

Case(ii): n > 3.
Define f : E(S(P,)) = N3,_3 as

f<U1U2) = 17 f(u2un+1) = 2n7 f(un—lu”) =n,
fuitpgiz) =n+i, 1<i<n—=2, f(uupig-1)) =i—1, 3<i<n,
fluuir) =2n+ (i—1), 2<i<n-—2, f(u,_quz,) =2n— 1.

Now define g : E(S(P,)) — S3 \ {po} as

g(urug) = p1, g(ugni1) = p1 = g(Un—1Ua2n),
g(uittip1) = pr1, 2 <0< =2, g(Ulyg(i1)) = p2,1 < i <n—2,

9(Un—1un) = piz, g(uium(z‘q)) =p1, 3< 1< n.
Obviously, S(P,) is S3-magic with magic constant j.

This completes the proof of the theorem.
O

Theorem 48. The star graph K, is Ss-magic if and only if either n is odd
orn = 1(mod 3).

Proof. Let G = Kj,. First, assume that n is odd. Define g : E(G) —
Ss\ {po} by g(e) = pu1,Ve € E(G). Let f: E(G) — N, ={1,2,...,n} be any
bijection. Obviously, ¢*(u) = 1, Yu € V(G). Similarly, we can prove that if
n = 1(mod 3) then K, is Ss-magic.

Conversely, assume that K, is Ss-magic. Thus, each pendant edge should
be labeled by the same element of S3 under the map g. Hence, g : E(G) —
S3 \ {po} must be a constant map. Let ui,us,...,u, be the vertices of K,
having degree 1 and let v be the vertex of K ,, having degree n. Let f : E(G) —
{1,2,3,...,n} be a bijection which make K, Ss-magic. By our assumption
*(u;) = a, for some a € S3\ {po}, i = 1,2,...,n. Thus £*(v) = ¢*(u;) = a.

18



2.3. S3-Magic Labeling of Graphs

This implies that aa---a = a. Since the maximum order of an element in S5
——

n times

is 3 this implies that n = 1 (mod 3) or n is odd. Hence the proof. O
Theorem 49. For m,n > 2, the complete bipartite graph K,,, is S3-magic.
Proof. Let G be the graph K, ,. Here we consider four cases.

Case (i): m and n have the same parity.
We can define g : E(G) — S3 \ {po} as g(e) = u1,Ve € E(G) and
f:E(G) —{1,2,...,m+ n} be any bijection. Then obviously ¢*(u) is
either pg or py,Vu € V(G).

Case(ii): m = 0(mod 2) and n = 0(mod 3).
In this case, m = 2k for some k and n = 3l for some [. Let U :=
{uy,ug,...,us} and V := {vy,vq,...,v3} be the two partite sets of
Ky . Define g : E(G) — S3\ {po} by

p1, if ¢ is odd,
g(uiv;) = , ,
po, if @ is even.
Now define f : E(G) — {1,2,...,m+n} by
fluw;)) = (i —1)m+j, 1 < i <2k 1< j <3l Obviously, ¢*(u) =
po, Yu € V(G).

Case (iii): m = 0(mod 2) , n = 2(mod 3) and n odd.
Note that, in this case n = 5+ (k—1)6, k € N. Let U = {uy, ua, ..., uy}
and V = {vy,vs,...,v,}, where 2l = m be the two partite sets of K, .
Define g : E(G) — S3\ {po} by:

p1, if iisodd and j < n — 2,
g(uv;) = < po, if i is even and j < n — 2,

py, if j=n—1,n.

Now define f: E(G) — Npyn ={1,2,...,m +n} by
fluv)=0G—-1)m+j,i=1,2,...,m;j=12...,n.
Then ¢*(u) = po, Yu € V(G).

Case(iv): m = 0(mod 2), n = 1(mod 3) and n is odd.
Here the number n is of the form 7 + (k — 1)6, where £ € N. Define
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Chapter 2. S3-Magic Labeling of Graphs

g:E(G)— S5\ {po} by

(

p1, if © and j odd,j # 3,7 <6,
po, if 7 isodd and j = 3,

w1, if 7 is even,

g9(uv;) = 7
M1, if J Z 67

po, if 4 iseven j isodd, j # 3, 7 <6,

WE if ¢ is even and j = 3.

Now define the map f : E(G) = Npwn = {1,2,...,m+n} by f(uv;) =
(1t — 1)m+ j, where i = 1,2,...,m and j = 1,2,...,n. Then ¢*(u) =
po, Vu € V(G).

This completes the proof. n
Theorem 50. If n > 3, the wheel W,, is S3-magic.

Proof. Let G be the wheel W,, and let the vertices of C,, be uy, us,...,u, and

the vertex of Ky be k. Here we consider two cases:
Case(i): n is odd.
In this case, define g : E(G) — S35\ {po} as follows:

Label each spokes by p; and all the outer edges by us and define f :
E(G) = Nop ={1,2,...,2n} as:

flhku) =1, i=1,2,....n, fluui) =n+1i, i <n, f(uyu) =2n.

Obviously, ¢*(e) = u, for all e € E(W,,).

Case(ii): n is even.
Here we define g : E(G) — S3 \ {po} by labeling each spokes by u; and
all the outer edges by us and py alternatively such that

te, if 7 1is odd,
g(uinipr) = o . g(unur) = pa.
pa, if 1 is even.

Now for i =1,2,...,n, define f: E(G) — Ny, as:

, WU L p, i i s odd,
f(kuz) =1, f(ulun) = 2n, f(uiui+1> =

i3 s s
5+ %5, if 7 iseven.
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2.3. S3-Magic Labeling of Graphs

Hence the wheel W,, becomes S3-magic with magic constant py.
O

Definition 51. [22] A shell S, n—3 of width n is a graph obtained by taking
n — 3 concurrent chords in a cycle C,, of n vertices. The vertex at which all
chords are concurrent is called apex. The two vertices adjacent to the apex

have degree 2, apex has degree n — 1 and all other vertices have degree 3.
Theorem 52. Shell graphs S, ,,—s are S3-magic.

Proof. Let G be the shell graph S, ,,_3 and denote the vertices of S, ,_3 by
Uy, U, . .., U,. There are n vertices and 2n — 3 edges in S, ,—3. Without loss

of generality, let the apex be u;. Here we consider two cases:

Case(i): n is even.

We define f: E(G) — Na,_3 as follows:

Flurts) = 1, f () = 5 + 1, fun-1n) = 20— 3,

%—l—l, if i isevenand 2<i<n-—2,

fluuigr) = 4
il if ¢ isoddand 3< i <n—3.

flugup—1) =n and f(uju;) =n+ (i —2) where i #n — 1, 2.

and now define g : E(G) — S3\ {po} as

g(U1U2) = pP1, g(“l“n) = P2, g(unflun) = M1, g(ulunfl) = W2,
g(ugu;) = py, where i #2,n —1,n.
o, if ¢ isodd and 3 <i<n—3,

g(uitiiy1) = o ,
ps, if ¢ isevenand 2 < i <n—1.

Under these maps, shell graphs S, ,_3 with even number of vertices are

Ss-magic with magic constant ps.

Case(ii): n is odd.
%, if 7 is even,
Define f(uiui-l-l) = .
e if i s odd.
n+ (i — 2), where i # 2, n.

Now define 9(U1U2) = g(unu1) = 9(U2U3) = g(“n—ﬂtn) = p1, g(uluz’) =

Juu,) = noand fluu,) =

' us, if ¢ is odd,
p1, where i # 2,n and g(uui1) =
p1, if 4 is even.

Thus the shell graph S, ,_3 with odd number of vertices becomes Ss-

magic with magic constant p,.
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Chapter 2. S3-Magic Labeling of Graphs

Hence the proof. n

Definition 53. [/ When k copies of C,, share a common edge it will form
the n-gon book of k pages and is denoted by B(n, k).

Theorem 54. For any n > 3 and k > 1, the n — gonbook of k pages are

S3-magic.
Proof. Here we consider two cases:

Case(i): k is odd.
In this case, degree of all the vertices of B(n,k) will be even. Define
gle) = w, Ye € E(B(n,k)) and f as any bijection from E(G) to
{1, 2,..., k(n — 1) + 1}. Then the graph B(n,k) becomes Ss3-magic

with magic constant pg.

Case(ii): k is even.

We denote the common edge of B(n, k) by c¢. Now, define the labeling
g: E(B(n,k)) — S3\ {po} as follows:

Let g(c) = p; also label the outer edges of the first page by p; and all
other edges by 3. Denote the edges in the first page by ¢, aq, as, ..., a,_1.
Now define f(¢) = 1 and f(a;) = i + 1 and map other edges to the set
{n+1,...,k(n — 1)+ 1} such that f(e;) # f(e;), ei,e; € E(B(n,k)).
Then obviously, ¢*(v) = po, Vv € V(B(n, k)).

This completes the proof of the theorem. O

We observe that the cycle Cs, with a pendant edge is non-magic when we
label the edges with the nonzero elements of an abelian group [|4]. But we can

show that the above said graph is Ss3-magic for all n > 2.
Theorem 55. The cycle graph C,,n > 2 with a pendant edge is S3-magic.

Proof. Let us denote the vertices of C,, by wuy,us,...,u,. Without loss of
generality, assume that the pendant edge e is on the vertex u; and let its other

end vertex be u,.

Case(i): n is odd.
Define g : E(G) — S5\ {po} as

w1, if 7 is odd and i < n,
g(uiuit1) = o » )
w3, if ¢ is even and @ < n.

g(upuy) = py and g(ugupg1) = pa.
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2.4. Product of A-Magic Labeling of Graphs

Now define
S if ¢ isodd and i <n,
uzuz—i-l ) ) )
i % if 7 iseven and 7 < n.
n +
fupuy) 5y furtpyr) =n+ 1.

Hence the graph is S3-magic with magic constant ps.

Case(ii): n is even.

In this case, define

i3, if ¢ isodd and i < n,i # 1,
g(uitiisr) = o |
fo, if 7 is even and i # n.

g(uug) = 1 = g(upuy) and g(ugtng1) = p1.

Moreover, define f as:

f(uluQ) = 17 f(unul) =n, f(ulun-‘rl) =n-+ 17
%—1—1, if ¢+ even and 7 <n,

fuguiv) = i1 e e . :
5+ %5, ifiisodd ¢ # 1 andi <n.

Hence the magic constant is p;.

This completes the proof of the theorem. n

2.4 Product of A-Magic Labeling of Graphs

In this section, we examine the A-magic property of the graph obtained from

the product of two A-magic graphs.

Definition 56. [25/ The cartesian product of two simple graphs H and K is
the graph G = H x K with V(G) = V(H) x V(K) in which vertices (h, k) and
(h',K') are adjacent if and only if either

1. h="h" and k, k" are adjacent in K.
2. k=K and h,h are adjacent in H.

Definition 57. 24/ Let H and K be two graphs the lexicographic product
G = H o K is a graph with vertex set V(H) x V(K). Two vertices (h, k) and
(h',K') are adjacent if
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Chapter 2. S3-Magic Labeling of Graphs

1. his adjacent to h' in H or
2. h=~h and k is adjacent to k in K

Example 58. The Cartesian product Ps X P3 is Ssz-magic(see Figure .

Observe that P3 1s not S3-magic.

(w1, 'UlL (6, p2) (UZ" v1) (5, p2) (u’3’ 1)

(1,p4) 11, p,) (3,p1)
(97 1) (10’p )

(w1, vz £ (b, v2) )

(29 P1 12,p2) (47p1)

(ul,:3) (7,p2) (u;, vs) (8, P2) (U.Sv v3)

Figure 2.2: S3-magic labeling of P3 x Pj.

Example 59. Consider the graph P, and the null graph Ny of order 2. The
lexicographic product Py o Ny is S3-magic(see Figure even though both the
graphs Py and No are not Ssz-magic.

(u,01)  (Lpy) (U2,01) (2,p,) (ug,v1) (35p) (ug, v1)

() (007 3] (UL () (2 ) (i)

Figure 2.3: S3;-magic labeling of P, o Ns.

2.5 A-Magic Labeling of Cartesian and Lexico-
graphic Products of Two A-Magic Graphs

In this section, we investigate whether the product of two A-magic graphs is
A-magic or not.

Let A be a non-abelian group with identity element 1 and let G = (V(G), E(G))
and H = (V(H),E(H)) be two A-magic graphs with magic constants v; and
~9 respectively, where v1,v, € A.
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2.5. A-Magic Labeling of Cartesian and Lexicographic Products of Two
A-Magic Graphs

To illustrate the following theorems, we will use the S3-magic graphs in the
Figure [2.4]

Ul (1a,ul) Uy
(3, 1)
4, )
Uz 2’ K1 us
G
o—_
(1ap1) 2
U1
H

Figure 2.4: S;-magic labeling of G = Cy and H = P,.

Theorem 60. Let (A,*) be a non-abelian group with identity element 1. If
G = (V(G),E(GQ)) and H = (V(H),E(H)) be two A-magic graphs, then the
Cartesian product G x H is A-magic.

Proof. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two A-magic graphs
with magic constants v, and -9 respectively, where 7,75 € A. Denote the
vertices of G by g1, go, ..., g, and the vertices of H by hq, hs, ..., h,. Now, let
fi : E(G) = Nig@), 91: E(G) = A\ {1} be two maps which determine an A-
magic labeling, say (] for G and let fy : E(G) = Nigw)|, g2 : E(H) — A\ {1}
be two maps which determine an A-magic labeling, say ¢3 for H. Now define
F:E(Gx H) = Nig@)em) and G : E(G x H) — A\ {1} as follows:

For1 <i,7<nand 1<kl <m,

F((gi, hi)(gj, b)) = fi1(gig;) + (k — 1)|E(G)|, if g; adjacent to g; and
F((gi, hi)(gi, ) = m|E(G)| + fo(hehy) + (i — 1)|E(H)|, if hy, adjacent to hy

91(9i9;), if hy = hy,
G((9i, ) (gj, b)) = v
g2(hehy), if gi = g;.

Then the induced vertex labeling of every vertex (g, h) is

iy sy (F((g, )9, 1), G((g. h) (g, 1)) =

[T (F((g,h)(g",h), G((g,h) (g, W) [T, (F((g,h)(g', h), G((g,h)(g', b))
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Chapter 2. S3-Magic Labeling of Graphs

= Hgg,GN*(g)((fl(gg/)7gl(gg/)) * Hhh'eN*(h)(f2<hh/)=92(hh/))

=M * V2. O

(w1, v1) Bopy)  (uzv1) (2,p) (ugv1) (4,p,) Uy, V1)

(9,p1 (10, p, (1, p, 12,p,

{’U«A» Uz)

(w1, 0 (7, 112) (w2, v2) (6,11) (usyv2) (8ym2)

Figure 2.5: S3-magic labeling of Cy x H.

Theorem 61. Let (A,*) be a non-abelian group with identity element 1. If
G = (V(G),E(G)) and H = (V(H),E(H)) be two A-magic graphs, then the
lexicographic product G o H is A-magic.

Proof. Define G, H, f1, f2, g1, 92,71,72 as in the above theorem. Also denote
the vertices of G and H as in Theorem[60] Now define the map F : E(GoH) —
No|E(H) +m|BG)|+m-1) B and G : E(G o H) — A be defined as follows:
For1<i,j<n, 1<[,k<m,

F((gi, M) (9s, hie)) = fa(ho, hi) + (i — 1)|E(G)]
F((gi, hi) (g5 br)) = Fi(gig;) + (k — D|E(G)| + n|E(H)|

if i < j, then
F((gi, ) (95, hi1)) = n|E(H)| + m|E(G)| + k f1(9:9;)
if © > j, then
F((gi i) (g, b)) = n| E(H)| + m|E(G)| + (m — 1)|E(G)] + k fi(g:9;)
=n|E(H)|+ (2m — 1)|E(G)| + k f1(g:i9;) and

G((gis ) (gj, b)) = nghl k), ifi =7,

h
91(9ig;), otherwise.
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2.6. S3-Magic labeling of Cartesian Products on Cycles and Paths

Here, we have if g # ¢, F((g,h)(g,h)) < F((g,h)(¢g',h)). Now the induced

vertex labeling of every vertex (g, h) is

1, (F((g.h)(g', 1)), G((g, k) (g, 1)) =
[1 g, h

(g, )9 1)), G((g. ) (g KON Ty, (F((g, (g, 1)), G((g, 1) (g, 1))

g
97#g

g

’
I

’
g=

- Hhh'GN*(h)(fQ(hh/>’g2(hh/)) * (Hgg’eN*(g)((fl(ggl)a91(991)))‘E(H)|

|[E(H)|
=Y2*M . [
(5, 1)
(17, py)
(w1, v1) st) (g v) (6,p1) (waav1)  (8,0) Ny, )
15, ) ) (16, 1)
1,p4) @lpy) 3p1) (4,p1)
19, py 48, 11,) 20, )
(e v2) T X, oa) (10, ) Ol o (B 7))
9,
13,1

Figure 2.6: S3-magic labeling of G o H.

2.6 S3-Magic labeling of Cartesian Products on
Cycles and Paths

This section discusses the S3-magic labeling of the Cartesian products on cycles

and paths.

Theorem 62. The Cartesian product of two paths P, X P, m,n > 2 is S5-

magic.

Proof. Let the vertices of the paths P, and P,, be uy, us, . .., u, and vy, vo, . . ., Up,,
respectively, where u; is adjacent to u;y; and v; is adjacent to v;4q , 1 < i <
n—1,1<j <m — 1.There are mn vertices and m(n — 1) + n(m — 1) edges

in P, x P,,. Here we consider the following 4 cases.
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Chapter 2. S3-Magic Labeling of Graphs

Case(i): Let n =2 and m = 2.
In this case P, x P,, is the cycle C,. Take f as any bijection from
E(P, x Py) to Ny and define g by labeling the edges alternatively by p;
and ps. Then clearly £*(x) = po, Vo € V(Py X Py).

Case(ii): n =2 and m > 2.
Let f : E(P,x Ppn) = Npn—1)4n(m—1) be any bijection and let g : E (P, x
p1, i j=1,m,
P,) — S5\ {po} be defined by g((u1,v;) (ug,v;)) =
p2, otherwise.
, 9((ur,v5) (ur,v541)) = g((u2,v5) (u2,vj11)) = p2, 1 < j <m—1. The
above maps f and g will determine a Ss-magic labeling of P, x P,,,,m > 2.

Case(iii): n > 2 and m = 2.
P1, if 1 = 1, n,
Take f as above and define g by g((u;, v1) (u,v9)) =
p2, otherwise.

1< <n,
g((uiyv1) (wit1,v1)) = g((wisv2) (wig1,v2)) = p2,1 < i < n—1. Clearly
é*(ZL‘) = po,\V/CU S V(Pn X PQ)

Case(iv): n > 2 and m > 2.
Here, take f as in case (ii). Now let g be the function defined by
P1, if i = 1, n,

9((ui, v5)(wi, vj41)) = _
p2, otherwise.

P2, lf.] = lama
g((uiavj)(ui+1vvj)) = .
p1, otherwise.

Clearly (*(x) = po, Vo € V(P, x Pp,).
From the above four cases we have P, x P,, is S3-magic with magic constant
Po- L
Theorem 63. The Cartesian product of two cycles C,, x C,,,m,n > 1 is
S3-magic.

Proof. Since the cycle graph C,,,n > 1 is Ss-magic by Theorem 60| C,, x C,,,
is S3-magic.
O

Theorem 64. The Cartesian product of a path P, and a cycle C,, is S3-magic,

m,n > 1.

Proof. Let P, be a path with n vertices and C,, be a cycle with n vertices.

Let G = P, x C,,,. We consider the following cases:
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2.6. S3-Magic labeling of Cartesian Products on Cycles and Paths

Case(i): n =2 and m = 2.
In this case, P, x C,, is the cycle graph C,. Then by Case(i) of Theorem
it is S3-magic with constant py.

Case(ii): n =2 and m > 2.
In this case, the degree of all vertices of P, x C,, is 3. So we can define
a S3-magic labeling with constant p, by taking g as the constant map
g(e) = p1,Ve € E(G) and f as any bijective map from F(G) to Na,.

Case(iii): n > 2 and m = 2.
In this case, G is same as the graph considered in Case(iii) of Theorem
[62l Hence it is S3-magic with constant po.

Case(iv): n > 2 and m is odd.

Here we take f as any bijection from F(G) — Nappn_m and define g :
E(G) — S3\ {po} as

p1, if 7 is odd,
9((ui, v5) (uig1, v5)) = e ’
pa, if @ is even.
(

P1, if i = 17

py, if2<i<n—1,
9((ui, v;)(us, vj41)) = o _ :
p1, if © = n and n is even,

P25 if ©: = n and n is odd.

(

P1, 1fl:27

py, if2<i<n—1,
g((ui7vl>(ui7vm)) = . L.
p1, if i =n and 7 is even,

P2, if i =n and 7 is odd.

Then clearly ¢*(z) = po,Vz € V(G).

Case(v): n > 2 and m > 2.
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Chapter 2. S3-Magic Labeling of Graphs

In this case, let f as above and define g as follows:

9((“@%)(”%1,%)) =

9((wi, v;) (Wi, vi1)) =

g((wi, v1) (Uiy V) =

p17
P2,

P1,
P1,
P2,
P1,
P2;

\
p17
P2,

if 7 is odd,

ifiiseven,1 <i<n,1<j<m
ifi=1,1<j<m,

ifi+jisodd, 1<i<n—1,1<j75<m,
ifi+jiseven,1 <i<n-—1,1<j<m,

if i = n and n is even,

if i = n and n is odd.

ifiisodd, 1 <i<mn—1and?=mn and n is even,

if7iseven, 1 <i<n—1andi=mn and n is odd.

Hence ¢*(z) = po,Vz € V(G).

This completes the proof of the theorem. O

Corollary 65. The Cartesian product of C,, and P, is S3-magic.
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Chapter 3

D,-Magic Graphs

In this chapter, we discuss the Ds-magic labeling of graphs, where
D, denotes the dihedral group of order 8. The first section of this
chapter gives an introduction to Dy magic labeling, and the sec-
ond section discusses the Dy magic labeling of some general graphs.
The third and fourth sections of this chapter deal with a necessary
and sufficient condition for some cycle-generated graphs and path-

generated graphs (respectively), which admits Dy-magic labeling.

3.1 Introduction

Consider the set X = {1,2,3,4} with 4 elements. A permutation of X is a
function from X to itself that is both one one and on to. The permutations of X
with the composition of functions as a binary operation is a non-abelian group,
called the symmetric group S;. Now consider the collection of all permutations
corresponding to the ways that two copies of a square with vertices 1, 2,3 and
4 can be placed one covering the other with vertices on the top of vertices.
This collection form a non-abelian subgroup of Sy, called the dihedral group

D, [16]. The elements of Dy are given by

(1234 (1234
=\ 93 4) M7y 320 1)
(1234 (12314
=9 34 1) " \a 1 4 3)
(r2sa) o (1234
2=\ 41 2) T \1 43 2)
B 234y o (1234
PP=\y 1 23) 27 \3 21 4/

!The sections 3.2, 3.3 and 3.4 of this chapter have been published in the journal Ratio
Mathematica, Volume 42, 167-181, (2022).
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Chapter 3. D4-Magic Graphs

In this chapter, we consider the non-abelian group D, and investigate graphs

that are Ds-magic.

3.2 Dj,-magic labeling of graphs

Recall the definition of A-magic labeling of graphs in Chapter 1(see Definition
34). In this section, we take A = Dy and discuss a necessary and sufficient
condition for some well known graphs that admit D -magic labeling. Consider

the following example.

Example 66. Consider the cycle graph Cy = (uv, vw, wz, xu) and the permu-
tation group Dy.

Define f : E(G) — N, = {1,2,3,4} as f(uw) = 1, f(wz) = 2, f(vw)
3, fzu) = 4 and g : E(G) — Dy \ {po} as g(uv) = g(wz) = p1, g(vw)
g(xu) = 61. Thus

C(u) = (1, p1)(4,01) = p161 = o,

*(v) = (1,01)(3,61) = p101 = po. Similarly, ¢*(w) = pe and (*(x) = py. Thus

C5 is Dy-magic with magic constant pis.

T @ (27 pl) "w
(4,0,) (3,5)
Y T

Figure 3.1: Dj-magic labeling of Cj.

Theorem 67. Let A be a non-abelian group having an element of order 2 and
let G be a graph. If either the degree of the vertices of G are all even or odd.
Then G is A-magic.

Proof. Let G be a (p, q) graph and A be a non-abelian group having an element
of order 2. Let a € G is of order 2. Let g : E(G) — A\ {1} be the constant
map g(e) = a, Ye € E(G) and let f be any bijection from E(G) — N,. First,
assume that all the vertices of G are of even degree then [*(u) = 1, Yu € V(G).
Similarly, if all the vertices of G are of odd degree then I*(u) = a, Yu € V(G).
Hence the proof. n

32



3.2. Dj-magic labeling of graphs

Corollary 68. All Fulerian graphs are D4s-magic.
Theorem 69. Any regular graph is Ds-magic.

Proof. Let G = (V(G), E(G)) be a regular graph with F(G) = ¢q. Let f :
E(G) — N, be any bijection and ¢ be any constant map from E(G) — Dy \
{po}. Obviously, f and g will determine a D,-magic labeling of G. This
completes the proof of the theorem. O

Corollary 70. For any n > 3, the cycle graph C,, is Ds-magic.

Corollary 71. For any n > 2, the complete graph K, is Dy-magic.
Corollary 72. The Petersen graph is Ds-magic.

Theorem 73. The star graph Ky ,,n > 2 is Dy-magic if and only if n is odd.

Proof. Let G = K;,. Suppose that n is odd. Let f : E(G) — N,41 be a
bijection. Define g : E(G) — Dy \ {po} by g(e) = p1. Clearly it is Ds-magic
with magic constant p;.

Conversely, suppose K, is Ds-magic with magic constant, say ‘a’. So every
pendent edge of K, should be mapped to a under g. Let u be the vertex of
K, with degree n. Then

n times

This implies that a"' = py. If n is odd, the equation a"~' = p, has five
solutions in Dy viz.jy, j12, 01,02 and ps. On the other hand, if n is even there

are no element in D, such that a”~! = p,. This completes the proof. O

Definition 74. [25] A bistar graph B, is the graph obtained by connecting

the apex vertices of two copies of star K, by a bridge.
Theorem 75. The bistar graph B, n > 1 is Dy-magic when n % 1(mod 4).

Proof. First, observe that there are 2n pendant edges and one bridge in B,.

