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ABSTRACT

This thesis investigates the theory of generalized topological spaces (GTS),

extending classical topology by relaxing or modifying the axioms that define open

sets. Motivated by limitations in standard topological frame works when applied

to non-traditional structures in analysis. The thesis defines G - neghbourhood,

G - neighbourhood system, G - separated sets, G - Lindeloff spaces, G - derived

set, G - dense set, G - locally finite, σG - locally finite, G - paracompact spaces,

IG - convergent sequence, I∗G - convergent sequence and presents fundamental

properties, theorems and equivalent characterizations. The work explored the

properties of the generalized closed sets, generalized connectedness and general-

ized local connectedness. G - locally finite collections and σG - locally collections

of sets introduced and used to extend the definition of paracompactness into gen-

eralized topological spaces. The work investigate the role of separation axioms

in generalized paracompactness. The thesis defines IG limit points and IG - clus-

ter points of a sequence and found some relations between ordinary sequential

convergence and IG - convergence in generalized topological spaces. The study

advances into the notions of G - regular open sets, G - regular closed sets and dis-

cuss about some properties of these type of concepts. Further introduced minimal

and maximal G - regular open sets and minimal and maximal G - regular closed

sets and investigate the role of these concepts in generalized topological spaces.

Overall, the thesis provides a comprehensive and unified frame work that not

only generalizes classical topological concepts but also enriches the theoretical

landscape of topological spaces.
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സംഗ്രഹം 

ഈ പ്രബന്ധം ജനറലൈസ്‍ഡ് ട ോടപോളജിക്കൽ ടേസുകളള കുറിച്ചുള്ള ഒരു സമഗ്ര പഠനമോണ്. ഓപൺ 
ളസറ്റുകളള നിർവചിക്കുന്ന അ ിസ്ഥോന തതവങ്ങളിൽ അയവ് വരുത്തുകടയോ മോറ്റങ്ങൾ വരുത്തുകടയോ ളചയ്തുളകോണ്ട് 
ക്ലോസിക്കൽ ട ോടപോളജിയുള  വയോപ്തി വർദ്ധിപിക്കുകയോണ് ഇതിലൂള  ൈക്ഷ്യമിടുന്നത്. വിശകൈനത്തിളൈ 
പരമ്പരോഗതമല്ലോത്ത ഘ നകളിൽ സോധോരണ ട ോടപോളജിക്കൽ ചട്ടക്കൂടുകൾക്ക് ടനരിടുന്ന പരിമിതികളോണ് ഈ 
പഠനത്തിന് പ്രധോന പ്രടചോദനം. 

ഈ പ്രബന്ധത്തിൽ, , 𝒢 -ളനയിബർഹുഡ്, G-ളനയിബർഹുഡ് സിസ്റ്റം,  𝒢 -ളസപടററ്റഡ‍് ളസറ്റ്, , 𝒢 -

ൈിൻളഡടൈോഫ് ടേസുകൾ, , 𝒢 -ളഡലറവ്ഡ് ളസറ്റ്,  𝒢 -ളഡൻസ് ളസറ്റ്,  𝒢 -ടൈോക്കൈി ലഫലനറ്റ്, 𝜎 𝒢 -  

ടൈോക്കൈി ലഫലനറ്റ്, , 𝒢 -പോരോടകോംപോക്റ്റ് ടേസ്, 𝐼,𝒢-കൺടവർജന്റ് സവീകൻസ്, 𝐼𝒢
∗-കൺടവർജന്റ് സവീകൻസ് 

എന്നിവളയ നിർവചിക്കുകയും അവയുള  അ ിസ്ഥോനപരമോയ സവിടശഷതകൾ, സിദ്ധോന്തങ്ങൾ, തുൈയമോയ 
സവഭോവഗുണങ്ങൾ എന്നിവ വിശദീകരിക്കുകയും ളചയ്യുന്നു. 

ജനറലൈസ്ഡ് ടക്ലോസ്ഡ് ളസറ്റുകൾ, ജനറലൈസ്ഡ് കണക്റ്റഡ്ളനസ്സ്, ജനറലൈസ്ഡ് ടൈോക്കൽ 

കണക്റ്റഡ്ളനസ്സ് എന്നിവയുള  സവിടശഷതകൾ ഈ പഠനം ആഴത്തിൽ പരിടശോധിക്കുന്നു.  𝒢 - ടൈോക്കൈി 

ലഫലനറ്റ് ടശഖരങ്ങളം  𝜎 𝒢 - ടൈോക്കൈി ടശഖരങ്ങളം അവതരിപിക്കുകയും പോരോടകോംപോക്റ്റ്ളനസ്സിളന്റ 
നിർവചനളത്ത ജനറലൈസ്ഡ് ട ോടപോളജിക്കൽ ടേസുകളിടൈക്ക് വയോപിപിക്കുന്നതിന് ഇവ ഉപടയോഗിക്കുകയും 
ളചയ്യുന്നു. 

ജനറലൈസ്ഡ് പോരോടകോംപോക്റ്റ്ളനസ്സിൽ ളസപടറഷൻ തതവങ്ങളള  പങ്ക് ഈ പഠനം അടനവഷിക്കുന്നു. ഒരു 

ടേണിയുള  𝐼𝒢 ൈിമിറ്റ് ടപോയിന്റുകളം IG ക്ലസ്റ്റർ ടപോയിന്റുകളം ഈ പ്രബന്ധം നിർവചിക്കുകയും സോധോരണ 

സവീകവൻഷയൽ കൺടവർജൻസും ജനറലൈസ്ഡ് ട ോടപോളജിക്കൽ ടേസുകളിളൈ 𝐼,𝒢കൺടവർജൻസും 
തമ്മിലുള്ള ചിൈ ബന്ധങ്ങൾ കളണ്ടത്തുകയും ളചയ്യുന്നു. 

𝒢 - ളറഗുൈർ ഓപൺ ളസറ്റുകൾ,  𝒢 - ളറഗുൈർ ടക്ലോസ്ഡ് ളസറ്റുകൾ എന്നിവളയക്കുറിച്ചുള്ള ആശയങ്ങളിടൈക്ക് ഈ 
പഠനം മുടന്നറുകയും ഈ ആശയങ്ങളള  വിവിധ സവിടശഷതകളളക്കുറിച്ച് ചർച്ച ളചയ്യുകയും ളചയ്യുന്നു. കൂ ോളത, 
മിനിമൽ, മോക്സിമൽ G-ളറഗുൈർ ഓപൺ ളസറ്റുകളം  മിനിമൽ, മോക്സിമൽ G-ളറഗുൈർ ടക്ലോസ്ഡ് ളസറ്റുകളം 
അവതരിപിക്കുകയും ജനറലൈസ്ഡ് ട ോടപോളജിക്കൽ ടേസുകളിൽ ഈ ആശയങ്ങളള  പങ്ക് 
വിശദീകരിക്കുകയും ളചയ്യുന്നു. 

ളമോത്തത്തിൽ, ഈ പ്രബന്ധം ക്ലോസിക്കൽ ട ോടപോളജിക്കൽ ആശയങ്ങളള സോമോനയവൽക്കരിക്കുക മോത്രമല്ല, 
ട ോടപോളജിക്കൽ ടേസുകളള  ലസദ്ധോന്തിക ഭൂമികളയ സമ്പന്നമോക്കുകയും ളചയ്യുന്ന ഒരു സമഗ്രവം 
ഏകീകൃതവമോയ ചട്ടക്കൂ ് പ്രദോനം ളചയ്യുന്നു. 
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Chapter 0
Introduction

Topology is the study of qualitative questions about geometric structures. The

motivation behind topology is that some geometric problems depend not on the

exact shape of the objects involved, but rather on the way they are put together.

In 1963, Levine N given a generalization of open sets in topological space.

He also define semi open sets and discussed its properties. This sets are nothing

but sets lie between an open set and its closure.

More recent research papers are devoted to the study of subsets of spaces,

containing the family of open sets and possessing properties more or less sim-

ilar to those open sets. This type of generalization given by Prof. Cs
′
asz

′
ar

in 1997[13] . Generalized topological space is an important generalization of

topological spaces. Cs
′
asz

′
ar and others are worked so many years on the gen-

3



eralized topological spaces and they develop a basic theory for them. Especially

Cs
′
asz

′
ar developed this theory using some basic operators. For this he consider

all monotonic functions from power set of X to power set of X, where X is a

nonempty set. The collection of all monotonic functions is denoted by Γ(X).

For γ ∈ Γ, let G = {A ⊂ X : A ⊂ γ(A)}. Cs′asz′ar found that φ ∈ G and G

is closed under arbitrary union. He named such families as generalized topology

and the pair (X,G) is called generalized topological spaces.

The generalized topological topic is of great importance in preserving some

topological properties under conditions weaker than topology. Cs
′
asz

′
ar intro-

duced this notion (generalized topology) in his research article titled by ’Gener-

alized topology, Generalized continuity’. He introduce this concept in connection

with γ - open sets. In this paper he formulate some simple properties of gen-

eralized topologeis and to study, based on this concept, suitable generalizations

of the concept of continuous maps. Here he also discussed about generalized

continuity, θ - continuity, θ - irresolute map, weakly θ - irresolute maps and β -

continuous map in terms of generalized topology.

Gh.Abbaspour Tabadkan and A. Taghavi deal with a concrete example of

generalized topological space and they examine some topological properties such

as the usual continuity, the net continuity, and the net closure property for it in

the research article titled by ’ A note on Generalized Topology’ . In this article

they found that a generalized topological space has net continuous property or

4



net closure property if and only if it is a topological space. In the same article

they also give examples of continuous real functions which their sum and product

are not generalized continuous. A generalized topological space X is said to have

a net- closure property if for each subset A of X and x ∈ CG(A), there exist a

net in A converges to x.

Connectedness is a main property in general topology. In 2003 Cs
′
asz

′
ar

introduced the concept of connectedness in generalized topological spaces. He

introduced this concept in terms γ - open sets.

I. Basdouri, R. Messaoud, A. Missaoui[5] discussed about some specific prop-

erties of the notions of connectedness and hyperconnectedness in generalized

topological spaces in the paper titled by ’ connected and hyperconnected gen-

eralized topological spaces’. In this paper he introduce the concepts G − α -

connected, G−σ - connected, G−π - connected and G−β - connected properties

in generalized topological spaces. A generalized topological space X is said to

be G − α− connected ( G − β− connected ) if there are no nonempty disjoint

G − α - open (G − β - open ) subsets U, V of X such that U ∪ V = X. Simi-

larly a generalized topological space X is said to be G − σ− connected (G − π−

connected ) if there are no nonempty disjoint G - semi open (G− preopen ) sub-

sets U, V of X such that U ∪V = X. In this paper he found the following results:

5



1. Contra α− continuous image of a G − α - connected set is G− connected.

2. The contra β− continuous image of a G−β− connected set is G− connected.

In the last section he introduce the notion of hyperconnectedness in gener-

alized topological spaces, it is nothing but every nonempty G− open set in a

generalized topological space X is G− dense in X. Using the same technique

in ordinary topological spaces he define concepts like G − α− hyperconnected,

G − σ− hyperconnected, G − π− hyperconnected and G − β− hyperconnected

properties in generalized topological spaces.

In 2004, Cs
′
asz

′
ar introduced the notion of separation axioms, in his re-

search article titled ’ Separation axioms for generalized topologies’ . In this pa-

per he found that their most important consequences remain true if we replace

open sets by elements of a generalized topology. In this paper he introduced

T0, T1, T2, S1, S2 axioms in generalized topological spaces and he define the en-

velop operator and weak envelop operator.

Won Keun Min[33] is also introduce the concept separation axioms in some

other way in his paper titled by ’ Remarks on Separation Axiom on Generalized

topological spaces’. Here he define the set MG = ∪{G : G ∈ G}, where (X,G) is

a generalized topological space. In this paper defines GT1, GT2, G - regular and
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G - normal spaces in generalized topological spaces. Finally he concluded with

the relation GT4 =⇒ GT3 =⇒ GT2 =⇒ GT1.

Here also he found that GT1, GT2, G - regular and G - normal spaces in gen-

eralized topological spaces are coincide with T1, T2,, regular, normal spaces if we

replace generalized topological spaces with ordinary topological spaces.

In 2011, R. Khayyeri[25] introduced the concept of base in generalized topo-

logical space. A collection B ⊂ P (X), is called a base for a generalized topology

if G = {∪B′ : B′ ⊂ B}. In ordinary topological space every subset of P (X)

form a sub base for some topology. But in this paper he claimed that every sub

collection of P (X) is a base for some generalized topology on X.

Thomas Jyothis[31] introduced the notion of G - compact spaces in his re-

search article, titled by ’µ - compactness in generalized topological spaces’. In

this paper he define concepts like G - cover, G - subcover and G - open cover.

G - compactness is nothing but every G - open cover of a generalized topologi-

cal space has a finite G - sub cover. In this paper he claimed that every finite

generalized topological space is G - compact and every finite union of G - com-

pact space is G - compact. He also claimed that G - continuous image of a G -

compact space is G - compact and every G - closed subset of a G - compact set

is G - compact. He also extended the concept G - compactness in subspace gen-

eralized topological spaces. In this section he proved that ’ If E is G - compact

and F is G - closed then F ∩ E is G - compact’. So almost all results regarding

7



compactness in ordinary topological spaces is also hold in generalized topological

spaces. Finally he discussed about the relation between separation axioms and

compactness in generalized topological spaces.

Sequential convergence is a well developed concept in topological spaces. R.

Baskaran introduced this concept in generalized topological spaces. In a topolog-

ical space every point has a neighbourhood, because X is always open in X. The

strength as well as weakness of generalized topological space is that not all points

have neighbourhoods containing them. If X is a strong generalized topological

space then every point in X has a generalized neighbourhood. So if there exist a

point x in a generalized topological space X, such that x has no neighbourhood

in X, then every sequence in X converges to x.

In this paper, R. Baskaran [26], also introduced the concept of attraction

of a set. It is nothing but a point x in a generalized topological space X is said

to be a point of attraction of A ⊂ X, if every sequence in A converges to x.

The concept of convergence of a sequence of real numbers has been extend to

statistical convergence independently by Fast. Any convergent sequence of real

numbers is statistically convergent, but the converse is not true. The concept

of I - convergence of real sequences is a generalization of statistical convergence

which is based on the structure of the ideal I of subsets of the set of natural

numbers.
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The concept of I∗ - convergence of real sequences arises from the following

result on statistical convergence; a real sequence x = (xn) is statistically conver-

gent to ζ if and only if there exist a set M = {m1 ≤ m2 ≤ ... ≤ mk ≤ ...} ⊂ N

such that d(M) = 1 and limk→∞xmk
= ζ, where d(M) is the density of M and

defined by d(M) = limk→∞
|Mn|
n

,Mn = {k ∈ M : K ≤ n} and |Mn| is the

cardinality of Mn.

B . K. Lahari and Pratulananda Das[6] extended concepts I - convergence

and I∗ - convergence in topological spaces. In chapter 4, we extend these con-

cepts in generalized topological spaces.

Murad Hussain and Moizul din khan and Cenap Ozel[23] are introduced the

notion of generalized topological groups using generalized topological structure

in their research article titled by ’On Generalized Topological Groups’. In this

paper they also discussed some basic properties of this kind of structures. A G

- topological group G is a group that is also a GT2 - space such that the multi-

plication map of G × G into G sending x × y into x.y, and the inverse map of

G into G sending x into x−1, are G - continuous. In this paper they also define

morphisms of G - topological groups, it is nothing but a function φ : G→ G
′
, is

both G - continuous and group homomorphism.

Sini P[28] studied heriditerily homogeneous generalized topological spaces in

her research article titled by ’ Heriditerly Homogeneous Generalized Topological
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Spaces’. In this paper she also found a characterization for a generalized topo-

logical space which is heriditerily homogeneous, it is nothing but ’ a generalized

topological space is heriditerily homogenous if and only if every transposition of

X is G homeomorphism in X.

Concept of regular open sets was introduced by M.H.Stone in 1937. It has

been shown by him that the collection of all regular open sets form a complete

lattice. He also gave some application of Boolean algebras in general Topology.

Anuradha. N and Baby Chacko define regular open sets, regular closed sets,

weakly regular open sets, weakly regular closed sets in topological spaces [2,3.4].

Here we extend the concept of regular open sets in generalized topological spaces.

The whole work is divided in to five chapters. Chapters divided in to sections

. In chapter 1, we introduce concepts like genaralized closure operator, gen-

eralized dense, genaralized neighbourhood, generalized neighbourhood system,

generalized accumulation point and genaralized derived set. This chapter con-

tain 4 sections. Section 2 contains preliminary ideas on generalized topological

spaces. In section 3, we discuss some more results regarding generalized closed

sets. Here we found that some results in ordinary topological space need not

be true in generalized topological spaces, for example ’ in ordinary topological

space finite union of closed sets is closed but in generalized topological space

finite union of G - closed sets need not be G - closed. In this section also found

that CG(A ∪B) 6= CG(A) ∪ CG(B), but in ordinary topological space

10



closure of (A ∪ B) = closure (A) ∪ closure (B). In section 4, we introduce G-

neighbourhoods, G-neighbouhood system, G-dense etc. and discuss about some

results relating these concepts. In this section we found that in ordinary topo-

logical space the neighbourhood system must be nonempty but in generalized

topological space generalized neighbourhood system may be empty. If a gener-

alized topological space is strong then generalized neighbourhood system must

be nonempty.

Chapter 2 contains 5 sections and in this chapter we introduce the concepts

like generalized interior points, generalized boundary, G - separated sets, G -

component and G - Lindeloff spaces. Section 2 contains preliminary ideas on

connectedness and compactness in generalized topological spaces. In section 3

we discuss some results regarding G - connectedness and introduce some con-

cepts like G - int of a set etc. Here we found that the generalized closure of G

connected set need not be G - connected, but in ordinary topological space the

closure of a connected set must be connected. In this section also found that

the G - components need not be G - closed but in ordinary topological space

the components are closed. Section 4 explains local connectedness in generalized

topological spaces. In section 5 , we introduce the concept G - Lindeloff spaces

and explain some results regarding these type of spaces.

