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Chapter 1

INTRODUCTION

1.1 INTRODUCTION

The interplay of supply and demand has always been a central feature of
many realm of human activity. We have a range of obvious and well known
examples from Economics. But in this thesis we are rather be concerned with
systems typified by units which demand service and facilities which attempt to
provide service. We shall not consider the cognate questions of the price to be
paid for service, nor the penalty for not providing it. It will be a fundamental
principle of our investigation that as much service as can reasonably be given
shall be conceded to demand, while on the other hand, demand will take account
of the capacity of the service facility and regulate its requirements accordingly.
That is, we look at ways of optimizing the performance of demand-service facility

by the use of adaptive mechanisms.

We shall be concerned with the family of single server queueing models. When a
customer arrives at the service point and demand service, it is generally regarded
as in the best interest of the management to provide that service. Without
overworking the system, the management would like to maximize the facilities
offered. The environment under which the system operates does not remains the
same and so we cannot expect the inherent parameters of the system as constant.

The changes often develop as a result of extraneous uncontrollable factors. To the



conscious management, the question always being confronted with is: "Does
there exist a better system whose application would bring better results in the
same situation?” Even though the system currently in use gives some what
satisfactory results, there may be in some sense a more efficient system whose

implementation would be more rewarding or useful.

The present study is concerned with some state-dependent Markovian queueing
models. The underlying process in each model is examined at the outset to give
more information on its performance measures. The central model is the
generalization of M/M/N system in which the arrival rate A, and the service rate

My are both functions of n, the number of customers already present in the system.

In many real life situations A, and g, change whenever n changes, so that both
demand (arrival) and service (departure) correspond to the system state. We are

interested in queueing models restricted to those favouring statistical equilibrium.

There is a large literature concerned with different methods for the
reduction of congestion at high traffic intensity. For example, consider customers
being lost when the system reaches a certain level or customers leaving the system
before being served due to long waiting time (balking). The method described by
Harris (1967) is to alter the service interval when the system reaches a certain
preassigned level. Also one may think of switching to a completely different
system when the traffic intensity reaches a certain pre determined level. These are
only examples of state dependent queueing system which is dur main concern in
the thesis. The simplest generalization which gives a state-dependent queuing

system consists in supposing the parameters A and # of M/M/1 queueing system



to be state dependent with 4, and 4, as the arrival rate and service rate
respectively, when there are n customers/units in the system. The model
described by Conolly and Hadidi (1968) has the feature of a direct relationship
between arrivals and service intervals but not state-dependence. However, it is an
adaptive system. The so called 'correlated’ queue described there has the
speciality that the arrival pattern influences the service behaviour such that the

service time of the n™ customer directly depends on his inter arrival interval.

State-dependent queueing models has been discussed far and widely in the
literature since the work of Cox and Smith (1961). In the more general context of
birth and death processes they have been reviewed and analyzed, for example, by
Jackson (1963), Keilson (1964), Harris (1967), Hadidi and Conolly, B.W (1969),
Natvig (1974), Conolly (1975), Vandoorn (1981) and many other researchers.
Earlier work by Hadidi and Conolly point to the operational advantage of state-
dependent queueing models. Models of this kind are of special interest in

Operations Research.

Our study of state-dependent Markovian queueing models is motivated by
queueing scenarios where the arrival rate and/or service rate depends on the
amount of work present, like production system and internet. Queueing systems
where the service speed is work load-dependent are well-known, specifically in
the studies of dams and storage processes, for example see Harrison and Resnick
(1976), Brockwell et. al (1982) and Kaspi et. al (1996). Also in production

systems the speed of the server often depends on the amount of work. This is



particularly true if the server is not represented by a machine, but rather by a
human being, where the speed of the server is relatively high or low when there is
much work or there is little work. In addition to the general service speeds, the
rate at which jobs arrive at the system may also depend on the amount of work
present. In the human server production system, we may try to control the arrival

rate of jobs to optimize server performance.

A queueing system can be described as customers arriving for service,
waiting for service if it is not immediate, and if having waited for service, leaving
the system after being served. One would need to know answers to such
questions as "How long must a customer wait"? and "How many people will form
the line"?. Queueing theory attempts to answer these questions through detailed
mathematical analysis. Queueing system would require a detailed
characterization of the underlying processes. We feel it unnecessary to conduct a
general survey and appreciation of the realm of queueing theory, but we shall first
identify that aspect of queueing theory to which this contribution belongs. It will
be a fundamental principle of our investigation to consider ways of optimizing or
regulating the performance of a demand-service facility by the use of adaptive

mechanisms, more specifically with state dependence.

A major difficulty in the practical application of queueing system is
congestion. Congestion occurs when demand is at the limit of what service can
provide. The consequences is that new demands for service are increasingly

likely to be obliged to wait or sometimes be denied as times goes by. Hence it is



clearly of importance to have a measure of the load imposed by demand on a
service system. A frequently employed measure is the mean number of arrivals

during an average service time, often called congestion index or traffic intensity.

1.2 QUEUEING SYSTEMS

Generally a queueing system is any facility at which customers/units arrive
and then stay for a certain duration before departing/servicing; the unit demanding
service is called the 'customer' and the device at which or the person by whom it
get served is known as the 'server'. This terminology is used in a wide context.
Here are a few realistic examples of this customer — server mechanism.

(1) Vehicles demanding service arrive in a garage and depending on the
number of employees, one or more vehicles may be repaired at a time.

(i1) Patients arrive at a doctor's clinic for treatment. Even if some appointment
system exists, due to the emergency service rendered, there is a random
element present in the arrival scheme and, there is a possibility of a
waiting line building up.

(iii)  Passengers demanding tickets queue up in front of a ticket counter

(iv) In a telephone exchange, the incoming calls are the customers who

demands service in the form of telephone conversations

It is possible to give numerous examples of this type, where a queue
situation exists in one form or the other. As suggested by the above problems,

some of these situations differ from each other in several details. However,. it is



not difficult to see that all these situations have certain common basic

characteristics, which we call the basic elements of a queueing system.

Basic Elements of a Queueing System

The arrival (input) process, service mechanism, queue discipline and cost

structure are the four basic elements of a queueing system.

1. The input process:

If the arrivals and service are strictly according to schedule a queue can be
avoided. But they are not, especially the arrivals. In most situations arrivals are
controlled by external factors and these factors contribute to the uncertain nature
of arrivals. For instance, the arrival could be in groups of random or constant size
or in the simplest case, one at a time. The time intervals between successive
arrivals can be considered as random variables, having certain distributions.
Further, the arrivals could be emanating from a finite or an infinite source. For
instance, if the customers are the machines needing repair in an industrial concern
the number of machines is a finite number; whereas customers at an ordinary store
window could be considered as coming from an infinite source. Therefore, the
source of arrivals, the type of arrivals and the inter arrival times should be

specified in a complete specification of an input process.

2. Service mechanism:
The number of service is an integral part of the service mechanism. So

also are the duration of service and whether service is given to groups of



customers or to one at a time. Because of the uncertainty involved in the length of
service — a telephone conversation is a good example — we can consider the

service time as a random variable having a certain distribution.

3. Queue discipline:

We can consider all other factors regarding the rules of the conduct of the
queue under this heading, the simplest of these is known as the first-come, first
served (FCFS) discipline. This specifies that customers arriving when the server
is busy will be taken for service in the order of their arrival. Other disciplines
which are also common in use include (i) Last-come, first served (LCFS) -
according to it the last arrival in the system is served first, (ii) Service-in
Random order (SIRO), where the arrivals are served randomly irrespective of
their arrivals in the system. It is more likely for the customer to experience both
short and long waiting times under SIRO than under FCFS, a result which can be
backed by intuition. Clearly when customers arrive in groups, it is assumed that
those in a group are ordered for the sake of service. In addition to these one may
introduce some sort of variations in customers getting impatient after waiting,
may leave the system without getting served. Some may jocket for positions in
the waiting line or some customers may be considered as having higher priorities
in service than others. The system may not allow more than a certain number to
be waiting at a certain time; that is, the size of the waiting room could be finite,
and those arriving when the waiting room is full are allowed to be lost to the

system. These are only a few examples of various types that can be derived from



the simple system described. It is essential, therefore, for the complete description

of a queueing system, the rule to be followed has to be specified.

4. The cost structure

The cost structure of a queueing system specifies the payment made by the
customers for the service they receive (the reward), and the various operating
costs of the system. These costs are expressed in terms of the amount of service
provided by the system, measured, for example, by the number of servers. The
system also incurs a holding cost, expressed as a function of the number of

customers waiting or the delay suffered by them.

Based on these descriptions, the problems arising in Queueing theory can

be classified into three.

(1) Behavioral problems of the system:

The study of behavioral problems aims at understanding a particular
situation as thoroughly as possible. This is done by using mathematical models.
Naturally, these are idealized models to varied degrees of realisms. As done in
many other branches of Science, these models are studied analytically in isolation,
hoping that the information obtained form such a study would be useful in the
decision making process regarding such situations. Some of the characteristics
considered in this connection are the distributions, expected values and other
moments connected with the queue length, waiting time and the length of the busy

period in a queueing system.



(i1) Statistical problems of the system:

By statistical problems we mean the problem of the study of empirical
data, estimating and tests of hypotheses regarding queue situations. For an insight
into the correct mathematical model, which could be studied analytically to derive
its properties, a statistical study is essential. Otherwise, the analytical study
would be divorced from the practical situation, thus rendering it less useful for the

applied researcher.

(iii)  Optimization problems of the system:

Looking at the variety of queueing systems possible, it is only natural to
assume that some models are more appropriate in certain contexts than the rest.
Further, as queue situations can be controlled according to specifications, the
knowledge of the right model for the right situation becomes essential. The
suitability of a model is decided by a comparison among several models of the
return in benefit to the individual concerned. Naturally, some cost factors have to
be considered. Because of the external factors in solved, the internal
characteristics have to be changed according to these. Thus some decision rules

should be spelled out.

Our aims in studying a queueing system are:
) To understand the queueing phenomenon and
(1) To control it- that is, exercise some influence on this phenomenon

with a view to operating the system most economically.



Queue sizes are important considerations in the design of fixed facilities
and in management decisions. Usually some compromise between queue size,
waiting time and the costs of service have to be made. The success or failure to a
queueing system cannot be judged as easily as the failure resistance of a beam.
Whether or not the queueing system can be considered a failure can only be

judged on a competitive basis.

The following figure shows the elements of a single server queueing system.

Population of Customer

y
Arrival

Queue Output
Service

___,O___

Most quantitative parameters (like average queue length, average time
spent in the system) do not depend on the queue discipline. This is why most
models either do not take the queue discipline into account at all or assume the
normal FCFS queue. In fact the only parameter that depends on the queue
discipline is the variance (or standard deviation) of the waiting time. In the
steady-state, a change of queue discipline does not affect the corresponding output
process, unless it interferes with the servicing system. The study on the effect of
queue discipline on output process seems to have been started with the work of

Muntz (1973). It has long been known, see for example Mirasol (1963) or

10



Kendall (1964), that output process from an M/G/= queue is a Poisson process
(insensitivity property). Shanbhag and Tambouratzis (1973) have established that
for an M/G/s loss model, the steady-state output process is Poisson with the same
parameter as the input process. Kelly (1976) has studied an M/G/1 system with
the pre-emption last come first served (LCFS) queue discipline. Kelly proved that
the departures in the system in equilibrium is also Poisson and that distribution of
the number of customers in the system is Geometric. For a concise survey of
departures and related characteristics of queueing models, one may refer to

Manoharan et. al. (2003).

The two extreme values of the waiting time variance are for the FCFS
queue (minimum) and the LCFS queue (maximum). The study of "waiting in
line" is a fundamental aspect of Engineering design and analysis across a range of
application domain. Modern telecommunication networks and packet-switched
networks (internet), as well as computer architecture and distributed system
design are all based on queueing systems. Hence, they benefit from the
knowledge gained through the theory of queues. Some of the questions that
engineers seek to answer about a queueing system include:

(i) What is the steady-state (long-term average) mean time that a customer
is in the system - including both waiting and service time?

(il)  What is the steady-state mean delay or waiting time experienced by a
customer in the system?

(ili)  What is the steady-state mean number of customers in the system or in

the queue?

11



(iv)

v)

(vi)

(vii)

What is the steady state utilization (percentage of time spent servicing
customers) of the system? (Note: this is unity minus the probability the
system is empty)

What are the state probabilities for a given number of customers in the
system?

What is the complete distribution of time that customers spent in the
system (sojourn time)?

What is the distribution of time before the system reaches a certain state,

e.g. the time until the delay exceeds some threshold (first passage time)?

The Kendall - Lee notation for Queueing Systems

Kendall introduced a A/B/C queueing notation in 1953. It has since

been extended to 1/2/3/(4/5/6) where the numbers are replaced with

1. A code describing the arrival process. The codes used are:

M stands for "Markovian" implying exponential distribution for inter
arrival times or service times.

D stands for "deterministic" service times.

Ex stands for an Erlang distribution with K as shape parameter.

G stands for a "general distribution”

2. A similar code, as for arrived process, representing the service process. The

same symbols are used.

3. The number of service channels

4. The priority order that jobs in the line are served

@

First Come Fist Served (FCES)

12



(i1) Last Come First Served (LCFS)
(i11) Service in Random Order (SIRO) and
@iv) Processor Sharing (PS).

5. The maximum size of the system. The maximum number of customers
allowed in the system including those in service when the number at this
maximum, further arrivals are turned away.

6. The size of calling source. The size of the population from which the
customers come. This limit is the arrival rate as more jobs queued up there are

fewer available to arrive into the system.

The literature on queueing theory and the diverse areas of its applications
has grown tremendously (exponentially, as claimed by some writers) over the

years. The following list of books will provide a foundation on the topic of study.

1. Thomas L. Saaty (1961) - Elements of Queueing theory; with Applications.
Mc Graw-Hill Book Company; New York

2. Cohen, J.W (1969) - The single server queue - North-Holland, Amsterdam

3. Leonard Kleinrock (1975) - Queueing systems; Vol I Theory. Wiley
New York

4. Brian Conolly (1975), Lecture Notes on Queueing System. Ellis Horwood
Publisher Chichester.

5. Cooper, R.B (1981). Introduction to Queueing theory, 2™ ed. New York:
North Holland.

6. B.D Bunday (1986) - Basic queueing theory; Edward Arnold, Australia.
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10.

11.

12.

Baccelli, F and Bremand, P (1994) - Elements of Queueing theory. Springer,
New York.

N.U. Prabhu (1997) - Foundations of queueing theory; Kluwer Academic
Publications, New York.

Donald Gross & Carl M. Harris (1998) - Fundamentals of queueing theory;
Third edition. John Wiley & Sons (Asia) Pvt. Ltd; Singapore.

D.L Minh (2002) - Applied Probability models - Thomson Asia Pvt. Ltd.
Singapore.

Asmussen, S (2003), Applied Probability and Queues, Second edn., Springer
Verlag, New York.

Wayne L. Winston (2004) - Introduction to probability models IV edition.

Thomson Asia Pvt. Ltd; Singapore.

1.3 PROBLEMS IN A QUEUEING SYSTEM

The ultimate objective of the analysis of queueing systems is to understand

the behaviour of their underlying processes so that informed and intelligent

decisions can be made in their management. Three types of problems can be

identified in this process.

1. Behavior problems: The study of behavior problems of queueing systems is

intended to understand how it behaves under various conditions. The bulk of
results in queueing theory is based on research in behavioral problems.
Mathematical models for the probability relationships among the various

elements of the underlying process is used in the analysis. To make the ideas

14



concrete let us define a few terms which is defined formally later. In the
context of queueing system the number of customers with time as a parameter
1s a stochastic process. Let Q(f) be the number of customers in the system at
time f. This number is the difference the number of arrivals and departures
during (0, t). Let A(t) and D(t) respectively, be these numbers, then
Q1) = A(t) — D(t). In order to manage the system efficiently one has to
understand how the process Q(t) behaves over time. Since Q(r) is dependent
on A(t) and D(t), both of which are also stochastic processes, their properties
and dependence characteristics between the two should also be understood. In
addition to the number of customers in the system, which we call the queue
length, the time a new arrival has to wait till its service begins, which we call
the waiting time, and the length of time the server is continuously busy, which
we call busy period, are major characteristics of interest. It should be noted
that the queue length and waiting time are stochastic processes and the busy
period is a random variable. Distribution characteristics of the stochastic
processes and random variables are needed to understand their behaviour.
Since time is a factor, the analysis has to make a distinction between the time
dependent, also known as transient, and the limiting, also known as the long
term, behavior. Under certain conditions a stochastic process may settled down
to what is commonly called a steady state, in which its distribution properﬁies

are independent of time.

. Statistical Problem: Under statistical problems we include the analysis of
empirical data in order to identify the correct mathematical model, and

validation methods to determine whether the proposed model is appropriate.

15



Chronologically, the statistical study proceeds the behavioral study as could be

seen from the early papers in this area.

3. Operational Problem: Under this heading we include all problems that are
inherent in the operation of queueing systems. Some such problems are
statistical in nature. Others are related to the design, control, and the

measurement of effectiveness of the systems.

A queueing system can be studied under two different assumptions. One
would aim at the short term behaviour of the system, in which the results turn out
to be time dependent (transient behaviour). Instead, one may assume that the
system has been in progress sufficiently long, so that it has settled into exhibiting
a stable behaviour. This can happen only under certain conditions (such as traffic
intensity less than one). The results obtained in this study are independent of time
and hence are much more simple in form. Because of this simplicity,
investigators in need of queueing results, have tended to use steady state results,
in most of the situations. When the system has not settled into an equilibrium
state, at best, this approach would give some approximations to the actual

behaviour.

The importance of the study of queueing systems in finite time was noted
as early as 1934 by Pollaczek. The difficulty in such a study is that the processes
involved are not simple and more sophisticated mathematical procedures are
necessary. For instance, the birth and death process equations are simple enough

in the case of a simple queue with Poisson arrivals and exponential service times.

16



But for time dependent solution the use of transforms is necessary. This solution
was given for the first time by Bailey (1956) and Lederman and Reuter (1956).
While Bailey used the method of Generating functions for the differential
equations, Lederman and Reuter used Spectral theory in its solution. Laplace
transforms have also been used for the same problem, and it has been realized that
generating functions and/or Laplace transforms form a useful technique in the

solution of such differential - difference equations.

1.4 QUEUEING PARAMETERS

For an understanding, and efficient management, of queueing systems, the

following three queue parameters are generally investigated.

1. The queue length:

The queue length is the number of customers/units waiting in the queue, or
present in the system. In the latter case it is sometimes called the system size.
The determination of the probability distribution of this discrete random variable
is important for the design of the system. For example, for providing an extra

server or a large waiting space in the case of large queues.

2. The waiting time:

The waiting time is defined to be the amount of time spent by the entering
customer up to the beginning of service. Sometimes, the service time is also in
the waiting time. Some authors, like Cox and Smith (1961), use the term

queueing time and waiting time according as the service time is excluded or
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included. This is a continuous random variable and its probability distribution is

important from the customer's point of view.

3. The busy period:

In a single server system suppose that the server is free initially and a
customer arrives. He will be served immediately. During his service time some
more customers will arrive and will be served in their turn. The process will
continue in this way until no customer is left and the server becomes free again.
When this happen, we say that a busy period has just ended. In contrast we have
idle periods during which no customers are present in the system. A busy period

and the idle period following it together constitute a busy cycle.

In a system with ¢ servers (2 < ¢ < o) the natural definition of busy period
is the time during which at least one of the servers is busy. However, we may
also be interested in the period of time during which all ¢ servers are busy, may

call this the system busy period.

1.5 SOME PRELIMINARIES
Birth-Death Methodology

A large class of queueing systems are modeled by Markov processes of the
so - called "Birth-and-Death" type. The defining characteristics of these processes
is that the only non-zero instantaneous transition rates out of staten (n =0, 1, 2,
3, ...) are to the neighbouring states (if any), n + 1 and n — 1. In the queueing

frame work, the process, N,, represents the number of customers present in some
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system at time ¢t. Transitions from one state to another occur when customer
arrives and when they depart. Then the above condition amounts to a requirement

that customer arrive and depart singly (rather than in batches). Denote the arrival

rate and departure rate when the process is in state n, by 4, and g, respectively.

Denote the limiting probability (steady state probability) of state n by p,
where n is 0, 1, 2, ... These probabilities satisfy the following global balance
equations (Total rate of transitions out of state n equals total rate of transitions
into state n).

Ao Po = th P

(A + ) Pn=An—t Pnot+ sy Prer,n 21

By solving these systems of differential difference equations recursively, we get

y)

Py =~ po
M
YY)
p, = e Po
H Uy
Ao Ayeeid_
P, =__0_‘__1p
My Hye [y

Steady state exists for the Birth-and-Death process if and only if the solution p,

can be made to satisfy z p, =1

n=0
ikt |
My HyiHo
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A . A
Hence, p,= 1+_0_+’1011 +’101112 4

-1
} , which 1is the steady state
Hy o BBy By

probability of an empty system.

Concept of Effective Arrival/Service Rate

When we consider Markovian state-dependent queueing models or
adaptive models it may be desirable to look into the queueing characteristics in
terms of the so called effective arrival rate and service rate.

Effective arrival rate, /1*, is defined as the mean number of arrivals per unit

time who enters and remains in the system or mean number of arrivals who

actually enters in a queueing system and is defined by 1" = Zln D,
n=0

Effective service rate, 4 is defined on similar lines and is given by
wad-p)=> u,p,
I

(The factor 1 — p, appears because a service can be completed only when the
system is non empty) where p, is the steady-state probability that there are n

customers in the system.

For the standard M/M/1 model, effective service rate, 4 is given by

W a=p) =Y papr =X 4 p,=ul-p,)
1 1
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The global balance equation A, p, = 41 pns1 for M/M/1 queue model
implies that Z Ay D, :z Uoit Prst = Z U, p,,» which may be deduced directly
=0 n=0 n=}

from the fact that the long run average arrival rate must equal the long run average
service rate. Hence by definition it follows that A" = /1* (1 - p,). Hence from the

knowledge of effective arrival rate /1*, effective service rate can be obtained as

,U*= l*/( 1 'p(1)~

Modified Bessel Function, Im(x):
The modified Bessel function I, (x) are solutions of Bessel's modified

equation, x*y” + xy’ — (* + m*) y=0,m >0, x> 0.