Here we consider the following cases:

Case (i): n is even (n = 2(mod 4) or n = 0(mod 4)).
If n is even, define g : E(B,) — D4\ {po} by g(e) = 1, Ve € E(B,,). Let
f be any bijective map from F(B,,) — Na,11. Obviously, B,, is Ds-magic

with magic constant ;.
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Chapter 3. D4-Magic Graphs

Case (ii): n = 3(mod 4).
In this case, we define g : E(B,,) — D4\ {po} by

p1, if e is a pendant edge,
g(e) = o _
po, if e is the bridge.

Let f be any bijective map from E(B,) to Na,;1. Obviously B, is Dy-

magic with the magic constant p;.

Case (iii): n = 1(mod 4).
Suppose that n = 1(mod 4). Let k; and ks be the apex vertices of
the bistar graph. Assume that B, is D4-magic with magic constant p;.
Therefore, g(e) = p1, for all pendant edges e. Assume that g(kik2) = a,
where a € Dy \ {po}. Without loss of generality, assume that f(ki1ks) >
f(b), Vb € E(G), where b denotes the pendant edge with one end point
ky. Then
O (k1) = papu - a = po.
'
(n times)

The above equation tells us that a = py, which is a contradiction. This
contradiction shows that B, is not Dj-magic with magic constant p;.
In a similar manner, we can prove that B, is not Ds-magic with magic
constants ps, p1, p2, p3, 01 or 0. Thus the bistar graph B,, is not Dy-

magic when n = 1(mod 4). This completes the proof of the theorem.

Theorem 76. The complete bipartite graph K, ,, is Dy-magic, m,n > 1.

Proof. Let G = K, ,,,. Suppose U = {uy, us,...,u,}t, and V = {vy,vq,..., 0}
be the two partite sets of K, ,,. If m and n are both even or odd then the
theorem is obvious by taking any constant map g : E(G) — {p2, i1, f12, 01,02 }.

Case (i): n = 0(mod 2) and m = 1(mod 4).
Let U = {uy,ug,...,uy} and V = {vy,vq,...,v4511}. Define

g(uivr) = p,

g(uive) = pia,

9(uiv;) = p2, V2 < j <m,
fluwj)) =G —1)m+j, 1<i<n, 1<j<m.

34



3.3. Cycle Generated Graphs

The maps f and g will determine a D,-magic labeling for K,,, with
magic constant pg.
Case (ii): n = 0(mod 2) and m = 3(mod 4).
Define g as follows:
p1, if 4 is odd 1<j<m,
g(uwv,) = and
p3, if @ is even 1 < j < m,

g(uzvm) = P2, Vla 1 S { S n,

and let f be any bijection from E(G) to {1,2,...,mn}. Clearly f and g

will determine a Dy-magic labeling of K, ,, with magic constant py.

This completes the proof of the theorem. O

3.3 Cycle Generated Graphs

In this section, we consider certain graphs which are constructed from cycles.
Theorem 77. If n > 3, the wheel W,, is Dy-magic.

Proof. Let the vertices of C,, be uy,us, ..., u, such that wu; .1 € E(C,), i =
1,2,...,n and u,+; = uy. Denote the vertex of K; by k. Now consider the

following cases:

Case (i): n is odd.
If n is odd then every vertex of W, is of odd degree. Thus we can take ¢ :
E(W,) = Ds\{po} as any constant map from E(W,,) to {pa, p1, pi2, 1, 2 }.
Since g is constant we can take f as any bijection from FE(W,,) to Na,.

Clearly this f and g will constitute a Ds-magic labeling for W,.

Case (ii): n is even.

Suppose n is even define f : E(W,,) — Ny, as

Flhu) =4, i=1,2,....n,
fluuip)) =n+i, 1 <i<n—1,
f(uguy,) = 2n.

Now we can define g : E(W,,) — Dy \ {po} by labeling each spokes by
i1 and all the outer edges by pe and py alternatively. Then W), becomes

D4-magic with magic constant py.
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Chapter 3. D4-Magic Graphs

This completes the proof of the theorem. n

Definition 78. [26/ The helm H, is a graph obtained from a wheel W, by

attaching a pendant edge at each vertex of the n cycle.
Theorem 79. The helm graph H, is Ds-magic.

Proof. Let {k,u;,v; : i = 1,2,...,n} be the vertex set of H,, where k be

the central vertex, ui,us,...,u, are the vertices of the cycle, vy, va,..., v,
are the pendant vertices adjacent to wy,us,...,u,. The edge set of H, is
E(H,) = {wui1, kuj,wv; -0 = 1,2,....n, upy1 = u1}. Now consider the

following two cases:

Case(i): n is odd.
Suppose that n is odd. Define f and g as follows: Let g : F(G) —
Dy \ {po} be defined as g(ku;) = p2, 1 < i < n, g(ujuj1) = p1, 1 <
J<n—1, gluru,) = p1, g(ugvg) = pa, 1 <k <n. Now let f: E(G) —
Ns,1+1 be any bijection. In this case, we can easily prove that f and g

will determine a Dj-magic labeling for H,,, where n is odd.

Case(ii): n is even.
Let f be defined as above and define g : E(G) — Dy \ {po} by

g(uvs) = p2, 1 <i <, gluiu,) = p1,
p2> 1f’l§]§n-2,

g(kuy) = o ,
p1, if j=n—1,n.

p1, if 1 <k<n-—2

g(uptps1) =
po, if k=n—1.

It follows that I*(u) = py,Vu € V(G). Hence H,, is Ds-magic when n is
even.
This completes the proof of the theorem. n

Definition 80. [2/ The web graph W(2,n) is a graph obtained joining the
pendant points of a helm to form a cycle and adding a single pendant edge to

each vertex of this outer graph.
Theorem 81. The web graph W (2,n),n > 3 is D4-magic.

Proof. Let {k,u;,v;,w; : i = 1,2,3,...,n} be the vertex set of W(2,n),
where k be the central vertex, wuy,us,us,...,u, are the vertices of inner cy-

cle, vy, v9,v3,...,v, are the vertices of outer cycle and wq, wq,ws, ..., w, are
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3.3. Cycle Generated Graphs

the pendant vertices adjacent to vy, v, vs3, ..., v, of W(2,n). Let E(W(2,n)) =
{uitis1, Vivig1, wvg, viwg, kuy 2 i = 1,2, ... n and Upy = Uy, Vpe1 = V1. We

define a Dy-magic labeling for W (2,n) with magic constant py as follows:

Case (i): n is odd.
Let f: E(G) — Ns,41 be any bijection.
Define g : E(G) — D4\ {po} as

g(kui) = p2 = g(u;) = g(vaw;), 1 <i <,
g(uinir1) = pr = g(vivig1), 1 <i <n—1,

g(ulun) =p1= Q(Ulvn)-

Case (ii): n is even.
Let f: E(G) — Nsp41 be any bijection. Define g : E(G) — D4\ {po} as
glkui) = p2, 1 <0 <m =1, glkun) = g(kun) = p1, gvivip) =
p1 = g(uuirr) = pr, 1 < i <n—1 glow;) = p2 = gluwi), 1 <0 <
n, g(vivn) = g(vn-1vs) = p1, 9(Un-1uy) = p2, g(t1un) = p1.

U

This completes the proof of the theorem.

(239 pl)

) P2)
Ug

(117 Pz)

W(2,5) 2

W(2,6)

Figure 3.2: D,-magic labeling of W (2,5) and W (2,6).

The Figure represents a Dy magic labeling of the web graphs W(2,5)
and W (2,6).

Theorem 82. Shell graphs S,, ,,—s are Ds-magic.
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Chapter 3. D4-Magic Graphs

Proof. Let us denote the vertices of the shell graph S, ,,—3 by wq,us, ..., u,
such that u; is adjacent to w;1, where ¢ = 1,2,....,n and u, 1 = u;. Without

loss of generality, let the apex be u;. Now consider the following cases:

Case (i): n is even.
We will define the map f : E(S, ,—3) = Nojp_3 as

—_

f(uiuiﬂ) = ’i, S 1 S n—1
flunur) = n,

fluu)) =n+(j—2), 3<j<n-1

)

and we define ¢ : E(S,,,—3) = D4\ {po} as

g(urug) = g(unui) = pa,
g(uug) = p, i # 2,m,
g(uitir) = po, 2 <1 <n—1.

Clearly, f and g define a Dy-magic labeling with magic constant ;.

Case (ii): n is odd.
Define f as

and define g as
g(urug) = g(uru,) = po,
g(uu;) =, 3<j<n-—1,

po, if i is even,
g(uitliy1) = o )
po, if1isodd,1 <2< n—1.

Obviously, the functions f and g define a Dy-magic labeling of S, ,,_3

with magic constant p,.
This completes the proof of the theorem. n

A D,-magic labeling of the shell graphs Sgs; and S73 are shown in the

Figure 3.3
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3.3. Cycle Generated Graphs

Figure 3.3: D,-magic labeling of Sg5 and S7 4.

Theorem 83. The graph n-gon book of k pages B(n, k) is Ds-magic.

Proof. Let G be the graph B(n, k). Denote the vertices of common edge by
ki and k, and the edges of i page other than k; and k, by w, s, . . ., Uin—1
such that w;, is adjacent to k; and w;,— adjacent to k,, and w;; adjacent to

u;j41 for all 2 < j <n — 1. Consider the following cases:

Case (i): k is even.
Define g : E(G) — D4\ {po} as

g(k1kn) = pa,
g(urjurjpr) = 1, 2<j<n—2,
9(Uin—1kn) = p1 = g(k1ur2),
g(uijuijsr) = po, Vi>2, 2 <j<n-—1,
g(k1u) = g(Um—1kn) = p2, 2 <1 < k.

Now define f as

flkikn) =1, f(kiuiz) = 2, f(uin—1k,) = n,
flugjurjen) =j+1, V2<j<n-—2,
flkiup) =n+ (G —-2)(n—1)+1, i > 2,
fluguiga) =n+ (@ =2)(n—1)+j, 2<j<n-2,2<i<k,
fin—nykn) =n+ (1 —=2)(n—=1)+(n—-1), 2<i <k,

The functions f and g determine a D,-magic labeling with magic con-
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stant pg.

Case (ii): k is odd.
Here define g as g(e) = p2, Ve € E(G) then g together with any bijection
f: E(G) = Ngp—1 will define a Dy-magic labeling of B(n, k) with magic

constant pg.
This completes the proof of the theorem. n

Note that, for any n > 3 the path graph of order n is not Ds-magic. We
observe that the cycle (5, with a pendant edge is non-magic when we label the
edges with the nonzero elements of an abelian group [4] and it is S3-magic for
all n > 2 |18]. Now we investigate whether the cycle graph C,, with a pendant

edge is D -magic or not.

Theorem 84. The cycle graph C,, with a pendant edge (Fl,) is Dy-magic if
and only if n is odd and n > 3.

Proof. Let us denote the vertices of C,, by uy,us,...,u,. Let one of the end
vertex of the pendant edge is u; and denote the other vertex as u,. Suppose

that n is odd. Now define the maps f and g as follows:

f(U1U2) =1, f(ulun) = 2, f(ulup) =n+1,

2+ L ifjisevenand 2<i<n
2 )
f(uiui—i-l) = )

1428 if i is odd and 2 < i < n,

o, if 7 is odd and 1 <7 < n,
g(uiuit1) = and g(u1tny1) = fi1.
po, ifiiseven and 2 <i<n—1,

Clearly, the maps will determine a D4-magic labeling of Fl,, with magic con-
stant fi;.

Now, suppose that n is even and Fl, is Dj-magic with magic constant
a € Dy. Since Fl, has a pendant vertex a # {po}. For our convenience
let us call the sets {po, p1, P2, p3}, {1, p2}, {01,902} as p-set, p-set and J-set

respectively. Consider the following cases:

Case (i): a = p;.
Suppose that the graph Fl,, is D4 magic with magic constant p;. Then
g(uru,) = p1. If g(ugue) € p-set. From our assumption A\*(uq) = p;
implies g(ujus) # po,p1. Without loss of generality, let g(ujus) = po

then A*(ug) = p; implies g(usuz) = ps. Proceeding like this, we obtain
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po, ifiisodd, 1 <7< n, , )
g(uuiyr) = , where i + 1 is taken over
ps3, if iis even, 1 < i <mn,

modulo n. This mapping implies A*(u1) = p; * p2 * p3 = pe, which is a

contradiction. So a # p;.

If g(ujug) € p-set then \*(u;) = p1, i < i < n, implies

p-set, if 7 is odd and 1 <1 < n,
9(uiuiy) € o
0-set, if 7 is even and 1 <17 < n.

Then A*(u1) = ] g(uiv) where v is adjacent to u;. There are 24 possible

product for A\*(u;) which are listed below,

p1p101  f1p1de  O1pipln Oapipin
Hop101  f2p10  O1piple Oapifia
p101fi1 p10afty  proapin  p1oapi
proipia  proopla p102fia P102jis
51M1P1 52M1P1 ,u151p1 ,u152p1
O1ftap1  Oapiopr  H201p1  fh202p1

None of the above product yield the value p;. So such a magic labeling
is not possible for Fl,,. Hence Fl,, does not has a Ds-magic labeling with

magic constant p;, when n is even. Similarly we can prove that a # ps.

Case(ii): a = ps.
Suppose that a = ps and g(ujug) € p-set then g(ujus) is either p; or
ps and g(uiu,) = po. Without loss of generality, g(ujuz) = p1. Since
X (u;) = po, Vi we have g(uwjuiy1) = p1,1 < i < n and then N (u;) =
p2p7 = po, which is a contradiction. So a # {p2} when g(ujus) € p-set.
Now suppose that g(ujus) € p-set or d-set. Observe that s = pop; =
p2 and 0105 = 9201 = po. If we take g(ujug) = pq then

1y, if ¢ is odd,
g(uitiiy1) = .
Lo, if 7 is even.

But this imply that A*(u1) = pa * 1 * 1o = po. Which is a contradiction.
Similarly, we can show that g(ujug) # s, d1, 2. Hence a # po.

Case(iii): a € u-set or o-set.
If a € p-set then g(uju,) € p-set. If possible let g(ujuz) € p-set. Since
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N (u;) € peset for all 2 < i < n we get,
_ p-set, if ¢ is odd,
for 1 <i<n, gluuiyr) €
p-set or d-set, if 7 is even.

This labeling implies A\*(u;) is a product of an element from p-set, an
element from p-set and an element from Jd-set(or p-set) but this product
always belongs to p-set. Which is a contradiction to our assumption. In
a similar manner, we can show that g(ujus) ¢ p-set and d-set. Hence

a ¢ p-set. Similarly, we can prove that a ¢ J-set.

All the above cases illustrate that there does not exist a D,-magic labeling for

the graph F'l,, when n is even. O]

3.4 Path Generated Graphs

In this section, we consider some graphs that are constructed from the path

graph. We start with the splitting graph [21] of the path graph.
Theorem 85. Splitting graph of the path graph P,,n > 3 is Ds-magic.

Proof. Let P, be a path graph of order n, where n > 3. Let uy,us,...,u, be
the vertices of P,, where wu;y1 € F(P,),1 = 1,2,...,n — 1. There are 2n
vertices and 3n — 3 edges in the splitting graph of the path, S(P,). Let wu,;
be the vertex corresponding to the i*" vertex in S(P,). Observe that, there are
two pendant edges in S(P,), one with end points us and w,,; and the other

with end points u,_; and usg,.

Case (i): n = 3.
In this case, define f: E(S(Ps)) — Ng as

flurug) = 1, fluguz) = 3, flugus) = 2, f(wus) = 4, f(ugus) =
5, f(ugug) = 6. Now define g : E(G) — D4\ {po} as

g(uruz) = glusus) = p1, g(ugus) = gluius) = 92, g(ugus) = g(ugus) =
H1-

Case (ii): n > 3.
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In this case, define f and ¢ as follows:

In all the above cases, we can prove that the functions f and g defines a

Ds-magic labeling of S(P,) with magic constant p;.
This completes the proof of the theorem. O

The Figure [3.4] represents a Dy-magic labeling of the splitting graph of the
path Ps.

uy (1,p,) u2 (2, p,) Us (3, 1) Ya (4,py) Us

Figure 3.4: D,-magic labeling of S(Ps).

Definition 86. [27/ The middle graph of a connected graph G denoted by
M(G) is the graph whose vertex set is V(G) U E(G) where two vertices are
adjacent if

(i) They are adjacent edges of G or
(i) One is a vertex of G and the other is an edge incident with it.
Theorem 87. Middle graph of the path graph P, is Ds-magic.

Proof. Let M(P,) be the middle graph of the path P,. Denote the vertices
of P, by uy,us,...,u, and edges by ey, es,...,e,_1 where e; incident with wu;
and u; 1. There are 2n — 1 vertices and 3n — 4 edges in M (F,). Consider the

following cases:
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Case(i): n = 3.
Define f : E(M(P3)) — N3,—4 as f(erur) = 1, f(eiuz) = 2, f(eiez) =
3, f(eaus) =4 and f(equs) = 5 and define g : E(M(Ps)) — D4\ {po}
as g(ejuy) = pa = gleaus), gleruz) = p1 = g(eausz), g(erez) = ps. Then
the middle graph of the path P; is Ds-magic with magic constant ps.

Case(ii): n > 3.
Define f: E(M(P,)) — N3,_4 as follows:
For1<i<n-—1,1<j<n, f(eu;) =2(i —1)+j and f(e;ei+1) = 3i.
Now define g : E(M(P,)) — D4\ {po} by

glerur) = p2 = glen—1uy),
glerug) = pa, gleauz) = p1, gleges) = ps,
g(eausz) = p1 = glesus),
)

g(eieir1) = po, where i #2and 1 <i<n—1,

py, if j=i4+land3<i<n—1,
gleiu;) = . |
po, if t=jand4<i<n-—1

The above functions f and g will define a Dy-magic labeling of M (P,)

with magic constant ps.
This completes the proof of the theorem. O

Definition 88. [2§/ A triangular snake T, is obtained from the path P, by
replacing each edge of the path by a triangle Cj.

Theorem 89. The triangular snake T,, is Dy-magic.

Proof. Note that every vertex of T}, has even degree . So the proof is indis-
putable from Theorem [67] O

Definition 90. (28] The alternate triangular snake A(T,) is obtained from

the path wy, us, ..., u, by joining u;u; .1 (alternatively) to a new vertex v;.
Theorem 91. The alternate triangular graph A(T,) is D4-magic.

Proof. Let us denote the vertices of the path P, be uy, us, ..., u, and the vertex

which join u; and u;,1 be denoted by v;. Now consider the following cases:

Case (i): n is even and triangle starts from w;.
Suppose that n is even and the triangle starts from the first vertex w,,

then there are n + 4 vertices and 2n — 1 edges.

44



3.4. Path Generated Graphs

Suppose n = 2 then A(T,,) is Cj itself. So there is nothing to prove.
Suppose n = 4 then take f be any bijection from E(A(T},)) to N7 and
define g : E(A(Ty)) — D\ {po} by

g(wvr) = g(usvs) = p1, glugus) = p2, g(usvr) = g(uzvs) = gluwus) =
g(usuy) = p3. Then A(Ty) becomes Dy-magic with magic constant py.
Suppose n > 4, then let f : E(A(T,)) — Na,_1 be any bijection and
define g : E(A(T},)) — D4\ {po} as

9(“1“2) = g(”nflun) = 9(“2@1) = g(unflvnfl) = P3,
g(uivy) = g(upve—1) = p1. For 2 < i <n—1, define
po, if i is even,
g(uiui-i-l) = )
o, if 7 is odd.
n—4
9(U2k+1"02k+1) = 9(U2k+202k+1) =p,k=12,..., 5

Obviously the functions f and g will constitute a Ds-magic labeling for
A(T,,) with I*(u) = po,Yu € V(A(T},)).

Case (ii): n is even and the triangle starts from the second vertex us.
We can define a magic labeling for A(T),), where n is even and cycle
starts from us as follows:

Let f be any bijection as above and define g as

po, if 7 is odd, ‘
g(uitiiy1) = A <i<n—1,
ps, if 7 is even,
n—2

2

g(UQkUQk) — g(u2k+lv2k) = p1, k= ]-7 27 37 sy

Clearly [* is a constant map, i.e., I*(u) = pa, Yu € V(A(T},)).

Case (iii): n is odd and the triangle starts from the first vertex.
Suppose n = 3 and the triangle starts from the first vertex u;.
Let f: E(A(T,)) — N4 be any bijection.
Now define g : E(A(T,)) = D4\ {po} by
g(urug) = g(ugvy) = 9o, g(uvy) = 61, g(ugugz) = po. Using these maps
we can show that the graph is D,-magic with magic constant ps.
When n is odd and n > 3, there are n + (ngl) vertices and 2(n — 1)
edges in A(T,,). Suppose that n > 3, n is odd and the triangle of A(7},)

starts from the first vertex u;. Here we take f as any bijection and
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g: E(A(T,)) = D4\ {po} be defined as follows:

g(uluz) = (U2U1) = 09, g(Ulvl) = 01,

Q

po, if i is even, ’
g(uui) = - 1 <i<n.
ps, if i is odd,

g(u;) = g(ui1v;) = p1,1 < i <n and i is odd.

=

Then clearly I*(u) = pa, Yu € V(A(T,)).

Case (iv): n is odd and triangle starts from the second vertex.
A(T,) with n odd and the triangle starts from the first vertex is just
the mirror image of the A(7,) in Case (iii). So we can define f and g
similarly as in Case(iii) and obtain a D,-magic labeling for A(7,,) with

magic constant ps.

This completes the proof of the theorem. ]
U1 U3 vy Vo V4
(GW;J (8, Wl) (10mm) (Gmal) (Sﬂpl)
ur (L) w5 P2 uddim) uy (4,0:) g (5,05 Ue ?Ll(l,pz) UA2:03) Uz (3:02) uy $Ps) Us(5 02) 'Us
A(Ts) A(Ts)
V1 U3 V2 Vg
(5,01) (6,0>) (7,1 (8, 1) (8,p1) 7,p1) (6,85) (5,01)
uq (1,52) U2 (27/72) 'u,3(37/73) Uy (47 pZ) 55 ﬁl (37173) Uz (1,p3) us (27 Pz) Uy (1762) Uus
A(Ts) A(Ts)

Figure 3.5: Dj-magic labeling of A(Ts) and A(T5).

The Figure represents a D, magic labeling of the graphs A(Ts) and
A(Ts).

Definition 92. [2§/ A double triangular snake D(T,) consists of two trian-

gular snakes that have a common path P,.
Theorem 93. The double triangular graph is Ds-magic.

Proof. Let uy,us,...,u, be the vertices of the path P, and let vy, vs,..., v, 1,
Wy, Wy, . .., W,—1 be the remaining vertices of D(T,,) such that the vertex v; is
adjacent to u; and u; 1, where 1 <17 < n. Similarly the vertex w; is adjacent to

u; and u; 1. Without loss of generality, let vy, vy, ..., v, 1 and wy, ws, ..., Wy, 1
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be the vertices of upper triangles and lower triangles respectively.

Now we define a Dy-magic labeling for D(7},) as follows:

Let f : E(D(T,)) — Nsm-1) be any bijection and let g : E(D(T,)) —
D4\ {po} be defined by g(ujuis1) = p2, 1 < i < n, gluv;) = g(ugiv;) =
p1, and g(uww;) = g(upw;) = p3, 1 < i < n. Thus we can see that [*(u) =
p2, Yu € V(D(T,)). This completes the proof. O
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Chapter 4

()s-Magic Labeling of Graphs

In this chapter, we discuss the Qg-magic labeling of graphs. The
first section of this chapter gives an introduction about (QQg-magic
labeling and the second section of this chapter deals with the QQg-
magic labeling of some graphs and its subdivision graphs. Also, this

chapter classifies these graphs according to the magic constant.

4.1 Introduction

Let Qs = {£1,+i,+j, £k} be the Quaternion group with identity element
1. A graph G = (V(G), E(G)) with p vertices and ¢ edges is said to be Qs-
magic if there exist two maps f : E(G) — N, and ¢g : E(G) — Qs \ {1}
such that the map f is bijective and the map ¢*(v) : V(G) — Qs defined by
0*(u) = [een+)((f(e), g(e)) is a constant map, where N*(u) is the set of all
edges incident with . The map ¢* is called a Qg-magic labeling of G. Recall
the definition of A-magic labeling of graphs where A is a non-abelian group [29].
In this chapter, we consider the Quaternion group [16| Qs = {+1, +i, -5, £k},
which is a non-abelian group of order 8. The Cayley table for Qg is given by

IThis chapter has been published in the journal Advances and Applications of Discrete
Mathematics, Volume 34, 67-85, (2022).
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4.2 (s-Magic Labeling

Definition 94. A graph G is Qs-magic if there exist two maps f : E(G) — N,
and g : E(G) — Qs\{1} as in the definition[3]] such that the map ¢* : V(G) —
Qs defined by *(u) = [l .- (f(€), g(e)) is a constant map, where N*(u) is
the set of all edges incident with wu.

Example 95. Consider the complete graph K4. Let uq,us, us, uy be the vertices
of K4. Define f: E(K4) — Ng and g : E(Ky) — Qs \ {1} as follows:

flurug) =1, f(ugus) =3, f(usuy) =2,
flurug) =4, f(uruz) =5, f(ugus) =6,
g(urug) = g(uzug) = i, guguz) = glurus) = j, g(uruz) = glugus) = k.
Now ¢*(w) =[] (f(e),g(e))
e€N*(uy)
= (f(urua), g(uruz)) * (f(urus), g(uiug)) * (f(urus), g(uius))

= (1,9) * (4,7) * (5, k) =ijk=—1.
Similarly, (*(ug) = (*(ug) = (*(uy) = —1. Therefore, K4 is Qg-magic with
magic constant —1.

Uy 2,1 U3

(4,3 |I (3,4)

(U (1,2) Uz

Figure 4.1: (QQs-magic labeling of Kjy.

Observe that the cycle Cy, with a pendant edge is non-magic when we label
the edges with the nonzero elements of an abelian group. Now we consider the
graph C,, with a pendant edge and investigate whether it admits a (Jg-magic
labeling or not.

Theorem 96. The cycle graph C,, with a pendant edge is Qg-magic if and only
if nois odd.

Proof. Let Fl, be the cycle graph C), with a pendant edge. Let us denote the

vertices of C,, by uy,us,...,u,. Let one of the end vertex of the pendant edge
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is u; and denote the other vertex as w,. Suppose that n is odd. Now define
the maps f and ¢ as follows:
mT’Ll, ifmisodd, 1 <m<n-—2,

1 7f(unu1) =n,
2

f(umum+1) = ) )
,ifmiseven, 1 <m<n-—1.