In chapter 3 we introduce the concepts like G - locally finite, σG - locally

finite properties in generalized topological spaces. Then introduce the concept

11



paracompactness in generalized topological spaces. This chapter contains 4 sec-

tions. Section 2 contains the preliminary ideas used in subsequent sections. In

section 3 we discuss about G - locally finite and σG - locally finite properties in

generalized topology. These two properties are coincides with locally finite and

σ - locally finite properties in general topology if we replaced the generalized

toplogical space with ordinary topological space. Here also discuss about some

basic properties about G - locally finite and σG - locally finite properties. In

this section we found that in ordinary topological space, the union of a locally

finite collection of closed subsets of a topological space is itself closed. But in

generalized topological space this result does not hold. In section 4 we introduce

the main concept paracompactness in generalized topological space. Here also

discuss about some relation between separation axioms and paracompactness in

generalized topological spaces and claim that every G - paracompact space is G

- normal.

In chapter 4, we extends the concepts I - Convergence and I∗ - Conver-

gence in generalized topological spaces. This chapter contain five sections. First

section is the introduction. Second section contain preliminary ideas used for the

subsequent sections. In third section we extend the concept I - convergence into

generalized topological spaces. Mainly in this section we introduce the the con-

cept IG - convergence in generalized topological spaces and discuss about some

properties. Here we found that the IG convergence is preserved under G - contin-

uous functions. In fourth section we introduce the concept of I∗G - convergence in
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generalized topological spaces. Here we also discuss about the relation between

IG and I∗G - convergence in Generalized topological spaces. Section 5 contain the

definitions of IG -limit point and IG - cluster points of a sequence and discuss

about some properties of these type of points.

In chapter 5, we introduce the concepts like of G - regular open sets, G -

regular closed sets, minimal G - regular open sets, maximal G - regular open sets,

minimal G - regular closed sets, maximal G - regular closed sets etc. Here we

also discuss about some properties of these types of sets. In this chapter contain

nine sections.
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Chapter 1
On Generalized closed sets

1.1 Introduction

In this chapter we introduce concepts like genaralized closure operator, gen-

eralized dense, genaralized neighbourhood, generalized neighbourhood system,

generalized accumulation point and genaralized derived set. Section 2 contains

preliminary ideas on generalized topological spaces. In section 3, we discuss

some more results regarding generalized closed sets. In section 4, we introduce

G-neighbourhoods, G-neighbouhood system, G-dense etc. and discuss about some

results relating these concepts. In this chapter, we also found that some of the

results in ordinary topological spaces does not hold in generalized topological

spaces.
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1.2. Preliminary Ideas on Generalized Topological Spaces

1.2 Preliminary Ideas on Generalized Topolog-

ical Spaces

Definition 1.2.1. [13] Let X be a set and P(X) its power set. A subset G of

P(X) is called a generalized topology (GT) on X and (X,G) is called a generalized

topological space (GTS) if G has the following properties.

1. φ ∈ G

2. Any union of elements of G belongs to G

Here G is also called G-topology on X.

Definition 1.2.2. [13] A generalized topology G is called strong if X ∈ G˙

In a generalized topological space (X,G), define MG = ∪{U : U ∈ G}

Definition 1.2.3. [13] A subset A of a generalized topological space is called

G-open if A ∈ G. A subset B is called G-closed if (X-B) is G-open.

Definition 1.2.4. [7] The G-closure of A is denoted by CG(A) is the intersection

of all G-closed sets containing A.

Theorem 1.2.5. [7] Let (X,G) be a generalized topological space and A,B ⊂ X.

Then the following statements are hold.

1. x ∈ CG(A) if and only if x ∈ U ∈ G implies U ∩ A 6= φ
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1.3. Some Results on Generalized Closed sets

2. If U, V ∈ G and U ∩ V = φ then CG(U) ∩ V = φ and U ∩ CG(V ) = φ

Definition 1.2.6. [34] Let (X,G) be a generalized topological space and B be

a sub collection of G then B is called a base for G if every G-open set can be

expressed as union of some members of B

Theorem 1.2.7. [34] Any subset of power set of X is a base for some generalized

topology on X.

Remark 1.2.8. We can generate a generalized topology on X from any sub

collection of power set of X (generate means taking possible unions).

1.3 Some Results on Generalized Closed sets

Theorem 1.3.1. Let C be the family of all generalized closed sets in a generalized

topological space (X,G). Then C has the following properties.

1. X ∈ C

2. C is closed under arbitrary intersections.

Conversely, given any set X and a family C of its subsets which satisfies

these two properties, there exists a unique generalized topology G on X, such that

Ccoincides with the family of all generalized closed subsets of (X,G).
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1.3. Some Results on Generalized Closed sets

Proof. The first part follows from the definition of G -closed sets and De Morgan’s

laws. Define G = {B ⊂ X : X −B ∈ C}

Claim: G is a generalized topology on X.

1. φ ∈ G.

2. Let the collection (Vα) be an arbitrary collection of members of G. Then

for each α, (X − Vα) ∈ C. To prove that (∪αVα)c ∈ C. We have by De

Morgan’s law (∪αVα)c = ∩αV c
α ∈ G . Thus G is closed under arbitrary

union. Hence G is a GT on X. The G-open subsets of X are precisely the

complements of elements of C. Also G is unique.

Remark 1.3.2. In ordinary topological space finite union of closed sets is closed.

But in generalized topological space finite union of G-closed sets need not be G-

closed.

Example 1.3.3. Let X ={a, b, c, d} and G = {φ, {c, d}, {a, d}, {a, c, d}}. Then

G is a generalized topology on X. Note that {a, b} and {b, c} are G - closed but

their union {a,b,c} is not G - closed.

Theorem 1.3.4. Let A, B be subsets of a generalized topological space (X,G).

Then the following conditions hold.

1. CG(A) is G-closed in X. More over it is the smallest G-closed subset of X

containing A.
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1.3. Some Results on Generalized Closed sets

2. A is G-closed in X if and only if CG(A) = A.

3. CG(CG(A)) = CG(A)

4. CG(A) ∪ CG(B) ⊂ CG(A ∪B).

Proof. 1. Using theorem 1.3.1, CG(A) is G-closed in X. By the definition of

generalized closure of a set CG(A) is the smallest G - closed subset of X

containing A.

2. Suppose A is G - closed. Since CG(A) is the smallest G - closed subset

of X containing A, we get CG(A) = A. Converse part is trivial from the

definition of generalized closure of a set.

3. Since CG(A) is G - closed in X, from 2, CG(CG(A)) = CG(A)

4. If A1 ⊂ A2 then CG(A1) ⊂ CG(A2). Since A ⊂ (A ∪B) ,

CG(A) ⊂ CG(A ∪B). Similarly CG(B) ⊂ CG(A ∪B).

Hence CG(A) ∪ CG(B) ⊂ CG(A ∪B).

Remark 1.3.5. If A and B are subsets of a generalized topological space, then

CG(A ∪B) need not be contained in CG(A) ∪ CG(B).
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1.3. Some Results on Generalized Closed sets

Example 1.3.6. Let X = {a,b,c,d} and G = {X,φ, {c, d}, {a, b}, {a, c, d}}. Then

G is a generalized topology on X. Let A = {a, b} and B = {b, c}. Then CG(A) =

{a, b} and CG(B) = {b, c}. But CG(A ∪B) = X.

That is CG(A ∪B) 6= CG(A) ∪ CG(B).

Definition 1.3.7. Let (X,G) be a generalized topological space. The generalized

closure operator associated with it is defined as the function c : P (X) → P (X)

such that c(A) = CG(A), A ∈ P (X).

Remark 1.3.8. A generalized closure operator has the following properties.

1. The fixed points of c are precisely the G - closed subsets of X.

2. c is idempotent. That is c ◦ c = c or in other words for any A ∈ P (X),

c(c(A)) = c(A).

Theorem 1.3.9. Let X be a set and θ : P (X)→ P (X) be a function such that

1. For any A ∈ P (X), A ⊂ θ(A).

2. θ is idempotent.

3. θ(A) ∪ θ(B) ⊂ θ(A ∪B).

Then there exists a unique generalized topology on X such that θ coincides with

the generalized closure operator associated with it. Conversely any generalized

closure operator satisfies these properties.
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1.3. Some Results on Generalized Closed sets

Proof. Let C = {A ⊂ X : θ(A) = A}. Here we want to prove that G satisfies the

the hypothesis of the theorem 1.3.1

1. For any A ∈ P (X), A ⊂ θ(A). So in particular X ⊂ θ(X).

Hence X = θ(X) Therefore X ∈ C.

2. Let {Aα} be any collection of members in C. Note that θ is monotonic,

because if A ⊂ B, then B = A ∪ (B − A)

implies θ(B) = θ(A ∪ (B − A)) ⊃ θ(A) ∪ θ(B − A) ⊃ θ(A)

implies θ(A) ⊂ θ(B).

Since ∩αAα ⊂ Aα for each α, θ(∩αAα) ⊂ θ(Aα) for each α, because θ is

monotonic. We want to prove that ∩αAα ∈ C. For this we want to prove

that θ(∩αAα) = ∩αAα.

Since θ(∩αAα) ⊂ θ(Aα) for each α, we see that θ(∩αAα) ⊂ ∩αθ(Aα). But

each Aα is a member of C, so θ(Aα) = Aα. Hence θ(∩αAα) ⊂ ∩α(Aα).

Also using property 1, we get ∩α(Aα) ⊂ θ(∩αAα). Hence θ(∩αAα) =

∩α(Aα). Therefore ∩α(Aα) ∈ C.

So C satisfies all the conditions given in the theorem 1.3.1. So by theorem 1.3.1

we get, there is a unique generalized topology G on X such that C coincides with

the family of all G-closed subsets of (X,G).

It remains to verify that the generalized closure operator associated with G is

coincides with θ. Let A ⊂ X. To prove that θ(A) = CG(A). We have CG(A) is
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1.3. Some Results on Generalized Closed sets

the intersection of all G- closed subsets of X containing A. But G-closed subsets

of X with respect to G are members of C.

Therefore CG(A) = ∩{B ⊂ X : A ⊂ B, θ(B) = B}. Now whenever A ⊂ B,

θ(A) ⊂ θ(B). So if A ⊂ B and θ(B) = B implies that θ(A) ⊂ B. But CG(A) is

the intersection of such sets B,s and so CG(A) ⊃ θ(A). Using condition 2, we see

that θ(θ(A)) = θ(A) which implies θ(A) ∈ C. From property 1, A ⊂ θ(A). That

is θ(A) is a G-closed set containing A. But CG(A) is the smallest G - closed set

containing A. Hence CG(A) ⊂ θ(A). Therefore CG(A) = θ(A)

Definition 1.3.10. If A is a subset of a generalized topological topological space.

Then A is said to be generalized dense ( or G - dense ) in X if CG(A) = X.

Example 1.3.11. Let X = {a, b, c, d} and G = {φ, {a, b}} and A = {b, c} then

CG(A) = X. So A is G - dense in X.

Theorem 1.3.12. A subset A of a generalized topological space X is G - dense

in X if and only if A intersects every G - open subset of X.

Proof. Suppose A is G- dense in X and B is a non empty G-open subset of X.

If A ∩B = φ. Then A ⊂ (X −B). Since (X −B) is G -closed and CG(A) is the

smallest G -closed set containing A, we get CG(A) ⊂ (X −B). But (X −B) is a

proper nonempty subset of X, contradicting CG(A) = X. Hence A ∩B 6= φ.

Conversely suppose that A intersects every nonempty G- open subsets of X.

Since φ is G-open, the only G- closed set containing A is X.

So CG(A) = X and hence A is G-dense in X.
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

1.4 Generalized Neighbourhoods and General-

ized Accumulation Points.

Definition 1.4.1. Let (X,G) be a generalized topological space, x0 ∈ X and

N ⊂ X. Then N is said to be a generalized neighbourhood (G-neighbourhood) of

x0, if there is a G - open set V such that x0 ∈ V and V ⊂ N .

Example 1.4.2. Let X = {a, b, c, d} and G = {φ, {a, b}}. Let N = {a, b, c}.

Then N is a generalized neighbouhood of both a and b. But N is not a G−

neighbourhood of c. Also c has no G - neigbourhood in X.

Remark 1.4.3. In ordinary topological space every element has a neighbourhood

because the whole set is a neighbourhood of each of its points. But in generalized

topological space every point need not have a G- neighbourhood. In a strong

generalized topological space every point has a G- neighbourhood (see definition

1.2.2).

Theorem 1.4.4. A subset A of a generalized topological space X is G- open if

and only if it is a G- neigbourhood of each of its point.

Proof. Let X be a generalized topological space and G ⊂ X. Suppose G is G-

open. By the definition of G-neighbourhood, G is a G-neighbourhood of each of

its points.

Conversely suppose G is a G- neighbourhood of each of its points. So for each

x ∈ G there exists a G - open set Vx such that x ∈ Vx ⊂ G. Hence G = ∪x∈GVx
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

implies G is G- open.

Definition 1.4.5. Let (X,G) be a generalized topological space. Let ηx be the set

of all G -neighbourhoods of x in X. Then the family ηx is called the generalized

neighbourhood system at x.

Example 1.4.6. Let X = {a, b, c, d} and G = {φ, {a, b}}. Here c has no G-

neighbourhood. So the generalized neighbourhood system at c, ηc = φ.

But ηa = {{a, b}, {a, b, c}, X} = ηb.

Remark 1.4.7. In ordinary topological spaces the neighbourhood system must be

nonempty. But the generalized neighbourhood system may be empty.

Theorem 1.4.8. Let X be a generalized topological space and for x ∈ X such

that the generalized neighbouhood system at x, ηx is nonempty. Then

1. If U ∈ ηx, then x ∈ U.

2. If V ∈ ηx and U ⊃ V , then U ∈ ηx.

3. A set G is G- open in X if and only if G ∈ ηx for all x ∈ G.

4. If U ∈ ηx, then there exists V ∈ ηx such that V ⊂ U and V ∈ ηy for all

y ∈ V .

Proof. 1. If U ∈ ηx then U is a G- neighbourhood of x. So x ∈ U .
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

2. V ∈ ηx implies V is a G- neighbourhood of x. So there exists a G- open set

W such that x ∈ W ⊂ V . U ⊃ V then x ∈ W ⊂ V ⊂ U implies U ∈ ηx.

3. A set G is G- open if and only if G is a G- neighbourhood of each of its

points (by theorem 1.4.4) if and only if G ∈ ηx for all x ∈ G.

4. If U ∈ ηx then U is a G- neighbourhood of x. So there exists G- open set V

such that x ∈ V ⊂ U . By theorem 1.4.4, V is a G - neighbourhood of each

of its points, in particular it is a G- neighbourhood of x. That is V ∈ ηx

such that V ⊂ U and V ∈ ηy for all y ∈ V .

Theorem 1.4.9. Let X be a set and suppose for each x ∈ X, ηx be a family of

subsets of X satisfying the following properties.

1. If U ∈ ηx, then x ∈ U .

2. If V ∈ ηx, and U ⊃ V then U ∈ ηx.

3. If U ∈ ηx, then there exists V ∈ ηx such that V ⊂ U and V ∈ ηy for all

y ∈ V .

Then there exists a unique generalized topological space G on X such that for each

x ∈ X, ηx coincides with the family of all G -neighbourhoods of x with respesct

to G.

Proof. Let G = {U ⊂ X : U ∈ ηx, for every x ∈ U}. First we want to prove that

G is a generalized topology on X. Clearly φ ∈ G.
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

Let {Aα} be an arbitrary collection of members of G. By definition of G, each

Aα is a member of ηx. By condition 2, we have ∪αAα ∈ ηx, for every x ∈ ∪αAα.

Hence G is a generalized topology on X.

Next we want to prove that for any x ∈ X, the generalized neighbourhood

system at x with respect to G coincides with ηx.

Let U ∈ ηx. By condition 3 there exists V ∈ ηx such that V ⊂ U and V ∈ ηy

for all y ∈ V . So V ∈ G implies U is a G- neighbourhood of x.

Conversely, let U be a G- neighbourhood of x. So there exists V ∈ G such

that x ∈ V ⊂ U . Hence V ∈ ηx. From condition 2, U ∈ ηx.

Definition 1.4.10. Let A be a subset of a generalized topological space X and

y ∈ X. Then y is said to be a generalized accumulation point ( G- accumulation

point) of A if every G - open set containing y contains at least one point of A

other than y.

Example 1.4.11. Let G be a generalized topology on the set of real numbers

generated by

{(a,∞), (−∞, b) : a, b ∈ R}. Then every real number is a generalized accumula-

tion point of N, the set of natural numbers.

Definition 1.4.12. Let A be a subset of a generalized topological space X, then

the generalized derived set of A is the set of all generalized accumulation points

of A. It is denoted by A
′G .
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1.4. Generalized Neighbourhoods and Generalized Accumulation Points.

Theorem 1.4.13. If A is a subset of a generalized topological space X, then

CG(A) = A ∪ A′G.

Proof. First we want to prove that A ∪ A′G is G - closed. It is enough to prove

that (X − (A ∪ A′G)) is G- open.

Let y ∈ (X − (A ∪ A′G)) . Then y is not a G - accumulation point of A. So

there is a G - open set V containing y such that V contains no point of A except

possibly y. But y /∈ A. So A ∩ V = φ. Next we claim that (A
′G ∩ V ) = φ. For,

let z ∈ (A
′G ∩ V ). So z is a G- accumulation point of A and V is a G- open set

containing y. Hence A∩V 6= φ. Which is a contradiction . So (A
′G ∩V ) = φ and

V ⊂ X− (A∪A′G). Hence (A∪A′G) is G - closed. Therefore CG(A) ⊂ (A∪A′G).

For the reverse inclusion we claim that A
′G ⊂ CG(A). Let y ∈ A′G. If y /∈ CG(A)

then y ∈ (X − CG(A)). So (X − CG(A)) is a G - open set containing y. But

since y is a G - accumulation point of A, so A ∩ (X − (CG(A))) 6= φ. Which

is a contradiction as (X − (CG(A))) ⊂ X − A. Hence y ∈ CG(A). Therefore

A
′G ⊂ CG(A). So A ⊂ CG(A) and A

′G ⊂ CG(A) which implies A ∪ A′G ⊂ CG(A).

Hence CG(A) = A ∪ A′G.
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Chapter 2
Connectedness and Lindeloff Property in

Generalized Topological Spaces

2.1 Introduction

Here we introduce the concepts like generalized interior point, generalized bound-

ary, G - separated sets, G - component, G - local connectedness and G - Lindeloff

spaces. Section 2 contains preliminary ideas of connectedness and compactness

in generalized topological spaces. In section 3, we discuss some results regarding

G - connectedness and introduce some concepts like G - int of a set etc. In section

4, we introduce local connectedness in generalized topological spaces and discuss

about some properties of this concept. In section 5, introduce the concept of G

- Lindeloff spaces and explain some results regarding these type of spaces.
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2.2. Preliminary Ideas Relating Connectedness and Compactness in
generalized topological spaces.

