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ABSTRACT

Graph theory is one of the flourished branches of mathematics that studies

the properties of graphs, which are mathematical objects that represent pairwise

relationships between objects. The beauty of graph theory lies in its wide scope

of applications in fields ranging from network theory, chemistry and operational

research to architecture and linguistics.

Among various branches of graph theory, graph polynomials are one of the

well-studied concepts, as they are used to unveil the structural properties of

graphs. Also, the graph polynomials are used for the characterization of graphs.

Generally speaking, a graph polynomial is a polynomial assigned to a graph

whose coefficients are indicators of some graph-theoretic parameters.

In this thesis, we introduce two new graph polynomials named the comple-

ment degree polynomial and the vertex cut polynomial of graphs. We derive

these two polynomials of some well-known graphs and graph operations.Then we

investigate stability, real roots, and the location of roots of complement degree

polynomial. Moreover, we define equivalent classes of graphs of these two poly-

nomials. Finally, we discuss the complement degree polynomial of some chemical

graphs.

Key Words: graph polynomial, complement of a graph, degree of a vertex,

vertex connectivity, roots of the polynomial, stability of a polynomial.



 

സംഗ്രഹം 

 
ഗ്രാഫ് സിദ്ധാന്തം ഗ്രാഫുകളുടെ സവിശേഷതകടള കുറിച്ച് പഠിക്കുന്ന 
രണിതോസഗ്തത്തിന്ടറ അഭിവൃദ്ധി ഗ്പാപിച്ച ോഖകളിട ാന്നാണ്. അവ രണ്ട് 
ഒബ്ടെക്െുകൾ തമ്മി ുള്ള ശൊഡി ബന്ധങ്ങടള ഗ്പതിനിധീകരിക്കുന്നു. ടനറ്റ് 
വർക്ക്  സിദ്ധാന്തത്തി ും, രസതഗ്ന്ത, ഗ്പവർആന രശവഷണം മുതൽ 
വാസ്തുവിദ്യയും ഭാഷാോസ്ഗ്തവും വടരയുള്ള ശമഖ കളിട  
സാധയതകളി ാണ് ഗ്രാഫ്  സിദ്ധാന്തത്തിന്ടറ ഭംരി. 

ഗ്രാഫ് സിദ്ധാന്തത്തിന് ഒരുപാട് ോഖകൾ ഉണ്ട്. അതിൽ വളടരയധികം പഠന 
സാധയതയുള്ള ഒന്നാണ് ഗ്രാഫ് ശപാളിശനാമിയൽ. അത് ഗ്രാഫുകളുടെ 
ഘെനാപരമായ സവിശേഷതകൾ പഠിക്കാൻ ഉപശയാരിക്കുന്നു. കൂൊടത ഗ്രാഫ് 
ശപാളിശനാമിയ ുകൾ ഗ്രാഫുകളുടെ ഗ്പശതയകതകൾ മനസ്സി ാക്കാൻ 
സഹായിക്കുന്നു. ഒരു ഗ്രാഫ് ശപാളിശനാമൽ എന്നത് ഒരു ഗ്രാഫുമായി 
ബന്ധടെട്ട ശപാളിശനാമിയൽ ആണ്. അതിന്ടറ രുണകങ്ങൾ ചി  ഗ്രാഫ് 
തിയററ്റിക് പരാമീറ്ററുകളുടെ സൂചകങ്ങളാണ്. 

ഈ തിസീസിൽ ശകാപ്ലിടമന്് ഡിഗ്രി ശപാളിശനാമിയ ും ടവർടട്ടക്സ് കട്ട് 
ശപാളിശനാമിയ ും എന്ന് ശപരുള്ള രണ്ട് പുതിയ ശപാളിശനാമിയ ുകടള 

കുറിച്ചുള്ള പഠനമാണ് ഉള്ളത്. വിവിധ ഗ്രാഫുകളുടെയും ഗ്രാഫ് 

ഓെശറഷനുകളുടെയും ഈ രണ്ട് ശപാളിശനാമിയ ുകൾ കണ്ടുപിെിക്കുന്നു. ഒശര 

ശപാളിശനാമിയ ുകളുള്ള ഗ്രാഫുകടള ഒന്നിച്ച് ഒരു രണമാക്കി നിർവ്വചിക്കുന്നു. 
അവസാനമായി ചി  ടകമിക്കൽ ഗ്രാഫുകളുടെ ശകാപ്ലിടമന്് ഡിഗ്രി 
ശപാളശനാമിയ ുകളും കണ്ടു പിെിക്കുന്നു.  
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Introduction

Graph theory is one of the most burgeoning branches of mathematics. The

origin of graph theory started with the problem of the Königsberg bridge; in

1735, Euler studied and solved the problem of the Königsberg bridge [8]. A wide

range of studies are ongoing in graph theory, and graph polynomials are one of

the well-studied concepts in graph theory.

A graph polynomial is a polynomial assigned to a graph whose coefficients are

indicators of some graph-theoretic parameters [4]. The first graph polynomial

is the edge difference polynomial introduced by J.J. Sylvester in 1878 [9]. The

study of graph polynomials, their stability, real roots, and location of roots in

the complex plane is one of the main areas in graph theory.

In the present work, two new graph polynomials are introduced, namely

the complement degree polynomial of graphs and the vertex cut polynomial of

graphs. The complement degree polynomial of graphs relates to the degrees

of the vertices in the complement graph. The vertex cut polynomial of graphs

relates to vertex connectivity and vertex cuts of graphs.
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Introduction

Overview of the Thesis

In this thesis, we introduce two new graph polynomials: the complement de-

gree polynomial of graphs and the vertex cut polynomial of graphs. The thesis

comprises nine chapters, including an introductory chapter. In the introductory

chapter, we discuss the motivation and importance of studying graph polynomi-

als.

Chapter Overview

Chapter 1: Basic definitions and notations in graph theory are described in the

first section. Definitions of some well-known graphs and graph operations are

described in the second and third sections, respectively.

Chapter 2: Introduces a new graph polynomial called the complement degree

polynomial of graphs. The definition and some general results are explained

in section 1. The complement degree polynomial of some well-known graphs,

graph operations, and some chemical graphs is identified in sections 2, 3, and 4,

respectively.

Chapter 3: There are some details and results on stability and roots of poly-

nomials are described in the first section and includes results on the stability of

the complement degree polynomial of graphs in the second section. In section 3,

we define cd-roots and real roots of complement degree polynomials of graphs.

In section 4, it identifies the location of the roots of the complement degree

polynomial of graphs.

2



Introduction

Chapter 4: Focuses on equivalent classes of graphs. CD-equivalent classes of

graphs are defined and studied in the first section, and we identify CD-equivalent

graph classes in section 2.

Chapter 5: Introduces another new graph polynomial named the vertex cut

polynomial of graphs. We define the vertex cut polynomial in section 1 and

derive the vertex cut polynomial of some well-known graphs in section 2.

Chapter 6: Includes the vertex cut polynomial of some unary graph opera-

tions and binary graph operations in sections 1 and 2, respectively.

Chapter 7: VC-equivalent graphs and VC-equivalent classes of graphs are

defined and studied in this chapter .

Chapter 8: Concludes and gives some directions for further research. Also,

we include a bibliography, a list of publications in Appendix I, and a list of paper

presentations in Appendix II.

3



Chapter 1
Preliminaries

This chapter includes basic terminology and notations of graphs and

polynomials. We collect the basic concepts of graphs as in graph

theory [1], written by Frank Harary. In the first section we collect

basic terminology of graphs. The second and third sections include

definitions of some well-known graphs and graph operations, respec-

tively. The fourth section deals with basic definitions and results of

polynomials.

1.1 Basic terminology of graphs

A graph G = (V,E) consists of a finite non empty set V of p points called

vertices together with a prescribed set E of q unordered pairs of distinct points

of V . Each pair e = uv of points in E is a line called edge of G [1].

• If e = uv, then we say that u and v are adjacent vertices, vertex u and e

are incident with each other, as are v and e.

4



1.1. Basic terminology of graphs

• If two distinct edges e1 and e2 are incident with a common vertex, then

they are adjacent edges.

• The number of elements in V and in E are called order and the size of G

respectively.

• Two or more edges having same end vertices are called multiple edges and

an edge with identical end vertices is called a loop.

• A graph having finite number of vertices and edges is called a finite graph.

• a subgraph of G is a graph having all of its vertices and edges in G.

• Let v ∈ V (G), then neighbourhood of v is defined asN(v) = {u: u adjacent to v}.

Two graphs G and H are isomorphic (written G ∼= H) if there exist a

one-to-one correspondence between their vertex sets which preserves adjacency.

The complement G of a graph G also has V (G) as its vertex set, but two

vertices are adjacent in G if and only if they are not adjacent in G. A self

complementary graph is isomorphic with its complement [1].

The degree of a vertex v ∈ V , written deg(v) is the number of edges in G

which are incident with v.

• The minimum degree among the vertices of G is denoted δ(G) or min deg

G while ∆(G) = max deg G is the largest such number.

• A pendant vertex (or leaf) is any vertex of degree 1 (that is, a vertex

adjacent to exactly one other vertex).

• A graph having all the vertices with same degree is called a regular graph.

5



1.2. Definitions of some well known graphs

A walk is an alternating sequence v0, e1, v1, e2, . . . , vi−1, ei, vi, . . . , vn of vertices

and edges in which the vertices vi−1 and vi are the end points of the edge ei. A

path is a walk having all the vertices distinct. A trail is a walk where all the

edges are distinct. A closed trail in which all the vertices are distinct is called a

cycle [1].

A graph is connected if every vertices are joined by a path. A maximal con-

nected subgraph of G is called a connected component or simply a component

of G. Thus a disconnected graph has at least two components [1].

A vertex cut of a non complete graph G is a set S of vertices of G such

that G−S is disconnected. A vertex cut of minimum cardinality in G is called a

minimum vertex cut of G and this cardinality is called the vertex connectivity

of G and is denoted by κ(G). A vertex v in a graph G is called a cut vertex if

deleting v from G increases the number of components of G [1].

1.2 Definitions of some well known graphs

The complete graph Kn has every pairs of its n vertices are adjacent. Thus

Kn has
(
n
2

)
edges and is regular of degree n − 1. A null graph Nn is a graph

with n vertices in which there are no edges between its vertices. The Petersen

graph is an undirected cubic graph with 10 vertices and 15 edges.

A wheel graph Wn is a graph formed by connecting a single vertex to all

vertices of a cycle Cn−1 [15]. A complete bipartite graph Km,n is a graph

whose vertices can be partitioned into two subsets V and U with cardinality m

and n respectively such that no edge has both end points in the same subset,

6



1.2. Definitions of some well known graphs

Figure 1.1: Petersen graph

and every possible edge that could connect vertices in different subsets is part of

the graph [16].

A star graph is the complete biparite graph K1,n with one central vertex

and n leaves. A helm graph denoted Hn is a graph obtained by attaching a

single edge vertex to each vertex of the outer circuit of a wheel graph Wn [18].

A gear graph, denoted by Gn is a graph obtained by inserting an extra vertex

between each pair of adjacent vertices on the perimeter of a wheel graph Wn [17].

A bistar graph Bn,n is the union of two star graphs K1,n with centers u

and v together with a new edge uv. A lollipop graph Lm,n is a special type

of graph consisting of a complete graph on m vertices and a path graph on n

vertices connected with a bridge [19]. A tadpole graph Tm,n is a special type

of graph consisting of a cycle graph on m vertices and path graph on n vertices

connected with a bridge [20]. The Pan graph Tm,1 is the graph obtained by

joining a cycle graph to a singleton graph with a bridge. The m-pan graph is

therefore isomorphic with the (m, 1)- tadpole graph [22].

7



1.2. Definitions of some well known graphs

The windmill graph W
(m)
n is the graph obtained by taking m copies of the

complete graph Kn with a vertex in common [22]. The friendship (or Dutch

windmill or n-fan) graph Fn is a graph joining n copies of the cycle graph C3

with a common vertex. A shell graph Shn is defined as a cycle Cn with n− 3

chords sharing a common end point called the apex [23].

The sunlet graph Sln is the graph on 2n vertices obtained by attaching n

pendant edges to a cycle graph Cn [22]. The sun graph Sn is a graph on 2n

vertices consisting of central complete graph with an outer ring of n vertices,

each of which is joined to both end points of the closest outer edge of the central

core [22]. A fan graph Fm,n is defined as the join of two graphs Km +Pn where

Km is the empty set on m vertices and Pn is the path graph on n vertices. The

case m = 1 corresponds to the usual fan graph while m = 2 corresponds to the

double fan graph, etc [22].

For any integer m > 2 and n > 1, an umbrella graph Um,n is the graph

obtained by appending a path Pn to the central vertex of a fan graph Fm =

Pm +K1 [24]. A firecracker graph FCm,n is obtained by the concatenation of

m n− stars by linking one leaf from each [22]. A bow graph Shm,n is defined

to be a double shell with common apex in which each shell has any order [25].

A butterfly graph BFn,n is a bow graph along with exactly two pendant

edges at the apex [25]. A web graph Wbn, n > 2 is obtained by joining the

pendant vertices of a helm graph Hn to form a cycle and then adding a single

pendant edge to each vertex of this outer cycle [4]. The book graph Bkn is

defined as the graph Cartesian product K1,n□P2, where K1,n is a star graph and

P2 is a path graph on two vertices [22].

8



1.2. Definitions of some well known graphs

A complete r-partite graph Kn1,n2,...,nr is a graph whose vertex set can be

partitioned in to r non empty sets Vi, i = 1, 2, . . . , r such that every vertex in Vi is

adjacent to every vertex in Vj for every i ̸= j and i, j ∈ {1, 2, . . . , r} [4]. A crown

graph Crn on 2n vertices is graph with two sets of vertices {u1, u2, . . . , un} and

{v1, v2, . . . , vn} and with an edge from ui to vj whenever i ̸= j [26]. An armed

crown graph Cn

⊙
Pm is a graph obtained by attaching a path Pm to every

vertex of the cycle Cn [4].

A banana tree graph BTm,n is a graph obtained by connecting one leaf of

each of m copies of an n-star graph with a single root vertex that is distinct

from all the stars [22]. The sunflower graph Sfn is a graph on 2n+ 1 vertices

consisting of central wheel graph with an outer ring of n vertices, each of which

is joined to both end points of the outer edge of the wheel graph.

A triangular snake graph TSn is the graph on n vertices with n odd

defined by starting with the path graph Pn−1 and adding edges (2i − 1, 2i + 1)

for i = 1, 2, . . . , n− 1 [27]. A quadrilateral snake graph Qn is obtained from

a path v1, v2, . . . , vn by joining vi and vi+1 to new vertices ui and wi, respectively

and joining the vertices ui and wi for i = 1, 2, . . . , n − 1. That is every edge of

path is replaced by a cycle C4 [27]. An alternate quadrilateral snake graph

A(Qn) is obtained from a path v1, v2, . . . , vn by joining vi and vi+1 (alternatively)

to new vertices ui and ui+1, respectively and joining the vertices ui and ui+1 .

The double quadrilateral snake graph D(Qn) consists of two quadrilateral

snakes that have a common path [27]. An alternate double quadrilateral

snake graph A(D(Qn)) is obtained from two alternative quadrilateral snakes

that have a common path. An alternate triangular snake graph A(TSn)

9



1.2. Definitions of some well known graphs

is obtained from a path v1, v2, . . . , vn by joining vi, vi+1 (alternatively) to a new

vertex ui. A double triangular snake graphD(TSn) consists of two triangular

snakes that have a common path.

The ladder graph Ln is the Cartesian product of two path graphs Pn and

P2 [21]. The circular ladder graph CLn is contractible by connecting the four

2-degree vertices in a straight way, or by the Cartesian product of a cycle of length

n ≥ 3 and an edge [21]. Connecting the four 2-degree vertices crosswise creates a

cubic graph called a Mobius ladder graph MLn [21]. The triangular ladder

graph TLn is a graph that has a set of vertices. V (TLn) = {ui, vi : 1 ≤ i ≤ n}

where many vertices |V | = 2n and set the E(TLn) = {uiui+1, vivi+1 : 1 ≤ i ≤

n − 1} ∪ {uivi : 1 ≤ i ≤ n} ∪ {uivi+1 : 1 ≤ i ≤ n − 1} where many edges

|E| = 4n−3 [21]. The diagonal ladder graph DLn(n ≥ 2) is a graph obtained

from a ladder graph by by adding the edges uivi+1 and ui+1vi for 1 ≤ i ≤ n− 1

such graph has 2n vertices and 5n − 4 edges. Let Pn be a path of n vertices

denoted by (1, 1), (1, 2), . . . , (1, n) and n − 1 edges denoted by e1, e2, . . . , en−1

where ei is the edge joining the vertices (1, i) and (1, i + 1) on each edge ei,

i = 1, 2, . . . , n − 1 we erect a ladder with n − (i − 1) steps including the edge

ei [21]. The graph obtained is called step ladder graph and is denoted by

SLn where n denote the number of vertices in the base. It has n2+3n−2
2

vertices

and n(n + 1) − 2 edges. Let P2n be a path of length 2n − 1 with 2n vertices

(1, 1), (1, 2), . . . , (1, 2n) with 2n − 1 edges e1, e2, . . . , e2n−1 where ei is the edge

that joins the vertices (1, i) and (1, i+ 1) on each edge ei for i = 1, 2, . . . , n. We

erect a ladder with i + 1 steps that include the edge ei and on each edge for

i = n + 1, n + 2, . . . , 2n − 1 we erect a ladder with 2n + 1 − i steps including

the edge ei [21]. The double sided step ladder graph DSL2n has vertices de-

10



1.3. Graph Operations

noted by (1, 1), (1, 2), . . . , (1, 2n), (21, (2, 2), . . . , (2, 2n), (3, 2), (3, 3), . . . , (3, 2n −

1), (4, 3), (4, 4), . . . , (4, 2n− 2), . . . , (n+ 1, n), (n+ 1, n+ 1). In the ordered pair

(i, j) where i denotes the row number (counted from bottom to top) and j de-

notes the column number (from left to right) in which the vertex occurs. It has

n2 + 3n vertices and 2n2 + 3n− 1 edges [21].

The bipartite cocktail party graph Bn is the graph obtained by removing

a perfect matching from the complete bipartite graph Kn,n [4]. The cocktail

party graph CPn is a graph consisting of two rows of paired vertices in which

all vertices except the paired ones are connected with straight lines; it is the

complement of the ladder graph [22].

1.3 Graph Operations

The corona graph G◦H of two graphs G andH is defined as the graph obtained

by taking one copy of G and |V (G)| copies of H and joining the ith vertex of G

to every vertex in the ith copy of H. The Mycielski graph, µ(G) of a graph

G contains G itself as an isomorphic subgraph together with n + 1 additional

vertices; a vertex ui corresponding to each vertex vi of G and another w. Each

ui is connected by an edge to w and for each edge vivj of G, µ(G) includes two

additional edges viuj and uivj [4]. The shadow graph Sh(G) of a graph G is

obtained by taking two copies of G, say G1 and G2 and joining each vertex of

G1 to the neighbors of the corresponding vertex of G2 [4].

Duplication of a vertex v of a graph G is the graph denoted by G′ obtained

by adding a vertex v′ in G with N(v) = N(v′) [4]. A chaplet graph Cp

⊙
Cq

t

11



1.3. Graph Operations

where p, q.t ≥ 3 is obtained by taking one point union of t-copies of the cycle Cq

and attaching the same to each vertex of the cycle Cp [4]. The middle graph

M(G) of a graph G is the graph in which the vertex set is V (G)∪E(G) and two

vertices are adjacent if and only if either they are adjacent edges of G or one is

vertex of G and the other is an edge incident with it.

For a graph G the splitting graph S(G) of graph G is obtained by adding a

new vertex v′ corresponding to each vertex v of G such that N(v) = N(v′) [10].

The cosplitting graph CS(G) is the graph obtained from G, by adding a new

vertex wi for each vertex vi and joining wi to all vertices which are not adjacent

to vi in G. The derivative of a graph G is a graph d(G) obtained from G by

deleting all the pendant vertices of G [4].

A graph L(G) is said to be a line graph of an undirected simple graph G

if the vertex set of L(G) is in one-one correspondence with the edge set of G

and two vertices of L(G) are joined by an edge if and only if the correspondence

edge of G are adjacent in G. Total graph denoted by T (G) of a graph G is a

graph in which the set of vertices and edge set of G and any two vertices in T (G)

are said to be adjacent if and only if their corresponding elements are either

adjacent or incident in G. The central graph denoted by C(G) of a graph G is

the graph obtained by subdividing each edge of G exactly once and joining all

the non-adjacent vertices of G.

Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs, the union G1 ∪ G2 is

defined to be G = (V,E) where V = V1 ∪V2 and E = E1 ∪E2, the sum G1+G2

is defined as G1 ∪ G2 together with all the lines joining points of V1 to V2. The

join of two graphs G1 and G2 is a graph formed from disjoint copies of G1 and

12



1.3. Graph Operations

G2 by connecting every vertex of G2, it is denoted by G1 ∨G2.

