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ABSTRACT

This thesis investigates the theory of generalized topological spaces (GTS),
extending classical topology by relaxing or modifying the axioms that define open
sets. Motivated by limitations in standard topological frame works when applied
to non-traditional structures in analysis. The thesis defines G - neghbourhood,
G - neighbourhood system, G - separated sets, G - Lindeloff spaces, G - derived
set, G - dense set, G - locally finite, og - locally finite, G - paracompact spaces,
Ig - convergent sequence, I; - convergent sequence and presents fundamental
properties, theorems and equivalent characterizations. The work explored the
properties of the generalized closed sets, generalized connectedness and general-
ized local connectedness. G - locally finite collections and og¢ - locally collections
of sets introduced and used to extend the definition of paracompactness into gen-
eralized topological spaces. The work investigate the role of separation axioms
in generalized paracompactness. The thesis defines Ig limit points and Ig - clus-
ter points of a sequence and found some relations between ordinary sequential
convergence and [g - convergence in generalized topological spaces. The study
advances into the notions of G - regular open sets, G - regular closed sets and dis-
cuss about some properties of these type of concepts. Further introduced minimal
and maximal G - regular open sets and minimal and maximal G - regular closed
sets and investigate the role of these concepts in generalized topological spaces.
Overall, the thesis provides a comprehensive and unified frame work that not
only generalizes classical topological concepts but also enriches the theoretical

landscape of topological spaces.
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G - topology, G - open set, G closed set,Mg, G closure, G - interior, G - dense,
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- connectedness, G - continuous, G - homeomorphism, G - open cover, G -open
subcover, G -compact, G - Lindeloff, G - local connectedness, G - seperated sets.
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Chapter

Introduction

Topology is the study of qualitative questions about geometric structures. The
motivation behind topology is that some geometric problems depend not on the

exact shape of the objects involved, but rather on the way they are put together.

In 1963, Levine N given a generalization of open sets in topological space.
He also define semi open sets and discussed its properties. This sets are nothing

but sets lie between an open set and its closure.

More recent research papers are devoted to the study of subsets of spaces,
containing the family of open sets and possessing properties more or less sim-
ilar to those open sets. This type of generalization given by Prof. Cs'asz ar
in 1997[13] . Generalized topological space is an important generalization of

topological spaces. C's asz ar and others are worked so many years on the gen-



eralized topological spaces and they develop a basic theory for them. Especially
C's'asz ar developed this theory using some basic operators. For this he consider
all monotonic functions from power set of X to power set of X, where X is a
nonempty set. The collection of all monotonic functions is denoted by T'(X).
ForyeT,let G={ACX:AC~(A)}. Csaszar found that ¢ € G and G
is closed under arbitrary union. He named such families as generalized topology

and the pair (X, G) is called generalized topological spaces.

The generalized topological topic is of great importance in preserving some
topological properties under conditions weaker than topology. C's asz ar intro-
duced this notion (generalized topology) in his research article titled by ’Gener-
alized topology, Generalized continuity’. He introduce this concept in connection
with v - open sets. In this paper he formulate some simple properties of gen-
eralized topologeis and to study, based on this concept, suitable generalizations
of the concept of continuous maps. Here he also discussed about generalized
continuity, 6 - continuity, # - irresolute map, weakly 6 - irresolute maps and [ -

continuous map in terms of generalized topology.

Gh.Abbaspour Tabadkan and A. Taghavi deal with a concrete example of
generalized topological space and they examine some topological properties such
as the usual continuity, the net continuity, and the net closure property for it in
the research article titled by ~ A note on Generalized Topology’ . In this article

they found that a generalized topological space has net continuous property or



net closure property if and only if it is a topological space. In the same article
they also give examples of continuous real functions which their sum and product
are not generalized continuous. A generalized topological space X is said to have
a net- closure property if for each subset A of X and x € Cg(A), there exist a

net in A converges to x.

Connectedness is a main property in general topology. In 2003 C's'asz ar
introduced the concept of connectedness in generalized topological spaces. He

introduced this concept in terms 7 - open sets.

I. Basdouri, R. Messaoud, A. Missaoui[5] discussed about some specific prop-
erties of the notions of connectedness and hyperconnectedness in generalized
topological spaces in the paper titled by ’ connected and hyperconnected gen-
eralized topological spaces’. In this paper he introduce the concepts G — a -
connected, G — o - connected, G — 7 - connected and G — [ - connected properties
in generalized topological spaces. A generalized topological space X is said to
be G — a— connected ( G — f— connected ) if there are no nonempty disjoint
G — «a - open (G — (3 - open ) subsets U,V of X such that U UV = X. Simi-
larly a generalized topological space X is said to be G — o— connected (G — 71—
connected ) if there are no nonempty disjoint G - semi open (G— preopen ) sub-

sets U,V of X such that UUV = X. In this paper he found the following results:



1. Contra a— continuous image of a G — « - connected set is G— connected.

2. The contra — continuous image of a G—[— connected set is G— connected.

In the last section he introduce the notion of hyperconnectedness in gener-
alized topological spaces, it is nothing but every nonempty G— open set in a
generalized topological space X is G— dense in X. Using the same technique
in ordinary topological spaces he define concepts like G — a— hyperconnected,
G — 0— hyperconnected, G — m— hyperconnected and G — f— hyperconnected

properties in generalized topological spaces.

In 2004, Cs'asz ar introduced the notion of separation axioms, in his re-
search article titled * Separation axioms for generalized topologies’ . In this pa-
per he found that their most important consequences remain true if we replace
open sets by elements of a generalized topology. In this paper he introduced
Ty, T1,Ts, 51,5, axioms in generalized topological spaces and he define the en-

velop operator and weak envelop operator.

Won Keun Min[33] is also introduce the concept separation axioms in some
other way in his paper titled by > Remarks on Separation Axiom on Generalized
topological spaces’. Here he define the set Mg = U{G : G € G}, where (X, G) is

a generalized topological space. In this paper defines GT1, GT», G - regular and



G - normal spaces in generalized topological spaces. Finally he concluded with
the relation G1Ty — G113 — G1;, — G1;.

Here also he found that GT7, G'T;, G - regular and G - normal spaces in gen-
eralized topological spaces are coincide with 77, Ts,, regular, normal spaces if we

replace generalized topological spaces with ordinary topological spaces.

In 2011, R. Khayyeri[25] introduced the concept of base in generalized topo-
logical space. A collection B C P(X), is called a base for a generalized topology
if G = {uUB : B c B}. In ordinary topological space every subset of P(X)
form a sub base for some topology. But in this paper he claimed that every sub

collection of P(X) is a base for some generalized topology on X.

Thomas Jyothis[31] introduced the notion of G - compact spaces in his re-
search article, titled by 'u - compactness in generalized topological spaces’. In
this paper he define concepts like G - cover, G - subcover and G - open cover.
G - compactness is nothing but every G - open cover of a generalized topologi-
cal space has a finite G - sub cover. In this paper he claimed that every finite
generalized topological space is G - compact and every finite union of G - com-
pact space is G - compact. He also claimed that G - continuous image of a G -
compact space is G - compact and every G - closed subset of a G - compact set
is G - compact. He also extended the concept G - compactness in subspace gen-
eralized topological spaces. In this section he proved that ' If E is G - compact

and F'is G - closed then F'N E is G - compact’. So almost all results regarding



compactness in ordinary topological spaces is also hold in generalized topological
spaces. Finally he discussed about the relation between separation axioms and

compactness in generalized topological spaces.

Sequential convergence is a well developed concept in topological spaces. R.
Baskaran introduced this concept in generalized topological spaces. In a topolog-
ical space every point has a neighbourhood, because X is always open in X. The
strength as well as weakness of generalized topological space is that not all points
have neighbourhoods containing them. If X is a strong generalized topological
space then every point in X has a generalized neighbourhood. So if there exist a
point x in a generalized topological space X, such that x has no neighbourhood

in X, then every sequence in X converges to x.

In this paper, R. Baskaran [26], also introduced the concept of attraction
of a set. It is nothing but a point x in a generalized topological space X is said

to be a point of attraction of A C X, if every sequence in A converges to .

The concept of convergence of a sequence of real numbers has been extend to
statistical convergence independently by Fast. Any convergent sequence of real
numbers is statistically convergent, but the converse is not true. The concept
of I - convergence of real sequences is a generalization of statistical convergence
which is based on the structure of the ideal I of subsets of the set of natural

numbers.



The concept of I* - convergence of real sequences arises from the following
result on statistical convergence; a real sequence x = (z,,) is statistically conver-
gent to ¢ if and only if there exist a set M = {m; <my < ... <my < ..} CN
such that d(M) = 1 and limy—eoTm, = ¢, where d(M) is the density of M and
defined by d(M) = limkﬁmu\Z—A,Mn ={k € M : K < n} and |M,] is the
cardinality of M,,.

B . K. Lahari and Pratulananda Das|[6] extended concepts I - convergence
and [* - convergence in topological spaces. In chapter 4, we extend these con-

cepts in generalized topological spaces.

Murad Hussain and Moizul din khan and Cenap Ozel[23] are introduced the
notion of generalized topological groups using generalized topological structure
in their research article titled by 'On Generalized Topological Groups’. In this
paper they also discussed some basic properties of this kind of structures. A G
- topological group G is a group that is also a GT5 - space such that the multi-
plication map of G x GG into G sending x X y into x.y, and the inverse map of

! are G - continuous. In this paper they also define

G into G sending x into z~
morphisms of G - topological groups, it is nothing but a function ¢ : G — G, is

both G - continuous and group homomorphism.

Sini P[28] studied heriditerily homogeneous generalized topological spaces in

her research article titled by * Heriditerly Homogeneous Generalized Topological



Spaces’. In this paper she also found a characterization for a generalized topo-
logical space which is heriditerily homogeneous, it is nothing but ’ a generalized
topological space is heriditerily homogenous if and only if every transposition of

X is G homeomorphism in X.

Concept of regular open sets was introduced by M.H.Stone in 1937. It has
been shown by him that the collection of all regular open sets form a complete
lattice. He also gave some application of Boolean algebras in general Topology.
Anuradha. N and Baby Chacko define regular open sets, regular closed sets,
weakly regular open sets, weakly regular closed sets in topological spaces [2,3.4].

Here we extend the concept of regular open sets in generalized topological spaces.

The whole work is divided in to five chapters. Chapters divided in to sections

In chapter 1, we introduce concepts like genaralized closure operator, gen-
eralized dense, genaralized neighbourhood, generalized neighbourhood system,
generalized accumulation point and genaralized derived set. This chapter con-
tain 4 sections. Section 2 contains preliminary ideas on generalized topological
spaces. In section 3, we discuss some more results regarding generalized closed
sets. Here we found that some results in ordinary topological space need not
be true in generalized topological spaces, for example * in ordinary topological
space finite union of closed sets is closed but in generalized topological space
finite union of G - closed sets need not be G - closed. In this section also found

that Cg(A U B) # Cg(A) U Cg(B), but in ordinary topological space

10



closure of (AU B) = closure (A) U closure (B). In section 4, we introduce G-
neighbourhoods, G-neighbouhood system, G-dense etc. and discuss about some
results relating these concepts. In this section we found that in ordinary topo-
logical space the neighbourhood system must be nonempty but in generalized
topological space generalized neighbourhood system may be empty. If a gener-
alized topological space is strong then generalized neighbourhood system must

be nonempty.

Chapter 2 contains 5 sections and in this chapter we introduce the concepts
like generalized interior points, generalized boundary, G - separated sets, G -
component and G - Lindeloff spaces. Section 2 contains preliminary ideas on
connectedness and compactness in generalized topological spaces. In section 3
we discuss some results regarding G - connectedness and introduce some con-
cepts like G - int of a set etc. Here we found that the generalized closure of G
connected set need not be G - connected, but in ordinary topological space the
closure of a connected set must be connected. In this section also found that
the G - components need not be G - closed but in ordinary topological space
the components are closed. Section 4 explains local connectedness in generalized
topological spaces. In section 5 , we introduce the concept G - Lindeloff spaces

and explain some results regarding these type of spaces.

In chapter 3 we introduce the concepts like G - locally finite, og - locally

finite properties in generalized topological spaces. Then introduce the concept

11



paracompactness in generalized topological spaces. This chapter contains 4 sec-
tions. Section 2 contains the preliminary ideas used in subsequent sections. In
section 3 we discuss about G - locally finite and og - locally finite properties in
generalized topology. These two properties are coincides with locally finite and
o - locally finite properties in general topology if we replaced the generalized
toplogical space with ordinary topological space. Here also discuss about some
basic properties about G - locally finite and og - locally finite properties. In
this section we found that in ordinary topological space, the union of a locally
finite collection of closed subsets of a topological space is itself closed. But in
generalized topological space this result does not hold. In section 4 we introduce
the main concept paracompactness in generalized topological space. Here also
discuss about some relation between separation axioms and paracompactness in
generalized topological spaces and claim that every G - paracompact space is G

- normal.

In chapter 4, we extends the concepts I - Convergence and [* - Conver-
gence in generalized topological spaces. This chapter contain five sections. First
section is the introduction. Second section contain preliminary ideas used for the
subsequent sections. In third section we extend the concept I - convergence into
generalized topological spaces. Mainly in this section we introduce the the con-
cept Ig - convergence in generalized topological spaces and discuss about some
properties. Here we found that the Ig convergence is preserved under G - contin-

uous functions. In fourth section we introduce the concept of I - convergence in

12



generalized topological spaces. Here we also discuss about the relation between
Ig and Ij; - convergence in Generalized topological spaces. Section 5 contain the
definitions of Ig -limit point and Ig - cluster points of a sequence and discuss
about some properties of these type of points.

In chapter 5, we introduce the concepts like of G - regular open sets, G -
regular closed sets, minimal G - regular open sets, maximal G - regular open sets,
minimal G - regular closed sets, maximal G - regular closed sets etc. Here we
also discuss about some properties of these types of sets. In this chapter contain

nine sections.
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Chapter

On Generalized closed sets

1.1 Introduction

In this chapter we introduce concepts like genaralized closure operator, gen-
eralized dense, genaralized neighbourhood, generalized neighbourhood system,
generalized accumulation point and genaralized derived set. Section 2 contains
preliminary ideas on generalized topological spaces. In section 3, we discuss
some more results regarding generalized closed sets. In section 4, we introduce
G-neighbourhoods, G-neighbouhood system, G-dense etc. and discuss about some
results relating these concepts. In this chapter, we also found that some of the
results in ordinary topological spaces does not hold in generalized topological

spaces.
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1.2. Preliminary Ideas on Generalized Topological Spaces

1.2 Preliminary Ideas on Generalized Topolog-

ical Spaces

Definition 1.2.1. [13] Let X be a set and P(X ) its power set. A subset G of
P(X ) is called a generalized topology (GT) on X and (X,G ) is called a generalized

topological space (GTS) if G has the following properties.

1. 9§

2. Any union of elements of G belongs to G

Here G is also called G-topology on X.

Definition 1.2.2. [13] A generalized topology G is called strong if X € G~

In a generalized topological space (X,G), define Mg =U{U : U € G}

Definition 1.2.3. [13] A subset A of a generalized topological space is called

G-open if A € G. A subset B is called G-closed if (X-B) is G-open.

Definition 1.2.4. [7] The G-closure of A is denoted by Cg(A) is the intersection

of all G-closed sets containing A.

Theorem 1.2.5. [7] Let (X, G) be a generalized topological space and A, B C X.

Then the following statements are hold.

1. x € Cg(A) if and only if x € U € G implies UN A # ¢
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1.3. Some Results on Generalized Closed sets

2. IfUVeGandUNV =¢ then Cg(U)NV =¢ and UNCg(V) = ¢

Definition 1.2.6. [34] Let (X,G) be a generalized topological space and B be
a sub collection of G then B is called a base for G if every G-open set can be

expressed as union of some members of B

Theorem 1.2.7. [34] Any subset of power set of X is a base for some generalized

topology on X.