2.2 Preliminary Ideas Relating Connectedness

and Compactness in generalized topological

spaces.

Definition 2.2.1. [31] Let (X,G) be a generalized topological space. A collection

U of subsets of X is said to be a G - cover of X if the union of elements of U

equals X.

Definition 2.2.2. [31] Let (X,G) be a generalized topological space. A G - sub

cover of a G - cover U is a sub collection µ of U which itself a G - cover. If the

elements of U are G - open then we say that U is a G - open cover.

Definition 2.2.3. [31] If every G - open cover of X has a finite G - sub cover

then we say that X is G - compact (generalized compact) .

Definition 2.2.4. [13] Let (X,G) and (Y,G ′) be two generalized topological spaces,

thenthefunctionf : X → Y is called (G,G ′) continuous on X, if for any G ′ -

open set O in Y , f−1(O) is G - open in X.

Definition 2.2.5. [13] A function f : X → Y is called a G - homeomorphism,

if both f and f−1 are G - continuous. If we have a G - homeomorphism between

X and Y, we say that they are G - homeomorphic.
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2.3. Some Results on G - Connectedness

Theorem 2.2.6. [31] G - continuous image of a G - compact set is G - compact.

Theorem 2.2.7. [25] B ⊂ P (X) is a base for a generalized topology G if and

only if whenever U is a G - open set such that x ∈ U , then there exists B ∈ B

such that x ∈ B ⊂ U .

Definition 2.2.8. [23] Let (X,GX) and (Y,GY ) be two generalized topological

spaces. The product G - topology on X × Y is the G - topology having as a basis

the collection B of all sets of the form U × V where U ∈ GX and V ∈ GY .

Definition 2.2.9. [5] Let (X,G) be a generalized topological space. X is called

G - connected if there are no nonempty disjoint G - open subsets U, V of X such

that U ∪ V = X.

Definition 2.2.10. [28] Let (X,G) be a generalized topological space and Y be a

subset of X then GY = {U ∩ Y : U ∈ G} is a generalized topology on Y and it is

called the subspace generalized topology on Y .

2.3 Some Results on G - Connectedness

Theorem 2.3.1. The G - connectedness is preserved under G - continuous func-

tions.

Proof. Let f : X → Y be a G continuous onto function. Assume that X is

G - connected. To show that Y is G - connected. On the contrary we that

there are two disjoint G - open subsets U, V of Y such that U ∪ V = Y . Then
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2.3. Some Results on G - Connectedness

X = f−1(Y ) = f−1(U ∪ V ) = f−1(U) ∪ f−1(V ). Thus X can be expressed as

union of two disjoint G - open subsets of X, which is a contradiction. Hence Y

is G - connected.

Theorem 2.3.2. Suppose X and Y are G - homeomorphic generalized topological

spaces. Then X and Y are either both G connected or both not G - connected.

Proof. Given that (X,G1) and (Y,G2) are G - homeomorphic. So there exists a

mapping f : X → Y , which is one-one, onto, (G1,G2) - continuous and its inverse

function is also (G2,G1) continuous. If X is G- connected, using theorem 2.3.1

we get Y is G - connected. If X is not G - connected then apply theorem 2.3.1

on the inverse function f−1, we see that Y is not G - connected.

Theorem 2.3.3. A union of two intersecting G - connected subspaces is G -

connected. That is, suppose X = U ∪ V , where U, V are both G - connected, and

U ∩ V 6= φ. Then X is G- connected.

Proof. Assume X is not G- connected and X = A ∪ B, where A and B are

nonempty, disjoint and G - open subsets. Pick a point v ∈ U ∩ V . We can

assume v ∈ A. Now consider U ∩A and U ∩B. They are G - open subsets in the

subspace generalized topology GU . Also U ∩ A contains v and so is nonempty.

So if U ∩ B 6= φ then we get U is not G - connected. So we must have U ∩ B

is empty. So U ⊂ A. Using the same arguments if v ∈ B. Now consider V ∩ A

and V ∩ B. They are G− open subsets in the subspace generalized topology

Gv.Also V ∩ A contains v and so is nonempty. So if V ∩ B 6= φ then we get V
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2.3. Some Results on G - Connectedness

is not G - connected. So we must have V ∩ B is empty. Hence we get V ⊂ A.

But then X = U ∪ V is contained in A and so B must be empty. This is a

contradiction.

Theorem 2.3.4. Let (X,G) be a generalized topological space, then X is G -

connected if and only if there are no two nonempty subsets A,B of X such that

X = A ∪B and CG(A) ∩ CG(B) = φ.

Proof. Assume X is G - connected. If possible there exists two nonempty subsets

A,B of X such that X = A ∪ B and CG(A) ∩ CG(B) = φ. Taking complements

and apply Demorgan’s law on both sides of the equation CG(A) ∩ CG(B) = φ ,

implies that CG(A)c ∪ CG(B)c = X.

Also CG(A)c ∩ CG(B)c = φ, for if there exists z ∈ X such that z ∈ CG(A)c ∩

CG(B)c, which implies that z /∈ CG(A) and z /∈ CG(B) implies z /∈ CG(A) ∪

CG(B) ⊃ A ∪ B = X implies z /∈ X. This become a contradiction. Hence X

can be expressed as union of two disjoint nonempty G - open sets. This is a

contradiction to the fact that X is G - connected.

Conversely, assume that there are no two nonempty subsets A,B of X such

that X = A∪B and CG(A)∩CG(B) = φ. If possible let X is not G - connected.

Then there exist two nonempty disjoint G - open sets A,B of X such that X =

A∪B. So A = X −B is G - closed. Similarly B is G - closed. Hence CG(A) = A

and CG(B) = B. So there are two nonempty subsets A,B of X such that

X = A∪B and CG(A)∩CG(B) = φ, which is a contradiction to our assumption.

Hence X is G - connected.
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2.3. Some Results on G - Connectedness

Definition 2.3.5. Let (X,G) be a generalized topological space, x0 ∈ X and

N ⊂ X. Then x0 is said to be a generalized interior point of N , if there is a G

- open set V such that x0 ∈ V ⊂ N . The set of all generalized interior points of

N is called the generalized interior of N and is denoted by intG(N).

Example 2.3.6. Consider X = R. If G = {U : U ⊂ R − Z} , then G is

a generalized topology on X and 1
2

is a generalized interior point of the set of

rational numbers Q, because {1

2
} is a G - open set contained in Q. Using the

same arguments, we can prove that any number belongs to Q− Z is a generalized

interior point of Q

Also
√

2 is not a generalized interior point of Q, because there is no G - open

set containing
√

2 and contained in Q. By the similar arguments we can prove

that any number belongs to (Q− Z)c is not a generalized interior point of Q.

Hence the generalized interior of Q is Q− Z.

Theorem 2.3.7. Let (X,G) be a generalized topological space and A ⊂ X. Then

intG(A) is the union of all G - open sets contained in A. It is also the largest G

- open subset of X contained in A.

Proof. LetM be the family of all G - open subsets of X contained in A. Clearly

M is nonempty because φ ∈M. Let V = ∪M∈MM .

Claim: V = intG(A).

Let x ∈ V . Then x ∈ M for some M ∈ M. That is x ∈ M ⊂ A implies

x ∈ intG(A).

Conversely, let x ∈ intG(A). Then there is a G - open set H such that
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2.3. Some Results on G - Connectedness

x ∈ H ⊂ A. Then H ∈M and so H ⊂ V . So x ∈ V , that V = intG(A).

Suppose G is any G - open set contained in A. Then G ∈ M and so G ⊂

intG(A). Hence intG(A) is the largest G - open set contained in A.

Definition 2.3.8. Let A be a subset of a generalized topological space X. Then

its generalized boundary is the set CG(A) ∩ CG(X − A). It is denoted by ∂G(A)

Theorem 2.3.9. The generalized boundary of a set is always a G - closed set.

Proof. Let G = CG(A)∩CG(X −A). To prove that G is G - closed. It is enough

to prove that Gc is G - open.

But Gc = (CG(A) ∩ CG(X − A))c = (CG(A))c ∪ (CG(X − A))c. That is Gc is

the union of two G - open sets. So Gc is G - open.

Remark 2.3.10. The generalized boundary of a set is same as the generalized

boundary of its complement.

Theorem 2.3.11. Let X be a generalized topological space and A ⊂ X. Then

intG(A) ∪ (CG(X − A)) = X.

Proof. Claim: X − intG(A) = CG(X − A).

Let O be any G - open subset of X such that O ⊂ A. Then (X − A) ⊂

(X − O). Since O is G - open, we see that X − O is G - closed. But G -

closure of a set is the smallest G - closed set containing it. So by the minimality,

CG(X − A) ⊂ CG(X − O) = X − O. Taking O = intG(A). Then we get

CG(X − A) ⊂ (X − intG(A))............(1).
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2.3. Some Results on G - Connectedness

For the reverse inclusion, let C be a G - closed set such that (X−A) ⊂ C. Since

C is G - closed, we get X−C is G - open and (X−C) ⊂ A. Since the generalized

interior of a set is the largest G - open subset of that set, we get (X− intG(A)) ⊂

C. Now taking C = CG(X − A), we get (X − intG(A)) ⊂ CG(X − A)...........(2)

From (1) and (2), we get (X − intG(A)) = CG(X − A)............(3)

Hence intG(A) ∪ (CG(X − A)) = intG(A) ∪ (X − intG(A)) = X.

Theorem 2.3.12. Let A be a subset of a generalized topological space X. Then

CG(A) is the disjoint union of intG(A) with the generalized boundary of A.

Proof. Claim: CG(A) = intG(A) ∪ ∂GA

We have intG(A) ∪ ∂G(A)

= intG(A) ∪ (CG(A) ∩ CG(X − A))

= [intG(A) ∪ CG(A)] ∩ [intG(A) ∪ (CG(X − A))]

= (CG(A)) ∩X [from theorem 2.3.11]

= CG(A)

Theorem 2.3.13. Let (X,G) be a generalized topological space and A ⊂ X.

Then A is G - closed if and only if it contains its generalized boundary and A is

G - open if and only if it is disjoint from its generalized boundary.

Proof. Assume A is G - closed. Then CG(A) = A. We have ∂G(A) = CG(A) ∩

CG(X − A) ⊂ CG(A) = A.

Conversely suppose that ∂G(A) ⊂ A. It is enough to prove CG(A) ⊂ A. From
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2.3. Some Results on G - Connectedness

theorem 2.3.11, CG(A) = intG(A) ∪ ∂G(A) ⊂ A. Hence CG(A) = A. So A is G -

closed.

Assume A is G - open. Then

∂G(A) ∩ A = [CG(A) ∩ CG(X − A)] ∩ A

= [CG(A) ∩ (X − A)] ∩ A = φ.

Conversely assume that ∂G(A)∩A = φ. Then ∂G(A) ⊂ X−A. But the generalized

boundary of A is same as the generalized boundary of X−A. So the generalized

boundary of X −A is contained in (X −A). Hence by first part (X −A) is G -

closed. So A is G - open.

Theorem 2.3.14. Let (X,G) be a generalized topological space and A ⊂ X.

Then A is both G - closed and G - open (i.e G - clopen ) if and only if ∂GA = φ.

Proof. A is both G - closed and G - open implies ∂G(A) ⊂ A and (∂G(A))∩A = φ

(By theorem 2.3.12). Hence ∂G(A) = φ. Conversely assume that ∂G(A) = φ .

Then ∂G(A) ⊂ A and (∂GA) ∩ A = φ. Hence by theorem 2.3.12, A is both G -

closed and G - open.

Example 2.3.15. Consider X = R. If G = {U : U ⊂ R − Z}, then G is a

generalized topology on X and the generalized boundary of Z is CG(Z) ∩CG(R−

Z) = Z ∩ R = Z

Theorem 2.3.16. Let (X,G) be a generalized topological space and A,B are

subsets of X. Then the given statements are equivalent:

1. A ∪B = X and CG(A) ∩ CG(B) = φ.
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2.3. Some Results on G - Connectedness

2. A ∪B = X and A ∩B = φ and A,B are both G - closed in X.

3. B = X − A and A,B are both G - open and G - closed in X.

4. B = X − A and the generalized boundary of A is empty .

5. A ∪B = X and A ∩B = φ and A,B are both G - open in X.

Proof. (1) implies (2).

CG(A) ∩ CG(B) = φ implies A ∩B = φ as A ⊂ CG(A) and B ⊂ CG(B). Also

CG(A) ⊂ X − CG(B) ⊂ X − B = A. So CG(A) = A as A ⊂ CG(A). Hence A is

G - closed in X.

Similarly CG(B) ⊂ X−CG(A) ⊂ X−A = B. So CG(B) = B as B ⊂ CG(B) and

we get B is G - closed in X.

(2) implies (3).

By assumption A,B are both G - closed in X. So both X − A and X − B

are G - open in X. But X − A = B and X − B = A. So both A and B are G -

open in X . Hence both A and B are G - open and G - closed in X.

(3) implies (4).

Since A is G - closed in X, we have CG(A) = A. Since B = X − A is

G - closed in X, we get CG(X − A) = B. So the generalized boundary of

A = ∂G(A) = CG(A) ∩ CG(X − A) = A ∩B = φ.

(4) implies (5)

Assume B = X − A and the generalized boundary of A is empty. So we see
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2.3. Some Results on G - Connectedness

that A ∪ B = X and A ∩ B = φ. Since ∂G(A) = φ ⊂ A, by theorem 2.3.13, A is

G - closed in X. Also A ∩ ∂G(A) = φ. By theorem 2.3.13, we see that A is G -

open. Since B = X −A and A is both G - closed and G - open, we get B is both

G - open and G - closed in X.

(5) implies (1)

Assume A ∪B = X and A ∩B = φ and A,B are both G - open in X. Then

A = X −B and B = X −A. Hence A,B are both G - open and G - closed in X.

So CG(A) = A and CG(B) = B. Hence CG(A) ∩ CG(B) = A ∩B = φ.

Theorem 2.3.17. If X is not a strong generalized topological space, then X

must be G - connected.

Proof. If X is not a strong generalized topological space, then X is not G - open.

So X cannot be expressed as disjoint union of two nonempty G - open sets in

X.

Theorem 2.3.18. Let (X,G) be a generalized topological space. Then the fol-

lowing statements are equivalent:

1. X is G - connected.

2. X cannot be written as the disjoint union of two nonempty G - closed sub-

sets of X.
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2.3. Some Results on G - Connectedness

3. Every nonempty proper subset of X has a nonempty generalized boundary.

4. X cannot be written as the disjoint union of two non empty G - open sub-

sets of X.

Proof. (1) implies (2)

Suppose X is G - connected. By the definition of G - connectedness, X cannot

be written as the disjoint union of two non empty G - open sets. We want to

prove that X cannot be written as the disjoint union two non empty G - closed

subsets of X.

If possible let assume that there are two non empty disjoint G - closed sets

A, B such that X = A ∪B. Since A, B are G - closed sets, we have CG(A) = A

and CG(B) = B. Since A ∩ B = φ,CG(A) ∩ CG(B) = φ. So we get X = A ∪ B

and CG(A) ∩ CG(B) = φ. By theorem 2.3.16, we get A,B are both G - open

in X. Hence X can be expressed as disjoint union of two non empty G - open

sets, which is a contradiction to our assumption that X is G - connected. So X

cannot be written as the disjoint union of two non empty G - closed subsets of

X.

(2) implies (3)

Suppose X cannot be written as the disjoint union of two non empty G -

closed subsets of X. To prove that every nonempty proper subsets of X has non

empty generalized boundary. Let A be a non empty proper subset of X. We
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2.3. Some Results on G - Connectedness

want to prove that ∂G(A) 6= φ.

If possible let ∂G(A) = φ. So A contains its generalized boundary. By theorem

2.3.13, we get A is G - closed in X. Also we know that A and Ac have same

generalized boundary. So ∂G(A
C) = φ. Again by theorem 2.3.13, we get Ac is G

- closed. That is X = A ∪ Ac and both A and Ac are both proper non empty

disjoint G - closed subsets of X. This is a contradiction to our assumption. Hence

∂G(A) 6= φ.

(3) implies (4)

Suppose every nonempty proper subset of X has a nonempty generalized

boundary. To prove that X cannot be written as the disjoint union of two non

empty G - open subsets of X.

If possible, there are two non empty G- open subsets A,B of X such that

X = A∪B. By theorem 2.3.16, the generalized boundary of A is empty. This is

a contradiction to our assumption that every non empty proper subset of X has

a non empty boundary.

(4) implies (1) .

Assume (4). That is X cannot be written as the disjoint union of two non

empty G -open subsets of X. By the definition of G - connectedness, we get X

is G - connected.

Definition 2.3.19. Two subsets A and B of a generalized topological space X are

said to generalized separated (G - separated) if CG(A)∩B = φ and A∩CG(B) = φ
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Example 2.3.20. Let X = {1, 2, 3}. Let G = {X,φ, {1, 2}, {3}} be a generalized

topology on X. Then {1, 2} and {3} are G - separated.

Example 2.3.21. Consider X = R, then G = {U : U ⊂ R− Z} is a generalized

topology on X. Then Q− Z and Z are not G - separated subsets of X. Note that

Qc is G - open. So Q is G - closed. Hence the smallest G - closed set containing

Q− Z is Q. But Q ∩ Z 6= φ.

Theorem 2.3.22. Let Y be a generalized subspace of X. Then a set C is G -

closed in Y if and only if it equals the intersection of a G - closed set of X with

Y .

Proof. Let A = C ∩ Y . Since C is G - closed in X, we have X − C is G - open

in X. So (X − C) ∩ Y = Y − A. So Y − A is G - open in Y . That is A is G -

closed in Y . Hence C ∩ Y is G - closed in Y .

Conversely suppose that A is a G - closed subset of Y . To prove that A =

C ∩Y , where C is G - closed in X. A is G - closed in Y implies that Y −A is G -

open in Y . So Y −A = B ∩Y , where B is G - open in X. But A = (X −B)∩Y

and (X −B) is G - closed in X. So we take C = X −B

Theorem 2.3.23. Let X be a generalized topological space and A,B are subsets

of X. Then A and B are G - separated in A ∪B if and only if they are disjoint

G - closed subsets of A ∪B with subspace generalized topology in A ∪B.
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2.3. Some Results on G - Connectedness

Proof. Suppose A,B are G - separated subsets of X. So CG(A) ∩ B = φ and

A ∩ CG(B) = φ. But A = CG(A) ∩ (A ∪ B) and B = CG(B) ∩ (A ∪ B). Since

CG(A) and CG(B) are G - closed subsets of X and by using theorem 2.3.22, we

get A and B are G - closed subsets of A ∪B.

