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ABSTRACT

Set theory, order theory and topology are closely interconnected disciplines that pro-
vide a framework for the study of mathematical structures. The interactions among
these areas have proved instrumental in a wide range of applications, including com-
puter algorithms, formal languages and automata theory, combinatorics, mathematical
modelling, algebra, logic and related fields. Motivated by the study of anti-homogeneous
topological spaces, the notion of semi-well ordered sets was introduced to characterize
such spaces. This thesis undertakes a detailed investigation of the set-theoretic and
order-theoretic properties of semi-well ordered sets. Illustrative examples are presented,
additional structural properties are examined and order ideals are studied. Furthermore,
the concept of semi-ordinals is introduced and their arithmetic and fundamental proper-
ties are explored. We further study the order topology on semi-well ordered sets and show
that these spaces are zero-dimensional and strongly locally compact. The isolated points
of semi-well ordered sets are identified and characterizations of infinite homogeneous and
compact semi-well ordered sets are obtained. In addition, continuous functions between
semi-well ordered sets are characterized and it is shown that any function between two
such sets is the point-wise limit of a net of continuous functions. Further topological
properties are examined and the dynamics of semi-ordinals are also investigated.

We introduce partially semi-well ordered sets as a generalization of both semi-well
ordered sets and partially well ordered sets. The main motivation for this generalization
is to verify the Aharoni-Korman conjecture (k = 1) for this broader class of partially
ordered sets. We investigate the order-theoretic and structural properties of partially
semi-well ordered sets, the properties of their order ideals and their reversibility. Using a
specific structural characterization, we verify the Aharoni—Korman conjecture (k = 1) for
partially semi-well ordered sets. The non-existence of an infinite antichain in a partially
semi-well ordered set ensures that the interval topology and the Dedekind topology coin-
cide on these sets; we refer to this common topology as the intrinsic topology. Conditions
for Dedekind completeness, compactness and connectedness of this space are examined.
We characterize the closure of subsets and establish a relationship between the relative
topology and the intrinsic topology on subsets of partially semi-well ordered sets. We
further show that this topological space is anti-rigid and we also discuss additional prop-
erties of this topological space. Finally, we characterize continuous functions between
partially semi-well ordered sets and derive a result concerning functions between such
sets based on this characterization.

Key Words: well ordered set, semi-well ordered set, partially semi-well ordered set,
interval topology, order topology, Aharoni-Korman conjecture.
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Chapter

Introduction

Set theory, order theory and topology are closely connected disciplines that
provide a framework for studying mathematical structures. Their interactions
also enable a wide range of applications in combinatorics, computer algorithms,
mathematical modelling, algebra, logic and related fields. In this introductory
chapter, we first present the motivation for the study and provide a review of
the relevant literature. This is followed by an outline of the organization of the

thesis.

0.1 Motivation and Survey of Literature

In 1979, Paul Bankston [11] introduced a method for finding a new topological
property from a given property. The central theme of his work is the uniform
generation of new topological properties from existing ones. Given a class of
topological spaces S, he defined the class Anti(S). The spectrum of S, denoted

by Spec(S), is defined as the class of all cardinal numbers « such that any
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topology on a set of cardinality o belongs to S. For example, every finite set
is compact, whereas every infinite set admits a non-compact topology. Hence,
Spec({compact spaces})= NU{0}. Also, Spec({Lindeloff spaces})= NU{0, Ry},

Spec({connected spaces})= {0, 1} and Spec({perfect spaces})= {0}.

Now Anti(S) is defined as the class of all spaces X such that, for every subset
A C X, one has A € S if and only if the cardinality of A belongs to Spec(S).
It can be easily seen that Anti({connected spaces}) consists of the totally dis-
connected spaces, Anti({perfect spaces}) consists of the scattered spaces and

Anti({compact spaces}) consists of the pseudofinite spaces.

In his paper [11] Bankston presented several general properties of the op-
eration Anti(-) and investigated anti-compactness, anti-connectedness and anti-
Lindelo6ffness. He also examined the preservation of anti-compactness under var-

ious topological operations.

Building on this work, Reily, Vamanamurthy and their collaborators under-
took an extensive investigation into various interesting anti-properties [23,63,64].
Their research focused on separation axioms and provided several notable results.
In fact, they completely determined all the anti-properties of Ty, 11, 15, T3, 15 1 T
and T5, as well as discreteness, indiscreteness and metrizablility. They also stud-
ied anti-compactness and anti-Lindel6ffness. In [23], they proved that any topo-
logical space with at least four elements contains a normal three element sub-

space, implying that there exists only one non-trivial anti-normal space.

McMaster [46] and his collaborators investigated the total negations of three
classical countability conditions in general topology — first countability, second
countability and separability. Their work also examined the iterative application

of Bankston’s total negation operator, Anti(-), to arbitrary classes of topologi-
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cal spaces [45,47]. In addition, a survey article by Reilly [62] consolidates the
research carried out by his team over the past two decades and highlights sub-

sequent developments in the study of anti-properties.

The study of anti-homogeneity and anti-rigidity was initiated by Ramachan-
dran [60,61], who established that anti-homogeneity is equivalent to hereditary
rigidity. Further, Ramachandran and Kannan [35] characterized hereditarily
homogeneous spaces in their subsequent work. In this context, Ramachandran
introduced the notion of semi-well ordered sets to characterize anti-homogeneous
topological spaces. A semi-well ordered set is defined as a partially ordered set
in which every non-empty subset of it has either a least element or a greatest
element. He also developed several characterizations of these sets and showed
that each semi-well ordered structure admits a unique representation as the sum
of a well ordered set and co-well ordered set. Moreover, he proved that a par-
tially ordered set is semi-well ordered if and only if it is hereditarily rigid. In
2013, Sreeja [66] further investigated anti-rigid topological spaces and demon-
strated that a semi-well ordered set, when equipped with order topology, is both

scattered and anti-rigid.

In the initial chapters of this thesis, we undertake a detailed investigation of
the set-theoretic, order-theoretic and topological properties of semi-well ordered
sets and semi-ordinals. For foundational concepts in set theory and order theory,
we refer to the textbooks [22,28,36,43,51,68], while the basics of topology are
covered in [31,37,52,67]. Moreover, for topologies on linearly ordered sets, we

refer to [9,38].

We also discuss the dynamics of semi-ordinals. For the foundations of dy-
namical systems we refer the textbooks [2,13]. We also refer to the research

articles [10,15,16, 32—-34].
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Another notable extension of the classical concepts of well ordered sets and
ordinal numbers is the theory of partially well ordered sets (also known as well
partially ordered sets) and partial ordinals. This theory finds wide applications
in computer algorithms, combinatorics, algebra, formal languages, order theory
and graph theory. These sets have been extensively studied by Higman [30],
Kruskal [39,40], Jongh and Parikh [18] and Wolk [72]. Some of these authors
considered quasi orderings-relations that do not require anti-symmetry-instead of
partial orderings [58,70]. However, except for technical details, the two concepts
are the same. The notion of well founded partially ordered sets [44,50,65] further

generalizes partially well ordered sets and consequently, well ordered sets.

It can be noted that a semi-well ordered set is partially well ordered if and only
if it is well ordered. This motivates us to define a more general class of partially
ordered sets, which we call partially semi-well ordered sets. We discuss in detail
the structural and order-theoretic properties of partially semi-well ordered sets.
We also discuss their reversibility and verify the Aharoni-Korman conjecture
for k = 1 for partially semi-well ordered sets. To study reversibility, we refer
to [41,42,59] and a detailed literature review on the Aharoni-Korman conjecture

is provided in chapter five of this thesis.

We further discuss the properties of the interval topology on partially semi-
well ordered sets. Since partially semi-well ordered sets contain no infinite an-
tichain, both the interval topology and the Dedekind topology coincide on them
and we refer to this topology as the intrinsic topology. The properties of the
topology on partially well ordered sets are discussed in [73]. We also refer

to [17,29,48,53,71] to study the topologies on partially ordered sets.



0.2. Organization of the Thesis

0.2 Organization of the Thesis

The research presented in the thesis, in addition to the introduction, is organized

into seven chapters.

The first chapter outlines the essential background needed for the later
chapters. It introduces the basic ideas of set theory, topology and topological

dynamical systems.

In the second chapter, the concept of semi-well ordered sets is illustrated
through examples and additional properties of these sets are examined in detail.
We study the order ideals of a semi-well ordered set with an aim of determining
all of its order ideals. It is shown that the collection of all order ideals of a
semi-well ordered set is itself semi-well ordered under the usual set inclusion.
Furthermore, we identify the range of surjective order isomorphisms from a semi-
well ordered set onto its order ideal. We further introduce the notion of the
order type of a semi-well ordered set, called a semi-ordinal, denoted by («a, 5*),
where « is an ordinal number and S is a limit ordinal. We proceed to develop
the arithmetic of semi-ordinals and examine its properties. Although not all
aspects of classical ordinal arithmetic carry over to this broader concept, several

significant properties remain valid.

In chapter three, we explore the properties of semi-well ordered set equipped
with the order topology. As every semi-well ordered set is linearly ordered, such
spaces are Hausdorff, Sober [38] and completely normal [8]. Furthermore, [66]
Sreeja established that semi-well ordered sets are scattered and anti-rigid. Build-
ing on these foundational results, the second chapter establishes additional prop-
erties of this topological space. We show that a semi-well ordered set with the

order topology is zero dimensional, totally disconnected and strongly locally com-
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pact. We also identify and analyze the isolated points in such spaces. Further-
more, we provide a characterization of infinite homogeneous semi-well ordered
sets, compact semi-well ordered sets and continuous functions defined between
semi-well ordered sets. Several other properties of these topological spaces are
also explored in detail. In the last section of this chapter, we investigate the

dynamics of semi-ordinals equipped with the order topology.

In the fourth chapter, we define partially semi-well ordered sets. Both semi-
well ordered sets and partially well ordered sets can be viewed as extensions of
well ordered sets. However, it is important to note that a linearly ordered set is
partially well ordered if and only if it is well ordered, highlighting the distinct
nature of these two concepts as separate extensions of well ordered sets. This
distinction provides the motivation for the introduction of a more general class of
ordered structures: partially semi-well ordered sets. The primary objective be-
hind the introduction of partially semi-well ordered set was to prove the Aharoni-
Korman conjecture (k = 1) for these sets, with a significant characterization of
them was utilized in achieving this result. We explore the order-theoretic prop-
erties of partially semi-well ordered sets and provide various characterizations of
them. Additionally, we investigate their structural properties, the properties of

their order ideals and their reversibility.

The fifth chapter deals with the Aharoni-Korman conjecture. Here, we
provide an introduction to the Aharoni-Korman conjecture, including a brief
overview of its development and the motivation behind its proposal. We outline
the key advancements related to the conjecture, with a focus on the class of
partially ordered sets for which the conjecture has been verified. We verify the
Aharoni-Korman conjecture (k = 1) for partially semi-well ordered sets using a

specific characterization of these partially ordered sets as the base for our proof.
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In chapter six, we discuss the properties of the intrinsic topology on a par-
tially semi-well ordered set. The non-existence of an infinite antichain in a par-
tially semi-well ordered set ensures that the interval topology and the Dedekind
topology coincide on this set. We refer to this common topology as the intrinsic
topology. In 1958, Wolk [71] proved that any poset with no infinite antichain is
Hausdorff; hence, this topological space is Hausdorff. We then examine the con-
ditions under which this space is Dedekind complete, compact and connected.
In addition, we characterize the elements of the closure and establish a rela-
tionship between the relative topology and the intrinsic topology on a subset of
a partially ordered set with no infinite antichain. Furthermore, we show that
the partially semi-well ordered set equipped with intrinsic topology is anti-rigid.
Moreover, we verify that it is neither normal nor topologically reversible. More
properties of this topological space are explored through examples and counter
examples. We also present a characterization for continuous functions between
two partially semi-well ordered sets. Using this characterization, we establish a

result concerning mapping between such sets.

The final chapter presents the conclusion along with several recommenda-
tions. A bibliography, a list of research publications and presentations and an

index are also included thereafter.



Chapter

Preliminaries

This chapter provides a brief overview of the preliminary concepts that will be
used in the subsequent chapters. It includes the basic definitions and results that
are foundational for later discussions. Specifically, it includes the fundamentals
of set theory, topology and topological dynamical systems. The chapter is orga-
nized into three sections: the first section covers the preliminary concepts of set
theory, the second section outlines the fundamental results in topology and the fi-

nal section discusses the basic concepts of topological dynamical systems.
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1.1 Sets with Additional Structures

Let X be a set and let < be a binary relation on X. The relation < is said to be

a partial order [31] on X if it satisfies the following properties for all x,y, z € X:

(i) Reflexivity: v < x.
(ii) Anti-symmetry: If x <y and y < z, then x = y.

(i) Transitivity: If x <y and y < z, then x < z.

A set X equipped with a partial order < is called a partially ordered set (or
poset) [31] and is denoted by the pair (X, <).

A partial order < on a set X is said to be linear (or total or simple) [31] if,
for all z,y € X, either z < y or y < x holds. In this case, the pair (X, <) is

called a chain (or linearly ordered set or totally ordered set) [31].

Let (X, <) and (Y, <) be two posets. A function f : X — Y is said
to be order preserving [31] if, for all z,y € X, x < y implies f(z) <" f(y).
Furthermore, f is said to be strictly order preserving [31] if, for all z,y € X,
r < y implies f(z) <’ f(y). If f is a bijection and both f and f~! are order
preserving, then f is called an order isomorphism [31] and the two posets X and
Y are said to be order isomorphic [31] or to have the same order type. The order
type [31] of a poset is defined as the class of all posets that are order isomorphic

to it.

Let (X, <) be a poset and let A C X. An element z € X is said to be an
upper bound [31] of A if, for all a € A, a < x. A set that has at least one upper

bound is said to be bounded above [31]. The notions of lower bound and bounded
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below are defined analogously. A set that is both bounded above and bounded
below is said to be bounded [31].

Let (X, <) be a poset and let A C X. An element x € A is called a minimal
element [31] of A if there does not exist any a € A such that a < x. A set
may have more than one minimal element. The concept of mazimal elements is

defined in a similar manner.

Let (X, <) be a poset and let A C X. A subset M C A is said to be a
minimal subset [72] of A if: (i) each m € M is a minimal element of A; and (i)
for every a € A, there exists m € M such that m < a. A finite minimal subset
refers to a non-empty minimal subset containing a finite number of elements.

The notion of a maximal subset is defined analogously.

Let (X, <) be a poset and let A C X. An element x € A is said to be the
greatest element [31] of A if a < x for all @ € A. It is evident that a set can have
at most one greatest element. The concept of the least element of a set can be

defined similarly.

Let (X, <) be a poset and let A C X. The least element of the set of all
upper bounds of A (if it exists) is called the least upper bound [31] (l.u.b.) of A.

The concept of the greatest lower bound (g.l.b.) is defined analogously.

A poset is said to be complete [31] if every non-empty subset that is bounded
above has a least upper bound. This condition is equivalent to the requirement

that every non-empty subset that is bounded below has a greatest lower bound.

Let (X, <) be a poset. For elements x,y € X, we say that x and y are incom-
parable [72] if and only if £ y and y £ x. In this case, their incomparability is

denoted by x || y.
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Let (X, <) be a poset. A subset A C X is called totally unordered (or an

antichain) [72] if and only if every pair of distinct elements of A is incomparable.

Let <; and <5 be two partial order relations on the same set X. If <;C<s,

then <, is called an extension [72] of <j.

Theorem 1.1.1. [69] Any partial order on a set X has a linear extension.

Let {X, : a € I} be an arbitrary family of sets. Define [[{X,:a € I} ={f:
I — U X, such that f(a) € X, for all a € I'}. The elements of [T X, are called
choici;e}unctions [72] for the family {X, :a € I}.

Suppose that <, is a partial order defined on each X,. Then a partial order
< can be defined on [[ X, by f < g if and only if f(a) <, g(a), for all a € I.
The poset ( [T X,, <) is called the cardinal product [72] of the family of posets

(Xa, <a)-

The dimension [21] of the poset (X, <) is defined as the smallest cardinal
k such that the partial order < can be expressed as the intersection of k linear
orders on X. An equivalent characterization [55] states that the dimension of (X,
<) is the smallest cardinal k for which the poset (X, <) can be isomorphically

embedded into the cardinal product of k linearly ordered sets.