The series representation for the modified Bessel function of the first kind

of order m is

( )2k+m
[, (x)=i"J,(x)= kio k_'(zz—)' ,m=0,1, 2, ... whose values are available in
= K+m)!

tables, see for example Friedrich Losch (1960).

Whenm=n,n=0,1, 2, ... we have that
I_n(x)=1y (%)
That is, the modified Bessel function with negative integer are the same as
those with positive integer index. The modified Bessel functions are commonly

associated with probability density functions in probability theory.
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Many of the identities associated with modified Bessel function of the first

kind are similar to those of the standard Bessel functions, some of which are

displayed below:
1. LO®=1:;1,0)=0,m>0
2. = X [ (x).cosnf
1 T xcosf
3. I (x)=— £ e*? cosn8df ,n=0,1,2, ..
T
2m
4. Ipq () = Iy (X) = - I (x).
2 *
5. I (x)=—— m=#-1,-2,-3, ..x>0
I'(1+m)
2 2
6. I,,,(x)=_|—sinhx ;[I_,(x)=_|— coshx
TX TXx
7. I,(x)= , X = oo, which is independent of m.

e
,/27rx

Modified Bessel function, I,(x) is completely a real function, identical

with J,(x) (Bessel function of the first kind of order n), except its terms, instead of

alternating in sign, are all positive. This new function, which is related to J,(x) in

the same way that Coshx and sinhx are related to cos x and sin x, is denoted by

L(x).
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Probability Generating Function (PGF)
It is defined as a function G(f) of the form G(l)zz pkt". The
k=0

coefficients p; are the probabilities of some random variable N taking the value i.

One can determine the mean and variance of N using PGF as G’(1) = E(N) and

Var(N)=G ")+ G’'() =[G’ ()]>.

We use the Birth - death methodology to analyse the various transient and
steady state Markovian state-dependent queueing models. We obtain the partial

differential equation (PDE) satisfied by the probability generating function (PGF),
Gz t= % p,(t)z", where p, (f) is the probability that there are n customers in

the system at time t. Now from G(z, ), p.(f) can be derived using the formula,

n

Py =— G(z,t)}

ntoz"

z=0

The PDE satisfied by G(z, t) is of the form

P aiG(z,t)ﬂ-Q ai G(z,t) =R where P, Q and R are functions of G, z and ¢,
t Z

called Lagranges first order linear PDE. For obtaining the general solution of, we

dz _dG
Q R

. dt
form the related equations, 3

Ifu=u(z G)=C;,aconstantand V=V (1, 2, G ) = C,, a constant are

two particular integrals of these related equations, then the general solutions is
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given by u = f (v) where f (.) is an arbitrary function, from which we can write

down the PGF, G (z, 1).

We can make use of G (z, £) to derive p,(f) and its moments.

m

0z"

1
() =— =Gzl
n:

pn(?) is also the Coefficient of z” in the series expansion of G (z, ?).
We may use G (z, t) to find the mean and variance of N (¢).

System size at time ¢ = E {N(?)}

=§Gmmﬁ@0®
Z

Var{N()} = G"()+ G’ (1) =[G’ (D]

Little's Formula

This formula gives a very important relation between Ls, the mean number
of customers in the system, Ws, the mean sojourn time and A, the average number
of customers entering the system per unit time. It states that Ly = A Ws. Here it is
assumed that the capacity of the system is sufficient to deal with the customers

(i.e., the number of customers does not grow to oo)

1.6 WAITING TIME DISTRIBUTION
Often we are interested in the amount of time that a typical customer
spends in a queueing system. We define Wy as the expected time a customer

spends in the queueing system, including time in queue plus time in service, and
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W, as the expected time a customer spend waiting in queue. Both Ws and W, are
computed under the assumption that steady state has been reached. By using the
powerful result/formula known as Little's formula, L = AW, W and W, may easily
computed from Lg and L, (4 = average number of customer arriving in the
queueing system; Ls = average number of customers present in the system and
L, = average number of customers waiting in the queue for service). These
waiting time is applicable for all queue disciplines. It is to be noted that the
probability distribution of waiting times, Ws(#) and W,(#) are not needed to obtain
Ws and W, respectively. Questions concerning probabilities of waits greater than
or less than specified seconds or minutes can be answered using the pdf of waiting
time. It is to be noted that the pdf of waiting time depends on the queue
discipline. Customers queueing time or waiting time are of direct interest when
there is an economic loss if a customer is kept queueing. If the loss per unit delay
is constant, only the mean queueing time, W, or waiting time, Ws need be
considered. Instances where the distribution and not just the mean waiting time
are of interest arise when a customer may leave the system if delayed time, or

when there is a penalty if a customer is delayed longer than some critical time.

For example, if the customers are items of material that have passed
through one stage of processing and are waiting for a second stage, it may happen
that small delays are of no consequence, but long delays will spoil the final
product. In such a situation we shall be interested in the distribution of queueing

time. On the other hand suppose one is interested to know the proportion of time
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the customer has spend in the system, then for computing this probability he/she

needs the pdf of the waiting time in the system.

The objective of any queueing model is to determine how to provide
service to customers so as to minimize the total cost of service and waiting time of
customers by manipulating certain factors such as the number of servers, the rate

of service, and order of service.

There are many situations in which customers are not served on a FCFS
basis. We consider the service in Random order (SIRO) and LCFS queue
discipline. Let Wgcrs, Wsiro and Wy crs be the random variables representing a
customers waiting time in queueing systems under the disciplines FCFS, SIRO,

and E (Wecgs) = E (Wsro) = E (Wicrs). It can also be shown that:
Var(Wecrs) < Var(Wsiro) < Var(Wicrs)

Since a large variance is usually associated with a random variable that has a
relatively large chance of assuming extreme values, the above relation indicate
that relatively large waiting times are most likely to occur with an LCFS
discipline and least likely to occur with an FCFS discipline. This is reasonable,
because in an LCEFS system a customer can get lucky and immediately enter
service but can also be bumped to the end of a long queue. In FCFS, however, the
customer cannot be bumped to the end of a long line, so a very long wait is
relatively unlikely. It is more likely for the customer to experience both short and
long waiting times under SIRO discipline than under FCFS, a result which can be

backed by intuition, see for example, L. Flatto (1997).
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Components of a Waiting Time Study

The events defining waiting period and the design to register them are the
two most important components of a waiting time study. The study design can be
classified as either prospective or retrospective to refer to the approach of subject
identification. For example, in health care problems, while retrospective design is
used to study how long the patients who received treatment were required to wait
from treatment design, prospective studies examine how long the patients

accepted for treatment had to wait for it,

Methods to Characterize Waiting Time Variations

We will examine how the statistical variation of waiting times can be
characterized. The variation of waiting times is fully described by the cumulative
distribution function, F(f), which is the probability that the waiting time T is less
than some stated value ¢, F(¢) = P(T < t). For example, in health services research,
where interest usually lies in describing how quickly patients receive service, we
will call it the access function. Simply stated, the access function shows the
probability of access by time in a queue. Thus higher rates of one access function
relative to another mean quicker access. Largely employed in time-to-event
analysis, the survival function shows chances of staying in a queue beyond a
certain time. It is the complement of he access function S(f) = 1 — F(z). As time
to admission is the number of service planning cycles, we assume that waiting
time is a discrete random variable that can take on positive integer values j = 1, 2,

... with probabilities p;, and X p; = 1. The access function for a waiting time i/ is
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then defined as follows: F; = X p,. If there is a limit M for waiting time values,
Jsi
and all probabilities p; are equal, then the access function follows the discrete

uniform distribution F, = Xif ,where I=1,2, ... M.

The access function provides a useful descriptive measure of the overall
pattern of waiting times. First, it may be used to export access probabilities at
some meaningful moments of time on the waiting list, such as maximum time that
patient can be safely waiting for surgery. Second, it may be used to estimate
quantiles of the waiting times distribution (i.e., the moments of time when access
reaches certain rates). The access function quantiles in one group of patients then

could be compared with the quantiles in another groups.

Significance of Waiting Time in the Queue

In the design of queueing systems, it may be more important to focus on
waiting time in the queue than on the total time in the system. If this is the case, it
may be proved that the optimal number of servers (when the service rate is also a
variable) is markedly different from well-known results for minimizing the total

system time, one may refer Xiuli, Chaao and Carlten Scott (2000).

In a wide variety of manufacturing and service applications the waiting
time in the queue is more significant than total time in the system (sojourn time).
This is the case, for instance, in semiconductor fabrication and in the steel

industry, where longer waiting time (for wafers) means more contamination and
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hence low yield. Examples in the service sector include amusement parks, where
customers generally prefer a shorter wait and longer service; and good class
restaurants, where customers prefer to be seated as soon as possible rather than to
queue at the door, but many prefer a more leisurely service rate once seated. This
is consistent with Maister (1985), who states that "pre-process waiting feels longer
than in-process waiting", as a principle of queueing. In all these situations,
customer satisfaction can be enhanced by having more (even though slower)

servers rather than fewer (but faster) servers.

1.7 REVIEW OF STATE-DEPENDENT MARKOVIAN QUEUEING

MODELS

In the study of queueing systems, the arrival rate A, and service rate y, are
generally assumed to be constant regardless of how many customers are already in
the system. Unfortunately, this is not the case in many practical queueing
systems. When there is a large back-log of work (i.e., a long queue), it is quite
likely that a server will tend to work faster than when the back-log is small or
non-existent. That is, the service rate y, depends on n, the number of customers
already in the system. Similarly situations may occur where customers reluctant
to join the queue because of long waiting by seeing a large number of customers
in the system (i.e., here the arrival rate 4, depends on n, the number of customers
already in the system). These kind of queueing systems where the arrival rate
and/or service rate depends on the number of customers already in the system are
called state-dependent or adaptive queueing systems. The state dependent

queueing Models are of interest for customers/servers interaction. Their analysis,
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in particular, the specification of measures of effectiveness belong to the realm of

applied probability.

Our study of state dependent queueing models is motivated by queueing
scenarios where the arrival rate and/or the speed of the server depends on the
amount of work present like production systems and internet. Queueing systems
were the service speed is work load dependent are well-known, specifically in the
studies of dams and storage processes, see for example Brockwell et. al. (1982);
Bertrand, J.W.M., Van Ooijen, H.P.G. (2002); Harrison, J.M., Resnick, S.L.

(1976) and Kaspi et. al. (1996).

In production system the speed of the server often depends on the amount
of work. This is particularly true if the server is not being represented by a
machine, but rather by a human-being, see for example Bertrand, JJW.M., and
Van Ooijen, H.P.G., (2002), where the speed of the server is relatively high or low
when there is much work or little work. In addition to general service fields, the
rate at which jobs arrive at the system may also depend on the amount of work
present. In the human-server production systems we may try to control the arrival
rate of jobs to optimize server performance. In packet switched connection
systems, the transmission rate of data connections may dynamically adapted based
on buffer content, see for example Mitra, D. and Elwalid, A.L. (1994). These
examples illustrate the state-dependent queue systems which will be the main

concern in this thesis work. The simplest generalization giving a state-dependent
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system is the M/M/1 in which the parameters A and pu assumed to be state-

dependent.

The central model is the generalization of M/M/N system in which the
mean arrival rate A, and the mean service rate i, are both functions of n, the
number of customers are already present in the system. In many real situations A,
and 4, changes whenever n changes, both demand and service correspond to the
system state. We are interested in models restricted to those favouring statistical
equilibrium. There is a large literature concerned with different methods for the
reduction of congestion at high traffic intensity. For example, consider customers
turned away (lost) when the system state reaches a certain level or customers
leaving the system before being served due to long waiting line. The second one
is called "balking” and is well described in Haight (1957, 1959) and also in

Ancker and Gafarin (1963).

State-dependent/adaptive queueing models have been discussed (at least)
in the literature since Cox and Smith (1961). In the more general context of birth
and death processes they have been reviewed and analysed, for example, by
Keilson (1964, 1965); Hadidi and Conolly B.W. (1969 a, b); Hadidi (1969, 1972,
1973); Natvig, B. (1973); Conolly (1974) and many other researchers. Models of
this kind are special interest in Operations Research because they can be
interpreted as representing queueing systems in which the parameters of demand
(arrival) and service (departure) are dependent on the actual number of customers

already in the system at a given moment.
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The state-dependent Queueing Models in the more general context of birth
and death processes have been discussed far and widely in the literature by
Conolly (1975); Conolly B.W., (1974, 1975); Hadidi and Conolly B.W. (1964);
Parthasarathy, P.R., and Selvaraju, N., (2001) and many other researchers. In
"Lecture notes on queueing systems", Conolly (1975) studied three sate-

dependent Queueing Models, viz. Model A, Model B and Model C respectively.

Model A, which is a single server system with linearly state-dependent
service is characterized by 4, = A4, n20; i, =nu, n =1 where 4, is the arrival
rate and f, is service rate when there are n customers in the system and 4 > 0,

4> 0. In recent years there have been a considerable interest in computing state
probabilities of various queueing Models which is used in performance analysis of
computer/communication system. Since performance measures are functions of
state probabilities their exact evaluation is important. Also many times a system
designer is interested in probability distribution of number of customers in the
system at arbitrary, departure and pre-arrival epochs which provide more
information than few moments. For Model A, Conolly obtained p,(f), which is
the probability distribution of the queue length at time z. From p,(f), he obtained
the study state probability distribution p, and using Little's formula, he also

obtained the expected waiting time of an arbitrary arrival in the steady-state.
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Model B is characterized by 4, = A . nz20; W, =Mun2=1 where

n+
A >0, u>0. This is a state-dependent queue Model where potential customers
are discouraged by queue length. For this model he obtained p, using the birth-
death methodology and using the result, the pdf of the waiting time distribution.
He also obtained mean and variance of waiting time distribution under FCFS

queue discipline.

Model C, which is a combination of Model A and Model B is

characterized by 4, = il,nZO; Un=nu n>1 where >0, u>0.
n+

He obtained the steady-state probability that there are n customers in the

system as

pn
nl nl,(2p)

where [,,(x) is the Modified Bessel function of the first kind of order m defined by

( ]2k+m
=Y m=0,1,3..

Kk +m)
The expected system Lg and other performance measures are obtained in this
study. He also evaluated numerically the various steady-state performance

measures of these Models.
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1.8 MAIN CONTRIBUTIONS OF THE THESIS

The present study is concerned with some state-dependent Markovian
queueing models. The thesis consists of seven chapters starting with an
introduction which brings together the relevant materials on state-dependent
Markovian queueing models. Through the remaining six chapters various models

are investigated to gain information on their performance measures.

Our study of state-dependent queueing models is motivated by queueing
scenarios where the arrival rate and/or server speeds depends on the amount of
work present, like production systems and internet. The study is mainly
concentrated on state-dependent queueing models and their performance

evaluations.

We study different linear and non-linear state-dependent Markovian
queueing models and their modified forms. We obtain transient/steady-state
probability distribution of queue length using probability generating function
(PGF)/birth-death methodology. Using the probability distribution of queue
length we obtained the pdf of waiting time and expected waiting time in the
steady-state. We also obtain expected waiting time using Little's formula. Some
statistics of the waiting time are also investigated. We obtain various other
performance measures in the steady-state. Numerical evaluation of the various
performance measures of the state-dependent Markovian queueing models are
performed and compared numerically thereby suggesting the relative supremacy

of the models. We also compare numerically these performance measures with
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that of the standard M/M/1 model. Numerical comparison of some statistics of
waiting time distribution has also investigated and thus determine the model
having less waiting time. Finally, numerical comparison between state dependent
queueing models is done in terms of (i) mean busy period, (ii) mean inter arrival
time, (iii) measures of queue density, and (iv) mean service rate and system state.
We also discuss general linear and non linear state dependent queueing models.
Analyzing these state dependent queueing models, we establish that there are
linear and non linear state dependent queueing models having the same
probability distribution of queue length and thus having the same queueing
characteristics. The number of customers served during the waiting time of an

arbitrary arrival in these models can be different.

In section 1.1 of Chapter 1, we introduce queueing systems with the basic
elements of the system. We describe briefly the problem arising in queueing
theory which are classified into three viz., (i) Behavioural problems of the system,
(ii) Statistical problems of the system and (iii) Optimization problems of the
system. Aims in studying a queueing system are presented in 1.3. The queueing
parameters needed for an understanding and efficient management of a system are
mentioned in section 1.4. Some preliminaries needed for the study is described in
section 1.5. In section 1.6, various aspects of waiting time distribution are briefly
discussed. The significance of waiting time in queue are also highlighted. A
review of state-dependent Markovian queueing models are elaborated with a

literature survey in section 1.7. The concept of effective arrival/service rate is
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also discussed. Finally the main contribution of the thesis are elaborated in

section 1.8.

Chapter 2, deals with some general state-dependent queueing Models.
Specifically we study four state-dependent Markovian queueing Models, viz.

Model I characterized by the arrival rate 4, =4, n 2 0; service rate 4, = nil, n > 1;

Model II characterized by A, = , n 20, 4, = 4, n 2 1; Model 1II

n+1

. A
characterized by 4, = vk n20; 4, = nu, n 2 1; and Model IV characterized
. n

by ln=(m+ 1) A4 n20; 4, = nu, n 2 1; corresponding to different types of
arrival/service rates where 4 > 0, u > 0. We obtain transient/steady-state
probability distribution of queue length for these models using the probability
generating function/birth-death methodology. Using p.(t)/p., we obtain various
performance measures of the models. We also obtain the pdf of the waiting time
distribution and expected waiting time in the steady state. We evaluate
numerically the various steady-state performance measures of the models and
compare numerically thereby suggesting the relative supremacy of the models.
We also compare numerically these performance measures with that of non-
adaptive M/M/1 model. By means of this comparison, it is proved that the
transient probability of queue length of the state-dependent queueing model
characterized by the arrival rate 4, = (n + 1A, n 2 0; service rate
Uy =nu n=1, where A>0, x>0 and M/M/1 model are vastly different even

though the steady-state probabilities are same.
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In Chapter 3, performance measures of state-dependent queueing models
are discussed. We obtain the queue characteristics of various state-dependent
queueing models. We evaluate numerically the performance measures of these
models and compare them. We also compare these performance measures with
that of the standard M/M/1 model. Finally a brief summary of results and

concluding remarks are presented in section 3.5.

In Chapter 4, we introduce Modified state-dependent Markovian queueing
models. We discuss several Modified versions of the Models considered in
Chapter 2 and obtain the transient/steady state probability distribution of queue
length using probability generating function/birth-death Methodology. Using this
probability distribution, we obtain various performance measures. We also obtain
waiting time distribution and expected waiting time in the system. For the
model AVI, where 4, =4, n2>0; 4, = (n + 2)u, n 2 1 (4,4 > 0), the number of
customers served during the waiting time of an arbitrary arrival is equal to the
number of customers in the system when A = 4. It may be proved that the steady-
state probability distribution of the number of customers for the linearly state-

dependent Markovian queueing models characterized by the arrival rate
A= (n + k)A, n 2 0; service rate 4, = (n +r)i, n = 1 where k and r are non-

negative integers satisfying k > 1 and r > 0 follows Geometric law given by:
pn=(1-ppg,n=0and p 2 for pairs of {(k,r)}={(1,0),(2,1),(3,2),..},
U

which is the same as that of the standard M/M/1 model. It is verified that when p

increases, 4Ws, the number of customers served during the waiting time of an

37



arbitrary arrival, decreases. Finally, a brief summary of results and concluding

remarks are presented in section 4.9.

In Chapter 5, we introduce some non-linear state-dependent Markovian
queueing models. We obtain the probability distribution of queue length and the
various performance measures for these models. We obtain the pdf of waiting
time distribution for the queueing models with state-dependent arrival rates and
constant service rate. We also obtain the expected waiting time and the number of
customers served during the waiting time of an arbitrary arrival. We also evaluate
numerically the performance measures of these models and make a comparison
between them. It is proved that the steady-state probability distribution of queue
length of the non-linear state-dependent queueing models characterized by the

arrival rate A, = (n + 1), n 2 0 ; service rate 4, = n" i, n > 1 where m > 2 follows

Geometric law given by p, = (1 - p)g',n=>0and p= i < 1 which is the same as
U

that of the non-adaptive M/M/1 model. It is verified that there are linear and non-

linear state-dependent queueing Models having the same steady-state probability

A .
distribution of queue length given by p, = (1 - p)p’,n=0and p=—<1. With
U

reference to the performance measure p,, the state probability of an empty system,

) A
one can do better than the model characterized by 4, = e n2>0; w,=2nu,

1 . .
n > 1. An example is provided by p, =———, which can be achieved by the
I,(/p)

state-dependent model characterized by the arrival rate 4, = ,n20; =

2n+2
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2np, n > 1, where I,(y/p) is the modified Bessel function of the first kind of

order zero.

In Chapter 6, we discuss the pdf of waiting time distribution of queueing
models with the state-dependent arrival rate and constant service rate. We also
compute numerically some statistics of the waiting time distribution and make a
comparison and thus decide the state-dependent queueing model having less
waiting time. We also compare these measures with that of the standard M/M/1
model and verified that the expected waiting time and coefficient of variation of
waiting time of the two models considered in this chapter is less than that of the
standard M/M/1 model. Finally a brief summary of results and concluding

remarks are given in section 6.8.

Finally in Chapter 7, a comparison between state-dependent queueing

models is made in terms of (i) —, a measure of queue density, (ii) AB (which

| b

measure the number of arrivals during the busy period), AW, AS and (iii) Mean
system size, where B = Mean busy period, T = Mean inter arrival time and

S = Mean service time. We also discuss general linear and non-linear state-
dependent queueing models. Analyzing these state-dependent queueing models,
we show that there are linear and non-linear state-dependent queueing models
having the same probability distribution of queue length and thus having the same
queueing characteristics. The number of customers served during the waiting

time of an arbitrary arrival in the system for these models can be different.
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Chapter 2

GENERAL STATE-DEPENDENT
MARKOVIAN QUEUEING MODELS

2.1 INTRODUCTION

In this Chapter, we shall study various partial/complete state-dependent
Markovian queueing models. In analyzing these models, one would like to
compute certain performance measures, such as the steady state queue length
distribution {p,}, transient queue length distribution {p,(f)}, average number of
customers in the queue or in the system, expected waiting time of an arrival,
sojourn time distribution, time for the queue to reach some specified number, etc.
For a specified model, these quantities may all be characterized as solutions to
certain equations. Thus, computing the performance measures amounts to solving
these equations (Differential-difference equations) together with appropriate
initial conditions. Such measures of performance measures for the purpose of

making recommendations about the design of the system.
We shall consider the following particular state dependent Markovian

queueing models and obtain transient and/or steady state results and make a

numerical comparison of performance measure of these models with the results of
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non-adaptive standard queueing model, M/M/1. The method of probability

generating function (PGF) is used in the analysis.