. . j, if m is odd,
f(ulup) - n+1 and g(ulup) =1, g(uan) =7 g(umum—‘rl) =
k,if m is even.

where 1 <m <n—1,
Clearly the above maps will determine a ()g-magic labeling for Fl,, with magic
constant .

Suppose that Fl,, is (Qs-magic with magic constant a,a € Q)g. Since Fl,
has a pendant vertex a # 1. Suppose that a« = —1, then g(uju,) = —1. By our
assumption \*(u,,) = —1,2 < m < n, so we must have g(un,ums1) = b,b €
{=i, 47, £k}. Then X\ (uy) = g(uiu,) * g(uiuy,) * g(ujug) = b* x —1 = 1, which
is a contradiction. Hence a # —1.

Now suppose that n is even and Fl, is (Qg-magic with magic constant
a,a € {£i,+j,£k}. Without loss of generality, let f(uju, < f(uiuz) <
flugus) < f(uju,). Suppose that g(ujus) = b and g(ugusz) = ¢, where
a=bxc, byce€ Qs \{1l}. Then \*(u,) = a, 2 <i < m implies g(UmUmi1) =

+b, if mis odd,3 <i <mn,
Then A\*(uy) = a x b +c = +1, which is a

+ec, if miseven,3 <i<n.
contradiction. Hence a,a ¢ {£i,+j, £k} when n is even. So Fl, does not
have a (Qg-magic labeling when n is even. This completes the proof of the

theorem. O
Theorem 97. The wheel graph W,, is Qg-magic for all n > 3.

Proof. Let us V(W) = {uq,uz,...,up, k} and E(W,,) = {tntmir, ki, 1 <

m < n,m+ 1 is taken modulo n}. Consider the following two cases:

Case(i): n is even.
Let f: E(W,) — Na, be any bijective function and let g :— Qs \ {1} —
i, if e = UpUpmar, 1 <m <n,
be defined by g(e) = m + 1 is taken over modulo n,
—1, otherwise.
Case(ii): n is odd.
Let f as above and g be the constant function g(e) = —1,Ve € E(W,,).

Then in both cases, we can easily verify that f and g determine a (Jg-magic
labeling for W,,. Hence the proof. m
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The subdivision graph [30] of a graph G is denoted by S(G) and is obtained
by inserting an additional vertex to each edge of G. Now we investigate (Jg-
magic labeling of some graphs and its subdivision graphs. Also we classify

them into the following 7 categories:

wy ;= the class of all (Jg-magic graphs with magic constant a,
where a € B = {+i, +j, +k}
wy := the class of all Q)g-magic graphs with magic constant 1.
w_1 := the class of all Qs-magic graphs with magic constant — 1.
w1 = wiNw_y
Wa1 = We Nwy,a €B
Wa,—1 1= Wq Nw_1,a € B

Q:=w,NwiNw_q, forall a € B

4.3 (s-magic labeling of some graphs and its
subdivision graphs
Theorem 98. If a graph G has a pendant edge then G ¢ w;.

Proof. Let G be a graph having a pendant edge e with end vertices u; and us.
Without loss of generality, assume that degree of u; is one. Suppose G € w;
then 0*(uy) = 1 = [[(f(uiu2), g(uruz)) = g(uyuz), which is a contradiction to
the definition 04 Hence G ¢ w;. O

Theorem 99. The star graph K, ,,n > 1 is Qs-magic if and only if n is odd.

Proof. Let uy,uo, ..., u, be the vertices of K, having degree 1 and let v be the
vertex of K ,, having degree n. Suppose that n is odd. Let f be a bijective map
from E(K;,) to N,. Define g : E(K;,) — Qs \ {1} as g(e) = —1, Ve € E(G).
Then (*(u) = —1, Yu € V(G). Hence K, is Qs-magic.

Conversely, suppose that K, is (Js-magic with the magic constant ‘a’, where
a € Qg. There are n pendant edges and each pendant edge should be mapped

t der th . Then ¢*(v) = a (b tion). i.e., aa---a = a.
o a under the map g en (*(v) = a (by our assumption). i.e., aa---a=a

n times

Which implies either n is odd or n = 1(mod 4). If n is odd then we can take
a as —1. If n = 1(mod 4) then we can take a as +i, +j or £ k. But we
observe that n = 1(mod 4) also implies n is odd. This completes the proof of
the theorem. O
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Corollary 100. The star graph K, € w, 1 if and only if n = 1( mod 4).
Corollary 101. K, ¢ Q, for alln > 1.

Theorem 102. Subdivision graph of Ki,, S(K1,) ¢ wa, foralla € B and
for alln > 1.

Proof. Let uy,us, ..., u, be the pendant vertices of K7, and let v be the vertex
having degree n. Now let ull, uIQ, e ,u;b be the vertices of S(K ,,) corresponding
to the edges vuy,vus,...,vu, of Ki,. Suppose that S(K;,) € w,, for some
a € B. Then all pendant edge should be mapped to ‘a’ in the map g. In
particular g(uu;) = a. Note that

C(uy) = (f(vuy), g(ouy))(f (wy), g(uruy))
g(vuy) * g(uruy) or gluruy) * gvuy)
9

vu
This implies that ¢*(u;) = g(vuy) * a or a * g(vu,).

~—~

Now £*(u;) = a implies g(vu]) = 1, which is a contradiction. This completes
the proof of the theorem.
0

Theorem 103. For alln > 1, S(K;,,) ¢ wi 1.

Proof. Since S(K,,) has pendant edges by Theorem (98 S(K ,,) ¢ wi. We can
prove S(K1,) ¢ w_; as in the above theorem. Hence the proof. O

Corollary 104. S(K;,) ¢ Q, for alln > 1.
Theorem 105. Forn > 3, C, € w,, for all a € B if and only if n is even.

Proof. Let us denote the vertices of C,, by uy, ug, . . ., Uy, Uyy1, Where u, 11 = uq.
Suppose that n is even. Let f : E(C,) — N, and g : E(C,) — Qs \ {1} be

defined as follows:

7%1, if p is odd,

n+p .
*, if pis even.

fuptipy1) =

1, if p is odd,
9(uptipr) = 1<p<n.
J, if p is even.

Then clearly ¢*(u) = k. Thus, C,, € wy. Similarly, we can prove that C,, € w,,
for all a € B.
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Suppose n is odd. Then if C, € w,, where a € B. Let a,b,c € Qg such
that bc = a also b,c # 1. Without loss of generality, let f(ujus) < f(ugug).
Let g(uiua) = b, g(ugus) = ¢ then g(usus) = £b, glusus) = £c, g(usug) =
+b, ..., 9(up_1u,) = +c. But g(u,_1u,) = +c implies g(u,u;) = +b. Then
we have (*(u1) = g(upuy) * g(ugug) or g(ujus) * g(u,uq). Both cases imply
that ¢*(u;) = £1. Which is a contradiction to our assumption that the magic
constant is a. Hence C,, ¢ w,,Va € B when n is odd. This completes the proof
of the theorem. |

Theorem 106. Forn > 3, C, € wy _;.

Proof. Define g : E(C,,) — Qs\ {1} as the constant map g(e) = —1,Ve € E(G)
and let and f : F(C,) — N, be a bijective map. Then we obtain a (Jg-magic
labeling of C), with magic constant 1. Similarly, if we define g as the map
gle) =i, Ye € E(C,) and f as above we get (*(u) = —1, Yu € V(C,). This
completes the proof of the theorem. n

Theorem 107. Forn >3, S(C,) € Q.

Proof. Observe that S(C,,) = Cy,. So the theorem is indisputable from Theo-
rem [105] and Theorem [I06] O

Definition 108. [31] A ladder graph L,, is defined by L,, = P, X Ky, where P,
1S a path with n vertices, x denote the cartesian product and Ko is a complete

graph with two vertices.
Theorem 109. For n > 2 the ladder L,, € ().

Proof. Consider the ladder graph L, with vertex set V' = {u,,v,:1 <p <n}
and edge set E = {uyupi1, 00541 : 1 <p<n—1} U{uw,: 1 <p<n}.

First, we prove that L, € w;. For this, let f be any bijection from F(L,)
to N3,_o and g : E(L,) — Qs \ {1} be defined as follows:

1, if p=1,n,
For 1 <p <n, g(u,v,) = and
—1, otherwise.

g(uptpi1) = g(vpvps1) = —i, where 1 <p <n—1.

Clearly, ¢*(u) =1, Yu € V(L,). Therefore L,, € w.
Next we show that L, € w_;. Take f as above and for 1 < p < n—1 define

g as follows:

1, if p is odd,
g(uptps1) = g(vpvpi1) = o ,
—1, if p is even.
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(
i, ifm=1,

—1,ifl<m<n-—1,
g<umvm) =
—1, if m = n and n is odd,

\i, if m = n and n is even.

Using the above f and g we can determine a (Qg-magic labeling of L, with
magic constant —1. Hence L, € w_;.

Finally, we show that L, € wy. To show this, define f and g as follows:
flugvy) =1, f(upups1) =p+1, f(vpvp11) =n+p, where 1 <p <n—1and
fupv,) =2n—14+(m—1), 1<m <n.Forl <p<n—1landforl <m <n,
define

J, if p=1(mod 4),
i, if p=2(mod 4),
9(uptipt1) = g(VpUp+1) = o )
—j, if p = 3(mod 4),

|~ if p = 0(mod 4).

(
i, ifm=1,

—1,ifl<m<n-—1,

J, if m =n and n = 3(mod 4),
g(umvm) =
—i, if m =n and n = 2(mod 4),

i, if m =mn and n = 0(mod 4),

x_j’ if m =n and n = 1(mod 4).

Note that the above maps f and g will determine a QJg-magic labeling of L,
with magic constant k. Similarly we can prove that L, € w,,Va € B.
Hence L, € ). This completes the proof of the theorem. n

Theorem 110. The subdivision graph of Ly, S(L,) € wy _1.

Proof. Consider the ladder L,, with vertex set V' = {up,v, : 1 < p < n} and
edge set B = {uptpr1,vptpr1 0 1 <p <n—1} U {uw, : 1 < p < n} Let
u,, v, , wy be the vertices of S (Ly,) corresponding to the edges u,tp+1, VpUps1, UpVy
respectively. Define f : S(L,) — Ng,_4 as follows: for 1 < p < n — 1,
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flupuy) =14+3(p—1), fluyup) =2+3(p—1), f(vvy) = 3Bn—2)+3(p—
1), floyvp) =3(n+(p—1)),1 <p<n-—1, fluw)=06n->5, f(wiv)=
6n —4 and for 1 < m < n, f(unpw,) = 3(m—1), m # 1, flupv,) =
Bn—1)4+3(m—2), m>2 For1 <p<n-—1andfor 1 <m < n, define
g: E(G) = Qs \ {1} as follows:

—1, if p is odd, 1, if p is odd,
g(upup/) = . . 7g(UpUp/) = . .
—k, if p is even. k, if p is even.
1, if p is odd, —1, if p is even,
g(“p,up'f'l) = . . 7g(vplvp+1) - . .
k, if p is even. —k, if p is even.

\
i, ifm=1,

J, if mis even and m < n,
9(Umwn,) = § —7, if m is odd and m < n,
—k, if m =n and n is odd,

—i, if m = n and n is even.

—i, ifm =1,

—7, if m is even and m < n,
9(WnVm) = < 5, if mis odd and m < n,

k, if m =n and n is odd,

i, if m =n and n is even.
\

By defining f and g as above we get a Qs-magic labeling of S(L,,) with magic
constant 1. Therefore S(L,) € w;.

Now define g as

7, if pisodd, 1 <p<n-—1,
g(upup/) = g(up,up"rl) = g(vpvp/) = g(’Up’Up+1) = . .
k,ifpiseven, 1 <p<n-—1.
.
i, iftm=1,

j, ifmisevenand 1 <m<n-—1,
and for 1 <m < n, g(umwn) = g(wnvm) = § —j, if isoddand 1 <m <n -1,

i, if m = n and n is even,

\k, if m =n and n is odd.

Also define f : S(L,) = Ngp—g by for 1 < p <n—1, f(upuy) =1+ 3(p —
D), fluyupia) = 2+3(p = 1), flopry) = Bn—2) +3(p — 1), floyvps) =
(Bn—1)+3(p—1), f(uywy) = 6n —5, f(wvy) =6n—4 and for 1 <m < n,
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fumwy,) = 3(m — 1), m # 1, f(wnvm) = 3(n+ (m —2)), m > 2. Then g
and f will determine a Qg-magic labeling of S(L,) with magic constant —1.
That is S(L,) € w_y. Hence S(L,) € w; ;. This completes the proof of the

theorem. O

Theorem 111. When n is even, S(L,) € w, for all a € B.

Proof. Suppose that n is even. Let V and E be the vertex set and edge set
of S(L,) and denote the vertices and edges as in Theorem [110] Consider the

following cases:

Case (i): n=2.
Suppose that n = 2 and a € B. Let f be any bijective map from
E(S(Ls)) to Ng and g be the map defined as follows: label the edges of
S(Ly) alternatively by —1 and —a. Clearly ¢*(u) = a,Vu € V(S(Ls)).
Thus S(Ls) € w,, Ya € B.

Case (ii): n > 2 and n is even.

First we show that, when n is even S(L,) € wy. In this case, we take
f:E(S(Ly)) = Nen—s to be the map defined by

For 1 <p<n-—1, flupyuy) =1+2(p—1), fluyup)=2+2(p—1),
flopvy) = (2n—1)+2(p — 1), f(vyvp11) =2n+2(p—1) and for 1 <
m < n, f(upwy,) =4n—44+m, f(wmv,) = 5n—4+m. If n = 2(mod 4)
then define f(u,w,) = 4n — 4, f(w,v,) = dn — 4, f(v,_yv,) = 6n —4
and label other edges as above.

For 1 <p<n-—1and1<m <n,define g: E(S(L,)) — Qs \ {1} as
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follows:
—k, if p=1, , -1, ifp=1,
g<up“p/) =3 ) ,g(upup+1) - . .
J, otherwise. —i, otherwise.
.
—1, ifp=1,

i, ifp=1(mod 4),p # 1,
,9(vpvy) = q 4, if p = 2(mod 4), ,
—i, if p = 3(mod 4),

—j, if p=0(mod 4).

—k, if p=1,
j, i p=1(mod 4),p # 1,
g(vyvp1) = § —i, if p=2(mod 4),

—j, if p=3(mod 4),
i, if p=0(mod 4).

i, ifm=2, g, if m =2,
9(Umwy,) = ¢ —j, if p=n, , 9(Win) = < 4, if p=n,
—1, otherwise. —k, otherwise.

Obviously, ¢*(u) = k,Vu € V(S(L,)). Thus S(L,) € wr when n is even.
Similarly, we can prove that S(L,) € w,, Va € B.
[

Corollary 112. When n is even, S(L,,) € Q.
Theorem 113. S(L3) ¢ wy.

Proof. Without loss of generality, suppose that f(ujwq) < f(wyvy).

The possible map g for S(L3) to get the magic constant k is shown in Figure
[4.2] Observe that in all the possible labelings we cannot find a suitable image
for the edge vyvs in g. Hence S(Ls) & wy. O

Corollary 114. S(L3) ¢ w,, for all a € B.
Corollary 115. S(L,,) ¢ Q for all n.

Definition 116. (2] The friendship graph or the Dutch windmill graph denoted
by Fm(orDém)orC’;) 1s the graph obtained by taking m copies of Cs with one

vertex in common.
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1w U _ ;
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Figure 4.2: possible labelings for S(L3) in the map ¢

Theorem 117. The friendship graph F,, ¢ w,, for all a € B.

Proof. Let F,, be the friendship graph with vertex set {a,,b,,w: 1 <p < m}
and edge set {a,b,, wa,, wb,}. Suppose that F,, € w,, for some a € B. Let
a = bx*c where b,c € Qs \ {1,—1} also a = (—1) * (—a). We have (*(a,) =
0*(b,) = a. If we take g(wa,) = £b( or =+ ¢) then g(a,b,) = £c(or +£b) and
g(wby,) = £b( or =+ ¢) also if we take g(wa,) = —1( or — a) then g(a,b,) =
—a( or -1) and g(wb,) = —1( or —a). So ¢*(w) consists of a product of even
number of ¥'s( b and —b), even number of ¢’s( ¢ and —c), even number of —1
and even number of a's(a and —a). Which implies ¢*(w) = £1. Which is a

contradiction. Hence the proof of the theorem. O
Corollary 118. The friendship graph F,, ¢ €.
Theorem 119. For allm > 2, S(F,,) € wy 1.

Proof. Let F, be the friendship graph with vertex set {a,,b,,w: 1 <p <m}
and edge set {a,b,, wa,, wb,}. Now let a;,b;),w; be the vertices in S(F,)

corresponding to the edges wa,, wb,, a,b, of F, respectively. Suppose we define
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g as

g(wa,) = g(ayw,) = g(byb,) = i.
g(a a,) = g(w b):g(wbp):—i, 1<p<m.

and let f be any bijection from E(S(F,)) to Ngp. Clearly ¢*(u) = 1, Yu €
V(G). Thus, S(F,) € w;.

Suppose that m is odd. If we define g as the constant map g(e) =i, Ve €
E(S(F,,)) and f be a bijection from E(S(F},)) to Ng,, then S(F,,) € w_1. Now

suppose that m is even. Here we consider two cases:

Case (i): m is an odd multiple of 2.
For 1 < p < m, define f and g as follows:

flwa,) =p, f(wb) =m+p, flaa,)=2m+p,
flayw,) =3m+p, f(w,b,) =4m+p, f(bb,) =5m+p

and g(wa;,) = g(wb;)) = g(a;ap) = g(apw;,) = g(w;bp) = g(bpb;) =
7, if p is odd,
7, if p is even.

Clearly the above maps f and g will determine a (Js-magic labeling of

S(F,,) with magic constant —1.

Case (ii): m is an even multiple of 2.
In this case, we take f as a bijection from S(F,,) to Ng,, which map wa,’
to 1, wa2 to 2, wa3 to 3, wb1 to 4, wa to 5, and wb3 to 6. For 1 < p < m,
let g be the function defined by
J, itp=2,
g(wa;) = g(wb;)) = g<a;ap) = g(apw;,) = g(w;bp) = g(bpb;,) =k, iftp=3,
1, otherwise.

Obviously ¢*(u) = —1, Yu € V(S(F,)).
In both cases, S(F,,,) € w—_;. Hence S(F},,) € wy 1. O
Theorem 120. S(F},) € ) if and only if m is odd.

Proof. Let F,, be the friendship graph with vertex set {a,,b,,w: 1 <p <m}
and edge set {a,b,, wa,, wb,}. Now let a;),b;,w; be the vertices in S(F,)

corresponding to the edges wa,,, wb,, ayb, of F,,. Suppose that m is odd. First
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we show that S(F),,) € w;. Let f be the function defined by

f(wa;) =p, f(a;jap) =m+(p—1)5+1,
f(apw;) =m+(p— 1)5+2,f(w;bp) =m+(p—1)5+3,
Fopb,) =m+ (p—1)5+4, f(wb,) =m+ (p—1)5+5, 1 <p < m.

Now define g : E(S(F,,)) — @s \ {1} by

’ . ’

g(wa,) = g(byb,) = j, glayw,) = —j,
g

g(a;ap) (Wb;)) = kvg(w;;bp) = —k, where 1 < p < m.

Clearly ¢*(u) = i, Yu € V(S(F,,)). Similarly, we can show that S(F,,) €
Wa, Va € B. From Theorem [119] we have S(F,,) € wy 1. Thus S(F,,) € Q.
Suppose that m is even. If possible, assume that S(F},) € w,, for some a €
B. Let a = bc where b,c € Qg \ {1,—1} also we have a = (—=1)(—a) . We
have (*(u) = a,Yu € V(S(F,,)). If we let g(wa;}) = £b then g(a;}ap) = *¢,
glayw)) = £b, g(wyb,) = +c, g(bb,) = +£b and g(wb,) = +c (if we take
g(wa,) = *c then replace £b by +c and vice versa ). If we take g(wa,) = —1
then g(a;ap) = —a, g(apw;)) = -1, g(w;)bp) = —a, g(bpb;)) = —1 and g(wb;)) =
—a. Thus ¢*(w) is the product determined by a combination of +b, +¢, —1
and —a. In the product ¢*(w) the number of b’s(either b or —b) is equal to
the number of ¢’s(either ¢ or —c¢) and the number of —1’s equal to the number
of —a’s. But for any function f the product is either +1 or —1. Which is
a contradiction to our assumption that ¢*(u) = a, Yu € V(S(F,,)). Hence
S(Fi) ¢ wa, Va € B. This completes the proof of the theorem. O
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Chapter 5
Induced S3-Magic Labeling of Graphs

In this chapter, we define the induced A-magic labeling of graphs,
for any non-abelian group A and we investigate the induced Ss-
magic labeling of some graphs. The first section of this chapter
gives an introduction to induced A-magic labeling and the second
section deals with the induced group magic labeling of graphs using
non abelian groups. The third section of this chapter discusses a
necessary and sufficient condition for some cycle-related graphs that
admit induced Sz-magic labeling. The fourth and fifth sections deal
with the induced Ss3-magic labeling of some star-related and path-

related graphs respectively.

5.1 Introduction

Let G = (V(G), E(G)) be the graph with vertex set V(G) and edge set E(G)
and (A, +) be an abelian group with identity element 0. Suppose f: V(G) — A
be a vertex labeling and f* : E(G) — A denote the induced edge labeling of
f defined by f*(uv) = f(u) + f(v) for all u,v € E(G). Then f* again induces
a vertex labeling f** : V(G) — A defined by f**(u) = Xf*(uv), where the
summation is taken over all the vertices v which are adjacent to u. A graph
G = (V(G), E(G)) is said to be an induced A-magic graph and it is denoted by
IAMG or simply IMG if there exists a non-zero vertex labeling f: V(G) — A
such that f = f**. The function f, so obtained is called an induced A-magic
labeling of G(See [7]).

In this chapter, we define the induced A-magic labeling of graphs, for any
non-abelian group A and we investigate the induced S3-magic labeling of some

graphs, where S5 is the symmetric group of order 6.

5.2 Induced Group-Magic Labeling of Graphs

Using Non-abelian Groups
We extend the above definition to a non-abelian group as follows.
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Definition 121. Let G = (V(G), E(G)) be a finite graph with p vertices and
q edges, and let (A,*) be a finite non-abelian group with identity element 1.
Let f: V(G) - N, ={1,2,...,p} and g : V(G) — A be two vertex labelings
of G such that f is bijective. We denote the induced edge labeling of f by
f*: E(G) — Nap and the induced edge labeling of g by g* : E(G) — A, where
f* and g* are defined as follows:

[H(w) = f(u) + f(v), and

g(u) x g(v), if f(u) < f(v),
g9(v) * g(u), if f(u) > f(v),

g (w) =

for all uwv € E(QG).
Define an edge labeling T : E(G) — Ny, x A by T(e) = (f*(e), g*(e)).
Define a relation < on the range of T by

/

(f*(e).g™(€)) = (f*(¢).g"(€) if and only if [*(e) < f*(¢).

Let {(f*(e1), g"(e1)), (f*(e2), 9" (e2)), - (f*(em), g"(em))} be a chain in the
range of T. We define the product of the elements of this chain as follows:

m

[T (e () = (g7 (ex) * g7 (e2)) % g™ (ea)) % ...) % g"(em)).  (5.2.1)
i=1
Let u € V(G) and let N*(u) be the set of all edges incident with u. Consider
the restriction of the function T on N*(u). Then the range of T
chain, say (*(e1). g7(e1)) = (F*(e2),g°(e2) = -+ = (F*(en), g"(en)):
We define g (u) = [Ty (F*(e:), 97 (ex).
A graph G is said to be an induced A-magic graph and it is denoted by IAMG if
there exists a non-zero vertez labeling(i.e g(u) # 1,Yu € V(G)) g : V(G) — A
such that g = g**. Then the function g is called an induced A-magic labeling.

N*(u) 1S a

Observe that definition coincides with the definition of IAMG by

Libeeshkumar and Anil Kumar [7], when A is an abelian group.

Example 122. Consider the non-abelian group symmetric group Sz of order 6.
Observe that Ss is the group of permutations of a 3 element set, say {1,2,3}.
The elements of Ss are denoted by po, p2, ps, 1, 2, p3(see [16]). Let G be the
cycle graph Cs. Denote the vertices of G by uy,us, and uz. Define f and g as
follows: f(u1) =1, f(u2) =2, f(us) =3, g(ur) = pu1, g(uz) = pa, g(us) = p1.
Then f*(uqug) = 3, f*(uguz) = 5, f*(uiuz) = 4 and g*(uus) = p1, g*(uguz) =
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3, g*(U1U3) = M2
Hence

g7 (w1) = (f*(wiug), g" (wrua) ) (f* (wruz), 9" (wiuz)) = g* (urua) * g* (urusz)

= P12 = M1,

9" (u2) = (f*(uaus), 9" (uauz)) (f* (wru2), 9" (uru2)) = g (uruz) * g*(usus)
= P13 = M2,

9" (us) = (f*(uaus), 9" (uaus)) (f* (urus), 9" (wrus)) = g" (waus) * g* (uous)
= H2lt3 = P1-

Clearly g** = g. Hence the graph C3 is an induced Ss-magic graph.

(3.01)
(43 P‘Z) (53 [,I,3)
(1, 19) (3,p1) ?227 H2)

Figure 5.1: Induced S3;-magic labeling of Cj.

Define the following categories of sets as follows:
™ (S3) := the set of all induced S3-magic graphs and
I (S3) = set of all induced Ss-magic labeling with the induced magic labeling
g satisfying g(V(G)) = {\}, for some A € S5\ {po}.
In this chapter, we discuss the induced Ss-magic labeling of some graphs that

fall into the above categories of sets.

Theorem 123. Let G be an induced Ss-magic graph determined by the func-
tions f and g as in the definition[I21. If g is a constant map then the degree

of each vertex of G gives a remainder of 2 when divided by 3.

Proof. Let G be an induced S3-magic graph with g(u) = a, where a € S5\ {po}.
Then g*(uv) = a?,Yuv € E(G). Since g = ¢g** = a, a is either p; or po. Without
loss of generality, let g(u) = p1,Vu € V(G). Now g**(u) = ((p1)?)%e™ =
pgeg(u). Thus g(u) = ¢™*(u) if deg(u) = 2(mod 3). O
5.3 Cycle Related Graphs

Theorem 124. The cycle graph C,, belongs to ™ (S3), n > 2.
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Proof. Denote the vertices of C,, by wui,us,...,u,. Let f be any bijective
function from V(C,,) to {1,2,...,n}. If we take g(v) = p1,Vv € V(C,,). Then
g*(uittip1) = p2,1 <4 <n. Thus g™ (u;) = g* (wittiv1) * g* (uttio1) = po * po =

*k —

p1.- Hence ¢ g. This completes the proof. O]

From the proof of the above theorem we have the following corollary.
Corollary 125. The cycle graph Cy,,n > 2 € ™, (S3), for some X € S5\ {po}.

