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ABSTRACT

Graph theory is one of the flourished branches of mathematics that studies
the properties of graphs, which are mathematical objects that represent pairwise
relationships between objects. The beauty of graph theory lies in its wide scope
of applications in fields ranging from network theory, chemistry and operational

research to architecture and linguistics.

Among various branches of graph theory, graph polynomials are one of the
well-studied concepts, as they are used to unveil the structural properties of
graphs. Also, the graph polynomials are used for the characterization of graphs.
Generally speaking, a graph polynomial is a polynomial assigned to a graph

whose coefficients are indicators of some graph-theoretic parameters.

In this thesis, we introduce two new graph polynomials named the comple-
ment degree polynomial and the vertex cut polynomial of graphs. We derive
these two polynomials of some well-known graphs and graph operations.Then we
investigate stability, real roots, and the location of roots of complement degree
polynomial. Moreover, we define equivalent classes of graphs of these two poly-
nomials. Finally, we discuss the complement degree polynomial of some chemical

graphs.

Key Words: graph polynomial, complement of a graph, degree of a vertex,

vertex connectivity, roots of the polynomial, stability of a polynomial.
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Introduction

Graph theory is one of the most burgeoning branches of mathematics. The
origin of graph theory started with the problem of the Konigsberg bridge; in
1735, Euler studied and solved the problem of the Konigsberg bridge [§]. A wide
range of studies are ongoing in graph theory, and graph polynomials are one of

the well-studied concepts in graph theory.

A graph polynomial is a polynomial assigned to a graph whose coefficients are
indicators of some graph-theoretic parameters [4]. The first graph polynomial
is the edge difference polynomial introduced by J.J. Sylvester in 1878 [9]. The
study of graph polynomials, their stability, real roots, and location of roots in

the complex plane is one of the main areas in graph theory.

In the present work, two new graph polynomials are introduced, namely
the complement degree polynomial of graphs and the vertex cut polynomial of
graphs. The complement degree polynomial of graphs relates to the degrees
of the vertices in the complement graph. The vertex cut polynomial of graphs

relates to vertex connectivity and vertex cuts of graphs.



Introduction

Overview of the Thesis

In this thesis, we introduce two new graph polynomials: the complement de-
gree polynomial of graphs and the vertex cut polynomial of graphs. The thesis
comprises nine chapters, including an introductory chapter. In the introductory
chapter, we discuss the motivation and importance of studying graph polynomi-

als.

Chapter Overview

Chapter 1: Basic definitions and notations in graph theory are described in the
first section. Definitions of some well-known graphs and graph operations are

described in the second and third sections, respectively.

Chapter 2: Introduces a new graph polynomial called the complement degree
polynomial of graphs. The definition and some general results are explained
in section 1. The complement degree polynomial of some well-known graphs,
graph operations, and some chemical graphs is identified in sections 2, 3, and 4,

respectively.

Chapter 3: There are some details and results on stability and roots of poly-
nomials are described in the first section and includes results on the stability of
the complement degree polynomial of graphs in the second section. In section 3,
we define cd-roots and real roots of complement degree polynomials of graphs.
In section 4, it identifies the location of the roots of the complement degree

polynomial of graphs.
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Chapter 4: Focuses on equivalent classes of graphs. CD-equivalent classes of
graphs are defined and studied in the first section, and we identify CD-equivalent

graph classes in section 2.

Chapter 5: Introduces another new graph polynomial named the vertex cut
polynomial of graphs. We define the vertex cut polynomial in section 1 and

derive the vertex cut polynomial of some well-known graphs in section 2.

Chapter 6: Includes the vertex cut polynomial of some unary graph opera-

tions and binary graph operations in sections 1 and 2, respectively.

Chapter 7: VC-equivalent graphs and VC-equivalent classes of graphs are

defined and studied in this chapter .

Chapter 8: Concludes and gives some directions for further research. Also,
we include a bibliography, a list of publications in Appendix I, and a list of paper

presentations in Appendix II.



Chapter

Preliminaries

This chapter includes basic terminology and notations of graphs and
polynomials. We collect the basic concepts of graphs as in graph
theory (1], written by Frank Harary. In the first section we collect
basic terminology of graphs. The second and third sections include
definitions of some well-known graphs and graph operations, respec-
tively. The fourth section deals with basic definitions and results of

polynomials.

1.1 Basic terminology of graphs

A graph G = (V, E) consists of a finite non empty set V' of p points called
vertices together with a prescribed set F of ¢ unordered pairs of distinct points

of V. Each pair e = uv of points in F is a line called edge of G [1].

e If e = ww, then we say that u and v are adjacent vertices, vertex v and e

are incident with each other, as are v and e.



1.1. Basic terminology of graphs

e If two distinct edges e; and ey are incident with a common vertex, then

they are adjacent edges.

e The number of elements in V and in E are called order and the size of G

respectively.

e Two or more edges having same end vertices are called multiple edges and

an edge with identical end vertices is called a loop.
e A graph having finite number of vertices and edges is called a finite graph.
e a subgraph of GG is a graph having all of its vertices and edges in G.

e Letv € V(G), then neighbourhood of v is defined as N (v) = {u: u adjacent to v}.

Two graphs G and H are isomorphic (written G = H) if there exist a
one-to-one correspondence between their vertex sets which preserves adjacency.
The complement G of a graph G also has V(G) as its vertex set, but two
vertices are adjacent in G if and only if they are not adjacent in G. A self

complementary graph is isomorphic with its complement [1].

The degree of a vertex v € V, written deg(v) is the number of edges in GG

which are incident with v.

e The minimum degree among the vertices of G is denoted §(G) or min deg

G while A(G) = max deg G is the largest such number.

e A pendant vertex (or leaf) is any vertex of degree 1 (that is, a vertex

adjacent to exactly one other vertex).

e A graph having all the vertices with same degree is called a regular graph.



1.2. Definitions of some well known graphs

A walk is an alternating sequence vy, €1, v1, €, ...,0;_1,€;,V;, ..., U, of vertices
and edges in which the vertices v;_; and v; are the end points of the edge e;. A
path is a walk having all the vertices distinct. A trail is a walk where all the
edges are distinct. A closed trail in which all the vertices are distinct is called a

cycle [1].

A graph is connected if every vertices are joined by a path. A maximal con-
nected subgraph of G is called a connected component or simply a component

of G. Thus a disconnected graph has at least two components [1].

A vertex cut of a non complete graph G is a set S of vertices of G such
that G — S is disconnected. A vertex cut of minimum cardinality in G is called a
minimum vertex cut of G and this cardinality is called the vertex connectivity
of G and is denoted by k(G). A vertex v in a graph G is called a cut vertex if

deleting v from G increases the number of components of G |1].

1.2 Definitions of some well known graphs

The complete graph K, has every pairs of its n vertices are adjacent. Thus
K, has (g) edges and is regular of degree n — 1. A null graph N,, is a graph
with n vertices in which there are no edges between its vertices. The Petersen

graph is an undirected cubic graph with 10 vertices and 15 edges.

A wheel graph W, is a graph formed by connecting a single vertex to all
vertices of a cycle C,,_; |15]. A complete bipartite graph K,,, is a graph
whose vertices can be partitioned into two subsets V' and U with cardinality m

and n respectively such that no edge has both end points in the same subset,
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Figure 1.1: Petersen graph

and every possible edge that could connect vertices in different subsets is part of

the graph [16].

A star graph is the complete biparite graph K;, with one central vertex
and n leaves. A helm graph denoted H, is a graph obtained by attaching a
single edge vertex to each vertex of the outer circuit of a wheel graph W,, [18].
A gear graph, denoted by G, is a graph obtained by inserting an extra vertex

between each pair of adjacent vertices on the perimeter of a wheel graph W, [17].

A bistar graph B, , is the union of two star graphs K, with centers u
and v together with a new edge wv. A lollipop graph L,,, is a special type
of graph consisting of a complete graph on m vertices and a path graph on n
vertices connected with a bridge [19]. A tadpole graph 7,,, is a special type
of graph consisting of a cycle graph on m vertices and path graph on n vertices
connected with a bridge [20]. The Pan graph 7,,; is the graph obtained by
joining a cycle graph to a singleton graph with a bridge. The m-pan graph is

therefore isomorphic with the (m,1)- tadpole graph [22].
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The windmill graph W,gm) is the graph obtained by taking m copies of the
complete graph K, with a vertex in common [22]. The friendship (or Dutch
windmill or n-fan) graph F), is a graph joining n copies of the cycle graph Cj
with a common vertex. A shell graph Sh,, is defined as a cycle C,, with n — 3

chords sharing a common end point called the apex [23].

The sunlet graph S, is the graph on 2n vertices obtained by attaching n
pendant edges to a cycle graph C,, [22]. The sun graph S, is a graph on 2n
vertices consisting of central complete graph with an outer ring of n vertices,
each of which is joined to both end points of the closest outer edge of the central
core [22]. A fan graph F,, , is defined as the join of two graphs K,, + P, where
K,, is the empty set on m vertices and P, is the path graph on n vertices. The

case m = 1 corresponds to the usual fan graph while m = 2 corresponds to the

double fan graph, etc [22].

For any integer m > 2 and n > 1, an umbrella graph U,,,, is the graph
obtained by appending a path P, to the central vertex of a fan graph F,, =
P, + K, [24]. A firecracker graph FC,,, is obtained by the concatenation of
m n — stars by linking one leaf from each [22]. A bow graph Sh,,, is defined

to be a double shell with common apex in which each shell has any order [25].

A butterfly graph BF, , is a bow graph along with exactly two pendant
edges at the apex [25]. A web graph Wb,, n > 2 is obtained by joining the
pendant vertices of a helm graph H, to form a cycle and then adding a single
pendant edge to each vertex of this outer cycle [4]. The book graph Bk, is
defined as the graph Cartesian product K; ,L1P,, where K, is a star graph and

P, is a path graph on two vertices [22].
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A complete r-partite graph K, ,,, .. is a graph whose vertex set can be
partitioned in to r non empty sets V;, i = 1,2, ..., r such that every vertex in V; is
adjacent to every vertex in V; for every i # jand 7,5 € {1,2,...,7} [4]. A crown
graph Cr, on 2n vertices is graph with two sets of vertices {uy, us, ..., u,} and
{v1,v2,...,v,} and with an edge from u; to v; whenever ¢ # j [26]. An armed
crown graph C,, (O P,, is a graph obtained by attaching a path P,, to every

vertex of the cycle C,, [4].

A banana tree graph BT, , is a graph obtained by connecting one leaf of
each of m copies of an n-star graph with a single root vertex that is distinct
from all the stars [22]. The sunflower graph Sf, is a graph on 2n + 1 vertices
consisting of central wheel graph with an outer ring of n vertices, each of which

is joined to both end points of the outer edge of the wheel graph.

A triangular snake graph T'S, is the graph on n vertices with n odd
defined by starting with the path graph P, ; and adding edges (2i — 1,2 + 1)
fori=1,2,...,n—1[27]. A quadrilateral snake graph @), is obtained from
a path vy, vy, ..., v, by joining v; and v; 1 to new vertices u; and w;, respectively
and joining the vertices u; and w; for + = 1,2,...,n — 1. That is every edge of
path is replaced by a cycle Cy |27]. An alternate quadrilateral snake graph
A(Q,) is obtained from a path vy, v, ..., v, by joining v; and v;,; (alternatively)
to new vertices u; and w;,1, respectively and joining the vertices w; and w;yq .
The double quadrilateral snake graph D(Q,,) consists of two quadrilateral
snakes that have a common path [27]. An alternate double quadrilateral
snake graph A(D(Q,)) is obtained from two alternative quadrilateral snakes

that have a common path. An alternate triangular snake graph A(7'S,)
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is obtained from a path vy, va, ..., v, by joining v;, v;41 (alternatively) to a new
vertex u;. A double triangular snake graph D(7'S,,) consists of two triangular

snakes that have a common path.

The ladder graph L, is the Cartesian product of two path graphs P, and
P, |21]. The circular ladder graph C'L,, is contractible by connecting the four
2-degree vertices in a straight way, or by the Cartesian product of a cycle of length
n > 3 and an edge [21]. Connecting the four 2-degree vertices crosswise creates a
cubic graph called a Mobius ladder graph ML, [21]. The triangular ladder
graph T'L,, is a graph that has a set of vertices. V(T'L,) = {u;,v; : 1 <i < n}
where many vertices |V| = 2n and set the F(TL,) = {uu;i1,vv,41 : 1 < i <
n—1}U{wy : 1 <i < n}pU{wvy 1 1 < i < n—1} where many edges
|E| = 4n—3 [21]. The diagonal ladder graph DL, (n > 2) is a graph obtained
from a ladder graph by by adding the edges u;v; 1 and u; v; for 1 <i<n—1
such graph has 2n vertices and 5n — 4 edges. Let P, be a path of n vertices
denoted by (1,1),(1,2),...,(1,n) and n — 1 edges denoted by ej,ea,...,€,1
where ¢; is the edge joining the vertices (1,7) and (1,7 + 1) on each edge e;,
i=1,2,...,n — 1 we erect a ladder with n — (i — 1) steps including the edge
e; [21]. The graph obtained is called step ladder graph and is denoted by
SL, where n denote the number of vertices in the base. It has % vertices
and n(n + 1) — 2 edges. Let Py, be a path of length 2n — 1 with 2n vertices
(1,1),(1,2),...,(1,2n) with 2n — 1 edges ey, ea,...,€9,-1 Where ¢; is the edge
that joins the vertices (1,4) and (1,7 4 1) on each edge e; for i = 1,2,...,n. We
erect a ladder with ¢ + 1 steps that include the edge e; and on each edge for
t=n+1n+2,...,2n — 1 we erect a ladder with 2n + 1 — ¢ steps including

the edge e; [21]. The double sided step ladder graph DS Ly, has vertices de-

10



1.3. Graph Operations

noted by (1,1),(1,2),...,(1,2n), (21, (2,2),....(2,2n),(3,2),(3,3), ..., (3,2n —
1),(4,3),(4,4),...,(4,2n —2),...,(n+ 1,n),(n+ 1,n+ 1). In the ordered pair
(i,7) where i denotes the row number (counted from bottom to top) and j de-
notes the column number (from left to right) in which the vertex occurs. It has

n? + 3n vertices and 2n? + 3n — 1 edges [21].

The bipartite cocktail party graph B, is the graph obtained by removing
a perfect matching from the complete bipartite graph K, , [4]. The cocktail
party graph C'P, is a graph consisting of two rows of paired vertices in which
all vertices except the paired ones are connected with straight lines; it is the

complement of the ladder graph [22].

1.3 Graph Operations

The corona graph GoH of two graphs GG and H is defined as the graph obtained
by taking one copy of G and |V (G)| copies of H and joining the i** vertex of G
to every vertex in the i copy of H. The Mycielski graph, ;(G) of a graph
G contains G itself as an isomorphic subgraph together with n + 1 additional
vertices; a vertex u; corresponding to each vertex v; of G and another w. Each
u; is connected by an edge to w and for each edge v;v; of G, u(G) includes two
additional edges v;u; and w;v; |4]. The shadow graph Sh(G) of a graph G is
obtained by taking two copies of GG, say G; and G, and joining each vertex of

(1 to the neighbors of the corresponding vertex of Gy [4].

Duplication of a vertex v of a graph G is the graph denoted by G’ obtained

by adding a vertex v in G with N(v) = N(v') [4]. A chaplet graph C, () C,’

11



1.3. Graph Operations

where p, g.t > 3 is obtained by taking one point union of ¢-copies of the cycle C,
and attaching the same to each vertex of the cycle C), [4]. The middle graph
M (G) of a graph G is the graph in which the vertex set is V(G) U E(G) and two
vertices are adjacent if and only if either they are adjacent edges of G or one is

vertex of G and the other is an edge incident with it.

For a graph G the splitting graph S(G) of graph G is obtained by adding a
new vertex v’ corresponding to each vertex v of G such that N(v) = N(v') [10].
The cosplitting graph C'S(G) is the graph obtained from G, by adding a new
vertex w; for each vertex v; and joining w; to all vertices which are not adjacent
to v; in G. The derivative of a graph G is a graph d(G) obtained from G by

deleting all the pendant vertices of G [4].

A graph L(G) is said to be a line graph of an undirected simple graph G
if the vertex set of L(G) is in one-one correspondence with the edge set of G
and two vertices of L(G) are joined by an edge if and only if the correspondence
edge of G are adjacent in G. Total graph denoted by T(G) of a graph G is a
graph in which the set of vertices and edge set of G and any two vertices in T'(G)
are said to be adjacent if and only if their corresponding elements are either
adjacent or incident in G. The central graph denoted by C(G) of a graph G is
the graph obtained by subdividing each edge of G exactly once and joining all

the non-adjacent vertices of G.
Let Gy = (Vi, E1) and Gy = (Va, Ey) be two graphs, the union G U Gy is
defined to be G = (V, E) where V.=V, UV; and E = E; U Es, the sum G + G

is defined as G U G4 together with all the lines joining points of V; to V5. The

join of two graphs G; and G5 is a graph formed from disjoint copies of G; and

12



1.3. Graph Operations

G5 by connecting every vertex of Gs, it is denoted by G, V Gs.

The rooted product graph Go, H of a graph GG and a rooted graph H with
root vertex v is defined as the graph by taking one copy of G and |V (G)| copies
of H and identifying the i"* vertex of G’ with the root vertex v in the i** copy
of H for every i € {1,2,...,|V(G)|}. The Cartesian product of two graphs G
and H is the graph GOH with vertex set V(G) x V(H) and the vertices (u,v)
and (z,y) are adjacent if and only if u = x and vy € E(H) or ux € E(G) and

v=uy [4].

13



Chapter 2

Complement Degree Polynomial

of Graphs

In this chapter is divided into three sections. In the first section,
we introduce the concept of the complement degree polynomial of a
graph. Subsequent sections focus on deriving the complement degree
polynomials of notable graphs, exploring the effects of various graph
operations and some chemical graphs. Throughout this chapter, our

attention is restricted to finite, undirected, and simple graphs

2.1 Complement degree polynomial of graphs

Definition 2.1.1. Let G = (V,E) be a graph, and let CD(G,i) be the set of

vertices of degree i in the complement graph G and let Cd;(G) = |CD(G,1)].

14



2.1. Complement degree polynomial of graphs

Then the complement degree polynomial of G is defined as

A@)
CDIG,a] = Y Cdi(G)a'.
i=8(G)

Figure 2.1: The graph G and G
Example 2.1.2. Consider the graph G and its complement graph G as shown
in Figure [2.1  Obviously, Cd,(G) = 0 = Cds(G), Cdx(G) = 2, Cd3(G) = 2,
and Cdy(G) = 2. Hence, the complement degree polynomial of G is CD|G, x| =

212 + 203 + 224,

Theorem 2.1.3. If G is a graph of order n and v be a vertex of degree d, then

degree of v in G isn — 1 —d.

