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Introduction 

Raji Pilakkat “On the study of p-spectral sets and generalized spectral sets ” 
Thesis. Department of  Mathematics , University of Calicut, 1999 



I n t r o d u c t i o n  

While investigating the properties of bounded linear operators 

on Hilbert spaces, we came across a small section on spectral sets in 

Berberian's Lecturers in Functional Analysis and Operator Theory' 

[21]. The most striking property that we noticed was : "T is Hermitian 

if and only if R is a spectral set". 

Going back to the beginning of the idea of spectral sets we found 

that the definition involved supremum norm and rational functions. 

More investigation revealed that von Neumann introduced the notion 

of spectral sets in 195 1. He took a compact set Q of C con- the 

spectrum o(T) of an operator T on a Hilbert space and called it a 

spectral set for T if 

llf(T)ll 1191~ 

for all f in the closure of the set of all rational limctions having poles 

off Q. First of all he proved that an operator T on a Hilbert space H is a 

contraction if and only if IIP(T)JI I Sup { p(z)l : lzl < l )  .... (*) for all 

polynomials P. In other words the unit disc of C is a spectral set for T 

if and only if T is a contraction. As we have mentioned above we 



started looking at replacing the supremum norm by p-norm ( 1 S p S 

a) and simultaneously enlarging the collection of functions involved to 

include analytic functions and vector valued analytic functions. 

The theory of spectral set has very close relationship with the 

theory of dilation. An operator T has a n o d  (unitary) dilation if there 

exists a normal (unitary) operator N on a Wbert space K containing H 

as a subspace and such that 

T = PNPIH, 

where P is the orthogonal projection of K onto H. Sz- Nagy [19- 19701 

proved that if T is a contraction on a Hilbert space H then there exists a 

unitary operator U on a Hilbert space K containing the space H such 

that U" is a unitary dilation of T", for n t 0. D.Sarason [7- 19651, Foias 

18- 19591, and A. Lebow [l- 19631 proved independently that: "If Q is 

a compact spectral set for a .  operator T having connected complement 

in the complex plane then T has a normal dilation N such that the 

spectrum a(N) of N is contained in the boundary aQ of Q. In other 

words T has a normal aQ dilation.'' Further in the case of normal 

operators, the spectrum is always a spectral set. We noted that in all 

these only supremum norm was used. 



In this thesis we have introduced the notion of p- spectral sets 

and generalized spectral sets. The p- spectral sets are obtained by 

changing the supremum norm in the definition of a spectral sets by a p- 

norm on the class of analytic functions over a suitable domain and the 

generalized spectral sets are obtained by enlarging the class of rational 

functions to include operator valued analytic functions. The primary 

objective of the thesis is to find out whether our defdtions leads to a 

more natural extension of the existing theory and secondly to search 

for 'new' things this generalization will throw up. 

We are happy that our attempt has been somewhat fruitful and 

we are convinced that this work can be extended beyond this thesis- 

which we are unable to carry out due to time limitations. 

We begm our thesis by giving al l  the necessary preliminary 

results in Chapter 1. 

In the second chapter we have introduced p - s p e d  sets. We 

have studied their properties in two sections. In the case of spectral sets 

the spectrum of normal operators are spectral sets. We have found that 

in the general case it is not true. We have overcome this difficulty by 

introducing a new class of functions called nice p-fimctions. We have 



defined nice p-spectral sets and have shown in 2.1.12, that an operator 

is normal if and only if o(T) is a nice p-spectral set. 

In Chapter 3 we have defined f(T) for a wider class of hctions, 

namely for A valued analytic functions, where A is a sub algebra of 

B O .  Here instead of writing f(T) we write ?v). This chapter is also 

divided into two sections. The fxst section deals with the d e f ~ t i o n  
f i  

and properties of f(T). Using hp) we have introduced a new concept 

called generalized spectral set. The main result in this chapter is the 

following. "If A. is a commutative closed sub algebra of B(H), and T an 

element of A then o(T) is a generalized spectral set of T relative to A 

provided that ~$T)II = r 3 ~ ) )  for every A valued analytic h c t i o n  f on 

Special mention should be made of Mergelayan's theorem, 

1.2.5, which has helped us a great deal in our attempt to seek natural 

extension of the idea of spectral sets. 

Chapter 4 has two sections. In this chapter we have studied p- 

spectral sets for operators with finite spectrum and denurnerable 

spectrum. First section deals with the p-spectral sets of operators 

having a finite spectrum. Here we define p- spectral sets relative to 



some open set Q in C. Using the Residue theorem we defrne fo, for a 

complex analytic fuoction f on o(T). The most important result in this 

chapter is the spectral splitting theorem 4.1.7. Some other properties 

we have proved are: Every spectral set is a p-spectral set and every p- 

spectral set is a K spectral set. From this we have deduced that the 

spectrum of a normal operator is a p- spectral set. All these results are 

proved relative to some open set a. Choosing M in a suitable manner 

we have proved the converse also. We have also proved that if a finite 

set Q containing the spectrum o(T) of T is a p- spectral set for T 

relative to an open set Cl satisfLing certain conditions, then with every 

pair of points (X, y) in the Hilbert space H we can associate a measure 

for every continuous function f on m. Using this theorem we have 

deduced that if Q is a p spectral set for every p, 1 S p r m, then it is a 

spectral set for T. We have also given Characterization theorems for 

normal and unitary operators. 

Second section of chapter 4 talks about denurnerable p- 

spectral sets. Denumerable p- spectral sets are also defined relative to 



some open set in C. Here- also we have given a characterization 

theorem for denurnerable p- spectral sets. The important result in this 

section is that: "If SZ is an open set disjoint fiom the origin and if T is a 

compact self adjoint invertible operator then is a p- spectral set 

for T". 

We would like to mention that the study p- spectral sets of 

operators with f ~ t e  spectrum has been more illustrative as we could 

do some computations and these threw more light in our study in the 

general situation. 

We conclude our thesis by returning to von Neumann's 

definition of spectral sets (chapter 5). We have introduced minimal 

spectral sets and proved that every operator T has a minimal spectral 

set. Defining pseudo spectral radius as supremum of 1x1, (where h 

varies over the minimal spectral set of T), we have deduced some 

relation between spectral radius and pseudo spectral radius. 



1. P r e l i m i n a r y  R e s u l t s  

This chapter deals with the basics needed for the study of the 

p- spectral sets and generalized spectral sets. The fmt section contains 

some important deffitions and results about vector valued functions. 

1 .l Vector valued integration 

H will always denote a complex Hilbert space, B(H) the algebra 

of all bounded linear operators on H and B(H)* the space of all 

bounded linear functionals on B(H). 

Let p be a measure on a compact subset Q of C and f be a 

function from Q into B(H) such that Aof is integrable with respect p 

for every A in BM*. With such a function f it is possible to associate 

an element iQf hp of B 0  cded integral of f with respect to the 

measure p on Q (where p may be real or complex) as follows: 



1.1.1 Definition l3.26; 301 : 

Suppose p is a real or a complex measure on a measurable space 

Q. X is a real or complex topological vector space on which X* 

separates points and f is a measurable function fiom Q into X such that 

scalar functions Aof are integrable with respect to p,for every A E X*, 

where Aof is given by 

Aof(S> =A(f(9)) ( 9 ~  Q) - 

If there exists a vector y EX such that 

AY =IQ dp 

for every AE B(H)*,then we define 

IQf dp  = y 

The existence of y is proved in certain special cases. The uniqueness of 

y (whenever such a y exists) follows fiom the separability of B O * .  

1.1.2 Theorern E3.27; 301 : 

Suppose X is a complex topological vector space on which the 

dual space separates points and p is a real or complex Bore1 measure 

on a compact Hausdorff space Q. If tQ+X is continuoirs, and if the 
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convex hull K of f(Q) has compact closure in X, then there exists a - 

yinxsuchthat 

Y = jQf dp 

in the sense of definition 1.1.1. 

Remark : 

The requirement that the closed convex hull of f(Q) should be 

compact is automatically satisfied when X is a Frechet space. For 

example B(H) is a Frechet space. In addition to that B@)* separates 

points of B(H). Thus for every continuous function fQ+B(H) and for 

every real or complex Bore1 measure p on Q, the integral jQf dp exists 

in a unique manner. 

Analyrc Functions 

Ow theory depends mainly on the ideas of analytic functions 

and some of their properties. So we list some of the important 

properties of analytic functions that we have used in the course of this 

thesis. We start fiom the defimtion of an analytic function. This part of 

the discussion depends mostly on Ahl fors[ l 41. 



1.13 Definition [Chap- 3; Sec- 2.2; 141 : 

A complex valued function f defined on some open subset R of 

C is said to be analytic if 

Limt f(h)-f(b) 
h-& 

exists, for every & €Cl. 

1.1.4 Definition [Chap-3; Sec- 2.2; 141 : 

A complex valued function defined on an arbitrary set A of C is 

said to be analytic if there exists an open set C2 containing A and an 

analytic function g on ST such that the restriction g to A is f. 

1.1.5 Defnition [Chap- 0; Sec-6; 1 71 : 

If y is a continuous function from [O, l] +C, then y is said to be a 

path or arc in C.& arc y is said to be closed if the initial point y(0) = 

the terminal point y(1) of y. 



1.1.6 Definition [Chap- 3; Sec- 2.1 ; 141 : 

An arc y is said to be differentiable if y ~(t) exists and is 

continuous. If in addition y '(t) t 0, for t E [0,1], the arc y is said to be 

regular. 

Here after we consider only differentiable arcs. 