Remark 1.2.8. We can generate a generalized topology on X from any sub

collection of power set of X (generate means taking possible unions).

1.3 Some Results on Generalized Closed sets

Theorem 1.3.1. Let C be the family of all generalized closed sets in a generalized

topological space (X,G). Then C has the following properties.

1. X e’

2. C is closed under arbitrary intersections.

Conversely, given any set X and a family C of its subsets which satisfies
these two properties, there exists a unique generalized topology G on X, such that

Ccoincides with the family of all generalized closed subsets of (X, G).
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1.3. Some Results on Generalized Closed sets

Proof. The first part follows from the definition of G -closed sets and De Morgan’s
laws. Define G ={BC X : X —Be€C(}

Claim: G is a generalized topology on X.

1. p €.

2. Let the collection (V,) be an arbitrary collection of members of G. Then
for each a, (X —V,) € C. To prove that (U,V,)¢ € C. We have by De
Morgan’s law (UaVa)¢ = N, V.E € G . Thus G is closed under arbitrary
union. Hence G is a GT on X. The G-open subsets of X are precisely the

complements of elements of C. Also G is unique.

O

Remark 1.3.2. In ordinary topological space finite union of closed sets is closed.
But in generalized topological space finite union of G-closed sets need not be G-

closed.

Example 1.3.3. Let X ={a,b,c,d} and G = {¢,{c,d},{a,d},{a,c,d}}. Then
G is a generalized topology on X. Note that {a,b} and {b,c} are G - closed but

their union {a,b,c} is not G - closed.

Theorem 1.3.4. Let A, B be subsets of a generalized topological space (X,G).

Then the following conditions hold.

1. Cg(A) is G-closed in X. More over it is the smallest G-closed subset of X

containing A.
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1.3. Some Results on Generalized Closed sets

2. A is G-closed in X if and only if Cg(A) = A.
3. Cg(Cg(A)) = Cg(A)
4. Cg(A) U Cg(B) - Cg(A U B)
Proof. 1. Using theorem 1.3.1, Cg(A) is G-closed in X. By the definition of

generalized closure of a set Cg(A) is the smallest G - closed subset of X

containing A.

2. Suppose A is G - closed. Since Cg(A) is the smallest G - closed subset
of X containing A, we get Cg(A) = A. Converse part is trivial from the

definition of generalized closure of a set.

3. Since Cg(A) is G - closed in X, from 2, Cg(Cg(A)) = Cg(A)

4. If Ay C A, then Cg(A;) C Cg(Ay). Since A C (AU B) ,
Cg(A) C Cg(AU B). Similarly Cg(B) C Cg(AU B).
Hence Cg(A) U Cg(B) C Cg(AU B).

]

Remark 1.3.5. If A and B are subsets of a generalized topological space, then
Cg(A U B) need not be contained in Cg(A) U Cg(B).
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1.3. Some Results on Generalized Closed sets

Example 1.3.6. Let X ={a,b,c,d} and G ={X, ¢,{c,d},{a,b},{a,c,d}}. Then
G is a generalized topology on X. Let A ={a,b} and B = {b,c}. Then Cg(A) =
{a,b} and Cg(B) = {b,c}. But C3(AUB) = X.

That is Cg(AU B) # Cg(A) U Cg(B).

Definition 1.3.7. Let (X, G) be a generalized topological space. The generalized
closure operator associated with it is defined as the function ¢ : P(X) — P(X)

such that ¢(A) = Cg(A), A € P(X).

Remark 1.3.8. A generalized closure operator has the following properties.

1. The fized points of ¢ are precisely the G - closed subsets of X.

2. ¢ is idempotent. That is c o ¢ = ¢ or in other words for any A € P(X),

Theorem 1.3.9. Let X be a set and 0 : P(X) — P(X) be a function such that

1. For any A € P(X), AC6(A).
2. 0 s idempotent.

3. 0(A)UB(B) C 6(AUB).

Then there exists a unique generalized topology on X such that 6 coincides with
the generalized closure operator associated with it. Conversely any generalized

closure operator satisfies these properties.
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1.3. Some Results on Generalized Closed sets

Proof. Let C ={A C X : §(A) = A}. Here we want to prove that G satisfies the

the hypothesis of the theorem 1.3.1

1. For any A € P(X),A C (A). So in particular X C 6(X).

Hence X = 6(X) Therefore X € C.

2. Let {A,} be any collection of members in C. Note that  is monotonic,
because if A C B, then B= AU (B — A)
implies #(B) = (AU (B —A)) DH(A)UOB(B—A) DO(A)
implies #(A) C 6(B).
Since NaAs C A, for each «, (N, As) C 0(A,) for each a, because 0 is
monotonic. We want to prove that N,A, € C. For this we want to prove
that 0(NaAy) = NaAa.
Since 6(NyAa) C 0(A,) for each a, we see that (N, As) C Nub(As). But
each A, is a member of C, so 0(A,) = A,. Hence 0(NyAs) C Na(Ad).
Also using property 1, we get No(An) C 0(NaAs). Hence (N, A,) =

Na(Ag). Therefore N, (A,) € C.

So C satisfies all the conditions given in the theorem 1.3.1. So by theorem 1.3.1
we get, there is a unique generalized topology G on X such that C coincides with
the family of all G-closed subsets of (X, G).

It remains to verify that the generalized closure operator associated with G is

coincides with 6. Let A C X. To prove that §(A) = Cg(A). We have Cg(A) is

20



1.3. Some Results on Generalized Closed sets

the intersection of all G- closed subsets of X containing A. But G-closed subsets
of X with respect to G are members of C.

Therefore Cg(A) = n{B € X : A C B,0(B) = B}. Now whenever A C B,
6(A) C (B). Soif A C B and 0(B) = B implies that §(A) C B. But Cg(A) is
the intersection of such sets B’s and so Cg(A) D 0(A). Using condition 2, we see
that 0(0(A)) = 0(A) which implies §(A) € C. From property 1, A C §(A). That
is O(A) is a G-closed set containing A. But Cg(A) is the smallest G - closed set

containing A. Hence Cg(A) C 0(A). Therefore Cg(A) = 0(A) O

Definition 1.3.10. If A is a subset of a generalized topological topological space.

Then A is said to be generalized dense ((or G - dense ) in X if Cg(A) = X.

Example 1.3.11. Let X = {a,b,c,d} and G = {¢,{a,b}} and A = {b,c} then
Cg(A)=X. So A isG - dense in X.

Theorem 1.3.12. A subset A of a generalized topological space X is G - dense

in X if and only if A intersects every G - open subset of X.

Proof. Suppose A is G- dense in X and B is a non empty G-open subset of X.

If ANB = ¢. Then A C (X — B). Since (X — B) is G -closed and Cg(A) is the

smallest G -closed set containing A, we get Cg(A) C (X — B). But (X —B) is a

proper nonempty subset of X, contradicting Cg(A) = X. Hence AN B # ¢.
Conversely suppose that A intersects every nonempty G- open subsets of X.

Since ¢ is G-open, the only G- closed set containing A is X.

So Cg(A) = X and hence A is G-dense in X. O
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

1.4 Generalized Neighbourhoods and General-

ized Accumulation Points.

Definition 1.4.1. Let (X,G) be a generalized topological space, xy € X and
N C X. Then N is said to be a generalized neighbourhood (G-neighbourhood) of

xo, if there is a G - open set V such that xg € V and V C N.

Example 1.4.2. Let X = {a,b,¢,d} and G = {¢,{a,b}}. Let N = {a,b,c}.
Then N is a generalized neighbouhood of both a and b. But N is not a G—

netghbourhood of c. Also ¢ has no G - neigbourhood in X .

Remark 1.4.3. In ordinary topological space every element has a neighbourhood
because the whole set is a neighbourhood of each of its points. But in generalized
topological space every point need not have a G- neighbourhood. In a strong

generalized topological space every point has a G- neighbourhood (see definition

1.2.2).

Theorem 1.4.4. A subset A of a generalized topological space X is G- open if

and only if it is a G- neigbourhood of each of its point.

Proof. Let X be a generalized topological space and G C X. Suppose G is G-
open. By the definition of G-neighbourhood, G is a G-neighbourhood of each of
its points.

Conversely suppose G is a G- neighbourhood of each of its points. So for each

x € G there exists a G - open set V, such that z € V,, C G. Hence G = UV,
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

implies G is G- open. ]

Definition 1.4.5. Let (X, G) be a generalized topological space. Let n, be the set
of all G -neighbourhoods of x in X. Then the family n, s called the generalized

neighbourhood system at x.

Example 1.4.6. Let X = {a,b,c,d} and G = {¢,{a,b}}. Here ¢ has no G-

netghbourhood. So the generalized neighbourhood system at ¢, 9. = ¢.

But n, = {{a,b},{a,b,c}, X} = np.

Remark 1.4.7. In ordinary topological spaces the neighbourhood system must be

nonempty. But the generalized neighbourhood system may be empty.

Theorem 1.4.8. Let X be a generalized topological space and for x € X such

that the generalized neighbouhood system at x, n, is nonempty. Then

1. If U € n,, then x € U.
2. IfVen, andU DV, then U € n,.
3. A set G is G- open in X if and only if G € n, for all x € G.

4. If U € n,, then there exists V € n, such that V. .C U and V € n, for all

yeV.

Proof. 1. If U € n, then U is a G- neighbourhood of z. So = € U.
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

2. V €n, implies V is a G- neighbourhood of x. So there exists a G- open set

W such that r e W C V. U DV thenx € W CV C U implies U € 7,.

3. A set GG is G- open if and only if G is a G- neighbourhood of each of its

points (by theorem 1.4.4) if and only if G € n, for all z € G.

4. If U € n, then U is a G- neighbourhood of z. So there exists G- open set V'
such that x € V C U. By theorem 1.4.4, V is a G - neighbourhood of each
of its points, in particular it is a G- neighbourhood of x. That is V' € n,

such that V C U and V € n, for all y € V.
O
Theorem 1.4.9. Let X be a set and suppose for each v € X, n, be a family of

subsets of X satisfying the following properties.

1. IfU € n,, thenz € U.
2. IfVen,, andU DV then U € n,.

3. If U € n,, then there exists V € n, such that V. C U and V € n, for all

yeV.

Then there exists a unique generalized topological space G on X such that for each

x € X, n, coincides with the family of all G -neighbourhoods of x with respesct

to G.

Proof. Let G ={U C X : U € n,, for every x € U}. First we want to prove that

G is a generalized topology on X. Clearly ¢ € G.
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

Let {A,} be an arbitrary collection of members of G. By definition of G, each
A, is a member of 7,. By condition 2, we have U, A, € n,, for every x € U, A,.
Hence G is a generalized topology on X.

Next we want to prove that for any x € X, the generalized neighbourhood
system at x with respect to G coincides with 7,.

Let U € n,. By condition 3 there exists V' € n, such that V. C U and V € 1,
for all y € V. So V € G implies U is a G- neighbourhood of z.

Conversely, let U be a G- neighbourhood of z. So there exists V' € G such

that x € V. C U. Hence V € n,. From condition 2, U € 7,.

]

Definition 1.4.10. Let A be a subset of a generalized topological space X and
y € X. Then y is said to be a generalized accumulation point ( G- accumulation
point) of A if every G - open set containing y contains at least one point of A

other than y.

Example 1.4.11. Let G be a generalized topology on the set of real numbers
generated by
{(a,0), (—00,b) : a,b € R}. Then every real number is a generalized accumula-

tion point of N, the set of natural numbers.

Definition 1.4.12. Let A be a subset of a generalized topological space X, then
the generalized derived set of A is the set of all generalized accumulation points

of A. It is denoted by A'9 .
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

Theorem 1.4.13. If A is a subset of a generalized topological space X, then
Cg(A) =AU A9,

Proof. First we want to prove that AU A'Y is G - closed. It is enough to prove
that (X — (AU A'9)) is G- open.

Let y € (X — (AU A'9)) . Then y is not a G - accumulation point of A. So
there is a G - open set V' containing y such that V' contains no point of A except
possibly y. But y ¢ A. So ANV = ¢. Next we claim that (49 NV) = ¢. For,
let z € (A9NV). So z is a G- accumulation point of A and V is a G- open set
containing y. Hence ANV # ¢. Which is a contradiction . So (A'9NV) = ¢ and
V CX—(AUAY). Hence (AUAY)is G - closed. Therefore Cg(A) C (AUA'Y).
For the reverse inclusion we claim that A9 C Cg(A). Let y € A9. If y ¢ Cg(A)
then y € (X — Cg(A)). So (X — Cg(A)) is a G - open set containing y. But
since y is a G - accumulation point of A, so AN (X — (Cg(A4))) # ¢. Which
is a contradiction as (X — (Cg(A))) € X — A. Hence y € Cg(A). Therefore
A9 C Og(A). So A C Cg(A) and A9 C Cg(A) which implies AU A9 C Cg(A).
Hence Cg(A) = AU A9, O
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Chapter 2

Connectedness and Lindeloft Property in

Generalized Topological Spaces

2.1 Introduction

Here we introduce the concepts like generalized interior point, generalized bound-
ary, G - separated sets, G - component, G - local connectedness and G - Lindeloff
spaces. Section 2 contains preliminary ideas of connectedness and compactness
in generalized topological spaces. In section 3, we discuss some results regarding
G - connectedness and introduce some concepts like G - int of a set etc. In section
4, we introduce local connectedness in generalized topological spaces and discuss
about some properties of this concept. In section 5, introduce the concept of G

- Lindeloff spaces and explain some results regarding these type of spaces.
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2.2. Preliminary Ideas Relating Connectedness and Compactness in
generalized topological spaces.

2.2 Preliminary Ideas Relating Connectedness
and Compactness in generalized topological

spaces.

Definition 2.2.1. [31] Let (X, G) be a generalized topological space. A collection
U of subsets of X is said to be a G - cover of X if the union of elements of U

equals X .

Definition 2.2.2. [31] Let (X,G) be a generalized topological space. A G - sub
cover of a G - cover U s a sub collection p of U which itself a G - cover. If the

elements of U are G - open then we say that U is a G - open cover.

Definition 2.2.3. [31] If every G - open cover of X has a finite G - sub cover

then we say that X is G - compact (generalized compact) .

Definition 2.2.4. [13] Let (X, G) and (Y, G') be two generalized topological spaces,
thenthe functionf : X — Y is called (G,G') continuous on X, if for any G -

open set O inY, f71O) is G - open in X.

Definition 2.2.5. [13] A function f: X — Y is called a G - homeomorphism,
if both f and f~! are G - continuous. If we have a G - homeomorphism between

X and Y, we say that they are G - homeomorphic.
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2.3. Some Results on G - Connectedness

Theorem 2.2.6. [31] G - continuous image of a G - compact set is G - compact.

Theorem 2.2.7. [25] B C P(X) is a base for a generalized topology G if and
only if whenever U is a G - open set such that x € U, then there exists B € B

such that x € B CU.

Definition 2.2.8. [23] Let (X,Gx) and (Y,Gy) be two generalized topological
spaces. The product G - topology on X XY 1is the G - topology having as a basis

the collection B of all sets of the form U x V where U € Gx and V € Gy.

Definition 2.2.9. [5] Let (X, G) be a generalized topological space. X is called
G - connected if there are no nonempty disjoint G - open subsets U,V of X such
that UUV = X.

Definition 2.2.10. [28] Let (X, G) be a generalized topological space andY be a
subset of X then Gy ={UNY : U € G} is a generalized topology on Y and it is

called the subspace generalized topology on Y .

2.3 Some Results on G - Connectedness

Theorem 2.3.1. The G - connectedness is preserved under G - continuous func-

tions.

