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Abstract

The quantum theory of fields was invented many years ago to give expression
to the relativistic quantum mechanics of the radiation field. Within one or two decades, the
theory was extended to include the nuclear as well as the weak interactions.

In the past, there were several occasions when the quantum theory of fields
appeared to be inconsistent and were at the verge of abandonment. But with the advent of
the renormalization theory, this problem was more or less solved. Instead of completely
eliminating the inconsistencies, one was able to reformulate the theory in such a way, that
the émbarrassing infinities did not appear explicitly.

Several regularization techniques were devised earlier to eliminate the
infinities appearing in the field theories, the most important ones being the Pauli-Villars and
the dimensional regularizations. Recently, a new regularization technique was developed
by Evens etal, which they have named nonlocal regularization. Chapter 1 describes the
methods of dimensional and nonlocal regularizations as applied to QED. In chapter 2, the
nonlocal regularization method is extended to evaluate the vertex part of QED. Chapter 3
gives the Ward identity satisfied by nonlocal QED. In chapter 4, the Yang-Mills theory is
studied using the nonlocal regularization method. This method of regularization being new

offers immense scope for development.
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Introduction

P. C. Raje Bhageerathi “Regularizations and divergent diagram in gauge
theories” Thesis. Department of Physics, University of Calicut, 1999



Chapter -1
Introduction
1.1 Primitive divergences in Gauge Thepries
It has been observed for a long timé that there arise certain
divergences while tackling many problems in field theories. Many
methods were devised to isolate the divergences appearing in the
field theories. This was necessary for the theories to be considered
as physically acceptable ones.
The divergences that are chiefly encountered while
considering any field theory — the Abelian, non-Abelian or ¢* thedry
— are the ultraviolet and the infrared ones. Consider an integra! of

d*q 1

the form g [1]. There are four powers of q in
@2n)* (g% m?)

the numerator and two in the denominator, so the integral diverges
quadratically at large q. It is ultraviolet divergent. The problems of
infrared divergence arise wheﬁ q — 0. g is the order of the particular
diagram represented by the above integral.

A lot of effort has gone into the study of ultraviolet divergences
in Abelian and non-Abelian gauge theories during the last four
decades. To tackle divergent diagrams in these theories, it is
necessary to regularize the divergences in suitable ways.

Regularization is a method of isolating the divergences in Feynman



integrals. It makes the task of renormalization much more explicit.
There are several techniques of regularization. The most intuitive
One is to introduce a cut-off A in the momentum integrals. In QED, it
is required to modify the free photon propagator

1 1 1 A?

_— _) — - - - —
k? K2 (k?-A?) k2 (k? -A?)

The Pauli-Villars regularization [2] is also similar to the one above.

Here, a fictitious field of mass M is introduced. In both cases the
limit A > o (M —> ) is taken. The renormalized quantities then

become independent of A (M).

These methods create problems while dealing with non-
Abelian gauge theories. The Pauli-Villars regularization does not
preserve gauge invafiance in non-Abelian gauge theories. So
inorder to tackle these problems, the technique of dimensional
regularization [3] was developed mainly by ’t Hooft and Veltman [4],
(see Ashmore [5], C.G. Bollini and J.J. Giambiagi [6]). The idea is to

treat the loop integrals which cause the divergences as integrals
over d — dimensional momenta, and then take the limitd —» 4. It

turns out that the singularities of one — loop graphs are simple poles
ind - 4. Inthe next section the method of dimensional regularization

is given in the context of QED.



1.2 The Technique of Dimensional Regularization

In this section, one can see how the method of dimensional
regularization is applied to a field theory, by considering QED as an
example. QED is the theory of interaction of light and matter. It is
also one of the rare parts of physics which is known for sure, a
theory that has stood the test of time. It is an Abelian gauge theory
which is fenormalizable [7-11]. 1t comes under the U(1) group — the
unitary group of order one [12, 13].

‘The three primitively divergent diagrams in QED are the
electron and photon self energy graphs and the vertex graph [1, 14,

15] shown in fig. 1.1.

s’% p
P P—k P K k

(g) Electron self-energy diagram (b) Photon self-energy
diagram (c) Vertex graph,

Fig.1.1,.



The general formula for the superficial degree of divergence D

of a Feynman graph in d — dimensional space —time is [1],

D=d+_n<_2g_—>—<d_;1> Ee—(_d_z—_z_)Pe (1.2.1)

where
n = number of vertices,
P. = number of external photon lines,
E. C o= number of external electron lines,
d = dimension of space — time

When d = 4 this yields
3E, (1.2.2)
-P,

D =4-.
2
showing that D is independent of n.
Consider the two self-energy diagrams in fig.1.1- The electron
self—energy diagram has E; = 2, P, =0, so D = 1. The Feynman
rules give

d*k i - ig,y (1.2.3)
-1 2 (p)= (-ie)® ™ v

(2n)* pP—-4k-m K?

Here there are four powers of k in the numerator and three in the

denominator. So D = 1, as predicted. The photon self - energy,
which is also called vacuum polarization denoted as I1,. is

dp [ [
i [1*(k) = -(-ie)* | — Tr( p* A — (1.2.4)
(2n)* g-m g-—K-m,

This integral is quadratically divergent, as anticipated. Now for

the vertex graph, we have E, =2, P, = 1. Hence D = 0 which



indicates a logarithmic divergence. The Feynman rules give

dk  -ig e i i
-ie A, (P9, p+tq)= (-ie)3 v Y v
2n)*, (p+k)? HK—g~m Km

(1.2.5)

Although the electron and photon self energy gfaphs are superficially
linearly and qu_adratically divergent respectively, they both turn out to
be logarithmically divergent only.

The two self energy graphs and the vertex graph, all have the
property that the removal of their infinities resulits in a redefinition cf
various physical quantities, ie; electron mass and wave function
normalization, and electric charge. ie; no extra terms in the
Lagrangian are required of a type which are not there already..

Having isolated the three primitive divergences of QED, one
can calculate them using dimensional regularization. For extending -
to d dimensions, we have to define the algebra of Dirac matrices in d
dimensions. We have

O ow¥ =20 (1.2.6)

where g,, is the metric tensor in d - dimensional Minkowski space.

Alsoy"y,=dandy,y,¥'=(2-d)y, (1.2.7)
In addition,

Tr (odd no. of y - matrices) = Q, (1.2.8)
TrI=1(d), Try, yv = f(d) Gy (1.2.9)
Tr ¥ v vo 1 = §(d) (Gux G- Guw Gir + Gir Gv) (1.2.10)

5



where f(d) is an arbitrary function with f(4) = 4 With all these
necessary facts one can proceed to calculate the three primitive
divergences in QED.
First, start with the electron self-energy graph of fig.1.1a. The
Lagrangian for the system is
1

£ =-— F,F"-§(@@+my+eyAy (1.2.11)
4

Generalizing expression (1.2.3) to d dimensions,
dék 1 g
d

Sp)=-ie®pt | — v, vV —
2n)* pg-k-m k?

dk  y.@-kK+m)y
- ie2 u4-d —
2n)*  [(p-k)?-m? K> (1.2.12)

where u is an arbitrary mass to be multiplied with the interaction

term inorder to have the correct dimension. The denominators in thz

integrand are combined by using the Feynman formula [1, 16 - 18],

1 dz
— = f (1.2.13)
ab [az + b(1 — 2)?

o

Introducing the Feynman parameter z in expression (1.2.12) yields

1 dk Yo (k) 1

s(p)=- iy~ Jaz f
0 2n)?  [(p-KkZz-m? z+k* (1 - 2)F

Define k' = k - pz. This gives




1 4%y -pz—K+my

2 (p)=ie? ¢ | dzj —

0 (2n)° [k *2m?z+p?z(1- 2)?

The term linear in k’ integrates to zero. So

1 d%’ 1

5 (p)=-ie%u* ¢ [dz Yu(B-gz+myy f

0 2r)?  [k2-m%z+p*z (1-2))
This integral is performed with the help of
g d% I (o -d/2) 1

- | 7_{:Cl/2 —
[p° + 2pq -mJ* [ () [q® -m?]

giving

T (2-d/2) 1
S (p)= %t ® | dzv,0p(1 - 2yemiy* (mPz-p2(1-2)1*2

(4n)¥* 0

As d >4, I' (2 — d/2) develops a pole. Putting € =4-d,

2
[(2-d/2) = [(e/2)= — -+ O(e).Using this and eq.(1.2.7),
€
e’ 1 |
% (p) =-— T (ef2) | dz {26(1-2) -4m - e[p(1-2) -m]}
1612 0

mz - p°z (1-2) \ ¥

47tu2

2 2

e e 1
— (g +4m) + _ ) (1+y)-2m(1+2y)+2 [ dzlg(1- 2) -2m]
8n’e 16n° 0

m?z - p®z(1-2)
X In
4np?
7




2

= —— (¢ +4m) + finite (1.2.14)
8n’e

Next, we calculate the vacuum polarization graph of fig.1.1b -

Extending expression (1.2.4)to d - dimensions,

d% 1 1
(k) = in*?e? Tl — w
‘ (2n)¢ p-m pk-m

. J dp  Tr [y, +m) v, (BK+m)]
=ie‘pn ~d

(27)° (p*-m?)[(p-k%)-m?] (1.2.15)
Introducing the Feynman parameter z, and putting p’ = p-kz gives,

h Y

1
I1,.(K)=- ie’u*® fdz

dp’  Trly(p’+Kz +m) v, (B*-K(1- 2)+m)]
0 {

(2m)" [ p'=m? + K’z (1-2)
Since the trace of odd number of y - matrices is zero, and the terms
odd in p ‘give no contribution to the integral, the numerator N in the
momentum integral is
N = [p" p™-KK'Z(1-2)] Tr(y, e 1o m2) + M T (v, )

= f(d) {2p 4 p /s~ 22(1 - 2) (Ky ki"K?Gp) - Guy[ P *2-m? + K2Z(1-2)]}

Putting p‘— p,

1 d 2p.p,
Mu(k) = €2 4f(d) fdz(

0 @2r)® | [p?-m? +k’2(1-2)P
2z(1-2)[k K, - kK*g,.] Opv
) [p%-m? + kK*z(1-2)]? [p%-m? +k°z(1-Z)]



The contributions of the first and the third terms in the integrand

cancel. The second term leads to a logarithmically divergent integral.

2

e
npv(k) e — (kpkv - Ouv k2 )
2x? »
1 vy 1 m? - k?z(1-2)
Xy -— - J dz z(1-z) In + O(e)
3¢ 6 O 4np?

The divergent part is a pole in . The finite part contains terms

depending on k2, so for small k* we have

e? 1 k2
(K =— (KK -G k?) | — +—+ ...
61 e 10m?
e?.

= (K Ky - g,y K? ) +inite
6n’e (1.2.16)

Finally, we evaluate the vertex graph of fig.1.1c. In d-
dimensions equation (1.2.5) becomes
d? k i i -ig**

Yv Tu Yo
27 p’km  pkm k?

e 1 2 A(p.q.p") = (e “"%J

dik vy, (B’k+m) v, (-k+m) v"
( eM2 d/2)3

2n)°  K3(p-K)*-m?] [(p *-k)*m?]
(1.2.17)

Here, the two-parameter Feynman formula which is analogous to
(1.2.13) is introduced (1,16 -18) -

1 1 1-x 1

- = 2 ,[dx J.dy
ahc 0 0 [a(1-x-y) + bx +cy]? (1.2.18)

9



This gives

2ie2 u@d 1 1-x
Aup,q,p’) = fdx fdy fddk
(2x)° 0O O
) 4
v (87 K+m) v, (p-k+m) v
X

[K*-m?(x+y)-2K(px+p *y) +p°x +p 2 y]?

Defining k’ = k-px-p‘y gives (with k* —k)

2ie? p*d 1 1-x
Aup,q,p’) = fdx fdy fddk
(2n)¢ 0 O
v [8(1-y)- px&k+m] v, [p(1-X) -y K+m] v’
X (1.2.19)

[k* -m?(x+y) + pX(1-x) +p *y(1-y)-2p.p *xy]°
This integral contains convergent and divergent terms. The part of
the numerator quadratic in k is divergent, whereas the rest is
convergent. So we can write
A= AV +A,P (1.2.20)
where A, " is the divergent part and A, @ the convergent one.

A .V may be written as

e? 1 \¥? 1 1-x
AYPap) = — il — T (2-d/2) Idx fdy
2 4r 0 0

TWYeYuY Y

X
2- d/2

[MP(x+y) + p*X(1-X) + p *2y(1-y) + 2p.p*xy]

10




Here, the expression

Pu Pv i ﬂdlz 1
d’p = _
[p* +2pq -mJ* [(@)  (-q°-m?)=
} 4 1 -
x%pqv (o -d/2) + — g,,, (-9*-m)(a-1-d/2 ,)I
2
is used.

AlSO, v 7p1u¥s?’ = (2-9) YoYuYo + 2(YuYoYp = YoYolu)
SO 1yy,v,7"y" = (2-d)? v,. Putting e = 4-d, so that (2 -d)*= 4-2¢, we get

e2

AP (p,p?) = v, + finite.

8nle (1.2.21)
The convergent part A,® (p, q, p’) does not contain k in the
numerator of the integrand. Putting d=4 and performing the

integration over k, gives

e2

1 1-x
AP (pqp?) = Jax | dy.
167° O 0

v 1B (1-y) - px +m] v, [B(1-X) — @'y +m] v’
m3(x+y) -p>(1-x) = p?y(1-y) + 2p.p’xy  (1.2.22)

X

1.3 Ward Identity
The Ward identities [1,19]) and its generalization by Takahashi
(1, 20, 21] are crucial in proving the renormalizability of gauge

theories, and renormalizability, in turn, is crucial in order that these

theories make sense and are believable.

1



We have for the electron self-energy, in 4-dimensions,

)y d*k  -igw i
— = (ie)? Yx '
(2n)*  K? pK-m

d'k 1 ’
= -¢? '( —  7.Se(p-k) 7
(2n)* K2 (1.3.1)

Se(p-k) is the virtual electron propagator. Differentiating (1.3.1) with

respect to p,,

o5 d'k 1 8
— =-ie’| — —n— Se(p-k) v
Py (2n)* k?  op,
d*k 1
=ie? | —  —  1.Se(p-K) v, Se(p-k) - (1.3.2)
2r)* K

The vertex graph in 4-dimensions gives (with q = 0),

d4k "igk)‘, | i
[ieA(p.0.p) = (e | — Yo Ya e
(2n)* k* pkm p-k-m
d*k 1
=&l — — 1 Se(p-k) 7.Se(p-K) 7.
2n)* Kk
Hence,
dk 1
Au(p,0,p) = -ie? — 5 N Sk (p-K) 1,S¢(p-K) 1~ (1.3.3)
(2n)* k

From expressions (1.3.2) and (1.3.3) it is clear that

9z (p)
= - A,(p,0.p) (1.3.4)

P,

12



This is the Ward identity to order e* for QED. The Ward identity is
satisfied to any order in perturbation theory.
1.4 Limitations of the technique of Dimensional Regularization

In four dimeqsions, we have

i

Y = " € pvap 1T YV | (1.4.1)
We cannot -define .the analogue of y° in d dimensions. The Levi-
Civita symbol €,.,,3 is specific to d = 4. So the method of
dimensional regularization fails if in the Ward identities there appear

quantities that have the desired properties only in the four
dimensional space[3, 4]. One cannot generalize €,,,3 t0 a tensor
satisfying the required properties for non-integer n. Similarly for >
One can insert (1.4.1) wherever y° occurs and take the e-tensor
outside of the expression to be generalized to non-integer n. If we
are dealing with Ward identities that depend on {y°, v*} = 0 fora =
1,2, nand Tr {y°v* 7' v*y%} = ide,,qp then this method breaks

down. This is the case of the axial vector anomaly.

1.5 Nonlocal Regularization
Quantum field theories are plagued with ultraviolet
divergences which posed difficulties to the theorists. Recently it has

been found that the superstring theories are finite [22 —24]. The

13



vertices of the string field theory contain nonlocal factors of exp
(-a. ' p?) which causes loops to converge in Euclidean space [25, 26].

The phenomenon is not restricted to strings, attaching such
factors to the interactions of any otferwise local Lagrangian gives an
ultraviolet — finite theory. The perturbative S-matrix resulting from
the nonlocalization is finite, unitary, and Lorentz invariant. This
sacrifices certain other benefits too [27]. But they pose no serious
obstacle.

This scheme of regularization is termed “nonlocal
regularization”. This was developed recently by Evens etal [28].
This has several advantages over conventional methods. It lacks the
notorious “automatic subtractions” present in both dimensional
regularization [3, 4] and the £ - function meth'od [22]. It does not
sacrifice perturbative unitarity as does the Pauli-Villars method [2].
Nonlocal regularization is operationally very similar to Schwinger’s
proper time method [30, 31].

Nonlocalization is supposed to cure only ultraviolet
divergences. The fact that ultraviolet divergences can be cured by
nonlocalization was realized long ago [32-37]. There were certain
problems which inhibited its early application. First, it was unknown
how to canonically formulate nonlocal actions. Although procedures
valid to low order were known for certain theories, it was believed

that obstacles must appear at two loops [38 - 41]. By exploiting the
14



functional formalism directly Polchinski [42] exhibited a satisfactory
model in 1984 in the context of ¢* theory. The procedure for deriving
the associated operator formalism was finally given by Jaeh etal. In
1986 [43]. »

The second obstruction was the belief that gauge invariance is
inconsistent with any sort of nonlocalization. This can be explained
in the context of QED:

1 —
L=- — F Y-y (iZ+m)y (1.5.1)
where Dt is the covariant derivative operator 5, + ie A,. The vy
matrices are in the Euclidean space and obey the commutation
relation [44]

{fw T} = -20 (1.5.2)
Now simply nonlocalizing the interaction gives,

e UKy —> eyt KN (1.5.3)
where §" = ey, v* = emy, and A® = g5 A. The nonlocal smearing

operator e, is defined, for any mass m, as follows:

& -m?
&m = €Xp (1.5.4)

2A?
The resulting theory although free of ultraviolet divergences, is not
gauge invariant since we have broken the covariant derivative and
used ordinary derivatives in smearing charged fields. Losing gauge

invariance is not acceptable physically. So, if we attempt to avoid
15



these problems by covariantly nonlocalizing the entire covariant —

derivative term,

2% - m? 2%-m?
-y oy ilexp v | (@+iek") {exp \J,
2A2 » 21\2
(1.5.5)
then the resu!ting theory is invariant, but not completely finite. This is
because, the factor of 1/c?%, carried by the electron propagator,
cancels the convergence féctors on the vertices.