1.1.7 Dejinition [Chap- 4; Sec- l .  l ;  141 : 

If y is a path in the open set R and f is a complex valued analytic 

function defined on C2 then the integral of f over y, i.e., i,f dh, is 

defined as 

l o  l f(y(t)h (t) dt 

and integral off along the arc length, 1,f l&l, is defmed as 

If YI,Y~, . . . .Y. are n arcs then their formal sum yl + y2 +. ..y is 

called a chain. A chain is a cycle if it can be represented as a sum of 

closed curves. An arc is simple or Jordan if y(tl) = y(t2) only for tl = t2. 



1.1.8 Definition [Chap- 4; Sec- 4.2; 141 : 

A region (that is a connected open set) is said to be simply 

connected if it contains no holes. In other words a region is simply 

connected if its complement with respect to the extended plane is 

connected. 

Two important results in the study of analytic functions are 

Cauchy's theorem and Cauchy's integral formula. 

1.1.9 Definition [Chap- 4;  Sec- 2.1; 301 : 

The index or the winding number of a point a with respect to a 

closed curve y is defined as n(y,a) = 1Rni I, l /(=-a) ciz. 

Suppose K is a compact subset of an open set R in C and y is a 

cycle in R disjoint from K, then y is said to surround K in R, if n(y,a) 

=l for a E K and n(y,a) = 0 for a E Q. 

A cycle y in an open set R in C is said to be homologous to zero 

with respect to R if n(y,a) = 0 for all points a in the complement of R. 



1.1.10 Theorem r3.31; 301 : 

If f(z) is analytic in a region R , y is a cycle in R and a is a 

point in R whose winding number is one with respect to y then 

1.1.1 1 Cauchy 'S Theorem [Chap- 4; Sec- 4.4; 14 ] : 

If f is analytic in a region R and y is any cycle homologous to 

zero in R then 

Analogous to analyticity of complex functions one can defme 

the analyticity of the vector valued functions. 

Let R be an open set in C. A function fR + B(H) is said to be analytic 

in R if the complex plexctim Aof is analytic in R in the sense of 

definition 1.1.3, far every A in B(H)*. 



1.1.13 Lemma [10.24; 301 : 

Let T E B(H),a E C, a E o (T), SZ be the complement of a in C and r 

surrounds o (T) in R. Then 

If p(h) is a polynomir?, the function R(h) = P(h) + is a 
n5k 

rational hc t ion  with poles at the point h. Let T E B@) be such that 

the spectrum a(T) contains no pole of R then using the above lemma 

one can deduce that 

Which is just the Cauchy's integral formula for the vector valued 

functions. 

This motivates the following defmition. 

1.1.14 Definition [10.26; 301 : 

Let R be an open set in C and H(R) be the algebra of all 

complex valued analytic functions on R. Let T be an element in B(H) 

such that the spectrum o(T) of T is contained in R and r be a cycle in 



R which mounds o(T) of T. Then for any complex analytic function 

f on Q we define 

in the sense that 

A 7 1 )  = l nniJ,A(f(h)(~-T)-~)& 

for every A in B@)*. 

If f(h) = 1, for h E Q then T(T) = I and if f(k) = ?L, for h E C2 

then -m = T for any operator T in B(H). 

By the choice of T and the integrand in the d e f ~ t i o n  of -m 
is continuous. So that the integral exists and defines as an 

element of B(H) as in the definition 1.1.2. 

The integrand is actually an analytic vector valued hction in 

the complement of o(T). Cauchy's theorem therefore implies that 7 0  

is independent of the choice of T, provided r surrounds o(T) in Q. 



For an open set Cl in C, let us denote to be the set of all T E 

B(H) for which o(T) c 8, and H(&) the set of all vector valued 

functions f(T) with domain An that arise fiom an f E H(R) by the 

formula fO = l~a&f(X)(h~-'I')-' a, where I' is a cycle in R which 

surrounds o(T). 

Suppose T ,H(Q) and H(&) are as in the preceding paragraph 

then H(An) is a complex algebra. The mapping f-t ?p) is an algebra 

isomorphism of H(Q) into H(&) which is continuous in the following 

sense. 

If {f,) is a sequence of functions in H(Q) and if f, converges 

uniformly on compact subsets of Q then E(T) converge to -0 in 

B(H) with respect to the norm. 

One of the most important results in functional calculus is the 

spectral mapping theorem. 



1.1.16 Theorem [10.28; 301 : 

Suppose T E and f E H(Q). 

(1) -m is invertible in B 0  if and if only if @,) for every hs  a(T) 

(2) a (  FP)) = f(a(T)), which is called spectral mapping theorem. 

With the help of the above theorem one can introduce the 

composition of functions in the operations of functional calculus. 

1.1.17 Theorem [10.29; 301 : 

Suppose T E AQ , f E H@), RI is an open set containing 

f(o(x)), g E H(Q) and h(h) = g(f(h)) in Rh the set of A in R with f(A) 
- - - - 

i n n l . m  i i T ) ~ h a n d  i;O= g ~).(TIIISIIHIS G= g. fah=#)  

Henceforth for an f E H(R) we shall denote ?P) as fo itself. 

1.2 Approximation theorems 

This section is devoted to approximation theorems that we have 

used in the course of t h ~ ~  thesis. 



Suppose that A is a self adjoint algebra of complex continuous 

functions on a compact set K. A separates points on K and vanishes at 

no point of K. Then the unifonn closure B of A consists of all complex 

continuous functions on K. 

Suppose K is a compact set in the plane C and (a,) is a set which 

contains one point in each component of CV(. If R is open, K c R, f E 

H(0) and E > 0, then there exists a rational function R, all of whose 

poles lie in the prescribed set (4) such that 

If(z)- R(z)l< E 

for all ZEK. 

As a consequence of this we get the following important result. 

Suppose K is a compact set in the plane, C \ K  is connected and f 

E H(R) (where R is some open set containing K). Then there is a 



sequence (pn) of polynomials such that p,,(z)+p(z) uniformly on K. 

The above theorem is usually known as Runge's theorem. Mergelyan 

improved Runge's theorem, as 'the set of polynomials is dense in the 

space of a l l  complex continuous fimctions on K which are holomorphic 

in the interior of K'. 

1.2.4 Theorem [20.5; 321 : 

If K is a compact set in the plane whose complement is 

connected, f is a continuous complex function on K which is 

holomorphic in the interior of K and if E > 0 then there exists a 

polynomial P such that if(z)-P(z)l< E, V z E K. 

The above version of Mergelyan's theorem can be extended as: 

1.2.5 Theorem [ Chap-20; Sec- 3; 321 : 

If K is a compact set in the plane whose complement has fintely 

many components then every continuous firnction on K which is 

holomorphic in the interior of K can be uniformly approximated on K 

by rational functions. 



In this section we discuss the main ideas concerning spectral sets 

which owes its origin to von-Neumann and some results due to 

Lebow, Paulsen and others. Throughout this section Q will denote a 

compact subset of the complex plane and R(Q) the uniform closure of 

the rational hct ions  with poles off Q and C(Q) the collection of al l  

complex continues functions on Q. 

A compact set Q in C is a K- spectral set for an operator T E 

B(H) if the spectrum o(T) of T is contained in Q and 

for, f E R(Q), where K is a real constant. 

When K = 1, Q is called a spectral set for T. 

From the very definition of a spectral set it follows that the 

correspondence f +fO defines a unital algebra homomorphism from 

R(Q) +B(H), whenever Q is a spectral set for T. 



A necessary and sufficient condition for a compact set Q of C 

containing the spectrum o(T) of T E BOH) to be a spectral set for T is 

the following. 

1.3.2 Theorem [66.6; 211 : 

Let Q be a compact subset of C and T E B(H) . Suppose o(T) c 

Q. The following conditions on Q are equivalent. 

(1) Q is a spectral set for T. 

(2) Iff E R(Q)andIlflkS 1 then Ilffl)ll 1- 

An immediate consequence of thls result is that every compact 

superset of a spectral set is a spectral set. 

For certain operators the spectrum itself could be a spectral set. 

For example if T is normal, then its spectrum is a spectral set, which is 

a consequence of the following result. 

The following conditions on T are equivalent. 

(1) o(T) is a spectral set for T. 
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(2) llfOll= r(f(T)), ( where r(f(T)) is the spectral radius of m), for 

all f E R@O). 

13.4 Theorem [66.11; 2 l] : 

An operator T is unitary if and only if the unit circle S' in the 

complex plane is a spectral set for T. 

Consider the operator T on c2 defmed by 

Even though it is not self adjoint it has the real spectrum (0, 2). 

But in the case of spectral sets we have the following result. 

1.3.5 Theorem [66.13; 211 : 

A compact subset Q of the real line R is a spectral set for T if 

and only if T is self adjoint. 

We already remarked that complex function theory has an 

important role in the theory of spectral sets. The following lemma is 

one such instance. 



1.3.6 Lemma [22] : 

Let Q be a compact subset of C containing the spectnun o(T) of 

T. If Q does not separate the plane and 

for all complex polynomials P then Q is a spectral set for the operator T. 

Arnold Lebow [l] in his doctoral dissertation has given a 

measure theoretic characterization of spectral sets. 

1.3.7 Theorem [l] : 

A compact set Q of C is a spectral set for an operator T if and 

only if for every pair of vectors X and y in H there exist a regular Bore1 

measure p(x,y) with support in the boundary aQ of Q such that 

(2) IIP(KY)II llxll I l~ l l -  

Consequences of this important characterization are: 



1.3.8 Corollary [l] : 

(1) The measure p[x,x] is positive whenever X # 0 

(2) If Ref(z) 2 0 for z E i3Q then Re f(T) = %(fO+f(T)*) 2 0 

(3) For f E R(Q), IIRe f(T)II 5 IIRe flls. 