Model I : A, =An20,u, =npun>1
A
Model I1 : Ay =——,n20u, =y, n>1
n+l1
Model 111 : A, = n20u, =nu,n21
n+1
Model IV D A, =m+DAn20u, =nu, n21

where 4, is the arrival rate and g, is the service rate when there are n customers

already in the system (4> 0, u>0).

2.2 MODELI1I

Consider a single server partially state dependent Markovian queueing
model where the rate of arrivals, 4,, does not depend on the number of customers,
n, already present in the system but the service rate, i, does depends on the
number, n, present in the system. For this model, a long queue causes the server
to serve more quickly in order to avoid congestion and obviously no queue forms
in this case, since an arrival immediately enters service. This model seems

realistic in system where the server reacts to the number of customers waiting.

Let N(¢) denote the number of customers present in the system at time .
We shall find p;,(7) or p.(t) = P {N(f) = n/N(0) = i} which is the probability that
N(¢t) takes on the value n =0, 1, 2, 3 ... at time ¢ given that initially there are i

customers in the system, in a general Birth-and-death single server queueing
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process with parameters A, and 4, defined above and obtain the queue

characteristics as under:

The Differential - difference equations for p,(f) are:

po()=—4p,(t)+ pu p, (1) 2.2.1)
iy =—(A+nwyp,O)+Ap,_ O+n+Dup,, () (2.2.2)

Let,
G(z,0)= i p, 7" (2.2.3)

be the probability generating function (PGF) of p,()

260 =Lp,0ne" &2 6N =E 507

%G (z,0) = po () = ? p,(Hz" (2.2.4)

%G (2.0)~[A p,(0)+ 1 p, (1) = —,15]5 P 2" —yf;n p.(6) 2"+ 1}"1: () + y}'li(n +Dp. (1) 2"
(using (2.2.1) and (2.2.2) suitably in (2.2.4))

ie., —EiG(z,t)wL,u(z—l)iG(z,t) =AMz-1DG(z,1) (2.2.5)
ot 0z

(2.2.5) is the partial differential equation (PDE) satisfied by G(z, #) which is to be
solved using the initial condition G(z, 0) = Z' (initially there are i customers in the
system).

For (2.2.5), the related equations are

dt dz dG

I a(z-1) Az-DG
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dt dz dz

—= ives — = ~1) which viel — (1= Yot —
1 ,U(Z-l)g 17 p(z-1) which yields u(t,z,G)=(1-2)e C, (a
constant).
dz dG . dG 1 -
= ives — =— G which yields U (t,z,G)=Ge * =C, (a
4Gz-D) Az-DG 2 dz y (t.2,6) , (
constant).

Thus the general solution of (2.2.5) is given by U = g(u)

A

ie., Gz, =e" g{(l -2)e " } (2.2.6)

where g(.) is an arbitrary function.
G(z0)=e* g{l-2)}

, A
ie., ' =e’" g(l-2z),where p=—.
U

Withl-z=y,z=1-y

g(y)=e? " 1=y

Hence from (2.2.6),
G(z,t)=e” e [1-(1-2)e™]

ie. G n= e _(1-z) ™Y (2.2.7)
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Now we shall use (2.2.7) to obtain p,(t), E{N(#)] and Var{N()}

n

PO =~ 2" Gl

n! 0z"

r[1 —-(1- Z)e—/lf ]i e P U-aU-e M p" =My

+ I’LC] (l [1 _ (1 - Z)e-#t ]i—l et e—/)(l—z)(l—e‘ul) pn—l (1 —e )n—l )

n +ncz(i(i—1>[1—(1—z> et [P e gt 06 puo (g pout g2 )+...f

+GC)nle™ [I-(1-g)e™ ] ert-00-c J

(using Leibnitz's result for the n™ derivative of a product)

p" (l—e"”)" e P (1—ey’
i.e. — 1 [ —ue ¥V cur —pl—e™y  _n-l —ur n—l]
. p"(t)-; +nlill-e Y et e p A=) [+

o HiC, nle (1—e) ™ e -

Then for steady state solution

-p .n

€ P u>0 2.2.8)

p, =lim p, (t)=
[—oo
which shows that after a long time the number in the system has a Poisson

o : A
distribution with parameter p =—

Now E{N(t)} = Average number of customers in the system at time ¢.

=ai-G(Z,t)z=1 (=G’ (1)
Z

=p(l—e_’”)+ie‘”'

(2.2.9)
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Var [N0)]=G6" 1)+ 6 (1) -[6¢" O]

=2ipe™ (1 —e )— ie ™

+ie ™ +p(l—e_‘”) (22.10)

When t — o« E{N()] — EN) = Lg (system size at any time) and

Var{N(t) - Var (N)} = p

From the knowledge of Ls and A one can obtain the expected waiting time in the

system, Ws, of an arrival in the steady state as

L
W, == (Little's formula)
A
1. .
=£:—, independent of arrival rate 4. Hence for all p, the number of
A H

customers served during the waiting time of an arbitrary arrival, is given by

LWs =1 . @211

We shall also obtain p,, using the Birth-death methodology as under:

Jo dyoh P!
n= Py T T—— <
Hisbyetty (2. (i)
i A
= ' Po>» P=—
n! u
using p, =1 gives p,=e™”
b o
Hence D, = "0 ,n=20 2.2.12)
n:

which agrees with the result obtained in (2.2.8).

45



One can also obtain Lg and Var(N) using p, as under:

e’p"

System size at any time, Ly = E(N)=Zn ;
nt

=p

E(N)=Zn’p =X e’p”_
=2n"p, =X[n(n-1)+n] pi+p

n!_

Hence,
Var(N)=EWN*)-[EIN)' =p* +p-p*>=p
Ls and Var(N) agrees with the result obtained in (2.2.9) and (2.2.10) respectively
while 1 — oo.
A" = Mean number of customers who actually enters in the system (effective

arrival rate).

Y
=%i p =245 n{’

=1 (2.2.13)

which is obviously true.

Effective service rate 4 is given by

pd=py)=> p,p, =4

n=|

Hence,

- - (2.2.14)
T, T 1=

Effective traffic intensity,

p =—=1-e"=1-p, (2.2.15)
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which is the number of customers at the server. It is also the fraction of time the

server is working which increases with increasing value of p.

2.3 MODEL II

This is a single service partially dependent Markovian queueing model
where customers will be discouraged from joining the queue if on arrival they find
a large number of customers in the system already. Arrivals are geared (or could

be controlled) in accordance with availability of service.

The discouraged arrivals queue has been studied in the past by Cox and
Smith (1961), B.W. Conolly (1974), Natvig. B (1975) and E.A. Van Doorn
(1981). It is a model where demand is regulated by what a new customer sees
waiting when he arrives: It expresses the deterrent effect of a long queue and has

so been denominated by Cox and Smith.

The discouraged arrivals single service queueing model is useful to model
a computing facility that is solely dedicated to batches - jobs processing. Job
submissions are discouraged when the facility is heavily used and can be modeled
as a Poisson process with the state dependent arrival rate. The time taken to
process each job is exponentially distributed with a constant service rate

regardless of the number of jobs in the system.

A
Model 11 is characterized by 4, =—ﬁ, n>0;, u, =u,n21(u>0)
n
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N(z) denotes the number of customers in the system at time #. We shall find
Pn(t) = pon(t) = P{N(t) = n / N(0) = 0} which is the probability N(¢) takes on the

value n=0,1,2,3 ... and obtain the queue characteristics as under:

The differential - difference equations for p,(¢) are:

P,,,(t)=-lp,) (O+up, (0 (2.3.1)
4 l A,
p, (&) =—(—+,uj p,O+Z p.. ), n21 (2.3.2)
n+l n

It is difficult to solve these system of equations to obtain p,(z), we shall find p,,

which is the steady state probability of n customers in the system.

By using the Birth-Death methodology we have,

RNy

Ao odyy _ 127n

= Py = p
Bttty uQu) ()

n

n

A
' Por P=—
n! U

Zp.=1givesp,=e ”

Hence

P u>0 (2.3.3)

which is a Poisson distribution with parameter p.

Note that Models I and II have the same steady state distribution,

- N n
e/

D, = P ,nz20
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Average number of customers in the system in the steady state,

Ls=Xnp, =p (2.3.4)

and Var(N) = p

A" = Average number of customers who actually enters in the system (Effective

arrival rate)

- n
=X4i p, :Z%I- ¢ n'p =ue™” (e”—l):,u(l—e"")

Effective service time, ,u*

#A-p)=2Zp, p,=ul-p,)

Hence u" = u, which is obviously true.

Effective traffic intensity,

p =—=1-e’=1-p, (2.3.5)

which is the average number of customers at the server. It is also the proportion of

the time the server is working which is exactly as for Model L.

Expected waiting time of an arrival in the steady state is given by

W, = (using Little's formula)

ST ul-e)
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uw, =—2 (2.3.6)

which is the number of customers served during the waiting time of an arbitrary
arrival. We prove below that (2.3.6) is a number greater than 1 and increases

with increasing values of p.

Proof: uW, =1 p

p . P :
= 1+~ +— (approximatel
"RET) (app ely)

Clearly this value is always greater than 1 and increases with the increasing values

of p. This result can also be verified by means of numerical evaluation.

Now we shall derive the pdf of the waiting time distribution of this model

Waiting Time Distribution

It is to be noted that the probability distribution of waiting time, T is not
needed to find Ws. Questions concerning probabilities of waits greater than or
less than specified minutes can be answered using the pdf of waiting time.
Naturally this probability distribution will change with queue - discipline and is
important from the customers point of view. Assume that customers are served in
the order of arrival (ie; assume FCFS queue discipline). The duration of services

are independent and identically distributed (i.i.d) random variables, independent
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of the arrival process. The service time distribution is exponential with parameter
M If we write f,(t) for the pdf of a wait, duration ¢, including service for the n"

arrival and suppose that f,(f)— f(f) as t— oo then,

o0 l —ut tn
fy= %, Ll £ WD

, sothat |f(r)dt=1
A n! 5[

e )e” 3 (A"
l—e™ =0 nl(n+1)!

=g_’" 1o~ i E (ﬁ;)ZnH

I—e™ \[E n=0 pl(n+1)!

e ‘/E nm 2.3.7)

e’ -1Vt

2k+m
. 3}
where I, (x)= X ———

is the modified Bessel function of the first kind of
k=0 kl(k +m)!

orderin m=0,1, 2, ....

We shall obtain the expected waiting time, W, of an arrival using (2.3.7).

W, = (f) t f(t)dt (= E(T)), T denotes waiting time

\Ell (2t )dt
=ﬁ Dj‘e‘"’ Jir {\/ﬂ+ (‘/E)J + (‘/ﬂ)s +..}dr

112! 213!

“te

e’ —

ut
1

(Using the series expansion of I, (2\/5 )

oyt 2 3
= ! [ e [lt+@)—+ﬂ+...]dt
p 0 112! 2131

e’ -1
2 f 3 !
S PY (0 S ) PRSI P
e’ —1 U 21 \u 12 \u
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1 A p

—~ ¢f=—— (2.3.8)
n_ 2 -
er-1u ,u(l—;j

which agrees with the result obtained in (2.3.6) by Little's formula.

Now, E(TZ):I 2 f@) dt

-] ‘i =16y
{pe"+2pe}

ﬂ(e

Hence variance of waiting time distribution is given by,

Var(T)= E(T*) - [EMY
_pe’ e’ —p-2)

w (e -1f
Hence P P _ o (2.3.9)
S.D of T= Vpe (2‘; p=2)
p(e”~1)

Effective service rate (weighted average service rate) 4 is given by
# (=p,)=Zu,p,
=pd-p,)

Hence u* = u, which is obviously true (2.3.10)

*

. . . . A - D
Effective traffic intensity, p- =—=1-¢™” =1— p,, which is the mean number

of customers at the server. It is also the fraction of time the server is working

which increases with increasing value of p as in Model L
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2.4 MODEL III
This model embodies both mechanisms of Models I and II, considered in

sections (2.2) & (2.3). Thus the model is characterized by

A =

n

n20u, =nu,n21A,u>0)
n+l

See Conolly, B.W., (1974), Brian Conolly (1975) and Van Doorn (1981).

Using the Birth - Death methodology, we shall find p,, which is the steady
state probability that there are n customers in the system and obtain the queue

characteristics as under:

_ Dy

n 0

Hislao ity
A A A

T T wes T i
- 12 n P,,=p pp=
U 2u..nu n! 7

1
Now ZXp,=lgives p, =————
I,(2\p)
Hence,
pn
p,=————=,n=20 (2.4.1)
nint 1, (2/p)

1
Probability of an empty system/server is idle is givenby p, =———
I1,2p)

Average number of customers in the system in the steady state, Ly = X np,

(system size at any time) is
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n

L=—P_5_°
Y L@2p) P (=D in!

5 W)™

__ P
I,(2{/p) ™ m!(m+1)!

i L)
Ll

(2.4.2)

n

p

1
Now, E(N?) = z
o o I.2Jp) " (n=Di(n-1)!

m+l

__ 1 5
I,(2[p) ™ m!m!

NN

1.@2Jp) = mim!

=?(§W) 1,2de)=r

Hence,

1,{2p

which is the variance of the number of customers in the system in the steady state.

Var(N) = EIN®) - [EIN))* = p {1—[1' (2‘/;) ] } (2.4.3)

Using Lg = A Ws, the expected waiting time of an arrival in the steady state is

given by,

h
“

W, = (2.4.4)

A" = Mean number of customers who actually enters in the system
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=%in P,
= A
=5 n+l 'n' "(2‘/—)

1 1 E (\/;)Znﬂ
(2@) Jp =0 nt(n+D)!

_ 4 10Jp)
¥ 1,02Jo)

S

Using (2.4.3) in (2.4.4),

uWs =1

(2.4.5)

(2.4.6)

which is a result shared with Model I. Hence for all p, the number of customers

served during the waiting time of an arbitrary customer equals one.

Using the expansion of I, (2 \/;) and I, (2 \/;), for "small enough" p, it

can been seen that, Lg for Model III = \/— (2\/—)

L 2Jp)

=p- EY (approximately)

For M/M/1 model,

A

L= =p(+p+p>+..)=p+p’ (approximately).

1-p
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2

Thus in the steady state, for "small enough” p, one sees that L; = p —%

as compared with p for Models I and II and p + p* for M/M/1, indicating that a
reduction of mean queue length is to be anticipated. By means of numerical
comparison of performance measure it may be verified that Model III considered
in section (2.4) is more accurate than both Models I and 1I alone.

Effective service rate, 4 is given by

W-p)=2Zu,np,

pn
n e —
”nznzl,,(zﬁ)

S

Hence,

n AN
1,(2(/p)-1

or

o _allbd)

Cl-p, 1 (24p)-1

4 (2.4.7)

Effective traffic intensity,

p = i :% =1-p, (2.4.8)

which is the mean number of customers at the server. It is also the fraction of

time the server is working.
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2.5 MODEL IV
This queueing model is characterized by 4, = (n +1) 4, n 2 0, 1, = ny,

n21 (A u>0). See Conolly, B.W., (1974) and Brian Conolly (1975).

We shall obtain, p;,(t) = p,(t) = P{N(t) = n / N(O) =i} which is the
probability that there are n customers in the system at time ¢ given there are i
customers in the system initially, in a general birth-and-death single server
queueing process with parameters. A, and x4, defined above and obtain the queue

characteristics.

The differential - difference equations of p,(#) are:

p,(8)==Ap, )+ p (1) 2.5.1)
p,(®)=—l(n+DA+nulp,t)+nip, () +(n+D)up,., (25.2)
G(z,1)=Z p, (02" be PGF of p, (1. (2.5.3)

Now % G(z,1) =i np (1) 2" & % G(z,1) =2 p. () 2" (2.5.4)

Hence

%G(z, 1) = [=Apy (1) + up, (D] = Y pr(1)2”
1
:—ii (n+l) p,)2"—uZwp,(t)z" +/lin P, Z"
1 1

+yi(n+1) Pz
1
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a oo
EG(z,t) = —AZ (n+D)p,®)z" —uzZnp, ) z""
0

+222Y np, 2" +p). (n+Dp,, (D)2
1 0

=-AzZp,()nz"™ =1 p, (7"
0

“/‘ZZ np, (t)z"" +Az° Z p,Hymz™"
1

m=l]

+/lzi pn(z" +#i p,(Onz""

m=0 |
=-Az -a—G(z,t)—l G(z,t)— uz —a—G(z,t)+/1z2 iG(z,t)
0z 0z 0z
+ 172 iG(z,t) +1z2 G(z,t)+ 1 —a—G(Z,t)
0z 0z

) 0 0
ie., E;G(z,t) +(1-2) Az—p) E—G(z,t) =A(z-1)G(z,1) (2.5.5)

Z

which is the partial differential equation satisfied by G(z, #) that is to be solved
using the condition that G(z,0) = z (There are i customers in the system at time

t=0).

The related equations for (2.5.5) are

dt dz dG

1 (-2) (Uz-p) Mz-DG

dt dz . dz
= gjves —=(1-2)(Az—p)
1 (-2)(Az—p) & dt #

1-
which yields u(t,z,G) = ——
Az—p

e =C, (aconstant).
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dz dG ) aG -G
= gives — =
(1-2) (Az—u) Mz-1G dz Az—u

(Az — )G = C; (a constant).

The general solution of (2.5.5) is given by

V=g u)

. 1 -z (A—p)t
, G(zt) = e’
© @) Az—u g{(lz—,u) }

1 1-z
G(z,0) =
@) Az—u g{/lz—,u}

Z,‘_ 1 g 1-z2 }
Az—p Az~

. -z 1+ uy
th = . = ———
e o2 [1+/1y}

Hence,

— 1 i
o) = 222 (——”‘yJ

=1+}.y 1+ Ay
1— .
We need g{(—l Z)e(""‘”}
z—p

Hence from (2.5.6),

144 1-z )e(l—ﬂ)x
6D 1 A—u Az—u
Zs =
Az u 1+AL——;—Z )e“"‘” 1+l(——;—zﬂ]e("‘””
72— U 7—

_ A—p lz—ﬂ+/,t(1—z)e(“”"j|i
T az—pHA1=2)e" || Az—p+A(1-z)e" ™
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(2.5.6)

(2.5.7)



Using (2.5.7), we may determine the mean (expected value) and variance

of the number of customers in the system at time ¢ as under:
d y
E{N®}==-G(z0].(=G'D)

. Gy _ (l-—le'”‘_“')

=ie (2.5.8)
A=p
which is the average number of customers in the system at time .
_5 A —(u=i) i
Gr(1) = 2L A AETT) iy 2
A—p
_ =(u=2)t . _ ~(u—i) )
+2(/1(lie 2 )+ i[A ;»e ]e_”‘_")'
#) —H
Hence,
Var (N(t)) =G”(1) + G'(1) - [G' (]
I TR Crd Ly N PR O . — (i
_ 3ie (A—Ae )+i(i—1)e"2(""")' + 2(A—Je :
A= (A—p)
T 9 ,—(u=An VS | R N PR 7oA
L fe ] e _ {ze lu Je )} 2.59)
—H —Hu
Using (2.5.7), we shall obtain p,(t) as under:
p, 0y =L G (2.5.10)
n! 97" 0

__1_ 0" (,{—'u) AZ—/J +#(1— Z)e—(y—}.)t
T | de—prad-e || dz— p+ A=) .
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[iz ~utpl=2)e™ T (1) nl[i-qe Ay ]
/lz —u+ /1(1 - Z) e‘(ﬂ—).)t [lZ -u+ 1(1 _ Z)e-(ﬂ-}.)r ]n+l

{_,- (iz — g+ p(l=z)e P \"

-1
—— (,{ _ #)Ze—(,ﬂ‘l'-)t

Az—p+A(1~z)e ™ “']
+nC, emptal=2)e +...

(—])"’1 (n-1) '(l — ) e Hin )"—l
('{z—,u‘f'/'((l—- Z)e-(p-/l); )n J T

_G-4 |

N i
(/12 —pu+Al=)e ™

[z = p+u( - ) e )]
L MZ —u+ 1(1 -2) e—(,u-z)f]

m (=D™ (G C,)(n!)* (L= u) ¥ ¢~

z=0

_ (;“ _ #) - 'u + #e_(/"/l)t J . [l _ Ae‘(ﬂ-}-)l ]"
= ) _ /{ ~(pu~1)t (_' I) n. ~(pu—4i)t yn+l
n! U+ e [~u+ie ]

. e[ = p+ ~(u=ay \! 3 (=Rt n-1
+nl i(A—p)’e “[ £ ”eﬂ(ﬂ_mJ ST L )
_‘u+ie [_#_'_Ae‘(l"-:t)t]n

. - (=i i~n
Y Caraeay O™ (icn)("!)2(/1—#)z"e‘(“"'”(_ﬁ‘ifw__] }

— ﬂ + Ae"(#_i)f

n! . pe—(ﬂ- ﬂ[l __pe-(y—/'.)r]nﬂ

. ~{u~A) l_e‘(ﬂ*'l)l - pﬂ
n[(:)(—l)(n—l)!(l*u)ze‘ )[1—_——”—”—} [ x)}“"'

+(C, Xnh (-)™ (A—u)z"e-"w-ur( - ] } (2.5.11)

. A- ] —e M1 ! — =Rt yn
L., Pn(t):( #){(_l)n!pn[l - /1)‘) s )

1- pe~(ﬂ—A)x
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Now p, =lim p, ()
t-d00

(ﬂ'_/u)n n A
=—*"7 (~1 | A
n' ( ) n (_ﬂ)n+1
A
=(1-p) 0", n>0 where pzz (2.5.12)

which is also steady state probability distribution of queue length for M/M/I1
model where arrival rate 4, and service rate 4, are independent of n, the number

present in the system already.