Theorem 126. C,, has a non-constant induced Sz-magic labeling if and only

if nis a multiple of 3.

Proof. Suppose that n is a multiple of 3. Denote the vertices of C,, by uq, us, .. .,
u,. Now, let f be any bijective function from V(C,) to N,, and define g :
V(C,) — Ss as
po, if i = 1(mod 3),
g(ui) = § py, if i = 2(mod 3),
p2, if i = 0(mod 3).

Then
p1, if i = 1(mod 3),

g (uitiv1) = S po, if i = 2(mod 3),
p2, if i = 0(mod 3).
Hence ¢**(u;) = ¢*(wjuiv1) * g*(wsui—1) = g(u;). Thus ¢** = g.
Suppose that n is not a multiple of 3 and there exists a non-constant induced

Ss-magic labeling for C,,. Consider the following 3 cases:

Case (i): Suppose that g(V(C,)) C {po, p1, p2}-
Since ¢ is non-constant, at least 1 pair of adjacent vertices should be
labeled by different elements in {po, p1, p2} under g. Without loss of
generality, let g(u;) = p1 and g(ug) = pa. Then g*(ujuz) = pp, since
g(ug) = p2 and g = g**, we get g(uz) = po. Since g(uz) = g**(us), we

have g(uy) = p;. Proceeding like this, we obtain g as
p1, if i = 1(mod 3),
g(ui) = § pa, if i = 2(mod 3),
po, if i = 0(mod 3).

This type of induced magic labeling is possible only if n is a multiple of
3. Hence g(v<cn)) Z {p07 P1, P2}
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Case(ii): At least one g(u;) € {p1, p2, ps}-
Case (i) implies that at least one g(u;) should belongs to {1, t2, p3}-
Without loss of generality, let g(u1) € {p1, 1o, u3}. Since g is an IAMG
for C,,, we have either g(us) € {po, p1,p2} and g(u,) € {pu, po, s} or
g(ug) € {p, o, us} and g(u,) € {po, p1,p2}. Without loss of general-
ity, take g(us) € {po,p1,p2} and g(un) € {p1, p2, p3}. Since g(uz) €

{p07:017p2}7 we must have g(U3) S {/'L171u27,u3} and g(U4) S {/'617/'627,u3}7
g(us) € {po, p1, p2}. Proceeding like this, we obtain

{po, p1, p2}, if i = 2(mod 3),
{:ula 2, ,US}v otherwise.

g(u;) €

Such an induced magic labeling is possible only when n is a multiple of
3.

Case(iii): g(V(G)) C {11, pa, pa}-
Since g(u;) € {, p2, ps} we have g*(ujuir1) € {po, p1,p2}, Vi. Then
97 (wi) € {po, p1, p2}. Hence g # g**.

This completes the proof of the theorem. n

Theorem 127. The wheel graph W, is an induced Ss-magic graph if and only

if n is even.

Proof. Let the vertex set and edge set of W, be {u;, k : 1 < i < n}, {wuiy1, ku; :

1 <i<n, and i+1 is taken modulo n} respectively. For our convenience, let

us call the set {pg, p1, p2} as the p-set and the set {1, 2, s} as p-set. Suppose

that n is even. Then, any bijective map f from V(W,,) to N, ;1 together with
p1, if 7 is odd,

the map g(k) = po, g(w;) = will determine an induced
po, if i is even,

Ss-magic labeling of W,.

Conversely, suppose that W, € Z™(S3). Now consider the following three

cases:

Case(i): g(k) € u-set.
If all the g(u;) € p-set, then g*(wu;y1), g*(ku;) € p-set. Since g*(k) =
[T, (f*(kw), g* (ku;)), we get g**(k) € p-set. Which is a contradiction
to the assumption that g(k) = ¢**(k). Hence at least one g(u;) € p-
set. Without loss of generality, let g(u;) € p-set then ¢g*(uik) € p-set.
Consider g™ (u1) = ] cnw(uy)(f*(w1v), g"(w1v)). There are 6 possible

product for ¢**(uy)(varies according to f). Since g**(uy) = g(uy) either

67



Chapter 5. Induced S3-Magic Labeling of Graphs

(a) g*(ujuz) € p-set and g*(uqu,) € p-set or

(b) g*(ujusg) € p-set and g*(uju,) € u-set.

) ] p-set, if 1t =24+4mor 3+4m,m =20,1,2,...,
(a) implies g(u;) €
p-set, if i = 1,44 4m,5 + 4m.
This labeling is possible only when n is an even number(a multiple of 4).
Similarly, we can show that the case(b) also implies n is an even number.
But then g™ (k) will be the product of even number of elements from
p-set and even number of elements from p-set. So ¢g**(k) € p-set. Which

is a contradiction.

Case(ii): g(k) € p-set.

Suppose there exist a vertex u; such that g(u;) € p-set. Without loss

of generality, let g(u;) € p-set. Then g*(kuy) € p-set. Since g**(uy) =

g(u1) € p-set. Then either g(us),g(u,) € p-set or g(us),g(u,) € p-

set. If g(ug), g(u,) € p-set then this implies g(us) € p-set, g(us) € p-
o ) p-set, if ¢ is odd, )

set. Proceeding like this, we get g(u;) € and this

p-set, if ¢ is even.

labeling is possible only if n is even. Similarly, if g(us), g(u,) € p-set

then ¢** = g implies g(u;) € p-set, for all i. Then we have ¢g*(ku;) € u-

set and ¢**(k) = [, (f*(kw;), g*(ku;)) € p-set implies n is even.

Suppose that g(u;) € p-set, for all i. We consider the following sub-cases:

Subcase(1): g(k) = po.
In this case, at least one g(u;) # po. Without loss of generality, let
g(u1) = p1 then either

(a) g(u2) = po and g(u,) = p1 or
(b) g(u2) = p1 and g(u,) = po.
(c) g(u2), g(un) = pa.

po, if i =2+ 3m,
(a) implies, for m = 0,1,2,...,9(u;) = < py, if i = 6m,6m + 1,
p2, if i =6m + 3,6m + 4.
But this labeling is possible only when n is an even multiple of 3. i.e.,
n should be an even number. The similar argument holds for the case
p1, if i is odd,

(b). If we consider the case (c), then we get g(u;) =
po, if i is even.
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Then ¢**(k) = p!' % p, where I, + Iy = n. Then ¢g**(k) = g(k) implies

[y =15. i.e., n is even.

Subcase(2): g(k) = p;.
If g is the constant map g(v) = p1, Vo € V(W,,). Then ¢**(u;) = pa * pa *
p2 = po,Vi. Then g # ¢g**. So g must be a nonconstant map. Without
loss of generality, let g(u;) # p1.
p1, if 7 is even,
Suppose that g(u;) = po then this implies g(u;) =
po, if 7 is odd.
po, ifi=1+6m,2+6m,m=0,1,2,...,
or g(u;)) =< po, ifi =31,1=1,2,...,
p1, otherwise.
But this labeling is possible when n is an even number(a multiple of 6).
If g(u1) = pa, then g™ (uy) = po implies g(uz) = g(u,) = pe. Similarly,
9" (ug) = po implies g(u3) = po. Proceeding like this, we obtain g(u;) =
pa, Vi. But then ¢**(k) = [[\_, ¢*(ku;) = po. Hence g** # g.

Subcase (3): g(k) = po.
In this case, we can prove that there does not exist an induced S3-magic
labeling when n is odd as in sub case(2).
All the above cases and sub-cases lead to the conclusion that the wheel

graph W), is an induced S3-magic graph when n is even.
O

Corollary 128. The wheel graph W, ¢ I7*(Ss), for any A € S5\ {po} and
n > 3.

Proof. The proof directly follows from Theorem [123| and Theorem (127} O

Theorem 129. The helm graph H, is an induced Ss-magic graph if and only
if n is odd or n = 1(mod 3).

Proof. Let us denote the vertices of H, by uy,us,...,u,, k,v1,vs,...,v, and
let the edge set of H,, be {wv;, uu;11,ku; : 1 < i < n}. Suppose that there
exists an induced Ss-magic labeling for H,. Since vs are pendant vertices
g (v;) = g(v;) implies g(w;) = po,1 < i < n. Hence g*(uuir1) = po, Vi.
Suppose that, for some m, 1 < m < n, g(v,) = a,a € S3 then g*(v,uy,) =
a, J* (UmUmi1) = g (UmUm—1) = po. If g7 (um) = g(u,,) implies g* (umvp) =

g*(umk)ti.e.,g(k) = a=. Then g(v;) = a,Vi. Now g*(u;k) = a~! implies
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g*(k) =a'a'---a~! = a~!. This is possible when either n is odd or n =

1(mod 3).
. . £o, if v= Uy,
Conversely, suppose that n is odd then the labeling g(v) =
J41, otherwise.

together with any bijection f from V(H,) to N,.; will give an induced Ss-
magic labeling for H,. Similarly, If n = 1(mod 3) then the map g(v) =
Po, ifv= U,

p1, if v =v;, Wwill determine an induced S3-magic labeling. O

po, ifu==k.
Corollary 130. The helm graph H,, does not belong to Z7(Ss), for any n.

Proof. 1t is clear that, since vis are pendant verttices g(u;) = po, for all 1 <

t < n. Hence the corollary. O

Definition 131. [32] A fan graph, denoted by F),, is defined as P, + Kj,
where P, is a path on n vertices. We can identify a fan graph, F,, with a shell
graph of width n+1. Where a shell graph S, ,,—3 of width n is a graph obtained

by taking n — 3 concurrent chords in a cycle C,, of n vertices.

Theorem 132. The fan graph F,, is an induced S3-magic graph if and only if

n 18 even.

Proof. Let F,, be the fan graph with vertex set {k,u; : i = 1,2,...,n}, and
edge set {u;uir1,ku; 0 1 <i<n-—1,1<j <n} Suppose that n is even.
Define f : V(F,) = Nyp41 be the map f(u;) =i,1 <i<nand f(k) =n+1.
Now define g : V(F,,) — S5 as follows:

Lo, lfU:k,
g(u) = ' _
p1, fu=wu;1<i<n.

Clearly, g(u) = ¢ (u),Yu € V(F,). Hence F, € Z™(S;), when n is even.
Conversely, suppose that F,, € Z™(S3). That is, there exist two functions f
and g such that ¢** = g. Now we will show that n must be even. Consider the

following cases:

Case(i): g(k) = po, g(u1) = po.
This case ¢g**(u1) = po = g*(kuy) * g*(uqug) implies g(ug) = po. Which
in turn implies g(u3) = po. Proceeding like this, we obtain g(u) = py, for
all uw € V(F,). So this case is not possible.
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Case (ii): g(k) = po, g(u1) = p1.
If g(k) = po, g(u1) = p1 then ¢**(u1) = p1 = implies

p1, if i is odd,
glu) =9
po, if i is even.

But ¢**(k) = po = g(k) implies that n must be an even number.

Case(iii): g(k) = po, g(u1) = pa.
This case is exactly similar to Case(ii).

Case (iv): g(k) = p1, g(w1) = p1.
Suppose that g(k) = p1,g(w1) = p1 then g*(ku;) = pi = py. Then
9" (u1) = g(uy) implies g(ug) = py. Similarly, applying ¢**(u;) = g(w;),
for 1 <i <n, leads

p1, if i = 1(mod 6) or i = 2(mod 6),
9(wi) = § po, if i = 3(mod 6) or i = 0(mod 6),
po, if i = 4(mod 6) or ¢ = 5(mod 6).

*3k

We can easily see that this labeling ¢ satisfies ¢ = ¢** only if n =

2(mod 6), which is an even number.

Case(v): g(k) = p1,9(u1) = p2.
Suppose g(k) = p1,9(u1) = p2 then as in the case(iv) we get

p2, if i = 1(mod 6) or i = 4(mod 6),
9(wi) = § po, if i = 2(mod 6) or i = 3(mod 6),
p1, if i = 5(mod 6) or ¢ = 0(mod 6).

and this ¢ satisfy ¢ = ¢™ only when n = 2(mod 6). So n is an even

number.

Case(vi): g(k) = p1,g(u1) = po.
If g(k) = p1,9(u1) = po then applying g**(u;) = g(u;), implies that

po, if i = 1(mod 6) or i = 0(mod 6),
g(wi) = § po, if i = 2(mod 6) or i = 5(mod 6),
p1, if i = 3(mod 6) or ¢ = 4(mod 6).
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and this g satisfy g = ¢** only when n = 2(mod 6) as in the above two
cases. Hence n is an even number and n = 2(mod 3).
Similarly, we can prove that when n is odd there does not exist an induced

Ss-magic labeling f and g for F,, with g(k) = ps and g(u1) € {po, p1, p2}

Case(vii): g(k) € p-set, g(uy) € p-set.
Suppose there exist an induced Ss-magic labeling g such that g(k) €
p-set, g(uy) € p-set
Then g*(kuy) € p-set. Now, ¢**(uy) = ¢*(kuy) * g*(ujug) € p-set implies
g(uz) € p-set. Similarly, g(us) € p-set implies g(us) € p-set. Proceeding
like this, we get g(u;) € p-set for all i. Then g™ (k) is a product of n
elements from the p-set. But ¢**(k) = g(k) € p-set implies n must be an

even number.

Case(viii): g(k) € p-set, g(uy) € p-set.
Suppose that g(k) € p-set,g(uy) € p-set then g(u;) = ¢**(u;) implies

that
(
p-set, if i = 1(mod 8) or ¢ = 4(mod 8),i = 5(mod 8),
i = 0(mod 8),
g(ui) =
p-set, if i = 2(mod 8) or i = 3(mod 8),7 = 6(mod 8),
\ i = 7(mod 8),

But this map ¢ is an induced S3-magic labeling if n is of the form 2 +
4k, k =0,1,2,.... Which means n is not an odd number.

Case(ix): g(k) € p-set, g(u;) € p-set.

This case is similar to Case (viii).

From all the above cases we observe that when n is an odd number, there does
not exist an induced Ss-magic labeling for F},. This completes the proof of the

theorem. ]

Theorem 133. The fan graph does not belong to Z{*(Ss) for any X € S5\ {po}
and n > 3.

Proof. Suppose there exist a g such that g(u) = A = ¢**(u),Vu € V(F,) and
some A € S3\ {po}. Denote the vertices of F}, as in the above theorem. Then
g(u;)) = \Vi,1 < i < mnand ¢”(u) = A = g*(kuy) * g*(urus) = A% x \2.
Which implies A* = \. Hence, the order of ) is three. So A = p; or p,. Now
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g™ (u) = g*(uguy) * g*(ugus) * g*(kus) = A\ = po. Which is a contradiction.
Hence F,, € I}*(S5), for any A € S5\ {po} and n > 4.
0

Definition 134. [32] A gear graph is a graph G,, obtained from the wheel W,

by adding a vertex between every pair of adjacent vertices of the n-cycle.

Theorem 135. The gear graph G, is an induced S3-magic graph if and only

if n is even.

Proof. Let V(G,) = {uy,us, ..., U, w1, ws, ..., wy, k} and
E(G,) = {ku;, vjw;, w;u;y1 : 1 <i<mnandi+1is taken modulo n}. Suppose
that n is even.

L if i is odd,
Then define f and g as follows: f(u;) = .
37" + 3, if i is even.
f(k) =2n+1, f(w;) =5 +iand g(u;) = p1, g(w;) = p1,1 < < n,g(k) = po.
Clearly, the maps f and g determine an induced S3-magic labeling.
Conversely, suppose that the gear graph G,, is an induced S3-magic graph.

Consider the following cases:

Case(i): g(k) € p-set and at least one g(u;) € p-set.
Suppose that there exist a u; such that g(u;) € p-set. Without loss of
generality, let g(uy) € p-set. Since g(u1) = ¢g**(uq) either g(w,), g(w,) €
p-set or g(wy), g(w,) € p-set.
If g(wy), g(w,) € pu-set then g(u;) = ¢**(u;) implies

p-set, if ¢ is odd,
g(ui) € .
p-set, if is even.

and g(w;) € p-set. This type of labeling is possible only when 7 is even.
If g(wq), g(w,) € p-set. Then we obtain g(u;) and g(w;) belongs to the

p-set, for all 1 <17 < n. Now consider the following subcases.

Subcase(a): Let g(k) = po.
Then there exist at least one vertex u; with g(u;) # po. Let g(uy) #
po- So g(uy) = py or po. If g(uy) = py then g(w,) = py and g(w,) =
po or g(wi) = po and g(w,) = p1 or g(w:) = g(w,) = py. Suppose
g(wy) = p1 and g(w,) = po then map g(u;) and g(w;) will be as
follows:

p1, fi=1+4m,24+4m m=0,1,2,3,...,
g(ui): ) )
po, ifi=3+4m,44+4m,m=0,1,2,3,...,
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Subcase (b):

p1, ifi=1+411=0,1,2,...,
g(w;) = po, if i is even,
po, ifi=3+41,1=0,1,2,3,...
Then g(k) = [Tg"(ku) = (p1)"(p2)' = po, where h,k are two
non negative integers such that h 4+ 7 = n. But the definition of
g implies that h = j. So n must be even. Similarly, If g(w;) =
po and g(w,) = p; then we arrive at a conclusion that n must be

even. If g(wy) = g(w,) = p2. Then the map g will be

po, if 7 is even,
g(u;) =< py, ifi=1+41,1=0,1,2,3,..., and
pa, ifi=34+41,1=0,1,2,3,...,
po, ifi=1+41,4+4,1=0,1,2,...,
g(wi):
pr, ifi=24+41,34+41,1=0,1,2,...

So it is clear that such a map is possible when n is a multiple of 4.

i.e., n must be even.

g(k) = p1 and g(u;), g(w;) € p-set.

Suppose there exist a vertex u; such that g(u;) = pp. Without loss
of generality, let g(u;) = po. Since g(u1) = g**(uy) there are three
possibilities for g(w,) and g(wy,).

(1) g(w1) = g(wy) = p1 or

(2) g(w1) = po and g(w,) = py or

(3) g(w1) = pp and g(w,) = po.

If we consider (1), g(u;) = g**(u;) implies that

po, ifi=14+4,1=0,1,2,...,
g(wi) = § po, if i is even, and
p1, if1=3+4,1=0,1,2,...
o, ifi=1+4l4+41,1=0,1,2,...,
g(w;) =
po, ifi=2+41,3+41,1=0,1,2,...

Then such a mapping is possible when n is an even multiple of 4.
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So n must be an even number. Similarly (2) implies

po, ifi=1-+4,2441,1=0,1,2,...

g(u;) = and
pr, if i =34 40,4 +4l.
po, ifi=1+41=0,1,2,...,

g(w;) = 4 pa, if i is even,

pi, ifi=3+4,1=0,1,2,....

this g also leads to the same conclusion as in (1). Case (3) is exactly
similar to (2). Similarly, we can prove that n is even if there exist

a g(u;) such that g(u;) = p; or py and g(k) = p;.

Subcase (c): g(k) = ps and g(u;), g(w;) € p-set.

This case is similar to subcase (b).

Case(ii): g(k) € p-set and at least one g(u;) € p-set.

Suppose g(u1) € p-set. Then either

(1) g(wy), g(w,) € p-set or

(2) g(wy), g(w,) € p-set.

First case together the condition g(u;) = ¢™*(w;) implies that g(u;) € p-
set and g(w;) € p-set, for all 1 < i < n. Then ¢**(k) = [[_, g(ku;) is a
product consisting of elements from p-set. But our assumption ¢**(k) =
g(k) € p-set implies n should be an even number.

.. ) . ) p-set, if ¢ is odd,
Similarly, if we consider (2), we obtain g(u;) € and
p-set, if ¢ is even.

g(w;) € p—set, this kind of labeling is possible when n is even.

Case(iii): g(k) € p-set and at least one g(u;) € p-set.

If possible, let g(u;) € p-set. Then g*(uik) € p-set. Since g**(u1) = g(uy)

either

(1) g(wy,) € p-set and g(w;) € p-set or

(2) g(wy) € p-set and g(w;) € p-set.

First case together with the assumption ¢**(u;) = g(u;) and ¢**(w;) =
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g(w;) implies

p-set,ife=1+4m,2+4m,m=20,1,2,...,
g(u;) € and
p-set, if 1 = 3 +4m, 4 + 4m.

p-set, if ¢ is odd,
g(wi) € .
p-set, if ¢ is even.

Hence n must be a multiple of 4. That is n is even. Similarly, case (2)

also implies n is an even number.

Case(iv): g(k) € p-set and at least one g(u;) € p-set.
Without loss of generality, let g(u;) € p-set. Then, proceeding as in case
(iii), we find the possible values of g(u;) and g(w;) with the assumption

g** = g. This leads to the conclusion that n should be an even number.

All the above cases show that n is an even number. This completes the
proof of the theorem. O

37 1
(9 p1) G (8,p1)

(4, py) ur u3(2, 1)

(11, py )7

Figure 5.2: Induced S3-magic labeling of gear graph Gs.

The Figure 5.2/ represents a gear graph (Gg with an induced Ss;-magic label-
ing.

76



5.3. Cycle Related Graphs

Theorem 136. The gear graph G, & I\*(S3), for any n.

Proof. From the above theorem, gear graph G, € Z™(S3) when n is even.
Suppose that n is even and G, € Iy (S;), for some A € S5\ {po}. Now
g(u) = a, for some a € S3\ {po}. Then g*(uw;) = g*(vw;_1) = g(ku;) = a*.

But then ¢**(u;) = (a?)® = po # g(u;). Hence the proof. O

Definition 137. [33/ A sunflower graph is denoted by SF, and is obtained
by taking a wheel with the central vertex vy and the n-cycle vy, v, ..., v, and
additional vertices wy,ws, ..., w,, where w; is joined by edges to the vertices

v; and viy1, where i + 1 is taken modulo n.
Theorem 138. The sunflower graph SF, € I™(S3), for all n.

Proof. Let the vertex set of SF, be the set {u;,v;, k} and the edge set is
{witiyr, kug, wivg, uipv;]1 < @ < n i + 1 1is taken modulo n}. Consider the

following three cases:

Case(i): n = 0(mod 3).
Here we define f as any bijection from V(G) to Na,.1 and define g as

follows:

po, if i = 1(mod 3),
g(k) = po, g(u;) = .
11, otherwise.

po, if i = 2(mod 3),
g(w;) = .
i1, otherwise.

Clearly, g defines an induced S3-magic labeling.

Case(ii): n = 1(mod 3).
Here also define f as above and if n is odd , let g be the map

po, if i =1, wy, if i =1,n,
g(u;) = 9w = ‘ , 9(k) = po.
[41, otherwise. Po, otherwise .
wy, fu=w;,1=12,...,n,

If n is even, then define g as g(u) =
po, otherwise .

Here we can see that g = ¢g**.

Case(iii): n = 2(mod 3).
Here define f as above and g be defined by the constant map g(u) = py,
for all uw € V(G). Then ¢**(u) = p;.

This completes the proof of the theorem. n
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Theorem 139. Sunflower graph SF, € I{*(Ss) if and only if and only if
n = 2(mod 3).

Proof. If n = 2(mod 3). Then case(iii) of Theorem [138| shows SF,, € Z}(S3).
Suppose that SF, € Z\"(S3). Suppose g(u) = s,s € S3\ {po}. If s €
{1, pi2, s} then g*(ku;) = po, Vi = 1,2, ..., n. Then ¢**(k) = [\, (ku;) = po.
Then ¢g** # g. Hence s € {p1,p2}. Without loss of generality, let s = p.
Then g*(ku;) = g"(uwir1) = g"(uvi) = g*(viuiy1) = p1* pr = p2. Then
g*(ui) = p5 = p1,9"(v;) = p3 = p1 and g™ (k) = []_,(ku;) = py. Hence

= ¢** implies that n = 2(mod 3). This completes the proof. ]
Definition 140. [32] A flag graph is denoted by Fl,, and is obtained by joining

one vertex of C,, to an extra vertex called the root.

Theorem 141. For n > 3, the flag graph Fl, € Z™(Ss) if and only if n is a
multiple of 3.

Proof. Let uy,us, ..., u,,k bethe vertex set of Fl,, where u;’s, 1 <1 < n are the
vertices corresponding to the cycle graph (), and k is the root vertex adjacent to
the vertex u;, Suppose that n is a multiple of 3. Then define g : V/(Fl,,) = Np11
po, if n =1(mod 3),
as follows: g(u;) = < p1, if n =2( mod 3), and g(k) = po. Clearly, this
p2, if n =0( mod 3),
g together with any bijective map f from V(G) to N,,; will determine an
induced S3-magic labeling for Fl,.
Conversely, suppose that the flag graph F, is induced S3-magic. Since
k is a pendant vertex ¢**(k) = ¢*(kuy) = g(k) implies g(u1) = po. Now let
g(k) = a,a € S5. If g(ug) = b,b € S5\ {po} then g(uz) = ¢**(uz2) implies
po, if i = 1(mod 3),
g(us) = b~'. Proceeding like this, we obtain g(u;) = ¢ b, if i = 2(mod 3),
b1, if i = 0(mod 3).
Then ¢**(u1) = g(u1) = po = b*xax* g(u,). If n = 1(mod 3) then g(u,) =
00, §(tn—1) = b~1. Hence ¢**(u,) = g*(untn_1) * g*(ugu,) = b~1. So g(u,) #
9" (uy,). Similarly, we can show that n # 2(mod 3). Also, we can show that
this type of induced magic labeling is possible when n is a multiple of 3 and

g(k) = po. Hence the proof. O
Corollary 142. The flag graph Fl,, € I7*(S3) for any A € S3\{po} andn > 3.

Proof. Since Fl,, has a pendant edge, the value of g of one end vertex of that

edge will be py. O]

78



5.3. Cycle Related Graphs

Definition 143. [3/] The sun graph on n = 2p vertices, denoted by Sun,, is
the graph obtained by appending a pendant vertex to each vertex of a p-cycle. A
broken sun graph is a connected unicyclic subgraph of a sun graph. We denote
by BS(p,q ) the set of broken suns with n = p + q vertices and with a p-cycle.
Forp>2and0 < q < p, a consecutive broken sun graph, denoted by CBSun,, ,
is the graph belonging to BS(p,q) such that the subgraph induced by the vertices

of degree 2 is a path on p — q vertices.