The rooted product graph G◦vH of a graph G and a rooted graph H with

root vertex v is defined as the graph by taking one copy of G and |V (G)| copies

of H and identifying the ith vertex of G with the root vertex v in the ith copy

of H for every i ∈ {1, 2, . . . , |V (G)|}. The Cartesian product of two graphs G

and H is the graph G□H with vertex set V (G) × V (H) and the vertices (u, v)

and (x, y) are adjacent if and only if u = x and vy ∈ E(H) or ux ∈ E(G) and

v = y [4].

13



Chapter 2
Complement Degree Polynomial

of Graphs

In this chapter is divided into three sections. In the first section,

we introduce the concept of the complement degree polynomial of a

graph. Subsequent sections focus on deriving the complement degree

polynomials of notable graphs, exploring the effects of various graph

operations and some chemical graphs. Throughout this chapter, our

attention is restricted to finite, undirected, and simple graphs

2.1 Complement degree polynomial of graphs

Definition 2.1.1. Let G = (V,E) be a graph, and let CD(G, i) be the set of

vertices of degree i in the complement graph G and let Cdi(G) = |CD(G, i)|.

14



2.1. Complement degree polynomial of graphs

Then the complement degree polynomial of G is defined as

CD[G, x] :=

∆(G)∑
i=δ(G)

Cdi(G)xi.

Figure 2.1: The graph G and G

Example 2.1.2. Consider the graph G and its complement graph G as shown

in Figure 2.1. Obviously, Cd1(G) = 0 = Cd5(G), Cd2(G) = 2, Cd3(G) = 2,

and Cd4(G) = 2. Hence, the complement degree polynomial of G is CD[G, x] =

2x2 + 2x3 + 2x4.

Theorem 2.1.3. If G is a graph of order n and v be a vertex of degree d, then

degree of v in G is n− 1− d.

Proof. Note that (deg(v) in G) + (deg(v) in G) = n−1. This implies that deg(v)

in G= n − 1 -(deg(v) in G) =n − 1 − d. Thus, deg(v) = n − 1 − d in G. This

completes the proof.

Theorem 2.1.4. If G and H are two isomorphic graphs, then CD[G, x] =

CD[H, x].
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Proof. Let G and H be two isomorphic graphs. Then the complement graphs G

and H are also isomorphic, and the degree sequence of G and H are the same.

Therefore, the complement degree polynomial of G and H is the same. This

completes the proof.

Remark 2.1.5. The converse of the above theorem need not be true. That is,

the complement degree polynomial of two graphs G and H are the same, but G

and H need not be isomorphic. For example, consider the graphs G = P5 and

H = P2 ∪ C3. Note that the degree sequences of G and H are the same but

G ≇ H.

Theorem 2.1.6. A graph G is a r−regular graph if and only if CD[G, x] =

nxn−r−1.

Proof. Let G is a r−regular graph with n vertices. Note that, if G is a regular

graph then G is also a regular graph, that is, G is (n − r − 1) -regular graph.

Therefore, CD[G, x] = nxn−r−1. Conversely, suppose that CD[G, x] = nxn−r−1.

Since G is (n− r− 1) -regular graph and n− 1− (n− r− 1) = r, it follows that

G is r-regular. This completes the proof.

2.2 Complement degree polynomial of some graphs

Theorem 2.2.1. For a path graph Pn, we have

CD[Pn, x] =


2xn−2, n = 2;

(n− 2)xn−3 + 2xn−2, n ≥ 3.
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2.2. Complement degree polynomial of some graphs

Proof. Let v1, v2, . . . , vn be the vertices of Pn. Assume that the vertices v1 and

vn have degree 1 in Pn. Therefore, v1 and vn have degree n − 2 in Pn. Observe

that v2, v3, . . . , vn−1 have the degree 2 in Pn and hence they have degree n− 3 in

Pn. Therefore, CD[Pn, x] = (n− 2)xn−3 + 2xn−2. This completes the proof.

Theorem 2.2.2. For cycle graph Cn, Petersen graph P , and complete graph Kn,

we have the following

(1) if n ≥ 3, then CD[Cn, x] = nxn−3,

(2) CD[P, x] = 10x6,

(3) if n ≥ 1, then CD[Kn, x] = n.

Proof. Note that the cycle graph Cn, the Petersen graph P and the complete

graph Kn are regular graphs. Then by Theorem 2.1.6 the result follows.

Theorem 2.2.3. For a wheel graph Wn, where n ≥ 4, we have the following

CD[Wn, x] = (n− 1)xn−4 + 1.

Proof. Observe that the central vertex of the wheel graph is adjacent to all other

vertices. Thus, the degree of the central vertices in Wn is 0. Note that the

outer ring of the wheel graph is Cn−1. Since CD[Cn, x] = nxn−3, it follows that

CD[Cn−1, x] = (n− 1)xn−1−3 = (n− 1)xn−4. Thus CD[Wn, x] = (n− 1)xn−4+1.

This completes the proof.

Theorem 2.2.4. For a complete bipartite graph Km,n, where m ≥ 1 and n ≥ 1,
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2.2. Complement degree polynomial of some graphs

we have the following

CD[Km,n, x] = mxm−1 + nxn−1.

Proof. Let U and V be the bipartition of V (Km,n) with cardinality m and n,

respectively. Since no edge has both endpoints in the same subset and every

possible edge that could connect vertices in different subsets of V (Km,n), we

have two components in Km,n, each component is complete graphs with m and

n vertices. Thus, CD[Km,n, x] = mxm−1 + nxn−1. This completes the proof.

Theorem 2.2.5. For a helm graph Hn, where n ≥ 3, we have the following

CD[Hn, x] = xn + nx2n−4 + nx2n−1.

Proof. Let v0, v1, . . . , vn, u1, u2, . . . , un be the vertices of Hn, where v0 is the

central vertex , v1, v2, . . . , vn are the vertices adjacent to central vertex and

u1, u2, . . . , un be the pendant vertices. Since v0 is not adjacent to any vertices of

u1, u2, . . . , un in Hn, we have v0 adjacent to all vertices of u1, u2, . . . , un in Hn.

Therefore, degree of v0 is n in Hn. Note that any vi adjacent to vi−1, vi+1, v0 and

ui. Therefore, deg(vi) = 2n− 4, i = 1, 2, . . . , n. Similarly, the pendant vertex ui

is adjacent to the only vertex vi. Thus, deg(ui) = 2n − 1, i = 1, 2, . . . , n. Thus

CD[Hn, x] = xn + nx2n−4 + nx2n−1. This completes the proof.

Theorem 2.2.6. For a gear graph Gn, where n ≥ 3, we have the following

CD[Gn, x] = xn + nx2n−3 + nx2n−2.

Proof. Let v0, v1, . . . , vn, u1, u2, . . . , un be the vertices of Gn (where v0 is cen-
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tral vertex, v1, v2, . . . , vn are vertices on the perimeter of a wheel graph and

u1, u2, . . . , un are inserting vertices between each pair of adjacent vertices of

v1, v2, . . . , vn). Note that v0 adjacent to n vertices v1, v2, . . . , vn in Gn. Thus

v0 adjacent to u1, u2, . . . , un in Gn. Therefore, deg(v0) = n in Gn. Since each vi

adjacent to ui, ui+1 and v0 in Gn, we have vi adjacent to other 2n− 3 vertices in

Gn. Therefore, deg(vi) = 2n − 3, i = 1, 2, . . . , n. Similarly, each ui adjacent to

vi−1 and vi in Gn. Thus ui is adjacent to the other 2n− 2 vertices in Gn. Thus

CD[Gn, x] = xn + nx2n−3 + nx2n−2. This completes the proof.

Theorem 2.2.7. For a bistar graph Bn,n, where n ≥ 1, we have the following

CD[Bn,n, x] = 2nx2n + 2xn.

Proof. Let v, u, v1, . . . , vn, u1, u2, . . . , un be the vertices of Bn,n with pendant ver-

tices u1, u2, . . . , un adjacent to u and the other pendant vertices v1, v2, . . . , vn ad-

jacent to v. Note that each ui is adjacent to 2n vertices v, v1, . . . , vn, u1, . . . ui−1,

ui+1, . . . , un in Bn,n. Therefore, deg(ui) = 2n in Bn,n, i = 1, 2, . . . , n. Similarly,

deg(vi) = 2n, i = 1, 2, . . . , n. Since u is adjacent to u1, u2, . . . , un and v in Bn,n,

u is adjacent to v1, v2, . . . , vn in Bn,n. Therefore deg(u) = n in Bn,n. Simi-

larly, deg(v) = n in Bn,n. Thus CD[Bn,n, x] = 2nx2n + 2xn. This completes the

proof.

Theorem 2.2.8. For a lollipop graph Lm,n, where n ≥ 1 and m ≥ 1, we have

the following

CD[Lm,n, x] = xm+n−2 + (n− 1)xm+n−3 + (m− 1)xn + xn−1.
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Proof. Let v1, . . . , vn, u1, u2, . . . , um be the vertices of Lm,n with um adjacent to

v1. Since u1, u2, . . . , um−1 adjacent to every vertex of the complete graph in

Lm,n, they are adjacent to v1, v2, . . . , vn in Lm,n. Therefore, deg(ui) = n in Lm,n

, i = 1, 2, . . . ,m − 1. The remaining vertex in the complete graph is um, um

is adjacent to every vertex of a complete graph Km and v1 in Lm,n. Therefore,

deg(um) = m in Lm,n, this follows that deg(um) = n− 1 in Lm,n. Note that each

vi is adjacent to vi−1 and vi+1, i = 2, 3, . . . , n − 1. Similarly, v1 is adjacent to

um and v2. Therefore, deg(vi) = 2 in Lm,n, i = 1, 2, . . . , n− 1: this implies that

deg(vi) = m+n−3 in Lm,n, i = 1, 2, . . . , n−1. Since vn is adjacent to only vn−1,

therefore deg(vn) = 1 in Lm,n. This implies deg(vn) = m + n− 2 in Lm,n. Thus

CD[Lm,n, x] = xm+n−2 + (n− 1)xm+n−3 + (m− 1)xn + xn−1. This completes the

proof.

Theorem 2.2.9. For a tadpole graph Tm,n, where m ≥ 3 and n ≥ 1, we have

the following

CD[Tm,n, x] = xm+n−2 + (m+ n− 2)xm+n−3 + xm+n−4.

Proof. Let v1, . . . , vn, u1, u2, . . . , um be the vertices of Tm,n with um adjacent to

v1 and vn be the pendant vertex. Note that each vertex (other than um and vn)

is adjacent to another two vertices in Tm,n. Therefore, each vertices (other than

um and vn) adjacent to m + n − 3 in Tm,n. The vertex um is adjacent to two

vertices in a cycle and on the vertices of a path in Tm,n. Thus um adjacent to

other m− 3 vertices of a cycle and n− 1 vertices of the path in Tm,n. Therefore,

deg(um) = m + n − 4 in Tm,n. Since vn be the pendant vertex, it follows that

deg(vn) = 1 in Tm,n implies deg(vn) = m+n−2 in Tm,n. Therefore, CD[Tm,n, x] =
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xm+n−2 + (m+ n− 2)xm+n−3 + xm+n−4. This completes the proof.

Theorem 2.2.10. For a windmill graph W
(m)
n , where n ≥ 2 and m ≥ 1, we have

the following

CD[W (m)
n , x] = m(n− 1)x(m−1)(n−1) + 1.

Proof. The common vertex in the windmill graph is adjacent to every vertex of

W
(m)
n . Thus this that common vertex is an isolated vertex in W

(m)
n . If we delete

the common vertex, we get m copies of the complete graph Kn−1. The vertices

in each complete graph are adjacent to vertices of other m− 1 complete graphs

Kn−1 in W
(m)
n . Thus the degree of vertices other than the common vertex is

(n−1)(m−1) in W
(m)
n . Therefore, CD[W

(m)
n , x] = m(n−1)x(m−1)(n−1)+1. This

completes the proof.

Corollary 2.2.11. For a friendship graph Fn, where n ≥ 3, we have the following

CD[Fn, x] = 2nx2(n−1) + 1.

Theorem 2.2.12. For a shell graph Shn, where n ≥ 4, we have the following

CD[Shn, x] = 2xn−3 + (n− 3)xn−4 + 1.

Proof. Let v1, v2, . . . , vn be the vertices of Shn with v1 is the apex and v3, . . . , vn−1

are the end points of chords with v1. Note that the apex of the shell graph is

adjacent to every vertex. Therefore, v1 is an isolated vertex in Shn. Also, we

have v3, . . . , vn−1 as the endpoints of chords in Shn. Thus the degree of any vi,

i = 3, 4, . . . , n − 1, is 3 in Shn. That is the degree of vi, i = 3, 4, . . . , n − 1, is

n − 4 in Shn. Since v2 and vn are part of Cn but not sharing with any chords,
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therefore, the degree of v2 and vn is 2 in Shn. Thus, the degree of v2 and vn is

n− 3 in Shn. Therefore, CD[Shn, x] = 2xn−3 + (n− 3)xn−4 + 1. This completes

the proof.

Theorem 2.2.13. For a sunlet graph Sln, where n ≥ 3, we have the following

CD[Sln, x] = nx2n−2 + nx2n−4.

Proof. Let v1, . . . , vn, u1, u2, . . . , un be the vertices of the sunlet graph Sln with

pendant vertices v1, v2, . . . , vn. Note that each vi is adjacent to ui, i = 1, 2, . . . , n.

Any pendant vertex vi, i = 1, 2, . . . , n adjacent to other pendant vertices and all

vertices in the inner circle except ui, i = 1, 2, . . . , n in Sln. Then deg(vi) = 2n−2

in Sln, i = 1, 2, . . . , n. Note that each ui is adjacent to ui−1, ui+1 and vi in Sln.

Then each ui adjacent to all vertices except ui−1, ui+1 and vi in Sln. That is

deg(ui) = 2n − 4 in Sln, i = 1, 2, . . . , n. Thus CD[Sln, x] = nx2n−2 + nx2n−4.

This completes the proof.

Theorem 2.2.14. For a sungraph Sn, where n ≥ 3, we have the following

CD[Sn, x] = nx2n−3 + nxn−2.

Proof. Let v1, . . . , vn, u1, u2, . . . , un be the vertices of the sun graph Sn with

u1, u2, . . . , un be the vertices of the complete graph Kn and v1, . . . , vn be the

vertices in the outer ring of Sn. The vertices in the outer ring are adjacent to

only two vertices of the complete graph. That is degree of each vi is 2 in Sn.

Thus the degree of each vi is 2n− 3 in Sn. Note that the vertices u1, u2, . . . , un

are part of a complete graph Kn, and each ui is adjacent to only two vertices
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of the outer ring of Sn. That is the degree of each ui is 2 + n − 1 = n + 1

in Sn. Thus the degree of each ui is n − 2 in Sn, i = 1, 2, . . . , n. Therefore,

CD[Sn, x] = nx2n−3 + nxn−2. This completes the proof.

Theorem 2.2.15. For a fan graph F1,n, where n ≥ 3, we have the following

CD[F1,n, x] = 2xn−2 + (n− 2)xn−3 + 1.

Proof. The fan graph is the sum of two graphs K1 +Pn. Note that the vertex of

K1 adjacent to all vertices of Pn. Therefore, K1 is an isolated vertex of F1,n. If we

remove K1 in F1,n, then we get the path graph. Also note that the degree of end

vertices of the path graph is n− 2 in Pn and the degree of remaining vertices of

Pn is n−3 in Pn (by Theorem 2.2.1). Thus CD[F1,n, x] = 2xn−2+(n−2)xn−3+1.

This completes the proof.

Theorem 2.2.16. For a double fan graph F2,n, where n ≥ 3, we have the fol-

lowing

CD[F2,n, x] = 2xn−2 + (n− 2)xn−3 + 2x.

Proof. Observe that F2,n graph is a disconnected graph with two components K2

and Pn. The degree of each vertex in K2 is 1, and by Theorem 2.2.1, CD[Pn, x] =

2xn−2 + (n − 2)xn−3. Therefore, CD[F2,n, x] = 2xn−2 + (n − 2)xn−3 + 2x. This

completes the proof.

Theorem 2.2.17. For a umbrella graph Um,n, where m ≥ 3 and n ≥ 2, we have

the following

CD[Um,n, x] = xm+n−1 + (n+ 1)xm+n−2 + (m− 2)xm+n−3 + xn−1.
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Proof. Let v1, . . . , vm, w, u1, u2, . . . , un be the vertices of umbrella graph Um,n

(where v1, . . . , vm be the vertices of the path graph Pm of fan graph, w be the

central vertex of fan graph, and u1, u2, . . . , un be the vertices of path graph Pn

and u1 adjacent to w). Since degree of vertices v2, v3, . . . , vm−1 is 3 in Um,n, it

follows that the degree of these m− 2 vertices in Um,n is m+ n− 3. The central

vertex w is adjacent to m vertices v1, . . . , vm of the fan graph and vertex u1 of

the path graph. Thus deg(w) = m + 1 in Um,n. Therefore, deg(w) = n − 1 in

Um,n. Similarly, the degree of n − 1 vertices u1, u2, . . . , un−1 of the path graph

is 2 in Um,n; and the degree of these n − 1 vertices is m + n − 2 in Um,n. The

degree of leaf vertex un of the umbrella graph is m + n − 1 in Um,n. Thus

CD[Um,n, x] = xm+n−1 +(n+1)xm+n−2 +(m− 2)xm+n−3 + xn−1. This completes

the proof.

Theorem 2.2.18. For firecracker graph FCm,n, where m ≥ 3 and n ≥ 2, we

have the following

CD[FCm,n, x] = m(n− 2)xmn−2 + 2xmn−3 + (m− 2)xmn−4 +mxn(m−1).

Proof. The degree of m − 2 linking leaves is 3 in FCm,n, but the degree of the

first and last linking leaves is 2 in FCm,n. The degree of these m − 2 linking

leaves is mn − 4 and the degree of the other two linking leaves are mn − 3 in

FCm,n. The central vertices of each star graph are adjacent to (m− 1)n vertices

of other star graphs in FCm,n. The degree of remaining m(n−2) vertices (leaves

of FCm,,n) is mn − 2 in FCm,n. Therefore, CD[FCm,n, x] = m(n − 2)xmn−2 +

2xmn−3 + (m− 2)xmn−4 +mxn(m−1). This completes the proof.

Theorem 2.2.19. For a bow graph Shm,n, where m ≥ 3 and n ≥ 2, we have the
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following

CD[Shm,n, x] = 4xm+n−2 + (m+ n− 4)xm+n−3 + 1.

Proof. Let v1, . . . , vn, w, u1, u2, . . . , um be the vertices of a bow graph (where w

is the apex, v1, . . . , vn are the vertices of one shell graph, and u1, u2, . . . , um are

the vertices of another shell graph). The apex of the bow graph is adjacent to all

vertices of the bow graph; therefore, w is an isolated vertex in Shm,n. Note that in

each shell graph, n−2 vertices v2, v3, . . . , vn−1 and m−2 vertices u2, u3, . . . , um−1

occur at the ends of the chords. Therefore, the degree of m− 2 + n− 2 vertices

is 3 in Shm,n, then the degree of these m + n − 4 vertices is m + n − 3 in

Shm,n, it follows that the degree of the remaining 4 vertices is 2 in Shm,n; then

the degree of these 4 vertices is m + n − 2 in Shm,n. Thus CD[Shm,n, x] =

4xm+n−2 + (m+ n− 4)xm+n−3 + 1. This completes the proof.

Corollary 2.2.20. For a butterfly graph BFn,n, where n ≥ 2, we have the fol-

lowing

CD[BFn,n, x] = 2x2n+1 + 4x2n + (2n− 4)x2n−1 + 1.

Proof. The pendant vertices of the butterfly graph are adjacent to only the apex;

therefore, these two pendant vertices are adjacent to each vertex of the shell

graph, and these two pendant vertices are adjacent to each other in BFn,n. Thus

the degree of these pendant vertices is 2n+1 in BFn,n. Also, the degree of other

vertices except the apex is the same as the bow graph and the apex is adjacent to

all vertices in BFn,n. Note that the number of vertices of the butterfly graph is

2n+3. Then, by Theorem 2.2.19, CD[BFn,n, x] = 2x2n+1+4x2n+(2n−4)x2n−1+1.

This completes the proof.
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Theorem 2.2.21. For a web graph Wbn, where n ≥ 3, we have the following

CD[Wbn, x] = nx3n−2 + nx3n−4 + nx3n−5.