1.3.9 Corollary [l] : 

If R(Q) = C(Q) and Q is a spectral set for T, then T is normal. 

Suppose that A is an operator on the Hilbert space K and also 

suppose that H is a closed subspace of K. If Ax EH whenever X EH, 

then H is called an invariant subspace of A. If P is the orthogonal 

projection of K onto H, then the equality, PAP = AP is equivalent to H 

being an invariant subspace of A. If H is an invariant subspace of both 

A and A* then H is called a reducing subspace of A. Thus a subspace 

H is reducing if and only if PA = AP. Now if H is an invariant 

subspace of A then there is an operator T on the Hilbert space H such 

that Tx = Ax , for all X in H. The operator T is the restriction of A and 

A is an extension of T. When A is a nonnal operator its restriction T is 

called a subnormal operator. 
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Suppose H is not an invariant subspace of A we can still form an 

operator on H that is derived fiom A. For example the operator PAP is 

an operator having H as a reducing subspace. If T is the restriction of 

PAP to H then T is called the compression of A to H, A is called the 

dilation of T and the domain of A is called the dilation space. -0s 

introduced the terminology subnormal dilation and compression in [l l] 

wherein he also proved that every contraction has a unitary dilation. Sz 

Nagy [l91 improved this result by showing that if T is a contraction 

then there is a unitary operator U such that Tn is the compression of U, 

for all n 2 0. Thus for every polynomial P, P(T) is the compression of 

P O .  

If for every f E R(Q), fm is the compressicm of f(N) then T is 

called the Q compression of N and N is a Q dilation of T. Here 0 0  

and a(T) must be subsets of Q. Now if Q is a spectral set for N and T is 

the Q- compression of N then 

So that Q is a spectral set for T. That is if T is a Q- compression of an 

operator N and if Q is a spectral set for N then Q is a spectral set for T 



also. Now let us suppose N is n o d .  By the spectral theorem, there is 

a spectral measure E on o(T) such that 

Letting F(6) = PE(8)P, f(T) becomes 

for all f in R(Q). 

The operator measure F thus obtained is called a Q-measure for 

T. By Neumark's theorem [l], every Q -measure is the compression of 

a spectral measure. If E is a spectral measure whose compression is a 

Q measure for T then 

f(T) = I@T) f(k) dF(h) 

= .&-I-) f(k) @E(h)P 

= P(I@T, f(A) &(A))P 

= PfWP. 

Where N = I h dE(h). Thus T is the Q- compression of the n o d  

operator N. 
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13.10 Definition [8] : 

The set R(Q) is said to be a Dirichlet algebra if the real parts of 

the functions in R(Q) are dense in the real valued continuous hctions 

on the boundary aQ of Q. 

1.3,11 Theorem [l] : 

If R(Q) is a Dirichlet Algebra and Q is a spectral set for an 

operator T on H then T is the compression of a noxmal operator N with 

00 c aQ- 

13.12 Corollary [l] : 

If aQ is the boundary of one component of the complement of Q 

then every T having Q as a qxctml set has a normal Q dilation. 

13.13 Corollary 1221 : 

If Q is a i y  compact spectral set for T then there is a normal 

dilation N such that N" is a dilation of T" and o(N) is contained in 3Q. 



13.14 Corollary [l] : 
W 

Let R(Q) be a Dirichlet Algebra and Q be a spectral set for T. 

Let N be a nonnal dilation of T. If o(N) does not separate the plane 

then T is normal. 

Donald Sarason [7] proved the following result about the normal 

dilation. 

If Q is a compact set of the complex plane with a connected 

complement then every Hilbert space operator having Q as a spectral 

set has a normal dilation whose spectrum is contained in 8Q. 

Remark : 

This can be treated as a corollary of 1.3.12, for such a condition 

on Q, R(Q) is a Dirichlet algebra 

Another result which concern the dilation theory is due to Jim 

Agler. 



1.3.16 Theorem [l01 : 

LetT E B(H),letO<r< l andletQ= {z E C : r ~ l z l < l ) .  I fQis  

a spectral set for T then there exists a Hilbert space K containing H and 

a normal operator N E B(K) such that N is a normal aQ dilation of T. 

Misra [IS] and Paulsen [26] also have their contriiutions in this 

area We just state these results also. 

13.17 Theorem [Is] : 

If T is a 2x2 matrix with one eigen value and Q is a compact 

spectral set for T then T has a normal aQ dilation. 

If T is a 2x2 matrix and Q is a spectral for T then T has a normal 

aQ dilation. 
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2 p s p e c t r a l  S e t s ,  N i c e  p S p e c t r a 2  

S e t s ,  a n d  K p - S p e c t r a l  S e t s  

2.1 p S p e d  Sets, Nice p- Spectral Sets 

We begin our work with the introduction of p- spectral sets, 

where p is an extended real number greater than or equal to one. We 

take an arbitrary compact set containing the specm of the given 

operator T. 

Most of the time Q will denote a compact set in the complex 

plane whose boundary 8Q is a path or a cycle. As in section- 1 of 

Chapter-l H(Q) will denote the class of all complex valued analytic 

functions on Q. 

The main result of this section is 2.1.12, which says that the 

spectrum of a normal operator is a nice p- spectral set 

Let T be a bounded linear operator on a Hilbert space H. Let Q 

be a compact subset of C. Then Q is said to be a p-spectral set for T if 



(1) o(T)cQ. 

(2) l l f ~ ~ l l ~ l l f l l p  

for all f E H(Q), where f(T) is as in definition 1.1.14 and 

Iltll p = (h If(W I ~ D ' ' ~  (1 sp<o~) 

Ilrl lm = SUP (If(h)l h€Q)- 

When p = oo we call a p-spectral set, a spectral set. 

Suppose Q is a p-spectral set for T and suppose f E H(Q). By the 

maximum property of an analytic function the maximum of f is 

attained at some point E aQ. Hence if Q is a p-spectral set for T 

then 

Ilf(T)ll llrllp 

5 K lRWI 

= K l l f l loch 

where K = (l4 dlhl )l@ 

We summarize this as follows. 



2.1.2 Theorem : 

Every p-spectral set for T is a K spectral set. (For K spectral set 

see Definition 1.3.1 .) 

Henceforth we shall take Q to be a compact set of C containing 

the spectrum a(T) of the operator T. 

We now give a characterization theorem for pspectral sets, 

which is analogous to the characterization theorem for 'spectral sets 

given in [l .3.2] 

The following conditions on Q are equivalent. 

(1) Q is a p-spectral set for T. 

(2) If f E H(Q) and if llflb 2 1 then llfOll5 1 

Suppose Q is a p-spectral set for T. Then by the definition we 

have that llf(T)[l < 1, for every complex analytlc function f on Q for 

which ll f i lp  S l .  



Conversely suppose that the condition of the theorem holds. Let 

f be a complex analytic function on Q. Suppose llqlp = 0 then f = 0 

almost everywhere on aQ. The anaiyticity of f implies that f is 

identically zero on dQ. But the maximum of an analytic function is 

attained on the boundary of its domain. Thus we have that f is 

identically zero on Q. This will imply that f(T) = 0. On the other hand 

if llfllp f 0 Then we have [l(l/llfll p)fll P = 1 and hence we have 

Il(l/llfll p)f(T)ll 2 1. U 

Now look at some cases where a compact set happens to be a 

spectral set. 

If Q is a compact set whlch does not separate the plane, then by 

the Mergelyan's theorem every analytic fimction on Q can be 

approximated uniformly by polynomials. This strong result 

immediately gives: 

2.1.4 Theorem : 

Suppose Q does not separate the plane. If /lP(T)ll S llpllp for all 

complex polynomials then Q is a p-spectral set. 
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Going a step further and using the theorem 1.2.5, we get the 

following result. 

2.1.5 Theorem : 

Suppose Q is finitely connected and 

for all rational functions having poles off Q. Then Q is a p-spectral set 

for T. 

Let Q be a p-spectral set for T and f E H(Q). Now we ask the 

question "whether f(Q) is a p-spectral set for f(T) or not?." - analogue 

of the spectral mapping theorem. 

Let f E H(Q) be such that the derivative f ' of f carries the 

boundary aQ of Q into the unit circle in the complex plane and if Q is a 

p-spectral set for T then f(Q) is a p-spectral set for fO. 

Proof: 

By the spectral mapping theorem, for every f€H(Q) 



Hence for g E H(f(Q)) we have 

I lg(f(T))I I = Hgof(T)I I 

5 Ilp.r(l, 

= (l* lg(f(~))IP ldhl)ll* 

= ( IW~KP)I~( I / I  f l ( ~ ) I ) I ~ P I )  

= (Jm Ig(p)lP ld~l)  l" 

= llgllp, the p-norm of g taken on %(Q). 0 

On the other hand if y : [a,b]+C is a continuously differentiable 

path with y ft) N, for t E [a,b] then there exists an equivalent path 6 : 

[c,d]+C such that 16(t)l = 1, for t E [c,d], where [a,b] and [c,d] are 

intervals in the real line R [l 1. Using this result we can strengthen the 

preceding theorem as follows. 

Let Q be a compact set in C with boundary aQ and let f E H(Q) 

be such that f faQ) is disjoint from the origin. Then £(Q) is a p-spectral 

set for fo. 