Proof. Let f : X — Y be a G continuous onto function. Assume that X is
G - connected. To show that Y is G - connected. On the contrary we that

there are two disjoint G - open subsets U,V of Y such that U UV =Y. Then
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2.3. Some Results on G - Connectedness

X=fYY)=fUuV)=fYU)u f~4(V). Thus X can be expressed as
union of two disjoint G - open subsets of X, which is a contradiction. Hence Y

is G - connected. O]

Theorem 2.3.2. Suppose X andY are G - homeomorphic generalized topological

spaces. Then X and Y are either both G connected or both not G - connected.

Proof. Given that (X,G;) and (Y, Gs) are G - homeomorphic. So there exists a
mapping f : X — Y, which is one-one, onto, (G, G2) - continuous and its inverse
function is also (Gy,Gy) continuous. If X is G- connected, using theorem 2.3.1
we get Y is G - connected. If X is not G - connected then apply theorem 2.3.1

on the inverse function f~!, we see that Y is not G - connected. ]

Theorem 2.3.3. A union of two intersecting G - connected subspaces is G -
connected. That is, suppose X = U UV, where U,V are both G - connected, and

UNV # ¢. Then X is G- connected.

Proof. Assume X is not G- connected and X = A U B, where A and B are
nonempty, disjoint and G - open subsets. Pick a point v € UNV. We can
assume v € A. Now consider U N A and UN B. They are G - open subsets in the
subspace generalized topology Gy. Also U N A contains v and so is nonempty.
So if U N B # ¢ then we get U is not G - connected. So we must have U N B
is empty. So U C A. Using the same arguments if v € B. Now consider V N A
and V' N B. They are G— open subsets in the subspace generalized topology

G,.Also V' N A contains v and so is nonempty. So if VN B # ¢ then we get V'
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2.3. Some Results on G - Connectedness

is not G - connected. So we must have V N B is empty. Hence we get V' C A.
But then X = U UV is contained in A and so B must be empty. This is a

contradiction. O

Theorem 2.3.4. Let (X,G) be a generalized topological space, then X is G -
connected if and only if there are no two nonempty subsets A, B of X such that

X=A U B and Cg(A) N Cg(B) = gb

Proof. Assume X is G - connected. If possible there exists two nonempty subsets
A, B of X such that X = AU B and Cg(A) N Cg(B) = ¢. Taking complements
and apply Demorgan’s law on both sides of the equation Cg(A) N Cg(B) = ¢,
implies that Cg(A)°U Cg(B)° = X.

Also Cg(A)* N Cg(B)° = ¢, for if there exists z € X such that z € Cg(A)°N
Cg(B)¢, which implies that z ¢ Cg(A) and z ¢ Cg(B) implies z ¢ Cg(A) U
Cg(B) D AU B = X implies z ¢ X. This become a contradiction. Hence X
can be expressed as union of two disjoint nonempty G - open sets. This is a
contradiction to the fact that X is G - connected.

Conversely, assume that there are no two nonempty subsets A, B of X such
that X = AU B and Cg(A) N Cg(B) = ¢. If possible let X is not G - connected.
Then there exist two nonempty disjoint G - open sets A, B of X such that X =
AUB. So A= X — B is G - closed. Similarly B is G - closed. Hence Cg(A) = A
and Cg(B) = B. So there are two nonempty subsets A, B of X such that
X = AUB and Cg(A)NCg(B) = ¢, which is a contradiction to our assumption.

Hence X is G - connected. O]
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Definition 2.3.5. Let (X,G) be a generalized topological space, xy € X and
N C X. Then zq is said to be a generalized interior point of N, if there is a G
- open set 'V such that xo € V C N. The set of all generalized interior points of

N s called the generalized interior of N and is denoted by intg(N).

Example 2.3.6. Consider X = R. If G = {U : U C R—1Z} , then G is
a generalized topology on X and % 1s a generalized interior point of the set of
rational numbers Q, because {%} 1s a G - open set contained in Q. Using the
same arguments, we can prove that any number belongs to Q — Z is a generalized
interior point of Q

Also /2 is not a generalized interior point of Q, because there is no G - open
set containing V2 and contained in Q. By the similar arguments we can prove
that any number belongs to (Q — Z)¢ is not a generalized interior point of Q.

Hence the generalized interior of Q is Q — Z.

Theorem 2.3.7. Let (X, G) be a generalized topological space and A C X. Then
intg(A) is the union of all G - open sets contained in A. It is also the largest G

- open subset of X contained in A.

Proof. Let M be the family of all G - open subsets of X contained in A. Clearly
M is nonempty because ¢ € M. Let V = Uprep M.
Claim: V = intg(A).

Let x € V. Then x € M for some M € M. That is x € M C A implies
x € intg(A).

Conversely, let @ € intg(A). Then there is a G - open set H such that

32



2.3. Some Results on G - Connectedness

r€HCA Then He Mandso HCV. Sox €V, that V =intg(A).
Suppose G is any G - open set contained in A. Then G € M and so G C

intg(A). Hence intg(A) is the largest G - open set contained in A. O

Definition 2.3.8. Let A be a subset of a generalized topological space X. Then

its generalized boundary is the set Cg(A) N Cg(X — A). It is denoted by Og(A)

Theorem 2.3.9. The generalized boundary of a set is always a G - closed set.

Proof. Let G = Cg(A)NCg(X — A). To prove that G is G - closed. It is enough
to prove that G°is G - open.
But G¢ = (Cg(A) N Cg(X — A))* = (Cg(A))c U (Cg(X — A))¢. That is G¢ is

the union of two G - open sets. So G¢ is G - open. O

Remark 2.3.10. The generalized boundary of a set is same as the generalized

boundary of its complement.

Theorem 2.3.11. Let X be a generalized topological space and A C X. Then
intg(A) U (Cg(X — A)) = X.

Proof. Claim: X —intg(A) = Cg(X — A).

Let O be any G - open subset of X such that O C A. Then (X — A) C
(X — O). Since O is G - open, we see that X — O is G - closed. But G -
closure of a set is the smallest G - closed set containing it. So by the minimality,
Cg(X —A) C Cg(X —0) = X —0. Taking O = intg(A). Then we get
Cg(X —A) C (X —intg(A)).cenn..e. (1).
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For the reverse inclusion, let C' be a G - closed set such that (X — A) C C. Since
C'is G - closed, we get X —C'is G - open and (X —C') C A. Since the generalized
interior of a set is the largest G - open subset of that set, we get (X —intg(A)) C
C. Now taking C' = Cg(X — A), we get (X —intg(A)) C Cg(X — A)........... (2)
From (1) and (2), we get (X —intg(A)) = Cg(X — A)..cce.. (3)

Hence intg(A) U (Cg(X — A)) =intg(A) U (X —intg(A)) = X.

]

Theorem 2.3.12. Let A be a subset of a generalized topological space X. Then

Cg(A) is the disjoint union of intg(A) with the generalized boundary of A.

Proof. Claim: Cg(A) = intg(A) U dgA
We have intg(A) U dg(A)
— intg(A) U (Cg(A) N Cg(X — A))
= lintg(A) U Cg(A)] N [intg(A) U (Cg(X — A))]
= (Cg(A)) N X [from theorem 2.3.11]
= Cg(A) O

Theorem 2.3.13. Let (X,G) be a generalized topological space and A C X.
Then A is G - closed if and only if it contains its generalized boundary and A is

G - open if and only if it is disjoint from its generalized boundary.

Proof. Assume A is G - closed. Then Cg(A) = A. We have dg(A) = Cg(A) N
Cg(X - A) C Cg(A) = A.

Conversely suppose that dg(A) C A. It is enough to prove Cg(A) C A. From
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theorem 2.3.11, Cg(A) = intg(A) U dg(A) C A. Hence Cg(A) = A. So Ais G -
closed.

Assume A is G - open. Then
Og(A)NA=[Cg(A)NCg(X —A)NA

=[Cg(AN(X —-A)|NA=¢.
Conversely assume that dg(A)NA = ¢. Then 0g(A) C X—A. But the generalized
boundary of A is same as the generalized boundary of X — A. So the generalized
boundary of X — A is contained in (X — A). Hence by first part (X — A) is G -

closed. So A is G - open. O

Theorem 2.3.14. Let (X,G) be a generalized topological space and A C X.
Then A is both G - closed and G - open (i.e G - clopen ) if and only if OgA = ¢.

Proof. Ais both G - closed and G - open implies dg(A) C A and (9g(A))NA = ¢
(By theorem 2.3.12). Hence 0g(A) = ¢. Conversely assume that dg(A) = ¢ .
Then 0g(A) C A and (0gA) N A = ¢. Hence by theorem 2.3.12, A is both G -

closed and G - open. O

Example 2.3.15. Consider X = R. If G ={U : U C R -7}, then G is a
generalized topology on X and the generalized boundary of Z is Cg(Z) N Cg(R —

7)=7ZNR =17

Theorem 2.3.16. Let (X,G) be a generalized topological space and A, B are

subsets of X. Then the given statements are equivalent:

1. AUB =X cmd Cg(A) ﬂOg(B) = gb
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2. AUB=X and ANB = ¢ and A, B are both G - closed in X.
3. B=X—A and A, B are both G - open and G - closed in X.

4. B=X — A and the generalized boundary of A is empty .

5 AUB=X and ANB = ¢ and A, B are both G - open in X.

Proof. (1) implies (2).

Cg(A)NCg(B) = ¢ implies ANB = ¢ as A C Cg(A) and B C Cg(B). Also
Cg(A) C X —Cg(B)C X—B=A. SoCg(A) =Aas AC Cg(A). Hence A is
G - closed in X.

Similarly Cg(B) C X —Cg(A) C X — A = B. So Cg(B) = B as B C Cg(B) and
we get B is G - closed in X.

(2) implies (3).

By assumption A, B are both G - closed in X. So both X — A and X — B
are G -openin X. But X — A= B and X — B = A. So both A and B are G -
open in X . Hence both A and B are G - open and G - closed in X.

(3) implies (4).

Since A is G - closed in X, we have Cg(A) = A. Since B = X — A is
G - closed in X, we get Cg(X — A) = B. So the generalized boundary of
A=05(A) = Co(A) N Cg(X — A) = AN B = ¢.

(4) implies (5)

Assume B = X — A and the generalized boundary of A is empty. So we see
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that AUB = X and AN B = ¢. Since dg(A) = ¢ C A, by theorem 2.3.13, A is
G - closed in X. Also AN0Jg(A) = ¢. By theorem 2.3.13, we see that A is G -
open. Since B = X — A and A is both G - closed and G - open, we get B is both
G - open and G - closed in X.

(5) implies (1)

Assume AUB =X and AN B = ¢ and A, B are both G - open in X. Then
A=X—-—Band B=X —A. Hence A, B are both G - open and G - closed in X.
So Cg(A) = A and Cg(B) = B. Hence Cg(A) NCg(B) = AN B = ¢. O

Theorem 2.3.17. If X is not a strong generalized topological space, then X

must be G - connected.

Proof. 1f X is not a strong generalized topological space, then X is not G - open.
So X cannot be expressed as disjoint union of two nonempty G - open sets in

X. ]

Theorem 2.3.18. Let (X,G) be a generalized topological space. Then the fol-

lowing statements are equivalent:

1. X is G - connected.

2. X cannot be written as the disjoint union of two nonempty G - closed sub-

sets of X.
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3. Every nonempty proper subset of X has a nonempty generalized boundary.

4. X cannot be written as the disjoint union of two non empty G - open sub-

sets of X.

Proof. (1) implies (2)

Suppose X is G - connected. By the definition of G - connectedness, X cannot
be written as the disjoint union of two non empty G - open sets. We want to
prove that X cannot be written as the disjoint union two non empty G - closed
subsets of X.

If possible let assume that there are two non empty disjoint G - closed sets
A, B such that X = AU B. Since A, B are G - closed sets, we have Cg(A) = A
and Cg(B) = B. Since AN B = ¢,Cg(A) N Cg(B) = ¢. So we get X = AUB
and Cg(A) N Cg(B) = ¢. By theorem 2.3.16, we get A, B are both G - open
in X. Hence X can be expressed as disjoint union of two non empty G - open
sets, which is a contradiction to our assumption that X is G - connected. So X
cannot be written as the disjoint union of two non empty G - closed subsets of
X.

(2) implies (3)

Suppose X cannot be written as the disjoint union of two non empty G -
closed subsets of X. To prove that every nonempty proper subsets of X has non

empty generalized boundary. Let A be a non empty proper subset of X. We
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want to prove that dg(A) # ¢.

If possible let 0g(A) = ¢. So A contains its generalized boundary. By theorem
2.3.13, we get A is G - closed in X. Also we know that A and A® have same
generalized boundary. So 9g(A®) = ¢. Again by theorem 2.3.13, we get A is G
- closed. That is X = AU A° and both A and A° are both proper non empty
disjoint G - closed subsets of X. This is a contradiction to our assumption. Hence
Ig(A) # ¢.

(3) implies (4)

Suppose every nonempty proper subset of X has a nonempty generalized
boundary. To prove that X cannot be written as the disjoint union of two non
empty G - open subsets of X.

If possible, there are two non empty G- open subsets A, B of X such that
X = AU B. By theorem 2.3.16, the generalized boundary of A is empty. This is
a contradiction to our assumption that every non empty proper subset of X has
a non empty boundary.

(4) implies (1) .

Assume (4). That is X cannot be written as the disjoint union of two non
empty G -open subsets of X. By the definition of G - connectedness, we get X

is G - connected.

]

Definition 2.3.19. Two subsets A and B of a generalized topological space X are

said to generalized separated (G - separated) if Cg(A)NB = ¢ and ANCg(B) = ¢
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Example 2.3.20. Let X = {1,2,3}. Let G = {X, ¢,{1,2},{3}} be a generalized

topology on X. Then {1,2} and {3} are G - separated.

Example 2.3.21. Consider X =R, then G ={U : U C R — Z} is a generalized
topology on X. Then Q — Z and Z are not G - separated subsets of X. Note that

Q¢ is G - open. So Q is G - closed. Hence the smallest G - closed set containing

Q—-2ZisQ. But QNZ # ¢.

Theorem 2.3.22. Let Y be a generalized subspace of X. Then a set C' is G -
closed in'Y if and only if it equals the intersection of a G - closed set of X with
Y.

Proof. Let A=CnNY. Since C'is G - closed in X, we have X — C is G - open
inX. So(X-C)NnY =Y —-A SoY —AisG-openinY. Thatis Ais G -
closed in Y. Hence CNY is G - closed in Y.

Conversely suppose that A is a G - closed subset of Y. To prove that A =
CNY, where C'is G - closed in X. Ais G - closed in Y implies that Y — A is G -
openinY. SoY — A= BNY, where Bis G -openin X. But A= (X —-B)NY

and (X — B) is G - closed in X. So we take C = X — B

]

Theorem 2.3.23. Let X be a generalized topological space and A, B are subsets
of X. Then A and B are G - separated in AU B if and only if they are disjoint

G - closed subsets of AU B with subspace generalized topology in AU B.
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Proof. Suppose A, B are G - separated subsets of X. So Cg(A) N B = ¢ and
ANCg(B) =¢. But A= Cg(A)N(AUB) and B = Cg(B)N (AU B). Since
Cg(A) and Cg(B) are G - closed subsets of X and by using theorem 2.3.22, we
get A and B are G - closed subsets of AU B.
Claim: ANB=¢

We have AN B = (Cg(A)N(AUB))N (Cg(B)N (AU B))

= [(Cg(A) N Cg(B)) N AU [Cg(A) N Cg(B) N B] = ¢.

Conversely suppose that A, B are two disjoint G - closed subsets of AUB. To
prove that A, B are G- separated subsets of AU B. Since A and B are G - closed
subsets AU B, we have Cg(A) = A and Cg(B) = B. So Cg(A)NB=ANB =

¢ = AN Cg(B). Therefore A and B are G - separated subsets AU B. O

Theorem 2.3.24. A generalized topological space is G - connected if it is not

the union of two nonempty G - separated subsets.

Proof. Using theorem 2.3.17, a generalized topological space X is G - connected
if and only if it cannot be written as the union of two disjoint G - closed subsets
of X if and only if X is not the union of two nonempty G - separated subsets of

X by theorem 2.3.23 .