Theorem 144. The sun graph Sun, is not an induced A-magic for any group
(abelian / non-abelian) A.

Proof. Let the vertex set of Sun, be {u;,v; : 1 < i < n}, where u;’s are the
vertices of the corresponding cycle C), and v; is the pendant vertices attached
to u;. Suppose that Sun,, is an induced A-magic graph. Since v;’s are pendant
vertices we have g(u;) = e, where ‘e’ is the identity element of A. Thus
g (wi) = (f*(wivi), g" (wivi)) = (F* (wivsir), 9% (wittinn)) * (F* (wivi—1), 9" (witii—1))
= g(u) * g(vi) * g(u;) * g(uisr) * g(us) * g(ui-1) = g(v;). Then g™ = g implies
g(v;) = e. So g(u) = e,Yu € V(Sun,). Which is a contradiction. Hence the
proof. O]

Theorem 145. The graph CBSun, , € Z™(Ss) if and only if p—q = 2(mod 3).

Proof. Consider the graph CBSun, , with vertex set {u;,v; : 1 < i < p,1 <
J < q}, where v; is the pendant vertex adjacent to u;. Suppose that, p — ¢ =
2(mod 3). Let f be any bijection from V(G) to N,y Define the map ¢ as

follows:

po, if1=1<i<q,q+3k,k=0,1,2,...,
g(ui) =< pg, fi=q+1+3kk=0,1,2,..., and
pr, ifi=q+24+3kk=0,1,2,...,

pa, it j =1,

g9(v;) = p1, if j =g,

po, f2<j<qg-—1

We can easily prove that ¢ is an induced S3-magic labeling.

Now, suppose p — ¢ Z 2(mod 3). If possible, let g be an induced S3-magic
labeling for CBsun,,. Since v;’s are pendant vertices we have g(u;) = po, 1 <
i <q. If g(v1) = po then g(uy) = ¢"*(uq) implies g(u,) = po. Then we can
see that g(u) = po, Vu € V(CBSun,,). So g(v1) # po. Similarly, we can show
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that g(v,) # po. Let g(v,) = b, for some b € S3\ {po}. Then our assumption
b hifi=(¢+1)+3mm=0,1,2,...,
g = g implies g(u;) = b, if i = (¢+2) +3m,m=0,1,2,...,
po, ifi=q+3kk=12....
If p—g = 0(mod 3). Then uy, = Ugt(p—q) = Ugt3k, for some k. Thus, g(u,) = po,
g(up—1) = b and g*(upu1) = po, g*(upup—1) = b. Then ¢**(u,) = b. Then
g"*(up) # g(u,). Which is a contradiction. Similarly, if p—¢ = 1(mod 3) we get
g(up) = b~ and g™ (u,) = (b~')% Which implies b = py. So p— ¢ # 1(mod 3).
Hence CBSun,, is an induced Ss-magic if and only if p — ¢ = 2(mod 3). O

Corollary 146. The graph CBSun, , & I7'(S3), for any A € S3\ {po} and any
n > 2.

Proof. The proof directly follows from the above theorem. O

Theorem 147. The web graph W(2,n) is an induced Ss3-magic when n =
0(mod 3) or n = 2(mod 3).

Proof. Let the vertex set of W(2,n) be {k,u;,v;,w; : 1 < i < n} and the
edge set be {u;uiy1, uik, uv;, Vv, viw;, 1 < i < n,i+1 is taken modulo n}.
Now, let f be any bijective map from V(W (2,n)) to N3,y and define g :
V(W (2,n) — S5 as follows:

Case(i): n = 0(mod 3).

For 1 <1 <n,

po, if u="Fk,u;,vj,w;,i =1(mod 3),1 < j<mn
define g(u) = { p, if u = w;, w;, where i = 2(mod 3) or
i = 0(mod 3).
Case(ii): n = 2(mod 3).
po, if u=vj,
For 1 <j <mn,let g(u) =< py, if u = wy,

p2, otherwise .
Thus, in each case one can easily verify that the vertex labeling f and g

will determine an induced S3;-magic labeling for the graph W (2,n).
[
Corollary 148. The web graph W(2,n) does not belong to Z{*(S3), for any n.
Proof. Since W(2,n) has pendant vertices W(2,n) ¢ Z}*(Ss). O
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Definition 149. [35] A flower graph FI™ is a graph obtained from a helm by

joining each pendant vertex to the central vertex of the helm.
Theorem 150. The flower graph FI" € Z™(S3) for all n.

Proof. Let the vertex set of FI™ be V(FI") = {k,u;,w; : i = 1,2,3,...,n},
where k is the central vertex, uy, us, ..., u, are the vertices of the corresponding
cycle and wy, wsy, . .., w, are the vertices adjacent to the central vertex k. Here

we take f as any bijection from V(FI") to Noyy1.

Case(i): n is even
Here, we define g : V(FI") — Ss as
po, if u==rk,
g(u) = _
(1, otherwise.
Case(ii): n is odd
In this case, define g : V(FI") — S; as
po, if u=mw;, fori=1,2,... n,
g(u) = _ .
w1, ifu=ku=w;,fort=1,2,...,n.
Then in both cases, we can verify that the maps f and g determine an induced

Ss-magic labeling of the graph F'I". This completes the proof. O

Corollary 151. The flower graph F1™ ¢ T7(Ss), for any A € S3\{po} and n >
2.

Proof. The proof directly follows from the Theorem [123] [

Theorem 152. The friendship graph or Dutch 3-windmill graph C% is an
induced Sz-magic graph for all t.

Proof. Let V(C%) = {u,v;,w;}, where u is the common vertex, u; and w; are
other the vertices corresponding to the i copy of C3 other than the common

vertex u. Define f as any bijection from V(C%) to Ny and define g as

P05, if v = U,
g(v) = ‘
11, otherwise.

Clearly, f and g determine an induced S3-magic labeling of the friendship
graph. ]

Corollary 153. The friendship graph C% € Z7(Ss3) if and only if t = 1(mod 3.
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Proof. By Theorem (123 a graph G € Z}*(Ss) if and only if the degree of each
vertex of G gives a remainder 2 when divided by 3. In C% all vertices except
the central vertex are of degree 2 and the degree of the central vertex is 2¢. So

C! € I7'*(S3) if and only if ¢ = 1(mod 3). O
Theorem 154. The graph C € Z™(Ss3), fort = 1(mod 3) or n = 0(mod 3).

Proof. Let us denote the vertex set of C’ be V(CT(Lt)) ={uy; i =1,2,...,t,j=
1,2,...,n}, where the vertices {u;1, us, ..., U} be the vertex set of i copy
of C,, and the vertices u;1,1 <1 <t are identified with the vertex wu.

Suppose that ¢t = 1(mod 3). Then we define g as the constant map g(u) =
p1, for all u € V(C’,(f)) and let f as any bijective map from V(C’,(f)) to Nip.
Then one can easily verify that f and g define an induced Ss-magic labeling.
Now suppose that n = 0(mod 3) and let ¢ = 1,2,...,t. Here also we take f as
any bijective map from V(C'Tst)) to Nyp.

Case (i): t is even.
In this case, define g : V(Cff)) — S3 as
p1, if v = u;;, where j = 0,2(mod 3),
g(u) = '
po, if v = u,u;j, where j = 1(mod 3).
Case (ii): tis odd.
In this case, define g : V(CY) — S5 as
po, if v =u;j, where j = 2(mod 3),
g(u) = . .
p1, if v = w, u;j, where j =0, 1(mod 3).
It is easy to verify that f and g in both cases define an induced S3-magic
labeling of C\, when n = 0(mod 3).

This completes the proof of the theorem. O
Corollary 155. The graph C! € T7(S3) if and only if t = 1(mod 3.
Proof. The proof directly follows from the Corollary [153] ]

Theorem 156. The n-gon book graph B(n,k) € I™(S3) when k = 1(mod )3
or k odd and n = 0(mod 3).

Proof. Let {u;1, s, ..., u;,} denote the vertex set of the i page of B(n, k),
where i = 1,2,...,k. Also the vertices u;;,1 < i < k are identified with the
vertex ki and the vertices u;,, 1 < i < k are identified with the vertex k.
Suppose that & = 1(mod 3). Let f be any bijection from V(B(n,k)) to
Ni(n—2)+2 and let g be the constant function g(v) = p1,v € V(B(n, k)). Clearly

f and g defines an induced S3-magic labeling with constant ps.
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Suppose that n = 0(mod 3) and k is odd. Here, define f as above and let

(w) p, if u= ki, ko or u = w;;, where j = 1,0(mod 3),
glu) =
po, if u = w;;, where j = 2(mod 3).

Thus one can easily verify that the above f and g define an induced Ss;-magic

labeling of B(n, k). O

Corollary 157. The n-gon book of k pages B(n, k) € I{*(Ss) if and only if
k = 1(mod 3).

5.4 Star Related graphs

In this section, we discuss the induced S3-magic labeling of some star related

graphs.
Theorem 158. The star graph K, belongs to I™(Ss), for all n > 2.

Proof. Let G be the star graph K ,, of order n41. Denote the pendant vertices
of G by uy,us,...,u, and the vertex having degree n by k. Now consider the

following cases:

Case(i): n = 2.
In this case, let g(k) = po, g(u1) = p1, g(uz) = p2 and let f be any
bijection from V(G) to N, ;1. Clearly g = ¢g**.

Case (ii): n is even.
In this case, let f as above and define g by g(u;) = p; and g(k) = po.

This g will determine an induced S3-magic labeling of G.

Case (iii): n = 0(mod 3) and n is odd.
Here also define f as in Case(i) and define g as g(u;) = p1 and g(k) = po.
Then g = ¢**.

Case(iv): n = 1(mod 3) and n is odd.
Let f(u;)) =1i,1 <i<nand f(k) =n+ 1.
M1, ifi = 17
Define g(k) = po and g(u;) = § py, ifi=n—1,

2, otherwise.
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Case(v): n = 2(mod 3) and n is odd.
. . K1, ifi = 17 27
Define f as in the case(iv) and define g as g(u;) =
p1, otherwise.

and g(k) = pg. Clearly g = g**.
This completes the proof. O

Corollary 159. The star graph K, does not belong to I7(Ss), for any X €
S3\ {po}-

Definition 160. [36/ The bistar By, is the graph obtained by joining the

central or apex vertex of K, and K, by an edge.
Theorem 161. The bistar graph B, belongs to Z™(Ss), for all m,n > 1.

Proof. Let B,,, be a bistar graph with vertex set {w;,vj, ki, ko : 1 < i <
m,1 < j < n} and the edge set {kiu;, kovj, kike 1 1 < i < m,1 < j < n}.

Consider the following cases:

Case(i): Both m and n are even.
Here we take f as any bijection from V(B,,,) = Npini2 and g be the
map
po, if u=ky, ko,

g(u) = ,
1, otherwise.

Clearly f and g defines a conjugate Ss-magic labeling of B, ,,.

Case(ii): m is even , n = 0(mod 3) and n is odd.

In this case, define f as above and g be defined as

M1, lfU:UZ,ngSm,
g(U) = £o, if u= kl7k27
pr ifu=v;,1<j<m,

Case(iii): m is even, n = 1(mod 3) and n is odd.
Let f be the function, f(w;) = i,1 < i < m, f(k1) = m+ 1, f(ks) =
m+2, f(v;) =m+2+ j and define g as

.
Hi, ifu:v17u171§i§m7

£0, if u= kla k27

P1, if u=wv, 1,

| H2; ifu=wv,,v,2<01<n-—2.

84



5.4. Star Related graphs

Case(iv): m is even, n = 2(mod 3) and n is odd.
Let f be as in the Case(i) and let g be defined as

(

wy, ifu=mwu;,1<i<m,
Po, ifU:kl,kg,

P1, lfU:UJ71§]§TL—]_,

P25 if u=wv,.

Clearly all the cases imply that the bistar graph B,,,, € Z™(S3).

Corollary 162. Bistar graph By, ., does not belong to ZY'(Ss), for all m,n.

Proof. Since B,,, has pendant vertices u;,v;,g(k1) = g(k2) = po. Hence
g(V(Bm,n)) # {A}, for any A € S5\ {po}. U

Theorem 163. The complete graph K, € IT™(Ss) if and only if n is odd or
n = 0(mod 3).

Proof. Let the vertices of K,, be denoted by uq,us, ..., u,. Suppose that n is

odd or n = 0(mod 3). Then define f be any bijection from V(G) to N,. If n
. Po, if i = ]-7
is odd, define g as: For 1 <i <mn, g(u;) =
[t1, otherwise.

If n = 0(mod 3), define g as the constant map g(u) = p1,Vu € V(K,,). Clearly
we get g(u) = g™ (u), Vu € V(G).
Conversely, suppose that K, is an induced Ss-magic graph. Now we will

show that n is odd or n = 0(mod 3). Consider the following cases:

Case(i): g(u) € {po, p1,p2}, for all u € V(G).

Since all g(u;) € {po, p1, p2}, the product g** (u;) = I L. ey (f7(€5), 9°(€5))
is commutative. Hence assumption g(u;) = ¢g**(u;) leads to the following

equations:

g(un) = g(ur) * gua) * gus) * - % g(un—1) * (g(un))
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Which implies

= g(ur) * gluz) * guz) * -+ g(un_1) * (g(un))" .

Thus we get g(u;)"™ = po,Vu; € V(K,). Which implies either n =
O(mod 3) or g(u;) = po,Vu; € V(K,). Hence g = py if n # 0(mod 3).
Which implies g(V (K,)) Z {po, p1, p2} when n # 0(mod 3).

Case(ii): At least one g(u;) € {p1, p2, pi3}-

First case implies that if n # 0(mod 3), g(u;) € {u1, pe2, ps}, for some

i, 1 < i < n. Let us call the set {p1, 2, 3} as p-set and the set
{po, p1,p2} as the p-set for our convenience. If g(u;) € p-set for all i,
we get g*(uu;) € p-set. Then g**(u) € p-set, for all u € V(K,,). Then
g # g**. Without loss of generality, let g(u;) € p-set. Then there exist
a vertex say, us such that uy € p-set. Thus g*(ujug) € p-set. Then
9" (ug) = g(ug) implies there exist a vertex say ug such that ug € p-set.
So K, has at least 3 vertices. If there exists a vertex uy # wuq, us, uz such
that uy € p-set. Then ¢**(ug) = g(ug) implies there must exist a vertex
say, us with g(us) € u-set. Similarly, if g(us) € p-set then ¢**(u1) = g(uq)
implies there must exist a vertex say, us such that g(us) € p-set. Simi-
larly, if we examine the possibility of one more vertex on the complete
graph we find that there is one more point besides that point. So this
kind of induced magic labeling is possible only when n is of the form
342k, k=0,1,2,..., which is always an odd number.

Case(i) and (ii) shows that K, € Z™(S5) when n = 0(mod 3) or n is odd. This
completes the proof of the theorem.
[

Corollary 164. The complete graph K, € Z{"(S3) if and only if n = 0(mod 3).

Definition 165. [2/ The (n, k)-banana tree, Bt(n, k) is the graph obtained by
starting with n number of k-stars(Ky x—1) and connecting one end vertex from

each to a new vertex.

Theorem 166. The (n, k)-banana tree Bt(n, k) € Z™(S3), for all n and k.
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Proof. Let the vertices of j*" copy of k-star be uj;, 1 <i <k, 1<j<n where
u;1 is the center of the k-stars, uj is the vertex which is connected by the new
vertex and the vertex connecting each k-star be denoted by v. Now we can
define an induced Ss-magic labeling of Bt(n, k) as follows:

Let f be any bijective map from V' (Bt(n, k)) to Ng1. Consider the following

two cases:

Case(i): k is even.
it u=uj,upn,v,1 <5 <n,
In this case, define g(u) = Po jky Uy J
j1, otherwise.
Case(ii): k is odd.
Here we define g as g(u) = < py, if u = u;;, where i is odd and 2 < i < k,

p2, if u = u;;, whereiis even and 2 <i <k
Both cases show that ¢**(u) = g(u),Vu € V(Bt(m,n)).

This completes the proof of the theorem. n
Corollary 167. The (n, k)-banana tree Bt(n,k) ¢ Z7(Ss), for any n and k.
Proof. Since Bt(n, k) has pendant vertices, the corollary follows. ]

Definition 168. /2] Let < Ky, : m > denote the graph obtained by taking
‘m’ disjoint copies of K, and joining a new vertex to the centers of m copies
Of Kl,n-

Theorem 169. The graph < K, : m > is an induced S3-magic graph for all
n>2 m>1.

Proof. Let the pendant vertices of i copy of K, be denoted by u;;, 1 <i <
m,1 < j < n and the center of i*" copy of K, be k;. Denote the vertex
connecting the centers of m star graphs K, in < K;, : m > be K. We can
show that the graph < K, : m >€ Z™(S;) by defining f and g as follows:
Let f be any bijective map from V(< Ky, : m >) = Nymi1)+1 and define
g: V(< Ky, :m>)— S as follows:

Case(i): n is odd.
) 1fu:ul 7K7kia1 Slgma
Let g(u) = P '
i1, otherwise.
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Case(ii): n is even.
Po, lfu:Kvkzal Slgma
Let g(u) =
[41, otherwise.
One can easily show that the vertex labeling g in the above two cases defines

an induced S3-magic labeling. ]
Corollary 170. The graph < K;, : m >¢ Z{(S3) for any n and m.

Proof. Since < K, : m > has pendant vertices it does not belong to Z}*(.Ss).
O

Definition 171. [37] The windmill graph K s the graph consisting of n

copies of the complete graph K,, with a vertexr in common.
Theorem 172. The graph K\ € Z™(S3), for all m and n.

Proof. Let the set of vertices of the i" copy of K, in K,(,?) be {k, w2, Uiz, . . . Wi },
where i = 1,2,...,n and k is the common vertex. Consider the following three

cases:

Case(i): m is odd or m is even and n is even.
Define f as any bijection from V(Kr(,?)) to Npm-1)+1 and let g from
,ifu=EF,
V(KW to S as g(u) = P
11, otherwise.
Case(ii): m is even and n is odd.
Po, if u = k7u1j72 S] < m,

Define f as above and define g as g(u) =
141, otherwise.

One can easily prove that g(u) = ¢**(u),Vu € V(K,gqf)). O

Corollary 173. The windmill graph KW belongs to Z'(S3) when m = 0(mod 3)
and n = 1(mod 3).

Proof. Let us denote the vertices of Kr(ﬂf ) as in the above theorem. Now suppose
there exist a map ¢ : V(K,(ff)) — S3\ {po} such that g(u) = \,Vu € V(K,(,?)).
Clearly A\ € {p1, p2}. Without loss of generality, let A = p;. Then (for 1 <
i <n,2 < j < mg(uy) = gluy) implies (p7)" " = pr. ie., (p2)" " = p1.
This implies m = 0(mod 3). Now ¢g**(k) = g(k) implies ((p})™ H)" = p;.
i.e pi = p;. Which implies n = 1(mod 3). This completes the proof of the

corollary. O]
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5.5 Path Related Graphs

Observe that, when A is an abelian group, the path graph P, is an induced
A-magic graph if and only if n is a multiple of 3 [7]. Similarly, if A is non-
abelian we can prove that the path P, is induced A magic if and only if n is a

multiple of 3, using definition [I12I] So in general, we have the following result.

Theorem 174. For any finite group A, the path P, is induced A-magic if and
only if n is a multiple of 3.

Theorem 175. The comb graph CB,, € T™(S3) for any n.

Let C'B,, denote the comb graph with vertex set {u;,v; :i =1,2,3,...,n}
and edge set {uujt1,uv; 11 =1,2,...,n—1,7 = 1,2,...,n}. If possible,
there exist two functions f and g as in the definition [121I] Since v;’s are
pendant vertices adjacent to u;, we get g(u;) = po,Vi. Now ¢**(u;) = g(u;)
implies ¢**(u;) = g(v;) = g(u;) = po. Thus g(u) = po,Yu € V(CB,). Hence
CB, ¢ I™(S3) for any n.

Corollary 176. The comb graph CB,, & Z{'(Ss) for any n.
Theorem 177. The triangular snake graph T, is an induced S3-magic graph.

Proof. Let uyi,us,...,u, be the vertices of path P, and denote v; be the vertex
joining u; and w;yq. Define f : V(T,) — Na,_1 be any bijection and define
g:V(T,) — S; as

p, if =g, up, V1, V-1,
g(u) = _
po, otherwise.

Clearly, the maps defined above will determine an induced S3-magic labeling
for T,,. O

Corollary 178. The triangular snake graph T,, & Z{"(Ss) for any n.

Proof. Let us denote the vertices of T, as in the above theorem. Suppose
that T,, € Z(S3) then there exist a constant map g(u) = a,Yu € V(T,),
a € S3\{po} such that g = g**. In particular, we have a = g**(uy) = (a?)* = a®.

i.e.,a = a®>. Which implies a = py, a contradiction. Hence the proof. O]

Theorem 179. The double triangular graph D(T),) is an induced Ss3-magic
graph if and only if n = 0(mod 3).
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Proof. Let {u;,v;,w; :i=1,2,...,n,7 =1,2,...,n — 1} be the vertex set of
D(T,) where u;’s are the vertices of the common path P, and v;, w; are the
vertices adjacent to u; and w;;.

Suppose that n = 0(mod 3). Then define f as any bijective map from
V(D(T,)) = N3n—o and let g : V(D(T,,)) — S3 be defined as

po, if u = u; with i = 2(mod 3),
g(u) = or u = vg, w3k, k=1,2,...,

j1, otherwise.

Clearly, we can show that g(u) = ¢**(u),Vu € V(D(T,)).
Conversely, suppose that D(7,,) € Z™(S3). We know that ¢(V(D(T,))) €

{p1, p12, 3 }. Now consider the following cases:

Case(i): g(v1) € {po, p1, p2}
Here we consider the following sub cases:

Subcase(a): g(v1) = p1 and g(uq), g(uz) € {po, p1, p2}-
From our assumption g(v;) = ¢**(v1). Then

L. g(u1) = g(uz) = py or

ro

g(u1) = po and g(uz) = p or
3. g(uy) = py and g(ug) = po.

If g(w) = g(uz) = pr then g(ur) = p1 = g (1) = (9(wr))* x g(v1) *
= (p1)? * p1 * g(wy) * py = pg * g(w:) implies g(wy) = po.
= g(u1) * g(uz) * g(w1)? = p1 * p1 x (p2)* = po # g(w1). So
g(u1) = g(uz) # p1. Similarly, if we consider (2), we will get g(w;) = po

p2. Thus (2) is not possible. In a similar manner, we can

show that (3) is also not possible. Hence g(v1) # p1 when g(uy), g(us) €
{po, p1, p2}-

Subcase(b): g(v1) = p2 and g(u1), g(uz) € {po, p1, p2}-
This case is similar to subcase(a) and we can prove that g(v1) # pa, when

g(u1), g(uz) € {po, p1, p2}-

Subcase(c): g(v1) = po and g(u1), g(us) € {po, p1, P2}
If g(v1) = po then either

L. g(u1) = p1 and g(uz) = pa.
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2. g(uy) = p2 and g(uz) = py or
3. g(uy) = po = g(us).

If we consider the case (1), g(u;) = ¢**(uy) implies g(w;) = ps. Then
we get ¢**(wy) = p1. Which is a contradiction. So (1) is not possible.
Similarly, we can show that (2) is also not possible. Now consider (3).
g = ¢** implies that g(w;) = po. To get a non zero labeling (i.e., g(u) #
po, Yu € V(D(T,))) there exists one v; or w; such that g(v;) # po or
g(w;) # po. Without loss of generality, let g(vy) = p; or ps. Again
without loss of generality, let g(vy) = p;. Then g(us) = g™ (u2) = po

implies

(a) g(uz) = g(wz) = p
(b) g(ug) = pa and g(ws) = po or
(b) g(us) = po and g(wz) = ps

Then (a) implies g**(wy) = p1 * pa = po # g(ws). (b) implies g**(wy) =
po * py = p2 # g(wa) and (c) implies g™ (wy) = pa * p2 = p1 # g(ws). So
(3) is also not possible.

Subcase(d): g(v1) € p-set g(u1), g(uz) € {1, p2, p3}-
Suppose g(u1), g(uz) € p-set. Then g(ui) = g**(u1) implies g(w1) € p-
set. Then we can see that ¢**(w;) = g*(uyw) * g*(ugwy) € p-set. Hence
gwn) # g™ (wr). S0 glvy) & prset.
All the above subcases show that there does not exist an induced Ss-

magic labeling of D(T,,) with g(v1) € {po, p1, 2}

Case(ii): g(v1) € p-set.

This case implies that either

1. g(uy) € p-set and g(uy) € p-set or

2. g(uy) € p-set and g(uz) € p-set.
Consider the case (1). Then g(u;) = ¢g**(u;) implies that g(w;) should
belongs to p-set. Which in turn implies that ¢**(w;) € p-set. Hence

g(wy) # g**(wy). So g does not provide an induced S3-magic labeling for
D(T,).

Now consider the case (2). Then by the definition of induced Ss;-magic
labeling, we get g(w;) € p-set. If g(vy) € p-set then g(us) = ¢**(u2)
implies either g(us) € p-set and g(we) € p-set or g(us) € p-set and
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g(wy) € p-set. But both of these values lead to the contradiction that
g™ (wa) # g(wz). Hence g(v2) € {pu, p2, 13}

Now, g(ve) € p-set implies g(u3) € u-set. Which again implies g(ws) € p-
set. So when n = 3, there we can find an induced S;-magic labeling like
this.

Suppose n > 3 and g(v3) € p-set then g(us) € p-set(since g**(v3) =
g(v3)). Then ¢**(uz) = g(u3) implies g(w3) € p-set. But then we get
g (w3) € p-set, which is a contradiction. Hence g(v3) € p-set. Also
g(v3) € p-set implies g(uy) € p-set and g(ws) € p-set.

If g(vy) € p-set then g(us) € p-set and ¢™*(ug) = g(uy) implies g(wy) € pi-
set. But then we get ¢**(w,) € p-set, a contradiction. So g(vy) € p-set.
Hence g(us) € p-set and g(w,) € p-set. Proceeding like this, we get For
1<1<n,1<73<n—-1,

p-set, if i =3k, k=1,2,...,

9(vs), g(w;) € and

[-set, otherwise.
p-set, if i = 2(mod 3),

g9(u;) € .
[-set, otherwise.