It may be proved that system size, L, :E(N):T& and
-pP

P
(1-p)°

var(N) =

From (2.5.8), as t = o, E(N(t)) > E(N) :1 1 and from (2.5.9), as t > oo,

1

Var{N(z Var{N} =
ar(N() = Var(N) = s

We may also obtain p, using the Birth-death methodology as under:

Aoy ety A2h.nk A
= 0 = =P Po» P=—
Myl H2p..np U

n

2.p, =1 givespo=(1-p)

Hence,

pa=(1-p)p",n20and 0<p<1) (2.5.13)

which agrees with the result obtained in (2.5.11) while ¢ — oo.
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A" = average number of arrivals who actually enters in the system (effective

arrival rate).

=Z&m=ZWHMWwM“T%;

Effective service rate, i’ (weighted average service time) is given by

K (= po)=D i,p, = .nu(l—p)p" = yp
1

* U
H =—7
(1-p)
or /J* — A __H
(I-py) 1-p
Effective traffic intensity,
. A
p = " = p = 1 — po,
Y7,

(2.5.14)

(2.5.15)

which is the mean number of customers at the server. It is also the fraction of

time the server is working.

Expected waiting time, Wy, of an arrival in the steady state is given by

L
w,=le ot

Aou
HWg =1

(2.5.16)

i.e., the number of customers served during the waiting time of an arbitrary

customer equals one for p < 1 and is independent of A.
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Now we evaluate numerically the queue characteristics of the above four

state-dependence Markovian queueing Models for various p = L (0O<p<1)and

the results tabulated in Tables I, II, IIl & IV. The performance measures are
compared numerically thereby suggesting the relative supremacy of the Models.
It is to be noted that the stationary distribution for the queueing Models exists

only for p whichliesin0< p< 1.

Table I Numerical Evaluation of the queue characteristics of the Model I

in (2.2) for various p = 4 where 0 < p<1

p Po Ls HWs X ) p
0.1 | 09048 0.1 1 A 1.0504 L | 0.0952
02 | 08187 0.2 1 A 1.1031 1 | 0.1813
05 | 0.6065 0.5 1 A 12706 & | 0.3935
09 | 0.4066 0.9 1 x 15167 | 0.5934
095 | 03867 | 095 1 A 15490 & | 0.6133
099 | 03716 | 099 1 A 15754 | 0.6284
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Table II Numerical Evaluation of the queue characteristics of the Model I1

in (2.3) for various p = i where0 < p<1

P Po Ls UWs x u p
0.1 0.9048 0.1 1.0504 0.0952A n 0.0952
0.2 0.8187 0.2 1.1031 0.1813A 13 0.1813
0.5 0.6065 0.5 1.2706 0.3935A u 0.3935
0.9 0.4066 0.9 1.5167 0.5934A u 0.5934

0.95 0.3867 0.95 1.5490 0.6133A v 0.6133
0.99 0.3716 0.99 1.5754 06284\ | 0.6284

Table III Numerical Evaluation of the queue characteristics of the Model 111

in (2.4) for various p = i where 0 < p<1

p Po Ls HUWs x © o
0.1 | 09076 | 0.0950 1 |09498% | 1.0278u 0.0924
02 | 0.8277 | 0.1816 1 [ 09080A | 1.0543n 0.1723
0.5 | 0.6400 | 0.4052 1 |08104A | 1.1254u 0.3600
09 | 04699 | 0.6456 1 [07174% | 12179 0.5301
095 | 0.4541 | 0.6720 1 070730 | 123100 0.5458
099 | 04417 | 0.6926 1 06996 | 1.2405u 0.5583
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Table IV Numerical Evaluation of the queue characteristics of the Model IV

in (2.5) for various p = 4 where 0 < p<1

p Po Ls HWs A 7 P
0.1 09 0.1111 1 LI111A | 1.1111p 0.1
0.2 0.8 0.25 1 1.250A 1.250u 0.2
0.5 0.5 1.00 1 2.00A 2.00p 0.5
0.9 0.1 9.00 1 10.00A 10.00p 0.9
0.95 0.05 19.00 1 20.00A 20.00pn 0.95
0.99 0.01 99.00 1 100.00A | 100.00un 0.99

Now we compare numerically the performance measures of the state
dependent models, Model I, II, IIT & IV with the standard M/M/1 model and for

comparison purpose we compute the corresponding performance measures of the

standard M/M/1 model for various p = i (0 < p< 1) and the results tabulated
U

in Table V.
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Table V. Numerical Evaluation of the queue characteristics of the M/M/1

Model for various p (0 < p< 1)

p Po Ls HWs x “ p
0.1 09 | o111l | Li11 A m 0.1
0.2 0.8 025 | 1250 A m 0.2
0.5 0.5 1.00 | 2.000 A M 0.5
0.9 0.1 9.00 | 10.000 A m 0.9
095 | 0.05 19.00 | 20.000 A m 0.95
099 | 001 99.00 |100.000| A m 0.99

2.6 TRANSIENT/STEADY-STATE ANALYSIS OF STATE-
DEPENDENT QUEUEING MODELS
In this section we shall compare the transient probability distribution of
queue length of the adaptive queueing models considered in (2.5) and the standard
trivially state-dependent M/M/1 Model. We prove that the transient probability of
queue length are vastly different even though the steady-state probability of queue

length are same.

The transient probability distribution of queue length for the Model (2.5)
characterized by the arrival rate 4, = (n + 1)A n20; service rate i,=n i, n 2 1,

where A >0, u>0is given by:

L pn(l_e-(ll—l)f)" 261
p, ()= p){[l_pe_(y—z);]nﬂ } (2.6.1)
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(See equation (2.5.11) where initially there are no customers in the system).

The transient probability distribution of queue length for the standard
M/M/1 Model characterized by 4, =4 n>0; ,=g,n>1,where A>0, £>0
1s given by:

n-1

; =
pn(t):e—(ﬁ-/l)r{p"/zlnzmt+p I,,2Au t+(1—p)p" Zp 2]j(2mt)} (2.6.2)

j=n+2

for all n 2 0 and initially there are no customers in the system. (See for example

( )n+2k
Gross and Harris (1998)). Here I,(y) = ZL— is the infinite series for the
too kK!(n+k)!

Modified Bessel function of the first kind of ordern =0, 1, 2, ...

When t = o and p=i<1, the steady-state probability distribution of
u

queuve length for the Model considered in (2.5) is given by

p, =limp, (t)=(1-p)p", n20and p<1 (2.6.3)

which is a Geometric distribution with parameter p< 1.

From (2.6.2), the steady-state probability distribution of queue length for
the standard M/M/1 Model is given by:

p,=limp, (t)=(1-p)p", n20and p<1

which is also a Geometric distribution as in (2.6.3).
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We now evaluate numerically the transient probabilities of queue length

for the two Models for A =2 and x4 = 4 so that p =i <1 for various times. We
U

present below a typical contrasting situation.

For the state-dependent Model considered in section 2.5, the transient
probabilities p,(#) for t = 1 are, po(1) = 0.5363; pi(1) = 0.2487; py(1) = 0.1168;

p3(1) =0.0535 and so on...

Transient probabilities for ¢+ = 2 are, pp(2) = 0.5046; pi(2) = 0.2500;
p2(2) = 0.1239 and so on.. The steady-state probabilities, p, for the Model in (2.5)

are po=0.5; p1 = 0.25; p» = 0.125; p3 = 0.0625 and so on...

For the M/M/1 Model, the transient probabilities p,(f) for ¢t = 1 are,

po(1) = 0.1408; p1(1) = 0.0435; p2(1) = 0.0011; and so on...

The steady-state probabilities, p, for the M/M/1 Model are, po = 0.5;

p1 =0.25; p, =0.125; p3 = 0.0625 and so on...

By the above transient and steady-state analysis for the Models in (2.5)
and the standard M/M/1 Model, it is verified that the transient probabilities of
queue length are vastly different even though the steady-state probabilities of
queue length are same. This clearly indicates the importance of transient

measures in adaptive queueing models.
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2.7 SUMMARY OF RESULTS AND CONCLUDING REMARKS

1.

Model II considered in (2.3) is exactly same as Model I consider in (2.2) with
respect to p,, L, & p for a given traffic intensity p.

HWs, the number of customers served during the waiting time of an arbitrary
arrival for Model I is less than that of Model II, even though both state-
dependent Queueing Models have the same probability distribution of queue
length.

With reference to the performance measure p,, the state probability of an
empty system, Model III is superior to Model I or Model 11

With reference to the performance measure p,, the state probability of an
empty system, it is observed that the state-dependant Queueing Models I, II
and III are always superior to the standard M/M/1 Model or equivalently
Model IV.

p*, the effective traffic intensity (i.e., the proportion of time the server is
working) of 0.99, extremely heavy, for M/M/1, becomes moderate at 0.5583
for Model III when p — 1.

By comparing with the standard M/M/1 Model, Models I & 1II are superior to
an increasing extent as o — 1, and Model III is better even than these, when
considering the equilibrium system state.

The steady-state probability distribution of queue length of the state-dependent

queue Model IV is exactly same as that of the standard M/M/1 Model and is

A
given by the Geometric law, p, =(1-p)p",n=0and p =; <1.
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8. From the study of transient and steady-state analysis, it is proved that the
transient probability distribution of queue length, p,(r), are vastly different
even though the steady-state probabilities p, are the same for the state-

dependent queue Model considered in (2.5) and the standard M/M/1 Model.

9. For Model III, it is observed that p"=1- is nearly p when p is

1
1,(2/p)

small.
10. For Model IV, p and p* are equal which distinguishes it from the other state-

dependent queueing Models considered in this chapter.
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Chapter 3

PERFORMANCE MEASURES OF STATE-
DEPENDENT MARKOVIAN

QUEUEING MODELS

3.1. INTRODUCTION

State-dependent queueing models has been discussed far and widely in the
literature since the work of Cox and Smith (1961). In the more general context of
birth and death processes they have been reviewed and analyzed, for example, by
Jackson (1963), Keilson (1964), Harris (1967), Hadidi and B, W. Conolly

(1969b), Natvig (1974) and Conolly (1975).

In analyzing various state-dependent queueing models, one would like to
compute certain performance measures, such as transient queue length
distribution, the steady-state queue length distribution, mean number of
customers, average number of customers in the system and sojourn time
distribution. For a specified model, these quantities may all be characterized as
solutions to certain equations, called differential-difference equations. Thus,
computing the performance measures amounts to solving these equations together
with appropriate initial conditions, see for example Conolly, B.W., (1975);

Donald Gross and Carl. M. Harris (1998) and Keilson, J. (1964, 1965).
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In this chapter we obtain probability distribution of queue length (transient
or steady state) for some state dependent queueing models using PGF or a
combination of PGF and Laplace Transformation. Using the probability
distribution of queue length some performance measures of the Models are
investigated and compared numerically thereby suggesting the relative supremacy

of the Models.

3.2 LINEAR STATE-DEPENDENT MODEL CHARACTERIZED BY
THE ARRIVAL RATE /A= 4, n 2 0; SERVICE RATE
n=2nug, n21 (A>0,u>0)

This is a model with constant arrival rate and abundant service time. N(1)

denote the number of customers present at time ¢ and initially there are i

customers in the system.

Let p,(t) or pi(t) = P{N(t) = n/N(O) = i} denote the probability that there
are n customers in the system at time ¢ where initially there are i customers in the

system.

The differential-difference equations of p,(f) are:
P/(t) = —Apo(t)+2upi() (3.2.1)

Pl = LA +2nu1ps® + Apri(®+Cn+2) hpan(® ,n =1 (3.22)

Define the PGF of pu(t), G(z, 1) = >_ p,(1)2" (3.2.3)
0
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Now,

iG(z, f = i p,(n"! & 9 6o, 1) = i P, (" (324)
aZ 1 at 0

Hence,

a oo oo
5, 6@ D=1 Apo0) + 2ppi(0)] = - 4 > P2 =24 ) np, ()"
1 1

+ A P (D" + 24D (n+D)p,, (O
1 1

Using (3.2.1), (3.2.2) & (3.2.3) suitably in (3.2.4).

0 0 d

—Glz, ) = -AG(@E )-2uz—G& )+ A2G(z, ) + 2 4 — G(z, 1)

ot 0z 0z

ie.

0 0
—G(z, 1) +2u(z-1) —G(z,t) = A(z-1)G(z, 1) (3.2.5)
ot 0z

which is the PDE satisfied by G(z, f) that is to be solved using the initial condition

G(z,0)= Z.

The related equations of (3.2.5) are

d_ & dc (3.2.6)

1 2u(z-)  Az-DG

From at = dz yield the solution

1 2u(z-1)

u(tz,G)y=(2z- l)e'zﬂ ‘= C, (a constant)

and dz = a6 yield the solutions

2u(z-1)  Mz-DG
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-p,

Vit 2 G) = Gz, ) e ¥ =C, (aconstant), p = A
7,

Then the general solution of (3.2.5) is given by

-
-
2

Gz, t) e 2 = g{(z-1e*HY (3.2.7)

Gz 0) = e = glz- 1)

p

= et gz-1)
with z-1=y, z=1+Yy

gy) = e P (1+y) (3.2.8)

Hence from (3.2.7),

£—Z £[1+ z—l)e_z‘" B l
Gt =er. et L [1+@-De?H
ﬁz g I g ;
= 2 AT Hie-netHAy (329
Now
1 0"
pi(h) = —==G(z0) l.=0 (3.2.10)
P 5 n )
2 (l—e" La(1-e72#)
— e (1 e ){[1+(Z_1)e—2m(£) (1_e~2p1)nez }
n! 2

' " £z0-2%)
+nC1\: i(1+(z_1) é-zfu)t—l Zhﬂ_(_ﬁ_} (1_—6—2yr)n-lez }
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i—

+ ... +(iCn)n![l+(Z—l)e'2ﬂ’] ".(e_zlut)n

) o
Lrd P
2( e ")

£og-g2)
e
z=0

e n i i-1
= { (%) (1-22)" (1-e2H) +n[ ie? 4 (1 - ?H)
P n_l(l e'zw)n_l + i | 7 2uyn Souy b
5 -y [+ +1C)n! ™) (1-e) (3.2.11)
(using Leibnitz’s theorem for the n'™ derivative of a product).
Hence
(o)
pn= lim p,(f) = ———— , n20 (3.2.12)
1 n!
which is a Poisson distribution with parameter % .
System size at any time,
Ls=EN) =2
s=EN) = (3.2.13)
Effective arrival rate,
A= > Ap, =D, =4 (3.2.14)

By Little’s formula, expected waiting time of an arrival in the steady state is

given by

76

(3.2.15)



Hence, u Ws, which is the number of customers served during the waiting

time of an arbitrary arrivals equals ¥4 for any p

Effective service rate, 4 is given by

p(1-po)= > nup, = A, yielding 4’ = l—i— (3.2.16)
1 Y
Effective traffic intensity,
p = ’1* =1-2""=1-p, (3.2.17)
y7;

which is the number of customers at the server during his service time. It is also

the proportion of time the server is working.

Table I: The Numerical evaluation of the performance measures of the

Model in (3.2) for various p = i
Y7,
p po L, Wy AT\ u p
0.1 0.9512 0.05 0.5 A (20.4918) 4 0.0488
0.2 0.9048 0.10 0.5 A (10.5040) A 0.0952
0.5 0.7788 0.25 0.5 A (4.5208) A 0.2212
0.9 0.6376 0.45 0.5 A (2.7594) A 0.3624
0.99 0.6096 0.495 0.5 A (2.5615) A 0.3904
1.00 0.6065 0.500 0.5 A 2.5413 A 0.3935
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3.3 STATE-DEPENDENT MODEL CHARACTERIZED BY THE

A

ARRIVAL RATE A, = ,
2(n+1)

n=pu,n=21 (1>0,u>0)

0; SERVICE RATE

This is a queue model where potential customers are discouraged by queue

length. In this model the sight of long queue discourages fresh customers join it.

For the model we shall find p,, the steady state probability distribution of queue

length using the Birth-death methodology and obtain the queue characteristics as

under. The differential-difference equations for p, are,

A
0=-:p(,+,up1

' {2(n+1)

A
+,U:| DPn + —Pn-1+,UPn+1 s, R
2n

(3.3.1)

=1 (3.3.2)

Solving these equations recursively, we obtain the probability distribution queue

length in the steady-state as

(%) Po
Ppn=—"—", P=

n!

= |~

—-pl2

|
o

Using Zp,, = 1 gives p,

Hence

which is again a Poisson distribution with parameter —'g— .
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System size at any time, Ly = Y. np, = g (3.3.6)

Effective arrival rate, 4* = Zﬂn Pn

()
A 2

g =Kl (3.3.7)

-

Using Little’s formula, expected waiting time of an arrival in the steady state is

given by
Ws = L: = —pflz
A 2u(l—e ")
Hence
p

which is the number of customers served during the waiting time of an arbitrary
arrival in the system which is a value greater than one and increases with the

increasing values of p.

Proof:
p
W =—"——
/u N 2(1_6_/)/2)
) -1
=h-|2-L 4 .
4 24
2 2 2
STV O I [T g
4 24 4 24
p.p
= 1+-+~— (approximatel
PR (app y)
Clearly this is a value greater than one and increases with increasing
values of p.
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The balance equation A, p, = u,,,p,, of the M/M/1 model implies that

Zln D, = Zﬂm Pus = Z,un P, » which may be deduced directly from the fact
n=0 n=0

n=1

that the long-run average arrival rate must equal the long run average service rate.

Hence by definition it follows that

'1* = ﬂ* (- po)
. . . xr
Hence effective service rate, y =
(I-p,)
=H
Effective traffic intensity
p* — l* _ ]_e-—/)/2 =1_p0
U

(3.3.9)

(3.3.10)

which is the number of customers at the server during his service time. It is also

the proportion of time the server is working.
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Table II: The Numerical evaluation of the performance measures of the

Model in (3.3) for various p

P Po Lg U Ws A u’” p

01 |009512 |005 10246 | 00488 | z 0.0488
02 109048 [0.10 10569 |0.0952z | z 0.0952
0.5 0.7788 0.25 1.1302 0.2212 u U 0.2212
09 106376 |045 12417 | 03624z | u 0.3624
0.99 | 0.6096 0.495 1.2679 0.3904 1 U 0.3904
1.0 0.6065 0.50 1.2706 | 0.3935u U 0.3935

3.4 STATE-DEPENDENT MODEL CHARACTERIZED BY

ARRIVAL RATE A, = ,n > 0; SERVICE RATE

2(n+1)

Un=2nu, n>21 (A>0, u>0)

This is a queue model which embodies both mechanisms of Models 3.2 and
3.3. For this model we shall obtain p,, steady stare probability distribution of
queue length, using the Birth-death methodology and obtain the queue
characteristics as under

GIEHE

N L Y

| »

34.1)

Using p, = 1gives p,=
2 " LGP
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where I, ( J; ) is the modified Bessel function of the first kind of order zero.

Hence

al

==/ __ a2
WL

(3.4.2)

System size at any time,

oo 2k +1
=) np, = Jp!2 Z(‘/;/Z) _ Jp hWp) (3.4.3)
IL,[p) & kik+D)! 2 I,p)

Effective arrival rate, A~ = Z/I,,.p,,

(p/2)2k+l

m/‘)[\/—J Zk'(k+1)'

- AP WP (3.4.4)

~JpL,(p)

Expected waiting time of an arbitrary arrival in the queue is given by

W= = = L (By Little’s formula)
24

uW. =% forany p in 0< p <1 (3.4.5)
which is the number of customers served during the waiting time of an arbitrary

arrival in the system.

Effective service rate, U " is given by

) = W™ Lo
1-po) =
WALp) = 22 I(J_)(') ”‘/—’;IO(\/E
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Hence,

< uGp).I(p)

U= (3.4.6)
(I—Po)-lo(\/—p—)
Effective traffic intensity
p=t - Infp-1 _ 1= po (3.4.7)
Lo Lyp

which is the number of customers at the server during his service time. It is also

the proportion of time the server is working.

Table III: The Numerical evaluation of the performance measures of the

Model in (3.4) for various p

* *

P po L HWs A Y7, P

0.1 0.9748 0.0252 0.5 0.49987 4 | 1.9868 u 0.0252
0.2 0.9512 0.0491 0.5 0.4909 4 20120 4 0.0488
0.5 0.8849 0.1182 0.5 04729 A 2.0539 u 0.1151
0.9 0.8073 0.2035 0.5 04516 1 2.1092 u 0.1927
0.99 |0.7933 0.2223 0.5 0.4469 1 2.1226 u 0.2084
1.0 0.7898 0.2222 0.5 0.4446 4 2.1333 u 0.2084

Remark: It is to be noted that we can evaluate numerically the two characteristics

for the Models (3.2), (3.3) and (3.4) for any p > 0. But stationary condition exists

only for pwhere 0 < p< 1.
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Now for comparison purpose we also compute the corresponding

performance measures of the standard M/M/1 Model for various ,0=i
U

(0 < p< 1) and the results tabulated in Table IV.

Table 1V : The Numerical evaluation of the performance measures of the

standard M/M/1 model for various p = 4 in 0< p<1
)7

P P, Ls U Ws A* u* p*
0.1 0.9 0.1111 1.1111 A H 0.1
0.2 0.8 0.2500 1.2500 A H 0.2
0.5 0.5 1.0000 2.0000 1 H 0.5
0.9 0.1 9.0000 10.0000 A H 0.9
0.99 |0.01 99.0000 100.0000 A H 0.99

3.5 SUMMARY OF RESULTS AND CONCLUDING REMARKS

1. The three state dependent models considered in this paper are better than
M/M/1  model with reference to p,, which is the state probability of an
empty system.

2.  For the standard M/M/1 model, which is a trivially state dependent
Markovian queue model, u Ws = Lg + 1. i.e. the number of customers
served per unit time during the waiting time of an arbitrary customer in the

system equals one more than the system size.
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For the state dependent Models in sections (3.2) & (3.3), the system size Lg
is near to p*, only for p < 0.5 whereas for model in section (3.4), Ls is
almost equal to p * uniformly for all p (see table III). So in this sense Model
(3.4) is better than the other state dependent models considered.

In model (3.2), we have gws = Ls when p =1, which distinguishes the
model from other state-dependent Queueing models considered. Also

U Ws =2L;when p =0.5.

By comparing with the standard M/M/1 model, Models (3.2) & (3.3) are
superior to an increasing extent as p — 1, and Model (3.4) is even better than
these, when considering the equilibrium system state.