]

Theorem 2.3.25. Let X be a generalized topological space and C be a G - con-
nected subset of X. Suppose C' C AU B where A and B are G - separated subsets

of X. Then either C C A or C C B.
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Proof. Let G =CNAand H=CnN B. From theorem 2.3.24 we see that both
G and H are G - closed subsets of GUH. But GUH = (CNA)U(CNB) =
CN(AUB)=C. AlsoGNH =(CNA)N(CNB)=CNANB)=CnN¢=¢.
So GG and H are two disjoint subsets of C'. Therefore G and H are G - closed
in C' with respect to the subspace generalized topology in C'. Also GNH =
(CNA)N(CNB)=CN(ANB)=CnN¢ = ¢. Given that C is a G - connected
subset of X. So C' cannot be expressed as the union of two disjoint G - closed
subsets of X. Hence we must have either G = ¢ or H = ¢. So in the first case

C C B while in the second case C' C A. O

Theorem 2.3.26. Let C be a collection of G - connected subsets of X such that

no two members of C are G - separated. Then UgecC' is also G - connected.

Proof. Let M = UgeeC. If M is not G - connected, then by theorem 2.3.24 we
can write M as AU B where A, B are nonempty and G - separated subsets of X.
By theorem 2.3.25, for each C' € C either C C A or C' C B.
Claim: C Cc AforallC €Cor C C Bforall C eC.

If not, then there exists C', D € C such that C' C Aand D C B. But A, B are
G - separated subsets of X. Hence their subsets are also G - separated subsets.
This is a contradiction to the fact that no two members of C are G - separated.
Thus either all members of C are contained in A or all members of C are contained
in B. So either M = A or M = B, contradicting that A, B are nonempty. So M
cannot be expressed as union of two nonempty disjoint G - separated subsets of

X. By theorem 2.3.24 we get M is G - connected. ]
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Theorem 2.3.27. Let C be a collection of G - connected subsets of a generalized
topological space X and K be a G - connected subset of X (not necessarily a

member C ) such that C N K # ¢ for all C € C. Then (UpecC)U K is G -

connected.

Proof. Let M = (UcecC)UK. Let H ={KUC : C € C}. Clearly M = UyepH.
By theorem 2.3.26 each member of H is G - connected, as it is a union of two G
- connected sets in which their intersection is nonempty. Now any two members
of H contains points of K. So any two members of H are G - separated. Hence

by theorem 2.3.26 M is G - connected. O

Theorem 2.3.28. Let X1, Xy be generalized topological space and X = X1 x Xs

with G - product topology. Then X is G - connected.

Proof. 1If either X; or X, is empty then so is X and the result hold trivially.
So assume both X; and X5 are non empty. Fix a point y € X;. Then the set
{y} x X5 is G - homeomorphic X5 and hence is G - connected. Let K = {y} x Xs.
Using the same arguments, we see that for each x € Xy, the set X; x {z} is G -

connected and its intersection with K is nonempty. Also note that X; x X5 =

(Uzex, (X7 x {z})) U K. By theorem 2.3.27 X; x X, is G - connected. O

Remark 2.3.29. In an ordinary topological space closure of a connected set is
connected. But in generalized topological space the G - closure of a G - connected

set is need not be G - connected.
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Example 2.3.30. Let X = {a,b,c,d}
and G = {X, ¢,{a,b},{b,c},{a,b,c},{c,d}, {b,c,d}}. Let A= {a,b,c}. Then A
is G - connected and Cg(A) = X. But X = {a,b} U{c,d} and so X is not G -

connected. That is Cg(A) is not G - connected.

Definition 2.3.31. A generalized component (G — component) of a generalized
topological space is a maximally G - connected subset which is not properly con-

tained in any G - connected subset of that generalized topological space.

Remark 2.3.32. In ordinary topological spaces components are closed but in

generalized topological spaces the G - components need not be G - closed.

Example 2.3.33. Let X = {a,b,c,d} and G = {¢, {a,b}, {b,c},{a,b,c}}.
Then (X, G) is a generalized topological space.
Let A ={a,b,c}.
Then A is a G - connected subset of X and it is a G - component of X. But A

s not G - closed.

Theorem 2.3.34. Any two distinct G - components are mutually disjoint.

Proof. Let C,C" be two G - components of a generalized topological space X. If
C N’ is nonempty then by theorem 2.3.27, we see that C' U C" is G - connected.
But C ¢ CuUC" and ¢ € C U’ Then by maximality of C and C’. So
C=CUC"and C' = CUC". That is C = C’. Thus two distinct G - components

are mutually disjoint. O]
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Theorem 2.3.35. Every nonempty G - connected subset is contained in a unique

G - component.

Proof. Let A be a nonempty G - connected subset of a generalized topological
space X. Let C be the collection of all G - connected subsets of X containing A
and let M = UgecC'. Since each member of C containing A, any two members of
C intersect. So by theorem 2.3.26, we get M is G - connected. Clearly A C M.
Claim: M is a G - component.

Suppose N is a G - connected subset of X containing M. Then A C N and
NeC. SoN C M. So AC N and hence N € C. Therefore N C M. Hence
M = N and M is a maximally G - connected subset of X. Thus every nonempty
subset is contained in a G - component. Such a G - component is unique, since

two distinct G - components are disjoint. O

Theorem 2.3.36. Let B be a base for a generalized topology G on a set X and
also let Y C X and By = {BNY : B € B}. Then By is a base for the subspace

generalized topology Gy on'Y .

Proof. Let y € Y and U be a G - open set in Y containing y. Then U = HNY
for some G - open set H in X. Since y € U, we get y € H. Since B is a bases for
G and H is a G - open set containing y , by theorem 2.2.7 there exist B € B such
that ye BC H. Thenye BNY C HNY =U and BNY € By. Hence again

by theorem 2.2.7, By is a base for subspace generalized topology Gy on Y. [

Theorem 2.3.37. If A is a subset of a generalized topological space X, then

45



2.3. Some Results on G - Connectedness

(X — 9(A)) = intg(A) U (intgA®).

Proof. Let x € (X —0g(A)). Then by definition, x cannot be both in Cg(A) and
Cg(X — A). This means that  has a G - neighbourhood which entirely in A or x
has a G - neighbourhood which entirely in (X — A). Therefore either z € intg(A)
or x € intg(X — A).
Thus (X — 0g(A)) C intg(A) U (intgA®).cceveveennn. (1).

Let y € intg(A) U (intgA®). Then y is a G - interior point of A or y is a
G - interior point of (X — A). So either y has a G - neighbourhood which lies
entirely in A or y has a G - neghbourhood which lies entirely in (X — A). Then
by definition of generalized boundary of A,y ¢ Jg(A).
Thus intg(A) U (intgA®) C (X — 0g(A)).covvvinnrnn (2)

From (1) and (2) we get (X — 0g(A)) = intg(A) U (intg A°). O

Theorem 2.3.38. Let A be a subset of a generalized topological space X and
C be a G - connected subspace of X that intersect both A and X — A. Then C

intersects Og(A).

Proof. 1If possible C' N 9dg(A) = ¢. Then C' C (X — dg(A)). By theorem 2.3.37,
C Cintg(A) U (intgA°). By theorem 2.3.25, since C' is a G - connected subspace
of X either C' Cintg(A) or C Cintg(X — A).

If C Cintg(A), then C N (X — A) = ¢. This is a contradiction, because C
intersects (X — A).

If C Cintg(X — A), then C' N A = ¢. This is a contradiction.
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Hence C' must intersect dg(A). O

Theorem 2.3.39. If X s a strong generalized topological space, then X is G -
connected if and only if the only subsets of X which are both G - open and G -

closed are X and the empty set.

Proof. Suppose that X is a strong G - connected space. Let A be a non empty
proper subset of X, which is both G - open and G - closed in X. Then X can be
expressed as a union of two disjoint nonempty G - open sets A and X — A. This
is a contradiction to our assumption that X is G - connected. Therefore there is
no such non empty proper subset A exists. So the only subsets of X which are
both G - open and G - closed are X and ¢ only.

Conversely suppose that the only subsets of X which are both G - open and G
- closed are X and the empty set. To prove that X is G - connected. If not, there
are two proper non empty disjoint G - open sets U and V such that X =U U V.
Then U = X — V is G -closed as V' is G - open. Thus U is a proper non empty
subset of X, which is both G - open and G - closed, which is a contradiction to

our assumption. Hence X is G - connected. O

Remark 2.3.40. In theorem 2.3.39, X must be a strong generalized topological

space. Otherwise X is not G - open and ¢ is not G - closed.

Theorem 2.3.41. Let X be a strong generalized topological space and let Z be a

subset of X. If Z is G - connected and G - dense in X, then X is G - connected.

Proof. To prove this theorem we use theorem 2.3.39. Let A be a nonempty
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subset of X which is both G - open and G - closed in X. Since Z is G - dense in
X, by theorem 1.3.12 Z must intersect every nonempty G - open subsets of X.
Therefore AN Z is nonempty. Since X is a strong generalized topological space,
we see that Z is strong generalized sub space of X. Now AN Z is both G -open
and G - closed subset of Z. Since Z is G - connected, by theorem 2.3.39 we get
ANZ = Z. Therefore Z C A. Hence X = Cg(Z) C Cg(A) = A. This implies

X = A. By theorem 2.3.39 we get X is G - connected. [

Theorem 2.3.42. If A is a proper non empty subset of a G - connected space,
then 0g(A) # ¢.

Proof. 1f possible assume that dg(A) = ¢. Then A contains its generalized bound-
ary. So by theorem 2.3.13 A is G -closed. Also note that A is disjoint from its
generalized boundary. Again by theorem 2.3.13 A is G - open. That is, A is a
proper subset of X which is both G - open and G - closed. This is a contradiction

for the theorem 2.3.39. ]

Theorem 2.3.43. Let A and B be non empty subsets of a generalized topological
space X. If (Cg(A)NB)U(ANCg(B)) = ¢. Then AU B is not G - connected

Proof. Since the union of two sets are empty implies the individual sets are
empty and (Cg(A) N B) U (AN Cg(B)) = ¢, it follows that (Cg(A) N B) = ¢
and (AN Cg(B)) = ¢. This implies that B C X — Cg(A) and A C X — Cg(B).
Therefore AUB C (X —Cg(A))U(X —Cg(B)). Hence AUB = [(X — Cg(A))N

(AUB)JU[(X —Cg(B))N(AUB)]. Thus AUB can be expressed as union of two G -
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open sets in AUB. More over [(X —Cg(A))N(AUB)] and [(X —Cg(B))N(AUB)]
are disjoint, for if, y € [(X — Cg(A))N(AUB)|N[(X — Cg(B)) N (AU B)], then
y € (X —-Cg(A) andy € AUB and y € (X — Cg(B)). Then y € AUB
implies y € Aory € B. If y € A, then y € (X — Cg(A)) which is impossible.
Similarly, if y € B we get a contradiction. Therefore [(X — Cg(A)) N (AU B)]

and [(X —Cg(B))N (AU B)] are disjoint. Hence AU B is not G - connected. [

Theorem 2.3.44. Let X be a generalized topological space and A C X. Then

Ais G - disconnected if and only if there exist G - open sets Oy and Oy, such that:

1. AC O, UQOs.
2. 0;N0O, C (X—A), and

3. AﬁOl#qb andAﬂOz#¢.

Proof. Suppose that A is G - disconnected. By the definition of G - connectedness
there are two non empty disjoint G - open sets O; and Oy such that A = O;UQOs.
Also note that O; N Oy = ¢ C (X — A) and O; N A # ¢,0o,N A # ¢, otherwise
either O; or Oy become empty.

Conversely suppose that the given three conditions are hold. To prove that
A is G -disconnected. Note that A N O; and AN Oy are G - open in A and
A= (ANO;)U(ANOy). Also note that A N OyandA N Oy are disjoint for if,
2€ (ANO0;)N(ANO,y), then 2 € Aand z € O; N Oy. But 01N Oy C (X — A).

Therefore z € A and z € (X — A) which is impossible. So A can be expressed
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as union of two disjoint nonempty G - open subsets of A. Hence A is a G -

disconnected subset of X. O

Theorem 2.3.45. Let X and Y be generalized topological spaces.Then f: X —

Y is G - continuous if and only if the inverse image of each G - closed set in'Y

18 G - closed in X.

Proof. Suppose that f is G - continuous. Let B be a G - closed subset of Y. To
prove that f~1(B) is G - closed in X. Let A = f~!(B). We want to prove that
Cg(A) = A. By elementary set theory we have f(A) = f(f~1(B)) C B. Clearly
A C Cg(A). For the reverse inclusion, let x € Cg(A). Then f(z) € f(Cg(A)) C
Cg(f(A)) C Cg(B) = B. This implies that x € f~1(B) = A. Thus Cg(A) C A.
So that A = Cg(A).

Conversely suppose that the inverse image of a G - closed set in Y is G -
closed in X. To prove that f is G - continuous. Let V be a G - open set in Y. Let
B =Y — V. Then B is G - closed in Y. By hypothesis f~!(B) is G - closed in X.
But f7YB) = F 1Y) - f74(V) = X — f~%V). Since f~}(B) is G - closed in

X, we get f71(V) is G - open in X. O

2.4 Local Connectedness in Generalized Topo-

logical Spaces.

In this section we localize the concept of G - connectedness.
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Definition 2.4.1. A generalized topological space X is said to be G - locally
connected at a point x in it if for every G - neighbourhood N of x in X there
ezrists a G - connected neighbourhood M of x such that M C N. A generalized
topological space X is said to be G - locally connected if it is G - locally connected

at each of its points.

Theorem 2.4.2. A generalized topological space X is G - locally connected if
and only if for every G - open set U of X, each G - component of U is G - open

m X.

Proof. Suppose that X is G - connected. Let U be a G - open set in X and C be
a G - component of U. Let x € C, we can choose a G - connected neighbourhood
V., of X such that V, C U. Since V, is G - connected and C'is a G - component
of U, we must have V' C C. Therefore C = U,ecV,. Hence C'is G - open in X.
Conversely suppose that the G - components of G - open sets in X are G -open.
Given a point x of X and a G - neighbourhood U of z, let C' be the G - component
of U containing z. By assumption C is G - open in X. Therefore for each x € X
and each G - neghbourhood U of x, there is G - connected neighbourhood U of

x such that x € C' C U. Hence X is G - locally connected. O]

2.5 G - Lindeloff Spaces

Definition 2.5.1. Let (X,G) be a generalized topological space. Then X is said

to be G - Lindeloff space if and only if each G - open cover of X has a countable
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2.5. G - Lindeloff Spaces

G - open sub cover.

Example 2.5.2. Let X = N and a be a fived element in N. Define G = {U C
N:a e UtU{p}. Then G - is a generalized topology on X . Since X is countable,
it must be G - Lindeloff.

Example 2.5.3. Fvery countable generalized topological spaces are G - Lindeloff.
Remark 2.5.4. Fvery G - compact space is G - Lindeloff.

Theorem 2.5.5. If (X,G) is a countable generalized topological space, then X
is G - Lindeloff.

Proof. Let X = {x1,29,...,Zp,...}. Let F be a G - open cover of X. Then each
element of X belongs to at least one of the element of F, say x; € Fj,xy €
Fy,...,x, € F,, etc., where each F; € F for i = 1,2,...,n,.... Then {F, F,,etc.}
is a countable sub collection of F and which is a G - open cover of X. Hence X

is G - Lindeloff. O]

Theorem 2.5.6. If (X, G) is a generalized topological space, where G = {U C

X : (X = U) is either countable or all of X}, then X is G - Lindeloff.