This problem cannot apply to all nonlocal gauge theories. To
understand this, the notion of “gauge invariance” is extended to
include nonlocal transformation laws. In fact, invariant string field
theory possesses a nonlocal gauge invariance [45 - 48].

In ref. 28, it has been shown that any local gauge theory can
be generalized to a finite, nonlocal theory endowed with a nonlocal
gauge symmetry that reconciles unitarity and Poincare’ invariance
[49].

Nonlocalization can be viewed as a regularization of the
original local theory. The results obtained by this method can be
read off from the analogous result of dimensional regularization by
replacing the I' function with an incomplete I' function. The method
of nonlocal regularization reproduces the logarithmic divergences of
dimensional regularization simultaneously picking out other

divergences that dimensional regularization misses.

16



The nonlocal regularization method has been applied to a very
different number of theories. The renormalization of ¢* and ¢° scalar
theories is carried out by Kleppe and Woodard [50], in yet another
work, the lowest order measure factor is constructed for pure Yang-
Milis [51]. The method of nonlocal regularization is applied to string
field theory [52, 53] and also to a simple, globally supersymmetric
model [54]. The nonlocal field theory formalism is also applied to
study a variety of problems in gravitation [55 - 61]. This scheme of

regularization being new, offers immense scope for development.

1.6 Nonlocal Quantum Electrodynamics

The first step is to introduce nonlocal convergence factors onto
the interaction term in the manner of (1.5.3) so as to make the
Euclidean loop integrals finite. The nonlocalized version of QED
thus obtained is invariant at order e under the transformation [28].

8A,=-0,0 | (1.6.1a)

Sy = ie g0yt (1.6.1b)
Here 6(x) is an arbitrary scalar field and O §(x) = 0. Also 6" = .
The explicit operator ¢,, in (1.6.1b) acts on everything to its right,
whereas the implicit operators in 6" and " are expected to act only

on 6 and \ respectively. But the invariance is lost at order €% So

17



one must add higher order terms to the interaction [59, 62, 63] to
restore gauge invariance.

A curious feature of fundamentally nonlocal field theories is
that they are perturbatively acausal [27, 64]. One consequence is
that one cannot quantize them in such a way as to preserve
simultaneously Lorentz invariance of the functional formalism and
the operator formalism. So, a choice is made to preserve the
Lorentz invariance in the functional formalism.

The problem of quantization amounts to finding an acceptable
measure factor [28] which makes the functional formalism invariant
under the classical gauge transformation. The measure factor
interactions obey the same restrictions as the classical ones. If such
a functional exists, then the resulting perturbation theory is Poincare’
invariant, and finite.

To see how the technique of nonlocal regularization is applied
to QED, first define a smearing operator [28] ¢, :

[6° -m?]

Em= €Xp
2A% (1.6.2)

The superscript A denotes the smearing of the unsuperscripted field
with appropriate mass:
v'semy, (1.6.3a)
A=A, (1.6.3b)

The free Lagrangian takes the form
18



Ly =- Fo P -y (id+ m) y (1.6.4)

1
4
With the interaction term, the Lagrangian becomes

1
Lo =-""" F,, F¥ -y (ig+ m) y + eyKy. (1.6.5)
4 .
The initial nonlocalization of QED is performed by nonlocalizing the
interaction part of the Lagrangian:
1 w—
Losy =-—— F,, F*¥ -y (id'+ m) y + ey K y* (1.6.6)
4
This Lagrangian is invariant upto order € (not including e under the

transformation:
SA, =8A, = -, 0 (1.6.7a)
81 v = ieen® (1.6.7b)
where 0 = ¢,06. From g, we form the operator 3;

eP-1 [ dt P —m?
S= — = — exp|
& —m? A? A2 (1.6.8)

o

The simplest of the four point interactions can be expressed in terms
of the operator 9 :

Lry=-e2 Yyt K (iF-my 9Ky (1.6.9)
The process can be extended to higher photon amplitudes with

interactions of the form
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Ly =-(-e)" y M KM (i m) 9 &Ny A (1.6.10)
Summing up all the terms, the total lagrangian is :

1
£=-—— F,, F*'y(ig+ m)y + ey &* [1 + e(itm) 9&" 'y *

4 ® (1.6.11)

The action is kept invariant under a transformation of the form

dAL(X) =~ 0, 0(X) (1.6.12a)
Sy (x)=ie f d*y d*z.7T1eA] (x.y,2) 6 (y) v (2) (1.6.12b)

where 7 [eA] (x,y,z) the representation operator [28] .~ 1+ eA + ..
........... is a spinorial matrix as well as a functional of the
vector potential. Equation (1.6.12b) shows that the fermionic
transformation must be modified at each order, for the action to

remain invariant. That s,
8 W = -i (-€)" g 6" [(igEm) 9Ky A (1.6.13)
Summing up all terms the transformation could be read as :
8A, =-0,0 (1.6.14a)
Sy = ie gy 6* [1 + e (id-m) 9K 'y (1.6.14b)
From expressions (1.6.12b) and (1.6.14b) .9 [eA] (x,y,z) can be

obtained. (1.6.14b) can be written as

S (x) = ie &m | d'y B(Y)IB“(y)] * [1+e(idm) S&"[d*zy(z)] 8%(x-2)]*
(1.6.15)

Comparing (1.6.12b) and (1.6.15),

Tle Al (x,y,2,) = en[8°0-Y)]* [1 + € (iEm) 9K 'end*(x-2z)  (1.6.16)
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This representation matrix is endowed with certain transformation
properties. Also, the gauge field fails to commute with it:

em AL [1 + e (iIEm) SA M 'em = en[1 + € &9 (M) K'e,  (1.6.17)
Also (1.6.17) is not Hermitian. Hence it follows that yy is not an
invariant. The consequence of this is that the fermion measures of
the functional formalism is not invariant. Another is that the natural
covariant kinetic operator

(ig+m) + e g, A [1 + € (iZ-m) A& e,

transforms one way on the right and another way on the left. This
implies that the products of such derivatives are not covariant.

In the nonlocal QED theory [28, 59] the classical action was
constructed to possess gauge invariance. The vector transformation
rule is the same as in the local QED. Only the fermion
transformation rule is modified as given by (1.6.12b). Hence the
functional measure [dA] remains the same and the problem arises
only from the fermionic functional measures [dy] and [dy]. Since
[dA] is invariant, gauge fixing can be done in terms of the vector
potential just as in the local theory. We have to consider the
behaviour of [dy] and [dy] under the transformation (1.6.12b). It is

usefui to introduce the “dot product” at this stage:
(97T A)) (x,2) =] d*y 6 (y).FTe Al (x.y,2) (1.6.18)
To lowest order in 0, we obtain,
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[dy ‘] = [dy] det (1 + ie 6.7 Te A)) (1.6.19a)
= [dy] exp [- ie Tr (6..7Te A])] (1.6.19b)
A similar argument for [diy] gives the result
[y ‘] = [dy] exp [ie Tr (6.5 [e A])] (1.6.19¢)
The complete result is:
[dy ’] [dy ‘] = [dy] [dy] exp [- ie Tr (6.5 [e A]) + ie Tr (0.7 [e A])]
(1.6.20)
The “trace” in (1.6.20) involves both summing over spinor indices
and integrating over space time co-ordinates. Owing to the peculiar
mixing between gauge and space time indicates, the two traces in
general need not cancel; hence the fermion measures are generally
not invariant. The condition for successful quantization is the
existence of an acceptable measure factor u[e A] [28] which absorbs
this non invariance:
ple A] = exp (Smeas [€ A) (1.6.21a)

SSmeas [€ A]

=-eTr .9 [e A]) +eTr (6.7 [e A))
N (1.6.21b)

9,0

Odd powers of e cancel. Only even powers of e contribute to the

measure factor S...s [e A]. Consider the order eM contribution to
eTr(0..9):
- (&) Tr {eml&"S(igm)IN" 6%}

=- (-e)N Tr{e[C'C A" C'C §(i&m) C'CI"" 0"e}  (1.6.22)
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C is the charge - conjugation matrix. We have
cy Cl=-y" (1.6.23)
Hence, - (-&)" Tr {em[&*9(iZ - m)IN" 6 e}
= - (-€)" Tr {fen]-(&Y) 9(i7 - M)V 0} (1.6.24)
= eV Tr {gm 0" [(i7- m) 9 &%) Men) (1.6.25)
For N odd this cancels the analogous contribution from —e Tr (6..97),

while for even N they add.

1.7 The Electron seif-energy and Vacuum Polarization in
Nonlocal Regularization
Evens etal [28] have explicitly calculated the electron self—
energy and vacuum polarization in this scheme of regularization.
The Feynman diagrams corresponding to the electron self-energy in
nonlocal regularizationawgiven in fig.1.2. The one-loop correction to
the electron self-energy -which derives from joining two Vs [fig.

1.2(a)]is -

d* k - -in*
-iZq (p) = (ie ") [———} (ie y") [ ]
(2n)* q+m-ie k?-ie

p2+m2 q2+m2 k2
X exp |- - - —

A2 A2 A2

(1.7.1)
where g =g — k. Promoting the propagators to Schwinger integrals

and performing the momentum integral

23




i Z4(p) = -€° exp

p2+m?\ / dt dtg d*k
f — | (2q+4m)
(2m)"

q2 + m2 k2
X exp | -1 ity ——

A2 A2 (1.7.2a)

2

‘ ie p +mMm P
=-——exp|- J Id11 dez

8n° A2 (tet ’Cz)3

2m T1T2 p2 m?
+ exp |- — -y —
(11+ 12)° T+ 1a A2 A2 (1.7.2b)

The factor of i comes from the rotation to Euclidean space [28, 44].

K
{N‘y\qﬂ%
p p—k P o 'P
(2) ‘ (b)

(a) Electron self-energy at one loopj;contribution of V

1
(b) Electron self~energy at one loop;contribution of V

Fig.1.2

The other correctidn at the same order comes from a single V- [fig.

1.2(b)]. This comes from the Lagrangian in expression (1.6.9).
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d*k 'irluv
-1 X2 (p) = (-ie®) y* (g — m) v" ]
(2n)* k?-ie

dr [ p? + m? q? +m? K2

X | —exp|- - — (1.7.3)
5 A? A2 A? A2

The result of performing the momentum integration is the same as
expression (1.7.2b) except that the Schwinger parameters are
integrated over 0 < 1y < 1< 15, < 0. Z;and X, obviously add to give

the expression

e’ pP+m?\ © T
() =— exp|- [ dey [ an, o+
8n? A? 0 1 11+ 12)
2 T1T2 p2 m?
+ miexp| - — -7y — (1.7 4a)
(te + T2)2 T4+ 12 A? A?
e2 p‘2 + m2 1
= — exp| - f dx (xp+2m)
8n° A? 0

p? 1-x\ m?
E, | (1x) — + (——) — (1.7.4b)
[ : A2 X A?

where E, is the exponential integral [28, 65]:

o exp (-t) 0 (-2)"
Ei(@=ldt ——— =-n@-y- X (1.7.5)
p t n=1 nn!

For asymptotically large values of A, the expression for electron self

— energy takes the form,
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e? 1 1 1
Z(p) =— (——p’+2m In(AZ)—(—z+2m) Y+ p
8n? 2 2 2

1 In (A?)
- fdx (g + 2m) In (xp*+ m3 + O ( (1.7.6)
0 A?

Comparison with the result of dimensional regularization in D

dimensions [66] and scale p gives

(2-D/2)1 p? m? 7} %#2
T(p)=e® de [D —2) xg+Dm] | x (1-x) —+(1-x)—
20 7_[D/2 0 “2 M2

(1.7.7a)

g2 1 2 1 1
=— (—p’+2m —+ | —pg+m (ln4n—y+—
812 2 4-D 2 2

1
- de (xg +2m) In (xp®> +m?) + O (4 —D)jl (1.7.7b)
0
This suggests the correspondence,
2
—— ~ In(A? (1.7.8)
4-D

for the co-efficients of logarithmic divergences in the two methods.

Consider the nonlocally regulated electron self-energy in D

dimensions:
'l o
( p? + m? J dy, [dr, [d°%
T(p) =-ie’exp| - — f-—f
A2 ) A? ] A% J @)
Q
q-+m

2 2 k2
X I(D—2)ﬂr+Dm]exp[-r1 - 12 —J
A? A? (1.7.9a)
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e’ p° + m?]w o {(D=2)1¢ Dm

exp |- [ o Jan,| — +
20 7072 A2 o 1 (14 + 12)° (11 + 12)2

A2 D/2-2 T4T2 p2 m2
X exp [- —= — -7 — ]
T4+ 1o T+t A2 A2 (1.7.9b)

2

e p? + m37J 1
= — exp[— dex [(D - 2)xg' + Dm]

Z(p)=

20 7[D/2 A’Z 0
D (1-x)p? /1-xym?
X [x(1-x)p?+ (1 -x)m**2 12 - —, + -—) —
2 A? x / A?
(1.7.9¢c)
where T (n,z) is the incomplete y - function [28, 50, 65]:
w0
r(nz)=ldt t"~1 exp (1) (1.7.10)
z

Obtaining asymptotic expansions for large A’ depends heavily upon
the loop order. If the degree n of the incomplete gamma function is
positive then the result is finite in the unregulated limit and one can
take A?to infinity directly.‘ If the degree is negative, it can be raised
either to zero or to one haif by means of the recursion relation
[28, 501:
1 1
rmnz=- —2z" e*+ — Ir'(n+1,2) (1.7.11)
n n

This may reach to either

(-2)"

18

I'0z)=Ei(z)=-In(z2)~-y- forDeven (1.7.12a)

n=t nn!
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| o0 (-2)
orT (1/2,z) =Vn erfc (Vz) = Vn-V4z X BEEE——
n=0 (2n+1)n!
for D odd (1.7.12b)
Here erfc (x) is the compiementary error function {28, 65]. Since z
goes like A? , and since the loop parameter integrals harbour no
Tdivergences'for positive m?, one can integrate termwise to obtain the
desired expansion. The logarithmic divergences of dimensional
regularization are captured by the first term of expansion (1.7.12a);
the first term in (1.7.11) gives a power-law divergence for negative
n, which is lost in the automatic subtraction of dimensional
regularization [4].
The Feynman diagrams corresponding to vacuum polarizaticn

in nonlocal regularization [28] are as follows:

(a) Vacuum Polarization at one loop;contribution of V

(b) Vacuum Polarization at one loop:Contribution of V

(¢) Vacuum Polarization at one loop:measure factor
contribution

Fig.1.3
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The one loop correction to the vacuum polarization which

derives from joining the two Vs [fig.1.3(a)] is: *

d*k -i -
L™ (p) = - Tr &iey”) {—————} (iey") {—————— }
i K+m-—-ie

a+m-—ie

(2n)*
q2 + m2 k2 + m2 p2
X exp|- - - —
. A? A? A2 (1.7.13a)
p*p" p'p"
=il (p%) | " - +i 4" (p%)
p? p? (1.7.13b)

where the transverse and longitudinal coefficients are
A2 T4T2 p2 m2

ie? p2 o ®
iy (p) = o exp\- jd‘ﬁ jdl‘z - +
4n? A1 (+2)° (u+) (ut)?
T1T2 P l'n2
X exp|- — - (1t —
T+ A? A? (1.7.13c)
m2

: 2
2 A2 T1’52p

e p2 ©
i (p%) = — exp(— ——) fdnfdr?_ + +
4’ A/ 1 1 (11472)° (11+12)°* (t1+12)°
T112 p m?
X eXP[‘ — - (utw) —
u+y A2 A? (1.7.13d)

A similar contribution comes from a single V; [fig.1.3(b)]:

’ d*k -
i1, (p)z-[ Tr [-2ie2 Yog-my 4
. K +m—ie

(2n)*
1 dt q2+m2 K2 + m? p2
X — exp(—1 - -
o A? A? A? A2d (1.7.14a)
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HpaV TRy
— ML (n2 uv p_g P PP
T2 (p%) | n* - +ill2(p°) —
p° p? (1.7.14b)

where the transverse and the longitudinal coefficients are

ie? PP\[ ¥ o 1
i ML) = —— exp|- — Jdﬁ dez + jdt1 jdfz]

472 A? 0o 1 1 0

A2 T4 ‘Czpz m2
X - +
(t1+12)° (14 +12)* (11 +12)°

T1 T2 p2 m2
X exp | - — - (nt) —
T+, A® A? (1.7.14c)
ie? p? 1 o e 1
i HL2 (p2) ) = T oexpi-~ _"d‘t1 J.d’Cz + _[d‘h _[d’tz
4n® A? 0o 1 1 0

A? T1 szz m2 }
X * +
(1+12)° (1 +1)* (11 +12)°
11 12 p? mj
X[eXP - — - (1y+12) —
Tty A? A? (1.7.14d)

From the expressions (1.7.13d) and (1.7.14d), it is clear that the two

classical vertex contributions to IT*" do not sum to give zero
lengitudinal part: neither do the transverse pavrts sum to zero on
shell. If these were the only contributions, we would have lost both
decoupling and the photon’s masslessness. Both these features

were restored by the measure factor contribution [28] [fig.1.3(c)] :
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ie” PP\ 1 A? v p m?
iHLWaE -— expl - — Id't expl - — _‘7‘(‘5 +1) —]nuv

27° A2/ 0 (z+1)? 1+1 A® A?
(1.7.15)

T4

To see transversality, change variat:e in (1.7.13d) from tsto x= —:
_ -

ie? p2 0 o0 1 o0
il (p?) = ——exp (-— f dx I dr, + I dx f dtzj
472 A? 1 1 0 1/x

A? X m?
X + p? +
1,° o (x+1)* 1 (x+)?