In terms of the performance measures p,, the state probability of an empty

system one can do better than the Models (3.2) and (3.3). An example is

provided by p, = , which can be achieved by means of the Model in

1
LGP
(3.4) (see Table III).

The probability distribution of queue length in the steady-state of the models
in (3.2) and (3.3) follows a Poisson distribution with parameter p /2. Thus
there can be state-dependent Markovian queueing models having the same

steady-state probability distribution of queue length.
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Chapter 4

MODIFIED STATE DEPENDANT

MARKOVIAN QUEUEING MODELS

4.1 INTRODUCTION

In this chapter we shall study several state-dependent Markovian queueing
models, called Modified state-dependent Markovian queueing models, which are
modified version of the Models considered in chapter 2. We shall obtain the
transient and/or steady state probability distribution of queue length and obtain the
queue characteristics. We use the Probability Generating Function (PGF) and
Birth-Death methodology in the analysis. We also evaluate numerically the

performance measures of these models and carryout a comparative study.

4.2 MODEL Al

A partially linear state dependent Markovian queueing Model
characterized by A,=4,n 20, t, =2 ny,n>1 (A & ¢ > 0). This model is a self-
service system like Model I of Chapter 2 and may be regarded as modified form

of it.

N(?) denote the number of customers present in the system at time 7. We
shall find p,(?) or pi(f) = P{N(¢) = n/N(0) = i}, which is the probability that there

are n customers in the system at time ¢ given that initially there are i customers,
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using the probability generating function (PGF) of p,(#) and obtain the queue

characteristics as under:

The Differential - difference equations of p,() are:

po(y==Ap, (1) +2u p, (D) (4.2.1)
PO ==[A+2nul p, )+ Ap, (D +Qn+2up,, (1) ,n21  (422)

G(z,)=Z p,(® 2" be the PGFof p, (1) 4.2.3)

Now -a-a_c; @) =Zp.(On & %G(z, N=%pl(t) 2" (42.4)
Z

2 6@n- 0= P02

atG(z,t)—[—/lpo(t)+2ﬂ p)=-AZp,(1)2" =2uZn p,(2" +iZp, (7"

+2,uZ]l(n+l)pn+, ®z7"

(Using (4.2.1), (4.2.2) & (4.2.3) suitably in (4.2.4))

—a—G(z,t)z—,lG(z,t)—zyz—a— G(z,t)+z/1G(z,t)+2y—§— G(z,t)
at 0z 0z

ie., -a—G(Z,t)+2,u(z—1) i G(z,)=2(z-1) G(z,1) 4.2.5)
ot 0z

which is the PDE satisfied by G(z, f) that is to be solved subject to the initial

condition G(z,0) = z' (initially there are i customers in the system).
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The related equations of (4.2.5) are

dt dz dG

I 2u(z-1) A(z-1G

t
a__ dz , yield the solution

1 2u(z-1)

u(t,z,G)=(z—1)e*" =C, (aconstant)

dz dG

= , yield the solution
2u(z=1) A(z-1G

i

-—t

V(t,z,G)=G(z,t)e * =C,(a constant)

Thus the general solution of (4.2.5) is given by

G(z,)e"'* =g {(z - l)e‘z’"}

A

G(z,0)=¢® glz—1)

= glz-)
Withz-1=y,z=1+y
g(y) =1+ y)
Hence from (4.2.6),

L A faeenet)

Glzt)=e™ ¢ [+ (z—-1)e ]
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=M g T 1 (g ) 4.2.7)

Now, p,(1)=

196z
n! azn z=0

[1+(z-De* ]’ (%j ) e

—2;1!)

n-1
g™ Jine i(1+(z—1)E""“)""(E“‘)(%) (1) ea
B n! :

+...+ (icn)n! [1 + (Z _1)52;1: ]i—'l (_e_zl” )n e—;lz (l—e'zﬂ”)

\ J =0

where p = i

b

2

n—l
+n{i62ﬂt (1_6-2y1)i—1(£j (l_e_zl”)n—l :|+ \ (428)

1
=

2
.t(ic,)n! (e—z;u)n (l—e'z’” )i—n

(using Leibnitz’s rule for the nth derivative of a product).

Hence

(8]
——22 n20 (4.2.9)

pn =lim pn (t) =
e n!

which is a Poisson distribution with mean —’g
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We may also obtain p,, using the Birth-Death methodology as under:

l n
o bty py Ahed b, _[2;:} Po
T Hgett,  2u(4w)...(2np) n!

—pl2

Using an =1 gives p, =e”'~, where p=i
Y]

Hence,

p=— 2 530 (4.2.10)

which agrees with the result obtained in (4.2.8) while t — o

po = probability that the server is idle/system is empty =e™*'? 4.2.11)

System size at any time,
Ls=Znp, =§ 4.2.12)

Effective arrival rate A" is given by

A=Zh pa=A (4.2.13)

Expected waiting time of an arrival in the steady state,

Ls
p)

f 1 (using Little’s rule)
24
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Hence for any p, the number of customers served during the waiting time of an

arbitrary customer,

N | =

(4.2.14)

There are many customers present in the system when service begins. The

effective service rate ,u* is given by

(e]
. = 2
ud=-p)=Xpu, p, =2 ————

=/, yielding
n!
. A
U o= 7 (4.2.15)
.o . X A
We may also obtain 4 by the result x4 = = —
1-p, 1-€”*
Effective traffic intensity,
«_ X ~pl2
p =—=l-e""=1-p, (4.2.16)
u

which is the average number of customers at the server. It is also the fraction of

time the server is working.
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Now

(3
E(NY) =2 (n-1)+n] ——22-
n.

(5 =8
=2 2 + 2

n-=-2)!  (m-1!

J

] )

©
[ ]
+
N
(SRR
N——

Hence,
Var(N) = E(N*)-[E(W)] =§ 4.2.17)

which is the variance of the number of customers in the system in the steady state.

Table I: The namerical evaluation of the queue characteristics of the

Model Al in (4.2) for various p = -/l
Y7,

* *

P Po Ls= E(N) H Ws | Var (N) H P

0.1 | 0.9512 0.05 0.50 0.05 | A(20.4918) | 0.0488

0.2 | 0.9048 0.10 0.50 0.10 | A(10.5040) | 0.0952

0.5 | 0.7788 0.25 0.50 0.25 A(4.5208) | 0.2212

0.9 | 0.6376 0.45 0.50 0.45 M2.7594) | 0.3624

0.99 | 0.6096 0.495 0.50 | 0.495 | A(2.5615) | 0.3904
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4.3 MODEL AIl

A partially state-dependent Markovian queueing model characterized by:

= n20,u =u,n>21 (A,u>0
S M, =U (4, 1> 0)

(Queue with discouraged arrivals) and may be regarded as a modified form of

Model II, considered in chapter 2, see for example Natvig, B. (1975).

We shall find p,, the steady state probability that there are n customers in
the system, using the Birth-death methodology and obtain the queue

characteristics as under:

Using £ p, =1 gives
p,=e’"”, 4.3.1)

which is the state probability of an empty system.

Hence

)
P, = .2 n20,p=2 (4.3.2)
n.

which is again a Poisson distribution with parameter L; .

L, = Expected system size = 4.3.3)

(SRR
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Effective arrival rate A is given by

(g
I=%i p,=2 2) = pfi-e?)
2n+2 n!

(4.3.4)

Expected waiting time of an arrival in the steady state,

L
W, ==
S
P
_ 2
_ﬂl_e-p/Z
_ P
#WS—2 1—e "

which is the number of customers served during the waiting time of an arbitrary

arrival in the system. Clearly,

p

——— > 1 foran 4.3.5
gy | forany s (43.5)

There are many customers in the system when service begins. The effective

o * .
service rate 4 is given by

# (1= p)=Zp, p,=p(-py)

Hence ,u* = u, which is obviously true

Effective traffic intensity,

p =—=l-e =1-p, (4.3.6)
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which is the mean number of customers at the server. It is also the fraction of time
the server is working. Thus p, and the traffic intensity, p’, induced by Model AIl
is exactly same as for Model Al, and the same technique for comparison with

other systems at a given level of traffic intensity is called for.

We shall obtain a closed form pdf of the waiting time distribution under

FCFS queue discipline for this Model AIlL

Waiting Time Distribution

Write £,(1) for the pdf of a waiting time for the n™ arrival, and suppose that
fo() = f(t) as t = o=. Assume that customers are served by FCFS queue
discipline. The duration of services are independent and identically distributed
(i.i.d) random variables, independent of arrival process. The service time

distribution is exponential with parameter /.

Y —nut n
Then, =2t W& DT [ fwar=1
n=0 ), n!
. kué"’z(g) & ()"
=3

n

0o 2n+2)u(l—2""*)n'n!
2n+l

At

rete? (2 =\V2
[ — ——-Z____
2(1=2""*) Y\ At n=0 (n+1)!n!

—ut =pl2 /{
=E‘:——)\f7 m @37)
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2k+1
X
. (3

where I, (x) = 0 m is the modified Bessel function of the first kind of

order 1.

Using (4.3.7) the expected waiting time in the system,

=th(t)dt
—/)/2 °° —ut

[ it_]z [ ﬂjs
-pl2 o —ut 2 2
—_¢ ) A L + + +...|dt

_ P2 e
l1-e 0 2 2 12! 213!

Ay (ar)
e’ T A\ 2 2
= —+ + +

-pl2 e
l-e 0 2 112! 213!

1
A
|
A~
<] S
S
]
N
[\
= |~
[\")
e
)
+
N
[\
3:|>’
N
+

-pl2
T N — (4.3.8)
2 (1—e7?) 2 (1-e77?)

which agrees with the result obtained in (4.3.5) by using Little’s formula.
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(3
Now, E(Nz) =X[n(n-1)+n]- ___2._.

n:
( )
—-;)/2 2 2 | Z

o)

(n=2)! (n-1)!

< { e 0) -+

Hence,
Var (N)=E(N*)-[EW)] =-;1 (4.3.9)

which is the variance of the number of customers in the system in the steady state

Table II: The numerical evaluation of the queue characteristics of

Model AIlI in (4.3) for various p = i
Y7

P po | EN)=Ls | puWs A P

0.1 | 09512 0.05 1.0246 | (0.0488)n | 0.0488

0.2 | 0.9048 0.10 1.0509 | (0.0952)pn | 0.0952

0.5 | 0.7788 0.25 1.1302 | (0.2212)p | 0.2212

0.9 | 0.6376 0.45 1.2417 | (0.3624)u | 0.3624

0.99 | 0.6096 0.495 1.2679 | (0.3904)p | 0.3904
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4.4 Model AIII

A completely state dependent Markovian queueing model characterized by

. = Y n20,u, =2nu,n21(4,u>0). This model embodies both
n+

mechanisms of Model Al & AIl and may be regarded as another modified form of

Model III considered in chapter 2.

We shall find p,, the steady state probability that there are n customers in
the system using the Birth-Death methodology and obtain the queue

characteristics as under:

Ar A
p = 24 2n
" 2udp.2npu
p"p A
=+ o == 4.4.1
22 " P T 441

Using Zp, = 1 gives

2k+m
fd
. )

where I (x)=2X
" k=0 k(k +m)!

is the modified Bessel function of the first kind of

orderm=0,1,2, ..
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Hence,

p = P n>0 (4.4.2)

2" nin'l,(p)

Now

n

p

2" .nintl (fl)
3

>
)ikt (k+1)!

Li=E(N)=Xnp, =Zn-

(4.4.3)

Effective arrival rate A" is given by

@Jz"

&
P=3, p =52

2n+2 ntnl, (o)
ﬁ 2n+1
2
-+, (o)

} WP) (4.4.4)

= I

(
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Effective service rate, 4 is given by

_\/—E—Zn
U= p)=F (npy)— 2
p-p,)=2 n#‘—(—)
n=t n!n!I”\/;
(\/— 2K+1
3

LWp)Il 2 )oK i(K+])!
up
= I p
e (5
Hence,
u = :“\/; 1, (\/;
I,fp)-1
or r— =[ A J L(p) (4.4.5)
1=po o) (-1
Effective traffic intensity,
* l*
p ==
U
_Lbfp)-1 ~1-p, (4.4.6)

I,(p

which is the mean number of customers at the server. It is also the fraction of time

the server is working.

Using Little's formula, the expected waiting time of an arrival in the steady state is

given by
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Hence,

pW, = 4.4.7)

1
2
i.e., the number of customers served during the waiting time of an arbitrary arrival

1
equals > forany p.

Remark: We have already discussed the Models Al, All, and AIIl in Chapter 3.
However, as modified models, which are modified version of the models
considered in Chapter 2, and for comparing with more modified state-dependent
Markovian queueing models, we have considered the Models Al, AIl and AIIl in

this chapter also.

NE Ay
519:82 ¥PR[s
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Table III: The numerical evaluation of the queue characteristics of

Model AIII in (4.4) for various p = i
U

P Po Ls UWs | A u o

0.1 09748 |0.0252 |05 [0.4997 L |1.9868 1 |0.0252

0.2 0.9512 | 0.0491 | 0.5 |0.4909X1 |2.0120pn |0.0488

0.5 0.8849 10.1182 |05 |04729A |2.0539u |0.1151

0.9 0.8073 10.2035 0.5 |04516A |[2.1092pu |0.1927

099 |0.7816 |0.2223 |05 |04469A |2.1226 . | 0.2084

1 0.7898 10.2232 | 0.5 |[04446A {2.1333u | 0.2084

4.5 MODEL A1V

A partially linearly state dependent Markovian queueing model

characterized by A4,= 4 5 n20,u,=u,n2l (4, u>0), another modified

model of Model II considered in chapter 2.
We shall first find p,, the steady state probability distribution of the

number, n = 0, 1, 2 .., of customers in the system using the Birth-death

methodology and then find the queue characteristics as under:
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UsingXp,=1 gives p, = P
e’ -1

Hence,

n+l

_ p
(e’ -1) (n+D!’

D n=20,p>0 4.5.1)

Average system size in the steady state,

oo o0 n+l

p
Li=2np =2|(n+1)-1
s=Znp,=Zln+D-1]

1 P N (p? — n—
= @ - =}

—_ ] P _pP
= {per+1-er} (4.5.2)

Effective arrival rate, A" (Average number of customers who actually enters the

system), is given by

y) :%/Inpn

n+l
__ A 5P (4.5.3)
(e’ -1) (n+2)!

i er—pm)

p (e’ =1
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Expected waiting time of an arrival is given by

_Li _plero-n+1]_1 [ (o-1+]]

S MeP-p-1)  u (¢f-p-1)

Hence,

_lro-n+]

iy (4.5.4)

HWs

which is the number of customers served during the waiting time of an arbitrary

arrival in the system. It can be proved that 4Ws is always greater than one for

any p.
Proof
e’ (p-D+1
ng=[§p )+1]
(e —p-1
2 3
p. P P
I+=+—+—+... [ (p—D+1
[( 1 21 3 ](p ) }
= 2 3 4
20 3 4

which is clearly a value greater than one for any p.
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Effective service rate, ,u* (weighted average service rate), is given by
#(A=p)=Zu, p,

=$ p-p,=p{l-p,}, yielding
Hence,

u~ = u, which is obviously true. (4.5.5)

Effective traffic intensity,

e’ —p-1
:_e;_f_l_. =1-p, (4.5.6)

which is the average number of customers at the server. It is also the proportion

of time the server is working.

n+l

2 _°° 2, =°° z_ p
Now, E(N*) =% n?: p, =3 [n+1)? ~2(n+1)+1] oo

n+l

00 n+l
L 527 hipy-2% 25 45 2
(e -1 n! 1 on! t (n+D)!

o0 n+t o oo o0
=— 1 p)) P + Z P -23 P +2 P
(e” ) T (n=-1)! !

{p? e’ —p(e’ ~D+(e” ~p-D}

_1)

= e”l—l {e" (p* —p+1)-—1}

Var(N)=E(N*)-[E(N)]
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p 2 _ _ p _ 2
_Le’(p’—p+D-1 _{pe +1 e”} 45.7)

e’ -1 (e’ -1)

which is the variance of the number of customers in the system in the steady state

Waiting Time Distribution

We shall derive an explicit expression for the pdf of the Waiting time

distribution for the given queue with discouraged arrivals.

Write f,,(¢) for the pdf of waiting time for the nth arrival, and suppose that
fa() = f(t) as t = . Assume that customers are served according to FCFS queue
discipline. The duration of services are independent and identically distributed
(i.i.d) random variables, independent of the arrival process. The service time
distribution is exponential with parameter 4.

Then,

oo —ut n
f@=K X ﬂ»n-pn‘#f—ﬂ
n=0 n!

oo n+l1 —ut n
K > A p e (ur)
= n+2 (8 -1) (n+1)!  n!

_KGp-we” 5 (ppn)”
-1 =0 (n+2)!tn!

where K is a constant so that | f@)yde=1
0

_Ke™ a )i 5> (\/E)zm

(e’ -1 At =0 nl(n+2)!
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Ke™*

_ A
_(ep_l) _t I, (2\/ﬁ)

where 1, (2\/5 ) is the modified Bessel function of the first kind of order 2

To find K
2 4 6
T oe ™ At At A
K_[ ¢ i (‘/—) +(‘/—) +(‘/_t) +..|dt=1
=1t | 2 113 214!
o 2 3
= Ie‘”' i+'“+ 4 24 |de=1
e’ ~1; 2 6 2x24
K2 A1) 21 r 2
I =1t=l—=|t - [t =1
e’ -1 \2)\u) 6 {u 2x48 | u
Ki_Jpm o’y p 1y
(e’ =p |21 3! 4! -
Ki
-p-1=1
p(e,,_l)(e p-1
__(e"-D
ue’ —p-1

Hence

fo=—L" 1 i) =20
(e’ —p-Dt

(4.5.8)

which is the pdf of the waiting time distribution under FCFS queue discipline.

Using (4.5.8), the expected waiting time, Wy, is given by
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2! 13t 2141

e [ ),

p A1) 2 (2 r (6
= S|zt |73t -
(e’ —p-D |2 \u 6 \u 214 \ u
2 3 4
A S A
L’ —-p-1| 2 3 8 u
1 2 3 2 3
=— pl1+ 2+ 4L |-+ 2+ 22y |41
ue’ —p=1 20 3! o2t 3
= 1 {per—e +1} 459
= > pe’—e (4.5.9)

which agrees with the result obtained in (4.5.4) by Little's formula.

Table IV: The Numerical evaluation of the queue characteristics of the

Model A1V in (4.5) for various p

Y Po Lg M Ws A u o
0.1 0.9505 0.0505 1.0192 | 0.4916 A 1) 0.0492
0.2 0.9033 0.1034 1.0692 | 0.4833 A 1) 0.0967
0.5 0.7708 0.2707 1.1813 | 0.4584 A 13 0.2292
0.9 0.6166 0.5166 1.3475 | 0.4260 A h) 0.3834
0.95 0.5854 0.5505 1.3878 [ 0.4188 A 1) 0.4146
1.0 0.5820 0.5820 1.3922 | 0.4180 A 1) 0.4180

108



4.6 MODEL AV

A partially linearly

state dependent Markovian queueing model
characterized by A, =

2,nZO, u,=nu,n21 (4,u>0)

This model may be regarded as a Modified form of Model III considered
in Chapter 2.

Using the Birth-death methodology, we shall obtain p,, the steady state

probability that there are n customers in the system and the queue characteristics
as under:

| a
| »

A
2 3 n+1
pP,="——"p,
uQ2u)...np

n

__prp, A
(n+)'n!’

Using Zp, = 1 gives p = \/;

, wh I 12 is th dified I
m where ,(J;) is the modified Besse

function of the first kind of order 1 defined by

(x)2k+m
[ (=3 2

, m=0,1,2,3..
0k Mk +m)!

Hence

po NP p

A
= , n20; p=—
I,(2/p) nt(n+D)! L

(4.6.1)
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Average number of customers in the system in the steady state,

Siade_ o
P 24fp) nl(n+D)!
_ Jp 5 p
L,2yp) = (=D !(n+1)!
_ Jp 5P
I,(24[p) ™0 m!(m+2)!
5 W™

T1,2yp) T mlm+2)

__p (247) (4.6.2)

_ANe_,
L,2p)

Effective arrival rate, A" (Average number of customers who actually

enters the system), is given by

/1*=§/lnpn:§l A Jp 24
=0 o n+2 I,(24p)n!(n+1)!

_Apea 1z Wl

“10p) p ™ ri+)!
: IZEZJF)

-t (4.6.3)
RAND

Expected waiting time, Ws, of an arrival in the steady state is given by
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Hence,
uWws =1, 4.6.4)

which is the number of customers served during the waiting time of an arbitrary

arrival in the system.

Effective service rate, ' (weighted average service rate), is given by

Vp p
I,24fp) nl(n+D!

_ \/-p_'u . 2 pm+1
I,24p) ™ m!(m+2)!

mlo_ 5 _Wof™

TL2dp) T mim2)

__#lp
“Illzzj;)'lz (2\/;)

W a-p)=Znu

Hence,
Iu*:ﬂ\/;'lz (2‘/;)
I, (2\/:—0_) - \/;
I=p,  1,2Jp)-+lp
Effective traffic intensity,
. A
p =
“ (4.6.6)
= Il (2\/—;)—\/; — l—p
1,2/p) ’

which is the average number of customers at the server. It is also the proportion

of time the server is working.
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Now, E(N*)=Zn’> p,

«/;, p
1,{2fp) nt+!

=2 +1? ~202+1)+1]

Jp p" p"

p oo 00 pn pn
= ) -2X z
11(2\/;){1[(n—l)!n!+n!(n+1)!J 2ot n!(n+1)!}

Jp 2
s {m -2l ol (zm-m} 6.7

Var(N)=E(N*)-[E(\V)]

o 1 o1 3. )

{its

which is the variance of the number of customers in the system in the steady state

1)

(4.6.8)

Table V: Numerical evaluation of the queue characteristics of Model AV

in (4.6) for various p = i

p Po Ls uws |4 u p

0.1 109556  |00497 |1 0.5860A | 1.3277p | 0.0441
02 09116 00979 |1 04804\ |1.0882p | 0.0883
05 07898 |02310 |1 04620 | 1.0990p | 0.2102
0.9 0.6551 0.3979 1 0.4393 A 1.1464 n 0.3449
099 106255  |04258 |1 04356 | 11517 | 0.3745
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4.7 MODEL AVI
A partially linearly state dependent Markovian queueing model
characterized by 4,=4,n20, g, =(n+2)u,n21 (4, u>0), which may be

considered as a Modified form of Model II.