Proof. Let v1, . . . , vn, u1, u2, . . . , un, w1, w2, . . . , wn be the vertices of web graph

Wbn (where v1, . . . , vn are the vertices of the inner cycle, u1, u2, . . . , un are the

vertices of the outer cycle, and w1, w2, . . . , wn are the pendant vertices of the web

graph). Note that any vi adjacent to vi−1, vi+1, and ui, that is, the degree of vi

is 3 in Wbn. Therefore, the degree of vi, i = 1, 2, . . . , n is 3n− 4 in Wbn. Since

any ui is adjacent to ui−1, ui+1, vi and wi, that is, the degree of ui is 4 in Wbn, it

follows that the degree of ui, i = 1, 2, . . . , n is 3n − 5 in Wbn. Sine the vertices

w1, w2, . . . , wn are the pendant vertices; therefore the degree of w1, w2, . . . , wn is

3n − 2 in Wbn. Thus CD[Wbn, x] = nx3n−2 + nx3n−4 + nx3n−5. This completes

the proof.

Theorem 2.2.22. For a book graph Bkn, where n ≥ 1, we have the following

CD[Bkn, x] = 2nx2n−1 + 2xn.

Proof. Note that book graph Bkn is the Cartesian product of the star graph K1,n

and path graph P2 and let v0, v1, . . . , vn, u0, u1, u2, . . . , un be the vertices of the

book graph Bkn (where v0, v1, . . . , vn are the vertices of one star graph with v0 as

a central vertex and u0, u1, u2, . . . , un are the vertices of another star graph with

u0 as the central vertex). Since vi is adjacent to ui and v0, i = 1, 2, . . . , n in Bkn,

then the degree of vi is 2 in Bkn. Therefore, the degree of vi is 2n − 1 in Bkn.

Similarly, the degree of ui, i = 1, 2, . . . , n, is 2n − 1 in Bkn. The central vertex
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v0 is adjacent to v1, v2, . . . , vn and u0 in Bkn, that is, the degree of v0 is n+ 1 in

Bkn. Thus the degree of v0 is 2n + 1− n− 1 = n in Bkn. Similarly, the degree

of u0 is n in Bkn. Therefore, CD[Bkn, x] = 2nx2n−1 + 2xn. This completes the

proof.

Theorem 2.2.23. For a crown graph Crn, where n ≥ 2, we have the following

CD[Crn, x] = 2nxn.

Proof. Observe that the crown graph Crn is (n− 1)- regular. Then by Theorem

2.1.6, CD[Crn, x] = 2nx2n−(n−1)−1 = 2nxn. This completes the proof.

Theorem 2.2.24. For a banana tree graph, where m ≥ 1 and n ≥ 2, we have

the following

CD[BTm,n, x] = xmn(x−m +mx1−n +mx−2 +m(n− 2)x−1).

Proof. Since degree of the root vertex in the banana tree graph BTm,n is m, the

degree of this vertex in BTm,n is mn − m. Similarly, the degree of the central

vertex of each star graph is n − 1 in BTm,n, the degree of these m vertices is

mn − 1 + n in BTm,n. Also, the degree of each neighbor of the root vertex is 2

in BTm,n, it follows that the degree of these m vertices is mn− 2 in BTm,n. The

remaining leaf of each star graph is adjacent to mn − 1 in BTm,n. Therefore,

CD[BTm,n, x] = xmn(x−m +mx1−n +mx−2 +m(n− 2)x−1). This completes the

proof.

Theorem 2.2.25. For a sun flower graph Sfn, where n ≥ 3, we have the fol-
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lowing

CD[Sfn, x] = nx2n−2 + nx2n−5 + xn.

Proof. Let w, v1, v2. . . . , vn, u1, u2, . . . , un be the vertices of the sun flower graph

Sfn, where w is the central vertex, v1, v2, . . . , vn are the vertices of the inner ring

of Sfn, and u1, u2, . . . ,

un are the vertices of the outer ring of Sfn. Since w is adjacent to the vertices

v1, v2, . . . , vn in Sfn, then w is adjacent to the n vertices u1, u2, . . . , un. Also, each

vi is adjacent to w, vi−1, vi+1, ui and ui+1 in Sfn, vi is adjacent to n− 2 vertices

u1, u2, . . . , ui−1, ui+2, . . . , un and n− 3 vertices v1, v2, . . . , vi−2, vi+2, . . . , vn. Thus

deg(vi) = n− 3 + n− 2 = 2n− 5. Similarly, ui is adjacent to vi and vi+1 in Sfn,

ui is adjacent to n− 1 vertices. u1, u2, . . . , ui−1, ui+1, . . . , un, w and n− 2 vertices

v1, v2, . . . , vi−1, vi+2, . . . , vn in Sfn. Thus deg(ui) = n − 1 + n − 2 + 1 = 2n − 2.

Therefore, CD[Sfn, x] = nx2n−2 + nx2n−5 + xn. This completes the proof.

Theorem 2.2.26. For a triangular snake graph TSn, where n ≥ 5, we have the

following

CD[TSn, x] =
(n+ 3)

2
xn−3 +

(n− 3)

2
xn−5.

Proof. Let v1, v2, . . . , vn be the vertices of the triangular snake graph TSn. We

have the degrees of v3, v5, . . . , vn−2 is 4 in TSn. Thus the degree of these n−3
2

vertices is n−5 in TSn. Similarly, the degree of v1, v2, v4, . . . , vn−1, vn is 2 in TSn.

Then the degree of these n+3
2

vertices is n− 3 in TSn. Therefore, CD[TSn, x] =

(n+3)
2

xn−3 + (n−3)
2

xn−5. This completes the proof.

Theorem 2.2.27. For a quadrilateral snake graph Qn, where n ≥ 3, we have
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the following

CD[Qn, x] = (n− 2)x3n−7 + 2nx3n−5.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un−1, w1, w2, . . . , wn−1 be the vertices of the

quadrilateral snake graph Qn, where v1, u1, w1, v2, u2, w2, . . . , un−1, wn−1, vn is

the largest path in Qn and vi and vi+1 is adjacent. Note that the degrees of

v2, v3, . . . , vn−1 are 4 in Qn. Then the degree of these n− 2 vertices is

3n−2−1−4 = 3n−7 inQn. Similarly, the degree of v1, vn, u1, u2, . . . , un−1, w1, w2,

. . . , wn−1 is 2 in Qn. Then the degree of these 2n vertices is 3n−2−1−2 = 3n−5

in Qn. Therefore, CD[Qn, x] = (n − 2)x3n−7 + 2nx3n−5. This completes the

proof.

Theorem 2.2.28. For an alternate quadrilateral graph A(Qn), where n ≥ 3, we

have the following

CD[A(Qn), x] =


(n− 2)x2n−5 + nx2n−4 + x2n−3, if n is odd

(n− 2)x2n−4 + (n+ 2)x2n−3, if n is even.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , uk (where k = n − 1 if n is odd or k = n if

n is even) be the vertices of alternate quadrilateral graph A(Qn) by joining vi

and vi+1 (alternatively) to new vertices ui and ui+1, respectively, and joining the

vertices ui and ui+1. We consider the following cases.

Case(i) If n is odd: Note that the degree of v2, v3, . . . , vn−1 is 3 in A(Qn).

Then the degree of these n−2 vertices is 2n−1−1−3 = 2n−5 in A(Qn).

Similarly, the degree of v1, u1, u2, . . . , un−1 is 2 in A(Qn), and the degree of

these n vertices v1, u1, u2, . . . , un−1 is 2n−1−1−2 = 2n−4 in A(Qn) . If n
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is odd, then A(Qn) has a pendant vertex vn. The deg(vn) = 2n−1−1−1 =

2n− 3. Therefore, CD[A(Qn), x] = (n− 2)x2n−5 + nx2n−4 + x2n−3.

Case(ii) If n is even: Note that A(Qn) has no pendant vertex. The vertices

v1, vn, u1, u2, . . . , un have the degree 2 in A(Qn). Then the degree of

v1, vn, u1, u2, . . . , un is 2n−3 inA(Qn). Similarly, the degree of v2, v3, . . . , vn−1

is 3 in A(Qn). Then the degree of these n− 2 vertices is 2n− 4 in A(Qn).

Therefore, CD[A(Qn), x] = (n− 2)x2n−4 + (n+ 2)x2n−3.

This completes the proof.

Corollary 2.2.29. For a double quadrilateral snake graph D(Qn), where n ≥ 3,

we have the following

CD[D(Qn), x] = (n− 2)x5n−11 + 2x5n−8 + (4n− 4)x5n−7.

Proof. Note that D(Qn) has 5n−4 vertices. Of these n−2 vertices have degree 6,

4n−4 vertices have degree 2 and 2 vertices have degree 3 inD(Qn). Then the n−2

vertices have degree 5n−11, 4n−4 vertices are degree 5n−7 and the remaining

2 vertices have degree 5n − 8 vertices in A(Qn). Therefore, CD[D(Qn), x] =

(n− 2)x5n−11 + 2x5n−8 + (4n− 4)x5n−7. This completes the proof.

Corollary 2.2.30. For an alternate double quadrilateral snake graph A(D(Qn)),

where n ≥ 3, we have the following

CD[A(D(Qn)), x] =



(n− 2)x3n−7 + x3n−6 + 2(n− 1)x3n−5

+x3n−4, if n is odd

(n− 2)x3n−5 + 2x3n−4 + 2nx3n−3, if n is even.
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Proof. Note that in A(D(Qn)), there are 3n vertices if n is an even number and

there are 3n− 2 vertices if n is an odd number. The rest of the proof is the same

as the proof of Theorem 2.2.28.

Theorem 2.2.31. For an alternate triangular snake graph A(TSn), where n ≥ 3,

we have the following

CD[A(TSn), x] =


(n− 2)x

3n−9
2 + n+1

2
x3n−7 + x

3n−5
2 , if n is odd

(n− 2)x
3n−8

2 + (n+4
2
)x

3n−6
2 , if n is even.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , uk (where k = n−1
2

if n is odd or k = n
2
if

n is even) be the vertices of A(TSn) joining vi, vi+1 to u i+1
2
. We consider the

following cases.

Case(i) If n is odd: Note that A(TSn) has n+
n−1
2

= 3n−1
2

vertices. The n−2

vertices v2, v3, . . . , vn−1 have degree 3,
n−1
2

+1 = n+1
2

vertices v1, u1, u2, . . .,

un−1
2

has degree 2 and the pendant vertex vn has degree 1 in A(TSn).

Then these n− 2 vertices v2, v3, . . . , vn−1 have degree 3n−1
2

− 1− 3 = 3n−9
2

and n+1
2

vertices v1, u1, u2, . . ., un−1
2

have degree 3n−1
2

− 1 − 2 = 3n−7
2

,

and the degree of vn is 3n−5
2

in A(TSn). Therefore, CD[A(TSn), x] =

(n− 2)x
3n−9

2 + n+1
2
x3n−7 + x

3n−5
2 .

Case(ii) If n is even: Note that A(TSn) has n+ n
2
= 3n

2
vertices, and A(TSn)

has no pendant vertices. Thus, as in case (i), the degree of n − 2 vertices

is 3n−8
2

, and that of n+4
2

is 3n−6
2

in A(TSn). Therefore, CD[A(TSn), x] =

(n− 2)x
3n−8

2 + (n+4
2
)x

3n−6
2 .

This completes the proof.
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Corollary 2.2.32. For a double triangular snake graph D(TSn), where n ≥ 3,

we have the following

CD[D(TSn), x] = (n− 2)x3n−9 + 2x3n−6 + 2(n− 1)x3n−5.

Theorem 2.2.33. For a ladder graph Ln, where n ≥ 2, we have the following

CD[Ln, x] = 4x2n−3 + (2n− 4)x2n−4.

Proof. Let v1, . . . , vn, u1, u2, . . . , un be the vertices of the ladder graph Ln (where

v1, . . . , vn are the vertices of one path graph Pn, u1, u2, . . . , un are the vertices

of another path graph Pn and vi is adjacent to ui, i = 1, 2, . . . , n). Note that

v1 is adjacent to v2 and u1 in Ln. Therefore, v1 is adjacent to the other 2n − 3

vertices v3, v4, . . . , vn, u2, u3, . . . , un in Ln. Similarly, u1, vn and un are adjacent

to 2n − 3 vertices in Ln. Also we have v2 is adjacent to v1, v3, and u2 in Ln.

Therefore, v2 is adjacent to the other 2n − 4 vertices in Ln. Similarly, the

vertices v3, v4, . . . , vn−1, u2, u3, . . . un−1 are adjacent to 2n−4 vertices in Ln. Thus

CD[Ln, x] = 4x2n−3 + (2n− 4)x2n−4. This completes the proof.

Theorem 2.2.34. For a circular ladder graph CLn, where n ≥ 3, we have the

following

CD[CLn, x] = 2nx2n−4.

Proof. Note that CLn is a 3-regular graph. Hence the result follows from Theo-

rem 2.1.6.

Theorem 2.2.35. For a Mobius ladder graph MLn, where n ≥ 3, we have the

following CD[MLn, x] = 2nx2n−4.
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Proof. Note that MLn is a 3-regular graph. The result follows from Theorem

2.1.6 .

Remark 2.2.36. The circular ladder graph and the Mobius ladder graph have

the same complement degree polynomial.

Theorem 2.2.37. For a triangular ladder graph TLn, where n ≥ 2, we have the

following

CD[TLn, x] = 2x2n−3 + 2x2n−4 + (2n− 4)x2n−5.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices of TLn . In the triangular

ladder graph, there are four corner vertices. The two of the opposite corner

vertices have degree 2 in TLn, and then the degree of these two vertices is 2n−3

in TLn. The other corner vertices have degree 3 because the vertices ui and

vi+1 are joined by an edge in TLn, then the degree of these two vertices is

2n − 4 in TLn. The remaining inner vertices have degree four in TLn, the

degree of these 2n − 4 inner vertices is 2n − 5 in TLn. Hence CD[TLn, x] =

2x2n−3 + 2x2n−4 + (2n− 4)x2n−5. This completes the proof.

Theorem 2.2.38. For a diagonal ladder graph DLn, where n ≥ 2, we have the

following

CD[DLn, x] = 4x2n−4 + (2n− 4)x2n−6.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices of DLn. The triangular

ladder graph has four corner vertices, each of degree 3 in DLn. Thus the degree

of these 4 corner vertices is 2n−4 in DLn. The remaining vertices have degree 5

in DLn, the degree of these 2n− 4 vertices is 2n− 6. Therefore, CD[DLn, x] =

4x2n−4 + (2n− 4)x2n−6. This completes the proof.
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Theorem 2.2.39. For a step ladder graph SLn, where n ≥ 2, we have the

following

CD[SLn, x] = (n+ 2)xp−3 + (2n− 4)xp−4 +

(
n2 − 3n+ 2

2

)
xp−5

where p = n2+3n−2
2

.

Proof. Note that the graph SLn has n+2 corner vertices, each of degree 2; then

the degree of these n + 2 vertices is p − 3 in SLn. The vertices in boundary

lines have degree 3 except the corner vertices in SLn; the degree of these 2n− 4

vertices is p−4 in SLn. Since remaining inner vertices have degree 4 in SLn, the

degree of these n2−3n+2
2

vertices is p− 5 in SLn. Hence the result follows.

Theorem 2.2.40. For a double sided step ladder graph DSLn, where n ≥ 1, we

have the following

CD[DSLn, x] = (2n+ 2)xn2+3n−3 + (2n− 2)xn2+3n−4 + (n2 − n)xn2+3n−5.

Proof. The graph DSLn has 2n+2 corner vertices, and each of them has degree

2. Hence the degree of these 2n + 2 vertices is n2 + 3n− 3 in DSLn. The total

number of vertices in the base of the graph, except the corner vertices, is 2n− 2.

Note taht each of which has degree 3 in DSLn. Thus the degree of these 2n− 2

vertices is n2 + 3n− 4 in DSLn. Since remaining n2 − n vertices have degree 4

in DSLn, the degree of these vertices is n2 + 3n − 5 in DSLn, which gives the

result.

Theorem 2.2.41. For a bipartite cocktail party graph Bn, where n ≥ 2, we have
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the following CD[Bn, x] = 2nxn.

Proof. Note that Bn is the graph obtained by joining perfect match to the two

disconnected graph Kn. The degree of each 2n vertex is n − 1 + 1 = n in Bn.

Thus CD[Bn, x] = 2nxn.

Theorem 2.2.42. For a cocktail party graph CPn, where n ≥ 2, we have the

following

CD[CPn, x] = 4x2 + 2(n− 2)x3.

Proof. Observe that CPn = Ln. Therefore, CD[CPn, x] = V (Ln, x) = 4x2 +

2(n− 2)x3. This completes the proof.

2.3 Complement degree polynomial of some graph

operations

Theorem 2.3.1. Let G be a graph with order n and G = G ∪ G ∪ . . . ∪ G (m

times). Then CD[G, x] = mx(m−1)nCD[G, x].

Proof. Observe that the order of G is mn. Let v ∈ V (G) and the degree of v is

d, then deg(v) = n − 1 − d in G. Since v is adjacent to each of the n vertices

of (m − 1) copies of G in G and v adjacent to the vertices V − N(v) in G,

deg(v) = n − 1 − d + (m − 1)n. Since v is an arbitrary vertex, it follows that

CD[G, x] = mx(m−1)nCD[G, x]. This completes the proof.

Theorem 2.3.2. Let G be a graph with order n and H = G+G+. . .+G(m times)

. Then CD[H, x] = mCD[G, x].
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Proof. Note that each vertex of H is adjacent to all vertices of (m − 1) copies

of G. Therefore, each vertex v ∈ V (mG) is adjacent to all vertices V − N(v).

It follows that for each i, Cdi(H) = mCdi(G). Hence CD[H, x] = mCD[G, x].

This completes the proof.

Theorem 2.3.3. Let G be a graph of order n and H be a graph of order m, then

CD[G ◦H, x] = x(n−1)mCD[G, x] + nx(n−1)(m+1)CD[H, x].

Proof. Let G be a graph of order n and H be a graph of order m. Note that

each vertex of G is adjacent to m vertices of one copy of H. Let v ∈ V (G), then

v is adjacent to V (G)−N(v) vertices in G and (n− 1)m vertices of (n− 1) copy

of H in G ◦H. Therefore, deg(v) = deg(v) in G+ (n− 1)m in G ◦H. Let u be

a vertex in the ith copy of H, then u is adjacent to N(u) vertices in H and the

ith vertex in G. Therefore, u is adjacent to V (H)−N(u) vertices in the ith copy

of H, m vertices of n− 1 copies of H and n− 1 vertices of G. That is,

deg(u) = (deg(u)inH) +m(n− 1) + (n− 1)

= (deg(u)inH) + (n− 1)(m+ 1).

Therefore, CD[G ◦H, x] = x(n−1)mCD[G, x] + nx(n−1)(m+1)CD[H, x]. This com-

pletes the proof.

Theorem 2.3.4. If G be a graph having two components G1 and G2 with n and

m vertices respectively, then

CD[G, x] =

∆(G1)∑
i=δ(G1)

Cdi(G1)x
i+m +

∆(G2)∑
i=δ(G2)

Cdi(G2)x
i+n.
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Proof. Let v ∈ V (G1) and u ∈ V (G2) be the vertices of G with degree d1 and

d2, respectively. Since v is adjacent to n− 1− d1 vertices in G1, v is adjacent to

n− 1− d1+m vertices in G. Therefore, deg(v) = n− 1− d1+m in G. Similarly,

deg(u) = n − 1 − d1 + n in G. Since v and u are arbitrary vertices in G1 and

G2, respectively, then the degree of any vertex v in G1 is (deg(v) in G1)+m in

G. Similarly, the degree of any vertex u in G2 is (deg(u) in G2)+n in G. Hence

the result follows.

Corollary 2.3.5. Let G be a graph having m components G1, G2, . . . , Gm where

|V (Gi)| = ni for i = 1, 2, . . . ,m. Then

CD[G, x] =
m∑
k=1

∆(Gk)∑
i=δ(Gk)

Cdi(Gk) x
α, where α = (i+

m∑
r=1
r ̸=k

nr).

.

Proof. The proof follows from Theorem 2.3.5 using mathematical induction on

the number of components m of G.

Theorem 2.3.6. If G is a graph with n vertices, then the complement degree

polynomial of Mycielski graph is given by,

CD[µ(G), x] = x2CD[G, x2] + xnCD[G, x] + xn.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un, w be the vertices of µ(G) (where v1, v2, . . . ,

vn are the vertices of G, ui corresponds to each vi, and w is the vertex is adja-

cent to each ui, i = 1, 2, . . . , n). Note that each vi adjacent to 2|V (G) − N(vi)|

vertices, ui and w in µ(G). That is, if deg(vi) = d in µ(G), then deg(vi) =
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2(n−1−d)+2 in µ(G). Similarly, each ui is adjacent to |V (G)−N(vi)| vertices,

u1, u2, . . . , ui−1, ui+1, . . . , un and vi. That is deg(ui) = (n− 1− d) + n− 1 + 1 =

n−1−d+n in µ(G). Finally, the vertex w adjacent to v1, v2, . . . , vn in µ(G). That

is deg(w) = n in µ(G). Therefore, CD[µ(G), x] = x2CD[G, x2]+xnCD[G, x]+xn.

This completes the proof.

Theorem 2.3.7. If G is a graph with n vertices, the complement degree polyno-

mial of the shadow graph of G is given by CD[Sh(G), x] = 2xCD[G, x2].