Proof. Note that (deg(v) in G) + (deg(v) in G) = n—1. This implies that deg(v)
in G=n — 1 -(deg(v) in G) =n — 1 —d. Thus, deg(v) =n — 1 —d in G. This
completes the proof. O
Theorem 2.1.4. If G and H are two isomorphic graphs, then CD|G, z| =
CD[H, z].
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2.2. Complement degree polynomial of some graphs

Proof. Let G and H be two isomorphic graphs. Then the complement graphs G
and H are also isomorphic, and the degree sequence of G and H are the same.
Therefore, the complement degree polynomial of G and H is the same. This

completes the proof. ]

Remark 2.1.5. The converse of the above theorem meed not be true. That is,
the complement degree polynomial of two graphs G and H are the same, but G
and H need not be isomorphic. For example, consider the graphs G = P5 and
H = P, U (3. Note that the degree sequences of G and H are the same but

G2 H.

Theorem 2.1.6. A graph G is a r—regular graph if and only if CD|G,z] =

nwnfrfl .

Proof. Let G is a r—regular graph with n vertices. Note that, if G is a regular
graph then G is also a regular graph, that is, G is (n —r — 1) -regular graph.
Therefore, CD|G, z] = naz"""!. Conversely, suppose that CD|G, x| = na" "1
Since G is (n —r — 1) -regular graph and n — 1 — (n —r — 1) = r, it follows that

G is r-regular. This completes the proof. [

2.2 Complement degree polynomial of some graphs
Theorem 2.2.1. For a path graph P,, we have

2072, n=2;
CD[P,,z] =

(n—2)a" 3 +22"2 n>3.
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2.2. Complement degree polynomial of some graphs

Proof. Let vy, vy,...,v, be the vertices of P,. Assume that the vertices v; and
v, have degree 1 in P,. Therefore, v; and v, have degree n — 2 in P,. Observe
that vy, vs, ..., v,_1 have the degree 2 in P, and hence they have degree n — 3 in

P,. Therefore, CD[P,,z] = (n — 2)2"~ + 22"~2. This completes the proof. [

Theorem 2.2.2. For cycle graph C,,, Petersen graph P, and complete graph K,,

we have the following

(1) if n >3, then CD[C,,, x] = nz" 3,
(2) CD[P,z] = 109,

(3) if n > 1, then CD|K,,z] = n.

Proof. Note that the cycle graph C),, the Petersen graph P and the complete

graph K, are regular graphs. Then by Theorem the result follows. [

Theorem 2.2.3. For a wheel graph W,,, where n > 4, we have the following

CD[W,,z] = (n —1)z"* + 1.

Proof. Observe that the central vertex of the wheel graph is adjacent to all other
vertices. Thus, the degree of the central vertices in W, is 0. Note that the
outer ring of the wheel graph is C,,_;. Since CD[C,,, ] = nz" 3, it follows that
CDI[C,1,7] = (n—1)z" 173 = (n—1)z" . Thus CD[W,,,x] = (n—1)a"* + 1.

This completes the proof. ]

Theorem 2.2.4. For a complete bipartite graph K, ,, where m > 1 and n > 1,

17



2.2. Complement degree polynomial of some graphs

we have the following

CD[K o, 7] = ma™ ' +na" "t

Proof. Let U and V' be the bipartition of V' (K,,,) with cardinality m and n,
respectively. Since no edge has both endpoints in the same subset and every
possible edge that could connect vertices in different subsets of V(K,,,), we
have two components in m, each component is complete graphs with m and

n vertices. Thus, CD[K,, ,, x| = ma™ ' 4+ naz™~ 1. This completes the proof. [

Theorem 2.2.5. For a helm graph H,, where n > 3, we have the following

CDI[H,, x| = 2™ + nz®"* + nz®" ',

Proof. Let vg,vy1,...,v,,u1,us,...,u, be the vertices of H,, where vy is the
central vertex , wvy,vs,...,v, are the vertices adjacent to central vertex and
up, Ug, - . ., Uy be the pendant vertices. Since vy is not adjacent to any vertices of
Uy, Us, . .., Uy in H,, we have vy adjacent to all vertices of uq, us, ..., u, in H,.

Therefore, degree of vy is n in H,. Note that any v; adjacent to v;_1, vi1, v and
u;. Therefore, deg(v;) =2n — 4,1 =1,2,...,n. Similarly, the pendant vertex u;
is adjacent to the only vertex v;. Thus, deg(w;) =2n — 1,7 =1,2,...,n. Thus

CDI|H,,x] = 2™ + nz*~* 4+ nz* 1. This completes the proof. O

Theorem 2.2.6. For a gear graph G,,, where n > 3, we have the following

CDI[G,, ] = 2" 4+ nx® > 4 na® 2,

Proof. Let vg, vy, ..., 0, U1, Us, ..., u, be the vertices of G, (where vy is cen-
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2.2. Complement degree polynomial of some graphs

tral vertex, vy, vs,...,v, are vertices on the perimeter of a wheel graph and
uy,Us, ..., U, are inserting vertices between each pair of adjacent vertices of
U1, V2, ...,0U,). Note that vy adjacent to n vertices vy, vy, ..., v, in G,. Thus
v adjacent to ui,us, ..., u, in G,. Therefore, deg(vy) = n in G,,. Since each v
adjacent to u;, u;11 and vg in G,,, we have v; adjacent to other 2n — 3 vertices in
G,. Therefore, deg(v;) = 2n — 3, i = 1,2,...,n. Similarly, each u; adjacent to
v;_1 and v; in G,,. Thus u; is adjacent to the other 2n — 2 vertices in G,,. Thus

CDI|G,,z] = " + nz* 3 + nz* 2. This completes the proof. O

Theorem 2.2.7. For a bistar graph B,, ,, where n > 1, we have the following

CD|Bpn, ] = 2n2z®" + 22"

Proof. Let v,u,vy,...,v,,u1,Us,...,u, be the vertices of B, ,, with pendant ver-
tices uq, us, . . ., u, adjacent to u and the other pendant vertices vy, vo, ..., v, ad-
jacent to v. Note that each u; is adjacent to 2n vertices v, vy,..., Uy, U1, ... U;i_1,
Uig1y .-~y Uy N m Therefore, deg(u;) = 2n in m, 1 =1,2,...,n. Similarly,
deg(v;) = 2n,i = 1,2,...,n. Since u is adjacent to uy,us,...,u, and v in B, ,,
u is adjacent to vy, vy, ..., v, in B,,. Therefore deg(u) = n in B,,. Simi-

larly, deg(v) = n in B,,,,. Thus CD|B,,,x] = 2nz*" + 2z". This completes the

proof. O

Theorem 2.2.8. For a lollipop graph L., ,, where n > 1 and m > 1, we have

the following

CD|Lyp, ] = 2™ 2 4+ (n — 1)2™™" 3 + (m — 1)2" + 2" .
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Proof. Let vy, ..., v, u1, U, ..., Uy, be the vertices of L,,, with u,, adjacent to

vy. Since uqp,Us, ..., Uy adjacent to every vertex of the complete graph in

Lyn.n, they are adjacent to vy, vy, ..., v, in Ly, ,. Therefore, deg(u;) =n in Ly,
, ¢ =1,2,...,m — 1. The remaining vertex in the complete graph is u,,,
is adjacent to every vertex of a complete graph K,, and v; in L,, . Therefore,
deg(t,,) = m in Ly, ,, this follows that deg(u,,) =n — 1 in L,,,. Note that each
v; is adjacent to v;_q and v 1, @ = 2,3,...,n — 1. Similarly, v; is adjacent to
Uy, and ve. Therefore, deg(v;) =2 in Ly, @ = 1,2,...,n — 1: this implies that
deg(v;) =m+n—3in Ly, ,,i=1,2,...,n—1. Since v, is adjacent to only v, 1,
therefore deg(v,) = 1 in L,,,,. This implies deg(v,) = m +n — 2 in L,,,. Thus
CDI|Lpp,x] = 2™ 2+ (n—1)z™™" 3 4+ (m — 1)2" + 2™~ . This completes the

proof. ]

Theorem 2.2.9. For a tadpole graph T, ,, where m > 3 and n > 1, we have

the following

CD[Tm,n; SE’] == l’m+n72 -+ (m +n — 2)$m+n73 =+ xm+n*4_

Proof. Let vq,...,vp,,u1, U, ..., uy be the vertices of T, ,, with u,, adjacent to
vy and v, be the pendant vertex. Note that each vertex (other than u,, and v,)
is adjacent to another two vertices in 75, ,,. Therefore, each vertices (other than
U, and v,) adjacent to m +n — 3 in m The vertex u,, is adjacent to two
vertices in a cycle and on the vertices of a path in 7),,. Thus u,, adjacent to
other m — 3 vertices of a cycle and n — 1 vertices of the path in m Therefore,
deg(ty) = m+mn —4 in T, ,. Since v, be the pendant vertex, it follows that

deg(v,) = 1in T, ,, implies deg(v,) = m+n—2inT,, . Therefore, CD[T}, , x| =
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™2 4 (m 4 n — 2)z™ T3 + g™t This completes the proof. O

Theorem 2.2.10. For a windmill graph WT(Lm), wheren > 2 and m > 1, we have
the following
CDW™ 2] = m(n — 1)atm=DE=1 4 1,

Proof. The common vertex in the windmill graph is adjacent to every vertex of
WT(Lm). Thus this that common vertex is an isolated vertex in W If we delete
the common vertex, we get m copies of the complete graph K, _;. The vertices
in each complete graph are adjacent to vertices of other m — 1 complete graphs

K,_1in Wém). Thus the degree of vertices other than the common vertex is

(n—1)(m—1)in W™ Therefore, CD| ) z] = m(n— 1)V 4 1. This

completes the proof. O

Corollary 2.2.11. For a friendship graph F,,, where n > 3, we have the following
CD|F,,z] = 2nz*®™V 4 1.
Theorem 2.2.12. For a shell graph Sh,,, where n > 4, we have the following
CD|[Shy,z] = 22" %+ (n — 3)2"* + 1.

Proof. Let vy, vq,...,v, be the vertices of Sh,, with v; is the apex and v3, ..., v,_1
are the end points of chords with v;. Note that the apex of the shell graph is
adjacent to every vertex. Therefore, v; is an isolated vertex in Sh,. Also, we
have vs,...,v,_1 as the endpoints of chords in Sh,,. Thus the degree of any v;,
1 =3,4,...,n—1,1is 3 in Sh,. That is the degree of v;, 1 = 3,4,...,n — 1, is

n — 4 in Sh,. Since v, and v, are part of C,, but not sharing with any chords,
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2.2. Complement degree polynomial of some graphs

therefore, the degree of vy and v, is 2 in Sh,,. Thus, the degree of v, and v, is
n — 3 in Sh,,. Therefore, C D[Sh,,, ] = 20" 3 + (n — 3)2"~* + 1. This completes

the proof. O

Theorem 2.2.13. For a sunlet graph Sl,, where n > 3, we have the following

CD|Sl,,r] = nx® 2 + nz®" .

Proof. Let vy,...,v,,u1,Us,...,u, be the vertices of the sunlet graph S1,, with
pendant vertices vy, vo, ..., v,. Note that each v; is adjacent to u;, 1 = 1,2,...,n.
Any pendant vertex v;, i = 1,2, ...,n adjacent to other pendant vertices and all
vertices in the inner circle except u;, i = 1,2,...,n in Sl,. Then deg(v;) = 2n —2
in S_ln, 1 =1,2,...,n. Note that each u; is adjacent to u;_1,u;;1 and v; in Sl,,.
Then each w; adjacent to all vertices except w;_1,u;+1 and v; in Sl,. That is
deg(u;) = 2n — 4 in Sl,,, i = 1,2,...,n. Thus CD[SI,,z] = nz®" 2 4+ naz®"*.

This completes the proof. ]

Theorem 2.2.14. For a sungraph S,, where n > 3, we have the following

CDI[S,, r] = na* ™ 4 na" 2

Proof. Let vy,...,0,,uy,us,...,u, be the vertices of the sun graph S, with
Uy, Usg, - . ., U, be the vertices of the complete graph K, and vq,...,v, be the
vertices in the outer ring of S,. The vertices in the outer ring are adjacent to
only two vertices of the complete graph. That is degree of each v; is 2 in S,,.
Thus the degree of each v; is 2n — 3 in S,. Note that the vertices uq, ug, . . ., Uy

are part of a complete graph K,,, and each u; is adjacent to only two vertices
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of the outer ring of S,. That is the degree of each u; is 24+ n—1=n+1
in S,. Thus the degree of each u; is n — 2 in S,, i = 1,2,...,n. Therefore,

CD]IS,, x] = nxz*~3 4+ nz"~2. This completes the proof. O

Theorem 2.2.15. For a fan graph F ,, where n > 3, we have the following
CDIFyn, 7] =22"2 + (n — 2)2" 7 + 1.

Proof. The fan graph is the sum of two graphs K; + P,. Note that the vertex of
K adjacent to all vertices of P,,. Therefore, K7 is an isolated vertex of m If we
remove K in Fj ,,, then we get the path graph. Also note that the degree of end
vertices of the path graph is n — 2 in P, and the degree of remaining vertices of
P,isn—3in B, (by Theorem. Thus CD[F , 2] = 22" %+ (n—2)z" 3 +1.

This completes the proof. O

Theorem 2.2.16. For a double fan graph F,,,, where n > 3, we have the fol-
lowing

CDI|Fy,, 7] = 22" + (n — 2)2"* + 2z.

Proof. Observe that m graph is a disconnected graph with two components K»
and P,. The degree of each vertex in Ky is 1, and by Theorem 2.2.1, CD|[P,, z] =
22772 + (n — 2)a" 3. Therefore, CD[Fy,,,x] = 222 + (n — 2)2" 3 + 2x. This

completes the proof. [
Theorem 2.2.17. For a umbrella graph U,,,,, where m > 3 and n > 2, we have
the following

CD[Upp, 7] = 2™ 4 (n 4+ D™ "2 4 (m — 2)z™ " 4 2"
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Proof. Let vq,..., 0, w,u1, Uz, ..., u, be the vertices of umbrella graph U,
(where vy, ..., v, be the vertices of the path graph P,, of fan graph, w be the
central vertex of fan graph, and wuy,us,...,u, be the vertices of path graph P,
and u; adjacent to w). Since degree of vertices ve, vs, ..., Up_1 is 3 in Uy, p, it
follows that the degree of these m — 2 vertices in m is m +mn — 3. The central
vertex w is adjacent to m vertices vy,...,v,, of the fan graph and vertex u; of
the path graph. Thus deg(w) = m + 1 in U,,,,. Therefore, deg(w) = n — 1 in
U Similarly, the degree of n — 1 vertices uy, us, ..., u,_; of the path graph
is 2 in Uy, ,; and the degree of these n — 1 vertices is m +n — 2 in m The
degree of leaf vertex u, of the umbrella graph is m +n — 1 in U,,,. Thus
CD[Upp,z] = 2™ 1+ (n+1)2™ ™2 + (m — 2)z™ "3 + 2"~ 1. This completes

the proof. O

Theorem 2.2.18. For firecracker graph FC,,,, where m > 3 and n > 2, we

have the following

CD[FOm,n7 .’,U] = m(n _ 2)Imn_2 4 2xmn—3 + (m . 2)xmn—4 + mx”(m_l),

Proof. The degree of m — 2 linking leaves is 3 in F'C),,, but the degree of the
first and last linking leaves is 2 in F'C,, . The degree of these m — 2 linking
leaves is mn — 4 and the degree of the other two linking leaves are mn — 3 in
FC,,.n. The central vertices of each star graph are adjacent to (m — 1)n vertices
of other star graphs in FC,,,. The degree of remaining m(n —2) vertices (leaves
of FCp, ) is mn — 2 in FC,,,. Therefore, CD[FC,,,x] = m(n — 2)x™" 2 +

223 4 (m — 2)2™* + ma™™ V. This completes the proof. O

Theorem 2.2.19. For a bow graph Shy, ,, where m > 3 and n > 2, we have the
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following

CD[Shyn, x| =422 + (m +n — 4)2™" 3 4 1.
Proof. Let vy, ..., 0, w,us,usg, ..., Uy, be the vertices of a bow graph (where w
is the apex, vy, ..., v, are the vertices of one shell graph, and uy, us, ..., u,, are

the vertices of another shell graph). The apex of the bow graph is adjacent to all
vertices of the bow graph; therefore, w is an isolated vertex in Sh—mn Note that in
each shell graph, n—2 vertices vy, v3, ..., v,_1 and m— 2 vertices us, U3, . .., Upy_1
occur at the ends of the chords. Therefore, the degree of m — 2 + n — 2 vertices
is 3 in Shy, ., then the degree of these m + n — 4 vertices is m +n — 3 in
Shum.n, it follows that the degree of the remaining 4 vertices is 2 in S Py then
the degree of these 4 vertices is m +n — 2 in Shy,,. Thus CD[Shpy, ., 2] =

4™ =2 4 (m +n — 4)z™ "3 4+ 1. This completes the proof. O

Corollary 2.2.20. For a butterfly graph BF, ,, where n > 2, we have the fol-
lowing

CD|[BF, ., x] = 22*""" +42®" + (2n — 4)2*" ' + 1.

Proof. The pendant vertices of the butterfly graph are adjacent to only the apex;
therefore, these two pendant vertices are adjacent to each vertex of the shell
graph, and these two pendant vertices are adjacent to each other in BF,,,,. Thus
the degree of these pendant vertices is 2n + 1 in BF,,,,. Also, the degree of other
vertices except the apex is the same as the bow graph and the apex is adjacent to
all vertices in BF,,,,. Note that the number of vertices of the butterfly graph is
2n+3. Then, by Theorem[2.2.19, CD[BF, ,, x] = 22> 442"+ (2n—4) 2>~ +1.

This completes the proof. ]

25



2.2. Complement degree polynomial of some graphs

Theorem 2.2.21. For a web graph Wb,,, where n > 3, we have the following

CD[Wb,, x] = nae® 2 + na®* 4 na® 5.

Proof. Let vy,...,v,, U1, U, ..., Up, Wy, Wa, ..., w, be the vertices of web graph
Wb, (where vy,...,v, are the vertices of the inner cycle, uy,us, ..., u, are the
vertices of the outer cycle, and wy, wo, . .., w, are the pendant vertices of the web

graph). Note that any v; adjacent to v;_1,v;11, and u;, that is, the degree of v;
is 3 in Wb,,. Therefore, the degree of v;, i = 1,2,...,n is 3n — 4 in Wb,,. Since
any u; is adjacent to u;_1, u;11,v; and w;, that is, the degree of u; is 4 in Wb, it
follows that the degree of u;, i = 1,2,...,n is 3n — 5 in Wh,. Sine the vertices
wy, Ws, . .., w, are the pendant vertices; therefore the degree of wq,ws, ..., w, is
3n — 2 in Wh,. Thus CD[Wb,,z] = naz® 2 + nz®~* + nz®"~°. This completes

the proof. ]

Theorem 2.2.22. For a book graph Bk, where n > 1, we have the following

CD[Bk,, z] = 2na**"" + 22"

Proof. Note that book graph Bk, is the Cartesian product of the star graph K ,,
and path graph P, and let vy, vy, ..., vy, ug, U1, Us, . .., u, be the vertices of the
book graph Bk, (where vy, vy, ..., v, are the vertices of one star graph with v, as
a central vertex and ug, uy, us, . .., u, are the vertices of another star graph with
ug as the central vertex). Since v; is adjacent to w; and vg, i = 1,2,...,n in Bk,
then the degree of v; is 2 in Bk,. Therefore, the degree of v; is 2n — 1 in Bk,,.