(x +1)°

X p? m?
X exp |-t — —— - p(x+1) —
A? A? (1.7.16a)

i o0 0 1 o
= exp | - — Idx Idtz"'jdx Jdrz‘]

A2 1 1 0 1/x

o 1 A? X p? m?
X ; exp dty — — -t x+1) —
(x+1) A? A?

. (x+1)°
(1.7.16b)

ie2 2 A2 T p2 m2 J

P 0
= T expi-— ,[dr exp|-— — -(t+1)—

2n? A2 1 (+1)° 1+1 A? A?
(1.7.16¢)

A similar set of manipulation gives

ie? p? 1 A?
il (%) = —"exp |- — f - I 1
47° A? 0o 1 (z+1)°

1 p m?
X expl- — — - (1+1) —
2 A? (1.7.17)



Now IT" + [T, + 1% = 0 as required. The total transverse part is:

e2p2 p2 0 o0 ©0 ) ‘cﬁz
' (pz) =- expl\ -— jdﬂ .[de + JdT1 jdfz
2n° A? 0 1 1 0 (11 + 12)*
[ utn p? m?
Xexpl- — — -(n+t1) —
T+, A? A? (1.7.18a)

Changing the parameters to 1, = tx and 1, = © (1-x) where t = 14 + 1,

expression (1.7.18a) becomes

e2p2 p2 1/2 p2 1 m2
' (p?) =- expl- — 2] dxx(1-X)Ex — +— —
272 A2/ 0 AZ  1-x A?

(1.7.18b)

It can be seen that the gauge invariance has absorbed the simple

quadratic divergence . The factor of p? guarantees masslessness,
since I1" (p?) > 0 as p> > 0.
We can develop an asymptotic expansion in A [65]). The

exponential integral E4(2) is: |

o (-2)"

E«(z) =-In(2)-y- X —
n=1 nn! (1.7.19)
xp? 1 m?

In(1.7.18b),z = — + — —— . So,

A2 1-x  A?

e’p? % ' xp? 1 m?
M) =-—2]dcx(@x)l-n | —+ — — | -y

27° 0 A2 1-x A2
(1.7.20a)
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e’p® [ 1 1 1 13
=- —In(A)+—In@Q)- —y- —

27° |6 6 6 72
1 In (A%
- Jdxx (1-%) In{x (1-x) p* + m?}+ O
0 ' A? (1.7.20b)

The result of dimensional regularization in D dimensions with scale p

[66] gives:
I (2-D/2) 1 pZ m? ] P=?
' (p?) =-e%p? 2P — fdx X(1-x) \x (1-x)— +—
2D HD/Z 0 . “2 H2
(1.7.21a)
e’ 1 2 1 1
= - — — -— y-— In(2n)
2 | 6 4D 6 6
1 _ p2 m2
-fdx x (1-x) In[x(1-x) — + ———L O@4-D) (1.7.21b)
0 T TR
Comparison between the two results suggests the correspondence
2
—  ~ In(A?), (1.7.22)
4-D

for the co-efficients of logarithmic divergences in the two methods.

To find the measure factor contribution [eq. (1.7.15)] [28] to the
vacuum polarization, consider the field dependent representation
matrix 7 [eA] (X, Y, Z) :

FeA] (X,Y,2) = en[8%(X - Y)]* [1 + e(iZ - m)SA&A e84 (x-2)  (1.7.23)
Substituting this into the defining reiation (1.6.21b) and expanding to

order e2, one obtains :
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Ssmeas[eA]
3,0 ——— =2e’Tr {en0" (iF-m) 9 A'er} (1.7.24)
SA, ,
It will be easier if everything is converted into the momentum space.

Let the momentum of the gauge parameter be k" , that of the vector

potential ko , and that of the delta function k3" [67]:

dk; .
8(x) = J exp (ikq.x) 8 (ky) (1.7.25a)
(2m)*
d*k, .
AL(X) =j exp (iko.x) A, (k) (1.7.25b)
(2n)*
d*ks
8 (x-2)= J exp [ika.(x =2)] (1.7.25¢)
(2m)*

The argument of the trace in the order e’ term above is:

d*ks ki? +m? -
£ 0" (i7- M) 9 Ke, 8% (x-2) = exp { + ik1.x| 6 (k1)

(2n)* 2A%
d*ke ko® +m? N
X exp L - + ikzﬂ A, (k2)
(2n)* 242

d*ks ke +m?
X j — exp{-———— + ik3.(x-z)]
(2n)* 242

(Ky+ko+ka)® +m?
xexp| - Tr (K-Ks-m)

242
1 2 2
dt (ks + k3)* +m
xg——— exp | -t ™
2 2
2 A A

(1.7.26)
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_The trace is over spinor indices and position. The spinor trace
affects only the following terms:

Tr [(kakem)y*] = 4(kx+kg)" (1.7.27)
The position trace is accomplished by setting z* = x*and integrating

over x*. This gives:

fd“x“ exp [i ik, +ko)x] = (2n)* 8* (kq + ko) (1.7.28)

The result is :

d'k k* +m?]
262 Tr [em 0" (iF-m) 9 K%, ] = 867 exp|- 0 (-k2)
(2r)* 242

k22 + sz
oo [
2A2
d4k3 k32 +m2
X} — exp| - J(kz +ka) "
(2n)* A?

Y dr (ky + ka)? + m?
X\ — exp| -t

(1.7.29)
ka® +m? (ko + ko) + m?
Consider the exponentials exp| - exp|-t
A? A?

Completing the square in the exponentials, we get:

(z+1) T 2 1k m?
exp \ - ks+— k> exp | - — — -(1+1) —
A? 1 +1 1+1 A2 A%

Expression (1.7.29) becomes:
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) d4k2 k22 +m2 —
2e2Tr [em 0" (iF-m) 9 A'] = 8€° exp| - 8(-k2)
; (2r)* 242

k22 +m2 _
X expl- IAp(kz)
2A°
d*ks ksZ +m?
X —  exp [ - J(kz + k3)*
(2n)* A?
T dr T+ 1 T 172
X — exp {- ——{(3 + — k
5 A’ A? t+1

T k22 mz’
x expl- — — -(+1) -

1+1 A? A4
(1.7.30)

T
Make a shiftks—> k3. — k2 - (1.7.31)
T+ 1
Then (1.7.30) becomes :

d*kz
262 Tr [en O (i7-m) 9 Ale,] = 8e j——— GA(kz) A (k2)
(2n)*

1
dv (d*s 1 h
XJ‘ e J' { sz
> A% J(2n)* 12+ 1
ks
X exp [— (r+1) -—J
A2

7 k22 m2
xexp[-—— — - (t+1)—
A2

T+ 1 A®

(1.7.32)

Performing the trivial Gaussian integral over k3" gives :
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2 4
e d ks -
26 Tr [em 0" (id-m) $ K] = — S kot 0% (-ko)

2n? (2n)*
1 A2 T k22 m2
xjdr S exp|- — -(tt1)—
0 (x+1)° t+1 A° A?
x AN (ko) (1.7.33)

Converting back to position space we have :

8Smeas [EA] €7

-if dxg,6(x) — = — fd‘*x 0™ (x) 94 A M(x) + O(e?)
SA,(x)  27°
(1.7.34a)

2

1 A? T & m
where81sjdr_exp[ — - (t+1)—

0 (r+1)° t+1 A2 A? (1.7.34b)
This gives, e?
8Smeas [€A] = T fd“x 80" (x) 91 A (x) + O(e?)
212 (1.7.35a)
or e?
Smess[6A] =~ [ a*x AL (om ™8, AMX) +O(e’)
4n® (1.7.36)

At one loop there are no simpler diagrams than two - point insertions.
Simply dropping the two vector potentials in (1.7.36) and multiplying
by a factor of 2 gives the measure factor contribution to vacuum

polarization at one loop,

ie? p?

A? T p2 m?

1
irL" =- exp| - J.dt expl - — T - (v#1) —
27° A0 (1) 1 A® A?

which is equation (1.7.15).
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Chapter 2
QED Vertex Part In Nonlocal Regularization
2.1 lntroductipn
The method of nonlocal regularization has been developed by
Evens etal [28]. They have applied it to obtain the QED electron self-
energy and vacuum polarization, and they have compared their result
with that obtained using dimensional regularization [66]. We have
extended the method of nonlocal regularization to evaluate the QED
vertex part [68). Here also, the result obtained agrees perfectly with
that of the result of dimensional regularization. The divergent parts
may be equated using
1
nA? = — .
c
The finite parts are the same apart from trivial numerical constants.
The Furry’s theorem [69 - 71] is also proved for nonlocal QED.
The content of the Furry’s theorem is that Feynman diagrams

containing a closed fermion loop with an odd number of photon

vertices can be omitted in the calculation of physical processes.

2.2 Feynman rules for nonlocal QED
in the nonlocal theory, first a smearing operator ¢, is defined :
& - m?

2A2 (2.2.1)
From this operator another operator 3 is defined :

E€m = eXp
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1

8m2 -1 drt 62 - IT'I2
3§ = =] — expir
F-m? g A? A?

(2.2.2)
Using this operator the Lagrangian for the higher interactions can be

expressed as

Ly = -(-e)"y M AM(i- m) STy A (2.2.3)

The total Lagrangian then has the form

L= - ~1— Fuo F* - (104 m) y +e A AP [ 1 + e (id-m) 9& "y »
4 (2.2.4)

The nonlocalized Feynman rules for any theory are a trivial extension

of the local ones [16, 72 — 74]. There are two kinds of propagators

—— an unbarred one and a barred one. The second one can be

expressed diagrammatically either as a propagator with a bar or by

just joining the two vertices [28]. Here the latter convention is

adopted. The unbarred electron propagator is expressed as,
L
-ig? J‘ dt . pPHm?

—_— i} —exp |-t
p+m?-ie i A® Il (2.2.5a)

and the barred one as,

e2-1  dt p? +m?
- = -} —exp |1

2 2 2
p°+m”-ie y A

(2.2.5b)

where ¢ is as given in expression (2.2.1).

~

Each vertex is associated with a factor (-iey").
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- Sy
L P' rd

Fig .2.1

A nonlocal vertex of order €" is associated with a factor -ie".

2.3 The QED vertex part in nonlocal regularization
The diagram corresponding to the vertex part in QED is as

follows:

GED vertex graph

Fig.2.2
But in nonlocal QED, there are four diagrams contributing to the
vertex part [68]. The types of vertices which contribute to the vertex

part in nonlocal QED to order e? are shown in fig.2.3.

AT

First, second and third order vertices in nonlocal
regularization. )
Fig.2.3.
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The vertices in figs.2.3(a) to (c) come from the interaction part of the

Lagrangian :

Ly = -(-e)" YA [(ig-m) § AN ] N (2.3.1)

wheren = 1,23....................

When n =1, this reduces to the usual interacting Lagrangian for

QED,

2y = eyt AN - (2.3.2)
The four diagfams which contribute to the vertex part in

nonlocal regularization are given in fig.2.4.

P
q pq
>~ Pk "
L e
‘ p A K q K (b)
(2)
P-q ‘ P—q
o g Ok
P ig%uu¢f;§ q P q
(<) k (d)
k

The four diagrams contributing to the QED verteg part in
nonlocal regularization.

Fig.2.4.
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The contribution from fig.2.4(a) is

\ d‘k i -i -in®
-ieAd” (q,p) —J— (iey') { }(ievp) ](ievc’) —
(2n)* g+K+m A+Hk+m k?

p+m®  g*m® K*  (p-q)°  (p+k)+m’
X exp  —

2A? 2A%2 A% 2A% A2

(q+k)2+m2J
- — (2.3.3)
A2

Promoting the propagators to Schwinger integrals, one obtains,
pP+m’  g®+m’  (p-g)’
-ieA” (q,p) =-i€e’ exp| - - - —

2A2 2A2 2A°
d*k ¢ drq dtz
X | — J J‘ Y (p+k-m) v° (g+k-m) ye
(2m)*y A% %
(|f>+k)2+m2 (q+k)>+m? K?
X exp|-1y — -1 ———— -3 ——
A2 A? 2.3.4)

The factor of i comes from the rotation to the Euclidean space. The
contribution from fig.2.4(b) comes from a vertex of the first order and

a vertex of the sec_:ond order. The contribution is,

- to

d*k - - in
-ieAs” (q,p) Ej—(iev‘)[ }(—iez) Y (Ekmy® ——
(2n)* pH+m k2

x| —exp| -

' dn p>+m® g +m? S (p-9)
A2

2A2 2A% A? 2A2

- ————————————tmn, -‘tz

(p+k)*+m? (q+K)? + mz}
A2 A2

(2.3.5a)

42



[
L
o
w
)
X
o
1
©
N
+
3
N
I

q? +m? (p-q)”\

2A? 2A2 2A%
oG o3
d*k 7 dry l'drz dts
X ——J——z‘ j—z — v (p+K-m) v° (g+K-m) 1t

@r)*y A% § A?] A
(p+k)*+m? (q+k)*+m? k?
xep|l-14 —M -1p — -3 7T
A? : A? A?

(2.3.5b)
The contribution from fig.2.4(c) also comes from a vertex of the first

order and a vertex of the second order. The contribution is,

; p?+m?  g’+m’  (p-qf
-ieAL (q,p) =-ie” expj - - - —

A2 2A? 2A2

i «

d%k [du [ drw T dus
ST e—

2n)*5 A% 4 A%] A

(p+k)*+m? (q+k)*+m? LS
X expl-~ty ———— -2 "3 —

A? A? A2
(2.3.6)

The contribution from fig.2.4(d) comes from a single vertex of third

order. The contribution is,

; p?+m®* g +m’ (P9
-ieAd” (q,p) =-ie exp[- - -

2A? 2A° 272
d4k t d’t1 L d’Cz aod‘t3
XJ ——j—— J_— J——* v (pHk-m) y° (g+KR-m) 1t
(2n)%) AP A% A?

| EHP+m? (qrkmE K
X expl-ty —m - —— -1’ ——
_ 2.3.7)

AZ AZ /\2
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The total contribution is
.A" (4, P) = A" (4, P) + A" (Q, P) + AL (Q, p) + A (T, P) (2.3.8)

Adding all the four contributions, we get, for A” (q, p),

p+m? g+ m’ (p-q)z]

-ieA’ (q,p) =-i€° exp[ - - —
2A° 2A°

ood’tz d‘Eg
X j J J J— v (p+k-m) y° (g+K-m) v,
(27)* J A?

(p+k)*+m? (q+k)*+m” k?
X exp|-tyy — -1, -3

A? A? A?
(2.3.9)

Consider only the exponentials in the second line of (2.3.9).

Completing the squares in the exponentials one gets,

p?+m> g+ m? (p-q)z]

-ieA® (q,p) =-i€® exp [— - -
242 2A° 2A?

d*k Tdt, Fdr, (dis
X —{ J-—J— v (p+K-m) y° (g+K-m) v;
@2rn)'y A* 5 AT A°

, ’C1+T2+T3 T2 2
Xexp |- pt+—4(
11+ To+13 T1+1o+13
2 2
t(tatts) P '52(11‘*'13) q m
Xexp|- —— — — - (tt1) —
[: T1+To+H13 T1+To+1T3 A? A?
271472 P.q
+
Tttty A° (2.3.10)

Introducing the new i'ntegration variable,
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, up +12q
k> k- ————— (2.3.11)

T4+ 10+ 13

expression (2.3.10) becomes

pP+m>  q*+m’  (p-q)°
-ieA” (q.p) =-ie exp |- - - —
272 242 2A°2
d* Tdt rdt [du K2
X —J— J_—j— exp |- (tttptts) —
2m)*d A* 5 A% A2 A2
T(t+1s) P t(t+ts) g m?
XEexp |- — - — -(nut) —
Tttty A2 ittty A° A?

27417, pP.q ]
-+

T1+To+H 1, A?

(to+13) B- 124 (t+) A -t P
xy | K+ -m|yP K+ -m| 1
T1+To+13 T1+Tot13

(2.3.12)

Substitute for 14, 1, and 13 as follows:
T =AX, =AYy and 3= A(1 - X-y) (2.3.13)
such that Tttt = K. Now, (2.3.12) becomes,
pP+m?  g*+m? (p—q)z}
2A7 2A° 2A7

X o
4w Yax Tdy [dn K2
x| — | — {— — M exp|-r—
@n)* § A% § A% = A? A?

=

-ie A°(q, p) = - i€’ exp[—

X YEK+E(1-x)—gy-mly" K+4(1-y)—px—m]n

A
xexpl- — JLX(1—X) p>+y (1-y) 4*=2p gxy +m’ (X+y§1
A? (2.3.14)
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AP (q, p) can be split into two parts—one term quadratic in k and the
other which does hot contain k. The term which is quadratic in Kk is
the divergent part whereas the other is convergent.

A*(q, p) = A" (a, p) + A (g, p), (2.3.15)
where A+° (g, p) contains the divergent part and A’ (q, p) the part

which is not divergent. For A" (q, p) we obtain

pP+m’  g?+m?  (p-a)f| T dx
-ie A" (q, p) = - ie® exp | - ] ) J_
2A° 2A2 272 J A2
- o0
j' A2 J A2 R k2 (Y YPyere) €xp | A ——2
‘J;U (2‘“) ‘ A
A
Xexpj - — { m2(X+y)+p2X(1—X)+q2y(1-y)_2p_qu}
/\2
(2.3.16)
For A" (g, p), we have,
pr+m’  q’+m®  (p-q)
-ie A" (q, p) = - ie® exp)- N
=4}
¥ dy d*k k2
j j V| — exp | —
0o N ik A e %

X7 [B(1 =) —dy - m}y" [g (1 ~y) —pXx—m] v

A
conpl- — { iy (1Y (1-y)-2p.a0
A2

(2.3.17)

The terms odd in k, vanish on integration with respect to k.

Performing the momentum integration, expression (2.3.16) becomes,
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ie3 p2 + m2 q2 + m2 (p _q)2
-le A" (q,p)=- —— 7" exp| - - -

8n? 207 2A° 2A?
1 1-x ¢ dA
X de fdy J -
0 0 \:;‘;3 A

A
xexp{ — {mz(x+y)+pzx(1—x)+q2Y(1-Y)—ZP-QXY}
A? (

Here, we have used the identity

'3.18)

YV Yo m = 47° (2.3.19)

Expression (2.3.18) can be written as

i83 p2 + m2 q2 + m2 (p _ q)Z
e AC (@ p) = — ¢ exp[— : :

8n° 247 2A7 247
1 1x MP(x+y)+p°X(1-X)+q”y(1-y)-2p.qxy
X jdx fdy E;
0 0 A2 (1=x-Y)
(2.3.20)
where E;(z) is the exponential integral,
o exp (-t) o  (-2) :
Eq(z) = dt =-nz-y-Y — (2.3.21)
Z t ' n=1 nn!