Proof. Let F be a G - open cover of X. Since each member of F is G - open, by
definition of G, the complement of each member of F is either countable or all of
X. Let F be a nonempty member of F, then X — F' is countable. Let X — F' =
{z1,29,...,x,,...}. Since F is a G - open cover of X, each x;,i = 1,2,...,n, etc.,

belongs to at least one member of F, say x1 € F, x5 € Iy, ..., x, € F,,,etc.. Then
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the collection {U, Fy, Fy, F3, ..., F,,, ...}is a countable subcollection of F, which is

a G - open cover of X. Hence X is G - Lindeloff. O

Theorem 2.5.7. Let (X, G) be a generalized topological space. If Fy, Fy, ..., Fy, ...
are G - Lindeloff subsets of X, then U2 | F,, is G - Lindeloff. That is, countable

union of G - Lindeloff sets is G - Lindeloff.

Proof. Let U and V be any two G - Lindeloff subsets of X. Let F be a G -
open cover of U U V. Then F is also a G - open cover of both U and V. So
by hypothesis there exists a countable subcollection of F of G - open sets, say,
{U1,Us,...;Up, ...} and {V1, V5, ..., V,,, ...} covering U and V respectively. Clearly
the collection {Uy, Us, ....,U,, ..., V1, Vs, ..., V,,,....} is a countable collection of G
- open sets covering U U V. Also it is a subcollection of F. Hence U UV is G
- Lindeloftf. Using mathematical induction, we see that countable union of G -

Lindeloff sets is G - Lindeloff. O

Theorem 2.5.8. Let (X, G) be a generalized topological space and A C X. Then
A is a G - Lindeloff subset of X if and only if (A,Ga) is G - Lindeloff.

Proof. Assume that A is a G - Lindeloff subset of X. Let F be a G - open
cover of (A,G4). Then each member F' of F is of the form H N A, for some
H € G. For each F € F, fix D(F) € G such that FF = D(F) N A. Then the
family {D(F) : F € F} is a G - open cover of A by members of G. Since A
is a G - Lindeloff subset of X, this open cover has a countable G - open sub

cover, say {D(F;) :i=1,2,3,...,n,...}, where F; € F fori =1,2,....n,.... Then
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{F\, Fs, ..., F,,...} is countable subcover of F which cover A. Hence (A,G4) is G
- Lindeloff.

Conversely, assume that (A, G4) is a G - Lindeloff space. To prove that A is a
G - Lindeloff subset of X. Let F be a G - open cover of A by members of G. Then
{GNA:G e F}isag - open cover of A by members of G4. By assumption this
collection has a countable G - open subcover, say, {G; N A:i=1,23,...n,..}
where G; € F for i = 1,2,...,n,.... Clearly {Gy,Gs,...,G,,...} is countable
subcollection of F, which cover A by members of G. Thus A is a G - Lindeloff

subset of X. H

Theorem 2.5.9. Let (X,G) be a generalized topological space and X is G -
Lindeloff. If A C X is G - closed in X, then (A,Ga) is G - Lindeloff.

Proof. Assume that X is G - Lindeloff and A C X is G - closed in X. Let F be
a G - open cover of A by members of G4. For each U € F, fix a G - open set
V(U) such that U = V(U) N A. Note that the collection {V(U) : U € F} cover
Aand X —Aisa§ - open set. Then the family £ ={V(U): U € F}U{X — A}
is a G - open cover of X. By assumption this collection has a countable G -
open cover consisting of {V(U;),V (Us), ...,V (U,), ...} and possibly X — A. But
the collection {Uy, Uy, ...., Uy, ...} covers A and is a countable subcollection of F.

Hence (A, G4) is G - Lindeloff. O

Theorem 2.5.10. Every uncountable subset of a G - Lindeloff space X has at

least one G - cluster point in X.
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Proof. Assume X is a G - Lindeloff space and A is an uncountable subset of X. If
possible assume that A has no G cluster point in X. Then foreachz € X, U, € G
with x € U, and U, N A = {x} or ¢. Now the collection {U, : z € X} isa G -
open cover of X. Since X is G - Lindeloff, this collection has a countable subcover
,say, Uz, Ugyy ooy Uy, oo S0 the collection {(U,,NA) :i=1,2,3,...,n,...} cover
A. Therefore U2, (U,,NA) = A. But (U, NA)U(U,,NA)U....U(U,, NA)U... =
{1} U{ao} U....U{z,} U... or ¢. This implies that A = {z1,29,...,2y,...} or
¢, Which is a contradiction to the fact that A is uncountable. So A has at least

one G - cluster point in X. ]

Theorem 2.5.11. The G - Lindeloff property is preserved under G - continuous

functions.

Proof. Let (X,G;) and (Y, Gs) be two generalized topological spaces. Let f :
(X,G1) — (Y, G2) be (G1,G2) continuous functions from X onto Y. Let X be G;
- Lindeloff. To prove that Y is G, - Lindeloff. Let F be any G, open cover of Y.
Then the collection {f~!(G) : G € F} is a Gy - open cover of X. Since X is G -
Lindeloff, there exist a countable subcollection { f~*(Gy), f 1 (Ga), ..., f7HG,), ...}
each G; € F,1 =1,2,...,n,..., which is also a G; - open cover of X. Since the
mapping is onto , the collection {G1, Ga, ..., G, ....} is a countable subcollection

of F, which cover Y. Hence Y is G, - Lindeloff. ]

Theorem 2.5.12. Let Y be a subset of the generalized topological space X and
A be a subset of Y. Let Cg(A) denote the generalized closure of A in X. Then

the generalized closure of A in'Y equals Cg(A)NY.
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Proof. Let B denote the generalized closure of A in Y. The set Cg(A) is G -
closed in X. By theorem 2.3.22, Cg(A)NY is G - closed in Y. Since A C Cg(A)
and A C Y, A C Cg(A)NY. By the definition of generalized closure B is the
smallest G -closed set containing A. So we must have B C Cg(A)NY.

On the other hand B is G - closed in Y. Hence by theorem 2.3.22, B=CNY
for some G - closed set C'in X. Since A C B we have C'is a G - closed subset of
X containing A. But Cg(A) is the smallest G - closed subset of X containing A.

Therefore Cg(A) C C. Then Cg(A)NY C CNY = B. Hence B = Cg(A)NY. O

Theorem 2.5.13. Let A be a subset of the generalized topological space X. Then

x € Cg(A) if and only if every G -open set U containing x intersects A.

Proof. 1t is enough to prove that x ¢ Cg(A) if and only if there exists a G - open
set U containing = that doesn’t intersect A.

Suppose that © ¢ Cg(A). Then the set U = X — Cg(A) is a G - open set
containing x that does not intersect A.

Conversely suppose that if there exists a G - open set U containing x that
does not intersect A. Then X — U is a G -closed set containing A. But Cg(A)
- is the smallest G - closed set containing A. Therefore Cg(A) C X — U. Hence

v & Cg(A). O

Theorem 2.5.14. Let A be a subset of a generalized topological space X and
let B be a basis for X. Then x € Cg(A) if and only if every basis element B

containing x must intersects A.
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Proof. Suppose that x € Cg(A). We know that every basis element is also a G -

open set. So by theorem 2.5.13, every basis element must intersects A.
Conversely suppose every basis element intersects A. Since every G - open set

contain a basis element, we must have every G - open set containing x intersects

A. By theorem 7, we get z € Cg(A). O

Theorem 2.5.15. Let X be a generalized topological space and X has a countable
basis for its generalized topology. Then every G - open covering of X contains a

countable sub collection covering X.

Proof. Let B = {B,} be a countable basis for the generalized topology G. Let
A be a G - open cover of X. To prove that A has a countable sub collection
which cover X. By the definition of base for generalized topological space for
each A € A, there is a B € B such that B C A. So for each positive integer n
for which it is possible, choose an element A,, of A containing the basis element
B,. Let A’ be the collection of all such A’s. Since B is countable we get A’ is
countable.
Claim: A" cover X.

Let x € X. Since A cover X, there is an A € A such that z € A. Since B
is a basis for the generalized topology, there is a basis element B € B such that
z € B C A. By the definition A’, we get A € A". Hence A" cover X. Thus A’ is

a countable sub collection A which cover X. O]

Theorem 2.5.16. Let X be a generalized topological space and X has a countable

basis for its generalized topology. Then there exists a countable subset of X that
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1s G - dense in X.

Proof. Let B = {B,} be a countable basis for G. For each non empty basis
element B, choose a point z,. Let D be the set consisting of all points x,,.
Claim: D is G - dense in X.

It is enough to prove that Cg(D) = X. Clearly Cg(D) C X. For the reverse
inclusion let € X. By the definition of D every basis element containing x

must intersect D. Therefore x € Cg(D). O

Theorem 2.5.17. Let Y be a G - subspace of X. Then Y is G - Lindeloff if
and only if every covering of Y by G - open sets in X contains a countable sub

collection covering Y.

Proof. Suppose Y is a G - Lindeloff subspace of X. Let A = {A,} be a G - open
cover of Y by G - open sets in X. Then the collection {(A,NY): A, € A} is G
- open covering of Y by G -open sets in Y. Since Y is G - Lindeloff, a countable
sub collection of {(A, NY) : A, € A} Say, (A, NY), (A, NY),.... cover Y.
Then {A,,, Aaz, ...} is a sub collection of A that covers Y.

Conversely suppose that the given condition holds. Let A" = {A.} be an
open covering of Y by G - open sets in Y. For each «, choose a set A, G - open in
X such that A, = A,NY. The collection A = {A,} is a covering of Y by G - open
sets in X. By hypothesis there is a countable sub collection {A,,, A,,, etc.} cover

Y. Then {A, , A,

ay» €tC.} is a countable sub collection of A’ that cover Y. ]
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Chapter

Paracompactness in Generalized

Topological Spaces

3.1 Introduction

In this chapter we introduce the concepts like G - locally finite, og - locally fi-
nite properties in generalized topological spaces and introduce the concept of
paracompactness in generalized topological spaces. This chapter contains 4 sec-
tions. Section 2 contains the preliminary ideas used in subsequent sections. In
section 3, we discuss about G - locally finite and og - locally finite properties
in generalized topology. These two properties of generalized topological spaces
coincides with locally finite and o - locally finite properties of ordinary topology,

if we replace the generalized topological space with ordinary topological space.
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3.2. Preliminary Ideas Regarding Paracompactness in Generalized Topological
Spaces

Here, also we discuss about some basic properties about G - locally finite and
og - locally finite properties. Also we found that in ordinary topological space,
the union of a locally finite collection of closed sets is itself closed. But in gen-
eralized topological space this result does not hold. In section 4, we introduce
the main concept paracompactness in generalized topological space. Also we
discuss about some relation between separation axioms and paracompactness in
generalized topological spaces and claim that every G - paracompact space is G

- normal.

3.2 Preliminary Ideas Regarding Paracompact-

ness in Generalized Topological Spaces

Definition 3.2.1. [33] Let (X, G) be a generalized topological space. Then X is
called a Gr, - space, if for every distinct points x1, x4 in Mg, there exist U,V € G

such that x1 € Uyxg ¢ U and x9 € V1 ¢V

Definition 3.2.2. [33] A generalized topological space is said to be Gr,, if x and
y are two distinct points in Mg then there exist two disjoint G - open sets U and

V' containing x and y respectively.

Definition 3.2.3. [33] Let (X,G) be a generalized topological space. Then X is
said to be G - regular if for each x € Mg and a G - closed set F' such that x ¢ F,
there are disjoint G - open sets U and V' such that v € U and FN Mg C V. If

X s Gy, and G - regular, then we say that X is Gr,.
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Definition 3.2.4. [33] A generalized topological space X is said to be G - normal
if for any two G - closed sets A and B such that AN BN Mg = ¢, there exist
disjoint G - open sets U and V' such that AN Mg C U and BN Mg C V. If X

is Gr, and G - normal, we say that X is Gr,.

3.3 ¢ - locally finite and og - locally finite.

Definition 3.3.1. Let X be a generalized topological space. Then a family U of
subsets of X is said to be G - locally finite if for each x € Mg, there exist a G -

netghbourhood N of x which intersects only finitely many members of U.

Definition 3.3.2. Let X be a generalized topological space. Then a family V of
subsets of X is said to be og - locally finite, if it can be written as the union of

countably many subfamilies each of which is og - locally finite.

Example 3.3.3. 1. Ewvery finite family of subsets of a generalized topological

space X s G - locally finite.

2. Fvery countable family of subsets of a generalized topological space X 1is

og - locally finite.

Example 3.3.4. Let X =R, the set of real numbers . Let G be the generalized
topology on R which is generated by the set {{n} : n € N}.
ThenU ={{1,2,3,...},{2,3,4,..},{3,4,5, ..}, ., {k, k+ 1,k + 2, ...}, ...}, which

1s a countable collection of subsets of R. Note that G is the power set of N. If
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x € Mg, then x must be a member of N. Therefore {z} is a G - neighbourhood
of ©, which intersect only finitely many members of U. So U s G - locally finite.

Since U 1s a countable collection, U 1is og - locally finite.

Theorem 3.3.5. Every G - locally finite collection of subsets of G - compact

strong generalized topological space must be finite.

Proof. Let (X,G) be a generalized topological space and let F = {F, : a € A}
be a G - locally finite family of subsets of X. For each point x € X, choose a G
- open neighbourhood U, that intersect a finite number of subsets in F. Clearly
the family of subsets {U, : * € X} is a G - open cover of X. Since X is G -
compact, this cover has a finite subcover, say {Uy, : n = 1,2,3,...,r}. Since each
U,,t = 1,2,3, ..., intersects only a finite number of subsets of F, suppose Uy,
intersect Fy, , Fiy, s s Fklnl

Uk, intersect Fy, , Fry,, .. Py,

Uy, intersect Fj, , Fy L Fy

ro ) "t 'rnl'

If possible assume that F is infinite. Then there exists G € F such that
G#Fy, fori=1,23,..,r,m=123, .. land Uy,i=1,2,3,....,7 does not
intersect G. So there exists g € G such that g ¢ U[_,Uy,. But U_ U, = X.

Thus g € G but not belongs to X, which is a contradiction. So F is infinite
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which is wrong. ]

Remark 3.3.6. In ordinary topological space the union of a locally finite collec-
tion of closed subsets is closed. But in generalized topological space this result
need not be hold.

That is, the union of G - locally finite collection of G - closed subsets need not

be G - closed.

Example 3.3.7. Let X = {a,b,c,d} and G = {¢,{c,d},{a,d},{a,c,d}}. Then
G is a generalized topology on X and (X,G) is a generalized topological space.

Let F = {{a,b},{b,c}}. Since F is a finite collection, it is a G - locally finite
collection.

But {a,b} U{b,c} ={a,b,c} is not G - closed.

Lemma 3.3.8. For a subset A of a generalized topological space X, Cg(A) =

{y € X : every G - neighbourhood of y meets A non vacuously. }

Proof. Let n, be the generalized neighbourhood system of y. That is 7, be the
collection of all G - neighbourhoods of .
Let B={y e X :U € n, implies U N A # ¢}.
Claim : Cg(A) = B.
We have Cg(A) = AU A'9. So we want to claim that AU AY = B.
Let yc AUA9. Thenye€ Aorye A9.
If y € A, then every G - neighbourhood of y intersects A, because every G -

neighbourhood of y contains y and y € A. So in this case y € B.
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Next we consider the case y € A'9. Then y is a generalized accumulation point
of A. By the definition of generalized accumulation point, we see that every G -
neighbourhood of y meets A non vacuously. So y € B. Hence AU A'Y C B.

Conversely, let y € B. If y ¢ AU A9, then y ¢ Cg(A), because, Cg(A) =
AU A9, Since Cg(A) is the smallest G - closed set containing A, we see that
(X — Cg(A)) is a G - open set and so it is a G - neighbourhood of y which does
not meet A. This is a contradiction to the fact that y € B. So B C AU A'9 and

hence B = Cg(A). O

Theorem 3.3.9. If C is a G - locally finite family of subsets of a generalized

topological space X, then the collection {Cg(C) : C € C} is G - locally finite.