Similarly, the degree of u;, © = 1,2,...,n,is 2n — 1 in Bk,. The central vertex
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vp is adjacent to vy, vs, ..., v, and ug in Bk,, that is, the degree of vy is n+ 1 in
Bk,,. Thus the degree of vy is 2n +1 —n — 1 = n in Bk,. Similarly, the degree
of ug is n in Bk,. Therefore, C D[Bk,, z] = 2nz**~! + 2z™. This completes the

proof. ]

Theorem 2.2.23. For a crown graph Cr,, where n > 2, we have the following
CD|[Crp, x] = 2na™.

Proof. Observe that the crown graph Cr,, is (n — 1)- regular. Then by Theorem
CDI[Cr,,x] = 2nx®>~(=D=1 = 2pg". This completes the proof. O

Theorem 2.2.24. For a banana tree graph, where m > 1 and n > 2, we have

the following
CD[BTpp,z) = 2™ (x7™ + ma'™™ + ma~ 2 + m(n — 2)z~ ).

Proof. Since degree of the root vertex in the banana tree graph BT, ,, is m, the
degree of this vertex in BT,,, is mn — m. Similarly, the degree of the central
vertex of each star graph is n — 1 in BT, ,, the degree of these m vertices is
mn —14+n in m Also, the degree of each neighbor of the root vertex is 2
in BT, ,, it follows that the degree of these m vertices is mn — 2 in Wmn The
remaining leaf of each star graph is adjacent to mn — 1 in BT,,,. Therefore,
CD[BTpn,z] = 2™ (2™ +mx'™" + mz—2 + m(n — 2)z~'). This completes the

proof. ]

Theorem 2.2.25. For a sun flower graph Sf,, where n > 3, we have the fol-
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lowing

CDI[Sfn, x] = na® 2 + na* 5 + 2™
Proof. Let w,vy,va. ..., 0,, Uy, Us,...,u, be the vertices of the sun flower graph
S fn, where w is the central vertex, vy, vy, ..., v, are the vertices of the inner ring

of Sf,, and uq,us,...,

u, are the vertices of the outer ring of Sf,. Since w is adjacent to the vertices
U1, Ve, ..., 0, in S f,, then w is adjacent to the n vertices uq, us, ..., u,. Also, each
v; is adjacent to w,v;_1, v 1, u; and u;,q in Sf,, v; is adjacent to n — 2 vertices
Uy, Uy« v vy Wi, Uity -« -, Uy and n — 3 vertices vy, Vg, ..., Vi 2, Vita,...,V,. Thus
deg(v;) =n—3+n—2=2n—>5. Similarly, u; is adjacent to v; and v;;; in Sf,,
u; is adjacent to n — 1 vertices. uy, Usg, ..., Uj—1,Uit1,- ., Uy, w and n — 2 vertices
V1,V .y Vie1, Vig2, - - Uy in Sf,. Thus deg(u;) =n—14+n—2+1=2n—2.

Therefore, CD[S f,, x] = nx*"~2 4+ nx®*~> + z". This completes the proof. O

Theorem 2.2.26. For a triangular snake graph T'S,, where n > 5, we have the

following

(n + 3) xnf?; + (n — 3) xn75.

D|T =
CD|TS,, x| 5 5

Proof. Let vi,vs,...,v, be the vertices of the triangular snake graph 7'S,,. We
have the degrees of vz, vs,...,v, o is 4 in T'S,,. Thus the degree of these ”T’?’
vertices is n—>5 in TS,,. Similarly, the degree of vy, v9, vy, ..., v,_1,0, 18 2in TS,

Then the degree of these 2 vertices is n — 3 in T'S,,. Therefore, CD[T'S,,,z] =

(";3) "3 4 (”—;3)1:"_5. This completes the proof. O

Theorem 2.2.27. For a quadrilateral snake graph Q,, where n > 3, we have
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the following

CD[Qn, ] = (n — 2)z*" 7 + 2na™ .

Proof. Let vy,v9,... 0, U1, U, ..., Up_1, W1, Wa, ..., W, 1 be the vertices of the
quadrilateral snake graph @,, where vy, uy, wy, Vg, Ug, W, ..., Up_1,Wy_1,V, 1S
the largest path in @, and v; and v;;; is adjacent. Note that the degrees of
Vo, U3, ...,U,_1 are 4 in Q),,. Then the degree of these n — 2 vertices is

3n—2—1—4 = 3n—71in Q,,. Similarly, the degree of vy, vy,, U1, Us, . . . , Un_1, W1, W,
.o, Wyh_1 18 21in Q,. Then the degree of these 2n verticesis 3n—2—1—2 =3n—>5
in Q,. Therefore, CD[Q,,z] = (n — 2)2°"~7 + 2nz®"=°. This completes the

proof. O

Theorem 2.2.28. For an alternate quadrilateral graph A(Q,), where n > 3, we

have the following

(n —2)a? % + na? 4 4 2?73 if nis odd

(n —2)z"* + (n + 2)2?" 3, if nis even.

Proof. Let vy, vg, ..., Up, U1, Us, ..., u; (Where k =n —11if nis odd or k = n if
n is even) be the vertices of alternate quadrilateral graph A(Q,) by joining v;
and v;41 (alternatively) to new vertices u; and u, 1, respectively, and joining the

vertices u; and u;, 1. We consider the following cases.

Case(i) If n is odd: Note that the degree of vy, vs,...,v,-1 is 3 in A(Q,).

Then the degree of these n — 2 vertices is 2n—1—1—3 = 2n—5 in A(Q,,).
Similarly, the degree of vy, uy,us, ..., u,—1 is 2 in A(Q,), and the degree of

these n vertices vy, uy, ug, ..., up_1i82n—1—-1-2=2n—41in A(Q,) . If n
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is odd, then A(Q,) has a pendant vertex v,,. The deg(v,) =2n—1—-1—1 =

2n — 3. Therefore, CD[A(Q,),z] = (n — 2)z*"~> + na?~4 4 g3,

Case(ii) If n is even: Note that A(Q,) has no pendant vertex. The vertices

V1, Up, U1, Uz, ..., U, have the degree 2 in A(Q,). Then the degree of

V1, Up, Uty U, - - ., Up 18 2n—3 in A(Q),,). Similarly, the degree of vg, vs, ..., v,_1

is 3 in A(Q,). Then the degree of these n — 2 vertices is 2n — 4 in A(Q,,).

Therefore, CD[A(Q,),z] = (n — 2)z** + (n + 2)z* 3.

This completes the proof. O

Corollary 2.2.29. For a double quadrilateral snake graph D(Q,,), where n > 3,

we have the following

CD[D(Q,),r] = (n — 2)z"" M + 2278 4 (4n — 4)2°" 7.

Proof. Note that D(Q),,) has bn—4 vertices. Of these n—2 vertices have degree 6,
4n—4 vertices have degree 2 and 2 vertices have degree 3 in D(Q,,). Then the n—2
vertices have degree 5n — 11, 4n — 4 vertices are degree 5n — 7 and the remaining
2 vertices have degree 5n — 8 vertices in A(Q,). Therefore, CD[D(Q,),z] =

(n — 2)2°" 1 4+ 225778 4 (4n — 4)2°~". This completes the proof. O
Corollary 2.2.30. For an alternate double quadrilateral snake graph A(D(Qy)),
where n > 3, we have the following

;

(n _ 2)x3n—7 + .1'3”_6 + 2(n _ 1)x3n—5

CD[A(D(Qy)),z] = it if nis odd

(n — 2)z3"=5 4 22374 4 2pa3n—3, if nis even.
\
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Proof. Note that in A(D(Q.,)), there are 3n vertices if n is an even number and
there are 3n — 2 vertices if n is an odd number. The rest of the proof is the same

as the proof of Theorem [2.2.28 O

Theorem 2.2.31. For an alternate triangular snake graph A(T'S,,), wheren > 3,

we have the following

3n—9 3n—=5 . .
(n—2)z"z + 222 T4 27 if nisodd

CDIA(TS,), x| =
(n—2)z"7 + ("TH)xL;S, if nis even.
Proof. Let vy, vy, ..., 0y, u1,usg,...,up (Where k = ”T’l if nis odd or k = % if

n is even) be the vertices of A(T'S,) joining v;, v;41 to uii. We consider the
2

following cases.

Case(i) If n is odd: Note that A(T'S,) has n+ 25+ = 22=L vertices. The n—2

vertices vy, v3, ..., U,_1 have degree 3, "T’l +1= "TH vertices vy, Uy, Usg, . . .,

un_i has degree 2 and the pendant vertex v, has degree 1 in A(TS,).

Then these n — 2 vertices vo, v3, ..., v,_1 have degree 3”2—_1 —1-3= #
and "T“ vertices vy, Uy, Usg, ..., Un—1 have degree 3"2—’1 -—1-2 = 3”2’7,
2

and the degree of v, is =% in A(TS,). Therefore, CD[A(TS,),x] =

2

3n—9 3n—5
(n—2)z"z + 22374 273

Case(ii) If n is even: Note that A(T'S,) has n+ 2 = 3 vertices, and A(T'S,,)

has no pendant vertices. Thus, as in case (i), the degree of n — 2 vertices

is 228 "and that of ®* is 228 in A(T'S,). Therefore, CD[A(T'S,),z] =

2 2

3n—8 3n—6

(n—2)z"z + () 7.

This completes the proof. O
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Corollary 2.2.32. For a double triangular snake graph D(T'S,), where n > 3,

we have the following

CD[D(TS,),r] = (n —2)z*" + 22" + 2(n — 1)2*"°.

Theorem 2.2.33. For a ladder graph L,, where n > 2, we have the following

CDIL,, ] = 42°" % + (2n — 4)2*" %,

Proof. Let vq,...,v,,u1,us, ..., u, be the vertices of the ladder graph L,, (where
vy, ...,U, are the vertices of one path graph P,, uy,us,...,u, are the vertices
of another path graph P, and v; is adjacent to u;, ¢ = 1,2,...,n). Note that
vy is adjacent to vy and wy in L,. Therefore, v; is adjacent to the other 2n — 3
vertices vs, U4, . .., Un, Ug, Us, . . ., Uy i0 L. Similarly, u;, v, and u, are adjacent
to 2n — 3 vertices in L,. Also we have vy is adjacent to vy, vs, and us in L,.
Therefore, v, is adjacent to the other 2n — 4 vertices in L,. Similarly, the
vertices vs, U4, . .., Up_1, Us, Us, . . . Up_1 are adjacent to 2n—4 vertices in L,,. Thus

CDI|L,,x] = 423 + (2n — 4)z*"~*. This completes the proof. O

Theorem 2.2.34. For a circular ladder graph CL,,, where n > 3, we have the

following
CD[CLy, x| = 2na®*.

Proof. Note that C'L,, is a 3-regular graph. Hence the result follows from Theo-

rem [2.1.6l ]

Theorem 2.2.35. For a Mobius ladder graph M L,,, where n > 3, we have the

following CD[ML,,, ] = 2nx®~*.
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Proof. Note that ML, is a 3-regular graph. The result follows from Theorem
2.1.6. O

Remark 2.2.36. The circular ladder graph and the Mobius ladder graph have

the same complement degree polynomial.

Theorem 2.2.37. For a triangular ladder graph T'L,,, where n > 2, we have the
following

CD[TL,,x] = 22> 4+ 22*"* + (2n — 4)2*" >,

Proof. Let vy,v9,...,v,,u1,Us,...,u, be the vertices of T'L,, . In the triangular
ladder graph, there are four corner vertices. The two of the opposite corner
vertices have degree 2 in T'L,,, and then the degree of these two vertices is 2n — 3
in TL,. The other corner vertices have degree 3 because the vertices u; and
v;11 are joined by an edge in TL,, then the degree of these two vertices is
2n — 4 in TL,. The remaining inner vertices have degree four in TL,, the
degree of these 2n — 4 inner vertices is 2n — 5 in TL,. Hence CD[TL,,x] =

227773 4 2724 4 (2n — 4)2* 5. This completes the proof. O

Theorem 2.2.38. For a diagonal ladder graph DL, where n > 2, we have the
following
CD|DL,, ] = 42** + (2n — 4)2*"~5.

Proof. Let vy,v9,...,0,,u1,Us,...,u, be the vertices of DL,. The triangular
ladder graph has four corner vertices, each of degree 3 in DL,,. Thus the degree
of these 4 corner vertices is 2n —4 in DL,,. The remaining vertices have degree 5
in DL,, the degree of these 2n — 4 vertices is 2n — 6. Therefore, C D[DL,,, z| =

44 + (2n — 4)2?"C. This completes the proof. O

33



2.2. Complement degree polynomial of some graphs

Theorem 2.2.39. For a step ladder graph SL,, where n > 2, we have the

following

2 _3p 42
CDI[SL,,z] = (n+2)2"3 + (2n — 4)aP™* + (%) rPd

243,
where p = %

Proof. Note that the graph SL,, has n+ 2 corner vertices, each of degree 2; then
the degree of these n + 2 vertices is p — 3 in SL,. The vertices in boundary
lines have degree 3 except the corner vertices in SL,; the degree of these 2n — 4
vertices is p — 4 in SL,. Since remaining inner vertices have degree 4 in SL,, the

vertices is p — 5 in SL,. Hence the result follows. O]

2_
degree of these %

Theorem 2.2.40. For a double sided step ladder graph DSL,,, where n > 1, we

have the following
CD[DSL,, ] = (2n + 2)2" *3=3 4 (2n — 2)z™ 34 4 (n? — )2 +375,

Proof. The graph DSL,, has 2n + 2 corner vertices, and each of them has degree
2. Hence the degree of these 2n + 2 vertices is n? + 3n — 3 in DSL,,. The total
number of vertices in the base of the graph, except the corner vertices, is 2n — 2.
Note taht each of which has degree 3 in DSL,,. Thus the degree of these 2n — 2
vertices is n? 4+ 3n — 4 in DSL,,. Since remaining n? — n vertices have degree 4
in DSL,, the degree of these vertices is n> 4+ 3n — 5 in DSL,,, which gives the

result. ]

Theorem 2.2.41. For a bipartite cocktail party graph B,, where n > 2, we have
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the following CD|[B,,, x| = 2na".

Proof. Note that B, is the graph obtained by joining perfect match to the two
disconnected graph K,. The degree of each 2n vertex isn — 1+ 1 = n in B,.

Thus CD|[B,, x] = 2na". O

Theorem 2.2.42. For a cocktail party graph CP,, where n > 2, we have the
following
CDICP,,z] = 42® + 2(n — 2)z°.

Proof. Observe that CP, = L,. Therefore, CD[CP,,z] = V(L,,z) = 42* +

2(n — 2)x3. This completes the proof. O

2.3 Complement degree polynomial of some graph

operations

Theorem 2.3.1. Let G be a graph with order n and G =GUGU...UG (m

times). Then CD[G,x] = ma™~Y"CD|G, x].

Proof. Observe that the order of G is mn. Let v € V(G) and the degree of v is
d, then deg(v) = n —1—d in G. Since v is adjacent to each of the n vertices
of (m — 1) copies of G in G and v adjacent to the vertices V — N(v) in G,
deg(v) =n—1—d+ (m — 1)n. Since v is an arbitrary vertex, it follows that

CDI[G, z] = mz™Y"CDI[G, z]. This completes the proof. O

Theorem 2.3.2. Let G be a graph with ordern and H = G+G+. . .4+G(m times)

. Then CD[H,z] = mCD|G, x].
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Proof. Note that each vertex of H is adjacent to all vertices of (m — 1) copies
of G. Therefore, each vertex v € V(mG@) is adjacent to all vertices V — N(v).
It follows that for each i, Cd;(H) = mCd;(G). Hence CD[H,z] = mCD|G, z].

This completes the proof. ]

Theorem 2.3.3. Let G be a graph of order n and H be a graph of order m, then
CD[G o H,z] = 2"U™CD|[G, 2] + na" VDO D[H, z].

Proof. Let G be a graph of order n and H be a graph of order m. Note that
each vertex of G is adjacent to m vertices of one copy of H. Let v € V(G), then
v is adjacent to V(G) — N(v) vertices in G and (n — 1)m vertices of (n — 1) copy
of H in G o H. Therefore, deg(v) = deg(v) in G + (n — 1)m in G o H. Let u be
a vertex in the i'" copy of H, then u is adjacent to N(u) vertices in H and the
it" vertex in G. Therefore, u is adjacent to V(H) — N (u) vertices in the i copy

of H, m vertices of n — 1 copies of H and n — 1 vertices of G. That is,

deg(u) = (deg(u)inH) +m(n — 1) + (n — 1)

= (deg(u)inH) + (n — 1)(m + 1).

Therefore, CD[G o H,z] = 2 Y™CD|G, x] + na®~ D+ CD[H, x]. This com-

pletes the proof. ]

Theorem 2.3.4. If G be a graph having two components G1 and Gy with n and

m vertices respectively, then

A(Gy)
CDIG, 2] = )

i=6(G1

(G2)
Cdy(Gy)a™™ + Y Cdi(Go)a'™.
) i=6(G2)
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Proof. Let v € V(G;) and u € V(G2) be the vertices of G with degree d; and
dy, respectively. Since v is adjacent to n — 1 — d; vertices in G, v is adjacent to
n —1—d, +m vertices in G. Therefore, deg(v) =n —1—d; +m in G. Similarly,
deg(u) = n —1—d; +nin G. Since v and u are arbitrary vertices in G and
Gy, respectively, then the degree of any vertex v in G is (deg(v) in G;)+m in
G. Similarly, the degree of any vertex u in Gy is (deg(u) in G3)+n in G. Hence

the result follows. O

Corollary 2.3.5. Let G be a graph having m components G1,Gs, ..., G, where
\V(G))| =n; fori=1,2,...,m. Then

m  A(Gy) m
CD|G,z] = Z Z Cd;(Gy) =%, where a = (i + an)
k=1 i=5(Gx) " Zk

Proof. The proof follows from Theorem [2.3.5| using mathematical induction on

the number of components m of G. ]

Theorem 2.3.6. If G is a graph with n vertices, then the complement degree

polynomial of Mycielski graph is given by,

CD[u(G),x] = 2¥*CD|[G, 2*] + 2"CD|G, x] + ™.