One can easily prove that this kind of induced S3-magic labeling is pos-
sible only when n is a multiple of 3. This completes the proof of the

theorem.
O]

Corollary 180. The double triangular graph D(T,,) does not belong to Z{*(S3)

for any n.
Proof. The above theorem shows that the g(V(G)) can not be singleton. [

Theorem 181. The alternate triangular graph A(T,) is induced Ss-magic for
all n > 4.

Proof. Denote the vertices of the path P, by wuy,us,...,u, and the vertex

which join u; and ;41 be denoted by v;. Now consider the following cases:

Case(i): n is odd.
Suppose n is odd, then there exists one pendant vertex in A(7},). Without
loss of generality, let u; be the pendant vertex in A(T),). Define f :
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V(A(T,)) = Ny |z be any bijective map and define g : V(A(T,)) — S3

as follows:

po, fu=w;, i =1+4k,2+4k,k=0,1,2,...,
g(u) = _
141, otherwise.

We can easily show that g(u) = ¢**(u),Vu € V(A(T),)).

Case(ii): n is even and the triangle starts from the first vertex u;.

In this case, define f as above and define g as:
Jifu=wu , U U )
For k= 0,1,2,...,g(u) = P1 144k, U2+4k, V1+4k
p2, i u = uz g, Uayak, V3yak-
Clearly g = g**.

Case(iii): n is even and the triangle starts from the second vertex us.

Here define f as above and define g as

Lo, ifu:ubu%unflaunavjazlgjSn_47
g(u) = ‘ ,
M, lf’U:uZ‘,?)SZSn—Q,’Ug,'Un_Q.

Then the above f and g will determine an induced S3-magic labeling of
A(T,).
O

Corollary 182. The alternate triangular graph A(Ty) is not an induced Ss-

magic when the triangle starts from the second vertex us.

Proof. Since u; and uy4 are pendant vertices we must have g(us) = g(uz) = po.
If g(v2) = a,a € S3\ {po}. Then g**(v2) = a*. Suppose g** = g then a* = a
implies a = py. Which is a contradiction. Hence the proof of the corollary.

O

Corollary 183. The graph A(T,,) & Z7(Ss) for any n and any A € S5\ {po}-

Proof. If A(T,) has pendant vertices then clearly A(T,) ¢ ZY(S3). Sup-
pose that there is no pendant vertex in A(T,). Suppose there exists a g :
V(A(T,)) — Ss such that g(u) = \,Vu € V(A(T,)), A € S\ {po}. Then
g (uz) = (A\?)3 = X\® = py. Which is a contradiction. Hence the corollary. [J

Theorem 184. The ladder graph L, is an induced Ss-magic graph if and only

if either n is even or n is a multiple of 3.
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Proof. Let the vertex set of L, be V(L) = {u;,v; : 1 <1i < n} and edge set
E(G) = {uuit1, vivisr, wv; 1 < i < n} where i + 1 is taken over modulo n.

Now consider the following cases:

Case(i): n is a multiple of 3.
Let f be any bijective map from V(L,) to Na, and let g : V(G) — S5
be defined as:

p1, if i = 1(mod 3),
For 1 <i<n, g(u;) = q po, if i = 2(mod 3)
p2, if 1 =0(mod 3).

and

Y

p2, if 1 = 1(mod 3
g(v;) = po, if i = 2(mod 3
p1, if 1 = 0(mod 3).

),
)

?

\

We can see that g(u) = g**(u),Vu € V(L,).

Case(ii): n is even.

In this case, let f as in the above case and let g be the map

p1, fi=1+4k,2+4k,k=0,1,2,...,
g(u;) = g(vi) =
po, ift=3+3k,4+4k, k=0,1,2,...

The above f and g will determine an induced Ss-magic labeling of L,,.

Conversely, suppose that L,, is induced S3-magic. So there exist two functions
f and g as in the definition 121} Now, we will show that n is either an even

number or a multiple of 3. Consider the following cases:

Case(1): g(u1) € p-set and g(vy) € p-set.
Suppose g(u1) € p-set and g(v1) € p-set. Then ¢**(u) = g(u),Vu €
V(L,) implies that

p-set, if i = 1(mod 6) or i = 0(mod 6),
g(u;) €
p-set, otherwise.

and
p-set, if i = 3(mod 6) or i = 4(mod 6),

u-set, otherwise.
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Such an induced magic labeling is possible only when n is a multiple of
6. Similarly, we can show that if g(u;) € p-set and g(v;) € p-set then n

is a multiple of 6.

Case(2): g(u1),g(v1) € p-set.
In this case, g(u) = ¢**(u), Vu € V(L,,) implies

p-set, if ¢ = 1(mod 3) or i« = 0(mod 3),

g9(ui), g(v;) €
p-set, if 1 = 2(mod 3).

Which implies n should be a multiple of 3.

Case(3): g(u1),g(v1) € p-set. Consider the following subcases:

Subcase(a) : g(u1) = g(v1) = p1.
Suppose that g(ui) = g(vi) = p1 then g(ui) = g(v1) = p1 = ¢ (w1)
g (v1) implies g(us) = g(v2) = p1 and g(uz) = g(v2) = g**(uz) = g**(v2)
implies g(u3) = g(v3) = pa. Proceeding like this, we get

pr, ifi=1+4k2+4k k=0,1,2,...,
Do, ifi=3+4k4+4kk=0,1,2,...

g(ui) = g(vi) =

It is clear that this g determine an induced S3-magic labeling for L, if n
is even. We get a similar observation if g(u;) = g(v1) = pa.

Subcase (b) : g(u;) = p1 and g(vy) = po.
In this case applying g(u;) = ¢**(u;), g(v;) = ¢**(v;) starting from ¢ = 1

we get

p1, if i =1(

g(ui) = 4 po, if i = 2(mod 3), and
P2, if 1 = 0(

p2, if i = 1(mod 3),
g(vi) = 9 po, if i = 2(mod 3),
(

% if 2 = 0(mod 3).

It is clear that this g will determine an induced Ss-magic labeling for

L,, only when n is a multiple of 3. A similar observation is obtained if
g(u1) = pa and g(v1) = p1.
Subcase(c): ¢g(u;) = p; and g(v1) = po.

95



Chapter 5. Induced S3-Magic Labeling of Graphs

As in the above cases g = ¢g** leads

p1, ifi=1(mod 12),i = 8(mod 12),7 = 10(mod 12)
or = 11(mod 12),

p2, ifi=2(mod 12),i = 3(mod 12),7 = 5(mod 12)

g(u;) =
or i = 0(mod 12),
po, ifi=4(mod 12),i = 6(mod 12),7 = 7(mod 12)
\ or i = 9(mod 12).
and )
po, if i =1(mod 12),i = 3(mod 12),7 = 10(mod 12)
or ¢ = 0(mod 12),
(v) p2, if 1 =2(mod 12),7 = 4(mod 12),7 = 5(mod 12)
9g\vi) =

or i = 7(mod 12),
p1, if i =6(mod 12),7 = 8(mod 12),7 = 9(mod 12)

\ or i = 11(mod 12).
Such an induced S3-magic labeling is possible when n is a multiple of

12. Similarly, we see that if g(u1) = po and g(vy) = p1 , g(u1) = p2 and
g(v1) = po or g(u1) = po and g(vy) = pe, then n must be a multiple of
12. Which in turn a multiple of 3.

From all the cases and sub cases we see that L, is an induced S3-magic

graph if either n is an even number or n is a multiple of 3.
Hence the theorem. O

Definition 185. [31/ An open ladder graph O(L,),n > 2 is obtained from
two paths of length n — 1 with V(O(Ly)) = {ui,v; : 1 < i < n} and E(G) =
{uiui+1,/0i’l)i+1 01 < 1 <n-— 1} U {Uﬂ]i 2 < 1 <n-— 1}

Theorem 186. For n > 2, the open ladder graph is an induced Sz-magic if
and only if n is odd or n = 0(mod 3).

Proof. Suppose that n is odd or n = 0(mod 3). Then define f : V(O(L,)) —
Ny, as for 1 < i <mn, f(w) =1, f(v;)) =n+1i.
If n is odd then let g : V(O(L,)) — S5 as

po, if i is even,
g(w) = g(v;) = py, ifi=1+4k,k=0,1,2,...,
po, ifi =344k, k=0,1,2,...
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Suppose n = 0(mod 3), define g by

(
po, ifi=243kk=01,2,...,
p1, if i = 1(mod 9) or 3(mod 9),
9(w;) = ,
s, if i = 4(mod 9) or 6(mod 9),
| o, i i = 7(mod 9) or 0(mod 9).
)
po, ifi=2+3kk=0,1,2,...,
o, if i = 1(mod 9) or 3(mod 9),
g9(vi) =
p1, if i = 4(mod 9) or 6(mod 9),
s, if ¢ = 7(mod 9) or 0(mod 9).

\

We can easily prove that g(u) = ¢**(u),Vu € V(O(L,)).

Conversely, suppose that O(L,) is an induced Ss-magic graph. So there
exist two functions f and g satisfying g(u) = ¢**(u),Vu € V(O(L,)). We know
that g(V(O(Ly))) € {p1, p2, ps}. Since uy, vy, uy,, v, are pendant vertices we
have g(uz) = g(ve) = g(un—1) = g(vn—1) = po. Now consider the following

cases:

Case (i): g(V(O(Ln))) < {po, p1, p2}-

Subcase (a): g(u1) = po = g(vy).
Clearly g = g** implies g(u) = po, Vu € V(O(L,)).

Subcase (b): g(u1) = p1 = g(v1).
Suppose g(u1) = p1 = g(v1). Then g™ (uz) = g(uz) and g**(v2) = g(v2)
po, if 7 is even,
implies g(u;) = g(vi) = S py, if i =14+ 4k, k=0,1,2,3, ...,
o, ifi =344k k=0,1,2,3,...
Since u, and v, are pendant vertices, g(u,—1) = g(v,—1) = po, n — 1
must be an even number for this induced S3-magic labeling. Which

implies n must be an odd integer. A similar observation is obtained

when g(u1) = p2 = g(v1).

Subcase (c): g(u1) = p1, g(v1) = po.
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If g(u1) = p1,9(v1) = p2. Then g**(u) = g(u) implies,

p1, if v = uiisk, V343,

for k:O,l,Q,...,g(U) = 3 P2, ifUIU3+3k,?)1+3k,

po, if u = usisk, vaysi.

Since u,, and v, are pendant vertices, g(u,—1) = g(v,—1) = po, so we
must have n — 1 = 2 + 3k, for some k. i.e., n is a multiple of 3. We get

a similar conclusion if g(u1) = p2, g(v1) = p1.

Subcase (d): g(u1) = po, g(v1) =
Here by assummg g(ug) = g** (Ug) and g(vy) = ¢™*(ve) leads that
po, if i = 1(mod 12),2(mod 12), 3(mod 12), 8(mod 12),
g(us) = § pg, if i = 5(mod 12), 6(mod 12), 7(mod 12), 0(mod 12),
o1 if i = 4(mod 12),9(mod 12), 10(mod 12), 11(mod 12).

and
(
po, if i = 2(mod 12), 7(mod 12), 8(mod 12),9(mod 12),

g(vi) = { p1, if i = 1(mod 12),6(mod 12), 11(mod 12), 0(mod 12),
| p2, if i = 3(mod 12),4(mod 12), 5(mod 12), 10(mod 12).

Then we obtain a similar observation. As in the above subcase g(u,—1) =

g(v,_1) = po implies either n — 1 = 2(mod 12) or n — 1 = 8(mod 12).
Which implies n = 0(mod 3). A similar observation is obtained if we

assume

(1) g(u1) = po and g(v1) = pa
(2) g(u1) = p1 and g(v1) = po or
(3) g(u1) = p2 and g(v1) = po.

All the above subcases implies that if ¢(V(O(L,))) € {po, p1,p2} then

either n is even or n is a multiple of 3.

Case(ii): g(u1) € p-set and g(v1) € p-set.
Since g(uz) = g(v2) = pp and g = ¢** then we must have g(uz) € p-set
and g(v3) € p-set. Then g*(usvs) € p-set. Which again implies that

p-set, if i = 4(mod 6) or i = 0(mod 6),
9(u;) € '
p-set, otherwise .
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p-set, if i = 1(mod 6) or i = 3(mod 6),
g(vi) € .
p-set, otherwise.
Thus g(uy—1)

= g(vn—1) = po implies that either n — 1 = 2(mod 6) or
n — 1 = 5(mod 6). Which shows that n must be a multiple of 3.

Case(iii): g(u1) € p-set and g(vy) € p-set.

This case is similar to case (ii) and we get n is a multiple of 3.

Case(iv): g(uy),g(v1) € u-set.
By assuming g(u) = ¢"*(u), Yu € V(O(L,)) and starting with g(uy) =
g(va) = po, we see that

p-set, if i = 1(mod 3) or ¢ = 0(mod 3),
9(u), g(vi) €
p-set if i = 2(mod 3).

As in the above case, this type of induced S3-magic labeling is possible

only when n is a multiple of 3.

All the above cases and sub cases show that, the open ladder graph O(L,,),n >

2 is an induced Ss-magic if and only if n is odd or a multiple of 3. O

Corollary 187. The graph O(L,) & Z{*(S3), for any A € S3\ {po}.
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Chapter 6

Conjugate S3-Magic Labeling of Graphs

In this chapter, we introduce a new magic labeling of graphs using a
non-abelian group namely, the conjugate A-magic labeling of graphs,

and investigate conjugate Ss-magic labeling of some graphs.

6.1 Introduction

In this chapter, we introduce a new magic labeling of graphs using a non-
abelian group namely, the conjugate A-magic labeling of graphs and investigate
conjugate Ss-magic labeling of some graphs. Recall the definition of A-magic

labeling of graphs, where A is non-abelian group [29].

Definition 188. [29] Let G = (V(G), E(G)) be a finite graph with p vertices
and q edges, and let (A, *) be a finite non-abelian group with identity element
1. Let f: E(G) = N, = {1,2,...,q} and let g : E(G) — A\ {1} be two
edge labelings of G such that f is bijective. Define an edge labeling { : E(G) —
Ny x A\ {1} by

l(e) := (f(e), g(e)), e € E(G).

Define a relation < on the range of £ by:

’

(f(e).g(e)) < (f(e),g(¢")) if and only if ~ f(e) < f(€').

Then obviously, the relation < is a partial order on the range of (.

Let {(f(e1),g(e1)), (f(e2),g(e2)),...,(f(exr),g(ex))} be a chain in the range of
£. We define the product of this chain as follows:

k

[I(r(en. glen) = ((((gler) * glez)) * gles)) * glea)) +...) * glew).

=1

Letu € V(G) and let N*(u) be the set of all edges incident with u. Consider the

restriction of the function ¢ on N(u), that is, ¢

N+(u)- Observe that the range

!This chapter has been published in the South East Asian Journal of Mathematics and
Mathematical Sciences, Volume 19, Number 3, 319-339,(2023).
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of Uln+() is a chain, say (f(e1),g(e1)) < (f(e2), g(e2)) < -+ < (flen), glen))-
We define

n

0 (u) = H(f(ei)7g(€i))' (6.1.1)

i=1
If 0*(u) is a constant, say a for all u € V(G), we say that the graph G is
A-magic. The map (* is called an A-magic labeling of G and the corresponding

constant a is called the magic constant.

In the above definition if the elements g(es), g(es), ..., g(e,) belong to the
conjugacy class determined by g(e;), then we say that the graph G is conjugate

A-magic. Formally, we have the following:

Definition 189. Let G = (V(G), E(G)) be a graph with p vertices and q edges,
and A be a finite non-abelian group of order n with identity 1. The graph G 1is
said to be a conjugate A-magic graph if

(i) for allu € V(G),

n

0" (u) = H(f(ei),g(ei)) = constant in A(see definition |188)).

i=1

(i1) the elements g(es), g(e3), ..., g(en) belong to the conjugacy class deter-
mined by g(ey).

Definition 190. If the map g in the definition[189 is a constant map then the
conjugate A-magic labeling is said to be constant conjugate A-magic labeling

otherwise it is said to be non-constant conjugate A-magic labeling.

6.2 Main Results

Consider the non-abelian group S5 and investigate the graphs which are con-

jugate S3-magic.

Theorem 191. Let G be a conjugate Ss-magic graph. If G has a vertex of
degree 2, then the conjugate S3-magic constant does not belong to {1, o, j13}-

Proof. Let G be a conjugate Ss3-magic graph with magic constant a. Let v
be the vertex of G having degree 2. Let u; and uy be the vertices adjacent
to v. Then ¢*(v) = a = g(uv) * g(vug) or £*(v) = g(vus) * g(uyv). Since
the product of any two elements(need not be distinct) from a conjugacy class

always belongs to {po, p1, p2}, we have a & {1, pz, ps}- O
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Corollary 192. If G is a non-constant conjugate S3-magic graph determined
by the functions f : E(G) — N, and g : E(G) — S3\ {po}. Suppose G has a
vertex of order 2 then the range of {* always belongs to the set {po, p1,p2}-

6.3 Conjugate S3-Magic Labeling of Some Well
Known Graphs

Theorem 193. There does not exist a non-constant conjugate Sz-magic label-

ing for the cycle graph Cs.

Proof. Let the vertices of C3 be denoted by u,us and us. Suppose, on the
contrary, that there exists a non-constant conjugate S3-magic labeling for Cj.
Without loss of generality, we take g(ujus) = p; then g(usug) = ps or g(ujug) =
p2, since g is non-constant. If g(usus) = py then *(uy) = po then the magic
constant must be pg, so £*(u3) = po = g(ujusz) * g(ugug) implies g(ujugz) = p;
but then ¢*(u1) = g(ujug) * g(ujug) = p1 * p1 = p2, which is a contradiction.
Hence, we cannot label C5 using p; and ps under the map g. Similarly, we
can prove that there does not exist a non-constant mapping g : E(G) —
{p1, o, 3} to make the cycle C3 conjugate Ss-magic. This completes the
proof of the theorem. O

Theorem 194. If n > 3, there exists a non-constant Sz-magic labeling for

cycle C,,.

Proof. Let the vertices of (), be denoted by uq,us,...,u,. We consider the

following two cases:

Case(i): n is even.
Suppose n is even. Then take f as any bijective map from E(C),) to N,
and define the map ¢ as follows: label the adjacent edges of C),, by p;
and py alternatively. Clearly ¢*(u) = po, Vu € V(G).

Case(ii): n is odd and n > 3.
Suppose that n is odd and n > 3. we define a conjugate S3-magic labeling

of C,, with magic constant p;. Define f and ¢ as follows:
Subcase(a): n is odd and n = 2(mod 3).
p1, if i = 1(mod 3),
Let g(usuip1) = § po, if i = 2(mod 3), and f(uuir) =i, 1 <i <n,
sz, if i = 0(mod 3).
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1+ 1 is taken modulo n.

Subcase(b): n is odd and n = 1(mod 3).
p1, if ¢ = 1(mod 3),1 <i < n,
Let g(usuir1) =  po, if i = 2(mod 3) and i = n,

s, if 1 =0(mod 3),1 < i < n.
Now define f(wuir1) =i, 1 <i <n—2, f(up_1u,) =n, f(u,u;) =n—1.

Subcase(c): n is odd and n = 0(mod 3).
p, if ¢ = 1(mod 3), 1
Let g(uittiy1) = § po, if i = 2(mod 3),1
ps, if i =0(mod 3),1 <i<n—2andi=n-—1.
Now define f(ujuiy1) =14,1 <i<n—2, f(up_oupn_1)=n, f(u,—1u,) =
n—1, f(uuy) =n— 2.

| /\
/\

_2,

| /\

n—2 and ¢ = n,

This completes the proof of the theorem. n

Theorem 195. There does not exist a non-constant conjugate Sz-magic label-

ing for the star graph, Ky ,,n > 2.

Proof. Suppose that K, is conjugate Ss-magic with magic constant a. Since
there are n pendant vertices in K ,, all pendant edges should be mapped to a
under g. So g must be a constant map. We observe that, the star graph K,
is S3-magic if and only if either n is odd or n = 1(mod 3) [29]. Thus we have
K, is S3-magic if and only if it is conjugate Ss-magic. So K, is conjugate

Ss-magic if and only if n is odd or n = 1(mod 3). O

Theorem 196. The bistar graph B, is conjugate Ss-magic except when n is
odd and n = 1(mod 3).

Proof. Let the end vertices of the bridge be k; and ky. Label the pendant
vertices of first star by wuq,us,...,u, and the pendant vertices of the second

star by vy, va, ..., Up.

Case(i): n is even.
Let f : E(B,) — Nas,i1 be any bijective map. Define g : E(G) —
S3\{po} as g(e) = u1,Ve € E(B,). Then clearly ¢*(u) = p1,Vu € V(B,).

Case(ii): n is odd and n = 0(mod 3).
In this case, let f as above and define g as g(e) = p1, Ve € E(B,). Then
*(u) = p1,Yu € V(G).
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Case(iii): n is odd and n = 2(mod 3).

. p2, if e = kiks,
In this case also let f as above and define g(e) =
p1, otherwise.

Clearly ¢*(u) = p1,Vu € V(B,).

Case(iv): n is odd and n = 1(mod 3).
Suppose that, B,, is conjugate S3-magic with magic constant ‘a’, a € Ss.
So each pendant edge should be mapped to a under the map g. Now let
g(kika) = b,b € S5\ {po}, then there are n possible values for ¢*(ky).
But in all the cases ¢*(k1) = a implies b = py. Which is a contradiction.

So B, is not conjugate S3-magic when n is odd and n = 1(mod 3).

This completes the proof of the theorem. O

Theorem 197. The cycle graph C,, with a pendant edge is not conjugate Ss-

magic.

Proof. Let G be the graph C,, with a pendant edge e. Denote the vertices of
C, by ui,us,...,u,. Without loss of generality, let the one end vertex of the
pendant edge e is at u; and let the other end vertex of e be denoted by w,1.

Suppose to the contrary that the graph G is conjugate Ss-magic with magic
constant ‘a’, where a € S3. Clearly a # py. Let g(u;u;y1) = a;, where a; € S5\
{po}. Suppose that the conjugate magic constant is p;. Then g(uiu,11) = p1.
But £*(u;) = p; implies that g(ujus)*g(u,ur) = po also a; € {p1, p2}. Without
loss of generality, let g(ujuz) = p1 and g(unui) = pa. But then *(uy) = py
implies g(usu3) = po, which is a contradiction. Similarly, we can prove that the
magic constant cannot be py. Now, suppose that a = pq, then g(uju, 1) = py.
There are 6 possible products for £*(uy). i.e., aj * a, * g = i1, @y * ay * pg =
M1, M1k Ak Qp = f1, U1 % Ap kA1 = W1, Q1% (1 % Qp = 1 OF Qp % Hy % A1 = 1.
But all these products lead to the same contradiction as above. Hence the

proof. n
Theorem 198. Ifn > 3, the wheel W,, is S3-magic.

Proof. Let G be the wheel W,, and let the vertices of C), be vy, vs,...,v, and
the vertex of K be k. Consider the following four cases, for all the following
cases let f be any bijection from E(W,,) to Na,:

Case(i): n is odd.
In this case, define g(e) = p1,Ve € E(W,). Clearly W, is conjugate

Ss-magic with magic constant ;.
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Case(ii): n is even and n = 0(mod 3).
Here, we define g : E(W,,) — S35\ {po} be the constant map g(e) =
p1,Ve € E(W,). Then W, becomes conjugate Ss-magic with constant

Po-

Case(iii): n is even and n = 1(mod 3).
Here we define f as above and let g : E(W,,) — S5\ {po} be defined as :
p1, if 7 is odd,

for 1 <i < n, glvv) = and g(kv;) = p1,i+11is
po, if i is even.

taken modulo n.
Clearly, ¢*(u) = p1,Yu € V(W,). Hence, the theorem is valid in this

case.

Case(iv): n is even and n = 2(mod 3).

p1, if e=kv;, 1 <i<mn,
We define g as : g(e) =
po, ife=vv 1,1 <i<nn+1=1.

In this case, W,, is conjugate S3-magic with magic constant ps.
This completes the proof of the theorem. O

Theorem 199. The helm graph H,,n > 3 is conjugate S3-magic if and only
if n # 0(mod 3).

Proof. Let H, be the helm graph of order 2n+ 1. Denote the vertices of C,, by
Uy, Us, . . ., Uy, vertex of C be k and denote the other vertices by vy, v, ..., v,
such that u;v; is a pendant edge. Suppose that n # 0(mod 3). Now consider

the following cases:

Case(i): n = 1(mod 3).
Let f be any bijective map from E(H,) to N3, and let g be the constant
map g(e) = p1,Ve € FE(H,). Clearly H, becomes conjugate Ss-magic

with constant p;.

Case(ii): n = 2(mod 3).

Here, we define f as above and let g be the map

p1, if e is a pendant edge,
g(e) = '
p2, otherwise.

Then the above f and g determine a conjugate Ss;-magic labeling of H,

with constant p;.
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Suppose to the contrary that H, is conjugate Ss-magic when n = 0(mod 3).
Let the magic constant be a, a € S3. Observe that a # pg. Now if possible, let
a € {p1,p2} then g(e) € {p1,p2} and f can be any bijection. Also g(u;v;) =
a,1 <i<n. Now

() = g(uv) * g(uiuisr) * glui—qu;) * g(uk). (6.3.1)

Since (*(u;) = a the equation implies g(u;uiy1) = g(ui_1u;) = gluk) =
b, where b € {p1,p2}. Thus ¢*(k) = bxbx---xb = py. Which is a con-

n times

tradiction. Hence a ¢ {p1,p2}. Now suppose that a € {uq, po, 3} With-
out loss of generality, let a = p; then g(u;v;)) = p,V1 < i < n. Let

g(uue) = p, glwu,) = q, g(wk) =r, where p,q,r € {1, pt2, 3} then

) =[] (fle),g(e) = m. (6.3.2)

eeN*(u1)

Suppose f(ujug) < f(uju,) < f(urk) then €*(uy) = p*q*r* g or g *p*q*
TOU DXy % qQ*xT OT Pk q* iy *7. I px @7k iy = f11 O fig * p* q* % = [ig
then p * g x r = pg, which is not possible for any value of p,q,r € {1, po, 3}
Similarly, we cannot find p, q, 7 € {p1, 2, 3} satisfying equation for any
possible values of f(ujus), f(uiu,) and f(uik). Hence a ¢ {u1, po, ps}. This
completes the proof of the theorem.

]

Theorem 200. The gear graph G, is conjugate Ss-magic if and only if n is

even.