Claim: A ∩B = φ

We have A ∩B = (CG(A) ∩ (A ∪B)) ∩ (CG(B) ∩ (A ∪B))

= [(CG(A) ∩ CG(B)) ∩ A] ∪ [CG(A) ∩ CG(B) ∩B] = φ.

Conversely suppose that A,B are two disjoint G - closed subsets of A∪B. To

prove that A,B are G- separated subsets of A∪B. Since A and B are G - closed

subsets A ∪ B, we have CG(A) = A and CG(B) = B. So CG(A) ∩ B = A ∩ B =

φ = A ∩ CG(B). Therefore A and B are G - separated subsets A ∪B.

Theorem 2.3.24. A generalized topological space is G - connected if it is not

the union of two nonempty G - separated subsets.

Proof. Using theorem 2.3.17, a generalized topological space X is G - connected

if and only if it cannot be written as the union of two disjoint G - closed subsets

of X if and only if X is not the union of two nonempty G - separated subsets of

X by theorem 2.3.23 .

Theorem 2.3.25. Let X be a generalized topological space and C be a G - con-

nected subset of X. Suppose C ⊂ A∪B where A and B are G - separated subsets

of X. Then either C ⊂ A or C ⊂ B.
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Proof. Let G = C ∩ A and H = C ∩ B. From theorem 2.3.24 we see that both

G and H are G - closed subsets of G ∪ H. But G ∪ H = (C ∩ A) ∪ (C ∩ B) =

C ∩ (A∪B) = C. Also G∩H = (C ∩A)∩ (C ∩B) = C ∩ (A∩B) = C ∩ φ = φ.

So G and H are two disjoint subsets of C. Therefore G and H are G - closed

in C with respect to the subspace generalized topology in C. Also G ∩ H =

(C ∩A)∩ (C ∩B) = C ∩ (A∩B) = C ∩ φ = φ. Given that C is a G - connected

subset of X. So C cannot be expressed as the union of two disjoint G - closed

subsets of X. Hence we must have either G = φ or H = φ. So in the first case

C ⊂ B while in the second case C ⊂ A.

Theorem 2.3.26. Let C be a collection of G - connected subsets of X such that

no two members of C are G - separated. Then ∪C∈CC is also G - connected.

Proof. Let M = ∪C∈CC. If M is not G - connected, then by theorem 2.3.24 we

can write M as A∪B where A,B are nonempty and G - separated subsets of X.

By theorem 2.3.25, for each C ∈ C either C ⊂ A or C ⊂ B.

Claim: C ⊂ A for all C ∈ C or C ⊂ B for all C ∈ C.

If not, then there exists C,D ∈ C such that C ⊂ A and D ⊂ B. But A,B are

G - separated subsets of X. Hence their subsets are also G - separated subsets.

This is a contradiction to the fact that no two members of C are G - separated.

Thus either all members of C are contained in A or all members of C are contained

in B. So either M = A or M = B, contradicting that A,B are nonempty. So M

cannot be expressed as union of two nonempty disjoint G - separated subsets of

X. By theorem 2.3.24 we get M is G - connected.
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Theorem 2.3.27. Let C be a collection of G - connected subsets of a generalized

topological space X and K be a G - connected subset of X (not necessarily a

member C ) such that C ∩ K 6= φ for all C ∈ C. Then (∪C∈CC) ∪ K is G -

connected.

Proof. Let M = (∪C∈CC)∪K. Let H = {K ∪C : C ∈ C}. Clearly M = ∪H∈HH.

By theorem 2.3.26 each member of H is G - connected, as it is a union of two G

- connected sets in which their intersection is nonempty. Now any two members

of H contains points of K. So any two members of H are G - separated. Hence

by theorem 2.3.26 M is G - connected.

Theorem 2.3.28. Let X1, X2 be generalized topological space and X = X1×X2

with G - product topology. Then X is G - connected.

Proof. If either X1 or X2 is empty then so is X and the result hold trivially.

So assume both X1 and X2 are non empty. Fix a point y ∈ X1. Then the set

{y}×X2 is G - homeomorphic X2 and hence is G - connected. Let K = {y}×X2.

Using the same arguments, we see that for each x ∈ X2, the set X1 × {x} is G -

connected and its intersection with K is nonempty. Also note that X1 × X2 =

(∪x∈X2(X1 × {x})) ∪K. By theorem 2.3.27 X1 ×X2 is G - connected.

Remark 2.3.29. In an ordinary topological space closure of a connected set is

connected. But in generalized topological space the G - closure of a G - connected

set is need not be G - connected.
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Example 2.3.30. Let X = {a, b, c, d}

and G = {X,φ, {a, b}, {b, c}, {a, b, c}, {c, d}, {b, c, d}}. Let A = {a, b, c}. Then A

is G - connected and CG(A) = X. But X = {a, b} ∪ {c, d} and so X is not G -

connected. That is CG(A) is not G - connected.

Definition 2.3.31. A generalized component (G − component) of a generalized

topological space is a maximally G - connected subset which is not properly con-

tained in any G - connected subset of that generalized topological space.

Remark 2.3.32. In ordinary topological spaces components are closed but in

generalized topological spaces the G - components need not be G - closed.

Example 2.3.33. Let X = {a, b, c, d} and G = {φ, {a, b}, {b, c}, {a, b, c}}.

Then (X,G) is a generalized topological space.

Let A = {a, b, c}.

Then A is a G - connected subset of X and it is a G - component of X. But A

is not G - closed.

Theorem 2.3.34. Any two distinct G - components are mutually disjoint.

Proof. Let C,C ′ be two G - components of a generalized topological space X. If

C ∩C ′ is nonempty then by theorem 2.3.27, we see that C ∪C ′ is G - connected.

But C ⊂ C ∪ C ′ and C ′ ⊂ C ∪ C ′. Then by maximality of C and C ′. So

C = C ∪C ′ and C ′ = C ∪C ′. That is C = C ′. Thus two distinct G - components

are mutually disjoint.
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Theorem 2.3.35. Every nonempty G - connected subset is contained in a unique

G - component.

Proof. Let A be a nonempty G - connected subset of a generalized topological

space X. Let C be the collection of all G - connected subsets of X containing A

and let M = ∪C∈CC. Since each member of C containing A, any two members of

C intersect. So by theorem 2.3.26, we get M is G - connected. Clearly A ⊂M .

Claim: M is a G - component.

Suppose N is a G - connected subset of X containing M . Then A ⊂ N and

N ∈ C. So N ⊂ M . So A ⊂ N and hence N ∈ C. Therefore N ⊂ M . Hence

M = N and M is a maximally G - connected subset of X. Thus every nonempty

subset is contained in a G - component. Such a G - component is unique, since

two distinct G - components are disjoint.

Theorem 2.3.36. Let B be a base for a generalized topology G on a set X and

also let Y ⊂ X and BY = {B ∩ Y : B ∈ B}. Then BY is a base for the subspace

generalized topology GY on Y .

Proof. Let y ∈ Y and U be a G - open set in Y containing y. Then U = H ∩ Y

for some G - open set H in X. Since y ∈ U , we get y ∈ H. Since B is a bases for

G and H is a G - open set containing y , by theorem 2.2.7 there exist B ∈ B such

that y ∈ B ⊂ H. Then y ∈ B ∩ Y ⊂ H ∩ Y = U and B ∩ Y ∈ BY . Hence again

by theorem 2.2.7, BY is a base for subspace generalized topology GY on Y .

Theorem 2.3.37. If A is a subset of a generalized topological space X, then
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(X − ∂G(A)) = intG(A) ∪ (intGA
c).

Proof. Let x ∈ (X−∂G(A)). Then by definition, x cannot be both in CG(A) and

CG(X−A). This means that x has a G - neighbourhood which entirely in A or x

has a G - neighbourhood which entirely in (X−A). Therefore either x ∈ intG(A)

or x ∈ intG(X − A).

Thus (X − ∂G(A)) ⊂ intG(A) ∪ (intGA
c)..................(1).

Let y ∈ intG(A) ∪ (intGA
c). Then y is a G - interior point of A or y is a

G - interior point of (X − A). So either y has a G - neighbourhood which lies

entirely in A or y has a G - neghbourhood which lies entirely in (X − A). Then

by definition of generalized boundary of A, y /∈ ∂G(A).

Thus intG(A) ∪ (intGA
c) ⊂ (X − ∂G(A)).................(2)

From (1) and (2) we get (X − ∂G(A)) = intG(A) ∪ (intGA
c).

Theorem 2.3.38. Let A be a subset of a generalized topological space X and

C be a G - connected subspace of X that intersect both A and X − A. Then C

intersects ∂G(A).

Proof. If possible C ∩ ∂G(A) = φ. Then C ⊂ (X − ∂G(A)). By theorem 2.3.37,

C ⊂ intG(A)∪ (intGA
c). By theorem 2.3.25, since C is a G - connected subspace

of X either C ⊂ intG(A) or C ⊂ intG(X − A).

If C ⊂ intG(A), then C ∩ (X − A) = φ. This is a contradiction, because C

intersects (X − A).

If C ⊂ intG(X − A), then C ∩ A = φ. This is a contradiction.
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Hence C must intersect ∂G(A).

Theorem 2.3.39. If X is a strong generalized topological space, then X is G -

connected if and only if the only subsets of X which are both G - open and G -

closed are X and the empty set.

Proof. Suppose that X is a strong G - connected space. Let A be a non empty

proper subset of X, which is both G - open and G - closed in X. Then X can be

expressed as a union of two disjoint nonempty G - open sets A and X −A. This

is a contradiction to our assumption that X is G - connected. Therefore there is

no such non empty proper subset A exists. So the only subsets of X which are

both G - open and G - closed are X and φ only.

Conversely suppose that the only subsets of X which are both G - open and G

- closed are X and the empty set. To prove that X is G - connected. If not, there

are two proper non empty disjoint G - open sets U and V such that X = U ∪ V.

Then U = X − V is G -closed as V is G - open. Thus U is a proper non empty

subset of X, which is both G - open and G - closed, which is a contradiction to

our assumption. Hence X is G - connected.

Remark 2.3.40. In theorem 2.3.39, X must be a strong generalized topological

space. Otherwise X is not G - open and φ is not G - closed.

Theorem 2.3.41. Let X be a strong generalized topological space and let Z be a

subset of X. If Z is G - connected and G - dense in X, then X is G - connected.

Proof. To prove this theorem we use theorem 2.3.39. Let A be a nonempty

47



2.3. Some Results on G - Connectedness

subset of X which is both G - open and G - closed in X. Since Z is G - dense in

X, by theorem 1.3.12 Z must intersect every nonempty G - open subsets of X.

Therefore A∩Z is nonempty. Since X is a strong generalized topological space,

we see that Z is strong generalized sub space of X. Now A ∩ Z is both G -open

and G - closed subset of Z. Since Z is G - connected, by theorem 2.3.39 we get

A ∩ Z = Z. Therefore Z ⊂ A. Hence X = CG(Z) ⊂ CG(A) = A. This implies

X = A. By theorem 2.3.39 we get X is G - connected.

Theorem 2.3.42. If A is a proper non empty subset of a G - connected space,

then ∂G(A) 6= φ.

Proof. If possible assume that ∂G(A) = φ. Then A contains its generalized bound-

ary. So by theorem 2.3.13 A is G -closed. Also note that A is disjoint from its

generalized boundary. Again by theorem 2.3.13 A is G - open. That is, A is a

proper subset of X which is both G - open and G - closed. This is a contradiction

for the theorem 2.3.39.

Theorem 2.3.43. Let A and B be non empty subsets of a generalized topological

space X. If (CG(A) ∩B) ∪ (A ∩ CG(B)) = φ. Then A ∪B is not G - connected

Proof. Since the union of two sets are empty implies the individual sets are

empty and (CG(A) ∩ B) ∪ (A ∩ CG(B)) = φ, it follows that (CG(A) ∩ B) = φ

and (A ∩ CG(B)) = φ. This implies that B ⊂ X − CG(A) and A ⊂ X − CG(B).

Therefore A∪B ⊂ (X −CG(A))∪ (X −CG(B)). Hence A∪B = [(X −CG(A))∩

(A∪B)]∪[(X−CG(B))∩(A∪B)]. Thus A∪B can be expressed as union of two G -

48



2.3. Some Results on G - Connectedness

open sets in A∪B. More over [(X−CG(A))∩(A∪B)] and [(X−CG(B))∩(A∪B)]

are disjoint, for if, y ∈ [(X −CG(A))∩ (A∪B)]∩ [(X −CG(B))∩ (A∪B)], then

y ∈ (X − CG(A)) and y ∈ A ∪ B and y ∈ (X − CG(B)). Then y ∈ A ∪ B

implies y ∈ A or y ∈ B. If y ∈ A, then y ∈ (X − CG(A)) which is impossible.

Similarly, if y ∈ B we get a contradiction. Therefore [(X − CG(A)) ∩ (A ∪ B)]

and [(X −CG(B))∩ (A∪B)] are disjoint. Hence A∪B is not G - connected.

Theorem 2.3.44. Let X be a generalized topological space and A ⊂ X. Then

A is G - disconnected if and only if there exist G - open sets O1 and O2, such that:

1. A ⊂ O1 ∪O2.

2. O1 ∩O2 ⊂ (X − A), and

3. A ∩O1 6= φ and A ∩O2 6= φ.

Proof. Suppose that A is G - disconnected. By the definition of G - connectedness

there are two non empty disjoint G - open sets O1 and O2 such that A = O1∪O2.

Also note that O1 ∩ O2 = φ ⊂ (X − A) and O1 ∩ A 6= φ,O2 ∩ A 6= φ, otherwise

either O1 or O2 become empty.

Conversely suppose that the given three conditions are hold. To prove that

A is G -disconnected. Note that A ∩ O1 and A ∩ O2 are G - open in A and

A = (A ∩ O1) ∪ (A ∩ O2). Also note that A ∩ O1andA ∩ O2 are disjoint for if,

z ∈ (A ∩O1) ∩ (A ∩O2), then z ∈ A and z ∈ O1 ∩O2. But O1 ∩O2 ⊂ (X − A).

Therefore z ∈ A and z ∈ (X − A) which is impossible. So A can be expressed
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as union of two disjoint nonempty G - open subsets of A. Hence A is a G -

disconnected subset of X.

Theorem 2.3.45. Let X and Y be generalized topological spaces.Then f : X →

Y is G - continuous if and only if the inverse image of each G - closed set in Y

is G - closed in X.

Proof. Suppose that f is G - continuous. Let B be a G - closed subset of Y. To

prove that f−1(B) is G - closed in X. Let A = f−1(B). We want to prove that

CG(A) = A. By elementary set theory we have f(A) = f(f−1(B)) ⊂ B. Clearly

A ⊂ CG(A). For the reverse inclusion, let x ∈ CG(A). Then f(x) ∈ f(CG(A)) ⊂

CG(f(A)) ⊂ CG(B) = B. This implies that x ∈ f−1(B) = A. Thus CG(A) ⊂ A.

So that A = CG(A).

Conversely suppose that the inverse image of a G - closed set in Y is G -

closed in X. To prove that f is G - continuous. Let V be a G - open set in Y. Let

B = Y − V. Then B is G - closed in Y. By hypothesis f−1(B) is G - closed in X.

But f−1(B) = F−1(Y ) − f−1(V ) = X − f−1(V ). Since f−1(B) is G - closed in

X, we get f−1(V ) is G - open in X.

2.4 Local Connectedness in Generalized Topo-

logical Spaces.

In this section we localize the concept of G - connectedness.
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Definition 2.4.1. A generalized topological space X is said to be G - locally

connected at a point x in it if for every G - neighbourhood N of x in X there

exists a G - connected neighbourhood M of x such that M ⊂ N. A generalized

topological space X is said to be G - locally connected if it is G - locally connected

at each of its points.

Theorem 2.4.2. A generalized topological space X is G - locally connected if

and only if for every G - open set U of X, each G - component of U is G - open

in X.

Proof. Suppose that X is G - connected. Let U be a G - open set in X and C be

a G - component of U. Let x ∈ C, we can choose a G - connected neighbourhood

Vx of X such that Vx ⊂ U. Since Vx is G - connected and C is a G - component

of U, we must have V ⊂ C. Therefore C = ∪x∈CVx. Hence C is G - open in X.

Conversely suppose that the G - components of G - open sets in X are G -open.

Given a point x of X and a G - neighbourhood U of x, let C be the G - component

of U containing x. By assumption C is G - open in X. Therefore for each x ∈ X

and each G - neghbourhood U of x, there is G - connected neighbourhood U of

x such that x ∈ C ⊂ U. Hence X is G - locally connected.

2.5 G - Lindeloff Spaces

Definition 2.5.1. Let (X,G) be a generalized topological space. Then X is said

to be G - Lindeloff space if and only if each G - open cover of X has a countable
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G - open sub cover.

Example 2.5.2. Let X = N and a be a fixed element in N. Define G = {U ⊂

N : a ∈ U}∪{φ}. Then G - is a generalized topology on X. Since X is countable,

it must be G - Lindeloff.

Example 2.5.3. Every countable generalized topological spaces are G - Lindeloff.

Remark 2.5.4. Every G - compact space is G - Lindeloff.

Theorem 2.5.5. If (X,G) is a countable generalized topological space, then X

is G - Lindeloff.

Proof. Let X = {x1, x2, ..., xn, ...}. Let F be a G - open cover of X. Then each

element of X belongs to at least one of the element of F , say x1 ∈ F1, x2 ∈

F2, ..., xn ∈ Fn, etc., where each Fi ∈ F for i = 1, 2, ..., n, .... Then {F1, F2, etc.}

is a countable sub collection of F and which is a G - open cover of X. Hence X

is G - Lindeloff.

Theorem 2.5.6. If (X,G) is a generalized topological space, where G = {U ⊂

X : (X − U) is either countable or all of X}, then X is G - Lindeloff.