Proof. Let vy, vy, ..., 0y, us, U, . .., Uy, w be the vertices of u(G) (where vy, vy, . . .,
v, are the vertices of GG, u; corresponds to each v;, and w is the vertex is adja-

cent to each u;, i = 1,2,...,n). Note that each v; adjacent to 2|V (G) — N(v;)|

=

vertices, u; and w in pu(G). That is, if deg(v;) = d in u(G), then deg(v;) =
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2(n—1—d)+2in u(G). Similarly, each w; is adjacent to |V (G) — N (v;)| vertices,
UL, Uy« ooy Ui 1, Uis 1, - - -5 Up and v;. That is deg(u;)) = (n—1—d)+n—-1+1=

n—1—d+nin u(G). Finally, the vertex w adjacent to vy, v, ..., v, in u(G). That

is deg(w) = n in u(G). Therefore, CD[u(G), ] = 2*CD|G, 2*]+2"CDI|G, x]+z".

This completes the proof. [

Theorem 2.3.7. If G is a graph with n vertices, the complement degree polyno-
mial of the shadow graph of G is given by CD[Sh(G), x] = 2eCD|G, 2?].

Proof. Let G and G5 be the two copies of G in Sh(G), and let v € Gy and
deg(v) = d in G, then v is adjacent to V(G1) —N(v), V(G3) —N(v) and v € G5 in

Sh(G). That is, the degree of v in Sh(G) is n—1+d+n—1+d+1 = 2(n—1—d)+1.

It follows that C'D[Sh(G), z] = 2xCD|G, x?]. This completes the proof. O

Theorem 2.3.8. The complement degree polynomial of the graph K], obtained

by the duplication of one of the vertices of the complete graph K, is given by

CDIK],z] =2x+ (n—1).

Proof. Let v € V(K,,) and v' € V(K]) where v' is the duplicate vertex of v.
Then v is adjacent to all vertices in K, other than v. Thus ¢’ is adjacent to only
the vertex v in K. Similarly, v is adjacent to only v’ in K/. All other n — 1
vertices are isolated vertices in K!. Therefore, CD[K!, x| = 2z + (n — 1). This

completes the proof. O

Theorem 2.3.9. If Vi and V5 is a bi-partition of the vertex set of K,,, with

cardinalities m and n respectively, and v' is the duplication of a vertex v of
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Ky, then

DK ] (m+1Daz™ +nz" ', ifveV
DK x| = .

mz™t+ (n+1)a", ifv eV,

Proof. Let Vi and V, be a bi-partition of the vertex set of K,,, with order m
and n, respectively, and let v" be the duplication of a vertex v of K., ,,. If v € V7,
then K, is another complete bipartite graph K1 1,. Similarly, if v € V3, then

K, 18 Kyyny1. Therefore,

CDIK! | (m+1)x™+nx" ', ifveV;
x] = :

mz™ '+ (n+ 12", ifv eV,

This completes the proof. O

Theorem 2.3.10. For a chaplet graph C, () C'qt, where p,q,t > 3, we have the

following
CD[CP @ th, .CE] — p$p(Q—1)t+p—2t—3 + p(q o 1)tmp(q—l)t+p—3‘

Proof. Let uy, us, ..., u, be the vertices of the cycle C,. For j € {1,2,...,t}
and k € {1,2,...,p} let uy, uil, ufé, o ,ui(q_l) be the vertices of j*" copy of the
cycle Oy attached to the vertex u; of C,. Note that the degree of any vertex
of C, O C,' other than uy,uy, ..., u, is 2. That is the degree of these p(q — 1)t
vertices is p(¢ — 1)t + p — =3 in m. But the degree of uy,us, ..., u,
is 2t + 2 in C, O C,". Thus, the degree of uy,us,...,u, is p(¢ — 1)t — 3 in

C, O C,'. Therefore, CD[C, O C,", z] = paPla=VHFP=2=3 4 4)(q — 1)gPla—Di+p=3,
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This completes the proof. ]

Theorem 2.3.11. For a armed crown graph C,, ) P,,, where n >3 and m > 1,

we have the following
CD[Cn @ ij .CC] _ nxn(m+1)72 + n(m . 1)xn(m+1)73 + nxn(m+1)f4.

Proof. The degree of end vertices of each n-path graph is 1 in C,, () P,,. Then
the degree of these n vertices is n(m 4 1) — 2 in C,, © P,,. Similarly, the degree
of the other m — 1 vertices of each n-path graph is 2 in C,, ) P,,. Thus the
degree of these n(m — 1) vertices is n(m + 1) — 3 in C,, ® P,,. The vertices of
the cycle graph are adjacent to two vertices of the cycle graph and one vertex
of the path graph. That is, the degree of n- vertices of the cycle graph is 3
in C,, ® P,,. Thus the degree of these n-vertices is n(m + 1) — 4 in C,, () Py,
Therefore, CD[Cy, () P, 7] = na™™ D=2 4 n(m —1)z(m+)=3 4 pgnm+b—4 Thig

completes the proof. O

Results on path graphs

Theorem 2.3.12. If M(P,) is the middle graph of path graph P,, then

2x + 1, n=2
CDIM(P,),x] =

22772 + (n — 2)2? 3 + 22?1 4 (n — 3)2® 5, n >3
Proof. If n = 2, then M (P,) is a path graph Ps. Thus CD[M (P,),z] = CD|P;, x|
= 2z + 1. When n > 2, since P, has n — 1 edges, M(P,) has 2n — 1 vertices,

say v1,VUg,...,Un,€1,€2,...,6,_1, where vy, vy, ..., v, are the vertices of P, and

€1,6s,...,6,_1 are the edges of P,. Note that e; is adjacent to ey, v; and wv,.
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Similarly, e, 1 is adjacent to e, s,v,_1, and v,. Thus deg(e;) = deg(e,—1 =

2n —1—3 = 2n — 4 in M(P,). Note that v; and v, are adjacent to only e;
and e,_1, respectively. Therefore, deg(v,) = deg(v,) = 2n — 2 in m The
vertex v; is adjacent to e; 1 and e;, then deg(v;) =2n —3,i=2,3,...,n—1in
m. The remaining vertices e;, 1 = 2,3, ...,n— 2 are adjacent to e;_1, €;11, v;

and v;41, then deg(e;) = 2n — 5,1 =2,3,...,n— 2 in M(P,). Hence the result

follows. O

Theorem 2.3.13. If S(P,) is the splitting graph of path graph P,, wheren > 2,

then

2x + 222, n=2
CDI[S(P,),z| =

22272 3 4 (n — 2)2* 5, n > 3.
Proof. Since for n = 2, S(P,) is another path graph Py, then CD[S(P,),z] =
CDIPy, z] = 224222 Whenn > 2, let v1, vy, . . ., Un, U1, Us, . . . , Uy, be the vertices
of S(P,), where vy,vs,...,v, are the vertices of P, and u; corresponds to v; in
S(P,),i=1,2,...,n. Since v; and v, are pendant vertices in P,, then u; and
u, are pendant vertices in S(P,). Therefore, deg(u;) = deg(u,) = 2n — 2 in

S(P,). Note that deg(v;) = 2,4 = 2,3,...,n — 1 in P,, then deg(u;) = 2,1 =

2,3,...,n—1in S(P,). Thus deg(v;) = 2n —3,i = 2,3,...,n — 1 in S(F,).

Also deg(vy) = deg(v,,) = 2 in S(P,), then deg(v,) = deg(v,) = 2n —3 in S(P,

~—

Similarly, the deg(v;) = 4 in S(P,). Then deg(v;) =2n —5,i=2,3,...,n—1

in S(P,). Therefore, CD[S(P,),x] = 22°" % + na®*=3 4+ (n — 2)z* 5. This

completes the proof. O

Theorem 2.3.14. If G,, be a graph of order n, then CD[S(G,),x] do not have

a constant term.
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Proof. Let vy, vy, ..., vy, U1, Us, ..., u, be the vertices of S(G,,), where vy, vs, ...,
v, are the vertices of GG,, and wu; corresponds to v; in S(G,), 7 =1,2,...,n. Note
that u; is not adjacent to v;, 1 = 1,2,...,n in S(G,). Therefore, A(G) < 2n — 2.

That is, there is no isolated vertex in S(G,). Thus CD[S(G},), z] does not have

a constant term. This completes the proof. [

Theorem 2.3.15. If C'S(P,) is the cosplitting graph of path graph P,, then

2x + 222, n =2
CD[CS(P,),z| =

nz" !+ 22" 4+ (n — 2)z"*t,  n > 3.

Proof. Since for n = 2, C'S(P,) is another path graph P;, then CD[CS(P), z| =
CDIPy, z] = 2z+2x%. Whenn > 2, let vy, vs, . . ., Up, Uy, Us, - . . , Uy, be the vertices
of C'S(P,), where vy, vs,...,v, are the vertices of P, and u; corresponds to v;
in CS(P,), i = 1,2,...,n. Note that deg(v;) = n in CS(F,), i = 1,2,...,n.
Therefore, deg(v;) =n — 1 in m, 1=1,2,...,n. The vertex u, is adjacent
to each u;, 1 = 2,...,n and vy in m Thus deg(u;) =n—1+1=nin
m . Similarly, the degree of u, is n in m The remaining vertices

u;, 1 = 2,3,...,n— 1 are adjacent to each u;, 7 =1,...,1 —1,i+1,...,n, v;;
and v;y1. Therefore, deg(u;)) =n—14+2=n+1,i=2,3,...,n—1in CS(F,).
Hence for n > 2, CD[CS(P,), z] = na™ ! 4+ 22" + (n — 2)2"*!. This completes

the proof. ]

Theorem 2.3.16. If d(P,) is the derivative of path graph P,, where n > 5, then

CDId(P,),x] = CD[P,_a, x|.
Proof. Note that the derivative of a path graph P, is again a path graph with
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2.3. Complement degree polynomial of some graph operations

n — 2 vertices. Thus CD[d(F,), ] = CD[P,_2, z]. This completes the proof. [

Theorem 2.3.17. If G has no pendant vertices , then CD|G,z] = CDI[d(G), z].

Proof. Let G be a graph, and if G has no pendant vertices, then G = d(G).

Therefore, CD[G, x] = CD[d(G), z]. This completes the proof. O

Theorem 2.3.18. The complement degree polynomial of the graph P! obtained

by the duplication of the pendant vertex of P, (n > 3) is given by

CD[P.,z] = 2" %+ (n—3)z" %+ 32" ..

Proof. Let vy, vs,...,v, be the vertices of P, and v’ be the duplication of wvy;
then v, is a pendant vertex. That is, v1,ve and v' are pendant vertices of P.
Thus the degree of these 3 vertices is n — 1 in P’. Since v;, v3 and v’ are adjacent
to vy, then deg(vy) = 3 in P!. Thus deg(vs) = n—3 in P!. The other n — 3 inner
vertices of P, have degree 2 in P/. This implies that the degree of those n — 3
vertices is n — 2 in P. Therefore, CD[P! x] = 2"~ + (n — 3)2"~2 + 3z"~L. This

completes the proof. O

Theorem 2.3.19. The complement degree polynomial of the graph P! obtained
by the duplication of the vertex of P, (n > 4) which is not a pendant vertex but

the neighbor of a pendant vertex is given by

CDI[P,z] =2" %+ (n— 12" % 42"

Proof. Let v be the pendant vertex of P,, u € N(v), and let v' be the duplication

of u. Then P! = T3, 5. By Theorem [2.2.9, we have CD[T,,,,z| = ™™ 2 +
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2.3. Complement degree polynomial of some graph operations

(m+n — 2)z™+ =3 4 gm+=4 Thus

CD[PT/” J;] = m3—‘1-71—2—2 + (3 +n—2— 2)$3+n—2—3 + I3+n_2_4

— xnfl 4 (Tl o 1)$n72 + xn73.

This completes the proof. ]

Theorem 2.3.20. The complement degree polynomial of the graph P! (n >
5 )obtained by the duplication of the inner vertex of P, which is not a neighbor of

the pendant vertex is given by

CDIP!,z] = 22" + (n — 3)a" 2 + 22",

Proof. Let vy, vs,...,v, be the vertices of P, and v’ be the duplication of the
inner vertex v;,i = 3,4,...,n — 2. Then deg(v;_1) = deg(v;41) = 3 in P/. Thus
deg(v;_1) = deg(viy1) = n — 3 in P!. Note that deg(v,) = deg(v,) = n — 1 in
P’ and the degree of the other n — 3 vertices is n — 2 in P/, including v’ other
than vy, vy, v;_1,vi11. Therefore, CD[P! x| = 2273 + (n — 3)2" 2 + 22"~ 1. This

completes the proof. ]

Theorem 2.3.21. [f L(P,) is the line graph of path graph P,, where n > 3, then

25773, n=3

CD|L(P,),z] =
(n—3)x" 14223 n>4

Proof. Since the line graph of P, is another path graph P,_;. Therefore,
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2.3. Complement degree polynomial of some graph operations

CD[L(P,),z] = CD[P,_1,z]. This completes the proof. O

Theorem 2.3.22. If T'(P,) is the total graph of path graph P,, then

3, n=2
CDIT(P,),x] =

2224 4 22270 + (2n — 5)2? 6 n > 3.

Proof. Since T(P,) is C5, we have CD[T'(P,),z] = CD[Cs,xz] = 3. Assume
that n > 3. Let vy,va,...,0p,€1,€9,...,6,_1 be the vertices of T(P,) where
vy, U, ..., U, are the vertices of P, and ey, e,, ..., e,_1 are the edges of P,. Since

vy is adjacent to ve and ey in T(P,), deg(v,) = 2n — 4 in T(FP,). Similarly,

deg(v,) = 2n — 4 in T(P,). Note that e; is adjacent to vy, v, and es, then

deg(e1) = 2n — 5 in T'(P,). Similarly, deg(e,—1) = 2n — 5 in T'(P,). The degree
of remaining vertices vy, ..., v, 1,€2,...,€,_9 is 4 in T(P,). Thus the degree of
these 2n — 5 vertices is 2n — 6 in T'(P,). Therefore, for n > 3, CD[T(P,), x| =

2224 4 22275 4 (2n — 5)2*"75. This completes the proof. O

Theorem 2.3.23. If C(P,) is the central graph of P, where n > 2, then

Proof. Let vy, vq,...,v0,,€1,€9,...,e,_1 bethe vertices of C(F,), where vy, vs, . . .,
v, are the vertices of P, and ey, es, ..., e, 1 are the new vertex for subdividing
each edge. Since the degree of each new vertices e;, i = 1,2,...,n—11is 2 in
C(P,), deg(e;) =2n—41in m Note that v is adjacent to vs, vy, ..., v, and e;
in C(P,), that is, deg(v1) = n—1in C(P,). Then deg(v;) =2n—1—1—(n—1) =

n—1in C(P,). Similarly, deg(v,) =n —1in C(P,). But the remaining vertices
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2.3. Complement degree polynomial of some graph operations

vi, t =2,3,...,n—1 are adjacent to vy, ...,v;_2, Vi, ..., Upn, €1 and e;, that is,

deg(v;) =n—3+2 =n—1in C(P,). Therefore, deg(v;) =n—1,1=2,3,...,n—1

in C(P,). Hence

This completes the proof. ]

Results on regular graphs

Theorem 2.3.24. Let G be the r-reqular graph of order n, then complement

degree polynomaual splitting graph of G is

CD[S(G), [E] — nx@n_l_r) + nx(?n—l—?r).

Proof. Let vy, va, ..., U, U1, Us, ..., u, be the vertices of the splitting graph S(G)

of the regular graph G where vy, vs, ..., v, are the vertices of G and uy, us, ..., u,
are the corresponding vertices . Note that u;, ¢ = 1,2,...,n, is adjacent to n —r
vertices in {vy,va,...,v,} and n — 1 vertices uy, ..., U1, Uit1,...,u, in S(G).

That is, deg(u;)) =n—14+n—r =2n—1—rin S(G). Note that the degree

of v;; 1 = 1,2,...,n in S(G) is twice the degree in G. Therefore, the degree of

each v; is 2n — 1 —2r S(G). Hence CD[S(G), z] = nx?"=17") 4 ngn=1=2r) This
completes the proof. O

Theorem 2.3.25. Let G be the r-reqular graph of order n, then complement
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2.3. Complement degree polynomial of some graph operations

degree polynomial of cosplitting graph of G is

CD[CS(G),x] = nz" *(1 + ).

Proof. Let vy, vs,...,v, be the vertices of the regular graph G and wy, ws, ..., w,

be the new vertices of C'S(G). Let v; € V(G), then deg(v;) = n in C'S(G), and

then deg(v) = n — 1 in CS(G). Since each w; is adjacent to n — r vertices in

CS(G), w; is adjacent to r vertices in V(G) and n—1 vertices wy, wa, . .., Wi_1, Wit1, - - -

in CS(G). That is deg(w;) = n — 1+ r in CS(G). Therefore, CD[CS(G),z| =

nz" ! + na" 1" = nz""1(1 + 2").. This completes the proof. O

Theorem 2.3.26. If G is a r-reqular graph of order n and G’ is a graph obtained

by duplication of a vertex of G, then

CD[G, 2] = (n+1—r)2™ " +ra" "1

Proof. Let G be the r- regular graph of order n, and let v' be the duplication of
a vertex v in GG. Note that v’ is adjacent to r vertices in G’, then v’ is adjacent to
n—r vertices in G'. Similarly, the vertices in V — N (v) in G are adjacent to n—r
vertices in G’. The vertices in N(v) in G are adjacent to r vertices in G and v'.
That is, the degree of vertices in N(v) in G are r + 1 in G’. Then the degree of
that r vertices is n—7—11in G’. Therefore, CD[G', z] = (n+1—7r)a™ " +ra" "L

This completes the proof. ]
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2.4. Complement degree polynomial of some chemical graphs

2.4 Complement degree polynomial of some chem-

ical graphs

Alkanes
Alkanes are organic compounds that consist of single- bonded carbon and hy-

drogen atoms. The formula for alkanes is C), Ha, 12 [3].

Theorem 2.4.1. If n > 1, then CD|C,, Hay 19, 7] = nz®" 3 + (2n + 2)z",

Proof. Let C1,Cy,...,C,, and Hy, Ho, ..., Hy,.o be the vertices of the C,, Hop, 19
graph, where C; and H; represent carbon and hydrogen atoms, respectively. Note
that all C; has degree 4, then C; have degree 3n +2 —5 = 3n — 3 in C,, Hopo.
Similarly, if all H; is a pendant vertex, then H; has degree 3n +2 — 2 = 3n in
CrHypyo. Thus CD[C, Hapyo,v] = na®=3 4+ (2n + 2)2®". This completes the

proof. ]

The complement degree polynomial of first 5 alkanes are provided in

the following table.