A poset (X, <) is said to be a lattice [31] if every two-element subset of X
possesses both a least upper bound (called the join of these elements) and a
greatest lower bound (called the of meet these elements). A complete lattice [12]
is a poset in which every subset has both a least upper bound and a greatest

lower bound.

A poset (X, <) is called partially well ordered [72] if, for every sequence {z,, }

in X, there exist ¢ < j such that z; < z;. Clearly, every well ordered set is
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partially well ordered.

A well founded [74] poset is a poset that contains no strictly decreasing se-
quence. A dually well founded [74] poset is a poset that contains no strictly
increasing sequence. A well founded poset with no infinite antichain is partially

well ordered [72].

For two disjoint chains (X, <) and (Y, <’), the notation X + Y denotes the
set X UY equipped with the linear order < U <" U {(z, 2/): z € X, 2/ € Y}.
Also, for two disjoint posets (X, <) and (Y, <), the symbol X UY denotes the

poset X UY equipped with the order < U <’.

1.1.1 Well Ordered Sets and Ordinal Numbers

In this subsection, we present the fundamental concepts of well ordered sets and

ordinal numbers.

A well ordered set [68] is a partially ordered set in which every non-empty
subset has a least element. The dual of a well ordered set is referred to as
a co-well ordered set [61]. It follows immediately that every well ordered set
is linearly ordered [68]. In a well ordered set (X, <), each element a-except
possibly the greatest element, if one exists—has an immediate successor, defined
as the least element of the set {z € X : 2 > a}. However, an element in a well
ordered set need not have an immediate predecessor. For instance, in the set
{1-1/n:neN}U{2—-1/n:n e N}U{2}, neither 1 nor 2 has an immediate

predecessor.

In a linearly ordered set (X, <) with x € X, the sets Xz ={y € X : y < z}

and X = {y € X : & < y} are called the initial [68] and terminal segments
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determined by x, respectively.

A well ordered set is not order isomorphic to any of its initial segments [68].
Moreover, if (X, <) and (Y, <) be two well ordered sets. Then exactly one of the
following holds [68] [43]: (i)X is order isomorphic to Y7; (i) X is order isomorphic
to an initial segment of Y; or (7i7) Y is order isomorphic to an initial segment of

X.

Theorem 1.1.2. [68] The following statements are equivalent:

(i) Zermelo’s Axiom of Choice: For every set X, there exists a function f
defined on the collection of non-empty subsets of X such that for each non-

empty subset A C X, we have f(A) € A.

(ii) Hausdorff’s Maximal Principle: Every partially ordered set contains a maz-
imal chain, that is, a chain which is not properly contained in any other

chain.

(iii) Zorn’s Lemma: Every non-empty partially ordered set in which every chain

has an upper bound contains at least one mazximal element.

(iv) Well Ordering Principle: Every set can be well ordered.

The order type of a well ordered set is called an ordinal number or simply an

ordinal [68].

Let a and 8 be two ordinals. Then o < ( [68] if and only if there exist
representatives X € a and Y € 3 such that X is order isomorphic to an initial

segment of Y.
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Let A be a set of ordinals. Then a < fif @ < § or & =  makes (A, <)
a partially ordered set, which is in fact well ordered [68]. Furthermore, there
exists an ordinal greater than every element of A [68] and there exists a least

such ordinal.

Theorem 1.1.3. [68] Let « be an ordinal. Then the set S(a) = {5 : 5 < a} of

all ordinals less than « is a well ordered set whose order type is «.

This result provides a standard representation of an ordinal number. That
is, whenever permissible, a set X whose order type is @ may be replaced by the

set S(a) = {f: B < a}, which is order isomorphic to X.

An ordinal other than 0 is referred to as a limit ordinal [68] if it lacks an

immediate predecessor; otherwise, it is called a non-limit ordinal.

1.1.2 Arithmetic of Ordinals

In this section, we discuss the arithmetic operations defined on ordinal numbers

and explore their fundamental properties.

Let «, 8 be two ordinal numbers. Suppose that (X, <) and (Y, <') are rep-

resentatives of a and 3, respectively.

(i) Sum of Ordinals [68]: If X NY = (), then the sum of ordinals a and S,
denoted a + 3, is defined as the order type of X 4+ Y.

(ii) Product of Ordinals [68]: If either &« = 0 or 8 = 0, then the product of «
and (3, denoted « - 3, is defined to be 0. If @« > 0 and § > 0, then « - 3

is defined as the order type of the set X x Y equipped with the relation

(a,b) < (a/,b") if and only if b < ¥ or b= and a < d'.
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Theorem 1.1.4. [68] Let o and (8 be ordinals.

(i) If 8 >0, then a + 8 > «.
(ii) If a < 3, then there exists a unique ordinal v > 0 such that o + v = .

(iii) If 5 > 0, then a has a unique representation of the form o = §-& + p,

where 0 < p < f3.
(iv) The ordinal o+ 1 is the successor of .
Theorem 1.1.5. [68] For ordinals o, B and v the following statements holds:
(i) a<f e v+a<y+p.
(i) a < = a+v< B+ and conversely, a +v < f+v= a < f.
(i) a < B andy>0=v-a<~vy-fB; conversely, v-a<~vy-5=a<f.
(v) yv+a=v+p=a=00.
(v) yv-a=vy-Bandy>0=a=[.

We now present the hierarchy of ordinal numbers arranged according to their
order [43]. The ordering begins with finite ordinals, followed by the first limit
ordinal w and its successors. This is then followed by the second limit ordinal

w?2 and its successors and so on. This is then followed by the powers of w:

0,1,2,3,..,w,w+l,w+2, w+3, ..., w2, w2+1, w24+2, w2+3, ..., w3,

w3+, .., wd Wb, ww =w W] W2, W w, W w1

oW w2, Wt wd, LW = w2, w241, WS, W, L
w LL)w

Vw=w? WP H1, L wt WP, L, W Lt
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After all this ordinals, we have ¢y, the smallest ordinal satisfing e¢g = w® .

Then comes ¢y + 1, €5 + 2 and so on.

It is important to note that each ordinal enumerated thus far corresponds to the
order type of a countable set. The smallest uncountable ordinal is denoted by

Qp and ' denotes the ordinal Qg + 1 [31].

1.2 Topology

In this section, we present some fundamental concepts and results in topology

that are essential for the discussions in the following chapters.

A topological space is said to be completely normal [8] if every pair of sep-
arated sets A and B are contained in disjoint open sets. The sets A and B
are said to be separated [8] if neither intersects the closure of the other; that is,
ANB=0and AN B = . It is known [8] that complete normality is equivalent
to the condition that all subspaces of the space are normal with respect to their

relative topologies.

A topological space is said to be sober [38] if every non-empty closed subset

is either the closure of a unique point or the union of two proper closed subsets.

Let X be a topological space. An element x € X is called an isolated point [52]
if the singleton set {z} is open in X. A topological space X is said to be
scattered [66,67] if every non-empty subset of X contains an isolated point with

respect to the relative topology.

A topological space X is defined as rigid [61] if the only homeomorphism from

X onto itself is the identity map. A topological space X is called anti-rigid [66]
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if it contains no rigid subspace with more than one element.

A topological space is said to be zero dimensional [67] if it has a basis con-

sisting of clopen subsets.

If every point in a topological space is contained in an open set whose closure

is compact, the space is said to be strongly locally compact [67].

A topological space X is said to be locally compact at a point x € X if there
exists a compact neighborhood of z. The space X is called locally compact [31] if
it is locally compact at every point in X. Clearly, every strongly locally compact
space is locally compact and a Hausdorff locally compact space is strongly locally

compact [67].

A topological space X is said to be homogeneous [61] if, for any x,y € X,

there exists a homeomorphism f on X such that f(z) =y.

A topological space is said to be paracompact [31] if it is regular and if every

open cover has an open, locally finite refinement that is also a cover.

For a poset (X, <), the interval topology [72] on X is the topology 7 having

{reX:x<a}or{zreX:x>b}as the sub-base for closed sets.

Let (X, <) be a linearly ordered set. Let B denote the collection of all sets
of the following types: (i) all open intervals (a,b) in X; (ii) all intervals of the
form [ag, b), where ag is the least element (if it exists) of X; and (#ii) all intervals
of the form (a,by], where by is the greatest element (if it exists) of X. Then
the collection B forms a basis for a topology on X, referred to as the order

topology [52].

In a linearly ordered set, the interval topology and the order topology coin-

cide.
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A subset C' of a directed set (D, <) is said to be a cofinal [31] if, for every

d € D, there exists a ¢ € C' such that d < c.

Let (D, <) be a directed set and (X, <) be a poset. (Note that the same
symbol “<” is used to denote the order relation in both D and X.) A net
{S, :n € D,<} is said to be monotonically increasing (respectively, decreasing)
[73] if, for all m,n € D with m < n, it follows that S,, < S, (respectively,
Sp > Sp). A net is called monotone [73] if it is either monotonically increasing

or monotonically decreasing.

Let X be a topological space. A net S : D — X is said to converge [31] to a
point x € X if, for every open set U containing x, there exists an element d € D

such that S,, € U for all n € D with n > d.

Let {f, : n € D} be a net of functions from a topological space X to a
topological space Y. The function f : X — Y is said to be the pointwise limit

of the net {f,} if, for every € X, the net {f,(z)} converges to f(z) .

Theorem 1.2.1. [31] Let X and Y be two topological spaces and suppose that
X s first countable at a point x € X. Then a function f: X — Y is continuous
at x if and only if, for every sequence {x,} converging to x, the sequence {f(x,)}

converges to f(x).

Theorem 1.2.2. (Urysohn’s Metrization Theorem) [52] A second countable topo-

logical space is metrizable if and only if it is Tj.

Theorem 1.2.3. [31] A topological space X is compact if and only if every net

in X has a subnet that converges to a point in X.

A subset Y of a topological space T is called a retract [52] of T if there exists a
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continuous function f : T — Y such that the restriction of f to Y is the identity

function; that is, f(y) =y for all y € Y.

Proposition 1.2.4. [36] Let T be a separable metrizable space. Then T is

zero-dimensional if and only if every closed subset of T is a retract of T.

1.3 Dynamical Systems

In this section, we present some preliminary concepts related to topological dy-

namical systems.

A dynamical system [10] is defined as a pair (X, f), where X is a topological
space and f : X — X is a continuous function. For a point x € X, the sequence
(z, f(x), f*(z), ...) is referred to as the trajectory of x and the set {f"(z) :
n € NU{0}} is called the orbit of z. An element z € X is called a periodic
point [13] if there exists n € N such that f™(x) = x. The smallest such n is
referred to as the period [13] of z. The set of all periodic points of X under
f is denoted by P(f). A subset A C X is said to be forward f- invariant or
simply forward invariant [10], if f(A) € A. We now present some examples of

dynamical system:

Example 1.3.1. (Circular rotations) [13]. Consider the unit circle S =
[0, 1] /~, where the equivalence relation ~ identifies the points 0 and 1. The usual
metric on [0, 1] induces a metric on S*, given by d(z,y) = min(|Jz—y|,1—|z—y|).
For a € R, let R, be the rotation of S! by angle 27w, that is, R,(z) = x +

a(modl). Then (S, R,) is a dynamical system for each a € R.

If & = p/q is rational, then R is the identity map on S' and thus every orbit
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is periodic. Such rotations are referred to as rational rotations. On the other
hand, if « is irrational, then the dynamical system has no periodic points and

every orbit is dense in S!. These rotations are known as irrational rotations.

Example 1.3.2. (Expanding endomorphisms) [13]. For m € Z with |m| >
1, define the times —m map E,, : S' — S! by E,,(x) = mxz(modl). Then (S*,

E,.) is a dynamical system.

Example 1.3.3. (Tent map) [2] Define the map 7' : [0,1] — [0, 1] by

1
2z for z € [0, 5],

T(z) =
1
2—-2zx forze [5, 1].
This map is known as the tent map. An interesting property of the tent map is
that it has periodic points of every period. That is, for every n € N, there exists
an = € [0,1] such that 7"(x) = x and n is the smallest such positive integer.

Moreover, the set of periodic points of 7" is dense in [0, 1].

2m
2n+1

a function ¢t : X — X by t(z) = 1 — |1 — 22| for all x € X. Then (X, ) is a

Example 1.3.4. [10] Let X = {

:0 <m < n}U({l1} and define

dynamical system. Here, X is a Hausdorff space that is not locally compact and
P(t) \ P(t) = {1}. Note also that the continuous extension of ¢ to the interval

[0, 1] coincides with the tent map.
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Chapter

Semi-Well Ordered Sets and

Semi-Ordinals

A semi-well ordered set is a partially ordered set in which every non-
empty subset possesses either a least element or a greatest element. The aim of
this work is to investigate the set-theoretic and order-theoretic properties of semi-
well ordered sets in detail. In addition, we examine the characteristics of order
tdeals within a semi-well ordered set. We introduce the notion of semi-ordinals
and provide a representation for them. Furthermore, we explore the arithmetic

of semi-ordinals and analyze their fundamental properties.
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2.1 Introduction

This concept of a semi-well ordered set was introduced by Ramachandran
[60,61], who defined such sets as partially ordered sets in which every non-empty
subset possesses either a least element or a greatest element. The primary objec-
tive behind this introduction was to characterize anti-homogeneous topological
spaces using the concept of semi-well ordered sets. He further showed that such
sets admit a unique representation as a linear sum of a well ordered set and the
dual of a well ordered set. Additionally, he established that a partially ordered
set (X, <) is semi-well ordered if and only if it is hereditarily rigid. Later,
in 2013, Sreeja [66] demonstrated that when equipped with the order topology,

semi-well ordered sets are both scattered and anti-rigid spaces.

In this chapter, we undertake a comprehensive study of semi-well ordered
sets. Our objective is to extend the classical theory of well ordered sets and ordi-
nal numbers to a broader framework involving semi-well ordered sets and semi-
ordinals. This investigation focuses on exploring the order-theoretical properties

of these structures.

In the second section, the concept of semi-well ordered sets is illustrated
through examples and their additional properties are examined in detail. The
third section explores the characteristics of order ideals of a semi-well ordered
set, with the aim of determining all of its order ideals. Furthermore, we identify
the range of surjective order isomorphisms from a semi-well ordered set onto its
order ideal. In the final section, we introduce the notion of the order type of a
semi-well ordered set, termed a semi-ordinal, denoted by («, 8*), where « is an
ordinal number and £ is a limit ordinal. We then develop the arithmetic of semi-

ordinals and investigate their properties. Although not all aspects of classical
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ordinal arithmetic extend to this broader concept, several significant properties

remain valid.

In the sequel, we use the abbreviation ‘swo’ for semi-well ordered.

2.2 Semi-Well Ordered Sets

Here, we investigate the fundamental properties of swo sets and discuss some of

their characterizations.

Definition 2.2.1. [60,61] A poset (X, <) is said to be semi-well ordered

if every non-empty subset of X has either a least element or a greatest element.

Both well ordered and dually (or co-) well ordered sets are swo sets. The
following two examples, however, illustrate swo sets that are neither well ordered

nor co-well ordered.

Example 2.2.2. Let (Ny x N, <) be a poset where < denote the lexico-
graphic (dictionary) ordering and Ng = NU{0}. For each n € N\{2™ : m € Ny},
let s(n) denote the unique pair (r, k)€ Ny x N such that & is odd and n = 2"k.
Now, consider the ordering < on the set of positive integers N as follows: for

a,b € N, define a < b if one of the following conditions holds:

(i) a e N\ {2":m € Ny} and b € {2™ : m € Ny}.
(ii) a,b € N\ {2™:m € Ny} with s(a) < s(b).

(iii) a,b € {2™:m € Ny } with a > b.
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That is,

3<5=<T7T=<9<...

<2X3<2XH=<2XT=<...

<2"Xx3=<2"XxH=<2"xXT=<...

=222 2221

With this ordering, the set of all positive integers forms a swo set. This ordering
plays an important role in the study of discrete dynamical systems and is known

as Sharkovsky’s ordering [14,16].

Example 2.2.3. The ordering on the set of all integers Z defined as

0<1<2<3< <+ <—=3<—-2< —11is asemi-well ordering.