Proof. Assume the contrary that {Cg(C) : C € C} is not G - locally finite. Then
there exists x € Mg such that every G - neighbourhood of x intersect infinitely
many members of {Cg(C) : C € C}. By lemma 3.3.8, x € Cg(Cg(C)) for in-
finitely many C' € C. But we have Cg(Cg(C)) = Cg(C), and therefore x € Cg(C)
for infinitely many C' € C. Again by lemma 3.3.8, every G - neighbourhood of x
intersect infinitely many C' € C. Since z € Mg and C is G - locally finite, so there
exists a G - neighbourhood N, of x which intersects only finitely many members
of C, which is a contradiction, since we just claim that every G - neighbourhood
of x intersects infinitely many members of C. Hence {Cg(C) : C € C} is G -

locally finite. ]
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3.4 Paracompactness in Generalized Topologi-

cal Spaces

Definition 3.4.1. A collection F of subsets of a set X is called a refinement of

a collection H if every F' € F there is a H € H such that F C H.

Definition 3.4.2. A generalized topological space is called G - paracompact if it
1s G - reqular and if every G - open cover of Mg has G - open, G - locally finite

refinement which is also a cover of Mg.

Lemma 3.4.3. If A, B be nonempty subsets of a generalized topological space X,
then A9U B9 =(AUB)9.

Proof. Let x € A9 U B'9. Then z is a generalized accumulation point of A or
that of B.

If x is a generalized accumulation point of A, then every G - neighbourhood
of x intersects A. So every G - neighbourhood of z intersect A U B. That is, x
is a generalized accumulation point of AU B, and this implies 2 € (AU B)'Y.

Similarly, if x is a generalized accumulation point of B we can prove that
re(AUB)Y.

Therefor A9U B9 C (AUB)Y ..o (1).
Let y € (AU B)'Y9. Then y is a generalized accumulation point of (AU B). So
every G - neighbourhood of y intersect A U B. That is every G - neighbourhood

of y intersect A or B or both. In any case we get y € A'9 U B'Y.
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(AUB)9 C A9UBY9. oo, (2).

From (1) and (2), we get A9 U B9 = (AU B)'9. O

Theorem 3.4.4. A G - closed subspace of a G - paracompact space is G - para-

compact.

Proof. Let X be a G -paracompact space and A be a G - closed subspace of X.
Since X is G - paracompact it is G - regular. So A is G - regular. Let Mg, be
the union of all G - open sets in A. We want to prove that every G - open cover
of Mg, has a G - open, G - locally finite refinement which also cover Mg, .

Let F be a G - open cover of Mg,. Note that each member F' in F is of the
form O N A where O is G - open in X. Let V be the collection of all such G - open
sets. Then V ={0: F = ONA, F € F}. Note that V is a G - open cover of A by
G - open sets in X. Hence VU{X — A} form a G - open cover of Mg. Since X is G
- paracompact, V has a G - open, G - locally finite refinement U/ which also cover
Mg. If U contain X — A we remove it and consider all other elements and form
another collection W of G - open setsin A. Let W = {UNA: U e U,U # X—A}.
Since U is a G open cover of Mg, we get W is a G - open cover of Mg,. Since G
- locally finite, we see that W is G locally finite. Also since W is a refinement V

we get W is a refinement of F. Hence A is G - paracompact. ]

Theorem 3.4.5. Let X be a Gr, space. Then X is G - paracompact if and only
if it has the property that every G - open cover of Mg has a G - open, G - locally

finite refinement which is also a cover of Mg .
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Proof. Suppose X isG paracompact. Then by the definition 3.4.2 of G paracom-
pactness, we get X is G - regular and every G - open cover of Mg has G - open,
G - locally finite refinement which is also a cover of Mg.

Conversely suppose that X is Gp, and the given property holds. We want to
prove that X is G - paracompact. We need only to show that X is G - regular.

Let x € X and C is a G - closed subset of X not containing x. We want to
find two disjoint G - open sets U and V' such that € U and CN Mg C V. Since
C'is a G - closed set not containing =, we get X — C'is a G - open set containing
x.S0reX—-CC Mg.

Let y € C' N Mg. Then y € C and y € Mg. Which implies x and y are two
distinct elements in Mg. Since X is Gr,, there exist disjoint G - open sets U, and
U, such that z € U, and y € U,. So X —U, is G - closed in X and U, C X —U,.
That is X — U, is a G - closed set containing U, but Cg(U,) is the smallest
G - closed set containing U,. Therefore Cg(U,) C X — U,. So z ¢ Cg(U,) as
¢ X —U,.

Let U = {U, :y € CNMgtU{X —C}. Then U is a G - open cover of
Mg. Let V be a G - open, G- locally finite refinement of ¢/ which is also a cover
of Mg. So by the definition of refinement, every member of V is contained in
some member of U or in X — C. In the second case it cannot intersect C'. Let
W={VeV:VNC # ¢}. Then every member of W is contained in some U,,.
Let G = UyewW. Since each W is G - open, we see that G is G - open.
Claim: (CNMg)C G

Let a € (C N Mg). Then a € C and a € Mg. Since a € Mg and V is a G - open
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cover of Mg, there exists V' € V such that a € V. Since V is a refinement of U,
there exists U, € U such that a € V C U,. Since a € V and a € C, this implies
V' N C # ¢. Therefore V € W which implies a € G. Hence (C'N Mg) C G.
Claim: = ¢ Cg(G).
If possible let = € Cg(G). Then z € Cg(UpwenwW) = (UwewW) U (UpewW)'9.
So either # € (UpewW) or @ € (UpwewW)'9. That is either € W for some
W € W or x is a generalized accumulation point of W for some W € W by
lemma 3.4.3. Since z € U, and each U, does not intersect U,, we see that = ¢ V,
for all V€ V. Therefore x ¢ W, for all W € W. Then x must be a generalized
accumulation point of W for some W € W. Hence every G - neighbourhood of
x intersect . But this is impossible, because the G - open set U, containing =z,
does not intersect W.

Therefore x ¢ Cg(G) which implies x € X —Cg(G). Also note that X —Cg(G)
is G - open. Sowe take U = X —Cg(G) and V = G. Thenz € U and CNMg C V
and U NV = ¢. O

Lemma 3.4.6. Let X be a generalized topological space. If X is G - reqular,
then for any x € X and any G - open set G containing x, there exists a G - open

set H containing x such that Cg(H) C G U M§.

Proof. Suppose X is a G - regular space. Let x € X and G be any G - open
subset of X containing x.
So X — G is a G - closed set not containing x. So there exist disjoint G -

open sets U and V such that z € U and (X — G) N Mg C V. This implies
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(G°N Mg)® D Ve ( taking complements on both sides ) . By De Morgan’s law
(X =V)cC(GuMg).

Since U C (X —=V) and (X —V)is G - closed, we get Cg(U) C (X —V). Hence
Cg(U) € GUMg. Take U = H, we see that v € H and Cg(H) C GUMS. [

Theorem 3.4.7. Fvery G - paracompact space is G - normal.

Proof. Let X be a G - paracompact space. Let A and B be two G - closed subsets
of X such that AN BN Mg = ¢. From the definition of G - paracompactness, X
is G - regular and every G - open cover of Mg has a G - open , G - locally finite
refinement which is also cover Mg.

Since X is G - regular, for each x € AN Mg and x ¢ B N Mg, there are
disjoint G - open sets U, and V, such that x € U, and BN Mg C V,. Since
X is G - regular, using lemma 3.4.4, there exists G - open set H, such that
Cg(H,) CU,UM§, z € H,.

Let  ={H,:x € AN Mg} U{X — A}. Then U is a G - open cover of M.
Since X is G - paracompact , by the definition of G - paracompactness U has a
G - open, G - locally finite refinement which is also a cover of Mg.

Let V be a G - open, G - locally finite refinement of & which is also a cover of
Mg. So by the definition of refinement, every member of V is contained in some
member of Y. Let W={V € V:VNA#¢}. Now let G = UpeyyW. Then G
is G - open.

Claim 1: An Mg C G.

Let z € AN Mg. This implies z € H,, where H, € U. So z € W, for some
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W e W. Hence z € G.
Claim 2: BN Mg C (X — Cg(Q)).
Let z € BN Mg. This implies z € B and z € Mg. To prove that z ¢ Cg(G).

If possible let z € Cg(G). Using theorem 1.4.13, we have Cg(G) = G U G'Y.
Hence z € G or z € G'9.

Case(i): z€ G

IfzeG = z¢€ (UpenW).

= z € W for some W € W.

= zeVforsome VeVand VNAF#o.

Since every member of V is contained in some member of U, So there exists
U € U such that V C U. Then U = H,, for some v € AN Mg or U = (X — A).
Since (X — A) does not intersect A, U is of the form H,,z € AN Mg.

So by the definition of H,,z € AN Mg, there exist disjoint G - open sets such
that x € U, and BN Mg C V,. Also Cg(H,) C U,UM§. Soz €V C H, C
Cg(H,) C U, U M§. Since z € Mg, we get z € U,. Since Also BN Mg C V,,
we get z € V., which is a contradiction to the fact that U, NV, = ¢. Therefore
2z ¢ G.

Case(ii) : z € G'9.

If z € G'9, by theorem 3.4.2 we have G'9 = (UwewW)'9 = Uwew(W'9).
Therefore z € Uwew(W'9) = 2z € W9 for some W € W which implies 2
is a G - accumulation point of W. By the definition of W, W = V for some
V € V such that VN A # ¢. Since V is a refinement of U, by the definition

of refinement, there exists U € U such that V' C U. By the definition of U, U
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is of the form H, for some x € A. That is, there exists H, € U such that
W C H,,v € A. So there exist disjoint G - open sets U, and V, such that
x €U, BNMg C V, and Cg(H,) C U,U(Mg)°. Since W C H, and H, C Cg(H,)
implies W C Cg(H,) C U, U M¢.

This implies W C U, since W C Mg.

Also, z € BN Mg and BN Mg CV, = 2z € V,. Since V, is G - open and
z € V,, it is a G - neighbourhood of z. Since z is a G - accumulation point of W,
we see that V, N W # ¢.

Since W C U, and W NV, # ¢, we get U, NV, # ¢, which is a contradiction
since U, and V,, are disjoint. Hence z ¢ G'9 Thereforez ¢ Cg(G)i.e, 2 € BN Mg
implies z € (X — Cg(@)). Therefore BN Mg C (X — Cg(Q)).

That is, there are two G - open sets G and (X —Cg(G)) such that ANMg C G

and BN Mg C (X —Cg(G)). Hence X is G - normal. O

Lemma 3.4.8. Let X be a G - normal space. Then for any G - closed set C
and any G - open set G containing C, there exist G - open set H such that

CNMgCH and Cg(H) C GU M.

Proof. Suppose X is a G - normal space. Let C' be a G - closed subset of X and
G be a G - open subset of X containing C. Then X — G is a G - closed subset of
X not containing C'. That is, C' and (X — G) are two disjoint G - closed subsets
of X. Since X is G - normal, by the definition of G - normality, there are disjoint
G - open sets U and V such that C N Mg C U and (X — G) N Mg C V. Since

UNV = ¢, we see that U C (X — V) and X — V is a G - closed subset of X .
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But we know that Cg(U) is the smallest G - closed set containing U. Therefore
Ceg(U)Cc (X -V).

Also (X —G)NMgCV = ((X-G)NMg)* D (X -V).

— (X =V)c GUMS ( by De Morgan’s law ).
But Cg(U) C X -V C GUM§ = Cg(U) C GU M. If we take U = H, then

we get C' N Mg C H and Cg(H) C G'U M. O

Theorem 3.4.9. IfU is a G - open, G - locally finite cover of a G - normal space
X, then for each U € U there exists a G - open set G(U) such that Cg(G(U)) C
U U Mg and the family {G(U) : U € U} covers X.

Proof. Let (X,G) be a generalized topological space. Given that X is a G -
normal space and let U be a G - open, G - locally finite cover of X. Since U is a
G - open cover of X, we see that Mg = X.

We want to find a function G : U — G with the property that for each
UecU,GU)is G - open, Cg(G(U)) C UU MG and the family {G(U) : U € U}
covers X. Call such a function G as a total shrinking function for U.

Next define a partial shrinking function for ¢ to be the function F': V — G,
where V C U, Cg(F(V)) C VUME, for all V' € V and the family (U —-V)U{F (V) :
V €V} is a cover of X. Let F be a family of all partial shrinking functions for
U. Note that F is nonempty because the function with empty domain belong to
it.

Define an order < in F as follows. Given two partial shrinking functions F, H €

F, we say that F' < H if|

72



3.4. Paracompactness in Generalized Topological Spaces

1. domain of F' is contained in that of H.

2. F(V)=H(V) for all V € domain of F.

Claim 1: < is a partial order on F.

1. Reflexivity :

Let F' € F, then clearly F' < F.

2. Antisymmetric:
Let F, H € F such that F < H and H < F. To prove that F' = H.
F < H = the domain of F'is contained in the domain of H.
H < F = the domain of H is contained in the domain F.
Therefore domain of /' = domain of H.
Let domain of F' = domain of H = V. Then
F<Hand H<F — F(V)=H(V) forall V € V. Hence F = H.

3. Transitivity:
Let F',G, H be three members in F such that ' < G and G < H. To prove
that F' < H.
F <G = domain of F'is contained in the domain of G and
G < H — domain of GG is contained in the domain of H.
Hence domain of F' is contained in the domain of H.
Let D(F),D(G),D(H) denotes the domain of F,G and H respectively.

Then
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F<G = F(V)=G(V) for all V € D(F).
G<H = G(V)=H(V) for all V € D(G).

D(F) C D(G) C D(H) = D(F) C D(H) and hence F(V) = H(V) for
all V € D(F).

Therefore F' < H. Hence < is a partial order on F.

Claim 2: F has a maximal element.

Let {F; : ¢ € I} is a chain in F. We want to find an upper bound for
this chain. First we construct a partial shrinking function F from this chain as
follows:

Let D(F') be the domain of F' then D(F) = U;c;D(F;) where D(F;) is the
domain of F; for i € I. If V. € D(F), so V € D(F;) for some i € I and
set (V) = F;(V). This is well defined because if V' € D(F;) N D(F}) for
i # jin I, then V € D(F;) and D(F}). If F; # F}, then we may assume that
F, < F;. So D(F;) C D(F,)impliesD(F,) N D(F;) = D(F,). Also F; = F; on
D(F;,) = F;(V) = F;(V) since V € D(F).

Claim 3: Cg(F(V)) C VUMG, forV € D(F).

Let V € D(F).Then V € D(F;) for some i € I. By the definition F', we have
F(V) = F;(V) for some i € I. Since for each i € I, F; is a partial shrinking on
U, by the definition of partial shrinking Cg(F;(V)) C VUM§E = Cg(F(V)) C
VU Mg for all V € D(F).

In order to show that F' is a partial shrinking for ¢/, it only remains to show
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that the family (U — D(F)) U{F(V):V € D(F)} is a cover of X.

Let x € X. Then Mg = X = x € Mg. Since U is locally finite, by
the definition of locally finite property, there is a G - neighbourhood N of x
which intersect only finitely many members of &. So x contains only finitely
many members of {. Suppose that Uy, U, ....,U, are the only members in U
that contains x. If at least one of the U; is (U — D(F)) we are done. Otherwise,
since F is the collection of all partial shrinking for U, there exist iy, 9,13, ..., 7,
in I, such that U, € D(F;)) for r = 1,2,3,....,n. Since {F; : i € I} is a chain,
without loss of generality we may assume that F;, < F;, < ... < F; . By the
definition of <, we get D(F;,) C D(F,) C .... C D(F;,). Since Uy € D(F;,),Us €
D(F,,),...,U, € D(F;,), we get U, € D(F;,) for all r = 1,2,...,n. Since these

are the only members of I/ containing x and by the definition of F; , we see that

(U—-D(F;,))U{F, (V):V € D(F;,)} is a cover of X. So there is a V € D(F;,)
such that € V. But we have D(F) = U;e/D(F;) and F = F;, on D(F;).
Therefore F'(V) = F; (V). Thus we get (U —D(F))U{F(V):V € D(F)}is a
cover of X. So F'is a partial shrinking function for &/ and by its construction it
is an upper bound for the chain {F; : i € I}.