Names | Molecular Formula | Complement degree Polynomial
Methane CH, Ax3 + 1

Ethane CyHg 223 4 62°

Propane O3 Hg 3% + 8z

Butane CyHyy 42° 4+ 10212

Pentane CsH, 52 4+ 12210

Hexagonal system
A hexagonal system HS, is a connected plane graph without cut-vertices in

which all inner faces are hexagons (and all hexagons are faces), such that two
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2.4. Complement degree polynomial of some chemical graphs

hexagons are either disjoint or have exactly one common edge, and no three

hexagons share a common edge [13].

o

Hexagonal System (HS,)

Figure 2.2: Hexagonal System

Theorem 2.4.2. Ifn > 1, then

623, n=1;
CD[HS,,z] =

Agin=l 4 22472 > 2.

Proof. Observe that HS,, has 4n + 2 vertices where 2n + 4 vertices have degree
2, and 2n — 2 vertices have degree 3 in HS,,. Therefore, 2n + 4 vertices have
degree 4n — 1, and 2n — 2 vertices have degree 4n — 2. If n =1, HS, = Cg, then

CDI|F, z] = 623. Therefore,

623, n=1;
CD[HS,,x] =

it 4 2242 > 2,
This completes the proof. ]

Star like tree graph
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2.4. Complement degree polynomial of some chemical graphs

A star like tree graph S(ni, ng,...,ng) is a graph having only one vertex w of
degree greater than 2 such that deletion of w results in disjoint union of the path
graphs P, , P,,..., P,.

Stand A of human insulin

Stand A of human insulin has 21 amino acids of kinds is usually represented by

a star like tree graph with branches [4].

Figure 2.3: Stand A of human insulin graph

Theorem 2.4.3. Let S be the graphical representation of stand A human insulin,

then CD|S, z] = 112%° + 102'? + 2.

Proof. Note that S has 11 leaves; then the degree of these 11 vertices is 20 in
S. The degree of the other 10 vertices other than the central vertex is 2 in S.
Thus, the degree of these 10 vertices is 19 in S. Similarly, if the central vertex
is adjacent to 11 vertices in S, then the degree of this vertex is 10 in S. Hence

CDIS, z] = 112%° + 10z' + 2'°. This completes the proof. O

Generalized Hierarchial Product

The generalized hierarchial product of G and G’ with ¢ # U C V(G) is rep-
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2.4. Complement degree polynomial of some chemical graphs

resented by G(U) M G'. It has vertex set V(G) x V(G') and (ay,by)(az,be) €
E(GU)NG") if a; = ay € U and biby € E(G') or by = by and ajas € E(G) [5].

Linear Phenylene

......

Linear Phenylene(LPg )

Figure 2.4: Linear Phenylene graph

In organic chemistry, the phenylene group (CgH,) is based on a di-substituted
benezene ring. The linear phenylene is one whic the phenyles are arranged in a
stright line (less than 180 degrees). Graphical structure of linear phenylene L P,
(n>1)is LPs, = P3,,(U) M Py, where U = {agy : 1 <k <n}U{agrs1:0<k<

n—1} [5].

Theorem 2.4.4. Ifn > 1, then CD[LPg,,x] = (2n + 4)25"=3 + (4n — 4)25"1,

Proof. Note that LF;, consists of n cycles Cg. In each n — 2 cycle, 4 vertices
have degree 3, and 2 vertices have degree 2. But in the end cycles, 2 vertices

have degree 3 and 4 vertices have degree 2. Therefore, in the case of LF;,, 2n+4
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2.4. Complement degree polynomial of some chemical graphs

vertices have degree 6n — 3 and 4n — 4 vertices have degree 6n — 4. Hence the

result follows. O

Dopamine
A dopamine molecule consists of a catechole structure (a benzene ring with two
hydroxyle side groups) with one amine group attached via an ethyl chain. The

graphical structure of dopamine graph D is in Figure [2.5

Figure 2.5: Dopamine graph

Theorem 2.4.5. If D is a dopamine graph, then CD[D,x] = 3x° + 52% + 327.

Proof. Note that the dopamine graph has 11 vertices, 5 vertices have degree 2, 3
vertices have degree 3 and 3 vertices are leaves. Then in the case of D. 5 vertices
have degree 8, 3 vertices have degree 9 and 3 vertices have degree 7. Hence the

result follows. H

Caffeine
Caffeine is a bitter white crystalline purine, where purine has two cycles: a six-
membered pyrimidine ring and a five membered imidazole ring fused together.

The graphical structure of caffeine graph C' consists 14 vertices.
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Caffeine graph C

Figure 2.6: Caffeine graph

Theorem 2.4.6. If C is a caffeine graph, then CD|C,x] = 5z'? + 2z + 7x1°.

Proof. Note that the caffeine graph has 14 vertices where 5 vertices are leaves,
2 vertices have degree 2 and 7 vertices have degree 3. Therefore, 5 vertices have
degree 12, 2 vertices have degree 11 and 7 vertices have degree 10 in C. Hence

CDI|C,z] = 5z'? + 2zt 4 7210, O

Ribonucleic acid (RNA)

RNA is typically single stranded and is made of ribonucleotides that are linked
by phosphodiester bonds. A ribonucleotide in the RNA chain contains ribose
(the pentose sugar), one of the four nitrogeneouse bases (A,U,G and C), and a

phosphate group. The graphical structure of RNA graph R is in Figure 2.7

Theorem 2.4.7. If R is the RNA graph, then C D[R, z] = 220 + 12239 + 282.

Proof. Note that the graph R has only two leaves, 12 vertices have degree 2 and
28 vertices have degree 3. 2 vertices have degree 40, 12 vertices have degree 39

and 28 vertices have degree 38 in R. Hence the result follows. [
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2.4. Complement degree polynomial of some chemical graphs

Figure 2.7: Ribonucleic acid graph

Conditional Random Field (CRF)

Conditional Random Field (CRF) model is a new probabilistic model for seg-
menting and labeling sequence data. CRF is an undirected graphical model that
encodes a conditional probability distribution with a given set of features.The

Figure shows the graphical structure of a chain structured CRF [6].

Figure 2.8: Conditional Random Field graph

Theorem 2.4.8. If CR is the CRF graph, then CD|[CR, z] = 3z* + 3z*.

Proof. Note that CRF is a sunlet graph Si, with n = 3. Also note that
CDISl,, 2] = nx®"2+4nz?~*. Therefore, C D[CR, x| = 3z*+3x2. This completes

the proof. ]
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Chapter 3

Stability and Real Roots of
Complement Degree Polynomial

of Graphs

This chapter includes four sections. The first section deals with ba-
sic definitions and results of polynomials. In the second section we
study the stability of the complement degree polynomial of graphs.
In the third section, we study the real roots of the complement degree
polynomials and define cd — roots of a graph; also we investigate
the location of the roots of some complement degree polynomials in

the fourth section.

3.1 Polynomials

A polynomial is said to be stable if either:
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3.1. Polynomials

e all its roots lie in the open left half-plane, or

e all its roots lie in the open unit disk.

A polynomial with the first property is called at times a Hurwitz polynomial
and with the second property a Schur polynomial . The Routh-Hurwitz theorem

provides an algorithm for determining if a given polynomial is stable.

Theorem 3.1.1. (Routh-Hurwitz Criteria [11]) Given a polynomial, P(x) =
"+ a4 an_1x + ag, where the coefficients a; are real constants, i =
1,2,...,n define the n Hurwitz matrices using the coefficients a; of the above

polynomial as

aq 1
le[al] Hy =

as as
aa 1 0 0 0
aq 1 0 as ag ap 1 0
Hjz = as G aq e Hy = as a4 az Qg --- 0

as a4 Gz

0 0 0 0 - a,

where a; = 0 if j > n. All the roots of the polynomial P(x_) are negative or have
negative real part if and only if the determinants of all Hurwitz matrices are

positive: det H; >0, j=1,2,...,n.

Theorem 3.1.2. [9] Let f(z) = 2" + a12" ' + ... + a,, where a; € C. Then,
inside the circle |z| = 1 + mazx|a;|, there are exactly n roots of f, multiplicities

counted.
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3.2. Stability of complement degree polynomial of graphs

3.2 Stability of complement degree polynomial
of graphs

Definition 3.2.1. A polynomial f(xy,2s,...,x,) with real coefficients is called

stable if all of its roots lie in the open left half plane.

Theorem 3.2.2. If G is a regqular graph, then CD[G, x| is stable.

Proof. Let G be a r-regular graph; then by Theorem CD|G,x] = na™ 7.
Note that = = 0 is the only root of this polynomial, and hence C'D|G, z]| is
stable. u

Corollary 3.2.3. We have the following:

(1) If n > 3, then CD[C,, x| is stable,

(2) CDIP,x] is stable, where P is the Petersen graph,

(3) CD[K, x| is stable,

(4) CD[Cr,, x| is stable, where Cr, is the crown graph,

(5) CDI[B,,z| is stable, where B,, is the bipartite cocktail graph,
(6) CD[CL,, x| is stable, where CL,, is the circular ladder graph,
(7) CD[ML,, x| is stable, where M L,, is the Mobius ladder graph.

Corollary 3.2.4. If S(G) is the splitting graph of a reqular graph G , then

CD[S(G),x] is stable.
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Figure 3.1: Plot of roots of 2°° + 1 in the complex plane

Theorem 3.2.5. If CS(G) is a cosplitting graph of r-reqular graph G with order
n, then CD[CS(G), x] is stable if and only if r = 1.

Proof. Let G be a r-regular graph. Note that CD[C'S(G), z] = nz" ' (14 z")(by
Theorem [2.3.25). Observe that CD[CS(G), z] is stable if r = 1. Also note that
when r = 2, CD[CS(G), z] is not stable. For r > 2, this polynomial has real roots
and complex roots with positive and negative real parts. Hence CD[CS(G), z]

is not stable. A plot of roots of 2°° + 1 in the complex plane is shown in figure

3.1l O

Theorem 3.2.6. Let G be a graph of order n, Then CD|G,x] is stable if and

only if CD[mG, x] is stable.

Proof. Note that CD[mG, x] = mCD|G, z](by Theorem ). This implies
that CD[G, x| is stable if and only if CD[mG, z] is stable. O

Theorem 3.2.7. Let G be a graph with order n and G=GUGU...UG (m

times). Then CD|G,z| is stable if and only if CD|G, x| is stable.
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3.2. Stability of complement degree polynomial of graphs

Proof. Let G be a graph of order n and G=GU G U ... UG (m times), then
CDI[G,z] = mz™V"CD[G, z] (by Theorem [2.3.1)). This implies that C'D[G, 7]

is stable if and only if CD[G, z] is stable. O

Theorem 3.2.8. If G’ is a graph obtained by duplication of a vertex of reqular

graph G, then CD|G', x| is stable.

Proof. Let G be a r-regular graph. Note that CD[G';z] = (n + 1 —r)2" " +

rz" "1 (by Theorem [2.3.26)). Note that the roots of CD|G’, x| are x = 0 and

r
n+1—r

r=— which lie in the open left half plane, hence the result follows. O

Corollary 3.2.9. If K|, is a graph obtained by duplication of a vertex of com-

plete bipartite graph K, ,, then K . is stable.

n,n

Theorem 3.2.10. For a path P, (n >2), CD|P,, x| is stable unless n = 2.

Proof. From Theorem [2.2.1] we have

2072, n <2
CD[P,,z] =

(n—2)z" 3 4+22"2% n>3

If n # 2, CD[P,,x] = (n — 2)2"3 + 22" = 2" 3(n — 2 + 2z). In this case
x =0 and © = —252 are the roots of CD[P,,z] which lie in the left half plane,
it follows that C'D[P,, x] is stable. If n = 2, CD[P,, x] = 2. Hence C D[Py, z] is

not stable. O

Theorem 3.2.11. If L, is the ladder graph with n > 2 vertices, then CD[L,, x]

s stable.
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Proof. Note that CD[L,,z] = 42®*~® + (2n — 4)2*"~* = z*"*(4a + 2n — 4)(by
Theorem [2.2.33). Observe that the roots of CD[L,, z] are z = 0, —“5* which lie

in the open left half plane. Hence the result follows. ]

Theorem 3.2.12. Let K], be the graph obtained by the duplication of one of the

vertices of the complete graph K, with n > 2, then CD[K] x| is stable.

Proof. Note that CD[K],x] = 2z +n —1 (by Theorem [2.3.8)). Also observe that
CD[K], z] has a single root x = —(n — 1)/2 which lie in the open left half plane

and hence the result follows. O

Theorem 3.2.13. If T,,,, is a tadpole graph with m > 3 and n > 1 vertices,

then CDI[T,, n, ] is stable.

Proof. Note that CD[T,, ., x] = ™" 4z? + (m + n — 2)x + 1) (by Theorem
2.2.9). The roots of 2* + (m +n — 2)z + 1 are —min=2)d % (min =24 For

m >3 and n > 1, we have (m +n —2) > 0, (m+n—2)>—4 > 0 and

V(m+n—2)2—4—(m+n—2) <0, the result follows. O
Theorem 3.2.14. If A(Q,,) is a alternating quadrilateral snake graph with n > 3

vertices, then C D[A(Qy,), x| is stable.

Proof. From Theorem [2.2.28| we have

(n—2)a? 5 + ne** + 2273 if nis odd

(n—2)z** + (n+2)2* 3 if nis even.

Case(i)If n is odd: In this case CD[A(Q,), z] = z*"5(2® + nz + n — 2). The
roots of z?4+nz+n—2 are (—n+y/n? — 4(n — 2))/2. Since \/n? —4(n — 2) <
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n, it follows that CD[A(Q,), x] is stable.

Case(ii)If n is even: In this case, CD[A(Q,),z] = 2*"*(n — 2+ (n + 2)x).
Observe that the roots of CD[A(Q,), z] are x = 0 and z = —(n—2)/(n + 2)
which lie in the open left half plane. Hence for n is even, CD[A(Q,), x] is

stable.

This completes the proof. ]

Theorem 3.2.15. If CP, is a cocktail party graph with n > 2, then CD|CP,, x]

1s stable.

Proof. Note that CD[CP,, x] = 42*+2(n—2)z* = 22*(2+(n—2)x) (by Theorem
2.2.42)). Then the roots of CD[CP,,x] are x = 0 and x = —2/(n — 2) which lie

in the open left half plane. Hence the proof. ]

Theorem 3.2.16. Ifn > 3, G,, is the gear graph of order 2n+1, then CD[G,, x]

1s stable if and only if n = 3, 4.

Proof. Note that CD|G,,, x] = na®" 2 +na®" 3 + 2" = z"(na" 2 +na"?+1) (by
Theorem [2.2.6). When n = 3, the roots of CD[Gs5, x| are z = 0 and z = —4/3.
When n = 4, the roots of CD[Gy, z] are = 0 and x = —1/2. Hence CD|G,, 7|
is stable for n = 3,4. When n > 4, the result follows from the fact that the

determinant of second Hurwitz matrix of C'D|G,, x] is zero or negative. O

Theorem 3.2.17. If Sh,, denotes the shell graph, then CD[Sh,, x] is stable if

and only if n = 4,5.

Proof. Note that when n > 4, CD[Sh,,, ] = 22" 3+ (n—3)2"*+1 (by Theorem

2.2.12). For n = 4,5 the result is trivial. When n > 5, consider the polynomial
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3.2. Stability of complement degree polynomial of graphs

a3 4 28gn~4 4 1 Observe that determinant of second Hurwitz matrix is
|H5| = 0. Hence the result follows from the fact that the determinant of second

Hurwitz matrix is zero. ]

Theorem 3.2.18. If L, ,, is the lollipop graph, then CD|L,,,x] is stable if and

only if n =2,3,4.

Proof. Note that CD|[L,,,z] = 22 + (n — 1)a* 3 + (n — 1)a" 4+ 2™ (by
Theorem . For n = 1, CD|[Ly1,z] = 2 is a constant polynomial and for
n = 2, the roots of CD[Ly4,x] are x = 0, —1, for n = 3, the roots of CD[L3 3, 7]
are T = #ﬁ and for n = 4, the roots of C'D[Ly 4, ] are x = 0, —1. Thus for
n=2,3,4, CD[L,,,z] is stable. When n =5, CD|Lss,z| = 2®+ 427 + 425 4+ 2%,
the determinant of Hurwitz matrices are |H;| = 4 and |H,| = —4. Tt follows that

CD|[Ls 5, ] is not stable. When n > 5 the result follows from the fact that the

determinant of second Hurwitz matrix of C'D|L,,,, x| is zero. O

Theorem 3.2.19. If Fy,, is the fan graph (n > 3), then CD[F} ,,x] is stable if

and only if n = 3,4.

Proof. Note that CD[Fy,,z] = 22"? + (n — 2)2"® + 1 (by Theorem [2.2.15)).
The result is trivial for n = 3 and n = 4. When n > 4, the result follows from the

fact that the determinant of second Hurwitz matrix of CD[F} ,,, x| is zero. [

Theorem 3.2.20. If I, (n > 3) is the double fan graph , then CDI[F,,, x| is

stable if and only if n = 3,4,5.

Proof. Note that CD[Fy,,, x| = 22" + (n — 2)2" 3 + 2z (by Theorem [2.2.16]).

For n = 3,4 the result follows from elementary algebra. For n = 5, the roots of
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3.2. Stability of complement degree polynomial of graphs

CD[Fy5,x] are ¢ = 0 and © = #ﬁ which lie in the open left half plane. It
follows that C'D[Fy 5, x] is stable. When n > 5, the result follows from the fact

that the determinant of second Hurwitz matrix of CD[Fy,, z] is zero. O

Theorem 3.2.21. For a armed crown graph C,, () P, (n >3, m>1),

CD[C,, ) Py, x] is stable unless m = 1.

Proof. Note that CD|[C,, O P,,, 2] = na™™+D=4(22 + (m — 1)z +1) (by Theorem
2.3.11]). Observe that the determinants of the Hurwitz matrices of the polynomial
22+ (m—1)z+1 are |[H;| = m—1 and |Hs| = m — 1. Since all the determinants

are positive except when m = 1, the result follows. O

Theorem 3.2.22. [f Bk, is the book graph with 2n+2 vertices, then C D|Bk,, x|

15 stable if and only if n =1,2.

Proof. Note that C D[Bk,,x] = 2nz?"~'+22" (by Theorem[2.2.22). Whenn = 1,
CD|Bky,z] = 4z and when n = 2 ,CD[Bky, x| = 423 + 22%. Observe that the
roots of CD[Bky, x| and C'D[Bk,, x| are lie in the open left half plane. It follows
that for n = 1,2, CD|[Bky, x] is stable. When n > 2, the result follows from the
fact that the determinant of first Hurwitz matrix of the polynomial 2?7~ 4 %x”

are zero. ]

Theorem 3.2.23. If Bl is the bull graph, then CD[BI, x] is stable.