For a swo set (X, <) with z,y € X such that x # y, the subset {z, y} has
either a least element or a greatest element. Therefore, either z < y or y < x.
Hence, (X, <) is a chain. Moreover, any subset of X is itself a swo set under

the order inherited from X.
Remark A swo set is partially well ordered if and only if it is well ordered. Thus,
the classes of partially well ordered sets and swo sets are two distinct extensions

of the class of well ordered sets, whose intersection coincides with the class of

well ordered sets.

It is straightforward to verify that a linearly ordered set that is order-isomorphic
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to a swo set is itself swo. Moreover, the order isomorphism between two order

isomorphic swo sets is unique.

The following two theorems, due to Ramachandran [60,61], provide two char-

acterizations of swo sets.

Theorem 2.2.5. [60] Let (X, <) be a poset. Then X is swo if and only if it
can be expressed in the form W + C, where W, <) is a well ordered set and

(C,<) is a co-well ordered set.

The set W is defined as W={z € X: x has no immediate predecessor or x
is the n'" successor of an element having no immediate predecessor} and C is

defined as its complement, C = X \ W.

Throughout this chapter, a swo set will be denoted by X =W + C.

Definition 2.2.6. A poset (X, <) is said to be rigid [60] if identity map
is the only order isomorphism from X onto itself. Furthermore, it is said to be

hereditarily rigid if every subset of X is rigid.
Theorem 2.2.7. [60,61] A poset is swo if and only if it is hereditarily rigid.

Remark While a well ordered set is not order isomorphic to any of its initial
segment and a co-well ordered set is not order isomorphic to any of its terminal
segments, a swo set can be order isomorphic to one of its initial or terminal
segments. For example, let X = {...,-3,-2,—1,0} and X’ = {0,1,2,...}.
Then the initial segment X0 = {..., -3, -2, —1} is order isomorphic to X and

the terminal segment 0X’ = {1,2,3,...} is order isomorphic to X'.
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The following theorem provides an additional characterization for swo sets.

Theorem 2.2.9. A linearly ordered set is swo if and only if it does not embed

w* + w, where w is the first infinite ordinal and w* denotes the dual of w.

Proof. Let (X, <) be chain and suppose that X is swo. Then X=W + C. Now,
assume the contrary that X embeds w* + w; that is, X contains a subset of
the form C' + D, where C' is a strictly decreasing sequence and D is a strictly
increasing sequence. Since C' has no least element, it must be entirely contained
in C. Therefore, C' + D is contained in C. Consequently, C contains a strictly
increasing sequence D, which contradicts the definition of a co-well ordered set.
Hence, no such subset exists.

Conversely, suppose that X does not embed w* + w; that is, it contains no
subset of the form C'+ D. Assume that X is not swo. Then there exists a non-
empty subset A C X that has neither a least element nor a greatest element.
Let g € A. Since A has no least element, there exists x_; € A with z_; < xy.
Similarly, as x_; is not the least element, there exists z_, € A with z_5 < x_1.
Continuing in this way, we obtain a strictly decreasing sequence C' = {..., x_s,
x_1, v} € A. Likewise, since xg is not the greatest element of A, there exists
x1 € A such that o < x; and again x; is not the greatest element, so there
exists o € A with x1 < x5 and so on. This yields a strictly increasing sequence
D" = {zy, x9, x3, ...} C A. Thus, the set C' + D’ is a subset of X of the form
C + D, with C strictly decreasing and D strictly increasing-contradicting the

assumption. Hence, X is semi-well ordered. O
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Theorem 2.2.10. A swo set (X =W +C, <) is complete if and only if W has

a greatest element.

Proof. Suppose that (X =W + C, <) is complete. If C is empty, then X is well
ordered and therefore has a greatest element. Now, suppose C is non-empty. If
W is empty, then C = (S(«))* for some limit ordinal «, where (S(«))* denotes
the dual of (S(«)). In this case, X=(S(«))*, which contradicts the completeness
of X. Therefore, YW must be non-empty whenever C is non-empty. Hence, C has
lower bounds by elements of W. If these lower bounds have a supremum, then

this supremum must belong to VW and is the greatest element of W.

Conversely, suppose that WV has a greatest element. If C is empty, then W is
well ordered and hence X is complete. Now suppose that C is non-empty. Let
Y be a non-empty subset of X that is bounded above. Then Y = A + B, where
ACW and B CC. If B is empty, then A C W has a least upper bound in W,
since W is well ordered with a greatest element. If B is non-empty, then B has
a greatest element, which is the least upper bound of Y = A + B. Therefore, X

is complete. O

Theorem 2.2.11. Consider the following two statements:

(i) Every set can be endowed with a semi-well ordering.

(ii) Every set can be well ordered.

These two statements are equivalent.
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Proof. Suppose that (i) holds. Let X be any set. Then by (i), there exists a semi-
well ordering < on X. By Theorem 2.2.5, X can be expressed as X = W + C,
where (W, <) is well ordered and (C, <) is co-well ordered. If C is empty, then X
is well ordered. Otherwise, since (C, <) is co-well ordered, the reverse ordering
(C, >) is well ordered. Define a relation on X by < U > U{(z, y): = € W,
y € C}. This relation defines a well ordering on X. Hence, any set can be well

ordered.

Since every well ordered set is swo, the converse follows. O

Remark Statement (ii) is the well known Well ordering theorem. Accordingly,
we refer to statement (7) as the Semi-Well ordering theorem. Hence, the Axiom

of Choice and the Semi-Well ordering theorem are equivalent.

Let X; and X, be two disjoint swo sets, where X; = W; + C; and X, =
Wo +Cy. Since W; + W, is well ordered and Cy + C; is co-well ordered, we define
the relation on X; U Xy as (W; + Wh)+(Cy + C1). Equipped with this relation,
X1 U Xy is clearly swo. As a generalization, let I be a well ordered indexed set
and {X; = W, +C;: i € I} be a disjoint collection of swo sets. Consider the
relation <* on U X; defined by (W; + W;)+(C; + C;) for i < j.

i€l

For example, if I is the set of positive integers with the usual ordering, then

the relation on oLj X; can be depicted as (W + Wa+- -+ )+(- - - +Co + C1).
=1

1=

Theorem 2.2.13. Let I be a well ordered indexed set. If {X;: i € I} is a disjoint

collection of swo sets, then the union U X; is swo under the relation <*.
i€l
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2.3. Order Ideals of Semi-Well Ordered Sets

2.3 Order Ideals of Semi-Well Ordered Sets

In this section, we examine the order ideals of a swo set. A subset A of a poset
(X, <) is called an order ideal (or an initial segment) [72] of X if, for every
y € A, x <y implies z € A. Let I(X) denote the set of all order ideals of X.
Clearly, I(X) contains both the empty set () and the entire set X. Moreover,

I(X) forms a complete lattice under set inclusion.

It is known that if X is well ordered, then I(X) contains no strictly decreasing

sequence [72]. We now establish the dual result:

Proposition 2.3.1. If (X, <) is co-well ordered set, then I(X) contains no

strictly increasing sequence.

Proof. Suppose, for contradiction, that I(X) contains a strictly increasing se-
quence {A, : n € N}. Since the sequence is strictly increasing, for each n, we
can choose an element a, € A,y \ A,. Consider the set A = {a, : n € N}.
Clearly, A is a non-empty subset of X and since X is co-well ordered, A must
have a greatest element, say a;. Thus, a, < a; for all n. In particular, a;1; < aj;,
SO aj+1 € Aji1 because Aj;; is an order ideal. However, according to the con-
struction, a;+1 € Ajio \ Aj1, which is a contradiction. Hence, I(X) cannot

contain a strictly increasing sequence. O]

Remark The collection 1(X) of order ideals of a semi-well ordered set X can
contain a strictly increasing sequence or a strictly decreasing sequence. For ex-
ample, consider the set of positive integers N under the usual ordering. Then

the sequence of order ideals {{1}, {1,2}, {1,2,3}, ...} is a strictly increasing.
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2.3. Order Ideals of Semi-Well Ordered Sets

Similarly, consider the set of negative integers under the usual ordering. The
sequence {{...,—-3,-2,—1},{ ..., =3,-2}, {...,—4,-3}, ...} is a strictly de-

creasing sequence of order ideals.

Lemma 2.3.3. Suppose that (X, <) is a well ordered set. Then the order ideal of
X are precisely O, X and the initial segments of the form Xz ={y € X 1y < x},

where x € X.

Proof. Tt is clear that both () and X are order ideals of X. Let W be a non-
empty, non-trivial order ideal of X. Then the complement X \ W is a non-empty
subset of X and since X is well ordered, X \ W has a least element, say a. We
claim that W = Xa. To verify this, let y € W. If y ¢ Xa, then a < y and
since W is an order ideal, it would follow that a € W, which is a contradiction.
Hence, y € Xa and thus W C Xa. Again, let + € Xa. Then x < a, which
implies x ¢ X \ W, so x € W. Therefore, Xa C W. It follows that W = Xa.
Thus, every non-empty, non-trivial order ideals of X is of the form Xz, for some

e X. ]

Lemma 2.3.4. The order ideals of a co-well ordered set (X, <) are precisely (),

X and the sets of the form Xz U {x}, where x € X and Xz ={y € X 1y < z}.

Proof. Clearly, both ) and X are order ideals of X. Let W be a non-empty,
proper order ideal of X. Since X is co-well ordered, W has a greatest element,
say a. We claim that W = Xa U {a}. If y € Xa, then y < a and since W is

an order ideal and a € W, it follows that y € W. Hence, Xa U {a} C W. Now,
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2.3. Order Ideals of Semi-Well Ordered Sets

let + € W. Since a is the greatest element of W, we have x < a. Therefore,
r € XaU{a} and so W C Xa U {a}. Thus, W = Xa U {a}, completing the

proof. ]

Theorem 2.3.5. Let (X, <) be a swo set such that X = W + C, where C is
non-empty. Then the order ideals of X are precisely: O, X, W, Xa for a € W

and XbU{b} forbeC.

Proof. Let A be a non-empty, proper order ideal of X. If A C W, then by
Lemma 2.3.3, either A = Xa for some a € W or A = W. Suppose now that A
is not entirely contained in WW. Then A = W U A’, where A’ C C and A’ is an
order ideal of C. Since C is co-well ordered and non-empty, Lemma 2.3.4 implies
that either A’ =C or A’ =CbU {b} for b € C. Then A= X or A= XbU{b} for

some b € C. O

Theorem 2.3.6. If (X, <) is a swo set, then I[(X), the collection of order ideals

of X, is itself swo under the usual set inclusion.

Proof. Let (X, <) be a non-empty swo set, where X =W + C. We consider the

following three cases:

(i) W is non-empty and C is empty.
In this case, X is well ordered and by Lemma 2.3.3, I(X)={X, 0}U{Xz;
x € X}. Let A be a non-empty subset of /(X)) with more than on element.

If ) € A, then () is the least element of A. If ) ¢ A, then Xa, where a is the
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2.3. Order Ideals of Semi-Well Ordered Sets

(iii)

least element of {z € X: Xz € A}, is the least element of A. Hence, every
non-empty subset of 7(X) has a least element, which implies that I(X) is

well ordered.

C is non-empty and W is empty.

Then X is an infinite co-well ordered set and by Lemma 2.3.4, I(X)={0,
XIU{XzU{z}; z € X}. Let A be a non-empty subset of /(X) containing
more than one element. If X € A, then X is the greatest element of A.
If X ¢ A, then Xa U {a}, where a is the greatest element of {x € X:
Xz U{z} € A}, is the greatest element of A. Hence, [(X) is co-well

ordered.

Both C and W are non-empty.

In this case, using Theorem 2.3.5, we have: I(X)={X, 0, W}U{Xz: x €
WHU{ Xz U {x}: = € C}. Let A be a non-empty subset of I(X). If ()
or X belongs to A, then they are the least and the greatest element of
A, respectively. Suppose A contains neither () nor X but contains only
elements of the form Xx or W, where x € W. Then, Xa is the least
element of A, where a is the least element of {x € X: Xz € A}. On the
other hand, if A does not contain () and X but contains elements of the
form XbU {b} for b € C, then Xy U {y}, where y is the greatest element
of {b € X: XbU {b} € A}, is the greatest element of A. Therefore, A has

either a least element or a greatest element and so I(X) is swo.
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In all the cases, every non-empty subset of I(X) has either a least element or a

greatest element. Therefore, I(X) is swo under the usual set inclusion. O]

Theorem 2.3.7. Let (X, <) be a swo set such that X = W+C. If f: X — Y is

an order isomorphism and Y € I(X), then either f(X) = X or f(X) = XcU{c}

for some ¢ € C.

Proof. Clearly, if X = (), then f()) = 0 and the result holds trivially. Now,

suppose X is non-empty. We consider the following three cases:

(i)

(iii)

X =W.
In this case, X is well ordered and I(X)={X, 0}U{Xx: = € X}. Tt is
known that a well ordered set is not order isomorphic to any of its initial

segments. Hence, f(X) = X.

X =C.
Here, X is an infinite co-well ordered set and I(X)={X, 0}U{Xz U {z}:

x € X}. Then clearly, f(X)= X or f(X) = XcU{c}; ceC.

X =W +C, with both W and C non-empty.

In this case, [(X)={X, 0, W}U{Xz: x € WIU{XyU {y}: y € C}. We
now show that f(X) =W and f(X) = Xz for any x € W are not possible.
For it, suppose, for contradiction, that f(X) = W. Now consider f(W).
Let x € f(W) and y < x, since W is an order ideal of X and f~! is

order preserving, y € f(W). Therefore, f(W) is an order ideal of X and
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fOW) € W. Thus, f(W) = W. However, this contradicts the fact that
C#0.

Suppose now that f(X) = Xz for some z € W. Let z € f(W) and y < z.
Since f is an order isomorphism and W is an order ideal, y € f(W). So,
f(W) is an order ideal of X and f(W) C Xz. Therefore, f(W) = X, for
some 7 < x and x; € W, a contradiction. Hence, the only possibilities of

f(X)are: f(X)=X or f(X)= XcU{c} for some ¢ € C.

2.4 Semi-Ordinals

In this section, we introduce the concept of semi-ordinals, which generalize both
ordinals and co-ordinals. The order type of a co-well ordered set is called a co-
ordinal number or simply a co-ordinal . Recall that if (X, <) is a co-well ordered
set, then its dual (X, >) is well ordered. Accordingly, we denote a co-ordinal as

£*, where [ is an ordinal.

The order type of a swo set is referred to as a semi-ordinal number or simply
a semi-ordinal. Since any chain that is order isomorphic to a swo set is itself
swo, every representative of a semi-ordinal is a swo set. Thus, the class of semi-

ordinals properly extends both the class of ordinals and the class of co-ordinals.

We now present a canonical representation of semi-ordinals. For each swo set
(X = W+, <) we associate the ordered pair (o, 5*), where « is the order type
of W and f* is the order type of C. In this representation, [ is either 0 or a
limit ordinal and this representation of a semi-ordinal is unique. Moreover, the

class of all semi-ordinals can be viewed as the Cartesian product of the class of
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all ordinals with the class of all limit co-ordinals.

For ordinals o and s, oy < s [68] if and only if there exist well ordered
sets Ay and Ay, having order types a; and ay respectively, such that A; is order
isomorphic to an initial segment of A,. Similarly, for co-ordinals S; and f;,
we define 5] < (35 if and only if there exist co-well ordered sets B; and Bs, of
order type 7 and /35 respectively, such that B, is order isomorphic to a terminal
segment of Bs. It follows directly that, for any two ordinals a; and as, we
have a; < ay if and only if o] < oj. Based on this, we define an ordering on
semi-ordinals as follows: for semi-ordinals (aq, 87) and (a9, £3), we write (a,

ﬁik)<(062, B;) if and only if 51 < Py or f1 = By and a1 < ap.

Now let A be a set of semi-ordinals. Then (A, <) forms a poset, where for
any z,y € A, we define x < y if and only if x < y or x = y. Since any two

ordinals are comparable, (A, <) is a chain.

Theorem 2.4.1. Let A be any set of semi-ordinals. Then (A, <) is well ordered.

Proof. Let A’ be a non-empty subset of A. Then A'={(«;, 8f): i € I}, where [
is some indexed set. Now consider the set {f;: i € I'}. Since any set ordinals is
well ordered, this set has a least element, say 5. Let a be the least element of

the set {«; : (a4, ) € A’}. Then, («, 5*) is the least element of A’. Hence, (A,

<) is well ordered. O

Proposition 2.4.2. For any given semi-ordinal, there exists a semi-ordinal that

is strictly greater than the given one.