Analogous to the result on spectral sets [1.3.7J, we have the 

following result. 

If Q is a p-spectral set for an operator T. Then for every pair of 

vectors (x,y) E H there exists a regular Bore1 measure p(x,y) with 

support in 8Q and a constant K such that for every pair (x,y) in H 

(1) f ~P(KY) = (f(??qy), feH(Q) 

(2) IIP(&YII K llxll llvll 

Proof: 

The map f+f(nx,y) fiom H(Q)+C is linear and bounded For 

f€H(Q) 

l ( fO%~)l  Ilf(T)(I llxll llyll 

( laQ (~f(~) l~l~l)"~l lxl l  llyll 

K llfllm llxll Ilvll, 

where K = (jaQld;hl)lh. Hahn Banach theorem extends this hctiona.1 to 

a continuous linear functional on C(Q) with norm 5 K lfxll IIyII. At this 



stage we can apply the Riesz representation theorem to get the measure 

stated in the theorem. 

Now we have an interesting situation, rather the deviation one 

expects. 

In the case of a spectral sets [Chap- 1; Sec- 31 we have that if T 

is normal then o(T) is a spectral set. However in this general situation 

this is not true. This happens because if T is normal then for any 

analyttc function f, (If(T)IJ = Sup Jf(h)l. But even for certain 
h c d ~ )  

polynomials P we may have 

(fa00 lp~z)lpl~l)" P SUP P(Vl 
kcaCr) 

and this means that the condition llfmll l l f l l r  may not be satisfied for 

every f E H(Q). 

For example if T is the multiplication operator on ~~([0,1]) 

defmed by Tx = pi (X d2([0,  l])), where z(t) = f (ts [0, l]), then T is 

normal and a(T) = [O,l], the unit interval in the real line R. Suppose 

f(h)=h, h E [0,1] andp = 1 



< 1 = Sup If(h)J 
LccJO 

We have overcome this pathology by introducing a new class of 

analwc functions. 

An analytic function f on a compact set Q is said to be a nice p- 

function if sup If(h)l< 1, (hc aQ) whenever (l*lf(z)l Pldz~lEP I 1. 

For example the bct ion f(1) = U27c on the unit disc D of C is 

a nice p-function. 

For a compact set Q, we denote the class of a l l  nice phctions 

on Q by BP(Q),  the subclass consisting of all rational functions 

having poles outside Q by RBp(Q) and that consisting of all 

polynomials by PBp(Q). 

We now prove the following results using Mergelyan's theorem. 



If Q is a compact set in C whose complement is connected then 

PB,(Q) is dense in HBp(Q) and if the complement of Q has only 

finitely many components then the class -,(Q) is dense in HB,(Q). 

Proof: 

Assume that the compact set Q has a connected complement. To 

prove that PB,(Q) is dense in HBp(Q), let f E HE3,(Q). Then f is an 

analytic function on Q and hence by the Mergelayan's theorem there 

exists a sequence of polynomials (P,,) whch converges to the fimction f 

uniformly on Q. 

If (IlflPldLl)l'P < 1 then, since f c HB,(Q), sup lf(h)l_< 1. 
dQ 

Now by passing to a subsequence we can assume that, the 

supremum of P,, over a, that is IIPallm < l +l In and ]IP.lk < l +l114 for 

n = 1,2,3 ..... . Now replacing P,, by PJ(l+lln) we have ]~P,,/(l+l/n)~\~ 

S 1 and IIP,,/(l+l/n)l], S land PJ(l+lln) converges lmifamly to f on Q. 

Now suppose that the complement of Q has a f ~ t e  number of 

components in C. Then we can prove that %(Q) is denseh -,(Q). 
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For if f E HBp(Q) is such that llfllp 2 1 .Then again by the Mergelayan's 

theorem there exists a sequence of rational functions (%) with poles 

off Q and converges uniformly on Q to f. Then as above by passing to 

a subsequence (%) and multiplying each by a suitable constant we 

can assume that both IIR,,I), and I)%II, are -< 1. Hence each such E 

RB,(Q) and the sequence l&, converges to f on Q uniformly. 

This leads to the following version of spectral sets. 

2.1.11 Definition : 

A compact set Q is said to be a nice p-spectral set for T if o O  

c Q and , 

IlfCr)ll 5 lifllp 

for all f E HB p(Q). 

Remark : 

(1) Every p-spectral set is a nice p-spectral set. 

(2) Theorem 2.1.3 is also true in the case of nice p-spectral sets. 

Now the following theorems follow easily. 



2.1.12 Theorem : 

If T is normal then its spectrum o(T) is a nice p-spectral set. 

Proof: 

For a normal operator T, llf(T)ll= sup If(h)l 

Now suppose that l l f l l p  5 1 for some f E HBp(Q). 

3 sup If(h)l5 1 
h €Q 

3 o(T) is a nice p-spectral set. 

2.1.13 Theorem : 

If Q is a simply connected compact set in C and if lp(T)ll 5 lPllp 

for every polynomial P E PBp(Q) then Q is a nice p-spectral set for T. 

Proof: 

If f E HBp(Q), then by the theorem 2.1.10, there exists a 

sequence of polynomials (P,) E PBp(Q) such that P, converges 

uniformly to f on Q. Hence by the theorem 1.1.15 we have 



From the second part of the theorem 2.1.10 it follows that: 

2.1.14 Theorem : 

If Q is finitely connected compact set in C and if 

Ik(T)II 5 IlRllp 

for every rational function R E RBp(Q) then Q is a nice p-spectral set. 

Proof: 

If f E HBp(Q) then by the theorem 2.1.10, there exists a 

sequence (Rn) in RBp(Q) such that converges to f uniformly on Q. 

Hence by the theorem 1.1.15 we have that 

In this section we study some conditions under which a 

collection of operators have the same spectral sets. 



Q is said to be a Kp-spectral set for T if o(T) c Q and 

IlfOll -< K llfllp 

for all f E H (Q), where K is a real positive constant. 

Recall that the operators S and T are similar if there exists an . 

invertible operator R such that S = RT R". 

2.2.2 Theorem : 

Let Q be a compact p-spectral set of T whose complement is 

connected and if S is an operator on H similar to T then Q is a Kp- 

sp-ectral set for S. 

Proof : 

Since S is similar to T, S = RTR-I for some invertible operator R 

on H. Now for polynomials P we have that 



where K = IwII I~R-' 11 

Since the complement of Q is connected the class of all 

polynomials are dense in the class of all analytic functions on Q and 

fiom (1) it follows that 

for every analytic function f on Q. 

Remark : 

(1) If Q is as in the previous theorem then corresponding to 

every operator S similar to T there exists a real number K' such that Q 

is a KSp- spectral set for S. 

(2) As in the theorem 2.1.16 we can prove that if Q is a compact 

p-spectral set for T whose complement has only finitely many 

components and if S is similar to T then Q is a Kp-spectral set for S. 

Since in this case rational functions having no poles on Q are dense in 



the class of all analytic functions on Q. For such rational functions R 

there exists a constant K such that I(R(S)(I 5 K I(R(Ip. 

2.23 Theorem : 

If Q is a p-spectral set for TI and if T2 is unitarily equivalent to 

TI then Q is a p-spectral set for T2, provided that the complement of Q 

has at most a ftnite number of components. 

Proof: 

Since T2 is unitarily equivalent to T1 there exists a unitmy 

operator U such that 

Hence for every f E R(Q) 

and hence for every analytic function on Q. 



Remark : 

The above result shows that the unitmily equivalent class of 

operators have the same class of finitely connected spectral sets. 

Generalizing this correspondence we have: 

Let A be a subalgebra of B@). An automorphism G from A to A 

is said to preserve the p-spectral sets if Q is a p-spectral set for T then 

Q is also a p-spectral set for G(T), for all T E A. 

Let G be an automorphsm fiom B(H) into B(H) . Then G 

preserves simply connected and finitely connected p-spectral sets. 

Let TEA Bnd Q be a simply or finitely connected p-spectral set 

for T. Let f~ R(Q). Then f(h) = P(h)+ Z& (h%)-' for some 

polynomial P and for some scalars C e. 



Consider f(G(T)) 

f(G(T)) = P(G(T))+ ZCw(G(T)-a, 

= G(f(T)) 

f and G commute. 

Hence for every f E H(Q) we have 

Ilf(G(T))II = llG(fO)l l 

< llf(T)ll, since IlGll 5 l 

5 llfllp. 

Remark : 

(l) Let U be a unitary operator in B@). Theorem 2.1.17 shows 

that the inner automorphism T LP UTU-* fiom BCH) -t BOT) preserves 

simply connected p-spectral sets as well as p-spectral sets having finite 

components. 

(2) The idea of spectral sets as we have discussed above is some 

what 'collective' in comparison to the highly ' individualistic' nature 

of spectrum. This, we feel, is a plus point of the theory we have 

developed. 
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3. G e n e r a l i z e d  S p e c t r a l  S e t s  

3.1 Vector Vdued Functional Calculus 

Let H be a complex Hilbert space, B(H) the space of all bounded 

linear operators on H, A a closed subalgebra of BOI) and R be an 

open set in the complex plane C. A function f : R +P A is said to be 

analytic, if for every A in B O * ,  the dual of B(H), the complex valued 

function A f C2 -+ C is analytrc in the usual sense. 

3.1.1 Definition : 

Let Q be an arbitrary subset of C and let A be a closed 

subalgebra of B(H). A function f: Q +P A is said to be analytic if 

there exists an open set R in C containing Q and an analytic 

function g: R i A such that the restriction of g to Q is f. 