Although the final parameter integral cannot be evaluated in terms of
elementary functions, we can develop an asymptotic expansion in A

by expanding the exponential integral :

ie 1 1-X
de AP p)=- — 1 Jax  Jdy
8x? 0 0
mM2(x+y)+p2x(1-X)+q°y(1-y)~2p.axy
X - ln - 'Y
A2(1-x-Y) (273.22a)
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ie? 3 ie® 1 1x
- — (- ye— |+ — ¢ Jox Jay
16 7° 2 82 0 O
X In  [mP(x+y)+p*x(1-X)+q°y(1-y)-2p.axy]  (2.3.22b)
For A.° (q, p), we obtain in the limit A — oo the following expression:
et 1 1x

SieAF(qp) = — Jdx Idva X) ~ gy —m]
167° 0O o
di
X l(1-y)-px-mly | —

£ A2

7\‘ I- Z’J
Xexp|- — {mz (x +y) + pX(1~ X) + g°y(1-y) - 2 p-qu}
A2
(2.3.23a)

ie® 1 1-x v [(1-x) -dy-m]y" [4(1-y)- Bx-m] 1e

=-— fdx fdy
1672 0 0 [MmA(x+y)+p>x(1-x)+q3y(1-y) - 2 p.axy]

(2.3.23b)
We compare our result with the expression for the vertex obtained

under dimensional regularization [66].

ie> 1 ie® 1 1-X
-ie AL (@QpP)=-— ¥ | —-y-Indxp?|+— " fdx [dy
1672 c 8> O 0

xIn [m? (x +y) + p?x(1 = X) + ¢°y(1 = y) — 2 p.qxy]

(2.3.24)

and
ie® 1 1-x v fp(1-x) -ay-m] v* [g(1-y)-p%-m] 1t
Jie A (@) =- — lax Jdy
1672 0 0 [mP(x+y)+p*x(1-x)+q°y(1-y) - 2 p.qxy]

(2.3.25)
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The two expressions agree if for the divergent parts, we use the
correspondence:
1
nA? ~ —
€ (2.3.26)
as derived previously by Evens etal [28] for self-energy and vacuum

polarization.

2.4 Furry’s Theorem
| Furry’'s theorem [69 - 71] states that the Feynman diagrams
containing a closed fermion loop with an odd number of photon
vertices can be omitted in the calculation of physical processes. In a
closed loop there can be an electron as well as a positron circling
around. If the number of photon vertices is even, then the two
contributions just get added.
Proof:.
Consider a process that can be described by a graph
containing an electron loop with three vertices. In QED the two

graphs corresponding to the process are

Two graphs with opposite
directions of the
internal fermion loop.

Fig.2.5
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But in nonlocal QED, there are eight diagrams corresponding to

each one of these graphs. They are given in figs.2.6 and 2.7

respectively.

Ky
P—-}'(\ k)_ p"' k‘
p"kf'kz
ky
(B) ©)
Ky K,
K, P—k, P~ki— Ky
(e) C/Aﬁ
(¢
ke K Ks ky, /
3 k(
P
Kz
(3) h
K K Ka ( )
2 ks K,

Nonlocal graphs corresponding to fig. 2.5(a)

Fig.2.6
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The relevant contribution to the S — matrix element describing the

loops 2.6(a) to (g) are

i i
MZ.Gé =Tr (v Ie Yp.1) ( -ie 'YuS) E—— (-|6 ’Y}LZ) -
p+m-ie pKi-Ko+m-ie pKi+m-ie
(2.4.1a)
[ [
Magp = Tr [( ie® Yur) FM] (Yu3) ————— (Fieyw) _—J
‘p"‘k'] -’kz“l'm'i € 4p'-k1 +m-ie
(2.4.1b)
i i
Myg. = Tr [('ie Yut) ('i92 Yua) [pK1K2 -m](y,.2) "——J
B prm-ie pK+m-ie
(2.4.1¢c)
[ i
Mogq = Tr [( ie? Yut) (-i€ Yu3) (Yu2) W‘krm]]
p+m-ie p"‘K1 -'K2+m-i € —
(2.4.1d)
i
Moge = Tr [('iea Yu1) [F—M] (v,3) [p=Ki=K2 —m](v,2) _——]
p’—fﬂ +m-ie
: (2.4.1e)
[
Mogr = Tr [(‘iea Yu1) [B—m] (v,3) (Yu2) [,p’—k1—m];}
P—Ki~Kr+m—ie
(2.4.11)
i
Mzeg = Tr [('iea Yy1) ————— (Yu3) o=k —Ko-m] (Yu2) [P'—krmlj
ptm—ie
(2.4.19)

Fig.2.6 (h) is the measure factor contribution. The measure factor
absorbs the nonmvarlance due to the fermion measures. The

measure factor u[e Al is defined as follows:
ule Al = exp(Smea,s [e Ap R (2.4.2a)
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O3S meas [€A] _
30 —— =-eTr(6.7 [eA] +eTr (0.7]eA])
JA, (2.4.2b)
In the case of odd number of photon-vertices, the two contributions
given in (2.4.2b) cancel. Consider the order e’ contribution to
eTr(0.7):

e® Tr{em [A*S (i7'- m) A 9(i7- m)] 0}

=% Tr{e, [C'CK" C'C § (iz-m) C'CA* C'C 9 (i&- m) C'C] 8"}

(2.4.3)

Here C is the charge — conjugation matrix:
Cy,C'= -4 (2.4.4)
Hence (2.4.3) becomes,
e’ Tr {em [K9 (i8™- m) X 9( i3 - m)] 0 em}
= e® Tr {e, [-(&™)]9 (Tér- m)" [-&"19(i7- m)T] 6%}, (2.4.5a)
= e® Tr {em 6" (i7"~ m) 9&™ (ig- m) 9A&™ ¢} (2.4.5b)
But Tr {(AB)"} = Tr {AB}
e’ Tr {em [X"S (i&'- m) A8 (i8™- m)]6 e}

= €% Tr {em0 * (id- m) 9K (id- m) 9A&" g} (2.4.6)

The e® contribution to -eTr(6. .7) is the same as (2.4.6) with a
negative sign. Hence for a diagram with odd number of photon
vertices (2.4.6) cancels with the analogous contribution from
-eTr (6..77), while for even number of photon vertices, they add. So

in the case of a fermion loop with odd number of photon vertices, the

contribution from the measure factor is zero.
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The nonlocal diagrams corresponding to fig. 2.5(b) are:

Ky
- ,_‘; ks "’(P"‘ Ky)
_r |
T
K -p
(b) K3 K, (c)
- ~(P—K,—
k] ; ;D—-k‘) ( ‘ kZ)
@) Ky K k
-D ks | " Ky Z(F)
kg
2 K k
K K 3 !
@ " K (n)

Nonlocal graphs corresponding to fig. 2.5(b)

Fig.2.7.

The relevant contribution to the S-matrix element describing the

loops 2.7(a) to (g) are :

M2.7a =Tr
M2.7b =Tr
M2,7c =Tr

—

—

[ i [
(-ieyu) ——— (-ieyo) (-iey,3) ]

. -K)+tmeie -(p-Ky-Ko) tm-ie pHm-ie

| | (2.4.72)
| |
(-ie*y) (-iefe) ————— — (13) [-p-m]
-(p’-ﬁ1)+m—ie -(Aﬁ-k1‘kz)+m-i€

(2.4.7b)

i i
(-ieyu) ('ieszz)['(ﬁ'ﬁ “K2)-m] (v,.3) —————]
~(p-Ky)+m-ie -p+m-ie

(2.4.7¢)
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[ i
Ma7g =Tr L('iezYm)['(‘la'KO‘m] (Yy2) (-ievys) : ]
-(p’-‘k1-’kz)+m-ie -P+m-le
(2.4.7d)
r i
Maze=Tr | (ie%yy) ———— (12) [FPkiK2)-m] (vu3) [-p-m]
L -(pKq)tm-ie (2.4.7€)

i
Moz =Tr [(-ie3vm) [-(p-K1)-m] (v,2) (Yus)-‘{'p‘mlg
-(pKyKo)+m-ie (2.4.7f)

i
M7 =Tr [ ('ie3Yu1) [-(K1)-m](v,.2) ['(«P"krkz)"‘m'iel (Yu3) ‘—j
-p+m-ie

(2.4.79)
As before the measure factor contribution vanishes. Now insert
factors of C'C = Iin (2.4.7a).
i

Mz7a = Tr~[C'1C (-ieyu) C'C———C'C (Hiey) C'C
~(pKq)+m-ie )

| |
: C'C (-ieys) C'C C"CJ
~(pkqKp)+m-ie p+m-ie (2.4.8)

1 -(p-K1)-m
Now, C ——— C'=¢C c
~(pekq)+m-ie (p-k¢)? +m? -ie (2.4.92)
“Yu (ppl 'k1'u) -m
= C o
(p-k¢)?+m? - ie (2.4.9b)
ButCy,C" = -, .
1 - 'YuT (pu = k1H) -Mm
. ——C"' =
-(pkq)+m-ie (p-kq)? +m*ie (2.4.10)

Hence (2.4.8) becomes,
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; i (pke) -m it (P*-ki¥ka') -m
Maza =(-1)°Tr (-ieyu ) (‘ieYuzT)
(p-k1)? + m?-ie (p-k1-kp)*+m*ie

iy, (p* -m)
X (-ieys) —————

(p*+m*ie)

(2.4.11a)

(-ieya) (-ieyy)
(p* +m*ie) (p-Ki-ko)? +mie

e [ (i)p-m ()peKyKz-m
=(-1)°Tr

(ipKs-m T
X (-iey,a) (2.4.11b)

(p-kq)*+mP-ie

p+m-ie KKy +m-ie pKy +m-ie
(2.4.11¢c)

i i i
=(-1)°Tr [ (-ieyus) (-iey,e) (‘ier):)

since trace is invariant under transportation -
So, My 7, = (‘1)3 Masa OF, Ma7a+ Moga = O (2.4.11d)

Similarly for fig.2.7(b),
i
Maz = Tr [0'10 (-ie*y,1) C'C C" C (-iey0) C'C
~(p-Ky)+m-ie

C''C (y3) C'C [-p-m] C'1CJ (2.4.12a)
ki) +m-ie ' :

i{(p-K1)"-m} i{(pKs -K2) -m}
= (-1)° [Tr (-ie®y, ") (-iev2’)
(p-ke)*+m’*-ie (p-ki-Ko)2+m?-ie
(1us) LUT-m];( (2.4.12b)
i{(p~Kks-Kz)-m}
=(-1)° Tr{ [p-m] (.3) (-iey,2)
(p-k1-k2)*+m*ie
- i{(pKq)-m} T
X ——— (-ie®y) (2.4.12¢)
(p-kq)*+m*ie
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i [
= C1°Tr | @M) (yu)) ———— (ieye) ——  (-iePy)
£KK+m-ie PKitm-ie
(2.4.12d)
= ('1)3 M2 6b
Therefore, Mo 7, + Mo g = 0 (24129)
Similarly for the other diagrams also thus proving the Furry’s

theorem.

2.5 Discussion

The technique of nonlocal regularization [28] is applied to
evaluate the QED vertex part [68]. Corresponding to the single
Feynman diagram of local QED, there are four Feynman diagrams
in nonlocal QED, which arises from the consideration of two kinds of
propagators differing only in the limits of integration. The result
predicted by the nonlocal theory is exactly the same as that given by
the dimensional regularization method [66]. The divergent parts in the

2

two methods may be equated using In (A ~ — where D is the
4 -D

number of dimensions. The finite parts are the same apart from

trivial numerical constants.
The Furry’s theorem is also proved for nonlocal QED, by
considering a particular example of a closed fermion loop with three

photon vertices. Here, there will be eight Feynman diagrams in
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nonlocal QED, corresponding to the single one in local QED. There
can be an electron as well as a positron circling around in a closed
loop. The contribution from one loop can be seen to be cancelled hy
the contribution from the other loop, thus enabling to omit the closed
fermion loops with an odd number of photon vertices while

evaluating the physical processes .
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Chapter 2
QED Vertex Part In Nonlocal Regularization
2.1 lntroductipn
The method of nonlocal regularization has been developed by
Evens etal [28]. They have applied it to obtain the QED electron self-
energy and vacuum polarization, and they have compared their result
with that obtained using dimensional regularization [66]. We have
extended the method of nonlocal regularization to evaluate the QED
vertex part [68). Here also, the result obtained agrees perfectly with
that of the result of dimensional regularization. The divergent parts
may be equated using
1
nA? = — .
c
The finite parts are the same apart from trivial numerical constants.
The Furry’s theorem [69 - 71] is also proved for nonlocal QED.
The content of the Furry’s theorem is that Feynman diagrams

containing a closed fermion loop with an odd number of photon

vertices can be omitted in the calculation of physical processes.

2.2 Feynman rules for nonlocal QED
in the nonlocal theory, first a smearing operator ¢, is defined :
& - m?

2A2 (2.2.1)
From this operator another operator 3 is defined :

E€m = eXp
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1

8m2 -1 drt 62 - IT'I2
3§ = =] — expir
F-m? g A? A?

(2.2.2)
Using this operator the Lagrangian for the higher interactions can be

expressed as

Ly = -(-e)"y M AM(i- m) STy A (2.2.3)

The total Lagrangian then has the form

L= - ~1— Fuo F* - (104 m) y +e A AP [ 1 + e (id-m) 9& "y »
4 (2.2.4)

The nonlocalized Feynman rules for any theory are a trivial extension

of the local ones [16, 72 — 74]. There are two kinds of propagators

—— an unbarred one and a barred one. The second one can be

expressed diagrammatically either as a propagator with a bar or by

just joining the two vertices [28]. Here the latter convention is

adopted. The unbarred electron propagator is expressed as,
L
-ig? J‘ dt . pPHm?

—_— i} —exp |-t
p+m?-ie i A® Il (2.2.5a)

and the barred one as,

e2-1  dt p? +m?
- = -} —exp |1

2 2 2
p°+m”-ie y A

(2.2.5b)

where ¢ is as given in expression (2.2.1).

~

Each vertex is associated with a factor (-iey").
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- Sy
L P' rd

Fig .2.1

A nonlocal vertex of order €" is associated with a factor -ie".

2.3 The QED vertex part in nonlocal regularization
The diagram corresponding to the vertex part in QED is as

follows:

GED vertex graph

Fig.2.2
But in nonlocal QED, there are four diagrams contributing to the
vertex part [68]. The types of vertices which contribute to the vertex

part in nonlocal QED to order e? are shown in fig.2.3.

AT

First, second and third order vertices in nonlocal
regularization. )
Fig.2.3.
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The vertices in figs.2.3(a) to (c) come from the interaction part of the

Lagrangian :

Ly = -(-e)" YA [(ig-m) § AN ] N (2.3.1)

wheren = 1,23....................

When n =1, this reduces to the usual interacting Lagrangian for

QED,

2y = eyt AN - (2.3.2)
The four diagfams which contribute to the vertex part in

nonlocal regularization are given in fig.2.4.

P
q pq
>~ Pk "
L e
‘ p A K q K (b)
(2)
P-q ‘ P—q
o g Ok
P ig%uu¢f;§ q P q
(<) k (d)
k

The four diagrams contributing to the QED verteg part in
nonlocal regularization.

Fig.2.4.

41



The contribution from fig.2.4(a) is

\ d‘k i -i -in®
-ieAd” (q,p) —J— (iey') { }(ievp) ](ievc’) —
(2n)* g+K+m A+Hk+m k?

p+m®  g*m® K*  (p-q)°  (p+k)+m’
X exp  —

2A? 2A%2 A% 2A% A2

(q+k)2+m2J
- — (2.3.3)
A2

Promoting the propagators to Schwinger integrals, one obtains,
pP+m’  g®+m’  (p-g)’
-ieA” (q,p) =-i€e’ exp| - - - —

2A2 2A2 2A°
d*k ¢ drq dtz
X | — J J‘ Y (p+k-m) v° (g+k-m) ye
(2m)*y A% %
(|f>+k)2+m2 (q+k)>+m? K?
X exp|-1y — -1 ———— -3 ——
A2 A? 2.3.4)

The factor of i comes from the rotation to the Euclidean space. The
contribution from fig.2.4(b) comes from a vertex of the first order and

a vertex of the sec_:ond order. The contribution is,

- to

d*k - - in
-ieAs” (q,p) Ej—(iev‘)[ }(—iez) Y (Ekmy® ——
(2n)* pH+m k2

x| —exp| -

' dn p>+m® g +m? S (p-9)
A2

2A2 2A% A? 2A2

- ————————————tmn, -‘tz

(p+k)*+m? (q+K)? + mz}
A2 A2

(2.3.5a)
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L
o
w
)
X
o
1
©
N
+
3
N
I

q? +m? (p-q)”\

2A? 2A2 2A%
oG o3
d*k 7 dry l'drz dts
X ——J——z‘ j—z — v (p+K-m) v° (g+K-m) 1t

@r)*y A% § A?] A
(p+k)*+m? (q+k)*+m? k?
xep|l-14 —M -1p — -3 7T
A? : A? A?

