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Introduction

Raji Pilakkat “On the study of p-spectral sets and generalized spectral sets
Thesis. Department of Mathematics , University of Calicut, 1999



Introduction

While investigating the properties of bounded linear operators
on Hilbert spaces, we came across a small section on spectral sets in
Berberian’s ¢ Lecturers in Functional Analysis and Operator Theory’
[21]. The most striking property that we noticed was : “T is Hermitian
if and only if R is a spectral set”.

Going back to the beginning of the idea of spectral sets we found
that the definition involved supremum norm and rational functions.
More investigation revealed that von Neumann introduced the notion
of spectral sets in 1951. He took a compact set Q of C containing the
spectrum o(T) of an operator T on a Hilbert space and called it a
spectral set for T if

IEDI < |Iflle
for all f in the closure of the set of all rational functions having poles
off Q. First of all he proved that an operator T on a Hilbert space Hisa .
contraction if and only if |[P(T)|| < Sup { [P(z)] : |z} £1} .... (*) for all
polynomials P. In other words the unit disc of C is a spectral set for T

if and only if T is a contraction. As we have mentioned above we
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started looking at replacing the supremum norm by' p-norm (1< p<
o) and simultaneously enlarging the collection of functions involved to ‘
include analytic functions and vector valued analytic functions.

The theory of spectral set has very close relationship with the
theory of dilation. An operator T has a normal (unitary) dilation if there
exists a normal (unitary) operator N on a Hilbert space K containing H
as a subspace and such that

T =PNPH,
where P is the orthogonal projection of K onto H. Sz- Nagy [19- 1970]
proved that if T is a contraction on a Hilbert space H then there exists a
unitary operator U on a Hilbert space K containing the space H such
that U" is a unitary dilation of T°, for n > 0. D.Sarason [7- 1965], Foias
[8- 1959], and A. Lebow [1- 1963] proved independently that: “If Q is
a compact spectral set for an operator T having connected complement
in the complex plane then T has a normal dilation N such that the
spectrum o(N) 6f N is contained in the boundary 6Q of Q. In other
words T has a normal &Q dilation.” Further in the case of normal
operators, the spectrum is always a spectral set. We noted that in all

these only supremum norm was used.




ry

In this thesis we have introduced the notion. of p- spectral sets
and generalized spectral sets. The 1;- spectral sets are obtained by
changing the supremum norm in the definition of a spectral sets by a p-
norm on the class of analytic functions over a suitable domain and the
generalized spectral sets are obtained by enlarging the class of rational
functions to include operator valued analytic functions. The primary
objective of the thesis is to find out whether our definitions leads to a
more natural extension of the existing theory and secondly to search
for ‘new’ things this generalization will throw up.

We are happy that our attempt has been somewhat fruitful and
we are convinced that this work can be extended beyond this thesis-
which we are unable to carry out due to time limitations.

We begin our thesis by giving all the necessary preliminary
results m Chapter 1.

In the second chapter we have introduced p-spectral sets. We
have studied theﬁ properties in two sections. In the case of spectral sets
the spectrum of normal operators are spectral sets. We have found that
in the general case it is not true. We have overcome this difficulty by

introducing a new class of functions called nice p-functions. We have



defined nice p-spectral sets and have shown in 2.1.12, that an operator
is normal if and only if o(T) is a nice p-spectral set.

In Chapter 3 we have defined f(T) for a wider class of functions,
namely for A valued analytic functions, where A is a sub algebra of
B(H). Here instead of writing f(T) we write ?(T ). This chapter is also
divided into two sections. The first section deals with the definition
and properties of ?(T). Using /t}(T ) we have introduced a new cohcept
called generalized spectral set. The main result in this chapter is the
following. “If A is a commutative closed sub algebra of B(H), and T an
element of A then o(T) is a generalized spectral set of T relative to A
provided that ||?‘(T)|| = r(,f(T)) for every A valued analytic function f on
o(T).”

Special mention should be made of Mergelayan’s theorem,
1.2.5, which has helped us a great deal in our attempt to seek natural
extension of the idea of spectral sets.

Chapter 4 has two sections. In this chapter we have studied p-
spectral sets for operators with finite spectrum and denumerable
spectrum. First section deals with the p-spectral sets of operators

having a finite spectrum. Here we define p- spectral sets relative to



some open set €2 in C. Using the Residue theorem we define f(T), for a
complex analytic function f on ¢(T). The most important result in this
chapter is the spectral splitting theorem 4.1.7. Some other properties
we have proved are: Every spectral set is a p-spectral set and every p-
spectral set is a K spectral set. From this we have deduced that the
spectrum of a normal operator is a p- spectral set. All these results are
proved relative to some open set 2. Choosing 2 in a suitable manner
we have proved the converse also. We have also proved that if a finite
set Q containing the spectrum o(T) of T is a p- spectral set for T
relative to an open set Q satisfying certain conditions, then with every
pair of points (X, y) in the Hilbert space H we can associate a measure
u(x, y) with the property that
(RD)x, y) = Jaa fA) du(x, y)

for every continuous function f on 9Q. Using this theorem we have
deduced that if Q is a p- spectral set for every p, 1 <p <o, thenitis a
spectral set for T. We have also given Characterization theorems for

normal and unitary operators.
Second section of chapter 4  talks about denumerable p-

spectral sets. Denumerable p- spectral sets are also defined relative to
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some open set in C. Here also we have given a characterization
theorem for denumerable p- spectral sets. The important résult in this
section is that: “If Q is an open set disjoint from the origin and if T is a
compact self adjoint invertible operator then o(T) is a p- spectral set
for T

We would like to mention that the study p- spectral sets of
operators with finite spectrum has been more illustrative as we co_uid
do some computations and these threw more light in our study in the
general situation.

We conclude our thesis by returning to von Neumann’s
definition of spectral sets (chapter 5). We have introduced minimal
spectral sets and proved that every operator T has a minimal spectral
set. Defining pseudo spectral radius as supremum of [A|, (where A
varies over the minimal spectral set of T), we have deduced some

relation between spectral radius and pseudo spectral radius.



1. Preliminary Results

This chapter deals with the basics needed for the study of the
p- spectral sets and generalized spectral sets. The first section contains

some important definitions and results about vector valued functions.

1.1 Vector valued integration

H will always denote a complex Hilbert space, B(H) the algebra
of all bounded linear operators on H and B(H)" the space of all

bounded linear functionals on B(H).

Let p be a measure on a compact subset Q of C and f be a
function from Q into B(H) such that A.f is integrable with respect p

for every A in B(H)". With such a function f it is possible to associate
an element JQf dp of B(H) called integral of f with respect to the

measure p on Q (where p may be real or complex) as follows:



1.1.1 Definition [3.26; 30] :

Suppose p is a real or a complex measure on a measurable space
Q. X i1s a real or complex topological vector space on which X*
separates points and f is a measurable function from Q into X such that

scalar functions A.f are integrable with respect to i, for every A € X*,

where Aof is given by

Af(Q =A(f(@) (q€Q).

If there exists a vector y € X such that
Ay =Jo Af dp
for every AeB(H)*,then we define
Jofdu=y

The existence of y is proved in certain special cases. The uniqueness of

y (whenever such a y exists) follows from the separability of B(H)*.
1.1.2 Theorem [3.27;30]:

Suppose X is a complex topological vector space on which the
dual space separates points and p is a real or complex Borel measure

on a compact Hausdorff sﬁace Q. If :Q—X is continuous, and if the
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convex hull K of f(Q) has compact closure K in X, then there exists a

y in X such that
y = Jof du
in the sense of definition 1.1.1.

Remark :

The requirement that the closed convex hull of f(Q) should be
compact is automatically satisfied when X is a Frechet space. For
example B(H) is a Frechet space. In addition to that B(H)* separates

points of B(H). Thus for every continuous function £ Q—B(H) and for
every real or complex Borel measure p on Q, the integral qu dp exists

In a unique manner.
Analytic Functions

Our theory depends mainly on the ideas of analytic functions
and some of their properties. So we list some of the important
properties of analytic functions that we have used in the course of this
thesis. We start from the definition of an analytic function. This part of

the discussion depends mostly on Ahlfors[14].



1.1.3 Definition [Chap- 3; Sec-2.2; 14] :

A complex valued function f defined on some open subset Q2 of

C is said to be analytic if

Limt f(A)-f(Ao)
A—>Ao A-Ao
exists, for every Ay €.

1.1.4 Definition [Chap-3; Sec-2.2; 14} :

A complex valued function defined on an arbitrary set A of C is

said to be analytic if there exists an open set {2 containing A and an

analytic function g on Q such that the restriction gto A is f.

1.1.5 Definition [Chap- 0; Sec-6; 17] :

If vy is a continuous function from [0,1] =>C, then y is said to be a
path or arc in C. An arc vy is said to be closed if the initial point y(0) =

the terminal point y(1) of y.



1.1.6 Definition [Chap- 3; Sec-2.1; 14] :

An arc y is said to be differentiable if y '(t) exists and is
continuous. If in addition y '(t) # 0, for t € [0,1], the arc y is said to be

regular.
Here after we consider only differentiable arcs.
1.1.7 Definition [Chap-4; Sec- 1.1; 14] :

If y is a path in the open set Q and f is a complex valued analytic
function defined on Q then the integral of f over v, ie, f,f dA, is
defined as

Jo' fr(yy ' dt
and integral of f along the arc length, [,f |dAl, is defined as
Jo 'fv(entr (0l dt
If v.,y2, ....7s are n arcs then their formal sum y; + 7y, +...7, 1

called a chain. A chain is a cycle if it can be represented as a sum of

closed curves. An arc is simple or Jordan if y(t;) = y(t;) only fort; =+t,.