Proof. Let G1 and G2 be the two copies of G in Sh(G), and let v ∈ G1 and

deg(v) = d in G, then v is adjacent to V (G1)−N(v), V (G2)−N(v) and v ∈ G2 in

Sh(G). That is, the degree of v in Sh(G) is n−1+d+n−1+d+1 = 2(n−1−d)+1.

It follows that CD[Sh(G), x] = 2xCD[G, x2]. This completes the proof.

Theorem 2.3.8. The complement degree polynomial of the graph K ′
n obtained

by the duplication of one of the vertices of the complete graph Kn is given by

CD[K ′
n, x] = 2x+ (n− 1).

Proof. Let v ∈ V (Kn) and v′ ∈ V (K ′
n) where v′ is the duplicate vertex of v.

Then v′ is adjacent to all vertices in Kn other than v. Thus v′ is adjacent to only

the vertex v in K ′
n. Similarly, v is adjacent to only v′ in K ′

n. All other n − 1

vertices are isolated vertices in K ′
n. Therefore, CD[K ′

n, x] = 2x + (n − 1). This

completes the proof.

Theorem 2.3.9. If V1 and V2 is a bi-partition of the vertex set of Km,n with

cardinalities m and n respectively, and v′ is the duplication of a vertex v of
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Km,n, then

CD[K ′
m,n, x] =


(m+ 1)xm + nxn−1, ifv ∈ V1

mxm−1 + (n+ 1)xn, ifv ∈ V2

.

Proof. Let V1 and V2 be a bi-partition of the vertex set of Km,n with order m

and n, respectively, and let v′ be the duplication of a vertex v of Km,n. If v ∈ V1,

then K ′
m,n is another complete bipartite graph Km+1,n. Similarly, if v ∈ V2, then

K ′
m,n is Km,n+1. Therefore,

CD[K ′
m,n, x] =


(m+ 1)xm + nxn−1, ifv ∈ V1

mxm−1 + (n+ 1)xn, ifv ∈ V2

.

This completes the proof.

Theorem 2.3.10. For a chaplet graph Cp

⊙
Cq

t, where p, q, t ≥ 3, we have the

following

CD[Cp

⊙
Cq

t, x] = pxp(q−1)t+p−2t−3 + p(q − 1)txp(q−1)t+p−3.

Proof. Let u1, u2, . . . , up be the vertices of the cycle Cp. For j ∈ {1, 2, . . . , t}

and k ∈ {1, 2, . . . , p} let uk, u
j
k1
, uj

k2
, . . . , uj

k(q−1) be the vertices of jth copy of the

cycle Cq attached to the vertex uk of Cp. Note that the degree of any vertex

of Cp

⊙
Cq

t other than u1, u2, . . . , up is 2. That is the degree of these p(q − 1)t

vertices is p(q − 1)t + p − −3 in Cp

⊙
Cq

t. But the degree of u1, u2, . . . , up

is 2t + 2 in Cp

⊙
Cq

t. Thus, the degree of u1, u2, . . . , up is p(q − 1)t − 3 in

Cp

⊙
Cq

t. Therefore, CD[Cp

⊙
Cq

t, x] = pxp(q−1)t+p−2t−3 + p(q− 1)txp(q−1)t+p−3.

39



2.3. Complement degree polynomial of some graph operations

This completes the proof.

Theorem 2.3.11. For a armed crown graph Cn

⊙
Pm, where n ≥ 3 and m ≥ 1,

we have the following

CD[Cn

⊙
Pm, x] = nxn(m+1)−2 + n(m− 1)xn(m+1)−3 + nxn(m+1)−4.

Proof. The degree of end vertices of each n-path graph is 1 in Cn

⊙
Pm. Then

the degree of these n vertices is n(m+ 1)− 2 in Cn

⊙
Pm. Similarly, the degree

of the other m − 1 vertices of each n-path graph is 2 in Cn

⊙
Pm. Thus the

degree of these n(m − 1) vertices is n(m + 1) − 3 in Cn

⊙
Pm. The vertices of

the cycle graph are adjacent to two vertices of the cycle graph and one vertex

of the path graph. That is, the degree of n- vertices of the cycle graph is 3

in Cn

⊙
Pm. Thus the degree of these n-vertices is n(m + 1) − 4 in Cn

⊙
Pm.

Therefore, CD[Cn

⊙
Pm, x] = nxn(m+1)−2+n(m−1)xn(m+1)−3+nxn(m+1)−4. This

completes the proof.

Results on path graphs

Theorem 2.3.12. If M(Pn) is the middle graph of path graph Pn, then

CD[M(Pn), x] =


2x+ 1, n = 2

2x2n−2 + (n− 2)x2n−3 + 2x2n−4 + (n− 3)x2n−5, n ≥ 3.

.

Proof. If n = 2, thenM(P2) is a path graph P3. Thus CD[M(P2), x] = CD[P3, x]

= 2x + 1. When n > 2, since Pn has n − 1 edges, M(Pn) has 2n − 1 vertices,

say v1, v2, . . . , vn, e1, e2, . . . , en−1, where v1, v2, . . . , vn are the vertices of Pn and

e1, e2, . . . , en−1 are the edges of Pn. Note that e1 is adjacent to e2, v1 and v2.
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Similarly, en−1 is adjacent to en−2, vn−1, and vn. Thus deg(e1) = deg(en−1 =

2n − 1 − 3 = 2n − 4 in M(Pn). Note that v1 and vn are adjacent to only e1

and en−1, respectively. Therefore, deg(v1) = deg(vn) = 2n − 2 in M(Pn). The

vertex vi is adjacent to ei−1 and ei, then deg(vi) = 2n− 3, i = 2, 3, . . . , n− 1 in

M(Pn). The remaining vertices ei, i = 2, 3, . . . , n−2 are adjacent to ei−1, ei+1, vi

and vi+1, then deg(ei) = 2n − 5, i = 2, 3, . . . , n − 2 in M(Pn). Hence the result

follows.

Theorem 2.3.13. If S(Pn) is the splitting graph of path graph Pn, wheren ≥ 2,

then

CD[S(Pn), x] =


2x+ 2x2, n = 2

2x2n−2 + nx2n−3 + (n− 2)x2n−5, n ≥ 3.

.

Proof. Since for n = 2, S(P2) is another path graph P4, then CD[S(P2), x] =

CD[P4, x] = 2x+2x2. When n > 2, let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices

of S(Pn), where v1, v2, . . . , vn are the vertices of Pn and ui corresponds to vi in

S(Pn), i = 1, 2, . . . , n. Since v1 and vn are pendant vertices in Pn, then u1 and

un are pendant vertices in S(Pn). Therefore, deg(u1) = deg(un) = 2n − 2 in

S(Pn). Note that deg(vi) = 2, i = 2, 3, . . . , n − 1 in Pn, then deg(ui) = 2, i =

2, 3, . . . , n − 1 in S(Pn). Thus deg(vi) = 2n − 3, i = 2, 3, . . . , n − 1 in S(Pn).

Also deg(v1) = deg(vn) = 2 in S(Pn), then deg(v1) = deg(vn) = 2n− 3 in S(Pn).

Similarly, the deg(vi) = 4 in S(Pn). Then deg(vi) = 2n − 5, i = 2, 3, . . . , n − 1

in S(Pn). Therefore, CD[S(Pn), x] = 2x2n−2 + nx2n−3 + (n − 2)x2n−5. This

completes the proof.

Theorem 2.3.14. If Gn be a graph of order n, then CD[S(Gn), x] do not have

a constant term.
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Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices of S(Gn), where v1, v2, . . . ,

vn are the vertices of Gn and ui corresponds to vi in S(Gn), i = 1, 2, . . . , n. Note

that ui is not adjacent to vi, i = 1, 2, . . . , n in S(Gn). Therefore, ∆(G) ≤ 2n− 2.

That is, there is no isolated vertex in S(Gn). Thus CD[S(Gn), x] does not have

a constant term. This completes the proof.

Theorem 2.3.15. If CS(Pn) is the cosplitting graph of path graph Pn, then

CD[CS(Pn), x] =


2x+ 2x2, n = 2

nxn−1 + 2xn + (n− 2)xn+1, n ≥ 3.

.

Proof. Since for n = 2, CS(P2) is another path graph P4, then CD[CS(P2), x] =

CD[P4, x] = 2x+2x2. When n > 2, let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices

of CS(Pn), where v1, v2, . . . , vn are the vertices of Pn and ui corresponds to vi

in CS(Pn), i = 1, 2, . . . , n. Note that deg(vi) = n in CS(Pn), i = 1, 2, . . . , n.

Therefore, deg(vi) = n− 1 in CS(Pn), i = 1, 2, . . . , n. The vertex u1 is adjacent

to each ui, i = 2, . . . , n and v2 in CS(Pn). Thus deg(u1) = n − 1 + 1 = n in

CS(Pn) . Similarly, the degree of un is n in CS(Pn). The remaining vertices

ui, i = 2, 3, . . . , n − 1 are adjacent to each uj, j = 1, . . . , i − 1, i + 1, . . . , n, vi−1

and vi+1. Therefore, deg(ui) = n− 1 + 2 = n+ 1, i = 2, 3, . . . , n− 1 in CS(Pn).

Hence for n > 2, CD[CS(Pn), x] = nxn−1 + 2xn + (n − 2)xn+1. This completes

the proof.

Theorem 2.3.16. If d(Pn) is the derivative of path graph Pn, where n ≥ 5, then

CD[d(Pn), x] = CD[Pn−2, x].

Proof. Note that the derivative of a path graph Pn is again a path graph with
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n− 2 vertices. Thus CD[d(Pn), x] = CD[Pn−2, x]. This completes the proof.

Theorem 2.3.17. If G has no pendant vertices , then CD[G, x] = CD[d(G), x].

Proof. Let G be a graph, and if G has no pendant vertices, then G ∼= d(G).

Therefore, CD[G, x] = CD[d(G), x]. This completes the proof.

Theorem 2.3.18. The complement degree polynomial of the graph P ′
n obtained

by the duplication of the pendant vertex of Pn (n ≥ 3) is given by

CD[P ′
n, x] = xn−3 + (n− 3)xn−2 + 3xn−1.

Proof. Let v1, v2, . . . , vn be the vertices of Pn and v′ be the duplication of v1;

then v1 is a pendant vertex. That is, v1, v2 and v′ are pendant vertices of P ′
n.

Thus the degree of these 3 vertices is n−1 in P ′
n. Since v1, v3 and v′ are adjacent

to v2, then deg(v2) = 3 in P ′
n. Thus deg(v2) = n−3 in P ′

n. The other n−3 inner

vertices of Pn have degree 2 in P ′
n. This implies that the degree of those n − 3

vertices is n− 2 in P ′
n. Therefore, CD[P ′

n, x] = xn−3 + (n− 3)xn−2 +3xn−1. This

completes the proof.

Theorem 2.3.19. The complement degree polynomial of the graph P ′
n obtained

by the duplication of the vertex of Pn (n ≥ 4) which is not a pendant vertex but

the neighbor of a pendant vertex is given by

CD[P ′
n, x] = xn−3 + (n− 1)xn−2 + xn−1.

Proof. Let v be the pendant vertex of Pn, u ∈ N(v), and let v′ be the duplication

of u. Then P ′
n
∼= T3,n−2. By Theorem 2.2.9, we have CD[Tm,n, x] = xm+n−2 +
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(m+ n− 2)xm+n−3 + xm+n−4. Thus

CD[P ′
n, x] = x3+n−2−2 + (3 + n− 2− 2)x3+n−2−3 + x3+n−2−4

= xn−1 + (n− 1)xn−2 + xn−3.

This completes the proof.

Theorem 2.3.20. The complement degree polynomial of the graph P ′
n (n ≥

5)obtained by the duplication of the inner vertex of Pn which is not a neighbor of

the pendant vertex is given by

CD[P ′
n, x] = 2xn−3 + (n− 3)xn−2 + 2xn−1.

Proof. Let v1, v2, . . . , vn be the vertices of Pn and v′ be the duplication of the

inner vertex vi, i = 3, 4, . . . , n− 2. Then deg(vi−1) = deg(vi+1) = 3 in P ′
n. Thus

deg(vi−1) = deg(vi+1) = n − 3 in P ′
n. Note that deg(v1) = deg(vn) = n − 1 in

P ′
n and the degree of the other n − 3 vertices is n − 2 in P ′

n, including v′ other

than v1, vn, vi−1, vi+1. Therefore, CD[P ′
n, x] = 2xn−3 + (n− 3)xn−2 +2xn−1. This

completes the proof.

Theorem 2.3.21. If L(Pn) is the line graph of path graph Pn, where n ≥ 3, then

CD[L(Pn), x] =


2xn−3, n = 3

(n− 3)xn−4 + 2xn−3, n ≥ 4.

.

Proof. Since the line graph of Pn is another path graph Pn−1. Therefore,
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CD[L(Pn), x] = CD[Pn−1, x]. This completes the proof.

Theorem 2.3.22. If T (Pn) is the total graph of path graph Pn, then

CD[T (Pn), x] =


3, n = 2

2x2n−4 + 2x2n−5 + (2n− 5)x2n−6, n ≥ 3.

Proof. Since T (P2) is C3, we have CD[T (P2), x] = CD[C3, x] = 3. Assume

that n ≥ 3. Let v1, v2, . . . , vn, e1, e2, . . . , en−1 be the vertices of T (Pn) where

v1, v2, . . . , vn are the vertices of Pn and e1, e2, . . . , en−1 are the edges of Pn. Since

v1 is adjacent to v2 and e1 in T (Pn), deg(vn) = 2n − 4 in T (Pn). Similarly,

deg(vn) = 2n − 4 in T (Pn). Note that e1 is adjacent to v1, v2 and e2, then

deg(e1) = 2n− 5 in T (Pn). Similarly, deg(en−1) = 2n− 5 in T (Pn). The degree

of remaining vertices v2, . . . , vn−1, e2, . . . , en−2 is 4 in T (Pn). Thus the degree of

these 2n − 5 vertices is 2n − 6 in T (Pn). Therefore, for n ≥ 3, CD[T (Pn), x] =

2x2n−4 + 2x2n−5 + (2n− 5)x2n−6. This completes the proof.

Theorem 2.3.23. If C(Pn) is the central graph of Pn, where n ≥ 2, then

CD[C(Pn), x] = (n− 1)x2n−3 + nxn−1.

Proof. Let v1, v2, . . . , vn, e1, e2, . . . , en−1 be the vertices of C(Pn), where v1, v2, . . . ,

vn are the vertices of Pn and e1, e2, . . . , en−1 are the new vertex for subdividing

each edge. Since the degree of each new vertices ei, i = 1, 2, . . . , n− 1 is 2 in

C(Pn), deg(ei) = 2n−4 in C(Pn). Note that v1 is adjacent to v3, v4, . . . , vn and e1

in C(Pn), that is, deg(v1) = n−1 in C(Pn). Then deg(v1) = 2n−1−1−(n−1) =

n− 1 in C(Pn). Similarly, deg(vn) = n− 1 in C(Pn). But the remaining vertices
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vi, i = 2, 3, . . . , n−1 are adjacent to v1, . . . , vi−2, vi+2, . . . , vn, ei−1 and ei, that is,

deg(vi) = n−3+2 = n−1 in C(Pn). Therefore, deg(vi) = n−1, i = 2, 3, . . . , n−1

in C(Pn). Hence

CD[C(Pn), x] = (n− 1)x2n−3 + 2xn−1 + (n− 2)xn−1

= (n− 1)x2n−3 + nxn−1.

This completes the proof.

Results on regular graphs

Theorem 2.3.24. Let G be the r-regular graph of order n, then complement

degree polynomial splitting graph of G is

CD[S(G), x] = nx(2n−1−r) + nx(2n−1−2r).

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices of the splitting graph S(G)

of the regular graph G where v1, v2, . . . , vn are the vertices of G and u1, u2, . . . , un

are the corresponding vertices . Note that ui, i = 1, 2, . . . , n, is adjacent to n− r

vertices in {v1, v2, . . . , vn} and n − 1 vertices u1, . . . , ui−1, ui+1, . . . , un in S(G).

That is, deg(ui) = n − 1 + n − r = 2n − 1 − r in S(G). Note that the degree

of vi, i = 1, 2, . . . , n in S(G) is twice the degree in G. Therefore, the degree of

each vi is 2n− 1− 2r S(G). Hence CD[S(G), x] = nx(2n−1−r)+nx(2n−1−2r). This

completes the proof.

Theorem 2.3.25. Let G be the r-regular graph of order n, then complement
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degree polynomial of cosplitting graph of G is

CD[CS(G), x] = nxn−1(1 + xr).

Proof. Let v1, v2, . . . , vn be the vertices of the regular graph G and w1, w2, . . . , wn

be the new vertices of CS(G). Let vi ∈ V (G), then deg(vi) = n in CS(G), and

then deg(v) = n − 1 in CS(G). Since each wi is adjacent to n − r vertices in

CS(G), wi is adjacent to r vertices in V (G) and n−1 vertices w1, w2, . . . , wi−1, wi+1, . . . , wn

in CS(G). That is deg(wi) = n − 1 + r in CS(G). Therefore, CD[CS(G), x] =

nxn−1 + nxn−1+r = nxn−1(1 + xr).. This completes the proof.

Theorem 2.3.26. If G is a r-regular graph of order n and G′ is a graph obtained

by duplication of a vertex of G, then

CD[G′, x] = (n+ 1− r)xn−r + rxn−r−1.

Proof. Let G be the r- regular graph of order n, and let v′ be the duplication of

a vertex v in G. Note that v′ is adjacent to r vertices in G′, then v′ is adjacent to

n−r vertices in G′. Similarly, the vertices in V −N(v) in G are adjacent to n−r

vertices in G′. The vertices in N(v) in G are adjacent to r vertices in G and v′.

That is, the degree of vertices in N(v) in G are r + 1 in G′. Then the degree of

that r vertices is n−r−1 in G′. Therefore, CD[G′, x] = (n+1−r)xn−r+rxn−r−1.

This completes the proof.

47



2.4. Complement degree polynomial of some chemical graphs

2.4 Complement degree polynomial of some chem-

ical graphs

Alkanes

Alkanes are organic compounds that consist of single- bonded carbon and hy-

drogen atoms. The formula for alkanes is CnH2n+2 [3].

Theorem 2.4.1. If n ≥ 1, then CD[CnH2n+2, x] = nx3n−3 + (2n+ 2)x3n.

Proof. Let C1, C2, . . . , Cn and H1, H2, . . . , H2n+2 be the vertices of the CnH2n+2

graph, where Ci and Hi represent carbon and hydrogen atoms, respectively. Note

that all Ci has degree 4, then Ci have degree 3n + 2 − 5 = 3n − 3 in CnH2n+2.

Similarly, if all Hi is a pendant vertex, then Hi has degree 3n + 2 − 2 = 3n in

CnH2n+2. Thus CD[CnH2n+2, x] = nx3n−3 + (2n + 2)x3n. This completes the

proof.

The complement degree polynomial of first 5 alkanes are provided in

the following table.

Names Molecular Formula Complement degree Polynomial
Methane CH4 4x3 + 1
Ethane C2H6 2x3 + 6x6

Propane C3H8 3x6 + 8x9

Butane C4H10 4x9 + 10x12

Pentane C5H12 5x12 + 12x15

Hexagonal system

A hexagonal system HSn is a connected plane graph without cut-vertices in

which all inner faces are hexagons (and all hexagons are faces), such that two
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hexagons are either disjoint or have exactly one common edge, and no three

hexagons share a common edge [13].

Figure 2.2: Hexagonal System

Theorem 2.4.2. If n ≥ 1, then

CD[HSn, x] =


6x3, n = 1;

4x4n−1 + 2x4n−2, n ≥ 2.

Proof. Observe that HSn has 4n+ 2 vertices where 2n+ 4 vertices have degree

2, and 2n − 2 vertices have degree 3 in HSn. Therefore, 2n + 4 vertices have

degree 4n− 1, and 2n− 2 vertices have degree 4n− 2. If n = 1, HS1 = C6, then

CD[F, x] = 6x3. Therefore,

CD[HSn, x] =


6x3, n = 1;

4x4n−1 + 2x4n−2, n ≥ 2.

This completes the proof.

Star like tree graph
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A star like tree graph S(n1, n2, . . . , nk) is a graph having only one vertex w of

degree greater than 2 such that deletion of w results in disjoint union of the path

graphs Pn1 , Pn2 , . . . , Pnk
.

Stand A of human insulin

Stand A of human insulin has 21 amino acids of kinds is usually represented by

a star like tree graph with branches [4].

Figure 2.3: Stand A of human insulin graph

Theorem 2.4.3. Let S be the graphical representation of stand A human insulin,

then CD[S, x] = 11x20 + 10x19 + x10.