Proof. Let (a, *) be the given semi-ordinal. Since f§ is a limit ordinal, there
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exists a limit ordinal ' such that 8 < f’. Thus («, 8*)<(«, (5')*). ]

A semi-ordinal other than (0, 0) is said to be a limit semi-ordinal if it has no
immediate predecessor under the semi-ordinal ordering. All other semi-ordinals

are called a non-limit semi-ordinal.

2.4.1 Arithmetic of Semi-Ordinals

In this section, we define the arithmetic operations on semi-ordinals and explore

their properties.

1. Sum of two semi-ordinals: Let (aq, 1) and (ag, 55) be two semi-ordinals.

The sum of these two semi-ordinals is defined as: (ay, 87) + (ag, 55) =

(a1 + ag, (B1 + B2)%).

2. Product of two semi-ordinals: The product of two semi-ordinals (ay, f57)

and (g, 33) is defined as: (ay, 87)-(aq, B5)=(a1 - az, (B - B2)*).

Remark The sum and product of two semi-ordinals are not commutative, since

those of ordinals are not.

Let I be a well ordered indexed set and let {(«a;, 57): @ € I} be a collection
of semi-ordinals. Suppose (X;, <;) is a swo set of order type (o, 57) for each
i € I. Then {X; x {i}: i € I} is a well ordered collection of disjoint swo sets.
By Theorem 2.2.13, the union ‘UI X; x {i} is itself a swo set. This motivates the
following definition. N

Definition 2.4.4. Let I be a well ordered indexed set and let {(o, }) :

i € I} be a collection of semi-ordinals, where (o, 5;) denotes the order type of
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a swo set X;. Then the sum Y (ay, () is defined as the order type of the swo
iel

set U X; x {i}.
i€l

Examples:

(a) 3 (w, w)=(w? (w*)*) and X (1,0)=(w, 0).

ieN 1eN
(b) 1%;1(0, w*)=(0, (w?)*) and Z%‘\T(w, 0)=(w?, 0).

Proposition 2.4.5. The following properties hold for semi-ordinals:

(i) Associative law for addition.

(ii) Associative law for multiplication.

(iii) Left distributive law.

Proof. Let (av, B7), (a2, 55) and (as, 53) be three semi-ordinals.

(i) We know that associative law for addition holds for ordinals. Now,

(1, 1) + (@2, 82)) + (a3, F3) = ((an + az), (Br + B2)") + (as, 53)
= (1 + a2) + a5, (B + B2) + 3)")
= (o1 + (a2 + as), (B + (B2 + F3))")
= (a1, 87) + (@2 + a3), (B2 + B3)")
= (o, 87) + (@2, B3) + (as, 5))

Thus, addition of semi-ordinals is associative.
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(ii) We know ordinal multiplication is associative. So,

(e, B7) - (a2, 53)) - (s, B3) = (- @), (By - B2)") - (as, B5)
= (a1 - az) - as, ((Br - Fa2) - B3)")
= (01 - (g~ as), (B~ (B2 £3))7)
= (o, B7) - (a2 - 3), (B2 - B5)")
= (o, A7) - ((az, 5) - (as, F3))

Thus semi-ordinal multiplication is associative.

(iii) The distribution law from the left holds for ordinals. So,

(a1, B7) - (o, B3) + (a3, B3)) = (au, BY) - (2 + @3), (B2 + B3)")
— (an - (a2 + a5), (B - (B + B5)"))
= (ar-az+ai-az, (B o+ B B3)7)
= (o1 - o, (B1 - B2)") + (o - as, (B - B3)7)
= (a1, 87) - (@2, 83)) + (a1, B7) - (3, 53))

Hence, left distributive law holds for semi-ordinals.
]

Remark It is known that the right distributive law, as well as right cancellation
for both addition and multiplication, do not hold for ordinals. Therefore, these

properties are also not satisfied by semi-ordinals.
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Proposition 2.4.7. Let (aq,57) and (az, 55) be semi-ordinals with (oo, B3) >

(0,0). Then (ax, B7) + (a2, B3) > (aa, B7).

Proof. The condition (ag,33) > (0,0) implies that either 85 > 0 or S = 0
and ag > 0. If B > 0, then 8, + B2 > (1 and hence (ay,8]) + (a2, 55) =
(o + ag, (B1 + B2)*) > (aq,67). If B2 = 0 and ay > 0, then oy + ay > «; and

hence (v, 87) + (w2, B3) = (o + a2, 57) > (aq, 57). ]

Theorem 2.4.8. Let (v, B7), (a2, B3) and (as, B5) be three semi-ordinals.

Then:

(i) (a1, B7) < (o2, B3) if and only if (a3, B5) + (ar, B7) < (s, B5) + (a2, B3).

(i) If (as, B5) + (aa, B7)=(as, B3) + (@2, B3), then (on, B7)=(az, 55). [Left

cancellation law for addition]

Proof. (i) Suppose that (aq, 8]) < (a2, 5). Then f; < [y or f; = P2 and
a; < ag. If By < [y, then B3 + B2 < 3 + P2 and hence (ag, 55) + (aq,
BY) < (as, B3) + (a2, B3). If 1 = B2 and oy < ay, then B3+ B = B3+ 5o
and as + a1 < ag + ag. Therefore, in this case as well, (as, 5) + (a1,
A7) < (as, B3) + (a2, 53).
For the converse part, assume that (ag, 65) + (aq, 57) < (as, 55) + (a2, 53).
This implies (o3 + aq, (B3 + 51)*)) < (a3 + a2, (B85 + B2)*)). Therefore,

Bs+ 1 < B3+ Pror fs+ 5 = B3+ [ and az + a; < ag + ap. If

39



2.4. Semi-Ordinals

B3+ B1 < B3+ B, then By < By and (ay, B) < (o, B5). If B3+ 51 = B3+ B2

and a3 + a1 < az + g, then B = Py and ag < as. So, (a1, B7) < (a2, 535).

(77) Suppose (as, B3) + (a1, B7) = (as, B5) + (a2, £3). Then, this implies

(as+aq, (B3+51)")) = (s +az, (B3 +B2)")). Therefore, az+a; = az+as
and O3 + 1 = (3 + [2. Since the left cancellation law holds for ordinal

addition, oy = ay and f; = . Thus, (aq, f7)=(as, 55).
O]

Remark The following are some properties satisfied by ordinals but do not hold

in general for semi-ordinals:

(4)

(iid)

For ordinals aq, as and ag, with oy < as and a3 > 0, it holds that as-a; <
as - ap. However, this property does not necessarily hold for semi-ordinals.
For example, consider the semi-ordinals (1,w*), (2,w*) and (0,w*). Here,
(1,w") < (2,w*) and (0,w*) > (0,0), but (0,w*) - (1,w*) £ (0,w*) - (2,w").
Similarly, although (2,w*) < (1,w2*) and (w,0) > (0,0), we have (w,0) -
(2,w") £ (w,0) - (1,w2").

For ordinals o, ap and as, if az-aq < ag- s, then a; < as. However, this

is not necessarily true for semi-ordinals. For example, (2,0) - (w, (w2)*) <

(2,0) - (w2,w*), but (w, (w2)*) £ (W2,w").

For ordinals a1, s and ag, if as - a1 = az - ay and as > 0, then o =
a. However, this property does not hold for semi-ordinals. For example,

consider the semi-ordinals (0,w*), (2,w*), (2, (w2)*) and (2,0). We have

40



2.4. Semi-Ordinals

(0,w*) - (2,w*) = (0,w*) - (0,w*) with (0,w*) > (0,0), yet (2,w*) # (0,w*).
Similarly, (2,0)-(2,w*) = (2,0)- (2, (w2)*) and (2,0) > (0,0), but (2,w*) #

(2, (w2)7).

(1v) For ordinals a, ae and ag, if o - a3 = ay - a3 and a3 is a non-limit ordinal,
then a; = ay. However, this property does not hold for semi-ordinals. For
example, (w, (w2)*)-(1,0) = (w,w*)-(1,0), where (1,0) is a non-limit semi-
ordinal, yet (w, (w2)*) # (w,w*). Similarly, (w, (w2)*) - (1,w*) = (w,w*) -
(1,w*), where (1,w*) is also a non-limit semi-ordinal, but (w,(w2)*) #

(w, w*).

Theorem 2.4.10. Let (aq, 57), (aa, B3) and (a3, B5) be semi-ordinals. Then

the following hold:

(i) If (a1, B7) < (az2, B3) and ag > 0, B3 > 0, then (g, 55) - (aq, B7) < (as,
ﬁ;) ’ <a27 ﬁ;) A1507 Zf <a37 ﬁ;) ' (Oél, BT) < (043, 5;’:) ’ (OQ) 55) and ﬁ3 > 07

then (ala Bik) < (QQ; B;)

(i1) If (s, B3) - (a1, BY) = (as, B3) - (a2, B3) and az > 0, B3 > 0, then (aq,

BY) = (az, B3).

(131) If (v, B3) - (a3, 0)=(aq, 55) - (as, 0) and asz is a non-limit ordinal, then
(ah 65):(0427 ﬁ;)

Proof. (i) Suppose that (a1, 87)<(ag, f5) and ag > 0, 3 > 0. Then either
i < Bpor B = B and ay < ap. If B1 < By, then B3 - 51 < B3 fa.
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(iid)

Therefore, (a3, f5)-(on, B7)<(as, 55)-(az, 7). If fi = B2 and ay < aa,
then -1 = fBs- B2 and as- 1 < as- ay. Thus, again, (ag, 53) - (o, ) =
(as - an, (B5.81)") < (a3 - a2, (B3.82)") = (a3, B5) - (02, B3).

Now, suppose that (ag, 83)-(a1, 8f)<(as, B3)-(a2, B;) and B3 > 0. Then
cither Bs- 8, < fBs-Ba or B5-f1 = Bs-Bo and gy < aig-ag. If B~ By < fB3-fo,
then B < fBs. Therefore, (o, B)<(az, B5). If B3+ B = B3 B and

az- a1 < asz- g, then §; = By and ay < ag, hence again (ay, f7)<(ag, 53).

Suppose (a3, 3)- (a1, 57)=(as, B3)- (a2, 5) with az > 0 and 5 > 0. Then,
by the definition of multiplication on semi-ordinals, (as - aq, (83 - 51)*)=
(az -, (B3 F2)*). This equality implies that ag- a3 = ag-ag and B3 - 51 =
B3+ Ba. Since ag > 0 and 3 > 0, by the left cancellation law for ordinals,

it follows that ay=cas and f1=[;. Hence, (a1, ;) = (aw, 53).

Suppose (a1, 53) - (a3,0) = (ag,55) - (ag,0). By the definition of mul-
tiplication on semi-ordinals, this implies (g - a3,0) = (ag - @3,0). Thus,
Q1 - 3= - (i3, where 3 is a non-limit ordinal. By the property of ordinals,

it follows that ay=caws. Therefore, (ay, 85)=(cs, £3).
[

Remark It is known that for any ordinals a; and as with aq < aq, there exists

a unique ordinal a3 > 0 such that a; + a3 = as. However, this property does

not hold in the case of semi-ordinals. For example, consider the semi-ordinals

(w,w*) and (1, (w2)*). Clearly, (w,w*) < (1, (w2)*), but there exists no semi-

ordinal (a, 5*) such that (w,w*) + (a, 5*) = (1, (w2)*). The following theorem
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presents a specific case in which this property holds for semi-ordinals.

Theorem 2.4.12. Let (ay, 57) and (g, 53) be two semi-ordinals such that oy <
ay and By < PBo. Then, there exists a unique semi-ordinal (as, 55) with ag > 0

and 63 > 0 such that (abﬁf) + (0537B§) = <a2755)‘

Proof. Since a; < s and 1 < (39, there exist unique ordinals ag > 0 and 83 > 0
such that a; + a3 = ay and 81 + 53 = fa. Hence, (a1, 57) + (as, 55)= (g, £3).
Since ag and f3 are uniquely determined, the semi-ordinal (a3, 5%) is uniquely

defined and satisfies the required condition. ]

Theorem 2.4.13. In the class of all semi-ordinals, every set of semi-ordinals

has a least upper bound.

Proof. Let I' denote the class of all semi-ordinals and let X = {(o, 5;) :i € I}
be a set of semi-ordinals, where [ is an index set. Define Y={p;: i € I}. Then
Y is a set of ordinals and hence it has a least upper bound, say 5. Now, this
£ may or may not belong to Y. If § € Y, then consider the set Z = {a;: (ay,
p*) € X}. Since Z is a set of ordinals, it has a least upper bound, say «. Then,

(cr, B*) is the least upper bound of X. On the other hand, if 8 ¢ Y, then 3 is a

limit ordinal and (0, 8*) is the least upper bound of X. ]

43



Chapter

Topology on Semi-Well Ordered

Sets

In this chapter, we investigate the properties of order topology on
semi-well ordered sets. We demonstrate that these topological spaces are zero di-
mensional, strongly locally compact and totally disconnected. The isolated points
of a semi-well ordered set are identified and a characterization of compact semi-
well ordered sets, infinite homogeneous semi-well ordered sets and continuous
functions defined between semi-well ordered sets are provided. Several additional
properties of these topological spaces are also examined. Finally, we investigate

the dynamics of semi-ordinals.
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3.1 Introduction

In this chapter, we explore the properties of semi-well ordered set equipped
with the order topology. As every semi-well ordered set is linearly ordered,
such spaces are Hausdorff, completely normal [8] and Sober [38]. Furthermore,
Sreeja [66] established that semi-well ordered sets together with order topology

are both scattered and anti-rigid.

Building on these foundational results, the second section establishes addi-
tional properties of this topological space. We show that a semi-well ordered set
with the order topology is zero dimensional, totally disconnected and strongly
locally compact. We also identify and analyze the isolated points in such spaces.
Furthermore, we provide a detailed characterization of homogeneous and com-
pact semi-well ordered sets. Further properties of these topological spaces are

also explored in detail.

In the last section, we investigate the dynamics of semi-ordinals, in particular,
the dynamics of semi-well ordered sets of order type (w?, (w?)*). The motivation
for considering (w?, (w?)*), along with the key observations derived from our

findings, is discussed in detail.

Throughout this chapter, we often denote a semi-well ordered set by X =

W+C.

3.2 Topology on Semi-Well Ordered Sets

Here, we examine the properties of order topology on semi-well ordered sets.

Theorem 3.2.1. Let (X, <) be a swo set and let Y C X. Then the order

topology on'Y is a subset of the relative topology on'Y inherited from X.
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3.2. Topology on Semi-Well Ordered Sets

Proof. Let .7 and Z denote the order topology and the relative topology on Y,
respectively. If X is well ordered or co-well ordered, then clearly 7 C 2. Now
suppose that X is neither well ordered nor co-well ordered. Then X has both a
least element and a greatest element, denoted by xy and y,, respectively. Given
Y C X, suppose Y has a least element, say a. Then any interval of the form
[a,y), where y € Y and y # a is a basis element of .7. Now, [a,y) = [x¢,y)NY, so
[a,y) € 2. Also, if (x,y) € T forz,y € Y, then (z,y) = (z,y)NY, so (x,y) € Z.
Again, if Y has a greatest element, say b, then the intervals of the form (z,b],
where z € Y and x # b are basis elements of 7. Also, (x,b] = (z,y] NY, so
(x,b] € 2. Since all the basis elements of & are elements of .7, it follows that

T C 9. ]

Remark By Theorem 3.2.1, the order topology on Y is always a subset of the
subspace topology, but the two topologies need not coincide. For example, con-
sider the swo set with ordering 0 < 1 <2 < - <w<w+l<w+2<. .- <
W2 <w24+1< - <wd< - <wld< - <wh << < e < (w3)F <

< (W2f) < < (wH D) <wt < --- <28 < 17 < 0. The order type of this
swo set is (w?, (w?)*). Let Y = {w+ 1} 4+ {--+ < 2* < 1* < 0*}, with the order
inherited from X. Here, the set {w + 1} =(w, w+ 2)NY is open in the subspace

topology on Y, but it is not open in the order topology on Y.

Since every swo set is linearly ordered, the following result follows directly

from Theorem 4 in [9].