1.1.8 Definition [Chap- 4; Sec-4.2; 14] :

A region (that is a connected open set) is said to be simply
connected if it contains no holes. In other words a region is simply
connected if its complement with respect to the extended plane is

connected.

Two important results in the study of analytic functions are

Cauchy’s theorem and Cauchy’s integral formula.
1.1.9 Definition [Chap- 4; Sec-2.1;30]:
The index or the winding number of a point a with respect to a

closed curve v is defined as n(y,a) = 1/2m L 1/(z-a) dz.

Suppose K is a compact subset of an openset QnCandyisa
cycle in Q disjoint from K, then v is said to surround K in Q, if n(y,a)

=] forae Kand n(y,a)=0 fora ¢ Q.

A cycle y in an open set Q2 in C is said to be homologous to zero

with respect to Q if n(y,a) = 0 for all points a in the complement of Q.



1.1.10 Theorem [3.31;30]:

If f(z)is analytic in a region Q ,yisacyclein Qand ais a
pomnt in Q whose winding number is one with respect to y then

1/ 2mi |, f2)/(z-a) dz = f(a).
1.1.11 Cauchy’s Theorem [Chap- 4; Sec-4.4; 14] :

If f is analytic in a region Q and y is any cycle homologous to

zero in 2 then

[ fdn=0

Analogous to analyticity of complex functions one can define

the analyticity of the vector valued functions.
1.1.12 Definition [3.30;30]:

Let Q be an open set in C. A function £:Q — B(H) is said to be analytic
in Q if the complex function Aof is analytic in Q in the sense of

definition 1.1.3, for every A in B(H)*.




1.1.13 Lemma [10.24;30] :

LetT € BH),a € C, a ¢ o (T), Q be the complement of o in Cand I

surrounds o (T) in Q2. Then
12xifr(0-A)* AI-T) ™ dA =(ad —'f)" ,(m=..-3,-2,-1,0,1,2,3....).
If p(7) is a polynomial, the function R(A) = P(}) +_chm,k(7»-am)"‘ is a
m,
rational function with poles at the point a,. Let T € B(H) be such that

the spectrum o(T) contains no pole of R then using the above lemma

one can deduce that

R(T) =P(T) + T caplT-0af* = 127 JRA) AI-T) 'dA. (%)
mk

Which is just the Cauchy’s integral formula for the vector valued

functions.
This motivates the following definition.
1.1.14 Definition [10.26; 30] :

Let Q be an open set in C and H(Q) be the algebra of all
complex valued analytic functions on Q2. Let T be an element in B(H)

such that the spectrum o(T) of T is contained in Q and I' .be a cycle in



Q which surrounds o(T) of T. Then for any complex analytic function

fon Q, we define

T) = 120 fA)AL-T) " dA
in the sense that
A T(T) = 12nilfAGA)AL-TY Hdr

for every A in B(H)*.

Example :

IffA)=1,for A € Q then {T)=Iand if fA) =2, for A € Q

then f(T)=T for any operator T in B(H).

By the choice of T and T" the integrand in the definition of fT)
is continuous. So that the integral exists and defines f(T) as an

element of B(H) as in the definition 1.1.2,

The integrand is actually an analytic vector valued function in
the complement of o(T). Cauchy’s theorem therefore implies that f(T)

is independent of the choice of I, provided I' surrounds o(T) in Q.
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For an open set Q in C, let us denote A to bé thesetofall T €
B(H) for which o(T) < , and H(Ap) the set of all vector valued
functions f(T) with domain Aq that arise from an f € H(QQ) by the
formula {T) = 1/2nmiffL)AL-T)" dA, where T is a cycle in Q which

surrounds o(T).
1.1.15 Theorem [10.27; 30] :

Suppose T ,H(QQ) and H(Ap) are as in the preceding paragraph
then H(Ag) is a complex algebra. The mapping f— f(T) is an algebra
isomorphism of H(Q) into H(Ap) which is continuous in the following

SenseE.

If {f,} is a sequence of functions in H(Q) and if f, converges
uniformly on compact subsets of €2, then £(T) converge to f(T) in

B(H) with respect to the norm.

One of the most important results in functional calculus is the

spectral mapping theorem.
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1.1.16 Theorem [10.28; 30] :

Suppose T € A and f € H(QY).
(1) RT)is invertible in B(H) if and if only if f(A) 0 for every A< o(T)
2) of ?(T )) = f(o(T)), which is called spectral mapping theorem.

With the help of the above theorem one can introduce the

composition of functions in the operations of functional calculus.
1.1.17 Theorem [10.29; 30] :

Suppose T € Ag , f € H(Q), €; is an open set containing
flo(x)), g € H(Q)) and h(A) = g(f(1)) in Q,, the set of A in L2 with f(A)

n Q. Then fT) e Agand KT)= g RT)). (Thismeans h= go fifh=gf)
Henceforth for an f € H(Q) we shall denote f(T) as f(T) itself.

1.2 Approximation theorems

This section is devoted to approximation theorems that we have

used in the course of this thesis.
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1.2.1 Theorem [7.33;31]:

Suppose that A is a self adjoint algebra of complex continuous
functions on a compact set K. A separates points on K and vanishes at
no point of K. Then the uniform closure B of A consists of all complex

continuous functions on K.
1.2.2 Theorem [13.6; 32] :

Suppose K is a compact set in the plane C and (o) 1s a set which
contains one point in each component of C\K. If Q isopen, K c Q, f e

H(Q) and € > 0, then there exists a rational function R, all of whose

poles lie in the prescribed set (o) such that

if2)- R(2)| < €

for all zeK.
As a consequence of this we get the following important result.
1.2.3 Theorem [13.7,32]:

Suppose K is a compact set in the plane, C \ K is connected and f

e H(Q) (where Q is some open set containing K). Then there is a
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sequence (p,) of polynomials such that p,(z)—>p(z) uniformly on K.
The above theorem is usually know;l as Runge’s theorem. Mergelyan
improved Runge’s theorem, as ‘the set of polynomials is dense in the
space of all complex continuous functions on K which are holomorphic

in the interior of K’.
1.2.4 Theorem [20.5; 32] :

If K is a compact set in the plane whose complement is

connected, f is a continuous complex function on K which is
holomorphic in the interior of K and if € > 0 then there exists a

polynomial P such that |f(z)-P(z)| < €, V z € K.
The above version of Mergelyan’s theorem can be extended as:
1.2.5 Theorem [ Chap-20; Sec- 3; 32} :

If K is a compact set in the plane whose complement has finitely
many components then every continuous function on K which is
holomorphic in the interior of K can be uniformly approximated on K

by rational functions.
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1.3 Spectral sets

In this section we discuss the main ideas concerning spectral sets
which owes its origin to von-Neumann and some results due to
Lebow, Paulsen and others. Throughout this section Q will denote a
compact subset of the complex plane and R(Q) the uniform closure of
the rational functions with poles off Q and C(Q) the collection of all

complex continuos functions on Q.
1.3.1 Definition [24] :

A compact set Q in C is a K- spectral set for an operator T €

B(H) if the spectrum o(T) of T is contained in Q and

if(D)]| < K |ifllq = suplf(d)]
r€Q

for, f € R(Q), where K i1s a real constant.

When K = 1, Q is called a spectral set for T.

From the very definition of a spectral set it follows that the

correspondence f —f{T) defines a unital algebra homomorphism from

R(Q) »B(H), whenever Q is a spectral set for T.
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A necessary and sufficient condition for a compact set Q of C
containing the spectrum o(T) of T € B(H) to be a spectral set for T is

the following.
1.3.2 Theorem [66.6;21]:

Let Q be a compact subset of C and T € B(H) . Suppose o(T) ¢

Q. The following conditions on Q are equivalent.

(1) Qs aspectral set for T.
(2) Iff e R(Q) and |lfliq < 1 then [[f(T)]| < 1.
An immediate consequence of this result is that every compact

superset of a spectral set is a spectral set.

For certain operators the spectrum itself could be a spectral set.
For example if T is normal, then its spectrum is a spectral set, which is

a consequence of the following result.
1.3.3 Theorem [66.9;21]:
The following conditions on T are equivalent.

(1) o(T) is a spectral set for T.
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(2) [|IKD)|| = =(f(T)), ( where r(f(T)) is the spectral radius of f{T)), for
all f € R(o(T)).

1.3.4 Theorem [66.11;21]:

An operator T is unitary if and only if the unit circle S' in the

complex plane is a spectral set for T.
Consider the operator T on C? defined by
T(x1, X2) = (x4, X+X2), (x1, X) € C’.

Even though it is not self adjoint it has the real spectrum {0, 2}.

But in the case of spectral sets we have the following result.
1.3.5 Theorem [66.13;21]:

A compact subset Q of the real line R is a spectral set for T if

and only if T is self adjoint.

We already remarked that complex function theory has an
important role in the theory of spectral sets. The following lemma is

one such instance.
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1.3.6 Lemma [22]:

Let Q be a compact subset of C containing the spectrum o(T) of

T. If Q does not separate the plane and

IP(DIl < [Pl
for all complex polynomials P then Q is a spectral set for the operator T.

Amold Lebow [1] in his doctoral dissertation has given a

measure theoretic characterization of spectral sets.
1.3.7 Theorem [1]:

A compact set Q of C is a spectral set for an operator T if and

only if for every pair of vectors x and y in H there exist a regular Borel

measure p(x,y) with support in the boundary 6Q of Q such that

(1) Jfduxy) = E(T)x.y) for all f € R(Q)and

@) eI <l il

Consequences of this important characterization are:
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1.3.8 Corollary [1]:

(1) The measure p[x,x] is positive whenever x # 0
(2) If Ref(z) > 0 for z € 6Q then Re f(T) = L(f(T)+H{(T)*) >0

(3) For f € R(Q), [[Re f(T)| < [Re fllac.