Thus every chain in F has an upper bound in /. Then by Zorn’s lemma, F
has a maximal element. That is, we get a partial shrinking function, say G for
U which is maximal with respect to the ordering <.

To conclude the proof, we assert that G is a total shrinking for /. That is
to show that the domain of G,D(G) = U. Clearly D(G) C U as G is a partial

shrinking function on U. So we want to prove that U C D(G)
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If not there exists U € U such that U ¢ D(G). That is, U € U — D(G). Let
Whe the union of the sets U{G(V) : V € D(G)} and the set (UU — D(G) —
U)).Since each G(v) is G - open, U{G(V) : V € D(g)} is G - open. The second
collection in the definition of W is also G - open, because it is a subcollection of
U. So their union must be G - open. Hence W is G - open. Therefore X — W
is G - closed. Since (U —D(G))U{G(V) :V € D(G)} is a cover of X, we get
X —W c U. Now by G - normality and using lemma 3.4.7, we see that there
exists a G - open set () such that (X —W)N Mg C Q and Cg(Q) C U U M.

Define H : D(G)U{U} - Gby H(V) =G(V) for V € D(G) and H(U) = Q.
Since G is a partial shrinking function for U, we get H is a partial shrinking
function for U. Also note that H is strictly greater than G. Which contradict

the maximality of G. Thus D(G) =U.
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Chapter

I - Convergence and I* - Convergence in

Generalized Topological Spaces

4.1 Introduction

This chapter contains five sections. First section is the introduction and second
section contains preliminary ideas used for the subsequent sections. In third
section we extend the concept of I - convergence to generalized topological spaces.
Mainly in this section we introduce the concept Ig - convergence in generalized
topological spaces and discuss about its some properties. Here we found that
the Ig convergence is preserved under G - continuous functions. In fourth section
we introduce the concept of I - convergence in Generalized topological spaces.

Here we also discuss about the relation between Ig and I; - convergence in
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Generalized topological spaces. Section 5 contains definitions of Ig -limit point
and Ig - cluster points of a sequence and discuss about some properties of these

type of points.

4.2 Preliminaries
Definition 4.2.1. [19] A sequence (x,,) in a set X is said to be eventually in
U C X, if there exists k € N such that x,, € U for all n > k.

Definition 4.2.2. [26] Let (X, G) be a generalized topological space. A sequence
() in X does not converge to a point x if there exists a G - open set U containing
x such that (x,,) is not eventually in U. Otherwise we say that (x,) converges to

x.

Theorem 4.2.3. [26] If (X,G) and (Y,G') are two generalized topological spaces
and f: X =Y be (G,G) continuous, then x, — = in X implies that f(x,) —

f(x)inY.

Definition 4.2.4. [5] If X is a nonempty set, then a family of sets I C 2% is

an ideal if

1. p € 1.
2. ABel — AUBel and
3. Ael,BCA — Bel.
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An ideal is called nontrivial, if I # {¢} and X ¢ I.

Definition 4.2.5. [6] A nonempty family F of subsets of a nonempty set X is
called a filter iof

1. o ¢ F
2. ABeF = ANBeF and

3. Ae FFACB = BeF.
If I is a nontrivial ideal on X then FF'=F(I)={AC X : X — A€ I} is clearly

a filter on X .

A nontrivial ideal I is called admissible if it contains all the singleton sets.

Remark 4.2.6. Throughout this chapter (X,G) will stands for a generalized

topological spaces and I for a non trivial ideal of N, the set of all natural numbers.

4.3 Ig -Convergence In Generalized Topologi-

cal Spaces.

Definition 4.3.1. A sequence (z,) in X does not Ig - convergent to zo € X,
if there exists a nonempty G - open set U containing xo,{n € N;x, ¢ U} ¢ I,
otherwise we say that (x,) is Ig - convergent to xo. In this case we write Ig -

limx,, = xo and xo is called the Ig - limit of (z,,).
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Example 4.3.2. Let X = {1,2,3,4} and G = {¢,{1,2,3},{1},{1,2}}. Then

(X,G) is a Generalized topological space.

1. Consider the constant sequence (1). If we take any G - open set U contain-
ing 1, we see that {n e N:x, ¢ U} = ¢ € 1. Therefore the sequence (1) is

Ig - convergent to 1.
2. Clearly the sequence (1) is not Ig - convergent to 2.

3. Sequence (1) is Ig - convergent to 3, because the only G - open set containing

3is {1,2,3}.
Remark 4.3.3. So in general the Ig - limit of a sequence is not unique.

Theorem 4.3.4. If I is admissible, then ordinary sequential convergence in gen-

eralized topological space implies Ig convergence.

Proof. Let (x,) be a sequence in a generalized topological space X and suppose
x, — xo in X. If possible (z,) does not Ig convergent to xo. Then there exists
a G - open set U containing xy such that {n e N:x, ¢ U} ¢ I.

Since z,, — xg, by definition of sequential convergence in generalized topo-
logical space, (z,) is eventually in U. So there exists ng € N such that z,, € U,
for all n > ngy. Since [ is admissible, it contains all singletons and since [ is
closed under finite union, {1,2,3,...,n0} € I. If n > nyg, then x,, € U. Therefore
{neN:z, ¢ U} C{1,2,...,n0}.

Since {1,2,3,...,n0} € [ and {n e N:xz, ¢ U} C {1,2,...,n9}, by definition
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of I we get {n € N:xz, ¢ U} € I. This is a contradiction and hence (z,) is Ig

convergent to xg. O

Theorem 4.3.5. If Iis admissible and I does not contain any infinite set then
the sequential convergence and Ig - convergence of a sequence in a generalized

topological space X coincide.

Proof. Let (x,) be a sequence in X and =z € X.
Suppose z,, — x. By theorem 4.3.3, (z,,) is Ig - convergent to x.

Conversely suppose that (z,,) is Ig - convergent to x. To show that (x,) — =.
If not, there exists a G - open set U containing z such that (z,) is not eventually
in U. By the definition of Ig - limit, {n € N: z, ¢ U} € I. Since (z,) is not
eventually in U for each n € N, there exists k € N such that k > n and x ¢ U.
Therefore {k : z ¢ U} is an infinite set. But {k : 2, ¢ U} C {n e N:z, ¢
U} € I. By the definition of I,{k : z; ¢ U} € I, which is a contradiction to
the fact that I does not contain any infinite set. Therefore the sequence (z,,)

converges to x. (]

Theorem 4.3.6. If X is a strong Gro - space, then Ig - convergent sequence has

a unique Ig - limat.

Proof. If possible suppose that an Ig convergent sequence (z,) has two distinct
Ig - limit say xy and yg. Since X is a strong generalized topological space, there
exists U,V € G such that g € U and yo € V,U NV = ¢.

Since (x,,) is Ig - convergent to xy and xy € U it follows that {k € N : x}, ¢
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U} € I. Alsosince (x,,) is Ig - convergent toyg and yo € V, {k e N: z, ¢ V} € I.
We have {k : z, € (UNV)} C{k:axp, € Ut U{k:x, €V} € 1. Since [ is
nontrivial, there exist kg € N such that kg ¢ {k : zx € (U NV)°} which implies
zko ¢ (U NV)e This implies zyy € U NV, which is a contradiction to the fact

that TNV = 6.

]

Theorem 4.3.7. If I is an admissible ideal and if there exists a sequence (x,)
of distinct elements in a set E C X which is Ig - convergent to xq € X, then xg

1 a generalized limit point of E.

Proof. Let U be a generalized neighbourhood of xy. Since Ig - lim z,, = z( and
by the definition of Ig - limit, {n: 2z, ¢ U} € I and so {n:x, € U} ¢ I. Since
I is admissible, it contain all singletons and hence all finite subsets of N . So
{n : x, € U} is an infinite subset of N. Choose ky € {n : z,, € U} such that
Tro # x9. Then xpg € U N (E — {xo}). Thus zg is a generalized limit point of
E. O

Theorem 4.3.8. A G - continuous function g : X — X preserves Ig conver-

gence.

Proof. Let (x,) be a sequence in X such that Ig - limit (z,,) = z. To prove that
Ig - limit (g(z,)) = g(z).
If possible let Ig - limit (g(x,)) # g(x). Then there exists a G - open set U

such that {n € N: g(x,) ¢ U} ¢ I. Since g is G - continuous , g '(U) isa G -
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open set such that z € g7 (U). Also note that {n € N:z, ¢ ¢g-*(U)} ¢ I. This

implies Ig — limit(z,) # x, a contradiction. O
Remark 4.3.9. The converse of the theorem 4.3.7 is need not be true.

Example 4.3.10. Let X = {1,2,3,4} and G = {¢,{1,2,3},{1},{1,2}}. Then
(X,G) is a Generalized topological space. Define g : X — X by g(x) = 1. Let
() be an Ig convergent sequence in X. Then sequence (g(x,)) is the constant
sequence (1) which is Ig - convergent in X. But the function g is not G - con-

tinuous, because g~ ({1}) = X is not G - open in X.

4.4  I; - convergence in generalized topological

Spaces.

Definition 4.4.1. A sequence (z,,) in a generalized topological space X is I}
convergent to x € X if and only if there exist a set M € F(I), M = {m; <
my < ... <my, <.}, such that (x,) — © as k — co. In this case we write I} -

limx, = x and  is called the 15 - limit of ().

Example 4.4.2. Let X = {1,2,3,4} and G = {¢,{1,2,3},{1},{1,2}}. Then
(X,G) is a Generalized topological space. The constant sequence (1) is I -

convergent to 1. In this case we take M = N.

Theorem 4.4.3. If I is admissible then I - limitx,, = x implies Ig - limitx, =

x and so in addition if X is a Gy, - space then I - limitz, is unique.
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Proof. Given I is admissible. Suppose I; — limitz,, = x . To prove that Ig —
limitx, = x. Since I; — limitx, implies there exists K € I such that for M =
N—K ={m; <my <..<my < ..}, we have limx,, = x. By the definition of
sequential convergence in generalized topological space, for any G - open set U
containing x sequence z,,, is eventually in U. That is there exists ky € N such
that for all & > ko, x,,, € U. Clearly {n:z, ¢ U} C {mi,ma,....muo} UK € I

as I is admissible. Therefor Ig — limitx, = x. O

Theorem 4.4.4. If I is admissible, X is a strong Gr. - space and (x,) be an I}

convergent sequence in X, then 15 — limitx,, is unique.

Proof. If possible suppose that (,,) has two distinct I limit say x and yo. Then
by theorem 4.4.3 (z,) has two distinct Ig - limit. By theorem 4.3.5 the Ig limit
of a sequence is unique. So xg = yo. This is a contradiction. Therefore I - limit

of a sequence is unique. 0

Theorem 4.4.5. If X has no generalized accumulation point then Ig and Ij -

convergence are coincide for every admissible ideal 1.

Proof. Let (x,) be a sequence in X and let Ig - limx,, = xy. Since X has no
generalized accumulation point, U = {z¢} is G - open. Since Ig - limit x,, = xo,
we have {n : z, ¢ U} € I. This implies {n : =, ¢ {x¢}} € I and hence
{n:x, # xo} € I. By the definition of F(I), the complement of {n : x,, # xo}
belongs to F'(I).

i.e, {n:xy, = 20} € F(I). Thus I§ — limz,, = xo. O
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4.5 Ig - Limit points and I; - cluster points.

Definition 4.5.1. Let x = (x,,) be a sequence in X. An element y € X is called
Ig- limit point of x, if there exists a set M = {m; < my < ...} C N such that
M ¢ I and limy_Zy, = y. Denote Ig(L,) be the collection of all Ig - limit

points of the sequence x.
Example 4.5.2. Let X ={1,2,3,4},G = {¢,{1,2},{1,2,3}}.

1. Consider the sequence (x,) = (2) in X. Let M = N, so M ¢ I and

limp_ooxy = 2. So 2 is a Ig - limit point of (z,).

2. Consider the sequence 1, 2, 1, 2, ..., 1, 2,... in X. Note that 1, 2, 3, 4 are

Ig- limit point of this sequence.

Example 4.5.3. Consider X = R, the set of real numbers and Z be the set of
all integers. Let G ={G : G C R —Z}. Then (X,G) is a Generalized topological
space. Note that every sequence in X converges to every z € Z. So every z € Z

1s a Ig - limit point of every sequence in R.

Definition 4.5.4. Let x = (x,,) be a sequence of elements of X and let y € X is

said to be an Ig - cluster point of x, if there exists a G - open set U containing y,
and {n : z, € U} ¢ I. Denote 1g(C,) be the collection of all Ig - cluster points

of the sequence x.

Example 4.5.5. Let X = {1,2,3,4},G = {¢,{1,2},{1,2,3}}. Consider the

sequence (z,,) as the constant sequence (4). Note that 4 is an Ig - cluster point
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of (x,) and 3 is an Ig - cluster point of (x,), because the only G - open set

containing 3 is U = {1,2,3}, and {n € N:z, e U} = ¢ ¢ I as I is nontrivial.

Theorem 4.5.6. If I is an admissible ideal, then Ig(L,) C Ig(C,), where x =

(x,) be a sequence in X.

Proof. Let y € Ig(L,). So there exists a set M = {m; < my < ....} C N such
that M ¢ I and limy—co®m, = .
Claim: y € Ig(C,).

If possible y ¢ Ig(C,). Then there exists a G - open set U containing y, such
that {n:z, € U} € I. Since y € U and z,,,, — vy implies (z,,, ) is eventually in
U, there exist ko € N such that x,,, € U for all k > ky. Note that {n:xz, € U} D
M —{my,mq,.....my, }. That is, M — {mq,ma, .....my,} C{n:2, €U} € I..

Since I is admissible, it contain all singletons and hence I contain all finite
subsets of N. So in particular {my, ma,...,mg,} € I. Since I is closed under
finite union, we get M = (M — {my, ma, ....,my, }) U{m1, ma, ...,my, } € I. This

is a contradiction to the fact that M ¢ I. Therefore y € Ig(C,). O
Remark 4.5.7. If I is admissible, then Ig(L,) # Ig(Cy).

Theorem 4.5.8. If I is an admissible ideal, then Ig(C,) is G - closed for each

sequence v = (x,) in X.

Proof. We want to prove that Cg(Ig(C,)) = Ig(C,). For this, to prove that
Cg(1g(Cr)) C 1g(Cy).
Let y € Cg(Ig(C,)). Then y € (Ig(Cy) U (Ig(CL)9. If y € (Ig(Cy)'9. Let
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4.5. Ig - Limit points and Ig - cluster points.

U be a G - open set containing y. Since y € (Ig(C,)'9, by the definition of G
- limit point, there exists z € Ig(C,) such that z # y and z € U. So by the
definition of Ig(C,), z € Ig(C,) for z € U. Therefore {n : z, € U} ¢ I, which

implies y € Ig(Cy). O
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Chapter

Regular open sets in Generalized

Topological Spaces.

5.1 Introduction

In this chapter we extend the concepts regular open sets, regular closed sets,
weakly regular open sets, weakly regular closed sets, into generalized topological
spaces. This chapter contain nine sections. In section 2, we introduce the concept
G - regular open sets and discuss about some of its properties. In the remaining
sections we introduce concepts like minimal G - regular open sets, maximal G
- regular open sets, G - regular closed sets, minimal G - regular closed sets,
maximal G - regular closed sets, weakly G - regular open sets, weakly G - regular

closed sets. Here also we discuss about some properties of these concepts. Here
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we found that finite intersection of G - regular open sets need not be G - regular
open, but in ordinary topological space finite intersection of regular open sets is

regular open.

5.2 G - Regular Open Sets.

Definition 5.2.1. A subset A of a generalized topological space X is said to be

G - reqular open, if A = intg(cg(A)).