Notation : 

Throughout this chapter A will denote a closed subalgebra of 

B(H) containing the identity element I of B(H) unless otherwise 

specified. 

For a subset Q of C we denote the class of all analytic hct ions  

from l2 into A by H(Q,A). 

3.1.2 Theorem : 

Let Q be a compact subset of a. With respect point wise 

operations H(Q,A) is a linear space. For f E H(Q,A) defme 

With 11.11, H(Q,A) is a normed linear space. 

(In thrs Chapter Q in Il.lla will always denote a set) 

A sequence (f,) in H(Q,A) is said to converge to an element f of 

H(Q,A) if 11 f, - f + 0 as n + m. 



Now by 1.1.2, if X is a topological vector space on which X* 

separates points and if f is a continuous function from Q into X such 

that the convex hull H of f(Q) has compact closure in X then for any 

real or complex Bore1 measure p on Q the integral 

Y = IQfdp 

exists in the sense that 

AY = jlo ~ f d ~  

for every A E X*. 

3.1.4 Definition : 

Let T E A and let Q be a compact subset of C which contains the 

spectrum 0 0  of T. Suppose f E H(Q,A) then there exists an open set 

R 2 Q such that f E H(R,A). Let be a cycle in R, which surrounds 

A 
a(T). Suppose r is given by h = he)), a t < b. We define f (T) as 

follows. 

i\ (T) = 1/2* ir f(X) (?J - v-' a 
again 64th the understimding that 

A@) = 1/2ni A A f ( ~ )  (U - TY* dh 



for every A E A*. 

Remark : 

For T E A and f E H(Q,A), h(T) is well defmed by the above 
I 

defmition. 

Recall that if P(t) = s + alt + . . . . + a&" is a polynomial then for 

an operator T, P(T) = % + alT .+ . . . . + 

If f(h) is a rational function having no poles in Q, then g(h) = 

f(h)I is an element of H(Q,A) and for such a g 

By theorem 10-25 of Rudin [30] the above integral is fO. Thus 

by identifying g with f, we can write 10 = fO. 

In particular if f(h) = I, V h E Q, then 

and if f(h) = XI, V h E Q; then 



If Q is simply connected and f(h) = T, h E Q, then 

= (1 12ni) lr T(AI - T)-'CIA 

= (- l h i )  Ir (h1 - T)(hI - T)-'CIA + 

(1 / h i )  jr hI(A1- . 

Now by the preceding remark and by the Cauhy's theorem we 

can conclude that 

4 
f(T) = T. 

These show that the defmition 3.1.4 is a natural extension of 

deftnition 1.1.14 

3.1.5 Theorem : 

Let T E A and Q be a compact subset of C containing a(T) such 

that the boundary aQ of Q is a cycle which surrounds the spectrum of 

T. If {fnJ is a'sequence in H(Q,A) wh~ch converges to f i n  H(Q,A) 
h A 

then fn(T) converges to f(T) in A. 



Proof: 

For A E A* 

for a suitable constant a. 

Hence 

r\ 
Now suppose that f(T) = 0, then this 

~(f(h))  (?,I - T).' = 0, h E @ and AEA* (*) 

If A is a semi-simple commutative closed subalgebra of B(H) 

then (*) implies that f(h) = 0, h E 8. The maximum principle now 

shows that f(A) = 0, A E Q. We summarize these results as follows: 



3.1.6 Theorem : 

Let A be a semi-simple commutative closed subalgebra of B(H) 

and T be an element of A. Let Q be a compact set in C whose 

boundary surrounds o(T). Then the map 

fiom H(Q,A) into A is a continuous injection. 

3.2 Generalized Spectral Sets 

Having introduced vector valued functional calculus to suit our 

needs in the previous section we now pass on to the study Generalized 

spectral sets. 

3.2.1 Definition : 

A compact subset Q of C is said to be a generalized spectral set 

for an operator TE A relative to A if the spectrum a(T) of T is 

contained in Q and if 

for all f E H (Q,A). 



3.2.2 Theorem : 

Every generalized spectral set Q of T relative to A is a spectral 

set for T. 

Proof: 

If f Q + C is a rational function having poles off Q, then f can 

be considered as an A valued analytic function by identifying f with 

the function f(h)I, h E Q and we have already noted that for such 

functions %T) = f ( ~ ) .  D 

Remark : 

The above result shows that the definition 3.2.1 is quite 

meaningful and more general as it covers a wide collection of sets. 

We note from the definition of generalized spectral sets that 

every compact superset of a generalized spectral set is also a 

generalized spectral set. 



We now give a necessary and sufficient condition (similar to 

2.1.3) for a non empty compact subset Q of C to be a generalized 

spectral set for an operator T of A. 

3.2.3 Theorem : 

Let T E A and Q be a compact set which contains the spectrum 

a(T) of T. Then the following conditions on Q are equivalent: 

(a) Q is a generalized spectral set for T relative to A. 

Proof: 

A 

(a) implies @): If f e  H(Q,A) and 1) f IIQ 51 then ilf(T)II 5 11 f lla 5-1 

(b) implies (a): If (1 f ] lQ = 0, then rill f llQ = 0 which implies that 

4 
Ilnf(T)ll-< 1 for n = l, 2, 3, ... and hence f(T) = 0. On the other hand 

I1 f lldlf E H(Q,A). Now apply (b) to 11 f ll  d1 f. L 

We make the following important observations. 

1 .  For T E A and for any closed subalgebra B of B(H) containing A, if 

aB(T), the spectrum of T relative to B, does not separate the complex 



plane then aA(T), the spectrum of T relative to A = a*(T), by the 

theorem 10.18 of Rudin [30]. An immediate consequence is that: 

If B is any closed subalgebra of B(H) containing A and if a B(T) 

does not separate the complex plane for an operator T E A, then every 

generalized spectral set of T relative to A is a generalized spectral set 

of T relative to B. 

2. ~on-Neumann [29] proved that if T is a contraction then the unit 
C 

disc D of C is a spectral set for T. Here also we can prove that if A is a 

commutative closed subalgebra of B(H) such that 1 1 ~ ~ 1 1  = 1 1 ~ 1 1 ~  for 

every T in A and if T is a contraction in A then D is a generalized 

spectral set for T relative to A. 

3.2.4 Definition : 

A sum of the form % + alX + .... + G h" is called polynomial 

over A, 

where X is a complex variable and %, a, ... a,, are elements of A. 

Suppose f is a polynomial over A, then 

cp(t(q) = ( lj2rri) Ir cp(0 cp0i1 - T)-' 



for cp E A(A), the space of all complex homomorphisms on A and for 

some cycle r which surrounds cr(T). e 

c p ( ? ( ~ )  = (1/2ni) (cpa q hi)) cp (XI - ~ 1 - l  d~ 

= (1/2ni) Ir ~ l i '  (P(ai)) (P (h1 - T)-* dh 

= (P E h i  c~(ai)(T)) 

= I: ~ ( a  i)) (P (T') 

Thus 

(P(?o) = EaiTi) 

for every (P E A (A). 

We say that a function f E H(Q,A) is the uniform limit of a 

sequence of polynomials over Q if for every (P E A(A), there exists a 

sequence of complex valued polynomials (h9 (X) ) such that cp .f is the 

uniform limit of .&'P) on Q. 

If Q is a compact set having connected complement then by 

Mergelyan's theorem every f E H(Q,A) is the uniform limit of a 

sequence of polynomials over Q. 



3.2.6 Theorem : 

Let A be a commutative closed subalgebra of B(H) in which 

every TEA satisfies the identity 1 1 ~ ~ 1 )  = l l ~ ~ f .  Let T  be a contraction 

in A such that o(T) n i3D = Q. Then the unit disc D of C is a 

generalized spectral set of T relative to A. 

Proof: 

For every polynomial f = Zaj aii over A and for every cp E A(A). 

By the definition of A 
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Let f E H(D,A) be arbitrary. Then by the Mergelyan's theorem, 

for every cpcA(A) there exists a sequence of complex polynomials 

(Pn? on D such that (Pn? converges to cp uniformly on D. Hence 

= limit cp Pnq (T) 
n+ 

Hence, 

= sup limit Icp P: (D( 
(P='+ 

Thus D is a generalized spectral set for T relative to A. 0 



3.2.7 Corollary : 

If A is as in the previous theorem and if T is a strict contraction 

then D is a generalized spectral set for T relative to A. 

Remark : 

If Q is a compact set in C whose complement in C is connected 

and if 

for every polynomial f E H (Q,A) then Q is a generalized spectral set 

for T provided aQ surrounds o(T). 

3.2.8 Theorem : 

If A is a commutative closed self adjoint subalgebra of B(H) 

and if T E A then a(T) is a generalized spectral set for T relative to A. 

Proof: 

By the definition of A, every element of A is normal. Therefore 

for every T E A. 



Now for any f E H(a(T),A) and for any cp E A (A) 

A 

Since f(T) is a normal, 

Thus for every f E H (o(T), A) 

If  T is normal and A is the subalgebra generated by T, T* and I, 
- 

then on) is a generalized spectral set for T relative to A and am, 



which consists of the set of all complex conjugates of elements of s(T) 

is a generalized spectral set for T* relative to A. 

The crucial point in the proof of the preceding theorem is that 

IlTll = r(T), the spectral radius of T, for every T EA. This in turn 

determine the most important result in this work. We can treat 

Theorems 3.2.6 and 3.2.8 as its corollaries. 