Proof. Note that S has 11 leaves; then the degree of these 11 vertices is 20 in

S. The degree of the other 10 vertices other than the central vertex is 2 in S.

Thus, the degree of these 10 vertices is 19 in S. Similarly, if the central vertex

is adjacent to 11 vertices in S, then the degree of this vertex is 10 in S. Hence

CD[S, x] = 11x20 + 10x19 + x10. This completes the proof.

Generalized Hierarchial Product

The generalized hierarchial product of G and G′ with ϕ ̸= U ⊆ V (G) is rep-
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resented by G(U) ⊓ G′. It has vertex set V (G) × V (G′) and (a1, b1)(a2, b2) ∈

E(G(U) ⊓G′) if a1 = a2 ∈ U and b1b2 ∈ E(G′) or b1 = b2 and a1a2 ∈ E(G) [5].

Linear Phenylene

Figure 2.4: Linear Phenylene graph

In organic chemistry, the phenylene group (C6H4) is based on a di-substituted

benezene ring. The linear phenylene is one whic the phenyles are arranged in a

stright line (less than 180 degrees). Graphical structure of linear phenylene LP6n

(n > 1) is LP6n = P3n(U) ⊓ P2, where U = {a3k : 1 ≤ k ≤ n} ∪ {a3k+1 : 0 ≤ k ≤

n− 1} [5].

Theorem 2.4.4. If n ≥ 1, then CD[LP6n, x] = (2n+ 4)x6n−3 + (4n− 4)x6n−4.

Proof. Note that LP6n consists of n cycles C6. In each n − 2 cycle, 4 vertices

have degree 3, and 2 vertices have degree 2. But in the end cycles, 2 vertices

have degree 3 and 4 vertices have degree 2. Therefore, in the case of LP6n, 2n+4
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2.4. Complement degree polynomial of some chemical graphs

vertices have degree 6n − 3 and 4n − 4 vertices have degree 6n − 4. Hence the

result follows.

Dopamine

A dopamine molecule consists of a catechole structure (a benzene ring with two

hydroxyle side groups) with one amine group attached via an ethyl chain. The

graphical structure of dopamine graph D is in Figure 2.5.

Figure 2.5: Dopamine graph

Theorem 2.4.5. If D is a dopamine graph, then CD[D, x] = 3x9 + 5x8 + 3x7.

Proof. Note that the dopamine graph has 11 vertices, 5 vertices have degree 2, 3

vertices have degree 3 and 3 vertices are leaves. Then in the case of D. 5 vertices

have degree 8, 3 vertices have degree 9 and 3 vertices have degree 7. Hence the

result follows.

Caffeine

Caffeine is a bitter white crystalline purine, where purine has two cycles: a six-

membered pyrimidine ring and a five membered imidazole ring fused together.

The graphical structure of caffeine graph C consists 14 vertices.
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2.4. Complement degree polynomial of some chemical graphs

Figure 2.6: Caffeine graph

Theorem 2.4.6. If C is a caffeine graph, then CD[C, x] = 5x12 + 2x11 + 7x10.

Proof. Note that the caffeine graph has 14 vertices where 5 vertices are leaves,

2 vertices have degree 2 and 7 vertices have degree 3. Therefore, 5 vertices have

degree 12, 2 vertices have degree 11 and 7 vertices have degree 10 in C. Hence

CD[C, x] = 5x12 + 2x11 + 7x10.

Ribonucleic acid (RNA)

RNA is typically single stranded and is made of ribonucleotides that are linked

by phosphodiester bonds. A ribonucleotide in the RNA chain contains ribose

(the pentose sugar), one of the four nitrogeneouse bases (A,U,G and C), and a

phosphate group. The graphical structure of RNA graph R is in Figure 2.7.

Theorem 2.4.7. If R is the RNA graph, then CD[R, x] = 2x40 +12x39 +28x38.

Proof. Note that the graph R has only two leaves, 12 vertices have degree 2 and

28 vertices have degree 3. 2 vertices have degree 40, 12 vertices have degree 39

and 28 vertices have degree 38 in R. Hence the result follows.
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2.4. Complement degree polynomial of some chemical graphs

Figure 2.7: Ribonucleic acid graph

Conditional Random Field (CRF)

Conditional Random Field (CRF) model is a new probabilistic model for seg-

menting and labeling sequence data. CRF is an undirected graphical model that

encodes a conditional probability distribution with a given set of features.The

Figure 2.8 shows the graphical structure of a chain structured CRF [6].

Figure 2.8: Conditional Random Field graph

Theorem 2.4.8. If CR is the CRF graph, then CD[CR, x] = 3x4 + 3x2.

Proof. Note that CRF is a sunlet graph Sln with n = 3. Also note that

CD[Sln, x] = nx2n−2+nx2n−4. Therefore, CD[CR, x] = 3x4+3x2. This completes

the proof.
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Chapter 3
Stability and Real Roots of

Complement Degree Polynomial

of Graphs

This chapter includes four sections. The first section deals with ba-

sic definitions and results of polynomials. In the second section we

study the stability of the complement degree polynomial of graphs.

In the third section, we study the real roots of the complement degree

polynomials and define cd − roots of a graph; also we investigate

the location of the roots of some complement degree polynomials in

the fourth section.

3.1 Polynomials

A polynomial is said to be stable if either:

55



3.1. Polynomials

• all its roots lie in the open left half-plane, or

• all its roots lie in the open unit disk.

A polynomial with the first property is called at times a Hurwitz polynomial

and with the second property a Schur polynomial . The Routh-Hurwitz theorem

provides an algorithm for determining if a given polynomial is stable.

Theorem 3.1.1. (Routh-Hurwitz Criteria [11]) Given a polynomial, P (x) =

xn + a1x
n−1 + . . . + an−1x + a0, where the coefficients ai are real constants, i =

1, 2, . . . , n define the n Hurwitz matrices using the coefficients ai of the above

polynomial as

H1 = [a1] H2 =

a1 1

a3 a2



H3 =


a1 1 0

a3 a2 a1

a5 a4 a3

 · · · Hn =



a1 1 0 0 · · · 0

a3 a2 a1 1 · · · 0

a5 a4 a3 a2 · · · 0

...
...

...
... · · · ...

0 0 0 0 · · · an


where aj = 0 if j > n. All the roots of the polynomial P (x) are negative or have

negative real part if and only if the determinants of all Hurwitz matrices are

positive: det Hj > 0, j = 1, 2, . . . , n.

Theorem 3.1.2. [2] Let f(z) = zn + a1z
n−1 + . . . + an, where ai ∈ C. Then,

inside the circle |z| = 1 +max|ai|, there are exactly n roots of f , multiplicities

counted.
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3.2. Stability of complement degree polynomial of graphs

3.2 Stability of complement degree polynomial

of graphs

Definition 3.2.1. A polynomial f(x1, x2, . . . , xn) with real coefficients is called

stable if all of its roots lie in the open left half plane.

Theorem 3.2.2. If G is a regular graph, then CD[G, x] is stable.

Proof. Let G be a r-regular graph; then by Theorem 2.1.6 CD[G, x] = nxn−1−r.

Note that x = 0 is the only root of this polynomial, and hence CD[G, x] is

stable.

Corollary 3.2.3. We have the following:

(1) If n ≥ 3, then CD[Cn, x] is stable,

(2) CD[P, x] is stable, where P is the Petersen graph,

(3) CD[Kn,nx] is stable,

(4) CD[Crn, x] is stable, where Crn is the crown graph,

(5) CD[Bn, x] is stable, where Bn is the bipartite cocktail graph,

(6) CD[CLn, x] is stable, where CLn is the circular ladder graph,

(7) CD[MLn, x] is stable, where MLn is the Mobius ladder graph.

Corollary 3.2.4. If S(G) is the splitting graph of a regular graph G , then

CD[S(G), x] is stable.
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3.2. Stability of complement degree polynomial of graphs

Figure 3.1: Plot of roots of x50 + 1 in the complex plane

Theorem 3.2.5. If CS(G) is a cosplitting graph of r-regular graph G with order

n, then CD[CS(G), x] is stable if and only if r = 1.

Proof. Let G be a r-regular graph. Note that CD[CS(G), x] = nxn−1(1+xr)(by

Theorem 2.3.25). Observe that CD[CS(G), x] is stable if r = 1. Also note that

when r = 2, CD[CS(G), x] is not stable. For r ≥ 2, this polynomial has real roots

and complex roots with positive and negative real parts. Hence CD[CS(G), x]

is not stable. A plot of roots of x50 + 1 in the complex plane is shown in figure

3.1.

Theorem 3.2.6. Let G be a graph of order n, Then CD[G, x] is stable if and

only if CD[mG, x] is stable.

Proof. Note that CD[mG, x] = mCD[G, x](by Theorem 2.3.2 ). This implies

that CD[G, x] is stable if and only if CD[mG, x] is stable.

Theorem 3.2.7. Let G be a graph with order n and G=G ∪ G ∪ . . . ∪ G (m

times). Then CD[G, x] is stable if and only if CD[G, x] is stable.
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3.2. Stability of complement degree polynomial of graphs

Proof. Let G be a graph of order n and G=G ∪ G ∪ . . . ∪ G (m times), then

CD[G, x] = mx(m−1)nCD[G, x] (by Theorem 2.3.1). This implies that CD[G, x]

is stable if and only if CD[G, x] is stable.

Theorem 3.2.8. If G′ is a graph obtained by duplication of a vertex of regular

graph G, then CD[G′, x] is stable.

Proof. Let G be a r-regular graph. Note that CD[G′, x] = (n + 1 − r)xn−r +

rxn−r−1 (by Theorem 2.3.26). Note that the roots of CD[G′, x] are x = 0 and

x = − r
n+1−r

which lie in the open left half plane, hence the result follows.

Corollary 3.2.9. If K ′
n,n is a graph obtained by duplication of a vertex of com-

plete bipartite graph Kn,n, then K ′
n,n is stable.

Theorem 3.2.10. For a path Pn (n ≥ 2), CD[Pn, x] is stable unless n = 2.

Proof. From Theorem 2.2.1, we have

CD[Pn, x] =


2xn−2, n ≤ 2

(n− 2)xn−3 + 2xn−2, n ≥ 3

If n ̸= 2, CD[Pn, x] = (n − 2)xn−3 + 2xn−2 = xn−3(n − 2 + 2x). In this case

x = 0 and x = −n−2
2

are the roots of CD[Pn, x] which lie in the left half plane,

it follows that CD[Pn, x] is stable. If n = 2, CD[P2, x] = 2. Hence CD[P2, x] is

not stable.

Theorem 3.2.11. If Ln is the ladder graph with n ≥ 2 vertices, then CD[Ln, x]

is stable.
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3.2. Stability of complement degree polynomial of graphs

Proof. Note that CD[Ln, x] = 4x2n−3 + (2n − 4)x2n−4 = x2n−4(4x + 2n − 4)(by

Theorem 2.2.33). Observe that the roots of CD[Ln, x] are x = 0,−n−2
2

which lie

in the open left half plane. Hence the result follows.

Theorem 3.2.12. Let K ′
n be the graph obtained by the duplication of one of the

vertices of the complete graph Kn with n ≥ 2, then CD[K ′
n, x] is stable.

Proof. Note that CD[K ′
n, x] = 2x+n− 1 (by Theorem 2.3.8). Also observe that

CD[K ′
n, x] has a single root x = −(n− 1)/2 which lie in the open left half plane

and hence the result follows.

Theorem 3.2.13. If Tm,n is a tadpole graph with m ≥ 3 and n ≥ 1 vertices,

then CD[Tm,n, x] is stable.

Proof. Note that CD[Tm,n, x] = xm+n−4(x2 + (m + n − 2)x + 1) (by Theorem

2.2.9). The roots of x2 + (m + n − 2)x + 1 are
−(m+n−2)±

√
(m+n−2)2−4

2
. For

m ≥ 3 and n > 1, we have (m + n − 2) > 0, (m + n − 2)2 − 4 > 0 and√
(m+ n− 2)2 − 4− (m+ n− 2) < 0, the result follows.

Theorem 3.2.14. If A(Qn) is a alternating quadrilateral snake graph with n ≥ 3

vertices, then CD[A(Qn), x] is stable.

Proof. From Theorem 2.2.28, we have

CD[A(Qn), x] =


(n− 2)x2n−5 + nx2n−4 + x2n−3, if n is odd

(n− 2)x2n−4 + (n+ 2)x2n−3, if n is even.

Case(i)If n is odd: In this case CD[A(Qn), x] = x2n−5(x2 + nx+ n− 2). The

roots of x2+nx+n−2 are (−n±
√

n2 − 4(n− 2))/2. Since
√
n2 − 4(n− 2) <
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3.2. Stability of complement degree polynomial of graphs

n, it follows that CD[A(Qn), x] is stable.

Case(ii)If n is even: In this case, CD[A(Qn), x] = x2n−4(n − 2 + (n + 2)x).

Observe that the roots of CD[A(Qn), x] are x = 0 and x = −(n−2)/(n+ 2)

which lie in the open left half plane. Hence for n is even, CD[A(Qn), x] is

stable.

This completes the proof.

Theorem 3.2.15. If CPn is a cocktail party graph with n ≥ 2, then CD[CPn, x]

is stable.

Proof. Note that CD[CPn, x] = 4x2+2(n−2)x3 = 2x2(2+(n−2)x) (by Theorem

2.2.42). Then the roots of CD[CPn, x] are x = 0 and x = −2/(n− 2) which lie

in the open left half plane. Hence the proof.

Theorem 3.2.16. If n ≥ 3, Gn is the gear graph of order 2n+1, then CD[Gn, x]

is stable if and only if n = 3, 4.

Proof. Note that CD[Gn, x] = nx2n−2+nx2n−3+xn = xn(nxn−2+nxn−3+1) (by

Theorem 2.2.6). When n = 3, the roots of CD[G3, x] are x = 0 and x = −4/3.

When n = 4, the roots of CD[G4, x] are x = 0 and x = −1/2. Hence CD[Gn, x]

is stable for n = 3, 4. When n > 4, the result follows from the fact that the

determinant of second Hurwitz matrix of CD[Gn, x] is zero or negative.

Theorem 3.2.17. If Shn denotes the shell graph, then CD[Shn, x] is stable if

and only if n = 4, 5.

Proof. Note that when n ≥ 4, CD[Shn, x] = 2xn−3+(n−3)xn−4+1 (by Theorem

2.2.12). For n = 4, 5 the result is trivial. When n > 5, consider the polynomial
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3.2. Stability of complement degree polynomial of graphs

xn−3 + n−3
2
xn−4 + 1

2
. Observe that determinant of second Hurwitz matrix is

|H2| = 0. Hence the result follows from the fact that the determinant of second

Hurwitz matrix is zero.

Theorem 3.2.18. If Ln,n is the lollipop graph, then CD[Lm,n, x] is stable if and

only if n = 2, 3, 4.

Proof. Note that CD[Ln,n, x] = x2n−2 + (n − 1)x2n−3 + (n − 1)xn + xn−1 (by

Theorem 2.2.8). For n = 1, CD[L1,1, x] = 2 is a constant polynomial and for

n = 2, the roots of CD[L2,2, x] are x = 0,−1, for n = 3, the roots of CD[L3,3, x]

are x = −4±
√
12

2
and for n = 4, the roots of CD[L4,4, x] are x = 0,−1. Thus for

n = 2, 3, 4, CD[Ln,n, x] is stable. When n = 5, CD[L5,5, x] = x8+4x7+4x5+x4,

the determinant of Hurwitz matrices are |H1| = 4 and |H2| = −4. It follows that

CD[L5,5, x] is not stable. When n > 5 the result follows from the fact that the

determinant of second Hurwitz matrix of CD[Ln,n, x] is zero.

Theorem 3.2.19. If F1,n is the fan graph (n ≥ 3), then CD[F1,n, x] is stable if

and only if n = 3, 4.

Proof. Note that CD[F1,n, x] = 2xn−2 + (n − 2)xn−3 + 1 (by Theorem 2.2.15).

The result is trivial for n = 3 and n = 4. When n > 4, the result follows from the

fact that the determinant of second Hurwitz matrix of CD[F1,n, x] is zero.

Theorem 3.2.20. If F2,n (n ≥ 3) is the double fan graph , then CD[F2,n, x] is

stable if and only if n = 3, 4, 5.

Proof. Note that CD[F2,n, x] = 2xn−2 + (n − 2)xn−3 + 2x (by Theorem 2.2.16).

For n = 3, 4 the result follows from elementary algebra. For n = 5, the roots of
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3.2. Stability of complement degree polynomial of graphs

CD[F2,5, x] are x = 0 and x = −3±i
√
7

4
which lie in the open left half plane. It

follows that CD[F2,5, x] is stable. When n > 5, the result follows from the fact

that the determinant of second Hurwitz matrix of CD[F2,n, x] is zero.

Theorem 3.2.21. For a armed crown graph Cn

⊙
Pm (n ≥ 3, m ≥ 1),

CD[Cn

⊙
Pm, x] is stable unless m = 1.

Proof. Note that CD[Cn

⊙
Pm, x] = nxn(m+1)−4(x2+(m−1)x+1) (by Theorem

2.3.11). Observe that the determinants of the Hurwitz matrices of the polynomial

x2+(m− 1)x+1 are |H1| = m− 1 and |H2| = m− 1. Since all the determinants

are positive except when m = 1, the result follows.

Theorem 3.2.22. If Bkn is the book graph with 2n+2 vertices, then CD[Bkn, x]

is stable if and only if n = 1, 2.

Proof. Note that CD[Bkn, x] = 2nx2n−1+2xn (by Theorem 2.2.22). When n = 1,

CD[Bk1, x] = 4x and when n = 2 ,CD[Bk2, x] = 4x3 + 2x2. Observe that the

roots of CD[Bk1, x] and CD[Bk2, x] are lie in the open left half plane. It follows

that for n = 1, 2, CD[Bkn, x] is stable. When n > 2, the result follows from the

fact that the determinant of first Hurwitz matrix of the polynomial x2n−1 + 1
n
xn

are zero.

Theorem 3.2.23. If Bl is the bull graph, then CD[Bl, x] is stable.

Proof. Note that CD[Bl, x] = 2x3 + x2 + 2x = x(2x2 + x + 2) and its roots are

x = 0, −1±i
√
15

4
which lie in open left half plane. Hence CD[Bl, x] is stable.

Theorem 3.2.24. If Fr is the fork graph, then CD[Fr, x] is stable.
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3.2. Stability of complement degree polynomial of graphs

Proof. Obviously, CD[Fr, x] = 3x3 + x2 + x = x(3x2 + x + 1). The roots of

CD[Fr, x] are x = 0, −1±i
√
11

6
. Hence CD[Fr, x] is stable.

Theorem 3.2.25. If TLn is the triangular ladder graph, then CD[TLn, x] is

stable for n ≥ 2.

Proof. Note that CD[TLn, x] = 2x2n−3+2x2n−4+(2n−4)x2n−5 = 2x2n−5(x2+x+

n−2) (by Theorem 2.2.37). For n = 2, the result follows from simple elementary

algebra. For n > 2 consider the polynomial x2 + x + n − 2. The determinants

of Hurwitz matrices are |H1| = 1 and |H2| = n − 2 and so on. Since all the

determinants are positive when n > 2, the results follows.

Theorem 3.2.26. If DSLn is the double sided step ladder graph, then

CD[DSLn, x] is stable.

Proof. Note that CD[DSLn, x] = (2n + 2)xn2+3n−3 + (2n − 2)xn2+3n−4 + (n2 −

n)xn2+3n−5 = xn2+3n−5((2n + 2)x2 + (2n − 2)x + n2 − n) (by Theorem 2.2.40).

For n=1, the result follows from elementary algebra. For n > 1, consider the

polynomial

x2 +
2n− 2

2n+ 2
x+

n2 − n

2n+ 2
.

Observe that the determinants of Hurwitz matrices are |H1| = (2n− 2)/(2n+ 2)

and |H2| = (2n − 2)(n2 − n)/(2n+ 2)2. Since all the determinants are positive

when n > 1, it follows that CD[DSLn, x] is stable.
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3.3 Real roots of complement degree polyno-

mial of graphs

Definition 3.3.1. The roots of complement degree polynomial of a graph G are

called cd-roots of G. The number of real cd-roots of a graph G where the multi-

plicities counted, is denoted by cd(G).

Theorem 3.3.2. Zero is a cd-root of a complement degree polynomial of a graph

G with n vertices if and only if ∆(G) ≤ n− 2.

Proof. Let G be a graph of order n and zero is a cd-root of the polynomial

CD[G, x]. If G has a vertex, say v which is adjacent to all other vertices, then

v is an isolated vertex in G. This implies that CD[G, x] has a constant term.

This is a contradiction because zero is a cd-root of CD[G, x]. Therefore, G has

no vertices adjacent to all other vertices.

Conversely, assume that ∆(G) ≤ n − 2. Then δ(G) ≥ 1. Equivalently,

Cd0(G) = 0. This tells us that the constant term of CD[G, x] is zero, and hence

the result follows.

Corollary 3.3.3. If G has no isolated vertices, then zero is a root of CD[G, x]

with multiplicity δ(G).