We shall find p,, the steady state probability that there are n customers in
the system using the Birth-death methodology and then obtain the queue

characteristics as under:

Ao h 20" p, A

Pn= 3u-dp..(n+2)pu Po= (n+2)V P= U

Using 2p, =1 gives

p, —r 4.7.1)

Hence,

p. 4.7.2)
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Expected number of customers in the system in the steady state,

Li=Xnp,

n+2

-Mz —~M3

) p
[(n+2) ](e”—p—l) (n+2)!

_ P =2l e P _ ,_
(eﬂ—p—l){”(e =y 2[" 2’ l)}

1
:m{pe”+p—23"+2)}

4.7.3)

Effective arrival rate, ' (Average number of customers who actually

enters the system), is given by

X =% A, p, = 4, which is obviously true (4.7.4)

Expected waiting time, Ws, of an arrival in the steady state is given by

W, = if (By Little's formula)

_pe’+p—2e"+2
e’ —p=1)

Hence,

p I, PV
#Wszpe +p—-2e"+2 (4.7.5)
p e’ —p-1)

which is the number of customers served during the waiting time of an arrival in

the system.
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Effective service rate, ,u* (weighted average service time), is given by

n+2

p
(e’ —p-1)(n+2)!

s n+2

L5 P
" —p-1) 1T (n+h!

4 (-p,) =% (n+2)u

S .7 {(e” —p—l)}=,up, yielding
(" =p-1)
. _ pp _2pp’-p-1
lu - 2 - /] 2
- P AS=p-D=p
2’ -p-1

or = A 2up®—-p-1
1-p, 2(’-p-D-p’

(4.7.6)

Effective traffic intensity,

. _2(e”—p—1)—-p2
2@’ —p-1)

=1-p, 4.7.7)

which is the number of customers at the server. It is also the proportion of time

the server is working.

115



Table VI: Numerical evaluation of the queue characteristics of the Model

AVI in (4.7) for various p = —'1—
U

P Po Ls 1 W A m o
0.1 0.9615 0.0231 0.2308 A 2.6u 0.0385
0.2 0.9346 0.0692 0.3458 A 3.0571p 0.0654
0.5 0.8406 0.1812 0.3625 A 3.1371p 0.1594
09 0.7237 0.3475 0.3861 A 3.2577u 0.2763
0.99 0.6989 0.3878 0.3917 A 3.2877u 0.3011

1 0.6960 0.3930 0.3930 A 3.2904p 0.3039

Remark: It is possible to evaluate Numerically the queue characteristics of the
Models Al All, Alll, AIV & AV for any p > 0. But stationary condition exist

only for pwhere 0 < p< 1.

4.8 MODEL AVII
A completely linearly state dependent Markovian queueing model
characterized by 4, =(n+2)A,n20u, =(n+Du,n=1(4>0,4>0), which is a

Modified form of Model IV considered in Chapter 2.

We shall find p,, which is the steady state probability of » customers in

the system using the Birth-death methodology. Using p,, we obtain the steady

state queue characteristics.
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_2A34.(n+1)A
2u3u..(n+)u

n 0

n A
:p 'po’p=_
U

UsingZ p,=1 gives p, =(1-p), p<1
Hence,
p,=1=p)p", 0<p<l andn= 0 (4.8.1)

which is the same as the steady state probability of queue length of the standard
model, M/M/1 queue
Ls = system size at any time

=Zn-p,=(-p) (p+2p> +3p* +...)

=L (4.8.2)

1-p

Effective arrival rate, A (Average number of customers who actually enters the

system), is given by

xr =%(n+2),1-pn =A{Znp, +22p,}

_ {L+ 2} _AC-p) (4.8.3)
1-p (1-p)
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Effective service rate, ,u* (weighted average service time), is given by

' (1=p,) =S+ (- p)p"
=(l-pu {%n p" +ip”}

:(1—/))#{ L2 }

(1-p)° (1-p)
_HPCZP)  ieiding
(1-p)
* 2 -
_#2=p) (4.8.4)
(I1-p)
Expected weighting time of an arrival in the steady state is given by,
L o
W, = > (By Little's formula)
1
u(2-p)
Hence,
1
uWy = —— (4.8.5)
2-p

which is the number of customers served during the waiting time of an arbitrary

arrival in the system for any pin0< p<1

Effective traffic intensity,

*

A
p = *:—_—_p:l——po (486)
boH

which is the average number of customers at the server. It is also the proportion

of time the server is working.
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Table VII: Numerical evaluation of the queue characteristics of the

Model AVII in (4.8) for various p = i 0<p<1)
Y7,

p Po Ls i1 Ws Al m i
0.1 0.9 0.1111 0.5263 21111 A | 2111 0.1
0.2 0.8 0.25 0.5556 225\ 2251 0.2
0.5 0.5 1.00 0.6667 3.00 A 3.00 u 0.5
0.9 0.1 9.00 0.9091 11.00 A 11.00 p 0.9
0.99 0.01 99.00 0.9901 101.00 A | 101.00n | 0.99

4.9 SUMMARY OF RESULTS AND CONCLUDING REMARKS

1. For the Model AL

(1)

(ii)

(i11)

For fixed arrival rate A, say, an increase in p calls for a deduction in
mean effective service time.

An increase in p calls an increase in effective traffic intensity. That
is, mean number of customers at the server or the fraction of time
the service is working increases with increasing value of p

In terms of the performance measure, p,, which is the state
probability of an empty system, it is verified that Model Al, which
is the modification of Model I, is better than Model I (A self

service system)

2. For the Model AIIL:

)

For a fixed service rate 4, an increase in value of p calls an increase

in effective arrival rate.
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4.

(ii)

(iii)

(iv)

The number of customers served during the waiting time of an
arbitrary arrival increases slightly with increase in p which is only
0.5 for any p.

Model All, a Modification of Model II, is better than Model II (A
queueing model in which customers are discouraged) by comparing

Po-

. . . . *
An increase in p calls for an increase in p .

For the Model AIII:

(1)

(i)

(i11)

With reference to the performance measure p,, which is also state
probability of an empty system, it is proved that Model AIII is
better than the Models Al & AIL

When p increases, p* increases, which is lesser than p  of Models
Al & AIl

The number of customers in the system in the steady-state for

Model AII is lesser than that of Model AI and AL

For the Model AIV: Ly = p, when A = 4 which distinguishes from the other

Models considered in this chapter.

For the Model AV:

(1)
(i1)

(111)

When p increases, the system size, Ls increases.

For fixed service rate 4, an increase in the value of p calls for an
increase in effective service rate.

For any p > 0, the number of customers served during the waiting

time of an arbitrary customer equal one.
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(iv) For fixed arrival rate A, an increase in the value of p calls for a

decrease in effective arrival rate as expected.
6. For the Model AVIL

(1) For fixed service rate g, an increase in the value of p calls an
increase in effective service rate.

(i1) The number of customers served during the waiting time of an
arbitrary arrival is equal to the number of customers in the system
when arrival rate equals service rate.

7. For the Model AVIIL: for fixed arrival rate A, and service rate 4, effective

arrival rate equals effective service rate for a given p = A

8. With reference to the performance measure p,, the state probability of an
empty system, Model A III is better than the other state-dependent queueing

models considered in this chapter.

It may be proved that the steady-state probability distribution of the
number of customers in the system for the general linearly state-dependent
Markovian queueing models characterized by 4, = (n + k)A, n>0; i, = (n + Pu,
n > 1 respectively follows the Geometric law given by p, = (1 — p) p' , n 20 and
0 < p < 1 which is the same as that of the standard M/M/1 Model for the pairs of
{k, )} ={(1,0),(2,1),(3,2),..}. It may also be verified that when k increases,
the number of customers served during the waiting time of an arbitrary arrival

decreases.
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Chapter 5

NON-LINEAR STATE DEPENDENT

MARKOVIAN QUEUEING MODELS

5.1 INTRODUCTION

In the earlier chapters, we have discussed various state-dependent
Markovian queueing models where the arrival rate and service rate are linear
functions. The model II of Chapter 2 where potential customers are discouraged
by queue length is a non-linear state-dependent model. Here in this chapter, we
shall discuss some non-linear state-dependent queueing models with different
types of arrival/service rate. In recent years there has been a considerable interest
in computing state probabilities of various queueing models. Since performance
measures are functions of state probabilities their exact evaluation is important.
We obtain the steady state probability distribution of queue length using the Birth-
death methodology. We obtain the queue characteristics of the Models in the
steady state. We also evaluate numerically the performance measures of the

models and make a comparison between them.

5.2 MODEL BI

The non-linear state dependent (NLS) queueing Model characterized by

n20;u, =pu,n21(4,u>0).

A= ,
" (n+1)?
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This model may be regarded as modified form of M/M/1 model with
balking in which an arriving customer might be discouraged by the number of

customers already in the system and thus do not enter.

This non-linear state-dependant simple server queueing model like
Model II discussed in chapter 2 is useful to model a computing facility that is
solely dedicated to batch-job processing. Job submissions are discouraged when
the facility is heavily used and can be modeled as a Poisson process with state
department arrival rate. The time taken to process each job is exponentially
distributed with a constant service rate regardless of the number of jobs in the

system.

The state- dependant discouraged arrivals queue has been studied in the
past by Natvig (1974, 1975), Vandoorn E.A (1981) and here the arrivals are

geared (or could be controlled) in accordance with the availability of service.

We shall find pn, the steady state probability that there are n customers in
the system at any time using the Birth-Death methodology and obtain the queue

characteristics as under:

A A A
_ Aoy oAy _ 12 22 n? Po
ST P TR Bl
__p _A
(n !)2 pa * p /l
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. . 1
Using Xp, = 1 gives p, =————= where I, (2,/ p ) is the modified Bessel
1,(24/p) )

function of the first kind of order zero.

Hence

pn
P, = ,n20 5.2.1
o2 1,(2p) 62D

Expected number of customers in the system,
n- -
=0 (n))’ I,(2y/p)
1y
I,(2[p) ™0 (m)(m+1)!

s o™

Ty T mimt)!

m+1

7_(% 1,02Jp) (5.2.2)

where I, (x) is the modified Bessel function of the first kind of order m =0, 1, 2,

Effective arrival rate, (Average number of customers who actually entering the

system) A, is given by
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r=Zip,
A p"

n+D> ) 1,2p)
" (5.2.3)

= A P
I,2p)  (n+D!(n+1)!

i lLedp-
1,2Jp)

Using Little's formula, expected waiting time of an arrival in the system is given

by,

t~

_L _p-12\p)
W=7 = |1roi21 2)-1]

uW, = \/;'Il (2\/;) (5.2.4),

1,2p)-1

which is the number of customers served during the waiting time of an arbitrary
arrival in the system. It may be proved that uW; is a value greater than and
increases with the increasing values of p.

Proof:

w < NPLp)
"I, p)-1

\/’EZ(\/;)ZM i(\/'p‘)u
_ k=0 k=0

T Kk+1)! k!

2 2 ) 2
=(1+i+p—+...J{l—(1+—p—+p—+...j+[1+i+—p—-+..) +}
121" 213! 2121 3131 2121 313

Clearly this is a value greater than one for any p which increases with increasing

values of p. This result is also verified by means of numerical evaluation.



Effective service rate, ,u*, (weighted averaged service rate) is given by
4 =p)=% 4, p, = u[ z pnj =u(1-p,) , yielding (5.2.5)

W=u

Effective traffic intensity,

_Lkfp)

ﬂ‘*
=—= =1- )
e T T (5.26)

*

which is the average number of customers at the server. It is also the proportion

of time the server is working.

We shall now obtain an expression for the pdf of waiting time under FCFS
queue discipline. Since service rate is a constant exponential rate 4 with the pdf
ue™', the pdf of waiting time may easily be derived. Assume that the customers

are served in the order of their arrival. Let T be the time spent in a system by an

arrival.

oo —ut n
Then the pdf of T is given by f(r) = Z ﬂ”ﬂf)" He (',at) ,t>0, so that
n=0 n:
[fodr=1.
0
2’ —Ht oo n
ie. £ ‘ () (5.2.7)

- (1= p)I,(2/p) S (n+Dn+ D! n!

126



Using f (), expected waiting time,

W, =E(T)= ojft. f@®)dt
[0}

K -t n+l
(I—PO)I (ZJ_Z_;(nH)'(nH)' n|.[e 7 dt

A o L |
= s
(l—Po)Io(ng(n+l)!(n+1)g n (#sz (n+2)

oo

where I'(n+2) is the gamma function defined by I'(n+2) = IE“ s"™ ds

0

. 1 o0 pn+]
ie., Wy = ,since Th+2=(n+1)!
’ (1—P0)10(2\/p)ynz=<;(n+l)! n!

\/; o0 (‘\/;)Znﬂ

U= pI,(2\p) S (n+ D! n!

___pL2Jp)
w1 = p)Io(2[p)

Hence

_pL2Jp)

pW (5.2.8)
[I (24/p) —1]
which agrees the result obtain in (5.2.4) by Little’s formula
Effective service rate
N A
y7i = U (5.2.9)
(1= po)

127



Effective traffic intensity,

L r 1 e)-1 (5.2.10)

which is the number of customers served during the waiting time of an arbitrary
arrival in the system. It may be proved that 4Ws is greater than one for any p and

increases with increasing value of p.

Now,
E(N*)=Z[n(n-1)+n]p,

=%n(n—1)- P

nH? I, 12p
1 o0 pm+2

S ldp) e mimeay

__p_ s o
1, (2\/3)Z mi el

, 1Jp)
I‘(ZT) 1, (p )+ \/—m

where 1,(2,/p ) is the modified Bessel function of the first kind of order 2.

+ L

Var(N)=E(N>)-[E(N)]

. Lep) [BLbE)
- el e el 210

which is the variance of the number of customers in the system in the steady state
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Table I: Numerical evaluation of the queue characteristics of the Model Bl

in (5.2) for various p = i
7

p Po Ls O LUWs A u o

0.1 [0.8994 |0.0941 |0.3012 |1.0279 | 1.0056A 1) 0.1006

0.2 |0.8277 |0.1816 [0.4076 |1.0543 |0.8613 A 7) 0.1723

0.5 [0.6400 |0.4052 |0.5784 | 1.1257 |0.7199 A 7} 0.3599

0.9 04699 |0.6456 |[0.6958 | 1.2180 |0.5890A 1 0.5301

0.99 | 0.4386 |0.6941 |0.7153 |[1.2364 |0.5670 A n 0.5614

1 0.4386 |0.6976 |0.7162 | 1.2427 |0.5614 A h 0.5614

5.3 MODEL BII

The non-linear state dependent Markovian queueing model characterized

by: A, =(n+1)>A,n=0,u, =n"y,n>1(iu>0)

We shall find, p,, the steady state probability that there are n customers in
the system using the Birth-Death methodology and obtain the queue

characteristics as under:

_A27 3324’ ,
12 u- (22 )....(n’ )

\ A
pn ()=p po,pz—
U

X p, =1 gives p,=(I-p)
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Hence,
p,=1-p)p", n20 (5.3.1)

which is a Geometric distribution with parameter p < 1.

System size at any time,

Li=%np,=2(1-p)np"

=(-p) L p+2:p2+3p% +...

=(1-p)-p (U +2p+3p™..) =—L— (5.3.2)

S -p)
Effective arrival rate (Average number of customers actually entering the system)

A=A p,=2(n+1)’1-(1-p) p"
=AZ[n(n-1D+3n+1]1(1-p) p"
—a-pifexipt 4320+ J43 [l p 4202 4307 4 p4 p2 4.}

2

2p 3p 1
=i~ + +
( p){a—p)-* (1-p)’ 1-p}

20" +3p(1-p)+(1-p)? 1+
d{ pl+3p0=p)+(=p) }:z( ) (5:33)
(I-p) (1-p)
Expected waiting time, Ws, of an arrival in the steady state is given by
L o
W, = > (By Little's formula)
__1-p
(+p)u
uW, = = - 2p+2p* (approximately) (5.3.4),

I+p
which is the number of customers served during the waiting time of an arbitrary

customer and this number is always less than one for any p and decreases with
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increasing values of p.

Effective service rate, ﬂ*, is given by

#*(lﬁpo):?lun pn
==n’-u-(-p)p"
2

2P p_|_#pl+p) 4
w4 p))?{(l—p)”(l—pf} (A-py > Yeldne

«__ #pd+p) _ud+p)
A-p)*-a-p,) A-p)’

. X _p(d+p)

or U = (5.3.5
1-p, (1-p)°
Effective traffic intensity,
. A
p =#* =p=1-p, (5.3.6),

which is the average number of customers at the server. It is also the proportion

of time the server is working.

Now, E(N*)=Z[n(n-1)+n]p,

=Xnn-1)-(1-p)p"-+Zn-p,
=(1-p) {2: P2 +®)2p +@)3p* +..}+ Ly
=(1-p)2p> {143p+6p> +. J+ L
p__ptp
’%+ - )
1-pQ° 1-p (-p)

=(1-p)2p*
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Hence

Var(N)=E(N*)-E[(N)]" =

p

(1-p)*

(5.3.7)

which is the variance of number of customers in the system in the steady state .

Table II: Numerical evaluation of the queue characteristics of the Model BII

in (5.3) for various p = i < p<1)
y7i

ﬂ’*

p Po Lg On U Ws 2 p
0.1 0.9 0.1111 | 03514 | 0.8182 | 1.3580A | 1.3580pn | 0.1
0.2 0.8 025 | 0.5590 | 0.6667 | 1.8750\ | 1.8750n | 0.2
0.5 0.5 1.00 | 1.4142 | 0.3333 | 6.000A 61 0.5
0.9 0.1 9.00 | 9.4868 | 0.0526 | 190X 190 p 0.9

0.99 0.01 99.00 | 99.4987 | 0.0050 | 19900 A | 19900 | 0.99

5.4 MODEL BIII

A =An20u =nu,n>1(iu>0)

The non-linear state dependent Markovian queueing model characterized

We shall find, p,, the steady state probability that there are n customers in the

system, using the Birth-Death methodology and obtain the queue characteristics as

under:
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Aghyoni Ay p"
pn = po = po’
by By (n!)?

A
p=—
U

1

1,124p

function of the first kind of order zero

Using 2 p, = 1 gives p, = where 1, (2\/;) is the modified Bessel

Hence,
p= L 120 (5.4.1)
AN

Expected number of customers in the system,

- np
Ly=2np,=% ——F
) ey ,2Jp)

e
ol 1,(2/p)

54.2)

It may be proved that Ls increases with the increasing values of p.

Proof:

Ls = Io‘é'—;'\/; I (2*/;)

ymi(m+1)!

k!

ST (o)™
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s

213

) 1 E/;—)2+@+...]

AT

212!

2

= p(1- p—%), which is a value less than one and increases with the

increase in value of p.

Effective arrival rate, 1', (Average number of customers who actually entering the

system) is given by

Effective service rate, 4, (weighted average service rate) is given by

¢

or

A =%A p,=Zip, =4

—P)=2H, P,

oo n
2
=2'n

’
LT Y1, 24p)

m+l

k5P
I,(2:/p) ™ m!m!

bP_ 5 We )"

T 1,2yp) 0 mim!

1 (%/’ )

. A

(2\/— ) yielding

_ _ 1'10(2\/;)
#= 1

oL ep-1

I, 2y/p)

.k _a1lp)

# =
-p, 1,(2/p)-1
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Effective traffic intensity,

C_F L)1
T (54.5),

which is the average number of customers at the server. It is also the proportion

of time the server is working.

Expected waiting time of an arrival in the steady state is given by,

W =LS='\/—[)-II(2\/;)
T LYp)a

Hence

1,(2p)
W, ==t (5.4.6),
S L@p)p

which is the number of customers served during the waiting time of an arbitrary
customer and this number is always less than 1 which decreases with the
increasing values of p.

Proof

o 1by)
T L@ p) e

i(\/;)ZmH

m=0

m! (m+1)'

GEE

o m!m!
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2 4
(JZ) +<JZ) N

12! 213!
H(J’ 2 (p)t >,
1Bl pi )

[mf P’ o)’ ,,.}{1+[(ﬁ)z+( \/;)4#".)}_,

12! 213! 1 212!

=1- % - % p* (approximately),

which is clearly less than one and decreases with increasing values of p.

Now

E(N2)=E[n(n—1)+n]pn

=2[n(n-1)+n]

p
()’ 1,2p)
o W™ +L

L,2p) mm+2! 7

(
1 (2\/'>I (ZJ_H‘/_

)
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Hence,

Var (N) = E(N*)-[E(N)]*

=P'12(2\/;)+\/— 11(2\/;)_{\/— 11(2\/;)}2 (5.4.7)

’1,@Jp)

which is the variance of number of customers in the system in the steady state

I1,2p) T 2Jp)

Table III: Numerical evaluation of the queue characteristics of the

Model BIII in (5.4) for various p = i
Y7,

P Po Ls 1 Ws ov | A u o

0.1 | 0.8994 | 0.0941 | 09412 | 03012 | A | 9.9445 A 0.1006

0.2 | 0.8277 | 0.1816 | 09082 | 0.4076 | A | 5.8054 A 0.1723

0.5 | 0.6400 | 0.4052 | 0.8104 |} 0.5784 | A | 2.7781 A 0.3600

09 | 04699 | 0.6456 | 0.7174 | 0.6958 | A | 1.8865A 0.5301

099 | 0.4386 | 0.6941 | 0.7011 | 0.7153 | A | 1.7813 A 0.5614

1 0.4386 | 0.6976 | 0.6976 | 0.7162 | A | 1.7813A | 0.5614

5.5 MODEL BIV

The non-linear state dependent Markovian queueing model characterized

A, :(n+1)21,n20,,un =2n*u,n>1(A,u>0)
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We shall find, p,, the steady state probability that there are n customers in the

system using the Birth-Death methodology and obtain the queue characteristics as

under:
» _ AoAyed, p = 142°1..n%2 p,
oy, 0 200220 ).2(n7 )
(AN (e A
_(2/1) po—(zj p”,p_/,l
: P P
Zpn=1gives =1-=], =<1
p g P, ( 2) 2
Hence,
P, =(1—-‘23) (%) ,n20and 0<p<2 (5.5.1)

Expected number of customers in the system,

Ly =EN)=3n-p, =z a[1-2)(2)
s = E =S, "( 2)(2)

P P
_( _3) 2__2 _°F
2
) e
9 2
2
= §+ —’a— (approximately) (5.5.2)

which is a value less than one and decreases with increasing values of p.