Proof. Let G = G,. Denote the central vertex of G by k and the vertices

of W, by uy,us,...,u, and let vy, vs,...,v, be the vertices such that v; is

adjacent to u; and w; ;. Suppose that n is even. Define f be any bijective

map from F(G) to N3,. For 1 < ¢ < n, define g : E(G) — S5\ {po} as
p1, if i is odd, po, if i is odd,

g(ku;) = g(uiv;) = and g(viui1) =
po, if i is even. p1, if i is even.

Clearly, GG is conjugate Ss3-magic with magic constant py.

Conversely, suppose that n is odd and G is conjugate S3-magic with magic
constant a. Note that a ¢ {p1,u2, ps}t. We have £*(vy) = a and g(ujv;)
is conjugate to g(vjuz). Observe that the product of two elements from a
conjugacy class in S3 always belongs to {po, p1, p2}. Suppose that a = py and
g is a map from E(G) to {p1, p2}. Without loss of generality, let g(uiv1) = py
and g(viug) = pe. Then ¢*(uy) = po implies g(kus) = g(ugvy) = pa. Then
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g(ugve) = py implies g(voug) = p1 and g(kusg) = p;. Proceeding like this, we
obtain g(ku,) = g(u,v,) = p1 and g(v,uy) = pe. Then £*(u;) = po implies
g(kuy) = po. Which is a contradiction. So g(e) ¢ {p1,p2}. Now suppose g
is a map from E(G) to {u1, po, u3}. Then a = poy implies g(ujv1) = g(viug).
Without loss of generality, let g(uiv1) = g(viug) = 1. Now €*(ug) = po implies
g(kug)*pyxg(ugve) = po or g(kus)*g(usva)*kpy = po or g(usve)*kuyxg(kus) = po
or g(ugvy)*g(kug)x 1y = po or pyxg(kug)*g(usve) = po or g xg(ugvy)xg(kug) =
po. But we cannot find g(ugvy), g(kus) € {1, o, u3} satisfying any of the
above 6 equations.

Now, suppose that a = p; and g(e) € {p1,p2}. So £*(v1) = p; implies
g(uivy) = g(viug) = po. Also (*(uz) = py implies g(ugve) = glkus) = py
but then ¢*(vo) = g(ugvs) * g(vous) = py implies g(vous) = po, which is a
contradiction.

Suppose that a = p; with g(e) € {1, po, u3}. Without loss of generality,
let f(ujvy) < f(viug) and g(ujvy) = py and g(viug) = pe. There are 6 possible
products for £*(usy) as above depending on the function f. But all the 6 product
leads to a contradiction as in the above cases. So a # p;. Similarly, we can
prove that a # ps. Hence n can not be an odd number. This completes the

proof of the theorem. n

Theorem 201. The shell graph S, ,—3 is conjugate Ss-magic for all n > 4
except when n # 6.

Proof. Let S, ,—3 be the shell graph and denote the vertices of S, ,_3 by
Uy, U, . .., Uy. Without loss of generality, let the apex be u;. Consider the
following four cases also for all the following cases let f be any bijection from
E(Snn—3) to Noy_3 and let u,1 =uy. Let 1 <i<nand3<j<n-—1.

Case(i): n = 1(mod 3),n # 4.

. P1, ifi:]_,Q,TL—l,n,
In this case, define g(u;u;41) = and
p2, otherwise.

P2, lf]:37n_17
g(uiu;) = )
p1, otherwise.

Then clearly ¢*(u) = po,Vu € V(Sy.n—3).
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Case(ii): n = 2(mod 3).

P1, if i = 17n7
Here we define g(u;u;11) = and
po, f2<i<n-—1.

g(urvj) = pa, 3<j<n-—1L

Hence the above f and g will determine a conjugate S;-magic labeling

of S, ,—3 with magic constant py.
Case(iii): n = 0(mod 3) and n odd.
p1, ifiiseven and 4 <i<n —1,
In this case, define g(uu;r1) = i=1,2,n—1,n,
po, ifiisodd and 3 <i <n — 2.

and g(uiu;) = p2. Hence 0*(u) = pa, Yu € V(Sy, n—3).

Case(iv): n = 0(mod 3) , n is even and n # 6.

Here we define

g(uruz) = g(uguz) = g(urun) = g(un-1us) = pr,

9(uzug) = g(usus) = g(usue) = g(tn—2un—1) = g(Un-—3Un—2) = p2,
p1, ifiiseven and 6 <i <n —4,

g(uui) = and

po, ifiisodd and 7 <i <n —4.
P1, lf] = 4a57n - 27

g(uruy) = )
p2, otherwise.

Thus ¢*(u) = p2,Yu € V(Spn—3).
This completes the proof of the theorem. O

Theorem 202. The shell graphs Si1 and Sg 3 are not conjugate Ss-magic.

Proof. Let the vertices of Sy 1 be uy, ug, us and uy. Let the apex be u;. Suppose
that Sy is conjugate Ss-magic with magic constant a, a € Ss. Since ug and uy
have degree 2, by Theorem a € {po, p1, p2}. Consider the following cases.

Case (i): a = po and g(e) € {p1, p2}.
Without loss of generality, let g(ujus) = p1. €*(ug) = po implies g(ugus) =
p2. Similarly, £*(ug) = po implies g(ujug) = g(usuy) = po. Then £*(uy) =
po implies g(uguy) = p1. Hence €*(uy) = g(uuz) * g(uius) * g(uguy) =

p1 % po x p1 = p1 # po. Which is a contradiction.
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Case(ii): a = po and g(e) € {pu, pa, 13}
In this case, without loss of generality, let g(ujus) = uy then £*(uz) = po
implies g(ugus) = pu. Now €*(uz) = [[.cn-(u(f(€), g(e)). We have
g(ugus), g(urus) € {p, p2, 3} but the product of any three elements
in {p1, p2, pi3 (need not be distinct) does not yield the value py. Hence

0*(u3) # po, which is a contradiction.

The above 2 cases show that a # py.

Case(iii): a = p; and g(e) € {p1, p2}.
Since a = py, (*(uz) = p1. So g(ujug) = g(ugus) = po. Similarly,
(*(u3z) = py implies g(ujus) = g(uguy) = p1. But £*(uyg) = p; implies

g(uquy) = po, a contradiction.

Case(iv) a = p; and g(e) € {u1, po, s}
In the graph S;; the vertices w; and us are of degree 3. Observe that
g(ugug), g(uius), g(uiug) € {u1, 2, ps} but the product of any three
elements in {u1, o, 13} (need not be distinct) does not yield the values

po, p1 and py. Hence the above case does not exist.

Case(Vv): a = ps.
We can prove that, the magic constant a cannot be p, when g(e) €
{p1,p2} or gle) € {pu, 2, us}. The proof is similar to the above cases
(iii) and (iv). Hence there does not exist a conjugate S3 magic labeling

for Sy 1 with magic constant ps.

All the above cases show that there does not exist a conjugate Ss-magic labeling
for the shell graph S, ;. Similarly, we can prove that Sg; is not conjugate Ss-

magic. O
Theorem 203. The fan graph F, is conjugate S3-magic whenever n # 3,5.

Proof. We have F,, = P, + K;. Let V(F,) = {k,uj,us,..., u,}, where
Uy, Us, . .., U, be the vertices corresponding to P, and k be the vertex cor-
responding to K;. Now consider the following four cases. For all the cases,
take f be any bijection from E(F),) to Na, 1.

Case(i): n = 0(mod 3) and n > 3.
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In this case, define g : E(F,,) — {p1, p2} as:

‘ p1, ifi=1landi=n—1,
for 1 <i<n-—1,g(uuq) =

p2, otherwise.

po, if1=21=n—1,
g(ku;) =

p1, otherwise.

Clearly, f and g will determine a conjugate Ss3-magic labeling for F,, with
magic constant ps.

Case(ii): n = 1(mod 3).
In this case, let g be defined by

g(uuig) =p1, ifi=1<i<n-—1and

P2, if i = 17”7
g(ku;) =

p1, otherwise.

Then the maps f and g will define a conjugate Ss3-magic labeling for F,
with the magic constant py.

Case(iii): n = 2(mod 3) and n is even.
Here we define ¢ as

po, if 7 is odd, po, ifi=1,1=n,
g(uui ) = and g(ku;) =
p1, if 7 is even. p1, otherwise.

Clearly ¢*(u) = p1,Vu € V(F,).

Case(iv): n =2(mod 3) , n is odd and n # 5.
In this case also we define f as above and for 1 < ¢ < n define g as

follows:

9( ) 9(tn1un) = g(tn_3Un_2) = pa,
(U3U4 = 9 Up—qUn— 3) = g(un—2un—1) = p1,
p1, iftiseven and 4 <i<n—4,

uuH—l and
p2, ifiisodd and 4 <i < n—4.

po, ifi=1,n,3,4,n—4,
g(ku;) =

p1, otherwise.

By defining f and ¢ as above we get a conjugate S3 -magic labeling for
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F,, with magic constant p.

Theorem 204. The fan graphs Fs and F5 are not conjugate Sz-magic.

Proof. Consider the fan graph Fj. Let the vertices of P;3 be denoted by wuq, us
and uz and the vertex of K; be denoted by k. Suppose on the contrary that Fj
is conjugate S3-magic with magic constant a, where a € {pg, p1, p2}. Suppose
that @ = py. Without loss of generality, let g(ujus) = p; then g(urk) = po
and g(usk) = g(usuz) = p1. Then g(ugugz) = p; implies g(usk) = po. But then
0*(k) = pa * p1 % po = pa, which is a contradiction. Hence a # py. Suppose that
a = py, then 0*(uy) = 0*(uz) = p1 implies g(ujus) = po = g(kuy) = g(kuz) =
g(ugus). But then *(uy) = g(ugus) * g(usus) * g(usk) = py implies g(kus) = po,
which is a contradiction. Hence a # p;. Similarly, we can prove that a # ps.
Hence Fj is not a conjugate Ss-magic graph. In a similar manner, we can prove

that the fan graph Fj is not conjugate S3-magic. n

Theorem 205. The complete bipartite graph K, , is conjugate Ss-magic for

m,n > 1.

Proof. Let U and V' be the two partite sets of V (K, ). Let ui,ug, ..., u,
and vy, vs,...,v, be the vertices in U and V respectively. If m and n are
of same parity then the constant map g(e) = p1, together with any bijection
f: E(Kpn) = Np, will give a conjugate S3-magic labeling. Now, without loss
of generality, assume that m is an even number and n is an odd number. Now
consider the following cases: For all the following cases, let f be any bijection
from E(K,, ) to No,.

Case(i): m is even and n = 0(mod 3).
In this case define g : E(K,,) — S3 \ {po} as follows: For 1 < i <m

‘ p1, if 7 is odd,
and 1 < j <n define g(u;v;) =
po, if 7 is even.

Case(ii): m is even and n = 1(mod 3).
For 1 <i<mand 1< j <n— 3, define

p1, if i is odd and j is odd ,¢ is even and j is even,
gluwg)=9q " Ny -~ N
po, if if 7 is odd and j is even ,i is even and 7 is odd

p1, if i is odd,
and g(u;v,—2) = g(u;vn_1) = g(uv,) =
po, if i is even.
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Case(iii): m is even and n = 2(mod 3).
For 1 <i¢<m, let
p1, if iisodd and 1 < j <n —1;i is even and j = n,
gluv)) =9 | - .
po, if iiseven and 1 < j <n —1;iis odd and j = n.
In all the above cases, we can prove that f and g will determine a conjugate

Ss-magic labeling for K, ,, with magic constant py. Hence the proof. O]
Theorem 206. The flag graph Fl, is not conjugate S3-magic for all n > 2.

Proof. Let us denote the vertices of F'l,, by uy, us, . . ., uy, k, where u; is adjacent
to uip1, 1 <@ <n,i+1is taken over modulo n and u; is adjacent to k. Suppose
that there exists a conjugate S3-magic labeling for F'l,, with the magic constant
a € S3. Since Fl, has a pendant edge a # py. Also, since F'l,, has vertices of
degree 2 by Theorem (191}, a € {p1, po}. Without loss of generality, let a = p;.
Since uyk is the pendant edge g(uik) = p1. So g(E(Fl,)) € {p1,p2}. Since
g*(u1) = p1, we must have g(ujusz) * g(uju,) = po. Without loss of generality,
let g(uiug) = p1 and g(uiu,) = p2. But ¢g*(u2) = p1 implies g(usus) = po.
Which is a contradiction. Hence F,, does not have a conjugate Ss;-magic
labeling. ]
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Chapter 7

Ss-Barycentric Magic Labeling of Graphs

In this chapter, we define Ssz-barycentric magic labeling of graphs

and investigate graphs that are barycentric Ss-magic.

7.1 Introduction

Let A be an abelian group. A graph G = (V; E) is said to be A-barycentric
magic |38] if there exists a labeling [ : F(G) — A\ {0}of the edges of G by non-
zero elements of A such that the induced vertex set labeling ¢t : V(G) — A

satisfies:
(1) £7(v) = > uuen(q) {(uv) is a constant map.

(ii) £ (v) = deg(v)l(u,w), for all v € V(G), and for some vertex u, adjacent

to v.

In this chapter, we define the barycentric magic labeling of graphs using the
non-abelian group. Instead of considering any non-abelian group, we particu-
larly choose the smallest non-abelian group S3 and define the S3-barycentric

magic labeling of graphs as follows.

7.2 S3-Barycentric Magic Labeling of Graphs

Definition 207. (18] Let G = (V(G), E(G)) be a finite graph with p vertices
and q edges and let (A, *) be a finite non-abelian group with identity element
1. Let f: E(G) - N, = {1,2,...,q} and let g : E(G) — A\ {1} be two
edge labelings of G such that f is bijective. Define an edge labeling { : E(G) —
Ny x A\ {1} by

l(e) = (f(€),g(e)), e € B(G).

Define a relation < on the range of £ by:

’

(f(e)g(e)) < (f(e),g(¢")) if and only if ~ f(e) < f(€').
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Then obviously, the relation < is a partial order on the range of €.

Let {(f(e1),g(e1)), (f(e2),g(e2)),...,(f(ex),g(ex))} be a chain in the range of
L. We define the product of this chain as follows:

—~
~
~~
o
<
~—
Q
—~
o
o
SN—
S~—
I

((((g(e2) * g(ea)) * g(es)) * glea)) *...) * glex).

Letu € V(G) and let N*(u) be the set of all edges incident with u. Consider the
restriction of the function £ on N(u), that is, £|n+@). Observe that the range

of l|n+() s a chain, say (f(er),g(er)) < (fle2) gle2)) < -+ < (f(en), glen)).
We define

n

() = [J(f (e, ger)- (7.2.1)

i=1
If ¢*(u) is a constant, say a for all u € V(G), we say that the graph G is
A-magic. The map 0* is called an A-magic labeling of G and the corresponding

constant a is called the magic constant.

Definition 208. Let A be a group (abelian or non-abelian) with identity 1. A
graph G = (V, E) is said to be A-barycentric magic if there exist functions f :
E(G) = Ny (e and g : E(G) — A\ {1}such that the labeling ¢ : V(G) — A
as in definition satisfying:

(i) 0*(v) = [leen~@w)(f(€), g(€)) is a constant map, where N*(v) denote the

set of all edges incident with u.

(ii) *(v) = (g(u,0))®*®) | for all v € V(G) and for some verter u, adjacent

to v.

If A is an abelian group and ¢*(u) = a,Vu € V(G) then we say that G is
a-sum magic graph [38|. Similarly, suppose A is a non-abelian group and G
is A-barycentric magic graph with magic constant ‘6’ then G is said to be a

k-barycentric magic graph.

Remark 209. Let A be an abelian group and let G be a reqular graph then the
graph G is A-barycentric magic [38].

Theorem 210. [29] Any regular graph is Ssz-magic.

Note 211. [38] Notice that if A is a finite(abelian) group of order n and
deg(v) = 0(modn) for all v € V(G), the barycentric-magic graphs coincide

with the zero-sum magic graph( here zero is the identity element of A).
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Lemma 212. [3§] For every abelian group A, Py is A-barycentric magic and

P,,n >3, is not A-barycentric magic.
Theorem 213. [38/ C,, is A-barycentric magic for every abelian group A.

In this chapter, we consider the non-abelian group S35, symmetric group of
order 6 and investigate graphs that are S3-barycentric magic and the graphs

that belong to the following classes.

(i) BS,, = the class of graphs that are Ss-barycentric magic with constant

Po-

(ii) BS, = the class of graphs that are Ss-barycentric magic with constant
belongs to the set {p1, p2}-

(iii) BS, = the class of graphs that are S3-barycentric magic with constant

belongs to the set {1, po, 13}

7.3 Main Results

Lemma 214. Let A be a group( abelian or non-abelian) and let G be a reqular

graph then G is A-barycentric magic.
Proof. The proof is indisputable from Remark and Theorem [210] O]

Theorem 215. Let G be a graph such that all of its vertices are of odd degree
then G € BS,..

Proof. Let g : E(G) — S35\ {po} be the constant map g(e) = p, Ve € E(G).
Then ¢ together with any bijective map f : E(G) — N, will determine a
barycentric magic labeling with constant ;. This completes the proof of the

theorem. ]
Theorem 216. If a graph G has a vertex of even degree, then G ¢ BS,,.

Proof. Suppose that G € BS,, with the magic constant a, where a € {1, p12, 13}

Let v be a vertex having even degree k. Then we have *(v) = g(vu,)* = a,

for some vertex u, adjacent to v. This implies a € {po, p1,p2}. Which is a

contradiction. Hence the proof. O
From the proof of the above theorem we have the following corollaries.

Corollary 217. If a graph G belongs to the class BS, if and only if all the
vertices of G are of odd degree.
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Corollary 218. The cycle graph C,, is A-barycentric magic for every group
A.

Theorem 219. If a graph G has a vertex whose degree is a multiple of 3 then
G ¢ BS,.

Proof. Let GG be a graph having a vertex v, whose degree is a multiple of 3,
say m. Suppose that G € BS,. Without loss of generality, let the barycentric
constant be p;. Then there exists a vertex u, adjacent to v such that ¢*(v) =
g(vu,)™ = pi. This implies g(vu,) € {p1, p2}. But the order of p; and ps is
3. Hence g(u,v)™ = po. Which is a contradiction to our assumption. This

completes the proof of the theorem. O
Theorem 220. If a graph G has a pendant edge then G ¢ BS,,.

Proof. Suppose that the graph GG has a pendant edge, say ‘e¢’. Let u be the
end vertex of e having degree 1. Then ¢*(u) = g(e). Since g is a function from

E(G) to S3\ {po}, g(e) # po. Hence G ¢ BS,,,. O
Theorem 221. The cycle graph C,, belongs to the classes BS,, and BS,.

Proof. 1f we take f as any bijective map from E(C,) to N, and if take g :
E(C,) — S5\ {po} be the constant map g(e) = ui,Ve € E(C,) then clearly
C,, is Ss-barycentric magic with constant py. If we take g as g(e) = p1, or ps
then C), € BS,. O

Theorem 222. The cycle graph C,, does not belong to the class BS,, for any
n > 2.

Proof. Suppose that the graph C,, € BS,. Then adjacent edges are labeled
by the elements from {p1, p2} and {p1, o, 3} alternatively under the map g.
Hence, n must be an even number; moreover, if v is a vertex of C,,, we cannot
find a vertex u, such that g(vu,)* € {p, p2, ps3}. Hence C,, ¢ BS,. This
completes the proof of the theorem. O

Theorem 223. The star graph K, is Ss-barycentric magic if and only if n
is odd or n = 1(mod 3).

Proof. The proof directly follows from Theorem 48| of Chapter 2. [
Theorem 224. The star graph K, ¢ BS,,.
Proof. The proof directly follows from the Theorem 220} O

Theorem 225. The star graph K, € BS, if and only if n = 1(mod 3).
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Proof. Observe that, a star graph is Ss;-magic with magic constant ‘a’, the
function ¢ : E(Ky,) — S3 \ {po} must be a constant function. Say, g(e) =
a,Va € S35\ {po}. Suppose that K, € BS,. Without loss of generality, let the
magic constant be p;. Then g(e) = p1,Ve € E(K;,). Since K1, has a vertex
of degree n, p} = p; implies n = 1(mod 3). Similarly, we can prove that if
n = 1(mod 3) then K, € BS,,. Hence the proof. O

Theorem 226. The star graph K, € BS, if and only if n s an odd number.
Proof. The proof is exactly similar to the above theorem(Theorem [225). [
Theorem 227. If n > 3, the wheel graph W,, € BS,, if and only if n is odd.

Proof. Let G be the wheel W, and let the vertices of C,, be {uy,ug,...,u,}
and the vertex of K be k. Then deg(k) = n and deg(u;) = 3,i=1,2,...,n.
Suppose that n is an odd number. Then, we define f and ¢ as in the
Case(i) of the Theorem [50| (Chapter 2). Then ¢*(u) = pi,Vu € V(G) also
gluk)® 9" =y x pyx o ox = = (k) and (g(kuy)) ) = @ = =

n times
0*(u;). Thus W, is Ss-barycentric magic when n is odd.

Conversely, suppose that G € BS,,. Then Theorem implies that G can

not have a vertex of even degree. Hence n must be odd. This completes the

proof of the theorem. O
Theorem 228. The wheel graph W,, & BS,, for any n > 3.

Proof. Observe that W, has n vertex of degree 3 and a® ¢ {p1, p2} for any
a € 53\ {po}. Hence the proof. O

Theorem 229. The wheel graph W, € BS,, if and only if either n = 0(mod 3)

or n 1s even.

Proof. Let us denote the vertices of W,, as in the above theorem. Now consider

the following cases:

Case(i): n is even.
In this case, define f : E(W,,) — Na, as
n+ 2L if i is odd, , ,
flujuis) = , and f(ku;) =1i,1 <1i < n. Define
37" + 3, if @ is even.

He, if i is odd, 1 < i <mn,
g: E(W,) = S35\ {po} as g(uuir1) = and
po, ifiiseven,1 <i <n.

g(ku;) = pq, for all i, 1 < i < n. We can easily verify that f and g
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determine a Ss-magic labeling of W,, with constant pg also pg = £*(k) =
g(urk)™ and po = €*(u;) = g(usu;)?, for some i —1 < j <4i+ 1. Hence f

and g determine a Ss-barycentric magic labeling of W,.

Case(ii): n = 0(mod 3).
In this case, we can take f as any bijective map from E(W,,) — Ny, and
g: E(G) = S3\ {po} as the constant map g(e) = py, for all e € E(W,,).

Clearly, this f and g defines a Ss-barycentric magic with constant py.

Conversely, suppose that W,, € BS,,. Then ¢*(k) = py implies that g(u;k)" =
po, for some u; € V(W,,). Since g(u;k) € S3 \ {po} implies that n is even or
n = 0(mod 3). This completes the proof of the theorem. O

Theorem 230. The helm graph H, does not belong to the classes BS,, and
BS,, for alln > 2.

Proof. Since the helm graph has n pendant edges, by Theorem 220], H,, & BS,, .
Also the helm graph has n vertices of degree 4, so the Theorem [216] implies
that H, ¢ BS,. O

Theorem 231. The helm graph H, belong to the class BS, if and only if
n # 0(mod 3).

Proof. Let the vertex set of H,, be V(H,) = {u;,v;, k: 1 <i <n} and edge set

of H, be E(H,) : {uu;i1,u;v;, ku; - 1 <1 <mn,i+ 1is taken over modulo n}.

Suppose n # 0(mod 3). Then either n = 1(mod 3) or n = 2(mod 3). Here

we take f as any bijective map from E(G)to Nsz,. If n = 1(mod 3). Let

g: E(G) — S3\{po} be the constant map g(e) = p1,Ve € E(H,). Then we can

see that f and g defines a Ss-barycentric magic labeling of H,,. If n = 2(mod 3).
p1, if e = w;v;,

Then let g(e) = Clearly, for every v € V(H,,) there exist a
p2, otherwise.

u, € V(H,) such that £*(v) = p; = (g(u,0))?*™). So H, € BS,. Observe that
the vertex k is of degree n. If n = 0(mod 3), then by Theorem H, ¢ BS,.
This completes the proof of the theorem.

[

Theorem 232. The shell graph S, ,—3 is does not belong to the classes BS,
and BS,,.

Proof. Let us denote the vertices of the shell graph S, ,_3 by u1,us, ..., u, and

let the vertex with degree n — 1 be wu;.
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Observe that, the shell graph S, ,,_3 has vertices of degree 3, by Theorem

Su_s ¢ BS,.

Since the shell graph has two vertices of degree 2, Theorem [216| implies
that S,,,,—3 ¢ BS,,. O

Theorem 233. The shell graph S, -3 € BS,, if and only if either n =

1(mod 3) or n is an odd number.

Proof. Denote the vertices of S, ,,_3 as in the above theorem. Suppose that
n = 1(mod 3) or n is an odd number. Let f : E(S, ,—3) — Nan_3 be defined
as

26 —2),3<i<n-—1,
f(u1U2 :2n_47
f(ugu,) = 2n — 3.

Now, define g : E(S,n—3) = S3 \ {po} as follows:

U1U2 9(U2U3 M1

1, ifiisevenand 3 <i<n-—1,

U Uz-l—l
,ifiisoddand 3 <i<n-—1.
(1, if n is odd,
unul
o, if n is even.
p2, ifiisodd ,3<i¢<n—1,
g(ului) =

p1, if iiseven ,3 <i<n—1.

The above maps f and g will define a Ss-barycentric magic labeling of S, ,,_3.
Hence S, ,—3 € BS,, when either n = 1(mod 3) or n is odd.

Conversely, suppose that S, ,_3 € BS,,. Since the degree of the vertex u;
is n — 1, there exists a vertex u; adjacent to u; such that g(uju;)"™* = py.
g(uiu;) € Ss \ {po} implies that n — 1 = O(mod 3) or n — 1 is even. This
completes the proof of the theorem. O

The Figure represents a shell graph with a Ss-barycentric magic label-

ing.
Theorem 234. The n-gon book of k pages B(n, k) € BS,, for all n,k > 1.
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uy  (8,p;) ug

u; (16,u,) U2

Figure 7.1: Ss-barycentric magic labeling of Sy 7

Proof. Let us denote the common edge of B(n, k) be ‘¢’ with end points k; and
ko and denote the vertices in the the i*" page of B(n, k) be w1, wia, . . ., Uin, 1 =
1,2,3,...,k, where the vertices u;; and wu;, identified with k; and ks respec-

tively. Now consider the following 2 cases:

Case (i): k is an odd number.
If k£ is an odd number then all the vertices of B(n, k) will be of even de-
gree. So any bijective mapf : E(B(n,k)) = Nymn-1)+1 together with the
constant map g(e) = u1, Ve € E(B(n, k)) will determine a S3-barycentric

magic with constant py.