Theorem 3.3.4. If G is a non complete graph of order n, then zero is the only

cd-root of CD[G, x] if and only if G is a r-regular graph.

Proof. First, assume that zero is the only cd-root of a graph G with n vertices.

Then it follows that the complement degree polynomial of G is CD[G, x] = nxt
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3.3. Real roots of complement degree polynomial of graphs

for t = n− r − 1 and 0 < r < n. This implies that the degree of every vertex in

G is the same. Equivalently, G is r-regular.

Conversely, assume that G is a r-regular graph. Then we have CD[G, x] =

nxn−r−1. It follows that zero is only cd-root of CD[G, x].

Corollary 3.3.5. If G is an r-regular graph with n vertices, then cd(G) = n −

r − 1.

Theorem 3.3.6. Let G be a graph with n vertices. Then

(1) CD[G, x] is a strictly increasing function in [0,∞).

(2) Let G be a graph and H be any spanning subgraph of G. Then the degree

of CD[G, x]) is less than or equal to the degree of CD[H, x].

(3) Let G be a graph and H be any induced subgraph of G. Then the degree of

CD[G, x] greater than or equal to the degree of CD[H, x].

(4) Let G be a graph of order n with t isolated vertices in G and r isolated

vertices in G. Then Cd0(G) = r and Cdn−1(G) = t.

Proof. Proof of the above result follows from the definition of complement degree

polynomial of a graph.

Theorem 3.3.7. For a cosplitting graph CS(G) of an r-regular graph G with n

vertices,

cd(CS(G)) =


n− 1 if r is even,

n if r is odd.
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Proof. Observe that CD[CS(G), x] = nxn−1(1 + xr) (by Theorem 2.3.25). It

is clear that x = 0 is a cd-root of G with multiplicity n − 1. Note that the

polynomial 1+xr has no real roots if r is even and one real root if r is odd. Thus

we have,

cd(CS(G)) =


n− 1 if r is even,

n if r is odd.

This completes the proof.

Theorem 3.3.8. For a path graph Pn,

cd(Pn) =


0, n = 2

n− 2, n ≥ 3.

Proof. For a path graph Pn, we have Theorem 2.2.1:

CD[Pn, x] =


2xn−2, n = 2

(n− 2)xn−3 + 2xn−2, n ≥ 3.

Here we consider two cases:

If n = 2, then CD[P2, x] = 2, which has no zeros. If n > 2, then we have

CD[Pn, x] = xn−3(2x+n− 2). Obviously, x = 0 is the cd-root of CD[Pn, x] with

multiplicity n− 3 and x = −(n− 2)/2 is the another cd-root of CD[Pn, x]. Thus

cd(Pn) =


0, n = 2

n− 2, n ≥ 3.

This completes the proof.

67



3.3. Real roots of complement degree polynomial of graphs

Theorem 3.3.9. Let G be a graph with order n and G=G ∪ G ∪ . . . ∪ G (m

times). Then cd(G) = n(m− 1) + cd(G).

Proof. Let G be a graph of order n and G=G ∪ G ∪ . . . ∪ G (m times). Then,

CD[G, x] = mx(m−1)nCD[G, x]. Observe that x = 0 is a zero of CD[G, x] of

multiplicity n(m−1). Consequently, cd(G) = n(m−1)+ cd(G). This completes

the proof.

Theorem 3.3.10. For a ladder graph Ln, cd(Ln) = 2n− 3 for n ≥ 2.

Proof. Obviously, cd-roots of CD[Ln, x] are x = 0 with multiplicity 2n − 4 and

x = −(n − 2)/2 with multiplicity one (by Theorem 2.2.33). Hence the result

follows.

Theorem 3.3.11. For a cocktail party graph CPn, cd(CPn) = 3 for n ≥ 2.

Proof. In Theorem 2.2.42, CD[CPn, x] = 2x2(2 + (n − 2)x). It follows that

CD[CPn, x] has cd-roots x = 0 with multiplicity 2 and x = −2/(n− 2) with

multiplicity one. Thus cd(CPn) = 3. Hence the proof follows.

Theorem 3.3.12. If S(G) is a splitting graph of a graph G with n vertices, then

cd(S(G)) ≥ 1.

Proof. Observe that CD[S(G), x] do not have a constant term (see Theorem

2.3.13). Hence the result follows.

Theorem 3.3.13. For a bull graph Bl, cd(Bl) = 1.
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3.3. Real roots of complement degree polynomial of graphs

Proof. Note that CD[Bl, x] = x(2x2 + x + 2). The roots of this polynomial are

x = 0, −1±i
√
15

4
. Obviously, x = 0 is the only real root of CD[Bl, x]. Hence the

result follows.

Theorem 3.3.14. For a sunlet graph Sln, cd(Sln) = 2n− 4 for n ≥ 3 .

Proof. Note that CD[Sln, x] = nx2n−4(1 + x2) (by Theorem 2.2.13). Then the

cd-roots are x = 0 with multiplicity 2n−4 and x = ±i. Thus cd(Sln) = 2n−4.

Theorem 3.3.15. For a tadpole graph Tm,n, cd(Tm,n) = m + n − 2 for m ≥ 3

and n ≥ 1.

Proof. Note that CD[Tm,n, x] = xm+n−4(x2 + (m + n − 2)x + 1) (by Theorem

2.2.9). Since the discriminant of the polynomial x2 + (m+ n− 2)x+ 1 is always

greater than or equal to zero, it follows that cd(Tm,n) = m+n−2. This completes

the proof.

Theorem 3.3.16. For a bistar graph Bn,n (n ≥ 1),

cd(Bn,n) =


n if n is even

n+ 1 if n is odd.

Proof. Note that CD[Bn,n, x] = 2xn(nxn + 1) (by Theorem 2.2.7). If n is even,

then nxn +1 has only complex roots. If n is odd, then nxn +1 has only one real

root and n− 1 complex roots. Hence,

cd(Bn,n) =


n if n is even

n+ 1 if n is odd.
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3.3. Real roots of complement degree polynomial of graphs

This completes the proof.

Theorem 3.3.17. For a web graph Wbn, cd(Wbn) = 3n− 4 for n ≥ 3.

Proof. Note that CD[Wbn, x] = nx3n−5(x3 + x+ 1) (by Theorem 2.2.21). Obvi-

ously, the cd-roots of CD[Wbn, x] are 0 with multiplicity 3n−5, −0.68233, 0.34116±

1.16154i. Hence cd(Wbn) = 3n− 4.

Theorem 3.3.18. For a armed crown graph Cn

⊙
Pm,

cd(Cn

⊙
Pm) =


n(m+ 1)− 4, if m=1,2

n(m+ 1)− 2, if m≥ 3.

Proof. Note that CD[Cn

⊙
Pm, x] = x2+(m−1)x+1 (by Theorem 2.3.11). For

m = 1, 2, the zeros of x2 + (m − 1)x + 1 are complex numbers. If m > 2, the

zeros of x2 + (m− 1)x+ 1 are real numbers. Thus

cd(Cn

⊙
Pm) =


n(m+ 1)− 4 if m=1,2

n(m+ 1)− 2 if m≥ 3.

This completes the proof.

Theorem 3.3.19. For a sun graph Sn, n ≥ 3,

cd(Sn) =


n− 2, if n is odd

n− 1, if n is even.

Proof. Note that CD[Sn, x] = nxn−2(xn−1+1) (by Theorem 2.2.14). Since xn−1+

1 has real roots if and only if n is even. This tells us that the real cd-roots of
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CD[Sn, x] are 0 and −1 if n is even. If n is odd x = 0 is the only real root of

CD[Sn, x]. Therefore, we have

cd(Sn) =


n− 2, if n is odd

n− 1, if n is even.

This completes the proof.

Theorem 3.3.20. For a bipartite cocktaill party graph bn(n ≥ 2), we have

cd(Bn) = n.

Proof. The result follows from the fact that CD[Bn, x] = 2nxn.

3.4 Location of the cd-roots of the some graphs

Theorem 3.4.1. All the cd-roots of the gear graph Gn lie inside the circle with

center (0, 0) and radius n+ 1.

Proof. Observe that CD[Gn, x] = xn+nx2n−3+nx2n−2. In this casemax|ai| = n,

where a′is are the coefficients of CD[Gn, x] for i = 1, 2, . . . , 2n − 2. Then by

Theorem 2.2.25, the result follows.

Theorem 3.4.2. All the cd-roots of the wheel graph Wn lie inside the circle with

center (0, 0) and radius n.

Proof. It follows from the fact that CD[Wn, x] = (n− 1)xn−4 + 1.

Theorem 3.4.3. All the cd-roots of the bull graph Bl lie on the unit circle

centered at the origin.
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Proof. Note that the cd-roots of Bl are x = 0, −1±i
√
15

4
. These three roots lie on

the unit circle centered at the origin.

Theorem 3.4.4. All the cd-roots of the sunlet graph Sln lies in the disk |z| ≤ 1.

Proof. The cd-roots of the sunlet graph CD[Sln, x] are x = 0 and x = ±i. Hence

the result follows.

Theorem 3.4.5. All the cd-roots of the sun graph Sn lies in the disk |z| ≤ 1.

Proof. Note that CD[Sn, x] = nx2n−3 + nxn−2 = nxn−2(xn−1 + 1). Obviously,

roots of xn−1 + 1 lie on the unit circle. Hence the result follows.
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Chapter 4
CD-Equivalent Classes of Graphs

Some times two non-isomorphic graphs have same complement de-

gree polynomial. From these polynomials the CD-equivalent classes

of graphs are defined. In this chapter, CD-equivalent classes of

graphs are defined and studied.

4.1 Main Results

Definition 4.1.1. Let G be the graph of order n, and the CD- equivalent class

of the graph G is defined as CD[G] := {H : CD[G, x] = CD[H, x]}.

Theorem 4.1.2. Let G be a graph with n vertices, then G ∈ CD[G] if and only

if G is a self-complementary graph.

Proof. LetG be a self-complementary graph that isG ∼= G. Note that isomorphic

graphs will be the same complement degree polynomial. Conversely, suppose
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4.2. Some CD-Equivalent Classes of Graphs

that G ∈ CD[G]; then G and G have the same degree sequence, that is G is a

self-complementary graph.

Theorem 4.1.3. If G is a connected graph and H ∈ CD[G], then H has more

than one component.

Proof. Let G be a graph and let G be connected. Let H ∈ CD[G], then G and

H will have the same degree sequence. But G ≇ H. Therefore, H must have

more than one component.

Theorem 4.1.4. Let H and G be the graph of order n, H has the same degree

sequence as G and G ≇ H, then H ∈ CD[G].

Proof. Observe that non isomorphic graphs have the same degree sequence. The

complement graphs of those graphs have the same degree sequence. That is, let

G1 and G2 be two graphs with the same degree sequence of G, and G1 ≇ G2,

then CD[G1, x] = CD[G2, x]. Hence the result follows.

4.2 Some CD-Equivalent Classes of Graphs

Theorem 4.2.1. If n ≥ 2, then CD[Kn] is a singleton.

Proof. Note that Kn = Nn and let G ∈ CD[Kn]. Suppose G ≇ Kn. The degree

sequence ofKn and G are the same; that is, the degree sequence of G is 0, 0, . . . , 0.

Therefore, the degree sequence of G is n− 1, n− 1, . . . , n− 1. Since G ≇ Kn, G

has more than one component. Let G1 and G2 be two components of G, then

|V (G1)| ≤ n − 1. Let v ∈ V (G1), deg(v) ≤ n − 2, we obtain a contradiction.

Thus G ∼= Kn. This completes the proof.
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4.2. Some CD-Equivalent Classes of Graphs

Lemma 4.2.2. If G1 is a graph of order n and G2 is a graph of order m, then

CD[G1 ∪G2, x] = xmCD[G1, x] + xnCD[G2, x].

Proof. Let v ∈ V (G1) and deg(v) = d1. Consider the graph G1 ∪G2. Then v

is adjacent to each m vertices of G2, and also v is adjacent to V (G1) − N(v)

vertices in G1. Therefore, deg(v) = n − 1 − d1 + m. Similarly, let u ∈ V (G2)

and deg(u) = d2 in G2, then deg(u) = m− 1− d2 + n. Thus CD[G1 ∪ G2, x] =

xmCD[G1, x] + xnCD[G2, x]. This completes the proof.

Theorem 4.2.3. If n ≥ 5, then Cn ∪ Pm ∈ CD[Pm+n].

Proof. We will show that CD[Cn∪Pm, x] = CD[Pm+n, x]. Note that CD[Pm+n, x] =

(m+ n− 2)xm+n−3 + 2xm+n−2. By the lemma

CD[Cn ∪ Pm, x] = xmCD[Cn, x] + xnCD[Pm, x]

= xmnxn−3 + xn[(m− 2)xm−3 + 2xm−2]

= (m+ n− 2)xm+n−3 + 2xm+n−2

= CD[Pm+n, x].

This completes the proof.

The house graph Hu is a simple graph on five vertices and six edges, illus-

trated in Figure 4.1.

Lemma 4.2.4. If Hu is the house graph, then CD[Hu, x] = 3x2 + 2x.

Proof. Note that the house graph has five vertices, out of which two have three

degrees and three have two degrees. Note that Hu = P5. P5 has five vertices, out
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4.2. Some CD-Equivalent Classes of Graphs

Figure 4.1: House graph Hu

of which two have one degree and three have two degrees. Thus CD[Hu, x] =

3x2 + 2x. This completes the proof.

Theorem 4.2.5. The House graph Hu, Hu ∈ CD[K3,2].

Proof. The degree sequences of Hu and K3,2 are the same. The complement

of Hu and K3,2 are P5 and K3 ∪K2, respectively. Thus Hu ≇ K3,2. Note that

CD[K3,2, x] = 3x2+2x. By Theorem 4.2.4, CD[Hu, x] = 3x2+2x = CD[K3,2, x].

This completes the proof.

Figure 4.2: Circular ladder graph CL5 and Petersen graph P
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4.2. Some CD-Equivalent Classes of Graphs

Theorem 4.2.6. If CL5 is the circular ladder graph with 10 vertices and P is

the Petersen graph, then CL5 ∈ CD[P ].

Proof. We will show that CD[CL5, x] = CD[P, x] and CL5 ≇ P . Note that

the circular ladder graph CL5 and the Petersen graph P have the same degree

sequence (3,3,. . . ,3), and both are 3− regular graphs. Hence CD[CL5, x] =

10x6 = CD[P, x].

Next we prove that CL5 ≇ P . Let V (CL5) = {vi, v′i : i = 1, . . . , 5} and

V (P ) = {ui, u
′
i : i = 1, . . . , 5}, where vi and ui are in the outer vertices, v′i and

u′
i are the inner vertices, and vi and v′i, ui and u′

i are adjacent as in Figure 4.2.

Note that |N(vi) ∩N(v′j)| ≤ 2 and |N(vi) ∩N(v′j)| ≤ 1. Then clearly CL5 ≇ P.

Hence CL5 ∈ CD[P ]. This completes the proof.
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Chapter 5
Vertex Cut Polynomial of Graphs

In this chapter we introduce another polynomial viz vertex cut poly-

nomial of a graph related to vertex connectivity. In the first section

we define and provide an example of the vertex cut polynomial of

graphs. In the second section, we derive the vertex cut polynomial

of some well-known graphs in the second section.

5.1 Vertex cut polynomial of graphs

Definition 5.1.1. Let G be a non-complete simple graph of order n, and let

V (G, i) denote the family of vertex cuts with cardinality i and let dv(G, i) =

|V (G, i)|. Then the polynomial

V [G;x] :=

(n−2)∑
i=κ(G)

dv(G, i)xi.

is defined as the vertex cut polynomial of the graph G.
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5.1. Vertex cut polynomial of graphs

Figure 5.1: The graph G

Example 5.1.2. Consider the graph G shown in Figure 5.1 . Note that

V (G, 1) = {{v3}, {v4}},

V (G, 2) = {{v1, v3}, {v1, v4}, {v2, v3}, {v2, v4}, {v3, v4}, {v3, v5}, {v3, v6},

{v4, v5}, {v4, v6}},

V (G, 3) = {{v1, v2, v4}, {v1, v3, v4}, {v1, v3, v5}, {v1, v3, v6}, {v1, v4, v5},

{v1, v4, v6}, {v2, v3, v4}, {v2, v3, v5}, {v2, v3, v6}, {v2, v4, v5},

{v2, v4, v6}, {v3, v4, v5}, {v3, v4, v6}, {v3, v5, v6}},

V (G, 4) = {{v1, v2, v3, v4}, {v1, v2, v4, v5}, {v1, v2, v4, v6}, {v1, v3, v4, v5},

{v1, v3, v4, v6}, {v1, v3, v5, v6}, {v2, v3, v4, v5}, {v2, v3, v4, v6},

{v2, v3, v5, v6}}.

Therefore, V [G;x] = 2x+ 9x2 + 14x3 + 9x4.

Theorem 5.1.3. If the smallest power of x in V [G;x] is greater than or equal

to 2,then G has no pendant vertex.

Proof. Let V [G;x] be the vertex cut polynomial of a graph G and the smallest
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5.2. Vertex cut polynomial of some graphs

power of x in V [G;x] is greater than or equal to 2. Then dv(G, 1) = 0. Suppose

G has a pendant vertex v adjacent to the vertex u. If we delete u in V (G), then

G becomes disconnected and dv(G, 1) ≥ 1. This contradiction shows that G has

no pendant vertex. This completes the proof.

Remark 5.1.4. The converse of above result need not be true. For example

V (F2, x) = x+4x2+4x3. The smallest power of x in V [F2;x] is 1 but F2 has no

pendant vertex.

5.2 Vertex cut polynomial of some graphs

Theorem 5.2.1. For a path graph Pn, where n ≥ 3, then

V [Pn;x] =

(n−2)∑
i=1

[

(
n

i

)
− i− 1]xi.

Proof. Let v1, v2, . . . , vn be the vertices of the path graph Pn. Observe that

if we delete i vertices in V (Pn) other than {v1, v2, . . . , vi}, {v1, v2, . . . , vi−1, vn},

{v1, v2, . . . , vi−2, vn−2, vn−1, vn} , . . ., {v1, vn−i+2, . . . , vn}, {vn−i+1, vn−i+2, . . . , vn},

then Pn becomes disconnected. Thus dv(Pn, 1) = n − 2 =
(
n
1

)
− 2, dv(Pn, 2) =(

n
2

)
− 3, . . . , dv(Pn, i) =

(
n
i

)
− (i+1). Therefore, V [Pn;x] =

∑(n−2)
i=1 [

(
n
i

)
− i− 1]xi.

This completes the proof.

Theorem 5.2.2. For a cycle graph Cn, where n ≥ 4, then

V [Cn;x] =

(n−2)∑
i=1

[

(
n

i

)
− n]xi.

Proof. Deleting a vertex in V (Cn), we get a path Pn−1. Thus V (Cn, 1) = ϕ. Next,
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deleting an adjacent pair {vi, vj}, again we get a path Pn−2. Thus we obtain a

disconnected graph by the removal of any non adjacent pairs of vertices. Observe

that Cn has n adjacent pairs of vertices. Thus dv(Cn, 2) =
(
n
2

)
− n. Similarly

the removal of i adjacent vertices disconnects Cn. Since Cn has n adjacent

vertices of cardinality i, we have dv(Cn, i) =
(
n
i

)
− n. Therefore, V [Cn;x] =∑(n−2)

i=1 [
(
n
i

)
− n]xi. This completes the proof.

Corollary 5.2.3. For a wheel graph Wn, where n ≥ 5, then

V [Wn;x] =

(n−3)∑
i=1

[

(
n− 1

i

)
− n+ 1]xi+1.

Proof. Let v0, v1, v2, . . . , vn−1 be the vertices of the wheel graph Wn, where v0 is

the central vertex. Since v0 is adjacent to all vertices, v0 will be contained in

every vertex cut. We delete v0 in V (Wn) and get a cycle Cn−1. By Theorem 5.2.2,

V [Cn−1;x] =
∑(n−3)

i=1 [
(
n−1
i

)
−n+1]xi. Thus V [Wn;x] =

∑(n−3)
i=1 [

(
n−1
i

)
−n+1]xi+1.

This completes the proof.

Theorem 5.2.4. For a star graph K1,n, where n ≥ 2, then

V [K1,n;x] =

(n−2)∑
i=0

(
n

i

)
xi+1.

Proof. If we delete any vertex other than central vertex, then we obtain star

graphK1,n−1. But with removal of central vertex, we get n isolated vertices. Thus

dv(K1,n, 1) = 1. Similarly, the removal of any i vertices other than the central

vertex does not decompose the graph. Thus any vertex cut contain central vertex.

It follows that dv(K1,n, i+1) =
(
n
i

)
. Therefore, V [K1,n;x] =

∑(n−2)
i=0

(
n
i

)
xi+1. This

completes the proof.