(2.3.5b)
The contribution from fig.2.4(c) also comes from a vertex of the first

order and a vertex of the second order. The contribution is,

; p?+m?  g’+m’  (p-qf
-ieAL (q,p) =-ie” expj - - - —

A2 2A? 2A2

i «

d%k [du [ drw T dus
ST e—

2n)*5 A% 4 A%] A

(p+k)*+m? (q+k)*+m? LS
X expl-~ty ———— -2 "3 —

A? A? A2
(2.3.6)

The contribution from fig.2.4(d) comes from a single vertex of third

order. The contribution is,

; p?+m®* g +m’ (P9
-ieAd” (q,p) =-ie exp[- - -

2A? 2A° 272
d4k t d’t1 L d’Cz aod‘t3
XJ ——j—— J_— J——* v (pHk-m) y° (g+KR-m) 1t
(2n)%) AP A% A?

| EHP+m? (qrkmE K
X expl-ty —m - —— -1’ ——
_ 2.3.7)

AZ AZ /\2
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The total contribution is
.A" (4, P) = A" (4, P) + A" (Q, P) + AL (Q, p) + A (T, P) (2.3.8)

Adding all the four contributions, we get, for A” (q, p),

p+m? g+ m’ (p-q)z]

-ieA’ (q,p) =-i€° exp[ - - —
2A° 2A°

ood’tz d‘Eg
X j J J J— v (p+k-m) y° (g+K-m) v,
(27)* J A?

(p+k)*+m? (q+k)*+m” k?
X exp|-tyy — -1, -3

A? A? A?
(2.3.9)

Consider only the exponentials in the second line of (2.3.9).

Completing the squares in the exponentials one gets,

p?+m> g+ m? (p-q)z]

-ieA® (q,p) =-i€® exp [— - -
242 2A° 2A?

d*k Tdt, Fdr, (dis
X —{ J-—J— v (p+K-m) y° (g+K-m) v;
@2rn)'y A* 5 AT A°

, ’C1+T2+T3 T2 2
Xexp |- pt+—4(
11+ To+13 T1+1o+13
2 2
t(tatts) P '52(11‘*'13) q m
Xexp|- —— — — - (tt1) —
[: T1+To+H13 T1+To+1T3 A? A?
271472 P.q
+
Tttty A° (2.3.10)

Introducing the new i'ntegration variable,
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, up +12q
k> k- ————— (2.3.11)

T4+ 10+ 13

expression (2.3.10) becomes

pP+m>  q*+m’  (p-q)°
-ieA” (q.p) =-ie exp |- - - —
272 242 2A°2
d* Tdt rdt [du K2
X —J— J_—j— exp |- (tttptts) —
2m)*d A* 5 A% A2 A2
T(t+1s) P t(t+ts) g m?
XEexp |- — - — -(nut) —
Tttty A2 ittty A° A?

27417, pP.q ]
-+

T1+To+H 1, A?

(to+13) B- 124 (t+) A -t P
xy | K+ -m|yP K+ -m| 1
T1+To+13 T1+Tot13

(2.3.12)

Substitute for 14, 1, and 13 as follows:
T =AX, =AYy and 3= A(1 - X-y) (2.3.13)
such that Tttt = K. Now, (2.3.12) becomes,
pP+m?  g*+m? (p—q)z}
2A7 2A° 2A7

X o
4w Yax Tdy [dn K2
x| — | — {— — M exp|-r—
@n)* § A% § A% = A? A?

=

-ie A°(q, p) = - i€’ exp[—

X YEK+E(1-x)—gy-mly" K+4(1-y)—px—m]n

A
xexpl- — JLX(1—X) p>+y (1-y) 4*=2p gxy +m’ (X+y§1
A? (2.3.14)
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AP (q, p) can be split into two parts—one term quadratic in k and the
other which does hot contain k. The term which is quadratic in Kk is
the divergent part whereas the other is convergent.

A*(q, p) = A" (a, p) + A (g, p), (2.3.15)
where A+° (g, p) contains the divergent part and A’ (q, p) the part

which is not divergent. For A" (q, p) we obtain

pP+m’  g?+m?  (p-a)f| T dx
-ie A" (q, p) = - ie® exp | - ] ) J_
2A° 2A2 272 J A2
- o0
j' A2 J A2 R k2 (Y YPyere) €xp | A ——2
‘J;U (2‘“) ‘ A
A
Xexpj - — { m2(X+y)+p2X(1—X)+q2y(1-y)_2p_qu}
/\2
(2.3.16)
For A" (g, p), we have,
pr+m’  q’+m®  (p-q)
-ie A" (q, p) = - ie® exp)- N
=4}
¥ dy d*k k2
j j V| — exp | —
0o N ik A e %

X7 [B(1 =) —dy - m}y" [g (1 ~y) —pXx—m] v

A
conpl- — { iy (1Y (1-y)-2p.a0
A2

(2.3.17)

The terms odd in k, vanish on integration with respect to k.

Performing the momentum integration, expression (2.3.16) becomes,
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ie3 p2 + m2 q2 + m2 (p _q)2
-le A" (q,p)=- —— 7" exp| - - -

8n? 207 2A° 2A?
1 1-x ¢ dA
X de fdy J -
0 0 \:;‘;3 A

A
xexp{ — {mz(x+y)+pzx(1—x)+q2Y(1-Y)—ZP-QXY}
A? (

Here, we have used the identity

'3.18)

YV Yo m = 47° (2.3.19)

Expression (2.3.18) can be written as

i83 p2 + m2 q2 + m2 (p _ q)Z
e AC (@ p) = — ¢ exp[— : :

8n° 247 2A7 247
1 1x MP(x+y)+p°X(1-X)+q”y(1-y)-2p.qxy
X jdx fdy E;
0 0 A2 (1=x-Y)
(2.3.20)
where E;(z) is the exponential integral,
o exp (-t) o  (-2) :
Eq(z) = dt =-nz-y-Y — (2.3.21)
Z t ' n=1 nn!

Although the final parameter integral cannot be evaluated in terms of
elementary functions, we can develop an asymptotic expansion in A

by expanding the exponential integral :

ie 1 1-X
de AP p)=- — 1 Jax  Jdy
8x? 0 0
mM2(x+y)+p2x(1-X)+q°y(1-y)~2p.axy
X - ln - 'Y
A2(1-x-Y) (273.22a)
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ie? 3 ie® 1 1x
- — (- ye— |+ — ¢ Jox Jay
16 7° 2 82 0 O
X In  [mP(x+y)+p*x(1-X)+q°y(1-y)-2p.axy]  (2.3.22b)
For A.° (q, p), we obtain in the limit A — oo the following expression:
et 1 1x

SieAF(qp) = — Jdx Idva X) ~ gy —m]
167° 0O o
di
X l(1-y)-px-mly | —

£ A2

7\‘ I- Z’J
Xexp|- — {mz (x +y) + pX(1~ X) + g°y(1-y) - 2 p-qu}
A2
(2.3.23a)

ie® 1 1-x v [(1-x) -dy-m]y" [4(1-y)- Bx-m] 1e

=-— fdx fdy
1672 0 0 [MmA(x+y)+p>x(1-x)+q3y(1-y) - 2 p.axy]

(2.3.23b)
We compare our result with the expression for the vertex obtained

under dimensional regularization [66].

ie> 1 ie® 1 1-X
-ie AL (@QpP)=-— ¥ | —-y-Indxp?|+— " fdx [dy
1672 c 8> O 0

xIn [m? (x +y) + p?x(1 = X) + ¢°y(1 = y) — 2 p.qxy]

(2.3.24)

and
ie® 1 1-x v fp(1-x) -ay-m] v* [g(1-y)-p%-m] 1t
Jie A (@) =- — lax Jdy
1672 0 0 [mP(x+y)+p*x(1-x)+q°y(1-y) - 2 p.qxy]

(2.3.25)
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The two expressions agree if for the divergent parts, we use the
correspondence:
1
nA? ~ —
€ (2.3.26)
as derived previously by Evens etal [28] for self-energy and vacuum

polarization.

2.4 Furry’s Theorem
| Furry’'s theorem [69 - 71] states that the Feynman diagrams
containing a closed fermion loop with an odd number of photon
vertices can be omitted in the calculation of physical processes. In a
closed loop there can be an electron as well as a positron circling
around. If the number of photon vertices is even, then the two
contributions just get added.
Proof:.
Consider a process that can be described by a graph
containing an electron loop with three vertices. In QED the two

graphs corresponding to the process are

Two graphs with opposite
directions of the
internal fermion loop.

Fig.2.5
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But in nonlocal QED, there are eight diagrams corresponding to

each one of these graphs. They are given in figs.2.6 and 2.7

respectively.

Ky
P—-}'(\ k)_ p"' k‘
p"kf'kz
ky
(B) ©)
Ky K,
K, P—k, P~ki— Ky
(e) C/Aﬁ
(¢
ke K Ks ky, /
3 k(
P
Kz
(3) h
K K Ka ( )
2 ks K,

Nonlocal graphs corresponding to fig. 2.5(a)

Fig.2.6
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The relevant contribution to the S — matrix element describing the

loops 2.6(a) to (g) are

i i
MZ.Gé =Tr (v Ie Yp.1) ( -ie 'YuS) E—— (-|6 ’Y}LZ) -
p+m-ie pKi-Ko+m-ie pKi+m-ie
(2.4.1a)
[ [
Magp = Tr [( ie® Yur) FM] (Yu3) ————— (Fieyw) _—J
‘p"‘k'] -’kz“l'm'i € 4p'-k1 +m-ie
(2.4.1b)
i i
Myg. = Tr [('ie Yut) ('i92 Yua) [pK1K2 -m](y,.2) "——J
B prm-ie pK+m-ie
(2.4.1¢c)
[ i
Mogq = Tr [( ie? Yut) (-i€ Yu3) (Yu2) W‘krm]]
p+m-ie p"‘K1 -'K2+m-i € —
(2.4.1d)
i
Moge = Tr [('iea Yu1) [F—M] (v,3) [p=Ki=K2 —m](v,2) _——]
p’—fﬂ +m-ie
: (2.4.1e)
[
Mogr = Tr [(‘iea Yu1) [B—m] (v,3) (Yu2) [,p’—k1—m];}
P—Ki~Kr+m—ie
(2.4.11)
i
Mzeg = Tr [('iea Yy1) ————— (Yu3) o=k —Ko-m] (Yu2) [P'—krmlj
ptm—ie
(2.4.19)

Fig.2.6 (h) is the measure factor contribution. The measure factor
absorbs the nonmvarlance due to the fermion measures. The

measure factor u[e Al is defined as follows:
ule Al = exp(Smea,s [e Ap R (2.4.2a)
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O3S meas [€A] _
30 —— =-eTr(6.7 [eA] +eTr (0.7]eA])
JA, (2.4.2b)
In the case of odd number of photon-vertices, the two contributions
given in (2.4.2b) cancel. Consider the order e’ contribution to
eTr(0.7):

e® Tr{em [A*S (i7'- m) A 9(i7- m)] 0}

=% Tr{e, [C'CK" C'C § (iz-m) C'CA* C'C 9 (i&- m) C'C] 8"}

(2.4.3)

Here C is the charge — conjugation matrix:
Cy,C'= -4 (2.4.4)
Hence (2.4.3) becomes,
e’ Tr {em [K9 (i8™- m) X 9( i3 - m)] 0 em}
= e® Tr {e, [-(&™)]9 (Tér- m)" [-&"19(i7- m)T] 6%}, (2.4.5a)
= e® Tr {em 6" (i7"~ m) 9&™ (ig- m) 9A&™ ¢} (2.4.5b)
But Tr {(AB)"} = Tr {AB}
e’ Tr {em [X"S (i&'- m) A8 (i8™- m)]6 e}

= €% Tr {em0 * (id- m) 9K (id- m) 9A&" g} (2.4.6)

The e® contribution to -eTr(6. .7) is the same as (2.4.6) with a
negative sign. Hence for a diagram with odd number of photon
vertices (2.4.6) cancels with the analogous contribution from
-eTr (6..77), while for even number of photon vertices, they add. So

in the case of a fermion loop with odd number of photon vertices, the

contribution from the measure factor is zero.
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The nonlocal diagrams corresponding to fig. 2.5(b) are:

Ky
- ,_‘; ks "’(P"‘ Ky)
_r |
T
K -p
(b) K3 K, (c)
- ~(P—K,—
k] ; ;D—-k‘) ( ‘ kZ)
@) Ky K k
-D ks | " Ky Z(F)
kg
2 K k
K K 3 !
@ " K (n)

Nonlocal graphs corresponding to fig. 2.5(b)

Fig.2.7.

The relevant contribution to the S-matrix element describing the

loops 2.7(a) to (g) are :

M2.7a =Tr
M2.7b =Tr
M2,7c =Tr

—

—

[ i [
(-ieyu) ——— (-ieyo) (-iey,3) ]

. -K)+tmeie -(p-Ky-Ko) tm-ie pHm-ie

| | (2.4.72)
| |
(-ie*y) (-iefe) ————— — (13) [-p-m]
-(p’-ﬁ1)+m—ie -(Aﬁ-k1‘kz)+m-i€

(2.4.7b)

i i
(-ieyu) ('ieszz)['(ﬁ'ﬁ “K2)-m] (v,.3) —————]
~(p-Ky)+m-ie -p+m-ie

(2.4.7¢)
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[ i
Ma7g =Tr L('iezYm)['(‘la'KO‘m] (Yy2) (-ievys) : ]
-(p’-‘k1-’kz)+m-ie -P+m-le
(2.4.7d)
r i
Maze=Tr | (ie%yy) ———— (12) [FPkiK2)-m] (vu3) [-p-m]
L -(pKq)tm-ie (2.4.7€)

i
Moz =Tr [(-ie3vm) [-(p-K1)-m] (v,2) (Yus)-‘{'p‘mlg
-(pKyKo)+m-ie (2.4.7f)

i
M7 =Tr [ ('ie3Yu1) [-(K1)-m](v,.2) ['(«P"krkz)"‘m'iel (Yu3) ‘—j
-p+m-ie

(2.4.79)
As before the measure factor contribution vanishes. Now insert
factors of C'C = Iin (2.4.7a).
i

Mz7a = Tr~[C'1C (-ieyu) C'C———C'C (Hiey) C'C
~(pKq)+m-ie )

| |
: C'C (-ieys) C'C C"CJ
~(pkqKp)+m-ie p+m-ie (2.4.8)

1 -(p-K1)-m
Now, C ——— C'=¢C c
~(pekq)+m-ie (p-k¢)? +m? -ie (2.4.92)
“Yu (ppl 'k1'u) -m
= C o
(p-k¢)?+m? - ie (2.4.9b)
ButCy,C" = -, .
1 - 'YuT (pu = k1H) -Mm
. ——C"' =
-(pkq)+m-ie (p-kq)? +m*ie (2.4.10)

Hence (2.4.8) becomes,
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; i (pke) -m it (P*-ki¥ka') -m
Maza =(-1)°Tr (-ieyu ) (‘ieYuzT)
(p-k1)? + m?-ie (p-k1-kp)*+m*ie

iy, (p* -m)
X (-ieys) —————

(p*+m*ie)

(2.4.11a)

(-ieya) (-ieyy)
(p* +m*ie) (p-Ki-ko)? +mie

e [ (i)p-m ()peKyKz-m
=(-1)°Tr

(ipKs-m T
X (-iey,a) (2.4.11b)

(p-kq)*+mP-ie

p+m-ie KKy +m-ie pKy +m-ie
(2.4.11¢c)

i i i
=(-1)°Tr [ (-ieyus) (-iey,e) (‘ier):)

since trace is invariant under transportation -
So, My 7, = (‘1)3 Masa OF, Ma7a+ Moga = O (2.4.11d)

Similarly for fig.2.7(b),
i
Maz = Tr [0'10 (-ie*y,1) C'C C" C (-iey0) C'C
~(p-Ky)+m-ie

C''C (y3) C'C [-p-m] C'1CJ (2.4.12a)
ki) +m-ie ' :

i{(p-K1)"-m} i{(pKs -K2) -m}
= (-1)° [Tr (-ie®y, ") (-iev2’)
(p-ke)*+m’*-ie (p-ki-Ko)2+m?-ie
(1us) LUT-m];( (2.4.12b)
i{(p~Kks-Kz)-m}
=(-1)° Tr{ [p-m] (.3) (-iey,2)
(p-k1-k2)*+m*ie
- i{(pKq)-m} T
X ——— (-ie®y) (2.4.12¢)
(p-kq)*+m*ie
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i [
= C1°Tr | @M) (yu)) ———— (ieye) ——  (-iePy)
£KK+m-ie PKitm-ie
(2.4.12d)
= ('1)3 M2 6b
Therefore, Mo 7, + Mo g = 0 (24129)
Similarly for the other diagrams also thus proving the Furry’s

theorem.

2.5 Discussion

The technique of nonlocal regularization [28] is applied to
evaluate the QED vertex part [68]. Corresponding to the single
Feynman diagram of local QED, there are four Feynman diagrams
in nonlocal QED, which arises from the consideration of two kinds of
propagators differing only in the limits of integration. The result
predicted by the nonlocal theory is exactly the same as that given by
the dimensional regularization method [66]. The divergent parts in the

2

two methods may be equated using In (A ~ — where D is the
4 -D

number of dimensions. The finite parts are the same apart from

trivial numerical constants.
The Furry’s theorem is also proved for nonlocal QED, by
considering a particular example of a closed fermion loop with three

photon vertices. Here, there will be eight Feynman diagrams in
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nonlocal QED, corresponding to the single one in local QED. There
can be an electron as well as a positron circling around in a closed
loop. The contribution from one loop can be seen to be cancelled hy
the contribution from the other loop, thus enabling to omit the closed
fermion loops with an odd number of photon vertices while

evaluating the physical processes .
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P. C. Raje Bhageerathi “Regularizations and divergent diagram in gauge
theories” Thesis. Department of Physics, University of Calicut, 1999



CHAPTER - 3
Ward Identity For Nonlocal QED

3.1 Introduction

The Ward identity [19] and its generalization by Takahashi [20,
21] are true to all orders of perturbation theory in QED. They follow
from the gauge invariance of QED.

The nonlocal regularization is essentially a perturbative one.
But the addition of nonlocal terms to the Lagrangian destroys the
local gauge invariance of the theory. The gauge invariance is
restored by the modification of the fermionic transformation rule at
each order. Hence it is necessary to prove the Ward identity at each
order [75].

The Ward identity for nonlocal QED upto the order of two
loops (order e*) has been developed in ref. 75. It can be seen that in
the limit of QED (A — «), the usual expression for the Ward identity
is retained. Higher order calculations involve higher order measure

factors which are not yet evaluated to our knowledge.