3.2.10 Theorem: 

Let A be a commutative closed subalgebra of B(H) and T be an 
4 4 

element of A. If llf(T)ll= r (f(T)), for every f E H(oQ,A) then cr(T) 

is a generalized spectral set of T relative to A. 

Proof: 

Every rational function f with poles off G O ,  determines an 

E\ 

element of H(o(T),A), namely f I. For such a function we have f(T) = 

A 

f m .  Thus for such hctions the relation 1lfU)II = r (:m) becomes 

f )  = ( Q ) )  The proposition 66.9 of Berberian [ 2 l] shows that 

o(T) is then a spectral set for T. 



Now for any complex homomorphism cp on A and f E 

H(o(T),A), cp is a complex valued analytic fimction and hence by the 

spectral mapping theorem a(cp of (T)) = cp .f (o(T)). Hence we have 

Further, 



Remark : 

The converse of this result is true if every element of A is 

invertible. This follows fiom Gelfand-Mazur theorem and theorem 

66.9 of Berberian C2 l]. 
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4. P a r t i c u l a r  C a s e s  

Now we study p-spectral set of certain operators. Here instead of 

taking an arbitrary operator we take an operator T with a fmite or a 

denurnerable spectrum. The consequent development of this idea is 

done in the following two sections. In the first section we deal with 

finite p-spectral sets. The second section is devoted for denurnerable p- 

spectral sets. 

4.1 Finiie p-spectral sets 

We consider th~s theory to be very important since it has been 

possible to obtain a characterization for normal operators on Hilbert 

spaces having finite spectrum in terms of p-spectral sets. Further we 

have introduced a somewhat natural way of associating an operator 

with an analytic function and h s  association lead to a very simple way 

of expressing an operator as a linear combination which we have 

termed as the spectral splitting theorem. We start with a definition 

fiom the theory of complex analysis. 



The residue of f(z) at an isolated singularity a of f(z) is the 

unique complex number R which makes f(z)-R/(z-a) the derivative of a 

single valued analytic hc t ion  in an annulus 0 < Iz-a1 < 6 which is 

contained in the domain off. 

If a is an isolated singularity of an analytic function fin a region 

R and if the annulus 0 < Iz-al< S is contained in Q then the period, P of 

f is defined as P = ~ l ~ - n l = 6 *  f(z) dz, where 6* is a positive real number 4 

6. The period of l/(z-a) is 2m. This in turn implies that, when R=P/2m, 

the period of f(z)-W(z-a) is equal to zero. This again implies that 

f(z)-R/(z-a) is the derivative of a single valued analytic function in the 

annulus 0 < lz-al< 6. Hence the residue of f(z) at z = a is 

(**) Suppose f is analytic in a region R except at the point a in 

R and if g is analytic in R then, fiom the defintion of residues, it 

follows that the residue of f(z)g(z) at z = a is Rg(a), where R is the 

residue of f(z) at z = a 



Let f(z) be analytic except for isolated singularities aj in a region 

SZ.  Then 

where r is a cycle in R, which surrounds the points aj. 

Using the theory of residues, for an operator T we can define the 

operator f(T) relative to a complex analytic function f on the open set 

R containing the spectrum of T as follows. 

H will denote a complex Hilbert space, T a bounded linear 

operator on the Hilbert space H having a f h t e  spectrum 

o(T)={al,a2,a3, ..., h) and R an open set containing the spectrum 

o(T) of T. 

If f(h) is a complex analytic function defmed on o(T) then a 

spectral value of T is called an isolated singularity of the vector valued 

function f(A)(hI-T )'l. 



We now introduce the idea of residue of an operator at an 

isolated singularity. 

Let a be a spectral value of T or an isolated smgularity of (U-T)-' 

and R* be the complement of (TO in the complex plane C. Let D be 

the annulus o < B-a1 i 6 in a*. Then the residue of (AI-T )-' at a is 

defined as the unique operator R for which, 

for every A in B O * .  We denote this R by Res T at a. 

This definition requires some comments. 

(a) Since the integrand is continuous on 12-a1 = 6, the integral exists 

as per the definiton 1.1.2. 

(b) Since the function h(A1-T)-' is analytic in any annulus like 

0 < 12-4 5 6, the Cauchy's theorem implies that R is independent 

of the choice of such an annulus. 



4.1.5 Lemma : 

Let T be an operator on H with spectrum 0 0 -  Suppose f is a 

complex valued analytic function on R. Then ~(X)(XI-Q-' is an operator 

valued analytic function defined on C 2  with o(T) as the set of all 

isolated singularities. Suppose a is a singularity of (XI-T)-' with the 

residue R and 6 is a real number such that the annulus 0 Iz-a1 S 6 lies 

completely in l2 and contains no spectral value of T. Then there exists 

a unique operator R* on H such that 

AR* = l = f(h)h(hl-~)-' = f(a)MZ, 

for every A E B(H)*. 

Proof: 

Since the annulus 0 < Iz-a1 I 6 contains no singularities of the 

vector valued function ~(X)(LI-T)", by the theorem 1.1.2, there exists a 

unique operator R* on H for which 

m* = inn&, = ~(x)A(xI-T)-I a, 

for every A E B(H)*. But by (**) fdlowing 4.1.1, the right hand side 



4.1.6 Definition : 

The unique operator R* defined in the above lemma is called the 

residue of f(h)(hI-T)-l at a. 

4.1.7 meorem (Spectral Splitting Theorem) : 

If T is an operator on H with spectrum o(T) = (al,a2 ,... ..,a .3 

then there exists unique operators R1,R2,. . . .R,, on H such that 

Roof:  

Let R be a region in C which contains the spectrum o(T) of T 

and r a cycle in R which surrounds the spectrum oO of T. Then we 

have 

T = 1/2niJr h(h1- T)-' W 

in the sense that . 

AT = 1 /2n& A(X(U- T)-l) dh 

for every A E BO*. 



The function A(h(h1-T)-') is analytic in R with the isolated 

singularities al,a2,. . . .a,. Suppose the residues of T at these isolated 

singularities a*,% ,... .a, are RI, R2, ....R, respectively. Then that of the 

function A(L(M-T)-') at these points respectively are given by A(alR1), 

A(a2R2), ... A(&). This is true for every A E B(H)*. Hence by the 

theorem 4.1.2, for every A E B(H)*, we have 

= Sum of the residues of ~(h(h1-T)-l) at al,a2,. . . .G 

= A(a,R,)+ A(a2R2) + . . . .+ A(a,,R ,) 

= A( a,R,+ a2R2 + .. . .+ &R.). 

j T =  a,R,+ a2R2 + ....+ &R.. 

We generalize the theorem as follows. 

4.1.8 Tirwrem (Reside theorem for vector valued functions) : 

Suppose f is a complex valued analytic function on a connected 

open set R containing the spectrum a(T) of T. Then 

n 

fO = Z fl%) Res T = Sum of the residues of f(h)(hl-~)-'. 
1 X= a, 



Proof: 

Let f be a complex analytic function on Q and r a cycle in R 

which surrounds the spectrum u(T) of T. Then for every A in BM)*)*, 

by 1.1.14, there exists an operator f(T) in BOI) such that 

The function ~(h1-TY' has isolated singularities at the points a,. 

Hence by the theorem 4.1.2 we have that 

n 

A f(T) = Z f ( 3  Res A(U-T)-l. 
1 A= ai 

n 

f(T) = C f(q) Res T 
I ai 

Thls leads to the following definition. 

4.1.9 Definition : 

Let f be a complex analytic function on some open set 

containing the spectrum a(T) of T. We define the operator fm as 



n 

fCr) = C qa,) Res T, 
1 ai 

with the understanding that, 

for every A €B(@*. 

Remark : 

Suppose T is an operator with the spectrum o(T)={al,az,a3.. . q). 

Since o(T) = {al,a2,a3.. . G) is fmite, for each point % E o(T) we can 

choose a neighborhood U& of % in such a way that the collection of all 

neighborhoods (Ui: a, E o(T)3 is pair wise disjoint. Now let Q* be 

the union of all these neighborhoods. Define a complex function f on 

R* as 

f(t) = c,, ~EU,, i=1,2,3,. ..n 

where G'S are complex numbers. 

In this particular case the function f is analytic on R* and hence 

fO is &fmed. Thus every n-tuple determines an operator fO of 

B M -  . 



4.1.1 0 Definition : 

A finite subset Q = (bl, b2, b3, . . . b,) containing o(T) and 

contained in an open set l2 is said to be a p-spectral set (1 5 p I 00) 

relative to S-): if for every complex analytic h c t i o n  f on ;(Z 

where f O  has the meaning as in definition 1.1.14 and 

When p = W, we simply call a p-spectral set as a spectral set. 

Remark : 

From the very deht ion of a p-spectral set it follows that every 

finite super set of a p-spectral set is also a p-spectral set. 

If the norms of residues of an operator T are less than or equal to 

1 then it is called a unit residual operator. 



If T is a unit residual operator then its spectrum is a l-spectral set 

for T relative to a connected open set l2 containing the spectrum of T. 

Proof: 

Let al,a2,a3,. . . q be the isolated singularities of (M-T)'* . Then by 

the theorem 4.1.8 

n 

f(T) = C f(&) Res T. 
1 ai 

Hence 

since T is a unit residual operator. 

4.1.13 Theorem': 

The spectrum a(T) of a normal operator T is always a p-spectral 

set relative to any open set R containing a(T) of T, (1 5 p m). 



Proof: 

For if T is normal then f(T) is normal for any complex analytic 

function f. Hence for such functions f , Ilf(T)II = sup If@)], where 

supremum is taken over the spectrum a(T) of T. 