81



5.2. Vertex cut polynomial of some graphs

Theorem 5.2.5. For a complete bipartite graph Km,n, where n ≥ 1,m ≥ 2 or

n ≥ 2,m ≥ 1, then

V [Km,n;x] = xq +

(p−2)∑
i=1

(
p

i

)
xq+i, where q = min{m,n} and p = max{m,n}.

Proof. Note that the vertex connectivity of the complete bipartite graph Km,n is

min{m,n}. Let q = min{m,n}, p = max{m,n} and v1, v2, . . . , vq, u1, u2, . . . , up

be the vertices of Km,n. We delete the vertices v1, v2, . . . , vq, to get a discon-

nected graph. Thus dv(Km,n, q) = 1. In general, if we delete q + i vertices (the

removed vertices are v1, v2, . . . , vq and i vertices from {u1, u2, . . . , up}), then we

have dv(Km,n, q + i) =
(
p
i

)
. Therefore, V [Km,n;x] = xq +

∑(p−2)
i=1

(
p
i

)
xq+i.

Theorem 5.2.6. The vertex cut polynomial of a Petersen graph P is given by

V [P ;x] = 10
5∑

i=0

(
6

i

)
xi+3.

Proof. Observe that Petersen graph is a 3-regular graph. Let v ∈ V (P ). If we

delete the vertices the neighbors of v, N(v), then we get an isolated vertex and

a component G having 6 vertices. Next, we delete 3 vertices v1, v2, v3 (v1, v2 ∈

N(v), v3 /∈ N(v)), and get a connected graph. Thus dv(P, 3) = 10 = 10
(
6
0

)
.

Similarly, the graph can be disconnected by the removal of N(v) and i vertices

in G. Thus dv(P, i+ 3) = 10
(
6
i

)
. Therefore, V [P ;x] = 10

∑5
i=0

(
6
i

)
xi+3.

Theorem 5.2.7. For a windmill graph W
(m)
n+1, where n ≥ 2,m ≥ 2 , then

V [W
(m)
n+1;x] =

(m−1)n−1∑
i=0

(
mn

i

)
xi+1 +

mn−2∑
i=(m−1)n

[

(
mn

i

)
−m

(
n

i− (m− 1)n

)
]xi+1.
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Proof. We have a windmill graph having m copies of Kn adjacent to a single

vertex. Note that the removal of central vertex disconnects the graph. Thus

dv(W
(m)
n , 1) = 1. Observe that any other vertex cut contains the central vertex.

Therefore, dv(W
(m)
n , i + 1) =

(
mn
i

)
, i = 1, 2, . . . , (m − 1)n − 1. Since after the

removal of vertices, the remaining vertices lie in the same complete graph, some

subsets of V (W
(m)
n ) with cardinality greater than or equal to (m − 1)n are not

vertex cuts. Thus dv(W
(m)
n , i+1) =

(
mn
i

)
−m

(
n

i−(m−1)n

)
, i ≥ (m−1)n. Therefore,

V [W
(m)
n+1;x] =

∑(m−1)n−1
i=0

(
mn
i

)
xi+1 +

∑mn−2
i=(m−1)n[

(
mn
i

)
− m

(
n

i−(m−1)n

)
]xi+1. This

completes the proof.

Corollary 5.2.8. For a friendship graph Fn, where n ≥ 2, then

V [Fn;x] =

(2n−3)∑
i=0

(
2n

i

)
xi+1 + [

(
2n

2n− 1

)
− n]x2n−1.

Proof. Note that the removal of a common vertex of Fn disconnects the graph.

But the removal of any other vertex does not disconnect the graph. Thus

dv(Fn, 1) = 1. Since any vertex cut contains the central vertex, we have dv(Fn, i+

1) =
(
2n
i

)
, i = 1, 2, . . . , 2n−3. Note that V (Fn) has

(
2n

2n−1

)
subsets of cardinality

2n−1. But n subsets of cardinality 2n−1 are not vertex cuts. Thus dv(Fn, 2n−

1) =
(

2n
2n−1

)
−n. Therefore, V [Fn;x] =

∑(2n−3)
i=0

(
2n
i

)
xi+1+[

(
2n

2n−1

)
−n]x2n−1. This

completes the proof.

Theorem 5.2.9. For a fan graph F1,n, where n ≥ 3, then

V [F1,n;x] =

(n−2)∑
i=1

[

(
n

i

)
− i− 1]xi+1.

Proof. Let v1, v2, . . . , vn be the vertices of a path graph in a fan graph F1,n and
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v0 be the vertex of F1,n adjacent to all vertices v1, v2, . . . , vn. By Theorem 5.2.1

V [Pn;x] =
∑(n−2)

i=1 [
(
n
i

)
− i − 1]xi. Since every vertex cut contains v0, we have

V [F1,n;x] =
∑(n−2)

i=1 [
(
n
i

)
− i− 1]xi+1. This completes the proof.

Theorem 5.2.10. For a double fan graph F2,n, where n ≥ 1, then

V [F2,n;x] =

(n−3)∑
i=1

[

(
n

i

)
− i− 1]xi+2 + [

(
n

i

)
− i]xn.

Proof. Let v1, v2, . . . , vn be the vertices of a path graph in a double fan graph

F2,n and u,w be the vertices of F2,n adjacent to all vertices v1, v2, . . . , vn. Note

that every vertex cut in V (F2,n, i), i = 1, 2, . . . , n− 1 contains u and w. Thus

dv(F2,n, i + 2) =
(
n
i

)
− i − 1, i = 1, 2, . . . , n − 3. But V (F2,n, n) contains a

vertex cut {v1, v2, . . . , vn}. Thus dv(F2,n, n) =
(
n
i

)
− i. Therefore, V [F2,n;x] =∑(n−3)

i=1 [
(
n
i

)
− i− 1]xi+2 + [

(
n
i

)
− i]xn. This completes the proof.

Theorem 5.2.11. For a shell graph Shn, where n ≥ 4, then

V [Shn;x] =

(n−3)∑
i=1

[

(
n− 1

i

)
− i− 1]xi+1.

Proof. Note that every vertex cut of shell graph contains the apex. If we delete

apex, then we get a path Pn−1. By Theorem 5.2.1, V [Pn;x] =
∑(n−2)

i=1 [
(
n
i

)
−

i − 1]xi. Therefore, V [Shn;x] =
∑(n−3)

i=1 [
(
n−1
i

)
− i − 1]xi+1. This completes the

proof.

Theorem 5.2.12. For a bow graph Shn,n, where n ≥ 1, then

V [Shn,n;x] =

(n−1)∑
i=0

(
2n

i

)
xi+1 +

(2n−2)∑
i=n

[

(
2n

i

)
− i− 1 + n]xi+1.
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5.2. Vertex cut polynomial of some graphs

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un, w be the vertices of Shn,n (where v1, v2, . . . ,

vn are the vertices of left shell graph, u1, u2, . . . , un are the vertices of right

shell graph and w is the apex). Note that Shn,n has only one cut vertex.

Thus dv(BFn, 1) = 1. Since every vertex cut contains the apex w, we have

dv(Shn,n, i + 1) =
(
2n
i

)
, i = 1, 2, . . . , n − 1. Also, we have some subsets

S ⊂ V (Shn,n) with cardinality greater than or equal to n+1 that are not vertex

cuts. If we delete w, v1, v2, . . . , vn, then we get a path u1, u2, . . . , un. By Theorem

5.2.1, dv(Pn, i) = n−i−1. Similarly, we delete w, u1, u2, . . . , un and again we get a

path v1, v2, . . . , vn. Since i ≥ n, the path v1, v2, . . . , vn or u1, u2, . . . , un has only n

vertices . Therefore, dv(Shn,n, i+1) =
(
2n
i

)
−2(i+1−n), i = n, n+1, . . . , 2n−2.

Thus V [Shn,n;x] =
∑(n−1)

i=0

(
2n
i

)
xi+1+

∑(2n−2)
i=n [

(
2n
i

)
−i−1+n]xi+1. This completes

the proof.

Corollary 5.2.13. For a butterfly graph BFn, where n ≥ 2, then

V [BFn;x] =

(n+1)∑
i=0

(
2n+ 2

i

)
xi+1 +

(2n)∑
i=n+2

[

(
2n+ 2

i

)
− 2(i+ 1− n]xi+1.

Proof. Observe that the butterfly graph has only one cut vertex. Thus dv(BFn, 1) =

1. Since every vertex cut contains the apex, dv(BFn, i + 1) =
(
2n+2

i

)
, i =

1, 2, . . . , n + 1. We have some subsets of V (BFn) with cardinality greater than

or equal to n + 2 which are not vertex cuts like Shn,n. By Theorem 5.2.12,

dv(BFn, i + 1) =
(
2n+2

i

)
− 2(i + 1 − n), i = n + 1, n + 2, . . . , 2n. Thus

V [BFn;x] =
∑(n+1)

i=0

(
2n+2

i

)
xi+1 +

∑(2n)
i=n+2[

(
2n+2

i

)
− 2(i + 1 − n]xi+1. This com-

pletes the proof.
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Theorem 5.2.14. For a sun graph Sn, where n ≥ 2, then

V [Sn;x] = n

(2n−3)∑
i=0

(
2n− 3

i

)
xi+2 +

(
n

2

)
x2n−2.

Proof. Let v1, v2, . . . , vn, u1, u2, . . . , un be the vertices of sun graph where v1, v2, . . . ,

vn are the vertices of a complete graph and u1, u2, . . . , un are the vertices of

outer ring of sun graph. If we delete N(u1), then we get an isolated vertex

and a connected component G of 2n − 3 vertices. Next we delete any two

vertices vi, vj ∈ {v1, v2, . . . , vn} other than N(ui), i = 1, 2, . . . , n and get a

connected graph. It follows that dv(Sn, 2) = n. Similarly, the graph can be

disconnected with i vertices only by the removal of N(ui) and i − 2 vertices in

G. Therefore, dv(Sn, i + 2) = n
(
2n−3

i

)
, i = 1, 2, . . . , 2n − 3. Vertex cuts in

V (Sn, 2n − 2) are contained in all vertices of complete graph and n − 2 ver-

tices of the outer ring of a sun graph. Therefore, dv(Sn, 2n − 2) =
(
n
2

)
. Thus

V [Sn;x] = n
∑(2n−3)

i=0

(
2n−3

i

)
xi+2 +

(
n
2

)
x2n−2. This completes the proof.

Theorem 5.2.15. For a pan graph Tn,1, where n ≥ 3, then

V [Tn,1;x] = x+

(n−1)∑
i=2

(

(
n− 1

i− 1

)
+

(
n

i− 1

)
− n)xi.

Proof. Let v0, v1, . . . , vn be the vertices of pan graph Tn,1, where v1, v2, . . . , vn

are the vertices of cycle and v0 is the singleton graph with v0 adjacent to v1.

Note that pan graph has only one cut vertex v1. Therefore, dV (Tn,1, 1) = 1. The

number of vertex cut sets with cardinality i of the cycle graph are
(
n
i

)
− n. But

in the case of pan graph, the removal of v1 disconnects the graph by a singleton

graph v0 and a connected component. Note that some subsets of V (Tn,1) are
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5.2. Vertex cut polynomial of some graphs

not vertex cut. Also we have vertex cuts S1 with cardinality i of two types (first

types being v0 ∈ S1 and the other on when v0 /∈ S1). Since v1 belongs to i

vertex cut sets with cardinality i that do not contain v0. By Theorem 5.2.2,

the number of vertex cut sets not including v0 with cardinality i is
(
n−1
i−1

)
and

including v0 is
(

n
i−1

)
− n . Therefore, dv(Tn,1, i) =

(
n−1
i−1

)
+

(
n

i−1

)
− n. Thus

V [Tn,1;x] = x+
∑(n−1)

i=2 (
(
n−1
i−1

)
+
(

n
i−1

)
− n)xi. This completes the proof.
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Chapter 6
Vertex Cut Polynomial of some

Graph Operations

In this chapter, we discuss and derive the vertex cut polynomial of

some graph operations. In the first section, we derive the vertex cut

polynomial of some unary graph operations. The second section is

devoted to the vertex cut polynomial of some binary graph opera-

tions.

6.1 Vertex cut polynomial of some unary graph

operations

Theorem 6.1.1. If n ≥ 2 , then the vertex cut polynomial of splitting graph of

star graph is given by

V [S(K1,n);x] =x+
n∑

i=1

(
2n+ 1

i

)
xi+1 +

2n−2∑
i=n+1

[(
2n+ 1

i

)
−
(

n

i− n

)]
xi+1+
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6.1. Vertex cut polynomial of some unary graph operations

[(
2n

2

)
+ 1

]
x2n.

Proof. Let v0, v1, v2 . . . , vn be the vertices of K1,n where v0 is the central vertex

and u0, u1, u2, . . . , un be the corresponding vertices of v0, v1, v2 . . . , vn, respec-

tively, in S(K1,n). Note that if we delete the vertex u0, then u1, u2, . . . , un be-

come isolated vertices. Thus dv(S(K1,n), i) =
(
2n+1

i

)
, i = 2, 3, . . . , n+1. But the

set that contains u1, u2, . . . , un is not a vertex cut set. Therefore, deleting any of

v1, v2 . . . , vn along with u1, u2, . . . , un to not increase the number of components.

Thus dv(S(K1,n), i) =
(
2n+1

i

)
−

(
n

i−n

)
, i = n + 2, n + 3, . . . , 2n − 1. Similarly,

selecting the 2n−2 vertices from the vertices after deleting v0 and u0 will still be

the vertex cut set. Also, {v1, v2 . . . , vn, u1, u2, . . . , un} includes V (S(K1,n), 2n).

Therefore, dv(S(K1,n), 2n) =
(
2n
2

)
+ 1. Hence the result follows.

Theorem 6.1.2. If n ≥ 2, then the vertex cut polynomial of cosplitting graph of

star graph is given by

V [CS(K1,n;x] =
n−2∑
i=1

(
2n

i− 1

)
xi +

[(
2n

n− 1

)
+ 1

]
xn +

2n−1∑
i=n+1

[(
2n

i− 1

)
+

(
n+ 2

i− n

)]
xi +

[(
2n

2n− 1

)
+

(
n+ 2

n

)
− 1

]
x2n.

Proof. Let v0, v1, v2 . . . , vn, u0, u1, . . . , un be the vertices of CS(K1,n), where

v0, v1, v2 . . . , vn be the vertices of K1,n with v0 is the central vertex and ui be

the vertices corresponding to vi, i = 0, 1, . . . , n. We consider several cases for

dv(CS(K1,n), i), i = 1, 2, . . . , 2n.

Case(i) i = 1, 2, . . . , n− 1: Note that CS(K1,n) has only one cut vertex v0. If we

delete v0, then we get two components, one is an isolated vertex and other
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6.1. Vertex cut polynomial of some unary graph operations

one is a complete bipartite graph Kn,n. Let U = {v1, v2 . . . , vn, u1, . . . , un}

and S ⊂ U , then the union S∪{v0} is a vertex cut. Therefore, dv(CS(K1,n), i) =(
2n
i−1

)
, i = 1, 2, . . . , n− 1.

Case(ii) i = n: The set {v1, v2, . . . , vn} is a vertex cut. Thus, in this case, these

vertex cuts will be the vertex cut with the vertex cuts mentioned in Case(i).

Therefore, dv(CS(K1,n), n) =
(

2n
n−1

)
+ 1.

Case(iii) i = n+ 1, n+ 2, . . . , 2n− 1: Let S ′ ⊂ {v0, u0.u1, u2, . . . , un}, then the

union S ′∪{v1, v2, . . . , vn} is a vertex cut. Thus these vertex cuts will be the

vertex cuts with the vertex cuts S ∪ {v0} mentioned in Case(i). Therefore,

dv(CS(K1,n), i) =
∑2n−1

i=n+1(
(
2n
i−1

)
+
(
n+2
i−n

)
).

Case(iv) i = 2n: If the set of vertices S ′′ = {v1, v2, . . . , vn, u1, u2, . . . , un} are

deleted, then we are left with two vertices v0 and u0, it is a connected graph,

the set S ′′ is not a vertex cut. In this case all other vertex cuts mentioned

in Case(iii) are vertex cuts. Therefore, dv(CS(K1,n, i) =
(

2n
2n−1

)
+
(
n+2
n

)
−1.

This completes the proof.

Theorem 6.1.3. If n ≥ 1 and K ′
1,n is a graph obtained by duplication of the

central vertex of K1,n, then

V [K ′
1,n;x] =

n−3∑
i=0

(
n

i

)
xi+2 +

[(
n

2

)
+ 1

]
xn.

Proof. Let v0, v1, v2 . . . , vn be the vertices of K1,n and v′ be the duplication of

v0, where v0 be the center vertex. Note that K ′
1,n has no cut vertex. Thus

dv(K
′
1,n, 1) = 0. If we delete v0 and v′, then we obtain n isolated vertices.
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6.1. Vertex cut polynomial of some unary graph operations

Thus dv(K
′
1,n, i + 1) =

(
n
i

)
, i = 0, 1, 2, . . . , n − 1. All vertex cuts in V (K ′

1,n, i),

i = 2, 3, . . . , n − 1 include v0 and v′, but there is a vertex cut {v1, v2 . . . , vn} in

V (K ′
1,n, n) which does not contain v0 and v′. Thus dv(K

′
1,n, n) =

(
n

n−2

)
+ 1 =(

n
2

)
+ 1. Hence V [K ′

1,n;x] =
∑n−3

i=0

(
n
i

)
xi+2 + (

(
n
2

)
+ 1)xn. This completes the

proof.

Theorem 6.1.4. If n ≥ 1 and K ′
1,n is a graph obtained by duplication of one of

the leaves of K1,n, then

V [K ′
1,n;x] =

n−1∑
i=0

(
n+ 1

i

)
xi+1.

Proof. Let v′ be the duplication of one of the leaves of K1,n, then K1,n will be a

star graph with n+1 leaves. Hence V [K ′
1,n;x] =

∑n−1
i=0

(
n+1
i

)
xi+1. This completes

the proof.

Theorem 6.1.5. If n ≥ 1, then the vertex cut polynomial of shadow graph of

star graph is given by

V [Sh(K1,n);x] =
2n−1∑
i=0

(
2n

i

)
xi+2 +

[(
2n

2

)
+ 1

]
x2n.

Proof. Note that Sh(K1,n) = K ′
1,2n, where K1,2n is a graph obtained by dupli-

cation of a central vertex of K1,2n. Hence by Theorem 6.1.3, V [Sh(K1,n);x] =

V [K ′
1,2n;x]. This completes the proof.

Theorem 6.1.6. If n ≥ 1, then the vertex cut polynomial of Mycielski graph of

star graphis given by

V [µ(K1.n);x] =2x2 +
n∑

i=3

[
2

(
2n

i− 2

)
+

(
2n

i− 3

)]
xi + [2

(
2n

n− 1

)
+

(
2n

n− 2

)
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6.1. Vertex cut polynomial of some unary graph operations

+ 2]xn+1 +

[
2

(
2n

n

)
+

(
2n

n− 1

)
− 2

]
xn+2 +

2n−1∑
i=n+3

[2

(
2n

i− 2

)
+

(
2n

i− 3

)
− 2

(
n

i− n− 2

)
]xi + [2

(
2n

2n− 2

)
+

(
2n

2n− 3

)
−

2

(
n

n− 2

)
+ 1]x2n + [2

(
2n

n− 1

)
+

(
2n

n− 2

)
− 2

(
n

n− 1

)
+ 2]x2n+1.

Proof. Let v0, v1, . . . , vn, u0, u1, . . . , un, w be the vertices of µ(K1.n), where v0, v1,

. . . , vn are the vertices of K1,n with central vertex v0, ui corresponding to each

vi and w is the vertex to each ui, i = 0, 1, . . . , n. Let S = {w, u0, v0}, V =

{v1, . . . , vn} and U = {u1, . . . , un}. Note that µ(K1.n) has no cut vertex. We

consider several cases for dv(µ(K1,n), i), i = 2, 3, . . . , 2n+ 1.

Case(i) i = 2: Note that V (G, 2) = {{v0, w}, {u0, v0}}. Thus dv(G, 2) = 2.

Case(ii) i = 3, 4, . . . , n: Note that the set S itself is a vertex cut. The unions,

any subset of {v1, v2, . . . , vn, u1, u2, . . . , un} with cardinality i − 2 and any

element in V (G, 2) is a vertex cut. Similarly, the unions, any subset of

{v1, v2, . . . , vn, u1, u2,

. . . , un} with cardinality i−3 and S is a vertex cut. Therefore, dv(µ(K1,n), i) =

2
(
2n
i−2

)
+
(
2n
i−3

)
, i = 3, 4, . . . n.

Case(iii) i = n+ 1: Note that V ∪{w} and U∪{u0} are the vertex cuts. Thus in

this case, these two vertex cuts will be the vertex cuts with the vertex cuts

mentioned in Case(ii). Therefore, dv(µ(K1,n), n+ 1) = 2
(

2n
n−1

)
+
(

2n
n−2

)
+ 2.

Case(iv) i = n+ 2: he unions V ∪{v0, u0} and U ∪{v0, w} are not vertex cuts.