1.3.9 Corollary [1]:
If R(Q) = C(Q) and Q is a spectral set for T, then T is normal.

Suppose that A is an operator on the Hilbert space K and also
suppose that H is a closed subspace of K. If Ax eH whenever x €H,
then H is called an invariant subspace of A. If P is the orthogonal
projection of K onto H, then the equality, PAP = AP is equivalent to H
being an invariant subspace of A. If H is an invariant subspace of both
A and A* then H is called a reducing subspace of A. Thus a subspace
H is reducing if and only if PA = AP. Now if H is an invariant
subspace of A then there is an operator T on the Hilbert space H such
that Tx = Ax , for all x in H. The operator T is the restriction of A and
A is an extension of T. When A is a normal operator its restriction T is

called a subnormal operator.
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.Suppose H is not an invariant subspace of A §ve can still form an
operator on H that is derived from A. For example the operator PAP is
an operator having H as a reducing subspace. If T is the restriction of
PAP to H then T is called the compression of A to H, A is called the
dilation of T and the domain of A is called the dilation space. Halmos
introduced the terminology subnormal dilation and compression in [11]
wherein he also proved that every contraction has a unitary dilation. Sz
Nagy [19] improved this result by showing that if T is a contraction
then there is a unitary operator U such that T, is the compression of U,

for all n > 0. Thus for every polynomial P, P(T) is the compression of

PU).

If for every f € R(Q), f(T) 1s the compression of f(N) then T 1s
called the Q compression of N and N is a Q dilation of T. Here o(N)
and o(T) must be subsets of Q. Now if Q is a spectral set for N and T is

the Q- compression of N then

IFCD)|| = [P fNDP| < [[FN)]] < [l

So that Q is a spectral set for T. That is if T is a Q- compression of an

operator N and if Q is a spectral set for N then Q is a spectral set for T
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- also. Now let us suppose N is normal. By the spectral theorem, there is

a spectral measure E on o(T) such that

£N) = Jory 1) A EQL).
Letting F(8) = PE(3)P, f(T) becomes
(T) =PEN)P = J o) (1) dF(2)
for all fin R(Q).
The operator measure F thus obtained is called a Q-measure for
T. By Neumark’s theorem [1], every Q —measure is the compression of

a spectral measure. If E is a spectral measure whose compression is a

Q measure for T then

(1) =loem f0) dFR)
= Jo(r) f(A) dPEQL)P
=P(lo(ry f1) E(V))P
= Pf(N)P.
Where N = | A dE(A). Thus T is the Q- compression of the normal

operator N.
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1.3.10 Definition (8] :

The set R(Q) is said to be a Dirichlet algebra if the real parts of

the functions in R(Q) are dense in the real valued continuous functions

on the boundary 6Q of Q.
1.3.11 Theorem [1]:

If R(Q) is a Dirichlet Algebra and Q is a spectral set for an

operator T on H then T is the compression of a normal operator N with

oN) c Q.
1.3.12 Corollary [1]:

If 3Q is the boundary of one component of the complement of Q

then every T having Q as a spectral set has a normal Q -dilation.

1.3.13 Corollary [22] :

If Q is any compact spectral set for T then there is a normal

dilation N such that N is a dilation of T° and o(N) is contained in 0Q.
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1.3.14 Corollary [1]:

Let R(Q) be a Dirichlet Algebra and Q be a spectral set for T.
Let N be a normal dilation of T. If o(N) does not separate the plane

then T 1s normal.

Donald Sarason [7] proved the following result about the normal

dilation.
1.3.15 Theorem [7]:

If Q is a compact set of the complex plane with a connected
complement then every Hilbert space operator having Q as a spectral

set has a normal dilation whose spectrum is contained in 6Q.

Remark :

This can be treated as a corollary of 1.3.12, for such a condition

on Q, R(Q) is a Dirichlet algebra.

. Another result which concern the dilation theory is due to Jim

Agler.
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1.3.16 Theorem [10]:

LetTe BH)letO<r<landletQ={ze C:r<iz|<1}.IfQ1is
a spectral set for T then there exists a Hilbert space K containing H and

a normal operator N € B(K) such that N is a normal 6Q dilation of T.

Misra [15] and Paulsen [26] also have their contributions in this

area We just state these results also.
1.3.17 Theorem [15] :

If T is a 2x2 matrix with one eigen value and Q is a compact

spectral set for T then T has a normal 6Q dilation.
1.3.18 Theorem [26]:

If T is a 2x2 matrix and Q is a spectral for T then T has a normal

aQ dilation.
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2 p-Spectral Sets, Nice p-Spectral

Sets, and Kp-Spectral Sets

2.1 p- Spectral Sets, Nice p- Spectral Sets

We begin our work with the introduction of p- spectral sets,
where p is an extended real number greater than or equal to one. We
take an arbitrary compact set containing the spectrum of the given

operator T.

Most of the time Q will denote a compact set in the complex
plane whose boundary AQ is a path or a cycle. As in section- 1 of
Chapter-1 H(Q) will denote the class of all complex valued analytic

functions on Q.

The main result of this section is 2.1.12, which says that the

spectrum of a normal operator is a nice p- spectral set

2.1.1 Definition :

Let T be a bounded linear operator on a Hilbert space H. Let Q

be a compact subset of C. Then Q is said to be a p—spectra@ set for T if
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D oMcQ

@ IR < [ifl

for all f € H(Q), where f(T) is as in definition 1.1.14 and
1l = (o AP A (1<p<w)
[l = sup {|fA)] : AeQ}.

When p = oo we call a p-spectral set, a spectral set.

Suppose Q is a p-spectral set for T and suppose f € H(Q). By the
maximum property of an analytic function the maximum of f is
attained at some point Ao € 8Q. Hence if Q is a p-spectral set for T
then

(DI < il
< K |f(20)l
= K {[fll,
where K = (Jaq d2| )"

We summarize this as follows.
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2.1.2 Theorem :

Every p-spectral set for T is a K spectral set. (For K spectral set

see Definition 1.3.1.)

Henceforth we shall take Q to be a compact set of C containing

the spectrum o(T) of the operator T.

We now give a characterization theorem for p-spectral sets,
which is analogous to the characterization theorem for spectral sets

given in [1.3.2]

2.1.3 Theorem :
The following conditions on Q are equivalent.

(1) Qs ap-spectral set for T.
(2) IffeH(Q)andif|fll,<1then|f(Df<1
Proof :

Suppose Q is a p-spectral set for T. Then by the definition we

have that |[f(T)|| < 1, for every complex analytic function f on Q for

which [ffl, < 1.
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Conversely suppose that the condition of the theorem holds. Let
f be a complex analytic function on Q. Suppose (|f], = 0 then f = 0
almost everywhere on 0Q. The analyticity of f implies that f is
identically zero on 8Q. But the maximum of an analytic function is
attained on the boundary of its domain. Thus we have that f is
identically zero on Q. This will imply that f(T) = 0. On the other hand

if |[fll, # 0 Then we have [|((1/|if]] )]l , = 1 and hence we have

IR < 1. -

Now look at some cases where a compact set happens to be a

spectral set.

If Q is a compact set which does not separate the plane, then by
the Mergelyan’s theorem every analytic function on Q can be
approximated uniformly by polynomials. This strong result

immediately gives:
2.1.4 Theorem :

Suppose Q does not separate the plane. If {|[P(T)]| < |[P}},, for all

complex polynomials then Q is a p-spectral set.
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Going a step further and using the theorem 1.2.5, we get the

following result.
2.1.5 Theorem :
Suppose Q is finitely connected and
IR(D| < IR},

for all rational functions having poles off Q. Then Q is a p-spectral set

for T.

Let Q be a p-spectral set for T and f € H(Q). Now we ask the
question “whether f(Q) is a p-spectral set for f(T) or not?.” — analogue

of the spectral mapping theorem.
2.1.6 Theorem :

Let f € H(Q) be such that the derivative f ' of f carries the
boundary 6Q of Q into the unit circle in the complex plane and if Q 1s a

p-spectral set for T then f(Q) is a p-spectral set for f(T).
Proof :

By the spectral mapping theorem, for every { eH(Q)
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o(fT)) = f(o(T)) < RQ).
Hence for g € H(f(Q)) we have |
I ETHII = llg-fT)]

< lg-fllp

= ([ I8(EA)P 1A

= (ole@PA/ £ M)Didu))

= (I [P |dp)) '

= |lgll,, the p-norm of g taken on 3f(Q). D

On the other hand if y : [a,b]>C is a continuously differentiable

path with v (t) #0, for t € [a,b] then there exists an equivalent path 5 :
[c,d]—>C such that |5(t)] = 1, for t € [c,d], where [a,b] and [c,d] are
intervals in the real line R [17]. Using this result we can strengthen the

preceding theorem as follows.

2.1.7 Theorem :

Let Q be a compact set in C with boundary 6Q and let f € H(Q)
be such that £(3Q) is disjoint from the origin. Then f{Q) is a p-spectral

set for f(T).
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Analogous to the result on spectral sets [1.3.7], we have the

following result.
2.1.8 Theorem :

If Q is a p-spectral set for an operator T. Then for every pair of
vectors (x,y) € H there exists a regular Borel measure p(x,y) with

support in &Q and a constant K such that for every pair (x,y)inH -

(1) o fduxy) = (RDxy), feH(Q)

@) eyl <K (x| iyl

Proof :

The map f—>(f(T)x,y) from H(Q)—C is linear and bounded. For

feH(Q)
ETxy) < (DI I iyl
< (Joq (FPIAM) Pl Lyl
< K |l i} Iyl
where K = (JxldA])". Hahn Banach theorem extends this functional to

a continuous linear functional on C(Q) with norm < K |ix|| {lyl|. At this
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stage we can apply the Riesz representation theorem to get the measure

stated in the theorem. O

Now we have an interesting situation, rather the deviation one

expects.