3.2 The Ward Identity to order e?
- In nonlocal QED, at order e?, there are twe contributions to the
electron self-energy — one is the usual QED self-energy graph and

the other is obtained by joining the two vertices.
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K
P P—k p D 5
(?) (b)

Electron self-energy graphs
at one loop in nonlocal QED
Fig 3.1
The electron self energy at one loop has been worked out by Evens
etal [28]. [t is given by

0 G
p2 + I'T'l2 dk ( dry dr,

-iL (p) =- e’ exp| - — YE@-mr
A? n)* 3 A2 1 A?
q2 + m2 k2 -‘1
X exp |- 1 -1, — (3.2.1)
A? A% ]

where g = p—K. Now change the variable 1, to ' + 1.
Thatis,t; —> 1/ + 1 (3.2.2)

Expression (3.2.1) becomes

oG o)

_ , [ pP+m?\ (d% dty (dt’ :
- X(p)=-e eXPQ— v (g = m) v,
A? 2n)* Y A? ] A? -

o

q2 +m2 k2
Xexpl- 14 '(‘Cz’+1) -

A? A? (3.2.3)
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0

p? + m?\(d*k dr1 dt,
-iZ(p) =-¢? exp(— ) — exp( J‘
A? (2n)* o

. g+ m? 'S
X1 (g—m) yeexp |- T —
A2 A2

°g 0

dt k2 k2 dr, k2

where | ——exp|— (t+1)—Fexp|-— | |[— expl1. —
o A° A? IV A?/(3.2.5)

Depromoting the exponentials involving t; and 1, to the denominator

(3.2.4)

using the Schwinger integrals,
o0
J’ dr < G +m} 1
— eXP\ -1q =
5 A? A? q° +m? (3.2.6)
and similarly for the integral involving t,. Then we obtain for T (p),

p? +m?| (d*k K2\ o @mn
-iZ (p) =-e®exp|- —exp|-— | ——
A? (2r)* A*/) (@P+m?)K® (3.2.7a)

p’+m?\ [ d*k k? 1 1
=-eexp|- expl- — | v' v ——
A2 2n)* A*/ gtm-ie  Kie

(3.2.7b)
The vertex part for nonlocal QED has been worked out in ref. 68.

The diagrams contributing to the nonlocal QED vertex part are given
in fig.3.2. The nonlocal QED vertex part is :

p +m?) [ d*% dr1 dtz dt3
-ie A*(p,p) =-e®exp
(2n)*

Xy (4 —m)y" (g—m)y

q2 +m?2 P +m

-‘rz

A? A? A? (3.2.8)
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(a) K (b) K
s § P—K R . _
P P Pf rp
K
c
¥ @

Insertions of photon into second order
self-energy graph. (Nonlocal QED vertex part)
- Fig.3.2 :
Following the same line of arguments which led to (3.2.7b), we get

for A¥(p,p) as follows:

p2 + m2 d4k k2
-ie A*(p,p) = - €° exp|- — exp|- —
A2 2n)* A?

1 1 1
Xy ' "o o—
grm-ie  ghm-ie k-ie (3.2.9)

From equations (3.2.7b) and (3.2.9), we can see that
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3 p2+m2 p2+m2
- — {exp Z(p) = exp A(p,p) (3.2.10)
9 p, A2 A?

This is the Ward identity for nonlocal QED to order €% In the limit of
nonlocal regularization (A — ), this becomes

0
- — Z(p) = A" (p.p) (3.2.11)
0 Py

which is the form of the Ward identity for QED.

3.3 Fourth order electron seif-energy

There are three different Feynman diagrams in QED for the

electron self — energy at two loops. They are given in fig.3.3.

(2)

N (c) | .

Electron self-energy graphs at two loops in QED
Fig 3.3
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Fig.3.3 (b) is an example of overlapping divergences in QED.

Fig.3.3(a) gives a contribution to Z(p) of

1 1 1
5.p) = -€* Ja'ks Jato — y "
ki-ie phi-m-ie  pKiKrm-ie
1 1
X —_— (3.3.1)
ko’-ie pke-m-ie
Fig 3.3(b) gives a contribution
1 1 1
Zo(p) = -€&° Id4k1 Id“kz ' Y Tu
ki-ie pke-m-ie  pkeKrm-ie
1 1
X Yo (3.3.2)

kpl-ie Hkg-m-ie

Fig 3.3 (c) contains photon self-energy as a part. It gives a

contribution
d*%k 1 1 1
Z(p) = -€*| — v 1% (97)] Y n"
(2n)*  K*-ie pk-m-ie k-ie (3.3.3)
q°q”
where IT°" (%) ={n°" - — I (9. (3.3.4)
q

is the polarization tensor .

3.4 Fourth order electron self-energy in nonlocal QED

The Feynman diagrams for nonlocal QED are from the
interaction part of the Lagrangian

£, = - (-e)" P AM(ig - m)SK Ty, (3.4.1)
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wheren=1,2 3, .............. The Feynman rules are easily read off
from the Lagrangian. The Feynman graphs of the vertex has photon
lines on one side of the two fermion lines. A nonlocal vertex of order

e" is given in fig 3.4.

A nonlocal vertex of order e"
Fig 3.4

- The diagram for nonlocal QED may be obtained from the
diagram for QED by contracting two or more QED vertices of order e
to form a nonlocal QED vertex of order e® or more in the
corresponding order. The nonlocal QED diagrams corresponding to
the QED diagram [fig.3.3(a)] are given in fig. 3.5. There are eight
such diagrams. Each figure contribute to the electron self—energy.

The individual contributions are:

L4 %) «Q 9 <

p2+m2 d4k1 d4k2 dt, d‘tz d’t3 d‘C4 de
% (p) =- & exp|{- — = |—
A? 2n* J2nty A?) A*f A*] AP] A
Xy B —Kq1-m) v° (P - K, -k2-m) Yo (B —K-m) 1
kq? ko (p-k9)?*+m? (p-ki-ko)*+m?
xXexp|-t11— -t — -t~ -4
A2 A2 A2 A2
(p-kq)*+m?
- 15 -
A? (3.4.1a)
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P p \<r P, kz p—k P P Pk ? 2
(a) (o)
Ky Ky
ks K,
P P—HK p—k—K P P b—H, p
(¢) (d)
Ky
2
p pP—NK p
(&)

P p—Ky P—Ky P

()

(9)

Electron self-energy graphs at two loops in nonlocal
QED corresponding to fig.3.3(a)

Fig.3.5.



od od od

dtz (d14 dzs
T (p) = - et J——— J—— I (3.4.1b)

{ A% 1 A° A?
where

e +m?) | | d% [ d%: dr1 de
Iy = exp{—
A? @n* J @n'{ A%

Xy (@ —&k-m) v -k —%k2- M)y, (B —K1-m) v¢

% ko? (p-kq)? + m?
xXexp | -ty — -T2 — -1 T
A? A2 A2
(p-k1-k2)2 +m? (P'k1)2 +m?
- T4 - Ts -
A? A? (3.4.2)

Figs. 3.5(b) and (c) comes from a vertex of order e’ and two vertices

of order e. Their contributions are:

1 o)
Kd‘[g J’d’u d‘Cs
Sop)=-e*l— | — | — |y, (3.4.3a)
s A°§ A% A
L]
d‘[4 dT5
Yo(p) = -€ f f ls, (3.4.3b)
1 A% 1 A%

where |; is as given in (3.4.2). Figs. 3.5(d) and (e) comes from a

vertex of order €2 and another one of order e. The contributions are:

) 1 1
d‘l73 d’t4 d‘Cs
Z4(p) = ‘e4j_ f— [_ I, (3.4.4a)
1A% 0 A% A
d’[3 d’t4 d’Cs
Zes(p) = -€ “‘ K 4. (3.4.4b)
A° iA

Fig. 3.5(f) is as a result of contracting two vertices of order e to form

a nonlocal vertex of order e2. Hence there are two vertices of order
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e?. The contribution is:

o i
dT3 dT4 de
T(p) = -e /( e [y (3.4.5)
(4] O .

Fig.3.5(g) has a vertex of € and two vertices of order e. Its

contribution to the self—energy is,
o

d‘t3 d‘C4 d‘Cs
g(p) = -g* I (3.4.6)
A» .

Fig.3.5(h) is a single vertex of order e*. Its contribution is,

d’C3 d‘c4 dr5
>h(p) = -e* (3.4.7)

Summing up all the terms [ie, Z.(p) +. . .. . . +Zh(p)] one gets
p?+m?\ [ d*; ol“k2 dt1 dr2 drg

Za(p) =-€’ exp N
(2n)* (2n) A2 i A A

d‘c4 drs 1 2
X|— |—exp |-t1— 1o — | y{g-K-m) YP(-K-Ko-m)
5 A2 A A? A

(P-k)?+m>  (p-ky —kp)*+m?
X ¥p (B—Ki-m) v, exp | -tz ————  -14

A? A®
(p-ki)® + mZ]

A2

—‘cs

(3.4.8a)

—

| p°+m?\ [d'%, k2 \ [ d*, k2
=-e*exp| - expl-—— || — exp{- —
: A? (2n)* - A%/ J (@2n)* A?

1 1 1 1 1

X —— o Y o % ——

ki“-ie pKtm-ie k-ie  pkKotm-ie  pK+m-ie
(3.4.8b)
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The nonlocal diagrams corresponding to fig. 3.3 (b), the overlapping

divergence, are given in fig. 3.6. Here also there are eight diagrams.

The individual contributions are:

) 0 «d
d‘C3 d‘C4 d‘l75

Za(p) ='e4f_ — | — b
i A% AT A (3.4.9)

) oJ
p?+m?\ [d*k; [ d*%, [dt; [drt,
where |, = exp | - —
A? @n)*) @n)ty A% ) A?

X ¥ (B —Ke-m) ¥° (' =Ky — Kz - M) 7 (F K-m) v,

ki? k*  (pk)P+m® (pkyokp)Pm?
Xexpi-t4y—— -1 ——=13 ————— -14
A2 A2 A2 AZ
(p-ko)® + m?
-'cs _—
A (3.4.10)
* 1
d’l?q d‘E4 d’[5
Zo(p) =-e* v e o
3 A® o A% A (3.4.11)
1 « o0
. d"C3 d’t4 d’(?5
z;c:(p) =-€ _2_ _2 —2 5
o AT § AT T A (3.4.12)
o0 Q
dtz (" d1y4 1 dzs
Zop) =-¢€* |— — |
{A° § A% YA (3.4.13)
of)
‘d’L'3 L d‘l?4 y d’t5
Z(p) =-¢€* — | |k
1A 5 A% N (3.4.14)
o
4Td’t3 d‘t4 d’ts
=-e —_— —_— —_—
ZH(p) e 2 ) I
b 3 i (3.4.15)
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Electron self-energy graphs at two loops in nonlocal QED
corresponding to fig.3.3(b)

Fig.3.6.

/

T

)

ey



m
d‘C3 d‘t4 d’ts
Zg(p) =- e — b2
i A? (3.4.16)
1
dtz (d1g dts .
Zn(p) =-€ [ JA [
(3.4.17)

Adding all the individual contributions,

p2 +m?\ [ d*; k2 \ [ d%e ko>
Zs(p) =-e*exp| - - || T expl-

A2 (2n)* A/ ) @)t A?
1 1 1 1 1
X e Y o ———— Y
ki-ie p-ki+m-ie ko >-ie pK-Kotm-ie  pKotm-ie

(3.4.18)
The nonlocal diagrams corresponding to fig.3.3(c), which contain
vacuum polarization as a part, are given in fig. 3.7. There are six

diagrams corresponding to fig.3.3(c).The individual contributions are:

d’[1 d’tz
Za(p) = -€° exp
(2n)*

x v{I1;°°(q)} (p-K-m) y*n*Pexp [-u — -1,

A? A?
(p-k)*+m?
~T3 (3.4.193)
A2 o0 od 0
P +m d‘t1 d‘tz dT3
To(p) = e’ exp | -
A? (2n)* ; A2 A2
X y{I1,°°(q)} (p-K-m) y"nPexp [ — T
(p-k)?+m?
3 (3.4.19b)
A2
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Electron self-energy graphs at two loops in nonlocal QED
corresponding ti fig. 3.3(c)
Fig.3.7.
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~:(p) contains the measure factor [28] contribution

o
p +m d’t1 de d1s
c(IO)—-e exp | - —
2n* § A* ¢ A ¥ A2
k2 k2
X y°{I1:°°(q)} (p-k-m) y"nexp | -1 —-12
A? A?
(p-k)*+m?
13 (3.4.19¢)
A2

where I1;°?, TL,°% and I1;°" are as given in chapter 1. Adding the
three contributions, as the longitudinal parts sum to zero, only the

transverse parts remain [28] which can be written as:
eg

p2 +m2 d4k dT1 d"[z d-[3
Z(p) = -6’ exp | -
A? 2n)* { A2 ; A2
k? k?
X y{II°°(Q)} (B-k-m) y* n™exp | -1y — -1 —
A? A?
(p-K)*+m?
T (3.4.20)
A2

q°q°

where I1°°(q) =E1°P - — } 1'(q%). I1'(q) is the transverse part of
q

I1°°(q). Similarly the other three contributions add up to:

i
p +m d4k d‘C1 d‘tz d‘E3
i (p) = -€° eXP —

(2n)* A2 A2 0. A?

k2
X Y1)} (B4-m) ¥* n™exp | -1y — -1 —
A2 A?
(p-k)*+m?
13 (3.4.21)
A2
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Therefore, the total contribution from all the six graphs is :

Zc (p) =-e”exp | -

A? 2rn)* J AZ A2 YA
1
k? k2
X y{IT°°(Q)} (B=k-m) y* n°’exp {-u — -1, —
A? A®
(p-k)*+m?
13 (3.4.22)
A2

Again converting the Schwinger integrals to propagators,

pZ+m?\ [ d*k k? 1
Zc(p) = -€°exp| - exp| - —
A? (2n)* A2l K%ie

1 1
X Y {IIP(Q)} —— v
p-Kk+m-ie k-ie (3.4.23)

op

Za(p), Za(p) and Zc(p) give the fourth order electron self-energy in

nonlocal QED.

3.5 Ward Identity to order e* in Nonlocal Regularization
The vertex graphs to order €* in QED, corresponding to the

electron self—en'ergy given in fig.3.3(a) are given in fig.3.8.
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Insertions of photon to second order self-energy
graph fig.3.3(a)(QED vertex part)
Fig. 3.8

For nonlocal QED, the vertex graphs may be obtained by
contracting two or more QED vertices of order e to form a nonlocal
QED vertex of order e® or more in the corresponding order. The
photon lines are on one side of the two fermion lines. Corresponding
to each diagram 3.8(a), (b) and (c), there are a set of sixteen vertex
diagrams in nonlocal QED. The nonlocal QED graphs corresponding

to fig. 3.8(a) are given in fig. 3.9.




{0

Fourth_order vertex graphs corresponding to fig.
nonlocal QED.
Fig.3.9.
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Fig.3.9.(contd).



The individual contributions are given below:

pr4m? d4k o k2 v dtz Tdus dre
e Ad(p,p) = -e°exp|- f
. ( 1 A%§

27t) 21:)

0 )
d’CS d

J fﬂ (B-ke-m) y* (@Ki-m) v° (B-Ksko-m)y,(B-Ks-m) 7
A? { A?

ks ko (p-kq)?+m? (p-ki-kz)*+m?
Xexp |11 — -Tp— -3 ————— -y
A? A? A2 A?
(p-kq)?+m? (p-kq)? + m?
-1 —— - 1Tp -
A? A2 (3.5.1)
ol 00 00
d"C3 de
A (p.p) = —2 I,
i by (3.5.2a)
Q
p2 +m? d*k, [ d*. T dty [drs
where I; = exp| - — 1= |5
2 4 4
A (2n)" J (2m) i Ay A
X 7' (B-Ke-m) y*(p“ks-m)y® (@-KeKz-m) v, B-K1-m) 1t
k2 ko2 (p-ki)? +m? (p-ki-k2)? +m?
Xexpiy-ty — -1 — 13 ——— =1 ~—
A? A? A? A?
(p-ke)® + m? (p-kq)*+m?
'T5 D ——E———— _16 —_—
A? A? (3.5.2b)
1 o9 ) 1
| dtz (dzq4 dts [ dts -
Ag” (p,p) = -e“J— — | — | — I (3.5.3)
. ? AZ i A2 i A2 3 A2 _
o) o0 i o
diz (dty dts (die '
Al (pp) = - | — f— f — | — | (3.5.4)
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(3.5.5)

(3.5.12)
(3.5.13)
(3.5.14)

(3.5.11)

£
I3
I3
I3

(3.5.15)

i
d‘te
2
5 A

d’Es
It

dT4
A

d’L'3
A

Anp(p:p) = 'e4
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i
-d’ts d’l:e
— | — 1 (3.5.16)

i
(o] f 0
1 i i <
d1s diy [dts | dis
At (pp) = -e j—; y—f— J— l5 (3.5.17)
3 2 2 i A2

Summing the above terms, one obtains,
o0 o o, o0

p2+m?\ [d%, (d'%, (dt, (dw [dw [d
et (pp)=-e"exp| - — — | — === =
A? QutJ @n)* A2 A73 A% o A°
g 00
d‘C5 d‘Ce
X|— —;Yt({ff‘krm) v (B-Ks-m) YK Km) v, @-Ke-m) 1e
3 A A
kq? Ko (p-Kq )2 +m’ (p—k1-k2)2 +m?
xexpl-vy — -T2 -WT “Ty
A? A? A? A?
(p-ky)? +m? (p-kq)*+m”
-5 ——— -1
A? A? (3.5.18a)
p?+m?\ [ d*; k2 \{d%s ko2
=-e’exp| - exp|-— || — exp{-—
A? (2n)* A%/J @n)! AZ
1 1 1 1
X Y el
ki-ie pketm-ie ko-ie pKerm-ie
1 1
X ——y, —— T (3.5.18b)
Pk Kom-ie pK+m-ie

The nonlocal QED vertex graphs corresponding-to fig. 3.8(b)

are given in fig 3.10. There are sixteen such graphs.
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FourthOorder vertex graphs corresponding to fig.3.8(b) in
nonlocal QED.

Fig.3.10.



K

Fig.3.10.(contd).