Example 5.2.2. Let X = {a,b,¢,d} and G = {¢,{a,b},{b,c},{a,b,c}, {a}.}
Clearly G is a generalized topology on X. Let A = {a}. Then Cg(A) = {a,d} and
intg(Cg(A)) = intg({a,d}) = {a} = A. Therefore A is a G - reqular open subset
of X.

Definition 5.2.3. A subset of a generalized topological space is said to be G -

clopen if it is both G - open and G - closed.

Theorem 5.2.4. Every G - clopen set in a generalized topological space is G -

reqular open.

Theorem 5.2.5. Every G - reqular open set in a generalized topological space is

g - open.

Proof. Proof follow from the fact that the generalized interior of a set is always

G- open. m
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Theorem 5.2.6. If A and B are subsets of generalized topological space X, then
Cg(A N B) C Cg(A) N Cg(B)

Proof. Since (AN B) C A and (AN B) C B, then Cg(AN B) C Cg(A) and
Cg(ANB) C Cg(B). Hence Cg(ANB) C Cg(A)NCg(B). O

Remark 5.2.7. In ordinary topological spaces closure(A N B) = closure(A) N

closure(B) but in generalized topological space Cg(AN B) # Cg(A) N Cg(B).

Example 5.2.8. Let X = {a,b,c,d} and G = {X,¢,{a,b},{c,d},{a,c,d}}.
Then G is a generalized topology on X. If A = {a,b} and B = {b,d}, then
Cg(A) ={a,b} and Cg(B) = X. Therefore Cg(A)NCq(B) = {a,b}. Also ANB =
{b} and Cg(AN B) = {b}. Hence Cg(AN B) # Cg(A) N Cg(B).

Remark 5.2.9. In ordinary topological space finite intersection of reqular open
sets is reqular open, but in generalized topological space finite intersection of G -

reqular open set need not be G - reqular open.

Example 5.2.10. Let X = {a,b,c,d} and G = {X, ¢, {c,d},{a,b},{a,c,d},{b},
{b,c,d}}. Then G is a generalized topology on X. Let A = {a,b} and B =
{a,c,d}. Then intg(Cg(A)) = A and intg(Cg(B)) = B. Therefore A and B are
G - regular open sets in X. But AN B = {a} and intg(Cg({a})) = ¢ # {a}.
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5.3 Minimal G - regular open sets and Maximal

G - regular open sets.

Definition 5.3.1. A proper non empty G - regular open set U of a generalized
topological space X s said to be a minimal G - reqular open set, if any G - reqular

open set which is contained in U 1s U or ¢.

Example 5.3.2. Let X = {a,b,c,d} and G = {X,¢,{a,b},{c,d},{a,c,d}}.
Then G is a generalized topology on X. Here {a} is a minimal G - regqular open

set in X.

Definition 5.3.3. A proper non empty G - reqular open subset U of a generalized
topological space X is said to be a maximal G - reqular open set if any G - reqular

open set contains U is U or X.

Example 5.3.4. Let X = {a,b,c} and G = {¢,{a},{a,b},{b}}. Then {a,b} is

a maximal G - reqular open subset of X.

5.4 G - regular Closed Sets in a Generalized

Topological Space.

Definition 5.4.1. A subset A of a generalized topological space X is said to be
G - regular closed, if A = Cg(intg(A)).
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5.5. Minimal G - regular Closed Sets and Maximal G - regular Closed sets.

Example 5.4.2. Let X = {a,b,c} and G = {¢,{a},{a,b},{b}}. Then {c},

{b,c}and {a,c} are G - reqular closed subsets of X.

Theorem 5.4.3. Every G - clopen set in a generalized topological space is G -

reqular closed.

Theorem 5.4.4. Fvery G - reqular closed set in a generalized topological space

18 G - closed.

Proof. Let A be a G - regular closed subset of a generalized topological space X.
Then A = Cg(intg(A)). Since generalized closure of a set is G - closed. Therefore

A is G - closed. O]

5.5 Minimal G - regular Closed Sets and Maxi-

mal G - regular Closed sets.

Definition 5.5.1. A proper non empty G - reqular closed subset F' of a gener-
alized topological space X is said to be minimal G - reqular closed set, if any G -

reqular closed set which is contained in F' is F' or ¢.

Example 5.5.2. Let X = {a,b,c} and G = {¢,{a},{a,b},{b}}. Then {c} is a

minimal G - reqular closed subset of X.

Definition 5.5.3. A proper non empty G - reqular closed subset F of a general-
ized topological space X is said to be maximal G - reqular closed set, if any G -

reqular closed set which contains F' is F or X.
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5.6. Properties of Minimal G - regular Open Sets and Maximal G - regular
Open Sets.

Example 5.5.4. Let X = {a,b,c} and G = {¢, {a},{a,b},{b}}. Then {b,c}and

{a,c} are mazximal G - regular closed subsets of X.

5.6 Properties of Minimal G - regular Open Sets

and Maximal G - regular Open Sets.

Theorem 5.6.1. Let X be a generalized topological space and FF C X. Then F
is a minimal G - reqular open set if and only if X — F is a maximal G -reqular
closed set and F is a maximal G - reqular open set if and only if X — F is a

minimal G - reqular closed set.

Proof. Suppose that F' is a minimal G - regular open set. Then intg(Cg(F)) = F
and any G - regular open set contained in F'is F' or ¢.

Claim 1 : X — F' is G - regular closed.

Cglintg(X — F)) =Cg((X — F) —0g(X — F)) = X — F. Therefore X — F is a
G - regular closed subset of X.

Claim 2 : X — F' is a maximal G - regular closed subset of X.

If H is a G - regular closed set contains X — F, then using claim 1, X — H isa G
- regular closed set contained in F. Since F' is a minimal G - regular open set, we
get X — H=For X — H=¢. Therefore H=X — F or H= X. Hence X — F
is a maximal G - regular closed subset of X. Similarly we can prove the second

part.
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Open Sets.

]

Theorem 5.6.2. Let U be a minimal G - reqular open set and W be a G - reqular

open set and UNW is a G -reqular open set. Then either UNW = ¢ or U C W.

Proof. Given that U is a minimal G - regular open set and UNW is a G - regular
open set. Since U N W C U, we must have either UNW =¢or UNW = U.

Therefore either UNW = ¢ or U C W. O]

Theorem 5.6.3. If U and W are two minimal G - reqular open sets and their

intersection is also a G - reqular open set, then either UNW = ¢ or U = W.

Proof. By theorem 5.6.2, we get either UNW = ¢ or U C W and W C U.
Therefore either UNW = ¢ or U = W. O]

Theorem 5.6.4. Let U and W be G - reqular open subsets of a generalized
topological space X and U be a mazimal G - regular open and their union is also

a G - reqular open set. Then either UUW =X or W C U.

Proof. Given that U is a maximal G - regular open set and U U W is also a G
- regular open set. Then by the definition of maximal G - regular open set. We

must have either UUW = X or W C U. O]

Theorem 5.6.5. Let U and W be mazimal G - reqular open subsets of a gener-
alized topological space X and their union is also a G - regular open set. Then

eitherUJUW =X orU =W.
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5.7. Properties of Minimal G - regular Closed Sets and Maximal G - regular
closed sets.

Proof. By theorem 5.6.4, we have either UUW = X or U C W and W C U.
Therefore either U UW = X or U = W. O

5.7 Properties of Minimal G - regular Closed

Sets and Maximal G - regular closed sets.

Theorem 5.7.1. Let X be a generalized topological space and FF C X. Then F
is a minimal G - reqular closed set if and only if X — F is a mazximal G -reqular
open set and F is a mazimal G - reqular closed set if and only if X — F is a

minimal G - reqular open set.

Proof. Suppose that F'is a minimal G - regular closed subset of X. Then Cg(intg(F)) =
F and any G - regular closed set contained in F' is F' or ¢.

Claim 1: (X — F) is G - regular open.

intg(Cg(X — F)) =intg((X — F)Udg(X — F)) = X — F. Therefore X — F is a

G - regular open subset of X.

Claim 2 : (X - F) is a maximal G - regular open subset of X.

If H is a G - regular closed set contains X — F, then using claim 1, X — H is a

G -regular open set contained in F. Since F' is a minimal G - regular closed set,

we X — H=For X — H=¢. Therefore H=X — F or H = X. Hence X — F

is a maximal G - regular open subset of X.

Conversely suppose that X — F' is a maximal G -regular open set. To prove
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5.7. Properties of Minimal G - regular Closed Sets and Maximal G - regular
closed sets.

that F' is a minimal G - regular closed set. By theorem 5.6.1 [X — (X — F)] = F

is a minimal G - regular closed set.

]

Theorem 5.7.2. Let U be a minimal G - reqular closed set and W be a G -
reqular closed set and their intersection is also a G - reqular closed set. Then

either UNW =¢ or U C W.

Proof. Given that U is a minimal G - regular closed set and U N W C U, we
must have either U N W = ¢ or U NW = U. Therefore either U N W = ¢ or
Ucw. O

Theorem 5.7.3. Let U be a mazximal G - reqular closed set and W be a G -
reqular closed set and their union is also a G - reqular closed set. Then either

UJUW =X orW cCU.

Proof. Given that U is a maximal G - regular closed set and U CUUW isa g

- regular closed set. Therefore either UUW = X or W C U. ]

Theorem 5.7.4. Let U and W are mazimal G - reqular closed sets and if their

union is also a G - reqular closed set, then either UUW =X or U = W.

Proof. By theorem 5.7.3, either UUW = X or U C W and W C U. Hence either
UUW=XorU=W. [
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5.8. Weakly G - regular Open Sets and Weakly G - regular Closed Sets.

5.8 Weakly G - regular Open Sets and Weakly

G - regular Closed Sets.

In this section we consider X as a strong generalized topological space.

Definition 5.8.1. A proper subset A of a generalized topological space X is said

to be weakly G - reqular open, the only G - reqular open set containing A is X.

Example 5.8.2. Let X = {a,b,c} and G = {X, ¢,{a},{b},{a,b}}. Then {a,b}

1s a weakly G - regqular open subset of X.

Definition 5.8.3. A proper subset A of a generalized topological space X is said

to be weakly G - reqular closed, if its complement is weakly G - reqular open.

Example 5.8.4. Let X = {a,b,c} and G = {X, ¢, {a}, {b},{a,b}}. Then {c} is

a weakly G - reqular closed subset of X.

Theorem 5.8.5. The union of two mazimal G - reqular open sets of a generalized

topological space X 1is either a weakly G - reqular open set or the whole set X.

Proof. Let U and W are two maximal G - regular open set. If their union is a G
- regular open set, then by theorem 5.6.5, either UUW = X or U = W.

If UUW is not a G - regular open set, then the only G - regular open set
containing U UW is X because, U and W are maximal G - regular open set.

Hence U UW is either a weakly G - regular open set or the whole set X. [
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Theorem 5.8.6. The intersection of two minimal G - reqular closed sets in a
generalized topological space is either a weakly G - reqular closed set or the empty

set.

Proof. Let F and G be two minimal G - regular closed subsets of a generalized
topological space X. By theorem 5.5.1, we get X — F' and X — G are maximal G
- regular closed sets. By theorem 5.7.1, (X — F) U (X — G) is either weakly G -
regular open or the whole set X. Using De Morgan’s law, we get (X — (F N G))
is either weakly G - regular open or the whole set X. Therefore F' N G is either

a weakly G - regular closed set or the empty set. ]

Theorem 5.8.7. The intersection of two weakly G - reqular closed sets in a

generalized topological space is again a weakly G - reqular closed set.

Proof. Let F and G are two weakly G - regular closed sets. Then (X — F') and
(X — G) are two weakly G - regular open sets. So their union is also a weakly
G - regular open set. That is ((X — F) U (X — G)) is weakly G - regular open.

Hence by De Morgan’s law (F' N G) is weakly G - regular closed. O
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CONCLUSION

Through this thesis we were able to extend some topological concepts to gen-
eralized topological spaces.

Chapter 1, named On generalized closed sets. Here we proved some funda-
mental results about generalized closed sets. Also found that some results in
ordinary topological spaces need not be hold in generalized topological spaces.

Some of them are given below.

1. In ordinary topological space finite union of closed sets is closed. But in
generalized topological space finite union of G - closed sets need not be G

- closed.

2. In ordinary topological space AU B = AUB. But in generalized topological
space Cg(A U B) # Cg(A) U Cg(B).

3. In ordinary topological space every element has a neighbourhood. But in
generalized topological space, every element need not have a G - neighbour-

hood.

4. In ordinary topological space the neighbourhood system at a point must be
non empty. But in a generalized topological space the generalized neigh-

bourhood system may be empty.

In this chapter we also proved some theorems about generalized neighbourhoods,

generalized accumulation points, generalized closure operator, etc. Some of them
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are given below.

1. Generalized closure of a set is the smallest G - closed set containing that

set.
2. Ais G - closed in a generalized topological space if and only if Cg(A) = A.

3. The fixed points of a generalized closure operator are precisely the G -

closed subsets of X.
4. The generalized closure operator is idempotent.

5. A subset of a generalized topological space is G - open if and only if it is a

G - neighbourhood of each of its point.

In chapter 2 we extend topological properties like connectedness and Lindeloff-
ness in generalized topological spaces. Here we prove some more results on G -
connectedness and G - Lindeloff properties. Also found that some results in ordi-
nary topological space need not be hold in generalized topological space. Some

of them are given below.

1. In ordinary topological space closure of a connected set is connected. But
in generalized topological space the G - closure of a G - connected set need

not be G - connected.

2. In ordinary topological space components are closed. But in generalized

topological space the G - components need not be G - closed.
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Here we also found some important results about G -connectedness and G -
Lindeloff property in generalized topological space. Some of them are given

below.
1. A generalized topological space is G - connected if it is not the union of
two non empty G - separated sets.

2. Let C be a collection of G -connected subsets of X such that no two members

of C are G - separated. Then UgecC is also G - connected.
3. Finite products of G - connected spaces is G -connected.
4. Arbitrary union of G - Lindeloff spaces is G - Lindeloff.
5. The G - Lindeloff property is preserved under G - continuous functions.
The third chapter is titled by Paracompactness in Generalized topological Spaces.
Here we found some topological results about locally finite property and para-

compactness are not true in generalized topological spaces. Some important

results in this chapter are given below.

1. In ordinary topological space the union of a locally finite collection of closed
subsets is closed. But in generalized topological space the union of G -

locally finite collection of G - closed subsets need not be G - closed.

2. If Cis a G - locally finite family of subsets of generalized topological space
X, then the collection {Cg(C) : C € C} is G - locally finite.
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3. Every G - paracompact space is G - normal.

In fourth chapter we extend the notion of I - convergence and I* - convergence
into generalized topological spaces. Some of important results in this chapter

given below,

1. If I is admissible, then sequential convergence in generalized topological

space implies Ig - convergence.

2. If X is a strong Gy, - space, then Ig convergent sequence has unique Ig -

limit.
3. A G -continuous function preserves Ig convergence.

4. If X has no generalized accumulation points, then Ig and I - convergence

are coincide for every admissible ideal I.

5. If I is an admissible ideal, then Ig(C,) is G - closed for each sequence

r = (z,) in X.

Chapter 5 was named as Regular open sets in generalized topological space.
Here we found that some results in ordinary topological space does not hold in

generalized topological space. Some of them are listed below.

1. In ordinary topological space finite intersection of regular open sets is reg-
ular open, but in generalized topological space finite intersection of G -

regular open sets need not be G - regular open.
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Here we also proved some results about G - regular open sets.

1. Every G - regular closed set is is G - closed.

2. Let U be a minimal G - regular open set and W be a G - regular open set

and U NW is a G -regular open set. Then either UNW = ¢ or U C W.

3. Let U be a minimal G - regular closed set and W be G - regular closed set
and their intersection is also a G - regular closed set. Then either UNW = ¢
orUCW.
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