In the case of a spectral sets [Chap- 1; Sec- 3] we have that if T
is normal then o(T) is a spectral set. However in this general situation
this is not true. This happens because if T is normal then for any

analytic function f, ||f(T)] = Sup [f(A)]. But even for certain

A €oc(T)
polynomials P we may have
(som IP2)Pldz)"® < Sup [P(R)
A eo(T)

and this means that the condition ||f(T)|| < |ifll; may not be satisfied for
every f € H(Q).

For example if T is the multiplication operator on L%([0,1])
defined by Tx = zx, (x €L*([0,1])), where z(t) = t, (te [0,1]), then T is
normal and o(T) = [0,1], the unit interval in the real line R. Suppose

fiM)=A,Ae[0,1]andp =1

(o FAPIAA] = 172
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<1=3Sup [f(A)]
A e o(T)

We have overcome this pathology by introducing a new class of
analytic functions.

2.1.9 Definition :

An analytic function f on a compact set Q is said to be a nice p-

function if sup |f(L)] < 1, (AedQ) whenever (Jxolf(2)|°ldz)'? < 1.
For example the function f(A) =A/2n on the unit disc D of C is
a nice p-function.

For a compact set Q, we denote the class of all nice p-functions
on Q by HBy(Q), the subclass consisting of all rational functions
having poles outside Q by RB,(Q) and that consisting of all

polynomials by PB,(Q).

We now prove the following results using Mergelyan’s theorem.
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2.1.10 Theorem :

If Q is a compact set in C whose complement is connected then
PB,(Q) is dense in HB,(Q) and if the complement of Q has only

finitely many components then the class RB,(Q) is dense in HB(Q).
Proof :

Assume that the compact set Q has a connected complement. To
prove that PB,(Q) is dense in HB(Q), let f € HB(Q). Then f is an
analytic function on Q and hence by the Mergelayan’s theorem there
exists a sequence of polynommals (P,) which converges to the function f

uniformly on Q.

If (JIfP|dA])""® < 1 then, since f € HB,(Q), sup |f(A)|< 1.
Ae OQ

Now by passing to a subsequence we can assume that, the
supremum of Pjover dQ, thatis |[Pyll. < 1+1/n and |[Py}, < 1+1/n, for
n=1223.... Now replacing P, by P,/(1+1/n) we have |[Py/(1+1/n)|»

< 1 and ||Py/(1+1/n)|}, < 1and P,/(1+1/n) converges uniformly to f on Q.

Now suppose that the complement of Q has a finite number of

components in C. Then we can prove that RB,(Q) is dense in HB,(Q).
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For if f € HB,(Q) is such that ||f]|, < 1 .Then again ﬁy the Mergelayan’s
| theorem there exists a sequence of rational functions (R,) with poles
off Q and converges uniformly on Q to f. Then as above by passing to
a subsequence (R,) and multiplying each R, by a suitable constant we

can assume that both ||R,||, and |[R||. are < 1. Hence each such R, €

RB,(Q) and the sequence R, converges to f on Q uniformly. O
This leads to the following version of spectral sets.
2.1.11 Definition :

A compact set Q is said to be a nice p-spectral set for T if o(T)
cQand
[IECDI < [ifllp
for all f € HB ;(Q).

Remark :

(1) Every p-spéctral set is a nice p-spectral set.
(2) Theorem 2.1.3 is also true in the case of nice p-spectral sets.

Now the following theorems follow easily.
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2.1.12 Theorem :
If T is normal then its spectrum o(T) is a nice p-spectral set.
Proof :

For a normal operator T, ||f(T)|| = sup |f(A)|
Aeo(T)

Now suppose that ||fl}, < 1 for some f € HBp(Q).

=sup [f(A)| < 1
A eQ

=Dl < 1.

= o(T) is a nice p-spectral set. O

2.1.13 Theorem :

If Q 1s a simply connected compact set in C and if |[P(T)|| < |[Pl},

for every polynomial P € PB;(Q) then Q is a nice p-spectral set for T.
Proof :

If f e HBy(Q), then by the theorem 2.1.10, there exists a

sequence of polynomials (P,) € PBy(Q) such that P, converges

uniformly to f on Q. Hence by the theorem 1.1.15 we have
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(DI = Limit [[Po(T)|| < |[Pullp.

n— O

From the second part of the theorem 2.1.10 it follows that:
2.1.14 Theorem :

If Q is finitely connected compact set in C and if

IRCDOI < IR},

for every rational function R € RB,(Q) then Q is a nice p-spectral set.
Proof :

If f € HB,(Q) then by the theorem 2.1.10, there exists a
sequence (R,) in RB,(Q) such that R, converges to f uniformly on Q.

Hence by the theorem 1.1.15 we have that

DI = limit {[Ry(T)||

n—0

< limit |[Rall, = |1l

n—co O
2.2 Kp-Spectral Sets
In this section we study some conditions under which a

collection of operators have the same spectral sets.
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2.2.1 Definition :

Q 1s said to be a Kp-spectral set for T if o(T) < Q and

DIl < K |iflly

forall fe H (Q), where K is a real positive constant.

Recall that the operators S and T are similar if there exists an

invertible operator R such that S = RTR™.
2.2.2 Theorem :

Let Q be a compact p-spectral set of T whose complement is
connected and if S is an operator on H similar to T then Q is a Kp-

spectral set for S.
Proof :

Since S is similar to T, S = RTR for some invertible operator R

on H. Now for polynomials P we have that
IPS)] < [PRTR™| = [RP(DR"|

< [[RI {IPCDI IR
<K [P(D)|



38

<K [P, | (1)
where K = |R|| R

Since the complement of Q is connected the class of all
polynomials are dense in the class of all analytic functions on Q and

from (1) it follows that

(DI < Kl
for every analytic function fon Q. O
Remark :

(1) If Q is as in the previous theorem then corresponding to
every operator S similar to T there exists a real number K® such that Q

is a K®p- spectral set for S.

(2) As in the theorem 2.1.16 we can prove that if Q 1s a compact
p-spectral set for T whose complement has only finitely many
components and if S is similar to T then Q is a Kp-spectral set for S.

Since in this case rational functions having no poles on Q are dense in
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the class of all analytic functions on Q. For such rational functions R

there exists a constant K such that |[R(S)|| < K |R{l,.
2.2.3 Theorem :

If Q is a p-spectral set for T, and if T, is unitarily equivalent to
T, then Q is a p-spectral set for T,, provided that the complement of Q

has at most a finite number of components.
Proof :

Since T, is unitarily equivalent to T, there exists a unitary

operator U such that

T, =UT,U"
Hence for every f € R(Q)
f(Ty) = URT)HU"
= [IECT2)I| < U] ECTll U™
= [If(D|
< |fllp-

and hence for every analytic function on Q. O
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Remark :

The above result shows that the unitarily equivalent class of
operators have the same class of finitely connected spectral sets.

Generalizing this correspondence we have:
2.2.4 Definition :

Let A be a subalgebra of B(H). An automorphism G from Ato A
is said to preserve the p-spectral sets if Q is a p-spectral set for T then

Q is also a p-spectral set for G(T), forall T € A.
2.2.5 Theorem :

Let G be an automorphism from B(H) into B(H) . Then G

preserves simply connected and finitely connected p-spectral sets.
Proof :

Let TeA and Q be a simply or finitely connected p-spectral set

for T. Let fe R(Q). Then f(A) = P+ ZChx (7»-(1.,,,)°k for some

polynomial P and for some scalars C .
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Consider f(G(T))
f(G(T)) = P(G(T))+ ZCarn(G(T)-ctm D™
= G(R(T))
= fand G commute.
Hence for every f € H(Q) we have
IRG(TI = IGET
<[] since ||G]| < 1
<l D

Remark :

(1) Let U be a unitary operator in B(H). Theorem 2.1.17 shows
that the inner automorphism T — UTU" from B(H) — B(H) preserves
simply connected p-spectral sets as well as p-spectral sets having finite

components.

(2) The idea of spectral sets as we have discussed above is some
what ‘collective’ in comparison to the highly  individualistic’ nature
of spectrum. This, we feel, is a plus point of the theory we have

developed.
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3. Generalized Spectral Sets

3.1 Vector Valued Functional Calculus

Let H be a complex Hilbert space, B(H) the space of all bounded

linear operators on H, A a closed subalgebra of B(H) and Q2 be an
open set in the complex plane C. A function f: Q — A is said to be
analytic, if for every A in B(H)*, the dual of B(H), the complex valued

function Ao f: Q — C is analytic in the usual sense.

3.1.1 Definition :

Let Q be an arbitrary subset of C and let A be a closed
subalgebra of B(H). A function f: Q — A is said to be analytic if
there exists an open set Q in C containing Q and an analytic

function g: Q — A such that the restriction of g to Q is f.
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Notation :

Throughout this chapter A will denote a closed subalgebra of
B(H) containing the identity element 1 of B(H) unless otherwise

specified.

For a subset Q of C we denote the class of all analytic functions

from Q into A by H(Q2,A).
3.1.2 Theorem :

Let Q be a compact subset of Q. With respect poiht wise

operations H(Q,A) is a linear space. For f € H(Q,A) define

| fllo = sup [V
AeQ

With .||, H(Q,A) is a normed linear space.
(In this Chapter Q in ||.|jq will always denote a set)

3.1.3 Definition :

A sequence (f,) in H(Q,A) is said to converge to an element f of

H(Q,A) if|| f,—fllo = 0 asn — .
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Now by 1.1.2, if X is a topological vector space on which X*
separates points and if f is a continuous function from Q into X such
that the convex hull H of f{Q) has compact closure in X then for any

real or complex Borel measure p on Q the integral

y = Jofdpu
exists in the sense that
Ay = Jqnfdu

for every A € X*.