Proof. Let F be a G - open cover of X. Since each member of F is G - open, by

definition of G, the complement of each member of F is either countable or all of

X. Let F be a nonempty member of F , then X − F is countable. Let X − F =

{x1, x2, ..., xn, ...}. Since F is a G - open cover of X, each xi, i = 1, 2, ..., n, etc.,

belongs to at least one member of F , say x1 ∈ F1, x2 ∈ F2, ..., xn ∈ Fn, etc.. Then
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the collection {U, F1, F2, F3, ..., Fn, ...}is a countable subcollection of F , which is

a G - open cover of X. Hence X is G - Lindeloff.

Theorem 2.5.7. Let (X,G) be a generalized topological space. If F1, F2, ..., Fn, ...

are G - Lindeloff subsets of X, then ∪∞n=1Fn is G - Lindeloff. That is, countable

union of G - Lindeloff sets is G - Lindeloff.

Proof. Let U and V be any two G - Lindeloff subsets of X. Let F be a G -

open cover of U ∪ V . Then F is also a G - open cover of both U and V . So

by hypothesis there exists a countable subcollection of F of G - open sets, say,

{U1, U2, ..., Un, ...} and {V1, V2, ..., Vn, ...} covering U and V respectively. Clearly

the collection {U1, U2, ...., Un, ..., V1, V2, ..., Vn, ....} is a countable collection of G

- open sets covering U ∪ V . Also it is a subcollection of F . Hence U ∪ V is G

- Lindeloff. Using mathematical induction, we see that countable union of G -

Lindeloff sets is G - Lindeloff.

Theorem 2.5.8. Let (X,G) be a generalized topological space and A ⊂ X. Then

A is a G - Lindeloff subset of X if and only if (A,GA) is G - Lindeloff.

Proof. Assume that A is a G - Lindeloff subset of X. Let F be a G - open

cover of (A,GA). Then each member F of F is of the form H ∩ A, for some

H ∈ G. For each F ∈ F , fix D(F ) ∈ G such that F = D(F ) ∩ A. Then the

family {D(F ) : F ∈ F} is a G - open cover of A by members of G. Since A

is a G - Lindeloff subset of X, this open cover has a countable G - open sub

cover, say {D(Fi) : i = 1, 2, 3, ..., n, ...}, where Fi ∈ F for i = 1, 2, ..., n, .... Then
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{F1, F2, ..., Fn, ...} is countable subcover of F which cover A. Hence (A,GA) is G

- Lindeloff.

Conversely, assume that (A,GA) is a G - Lindeloff space. To prove that A is a

G - Lindeloff subset of X. Let F be a G - open cover of A by members of G. Then

{G∩A : G ∈ F} is a G - open cover of A by members of GA. By assumption this

collection has a countable G - open subcover, say, {Gi ∩ A : i = 1, 2, 3, ..., n, ...}

where Gi ∈ F for i = 1, 2, ..., n, .... Clearly {G1, G2, ..., Gn, ...} is countable

subcollection of F , which cover A by members of G. Thus A is a G - Lindeloff

subset of X.

Theorem 2.5.9. Let (X,G) be a generalized topological space and X is G -

Lindeloff. If A ⊂ X is G - closed in X, then (A,GA) is G - Lindeloff.

Proof. Assume that X is G - Lindeloff and A ⊂ X is G - closed in X. Let F be

a G - open cover of A by members of GA. For each U ∈ F , fix a G - open set

V (U) such that U = V (U) ∩ A. Note that the collection {V (U) : U ∈ F} cover

A and X−A is a G - open set. Then the family L = {V (U) : U ∈ F}∪{X−A}

is a G - open cover of X. By assumption this collection has a countable G -

open cover consisting of {V (U1), V (U2), ..., V (Un), ...} and possibly X − A. But

the collection {U1, U2, ...., Un, ...} covers A and is a countable subcollection of F .

Hence (A,GA) is G - Lindeloff.

Theorem 2.5.10. Every uncountable subset of a G - Lindeloff space X has at

least one G - cluster point in X.
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Proof. Assume X is a G - Lindeloff space and A is an uncountable subset of X. If

possible assume that A has no G cluster point in X. Then for each x ∈ X, Ux ∈ G

with x ∈ Ux and Ux ∩ A = {x} or φ. Now the collection {Ux : x ∈ X} is a G -

open cover of X. Since X is G - Lindeloff, this collection has a countable subcover

, say, Ux1 , Ux2 , ...., Uxn , .... So the collection {(Uxi ∩A) : i = 1, 2, 3, ..., n, ...} cover

A. Therefore ∪∞i=1(Uxi∩A) = A. But (Ux1∩A)∪(Ux2∩A)∪ ....∪(Uxn∩A)∪ ... =

{x1} ∪ {x2} ∪ .... ∪ {xn} ∪ ... or φ. This implies that A = {x1, x2, ..., xn, ...} or

φ, Which is a contradiction to the fact that A is uncountable. So A has at least

one G - cluster point in X.

Theorem 2.5.11. The G - Lindeloff property is preserved under G - continuous

functions.

Proof. Let (X,G1) and (Y,G2) be two generalized topological spaces. Let f :

(X,G1)→ (Y,G2) be (G1,G2) continuous functions from X onto Y . Let X be G1

- Lindeloff. To prove that Y is G2 - Lindeloff. Let F be any G2 open cover of Y .

Then the collection {f−1(G) : G ∈ F} is a G1 - open cover of X. Since X is G1 -

Lindeloff, there exist a countable subcollection {f−1(G1), f
−1(G2), ..., f

−1(Gn), ...}

each Gi ∈ F , i = 1, 2, ..., n, ..., which is also a G1 - open cover of X. Since the

mapping is onto , the collection {G1, G2, ..., Gn, ....} is a countable subcollection

of F , which cover Y . Hence Y is G2 - Lindeloff.

Theorem 2.5.12. Let Y be a subset of the generalized topological space X and

A be a subset of Y. Let CG(A) denote the generalized closure of A in X. Then

the generalized closure of A in Y equals CG(A) ∩ Y.
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Proof. Let B denote the generalized closure of A in Y. The set CG(A) is G -

closed in X. By theorem 2.3.22, CG(A) ∩ Y is G - closed in Y. Since A ⊂ CG(A)

and A ⊂ Y , A ⊂ CG(A) ∩ Y. By the definition of generalized closure B is the

smallest G -closed set containing A. So we must have B ⊂ CG(A) ∩ Y.

On the other hand B is G - closed in Y. Hence by theorem 2.3.22, B = C ∩Y

for some G - closed set C in X. Since A ⊂ B we have C is a G - closed subset of

X containing A. But CG(A) is the smallest G - closed subset of X containing A.

Therefore CG(A) ⊂ C. Then CG(A)∩Y ⊂ C∩Y = B. Hence B = CG(A)∩Y.

Theorem 2.5.13. Let A be a subset of the generalized topological space X. Then

x ∈ CG(A) if and only if every G -open set U containing x intersects A.

Proof. It is enough to prove that x /∈ CG(A) if and only if there exists a G - open

set U containing x that doesn’t intersect A.

Suppose that x /∈ CG(A). Then the set U = X − CG(A) is a G - open set

containing x that does not intersect A.

Conversely suppose that if there exists a G - open set U containing x that

does not intersect A. Then X − U is a G -closed set containing A. But CG(A)

- is the smallest G - closed set containing A. Therefore CG(A) ⊂ X − U. Hence

x /∈ CG(A).

Theorem 2.5.14. Let A be a subset of a generalized topological space X and

let B be a basis for X. Then x ∈ CG(A) if and only if every basis element B

containing x must intersects A.
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Proof. Suppose that x ∈ CG(A). We know that every basis element is also a G -

open set. So by theorem 2.5.13, every basis element must intersects A.

Conversely suppose every basis element intersects A. Since every G - open set

contain a basis element, we must have every G - open set containing x intersects

A. By theorem 7, we get x ∈ CG(A).

Theorem 2.5.15. Let X be a generalized topological space and X has a countable

basis for its generalized topology. Then every G - open covering of X contains a

countable sub collection covering X.

Proof. Let B = {Bn} be a countable basis for the generalized topology G. Let

A be a G - open cover of X. To prove that A has a countable sub collection

which cover X. By the definition of base for generalized topological space for

each A ∈ A, there is a B ∈ B such that B ⊂ A. So for each positive integer n

for which it is possible, choose an element An of A containing the basis element

Bn. Let A′ be the collection of all such A′ns. Since B is countable we get A′ is

countable.

Claim: A′ cover X.

Let x ∈ X. Since A cover X, there is an A ∈ A such that x ∈ A. Since B

is a basis for the generalized topology, there is a basis element B ∈ B such that

x ∈ B ⊂ A. By the definition A′ , we get A ∈ A′ . Hence A′ cover X. Thus A′ is

a countable sub collection A which cover X.

Theorem 2.5.16. Let X be a generalized topological space and X has a countable

basis for its generalized topology. Then there exists a countable subset of X that
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is G - dense in X.

Proof. Let B = {Bn} be a countable basis for G. For each non empty basis

element Bn choose a point xn. Let D be the set consisting of all points xn.

Claim: D is G - dense in X.

It is enough to prove that CG(D) = X. Clearly CG(D) ⊂ X. For the reverse

inclusion let x ∈ X. By the definition of D every basis element containing x

must intersect D. Therefore x ∈ CG(D).

Theorem 2.5.17. Let Y be a G - subspace of X. Then Y is G - Lindeloff if

and only if every covering of Y by G - open sets in X contains a countable sub

collection covering Y.

Proof. Suppose Y is a G - Lindeloff subspace of X. Let A = {Aα} be a G - open

cover of Y by G - open sets in X. Then the collection {(Aα ∩ Y ) : Aα ∈ A} is G

- open covering of Y by G -open sets in Y. Since Y is G - Lindeloff, a countable

sub collection of {(Aα ∩ Y ) : Aα ∈ A} Say, (Aα1 ∩ Y ), (Aα2 ∩ Y ), .... cover Y.

Then {Aα1 , Aα2, ....} is a sub collection of A that covers Y.

Conversely suppose that the given condition holds. Let A′ = {A′α} be an

open covering of Y by G - open sets in Y. For each α, choose a set Aα,G - open in

X such that A
′
α = Aα∩Y. The collection A = {Aα} is a covering of Y by G - open

sets in X. By hypothesis there is a countable sub collection {Aα1 , Aα2 , etc.} cover

Y. Then {A′α1
, A
′
α2
, etc.} is a countable sub collection of A′ that cover Y.
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Chapter 3
Paracompactness in Generalized

Topological Spaces

3.1 Introduction

In this chapter we introduce the concepts like G - locally finite, σG - locally fi-

nite properties in generalized topological spaces and introduce the concept of

paracompactness in generalized topological spaces. This chapter contains 4 sec-

tions. Section 2 contains the preliminary ideas used in subsequent sections. In

section 3, we discuss about G - locally finite and σG - locally finite properties

in generalized topology. These two properties of generalized topological spaces

coincides with locally finite and σ - locally finite properties of ordinary topology,

if we replace the generalized topological space with ordinary topological space.

59



3.2. Preliminary Ideas Regarding Paracompactness in Generalized Topological
Spaces

Here, also we discuss about some basic properties about G - locally finite and

σG - locally finite properties. Also we found that in ordinary topological space,

the union of a locally finite collection of closed sets is itself closed. But in gen-

eralized topological space this result does not hold. In section 4, we introduce

the main concept paracompactness in generalized topological space. Also we

discuss about some relation between separation axioms and paracompactness in

generalized topological spaces and claim that every G - paracompact space is G

- normal.

3.2 Preliminary Ideas Regarding Paracompact-

ness in Generalized Topological Spaces

Definition 3.2.1. [33] Let (X,G) be a generalized topological space. Then X is

called a GT1 - space, if for every distinct points x1, x2 in MG, there exist U, V ∈ G

such that x1 ∈ U, x2 /∈ U and x2 ∈ V, x1 /∈ V

Definition 3.2.2. [33] A generalized topological space is said to be GT2, if x and

y are two distinct points in MG then there exist two disjoint G - open sets U and

V containing x and y respectively.

Definition 3.2.3. [33] Let (X,G) be a generalized topological space. Then X is

said to be G - regular if for each x ∈MG and a G - closed set F such that x /∈ F ,

there are disjoint G - open sets U and V such that x ∈ U and F ∩MG ⊂ V . If

X is GT1 and G - regular, then we say that X is GT3.
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Definition 3.2.4. [33] A generalized topological space X is said to be G - normal

if for any two G - closed sets A and B such that A ∩ B ∩MG = φ, there exist

disjoint G - open sets U and V such that A ∩MG ⊂ U and B ∩MG ⊂ V . If X

is GT2 and G - normal, we say that X is GT4.

3.3 G - locally finite and σG - locally finite.

Definition 3.3.1. Let X be a generalized topological space. Then a family U of

subsets of X is said to be G - locally finite if for each x ∈ MG, there exist a G -

neighbourhood N of x which intersects only finitely many members of U .

Definition 3.3.2. Let X be a generalized topological space. Then a family V of

subsets of X is said to be σG - locally finite, if it can be written as the union of

countably many subfamilies each of which is σG - locally finite.

Example 3.3.3. 1. Every finite family of subsets of a generalized topological

space X is G - locally finite.

2. Every countable family of subsets of a generalized topological space X is

σG - locally finite.

Example 3.3.4. Let X = R, the set of real numbers . Let G be the generalized

topology on R which is generated by the set {{n} : n ∈ N}.

Then U = {{1, 2, 3, ...}, {2, 3, 4, ...}, {3, 4, 5, ...}, ..., {k, k+ 1, k+ 2, ...}, ...}, which

is a countable collection of subsets of R. Note that G is the power set of N. If
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x ∈ MG, then x must be a member of N . Therefore {x} is a G - neighbourhood

of x, which intersect only finitely many members of U . So U is G - locally finite.

Since U is a countable collection, U is σG - locally finite.

Theorem 3.3.5. Every G - locally finite collection of subsets of G - compact

strong generalized topological space must be finite.

Proof. Let (X,G) be a generalized topological space and let F = {Fa : a ∈ Λ}

be a G - locally finite family of subsets of X. For each point x ∈ X, choose a G

- open neighbourhood Ux that intersect a finite number of subsets in F . Clearly

the family of subsets {Ux : x ∈ X} is a G - open cover of X. Since X is G -

compact, this cover has a finite subcover, say {Ukn : n = 1, 2, 3, ..., r}. Since each

Uki , i = 1, 2, 3, ..., r intersects only a finite number of subsets of F , suppose Uk1

intersect Fk11 , Fk12 , ..., Fk1n1

Uk2 intersect Fk21 , Fk22 , ..., Fk2n2

.

.

.

.

Ukr intersect Fkr1 , Fkr2 , ..., Fkrnl
.

If possible assume that F is infinite. Then there exists G ∈ F such that

G 6= Fkim for i = 1, 2, 3, ..., r , m = 1, 2, 3, ..., l and Uki , i = 1, 2, 3, ...., r does not

intersect G. So there exists g ∈ G such that g /∈ ∪ri=1Uki . But ∪ri=1Uki = X.

Thus g ∈ G but not belongs to X, which is a contradiction. So F is infinite

62



3.3. G - locally finite and σG - locally finite.

which is wrong.

Remark 3.3.6. In ordinary topological space the union of a locally finite collec-

tion of closed subsets is closed. But in generalized topological space this result

need not be hold.

That is, the union of G - locally finite collection of G - closed subsets need not

be G - closed.

Example 3.3.7. Let X = {a, b, c, d} and G = {φ, {c, d}, {a, d}, {a, c, d}}. Then

G is a generalized topology on X and (X,G) is a generalized topological space.

Let F = {{a, b}, {b, c}}. Since F is a finite collection, it is a G - locally finite

collection.

But {a, b} ∪ {b, c} = {a, b, c} is not G - closed.

Lemma 3.3.8. For a subset A of a generalized topological space X, CG(A) =

{y ∈ X : every G - neighbourhood of y meets A non vacuously. }

Proof. Let ηy be the generalized neighbourhood system of y. That is ηy be the

collection of all G - neighbourhoods of y.

Let B = {y ∈ X : U ∈ ηy implies U ∩ A 6= φ}.

Claim : CG(A) = B.

We have CG(A) = A ∪ A′G. So we want to claim that A ∪ A′G = B.

Let y ∈ A ∪ A′G. Then y ∈ A or y ∈ A′G.

If y ∈ A, then every G - neighbourhood of y intersects A, because every G -

neighbourhood of y contains y and y ∈ A. So in this case y ∈ B.
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Next we consider the case y ∈ A′G. Then y is a generalized accumulation point

of A. By the definition of generalized accumulation point, we see that every G -

neighbourhood of y meets A non vacuously. So y ∈ B. Hence A ∪ A′G ⊂ B.

Conversely, let y ∈ B. If y /∈ A ∪ A′G, then y /∈ CG(A), because, CG(A) =

A ∪ A′G. Since CG(A) is the smallest G - closed set containing A, we see that

(X − CG(A)) is a G - open set and so it is a G - neighbourhood of y which does

not meet A. This is a contradiction to the fact that y ∈ B. So B ⊂ A∪A′G and

hence B = CG(A).

Theorem 3.3.9. If C is a G - locally finite family of subsets of a generalized

topological space X, then the collection {CG(C) : C ∈ C} is G - locally finite.

Proof. Assume the contrary that {CG(C) : C ∈ C} is not G - locally finite. Then

there exists x ∈ MG such that every G - neighbourhood of x intersect infinitely

many members of {CG(C) : C ∈ C}. By lemma 3.3.8, x ∈ CG(CG(C)) for in-

finitely many C ∈ C. But we have CG(CG(C)) = CG(C), and therefore x ∈ CG(C)

for infinitely many C ∈ C. Again by lemma 3.3.8, every G - neighbourhood of x

intersect infinitely many C ∈ C. Since x ∈MG and C is G - locally finite, so there

exists a G - neighbourhood Nx of x which intersects only finitely many members

of C, which is a contradiction, since we just claim that every G - neighbourhood

of x intersects infinitely many members of C. Hence {CG(C) : C ∈ C} is G -

locally finite.
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3.4 Paracompactness in Generalized Topologi-

cal Spaces

Definition 3.4.1. A collection F of subsets of a set X is called a refinement of

a collection H if every F ∈ F there is a H ∈ H such that F ⊂ H.

Definition 3.4.2. A generalized topological space is called G - paracompact if it

is G - regular and if every G - open cover of MG has G - open, G - locally finite

refinement which is also a cover of MG.

Lemma 3.4.3. If A,B be nonempty subsets of a generalized topological space X,

then A
′G ∪B′G = (A ∪B)

′G.