Following the same method as done above we obtain:

p2+m2 d4k1 k12 d4k2 k22
eA"y (p.p)=-e”exp | - — exp[-— || — exp|-—
A? (2n)* A?) ) @2n)* A?

1 1 1 1
X Y P
ki-ie pkitm-ie ki ie  gkK+m-ie

1 1
X — 5y, — % (3.5.19 )
PKi-Korm-ie pKi+m-ie
The nonlocal QED vertex graphs corresponding to fig.3.8(c) are

given in fig.3.11. They are sixteen in number. The individual

contributions sum upto

p2+m2 d4k1 k12 d4k2 k22
A? (2r)* A% ] 2n)* G

1 1 1 1
X Y e
ki ie pKkitm-ie ko*ie pkK+m-ie
1 ' 1
X — — (3.5.20)
PK+m-ie ,p'-{(1 +m-ie

The total contribution from all the diagrams of figs.3.9to 3.11 is:

e
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Fourth-order vertex graphs corresponding to fig. 3.8(c) in
L nonlocal QED.
Ls
‘ Fig.3.11.




Fig.3.11.(contd)




p2+m2 d4k1 k12 d4k2 k22
e Ap(p.p)= -€° exp |- expl-— | [T —exp |- —
A? (2n)* A%/ J@2n)* A?

1 1 1 1 1

X % ™ ¥

ki-ie pKkitm-ie  koxie | pketmrie  pKKotm-ie

1 1 1
Yot v’ ' Yot v Yo
45-1'(1 Ko+m-ie ,{f‘k1 K+m-ie ,p’-K1 Kr+m-ie

1 1
el — Mt
pKitm-ie pKi+m-ie (3.5.21)
From equations (3.4.8b) and (3.5.21 ), we obtain

2

) p2+m2
A'Ap,p) = - — |exp Za(p)|
P, A2 (3.5.22)

p+m

exp
A2

which is the Ward identity for nonlocal QED.
The QED vertex graphs to order e* corresponding to ‘the
electron self-energy given in fig. 3.3(b) (the case of overlapping

divergence) are given below:
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PPy Pkl NEpk D
(c)

Insertions of ph i
fig.3.3(b). pnoton into second-order self-energy of

Fig 3.12
A photon of zero momentum can be inserted to any of the three
electron propagators. Corresponding to each of the above
diagrams, there are a set of sixteen vertex diagrams in nonlocal
QED. The nonlocal QED graphs corresponding to fig.3.12(a) are
given in fig.3.13. The individual contributions can be summed as

before to give the total contribution,

p?+m?\ [ d*k, ke2\ [ d%ke ky?
eAt (p,p)=-”exp | - expl- — || —exp |- —
A? (2n)* A%/ ) @2n)* A?

1 1 1
X v ' 7P
ki*-ie pH+tm-ie pKi+m-ie  pKK+m-ie

Yt

1 1

X Yo
ko-ie pHkotm-ie (3.5.23)

The nonlocal QED graphs belonging to fig.3.12(b) are given in

fig 3.14. The total contribution from these sixteen diagrams is:
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Fourth-order vertex graphs corresponding to fig.3.12(a) in
nonlocal QED.

Fig.3.13.




Fig.3.13.(contd)



Q%

Fourth-order vertex graphs corresponding to fig.

nonlocal QED,

Fig.3.14.

3

.12(b) in



(&

Fig.3.14,.(contd)



p2+m?\ [ d*k; ki2 | [d*k, k2
eAr” (p,p)=-e° exp | - exp(- — || — exp|- —
A? (2n)* A%/ ) (2n)* A?

1 ) 1 1
X y — a Tt
ki>ie pkitm-ie pKkiKotm-ie  pKKtm-ie

1 1

Yo

Ko-ie pHkotm-ie (3.5.24)

The nonlocal QED graphs belonging to fig. 3.12(c) are given in

fig. 3.(15). The total contribution from this set of diagrams is given

by:

p2+m2 d4k1 k12 d“'k2 k22
eAn” (P.p)=-e°exp | - expl-— | | — exp(-—
A? 2n)* A%/ ) 2n)* A2

1 1 1 1
X 'Yt 'Yp rYt ,Yp'
kiie pktm-ie pkiktm-ie  pKotm-ie
1 1
X Yo
ko™-ie pK+m-ie (3.5.25)

The total contribution from figs.3.13 to 3.15 is : |
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Fourth-order vertexX graphs corresponding to fig.3.12(c) in
nonlocal QED,
Fig.3.15.



N,

Fig.3.15.(contd)



p?+m?| [ d%; K2\ [ d%: ko2
e Ag*(p.p)= €° exp | - exp(-— [[ T _exp |-
A? (2n)* A%/) @2n)* A?

1 1 1 1 1
X 7 P ¥ Yt
ki-ie pKq+m-ie pKitmeic  pkeKotmeie  k-ie
1 1 1
+ 7P ' Yt

p—f(1 K+m-ie PK4 "Kz"'m'i € k22-i €

1 1 1 1
+P Tt —Y | %
Pkikotm-ie  ko-ie pKytm-ie K Am-ie
(3.5.26)

This expression together with expression (3.4.18) satisfy the

nonlocal Ward identity

p2+m2 P p2+m2
Ag" (pp)= -— |exp
A? P, A?

exp Zg(p)

(3.5.27)
The QED vertex graph to order e* corresponding to the self-

energy given in fig3.3(c) is given in fig.3.16 [76].

Insertion of

h i ’ _
fig.3.3(c) photon into second-order self-energy of

Fig 3.16.
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The nonlocal QED graphs corresponding to this are given in
fig.3.17. There are twelve of them. The individual contributions total

up to:

eA’c(p,p) =-€° exp | - exp(- —
A2 (2n)* A?

1 1 1 K2
x v [T (q)] v Y T exp-T
-le

pK+m-ie  gEk+m-ie K3

p’+m?\ [ d*k k2 ) 1

X n°° (3.5.28)

Combining expressions (3.4.27) and (3.5.28), one gets,

p2+m2 ) p2+m2
exp Ae(pp) = - — [exp Ze(p)
A? P, A? (3.5.29)

the nonlocal Ward identity [75] .

We have shown that the Ward Identity is valid to second order.

We conjecture that the Ward identity has the form

a p2+m2 p2+m2
- — |exp Z(p)| =exp AX(p,p)
Py A? A

to all orders.
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Fourth-order vertex graphs corresponding to fig.3.16 in
nonlocal QED. ‘

Fig.3.17.
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Fig.3.17(contd).



3.6 Discussion
The addition of the nonlocal terms to the Lagrangian
destroys the local gauge invariance cf the theory. The gauge
invariance can be restored by modifying the fermionic transformation
rule at each order. Hence it is necessary to prove the Ward identity
for nonlocal QED. The Ward identity for nonlocal QED has been
evaluated [75] upto the order of fwo loops. At orders e® and e* the

Ward identity for nonlocal QED is of the form

p2+m2 a p2 + m2
exp A¥(p,p) -— |exp Z(p)
A? ap, A?

Higher order calculations involve higher order measure

factors, which to our knowledge has not been evaluated. But we
conjecture that the Ward identity has the same form to all orders. In
the limit of QED (A — =), we obtain the usual expression for the

Ward identity.

n
]
™
—~~
el
~

A* (p,p)
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Nonlocal Yang - Mills

P. C. Raje Bhageerathi “Regularizations and divergent diagram in gauge
theories” Thesis. Department of Physics, University of Calicut, 1999



Chapter 4
Nonlocal Yang - Milis

4.1 Introduction
The method of nonlocal regularization as applied to QED can
be extended to Yang-Mills theories [71, 77-79] also. This is a non-
Abelian gauge theory which is renormalizable [1,80-82]). Here, no
effort is made to study the general case. Because of the physical
relevance of QCD, we are only confining ourselvés to SU(3) [13,83]
gauge symmetry — Special Unitary group of order three — There

are eight generators for the SU(3) group. — The eight matrix

generators A, obey the commutation relations.

ha A A
—, — | =i —
2 2 2 (4.1.1)

with summation dVer ¢ from 1 to 8. The quantities if*™® ‘are the
structure constants of the group.

Here the particles coming into play are quarks and gluons.
[84,85]. Quarks interact via gluons. Unlike in QED, here the gluons
interact among themselves. Hence there will be a difference while
studying the vacuum polarization and the vertex graphs in QCD. In
QCD, there will also be a ghost field—a scalar field with Fermi
statistics. The gluons will interact with quarks, ghosts and

themselves. The Ward identity is found to hold for the simplest
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gauge theory QED. Analogous identities hold for the non-Abelian

gauge theories also. They are the Slavnov-Taylor identities [86-90].

4.2 Nonlocalization of QCD

A smearing operator ¢, is defined as follows:

& —m?
Em = €XpP
2A? (4.2.1)

For gluons and ghosts, m = 0 in the above expression. Just as in

nonlocal QED, we have
0 =em o (4.2.2)
where ¢ may be fields which are commuting or anti-commuting, or

there may be some of each type. Anothér operator 9 is defined as:

1
Em—T1 dt &-m?
9= = | — explt (4.2.3)
g-m* % A? A?
The Lagrangian for QCD [80,91] is :
1 — .
Low == Fu P - y(idrmyg+gT?y Ay (4.2.4)

4
The initial nonlocalization of QCD follows from nonlocalizing the

interaction part of the Lagrangian:
1 A A &

Lo == FF - GAmyg T A% y (42:9)
4

where F,,? is the field tensor for the non—Abelian fields given as:

. vaa = apAva _ avApa + gfabc AHbAVc (426)
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f*> are the structure constants of the group. Also
1

T2 = A @=1,2, ., 8) for SU (3). (4.2.7)

2
The operators T* are the generators of the group and they obey the
commutation relation

T2, T°]=if>eT° (4.2.8)

4.3 Feynman rules for nonlocali QCD

The nonlocalized Feynman rules are a trivial extension of the
local ones [71,92]. Except for the measure factor the vertices are
unchanged, but every leg can now connect either to a smeared
propagator [50,51,93] :
I€m T dt p°+m?

—— = -0 |— exp|
p’+mi+ie i A° A2 (4.3.1a)

or to a shadow propagator:

. ) |
i(1-€%) de p*+m?
-i9= = i |— exp|-= j{
A? A? (4.3.1b)

2, 2
pT+m 0

The unbarred (smeared) and the barred (shadow) matter

propagators are represented graphically in fig. 4.1.

‘__

a p b R P b

(2) 6)

Smeared and shadow wmatter propagators »f nonlocal
Yanz-Mills. .
Fig 4.1
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The smeared matter propagator is given by

iSab p?+m?| 8, (p-m) p* + m?
- exp | - =- ——— exp|-

p+m-ie A® p’+m*-ie A?
o0
J dr < p*+m? )
=-18s (p-M) [—— exp |-
oA A?
(4.3.22)

The shadow matter propagator is :
1

i8ab p? + m? dz p%+m?
- 1-exp|- ) =-i8s (P-M) | —exp |-
) 2

prm-ic A? 5 A A2

(4.3.2b)

The unbarred and the barred gluon propagators [51] are given in fig.
4.2

aCf\f\o'1/\J\N\J'\f\f'.n,ru\/\;\/\,\g % B
AN\N\/\NV‘V\/WWW\
2 P b a p b
(2) " (b)

Smeared and shadow gluon propagators
of nonlocal Yang - Mills.:

Fig. 4.2

They are expressed as follows:

561" p° T de p° |
- exp|— — |=-idunP| — exp (-1 —
p*ie A? ;A2 A2 (4.3.33)

i
i8am " P’ dt P’
- 1-exp| — ———) =-ispn™®| — exp (-1 —
p*ie A? S A2 A%/ (4.3.3b)

100




S TH
NBLH 22 5201435 RAT[R

The ghosts only occur in the internal parts of Feynman diagrams,
and have the wrong spin-statistics relation. The ghost propagates
like a scalar particle but has Fermi statistics. The barred and
unbarred ghost propagators are shown in fig.4.3 and can be
expressed as follows: ?g,ﬁ
b
B,

%

S S SR BN
A p b a p b
() (o)

The smeared and shadow ghost propagators
of non local Yang — Mills
Fig. 4.3

i p? “r dr p?
- exp | = — [=-1i8a — expkt —
p-ie A? { A? A? (4.3.4a)

1
% | p2 dt p2
- 1- exp (———) = - (81 — exp {-1 — A
p*ie A? 5 A2 A2/ (4.3.4b)

The local 3—point vertices of Yang-Mills are given in fig. 4.4 and can

be expressed as follows [1,80]:

oo™ (P1, P2, P3) = - i fape (NP (P2 — P1)™+ (3 ~ P2)* + n' (P1 — Pa)°}

(4.3.5a)
labe™ (P1, P2, P3) = i fabe P3° (4.3.9b)
o % c ! 93
J'WV\NWU\(’\,
astp, 24 S
() (b) <
bB D’_ b B pa

The 3—point vertices of local Yang—Milis.
Fig. 4.4
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The local 4—point vertex is depicted in fig.4.5 and has the form:
labed™"® (P1, P2, P3, Pa) = = { fave fege (1°™ P T]YBﬂ&X)

+ face fdbe (naﬁnw - ﬂsyﬂaﬁ)

+ fade foce (NP0 - P21} (4.3.6)
3 o ds B,
: s
ngI:bP:d (R’&»%:&)
cy P
bpp 3

The 4-point vertex of local Yang-Mills.
Fig. 4.5

With the help of these rules, one can proceed to evaluate the quark
self-energy and the quark-gluon vertex in nonlocal QCD.The vacuum
polarization for the pure nonlocal Yang-Mills (involving only gluons

and ghosts) has been evaluated by Kleppe and Woodard [51].

4.4 Quark Self-energy in nonlocal regularization

The contribution to the quark self-energy at one loop comes
from the three diagrams given in fig.4.6. In the diagrams, a,b,c, and d
are SU(3) labels. Applying Feynman rules, the contribution to the

quark self-energy from fig.4.6(a) is:

d*k -iSap
AP (p) = | —  {igyu(T°)aa} {igyv(T°)ao}
(2n)* pK+m-ie

'iSabn}w p2+m2 (p_k)2+m2 -k2
X exp |- - - —
k- ie A? A? A2l (4.4.1a)

102




¢
a d. b a,
p P—k p K P
(2) (b)
A, d. b
p p—K »)
(<)
Quark self-energy at one loop in nonlocal QCD.
Fig.4.6
Promoting the propagators to Schwinger integrals,
p*+m? d*k
'iz1ab (p) = |92 exp | - 8ab (Tc)ad (Tc)da ™ Yu ('p"'k"'m) 'Y'u
A? ' (2n)*
< o
dt; (dr, (p-k)? +m? k?
X{ — |— exp |-1 -1 —
i A% 142 A? A? (4.4.1b)

The factor of i comes from the rotation to the Euclidean space.
Performing the momentum integral,

2

ig

| ' pz +m?
-2 P) = - — (T (T%4a 8ab €XP | -
812 A?
© T f 2m
X _[dm Id‘tz [ + ]
1 1 (11 +12)° (11+12)°

111 P2 m?
X exp| - — -1 —
T1+12 A? A2
Now (T%).q (T)4a is just the group theoretic factor. Also
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TS.T° = Cy(F). (4.4.3)

4
For SUB), Co(F) = — . Sowe have,
3
ig? p’+m? ©
-i21ab (p) =-""" C2(F) dab exp | — Id‘h Jd‘tz
8n? A? 1 1

P 2m T1T2 p2 m2
X + } exp [— —_ T -7 —
(11+12)°  (11+12)? T+ty A2 A% (4.4.4)

Now make the change of variables
11=A(1-x) and 1,=AX (4.4.5)
Here x is the usual Feynman parameter. The result of the

completely unbarred loop is

g? p2+m? 1 o Y o
T () = —— Co(F)8.,exp|— Idx Idk+j‘dx Idk
8n° A? Y2 111x 0
1 p? m?
X —xg+2m) exp] -Ax (1-X) — -2 (1-X) —
A A? A® (4.4.6)

Including the barred graphs just extends the range of parameter

integration to the entire positive quadrant excepting the unit square

O<1<1.
g° p?+m? 1 tx dA
2 (p) = — CaofF) Sapexp |~ Jax 5 o
8n° A? Yo ux A
p2 m?
X (xg+2m) exp|-Ax(1-x) — - A (1-x) —
A? A? (4.4.7)
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and

g’ p?+m? % x dA
P (p) = —— CoF) S exp |- jdx J —

8n? A2 0 111-x A

2

p* m
X (xg+2m) exp |-Ax(1-X) — -A (1-x) — J
A? A? (4.4.8)

The sum of the barred and unbarred graphs is therefore

g° p*+m? 1 o ¥ o
T®(p) = — CxF) 8, expl|— de jdk+]dx fdk:{
82 A? o 1x 0 11«

1 p? m?
X —(xg+2m) exp|-Ax(1-x)— - A (1-x)— :I
(4.4.9a)

A A? A?
g2 . p2+m2
2P () = __ CyF)dsmexp |-
81> A?
1 1 p2 m?
X Idx Ey— {xm—x) — +(1-x) —
Y X A? A2
Y% 1 p? m?
+ Idx Eny— {xm-x) — +(1-x) ——J
0 1-x L A? A? (4.4.9b)
where E4(z)-is the exponential integral :
o  exp(-t) 0 (-2)"
Eq«(2)= Idt =—lnz-vy-X - (4.4.9¢)
z t n=1 nn!