3.1.4 Definition :

Let T € A and let Q be a compact subset of C which contains the
spectrum o(T) of T. Suppose f € H(Q,A) then there exists an open set
Q > Q such that f € H({2,A). Let I be a cycle in €2, which surrounds
o(T). Suppose I' is given by A = A(i),a< t<b. We define ?(T) as

follows.

M) = 120 ) QI-T) dA
again with the understanding that

ART) = 120ife A SR AT-T)' dA
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= 12mi I;’(A fA) (AL- T)™ (0 M(t) dt

for every A € A*.
Remark :

For T € A and f € H(Q,A), ,f\(T) is well defined by the above

definition.

Recall that if P(t) = a; + ajt + .... + a,t" is a polynomial then for

anoperator T, P(T) =ap+a,T+.... + a,T"

If f(0) is a rational function having no poles in Q, then g(A) =

f(A)1 is an element of H(Q,A)and forsucha g

8(T) = (12ni) Jrg() AI- Ty'dA

= (12xmi) Jr f0) (AI- TY'da

By theorem 10-25 of Rudin [30] the above integral is f(T). Thus

by identifying g with f, we can write f(T) = £(T).

In particular if f{(A) = 1, vV A e Q, then
A
f(l) =1

and if f(A) = Al V A € Q, then
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N
fT) = T.
If Q is simply connected and f(A)=T, A e Q, then
81 = (120) [rTOI-T)'ar
= (-12n) rQAI-T)QAI-T)Y'dr +

(12xi) S AIAML-T)'da .

Now by the preceding remark and by the Cauhy’s theorem we

can conclude that

These show that the definition 3.1.4 is a natural extension of

definition 1.1.14
3.1.5 Theorem :

Let T € A and Q be a compact subset of C containing o(T) such
that the boundary 8Q of Q is a cycle which surrounds the spectrum of
T. If {f,)} is a sequence in H(Q,A) which converges to f in H(Q,A)

A A
then f,(T) converges to f(T) in A.
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Proof :

Forn € A*

| AGUT)-RT))] < (121) g INICGO) - 1)) AL - )| |dA|
< affa-flo. fial

for a suitable constant o.

Hence

If(T) - T = sup | A(T) - KT) |

fiali<1

]

—>(0asn—> o,
Now suppose that ?(T ) = 0, then this
= AT =0 vaecar

= AfA)QI-T)' = 0,2 € 3Q and ncA* *)

If A is a semi-simple commutative closed subalgebra of B(H)
then (*) implies that f(A) = 0, A € 8Q. The maximum principle now

shows that f(A) = 0, A € Q. We summarize these results as follows:
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3.1.6 Theorem :

Let A be a semi-simple commutative closed subalgebra of B(H)
and T be an element of A. Let Q be a compact set in C whose

boundary surrounds o(T). Then the map
A
f— f(T)

from H(Q,A) into A is a continuous injection.
3.2 Generalized Spectral Sets

Having introduced vector valued functional calculus to suit our
needs in the previous section we now pass on to the study Generalized

spectral sets.
3.2.1 Definition :

A compact subset Q of C is said to be a generalized spectral set
for an operator Te A relative to A if the spectrum o(T) of T is

contained in Q and if

DI < I fll = sup IEA)

reQ

for all f € H (Q,A).
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3.2.2 Theorem :

Every generalized spectral set Q of T relative to A is a spectral

set for T.
Proof :

If £ Q —» C is arational function having poles off Q, then f can
be considered as an A valued analytic function by identifying f with
the function f{A)I, A € Q and we have already noted that for such

functions f(T) = f(T). 0
Remark :

The above result shows that the definition 3.2.1 is quite

meaningful and more general as it covers a wide collection of sets.

We note from the definition of generalized spectral sets that
every compact superset of a generalized spectral set is also a

generalized spectral set.
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We now give a necessary and sufficient condition (similar to
2.1.3) for a non empty compact subset Q of C to be a generalized

spectral set for an operator T of A.
3.2.3 Theorem :

Let T € A and Q be a compact set which contains the spectrum

o(T) of T. Then the following conditions on Q are equivalent:
(a) Qs a generalized spectral set for T relative to A.

(®) IffeHQA) ad||fllo< 1 then i< 1.

Proof :

(a) implies (b): If fe H(Q,A) and || f {iq <1 then H?(T)II <l flle<1
(b) implies (a): If || f |ig = 0, then nl| f |lo = 0 which implies that
Inf(T)| <1for n=1,2,3, ... and hence f(T)=0. On the other hand

Il £llg™'f € H(Q,A). Now apply (b) to || fllq" £ O
We make the following important observations.

1. For T € A and for any closed subalgebra B of B(H) containing A, if

og(T), the spectrum of T relative to B, does not separate the complex
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plane then oA(T), the spectrum of T relative to A = og(T), by the

theorem 10.18 of Rudin [30]. An immediate consequence is that:

If B is any closed subalgebra of B(H) containing A and if ¢ g(T)
does not separate the complex plane for an operator T € A, then every
generalized spectral set of T relative to A is a generalized spectral set

N
22N

of T relative to B. ' KLY
?,s v

g
BREE "

2. von-Neumann [29] proved that if T is a contraction tﬁen thé umt
disc D of C is a spectral set for T. Here also we can prove that ifAisa
commutative closed subalgebra of B(H) such that T3 = ||T|} for
every T in A and if T is a contraction in A then D is a generalized

spectral set for T relative to A.
3.2.4 Definition :

A sum of the form a, + ajA + .... + a, A" is called polynomial
over A,
where A is a complex variable and ay, a, ... a, are elements of A.
Suppose f is a polynomial over A, then

o) = (1/2) fr o() O(AI - T)" dh
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for ¢ & A(A), the space of all complex homomorphisms on A and for
some cycle I’ which surrounds o(T). ‘
o(f(T) = (1/27i) fr (9T & 2) @ (AT - Ty d
= (112ni) Jr (C\ o@i) @ (AI-TY" da
= ¢ A o@)(T)
= T o(@)) ¢ (T)
Thus
o(f(D) = ¢ (Ta;T)

for every ¢ € A(A).
3.2.5 Definition :

We say that a function f € H(Q,A) is the uniform limit of a
sequence of polynomials over Q if for every ¢ € A(A), there exists a
sequence of complex valued polynomials (P,® (A) ) such that @ of is the

uniform limit of (P,*) on Q.

If Q is a compact set having connected complement then by
Mergelyan’s theorem every f € H(Q,A) is the uniform limit of a

sequence of polynomials over Q.
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3.2.6 Theorem :

Let A be a commutative closed subalgebra of B(H) in which
every TeA satisfies the identity [T?] = ||T||>. Let T be a contraction
m A such that 6(T) N 6D = ®. Then the unit disc D of C is a

generalized spectral set of T relative to A.
Proof :
For every polynomial f = Ya; A’ over A and for every @ € A(A).
A n :
oEM) =0 (T &T)
l=
By the definition of A

= sup lo &D|

PeA(A)

=  sup To@)o(TH]
PeA(A)

< sup suplZo@N|
ocA(A) AeD

< sup|Ta;rty
AeD

= (ifllp.
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Let f € H(D,A) be arbitrary. Then by the Mergelyan’s theorem,
for every @cA(A) there exists a sequence of complex polynomials

(P,") on D such that (P,*) converges to ¢ of uniformly on D. Hence

o f(T)= (12m0) Jr (FA)) @I T)" dA

= ¢ () (D

¢ limit P,* (T)

>0

= limit ¢ P,* (T)

n—»0

Hence,

DI = sup o (RD))

9eA(A)

= sup limit o P, (T)|

¢ n->w

IA

limit ||P* (D]

Nn—>x

A

= limit ”an)”D

n—>0
= Jio ofllp.

[fllo-

IA

Thus D is a generalized spectral set for T relative to A. O
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3.2.7 Corollary :

If A is as in the previous theorem and if T is a strict contraction

then D is a generalized spectral set for T relative to A.
Remark :

If Q is a compact set in C whose complement in C is connected

and if
DI < 1l

for every polynomial f € H (Q,A) then Q is a generalized spectral set

for T provided 6Q surrounds o(T).
3.2.8 Theorem

If A is a commutative closed self adjoint subalgebra of B(H)

and if T € A then o(T) is a generalized spectral set for T relative to A.
Proof :

By the definition of A, every element of A is normal. Therefore

forevery T € A.
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| T} = sup|o(T)]|
9 €A(A)

Now for any f € H(o(T),A) and for any ¢ € A (A)

o (D) = | (12m0) Jr o(f) (AT - T)" da |

= | @ (¢ £ (1))
Since f(T) is a normal,
I = sup | o)

@ € A(A)

= sup |@(pf)(T)|
PeA(A)

< sap (@ DD
PEA(A)

< || @ of llom

< [fllom

Thus for every f € H (o(T), A)

DN < [flec. o

3.2.9 Corollary :

If T is normal and A is the subalgebra generated by T, T* and I,

then o(T) is a generalized spectral set for T relative to A and o(T),
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which consists of the set of all complex conjugates of elements of o(T)

is a generalized spectral set for T* relative to A.