Effective arrival rate A* is given by
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X=X p,

Y+ 1222 )
Farvra 2)(2)

_afi_P _ 2Y
—l(l 2){[n(n 1)+3n+1](2j}

= /1(1—3) 3 T+ +
ENENCs
{ 2 2 2
Al 1+2
( 2) 24Q2+p)
= 2= . (5.5.3)
(l—ﬁ 2-p)
2
The expected waiting time, Ws, of an arrival in the steady state is given by
A 2u\2+p
1{2-p
W. == —L 554
2 (2+p) 624

which is the number of customers served during the waiting time of an arbitrary

arrival and this number is always less than one which decrease with increasing
values of p.

Proof:
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2
p p .
= ———+"— (approximatel
2 2t (app y)

which is clearly a value less than one which decreases with increasing values of p.

Effective service rate, 4, (Weighted average service time) is given by

* _ ol p p n
S
o 1P\ oY
_2/:(1 2)§[n(n l)+n](2j
( o 2 ) 3 3
, 2 (‘2') +3(2) (5] T
=2,u( __)< 2 3
+{£+2(£j +3(£] L :|
2 2 2

_2M(p+2)
(2-p)’
Hence,
» 2M(p+2)
(2-p)*(1-py)
. I 20(p+2
Or u' = -2t (5.5.5)
(I-py) @2=-p) (A-py)
Effective traffic intensity,
. A p
= = =1-
p T P,

(5.5.6)

which is the mean number of customers at the server. It is also the proportion of

the time the server is working.
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E(N*)=Z[n(n-1)+n]p,

e (28]

-(1-2) {20)@2 +3<2>(§)3 +...}+Ls
LEGIRORGESE

_ 20 L p _2p+p
2-p)? 2-p @2-p)

Now,

Hence,

Var(N)=E(N?)-[E(N)]?

2p
Var(N) =
T2,y

ie.,

(5.5.7)

which is the variance of number of customers in the system in the steady state.

Table 1V: Numerical evaluation of the queue characteristics of the

Model BIV in (5.5) for various p = —/1 0<p<2)
Y7,

p Po Ls i Ws A u P On
0.1 0.95 0.0526 | 0.4524 | 1.1634 1| 2.3269u | 0.05 0.2354
0.2 0.90 0.1111 | 0.4091 | 1.3580A | 2.7160 0.1 0.3514
0.5 0.75 0.3333 | 0.3000 | 2.2222 A | 44444 | 0.25 0.6667
09 0.55 0.8182 | 0.1897 | 4.7934 1| 9.5868 1 | 0.45 1.2197
0.99 | 0.505 0.9802 | 0.1689 | 5.8622 A | 11.7243 u | 0.495 1.3932

1 0.5 1 0.1667 6 A 12un 0.5 1.4142
1.5 0.25 3 0.0714 28A 56 0.75 3.4641
1.9 0.05 19 0.0128 780A 1560u 0.95 19.4936
1.99 | 0.005 199 0.0013 | 79800A | 159600u | 0.995 | 199.4994
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5.6 MODEL BV:
Non linear state-dependent (NLSD) model characterised by the arrival rate

A = 4
(n+1)

, n=0; service rate 4, = i, n 21 (1>0, u>0)

We have discussed this model in chapter 2. But as a non-linear state-
dependent queueing model, we study the model in this chapter also in order to
compare this model with that of the other non linear state-dependent queueing

models considered.

This model may be considered as M/M/1 model with balking in which an

arriving customer might be discouraged by the number of customers already in the

system and thus do not enter.

As in (2.3.3), the steady state probability distribution of queue length,

, p=—}i; where n2>0 (5.6.1)
U

which is again a Poisson distribution with parameter p > 0.
System size at any time, Ly =Xn p, = p (5.6.2)

Effective arrival rate,

X=2i.p, =ud-e’) (5.6.3)
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Expected waiting time of an arbitrary arrival in the system is given by

L
W, = 3= ——pp— (by Little's formula)
A (-e")u
Hence
p p. P
UW; =1———7 = 1+§+E (approximately) (5.6.4)
—e

which is the number of customers served during the waiting time of an arbitrary
arrival in the system. Clearly this is a value greater than one and increases with
the increasing value of p. This result is also verified by numerical evaluation.

Proof:

[-g-5+]

2 2 2
= 1+(£——’0—+...J+(£——p—+...) +....
2t 3 2t 3

2

L., P .
=1+ =+ "— (approximatel
AT (app y)

> 1 for any p

which increases with increasing values of p.

Effective service rate,

= u (5.6.5)
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Effective traffic intensity,

p===1-¢"=1-p,
U

= p—p—-|- ,0

YT (approximately) (5.6.6)

which is the number of customers at the server during his service time. It is also
the proportion of time the server is working. This is a value less than one and
increases with the increasing values of p. This result is also verified by numerical

evaluation.

Table V: The performance measures of the Model BV in (5.6)

. A
for various p =—

p Po Ly | pWs A “ P

0.1 | 0.9048 0.1 1.0504 | 0.0952u y7i 0.0952

0.2 | 0.8187 0.2 1.1031 | 0.1813 Y7, 0.1813

0.5 | 0.6065 0.5 1.2707 | 03935 u y7, 0.3935

0.9 | 0.4066 0.9 1.5167 | 0.5934 u y7, 0.5934

0991 03716 | 099 | 1.5754 | 0.6284 u y7, 0.6284

1.00 | 0.3679 1.00 | 1.5820 | 0.6321 u Y7, 0.6321

5.7 MODEL BVI:
Nonlinear state-dependent (NLSD) model characterized by the arrival rate

A= +1)A, n>0; service rate 4, =n’, n 21 (1> 0, 1> 0).
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This model is a completely state-dependent Markovian queueing model

with the abundant service rate and linear arrival rate.

We shall derive p,, the steady state probability distribution of queue length
and obtain the queue characteristics as under:

By using Birth-Death methodology,

_AQRM)..(nd)) p, _p"p, A
Pn =73 2 2N » PET
wRw..np) n! U
UsingZp,=1gives p, =e”’ (5.7.1)
Hence,
e’ p"
p,=———, n20 (5.7.2)
n!

which is Poisson distribution with parameter p > 0.

Equation (5.7.2) is also probability distribution of queue length in the
steady state for M/M/e model (self service model) which is a model often used to
analyse manufacturing process and to model phenomena in telecommunication

networks.

System size at any time,

Ly=Znp, =p (5.7.3)
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Effective arrival rate,

,1*=%/1 p. =%°:(n+1)/1~pn=i(p+1) (5.7.4)

Expected waiting time of an arrival is given by

L
W, ="2= A (by Little's formula)
p+D

Hence,

uW, = % =1-p+p*>—p* (approximately) (5.7.5)
p

which is clearly less than one and decreases with increasing values of p. This
result is also verified by numerical evaluation. Equation (5.7.5) gives the number

of customers served during the waiting time of an arbitrary arrival.

Effective service rate

. A _Al+p)
(I=-py) (1= py)

P (5.7.6)

Effective traffic intensity,

p =—=1-e’=1-p, (5.7.7)

which is the number of customers at the server during his service time. It is also

the proportion of time the server is working.
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Table VI: The performance measures of the Model BVI in (3.7)

. y)
for various p =—

Do LS ,UWS ﬂ,* ﬂ* p*

0.1

0.9048 0.1 0.9091 LL1A | 1.1555p | 0.0952

0.2

0.8187 0.2 | 0.8333 124 | 1.3238pu | 0.1813

0.5

0.6065 0.5 | 06667 | 15X | 1.9060 n | 0.3935

0.9

0.4066 0.9 | 0.5263 192 | 2.8817pn | 0.5934

0.99

0.3716 | 099 | 0.5025 | 1.99A | 3.1351 n | 0.6284

1.00

0.3679 1.00 | 0.5000 | 2.00A | 3.1641 p | 0.6321

5.8 SUMMARY OF RESULTS AND CONCLUDING REMARKS

L.

With reference to the measure p,, the state probability of an empty
system, it is verified that Model (5.2) is better than the other non

linear state-dependent model considered.

The probability distribution of queue length for the NLSD Models

(5.6) and (5.7) are same which follows Poisson distribution with
parameter 0. 1i.e., there are non linear state-dependent Markovian

queueing models having the same probability distribution of queue

length.

From the model (5.3), it may be verified that the steady state
probability distribution of queue length of the NLSD queueing

models characterized by 4, =(n+ )" 4, n=>0; g,=n"u, n2>1,
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where m 2 2, 4> 0, £ > 0 follows Geometric distribution given by
pn=(1-p)",n>=20and 0 < p< 1, which is the same as the steady-

state probability distribution of queue length for the M/M/1 Model.

With reference to the measure p,, one can do better than the Models

(5.2) (5.3), (5.4), (5.6) and (5.7). An example is provided by

m:bgy0<p<2wmmcmbMMMWdW&wMMd6&

characterized by 4, =(n +1)*2,n>0; M =2 nz,u, n 2 1, which is

a model very close to the non linear state-dependent queueing model

considered in this chapter.

Considering the model (5.5), for fixed service rate 4, an increase in p
calls for a reduction in the proportion of the time actually the server

is working than the models (5.1), (5.2), (5.3), (5.4), (5.6) and (5.7).

It is verified that the effective traffic intensity p of the better model
is exactly half of p* of the better state-dependent queueing model

considered in (5.3).

With reference to the measure p,, the state probability of an empty

system, one can do better than the model (5.7). An example is

provided by p,= where IO(\/B is Modified Bessel

1
1,p)

function of order zero, which can be achieved by the model

A
2n+2’

characterized by the arrival rate A, = n = 0, service rate
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M, =2ni, n=1where A>0, £>0. Itis to be noted that both

models have the same service rate.
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Chapter 6

THE WAITING TIME DISTRIBUTION OF
MARKOVIAN QUEUEING MODELS WITH
STATE-DEPENDENT ARRIVAL RATES -

A COMPARISON

6.1 INTRODUCTION

In this chapter, we study some single server Markovian queueing models
with state dependent arrival rates and constant service rate. We obtain the steady
state probability distribution of queue length and waiting time distribution of these
models. Some statistics of the waiting time distribution are also investigated and

compared numerically thereby suggesting the relative supremacy of the models.

Queues with state dependent arrival rates have wide application in
computers, communication systems, queueing networks etc. In recent years there
has been great interest in obtaining queue length distribution of these models

which are used in performance analysis of computer/communication systems.
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We study some Markovian single service queueing models with state
dependent arrival rates A, and constant service rate f, when the number of
customers in the system is n. We obtain the steady state probability distribution
of queue length. We shall also carry out a steady state analysis of the waiting
time. Narayanan and Manoharan (2006) have considered state dependent
Markovian Queueing Models with state dependent arrival rates and constant
service time. Here the steady state behaviour of the model is discussed and
obtained explicit expression for the steady state probability distribution of queue

length and waiting time distribution.

The waiting time of an arrival is queueing time plus service time. The
waiting time is merely the service time if the system state upon arrival is zero.
Brain Conolly (1975) and Hadidi (1969) gave an expression for the waiting time
distribution using direct analysis. However, the method used is more tedious and
complicated. The moments of waiting time distribution can be found only by
contour integration. Natvig (1975) derives the pdf of waiting time in the steady
state of a queue model where potential customers are discouraged by queue

length. He also compute the mean and variance of the waiting time.

In this section, we consider some Markovian single server queueing
Models with state dependent arrival rates 4, and service rate 4, = 4, a constant

when the number of customers in the system is n. We obtain the steady state
probability distribution of queue length and waiting time distribution. Some

statistics of the waiting time distribution are also evaluated.
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6.2 MODEL1I

The state dependent single server Markovian Queueing Models

characterized by the arrival rate 4, = ,n=>0, service rate f, = 4, n 2 1

2(n+1)

(A>0,u>0).

We have already discussed this model as Model AIl in chapter 4.
However, as a Markovian queueing model with the state-dependent arrival rates
and for comparing some statistics of the waiting time distribution for the state-

dependent queueing models, we consider this model in this chapter also.

As in (4.3.2), the steady state probability distribution of queue length is

given by,

pn:__2_,n2()and p:i (621)
U

Assume that customers are served in the order of their arrival (i.e., assume
FCFS queue discipline). The duration of services are independent and identically

distributed (i.i.d) random variables and independent of the arrival process. The

service time distribution is exponential with mean —. Let T be the time spent by
U

an arrival in the steady state. Then the pdf of the Waiting time T is given by
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2 pe (un)

n=0 n!

f@®)= , SO that ]f(t) dt=1,
0

where effective arrival rate 4” = Z A, p,=ul—e plz) (6.2.2)
n=0
l 2n+l
t
. ) le" e [2 & ( 2]
ie.,asin(4.3.7), filty= ———— A Z N 7

20— ") VAt =2 nl(n+1)!

e "
= A 2.
s ) 62

where I, (\/ﬁ ) is the Modified Bessel function of the first kind of order one.

The expected waiting time in the system,

W, = E(T) = o]‘t. f@dr
0

o T i e
e’ M2 2 7 an

___ P
ST (6.2.4)

Hence uWs, the expected number of customers served during the waiting time of

p

, which is clearly a value greater than one
_e—p/Z)

an arbitrary arrival equals

and increases with increasing values of p.
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Proof:

p
wo=—*%"
s s d=ery
-1
P I,
4 24
2 3
—1+£4——p nearly

Clearly this is a value greater than one and increases with increasing values of p.

This can also verify by numerical evaluation.

oo

Now, E(T2)=jt2f(t)dt

0
1 2 A 6
= === |+

i AWE 2x4 \ ut

- 2 (24 pi 120
— + P +
8x12 \ u 16(6x24) \ u

=— P 21 p14 2} (6.2.5)

Hence,

Var(T), o2 =ET*)-[E(T)])

:'TB?;/})T {a-e?) Q+pi4) - pr4}
pili-e :
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Hence,

o = Jolll=e"2 104 p/4) - pr4]

(1 ~ E”’z) (6.2.6)
Now, the Coefficient of Variation (C.V) of T is given by
_Zpl2 _ 4
V. of T= 20—y (=8 )d+p/8) —p/ 6.2.7)
W p

Table I: The Numerical evaluation of p, and statistics of the Waiting time

distribution of the Model I in (6.2) for different values of A, y(1=p, u=1)

A(= p) Po HUWs /12 0'% MU Or CV.of T

0.1 0.9512 1.0256 1.0521 1.0257 1.0001

0.2 0.9048 1.0508 1.0980 1.0479 0.9971

0.5 0.7788 1.1302 1.2664 1.1253 0.9957

0.9 0.6376 1.2418 1.4976 1.2238 0.9856

0.95 0.6219 1.2563 1.5306 1.2372 0.9848

0.99 0.6096 1.2678 1.5559 1.2474 0.9837

1.00 0.6065 1.2708 1.5625 1.2500 0.9836

2 0.3679 1.5820 2.2434 1.4978 0.9468
5 0.0821 2.7236 4.8382 2.1996 0.8076
9 0.0111 4.5505 8.8715 2.9785 0.6545

6.3 MODEL II

The state dependent single server Markovian queue model characterized

,n20,servicerate t, =, n=>1 (A>0, u>0).

by the arrival rate 4, = -
(n+l)
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We have already discussed this model as Model BI in chapter 5. However,
as a Markovian queueing model with state-dependent arrival rates, and for
comparing some statistics of the waiting time distribution for the state-dependent

models, we consider the model in this chapter also.

As in (5.2.1), the steady state probability distribution of queue length,

p" A
- n20and p=2 6.3.1
P, )’ I, (2\/;) nz0and p p (6.3.1)

where I, (2 \/; ) is the Modified Bessel function of the first kind of order zero.

System size at any time, Ly =XZn.p,

_Jp 104p)

T(m)— (6.3.2)
Effective arrival rate, 1 =Z4,.p,
_el1, o)1) 633)

1,(2p)

Using Little's formula, the expected waiting time of an arrival in the

system is given by,

WS — LS _P- Il (2‘/;) . (634)

Hence,

o 1,024p) 63.5)
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which is the expected number of customers served during the waiting time of an

arbitrary arrival.

Assume that customers are served in the order of their arrival. Service

time distribution is exponential with mean — and is independent of the arrival
7

process. Let T be the waiting time of an arrival in the system.

As in (5.2.7), the pdf of T is given by

f(t)=i Ay M)—n—, so that °]f(t) dt=1

*
n=0 j. " n!

_ Ae " - (A1)"
[I,2:[p)-11= (n+D(n+Din!’

ie., 110

t>0 (6.3.6)

Now, ET) (= Ws) = ]t. @) dt
0

oo

/1“1 J’e-l"tnﬂ dt

oo

% [1. o)~ 1]+ Din+ D1 n!

L3 P
n, 24)-1] §, Wit/ Y

where 5(11 +2) is the Gamma function and S(n +2) =(n+1)!, sincenisa+ve

integer.
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n+l

1 N P

Thus WS :llo (2\/5)_1};1 ; n+D)! oy
I
U, 2Jp)-1p = n! (n+D)!
_ ol 2] 63.7)
ull, 24[p)-1]
Hence,

uW, = T%%%] (6.3.8)

which agrees with the result obtained by Little's formula.

= P re” = (A)" j
Now, E(T?)=[—t ( dt
o (") J[I,,(z,/p)-u Zo (n+D)l(n+ D! n!

1 > ln-‘-] = u 2
— - 2 g
L 2Jp)-1] % Tore DI (,Ie e

oo n+1

1 p
= r 3
w1, 2 p)~1] 2 T L+

where I'(n+3)=m+2)!'=n+2)(n+1)!
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oo

. 1 (n+2) p™!
L., E(T*) =
1 (") 12, 24p) -1 ; (n+1! n!

L1, GVp)+24p.1, 240}

W, )1

Hence,

Var(T), o2 = E(T?*) - [E(T)]?

1 o 1,2y )+24p.1, (2@)}_{ Vo 1,040 }2

BTN ull, 2p)—1]

2 2 _P I, (2\/;)+2\/; I (2\/:—0_)_{‘/; 1 (2‘/;)}2

e MO [, 24p)-1] 1,(24p)-1

(6.3.9)

Coefficient of variation (C.V) of T is given by C.V. of T = VEVT— , which is a
N

dimensionless quantity and is a measure of consistency.
Table II: The Numerical evaluation of p, and statistics of the waiting time

distribution of Model II in (6.3) for different values of 4, u (1= p; u=1)

A(=p) Po UWs [ o} U Or CVofT
0.1 0.9076 1.0279 1.0496 1.0245 0.9967
0.2 0.8277 1.0543 1.0985 1.0481 0.9941
0.5 0.6400 1.1258 1.2440 1.1153 0.9907
09 0.4699 1.2180 1.4341 1.1975 0.9832

0.95 0.4541 1.2310 1.4564 1.2068 0.9804
0.99 0.4417 1.2405 1.4750 1.2145 0.9790
1.00 0.4386 1.2427 1.4796 1.2164 0.9788

2 0.2344 1.4689 1.9242 1.3872 0.9443
5 0.0585 2.3663 2.3569 1.5352 0.6488
9 0.0149 3.0459 3.1751 1.7819 0.5852
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6.4

MODELS

COMPARISON OF EXPECTED WAITING TIME AND

COEFFICIENT OF VARIATION FOR DIFFERENT

In the following table, we provide the values of expected waiting time T

and corresponding coefficient of variation for different queueing models for A = p,

u=1
M/M/1 Model Model I Model 11
P in section (6.2) in section (6.3)
UWs CVofT UWs CVofT HUWs CVofT

0.1 1.1111 1 1.0256 1.0000 1.0279 0.9967
0.2 1.250 1 1.0508 0.9971 1.0543 0.9941
0.5 2.000 | 1.1302 0.9957 1.1258 0.9907
0.9 10.000 1 1.2418 0.9856 1.2180 0.9832
0.95 20.000 1 1.2563 0.9848 1.2310 0.9804
0.99 100.00 1 1.2678 0.9837 1.2405 0.9790
1.00 - - 1.2707 0.9836 1.2427 0.9788

2 - - 1.5820 0.9468 1.4689 0.9443

5 - - 2.7236 0.8076 2.3663 0.6488

9 - - 4.5505 0.6545 3.0451 0.5852
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6.5 SUMMARY OF RESULTS AND CONCLUDING REMARKS

(M

(2)

3)

4

&)

The expected waiting time and coefficient of variation of Models I &
IT in sections (6.2) and (6.3) respectively are less than that of the
standard M/M/1 Model.

Among the models considered, Model II is better than the Model I.
Hence customer can always choose Model II to have less waiting time

in the system.

For the Model II, Ls = ‘/; I, (2\/;) W. = I, (2\/;)\/_,0_

CoLedn T wlL,edp -1

o kU, p) 1]

1,(24)

Thus Ls = A Wi, a verification of Little's formula. Similarly Little's

formula may be verified for Model 1.

With reference to the performance measure p,, the state probability of
an empty system, Model I is better than Model II. However Model 11
is better than the standard M/M/1 model.

The comparisons in terms of expected waiting time and coefficient of
variation of waiting time indicates the reduction in these quantities for
Models I and II. This suggests the effect of queue discouraged by
potential customers. The effect is more significant for higher values of

the traffic intensity parameter p.
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Chapter 7

COMPARISON BETWEEN
STATE-DEPENDENT MODELS

7.1 INTRODUCTION
This chapter is devoted to the comparison between the state dependent
models developed in the previous chapters viz.
(1) Model I: The state-dependent queue model characterized by the arrival
rate A, = A, n>0; service rate 4, =ni, n>1 where >0, £>0.
(i1) Model II: The state-dependent queue model characterized by the arrival

A

rate A, =
n+l1

, n2>0; servicerate 44, = 4,n>1 where A>0, £>0.

(iii) Model III: The state-dependent queue model characterized by the arrival

A

rate A, =
n+1

, n20; service rate 4, =ng,n>1 where >0, u>0.

(1v) Model IV: The state-dependent queue imodel characterized by the arrival

rate A, =(m+1) A, n>0; service rate 4, = ng, n 21 where 4> 0,

u>0.
(v) Model V: The state-dependent queue model characterized by the arrival
rate A, = , n>0; service rate y, = 2ni, n > 1 where 4> 0,
2n+1
1>0.

162



The numerical evaluation of system characteristics permit us to have a
meaningful comparison between these models. In order to illustrate the
advantages of specific adaptive mechanism we also compare these models with

the worst possible non-adaptive system — M/M/1.