Proof. Note that CD[BI, z] = 22 + 22 + 2z = (22 + 2 + 2) and its roots are

x =0, % which lie in open left half plane. Hence C'D|[BI, z| is stable. [

Theorem 3.2.24. If Fr is the fork graph, then CD[Fr, x| is stable.
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3.2. Stability of complement degree polynomial of graphs

Proof. Obviously, CD[Fr,z] = 323 + 2 + = x(32*> + x + 1). The roots of

CD[Fr,z] are z = 0, %ﬁ. Hence C'D[Fr,z] is stable. O

Theorem 3.2.25. If TL,, is the triangular ladder graph, then CD[TL,, x| is

stable forn > 2.

Proof. Note that CD[TL,,, ] = 22°" 34222+ (2n—4)2*" =% = 22" 5 (22 + 2+
n—2) (by Theorem [2.2.37)). For n = 2, the result follows from simple elementary
algebra. For n > 2 consider the polynomial 22 + x +n — 2. The determinants
of Hurwitz matrices are |Hy| = 1 and |Hy| = n — 2 and so on. Since all the

determinants are positive when n > 2, the results follows. ]

Theorem 3.2.26. If DSL,, is the double sided step ladder graph, then

CD|DSL,, x| is stable.

Proof. Note that CD[DSL,,z] = (2n + 2)z™* 33 4 (2n — 2)2" 34 4 (n? —
n)a" =0 = g5 (9 4 2)a? + (2n — 2)x + n? — n) (by Theorem [2.2.40).
For n=1, the result follows from elementary algebra. For n > 1, consider the

polynomial
w2+2n—2x+n2—n
2n+2"  2n+2

Observe that the determinants of Hurwitz matrices are |H;| = (2n — 2)/(2n + 2)
and |Hy| = (2n — 2)(n® — n)/(2n + 2)%. Since all the determinants are positive

when n > 1, it follows that C D[DSL,, z] is stable. O
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3.3 Real roots of complement degree polyno-

mial of graphs

Definition 3.3.1. The roots of complement degree polynomial of a graph G are
called cd-roots of G. The number of real cd-roots of a graph G where the multi-

plicities counted, is denoted by cd(G).

Theorem 3.3.2. Zero is a cd-root of a complement degree polynomial of a graph

G with n vertices if and only if A(G) <n — 2.

Proof. Let G be a graph of order n and zero is a cd-root of the polynomial
CD|G,z]. If G has a vertex, say v which is adjacent to all other vertices, then
v is an isolated vertex in G. This implies that CD[G, z] has a constant term.
This is a contradiction because zero is a cd-root of CD|G, x]. Therefore, G has

no vertices adjacent to all other vertices.

Conversely, assume that A(G) < n — 2. Then 6(G) > 1. Equivalently,
Cdy(G) = 0. This tells us that the constant term of C'D[G, ] is zero, and hence

the result follows. O]

Corollary 3.3.3. If G has no isolated vertices, then zero is a root of CD|G, ]

with multiplicity 6(G).

Theorem 3.3.4. If G is a non complete graph of order n, then zero is the only

cd-root of CD[G, x] if and only if G is a r-reqular graph.

Proof. First, assume that zero is the only cd-root of a graph G with n vertices.

Then it follows that the complement degree polynomial of G is CD|G, z] = na'
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3.3. Real roots of complement degree polynomial of graphs

fort =n—r—1and 0 < r <n. This implies that the degree of every vertex in

G is the same. Equivalently, G is r-regular.

Conversely, assume that G is a r-regular graph. Then we have CD[G,z| =

nz" "1 Tt follows that zero is only cd-root of C'D[G, x]. O

Corollary 3.3.5. If G is an r-reqular graph with n vertices, then cd(G) = n —

r—1.

Theorem 3.3.6. Let G be a graph with n vertices. Then

(1) CD|G,x] is a strictly increasing function in [0, c0).

(2) Let G be a graph and H be any spanning subgraph of G. Then the degree

of CD[G, x]) is less than or equal to the degree of C D|H, x].

(3) Let G be a graph and H be any induced subgraph of G. Then the degree of

CD|G, x| greater than or equal to the degree of CD[H, x].

(4) Let G be a graph of order n with t isolated vertices in G and r isolated
vertices in G. Then Cdy(G) =1 and Cd,_1(G) = t.

Proof. Proof of the above result follows from the definition of complement degree

polynomial of a graph. [

Theorem 3.3.7. For a cosplitting graph CS(G) of an r-reqular graph G with n

vertices,

n—1 if r is even,

cd(CS(@)) =
n of r s odd.
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Proof. Observe that CD[CS(G),z] = na" (1 + ") (by Theorem [2.3.25). It
is clear that x = 0 is a cd-root of G with multiplicity n — 1. Note that the
polynomial 14" has no real roots if r is even and one real root if r is odd. Thus
we have,

n—1 if r iseven,
cd(CS(@)) =

n if r is odd.

This completes the proof. ]

Theorem 3.3.8. For a path graph P,,

Proof. For a path graph P,, we have Theorem [2.2.1}

20" 2, n=2
CD[P,,z] =

(n—2)a" 3 +22"2 n>3.

Here we consider two cases:
If n = 2, then CD[Py,z] = 2, which has no zeros. If n > 2, then we have
CDIP,,z] = z"3(2x +n —2). Obviously, z = 0 is the cd-root of CD[P,, z] with

multiplicity n — 3 and x = —(n — 2)/2 is the another cd-root of CD|[P,, z|. Thus

This completes the proof. O

67



3.3. Real roots of complement degree polynomial of graphs

Theorem 3.3.9. Let G be a graph with order n and G=GUGU...UG (m

times). Then cd(G) =n(m — 1) + cd(G).

Proof. Let G be a graph of order n and G=G UG U ... UG (m times). Then,
CD[G,x] = ma™V"CD[G, z]. Observe that z = 0 is a zero of CD|G,z] of
multiplicity n(m — 1). Consequently, cd(G) = n(m — 1) + cd(G). This completes

the proof. O

Theorem 3.3.10. For a ladder graph L,, cd(L,) = 2n — 3 for n > 2.

Proof. Obviously, cd-roots of CD[L,,x] are x = 0 with multiplicity 2n — 4 and
r = —(n — 2)/2 with multiplicity one (by Theorem [2.2.33)). Hence the result
follows. [

Theorem 3.3.11. For a cocktail party graph C'P,, cd(CPF,) =3 forn > 2.

Proof. In Theorem [2.2.42] CD[CP,,z] = 22*(2 + (n — 2)z). It follows that
CD[CP,,x] has cd-roots = = 0 with multiplicity 2 and = = —2/(n — 2) with

multiplicity one. Thus ¢d(C'P,) = 3. Hence the proof follows. O

Theorem 3.3.12. If S(G) is a splitting graph of a graph G with n vertices, then

cd(S(G)) > 1.

Proof. Observe that CD[S(G),x] do not have a constant term (see Theorem

2.3.13)). Hence the result follows. ]

Theorem 3.3.13. For a bull graph Bl, cd(Bl) = 1.
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Proof. Note that CD[BI,z] = z(22* + = + 2). The roots of this polynomial are
x =0, %. Obviously, z = 0 is the only real root of C'D[BI, z]. Hence the

result follows. H

Theorem 3.3.14. For a sunlet graph Sl,, cd(Sl,) =2n —4 forn >3 .

Proof. Note that C'D|[Sl,,z] = nz**~*(1 + z?) (by Theorem [2.2.13). Then the

cd-roots are x = 0 with multiplicity 2n—4 and x = +i. Thus ¢d(Sl,,) = 2n—4. O

Theorem 3.3.15. For a tadpole graph T, ., cd(T,,,) = m+n—2 form > 3

andn > 1.

Proof. Note that CD[T,, ., x] = ™" 4x? + (m + n — 2)x + 1) (by Theorem
2.2.9). Since the discriminant of the polynomial 2 + (m +n — 2)x + 1 is always
greater than or equal to zero, it follows that cd(7T}, ) = m+n—2. This completes

the proof. ]

Theorem 3.3.16. For a bistar graph B,,, (n > 1),

n if n is even

cd(B,,) =
n+1 ifnis odd.

Proof. Note that CD[B,,n, x| = 22™(na" 4+ 1) (by Theorem [2.2.7). If n is even,
then na™ 4+ 1 has only complex roots. If n is odd, then nx™ + 1 has only one real

root and n — 1 complex roots. Hence,

n if n is even

cd(Byn) =
n+1 if nis odd.
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This completes the proof. ]

Theorem 3.3.17. For a web graph Wb,,, cd(Wb,) = 3n —4 for n > 3.

Proof. Note that CD[Wb,,, 2] = nz®"5(2* + 2 + 1) (by Theorem [2.2.21)). Obvi-
ously, the cd-roots of C' D[Wb,, x] are 0 with multiplicity 3n—>5, —0.68233,0.34116+

1.161544. Hence c¢d(Wb,,) = 3n — 4. O

Theorem 3.3.18. For a armed crown graph C,, ) Py,

T1)—4, if m=1,2
d(C, @ P = n(m ) if m

nim+1)—2, if m> 3.

Proof. Note that CD[C,, © Py, 2] = 2+ (m—1)z+1 (by Theorem [2.3.11)). For
m = 1,2, the zeros of 2% + (m — 1)z + 1 are complex numbers. If m > 2, the

zeros of 2 + (m — 1)x + 1 are real numbers. Thus

n(m+1)—4 ifm=1.2
cd(C, @ P,) =

n(m+1)—2 ifm> 3.

This completes the proof. ]

Theorem 3.3.19. For a sun graph S, n > 3,

n—2, ifnis odd
cd(Sy,) =

n—1, if nis even.

Proof. Note that CDIS,,, ] = nz"%(z"'+1) (by Theorem[2.2.14)). Since "1+

1 has real roots if and only if n is even. This tells us that the real cd-roots of
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CD[S,,x] are 0 and —1 if n is even. If n is odd = 0 is the only real root of
CDI|S,, z]. Therefore, we have

n —2, if nis odd
cd(Sy,) =

n — 1, if nis even.

This completes the proof. ]
Theorem 3.3.20. For a bipartite cocktaill party graph b,(n > 2), we have

cd(B,) = n.

Proof. The result follows from the fact that CD[B,,, x| = 2na™. O

3.4 Location of the cd-roots of the some graphs

Theorem 3.4.1. All the cd-roots of the gear graph G,, lie inside the circle with

center (0,0) and radius n + 1.

Proof. Observe that CD|G,,, z] = 2" +nx?" 3 +nx?~2. In this case maz|a;| = n,
where as are the coefficients of CD|G,,z| for i = 1,2,...,2n — 2. Then by

Theorem [2.2.25] the result follows. O
Theorem 3.4.2. All the cd-roots of the wheel graph W, lie inside the circle with
center (0,0) and radius n.

Proof. Tt follows from the fact that CD[W,,, x| = (n — 1)z"* + 1. O

Theorem 3.4.3. All the cd-roots of the bull graph Bl lie on the unit circle

centered at the origin.
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Proof. Note that the cd-roots of Bl are z = 0, %. These three roots lie on

the unit circle centered at the origin. [

Theorem 3.4.4. All the cd-roots of the sunlet graph Sl,, lies in the disk |z| < 1.

Proof. The cd-roots of the sunlet graph C'D[SI,, z| are = 0 and x = +i. Hence

the result follows. O]

Theorem 3.4.5. All the cd-roots of the sun graph S, lies in the disk |z| < 1.

Proof. Note that CD[S,,z] = nz*3 + na""? = na" ?(2" ' + 1). Obviously,

roots of 2"~ + 1 lie on the unit circle. Hence the result follows. ]
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Chapter I

CD-Equivalent Classes of Graphs

Some times two non-isomorphic graphs have same complement de-
gree polynomial. From these polynomials the CD-equivalent classes
of graphs are defined. In this chapter, CD-equivalent classes of

graphs are defined and studied.

4.1 Main Results

Definition 4.1.1. Let G be the graph of order n, and the CD- equivalent class
of the graph G is defined as CD|G] := {H : CDI|G,z| = CD[H, z]}.

Theorem 4.1.2. Let G be a graph with n vertices, then G € CD[G] if and only

if G is a self-complementary graph.

Proof. Let G be a self-complementary graph that is G = G. Note that isomorphic

graphs will be the same complement degree polynomial. Conversely, suppose
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that G € CD[G]; then G and G have the same degree sequence, that is G is a

self-complementary graph. [

Theorem 4.1.3. If G is a connected graph and H € CD|G], then H has more

than one component.

Proof. Let G be a graph and let G be connected. Let H € CD[G], then G and
H will have the same degree sequence. But G 2 H. Therefore, H must have

more than one component. O

Theorem 4.1.4. Let H and G be the graph of order n, H has the same degree

sequence as G and G 2 H, then H € CD|G].

Proof. Observe that non isomorphic graphs have the same degree sequence. The
complement graphs of those graphs have the same degree sequence. That is, let
G1 and Gy be two graphs with the same degree sequence of G, and G; % G,
then CD[Gy, ] = CD[Gs, x]. Hence the result follows. O

4.2 Some CD-Equivalent Classes of Graphs

Theorem 4.2.1. Ifn > 2, then CD[K,,] is a singleton.

Proof. Note that K, = N, and let G € CD[K,]. Suppose G 2 K,,. The degree
sequence of K, and G are the same; that is, the degree sequence of G is 0,0, . .., 0.
Therefore, the degree sequence of Gisn—1,n—1,...,n—1. Since G 2 K,,, G
has more than one component. Let G; and G5 be two components of GG, then
V(G1)] <n—1. Let v € V(Gy), deg(v) < n — 2, we obtain a contradiction.

Thus G = K,,. This completes the proof. O
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Lemma 4.2.2. If Gy is a graph of order n and Gy is a graph of order m, then
CD|G1 UGy, x] = 2™CDI[Gy, x] + 2"CD|[G9, z].

Proof. Let v € V(G;) and deg(v) = d;. Consider the graph G; UGj. Then v
is adjacent to each m vertices of Gy, and also v is adjacent to V(G1) — N(v)
vertices in G;. Therefore, deg(v) = n — 1 — d; + m. Similarly, let u € V(G>)
and deg(u) = dy in Gy, then deg(u) = m — 1 —dy +n. Thus CD[G; U Ga, 2] =

x™CD|Gy, x| + 2"CD[Gs, x]. This completes the proof. O

Theorem 4.2.3. Ifn > 5, then C,, U P,, € CD[Py,14]-

Proof. We will show that CD[C,,UP,,, x| = CD|Py,+n, z]. Note that C D[Py, pn, x| =

(m +n — 2)x™t"=3 4 2p™+"=2 By the lemma

CD[C, U P,,,z] = 2"CD[C,,x] + 2"CDI|P,,, x|
= 2™nz" 3 + 2" [(m — 2)2™ 4 2™
= (m+n —2)a™ "3 4 2gmtn—2

This completes the proof. ]

The house graph Hu is a simple graph on five vertices and six edges, illus-

trated in Figure [4.1}

Lemma 4.2.4. If Hu is the house graph, then C D[Hu,z] = 3z* + 2x.

Proof. Note that the house graph has five vertices, out of which two have three

degrees and three have two degrees. Note that Hu = P;. P; has five vertices, out
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Figure 4.1: House graph Hu

of which two have one degree and three have two degrees. Thus CD[Hu,z] =

322 + 2z. This completes the proof. ]

Theorem 4.2.5. The House graph Hu, Hu € CD[K35).

Proof. The degree sequences of Hu and K3, are the same. The complement
of Hu and K39 are Ps; and K3 U Ky, respectively. Thus Hu 2 K32. Note that
CD[K349,2] = 32*+2z. By Theorem CD|[Hu, x| = 32*+2x = CD|K3_, z].

This completes the proof. O

Figure 4.2: Circular ladder graph C'Ls and Petersen graph P
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Theorem 4.2.6. If C'L; is the circular ladder graph with 10 vertices and P is

the Petersen graph, then C'Ly € CD[P)].

Proof. We will show that CD[CLs,x] = CD[P,z] and CL; 2 P. Note that
the circular ladder graph C'L5 and the Petersen graph P have the same degree
sequence (3,3,...,3), and both are 3— regular graphs. Hence CD[CLs,x] =

102 = CD[P, z].

Next we prove that CLy 2 P. Let V(CLj5) = {v;,v] : i = 1,...,5} and
V(P) = {u;,u; : i =1,...,5}, where v; and u; are in the outer vertices, v} and
u} are the inner vertices, and v; and v}, u; and u} are adjacent as in Figure [£.2]
Note that [N (v;) N N(vj)| <2 and [N(v;) N N(vj)| < 1. Then clearly C'Ls 2 P.

Hence C'Ls € CD[P]. This completes the proof. O
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Chapter 5

Vertex Cut Polynomial of Graphs

In this chapter we introduce another polynomial viz vertex cut poly-
nomial of a graph related to vertex connectivity. In the first section
we define and provide an example of the vertex cut polynomial of
graphs. In the second section, we derive the vertex cut polynomial

of some well-known graphs in the second section.

5.1 Vertex cut polynomial of graphs

Definition 5.1.1. Let G be a non-complete simple graph of order n, and let
V(G,i) denote the family of vertex cuts with cardinality © and let d,(G,i) =

\V(G,1)|. Then the polynomial
(n—2) |
V(Gia] =Y dy(G,i)a'.
i=k(G)

i1s defined as the vertex cut polynomial of the graph G.
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v, G Ve
Figure 5.1: The graph G

Example 5.1.2. Consider the graph G shown in Figure . Note that

V(G,1) = {{vs}, {va}},

V(G,2) = {{v1, vs}, {v1, 04}, {02, 03}, {v2, va}, {vs, va}, {vs, v}, {vs, ve
{va,vs}, {va, vs}},

V(G,3) = {{v1,v9, v}, {v1, v3, 04}, {v1, 03,05}, {v1,v3, 06}, {v1, V4, V5},
{v1,v4, 06}, {v2, V3, 04}, {v2, v3, 05}, {ve, U3, V6 }, {va, Vg, V5 },
{v2, va, v6}, {vs, va, U5}, {vs, va, v6}, {vs, vs, V61

V(G,4) = {{v1, v9,v3, 04}, {v1, 02, 04,05}, {v1, V2, V4, 06}, {1, V3,04, U5},
{v1,v3,v4, 06}, {v1, V3,05, U6}, {v2, V3, Vg, U5 }, {V2, Vs, V4, V6 },

{U27 V3, Us, UG}}~

Therefore, V[G; x| = 2z + 922 + 1423 + 92,

Theorem 5.1.3. If the smallest power of x in V|G;z| is greater than or equal

to 2,then G has no pendant vertex.

Proof. Let V[G;x] be the vertex cut polynomial of a graph G and the smallest
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power of x in V[G; x] is greater than or equal to 2. Then d,(G,1) = 0. Suppose
G has a pendant vertex v adjacent to the vertex u. If we delete u in V(G), then
G becomes disconnected and d,(G, 1) > 1. This contradiction shows that G has

no pendant vertex. This completes the proof. O

Remark 5.1.4. The converse of above result need not be true. For example
V(Fy,z) = x+4x* +4x3. The smallest power of x in V[Fy; z] is 1 but Fy has no

pendant vertex.