Case (ii): k is an even number.
In this case, define f(u;uij+1) = (n—1)(¢ — 1)+ 7, f(kike) = k(n —1) +
1,L1<j<n-—1,1<i<k. Define g: E(B(n,k)) — S3\{po} as follows:
For1<j<n-1

9(uiusjp1) = ,9(k1ks) = po. Clearly, using this
M2, if1 =k.

f and g one can easily prove that B(n, k) € BS,,.
O

Theorem 235. The graph n-gon book of k pages B(n, k) € BS, if and only if
k # 2(mod 3).

Proof. Denote the vertices and edges of B(n, k) as in the above theorem. Sup-

pose that k& Z 2(mod 3). Then either k& = 0(mod 3) or k = 1(mod 3). If
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k = 1(mod 3) then we can take f : E(B(n,k)) — Ngm-1)41 as any bi-
jective function and take g : E(B(n,k)) — S3\ {po} as the constant map
g(e) = p2,Ve € E(B(n,k)). If k = 0(mod 3) then by taking f as above and

P1, if e = klkg,
g as gle) = we can show that the graph B(n, k) € BS,.
po, otherwise.

Now let k& = 2(mod 3), ie., k = 3m + 2, for some m € N. Suppose that
B(n,k) € BS,. Without loss of generality, let p; be the Ss-barycentric magic
constant. Then, all edges adjacent to a vertex of degree two should be mapped
to po under the map g. Then £*(k1) = g(kiks)*(p2)* = p1 implies g(kiks) = po,
which is a contradiction. Hence, we get B(n, k) ¢ BS,, when k = 2(mod 3).
O

Theorem 236. The graph B(n,k) ¢ BS,,, for any n,k > 1.

Proof. Since B(n, k) contains vertices of degree 2, by Theorem B(n,k) ¢
BS,.. O

Theorem 237. The flag graph Fl, is not Sz-barycentric magic.

Proof. Since the flag graph F'l,, has a pendant edge, by Theorem Fl, ¢
BS,, .
The flag graph has n — 1 vertices of degree 2. So by Theorem Fl, ¢
BS,.

The flag graph has a vertex of degree 3, hence by Theorem Fi, ¢ BS,.
Thus we can conclude that the flag graph Fl,, is not S3-barycentric magic. [

Theorem 238. The complete graph K, € BS,, if and only if either n =

1(mod 3) or n is an odd number.

Proof. Suppose that K,, € BS,,. Let v € V(K,,) then there exist a u,, € V(K,,)
such that g(u,v)" ' = pg. If g(u,v) € {p1,p2} then n — 1 = O0(mod 3), i.e.,
n = 1(mod 3). If g(u,v) € {1, 12, ps}, then n — 1 is an even number. i.e., n
is odd.

If n = 1(mod 3) then any bijective function f : V(K,) — N, together
with the constant map g(e) = py, Ve € E(K,,) will determine a S3-barycentric
magic labeling of K,, with constant py. Similarly, if n is odd then the above
said f together with the constant map g(e) = 1, Ve € E(K,) will define a
Ss-barycentric magic labeling of K, with constant p,.

[

Theorem 239. The complete graph K, € BS, if and only if n is an even

number.
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Proof. Observe that the degree of every vertex of K,, is n— 1. So by Corollary
217, K,, € BS, if and only if n is even. O

Theorem 240. The complete graph K,, € BS, if and only if n # 1(mod 3).

Proof. Since the degree of each vertex of K, isn—1, by Theorem K, € BS,
if and only if n — 1 # 0(mod 3). Hence the theorem. O

Theorem 241. The sun graph Sun, does not belong to the classes BS,, and
BS,, and Sun,, € BS,, for alln > 2.

Proof. Observe that the sun graph Sun,, has n pendant edges so, by Theorem
Sun,, € BS,,. Also, there are n vertices of degree 3, so by Theorem [219
Sun,, € BS,. Since all the vertices of Sun,, are of odd degree by Corollary
Sun, € BS,. O

Theorem 242. For n > 2, the gear graph G, belongs to the class BS,, if and

only if either n is an even number or n is a multiple of 3.

Proof. Let G, be the gear graph with vertex set {u;, v;,k : 1 <1i < n} and edge
set {w;v;, viuirr, ku; 0 1 <4 < n,i+1is taken over modulo n}. Suppose that
G, € BS,,. Then ¢*(k) = py = g(ku;)", for some i. Since g(u;k) € S35\ {po},
either n is even or n is a multiple of 3. Now suppose n is even. Then define

f:E(G,) = N3, and g : E(G) — S5\ {po} as follows:

fluw) =2(i —1),2 <i<mn,
fviuiyg) = (20 —1),1 < i <n,

f(uqvy) = 2n,

flhku) =2n+i,1<i<mn

For 1 <14,5 <n,

1o, if j is odd,
g(uivj) = q po, if j is even and i = j,
p1, if jiseven and 1 = j + 1.

g(ku;) = .

Above functions f and g will determine a S3-barycentric magic labeling of G,
with constant py. Suppose n is a multiple of 3. Then define f as above and

let g as follows:
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p1, if 7 = 1(mod 3),
For 1 <i,j < n, g(uv;) = { pia, if j = 2(mod 3),  and g(ku;) = pa.

s, if 7 = 0(mod 3),
Using the above f and g, one can easily verify that G, € BS,,. Hence the
proof. O]

Theorem 243. The gear graph G, does not belong to the classes BS, and
BS,.

Proof. Since the gear graph has n vertices of degree 2 and n vertices of degree
3, by Theorem and Theorem G, ¢ BS, and G,, ¢ BS,,. O
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Chapter 8

Neighborhood S3-Magic Labeling of
Graphs

In this chapter, we introduced the notion of neighborhood A-magic
labeling of graphs, where A is a finite non-abelian group. The first
section of this chapter gives an introduction about the group distance
magic labeling. The second section of this chapter deals with the
neighborhood Ss-magic labeling of some known graphs. The third
section of this chapter discusses the neighborhood Ss-magic labeling

of some cycle related graphs.

8.1 Introduction

A group distance magic labeling or a I'-distance magic labeling of a
graph G = (V(G), E(G)) with |V(G)| = n is an injection from V(G) to an
abelian group I' of order n such that the weight of every vertex x € V(G) is
equal to the same element p € T, called the magic constant [39]. The concept
of group distance magic labeling was introduced by D. Froncek [39].

If u € V(G), then open neighborhood of u is defined as N(u) = {v €
V(G) : uwv € E(G)}. A graph G is said to be a neighborhood magic graph
if there exists a real-valued function f : V(G) — R satisfying the condition
> venwy [(0) = Q(f),Yu € V(G). The constant Q(f) is called the neighbor-
hood magic index of f and the function f is called neighborhood magic label-
ing. The term neighborhood magic labeling is put forward by B.D. Acharya
et.al. [40]. In 2019, K.P. Vineesh and V. Anil Kumar [8] introduced the con-
cept of neighborhood Vj-magic labeling of graphs, where Vj is the Klein 4
group. A graph G is said to be neighborhood Vj-magic if there exists a label-
ing f: V(G) — V4 \ {0} such that the sum

Nf(w)y= Y flu)
)

ueN (v

!This chapter has been published in the Journal Advances and Applications of Discrete
Mathematics, Volume 41, Number 2,(2024).
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is a constant map [8].

Motivated by group distance magic labeling and neighborhood magic labeling,
we introduce the notion of neighborhood A-magic labeling of graphs, where
A is a non-abelian group. In this Chapter, we consider the group S3 and

investigate graphs that are neighborhood S3;-magic.

8.2 Neighborhood S3-Magic Labeling of Graphs

Let G = (V(G), E(G)) be a finite graph with p vertices and ¢ edges. That is,
G is a finite (p, q) graph, and let A be a finite non-abelian group with identity
element 1. Let f : V(G) - N, ={1,2,...,p} and let g : V(G) — A\ {1}
be two edge labelings of G such that f is bijective. Define a vertex labeling
labeling A : V(G) — N, x A\ {1} by

Define a relation < on the range of A by:

/7

(f(v),9(v)) < (f(v),9(v')) if and only if  f(v) < f(v').

Then obviously, the relation < is a partial order on the range of A. Let

[(F(00), g(01)), (F(02), 9(62)), -, (F(04), ()} be a chain in the range of A
We define the product of this chain as follows:

H(f(vi), 9(v:)) == ((((g(v1) * g(v2)) * g(v3)) * g(va)) *...) * g(vi)
Let v € V(G) and let N(u) neighborhood of u. Note that the range of A|n )
is a chain, say (f(v1),g(v1)) < (f(v2), g(v2)) < -+ < (f(vn), g(vn)). We define

A (u) = H(f(%)ag(%)) (8.2.1)

Note that \*(u) = A|n(). We say that the graph G is neighborhood A-magic if
there exist two functions f and g as above such that the map A* is a constant
map. If this constant is v where 7 is an element in A, then we say that X is a
~v-neighborhood A-magic labeling of G and G is said to be a y-neighborhood
A-magic graph. The constant  is called the neighborhood magic constant. For
example, consider the cycle graph Cy = (uq,us, us,us) and the permutation

group S3 with elements po, p1, p2, f11, f2, pt3(See [16]). Define f : V(G) — N, =
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{1.2,3,4} as f(u) = 1, f(us) = 2, f(uz) =3, f(ua) =4 and g : V(G) —
Ss\ {po} as g(u1) = g(us) = p1, g(uz) = g(us) = po; as illustrated in Figure
Rl Thus

A (ur) = (3, p2) (4, p2) = paprz = po and
A (u2) = (1, 1)(2, 1) = prip = po-

Similarly, we get \*(u3) = A*(uyq) = po. Thus Cy is po-neighborhood Ss-magic
with neighborhood magic constant py. Observe that, when A is abelian our
definition coincides with that by Froncek [39] and Vineesh [8,41].

(4, po) (2, 1)
U4y Us
Ui
U2
(1, 1) (3, 19)

Figure 8.1: py-neighborhood Ss;-magic labeling of Cj.

Theorem 244. Let G be a graph and A be a non-abelian group having an
element of order 2. If the degree of all the vertices of G s either all odd or all

even then G is neighborhood A-magic.

Proof. Let A be a non-abelian group having an element of order 2, say ‘a’ and
let G be a (p,q) graph. Now, let f be a bijection from V(G) — N, and let
g : V(G) - A\ {1} be the constant map g(v) = a, Yo € V(G). Suppose the
cardinality of N(u) is odd for all u € V(G) then A*(u) = a,Vu € V(G). If the
cardinality of N(u) is even Yu € V(G) then A*(u) = 1, Yu € V(G). Hence the
proof.

O

Corollary 245. Any reqular graph is neighborhood S3-magic.
Corollary 246. For any n > 3, the cycle graph C,, is neighborhood S3-magic.

Corollary 247. For any n > 2 the complete graph K, is neighborhood Ss-

magic.
Corollary 248. The Petersen graph is neighborhood S3-magic.
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Theorem 249. Any graph with a pendant edge is not 1-neighborhood A-magic

graph, where 1 is the identity element of the nonabelian group A.

Proof. Let G be a graph with a pendant edge, say ‘e’. Let the end vertices of
e be u; and wus, such that us is the pendant vertex of e. If G is 1-neighborhood
A-magic graph then \*(u) = 1, Yu € V(G). In particular, A\*(ug) = 1. Since
uy is the only neighborhood of uy, the value of g(u;) must be 1. This is a
contradiction to the assumption that ¢ is a map from V(G) — A\ {1}. Hence
the proof. n

Corollary 250. The path P,,n > 2 is not py-neighborhood S3-magic.
Theorem 251. The path graph P, is not neighborhood Ss-magic for n > 4.

Proof. Suppose that n > 4. Denote the vertices of P, by uy,us, ..., u,. As-
sume, on the contrary, that P, is neighborhood S3-magic. Let g(u1) = a, g(us) =
b, g(us) = c and g(uy) = d, where a,b,c,d € S3\ {po}. Since N(uy) = ua,
A*(up) = b. So the neighborhood magic constant is b. Then A\*(us3) = bd or db
according to the value of f(ug) and f(uys). Thus either bd = b or db = b.
This implies d = py. Which is a contradiction. Hence the path graph P,
is not neighborhood S3-magic for n > 4. This completes the proof of the

theorem. ]

Theorem 252. The complete bipartite graph K, ,,,m,n > 1 is neighborhood

Ss-magic.

Proof. Let G = K, n. Suppose U = {uy, ug, ..., upn}t and V = {vy,va, ..., 0,}
be the two partite sets of K,,,. If m and n are both even or odd then the
degree of all the vertices of G is either all odd or all even. Then the theorem is
indisputable from Theorem 244 Without loss of generality, let m be an even

number and n be an odd number. Now consider the following cases:

Case (i): m is even and n = 0(mod 3).
Here we define f : V(G) — N, be any bijection and let g be the function
defined as follows: Fori=1,2,....mand j =1,2,...,n,
p1, if @ is odd, )
g(u;) = and ¢g(v;) = p1. By defining f and g as above
po, if 7 is even
we obtain a py-neighborhood S3-magic labeling of G.

Case (ii): m is even and n = 1(mod 3).

Define f as f(w;) =1, i=1,2,...,mand f(v;) =m+j, j=1,2,...,n.
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Now define g as follows:

. p1, if @ is odd,
Fori=1,2,....m, g(u;) = and
po, if 7 is even.

if1<j<n—4
for j =1,2,...,n, g(v;) = P J
py, if 7 >n—3.

Clearly \*(u) = po, Vu € V(G).

Case (iii): m is even and n = 2(mod 3).
Let f be defined as in Case(ii) and let g be defined by,

_ p1, if 7 is odd,
Fori=1,2,....m, g(u;) = and
po, if 7 is even.

P1, 1f1§]§n—2,

for j =1,2,...n, g(v;) =
wy, if j=n—1n.

Obviously the above maps f and g define a p,-neighborhood magic la-
beling for G.

This completes the proof of the theorem. ]
Theorem 253. The star graph K ,,n > 2 is neighborhood Ss-magic.

Proof. Let G = K;,. Denote the pendant vertices of Ky, by wui,us,...,u,

and the vertex of degree n by k. We will consider the following cases.

Case (i): n = 0(mod 3).
Define f : V(G) = Npy1 by f(u;) =i, 1 <i <nand f(k) =n+ 1.
Now define g : V(G) — S3\ {po} as g(u;) = p1, 1 <i<n—1, g(u,) =
ps, g(k) = p1. Then clearly \*(u) = py, Yu € V(G).

Case (ii): n = 1(mod 3).
Define f as above and g be defined by

p1, f1<i<n-—2,
g(u;) = pa, ifi=n—1n-2, and g(k) = pa.

M3, if i = n,
Then A\*(u) = u1,Vu € V(G).
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Case (iii): n = 2(mod 3).
Here also define f as in Case(i) and g be the map

o, if1<i<n-—2,
g(ui) = { py, ifi =n—1, and g(k) = p1.

3, if i = n,

Then obviously, A*(u) = u1, Vu € V(G).

Hence Kj,,n > 2 is neighborhood Ss;-magic with the neighborhood magic
constant y;. In particular, we can say that K, is a p;-neighborhood Ss;-magic

graph. O]
Theorem 254. Bistar graph B,,, n > 2 is neighborhood S3-magic.

Proof. There are 2n pendant vertices in B, and let the end vertices of the
bridge be represented by b; and by. Label the pendant vertices of the first star
by uq,us, ..., u, and the pendant vertices of the second star by vy, vs, ..., v,.
The neighborhood of every pendant vertex is either {b;} or {b2}. Suppose B,
is a neighborhood S3-magic graph with the neighborhood magic constant ‘a’
where a € S3. Then M (u) = g(b1) = g(ba). Hence g(by) = g(by) = a and

a # po. Consider the following cases:

Case(i): n is even, n > 2.
Suppose that n is even. Now let g : V(B,) — S3 \ {po} be the constant
map g(u) = py, Yu € V(B,) and f be any bijective map from V(B,) —
Nspio. Thus the maps f and g will determine a p;-neighborhood Ss-

magic labeling for B,,.

Case (ii): n is odd and n = 0(mod 3).
Define f as f(u;)) = i, f(v;)) = n+i, 1 < i < n, f(by) = 2n +
1, and f(by) = 2n + 2 and let g be defined as follows:
g(b1) = g(be) = p1 and g(v) = p1,V pendant vertex v € V(B,). Clearly,
A (u) = p1, Yu € V(B,).

Case(iii): n is odd and n = 1(mod 3).
Let f as in case(ii) and define g : V(B,) — S3\ {po} as g(b)) =
9(b2) = 1, g(wi) = g(vi) = p1, 1 <1 <n—2, g(up—1) = g(vn1)
w1 and g(uy,) = g(v,) = pe. Then A (u) = py, Yu € V(B,).

Case (iv): n is odd and n = 2(mod 3).
Let f be defined as in the case(ii) and let g be the function
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p1, if1<i<n-—2

g(u;) = g(vi) = o and g(b1) = g(b2) = 1. Ob-
1, ifi=n,n—1.

viously the above f and g will determine a p;-neighborhood S3-magic

labeling of B,,.

This completes the proof of the theorem.

8.3 Cycle Generated Graphs

In this section, we consider certain graphs that are constructed from cycles.
Theorem 255. The wheel graph W,,,n > 3, is neighborhood Ss-magic.

Proof. Let W, be a wheel of order n+1. Denote the vertices of C}, be uq, us, ..., u,

and the vertex of K be k. Now consider the following cases:

Case(i): n is odd.
Suppose n is odd then the degree of every vertex is odd. Then by The-
orem [244] W, is neighborhood Ss-magic. If we take py as a in Theorem
then we get a pi-neighborhood S3-magic labeling of W,,.

Case(ii): n is even and n = 0(mod 6).

In this case, we consider the following two subcases:

Subcase(a): n = 0(mod 6) and n is an odd multiple of 6.
Here we take f: V(W,) — N, as follows:
H1l 0 if 4 is odd,

for 1 <i<mn, fu;) =< * and f(k) =n+ 1.

"TJ”, if ¢ is even.

Now define g : V(G) — S5\ {po} as g(k) = p; and for 1 <i <mn,

w1, if ¢ is odd,
g(ui) = o
o, if 7 is even.

Clearly the above f and g determine a neighborhood S3-magic labeling
of W,, with neighborhood magic constant p;.

Subcase(b): n = 0(mod 6) and n is an even multiple of 6.
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For 1 <i < n, define f as

p

(izl), if i is odd and 1 <7 < %,

s+1,ifi=5+1,

flui) =42 +1—k, ifiisoddand i = 2 + (2k + 1),k =1,2,..., 254
B4l it =2,

——|—1—i——, if ¢ is even and i # 2.

and let f(k) =n+ 1. Now let g be the function g(k) = p; and

/

p1, if i is odd and i = 1(mod 6),1 <

i3, if 7 is odd and ¢ = 3(mod 6),1 <i < g

p2, if i is odd and i = 5(mod 6),1 < i < 7,
g(u;) =

p2, if i is odd and i = 3(mod 6),5 <i <n

p3, if i is odd and 7 = 5(mod 6), § <i < n

p1, if iis even,1 <i <mn.

Obviously the functions f and g define a pyp-neighborhood S3-magic la-
beling for W,,.

Case(iii): n is even and n = 2(mod 6).

Define f as f(u;) =¢,1 <i <nand f(k) =n+ 1. Let g be the function

: o, if @ is odd,
g(k) = py and for 1 <i <mn,g(u;) =

1o, if 7 is even.

Then clearly \*(u) = p1,Vu € V(G).
Case(iv): n is even and n = 4(mod 6).

Define f as in the case (iii) and g be g(k) = py and for 1 <i <mn,

w1, if 7 is odd,
glu) =9 "
o, if 7 is even.

Hence we get A\*(u) = p2, Yu € V(G).
This completes the proof of the theorem. ]

Theorem 256. The helm graph H,,n > 3 is neighborhood Ss3-magic if and
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8.3. Cycle Generated Graphs

only if n is odd or n =1 (mod 3).

Proof. Let {k,u;,v; : i = 1,2,...,n} be the set of vertices of H,, where k

be the central vertex, uy,us, ..., u, are the vertices of the cycle, vy, vs,...,v,
are the pendant vertices adjacent to uy,us,...,u,. The edge set of H, is
E(Hn) = {uiuiﬂ, kui, U;V; - 1= 1, 2, ey Upgl = ul}.

Suppose that H,,n > 3 is neighborhood S3-magic with neighborhood magic
constant a. So there exist two functions f and ¢ satisfying the conditions for
neighborhood S3-magic labeling. Then, for every pendant vertex v;, A*(v;) =
g(u;) = a. So g(u;) = a, Vi, 1 <i<n.Wehave N(k) ={u; :i=1,2,...,n}.
Hence \*(k) = aa---a = a. Which is possible only when either n is odd or

n times

n = 1(mod 3). Since the order of an element in S5 \ {po} is either 2 or 3.

Conversely, assume that n is odd. Now define f by f(k) = 1, f(u;) =
i+ 1, f(v;) =n+1+14 ¢ =1,2,...,n and let g be the function defined
by g(k) = p1, g(u;) = w1, g(vi) = p2, @ = 1,2,...,n. Obviously, the above
functions f and g determine a p;-neighborhood Ss-magic labeling of H,,. Next,
suppose that n = 1(mod 3) is odd. Then define f be any bijective map from
V(H,) to Na,+1 and g be the constant map g(u) = p1,Yu € V(H,). Clearly
A (u) = p1, Yu € V(H,). Hence the proof. O

Theorem 257. The shell graph Si1 is neighborhood Ss-magic.

Proof. Denote the vertices of Sy by w1, us, us, usy. Without loss of generality,
let the apex be uy. Let f be any bijection from V(Sy;) to N, and define
g : V(G) = S3\{po} as g(u1) = g(us) = p1 and g(uz) = g(us) = p2. Then
the above maps f and g determine a ps-neighborhood S3-magic labeling of
8471. ]

Theorem 258. Forn > 5, the shell graph S,, 3 is not neighborhood Ss-magic.

Proof. Let G = S, ,—3, n > 5 and let us denote the vertices of the shell graph
by uy, us, ..., u,. Without loss of generality, let the apex be u;. Suppose that
the graph G is neighborhood S3-magic. So there exist two functions f and g
such that the map A\* is a constant function. Suppose f(u;) = m; and g(u;) =

a;, where 1 < ¢ < n and a; € S5\ {po}. Without loss of generality, let
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fluz) < flug) < fug) < f(us). i.e., mo < ms < myg < ms. Then,

n

N(ur) = [ [(ms, a:)

=2

o . a1as, if my < ms,
Similarly, \*(uq) =

asay, if my > ms.
p
ao2a401, if mo < My < My,
% .
N(u3) = < asaqaq, if me < my < ma,

ai1a9o0ay, if mp < Mmoo < My.
\

(
azasay, if my < ms < myq,

* .
N(ug) = < ayazas, if my < ms < ms,

azaias, if ms < my < ms.
\

If \*(ug) = ajas then we must have m; < ms. Hence A\*(uy) = ajasas. Since
A* is a constant map ayaz = ajasas implies a5 = py, which is a contradiction.
If \*(uy) = azay then mg < my. Hence A\*(uy) = azasa; or agajas. Since \* is
a constant map either aga; = asasa; or asa; = aza,as. Both cases imply that
as = po, which is a contradiction to the assumption that a; € S3\ {po}. Hence
G can not be a neighborhood S3-magic graph. This completes the proof of the

theorem. O
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Chapter 9

Conclusions and Recommendations

A summary of the thesis is given in the first section of the chapter.
The following section includes some guidelines for a researcher to

€$pl07”€ more areas.

9.1 Summary of the Thesis

This thesis aims to generalize the concept of magic labeling of graphs
from finite abelian groups to any finite non-abelian groups. While several
authors have explored group magic labeling of graphs using abelian groups, the
non-commutative nature of non-abelian groups presents an intriguing research
opportunity.

When defining group magic labeling for graphs with finite groups, it is
crucial to ensure consistency with the existing definition of A-magic labeling,
where A is a finite abelian group, as established by S. M. Lee [4], Doob [10],
and others.

For non-abelian groups, the definition of A-magic labeling requires addi-
tional consideration, as the sum of labels may depend on the order of summa-
tion. To address this, we introduce an ordering constraint in the magic labeling.
This work primarily focuses on various types of magic labeling of graphs using
non-abelian groups, exploring new avenues in graph theory research.

This thesis explores the concept of A-magic labeling of graphs, fo-
cusing on non-abelian groups. Instead of considering an arbitrary finite non-
abelian group, we focus on the specific non-abelian groups S3, D4, and Qs.
We also determine a necessary and sufficient condition for several well-known
graphs to be S3-magic, Dy-magic, and QJg-magic. We also developed the idea of
induced S3-magic labeling of graphs, and a necessary and sufficient condition
for certain cycle, star, and path-related graphs that admit induced Ss;-magic
labeling was also discovered. We introduced a new magic labeling called conju-
gate A-magic labeling of graphs, and the conjugate S3-magic labeling of some
well-known graphs was also explored. We make a study on the A-barycentric

magic labeling. Moreover, by defining the same for non-abelian groups, we ex-
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tend the concept of A-barycentric magic labeling of graphs with abelian groups
to any finite group. Finally, we defined neighborhood magic labeling of graphs
using the finite non-abelian group A and evaluated the neighborhood magic

labeling of various well-known graphs.

9.2 Recommendations

This thesis provides a foundation for further research in magic graph labeling.

The following recommendations offer potential avenues for exploration:

e Study the necessary and sufficient conditions of Ss-magic labeling of some

more graphs.

e Study the A-magic property of the graph obtained from the product of
two A-magic graphs other than the cartesian product and lexicographic

product.

e Examine the necessary and sufficient conditions of A-magic labeling of

operation of two graphs.

e Examine the necessary and sufficient conditions of induced S3-magic la-

beling of operation of two graphs.
e Study the induced D4-magic labeling of some more well known graphs.
e Study the induced @Qg-magic labeling of some more graphs.

e Study the induced D,-barycentric magic labeling of some more known

graphs.

e Study the induced Q)g-barycentric magic labeling of some more known

graphs.
e Generalize the concept S3-magic labeling of graphs to S,,.
e Generalize the concept D4 magic labeling of graphs to D,,.

e Study the necessary and sufficient conditions of Conjugate S3-magic la-

beling of some more graphs and also try to extend it to the group S,,.
e Study the neighborhood S3-magic labeling of some more graphs.

e Find some general results involving the different magic labeling discussed

in the thesis.
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9.2. Recommendations

e Make a comparative study on S3-magic, Ds-magic and QQg-magic labeling.
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