Theorem 3.2.3. Let (X, <) be a swo set and let Y C X. Then the order
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3.2. Topology on Semi-Well Ordered Sets

topology on Y is equivalent to the relative topology on Y (inherited from X ) if
and only if, for anyy € Y and x € X \Y, there exists an element a € Y between
x andy orify < z, then the set {k € Y : x < k} has a least element or if x < y,

then the set {k € Y : k < x} has a greatest element.

Corollary 3.2.4. Let X = W+C be a swo set, where W has no greatest element.
LetY be a non-empty swo set. Then X +Y is a swo set and the subspace topology

on X, viewed as a subspace of X +Y, is equivalent to the order topology on X.

Proof. Let Y = W; + C;, where W is well ordered and C; is co-well ordered.
Then X +Y = (W+W;)+ (C1 +C). Now, forany x € X andy € (X +Y)\ X
there exists an element between = and y, since W has no greatest element. Hence,

by Theorem 3.2.3, the corollary follows. ]

The following lemma is used in establishing subsequent theorems.

Lemma 3.2.5. Let (X, <) be a swo set, where X = W+C and WV is non-empty.

Then:

(¢) If x € W, where x is neither the least nor the greatest element of W and I
is an open set containing x, then there exists an open set in X of the form

(y, x] such thaty € A and z € (y,x] C I.

(17) If y € C, where y is not the greatest element of C and I is an open set
containing y, then there exists an open set in X of the form |y, z) such

that z € C and y € [y,z) C 1.
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Proof. (i) Let xy be the least element of X and let x € W. Then, we

have the following:

(a) If x € [zg,y), then x €(zo, x]C[xg, V).

(b) If = €(y1, y2), then = €(y1, ] (y1, ya).

(c) If X has a greatest element, say yo and x €(y, 3|, then
z €(y, =]S(y, vo-

(77) Let yo be the greatest element of X. Then:

(a) If y €(z, yo], then y € [y, yo) (=, yo-
(b) If y €(z1, x2), then y € [y, x2)C (x4, x2).

(c) If y €[z, x), then = € [y, z) Clzo, x).

The last element of a well ordered set, if it exists, may be either isolated or
non-isolated. Moreover, this last element is isolated if and only if it has an imme-
diate predecessor. For example, in the well ordered set S(w+ 1), the last element
w is non-isolated, whereas in the well ordered set S(w +2), the last element w+1
is an isolated point. The following theorem provides a characterization of the

isolated points of a semi-well ordered set.

Theorem 3.2.6. Let (X = W +C, <) be a swo set, where W has no greatest
element. Then the isolated points of X are precisely those elements that include
the least element of W (if it exists), the greatest element of C (if it exists), the
elements of VW that have an immediate predecessor and the elements of C that

have an immediate successor.
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3.2. Topology on Semi-Well Ordered Sets

Proof. We prove the theorem by considering different cases separately.

(4)

(iid)

Suppose W is non-empty and C is empty.

Let g be the least element of X. Since {x¢} is open in X, x¢ is an isolated
point. Let x # xg be an element of X with an immediate predecessor, say
x_1. Then, {z}=(x_1,21) is an open set in X, where z; is the immediate
successor of x. Hence, x is also an isolated point. On the other hand, if
Yy # xo is an element of X with no immediate predecessor, then by Lemma
3.2.5 any open set containing y contains subsets of the form (a, y], where

a < y. Therefore, y is not an isolated point.

Suppose W is empty and C is non-empty,

Let yo be the greatest element of X. Clearly, {yo} is open in X, so yo is an
isolated point. If y # 1o is an element of X with an immediate successor,
then {y}=(y_1, y1), where y_; and g, are the immediate predecessor and
immediate successor of y, respectively. Thus, y is an isolated point. If
T # 7o is an element of X with no immediate successor, then by Lemma
3.2.5 every open set containing x contains a subset of the form [z, a), where

x < a. Hence, x is not an isolated point.

Suppose both W and C are non-empty.
In this case, X has both a greatest element and a least element. Let these
be yo and xo, respectively. Clearly, {zo} and {yo} are open in X, so both

xo and gy are isolated points. Let x # xy be an element of W with no
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immediate predecessor. Then, by Lemma 3.2.5, x is not an isolated point.
However, if x has an immediate predecessor, then x is an isolated point.
Similarly, if y # yo is an element of C with an immediate successor, then
y is an isolated point. If y has no immediate successor, then by Lemma

3.2.5, y is not an isolated point of X. d

Remark If (X =W + C, <) is a swo set in which W has a greatest element,

say w and C is non-empty, then w is not an isolated point of X.

Proposition 3.2.8. If (X =W +C, <) is a swo set where YW has no greatest

element, then both W and C are open in X.

Proof. Let x € W. If x is the least element of W, then {x} is an open set in X
and is contained in W. If x is not the least element of W, then (y, z|, where
y € VW is an open set in X containing x contained in WW. Therefore, WV is open

in X. Similarly, we can prove that C is open in X. ]

If W has the greatest element, then ¥V need not be open in X. As an
illustration, consider the following example: Let X be a swo set with ordering
givenby 1 <2<3<---<0<---<-3<-2<—1. Then W=1{1,2,3,...,0}

and the complement of W is not closed in X. Thus, W is not open in X.

Recall that every linearly ordered set, together with the order topology, is

completely normal [8]. So, we have the following result.

Theorem 3.2.9. A semi-well ordered set, together with order topology, is com-

pletely normal.

50



3.2. Topology on Semi-Well Ordered Sets

Theorem 3.2.10. Let (X =W +C, <) be a non-empty swo set. Then X is

compact if and only if W has a greatest element.

Proof. Assume that X is compact. Suppose, for contradiction, that both YW and
C are non-empty and that ¥V has no greatest element. Let xq and yo denote
the least and greatest elements of X, respectively. Let U = {[xg,x) : € W}
and V' = {(y,yo] : y € C}. Then U UV is an open cover of X, where U covers
W and V covers C by open subsets of X. Since X is compact, this cover has a
finite sub-cover. Note that U and V consists of nested intervals. Therefore, there
exist [zg,2") € U and (v, 0] € V such that W = [z, 2’) and C = (/, yo]. Hence,
X = [zo,2")+ (¥, yo) and 2’ /' ¢ X, which is a contradiction. This contradiction

implies that ¥V must have a greatest element.

For the converse, assume that W has a greatest element, say w. If C is empty,
then X = W, which is a well ordered set with a greatest element. Hence, X is
compact. Now suppose that C is non-empty. Let xy and yo denote the least and
greatest elements of X, respectively. Let % be an open cover of X consisting of

basic open sets. We then consider the following cases:

(i) The open set in % that contains w is a basic open set of the form (x,y),

where z € W and y € C.

Without loss of generality, assume that all elements of %, other than (x,y),
is of the form {zo}, {yo}, (z,2'] C W or [y,y') C C. Clearly,{{zo}, {v0},

(x,y)} is a subset of % . If x # g, let b_; = . Since x # x¢, there exists
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a_y € W such that (a_1, b_1]€ % . If a_; = zo, then the collection {{z},
(a_1, b_1], (z, y)} will cover W. If a_; # ¢, set a_; = b_5. Then, there
exists a_s € W such that (a_q, b_s]€ % and a_; €(a_q, b_s|. If a_9 = x,
then the argument is complete. If not, the process continues. Eventually,
for some n, a_,, = xy; otherwise, we would obtain a strictly decreasing
sequence {a_1, a_g, a_sz, --- } in W, which is not possible since W is well

ordered.

Similarly, if y # yo, let b = y. Then there exists a; € C with [by, a1)€ % . If
aj; = Yo, then the collection {{xo}, (z_1, y_1], -+, (T_n, y_al, (x, ¥), [y, Vo),
{yo}} is a finite subcover of % . If a; # yo, set a; = by. Then there exists
[by, as)€ % such that a; €[by, as) and a; < as. If ay = 19, we are done. If
not, the process continues. Eventually, for some m, a,, = yo; otherwise, the
sequence {aj, as, --- } would be a strictly increasing sequence in C, which
is not possible since C is co-well ordered. Therefore, {{zo}, (x_1, y_1], ...,

(T_ny Ynl, (2, y), [b1, a1), -, [bm, am), {¥o}} is a finite subcover of % .

(72) The open set in % that contains w is a basic open set of the form (z, o],

where x € W.

(7i1) The open set in % that contains w is a basic open set of the form [zg, y),

where y € C.

The cases (ii) and (7i7) can be proved similarly. Therefore, we obtain a finite

subcover of %7 and hence X is compact. ]
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Proposition 3.2.11. If (X = W+ C, <) is a swo set, then X is zero dimen-

stonal.

Proof. We consider the following cases:

(4)

(iid)

W is non-empty and C is empty.

Let xy be the least element of X. Then the collection {{zo}} U {(x,w] :

r,w € W,w # xy} forms a clopen basis for X.

W is empty and C is non-empty.

Let yo be the greatest element of C. Then the collection {{yo}} U {[y,c) :

y,c € C,y # yo} forms a clopen basis for X.

W is a non-empty set with no greatest element and C is non-empty.

Let z¢ and yo be the least and greatest elements of X, respectively. Then

the collection {{zo}} U{(x1,xs] : T1, 29 € W, 9 # 0} U {{wo}} U{[v1,v2) :

y1,Y2 € C, 41 # yo} forms a clopen basis for X.

W is a non-empty set with a greatest element, say a and C is non-empty.
If g = a, then the collection {[a,c) : ¢ € C} U {{yo}} U{[y1,92) : 1,92 €
C,y1 # yo} forms a clopen basis for X. If x # a, then {{zo}} U {(z1, 2] :

T, 29 € W, 2 # 20,22 # a} U {{yo}} U{ly1,%2) : v1,92 € C,1 # wo} U

{(wy,¢1) s wy €W, 1 € C,wy < a} forms a clopen basis for X.

In all cases, X admits a clopen basis. Therefore, X is zero dimensional. O
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Proposition 3.2.12. FEvery swo set is strongly locally compact.

Proof. Let (X = W+C, <) be a swo set. If C is empty, then X is a well ordered
set and hence it is strongly locally compact. Now suppose that C is non-empty.
If W has a greatest element, then by Theorem 3.2.10, X is compact. Therefore,
X is strongly locally compact in this case as well. Assume now that ¥V has no
greatest element. Let xy be the least element of W and let yo be the greatest
element of C. For the element zg, the singleton {z(} is an open set in X whose
closure is {z¢}, which is compact. For any x € W with x # x¢, the set (w, z],
where w € W, is a clopen neighbourhood of x that is compact. Similarly, if
y € C and y # yo, then [y, c), for some ¢ € C, is a clopen neighbourhood of y

that is compact. Hence, in all the cases, X is strongly locally compact. O

Remark Every strongly compact space is locally compact. Therefore, every swo

set is locally compact.

Theorem 3.2.14. Let (X,<) and (Y,<') be two swo sets. Let 7 denote the
interval topology on X XY and let & be the product of the interval topologies on

X andY. Then T C 9.

Proof. The sub-base elements of closed subsets of (X x Y, .7) are of the form,
K={(z,y):z <a,y < b}or K' ={(z,y) : a < z,b <" y}. The projection of
K onto X is m(K) = {x € X : x < a} and the projection onto Y is m(K) =
{z € X : 2z <'b}. Clearly, m(K) and mo(K) are closed in X and Y, respectively.
Moreover, K = 77! (71 (K)) Ny ' (m2(K)) and hence K is closed in (X x Y, 2),
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the product topology. Similarly, K’ is also closed in (X x Y, 2). Therefore,

T C 9. O

Remark Consider —N and N together with their usual ordering. Then —N x N|
together with the cardinal product order, forms a lattice. Moreover, under this
ordering, —N x N cannot be written as the union of two closed rays. Therefore,
on —N x N, the interval topology and the product of the interval topologies are

not equal [9]. Consequently, .7 # 2.

Theorem 3.2.16. Let X and Y be two swo sets, each having both a least and a

greatest element. Then T = 9.

Proof. If X and Y each have a least and a greatest element, then their cardinal

product X X Y also has both a least and a greatest element. Consequently,

T =219 O

We state the following theorem for an arbitrary poset:

Theorem 3.2.17. [73] Let X be a poset and T be the interval topology on it.

For a net {S,, : n € D} in X that converges to y, the following holds:

(i) If S, >y for alln € D, then y = g.l.b.(range(S,)).

(ii) If S, <y for alln € D, then y = lL.u.b.(range(S,)).

Proof. (i) Let A be the range set of {S, : n € D}. Suppose that y #

g.l.b.(range(S,)). Let P={z € X: x is an upper bound of A}. Since
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y # g.l.b.(range(S,)), y is not the least element of P. Hence, there exists
such that z £ y. Define Q = {x € X : z < z}. Clearly, y ¢ Q and A C Q.
Now, @ is closed and X \ @ is an open set containing y. Therefore, {S,}

is eventually in X \ @, which is a contradiction, since A C Q.

(ii) This can be proved similarly.
[

Theorem 3.2.18. Let (X, <) be a swo set where X =W +C and C # ¢. If

{Sn} is a net in X that converges to y € X, then:

(i) Ify € W andy is not the greatest element of W, then y = l.u.b.{range(S,) :

m < n} for some m € N.

(ii) If y € C, then y = g.l.b.{range(S,) : m < n} for some m € N.

Proof. (i) Let K={z € X: x < y}. Since y is not the greatest element of W,
K is an open set containing y. Hence, there exists m € N such that S, € K
for all n > m, that is, S,, <y for all n > m. By Theorem 3.2.17, it follows

that y = l.u.b.{range(S,) : n > m}.

(ii) Let Q={z € X : x > y}. Clearly, @ is open and contains y, so the net
{S,} is eventually in @). Therefore, by Theorem 3.2.17, there exists m € N

such that y = g.l.b.{range(S,) : n > m}.
]

Proposition 3.2.19. Let (X, <) be an infinite swo set where X = W+C. Then

X is homogeneous if and only if the least element of X (if it exists) has an
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immediate successor, the greatest element of X (if it exists) has an immediate
predecessor and every other element has both an immediate predecessor and an

immediate successor.

Proof. The sufficient part follows trivially, since under the given conditions, the

order topology on X coincides with the discrete topology.

For the necessary part, suppose that X has a least element ag with no imme-
diate successor. Then clearly, C is non-empty and contains an element b that has
both an immediate successor and an immediate predecessor. Consider a homeo-
morphism f : X — X such that f(ag) = b, which exists as X is homogeneous.
Since {b} is open in X, its preimage f~!({b}) = {ag} must also be open. How-
ever, {ag} is not open in X, which is a contradiction. Therefore, if X has a least
element, then it must have an immediate successor.

Again, suppose that X has a greatest element by with no immediate prede-
cessor. Then clearly by € W and C is empty. Since W is infinite, it contains an
element a that has both an immediate predecessor and an immediate successor.
Consider a homeomorphism g : X — X such that g(by) = a. Since {a} is open
in X, its preimage g~ '({a}) = {by} must also be open. However, {by} is not
open in X, leading to a contradiction.

Now, suppose that X contains an element x with neither an immediate pre-
decessor nor an immediate successor. Then x € W and C is non-empty. Con-
sequently C contains an element y that has both an immediate predecessor and

an immediate successor. Consider a homeomorphism h : X — X such that
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h(z) = y. Here, {y} is open in X and h=!({y}) = {z} is not open in X, which

is a contradiction. Hence, the proposition follows. O]

Hence, an infinite swo set is homogeneous if and only if the order topology

on it coincides with the discrete topology.

Proposition 3.2.20. Let (X, <) be a swo set. Then X is connected if and only

if it is a singleton or the empty set.

Proof. Let X = W+C, where W is well ordered and C is co-well ordered. Clearly,
if X is singleton or the empty set, then it is connected. Conversely, suppose that
X is connected. Assume, for contradiction, that X has more than one element.
Then C must be non-empty, since a well ordered set with more than one element
is totally connected. Let ¢ be the largest element of C and consider the singleton
set {c}. Note that, {c}=(c — 1,¢], so it is both open and closed in X. This

contradicts the assumption that X is connected. O
Remark A swo set with more than one element is totally disconnected.

Note For a chain (X, <), asubset Y C X is closed if and only if for every subset

A of Y with l.u.b.(A) = k or g.l.b.(A) = m, then k,m € Y.