5.2 Vertex cut polynomial of some graphs

Theorem 5.2.1. For a path graph P,, where n > 3, then

(n—2)

VPia] =Y [(?) — i1,

i=1

Proof. Let vy,vq,...,v, be the vertices of the path graph P,. Observe that
if we delete i vertices in V(P,) other than {vy,ve, ..., v;}, {v1,v2, ..., 01,0},
{v1,V2, ., Vi—9, Upn_2,Un1,Un} 5« o, {01, Unina,s -+ o5 Un s {Unitts Uniza,s -« Un}y
then P, becomes disconnected. Thus d,(P,,1) =n—2 = (’1“) -2, d,(P,,2) =
(1) =3,...,dy(Pn,i) = (7) — (i +1). Therefore, V[P,;z] = S0 [(7) —i —1]a.

This completes the proof. O

Theorem 5.2.2. For a cycle graph C,,, where n > 4, then

Proof. Deleting a vertex in V(C,,), we get a path P,_. Thus V(C,,, 1) = ¢. Next,
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deleting an adjacent pair {v;,v,}, again we get a path P,_5. Thus we obtain a
disconnected graph by the removal of any non adjacent pairs of vertices. Observe
that C,, has n adjacent pairs of vertices. Thus d,(C,,2) = (Z) — n. Similarly
the removal of ¢ adjacent vertices disconnects C,. Since C,, has n adjacent

vertices of cardinality i, we have d,(Cy,i) = (7) — n. Therefore, V[Cy;z] =

Z(n_z)[(ﬁ) — n]a’. This completes the proof. -

=1 7

Corollary 5.2.3. For a wheel graph W,,, where n > 5, then

VW] = (nf)[(” N 1) ~ 4 1z

- 7
=1

Proof. Let vy, vy, v9,...,v,_1 be the vertices of the wheel graph W,,, where v is
the central vertex. Since vy is adjacent to all vertices, vy will be contained in
every vertex cut. We delete vy in V(W) and get a cycle C),_;. By Theorem m,
V[Cor;2] = S P[("Y) —n+1]at. Thus VW, 2] = S Y[ —nt-1]at,

This completes the proof. [

Theorem 5.2.4. For a star graph K ,, where n > 2, then

(n—2)

VIK o] = 3 <7Z> it

1=0

Proof. If we delete any vertex other than central vertex, then we obtain star
graph K ,_;. But with removal of central vertex, we get n isolated vertices. Thus
dy(Kyn,,1) = 1. Similarly, the removal of any i vertices other than the central
vertex does not decompose the graph. Thus any vertex cut contain central vertex.

It follows that d,, (K1 ,,,i+1) = (7). Therefore, V[Kj ;2] = ZEZEQ) (")a*t. This

7

completes the proof. O
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5.2. Vertex cut polynomial of some graphs

Theorem 5.2.5. For a complete bipartite graph K,,,, where n > 1,m > 2 or
n>2,m>1, then

(p—2)

V[Kmn; ] =27+ E (p) 7 where ¢ = min{m,n} and p = max{m,n}.
i
i=1

Proof. Note that the vertex connectivity of the complete bipartite graph K, ,, is
min{m,n}. Let ¢ = min{m,n}, p = mazx{m,n} and vy, vq, ..., vy, us, us, ..., u,
be the vertices of K,,,. We delete the vertices vy, vs,...,v,, to get a discon-
nected graph. Thus d, (K, q) = 1. In general, if we delete g + i vertices (the
removed vertices are vy, vs, ..., v, and i vertices from {us, us, ..., u,}), then we

have d,(Kpn,q +1) = (’Z’) Therefore, VK, n; ] = 27 + 251:12) (’;)xq”. N

Theorem 5.2.6. The verter cut polynomial of a Petersen graph P is given by

5
V[P;x] = 102 <f) ',
i=0

Proof. Observe that Petersen graph is a 3-regular graph. Let v € V(P). If we
delete the vertices the neighbors of v, N(v), then we get an isolated vertex and
a component G having 6 vertices. Next, we delete 3 vertices vy, va,v3 (v1,v2 €
N(v), vs3 ¢ N(v)), and get a connected graph. Thus d,(P,3) = 10 = 10(3).
Similarly, the graph can be disconnected by the removal of N(v) and i vertices

in G. Thus d,(P,i+3) = 10(%). Therefore, V[P;z] = 103";_ (5)2i*3. O

m)

Theorem 5.2.7. For a windmill graph Wr(z—‘rl? where n > 2, m > 2, then
m—1)n—1

=y (77 +’;Z)[(mn> i (R g

1=
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5.2. Vertex cut polynomial of some graphs

Proof. We have a windmill graph having m copies of K, adjacent to a single
vertex. Note that the removal of central vertex disconnects the graph. Thus
dv(WTSm), 1) = 1. Observe that any other vertex cut contains the central vertex.
Therefore, dv(Wflm),@' +1) = ("z"),z = 1,2,...,(m — 1)n — 1. Since after the
removal of vertices, the remaining vertices lie in the same complete graph, some
subsets of V(Wém)) with cardinality greater than or equal to (m — 1)n are not
vertex cuts. Thus dy(W,\™,i+1) = ) —m(if( " ), @ > (m—1)n. Therefore,

i m—1)

viwisel = ST (T)a !+ STl (7) = mle iy, 2 This

n i i=(m—1)nl\ 4 i—(m—1)n

completes the proof. O

Corollary 5.2.8. For a friendship graph F,,, where n > 2, then

(2n—3)

VFua= Y (QZL)W + [(ZHQT 1) P

=0

Proof. Note that the removal of a common vertex of F,, disconnects the graph.
But the removal of any other vertex does not disconnect the graph. Thus
d,(F,,1) = 1. Since any vertex cut contains the central vertex, we have d,(F,, i+
1) = (22."), i=1,2,...,2n—3. Note that V' (F},) has (232) subsets of cardinality

2n — 1. But n subsets of cardinality 2n — 1 are not vertex cuts. Thus d,,(F},, 2n —

1) =( 2n ) —n. Therefore, V[F,; z] = 2(2"_3) (2_")xi+1—|— [( 2n ) —n]z?~1. This

2n—1 =0 7 2n—1

completes the proof. ]

Theorem 5.2.9. For a fan graph F,, where n > 3, then
(n—2) n
VIF| ;x| = — i — 1]z
o) = 321(7) - e

Proof. Let vy,v9,...,v, be the vertices of a path graph in a fan graph Fj , and
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5.2. Vertex cut polynomial of some graphs

vy be the vertex of Fy,, adjacent to all vertices vy, vy, ..., v,. By Theorem [5.2.1]
V[P, x] = Zgizz)[(") — 4 — 1]z". Since every vertex cut contains vy, we have

)

VIF ;2] = Z(”_Q)[(Tl) — i — 1]z, This completes the proof. N

i=1 L\;
Theorem 5.2.10. For a double fan graph F,, where n > 1, then

(n—3)

\qgmxp:}:Kﬁ>—i—1u”?+(j>—ﬂﬂ.

i=1

Proof. Let vy,vq,...,v, be the vertices of a path graph in a double fan graph
F,, and u,w be the vertices of F}, adjacent to all vertices vy, vs, ..., v,. Note
that every vertex cut in V(Fy,,4), ¢=1,2,...,n— 1 contains v and w. Thus
dy(Fop, i+ 2) = (’Z) —i—1, i=1,2,...,n—3. But V(Fy,,n) contains a
vertex cut {vy,va,...,v,}. Thus d,(Fy,,n) = (';) — 4. Therefore, V[Fy ;2] =

ZEZI?’)[(’Z) —i—1]a"™ 4 [(7) — i]Jz". This completes the proof. O

Theorem 5.2.11. For a shell graph Sh,,, where n > 4, then

(n—3)

Vishal = S (("7 ) =i- e

1=1

Proof. Note that every vertex cut of shell graph contains the apex. If we delete

apex, then we get a path P, ;. By Theorem [5.2.1, V[P,;x] = 2522)[(”) —

7

i — 1]a*. Therefore, V[Sh,;x] = 21(753)[("_1) — i — 1], This completes the

7

proof. [

Theorem 5.2.12. For a bow graph Sh,,,, where n > 1, then
(n—1) n (2n—2) on
VI[Shpyn;x] = i —i—1 ans
[Shpn; ] Z(Z)m +;[<z) i—14+n|z

=0

84



5.2. Vertex cut polynomial of some graphs

Proof. Let vy, va, ..., U, U1, Us, . . ., Uy, w be the vertices of Shy, ,, (where vy, v, . . .,
v, are the vertices of left shell graph, uq,us,...,u, are the vertices of right
shell graph and w is the apex). Note that Sh,, has only one cut vertex.
Thus d,(BF,,1) = 1. Since every vertex cut contains the apex w, we have
dy(Shpn,i+ 1) = (21."), 1 = 1,2,...,n — 1. Also, we have some subsets
S C V(Shy,,) with cardinality greater than or equal to n+ 1 that are not vertex
cuts. If we delete w, vy, vs, ..., v,, then we get a path uq, us, ..., u,. By Theorem
dy(P,,1) = n—i—1. Similarly, we delete w, uy, us, . .., u, and again we get a
path vy, v, ..., v,. Since i > n, the path vy, vs, ..., v, or uy, us, ..., u, has only n
vertices . Therefore, d,(Shy,,i+1) = (21”) —2(i+1—n), i=n,n+1,...,2n—2.
Thus V[Shyn; x| = Zgial) (*" xi+1+zgiﬁf2)[(2ﬁ) —i—1+4n]z""!. This completes

the proof. O

Corollary 5.2.13. For a butterfly graph BF,,, where n > 2, then

(n+1) (2n)
2n+ 2\ 2n + 2 . ;
V[BF,;z] = E ( ni >x7’+1—|— E [( ni ) —2(i +1—nja"™.
=0 i=n+2

Proof. Observe that the butterfly graph has only one cut vertex. Thus d,(BF,,1) =

2nf2) ’ i =

1. Since every vertex cut contains the apex, d,(BF,,i+ 1) = ( ;

1,2,...,n+ 1. We have some subsets of V(BF,,) with cardinality greater than
or equal to n + 2 which are not vertex cuts like Sh,,,,. By Theorem ,
dy(BF,,i+1) = (*) —2(i+1-n), i=mn+1n+2...2n Thus
VIBF.a) = S0 (530 + S (() - 20 + 1 — nla™. This con-

pletes the proof. O
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5.2. Vertex cut polynomial of some graphs

Theorem 5.2.14. For a sun graph S,,, where n > 2, then

2n—3)

(
om —3\ |
ViSual=n 3 ( " 3):1:”2+ (Z)x%—%
=0

Proof. Let vy, vq,...,v,, U1, us, ..., u, bethe vertices of sun graph where vy, v, ...,
v, are the vertices of a complete graph and wuq,us,...,u, are the vertices of
outer ring of sun graph. If we delete N(u;), then we get an isolated vertex
and a connected component G of 2n — 3 vertices. Next we delete any two
vertices v;,v; € {v1,vq,...,v,} other than N(w;), i = 1,2,...,n and get a
connected graph. It follows that d,(S,,2) = n. Similarly, the graph can be
disconnected with ¢ vertices only by the removal of N(u;) and ¢ — 2 vertices in
G. Therefore, d,(S,,i + 2) = n(Q"i_g), i =1,2,...,2n — 3. Vertex cuts in
V(Sy,,2n — 2) are contained in all vertices of complete graph and n — 2 ver-
n

tices of the outer ring of a sun graph. Therefore, d,(S,,2n — 2) = (2) Thus

VIS, 2] =n Zgi%_?’) (*"%)a"*2 4 (3)a?"~2. This completes the proof. O

Theorem 5.2.15. For a pan graph T, i, where n > 3, then

(n—1)

n—1 n A
VI, 1; x| = , , — ‘.
(T.1; ] x+;((2_1)+(2_1> n)
Proof. Let vy, vy, ...,v, be the vertices of pan graph T, ;, where vy, vs,...,v,

are the vertices of cycle and vy is the singleton graph with vy adjacent to wv;.
Note that pan graph has only one cut vertex v;. Therefore, dy (7}, 1,1) = 1. The
number of vertex cut sets with cardinality ¢ of the cycle graph are (7) —n. But
in the case of pan graph, the removal of v; disconnects the graph by a singleton

graph vy and a connected component. Note that some subsets of V(T,1) are
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5.2. Vertex cut polynomial of some graphs

not vertex cut. Also we have vertex cuts S; with cardinality ¢ of two types (first
types being vy € S; and the other on when vy ¢ Sy). Since v; belongs to i
vertex cut sets with cardinality ¢ that do not contain vy. By Theorem [5.2.2]

the number of vertex cut sets not including vy with cardinality 7 is (7;:11) and

including v is (,",) —n . Therefore, d,(T,1,%) = (7—}) + (,";) — n. Thus

i—1 1—1

ViTi;2) =2+ Z(” 1)(( D)+ (,",) —n)a’. This completes the proof. O
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Chapter 6

Vertex Cut Polynomial of some

Graph Operations

In this chapter, we discuss and derive the vertex cut polynomial of
some graph operations. In the first section, we derive the vertex cut
polynomial of some unary graph operations. The second section is
devoted to the vertex cut polynomial of some binary graph opera-

tions.
6.1 Vertex cut polynomial of some unary graph

operations

Theorem 6.1.1. If n > 2, then the vertex cut polynomial of splitting graph of

star graph is given by

VIS(Kin); 2] =x+g (an 1)95”1 - Mz_z Kznj 1> - (Z fn)} s

i=n-+1
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6.1. Vertex cut polynomial of some unary graph operations

(5) 1)

Proof. Let vy, v1,vs...,v, be the vertices of K, where v, is the central vertex

and wug, Ui, Us, ..., u, be the corresponding vertices of vy, vi, vy ..., v,, respec-
tively, in S(K7,,). Note that if we delete the vertex ug, then wuy,us,. .., u, be-
come isolated vertices. Thus d,(S(K1,),7) = (2”;r1), 1=2,3,...,n+1. But the
set that contains wuy, us, ..., u, is not a vertex cut set. Therefore, deleting any of

V1,V ..., v, along with wy, us, ..., u, to not increase the number of components.

Thus d,(S(K1,), 1) = (2"1.“) — (zfn), it =mn+2,n+3,...,2n — 1. Similarly,
selecting the 2n — 2 vertices from the vertices after deleting vy and gy will still be
the vertex cut set. Also, {vy,va..., v, U1, U, ..., u,} includes V(S(K1,),2n).

Therefore, d,(S(Ki,),2n) = (%) + 1. Hence the result follows. O

Theorem 6.1.2. Ifn > 2, then the vertex cut polynomial of cosplitting graph of

star graph is given by

viestoia =5 () [ () 1] S0+ (20)

) )

Proof. Let vg,v1,vs ..., Vs, U, U1, ..., u, be the vertices of C'S(Kj,,), where
Vo, V1, V2. ..,y be the vertices of K, with vy is the central vertex and wu; be
the vertices corresponding to v;, ¢ = 0,1,...,n. We consider several cases for

dy(CS(K1,),0),i=1,2,...,2n.

Case(i) i =1,2,...,n — 1: Note that C'S(K,) has only one cut vertex vg. If we

delete vy, then we get two components, one is an isolated vertex and other
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6.1. Vertex cut polynomial of some unary graph operations

one is a complete bipartite graph K, ,. Let U = {vy,va...,vp, U1, ..., Uy}

and S C U, then the union SU{v} is a vertex cut. Therefore, d,(CS(K;,,),1) =

(), i=12...,n—1

Case(ii) i = n: The set {v1,va,...,v,} is a vertex cut. Thus, in this case, these
vertex cuts will be the vertex cut with the vertex cuts mentioned in Case(i).

Therefore, d,(CS(K1,),n) = (n21ll) + 1.

Case(iii) i=n+1,n+2,...,2n — 1: Let S" C {wo, ug.u, ug, ..., u,}, then the
union S"U{vy, va, ..., v,} is a vertex cut. Thus these vertex cuts will be the

vertex cuts with the vertex cuts S U{vo} mentioned in Case(i). Therefore,
4, (CS(Kin),i) = T () + ()

Case(iv) i = 2n: If the set of vertices S” = {v1,va, ..., Vp, Uz, Us, ..., Uy} are
deleted, then we are left with two vertices vy and ug, it is a connected graph,

the set S” is not a vertex cut. In this case all other vertex cuts mentioned

in Case(iii) are vertex cuts. Therefore, d,(CS(Ki,,1) = (,2",) + ("1?) — 1.

2n—1 n

This completes the proof. ]

Theorem 6.1.3. If n > 1 and K7, is a graph obtained by duplication of the

central vertex of K ,, then
n—3 n n
VK], 2] = ik 1| 2",
(K13 2] ;(z)x S ERIE:

Proof. Let vy, v1,vs...,v, be the vertices of K;, and v be the duplication of
vg, where vy be the center vertex. Note that K{m has no cut vertex. Thus

dy(Ki,,1) = 0. If we delete vy and ©', then we obtain n isolated vertices.
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6.1. Vertex cut polynomial of some unary graph operations

Thus dy(K{,,i+1) = (7), i=0,1,2,...,n — 1. All vertex cuts in V(K] 7),
i=2,3,...,n— 1 include vy and v, but there is a vertex cut {vy,vs...,v,} in
V(K1 ,,n) which does not contain vy and v Thus d,(K7,,n) = (,",) +1 =
(3) + 1. Hence V(K7 ;2] = 305 (M) a™2 + ((3) + 1)2". This completes the

proof. [

Theorem 6.1.4. Ifn > 1 and K|, is a graph obtained by duplication of one of

TL

the leaves of K, then

n—1 nﬂ+ 1 i+
1n7
0

1=

Proof. Let v" be the duplication of one of the leaves of K, then K, will be a

star graph with n+1 leaves. Hence VK] ;x] = Y7 (1) #**!. This completes

1n7

the proof. O

Theorem 6.1.5. If n > 1, then the vertex cut polynomial of shadow graph of

star graph is given by
2n—1
2 , 2
VisEu)al = 3= (e |(3) +1] o
i=0

Proof. Note that Sh(K1,) = K] ,,, where K}, is a graph obtained by dupli-
cation of a central vertex of Kj,. Hence by Theorem [6.1.3) V[Sh(K:,);z| =

V[K] 5,;x]. This completes the proof. O

Theorem 6.1.6. If n > 1, then the vertex cut polynomial of Mycielski graph of

star graphis given by

Vi 2 s () ()] (1) + ()
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6.1. Vertex cut polynomial of some unary graph operations

+ 2 4 {2 (2:) + (nzf 1) - 2} 22 4 ;nZ;g[Q (Z 2_n2)
i (2 2—n3> —2 (z - Z— 2>]xi +2 (znZT—L 2> N <2nQﬁ 3) -
2<n 7_l 2) + 1)z + [2(712111) - (n2f2> - 2(n ﬁ 1)

_|_ 2]1,271-"-1 ]

Proof. Let vy, vy, ..., 0n, U, U1, ..., Up, w be the vertices of u(K;,), where v, vy,
...,y are the vertices of K, with central vertex vy, u; corresponding to each
v; and w is the vertex to each u;, i = 0,1,...,n. Let S = {w,ug, v}, V =
{v1,...,v,} and U = {uy,...,u,}. Note that p(K;,) has no cut vertex. We

consider several cases for d,(1(K1,),1), 1 =2,3,...,2n+ 1.