The crucial point in the proof of the preceding theorem is that
IIT)| = «(T), the spectral radius of T, for every T €A. This in tumn
determine the most important result in this work. We can treat

Theorems 3.2.6 and 3.2.8 as its corollaries.
3.2.10 Theorem :

Let A be a commutative closed subalgebra of B(H) and T be an
A A
element of A. If ||f(T)|| =r (f(T)), for every f € H(c(T),A) then o(T)

is a generalized spectral set of T relative to A.
Proof :

Every rational function f with poles off o(T), determines an
A
element of H(o(T),A), namely f L. For such a function we have f{T) =

f(T). Thus for such functions the relation H?(T =1 (fﬂ‘)) becomes

If(T)l| = r(f(T)). The proposition 66.9 of Berberian [ 21] shows that

o(T) is then a spectral set for T.
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Now for any complex homomorphism ¢ on A and f €

H(o(T),A), ¢ .f is a complex valued analytic function and hence by the

spectral mapping theorem o(¢ of (T)) = ¢ of (5(T)). Hence we have

@ b (DIl =
<
Further,
o (i)
Thus,
eyl

[ifllecr).

IA

| @ of || o(m)

(127) Ir o(fL) oA - T)" dA

e[ (0oH(T]

r(£(T))

sup | (£(T) |
0eA(A)

sup  |@(e oH)(T)|
0eA(A)

sup A (@ o)D)

A E A*

st
Il o D]

llo ofllom

fllogr)- :
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Remark :

The converse of this result is true if every element of A is
invertible. This follows from Gelfand-Mazur theorem and theorem

66.9 of Berberian [21].
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4. Particular Cases

Now we study p-spectral set of certain operators. Here mstead of
taking an arbitrary operator we take an operator T with a finite or a
denumerable spectrum. The consequent development of this idea is
done in the following fwo sections. In the first section we deal with
finite p-spectral sets. The second section is devoted for denumerable p-

spectral sets.
4.1 Finite p-spectral sets

We consider this theory to be very important since it has been
possible to obtain a characterization for normal operators on Hilbert
spaces having finite spectrum in terms of p-spectral sets. Further we
have introduced a somewhat natural way of associating an operator
with an analytic ‘function and this association lead to a very simple way
of expressing an operator as a linear combination which we have
termed as the spectral splitting theorem. We start with a definition

from the theory of complex analysis.
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4.1.1 Definition [Chap-4; Sec-5.1; 14] :

The residue of f(z) at an isolated singularity a of f(z) is the
unique complex number R which makes f(z)-R/(z-a) the derivative of a
single valued analytic function in an annulus 0 < |z-a] < 8§ which is

contained in the domain of f.

If a is an isolated singularity of an analytic function f in a region
Q and if the annulus 0 < |z-a| < & is contained in €2 then the period, P of
fis defined as P = f, s+ f(z) dz, where &* is a positive real number <
3. The period of 1/(z-a) is 2mi. This in turn implies that, when R=P/2mi,
the period of f(z)-R/(z-a) is equal to zero. = This again implies that
f(z)-R/(z-a) is the derivative of a single valued analytic function in the

annulus 0 < |z-a| < 8. Hence the residue of f(z) atz=a s
1/ 2nif,z-a,=5u f(Z) dz.

(**) Suppose f is analytic in a region  except at the point a in
Q and if g is analytic in Q then, from the definition of residues, it
follows that the residue of f(z)g(z) at z = a is Rg(a), where R is the

residue of f(z) atz=a.
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4.1.2 Theorem [Chap-4; Sec-5.1; 14] :

Let f(z) be analytic except for isolated singularities a; in a region
Q. Then

1727 | f(z) dz = ZRes f(2)

=y

where I is a cycle in Q, which surrounds the points a;.

Using the theory of residues, for an operator T we can define the
operator f(T) relative to a complex analytic function f on the open set

Q containing the spectrum of T as follows.

H will denote a complex Hilbert space, T a bounded linear
operator on the Hilbert space H having a finite spectrum
o(T)={a;,a,a;, ..., 3,} and Q an open set containing the spectrum

o(T)of T.
4.1.3 Definition :

If f(0) is a complex analytic function defined on o(T) then a
spectral value of T is cailed an isolated singularity of the vector valued

function f(A)(AL-T ).
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We now introduce the idea of residue of an operator at an
isolated singularity.
4.1.4 Definition :

Let a be a spectral value of T or an isolated singularity of (AI-T)"!

and Q* be the complement of o(T) in the complex plane C. Let D be
the annulus o < |z-a| < § in Q*. Then the residue of (AI-T Y'at a is

defined as the unique operator R for which,

AR = 1/27tif, s AQAL-T)'dz,
for every A in B(H)*. We denote this Rby Res T at a.

This definition requires some comments.

(a) Since the integrand is continuous on (z-a| = 3, the integral exists

as per the definiton 1.1.2.

(b) Since the function AQI-TY! is analytic in any annulus like
0 < |z-a] < §, the Cauchy’s theorem implies that R is independent

of the choice of such an annulus.



4.1.5 Lemma :

Let T be an opérator on H with spectrum o(T). Suppose f is a
complex valued analytic function on Q. Then f(A)(AI-T)" is an operator
valued analytic function defined on Q with o(T) as the set of all
isolated singularities. Suppose a is a singularity of (AI-T)" with the
residue R and § is a real number such that the annulus 0 < |z-a| < § lies
completely in Q and contains no spectral value of T. Then there exists
a unique operator R* on H such that

AR* = 1/27if, 4= s AAAQL-TY dA = f@)AR,

for every A € B(H)*.
Proof :

Since the annulus 0 < |z-a| < & contains no singularities of the
vector valued function f(A)(AI-T)", by the theorem 1.1.2, there exists a
unique operator R* on H for which

AR* = 1/27ti .0~ s FO)AI-T)" dA,

for every A € B(H)*. But by (**) following 4.1.1, the right hand side

= f(a)AR. | 0
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4.1.6 Definition :

The unique operator R* defined in the above lemma is called the

residue of f(A)(AI-T)' at a.
4.1.7 Theorem (Spectral Splitting Theorem) :

If T is an operator on H with spectrum o(T) = {a;,a,,.....,a n}

then there exists unique operators Ri,R,,... .R,on H such that
T=aR, +aR,+ ...+ 3R,
Proof :

Let Q be a region in C which contains the spectrum o(T) of T
and I a cycle in Q which surrounds the spectrum o(T) of T. Then we
have

T = 12xifr AAI- Ty dA
in the sense that -
AT = 1727l AQMAL- T)Y) dA

for every A € B(H)*.
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The function A(AMAI-T)Y) is analytic in Q with the isolated
singularities a;,a,,....a,. Suppose the residues of T at these isolated
singularities a;,a,,....a, are Ry, Ry, ....R, respectively. Then that of the
function A(MAI-T)™) at these points respectively are given by A(aR)),
A(azRy), ...A(aR,). This is true for every A € B(H)*. Hence by the

theorem 4.1.2, for every A € B(H)*, we have

AT = 122zi] AAMAL-T)") dA
= Sum of the residues of A(MAI-T)™) at ay,a,,....3,
=A@R)+ A@Ry) + ...+ AR )
= A(aR+ &R, + ...+ aR ).

=>T=aR+aR,+..+taR, C
We generalize the theorem as follows.
4.1.8 Theorem (Reside theorem for vector valued functions) :
Suppose f.is a complex valued analytic function on a connected

open set Q containing the spectrum o(T) of T. Then

n
f(T) =X f(a;) Res T = Sum of the residues of fA)(AI-T) ™.
1 A=g .
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Proof :

Let f be a complex analytic function on Q and I a‘cycle n Q
which surrounds the spectrum o(T) of T. Then for every A in B(H)*,

by 1.1.14, there exists an operator f(T) in B(H) such that
A f(T) = 127 Jr AGA)AI-T)™Y) dA
=1/2xi [r fAMAQLT)" dA
The function A(AL-T)" has isolated singularities at the points a;.

Hence by the theorem 4.1.2 we have that

Af(T)= ; f(a;) Res A(AI-T)™.
1 A= g

fiT)= g f(a)Res T
I g

This leads to the following definition. O
4.1.9 Definition :

Let f be a complex analytic function on some open set

containing the spectrum o(T) of T. We define the operator f(T) as
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n
f(lhh=Xf(a)Res T,

1 8
with the understanding that,

n

AfT)=Z f(a)ARes T

1 8
for every AeB(H)*.
Remark :

Suppose T is an operator with the spectrum o(T)={a;,a,,a3...a,}-
Since o(T) = {aj,a,a3...a,} is finite, for each point a; € o(T) we can
choose a neighborhood U,; of a; in such a way that the collection of all
neighborhoods  {Uy: a; € o(T)} is pair wise disjoint. Now let 2* be
the union of all these neighborhoods. Define a complex function f on
Q* as
fity=¢, teUy =1,2,3,...n

where ¢;’s are complex numbers.

In this particular case the function f is analytic on Q* and hence
f(T) is defined. Thus every n-tuple determines an operator f(T) of
B(H). .
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4.1.10 Definition :

A finite subset Q = {b;, by, b3, ... by} containing o(T) and
contained in an open set Q is said to be a p-spectral set (1 < p < )

relative to Q if for every complex analytic function f on Q

IFCDOI| < lifll

where f(T) has the meaning as in definition 1.1.14 and

Il = C Ifo)P)™, (1<p<w)
= sup [f(by), p=oo
=1,2,.n

When p = oo, we simply call a p-spectral set as a spectral set.

Remark :

From the very definition of a p-spectral set it follows that every

finite super set of a p-spectral set is also a p-spectral set.

4.1.11 Definition :

If the norms of residues of an operator T are less than or equal to

1 then it is called a unit residual operator.
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4.1.12 Proposition :

If T is a unit residual operator then its spectrum is a 1-spectral set

for T relative to a connected open set {2 containing the spectrum of T.
Proof :
Let a,,a,,3s,... 8, be the isolated singularities of (AI-T)"'. Then by

the theorem 4.1.8

n
f(T) =X f(a;) Res T.
1 .