We give a very simple yet an illustrative example. 

Consider the operator 

on c2, which has spectrum (0,2). This operator is normal and hence its 

spectrum is a spectral set. 

Consider the basis {Al, A2, A,, 1\41 of B(c~)*, where 

Ai(xl, ~ 2 ,  X,, a) =Xi, i = 1, 2,3,4. 

We have 

(k1-Ty1 = (11(~~-2L))(L-l ,-l ,-l ,X-l). 

Hence the residue of A ~ ( ~ I - T ) - ~  at 0 or 2 is !h (i = 1,2,3,4). 



Let A = clA1+c2A2+c3A3+c&. Then for any complex analytic 

function f on R, 

IAfCr)l= %lf(2)+f(O)l lcI+c2+C3+c4 

2 If~~)+f(2)111All 

3 Ilf(T)lI I Ilflll 

Thus {0,2) is a l -spectral set. 

If Q is a spectral set for T relative to R then Q is a p-spectral set 

for T relative to Q. 

Proof: 

Th~s result follows immediately fiom the fact that l l f l l m  < llfllp for 

(1 I p < m). 

Thus in the example cited above {0,2f is a p-spectral set relative 

to any open set R containing the set {0,2), (1 5 p m). 

We recall that a compact subset Q of C is a K spectral set for an 

operator T if 

lIfU)II 5 K llfllm 

for all rational functions having poles off Q, where K is a real constant. 



Since Q is a ftnite set, we have / l f l lm  S l l f l lp  5 K Ilflk., for 15 p < m. 

Thus we have the following result. 

4.1.15 Theorem : 

Suppose Q is a p-spectral set of T relative to every open set R. 

Then it is a K spectral set for T. 

We now give a characterization theorem for p-spectral sets. 

Which is analogous to the characterization theorem for spectral sets 

given in 3.2.3. 

4.1.16 Theorem : 

Q is a p-spectral set relative to R if and only if 1lfCT)II S 1 for 

every complex analytic function f on R for which ll f l lp  < 1 .  

Proof: 

Suppose Q is a p-spectral set for T relative to R then by the 

definition we have that Ilf('I')II 5 1 for every complex analytic function f 

on R for which llfllp 5 1. 
J 



Conversely suppose the condition of the theorem holds. Let f be 

a complex analytic function on R. Suppose llflh = 0 then f O  = 0. 0x1 

the other hand if Ilql, # 0 then we have ~l(l~llf)~~)fll~ = 1 and hence we 

have l l(l/l lfl lP )m11 5 1. D 

We know that one of the important results in the development of 

functional calculus is the spectral mapping theorem which says that if 

o(T) is the spectnun of T and if f is an analytic function on o(T) then 

the spectrum of fo is nothing but f(a(T)). It is quite interesting to 

note that this result is true for p-spectral sets also. 

4.1.17 Theorem : 

Let Q be a p-spectral set for T relative to R then f(Q) is a p- 

spectral set for fO relative to f(l2) and this is true for every non 

constant complex analytic hct ion f on a. 

Proof: 

By the definition of a p-spextral set, a(T) c Q. Now by the 

spectral mapping theorem a(f(T)) c f(Q) and since f is a non constant 



analflc function f(R) is open. Suppose g is a complex analytic 

function on f(Q) then gof is analytic on l2 and hence 

Ilgof(T)II llgofllp 

= the p-norm of g on fTQ). 

Theorem 1.1.17 implies that 

gof(T) = g(f(T)) 

Hence we have 

Ilg(f(T))II 5 Ilgofllp 

= the p-norm of g on f(Q). 

Remark : 

This theorem is not true in the general case. 

Next result is the crux of this section. We consider tfus result to 

be very important because it enables us to determine normal operators 

with a f ~ t e  spectrum. Suppose Q is a p-spectral set for T relative to R. 

If we choose SZ in a suitable manner we can attach measures 

corresponding to every pair of vectors in H. Using these measures fust 

of all we can prove that if Q is a p-spectral set for T relative to R for 



every p, (1 S p < a), then Q is a spectral set for T relative to R. From 

this we can deduce that an operator T is normal if and only if its 

spectrum is a p-spectral set for T for every p (1 S p < m) relative to S Z .  

Consider an open set C2 for which the boundary X2 of R is a 

cycle which surrounds the spectrum o(T) of T. Then as per definition 

1.1.14 we can define f(T) as follows. 

f(T) = (1/2ni)~~(f(h)(h1-~)-~)& , 

again with the understanding that, 

Af(T) = (l nni)~m~(f(h)(h~-~)-l)dh 

for every AEB(H)*. 

Notation : 

H*@) denotes the class of all complex functions which are 

continuous on fi and analytic on R and C@) denotes the class of all 

complex continuous functions on 6. 



Let Q be an open set containing the spectrum o(T) of T such 

that H*( ) =C ( h ) and the closure of l2 is compact. Let Q be a p- 

spectral set for T relative to S2. Then for every pair of points (X, y) in H 

there exists a measure p(x,y) on X2 such that 

(f(m9Y) = Imf(k) ~P(&Y) 

for every complex continuous function f on aR. 

Flufier l l ~ ( % ~ ) l l - <  nlh llxll llyll, for every pair in H, ivllere n 

is the cardinality of Q. 

Proof: 

For every complex analytic bc t ion  f on G, define 

CP(KY)(~) = ( f (vK~)  (1) 

llcp(~~)(OIl = l l ( f ~ ~ ~ ~ ) l l  

5 llf(T)ll llxll llvll 

5 11% llxll llvll 

n lh llfllw IlxII llvll (2) 



Since H*( ) = C( R ) 

Il(P(~7~)(4ll n lip llfllm IlxII l l ~ l l  

for every f€C( 3 ). 

Now we can prove that the relations (1) and (2) are also true for 

every continuous function f on X2. For this we can use Tietz extension 

theorem. Which implies that every function continuous on the 

boundary of Q has a continuous extension to the closure of a. Hence 

every continuous function on can be identified with a continuous 

function on R. This identification together with (3) imply that q(x7y) is 

a bounded linear functional on C(m) ,  such that 

for every f~C(iX2). Hence by the Riesz Representation Theorem there 

exists a measure p(x,y) on 8 2  such that Ilp(x,y)ll< nilP llxll llyll and 



4.1.19 Corollary : 

Let Q be as in the theorem 4.1.18 and Q be a finite subset l2 

containing the spectrum of T. If in addition SZ be such that the 

complement of the closure of Q is connected and Q be such that 

IF(T)II llPllp = a lf@i)191'p, (where the summation is taken over Q) 

for every polynomial P then all the conclusions of the theorem 4.1.18 

are satisfied. 

Proof: 

Define 

cp(x,y)CP) = @(T)~,Y) (1) 

for every polynomial P. Hence for every polynomial P we have 

llcp(x>~)(P)Il = II(P(T)x,y)ll 

-< IIP(T)II llxll llvll 

5 IIPllp llxll llvll 

9 l l b  IIPlImllxl llvll (2) 

where n is the cardinality of Q. (2) shows that cp is continuous on the 

class of all polynomial hctions with respect to the supremum norm. 



By the Mergelyan7s theorem the set of polynomials is dense in 

H*( h). But as per the definition C l ,  H*( 3 ) = C( fi ). Now using the 

continuity of q (X, y) and that of inner product we can extend cp (X, y) 

to C( R ), the class of all continuous functions on the closure of 0, 

such that cp (X, y)(f) to be equal to (~(T)x, y) for every ~ E C (  R ) and 

for every f€C(R). The rest of the proof is similar to the proof of the 

theorem 4. l. 18. C 

The converse of this theorem is valid if Q is a p-spectral set for 

every p < a, relative to an open set R as in 4.1.18. 

Suppose Q is a p-spectral set for T relative to an open set R as in 

the theorem 4.1.18, for every p < m. Then we have 

I ( f O s r  )l = I~(%Y H01 

5 nl@llfllm 11x11 l l ~ l l  

for every p < oo. Letting p -t m in the above inequality we get, 

I(f('l?qy)l 2 1141.o llxll l l ~ l l  ('1 

IlfOIl 5 llflb 



for every complex continuous function f on R. Which implies that under 

the above condition Q is a spectral set for T relative to Q. (*) implies 

that the measure corresponding to such a cp (X, y) has norm 5 llxll ilyll. 

With this development the analogue of Corollary 1.3.8 is true in 

our situation also. 

4.1.20 Corollary : 

If 0 is as in the theorem 4.1.18 and Q is a p-spectral set for T 

relative to G?, for every p then 

(1) The measure p(x,x) is positive whenever X # 0. 

(2) If Re RA) 2 0, for all h in 82 then Re f(T) = !h(fO+ffl)*) 2 0 for 

every f E H(Q) and 

for every pair of vectors (X, y) in H. 

Proof: 

Since 



But any measure p such that i l  dp= lI(pII is positive. This proves (1). 

To prove (2), consider, 

(Re f(T)x,x) = lan Ref dp(x,x) 2 0 

for every X EH. But 

(Ref(T)x, X) = Re JCQ f dp(& X) 

= Re(fg)x, X) 

= (1/2(fO+fO*)x, X) 

Where f(T)* is the adjoint of f(T). This implies that 

(1/2(ffT)+fO*) 2 0. 

4.1.21 Theorem : 

Let 52 be as in the theorem 4.1.18 and Q be a spectral set 

relative to R. Then T is normal. In particular T is normal if GO is a 

spectral set relative to R. 



Proof: 

T is normal. 