Lemma 3.2.23. Let X and X' be two linearly ordered sets equipped with the
order topology. A function f : X — X' is continuous if and only if, for every
subset Y C X with l.u.b.(Y) =y (or g.l.b.(Y) = y), there exists a subset K C

f(Y) such that lu.b.(K) = f(y) or g.l.b.(K) = f(y).
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Proof. Suppose that f is continuous. Let Y C X with [.u.b.(Y) = y. Assume,
for the sake of contradiction, that f(y) is neither the [.u.b. nor the g.l.b. of any
subset of f(Y). Define the subsets C' = {f(z) € f(Y) : f(x) < f(y)} and
D ={f(z) e f(Y): f(z) > f(y)}. Since f(y) is not the least upper bound of
C, there exists an element ¢ € X' such that f(z) < ¢ < f(y) for all f(x) € C.
Similarly, since f(y) is not the greatest lower bound of D, there exists an element
d € X' such that f(x) > d > f(y) for all f(x) € D. The interval (¢, d) is an open
set in X’ containing f(y), but by construction, it contains no elements of f(Y").
Since f is continuous, the preimage f~!((c, d)) is an open set in X containing ¥,

but it contains no elements of Y, which contradicts the fact that l.u.b.(Y") = y.

Conversely, let C' be a closed subset of X’. We aim to show that A = f~1(C)
is closed in X. Suppose Y C A and y = lu.b.(Y) (or y = g.l.b.(Y)). By
assumption, there exists a subset £ C C' such that either l.u.b.(E) = f(y) or
g.l.b.(E) = f(y). Since C is closed, we have f(y) € C. Therefore, y € f~1(C) =
A. This shows that A is closed in X. Consequently, we conclude that f is

continuous. O

Theorem 3.2.24. Let X and X' be two linearly ordered sets equipped with the
order topology. Then every function f: X — X' is the point-wise limit of a net

of continuous functions from X to X'.

Proof. Let #(X) denote the set of all finite subsets of X. Then, .#(X) forms

a directed set under set inclusion. For an element x € X and a € A, where
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A e Z(X), we say that a is the A — middle of x if:

(i) z =a, or

(ii) z ¢ A and a < x and there is no b € A such that a < b < z, or

(iii) x ¢ A and @ > x and there is no b € A such that a > b > z.

Since X is a chain and A is finite, each element of X has an A — middle. Let
c € X' be fixed. For each A € .Z(X), we define a function fs: X — X' as

follows:

f(a), if x has precisely one A-middle, namely a,
falz) =

c, if x has more than one A-middle.

Let x € X and let A be any finite set containing z. Then, for all A; € #(X)
with A; D A, we have fa.(x) = f(z). Therefore, lim{fa(z),A € F(X)} = f(z).

Hence, f is the pointwise limit of the net of functions f4.

It now remains to prove that each f4 is continuous. For this, we use Lemma

3.2.23. To apply the lemma, let Y C X be a subset such that l.u.b.(Y) = y.

Case (i): Suppose that y has more that one A — middle. Since X is a
chain and Y C X, the set YV is directed. Let K = {z € Y: z has precisely
one A — middle}. Then K is not cofinal in Y. Suppose, for the sake of

contradiction, that K is cofinal in Y. Then K itself is a directed set. Define
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K,={r € K: aisan A — middle of x}. Then LGJA K, = K and since A is
finite, K, is cofinal in K for some a € A . Consequently, K, is cofinal in Y’
and lL.u.b.(K,) = y. Therefore, a is an A—middle of y. Now let b be another
A — middle of y. Then b should be incomparable with a, a contradiction.

So, K is not cofinal in Y. So, there exists an element 2’ € Y with & < 2/

for all k£ € K. Hence, for all z € Y with 2’ < x, fa(z) = c = fa(y).

Case (ii): Suppose that y has precisely one A — middle, say z'. Let L =
{r € Y: x has an A — middle other than z'}. Then L is not cofinal in Y.
Suppose, for the sake of contradiction, that it is. Let a # 2z’ and define
L,={z € L: aisan A —middle of x}. Then L, is cofinal in L for some
a € Aand a # 2. Hence, L, is cofinal in Y and so l.u.b.(L,) = y. This
implies that a is an A — middle of y, contradicting the assumption that y
has a unique A — middle z'. Therefore, [ is not cofinal in Y. Thus, there

exists an element z € Y with [ < z for all [ € L. Hence, for all x € Y with

x> z, we have fa(x) = f(a) = fa(y).

In a similar way, we can consider Y with y = ¢.0.b.(Y). Hence, f4 is continuous

for all A € #(X). O

A poset is referred to as order reversible [42] if every order preserving self

bijection on it is also an order isomorphism. Similarly, a topological space is

defined as topologically reversible [59] if every bijective continuous function on it

is a homeomorphism. Further details on reversibility can be found in [41,42,59].

Since every linearly ordered set is order reversible, every swo set is hereditar-
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ily order reversible. However, a swo need not be topologically reversible when

endowed with the order topology. The following example illustrates this:

Example 3.2.25. Let X = S(w2), where S(w2) denotes the collection of all
ordinals less than w2 under the usual ordinal ordering. Clearly, X is well ordered
and therefore swo. Now consider X endowed with the order topology. Define a
function f: X — X by: f(0) =0, f(w) =w, f(n) =2n, f(w+(2n—1)) =2n—1,
f(w+2n) = w+n forall n € N. It is straightforward to verify that f is a bijection
and continuous function. However, consider (0,w+ 1)C X; while this set is open
in the order topology on X, its image under fis f((0,w+1)) ={2,4,6,...}U{w},
which is not open in X. Therefore, f is not a homeomorphism and X is not

topologically reversible.

Remark It can be shown that any well ordered set whose order type is strictly

less than w2, when equipped with the order topology, is topologically reversible.

Let (X, 7) be a topological space. Then the relation on X defined by =z <z y

if and only if x € @ is a preorder on X. Now, we have the following theorem:

Theorem 3.2.27. Let (X,.7) be a topological space such that (X, <gz) is a swo

set. Then (X, .7) is hereditarily reversible.

Proof. Let f be a continuous bijective function on (X,.7). Then f is a bijec-
tive order preserving function on (X, <g). Since every chain is reversible, it
follows that f is an order isomorphism. Moreover, since (X, <gz) is a swo set

by Theorem 2.2.7, f must be the identity function. Therefore, f is a homeo-

62



3.3. Dynamics on Semi-Ordinals

morphism. Because every subset of a swo set is also swo, (X, 7) is hereditarily

reversible. O

3.3 Dynamics on Semi-Ordinals

In this section, we study the dynamics of semi-well ordered sets equipped with
the order topology. Throughout, by a semi-ordinal equipped with the order
topology we mean any semi-well ordered set of the given order type, endowed

with the order topology.

We first identify semi-ordinals for which there exists a homeomorphism f
whose P(f) is empty. Clearly, for every finite semi-ordinal, P(f) is never empty.
However, for (w, 0), we can easily construct a homeomorphism with P(f) =
(). For instance, let k : Z — (w,0) be a bijection, which exists since (w, 0)
is countable. Thus, (w, 0)={k(i) : i« € Z}. Define g : (w,0) — (w,0) by
g(z) = k(i + 1) whenever x = k(i). Then P(g) = (). We now have the following

proposition.

Proposition 3.3.1. There exists a self homeomorphism g on (W™, (W™)*), for

n,m € N, such that P(g) is empty.

Proof. We will first prove that there exists a self homeomorphism h on (w",0),

for n > 1, such that P(h) = (. Consider the semi-well ordered set S =

{1,2,3, .. w,w+], ..o w2, w3, W w2 w13 )

Clearly, the order type of S is (w",0).

Consider the subset K ={w"™1, w"™ 12, w13, ...} of S and define a function
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k : Z — K to be a bijection, which exists since K is countable. Thus, K =

(k(i) : i € Z}.

For each k(i) = w™ 'j, define the set {ky} = {w" 1(j—1)+1,1 <l <w" 1}
Clearly, U {K;}=S\ K. Now define h : (w",0) — (w",0) by h(k(i)) = k(i + 1)
i€z

and h(ky) = k@i+1y. Then h is a homeomorphism and P(h) = 0.

Now by gluing lemma, we can find a homeomorphism on g on (w", (W™)*)

such that P(g) is empty for all n,m € N . O

We now characterize the set of periodic points of continuous self-maps on a
semi-well ordered set of order type (w?, (w?)*), equipped with the order topol-
ogy. In [10,16], it was shown that a subset Y is the set of periodic points of a
continuous self-map on w? if and only if Y \ Y is either empty or infinite. We

can extend this result to the space (w?, (w?)*).

From here onwards in this section, let X denote a semi-well ordered set of
order type (w?, (w?)*), equipped with the order topology. For any topological
space Y, let Yy denote the set of all isolated points of Y and let Y1 = Y \ Yq
denote the set of all non-isolated points of Y. Note that no sequence of distinct
elements in X converges in X; and that (w?, (w?)*) is the largest semi-ordinal

with this property.

In [10, 16], the following proposition is established for w?; by an application
of the gluing lemma, this result extends to (w?, (w?)*). For completeness, we

present a detailed proof for this extension.

Proposition 3.3.2. Let K C N. Then there exists a self-homeomorphism f on

X such that the set of periodic points P(f) equals Xy and the set of periods of f
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is K if and only if K is infinite.

Proof. Suppose there exists a self-homeomorphism f : X — X such that P(f) =
Xy and the set of periods of f is K. Assume, for the sake of contradiction,
that K is finite. Let m = l.eem{n € K}. Then f™(z) = x for all x € X,.
Suppose y € X; and let {y;} be a sequence in X, converging to y. Since f™ is a
homeomorphism, the sequence {f™(y;)} converges to f™(y). But f™(y;) = y; for
all ¢ € N. Therefore, f™(y) = y, which contradicts the assumption that y € X,

and P(f) = X,.

Conversely, suppose K is infinite and let K = {ny,nqe, ns,...} with n, < n;
for all i < 5. Let X = W + C. We now define a homeomorphism f; : W — W
as follows:

Let t : K — Z be the function defined by t(n;) = (—1)™ L%J Also, let

Wi C W be the set of all non-isolated points in W, that is, W) = {w,w2, w3, ...}.
Since W is countably infinite, we index W, as {w; : i € Z}. For each w;, where
w; = wn for some n € N, define the set {w;; : j € N} ={w(n—1)+j:j5 € N}

Clearly, U {w;; :j € N} =W,.
i€Z
We now define the sets S, for all n; € K inductively as follows:
Define
S’n1 - {w017 W11, W-11, W21, W-21, W31, W-31, W41, - . -, wt(nl)l}-
For k > 1, define the set A(ny) by,
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A(ng) =
{w_t(nk)17 W(t(ng)+1)1s W(—t(ng)—1)1 W(t(ng)+2)1s - - - ,wt(nkﬂ)l}, if ny, is even,
{w(—t(nk)+1)17 W(t(ng)—1)1s W(—t(k1)+2)1> W(t(ng)—2)15 - - - 7wt(nk+1)1}7 if ny, is odd.

Then define

Snk+1 = {wi(j+1) L Wiy € Snk} U A(?’Lk)

Clearly, U S, = Wy. Define a function f; on S,, by

n €K

W(it1)m, if Wiit1ym € Sy, for some m,

fl(wij) = W(—t(ny)+1)15 if t(nl) > 0 and W(i+1)m ¢ Sm,

Wi(n)15 if t(n;) < 0 and W(ig1ym & Sn,-

Clearly, f; is a homeomorphism on each S,,. Next, define a function f’ on

Wi by f'(w;) = wiy1. Now define a function f; : W — W by:

filz), ifxreW,andx €S,
filz) =
f(z), ifxeWw.

Clearly, f; is a bijective open function. Furthermore, if a sequence {a;} is
a sequence in W that converges to an element a, then the sequence {fi(a;)}

converges to fi(a). Thus, f; is continuous. Therefore, f; is a homeomorphism
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on W with P(f;) = W, and the set of periods of f; is K. In a similar way, we
can define a homeomorphism on C. Then, by the Gluing Lemma, there exists
a homeomorphism f on X such that P(f) = X, and the set of periods of f is

K. ]

It was shown in the last section that every semi-well ordered set is zero-
dimensional. In addition, such spaces are Hausdorff and normal. Since X is
countable, it is also second countable. Therefore, by Urysohn’s Metrization The-

orem, X is metrizable. We now state the following proposition.

Proposition 3.3.3. If g is a continuous self-map on a closed subset Y of X,

then it can be extended to a continuous map f on X such that P(f) = P(g).

Proof. Since X is a zero-dimensional separable metric space, it follows from
Proposition 1.2.4 that there exists a continuous function f; : X — Y such that
fily) = y for all y € Y. Define f = go f;. Then f is a continuous self-

map on X and for all n € N and € X, we have f"(z) = ¢"(fi(z)). Hence,

P(f) = P(g). O

Theorem 3.3.4. A subset Y C X 1is the set of periodic points of a continuous

self-map on X if and only if Y \'Y is either empty or infinite.

Proof. Suppose f : X — X is a continuous function such that P(f) =Y. We
first claim that if Y\ Y is non-empty, then it is forward invariant. Let z € Y\ Y.

Since f is continuous and z € Y, it follows that f(z) € f(Y) C Y. Assume, for

contradiction, that f(z) € Y. Note that x € Y \ Y implies that z € X;. Let

67



3.3. Dynamics on Semi-Ordinals

(x,) be a sequence of distinct elements in Y converging to x. By the continuity
of f, we have f(z) € X; and the sequence (f(z,)) converges to f(z). Since
f(x) €Y, let | denote the period of f(z), so that f!(f(z)) = f(x). Since z ¢ Y,
it follows that f"(f(x)) # « for all n <. Furthermore, as f is continuous, each
f"(f(x)) € Xy and the sequence (f"(f(x,))) converges to f"(f(x)). Hence, for
sufficiently large n, elements x,, are not periodic, contradicting the assumption
that z, € Y. Therefore, f(z) € Y \Y and Y \ Y is forward invariant. In

particular, this implies that Y\ Y must be infinite.

Conversely, suppose that Y \ Y is either empty or infinite. If Y \ Y is empty,
then Y is a closed subset of X. Define g : Y — Y by g(z) = z for all z € Y.
Clearly, g is a continuous function on Y with P(g) = Y. By Proposition 3.3.3,
there exists a continuous function f on X extending g such that P(f) = P(g) =

Y.

Suppose that Y \ Y is infinite. We first define a continuous function on Y’
such that P(f) =Y. Clearly, Y \ Y C X;. For any element z € X; Nw? that is,
x = wk, by a sequence (z,) converging to = here we mean w(k — 1) < z,, < wk
for all n € N. A similar argument applies when z € X; N (w?)*. Now, for any
r € Y\ Y, there exists a sequence in Y converging to x. Let T' denote the union
of the ranges of all sequences in Y that converge to elements of Y \ Y. Define
Z =TU(Y\Y). Then, as in the proof of Proposition 3.3.3, there exists a

homeomorphism h on Z such that P(h) = T. Now define g : Y — Y by,
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h(z), ifzxzeZ,
g(x) =
x, ifx ¢ Z.

Clearly, g is a continuous function on Y with P(g) = Y. Then by Proposition
3.3.3, there exists a continuous function f : X — X that extends ¢ such that

P(f)=Y. 0

An important consequence of Theorem 3.3.4 is the following: if K C L C
[0,1], where L is homeomorphic to (w?, (w?)*)) and L\ L is finite, then if K
cannot occur as the set of periodic points of any continuous self-map on L, then
K also cannot occur as the set of periodic points of any continuous self- map on

0,1].

It was shown in [15,16] that if Y denotes the set of periodic points of a
compact Hausdorff space K, then the set Y \ Y is either empty or infinite. This
conclusion, however, does not necessarily hold when K is not locally compact [10],
see Example 1.3.4. It was further established that the result remains valid when
K is the ordinal space w? [10] endowed with the order topology and the converse
also holds in this case. Whether this result holds for arbitrary locally compact

Hausdorff spaces remains an open problem [10].

Here, we extend these results to semi-well ordered sets of order type (w?,
(w?)*)) endowed with the order topology which is again a locally compact Haus-
dorff space. An interesting open question is whether analogous results holds for

semi-well ordered sets of order type (w”, (w™)*) for all n,m € N.