One can develop an asymptotic expansion in A by expanding the

exponential integral:
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g 1 1 1
I®(p) = — CaF)ba <_4rf+2m> In(A%)- | — ﬁ+2m) y+—p
82 2 2 4

1 1 In(A?)
+| — ,p+2m> In(2) -fdx (xg+2m) In (xp?+m?) + O
2 0 A?
(4.4.10)
The result is the same as that obtained from dimensional
regularization [1,92] provided one suggests the correspondence
2
—— ~In(Ad) (4.4.11)
4-D
for the co-efficients of logarithmic divergences in the two methods.
Also, the divergent parts of the electron and the quark self-energies
are related by,
Tav> (p) = CxF) 8ap Zav (QED) (4.4.12)
In D-dimensions, the exponential integral is replaced by the

incomplete vy function just as in QED. The incomplete y function

I'(n,z)is

r(n z= J dt t"" exp () (4.4.13a)
= (n-1) T (n-1, 2) + ™" exp(-2) (4.4.13b)

4.5 QCD Vertex part in nonlocal regularization
In this section, the nonlocal quark-gluon vertex function is
calculated. Two distinct Feynman diagrams contribute to this in

QCD [86,94]. They are given in fig. 4.7.
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Correction to quark-gluon Correction to quark-gluon vertex
vertex involving the 3-gluon vertex
Fig.4.7
Fig.4.7(a) is analogous to the QED vertex part. But fig.4.7(b) is
certainly non-Abelian in character, with its 3-gluon coupling. The
nonlocal diagrams corresponding to fig.4.7(a) are given in fig.4.8.
Applying Feynman rules, the contribution to the quark—gluon vertex
fromfig 4.8 (a) is :
d’*k -i

- 19 (AS)ea(pp-9.9)@) = | —  {igy, (The{ ———— § {ig v (T3}
(2n)* pH+m-ie

-i 'iSbcrlpv
X { ——— 1 {ig 7 (T}
g+Hk+m-ie k-ie

(p+k)*+m®  (q+k)*+m® K
x exp| -~ —mM — - —(— - —
A? A2 A?

p*+m? g +m’  (p-q)’ ]
207 242 2A% _(4.5.1a)



~
1w

(9)

Nonloczal vertex graphs corresponding to
fig.4.7(a)

"i{g.4.8.



Promoting the propagators to Schwinger integrals

p?+m?  g*+m®  (p-q)°
- ig (A)ea(P.P-9,9)(@) = ig® (TT*TY) exp [ - -

2A2 2A2 2A°
o¢ <
d*k dv [dr
X Yy EHR-m) v, (g¥K-m) v’ —
(2n)* i iA
7 ds K2 (p+k)*+m?  (qrk)+m?
X J_— exp Ty — -T2 -3 — ——
2 2 2 2
A A A
(4.5.1b)
Introduce the new integration variable
2P + 139
k'=k+ — (4.5.2)
T4+ 1o+ 13

Now perform the momentum integral over k ’. The term which is
quadratic in k / is divergent whereas the term linear in k * integrate to

zero. The rest terms are convergent. The divergent part is :

' ig’ ) p>+m® g+m°  (p-q)°
- 19 (A)ea(p,P-0,9)(@) = - —y(TT*T¢) exp - - -

8 2\ 2A7 2A?
0 0 o0 To(T1+13) p2
X _[dn Jd‘Cz jd’t3 exp |- —
1T 1 1 Tttty A
’E3(’C1+‘Cz) q2 2 1213 P.g m2
- — — ~(t2t13) —
T1+1+13 A? T1+To+ 13 A? A2
(4.5.3)

The barred contributions are :
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o ig> pi4m®  g*+m?  (p-g)’
=19 (A)ed(P.P-q,q)(b) = - —y,(T*T°T) exp |- - -
8n? 2A° 2A° 2A°
) 1 ) t(ty+1s) PP
X ,[dn Idtz _[dtg, exp \- — —— —
1 0 1 T+tt; A?
. 13(11+12) Q° 2113 pgq m?
- — + — -(t2t13) —
T1+To+13 A? T1+1o+13 A? A?
(4.5.4)

ig® p*+m’  g*+m?  (p-g)°
- ig (A)ed(P,P-9,9)(C) = - —gn(T“T"‘T") exp| - - -

8n 2A° 2A2 272
© o 1 to(titts) PP
X J.d't1 J.d‘Cz J.d't3 expy - — — — —
1 1 0 T1H1o+13 A2
’C3(‘C1+12) q2 2 1213 P.q m2
- — + — ~(t2t13) —
THt1s A? Tttty A2 A?
(4.5.5)
. gt p+m* q*+m® (p-q)°
- 19 (Aw%)ea(P,P-9,9)(d) = - —7,(TT°TY) exp| - - -
8n° 2A2 2A2 242
1 0 o0 T2(T1+13) p2
X _[d‘t1 Id‘tz J'd‘t3 exp [— -
o 1 1 Tttty A2
3(1+12) §° 2113 p.q m?
- - * — ~(t2t13) —
T1HTo+13 A? T1+1o+13 A2 A? _
(4.5.6)
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o ig’ p>+m? g*+m”  (p-q)°
- ig (A)ea(P,P-9,9)(€) = - —zvu(T"TaT“) exp |- - -

8n 2A2 2A? 2A2
1 1 o0 — 12(T1+T3) p2
X jdu J'd‘cz _[d‘c;:, exp | - -
0 0 1 11F1T2H1T3 A2
w(u+1) g 2113 P9 m?
: — (it —
T4+12+H13 A2 T1+12HT3 A2 A2
(4.5.7)

o g® p>+m? g*+m®  (p-q)°
-ig (A )ea(P.p-q.0)(f) = - —(T°T°T") exp)- - -

87’ 272 2A° 2A°2
1 o 1 (ti+13) P
X jdn J.d’cz Jd’t3 exp [- —_—
0 1 0 T1+12+13 A2
13(T1+12) q2 2113 Pq m’
- — * — ~(t*13) —
T1+12+13 A% ot A? A2
(4.5.8)
| . ig® ) p+m®  gi+m?  (p-q)°
- ig (A)ea(P.P-9,0)(Q) = - —yu(TT°T%) exp|- - -
| 87 242 272 272

o 1 1 ottt P
X jdu Id‘cz Idr3exp[- -

1 0 O utttty A°
(t+) 9° 2w P4 m’
- — + — (t2tta) —
T4+ 1o+H13 A? T1+T1+13 A2 A2
(4.5.9)
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The various barred contributions merely serve to extend the range of
integration. Since we include all diagrams except the completely
barred one, the final range is characterized by 1 > 0, excepting the
region for which all the zj's are between zero and one. Make a

change of variables :

3

T = 2 T (4.5.10a)
i=1
1 3

Xi= — X 7 (4.5.10b)
T =i+t

The x/'s are the usual Feynman parameters. The total contribution

from the entire class of diagrams [50] in fig.4.8 is :

| ig® d p#m? g*m? (p-g)°
- 1g (Au)ea(P,P-9,G)(A) = ~ — v (T T?T%) exp| - - -

8n? 2A2 2A2 2A2
1 X 3 1 p? q°
X jdx Idy > T 0,—%(14) —+y(l-y) —
0 0 k=t Ex A? A?

2

P.q m
- 2xy — +(x+y) — | |IT6(E- &) 6 (&)
A2 A?| Jiek (4.5.11)

Where we have put X, =y. Also & = X ~ X, &o =0 and Einv = oo,
where N is the number of internal lines. The argument of the
incomplete gamma function is just the bracketed term of the
parameter integrand divided by & A% T (0, 2) is nothing but the
exponential integral E;(z). An asymptotic expansion in A gives for

the divergent part :
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ig® 1 X
19 (A)eelPP-0,.0)(A0) = - — 1 (TTT [ ax | ayin(a?)
8_7c2 0 0 (4.5.12a)

ig® 1
= - —y(TT°TY [ — In (Az):l
8n° 2 (4.5.12b)
The group theoretic factor (T°T*T) is easily evaluated:
T =TT T+ T T T =i P T T°+ C, (F) T° (4.5.13a)
1 1
= - —PCEP T+ CyF) T = | - —Cx(G) + Co(F)|T*
2

2 .5.13b)
Therefore, (4.5.12) becomes,

g° 1 1
(Aw%)ea(P,P-4,9) (Ap) ==, [ — Cy(G) + Cz(Fil Ta[— In(AZ)]

8n? 2 2  (4.5714)
This suggests the correspondence,

2
In{A%) ~ —  just as in the nonlocal QED.
4-D
The second vertex diagram [fig 4.7(b)] has a 3-gluon coupling.
The corresponding Feynman diagrams in nonlocal QCD are given in

fig-4.9. The contribution from fig- 4.9 (a) to the nonlocal QCD vertex

part is :
d*k , i (p+k)?
-igAS(a) = X’ — {igyu(T")am} exp |-
(2m)* (p+k)° A?
- | 6nd
X {ig labc™ [- (P =), (P +K),-(q + k)l}{ }
K-m+ie

k? + m? - i - (g+k)?
x exp |\ — ) {ig y(T%)mn} exp |-
A? (g +K)? N

p*+m? q*+m? (p-q)°
X exp| - - -
2A° 2A? 2A° (4.5.15)
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Q)

Nonlocal vertex graphs corresponding
to fig.4.7(b)

Fig.4.9.



A

3

S

where L...>” (p1, P2, P3) is as given in equation (4.3.5a). So,

p+m?  g+m’  (p-q)?
"igApa (a) =- 93 fabc (Tb)dm (Tc)mnsnd exp |- ' - -
2A? 2A° 2A2
4 o3 o0 o)
d*k dz, di, [ dts
X | — y&my, | — | — |—
(2n)* i A7 1A% 1A
k? +m? (p+k)? (g+k)?
X exp |- 1 : -1, -3
A? A? A2

x { n™ (2p+k-q) “+n"" (-2k-p-q)°+n *(2q+k-p)"} (4.5.17)

Shift the integration variable kto k ' :

2P * 13q
k!> k+ ——— (4.5.18)
T1+121H13
p+m’  g’+m?  (p-q)®
'igApa (a) = - 93 fabc (Tb)dm (Tc)mnsnd exp {' . - -
2A2  2A° 2A?
oQ od o
d4k ' T2P+13( dt4 d’Cz dts
X}V _'Yu[k,' - 'Yv‘('—— J_ -
(2n)* T1+To+13 i A? { A% A2
. k# 12 (T1+13) p2 13 (T1+12) q2
X expi.- (T1+TQ+T3)—JGXP 1:— —_— - -
( A2 T1+H12+13 A% ttiotts A?
27513 p.q m? 211+ 1+213
Lo [
T1t+To+ 13 A2 A2 T4+To+13
T1+1+213 ’ { To~T1~13 13~T1-T2 J"
- —q + ™| -2k’+ p + q
T1 ¥+t 13 ;] T1+HTo+13 T1+1ot13
11+27% 13 2114215+ #
+ k- ——m p +——m q:l (4.5.19)
T1+To+T3 T1HTot1T3
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Only terms quadratic in k / are divergent. The terms linear in k /
integrate to zero and those with no k 7 in the numerator are finite
(convergent), so may be ignored. The divergent part is,

No=1vy Ky {0k " - ni2k P4n 0 k) (4.5.20)
By a simple bit of ‘Diracology’, this becomes |

N,=-2y°k*? - 4R’ k’° (4.5.21)

Hence the divergent termis :

p¥+m? g*+m?  (p-q)*
'igApa (aD) = - 93 fabe (Tb)dm (Tc)mnsnd exp |- - -

2A7 2A  2A?
oq o0 d
diy [dt; [dtw [d%’
X |— |— | — |— {2°k?-4'k")
1A% PN 1 N J@n

k" w(t+1s)  P°
X exp |- (ty+12+13) —2“ exp |- —

A T1+12+’C3 A2
2 2
’C3(’C1+’Cz) q 21573 P-q m
_ . _ 4 — | 4522
T+t 13 A? T1+1o+1T3 A? A®

Performing the momentum integration,

3g° p+m?  g*+m?
[igA (@p) = - —  Ypfave (T")am (T)mnOna €XP | - -

8n? 272 2A°
(P97 ® o o To(T1+13) p°

- —;{ _[dn Id’l?z _[d’[e, exp | - -
2A% 1 1 1 T1+1ot1s A?
w(tt) 27513 Pq m’

- — + _ -7 — (4.5.23)
T1+1o+H13 A? T+t A? A?
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The other contributions are .

3g° p?+m? q+m?
'igApa (bp) = -~ — Ypfabc (Tb)dm (Tc)mnSnd exp |- -
8n° 2A? 2A?
(P9’ o 1 o (ttts) PP
- T fdn _[drz J-d’t:; exp | - —
2A°? 1 0 1 Tttty A2
wa(ti+1) O 2113 pP.q m? .
- — + _— T — (4.5.24)
T1t+To+13 A? T1+H1o+13 A? A?
3g° p+m? g2 +m?
"igApa (CD) = - Ypfabc (Tb)dm (Tc)mnsnd exp| - -
/ 8n° 2A2 2A?
(P-9)®7 © o« 1 w(utts) P
- } jdu jdrz jdr3 exp [- -
2A? 1 1 0 Tttty A°
Ta(T1+712) q2 21213 P-q m?
- — + _ -1 — (4.5.25)
T1+HT+1;3 A? T1+1o+13 A2 A?
393 ~ p2 +m? q2 +m?
'igApa (dD) = - Ypfabc (Tb)dm (Tc)mnsnd expi - -
8n° 2A% 272
(p-9)? 1 o o 12(T1+13) p
- T Jd’h Id’tz _[d’t;; expi| - -
2A2 o 1 1 Tttty A

3(1+12) 21513 P-Q m?
- — + —_— -7y — (4.5.26)

2 2
T1H1o1H 13 A2 T4+ Tot+13 A A
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3g°

pz +m?2 q2 +m?
'igApa (eD) = - Ypfabc (Tb)dm (Tc)mnsnd exp |- -
8n° 2A? 2A°
(-9’71 «© 1 1 (t+ts) P
- — Jd’f1 J.d’Cz Jd’l,'3 exp |- -
2A% 1 0 0 T1+1o+13 A2
13(T1+712) q2 21513 P.q m2
- — + _— -7 — (4.5.27)
11+ +13 A? T1t+Tot13 A? A2
3g3 p2 +m?2 qz +m?
-IgA (fo) = - —  Yofanc (T%)am (T%)mnBna €XP [' -
8n? 2A° 2A?
P-a?7 1 1 o (t+ts) P
- T } jdu jdtz Jd’t3 exp | - -
2A24 0 0 1 Tttty A°

13(T1+12) q2

21273 P-9 m2
- — + —_ -7 — (4.5.28)
T1+To+13 A?

T1+H1+13 A? A2
3g° pH4m?  q*+m?
"igApa (gD) = - 'Ypfabc (Th)dm (Tc)mnsnd exp |- -
812 242 2A?
(P-9°7 1 o 1 T2(T1+13) p
- - J.d’h Id’tz J.d‘t3 exp | - -
2A2 4 0 1 0

2
T1+1o+13 A

wa(t+1)

2113 Pq m?
- -+ ey — (4.5.29)
T1+1o+13 A? T+ 1o+13 A2 A?
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The total contribution to the nonlocal three gluon vertex is the sum of
all the terms from (4.5.23) to (4.5.29). Converting the Schwinger
parameters to the Feynman parameters as before one obtains the

following result for the entire class [50] :

3g® p?+m? q2+m?
- Ig Apa(BD) =- T Y fabc"(Tb)dm(Tc)mnSnd exp| - -
8n? 2A2 2A?
(p-q)? 1 x 3 1 p q°
i ] Jax Jay =t o,—@cm-x) —+y(ly) —
242 0 O k=t £\ A? A?

P.q m?
- 2xy — +X _} [Tok-&) 0 (&)
A? A2 ik (4.5.30)
I (0, z) is the exponential integral E{(z). For asymptotically large
\)alues of A, E4(z) can be approximated as :
(-2)"

nn!

(4.5.31)

. o0
Ei(@=-Inz-y- X
n=1

Expression (4.5.30) has a pole part I,°, which is given as follows :
3g° ‘ 1
'iglpa = - - 'Y§ fabc (Tb)dm (Tc)mnSnd — In (Az)
872 2 (4.5.32)
The group theoretic factor fape (T)am (T%)mndna AN be expressed as :
fabe (T2)am (T)mndng = fape T°.T° (4.5.33)
We have [T?, T°] =if*T° (4.5.34)

Using (4.5.34), (4.5.33) can be written as,
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i
fabc Tb 'TC - fabc bed Td

2 (4.5.35a)
i
=— C(G)T*
2 (4.5.35b)
Therefore, the divergent part is,
3g° [ 1
fglhi= - — y, - — CyG)T2 — In(A?) (4.5.36a)
872 2 2
Putting p—p,
g® [ 3CyG) 1
L2 = — 7o (T?).4 — In (A?) (4.5.36b)
872 2 2

Again comparison with the dimensional regularization method
suggests the correspondence,

2

In (A% ~ ——

4-D (4.5.37)
Adding together the two vertex contributions, the total nonlocal
divergent vertex part in QCD is :
A° = AP (A + 1A

g° 1 1
= — v, |- — CAG) +C2(F)} (T3 {—— m(AZ)}
812 2 2

g° 3 1
— yu[—CZ(G)] (T3 4 — In(Az)} (4.5.38a)
8 2 2

2

g 1
— v, { — In(A%)} T*[Cx(G) +Cx(F)]
8n? 2

+

(4.5.38D)
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For SU(3), Cx(F) = 4/3 and C,(G) =3.
Hence the total nonlocal divergent part becomes,

g° { 1 } 13
A =— S —InA)p - —, T - (4.5.39)

8n | 2 3
This result is yet to be published [95]. It can be seen that the result
obtained for the divergent part in both quark self-energy and the
quark-gluon vertex by the method of nonlocal regularization is in
perfect agreement with the corresponding results of dimensional
regularization, provided one suggests the correspondence [28].

2
InA2 ~ — |
4-D
4.6 Discussion
The method of nonlocal regularization is extended to Yang-

Mills theories also, which is a non-abelian one. We are emphasizing
particularly on the SU(3) gauge symmetry. The vacuum polarization
for the pure Yang-Mills (invoiving gluons and ghosts) is calculated by
Kieppe and Woodard [51]. In this chapter the quark self-energy and
the QCD vertex part in nonlocal regularization are evaluated, with the
help of the two kinds of propagators—smeared and shadow . The
results obtained by this method and the former conventional method
are the same. The divergent parts of the quark and electron self-

energies are related as
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v (P) = C2(F) 8ab Zaiv QED

here also. C,(F) is the group theoretic factor. Unlike in QED, there
are two types of vertices in QCD-the quark—gluon and the gluon-
gluon. The total vertex contribution to QCD, which is the sum of the
two types of vertices is the same as that obtained from the
dimensional regularization method. Again one can suggest the
correspondence

2

In (A% ~ ,
4-D

for the co-efficients of the logarithmic divergences in the two

methods, for the two physical processes in QCD also.

¥
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