Remark : 

The theorem 4.1.21 is in general is not true for an arbitrary 

operator. For example the unilateral right shift operator T on the space 

of all square summable complex sequences is not n m a l  but its 

spectrum is a spectral set for T relative to my open set R. This shows 

that this theory works only for operators having f~te spectrum. 

If T is unitary then a subset of the unit circle is a p-spectral set 

for T relative to every open set ST. 



4.1.22 Theorem : 

Let R be an open set in C disjoint fiom the origin. Then T is 

unitay if and if only if it has a spectral set Q relative to l2 on the unit 

circle. 

Proof: 

If T is unitary then it is normal and its spectrum lies on the unit 

circle and hence we have the result. On the other hand suppose that a 

subset Q of the unit circle is a spectra. set for T relative to Q. Then 

since the function f(t) = llt is analytic on SZ and for this function, fm 

is  and hence we have that 

Also the function flh) = h is analytic on R and for this function 

f, fCr) = T. Hence 

llTll5 Ilflla = 1 

Thus llTxll r 1 X = 1 ( T X )  11 i l lTxl l for every X E H. Hence T 

is unitay. D 
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If T is self adjoint then T has a p-spectral set which wnsists of 

only real numbers and if T is positive then T has a p-spectral set which 

consists of only non negative real numbers relative to every open set R. 

4.1.23 Theorem : 

Let R be an open set disjoint fiom i and i then T is self adjoint 

if and if only if there exists a real spectral set for T relative to R. 

Proof: 

If T is self adjoint then its spectrum is real and hence it has a real 

spectral set relative to R. On the other hand if T has a real spectral set 

Q relative to R then the function f(t) = (t-i)(t+i)-' is analytic on C2 and it 

carries Q into the unit circle. Hence f(T) has a spectral set f(Q) on the 

lmit circle relative to f(C2). By the defintion of R, f(R) is dtsjoint fiom 

the origm. Hence by the theorem 4.1.22 f(T) is unitary. Now 

f(T) = (T-II) (T+iI)". It can be proved that I-f(T) is invertible and 

T = ~(I+~(T))(I-f('T'f). From this we can deduce that T* = T. • 



4.1.25 Corollary : 

Let R be an open set which is disjoint from i and -i. Then an 

operator T is positive if and only if there exists a spectral set for T 

relative to R which consists of only positive reals. 

4.2 Dennmerable pspectral set 

In this section we consider only those operators on a Hilbert 

space H having only a denumerable spectrum. 

Notation : 

Through out h s  section T will denote an operator on the Hilbert 

space H having a denumerable spectrum. 

Let R be an open set containing the spectrum o(T) of T.A 

denumerable set Q = (al,a2,a3,. .. ) in R is said to be a p-spectral set for 

T relative to R (1 5 p 5 m) if the following conditions are true . 



for every f E H@). Mere  

114 1 p = ( lf(sj114 "p9 ( 1 1 p < w )  

Ilflb = SUP (If(q)ll,j = 1,2,3... 

Here also when p = oo we call Q simply a spectral set for T 

relative to a. 

From the very definition of a deaumerable p-spectral set it 

follows that every countable super set of a denurnerable p-spectral set 

is a p-spectral set relative to any open set. 

4.2.2 Theorem : 

Let R be an open set disjoint fTom the origin. If T is a compact 

self-adjoint invertible operator on a Hilbert space H then o(T) is a p- 

spectral set for T relative to C2 (1 I p I m). 

Proof: 

Let tt,t2,tj,. . . . be distinct eigen values of T with It l l > (tz( 2 . . . wd 

P ,P2.. . . be the oxthoggod projections with RP,) = ( X E H : Tx = tjx}, 

j =  l7  2, ... 



Then by the spectral theorem 

Suppose 

Since h's are real and P,'s are self- adjoint, each T, is self- 

adjoint. Hence the spectrum of each T, is a p-spectral set for T, 

relative to Q. Now for f E H(Q), 

A bounded operator A on H is called Hilbert-Schmidt if 

X, ll~(v,)11~ < m for some orthonormal basis(v,) for H. 



4.2.4 Corollary : 

Let C! be an open set disjoint from the origin and T a self adjoint, 

invertible filbert-Schmtdt operator. Then o(T) of T is a p-spectral sei  

relative to L?. 

Every Hilbert-Schmtd-t operator is compact 128.2; 41. 

Let R be as in the corollary 2.2.4. Let K(s,t) be an element of 

~ ~ ( [ ~ b ] )  such that K(s,t) = K(@) for ever). pair (S$) in [ab].Then the 

spectrum of the integral operator 

m)(s )  = 1[4b] K(s,~)x(~) df ( a I s ~ b )  

for x E L? ([qb]), 

is a p-spectral set relative to R. 

Proof: 

The operator T is a Hilbert-Schmidt operator. 
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5 .  R e l a t i o n s  B e t w e e n  S p e c t r a l  
R a d i u s  A n  d PseudoSpectral 

R a d i u s  

In this chapter we consider von-Neumann's d e f ~ t i o n  of spectral 

sets and try to get some relations between spectral sets and spectral 

radius. For this we develop the following. 

According to von-Neumann a compact set Q of C is said to be a 

spectral set for T if it contains the spectrum of T and for every 

rational function f having poles off Q, 

He proved that if M, 2 M,,, , j= 1,2,. . . are spectral sets for T then nM, 

was also a spectral set for T [29]. But in general intersection of two 

spectral sets is not a spectral set. [34] contains examples for this fact. 

Here we introduce the idea of minimal spectral sets and prove that 

every operator T in B(H) has a minimal spectral set. 



5.1.1 Theorem: 

Let TE B(H) and M be the intersection of all spectral sets for T. 

Then M is a spectral set for T. 

Proof: 

Let CT be the collection of all spectral sets for T. Define a partial 

order relation on CT as follows. Let M1, M2 be any two elements of CT. 

We say that M, M2 if M2 c M1. Then _< is a partial order relation on 

CT. We claim that every totally ordered set in CT has a maximal 

element.. Let F be a totally ordered subset of CT. Let N be the 

intersection of all elements of F. Being the intersection of collection of . 
compact sets satisfying finite intersection condition, N is compact. 

Now consider the complement V of N. Being a subspace of the 

second countable space C, P is second countable. Hence it is Lindelof. 

The collection (M; : MF E F) forms an open covering of M. Hence 

there exists a countable subcovering ( MIC,M;, . . . } of W in the above 

collection. Since F is totally ordered, the collection (MI,Mt,..) is also 



totally ordered . Hence by the von Neumann's result [29], M* = 

i =  1 ,2 ,3  ... isaspectralsetforTandhenceit E CT. 

We assert that M* = N. Since N is the intersection of d l  

elements of F, we have that N c M* and since (Mf,M2',. . ) is a 

covering of N" we have that c M*' . Hence we have that M* c N. 

Hence M* = N. Clearly it is the maximal element of F in CT. T h  

every totally ordered subset of CT has a maximal element in CT. 

Therefore by Zom's lemma CT has a maximal element. Let it be M**. 

We claim that M** = M. Since by the defmition M**, it is contained in 

all elements of CT. Hence we have that M**&. Since M** is a 

spectral set we have that M c M* *. Hence M = M**. Which is clearly 

minimal among all spectral set for T. C 

5.1.2 Definition : 

We denote the minimal spectral set of T by MT and define the 

radius of MT, denoted by IMTI, as 

and call it as pseudo spectral radius 



5.13 Corollary : 

(1) MTc R if and only if T is Hermition. 

(2) MT c~' if and only if T is positive. 

(3) T is normal then lMTl = p = the spectral radius of T = 11Tl1. 

(4) ~ ~ T ~ I I =  IMrr*l for any T EB(H). 

Proof: 

The proof follows fiom the fact that, by the theorem 1.3.3, if T 

is n o d  then its spectrum is a spectral set. C? 

Remark : 

In general, the converse of the result (3) in the corollary 5.1.3 is 

not true. But it is true when H is fmite dimensional. 

Using the theorem 1 1.3 1 of [30] we can prove the following. 

5.1.4 Corollary : 

If F is positive linear on B(H) then 

(1) IF(T)~~  r @(I)) * IMrr*l, for all T in BOI). 



(2) lF(T)l r F@) IMTI, for every normal T in B o .  

von Neumann proved that for every operator T, (LE C: 1x1 5 llTll) is a 

spectral set for T. Hence we have that 

IMrl llTll 

On the other hand o(T) is contained in MT and hence we have that, 

p 5 IMTI 

Thus in general we have that 

p IMTI IITII- 

Remark : 

(1) If T is normal then p = lMTl = IlTll. 

(2) There are non-normal operator for which p = IMd = IlTll. For 

example the unilateral right shift operator on the class of all 

square summable scalar sequences. 

Example of an operator T for which p ~MT] 

Let H be a separable Hilbert space with an orthononnal basis 

(G: n = 1,2, ...}. Define an operator T on H as 



n = 1,2,. . . For this operator T, o(T) = f 0). Here a(T) is not a spectral 

set, since T is not self adjoint. Thus in this case lMd p. 

Now we recall the defrntion of a subnormal operator. An 

operator T is subnormal on H if there exists a normal operator U on a 

Hilbert space K containing H such that T = U on H. 

It should be noted that the power of a subnormal operator T is 

subnormal and every polynomial in T is subnormal. Hence for such 

operator T 

for every polynomial P. 

Remark : 

For a Hyponormal operator T (that means operators for which 

T*T-TT* > 0), IITnII = IITlln, for all n and hence we have 
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