69



Chapter I

Partially Semi-Well Ordered

Sets: Characterizations and

Structural Properties

This chapter introduces partially semi-well ordered sets, providing
the motivation behind their definition, their relation to semi-well ordered sets
and partially well ordered sets and the primary objective of their introduction.
We explore their order-theoretic and structural properties and present several
characterizations. In addition, we study the properties of order ideals in partially
semi-well ordered sets. Moreover, we investigate the reversibility of partially

semi-well ordered sets.
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4.1 Introduction

Both semi-well ordered sets and partially well ordered sets can be viewed as
extensions of well ordered sets. However, it is important to note that a linearly
ordered set is partially well ordered if and only if it is well ordered, highlighting
the distinct nature of these two concepts as separate extensions of well ordered
sets. This distinction provides the motivation for the introduction of a more
general class of ordered structures: partially semi-well ordered sets. The primary
objective behind the introduction of partially semi-well ordered set is to verify
the Aharoni-Korman conjecture for the case k = 1 within this class. A key

characterization of these sets plays a significant role in establishing this result.

In this chapter, we explore the order-theoretic and structural properties of
partially semi-well ordered sets. The second section provides a formal definition
of partially semi-well ordered sets, examines their fundamental properties and
presents several characterizations. In the third section, we analyze the properties
of their order ideals. The final section is devoted to investigating the reversibility

of partially semi-well ordered sets.

4.2 Partially Semi-Well Ordered Sets and its
Properties

A partially semi-well ordered set is defined as follows:

Definition 4.2.1. A poset (X, <) is said to be partially semi-well ordered

(pswo) if every non-empty subset of X has either a finite minimal subset or a
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finite maximal subset. The relation < is referred to as the partial semi-well

ordering on X.

In a partially well ordered set (pwo) set, every non-empty subset has a finite
minimal subset [72]. Therefore, every pwo set is also pswo. Similarly, every non-
empty subset of a swo set has either a least element or a greatest element, so
every swo set is also pswo. Hence, the class of pswo sets extends both the class
of pwo sets and the class of swo sets. The following example illustrates that this

extension is, in fact, a proper extension.

Example 4.2.2. Let N denote the set of positive integers and —N the set
of negative integers, each equipped with the usual total order. Consider the sets
X =NxNand Y = —N x —N, each endowed with the cardinal product order,
denoted by <" and <", respectively. Define a partial order < on X UY by taking
<=<"U <" UX x Y. One can easily check that the poset (X UY, <) is pswo.

However, it is neither pwo nor swo.

The following proposition provides additional examples of pswo sets.

Proposition 4.2.3. (i) A linearly ordered set (X, <) is pswo if and only if it

15 SWO.

(i1) The dual of a pswo set is pswo.

Proof. (i) If X is pswo, then every non-empty subset of X has either a finite
minimal subset or a finite maximal subset. This minimal or maximal subset

will be a singleton, as X is linearly ordered. The converse is trivial.
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(17) Let (X, <) be a pswo set. If A is a non-empty subset of X, then A has
a finite minimal or a finite maximal subset in (X, <). Clearly, a minimal
(maximal) subset of a poset is a maximal (minimal) subset in its dual.

Therefore, A has a finite minimal subset or a finite maximal subset in

(X, >).

The following theorem is proved using the subsequent lemma:

Lemma 4.2.4. [49] [Konig’s Infinity Lemma) Let {1,}22 be a sequence of non-
empty, pairwise disjoint finite sets and let f,: I,+1 — I, be a function for each

n. Then, for each n, there exists an a, € I, such that f,(a,+1) = a,.

The following theorem provides several characterizations of a pswo set.

Theorem 4.2.5. For a poset (X, <), the following properties are equivalent:
(1) X is pswo.

(11) X has no subsets of the form C U D, where C is a strictly decreasing
sequence, D is a strictly increasing sequence and no element of D is strictly

less than any element of C' and X has no infinite antichain.

(¢ii) If {xn} and {y,} are two sequences in X with y,, % x, for all n,m, then

either there exists © < j with x; < x; or k < h with y > yn.

() If{z,} and {y,} are two sequences with distinct elements of X, such that
Ym £ @y for all n,m, then either {x,} has a strictly increasing subsequence

or {y,} has a strictly decreasing subsequence.

73



4.2. Partially Semi-Well Ordered Sets and its Properties

Proof. (i) < (ii): Suppose that X is a pswo set. Clearly, X contains no infinite
antichain. Now, assume that X has a subset of the form C' U D, as described in
(i1). Let C ={..., v_9, x_1, o} and D = {yo, y1, ¥, ...}. If any element z; € C
is less than any element y;, € D, then C'U D contains a subset of the form A+ B,
where A is a strictly decreasing sequence and B is a strictly increasing sequence.
This leads to a contradiction, since such a subset A+ B contains no finite minimal
or maximal subsets. Next, suppose that for all z; € C' and y;, € D, the set {x;,
yr} forms an antichain. In this case, the only minimal element of C'U D is yp,
but {yo} is not a minimal subset. Similarly, the only maximal element of C'U D
is zo, but {z(} is not a maximal subset of C'U D. Thus, C' LU D has neither a
finite minimal subset nor a finite maximal subset, leading to a contradiction.
Suppose that (i) holds. Let A be an infinite subset of X. Assume that A has
neither a finite minimal subset nor a finite maximal subset. We now aim to prove
that A contains either an infinite antichain or has a subset of the form C' U D.
Suppose that A has neither minimal nor maximal elements. Let x € A. Since
x is not a minimal element, there exists an x; € A with x; < x and z; is not a
minimal element. Therefore, there exists r9 € A with x5 < 27 < x. Continuing
this process, we get --- < x9 < x; < x. Similarly, since z is not a maximal
element, there exists y; € A with x < y; and y; is not a maximal element.
Hence, there exists y, € A with © < y; < y, and continuing this process, we get
r <y <ys<---. Let C ={..., 29, x1, 2} and D = {y1, y2, y3, ...}. Then

C' is a strictly decreasing sequence, D is a strictly increasing sequence and no
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element of D is strictly less than any element of C.

Suppose that A has minimal elements and no maximal elements. Let P
denote the set of all minimal elements of A. If P is infinite, then it is an infinite
antichain. If P is finite, since A has no finite minimal subset, P is not a minimal
subset of A. Thus, there exists an 29 € A with m € xo for all m € P. Since
xg ¢ P, there exists an x_; € A with z_; < xy. Now, if there exists an m; € P
with m; < x_q, then by transitivity, m; < xg, which is not possible. Therefore,

m ﬁ x_1 for all m € P and there exists z_5 € A with x_5 < x_1 < xy. Again,

m % x_o for all m € P. Continuing this process, we obtain -+ < z_3 < x_5 <
r_1 < xg. Since A has no maximal elements, there exist zi, x9, ... € A with
KT 3 < T < T <xep<x <Tp<---. Let C={..., 2 3 29, v_q, x0}

and D = {x1, xg, ...}. Then, C is a strictly decreasing sequence, D is a strictly
increasing sequence and no element of D is strictly less than any element of C.

A similar argument holds if A has maximal elements and no minimal elements.

Suppose that A has both minimal and maximal elements. Let P be the set
of all minimal elements of A and let () be the set of all maximal elements of A.
If either P or () is infinite, then it forms an infinite antichain in A. Suppose
that both P and @) are finite. Since P is not a minimal subset of A, there exists
r1 € A such that m f xq for all m € P. Clearly, x; ¢ P, so there exists zo € A
with 2y < 21 and m £ @ for all m € P. Continuing this process, we get a strictly
decreasing sequence C' ={. .., x3, T2, x1}. Again, since () is not a maximal subset

of A, there exists y; € A such that y; £ m for all m € Q. Now, y; ¢ @, so
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there exists y» € A with y; < yo and y» £ m for all m € Q. Continuing this,
we obtain a strictly increasing sequence D ={y1, 2, y3, ...}. Without loss of
generality, assume that C' N D = () (if they intersect, their intersection must
be finite). Suppose that there exist y; € D and x; € C such that y; < z;. If
there exists m € P with m < y;, then by transitivity, m < x;, which is not
possible by the choice of z;. Therefore, m £ y; for all m € P. Also, since
y; ¢ P, there exists z; € A with z; < y;, and again m € z for all m € P.
Hence, there exists zo with zo < z; < y;. Continuing this process, we obtain
e <2y < 2 <Y < Yir1 < Yigo < - Let C"={z, 29, 23, ...} and D' = {y;,
Yir1, - - -+~ Then C" is a strictly decreasing sequence and D' is a strictly increasing
sequence, with no element of D’ is strictly less than any element of C”.

(i1) < (dii): Assume (ii). Let {z,} and {y,} be two sequences in X with
distinct elements and suppose that y, € x,, for all n,m. Assume that for all
i < j, 2 ¢ x; and y; # y;. Let Xj and Y; denote the range sets of {z,}
and {y,}, respectively. Since X contains no infinite antichain, X; must contain
only a finite number of minimal elements. Now suppose X; has a finite minimal
subset, say M;. Let i = max{i € N: x; € M;}. Consider x; 1, then there exists
j <4+ 1 such that x; € M; and z; < zy11, which contradicts our assumption.
Therefore, X; cannot have a finite minimal subset, implying that X; contains a
strictly decreasing sequence, say C'. Similarly, Y] cannot have an infinite number
of maximal elements and no finite maximal subset. Hence, Y] contains a strictly

increasing sequence, say D. Thus, C'U D is a subset of X, where C' is a strictly
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decreasing sequence and D is a strictly increasing sequence, with no element
of D being strictly less than any element of C'; which leads to a contradiction.
Consequently, there must exist ¢ < j with x; < x; or k < h such that y, > yp,.
Suppose that (ii7) holds. Then, it follows trivially that X cannot have a
subset of the form C' LI D, where C' is a strictly decreasing sequence, D is a
strictly increasing sequence and no element of D is strictly less than any element
of C. Now, let {q1, ¢2, g3, ...} be an infinite denumerable antichain in X. By
defining {z,.} = {1, ¢, ¢, ..} and {yn} = {@, 94, G, ...}, we arrive at a
contradiction.
(i1) < (iv): Assume that (i7) holds. Suppose, for contradiction, that {z,} has no
strictly increasing subsequence and {y,} has no strictly decreasing subsequence.
Since {z,} has no strictly increasing subsequence and no infinite antichain, each
subsequence of {z,} must have a finite maximal subset. First, choose I; such
that {x; : ¢ € I} is a maximal subset of {x,}. Continuing this process, for

n > 1, select I, such that {z; : i € I,,,1} is a maximal subset of {x,,: m > k},

e

where k& = max([LJ I;). For each n, define a function f,: I,+1 — I, such that
=1
x; < xy,(; for all i € I,41. By Koénig’s Infinity Lemma (Lemma 4.2.4), we can

select an element x;, such that x; = xj,,.,) and thus x;, > x; ., for all n. Let

tnt1
C = {z;,}>2,. Then, C is a strictly decreasing sequence of {x,}. Similarly, we
can find a strictly increasing subsequence D of {y,}. Thus, C'U D is a subset

of X, where no element of D is strictly less than any element of C| leading to a

contradiction. Therefore, {z,,} must contain a strictly increasing subsequence or
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{yn} must contain a strictly decreasing subsequence. The converse is trivial. [

Proposition 4.2.6. Let (X, <) be a pswo set and let (Y, <') be an arbitrary

poset.

(i) If f: X =Y is an onto order preserving map, then (Y, <') is also a pswo

set.

(i) If f + X — Y is a strict order-preserving map, then for any y € Y, the

preimage f~1(y) is finite.

Proof. (i) Let {z,} and {y,} be two disjoint sequences in Y, with y,, £ z,
for all n. Then, the sequences {f'(x,)} and {f~!(y,)} contain two dis-
joint sequences {a,} and {b,}, respectively, such that b, € a, for all n.
Therefore, there must exist indices 7 < j such that a; < a; or k& < h such
that by > by,. Since f is order preserving, this implies z; <’ x; or y, <"y,
where z; = f(a;), z; = f(a;), yn = f(br) and y, = f(bx). Thus, (Y, <') is

a pswo set.

(it) Let y € Y. Then, f~'y)={z € X: f(x)= y}. Since [ is strict, f~'(y)
forms an antichain in X. As X is pswo, it follows that f~!(y) must be

finite.

We now present the following lemma, which will be used to prove the subse-

quent theorem.
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Lemma 4.2.7. If (X, <y) is a poset that contains an infinite antichain, then

there exists a linear extension of <q that is not a semi-well ordering on X.

Proof. Let {t1, ts, t3, ...} be an infinite denumerable antichain of X. Define a
relation <; on X by x <; y if and only if (i) 2 < y or (ii) z <g t2 and t; <j y.
Clearly, <; is a partial ordering on X and is an extension of <g because t5 <; t;.
Next, define <5 on (X, <;) by z <, y if and only if (i) x <; y or (i) t3 <1 y
and r <; t;. Again, <5 is a partial ordering on X and an extension of <;, as
t; <5 t3. Continuing inductively for n = 1,2, 3, ..., define <qg,,,1 by x <9,y y if
and only if (i) = <o, y or (ii) x <o, toyse and te, <o, y. Also, define <y, 5 by
T <onyo y if and only if (i) z <g,41 y or (1) & <opi1 tons1 and tonys <opt1 V.
Thus, each <,, (for n =0,1,2,...) is an extension of <y and <, is a subset
of <41 foralln. Let < = U{<,: n=0,1,2,...}. Then, < is a partial ordering
on X and in the poset (X, <), we have the sequence -+ < ty < ty < t; < t3 <
ts < ---. Thus, the sequence {t,} is of the form C' + D, where C' = {.. ., t4, t2}
is a strictly decreasing sequence and D = {ty, t3, t5, ...} is a strictly increasing
sequence. Let (X, <*) be a linear extension of <. Since the sequence {t,} is
of the form C + D, it follows that (X, <*) is not swo set. Moreover, <* is an

extension of <y, completing the proof. ]

We now present another characterization of a pswo set.

Theorem 4.2.8. Let (X, <) be a poset. A necessary and sufficient condition

for X to be pswo is that every linear extension of < is a semi-well ordering on
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Proof. Suppose X is pswo. Consider a linear extension <’ of <. Define a map f:
(X, <) = (X, <) by f(z) =z for all x € X. Clearly, f is an order preserving
map from (X, <) onto (X, <’). Then, by Proposition 4.2.6, (X, <’} is pswo and
since it is also a chain, (X, <') is swo.

Conversely, suppose that every linear extension of < is swo. Then (X, <)
cannot have a subset of the form C'UD, where C'is a strictly decreasing sequence,
D is a strictly increasing sequence and no element of D is strictly less than any
element of C'. This is because such a subset C'U D will be C'+ D in some linear
extension of <, which is not possible. Furthermore, by Lemma 4.2.7, X cannot

contain an infinite antichain. Hence, by Theorem 4.2.5, (X, <) is pswo. O]

Theorem 4.2.9. If (X, <) is a finite dimensional pswo set, then X is isomor-

phic to a subset of the cardinal product of a finite number of swo sets.

Proof. Given that (X, <) is a finite dimensional pswo set. Therefore, there
exists a finite number of linear extensions of <, such that < = 61 <;. Also,
by Theorem 4.2.8, each (X, <;) is a swo set. Let (K, <’) denote the cardinal
product of (X, <;) for i = 1,2,...,n. Define a function g from (X, <) to (K,
<" by g(z) = f., where f,(i) = x foralli =1,2,... n. Clearly, g is a one-to-one
order preserving function. Therefore, X is isomorphic to {f,: = € X}, which is

a subset of K. 0

Remark The converse of the above theorem is not true. Specifically, (Z, <) is a
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poset of dimension one and it is isomorphic to a subset of the cardinal product
of (N, <) and (—N, <). Both (N, <) and (—N, <) are swo sets, but (Z, <) is

not a pswo set.

The following theorem establishes a structural property of pswo sets:

Theorem 4.2.11. Let (X, <) be a pswo set. Then, X = PUP’, where (P, <) is
a pwo set, (P',<) is a dually pwo set and no element of P’ is strictly less than

any element of P.