Case(i) i = 2: Note that V(G,2) = {{vo, w}, {uo,v0}}. Thus d,(G,2) = 2.

Case(ii) i = 3,4,...,n: Note that the set S itself is a vertex cut. The unions,
any subset of {vy,va, ..., vy, us, ug, ..., u,} with cardinality ¢ — 2 and any
element in V(G,2) is a vertex cut. Similarly, the unions, any subset of
{v1,v9, ..., Vp, Uy, us,

..., Uy, } with cardinality i—3 and S is a vertex cut. Therefore, d,(u(K1,),7) =

2(1'27”2) + (ing), 1=3,4,...n.

Case(iii) i = n + 1: Note that VU{w} and UU{uy} are the vertex cuts. Thus in
this case, these two vertex cuts will be the vertex cuts with the vertex cuts

mentioned in Case(ii). Therefore, d,(u(Ky,),n+1) =2( ") + (")) +2.

Case(iv) i = n + 2: he unions V U {vg, uo} and U U {vp, w} are not vertex cuts.

Thus these two subsets of V (u(K7,,)) will not be vertex cuts mentioned in
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6.1. Vertex cut polynomial of some unary graph operations

Case(ii). Therefore, d,((K1,),n+2) =2(*") + (*") — 2.

n—1

Case(v) i=n+3,...,2n—1: Let U' C U, V' C V. The unions V' U {wvg, up} U
U" and U U {vg,w} UV’ are not vertex cuts. Thus these 2(," ) subsets
of V(u(Ky,)) will not be vertex cuts mentioned in Case(ii). Therefore,

do(u(Krp), i) =2(2) + () —2(,",), i=n+3,...,2n— 1.

i—n—2

Case(vi) i = 2n: The subset V U U of V(u(K,)) is the vertex cut set with

the vertex cut sets mentioned in Case(v). Therefore, d,(u(K1,),2n) =

2(212:2) + (2n 3) 2( ) + 1.

Case(vii) i = 2n + 1: The subsets VUU U{w} and VUU U{ug} of V(u(Ki,))
are the vertex cut sets with the vertex cut sets mentioned in Case(v).

Therefore, d, (u(K1,),2n+ 1) =2( ") + (2") —2(,",) +2.

This completes the proof. ]

Theorem 6.1.7. Ifn > 1, then the vertex cut polynomial of complement graph

of star graph is given by

n—1
Kl n7 ( )
=1

Proof. Note that K, has two components, one is an isolated vertex and the
other is a complete graph with n vertices. If we delete any vertex that is

not an isolated vertex from K ,, give more than one component. Therefore,

VK 2] =30 (7). 0
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6.2. Vertex cut polynomial of some binary graph operations

6.2 Vertex cut polynomial of some binary graph

operations

Theorem 6.2.1. If G is a graph having n vertices and Gy is a graph having m

vertices, m > n, then vertex cut polynomial of join of Gy and Gy is given by

m—2
VGV Gyizl= > dy(Gai)a"
i:H(Gz)
Proof. Let GG; and G5 be two disjoint graphs with n and m vertices, respectively.
Since every vertex in (¢ is adjacent to every vertex in G, we get more than one
component only if all the vertices in G; and the vertex cuts in G5 are removed.

Hence the result follows. O

Corollary 6.2.2. If Sh,, is the shell graph with n + 1(n > 4) vertices, then

V[Shy; 2] = nzg K” B 1) . 1] ans

i=1

Proof. Note that Sh,, = P,_1V K; and V[P,;z] = Z"_2 [(”) —F— 1} x'. There-

i=1 )

fore, VP, 1V Kq; 2] = Z;:f’ [("‘.1) —7— 1] 2T, This completes the proof. [

Theorem 6.2.3. If G is a graph having n vertices and Gy is a graph having m
vertices, m > n, then the vertex cut polynomial of union of Gy and G5 is given

by

()

J

(n " j) )" + (im; dy(Gayi — ) + (T) + n_j (Z TJ)

<



6.2. Vertex cut polynomial of some binary graph operations

() 120,750 0)

J

dy(CGlayi — n) + ni (?)( " >)m

i i
j=t—m+1 J

m4n—2

2 Y (do(Gryi—m)+

1=m-+1

Proof. Since G UG5 has two components, all vertices of G; UGy are in V(G U
Go,1). Therefore, d,(G1 U Gy, 1) = m + n. Similarly, any subset of V(G U Gs)
is contained in V(G1 U Gy,i), i = 2,3,...,n — 1. Therefore, d,(G; U Gg,1) =
Z;:o (T]”) (ij) But if G is deleted, a connected component will be obtained.
Therefore, d,(G1 U Gz,n) =377, (Z”)

After deleting (G1, if we want to get more than one component, then we have

to delete the vertex cuts of Gy. Therefore, d,(G1 UGy, i) = d,(Ga,i —n) + (m) +

Z"_l (m)(”), t=n+1n+2,...,m—1. Similarly, if we remove G5, we get

J=1 Ni—j/ A
a connected component; thus V(G U Gy, m) does not have a vertex cut that
. . . n—1 m n
only contains vertices in Go. Therefore, d,(G1 U G2,m) =3 i—; (m_j) (;) After
deleting Go, we have to remove the vertex cuts of G;. Thus d,(G; U Ge,1) =
dy(Ga,i—n) + (T) —1—23.:11 (’fj) (;‘), i=m+1m-+2,...,m+n—2. Hence the

result follows. 0

Theorem 6.2.4. If G is a graph having n vertices and Gy is a graph having m

vertices,m > n, then the verter cut polynomial of corona of G, and G is given

by

V|G o Gy ] =nx + Z

=2

22 (0)()

20)) - O 2%

J

~EE ) - O]

k=1 i=m+1 [j=1
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R R0 - ()]

i=(n—1)(m+1) Lj=1

Proof. Let GG; and G2 be two disjoint graphs with n and m (n < m) vertices,

respectively. We consider several cases for d,(G10Ga, 1), i =1,2,...,n(m+1)—2.

Case(i) ¢ = 1: Since the i vertex in G is connected to all vertices in the i
copy of G, the cut vertices in the corona graph will be vertices in G;. If
we delete a vertex in G, then we get a copy of G5 and a component with

(n — 1)(m + 1) vertices. Thus every vertex in G is cut vertex of G o Gs.

Therefore, d,(G1 0 Ga,1) = n.

Case(ii) i = 2,3,...,n: All subsets of V(G 0 Gs) that include at-least one ver-
tex in (G are vertex cuts of G; o GG5. Thus there are (’Z) vertex cuts with
only vertices in GG; and Z?Zl (’;) ("f;) vertex cuts with vertices in GG; and

7

Gs. Therefore, d,(Gy 0 G, i) =37, (1) (™) + (1), i=2,3,...,n.

J=1 NG/ Ni—j

Case(iii) i =n+1,n+2,...,m: In this case there will be no vertex cuts with
only vertices in GG;. All the vertex cuts have vertices in both G| and Gs.

Therefore, d,(G1 0 Ga, i) => 7, (M) (™), i=n+1n+2,...,m

J=1\j/ \i—j

Case(iv) i=m+1,m+2,...,(n—1)m + n: Deleting the i" vertex of G; and
the i'" copy of G together leaves only one component. Deleting the i and
5t vertices of Gy and the i** and j™ copies of G5 together leaves only one
component. Similarly, if k vertices and k copies of G5 are deleted, then only

. . n—1 n n\ (mn
one component remains. Therefore, d,(G10G,7) = >, _; [ijl (;) (i_j)} -

(Z)(inj(ﬁjl)c%i:m+1>m+2>---,(n—1)m+n.
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6.2. Vertex cut polynomial of some binary graph operations

Case(v) i = (n—1)(m+1),...,n(m+ 1) — 2: In this case, more than one com-
ponent is obtained only if all vertex cuts of G, are deleted along with
(n — 1)m + n vertices when only the i copy of G remains. All sub-
sets of V(Gy) cannot be considered in the case where only the i copy
of G5 remains. All subsets of V(Gs) cannot be considered in the case
where only the i copy of G5 remains among vertex cuts involving ver-
tices in G7 and G as stated in case(ii). Therefore, d,(G; o Go,i) =

> i (?) (Z"f;) +ndy(Ga,r) — (), i=(n—1)(m+1),...,n(m+1) — 2.

r—1

This completes the proof. O

Theorem 6.2.5. If n > 1, m > 3, then the vertex cut polynomial of rooted

product graph of path graph P, and cycle graph C,, is given by

it Sl () 1)

i=2
n2 0NN fmn —
lz()( S B P
=1 imkm  Lj=1 M L=
H\iJ\m—j
nm—2 A .
n\ [mn —i ;
Z()( n= )_nm]x.
i=(n—1)m+1 Lj=1 J vt
Proof. Consider four cases for d,(P, 0, Cpp,i), i =1,2,...,nm — 2.

Case(i) i = 1: Observe that root vertices are cut vertices; the remaining (n —

1)m vertices are not cut vertices. Therefore, d, (P, o, Cy,,1) = n.

Case(ii) i = 2,3,...,m — 1: Note that V[C,,;z] = Z;’;Q[(m) — m]z’. That is

1

in a cycle graph; we obtain a disconnected graph by the removal of any
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6.2. Vertex cut polynomial of some binary graph operations

¢ non-adjacent vertices. But in the case of P, o, C,,, i adjacent vertices,
including the root vertex, will be vertex cut. Similarly, a vertex cut consists
of i — 1 vertices in n — 1 copies of C,, that are not the i copy of C,,
and the root vertex of the i copy of C,,. Therefore, dy (P, 0y Cpyy i) =

(™) 4+ (M) —m+i, i =2,3,...,m— 1.

i—1 [

Case(iii) i =m,m+1...,(n — 1)m — 1: Note that P, has (7) —i — 1 vertex
cuts with cardinality 7. Similarly, the removal of 7 + 1 copies of C),, cannot
disconnect P, o, Cp,. Thus, for k = 1,2,...,n — 2, d,(P, o, Cp,,1) =

S () = (k+ 1), i = kmkm 4+ 1, km — 1

J

Case(iv) i = (n — 1)m: Note that we get a connected graph if only one cycle
is left when (n — 1)m vertices are deleted. We have there are n cycles.

Therefore, d,(P, 0, Cpy, (n — 1)m) = 3" (?) (") — .

j=1 m—j

Case(v) i=(n—1)m+1,(n—1)m+2...,nm — 2: As stated in the previous
case, when there is only one cycle left, deleting m adjacent vertices in that
cycle does not result in a disconnected graph. Therefore, d, (P, o, Cyp, 1) =

S (M) = (- Dm b L (0~ m 2,2

i=1 i
This completes the proof. [

Theorem 6.2.6. Ifn > 1, m > 3, then the vertex cut polynomial of Cartesian

product of path graph P, and cycle graph C,, is given by

V[P,OC; 2] =(n — 2)a™ + i (n—2) ((n - 1)m) .
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6.2. Vertex cut polynomial of some binary graph operations

Proof. Note that «(P,0C,,) = m. We consider several cases for d,(P,0C,,,1),

i=mm+1,...,mn—2.

Case(i) i = m: Observe that P, has n—2 cut vertices. We obtain a disconnected
graph by removal of the i"* copy of C,,, i = 2,3,...,n — 1. The removal
of other vertices cannot disconnect P,00C,,. Therefore, d,(P,0C,,,m) =

n — 2.

Case(ii) i =m +1,m +2,...,2m — 1: In this case, if we delete the j'* copy of
C,, and ¢ — m vertices in the other n — 1 copies of C,,, 7 =2,3,...,n—1,
1=m+1,m+2,...,2m—1, then we get a disconnected graph. Therefore,

d,(P,0C,,,1) = (n — 2)(("2._1)7”), i=m+1,m+2,...,2m—1.

—m

Case(iii) i =2m,2m+1...,(n — 1)m — 1: For a fixed k, we obtain a discon-
nected graph by removal of k copies of C,, and i — km vertices in other
copies of Cy,. Note that d,(P,,i) = (7;) — ¢ — 1. We cannot obtain a dis-
connected graph in P, by the removal of (i + 1) set of vertices. Similarly,
the removal of (k + 1) sets of k copies of C,, does not decompose the
graph. Thus we cannot obtain a disconnected graph by the removal of
k+1 set of k copies of C},, and i — km vertices in other copies of C,,, where

i=km,km+1,... (k+1)m—1.

Case(iv) i=(n—1)m+1,...,mn — 2: In this case, if the remaining vertex
after deletion is a copy of a cycle, then to obtain a disconnected graph

when the vertices are removed from it, the vertices that are not adjacent
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6.2. Vertex cut polynomial of some binary graph operations

to the vertex cut of the cycle graph must be deleted. Each cycle has m

adjacent sets of vertices. Therefore, d,(P,0C,,,i) = (n — 2)<("71)m) —nm,

i—m

i=Mnm—-1m+1,...,mn—2.

This completes the proof. ]
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|Chapter 7

VC-Equivalent Classes of Graphs

The coefficients of some wvertex cut polynomials are entirely the
same. Similarly, vertex cut polynomials of non-isomorphic graphs
are the same. In this chapter, we discuss those types of vertex
cut polynomials of graphs, and we define and study VC-equivalent

graphs and VC-equivalent classes of graphs.

7.1 VC-Equivalent Graphs

Definition 7.1.1. Two graphs G and H with order n and m, respectively, are
VC-equivalent if and only if d,(G,i) = d,(H,i +j), i = 1,2,...,n—2, j =

0,1,2,...,m—i—2.

Theorem 7.1.2. Let W,, (n > 3) is the wheel graph, C,, is the cycle graph, F\,,
(n > 3) is the fan graph, P, is the path graph, K, (n > 2) is the star graph,

then

1. Wyt and C,, are VC — equivalent,
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7.1. VC-Equivalent Graphs

2. Fi, and P, are VC — equivalent,

3. Ky, and Ky, are VC — equivalent.
Proof

1. Note that V(Cpn,7) = (7) =n,i=2,...,n—2and V(Wi1,9) = (,",) = n,

i=3,...,n—3. Then clearly d,(C,,1) = d,(Wyy1,i+1),i=2,...,n—2.

Hence W, .1 and C,, are VC' — equivalent.

2. Note that V[P,;2] = S0 2 [(7) — i — 1] 2% and V[Fy ;2] = >0

2

[(7) —i— 1] 2", then clearly dy(Py,i) = dy(Fip,i+1),i=1,2,...,

1

n — 2. Hence F, and P, are V(' — equivalent.

3. Note that V(K ,,i+ 1) = (?) and V(K ,,,1) = (7;), i=1,2,...,n—2.

Then d,(Kyn,i+1) = dy(Ky,1), 1 =1,2,...,n — 2. Hence K;, and K,

are VC — equivalent.
This completes the proof.
Theorem 7.1.3. If H € VCI|G], then H and G are VC — equivalent.
Proof. If H € VC[G], then V[G; x| = V[H; x] that is d,(G, i) = d,(H, 1), Vi > 1.
Hence G and H are VC — equivalent. ]

Remark 7.1.4. The converse of the above theorem only true if G and H are

VC — equivalent, then d,(G,i) = d,(H,i+j) , j =0.
Lemma 7.1.5. If n > 3, then

2n—>5

2n — 4\
VICLy;z] =2n Z ( ni )x’”.

=0
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7.2. VC-Equivalent Classes of Graphs

Proof. Note that a circular ladder graph is a 3-regular graph. Let v € V(CL,,).
We delete the vertices of the neighbors of v, that is, N(v) (like the vertex cut
polynomial of the Peterson graph); the remaining will be an isolated vertex and
a component G having 2n — 4 vertices. Next, we delete 3 vertices not in N(v),
and then we get a connected graph. Thus the graph can be disconnected by the
removal of N(v) and i vertices in G. Thus d,(CLy,i + 3) = 2n(*""). Hence

V[CL,;2] =2n 320" (*"7*) 23, This completes the proof. O

(2

7.2 VC-Equivalent Classes of Graphs

Definition 7.2.1. Let G be the graph; the VC-equivalent class of the graph G is

defined as VC[G| :={H : V[G;z] = V[H;z]}.

Theorem 7.2.2. If C'L5 is the circular ladder graph and P is the Petersen graph,

then CLs € VC[P].

Proof. Note that V[P;z] = 1037, ()23 and V[CLs;2] = 10 S, (S)ai*3.

Also CL; 2 P (by Theorem [£.2.6)). Hence C'L; € VC[P]. This completes the

proof. ]

Theorem 7.2.3. Let H and G be the graph of order m and n respectively. If H

and G are VC — equivalent and H ¢ VC|[G], then m # n.

Proof. Suppose m = n, then the largest power of V[G;z| and V[H; x| are n — 2.
Since G and H are VC — equivalent and H ¢ VC[G], then d,(G,i) = d,(H,i+j),

j#0,i=1,2...,n—2. Note that d,(G,n — 2) exist. Thus d,(H,n —2+ j)
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7.2. VC-Equivalent Classes of Graphs

exists. Then we get a contradiction because the largest power of V[H; x| is n— 2.

Hence m # n. This completes the proof. [
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Chapter

Conclusion and further scope of

research

First section of this chapter is summary of the thesis and the next
section includes some guidelines for future research work to explore

more areas.

8.1 Summary of the thesis

In this thesis, we introduced two new graph polynomials named the complement
degree polynomial of graphs and the vertex cut polynomial of graphs. These

polynomials of many well-known graphs and graph operations are derived.

The stability, number of real roots and location of roots in the complex plane
of the complement degree polynomial of graphs are also studied. In this thesis the
concept of CD-equivalent classes of graphs and VC-equivalent classes of graphs

are also introduced.

Complement degree polynomial of some graphs in chemical graph theory,
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8.2. Further scope of research

biological graph theory and network theory are derived. In addition, we conclude
CD[G,z] = V(G,z) (V(G,z) = ZkAz(g) vre®, where A(G) = max{deg(v) : v €

V'} and vy is the number of vertices of degree k) [14].

8.2 Further scope of research

1. Study the stability of the vertex cut polynomial of graphs.
2. Study the roots of the vertex cut polynomial of graphs.

3. Identify more CD-equivalent polynomials.

4. Identify more VC-equivalent polynomials.

5. Investigate vertex cut polynomials in other branches like chemical graph

theory, biological graph theory etc.
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