Proof. Let x ∈ A′G ∪ B′G. Then x is a generalized accumulation point of A or

that of B.

If x is a generalized accumulation point of A, then every G - neighbourhood

of x intersects A. So every G - neighbourhood of x intersect A ∪ B. That is, x

is a generalized accumulation point of A ∪B, and this implies x ∈ (A ∪B)
′G.

Similarly, if x is a generalized accumulation point of B we can prove that

x ∈ (A ∪B)
′G.

Therefor A
′G ∪B′G ⊂ (A ∪B)

′G ......................(1).

Let y ∈ (A ∪ B)
′G. Then y is a generalized accumulation point of (A ∪ B). So

every G - neighbourhood of y intersect A ∪B. That is every G - neighbourhood

of y intersect A or B or both. In any case we get y ∈ A′G ∪B′G.

65



3.4. Paracompactness in Generalized Topological Spaces

(A ∪B)
′G ⊂ A

′G ∪B′G................................(2).

From (1) and (2), we get A
′G ∪B′G = (A ∪B)

′G.

Theorem 3.4.4. A G - closed subspace of a G - paracompact space is G - para-

compact.

Proof. Let X be a G -paracompact space and A be a G - closed subspace of X.

Since X is G - paracompact it is G - regular. So A is G - regular. Let MGA be

the union of all G - open sets in A. We want to prove that every G - open cover

of MGA has a G - open, G - locally finite refinement which also cover MGA .

Let F be a G - open cover of MGA . Note that each member F in F is of the

form O∩A where O is G - open in X. Let V be the collection of all such G - open

sets. Then V = {O : F = O∩A,F ∈ F}. Note that V is a G - open cover of A by

G - open sets in X. Hence V ∪{X−A} form a G - open cover of MG. Since X is G

- paracompact, V has a G - open, G - locally finite refinement U which also cover

MG. If U contain X − A we remove it and consider all other elements and form

another collectionW of G - open sets in A. LetW = {U∩A : U ∈ U , U 6= X−A}.

Since U is a G open cover of MG, we get W is a G - open cover of MGA . Since G

- locally finite, we see that W is G locally finite. Also since W is a refinement V

we get W is a refinement of F . Hence A is G - paracompact.

Theorem 3.4.5. Let X be a GT2 space. Then X is G - paracompact if and only

if it has the property that every G - open cover of MG has a G - open, G - locally

finite refinement which is also a cover of MG .
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Proof. Suppose X isG paracompact. Then by the definition 3.4.2 of G paracom-

pactness, we get X is G - regular and every G - open cover of MG has G - open,

G - locally finite refinement which is also a cover of MG.

Conversely suppose that X is GT2 and the given property holds. We want to

prove that X is G - paracompact. We need only to show that X is G - regular.

Let x ∈ X and C is a G - closed subset of X not containing x. We want to

find two disjoint G - open sets U and V such that x ∈ U and C ∩MG ⊂ V . Since

C is a G - closed set not containing x, we get X −C is a G - open set containing

x . So x ∈ X − C ⊂MG.

Let y ∈ C ∩MG. Then y ∈ C and y ∈ MG. Which implies x and y are two

distinct elements in MG. Since X is GT2 , there exist disjoint G - open sets Ux and

Uy such that x ∈ Ux and y ∈ Uy. So X−Ux is G - closed in X and Uy ⊂ X−Ux.

That is X − Ux is a G - closed set containing Uy, but CG(Uy) is the smallest

G - closed set containing Uy. Therefore CG(Uy) ⊂ X − Ux. So x /∈ CG(Uy) as

x /∈ X − Ux.

Let U = {Uy : y ∈ C ∩ MG} ∪ {X − C}. Then U is a G - open cover of

MG. Let V be a G - open, G- locally finite refinement of U which is also a cover

of MG. So by the definition of refinement, every member of V is contained in

some member of U or in X − C. In the second case it cannot intersect C. Let

W = {V ∈ V : V ∩ C 6= φ}. Then every member of W is contained in some Uy.

Let G = ∪W∈WW . Since each W is G - open, we see that G is G - open.

Claim: (C ∩MG) ⊂ G

Let a ∈ (C ∩MG). Then a ∈ C and a ∈ MG. Since a ∈ MG and V is a G - open
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cover of MG, there exists V ∈ V such that a ∈ V . Since V is a refinement of U ,

there exists Uy ∈ U such that a ∈ V ⊂ Uy. Since a ∈ V and a ∈ C, this implies

V ∩ C 6= φ. Therefore V ∈ W which implies a ∈ G. Hence (C ∩MG) ⊂ G.

Claim: x /∈ CG(G).

If possible let x ∈ CG(G). Then x ∈ CG(∪W∈WW ) = (∪W∈WW ) ∪ (∪W∈WW )
′G.

So either x ∈ (∪W∈WW ) or x ∈ (∪W∈WW )
′G. That is either x ∈ W for some

W ∈ W or x is a generalized accumulation point of W for some W ∈ W by

lemma 3.4.3. Since x ∈ Ux and each Uy does not intersect Ux, we see that x /∈ V,

for all V ∈ V . Therefore x /∈ W, for all W ∈ W . Then x must be a generalized

accumulation point of W for some W ∈ W . Hence every G - neighbourhood of

x intersect W . But this is impossible, because the G - open set Ux containing x,

does not intersect W .

Therefore x /∈ CG(G) which implies x ∈ X−CG(G). Also note that X−CG(G)

is G - open. So we take U = X−CG(G) and V = G. Then x ∈ U and C∩MG ⊂ V

and U ∩ V = φ.

Lemma 3.4.6. Let X be a generalized topological space. If X is G - regular,

then for any x ∈ X and any G - open set G containing x, there exists a G - open

set H containing x such that CG(H) ⊂ G ∪M c
G.

Proof. Suppose X is a G - regular space. Let x ∈ X and G be any G - open

subset of X containing x.

So X − G is a G - closed set not containing x. So there exist disjoint G -

open sets U and V such that x ∈ U and (X − G) ∩ MG ⊂ V . This implies

68



3.4. Paracompactness in Generalized Topological Spaces

(Gc ∩MG)c ⊃ V c ( taking complements on both sides ) . By De Morgan’s law

(X − V ) ⊂ (G ∪M c
G).

Since U ⊂ (X−V ) and (X−V ) is G - closed, we get CG(U) ⊂ (X−V ). Hence

CG(U) ⊂ G ∪M c
G. Take U = H, we see that x ∈ H and CG(H) ⊂ G ∪M c

G.

Theorem 3.4.7. Every G - paracompact space is G - normal.

Proof. Let X be a G - paracompact space. Let A and B be two G - closed subsets

of X such that A∩B ∩MG = φ. From the definition of G - paracompactness, X

is G - regular and every G - open cover of MG has a G - open , G - locally finite

refinement which is also cover MG.

Since X is G - regular, for each x ∈ A ∩ MG and x /∈ B ∩ MG, there are

disjoint G - open sets Ux and Vx such that x ∈ Ux and B ∩MG ⊂ Vx. Since

X is G - regular, using lemma 3.4.4, there exists G - open set Hx such that

CG(Hx) ⊂ Ux ∪M c
G, x ∈ Hx.

Let U = {Hx : x ∈ A ∩MG} ∪ {X − A}. Then U is a G - open cover of MG.

Since X is G - paracompact , by the definition of G - paracompactness U has a

G - open, G - locally finite refinement which is also a cover of MG.

Let V be a G - open, G - locally finite refinement of U which is also a cover of

MG. So by the definition of refinement, every member of V is contained in some

member of U . Let W = {V ∈ V : V ∩ A 6= φ}. Now let G = ∪W∈WW . Then G

is G - open.

Claim 1: A ∩MG ⊂ G.

Let z ∈ A ∩MG. This implies z ∈ Hz, where Hz ∈ U . So z ∈ W , for some
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W ∈ W . Hence z ∈ G.

Claim 2: B ∩MG ⊂ (X − CG(G)).

Let z ∈ B ∩MG. This implies z ∈ B and z ∈MG. To prove that z /∈ CG(G).

If possible let z ∈ CG(G). Using theorem 1.4.13, we have CG(G) = G ∪ G′G.

Hence z ∈ G or z ∈ G′G.

Case(i) : z ∈ G

If z ∈ G =⇒ z ∈ (∪W∈WW ).

=⇒ z ∈ W for some W ∈ W .

=⇒ z ∈ V for some V ∈ V and V ∩ A 6= φ.

Since every member of V is contained in some member of U , So there exists

U ∈ U such that V ⊂ U . Then U = Hx, for some x ∈ A ∩MG or U = (X − A).

Since (X − A) does not intersect A, U is of the form Hx, x ∈ A ∩MG.

So by the definition of Hx, x ∈ A∩MG, there exist disjoint G - open sets such

that x ∈ Ux and B ∩MG ⊂ Vx. Also CG(Hx) ⊂ Ux ∪M c
G. So z ∈ V ⊂ Hx ⊂

CG(Hx) ⊂ Ux ∪M c
G. Since z ∈ MG, we get z ∈ Ux. Since Also B ∩MG ⊂ Vx,

we get z ∈ Vx, which is a contradiction to the fact that Ux ∩ Vx = φ. Therefore

z /∈ G.

Case(ii) : z ∈ G′G.

If z ∈ G
′G, by theorem 3.4.2 we have G

′G = (∪W∈WW )
′G = ∪W∈W(W

′G).

Therefore z ∈ ∪W∈W(W
′G) =⇒ z ∈ W

′G for some W ∈ W which implies z

is a G - accumulation point of W . By the definition of W ,W = V for some

V ∈ V such that V ∩ A 6= φ. Since V is a refinement of U , by the definition

of refinement, there exists U ∈ U such that V ⊂ U . By the definition of U , U
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is of the form Hx for some x ∈ A. That is, there exists Hx ∈ U such that

W ⊂ Hx, x ∈ A. So there exist disjoint G - open sets Ux and Vx such that

x ∈ Ux, B∩MG ⊂ Vx and CG(Hx) ⊂ Ux∪(MG)
c. SinceW ⊂ Hx andHx ⊂ CG(Hx)

implies W ⊂ CG(Hx) ⊂ Ux ∪M c
G.

This implies W ⊂ Ux since W ⊂MG.

Also, z ∈ B ∩MG and B ∩MG ⊂ Vx =⇒ z ∈ Vx. Since Vx is G - open and

z ∈ Vx, it is a G - neighbourhood of z. Since z is a G - accumulation point of W ,

we see that Vx ∩W 6= φ.

Since W ⊂ Ux and W ∩ Vx 6= φ, we get Ux ∩ Vx 6= φ, which is a contradiction

since Ux and Vx are disjoint. Hence z /∈ G′G Thereforez /∈ CG(G)i.e, z ∈ B ∩MG

implies z ∈ (X − CG(G)). Therefore B ∩MG ⊂ (X − CG(G)).

That is, there are two G - open sets G and (X−CG(G)) such that A∩MG ⊂ G

and B ∩MG ⊂ (X − CG(G)). Hence X is G - normal.

Lemma 3.4.8. Let X be a G - normal space. Then for any G - closed set C

and any G - open set G containing C, there exist G - open set H such that

C ∩MG ⊂ H and CG(H) ⊂ G ∪M c
G.

Proof. Suppose X is a G - normal space. Let C be a G - closed subset of X and

G be a G - open subset of X containing C. Then X −G is a G - closed subset of

X not containing C. That is, C and (X −G) are two disjoint G - closed subsets

of X. Since X is G - normal, by the definition of G - normality, there are disjoint

G - open sets U and V such that C ∩MG ⊂ U and (X − G) ∩MG ⊂ V . Since

U ∩ V = φ, we see that U ⊂ (X − V ) and X − V is a G - closed subset of X .
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But we know that CG(U) is the smallest G - closed set containing U . Therefore

CG(U) ⊂ (X − V ).

Also (X −G) ∩MG ⊂ V =⇒ ((X −G) ∩MG)c ⊃ (X − V ).

=⇒ (X − V ) ⊂ G ∪M c
G ( by De Morgan’s law ).

But CG(U) ⊂ X − V ⊂ G∪M c
G =⇒ CG(U) ⊂ G∪M c

G. If we take U = H, then

we get C ∩MG ⊂ H and CG(H) ⊂ G ∪M c
G.

Theorem 3.4.9. If U is a G - open, G - locally finite cover of a G - normal space

X,then for each U ∈ U there exists a G - open set G(U) such that CG(G(U)) ⊂

U ∪M c
G and the family {G(U) : U ∈ U} covers X.

Proof. Let (X,G) be a generalized topological space. Given that X is a G -

normal space and let U be a G - open, G - locally finite cover of X. Since U is a

G - open cover of X, we see that MG = X.

We want to find a function G : U → G with the property that for each

U ∈ U , G(U) is G - open, CG(G(U)) ⊂ U ∪M c
G and the family {G(U) : U ∈ U}

covers X. Call such a function G as a total shrinking function for U .

Next define a partial shrinking function for U to be the function F : V → G,

where V ⊂ U , CG(F (V )) ⊂ V ∪M c
G, for all V ∈ V and the family (U−V)∪{F (V ) :

V ∈ V} is a cover of X. Let F be a family of all partial shrinking functions for

U . Note that F is nonempty because the function with empty domain belong to

it.

Define an order ≤ in F as follows. Given two partial shrinking functions F,H ∈

F , we say that F ≤ H if,
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1. domain of F is contained in that of H.

2. F (V ) = H(V ) for all V ∈ domain of F .

Claim 1: ≤ is a partial order on F .

1. Reflexivity :

Let F ∈ F , then clearly F ≤ F .

2. Antisymmetric:

Let F,H ∈ F such that F ≤ H and H ≤ F . To prove that F = H.

F ≤ H =⇒ the domain of F is contained in the domain of H.

H ≤ F =⇒ the domain of H is contained in the domain F .

Therefore domain of F = domain of H.

Let domain of F = domain of H = V . Then

F ≤ H and H ≤ F =⇒ F (V ) = H(V ) for all V ∈ V . Hence F = H.

3. Transitivity:

Let F,G,H be three members in F such that F ≤ G and G ≤ H. To prove

that F ≤ H.

F ≤ G =⇒ domain of F is contained in the domain of G and

G ≤ H =⇒ domain of G is contained in the domain of H.

Hence domain of F is contained in the domain of H.

Let D(F ),D(G),D(H) denotes the domain of F,G and H respectively.

Then
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F ≤ G =⇒ F (V ) = G(V ) for all V ∈ D(F ).

G ≤ H =⇒ G(V ) = H(V ) for all V ∈ D(G).

D(F ) ⊂ D(G) ⊂ D(H) =⇒ D(F ) ⊂ D(H) and hence F (V ) = H(V ) for

all V ∈ D(F ).

Therefore F ≤ H. Hence ≤ is a partial order on F .

Claim 2: F has a maximal element.

Let {Fi : i ∈ I} is a chain in F . We want to find an upper bound for

this chain. First we construct a partial shrinking function F from this chain as

follows:

Let D(F ) be the domain of F then D(F ) = ∪i∈ID(Fi) where D(Fi) is the

domain of Fi for i ∈ I. If V ∈ D(F ), so V ∈ D(Fi) for some i ∈ I and

set F (V ) = Fi(V ). This is well defined because if V ∈ D(Fi) ∩ D(Fj) for

i 6= j in I, then V ∈ D(Fi) and D(Fj). If Fi 6= Fj, then we may assume that

Fi ≤ Fj. So D(Fi) ⊂ D(Fj)impliesD(Fi) ∩ D(Fj) = D(Fi). Also Fi = Fj on

D(Fi) =⇒ Fi(V ) = Fj(V ) since V ∈ D(Fi).

Claim 3: CG(F (V )) ⊂ V ∪M c
G, forV ∈ D(F ).

Let V ∈ D(F ).Then V ∈ D(Fi) for some i ∈ I. By the definition F , we have

F (V ) = Fi(V ) for some i ∈ I. Since for each i ∈ I, Fi is a partial shrinking on

U , by the definition of partial shrinking CG(Fi(V )) ⊂ V ∪M c
G =⇒ CG(F (V )) ⊂

V ∪M c
G for all V ∈ D(F ).

In order to show that F is a partial shrinking for U , it only remains to show

74



3.4. Paracompactness in Generalized Topological Spaces

that the family (U − D(F )) ∪ {F (V ) : V ∈ D(F )} is a cover of X.

Let x ∈ X. Then MG = X =⇒ x ∈ MG. Since U is locally finite, by

the definition of locally finite property, there is a G - neighbourhood N of x

which intersect only finitely many members of U . So x contains only finitely

many members of U . Suppose that U1, U2, ...., Un are the only members in U

that contains x. If at least one of the Ui is (U −D(F )) we are done. Otherwise,

since F is the collection of all partial shrinking for U , there exist i1, i2, i3, ..., in

in I, such that Ur ∈ D(Fir) for r = 1, 2, 3, ...., n. Since {Fi : i ∈ I} is a chain,

without loss of generality we may assume that Fi1 ≤ Fi2 ≤ .... ≤ Fin . By the

definition of ≤, we get D(Fi1) ⊂ D(F12) ⊂ .... ⊂ D(Fin). Since U1 ∈ D(Fi1), U2 ∈

D(Fi2), ..., Un ∈ D(Fin), we get Ur ∈ D(Fin) for all r = 1, 2, ..., n. Since these

are the only members of U containing x and by the definition of Fin , we see that

(U −D(Fin)) ∪ {Fin(V ) : V ∈ D(Fin)} is a cover of X. So there is a V ∈ D(Fin)

such that x ∈ V . But we have D(F ) = ∪i∈ID(Fi) and F = Fi on D(Fi).

Therefore F (V ) = Fin(V ). Thus we get (U − D(F )) ∪ {F (V ) : V ∈ D(F )} is a

cover of X. So F is a partial shrinking function for U and by its construction it

is an upper bound for the chain {Fi : i ∈ I}.

Thus every chain in F has an upper bound in F . Then by Zorn’s lemma, F

has a maximal element. That is, we get a partial shrinking function, say G for

U which is maximal with respect to the ordering ≤.