8

Hence

n

(DIl < Z] [f(@)| || Res T||
8
n
< Z|f(a)|

1
since T is a unit residual operator. O
4.1.13Theorem

The spectrum o(T) of a normal operator T is always a p-spectral

set relative to any open set Q containing o(T) of T, (1 < p < ).
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Proof :

For if T is normal then f(T) is normal for any complex analytic

function f Hence for such functions f , [|f(T)|| = sup |f(A)|, where

supremum is taken over the spectrum o(T) of T. 0

We give a very simple yet an illustrative example.

DI = fllocry = sup [f(A)|
reo(T)

< "f“p (1 <p< o).

Consider the operator

T yY)=x+y,x+y)

on C?, which has spectrum {0,2}. This operator is normal and hence its

spectrum is a spectral set.

Consider the basis {A1, As, Az, As} of B(C?)*, where
© A (X1, X2, X3, Xg) = X3, 1=1,2, 3, 4.
We have
AL-T)! = (1/(A2-20))(A-1,-1,-1,A-1).

Hence the residue of A{AL-T)! atOQor2is %4 (i=1,2,3,4).



72

Let A = ciArtcAs+cesAstcsAq. Then for any complex analytic
function fon Q,
IAR(D)| = Y2lf(2)+(0)l|cr+eatcatey
< [fOH)IIIA]
= [If(DI < [lfll;

Thus {0,2} is a 1-spectral set. O
4.1.14 Theorem :

If Q is a spectral set for T relative to Q then Q is a p-spectral set

for T relative to Q.

Proof :

This result follows immediately from the fact that ||f}|.. < ||f]}, for
(1<p<w).

Thus in the example cited above {0,2} is a p-spectral set relative
to any open set Q containing the set {0,2}, (1 <p < ).

We recall that a compact subset Q of C is a K spectral set for an
operator T if

(DI < K |ifll

for all rational functions having poles off Q, where K is a real constant.
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Since Q is a finite set, we have ||f]| < ||f], < K ||}, for 1<p <co.
Thus we have the following result.
4.1.15 Theorem :

Suppose Q is a p-spectral set of T relative to every open set 2.

Then it is a K spectral set for T.

We now give a characterization theorem for p-spectral sets.
Which is analogous to the characterization theorem for spectral sets

given in 3.2.3.
4.1.16 Theorem :

Q is a p-spectral set relative to Q if and only if [[f(T)]| < 1 for

every complex analytic function f on  for which ||}, < 1.
Proof :

Suppose Q is a p-spectral set for T relative to Q then by the
definition we have that ||f(T)|| < 1 for every complex analytic function f

on Q for which ||f]|, < 1.

P ]



74

Conversely suppose the condition of the theorem holds. Let f be
a complex analytic function on Q. Suppose ||fl[, = 0 then f(T) = 0. On

the other hand if ||fll, # O then we have ||(1/]lflp)f]l, = 1 and hence we

have [|(1/]if]l XDl < L. O

We know that one of the important results in the development of
functional calculus is the spectral mapping theorem which says that if

o(T) is the spectrum of T and if f is an analytic function on o(T) then
the spectrum of f(T) is nothing but f{o(T)). It is quite interesting to

note that this result is true for p-spectral sets also.
4.1.17 Theorem :

Let Q be a p-spectral set for T relative to Q then Q) is a p-
spectral set for f(T) relative to f(2) and this is true for every non

constant complex analytic function f on 2.
Proof :

By the definition of a p-spectral set, o(T) Q. Now by the

spectral mapping theorem o(f(T)) < f(Q) and since f is a non constant
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anﬁlytic function f{Q) is open. Suppose g is a complex analytic

function on f(QQ) then gof is analytic on Q and hence

llgof(DI| < llgefll,

= the p-norm of g on f{Q).
Theorem 1.1.17 implies that
gof(T) = g(f(D)

Hence we have

llgED < ligefllp

= the p-norm of g on f{Q). C

Remark :
This theorem is not true in the general case.

Next result is the crux of this section. We consider this result to
be very important because it enables us to determine normal operators
with a finite speétrum. Suppose Q is a p-spectral set for T relative to Q.
If we choose  in a suitable manner we can attach measures
corresponding to every pair of vectors in H. Using these measures first

of all we can prove that if Q is a p-spectral set for T relative to Q for
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every p, (1 £ p <), then Q is a spectral set for T relative to Q. From
this we can deduce that an operator T is normal if and only if its

spectrum is a p-spectral set for T for every p (1 < p <) relative to Q.

Consider an open set QQ for which the boundary 0Q of Q is a
cycle which surrounds the spectrum o(T) of T. Then as per definition

1.1.14 we can define f(T) as follows.

f(T) = (12ni)aa(fR)AI-T) HdA
again with the understanding that,
AR(T) = (127 oA FOYAI-T) ' )dA

for every AeB(H)*.
Notation :

H*(Q) denotes the class of all complex functions which are
continuous on Q@ and analytic on Q and C(Q) denotes the class of all

complex continuous functions on Q.
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4.1.18 Theorem :

Let Q be an open set containing the spectrum o(T) of T such
that H*( -{))=C( f)) and the closure of Q is compact. Let Q be a p-
spectral set for T relative to . Then for every pair of points (x, y) in H

there exists a measure pu(x,y) on €2 such that

ETxy) = af(h) du(x,y)
for every complex continuous function f on €.
Further [|u(x,y)]| < n"? ||x]| |lyl, for every pair (x,y) in H, where n

is the cardinality of Q.
Proof :

For every complex analytic function f on Q, define

ex.y)D ={T)xy) )
lo(.)Ol = IIEDx.Y)Il
< JIFCOI i iyl
< |1l 1ixI| liyl

<n P |ifll. |Ix]| llyll )
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Since H*( Q)= C( ?2)_
le,y)OIl <1 7 [iflle [Ix]f Iyl (3)

for every feC( Q).

Now we can prove that the relations (1) and (2) are also true for
every continuous function f on 6. For this we can use Tietz extension
theorem. Which implies that every function continuous on the
boundary of Q has a continuous extension to the closure of Q. Hence
every continuous function on Q2 can be identified with a continuous
function on Q. This identification together with (3) imply that @(x,y) is
a bounded linear functional on C(6Q), such that (

¢ (x,yXH) = (f(T)x.y) and

oGyl < 0" [Iflle lIxIl Iyl

for every feC(6€2). Hence by the Riesz Representation Theorem there

exists a measure p(X,y) on 0Q such that |ju(x,y)|| < n'? x| llyll and

ETXY) = Jaaf(R)du(x,y). O



79

4.1.19 Corollary :

Let Q2 be as in the theorem 4.1.18 and Q be a finite subset Q
containing the spectrum of T. If in addition Q be such that the
complement of the closure of Q is connected and Q be such that
IP(D|| < [IPll, =  |fb:)I")"®, (where the summation is taken over Q)
for every polynomial P then all the conclusions of the theorem 4.1.18

are satisfied.
Proof :

Define

o(x.y)®) = (P(T)xy) (D

for every polynomial P. Hence for every polynomial P we have
lloG. )@ = IP(DX
< [IPCOIHIx Lyl

< [Pl fixIt It

<0 [[Plelix] liy] @

where n is the cardinality of Q. (2) shows that ¢ is continuous on the

class of all polynomial functions with respect to the supremum norm.
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By the Mergelyan’s theorem the set of polynomials is dense in
H*( Q). But as per the definition Q, H*( Q ) = C( Q). Now using the
continuity of ¢ (X, y) and that of inner product we can extend ¢ (X, y)
to C( Q), the class of all continuous functions on the closure of €,

such that ¢ (x, y)(f) to be equal to (f(T)x, y) for every fe C( Q) and

lo(x,y)(H)] < o' fllxlliyl ()

for every feC(Q). The rest of the proof is similar to the proof of the

theorem 4.1.18. O

The converse of this theorem is valid if Q is a p-spectral set for

every p < oo relative to an open set Q as in 4.1.18.

Suppose Q is a p-spectral set for T relative to an open set Q as in

the theorem 4.1.18, for every p < «. Then we have

IEDx,y)| = lox.y)(D
< 0| fk 1) Iy
for every p < w. Letting p — o in the above inequality we get,
T < [ke Il *)
I < [flke |
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for every complex continuous function f on 2. Which implies that under

the above condition Q is a spectral set for T relative to Q. (*) implies

that the measure corresponding to such a ¢ (x, y) has norm < ||x{| ||y}.

With this development the analogue of Corollary 1.3.8 is true in

our situation also.
4.1.20 Corollary :

If Q is as in the theorem 4.1.18 and Q is a p-spectral set for T

relative to Q, for every p < « then

(1) The measure p(x,x) is positive whenever x # 0.
(2) If Re f(A) = 0, for all A in Q2 then Re f(T) = V2(f(T)+{(T)*) 2 0 for
every f e H(Q) and

Iyl < (il iyl

for every pair of vectors (x, y) in H.
Proof :

Since

(x| = fanl dp(x,x)
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= u(X,x)(0Q2).
< flueux)l]

< [xIf
But any measure p such that [1dp= [lf] 1s positive. This proves (1).

To prove (2), consider,
(Re f(T)x,x) = Jan Ref dpu(x,x) 2 0
for every x eH. But
Ref(T)x, X) = Re [ £ du(x, X)
= Re(f(T)x, x)
= (12(RT)H(T)*)x, x)
Where f(T)* is the adjoint of f{T). This implies that

(12(f(T+H{(T)*) = 0.
4.1.21 Theorem :

Let Q be as in the theorem 4.1.18 and Q be a spectral set
relative to Q. Then T is normal. In particular T is normal if o(T) is a

spectral set relative to 2.