Thus these two subsets of V (µ(K1,n)) will not be vertex cuts mentioned in
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Case(ii). Therefore, dv(µ(K1,n), n+ 2) = 2
(
2n
n

)
+
(

2n
n−1

)
− 2.

Case(v) i = n+ 3, . . . , 2n− 1: Let U ′ ⊂ U , V ′ ⊂ V . The unions V ∪ {v0, u0} ∪

U ′ and U ∪ {v0, w} ∪ V ′ are not vertex cuts. Thus these 2
(

n
i−n

)
subsets

of V (µ(K1,n)) will not be vertex cuts mentioned in Case(ii). Therefore,

dv(µ(K1,n), i) = 2
(
2n
i−2

)
+
(
2n
i−3

)
− 2

(
n

i−n−2

)
, i = n+ 3, . . . , 2n− 1.

Case(vi) i = 2n: The subset V ∪ U of V (µ(K1,n)) is the vertex cut set with

the vertex cut sets mentioned in Case(v). Therefore, dv(µ(K1,n), 2n) =

2
(

2n
2n−2

)
+
(

2n
2n−3

)
− 2

(
n

n−2

)
+ 1.

Case(vii) i = 2n+ 1: The subsets V ∪U ∪{w} and V ∪U ∪{u0} of V (µ(K1,n))

are the vertex cut sets with the vertex cut sets mentioned in Case(v).

Therefore, dv(µ(K1,n), 2n+ 1) = 2
(

2n
n−1

)
+
(

2n
n−2

)
− 2

(
n

n−1

)
+ 2.

This completes the proof.

Theorem 6.1.7. If n ≥ 1, then the vertex cut polynomial of complement graph

of star graph is given by

V [K1,n, x] =
n−1∑
i=1

(
n

i

)
xi.

Proof. Note that K1,n has two components, one is an isolated vertex and the

other is a complete graph with n vertices. If we delete any vertex that is

not an isolated vertex from K1,n, give more than one component. Therefore,

V [K1,n, x] =
∑n−1

i=1

(
n
i

)
xi.
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6.2 Vertex cut polynomial of some binary graph

operations

Theorem 6.2.1. If G1 is a graph having n vertices and G2 is a graph having m

vertices, m > n, then vertex cut polynomial of join of G1 and G2 is given by

V [G1 ∨G2;x] =
m−2∑

i=κ(G2)

dv(G2, i)x
n+i.

Proof. Let G1 and G2 be two disjoint graphs with n and m vertices, respectively.

Since every vertex in G1 is adjacent to every vertex in G2, we get more than one

component only if all the vertices in G1 and the vertex cuts in G2 are removed.

Hence the result follows.

Corollary 6.2.2. If Shn is the shell graph with n+ 1(n ≥ 4) vertices, then

V [Shn;x] =
n−3∑
i=1

[(
n− 1

i

)
− i− 1

]
xi+1.

Proof. Note that Shn = Pn−1∨K1 and V [Pn;x] =
∑n−2

i=1

[(
n
i

)
− i− 1

]
xi. There-

fore, V [Pn−1∨K1;x] =
∑n−3

i=1

[(
n−1
i

)
− i− 1

]
xi+1. This completes the proof.

Theorem 6.2.3. If G1 is a graph having n vertices and G2 is a graph having m

vertices, m > n, then the vertex cut polynomial of union of G1 and G2 is given

by

V [G1 ∪G2;x] =(m+ n)x+
n−1∑
i=2

[
i∑

j=0

(
m

j

)(
n

i− j

)]
xi + (

n∑
j=0

(
m

j

)
(

n

n− j

)
)xn + (

m−1∑
i=n+1

dv(G2, i− n) +

(
m

i

)
+

n−1∑
j=1

(
m

i− j

)
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(
n

j

)
)xi +

[
n−1∑
j=1

(
m

m− j

)(
n

j

)]
xm +

m+n−2∑
i=m+1

(dv(G1, i−m)+

dv(G2, i− n) +
n−1∑

j=i−m+1

(
n

j

)(
m

i− j

)
)xi.

Proof. Since G1 ∪G2 has two components, all vertices of G1 ∪G2 are in V (G1 ∪

G2, 1). Therefore, dv(G1 ∪G2, 1) = m + n. Similarly, any subset of V (G1 ∪G2)

is contained in V (G1 ∪ G2, i), i = 2, 3, . . . , n − 1. Therefore, dv(G1 ∪ G2, i) =∑i
j=0

(
m
j

)(
n

i−j

)
. But if G1 is deleted, a connected component will be obtained.

Therefore, dv(G1 ∪G2, n) =
∑n

j=1

(
m
j

)
.

After deleting G1, if we want to get more than one component, then we have

to delete the vertex cuts of G2. Therefore, dv(G1∪G2, i) = dv(G2, i−n)+
(
m
i

)
+∑n−1

j=1

(
m
i−j

)(
n
j

)
, i = n + 1, n + 2, . . . ,m − 1. Similarly, if we remove G2, we get

a connected component; thus V (G1 ∪ G2,m) does not have a vertex cut that

only contains vertices in G2. Therefore, dv(G1 ∪G2,m) =
∑n−1

j=1

(
m

m−j

)(
n
j

)
. After

deleting G2, we have to remove the vertex cuts of G1. Thus dv(G1 ∪ G2, i) =

dv(G2, i− n) +
(
m
i

)
+
∑n−1

j=1

(
m
i−j

)(
n
j

)
, i = m+ 1.m+ 2, . . . ,m+ n− 2. Hence the

result follows.

Theorem 6.2.4. If G1 is a graph having n vertices and G2 is a graph having m

vertices,m > n, then the vertex cut polynomial of corona of G1 and G2 is given

by

V [G1 ◦G2;x] =nx+
n∑

i=2

[
n∑

j=1

(
n

j

)(
mn

i− j

)
+

(
n

i

)]
xi +

m∑
i=n+1

n∑
j=1

(
n

j

)(
mn

i− j

)

xi +
n−1∑
k=1

km+k−1∑
i=m+1

[
n∑

j=1

(
n

j

)(
mn

i− j

)
−
(
n

k

)(
m(n− k)

i− km− k

)]
xi
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+

n(m+1)−2∑
i=(n−1)(m+1)

[
n∑

j=1

(
n

j

)(
mn

i− j

)
+ ndv(G2, r)−

(
mn

r − 1

)]
xi.

Proof. Let G1 and G2 be two disjoint graphs with n and m (n < m) vertices,

respectively. We consider several cases for dv(G1◦G2, i), i = 1, 2, . . . , n(m+1)−2.

Case(i) i = 1: Since the ith vertex in G1 is connected to all vertices in the ith

copy of G2, the cut vertices in the corona graph will be vertices in G1. If

we delete a vertex in G1, then we get a copy of G2 and a component with

(n− 1)(m+ 1) vertices. Thus every vertex in G1 is cut vertex of G1 ◦G2.

Therefore, dv(G1 ◦G2, 1) = n.

Case(ii) i = 2, 3, . . . , n: All subsets of V (G1 ◦G2) that include at-least one ver-

tex in G1 are vertex cuts of G1 ◦ G2. Thus there are
(
n
i

)
vertex cuts with

only vertices in G1 and
∑n

j=1

(
n
j

)(
mn
i−j

)
vertex cuts with vertices in G1 and

G2. Therefore, dv(G1 ◦G2, i) =
∑n

j=1

(
n
j

)(
mn
i−j

)
+
(
n
i

)
, i = 2, 3, . . . , n.

Case(iii) i = n+ 1, n+ 2, . . . ,m: In this case there will be no vertex cuts with

only vertices in G1. All the vertex cuts have vertices in both G1 and G2.

Therefore, dv(G1 ◦G2, i) =
∑n

j=1

(
n
j

)(
mn
i−j

)
, i = n+ 1, n+ 2, . . . ,m.

Case(iv) i = m+ 1,m+ 2, . . . , (n− 1)m+ n: Deleting the ith vertex of G1 and

the ith copy of G2 together leaves only one component. Deleting the ith and

jth vertices of G1 and the ith and jth copies of G2 together leaves only one

component. Similarly, if k vertices and k copies of G2 are deleted, then only

one component remains. Therefore, dv(G1◦G2, i) =
∑n−1

k=1

[∑n
j=1

(
n
j

)(
mn
i−j

)]
−(

n
k

)(
m(n−k)
i−km−k

)
, i = m+ 1,m+ 2, . . . , (n− 1)m+ n.
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6.2. Vertex cut polynomial of some binary graph operations

Case(v) i = (n− 1)(m+ 1), . . . , n(m+ 1)− 2: In this case, more than one com-

ponent is obtained only if all vertex cuts of G2 are deleted along with

(n − 1)m + n vertices when only the ith copy of G2 remains. All sub-

sets of V (G2) cannot be considered in the case where only the ith copy

of G2 remains. All subsets of V (G2) cannot be considered in the case

where only the ith copy of G2 remains among vertex cuts involving ver-

tices in G1 and G2 as stated in case(ii). Therefore, dv(G1 ◦ G2, i) =∑n
j=1

(
n
j

)(
mn
i−j

)
+ ndv(G2, r)−

(
mn
r−1

)
, i = (n− 1)(m+ 1), . . . , n(m+ 1)− 2.

This completes the proof.

Theorem 6.2.5. If n ≥ 1, m ≥ 3, then the vertex cut polynomial of rooted

product graph of path graph Pn and cycle graph Cm is given by

V [Pn ◦v Cm;x] =nx+
m−1∑
i=2

n

[(
(n− 1)m

i− 1

)
+

(
m

i

)
−m+ i

]
xi+

n−2∑
k=1

(k+1)m−1∑
i=km

[
i∑

j=1

(
n

j

)(
mn− i

i− j

)
− (k + 1)

]
xi+[

m∑
j=1

(
n

j

)(
mn−m

m− j

)
− n

]
x(n−1)m+

nm−2∑
i=(n−1)m+1

[
i∑

j=1

(
n

j

)(
mn− i

i− j

)
− nm

]
xi.

Proof. Consider four cases for dv(Pn ◦v Cm, i), i = 1, 2, . . . , nm− 2.

Case(i) i = 1: Observe that root vertices are cut vertices; the remaining (n −

1)m vertices are not cut vertices. Therefore, dv(Pn ◦v Cm, 1) = n.

Case(ii) i = 2, 3, . . . ,m− 1: Note that V [Cm;x] =
∑m−2

i=2 [
(
m
i

)
−m]xi. That is

in a cycle graph; we obtain a disconnected graph by the removal of any
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6.2. Vertex cut polynomial of some binary graph operations

i non-adjacent vertices. But in the case of Pn ◦v Cm, i adjacent vertices,

including the root vertex, will be vertex cut. Similarly, a vertex cut consists

of i − 1 vertices in n − 1 copies of Cm that are not the ith copy of Cm

and the root vertex of the ith copy of Cm. Therefore, dv(Pn ◦v Cm, i) =(
(n−1)m

i−1

)
+
(
m
i

)
−m+ i, i = 2, 3, . . . ,m− 1.

Case(iii) i = m,m+ 1 . . . , (n− 1)m− 1: Note that Pn has
(
n
i

)
− i − 1 vertex

cuts with cardinality i. Similarly, the removal of i+1 copies of Cm cannot

disconnect Pn ◦v Cm. Thus, for k = 1, 2, . . . , n − 2, dv(Pn ◦v Cm, i) =∑i
j=1

(
n
j

)(
mn−i
i−j

)
− (k + 1), i = km, km+ 1, . . . , km− 1.

Case(iv) i = (n− 1)m: Note that we get a connected graph if only one cycle

is left when (n − 1)m vertices are deleted. We have there are n cycles.

Therefore, dv(Pn ◦v Cm, (n− 1)m) =
∑m

j=1

(
n
j

)(
mn−m
m−j

)
− n.

Case(v) i = (n− 1)m+ 1, (n− 1)m+ 2 . . . , nm− 2: As stated in the previous

case, when there is only one cycle left, deleting m adjacent vertices in that

cycle does not result in a disconnected graph. Therefore, dv(Pn ◦v Cm, i) =∑i
j=1

(
n
j

)(
mn−i
i−j

)
− nm., i = (n− 1)m+ 1, (n− 1)m+ 2, . . . , nm− 2.

This completes the proof.

Theorem 6.2.6. If n ≥ 1, m ≥ 3, then the vertex cut polynomial of Cartesian

product of path graph Pn and cycle graph Cm is given by

V [Pn□Cm;x] =(n− 2)xm +
2m−1∑
i=m+1

(n− 2)

(
(n− 1)m

i−m

)
xi+

n−2∑
k=2

(k+1)m−1∑
i=km

[
(n− 2)

(
(n− 1)m

i−m

)
− (k + 1)

(
(n− k)m

i− km

)]
xi+
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6.2. Vertex cut polynomial of some binary graph operations

(
(n− 1)m

(n− 2)m

)
x(n−1)m +

mn−2∑
i=(n−1)m+1

[
(n− 2)

(
(n− 1)m

i−m

)
− nm

]
xi.

Proof. Note that κ(Pn□Cm) = m. We consider several cases for dv(Pn□Cm, i),

i = m,m+ 1, . . . ,mn− 2.

Case(i) i = m: Observe that Pn has n−2 cut vertices. We obtain a disconnected

graph by removal of the ith copy of Cm, i = 2, 3, . . . , n − 1. The removal

of other vertices cannot disconnect Pn□Cm. Therefore, dv(Pn□Cm,m) =

n− 2.

Case(ii) i = m+ 1,m+ 2, . . . , 2m− 1: In this case, if we delete the jth copy of

Cm and i−m vertices in the other n− 1 copies of Cm, j = 2, 3, . . . , n− 1,

i = m+1,m+2, . . . , 2m−1, then we get a disconnected graph. Therefore,

dv(Pn□Cm, i) = (n− 2)
(
(n−1)m
i−m

)
, i = m+ 1,m+ 2, . . . , 2m− 1.

Case(iii) i = 2m, 2m+ 1 . . . , (n− 1)m− 1: For a fixed k, we obtain a discon-

nected graph by removal of k copies of Cm and i − km vertices in other

copies of Cm. Note that dv(Pn, i) =
(
n
i

)
− i − 1. We cannot obtain a dis-

connected graph in Pn by the removal of (i + 1) set of vertices. Similarly,

the removal of (k + 1) sets of k copies of Cm does not decompose the

graph. Thus we cannot obtain a disconnected graph by the removal of

k+1 set of k copies of Cm and i−km vertices in other copies of Cm, where

i = km, km+ 1, . . . , (k + 1)m− 1.

Case(iv) i = (n− 1)m+ 1, . . . ,mn− 2: In this case, if the remaining vertex

after deletion is a copy of a cycle, then to obtain a disconnected graph

when the vertices are removed from it, the vertices that are not adjacent
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6.2. Vertex cut polynomial of some binary graph operations

to the vertex cut of the cycle graph must be deleted. Each cycle has m

adjacent sets of vertices. Therefore, dv(Pn□Cm, i) = (n− 2)
(
(n−1)m
i−m

)
−nm,

i = (n− 1)m+ 1, . . . ,mn− 2.

This completes the proof.

100



Chapter 7
VC-Equivalent Classes of Graphs

The coefficients of some vertex cut polynomials are entirely the

same. Similarly, vertex cut polynomials of non-isomorphic graphs

are the same. In this chapter, we discuss those types of vertex

cut polynomials of graphs, and we define and study VC-equivalent

graphs and VC-equivalent classes of graphs.

7.1 VC-Equivalent Graphs

Definition 7.1.1. Two graphs G and H with order n and m, respectively, are

VC-equivalent if and only if dv(G, i) = dv(H, i + j), i = 1, 2, . . . , n − 2, j =

0, 1, 2, . . . ,m− i− 2.

Theorem 7.1.2. Let Wn (n ≥ 3) is the wheel graph, Cn is the cycle graph, F1,n

(n ≥ 3) is the fan graph, Pn is the path graph, K1,n (n ≥ 2) is the star graph,

then

1. Wn+1 and Cn are V C − equivalent,
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7.1. VC-Equivalent Graphs

2. F1,n and Pn are V C − equivalent,

3. K1,n and K1,n are V C − equivalent.

Proof

1. Note that V (Cn, i) =
(
n
i

)
− n, i = 2, . . . , n− 2 and V (Wn+1, i) =

(
n

i−1

)
− n,

i = 3, . . . , n− 3. Then clearly dv(Cn, i) = dv(Wn+1, i+ 1), i = 2, . . . , n− 2.

Hence Wn+1 and Cn are VC − equivalent .

2. Note that V [Pn;x] =
∑n−2

i=1

[(
n
i

)
− i− 1

]
xi and V [F1,n;x] =

∑n−2
i=1[(

n
i

)
− i− 1

]
xi+1, then clearly dv(Pn, i) = dv(F1,n, i+ 1), i = 1, 2, . . . ,

n− 2. Hence F1,n and Pn are VC − equivalent .

3. Note that V (K1,n, i + 1) =
(
n
i

)
and V (K1,n, i) =

(
n
i

)
, i = 1, 2, . . . , n − 2.

Then dv(K1,n, i+ 1) = dv(K1,n, i), i = 1, 2, . . . , n− 2. Hence K1,n and K1,n

are VC − equivalent .

This completes the proof.

Theorem 7.1.3. If H ∈ V C[G], then H and G are VC − equivalent.

Proof. If H ∈ V C[G], then V [G;x] = V [H;x] that is dv(G, i) = dv(H, i), ∀i ≥ 1.

Hence G and H are VC − equivalent .

Remark 7.1.4. The converse of the above theorem only true if G and H are

VC − equivalent, then dv(G, i) = dv(H, i+ j) , j = 0.

Lemma 7.1.5. If n ≥ 3, then

V [CLn;x] = 2n
2n−5∑
i=0

(
2n− 4

i

)
xi+3.
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7.2. VC-Equivalent Classes of Graphs

Proof. Note that a circular ladder graph is a 3-regular graph. Let v ∈ V (CLn).

We delete the vertices of the neighbors of v, that is, N(v) (like the vertex cut

polynomial of the Peterson graph); the remaining will be an isolated vertex and

a component G having 2n − 4 vertices. Next, we delete 3 vertices not in N(v),

and then we get a connected graph. Thus the graph can be disconnected by the

removal of N(v) and i vertices in G. Thus dv(CLn, i + 3) = 2n
(
2n−4

i

)
. Hence

V [CLn;x] = 2n
∑2n−5

i=0

(
2n−4

i

)
xi+3. This completes the proof.

7.2 VC-Equivalent Classes of Graphs

Definition 7.2.1. Let G be the graph; the VC-equivalent class of the graph G is

defined as VC [G ] := {H : V [G ; x ] = V [H ; x ]}.

Theorem 7.2.2. If CL5 is the circular ladder graph and P is the Petersen graph,

then CL5 ∈ V C[P ].

Proof. Note that V [P ;x] = 10
∑5

i=0

(
6
i

)
xi+3 and V [CL5;x] = 10

∑5
i=0

(
6
i

)
xi+3.

Also CL5 ≇ P (by Theorem 4.2.6 ). Hence CL5 ∈ V C[P ]. This completes the

proof.

Theorem 7.2.3. Let H and G be the graph of order m and n respectively. If H

and G are VC − equivalent and H /∈ V C[G], then m ̸= n.

Proof. Suppose m = n, then the largest power of V [G;x] and V [H;x] are n− 2.

Since G andH are VC − equivalent andH /∈ V C[G], then dv(G, i) = dv(H, i+j),

j ̸= 0, i = 1, 2, . . . , n − 2. Note that dv(G, n − 2) exist. Thus dv(H,n − 2 + j)
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7.2. VC-Equivalent Classes of Graphs

exists. Then we get a contradiction because the largest power of V [H;x] is n−2.

Hence m ̸= n. This completes the proof.
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Chapter 8
Conclusion and further scope of

research

First section of this chapter is summary of the thesis and the next

section includes some guidelines for future research work to explore

more areas.

8.1 Summary of the thesis

In this thesis, we introduced two new graph polynomials named the complement

degree polynomial of graphs and the vertex cut polynomial of graphs. These

polynomials of many well-known graphs and graph operations are derived.

The stability, number of real roots and location of roots in the complex plane

of the complement degree polynomial of graphs are also studied. In this thesis the

concept of CD-equivalent classes of graphs and VC-equivalent classes of graphs

are also introduced.

Complement degree polynomial of some graphs in chemical graph theory,
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8.2. Further scope of research

biological graph theory and network theory are derived. In addition, we conclude

CD[G, x] = V (G, x) (V (G, x) =
∑∆(G)

k=0 vkx
k, where ∆(G) = max{deg(v) : v ∈

V } and vk is the number of vertices of degree k) [14].

8.2 Further scope of research

1. Study the stability of the vertex cut polynomial of graphs.

2. Study the roots of the vertex cut polynomial of graphs.

3. Identify more CD-equivalent polynomials.

4. Identify more VC-equivalent polynomials.

5. Investigate vertex cut polynomials in other branches like chemical graph

theory, biological graph theory etc.
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