To conclude the proof, we assert that G is a total shrinking for U . That is

to show that the domain of G,D(G) = U . Clearly D(G) ⊂ U as G is a partial

shrinking function on U . So we want to prove that U ⊂ D(G)
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If not there exists U ∈ U such that U /∈ D(G). That is, U ∈ U − D(G). Let

Wbe the union of the sets ∪{G(V ) : V ∈ D(G)} and the set (∪(U − D(G) −

U)).Since each G(v) is G - open, ∪{G(V ) : V ∈ D(g)} is G - open. The second

collection in the definition of W is also G - open, because it is a subcollection of

U . So their union must be G - open. Hence W is G - open. Therefore X −W

is G - closed. Since (U − D(G)) ∪ {G(V ) : V ∈ D(G)} is a cover of X, we get

X −W ⊂ U . Now by G - normality and using lemma 3.4.7, we see that there

exists a G - open set Q such that (X −W ) ∩MG ⊂ Q and CG(Q) ⊂ U ∪M c
G.

Define H : D(G)∪{U} → G by H(V ) = G(V ) for V ∈ D(G) and H(U) = Q.

Since G is a partial shrinking function for U , we get H is a partial shrinking

function for U . Also note that H is strictly greater than G. Which contradict

the maximality of G. Thus D(G) = U .
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Chapter 4
I - Convergence and I∗ - Convergence in

Generalized Topological Spaces

4.1 Introduction

This chapter contains five sections. First section is the introduction and second

section contains preliminary ideas used for the subsequent sections. In third

section we extend the concept of I - convergence to generalized topological spaces.

Mainly in this section we introduce the concept IG - convergence in generalized

topological spaces and discuss about its some properties. Here we found that

the IG convergence is preserved under G - continuous functions. In fourth section

we introduce the concept of I∗G - convergence in Generalized topological spaces.

Here we also discuss about the relation between IG and I∗G - convergence in
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4.2. Preliminaries

Generalized topological spaces. Section 5 contains definitions of IG -limit point

and IG - cluster points of a sequence and discuss about some properties of these

type of points.

4.2 Preliminaries

Definition 4.2.1. [19] A sequence (xn) in a set X is said to be eventually in

U ⊂ X, if there exists k ∈ N such that xn ∈ U for all n ≥ k.

Definition 4.2.2. [26] Let (X,G) be a generalized topological space. A sequence

(xn) in X does not converge to a point x if there exists a G - open set U containing

x such that (xn) is not eventually in U . Otherwise we say that (xn) converges to

x.

Theorem 4.2.3. [26] If (X,G) and (Y,G ′) are two generalized topological spaces

and f : X → Y be (G,G ′) continuous, then xn → x in X implies that f(xn) →

f(x) in Y .

Definition 4.2.4. [5] If X is a nonempty set, then a family of sets I ⊂ 2X is

an ideal if

1. φ ∈ I.

2. A,B ∈ I =⇒ A ∪B ∈ I and

3. A ∈ I, B ⊂ A =⇒ B ∈ I.
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4.3. IG -Convergence In Generalized Topological Spaces.

An ideal is called nontrivial, if I 6= {φ} and X /∈ I.

Definition 4.2.5. [6] A nonempty family F of subsets of a nonempty set X is

called a filter if

1. φ /∈ F

2. A,B ∈ F =⇒ A ∩B ∈ F and

3. A ∈ F , A ⊂ B =⇒ B ∈ F .

If I is a nontrivial ideal on X then F = F (I) = {A ⊂ X : X −A ∈ I} is clearly

a filter on X .

A nontrivial ideal I is called admissible if it contains all the singleton sets.

Remark 4.2.6. Throughout this chapter (X,G) will stands for a generalized

topological spaces and I for a non trivial ideal of N, the set of all natural numbers.

4.3 IG -Convergence In Generalized Topologi-

cal Spaces.

Definition 4.3.1. A sequence (xn) in X does not IG - convergent to x0 ∈ X,

if there exists a nonempty G - open set U containing x0, {n ∈ N;xn /∈ U} /∈ I,

otherwise we say that (xn) is IG - convergent to x0. In this case we write IG -

limxn = x0 and x0 is called the IG - limit of (xn).
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4.3. IG -Convergence In Generalized Topological Spaces.

Example 4.3.2. Let X = {1, 2, 3, 4} and G = {φ, {1, 2, 3}, {1}, {1, 2}}. Then

(X,G) is a Generalized topological space.

1. Consider the constant sequence (1). If we take any G - open set U contain-

ing 1, we see that {n ∈ N : xn /∈ U} = φ ∈ I. Therefore the sequence (1) is

IG - convergent to 1.

2. Clearly the sequence (1) is not IG - convergent to 2.

3. Sequence (1) is IG - convergent to 3, because the only G - open set containing

3 is {1, 2, 3}.

Remark 4.3.3. So in general the IG - limit of a sequence is not unique.

Theorem 4.3.4. If I is admissible, then ordinary sequential convergence in gen-

eralized topological space implies IG convergence.

Proof. Let (xn) be a sequence in a generalized topological space X and suppose

xn → x0 in X. If possible (xn) does not IG convergent to x0. Then there exists

a G - open set U containing x0 such that {n ∈ N : xn /∈ U} /∈ I.

Since xn → x0, by definition of sequential convergence in generalized topo-

logical space, (xn) is eventually in U . So there exists n0 ∈ N such that xn ∈ U ,

for all n ≥ n0. Since I is admissible, it contains all singletons and since I is

closed under finite union, {1, 2, 3, ..., n0} ∈ I. If n ≥ n0, then xn ∈ U . Therefore

{n ∈ N : xn /∈ U} ⊂ {1, 2, ..., n0}.

Since {1, 2, 3, ..., n0} ∈ I and {n ∈ N : xn /∈ U} ⊂ {1, 2, ..., n0}, by definition
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4.3. IG -Convergence In Generalized Topological Spaces.

of I we get {n ∈ N : xn /∈ U} ∈ I. This is a contradiction and hence (xn) is IG

convergent to x0.

Theorem 4.3.5. If Iis admissible and I does not contain any infinite set then

the sequential convergence and IG - convergence of a sequence in a generalized

topological space X coincide.

Proof. Let (xn) be a sequence in X and x ∈ X.

Suppose xn → x. By theorem 4.3.3, (xn) is IG - convergent to x.

Conversely suppose that (xn) is IG - convergent to x. To show that (xn)→ x.

If not, there exists a G - open set U containing x such that (xn) is not eventually

in U . By the definition of IG - limit, {n ∈ N : xn /∈ U} ∈ I. Since (xn) is not

eventually in U for each n ∈ N, there exists k ∈ N such that k ≥ n and xk /∈ U .

Therefore {k : xk /∈ U} is an infinite set. But {k : xk /∈ U} ⊂ {n ∈ N : xn /∈

U} ∈ I. By the definition of I, {k : xk /∈ U} ∈ I, which is a contradiction to

the fact that I does not contain any infinite set. Therefore the sequence (xn)

converges to x.

Theorem 4.3.6. If X is a strong GT2 - space, then IG - convergent sequence has

a unique IG - limit.

Proof. If possible suppose that an IG convergent sequence (xn) has two distinct

IG - limit say x0 and y0. Since X is a strong generalized topological space, there

exists U, V ∈ G such that x0 ∈ U and y0 ∈ V, U ∩ V = φ.

Since (xn) is IG - convergent to x0 and x0 ∈ U it follows that {k ∈ N : xk /∈
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4.3. IG -Convergence In Generalized Topological Spaces.

U} ∈ I. Also since (xn) is IG - convergent to y0 and y0 ∈ V , {k ∈ N : xk /∈ V } ∈ I.

We have {k : xk ∈ (U ∩ V )c} ⊂ {k : xk ∈ U c} ∪ {k : xk ∈ V c} ∈ I. Since I is

nontrivial, there exist k0 ∈ N such that k0 /∈ {k : xk ∈ (U ∩ V )c} which implies

xk0 /∈ (U ∩ V )c. This implies xk0 ∈ U ∩ V , which is a contradiction to the fact

that U ∩ V = φ.

Theorem 4.3.7. If I is an admissible ideal and if there exists a sequence (xn)

of distinct elements in a set E ⊂ X which is IG - convergent to x0 ∈ X, then x0

is a generalized limit point of E.

Proof. Let U be a generalized neighbourhood of x0. Since IG - lim xn = x0 and

by the definition of IG - limit, {n : xn /∈ U} ∈ I and so {n : xn ∈ U} /∈ I. Since

I is admissible, it contain all singletons and hence all finite subsets of N . So

{n : xn ∈ U} is an infinite subset of N. Choose k0 ∈ {n : xn ∈ U} such that

xk0 6= x0. Then xk0 ∈ U ∩ (E − {x0}). Thus x0 is a generalized limit point of

E.

Theorem 4.3.8. A G - continuous function g : X → X preserves IG conver-

gence.

Proof. Let (xn) be a sequence in X such that IG - limit (xn) = x. To prove that

IG - limit (g(xn)) = g(x).

If possible let IG - limit (g(xn)) 6= g(x). Then there exists a G - open set U

such that {n ∈ N : g(xn) /∈ U} /∈ I. Since g is G - continuous , g−1(U) is a G -
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4.4. I∗G - convergence in generalized topological Spaces.

open set such that x ∈ g−1(U). Also note that {n ∈ N : xn /∈ g−1(U)} /∈ I. This

implies IG − limit(xn) 6= x, a contradiction.

Remark 4.3.9. The converse of the theorem 4.3.7 is need not be true.

Example 4.3.10. Let X = {1, 2, 3, 4} and G = {φ, {1, 2, 3}, {1}, {1, 2}}. Then

(X,G) is a Generalized topological space. Define g : X → X by g(x) = 1. Let

(xn) be an IG convergent sequence in X. Then sequence (g(xn)) is the constant

sequence (1) which is IG - convergent in X. But the function g is not G - con-

tinuous, because g−1({1}) = X is not G - open in X.

4.4 I∗G - convergence in generalized topological

Spaces.

Definition 4.4.1. A sequence (xn) in a generalized topological space X is I∗G

convergent to x ∈ X if and only if there exist a set M ∈ F (I), M = {m1 ≤

m2 ≤ ... ≤ mk ≤ ...}, such that (xmk
)→ x as k →∞. In this case we write I∗G -

limxn = x and x is called the I∗G - limit of (xn).

Example 4.4.2. Let X = {1, 2, 3, 4} and G = {φ, {1, 2, 3}, {1}, {1, 2}}. Then

(X,G) is a Generalized topological space. The constant sequence (1) is I∗G -

convergent to 1. In this case we take M = N.

Theorem 4.4.3. If I is admissible then I∗G - limitxn = x implies IG - limitxn =

x and so in addition if X is a GT2 - space then I∗G - limitxn is unique.
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4.4. I∗G - convergence in generalized topological Spaces.

Proof. Given I is admissible. Suppose I∗G − limitxn = x . To prove that IG −

limitxn = x. Since I∗G − limitxn implies there exists K ∈ I such that for M =

N−K = {m1 ≤ m2 ≤ ... ≤ mk ≤ ...}, we have limxmk
= x. By the definition of

sequential convergence in generalized topological space, for any G - open set U

containing x sequence xmk
is eventually in U . That is there exists k0 ∈ N such

that for all k ≥ k0, xmk
∈ U . Clearly {n : xn /∈ U} ⊂ {m1,m2, ...,mk0} ∪K ∈ I

as I is admissible. Therefor IG − limitxn = x.

Theorem 4.4.4. If I is admissible, X is a strong GT∈ - space and (xn) be an I∗G

convergent sequence in X, then I∗G − limitxn is unique.

Proof. If possible suppose that (xn) has two distinct I∗G limit say x0 and y0. Then

by theorem 4.4.3 (xn) has two distinct IG - limit. By theorem 4.3.5 the IG limit

of a sequence is unique. So x0 = y0. This is a contradiction. Therefore I∗G - limit

of a sequence is unique.

Theorem 4.4.5. If X has no generalized accumulation point then IG and I∗G -

convergence are coincide for every admissible ideal I.

Proof. Let (xn) be a sequence in X and let IG - limxn = x0. Since X has no

generalized accumulation point, U = {x0} is G - open. Since IG - limit xn = x0,

we have {n : xn /∈ U} ∈ I. This implies {n : xn /∈ {x0}} ∈ I and hence

{n : xn 6= x0} ∈ I. By the definition of F (I), the complement of {n : xn 6= x0}

belongs to F (I).

i.e, {n : xn = x0} ∈ F (I). Thus I∗G − limxn = x0.
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4.5. IG - Limit points and IG - cluster points.

4.5 IG - Limit points and IG - cluster points.

Definition 4.5.1. Let x = (xn) be a sequence in X. An element y ∈ X is called

IG- limit point of x, if there exists a set M = {m1 ≤ m2 ≤ ...} ⊂ N such that

M /∈ I and limk→∞xmk
= y. Denote IG(Lx) be the collection of all IG - limit

points of the sequence x.

Example 4.5.2. Let X = {1, 2, 3, 4},G = {φ, {1, 2}, {1, 2, 3}}.

1. Consider the sequence (xn) = (2) in X. Let M = N, so M /∈ I and

limk→∞xk = 2. So 2 is a IG - limit point of (xn).

2. Consider the sequence 1, 2, 1, 2, ..., 1, 2,... in X. Note that 1, 2, 3, 4 are

IG- limit point of this sequence.

Example 4.5.3. Consider X = R, the set of real numbers and Z be the set of

all integers. Let G = {G : G ⊂ R− Z}. Then (X,G) is a Generalized topological

space. Note that every sequence in X converges to every z ∈ Z. So every z ∈ Z

is a IG - limit point of every sequence in R.

Definition 4.5.4. Let x = (xn) be a sequence of elements of X and let y ∈ X is

said to be an IG - cluster point of x, if there exists a G - open set U containing y,

and {n : xn ∈ U} /∈ I. Denote IG(Cx) be the collection of all IG - cluster points

of the sequence x.

Example 4.5.5. Let X = {1, 2, 3, 4},G = {φ, {1, 2}, {1, 2, 3}}. Consider the

sequence (xn) as the constant sequence (4). Note that 4 is an IG - cluster point
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4.5. IG - Limit points and IG - cluster points.

of (xn) and 3 is an IG - cluster point of (xn), because the only G - open set

containing 3 is U = {1, 2, 3}, and {n ∈ N : xn ∈ U} = φ /∈ I as I is nontrivial.

Theorem 4.5.6. If I is an admissible ideal, then IG(Lx) ⊂ IG(Cx), where x =

(xn) be a sequence in X.

Proof. Let y ∈ IG(Lx). So there exists a set M = {m1 ≤ m2 ≤ ....} ⊂ N such

that M /∈ I and limk→∞xmk
= y.

Claim: y ∈ IG(Cx).

If possible y /∈ IG(Cx). Then there exists a G - open set U containing y, such

that {n : xn ∈ U} ∈ I. Since y ∈ U and xmk
→ y implies (xmk

) is eventually in

U , there exist k0 ∈ N such that xmk
∈ U for all k ≥ k0. Note that {n : xn ∈ U} ⊃

M − {m1,m2, ....,mk0}. That is, M − {m1,m2, ....,mk0} ⊂ {n : xn ∈ U} ∈ I..

Since I is admissible, it contain all singletons and hence I contain all finite

subsets of N. So in particular {m1,m2, ...,mk0} ∈ I. Since I is closed under

finite union, we get M = (M − {m1,m2, ....,mk0}) ∪ {m1,m2, ...,mk0} ∈ I. This

is a contradiction to the fact that M /∈ I. Therefore y ∈ IG(Cx).

Remark 4.5.7. If I is admissible, then IG(Lx) 6= IG(Cx).

Theorem 4.5.8. If I is an admissible ideal, then IG(Cx) is G - closed for each

sequence x = (xn) in X.

Proof. We want to prove that CG(IG(Cx)) = IG(Cx). For this, to prove that

CG(IG(Cx)) ⊂ IG(Cx).

Let y ∈ CG(IG(Cx)). Then y ∈ (IG(Cx) ∪ (IG(Cx)
′G. If y ∈ (IG(Cx)

′G. Let
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4.5. IG - Limit points and IG - cluster points.

U be a G - open set containing y. Since y ∈ (IG(Cx)
′G, by the definition of G

- limit point, there exists z ∈ IG(Cx) such that z 6= y and z ∈ U . So by the

definition of IG(Cx), z ∈ IG(Cx) for z ∈ U. Therefore {n : xn ∈ U} /∈ I, which

implies y ∈ IG(Cx).
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Chapter 5
Regular open sets in Generalized

Topological Spaces.

5.1 Introduction

In this chapter we extend the concepts regular open sets, regular closed sets,

weakly regular open sets, weakly regular closed sets, into generalized topological

spaces. This chapter contain nine sections. In section 2, we introduce the concept

G - regular open sets and discuss about some of its properties. In the remaining

sections we introduce concepts like minimal G - regular open sets, maximal G

- regular open sets, G - regular closed sets, minimal G - regular closed sets,

maximal G - regular closed sets, weakly G - regular open sets, weakly G - regular

closed sets. Here also we discuss about some properties of these concepts. Here
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5.2. G - Regular Open Sets.

we found that finite intersection of G - regular open sets need not be G - regular

open, but in ordinary topological space finite intersection of regular open sets is

regular open.

5.2 G - Regular Open Sets.

Definition 5.2.1. A subset A of a generalized topological space X is said to be

G - regular open, if A = intG(cG(A)).

Example 5.2.2. Let X = {a, b, c, d} and G = {φ, {a, b}, {b, c}, {a, b, c}, {a}.}

Clearly G is a generalized topology on X. Let A = {a}. Then CG(A) = {a, d} and

intG(CG(A)) = intG({a, d}) = {a} = A. Therefore A is a G - regular open subset

of X.

Definition 5.2.3. A subset of a generalized topological space is said to be G -

clopen if it is both G - open and G - closed.

Theorem 5.2.4. Every G - clopen set in a generalized topological space is G -

regular open.

Theorem 5.2.5. Every G - regular open set in a generalized topological space is

G - open.

Proof. Proof follow from the fact that the generalized interior of a set is always

G- open.
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5.2. G - Regular Open Sets.

Theorem 5.2.6. If A and B are subsets of generalized topological space X, then

CG(A ∩B) ⊂ CG(A) ∩ CG(B).

Proof. Since (A ∩ B) ⊂ A and (A ∩ B) ⊂ B, then CG(A ∩ B) ⊂ CG(A) and

CG(A ∩B) ⊂ CG(B). Hence CG(A ∩B) ⊂ CG(A) ∩ CG(B).

Remark 5.2.7. In ordinary topological spaces closure(A ∩ B) = closure(A) ∩

closure(B) but in generalized topological space CG(A ∩B) 6= CG(A) ∩ CG(B).

Example 5.2.8. Let X = {a, b, c, d} and G = {X,φ, {a, b}, {c, d}, {a, c, d}}.