83
Proof :
Let f{A)= A A € 8Q. Then forx € H,

(f(T)x,x) = fan £ dp(x,%)

=fan L du (%, %)

=(Tx, Xx)
= (T*x’ x)
= f(T) =T*

= T 1s normal. a

Remark :

The theorem 4.1.21 is in general i1s not true for an arbitrary
operator. For example the unilateral right shift operator T on the space
of all square summable complex sequences is not normal but its
spectrum is a spectral set for T relative to any open set Q. This shows

that this theory works only for operators having finite spectrum.

If T is unitary then a subset of the unit circle is a p-spectral set

for T relative to every open set Q.




4.1.22 Theorem :

Let Q2 be an open set in C disjoint from the origin. Then T is
unitary if and if only if it has a spectral set Q relative to €2 on the unit

circle.
Proof :

If T is unitary then it is normal and its spectrum lies on the unit
circle and hence we have the result. On the other hand suppose that a'
subset Q of the unit circle is a spectral set for T relative to Q2. Then
since the function f(t) = 1/ is analytic on 2 and for this function, f(T)

is T'and hence we have that
I T < iflo=1

Also the function f{A) = X is analytic on Q and for this function

f, f(T) =T. Hence
1Tl < {1l =1

Thus [[Tx]| < [[x|| = {| TXTX)|| < |ITx|| for every x € H. Hence T

is unitary. o g
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If T is self adjoint then T has a p-spectral set which consists of
only real numbers and if T is positive then T has a p-spectral set which

consists of only non negative real numbers relative to every open set Q.
4.1.23 Theorem :

Let Q be an open set disjoint from i and —i then T is self adjoint

if and if only if there exists a real spectral set for T relative to Q2.
Proof :

If T s self adjoint then its spectrum is real and hence it has a real
spectral set relative to Q. .On the other hand if T has a real spectral set
Q relative to Q then the function f(t) = (t-i)(t+i)" is analytic on Q and it
carries Q into the unit circle. Hence f(T) has a spectral set f(Q) on the
unit circle relative to f{Q2). By the definition of Q, f(2) is disjoint from
the origin. Hence by the theorem 4.1.22 f(T) is unitary. Now
f(T) = (T-il) (THID)". It can be proved that I-f(T) is invertible and

T = i(I+RT))(I-KT)™). From this we can deduce that T* =T. 0
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4.1.25 Corollary :

Let Q be an open set which is disjoint from i and ~i. Then an
operator T is positive if and only if there exists a spectral set for T

relative to QQ which consists of only positive reals.

4.2 Denumerable p-spectral set

In this section we consider only those operators on a Hilbert

space H having only a denumerable spectrum.
Notation :

Through out this section T will denote an operator on the Hilbert

space H having a denumerable spectrum.
4.2.1 Definition :

Let  be an open set containing the spectrum o(T) of T.A
denumerable set Q = {a;,a,,a;,... } in Q is said to be a p-spectral set for

T relative to Q (1 £ p £ ) if the following conditions are true .

(D oM cQ
@ DI < [l
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for every f € H(Q2).Where

I, = (Z @)™, (1<p<wo)

I1flls = sup {{f(a)]},j=1,2,3...

Here also when p = «© we call Q simply a spectral set for T

relative to Q2.

From the very definition of a denumerable p-spectral set it
follows that every countable super set of a denumerable p-spectral set

is a p-spectral set relative to any open set.
4.2.2 Theorem :

Let Q be an open set disjoint from the origin. If T 1s a compact
self-adjoint invertible operator on a Hilbert space H then o(T) 1s a p-

spectral set for T relativeto Q (1 <p < ).
Proof :

Let t,t,ts,.... be distinct eigen values of T with |t;| = [to[ > ... and
P.,P..... be the orthogonal projections with R(P;)) = { x € H : Tx = tx},

i=1,2,..
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Then by the spectral theorem
T=Zt,P,
n21
Suppose
m
T = Zt,Py

n=1

Since t,’s are real and P,’s are self- adjoint, each Ty, is self-
adjoint. Hence the spectrum of each T, is a p-spectral set for Ty

relative to Q2. Now for f € H(Q),

([T = Limit [|f(To)}

< |flly
4.2.3 Definition 128.1; 4] :

A bounded operator A on H is called Hilbert—-Schmidt if

¥ JA(W)| < oo for some orthonormal basis{v;} for H.
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4.2.4 Corollary :

Let © be an open set disjoint from the origin and T a self adjoint,
invertible Hilbert-Schmidt operator. Then o(T) of T 15 a p-spectral set

relative to Q.
Proof :

Every Hilbert-Schmidt operator is compact [28.2; 4].
4.2.5 Corollary :

Let Q be as in the corollary 2.2.4. Let K(s,t) be an element of
L%[a.b]) such that K(s,t) = K(t,s) for every pair (s,t) in [a,b].Then the

spectrum of the integral operator

T(X)(s) = Jiap) K(s,0)(t) dt (a<s<b)
for x € I ([a,b]),

is a p-spectral set relative to Q.

Proof :

The operator T is a Hilbert-Schmidt operator.
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5. Relations Between Spectral
Radius And PseudoSpectral
Radius

In this chapter we consider von-Neumann’s definition of spectral
sets and try to get some relations between spectral sets and spectral

radius. For this we develop the following.

According to von-Neumann a compact set Q of C is said to be a
spectral set for T if it contains the spectrum of T and for every

rational function f having poles off Q,

DIl < [flle = suplf(A)].

reQ

He proved that if M; D M4, j=1,2,... are spectral sets for T then "M
was also a spectral set for T [29]. But in general intersection of two
spectral sets is not a spectral set. [34] contains examples for this fact.
Here we introduce the idea of minimal spectral sets and prove that

every operator T in B(H) has a minimal spectral set.
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5.1.1 Theorem :

Let Te B(H) and M be the intersection of all spectral sets for T.

Then M is a spectral set for T.
Proof :

Let Cr be the collection of all spectral sets for T. Define a partial
order relation on Cy as follows. Let M;, M; be any two elements of Cr.
We say that M; < M, if M; c M;. Then < is a partial order relation on
Cy. We claim that every totally ordered set in Cy has a maximal
element.- Let F be a totally ordered subset of Cy. Let N be the
intersection of all elements of F. Being the intersection of collection of

compact sets satisfying finite intersection condition, N 1s compact.

Now consider the complement N° of N. Being a subspace of the
second countable space C, N° is second countable. Hence it is Lindelof.
The collection {M;°: My € F} forms an open covering of N°. Hence
there exists a countable subcovering { M, M;,...} of N° in the above

collection. Since F is totally ordered, the collection {M;M,,..} is also
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totally ordered . Hence by the von Neumann’s result [29], M* = "M,

1=1, 2, 3... is aspectral set for Tand hence it € C .

We assert that M* = N. Since N is the intersection of all
elements of F, we have that N ¢ M* and since {M,"°M,’,..} is a
covering of N° we have that N° © M*® . Hence we have that M* c N.
Hence M* = N. Clearly it is the maximal element of F in Cr. Thus
every totally ordered subset of Cr has a maximal element in Cr.
Therefore by Zomn’s lemma Cy has a maximal element. Let it be M**.
We claim that M** = M. Since by the definition M**/ it is contained in
all elements of Cr. Hence we have that M**cM. Since Iv.I** 1s a
spectral set we have that M c M**. Hence M = M**, Which is clearly

minimal among all spectral set for T. O

5.1.2 Definition :

We denote the minimal spectral set of T by My and define the

radius of Mr, denoted by [Mrl, as

[Mr| = sup|A|
KGMT

and call it as pseudo spectral radius
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5.1.3 Corollary :

¢)) Mrc R if and only if T is Hermition.
) Mz cR" if and only if T is positive.
3 T is normal then [My| = p = the spectral radius of T = ||T]||.

) IT*|| = Mrr*| for any T €B(H).
Proof :

The proof follows from the fact that, by the theorem 1.3.3,if T

is normal then its spectrum is a spectral set. O
Remark :

In general, the converse of the result (3) in the corollary 5.1.3 is

not true. But it is true when H is finite dimensional.
Using the theorem 11.31 of [30] we can prove the following,
5.1.4 Coroliary :

If F is positive linear on B(H) then

¢ [F(T)? < (F(D)? M|, for all T in B(H).
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2 |F(T)| < F(I) M1, for every normal T in B(H).

von Neumann proved that for every operator T, {AcC: |A| < |[T||} 1s a

spectral set for T. Hence we have that

Mx| < [IT]|
On the other hand o(T) is contained in My and hence we have that,
p < |Mql
Thus in general we have that
p < M| <|IT]\.

Remark :

(1) IfT is normal then p = [My| = ||T||.
(2) There are non-normal operator for which p = [My| = ||T}|. For

example the unilateral right shift operator on the class of all

square summable scalar sequences.
Example of an operator T for which p < [My]

Let H be a separable Hilbert space with an orthonormal basis

{es;n=1,2,...}. Define an operator T on H as

Tew =( 1/m)en+
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n=1,2,... For this operator T, o(T) = {0}. Here o(T) is not a spectral

set, since T is not self adjoint. Thus in this case |My| > p.

Now we recall the definition of a subnormal operator. An
operator T is subnormal on H if there exists a normal operator U on a

Hilbert space K containing H such that T = U on H.

It should be noted that the power of a subnormal operator T is
subnormal and every polynomial in T is subnormal. Hence for such

operator T

[IP(D| = Mepcn| = p(P(T))
for every polynomial P.
Remark :

For a Hyponormal operator T (that means operators for which

T*T-TT* > 0), ||T%| = ||IT|[", for all n and hence we have

ITll =p=Mrl.
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