Suppose we are operating an M/M/1 queueing system with parameters A4

and g The traffic intensity Y is measured by the ratio

Yoty = where S = mean service time, 7 = mean inter arrival time

M| L

4 (=p) (say)
M

Suppose now, keeping the same A and y , that we consider the adaptive
mechanism of Model I, characterized by the arrival rate 4, = 4, n > 0; service

rate i, =nu,n=1 where 1>0, £>0.

A

This generates a new mean effective service time S  given by

§=— :%(I—E”) where 4 = effective service rate and consequently a new
U

traffic intensity is generated,
%\'Iodell=ﬂ‘SA = l_é—p (711)
which is clearly less than p = Jm, for p>0

i.e., the compensatory adaptive mechanism of Model I causes the system to

operate at a lower traffic intensity.
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When pis very small, there is not much difference between ¥4, and ¥y

(= p). But when p has the largest possible value for the operation of M/M/1 in

steady state, i..; =1, Wposer 1= 1 — e_1 = (0.63. Therefore Model I offers better

operating characteristics than M/M/1, see for example, Brian Conolly, (1975).

We have

oo

wy, p,=u-p,)
1
Hence,

LY. P, |
'—"1——=#:

1 - p() E (serVice time)
For Model I, 1, = nu
2mp, Hunp, :
l = 1 = —_— =
1-p, 1-p, 1—e’ =w) E (service time)

Now consider the state dependent mechanism of Model II, characterized

by 4, =

1 n 2 0; service rate f, = i, n 2 1 where A>0, £>0. This model is
n

the counter part to effective service time for Model I. For this model, effective

arrival rate,

P n

o0 on ) p »
= 2. = — = 1-e
S an =5 T e

x=

<[ —

The explicit results of Hadidi and Natvig (1969) for effective inter arrival

interval (EII) are too complicated to quote but they lead to the result.
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EEM=u'(1-e")"'(=1)

The new traffic intensity generated by Model I is given by
1
Wotoset 1 = %=—'L;—*=1—e"” (7.1.2)
x
which is also the traffic intensity induced by Model 1. i.e., as in Model I, the
compensatory adaptive mechanism of Model II causes the system to operate at

lower traffic intensity.
Thus when pis very small, there is not much difference between .,

(= Woaer ) and Yy ( = p). But when p has the largest possible value for the

operation of M/M/1 in steady state, i.e., p =1, %ogrr = 1 — ¢! =0.63.

b4

Therefore, Model 1I like Model I offers better operating characteristics
n+l1

than M/M/1.
Now we consider Model III characterized by the arrival rate 4, =

n > 0; service rate i, = ni, n > 1 where A> 0, £>0. Keeping the same A and 4,

AL 2
! ( \/;) and effective service rate,

Jp 1,24p)

this model, effective arrival rate 1=
._up 1,024p)

“ L edn -]

we consider Model III which is a combination of Model I and Model II and for
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. . o A | B
This generates a new mean effective service time § = — given by
7

[I\/_(Z;/Zz) \/_IJ) and mean inter arrival time, T = /1* \ﬁ—l I( 2(?/\1;)

Consequently the new traffic intensity induced by the Model Il is given by

1
~1- <p=y for p>0 (7.1.3)
I 2\/; MIMN P

Wodei 111 =

| L

1.e., Model III causes the system to operate at a lower traffic intensity. When p is
very small, there is not much difference between Hu i and ¥umy (= p). But when
p has the largest possible value for the operation of M/M/1 in steady state,
ie., p=1,

I
1,(2)

0

=0.56 (7.1.4)

Yotoder r = 1=

Therefore, Model III offers better operating characteristics than the state
dependent Models I & II where Models I & II are better than the standard M/M/1

Model.

The same question may be put in a number of different ways. For

example, suppose the system is operating under M/M/1. For the Model I,
Wtoder 1 = 1 — ¢! =0.63 when p has the largest possible value in the steady state,

i.e., when p= 1. Since traffic intensity (i.e., effective traffic intensity) for Model I
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is less than that of the standard M/M/1 model, Model I offers a better operating

characteristics than M/M/1.

It is now obvious that Model III offers a better operating characteristics

than Model I or Model II.

Now we consider the state dependent queue model characterized by

A=+ 1) A, , n20; service rate 4, = ni, n 2 1 where A > 0, £ >0. For this

model called Model IV, effective arrival rate, A= IL and effective service
-p

|

rate * =
H -

©

(I-p)
7

This generates a new mean effective service time, S = and a mean

inter arrival time T = Q_;_p)

. Consequently the new traffic intensity induced by

the Model IV is given by

=p = %I/M/l (715)

Vtodet v =

~| b

i.e., Model IV causes the system to operate at the same traffic intensity that of

M/M/1.

Now we consider a single server generalization of M/M/1 queueing model

in which the parameters A, and 4, of arrival and service rate, respectively, are
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caused to depend on n, the number of customers present in the system, which is

the state of the system at time ¢ after initiation. This model is defined by

1 = : A L n 2 0; 4y = 2np, n 2 1 where L u >0. We call this model as
n+
Model V.

Suppose we are operating an M/M/1 queueing system with parameters A

and 4. The traffic intensity yis measured by the ratio

Yumn = — where S = mean service time and T = mean inter arrival time

~5| L

Suppose now, keeping the same A and k4, that we consider adaptive mechanism,

the state dependent model V. This generates a new mean effective service time S

given by
e‘/;+e‘ﬁ—2 (7.1.6)
ﬂ\/; (e —e'ﬂ)
The mean effective inter arrival time 7 is given by
()
A e t+e
T = \/; (7.1.7)

(€% —e‘ﬁ)

Consequently the new traffic intensity induced by the above Model V is

given by:

ie‘/; +e’ﬁ —Z)p
(e‘/; +e‘ﬂ)

<Pp=Yyiun forp>0 (7.1.8)

%I()del v=

5.
7
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When p is very small, there is not much difference between Yuo v and
%umn = p. But when p has the largest value for the operation of M/M/1 in steady
state, there is much difference between Ymodel v and Yums (= p).
When p = 0.99, %o4v = 0.3495 and

When p= 1, Wtodet v = 0.52

Therefore, Model V offers better operating characteristics than Model III.

Thus Model V offers better operating characteristics than Models I, II, IIT and IV
(or M/M/1).

7.2 NUMERICAL COMPARISON OF MEASURE OF SERVICE

CAPACITY FOR THE DIFFERENT STATE-DEPENDENT

QUEUEING MODELS

Since B is the mean busy period and T is the mean inter arrival time, the

A

ratio —T; gives the average number of customers queueing in the busy period. This

is a measure of service capacity of the system. In this section we compare this

measure for different state-dependent queueing models.

For Model I,

=~ | o

=ef -1

For Model 11, Pi— = (e__l)_;
T pe’

B _lLlyp)-]
For Model HI, —T: = —I:WT &
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ForM/M/1,

1

I-p

~| o>

where B = E (BP) and T =E (inter arrival time)

A

Now, let us compare Numerically 1;— for Models I, IT & III in (7.1) with

M/M/1 Model for various p = i
U

The results are tabulated and given in the

Table L.
Table 1
P Pi— for M/M/1 Ei for Model I —li for Model I Ei for
T T T T
where p< 1 Model 111
0.1 1.1111 0.1052 0.1002 0.0924
0.2 1.250 0.2214 0.2007 0.1723
0.5 2.000 0.6487 0.5105 0.3599
0.9 10.000 1.4596 0.9624 0.5300
0.95 20.000 1.5857 1.0236 0.5459
0.99 100.000 1.6912 1.0736 0.5583
1.00 - 1.7183 1.0862 0.5614
2 - 6.3891 2.7622 0.7656
5 - 147.4132 29.6840 0.9415
9 - 8102.0839 900.1204 0.9851
10 - 22025.4658 2202.4932 0.9889

From the Table (I) it is observed that,

—_ <|—=< <
T Model Il T Model I
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7.3 NUMERICAL COMPARISON OF A W,iB&iS FOR

DIFFERENT STATE-DEPENDENT QUEUEING MODELS

In this section we evaluate numerically A W,Aﬁ (which measures the
number of arrivals during the busy period) &A S for the state dependent Models I,
I1 & III under various values of p. The values are tabulated and given in Tables I,
IL, IIT respectively where B =E (BP); W=E (W) and S =E (service time) and A

is the arrival rate. Then we compare these models with that of the standard M/M/1

model.

Table II: Numerical evaluation of AW, AB and AS for Model I in (7.1) for

various p
p AW AB AS
0.1 0.1 0.1052 0.0952
0.2 0.2 0.2214 0.1813
0.5 0.5 0.6487 0.3935
0.9 0.9 1.4596 0.5934
0.95 0.95 1.5857 0.6133
0.99 0.99 1.6912 0.6284
1.00 1.00 1.7183 0.6321
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for various p

Table ITI: Numerical evaluation of AW, AB and AS for the Model II in (7.1)

Qo AW AB AS
0.1 0.1051 0.1052 0.1
0.2 0.2207 0.2214 0.2
0.5 0.6354 0.6487 05
0.9 1.3649 1.4596 0.9
0.95 1.4717 1.5857 0.95
0.99 1.5596 1.6912 0.99
1.00 1.5820 1.7183 1.00

for various p

Table IV: Numerical evaluation of AW , A8 and A5 for Model I1I in (7.1)

P AW AB AS
0.1 0.1 0.1018 0.0973
0.2 0.2 0.2081 0.1897
0.5 0.5 0.5624 0.4441
0.9 09 1.1280 0.7389
0.95 0.95 1.2020 0.7717
0.99 0.99 1.2640 0.7981
1.00 1.00 1.280 0.8047




For comparison purposes we also evaluate numerically AW, AB and A8

for the standard M/M/1 model and the results tabulated in the following Table V.

Table V: Numerical evaluation of AW, AB and AS for the M/M/1 model for

various p

p AW AB A8
0.1 0.1111 0.1111 0.1
0.2 0.250 0.250 0.2
0.5 1.000 1.000 0.5
0.9 9.000 9.000 0.9
0.95 19.000 19.000 0.95
0.99 99.000 99.000 0.99

From Table 1V, it is observed that /15,\ Model I < /13' Model 11 < /15' Model 11 and

for p< 1, we have,
AS Model 1 < A4S Model 111 < A4S Modet 1 = A4S Mmmi1
Also AW Model 1 < AW Modet 1 < AW mmy1

and A B wmodel 11 < A B Model 1= A B Modeln < 4B mmnt

Now we compute AW and AS for the Model IV, characterized by

a=(n+ DA, n=20,4,=n,n21(A>0, u>0). The measures are evaluated

and tabulated in tables V and VI respectively.
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Table VI: Numerical evaluation of AW , and A4S for the Model IV in (7.1)

for various pin0 < p<1

p AW A8
0.1 0.1 0.09
0.2 0.2 0.16
0.5 0.5 0.25
0.9 0.9 0.09

0.95 0.95 0.05
0.99 0.99 0.01

Table VII: Numerical evaluation of AW , and AS for the Model V in (7.1)

for various pin0 < p<1

p AW AS
0.1 0.0508 0.0492
0.2 0.1033 0.0967
0.5 0.2708 0.2293
0.9 0.5166 0.3834
0.95 0.5491 0.4009
0.99 0.5754 0.4166

From Tables VI and V11, it is observed that:

AW Modet v < AW Modet Iv
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7.4 COMPARISON OF SYSTEM SIZE

In this section we evaluate numerically the system size in steady state for
the state dependent models I, II & III where each model is operating under the
same traffic load. We also compare these state dependent Queueing Models with

that of the standard M/M/1 model.
For example, for M/M/1 model, L = N =1L and for Models 1 & 11,
-
Ls= p.

Now l—p,=y=>1-e’=y

Hence p = - log(l — 7, system size for Models I & II. Therefore mean system

size for Models I & II are given by

A~

N =—-log(1-7y) (7.4.1)
For Model I1I, effective traffic intensity induced by model III is

1
Wodelm=1-—po=1——--—©r.
1, 2\p)

Now when y=0.1, = 0.9 which implies p = 0.3086

1
1,2p)

Hence,

1,2\p)
=0.1741 (7.4.2)
M=o lols 1,2Jp)

Also when y=0.5, I, (2\/;) = 2 which implies p=0.8190
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Hence

N =0.6017 (7.4.3)

Continuing in this manner, when = 0.99, [ ”(2\/; ) = 100 which implies

p=10.3362

Hence

N =209115 (7.4.4)

System size N in steady state for M/M/1 and Models I — III are evaluated
numerically and tabulated in Table VIII. This table compares mean system size of
M/M/1 model with that of models i— IIT at common levels of traffic intensity for
each.

Table VIII: System size in steady state for Models I - ITI compared with

M/M/1 for fixed traffic intensities

Mean system size N
g M/M/1 Model I Model II Model III

0.1 0.1111 0.1054 0.1054 0.1741
0.2 0.25 0.223 0.223 0.211

0.5 1.00 0.6931 0.6931 0.6017
0.9 9.00 2.3026 2.3026 1.6397
0.95 19.00 2.9957 2.9957 2.0749
0.99 99.00 4.6052 4.6052 29115
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By comparing the mean system size, the advantages of Models I — III are
maintained. It is verified that at low traffic intensities there is not a lot to be
gained by comparison with the standard M/M/1 model but the advantage increases
with traffic intensity. It may be observed that the mean system size increases with
traffic intensity as expected and the state dependent Model III is superior to the

models I & II, which are still superior to the standard M/M/1 model with reference

to the mean system size N.

7.5 COMPARISON BETWEEN LINEAR AND NON-LINEAR

STATE-DEPENDENT QUEUEING MODELS

In this section, we study some general linear (Model C;) and non-linear
state-dependent Markovian queueing models (Model C;). We obtain the steady-
state probability distribution of queue length and important performance measures
for these models. We prove that the steady-state probability distribution of queue

length for the linear and non-linear state dependent queueing models considered

follows the Geometric distribution, p, = (1 - p)p", n 20, 0< p (z i)< 1,
Y7

which is also the steady state probability distribution of queue length for the
standard M/M/1 model. We also evaluate numerically the steady-state
performance measures for the models considered and make a comparison between
them. With reference to the performance measure p,, the state probability of an
empty system, we obtain a better non-linear state-dependent model than a
particular case of state-dependent queueing model of the general non-linear state-

dependent queueing model considered.
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Model C;
General linear state-dependent queueing model characterized by the arrival
rate A, = (n + k)A, n > 0; service rate f4, = (n + r )i, n 2 1 where r & k are non-

negative integers satisfying k> 1 and r20and 4> 0, 4> 0.

Using the Birth-death methodology, we obtain the steady state probability

distribution of queue length and performance measures as under:

_ Aoy A p
Myl

kA (k+DA..(k+n-DAp,
(r+) u(r+2Du..(r+n)u

n

=p" p, for the pairs of {(k,r)}={(1,0),(2,1),(3,2),...} where
A

pP=—
U

Using 2. p, =1 gives p, = (1- p)

Hence,

pn=(0-p)p",n20,0<p <1. (7.5.1)

which is a Geometric distribution with parameter p< 1.

System size at any time f, Lg=2np,
= 1L = p+ p?, (approximately) (7.5.2)
-pP

which is clearly less than one and increases with increasing values of p in

O<p<l.
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Effective arrival rate,

7=34.p,
n=0

=Y Mn+k)p, = ML; +k}

_Alk+pa-n)]

753
- (7.5.3)

For k = 1,2, 3, ....., the effective arrival rate A” (approximately) are respectively
givenby A(1 +p+p2), AQ+p+p?), A3+ p+p?), .. and for a given arrival

* . . .
rated, A increases with increasing values of k as expected.

. * . . .
For a particular value of k, A" increases with increasing values of p.

Using Little’s formula, the expected waiting time of an arbitrary arrival is given

by
W, = Lf = 1
P oplk+p-n)
1
Hence uWs (7.54)

Tkt pd-k)

Which is the number of customers served during the waiting time of an arbitrary
arrival in the system. For k = 1, 2, 3, ... the number of customers served during

the waiting time of an arbitrary arrival are respectively given by (approximately),

2

1, %+%+%, —1—+Z p +i p’,... which decreases with increasing values of k.

3 9 27
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i.e.; when the rate of arrivals increases, the number of customers served during the

waiting time of an arbitrary arrival decreases.

Effective service rate 4 is given by

C_ & [k+p1—-k)]
1-p, 1-p

u (7.5.5)

Fork=1,2,3, ..., i are respectively given by

U +p+pd, Q+p+p?d, u3+p+p?), .. approximately.

For a given service rate 4, £ increases with increasing values of p as expected
for a specified values of k.

Effective traffic intensity,

*
*

A
p =—=p=1-p, (7.5.6)
U

which is the number of costumers at the server. It is also the proportion of time
the server is working and p* = p means that the number of customers at the server
or the proportion of time the server is working equals the minimum number of
servers to cope with the arriving traffic.

Remark: A particular case of this general linear model when k = 2, r = 1 gives the

model A VII discussed in Chapter 4.

Model C::
General non-linear state-dependent queueing model characterized by the
arrival rate A, = (n + )™ 1, n = 0; service rate y4, = n"i, n 2 1 where m = 2 and

A>0,u>0.
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As in the Model C;,

b - a"A) 2"A) ..((n" ) p, —p"p
") @70 ) ’

using 2 pp=1givespo=1-p
Hence,

pn=(1-p)p",n20,0<p<1 (7.5.7)
which is a Geometric distribution as in Model C;.

System size at any time, L, = Zn p,= P

1-p
= p + p>+ p’ approximately (7.5.8)
which is a value less than one and increases with increasing values of p in

0 < p< 1. This result may also be verified by numerical evaluation.

Effective arrival rate, ' =Y_ 4,.p,

n=0

= Z (n+D)".A.p,

= /1(1+p2) , wherem =2
(I=p)
=A(1+3p+5p*) , approximately (7.5.9)

For a given arrival rate A, A" increases with increasing values of pin 0 < p<l.
Using Little's formula, the expected waiting time of an arbitrary arrival,

L

s =

__{a=-p
A u+p)
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Hence,
uW, =122 125427 ~2p°, nearly (7.5.10)

which is the number of customers served during the waiting time of an arbitrary

arrival in the system, which decreases with increasing values of pin0 < p< 1.

Effective service rate, u* =

1-p,

_ud+p)
(1-p)?

=u(l+3p+5p>+7p*) , nearly (7.5.11)

. . * . . .
Hence for a given service rate ¢, # increases with increasing values of p.

Effective traffic intensity,

p = '1* =p=1-p, (7.5.12)

®

This result is also true for the general linear state-dependent queueing Model C,.

From the Model C;, when k = 1 and r = 0, we have the queueing model

characterized by 4, =(n+1)4,n20; y, =nu,n21 where 1 >0, 4> 0, which is a

model introduced in B.W, Conolly (1974) and Brain Conolly (1975).

As in the general state-dependent Model C;, the steady-state probability

distribution of queue length for this particular model is given by, p,=(1-p) p”,

nz20and0<p<1.
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L= l—p— =p+p*+p’ approximately
—p

By putting k = 1 in (7.5.3), }f‘=1/1 T K ,UWs=1land p*=p, a

-p l-p

result shared with Model C,. Now we evaluate numerically the performance
measures of certain specific models of section (7.5) viz., (i) the Model C; where
k =1, r = 0 and (ii) the Model C, where m = 2 for various p iIn

0 < p< 1 and the results tabulated in Table I and Table II respectively.

Table I: Performance measures for the Model C, for various pin 0 < p<1

p Po Ls uWs xz u p
0.1 0.9 0.1111 0.5263 21111 A4 | 21111 u 0.1
0.2 0.8 025 | 05556 | 2254 | 2254 0.2
0.5 0.5 100 | 06667 | 3004 | 3.00x 0.5
0.9 0.1 9.000 | 09091 | 11004 | 11.00x | 09
099 | 001 | 99.000 | 09901 | 101.004 | 101.00 | 099

Table II: Performance measures for the Model C; for various pin 0 < p<1

p Po Ls LW A i p
0.1 0.9 0.1111 0.8182 1.3580 4 1.3580 u 0.1
0.2 0.8 0.25 0.6667 1.8750 4 1.8750 u 0.2
0.5 0.5 1.00 0.3333 6.00 A 6.00 u 0.5
0.9 0.1 9.000 0.0526 190.00 A 190.00u 0.9
0.99 0.01 99.000 0.0050 | 19900.00 A | 19900.00x 0.99
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Now for comparison purposes, we also evaluate numerically the
performance measures with that of the standard M/M/1 model for various p in

0 < p< 1 and the results tabulated in Table III

Table III

p Po Ls pWs x “ p
0.1 0.9 0.1111 1.1111 A Y7, 0.1
02 038 0250 | 2.250 P P 02
0.5 0.5 1.000 2.000 A y7i 0.5
0.9 0.1 9.000 | 10.000 p) U 0.9
099 | 001 | 99.000 | 100.000 A 1 0.99

7.6 SUMMARY OF RESULTS AND CONCLUDING REMARKS
1. If § is the mean service time and A, the arrival rate, then

AS Model 1< AS Modgetn = A4S Mt

Also
/15 Model I < /15 Model 111
2. A8 Modet v < AS Modet1 < A8 Modet 1= < A8 M

3. A8 Model v < AS Model 1 < AS Model 1t

4. On comparing the measure of service capacity of the models we have,

- <|=< <|—=x
T Model 111 T Model Il T Model I

5. If W denotes the expected waiting time and A, the arrival rate, then

AW Yntogel 11 = (AW Ivtodet 1< (AW IModel 1

6. If B = E(BP), then
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(AB Yntodet 11 < (AB Yntodet 1= (A B Wvtoel 1
One can find a better state-dependent model which offers better operating
characteristics than Models I, II, IIT & IV (or M/M/1). An example is

A
2n+1’

provided by the Model V characterized by the arrival rate 4, =

n 20, service rate f, =2ni, n 2 1 (41> 0, > 0) where Yumodel v = 0.352 when

p=1

With reference to the system size, N in steady state, it is proved that Model
III is superior to the Model I or Model II. However, Model I or Model II is
superior to the standard M/M/1 Model, under the same criterion.

By analyzing the general linear and non-linear state-dependent queueing
models in section 7.5, we establish that there are linear and non-linear state-
dependent queueing models having the same probability distribution of
queue length. The number of customers served during the waiting time of an
arbitrary arrival in the system is less for the non-linear state-dependent
queueing Models than the linear state-dependent queueing Model. But the
number of customers at the server or the proportion of time the server is

working is equal to the minimum number of servers to cope with the arrival

traffic (i.e., p* = p).
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