Then G is a generalized topology on X. If A = {a, b} and B = {b, d}, then

CG(A) = {a, b} and CG(B) = X. Therefore CG(A)∩CG(B) = {a, b}. Also A∩B =

{b} and CG(A ∩B) = {b}. Hence CG(A ∩B) 6= CG(A) ∩ CG(B).

Remark 5.2.9. In ordinary topological space finite intersection of regular open

sets is regular open, but in generalized topological space finite intersection of G -

regular open set need not be G - regular open.

Example 5.2.10. Let X = {a, b, c, d} and G = {X,φ, {c, d}, {a, b}, {a, c, d}, {b},

{b, c, d}}. Then G is a generalized topology on X. Let A = {a, b} and B =

{a, c, d}. Then intG(CG(A)) = A and intG(CG(B)) = B. Therefore A and B are

G - regular open sets in X. But A ∩B = {a} and intG(CG({a})) = φ 6= {a}.

90



5.3. Minimal G - regular open sets and Maximal G - regular open sets.

5.3 Minimal G - regular open sets and Maximal

G - regular open sets.

Definition 5.3.1. A proper non empty G - regular open set U of a generalized

topological space X is said to be a minimal G - regular open set, if any G - regular

open set which is contained in U is U or φ.

Example 5.3.2. Let X = {a, b, c, d} and G = {X,φ, {a, b}, {c, d}, {a, c, d}}.

Then G is a generalized topology on X. Here {a} is a minimal G - regular open

set in X.

Definition 5.3.3. A proper non empty G - regular open subset U of a generalized

topological space X is said to be a maximal G - regular open set if any G - regular

open set contains U is U or X.

Example 5.3.4. Let X = {a, b, c} and G = {φ, {a}, {a, b}, {b}}. Then {a, b} is

a maximal G - regular open subset of X.

5.4 G - regular Closed Sets in a Generalized

Topological Space.

Definition 5.4.1. A subset A of a generalized topological space X is said to be

G - regular closed, if A = CG(intG(A)).
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5.5. Minimal G - regular Closed Sets and Maximal G - regular Closed sets.

Example 5.4.2. Let X = {a, b, c} and G = {φ, {a}, {a, b}, {b}}. Then {c},

{b, c}and {a, c} are G - regular closed subsets of X.

Theorem 5.4.3. Every G - clopen set in a generalized topological space is G -

regular closed.

Theorem 5.4.4. Every G - regular closed set in a generalized topological space

is G - closed.

Proof. Let A be a G - regular closed subset of a generalized topological space X.

Then A = CG(intG(A)). Since generalized closure of a set is G - closed. Therefore

A is G - closed.

5.5 Minimal G - regular Closed Sets and Maxi-

mal G - regular Closed sets.

Definition 5.5.1. A proper non empty G - regular closed subset F of a gener-

alized topological space X is said to be minimal G - regular closed set, if any G -

regular closed set which is contained in F is F or φ.

Example 5.5.2. Let X = {a, b, c} and G = {φ, {a}, {a, b}, {b}}. Then {c} is a

minimal G - regular closed subset of X.

Definition 5.5.3. A proper non empty G - regular closed subset F of a general-

ized topological space X is said to be maximal G - regular closed set, if any G -

regular closed set which contains F is F or X.
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5.6. Properties of Minimal G - regular Open Sets and Maximal G - regular
Open Sets.

Example 5.5.4. Let X = {a, b, c} and G = {φ, {a}, {a, b}, {b}}. Then {b, c}and

{a, c} are maximal G - regular closed subsets of X.

5.6 Properties of Minimal G - regular Open Sets

and Maximal G - regular Open Sets.

Theorem 5.6.1. Let X be a generalized topological space and F ⊂ X. Then F

is a minimal G - regular open set if and only if X − F is a maximal G -regular

closed set and F is a maximal G - regular open set if and only if X − F is a

minimal G - regular closed set.

Proof. Suppose that F is a minimal G - regular open set. Then intG(CG(F )) = F

and any G - regular open set contained in F is F or φ.

Claim 1 : X − F is G - regular closed.

CG(intG(X − F )) = CG((X − F )− ∂G(X − F )) = X − F. Therefore X − F is a

G - regular closed subset of X.

Claim 2 : X − F is a maximal G - regular closed subset of X.

If H is a G - regular closed set contains X −F, then using claim 1, X −H is a G

- regular closed set contained in F. Since F is a minimal G - regular open set, we

get X −H = F or X −H = φ. Therefore H = X − F or H = X. Hence X − F

is a maximal G - regular closed subset of X. Similarly we can prove the second

part.

93



5.6. Properties of Minimal G - regular Open Sets and Maximal G - regular
Open Sets.

Theorem 5.6.2. Let U be a minimal G - regular open set and W be a G - regular

open set and U ∩W is a G -regular open set. Then either U ∩W = φ or U ⊂ W.

Proof. Given that U is a minimal G - regular open set and U ∩W is a G - regular

open set. Since U ∩W ⊂ U , we must have either U ∩W = φ or U ∩W = U.

Therefore either U ∩W = φ or U ⊂ W.

Theorem 5.6.3. If U and W are two minimal G - regular open sets and their

intersection is also a G - regular open set, then either U ∩W = φ or U = W.

Proof. By theorem 5.6.2, we get either U ∩ W = φ or U ⊂ W and W ⊂ U.

Therefore either U ∩W = φ or U = W.

Theorem 5.6.4. Let U and W be G - regular open subsets of a generalized

topological space X and U be a maximal G - regular open and their union is also

a G - regular open set. Then either U ∪W = X or W ⊂ U.

Proof. Given that U is a maximal G - regular open set and U ∪W is also a G

- regular open set. Then by the definition of maximal G - regular open set. We

must have either U ∪W = X or W ⊂ U.

Theorem 5.6.5. Let U and W be maximal G - regular open subsets of a gener-

alized topological space X and their union is also a G - regular open set. Then

either U ∪W = X or U = W.
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Proof. By theorem 5.6.4, we have either U ∪W = X or U ⊂ W and W ⊂ U.

Therefore either U ∪W = X or U = W.

5.7 Properties of Minimal G - regular Closed

Sets and Maximal G - regular closed sets.

Theorem 5.7.1. Let X be a generalized topological space and F ⊂ X. Then F

is a minimal G - regular closed set if and only if X − F is a maximal G -regular

open set and F is a maximal G - regular closed set if and only if X − F is a

minimal G - regular open set.

Proof. Suppose that F is a minimal G - regular closed subset ofX. Then CG(intG(F )) =

F and any G - regular closed set contained in F is F or φ.

Claim 1: (X − F ) is G - regular open.

intG(CG(X − F )) = intG((X − F )∪ ∂G(X − F )) = X − F. Therefore X − F is a

G - regular open subset of X.

Claim 2 : (X - F) is a maximal G - regular open subset of X.

If H is a G - regular closed set contains X − F, then using claim 1, X −H is a

G -regular open set contained in F. Since F is a minimal G - regular closed set,

we X −H = F or X −H = φ. Therefore H = X − F or H = X. Hence X − F

is a maximal G - regular open subset of X.

Conversely suppose that X − F is a maximal G -regular open set. To prove
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that F is a minimal G - regular closed set. By theorem 5.6.1 [X − (X −F )] = F

is a minimal G - regular closed set.

Theorem 5.7.2. Let U be a minimal G - regular closed set and W be a G -

regular closed set and their intersection is also a G - regular closed set. Then

either U ∩W = φ or U ⊂ W.

Proof. Given that U is a minimal G - regular closed set and U ∩ W ⊂ U, we

must have either U ∩W = φ or U ∩W = U. Therefore either U ∩W = φ or

U ⊂ W.

Theorem 5.7.3. Let U be a maximal G - regular closed set and W be a G -

regular closed set and their union is also a G - regular closed set. Then either

U ∪W = X or W ⊂ U.

Proof. Given that U is a maximal G - regular closed set and U ⊂ U ∪W is a G

- regular closed set. Therefore either U ∪W = X or W ⊂ U.

Theorem 5.7.4. Let U and W are maximal G - regular closed sets and if their

union is also a G - regular closed set, then either U ∪W = X or U = W.

Proof. By theorem 5.7.3, either U ∪W = X or U ⊂ W and W ⊂ U. Hence either

U ∪W = X or U = W.
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5.8 Weakly G - regular Open Sets and Weakly

G - regular Closed Sets.

In this section we consider X as a strong generalized topological space.

Definition 5.8.1. A proper subset A of a generalized topological space X is said

to be weakly G - regular open, the only G - regular open set containing A is X.

Example 5.8.2. Let X = {a, b, c} and G = {X,φ, {a}, {b}, {a, b}}. Then {a, b}

is a weakly G - regular open subset of X.

Definition 5.8.3. A proper subset A of a generalized topological space X is said

to be weakly G - regular closed, if its complement is weakly G - regular open.

Example 5.8.4. Let X = {a, b, c} and G = {X,φ, {a}, {b}, {a, b}}. Then {c} is

a weakly G - regular closed subset of X.

Theorem 5.8.5. The union of two maximal G - regular open sets of a generalized

topological space X is either a weakly G - regular open set or the whole set X.

Proof. Let U and W are two maximal G - regular open set. If their union is a G

- regular open set, then by theorem 5.6.5, either U ∪W = X or U = W.

If U ∪W is not a G - regular open set, then the only G - regular open set

containing U ∪W is X because, U and W are maximal G - regular open set.

Hence U ∪W is either a weakly G - regular open set or the whole set X.
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Theorem 5.8.6. The intersection of two minimal G - regular closed sets in a

generalized topological space is either a weakly G - regular closed set or the empty

set.

Proof. Let F and G be two minimal G - regular closed subsets of a generalized

topological space X. By theorem 5.5.1, we get X−F and X−G are maximal G

- regular closed sets. By theorem 5.7.1, (X − F ) ∪ (X −G) is either weakly G -

regular open or the whole set X. Using De Morgan’s law, we get (X − (F ∩G))

is either weakly G - regular open or the whole set X. Therefore F ∩ G is either

a weakly G - regular closed set or the empty set.

Theorem 5.8.7. The intersection of two weakly G - regular closed sets in a

generalized topological space is again a weakly G - regular closed set.

Proof. Let F and G are two weakly G - regular closed sets. Then (X − F ) and

(X − G) are two weakly G - regular open sets. So their union is also a weakly

G - regular open set. That is ((X − F ) ∪ (X − G)) is weakly G - regular open.

Hence by De Morgan’s law (F ∩G) is weakly G - regular closed.
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CONCLUSION

Through this thesis we were able to extend some topological concepts to gen-

eralized topological spaces.

Chapter 1, named On generalized closed sets. Here we proved some funda-

mental results about generalized closed sets. Also found that some results in

ordinary topological spaces need not be hold in generalized topological spaces.

Some of them are given below.

1. In ordinary topological space finite union of closed sets is closed. But in

generalized topological space finite union of G - closed sets need not be G

- closed.

2. In ordinary topological space A ∪B = A∪B. But in generalized topological

space CG(A ∪B) 6= CG(A) ∪ CG(B).

3. In ordinary topological space every element has a neighbourhood. But in

generalized topological space, every element need not have a G - neighbour-

hood.

4. In ordinary topological space the neighbourhood system at a point must be

non empty. But in a generalized topological space the generalized neigh-

bourhood system may be empty.

In this chapter we also proved some theorems about generalized neighbourhoods,

generalized accumulation points, generalized closure operator, etc. Some of them
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are given below.

1. Generalized closure of a set is the smallest G - closed set containing that

set.

2. A is G - closed in a generalized topological space if and only if CG(A) = A.

3. The fixed points of a generalized closure operator are precisely the G -

closed subsets of X.

4. The generalized closure operator is idempotent.

5. A subset of a generalized topological space is G - open if and only if it is a

G - neighbourhood of each of its point.

In chapter 2 we extend topological properties like connectedness and Lindeloff-

ness in generalized topological spaces. Here we prove some more results on G -

connectedness and G - Lindeloff properties. Also found that some results in ordi-

nary topological space need not be hold in generalized topological space. Some

of them are given below.

1. In ordinary topological space closure of a connected set is connected. But

in generalized topological space the G - closure of a G - connected set need

not be G - connected.

2. In ordinary topological space components are closed. But in generalized

topological space the G - components need not be G - closed.
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Here we also found some important results about G -connectedness and G -

Lindeloff property in generalized topological space. Some of them are given

below.

1. A generalized topological space is G - connected if it is not the union of

two non empty G - separated sets.

2. Let C be a collection of G -connected subsets ofX such that no two members

of C are G - separated. Then ∪C∈CC is also G - connected.

3. Finite products of G - connected spaces is G -connected.

4. Arbitrary union of G - Lindeloff spaces is G - Lindeloff.

5. The G - Lindeloff property is preserved under G - continuous functions.

The third chapter is titled by Paracompactness in Generalized topological Spaces.

Here we found some topological results about locally finite property and para-

compactness are not true in generalized topological spaces. Some important

results in this chapter are given below.

1. In ordinary topological space the union of a locally finite collection of closed

subsets is closed. But in generalized topological space the union of G -

locally finite collection of G - closed subsets need not be G - closed.

2. If C is a G - locally finite family of subsets of generalized topological space

X, then the collection {CG(C) : C ∈ C} is G - locally finite.
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3. Every G - paracompact space is G - normal.

In fourth chapter we extend the notion of I - convergence and I∗ - convergence

into generalized topological spaces. Some of important results in this chapter

given below,

1. If I is admissible, then sequential convergence in generalized topological

space implies IG - convergence.

2. If X is a strong GT2 - space, then IG convergent sequence has unique IG -

limit.

3. A G -continuous function preserves IG convergence.

4. If X has no generalized accumulation points, then IG and I∗G - convergence

are coincide for every admissible ideal I.

5. If I is an admissible ideal, then IG(Cx) is G - closed for each sequence

x = (xn) in X.

Chapter 5 was named as Regular open sets in generalized topological space.

Here we found that some results in ordinary topological space does not hold in

generalized topological space. Some of them are listed below.

1. In ordinary topological space finite intersection of regular open sets is reg-

ular open, but in generalized topological space finite intersection of G -

regular open sets need not be G - regular open.
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Here we also proved some results about G - regular open sets.

1. Every G - regular closed set is is G - closed.

2. Let U be a minimal G - regular open set and W be a G - regular open set

and U ∩W is a G -regular open set. Then either U ∩W = φ or U ⊂ W.

3. Let U be a minimal G - regular closed set and W be G - regular closed set

and their intersection is also a G - regular closed set. Then either U∩W = φ

or U ⊂ W.
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[11] Csàszàr :Separation Axioms for Generalized topologies,, Acta Math

Hungar104(1-2)(2004)63-69.
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constructions due to Csàszàr , Mathematical Bohmica No.1, 1-9, 140(2015).

[18] G.F. Simmons, Introduction to topology and Modern Analysis, Tata Mc-

Graw Hill. 1963.

[19] Joshi K D, Introduction to general Topology.

[20] J.R. Munkers, Topology (secod edition), Prentice Hall. 2000.

[21] Mohammad Irshad Khodabocus and Noorul - Hacq Sookis Theory of Gen-

eralized sets in generalized topological Spaces , Journal of New Theory,

36(2021), 18 - 38.

[22] M.Muthukumari Some New Sets On Generalized Topology ,Advances in

Mathematics:Scientific Journal 9,(2020),n0.5, 2711 - 2716.

[23] Murad Hussain and Moizu Din Khan and Cenap Ozel, On generalized

topological groups, arXive 1205.3915 vl math.GN 2012.

106



Bibliography

[24] Mustafa Habil Gursoy, Generalized topological Groupoids, Punjab univer-

sity journal of Mathematics, 53(2), 2021.

[25] Rasool Khayyeri and R. Mohammadian On base for Generalized topological

Spaces , 2000 Int. J.Contemp.Math. Sciences, vol.6, 2011,no.48, 2377-2383.

[26] R. Baskaran, M. Murugalingam, D. Sivaraj, Sequential Convergence in

Generalized Topological spaces, Journal of advanced Research in Pure

Mathematics, vol. 3, 2012, 18 -22.

[27] Ritu Sen On generalized γµ - closed sets and related continuity , Acta Sapi-

entiae, Mathematica, 13, 2(2021) , 483 - 493.

[28] Sini. P Heriditerly Homogeneous Generalized Topological Spaces ,Iranian

Journal of Mathematical Sciences and Informatics, vol.14, No.2 (2019),PP

9 - 18.

[29] Suaad G Gasim, Muna L. Abdul Ridha, New open set topological space

with generalized topology, Journal of Interdisciplinary Mathematics.

[30] Suaad G Gasim and Mohanand N Jaafar, New normality on generalized

topological spaces, Journal of Physics conference series, 1879(2021) 032026

doi : 10.1088/1742 - 6596/1879/3/032026.

[31] Thomas Jyothis Jacob John Sunil, µ - compactness in generalized topolog-

ical spaces, Journal of Advanced studies in Topology, VOL.3(2012), 18-22.

107



Bibliography

[32] Tomasz witczak, Generalized topological spaces with associating function,

arXiv: 1909.0046v2[math.Lo] 20 sep 2019.

[33] Won Keun Min , Remarks on Separation axioms on generalized topological

spaces,, Journal of the chungcheong Mathematical Society volume 23, No.2,

June 2010.

[34] Won Keun Min, Remarks on (δ−δ′) - continuity in generalized topological

spaces, Acta Math Hunger, 129(4)(2010)

******************************************************

108



Bibliography

APPENDIX

List of Publications

1) K K Bushra Beevi and Baby Chacko, , More Results On Generalized Closed

Sets, Malaya Journal of Matematik , vol.8, No.3, 1158 - 1161, 2020

2) K K Bushra Beevi and Baby Chacko, On G - connected and G - Linde-

loff spaces in Generalized topology., Malaya Journal of Matematik, Vol.9,

No.1,480 - 485, 2021.

3) K K Bushra Beevi and Baby Chacko, IG -Convergence and IG∗ - Conver-

gence in GTS, Zeichen Journal,vol.8,Issue 5,(330 - 336),2022.

4) K K Bushra Beevi and Baby Chacko, Paracompactness in Generalized

Topological spaces, South East Asian Journal Mathematics and Mathe-

matical Sciences, Vol.19, No.1(2023), pp- 287 - 300.

5) K K Bushra Beevi and Baby Chacko, Regular open sets in Generalized

topological spaces, South east Asian Journal of Mathematics and Mathe-

matical Sciences. (Communicated.)

109