Proof. Let A’ = {x € X : z has no immediate predecessor or x is the n'"

successor of an element having no immediate predecessor}. Define P as the set
{z € A’ : all predecessors of x belong to A’} and let P’ be the complement of P
in X. Then, for any p € P’, either p has no immediate successor or p is the n'”
predecessor of an element having no immediate successor. To prove this, suppose,
for contradiction, that there exists a pg € P’ with an immediate successor and py
is not the n'* predecessor of an element having no immediate successor. In this

" successor for all positive integers n, denoted p,,. Now,

case, po must have an n'
consider the sequence D = {po, p1, p2, ...} which is clearly strictly increasing.
Clearly, po ¢ P. If py ¢ A’, then py must have an n'* predecessor for all n, leading
to the existence of a strictly decreasing sequence. Alternatively, if py € A, then
po must have a predecessor that does not belong to A’, which again results in

a strictly decreasing sequence. In both cases, we obtain a strictly decreasing

sequence. Let C' = {q1, ¢, ...} be this strictly decreasing sequence. Therefore,
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CUD={<@<q <p <p <py<--} contains no finite minimal or
maximal subset, leading to a contradiction.

Next, we prove that no element of P’ is strictly less than any element of P.
Suppose, for contradiction, that there exists p € P and ¢ € P’ such that ¢ < p.
Since p € P, it follows that ¢ must belong to A’. Furthermore, since ¢ ¢ P, there
must exist a predecessor ¢ of ¢, such that ¢ ¢ A" and ¢ < g < p. However, this
leads to a contradiction, as it implies that p has a predecessor ¢ that does not

belong to A’, which contradicts the assumption that p € P.

To show that P is pwo, let M be an infinite subset of P. Suppose, for
the sake of contradiction, that M has no finite minimal subset. Since X is a
pswo set, it follows that M must have a finite maximal subset, say C. Without
loss of generality, assume that each element of C' has no immediate predecessor.
Then, M \ C cannot have a finite minimal or maximal subset, which leads to a

contradiction.

Next we show that P’ is dually pwo. It is clear that P’ has no infinite

antichain. Suppose, for contradiction, that P’ contains a strictly increasing se-

quence {x1, xe, ...} such that z;7 < z3 < x3 < ---. Since z; ¢ P, there
must exists a strictly decreasing sequence in X, say {x_q, x_o, ...}. Consid-
ering the sequences D = {x;, xq, ...} and C = {z_;, x_5, ...}, we obtain

CUD ={ - <x9<x1<x <9 < -}, which has no finite minimal
or maximal subset. This leads to a contradiction and therefore, P’ is dually

pwo. O]
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The converse of Theorem 4.2.11 is not true. Specifically, the disjoint union of
a pwo set and a dually pwo does not necessarily form a pswo set. To demonstrate

this, consider the following example.

Example 4.2.12. Consider the set of all positive integers N and the set of
all negative integers —N, each equipped with their usual ordering. The disjoint

union N U —N does not form a pswo set.

The cardinal product of finitely many pwo is known to be pwo [72]. However,
the cardinal product of two swo sets need not be swo. This rises the question of
whether the cardinal product of two swo sets is pswo. The answer is negative,

as illustrated by the following example.

Example 4.2.13. Consider the set of all non-negative integers NU {0} and
the set of all negative integers —N, both equipped with their usual orderings.
The cartesian product (NU {0}) x —N, with the cardinal product order, is not
a pswo set. This is because the set {(0, -1), (1, -2), (2, -3), (3, -4), ...} forms an

infinite antichain within this product set.

4.3 Order Ideals of Partially Semi-Well Ordered

Sets

In this section, we examine the order ideals of a pswo set.

Definition 4.3.1. If (X, <) is a pswo set and (X ), denoting the set of all

order ideals of X with set inclusion, is also pswo, then X is said to be normal .
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By Theorem 2.3.6, every swo set is normal. The following provides an example

of a non-normal pswo set.

Example 4.3.2. Let X = NxN. For elements n =(ny,ny) and m =(my, ma),
define a relation < on X as follows: n < m if and only if ny = my and ny < my
or ng < mg and ny + ng < my. Clearly, (X, <) is a pswo set. Now, let
K; = {(x,y) : y =i} for all i € N. Let O; denote the order ideal of X gener-
ated by K;, that is, O; = {z € X : z < y for some y € K;}. The collection
{O; : i € N} forms an infinite antichain in the set of all order ideals of X under

set inclusion. Therefore, I(X) is not pswo and hence X is not normal.

Proposition 4.3.3. If (X, <) is a normal pswo set and Y C X, then (Y, <y )

1s also normal.

Proof. Let {J,} and {K,} be two sequences of order ideals of Y with K,  .J,,,
for all n, m. Define: C, = {z € X: = <y for some y € J,}, B, = {z € X:
x <y for some y € K,,}. Suppose B,, C C,, for some n and m. Then, we would
have K, C C,,, but by assumption, K, g Jm. Therefore, there exists y € K,
such that y ¢ J,,, and y € C,,. Since y € C,,, there exists z € J,,, with y < z.
However, y € Y and y ¢ J,,,, this implies that J,, is not an order ideal of Y,
which leads to a contradiction. Hence, B, ¢ Cy, for all n,m. Therefore, {C,,}
and {B,} are two sequences of order ideals of X such that B, ¢ C,, for all n,
m. Since I(X) is pswo, it follows that either there exists ¢ < j with C; C C; or

h < k with B, O By. In either case, we have: J; = C;NY C C;NY = J; or
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K,=By,NY 2 ByNY = K. Thus, I(Y) is pswo and Y is normal. O]

Theorem 4.3.4. Let (X, <) be a pswo set. Then I[(X) has no subset of the form
CUD, where C = {W,} is a strictly decreasing sequence, D = {K,} is a strictly

increasing sequence and W, N K,, = 0, for all m,n.

Proof. Suppose that X contains a subset of the form C' U D. For each n, select
xy € W \ Wy and vy, € K11 \ K,,. Then, {z,,} and {y,} are two sequences
in X such that y, £ x,, for all n, m. Since X is pswo, there must exist i < j
with z; < x; or h < k with y, > y,. However, z; < z; implies z; € W, and
yn > Yy implies y, € K}, but neither of these cases is possible, which leads to a

contradiction. O

Remark For a swo set X, I(X) can contain a strictly increasing or decreasing
sequence. Thus, it is clear that if X is pswo, I(X) can also contain a strictly

increasing or decreasing sequence.

4.4 Reversibility of Partially Semi-Well Ordered

Sets

In this section, we discuss the reversibility of pswo sets. It was proved in [42]
that every pwo set is hereditarily reversible. We also verify that every swo set is

hereditarily reversible. We now state the following theorem.
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Theorem 4.4.1. Every pswo is hereditarily order reversible.

Proof. Let (X, <) be a pswo set and let f: X — X be a bijective order preserving
map. By Theorem 4.2.11, we can express X = PUP’, where (P, <) is a pwo set,
(P', <) is a dually pwo set and no element of P’ is strictly less any element of P.
Let the levels of P be denoted by P,’s, where P, = min(P \ 59 Pj3) represents
the a' level of (P, <). Similarly, let the levels of P’ be denoted by P’’s, where
P! = max(P"\ 5L<J P}) represents the o' level of (P, <). We will now prove by
transfinite induction that f(P,) = P, for all a.. Suppose there exists an element
x € Py such that x ¢ f(Fp). By the definition of P’, every element of P’ has an
immediate predecessor, so no element of P’ can be mapped to x. Suppose that
z = f(y) for some y € P\ Fy. If y € P\ Py, then there must exist an element
a € Py such that a < y. Since f is an order preserving bijection, we must have

f(a) < f(y) = z, which leads to a contradiction. Therefore, f(Fy) = P,, since

P, is finite.

Now, suppose that for all & < 3, f(P,) = P,. Let @ = P\ U P,. Then
a<f

floup is an order preserving bijection and the first level of @ is Ps. By the same

argument as above, we have f(Pg) = Ps. Therefore, f(P) =P and f|p: P - P

is an order isomorphism. Similarly, f|, : P’ — P’ is also an order isomorphism.

Finally, let p € P and ¢ € P" with p[lg. Then, p € P, and ¢ € P for some
ordinals « and (5. Thus, f| PaUP} Py U P; — P, U Py is an order preserving

bijection on a finite set and hence it is an order isomorphism. Therefore, we
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conclude that f(p)||f(q). O

Let (X, .7) be a topological space. The ordering on X, defined by = <z y
if and only if 2 € {y}, is a preorder [41]. Here, z < y if and only if every open

set containing x contains y.

For a topological space (X, .77), the fact that (X, <z) is reversible does
not necessarily imply that (X, .7) is reversible. Consider, for instance, the set
of all real numbers R and let .7, denote the usual topology on R, while .7,
denotes the discrete topology on the set of all positive real numbers. Define .7
as the topology on R generated by 7, U .7; . Then the topological space (R,
) is not reversible, since the function f : R — R given by f(z) = z — 2 is
a continuous bijection that is not a homeomorphism. However, the poset (R,
<) is totally unordered and therefore hereditarily reversible. We now state the

following theorem:

Theorem 4.4.2. If (X, .7 ) is a topological space such that (X, <z) is a pswo

set, then (X, 7 ) is hereditarily reversible.

Proof. Let f: (X,.7) — (X,.7) be a continuous bijection and let A € 7. By
Theorem 4.4.1, f: (X, <z)—(X, <z) is an order isomorphism. Additionally,
since (X, <gz) is pswo, its dual (X, >7) is also pswo and thus, f: (X, >4)—(X,

> 7) is an order isomorphism.

Now, since A is an open set, we have A = A1, where At={z € X :z > u
for some u € A}. Additionally, A is a non-empty subset of X, so it must have
either a finite minimal subset or a finite maximal subset. Suppose A has a finite

minimal subset. Then, we have A = min(A) 1.
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Since (X, <gz) is pswo, it can be represented as the disjoint union of a pwo
set and dual of a pwo set, which partitions X into disjoint levels. Since min(A) is
finite, it belongs to a finite number of levels of X, say X,1, Xa2, - - ., Xan- Thus,
min(A) C Xo1 U Xa2 U ... U X,, = K and for each i, we have f(X.:) = Xai.
Now, f|x : K — K is an order isomorphism and since K is finite, f|% = Ik, the
identity on K. Hence, f"(min(A)) = min(A), which implies
fr(A) = fr(min(A 1)) = (f"(min(A)) 1= (min(A)) 1= A.

Therefore, we have f(A) = f~™"Y(A) and since f is continuous, f(A) is open.

Thus, f is a homeomorphism.

If A has a finite maximal subset, we can prove that f is a homeomorphism
by considering (X, > ) instead of (X, <z). Hence, X is reversible. Since any

subset of a pswo set is pswo, (X, 7) is hereditarily reversible. ]
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Chapter 5

Partial Semi-Well Ordering and

the Aharoni-Korman Conjecture

This chapter is devoted to the study of the Aharoni—Korman conjec-
ture. We provide an introduction to the conjecture, including a brief overview
of its development and the motivation behind its proposal. We also outline the
key advancements related to the conjecture, with a focus on the class of posets
for which the conjecture has been verified. We verify the conjecture for partially
semi-well ordered sets using a specific characterization of these posets as the base

for our proof.
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5.1 Introduction

Dilworth’s theorem [19] states that the maximum size of an antichain in a finite
poset is equal to the minimum number of chains required to cover it. This
theorem was later extended to show that any poset of finite width k& can be
partitioned into at most k chains. Peles [56] noted that the strongest form of
an “infinite Dilworth’s theorem” one might hope for — namely, that any poset
of width at most A\ can be partitioned into at most A-many chains-is false. For
example, consider the least ordinal o with cardinality N;; the poset o X «, under
the cardinal product order, contains no infinite antichain (and thus has width Ry),
yet it cannot be partitioned into less than N;-many chains. However, Dilworth’s
theorem can be generalized to certain infinite posets that contain no infinite
antichain, provided there exists some partition into finitely many chains. This

result was proved by Abraham [1] in 1987.

Oellrich and Steffens [54] established a stronger version of Dilworth’s theorem,
showing that if (X, <) is a countable poset without an infinite chain, then there
exists a partition of X into chains C; and there is an antichain that intersects each
C;. Using the theorem from [3] instead of the countable version, the proof can be
extended to the general (infinite) case. Additionally, Greene and Kleitman [25]
extended the finite case of Dilworth’s theorem by considering the maximal union

of k antichains, rather than a single maximal antichain.

If we replace the word “chain” by “antichain” and vice versa in Dilworth’s
theorem, we obtain a statement that holds for finite posets. Specifically, for
every finite poset, there exists a partition into antichains A; and a chain C' that
intersects each A;. This can be proven by taking A, as the levels of the poset

and C' as the chain of maximum length.
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Capturing the spirit of Dilworth’s theorem, Greene-Kleitman’s theorem for
infinite posets was proved in 1992 [6]. Aharoni and Korman [6] described this
theorem as the “ ‘correct’ infinite version” of Greene and Kleitman’s well-known
theorem concerning Sperner k-families. The Aharoni-Korman conjecture [6] is

the dual of Greene-Kleitman’s theorem.

5.2 The Aharoni-Korman Conjecture

In this section, we present a concise review of the existing literature related to

the Aharoni-Korman conjecture.

The Aharoni-Korman conjecture emerged naturally from and is closely con-
nected to the study of covers and matchings in infinite hypergraphs. Often
referred to as “the fishbone conjecture” (due to the resemblance of the structure
of chains and antichains to the skeleton of a fish), there have been many attempts
to prove the conjecture; indeed, it has been described as “one of the most attrac-
tive” conjectures in the area [4]. However, despite significant attention, progress
on resolving the conjecture has been limited. In this section, we explore the key

advancements made regarding the Aharoni-Korman conjecture.

Theorem 5.2.1. [6/(Greene-Kleitman’s Theorem) Let (X, <) be a poset with
no infinite chains and let k be a positive integer. Then, there exists a partition
{Ci: i € I} of X into disjoint chains and k disjoint antichains A;j(1 < j < k)

such that each chain C; meets min(k, | C; |) antichians A;.

Remark In Greene-Kleitman’s theorem, the condition of “no infinite chain” is

necessary. To demonstrate this [5], consider the poset (X, <), where X = {z; :
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0<i<wiU{y;:0<i<w}U{z:0<i<w}, and the only relations in X are:
x; >z forall 0 < i <w;xg>zforalli > 1;2; >y, forall 0 < j <i<w (with
Jj#0); and y; > y; for all 0 < j < i < w. It is clear that X contains an infinite
chain and it can be proven that Greene-Kleitman’s theorem for £ = 1 does not

hold for this poset (X, <).

By swapping the words “chain” and “antichain” in Greene-Kleitman’s theo-

rem, we obtain the following conjecture proposed by Aharoni and Korman:

Conjecture 5.2.1. [6] (Aharoni-Korman Conjecture) If a poset (X, <) con-
tains no infinite antichain, then for every positive integer k, there exist k disjoint
chains Cy, Cy, --- Cy and a partition of X into disjoint antichains {A;: i € I}

such that each A; meets min(k, | A; |) chains C;.

The disjoint union of chains [6] X; of lengths i = 1,2, ... illustrates that the

condition of having ‘no infinite antichain’ is necessary.

The Aharoni-Korman conjecture holds for finite posets, as established in a
theorem by Greene [24]. Furthermore, it was shown in [6] that the conjecture
holds for any poset of width two. This proof relies on the Konig duality theorem
for infinite bipartite graphs [3]. An alternative proof is presented in the next

section, based on the Greene-Kleitman theorem.

A graph is said to be chordal [7] if each cycle of length four or more contains
a chord. The Aharoni-Korman conjecture for £ = 1 has been verified for posets
whose comparability graph is a chordal graph or the complement of a chordal
graph. Specifically, if X is a poset with no infinite antichain and its comparability

graph is either a chordal graph or the complement of a chordal graph [7], then
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there exists a partition of X into antichains and there is a chain in X that

intersects every member of the partition.

Following the Compactness Theorem of First Order Logic, the Aharoni-
Korman conjecture for £ = 1 holds for well founded posets in which every level
is finite [6]. Duffus and Goddard subsequently provided a constructive proof of
this result [20].

Theorem 5.2.3. [20] If X is a well founded poset with every level finite, then

there exists a chain in X that intersects every level of X.

In addition, Duffus and Goddard [20] established the Aharoni-Korman con-
jecture for k = 1 for posets of the form C'x X, where C is a chain and X is finite,

as well as for posets that contain neither infinite antichains nor infinite intervals.

A graph is said to be locally finite [74] if each of its vertices is adjacent to only
finitely many other vertices. Zaguia [74] verified the Aharoni-Korman conjecture

for the case k = 1 for posets whose incomparability graph is locally finite.

A poset X is said to be (341)-free [26] if X does not have an induced subposet
isomorphic to the disjoint union of a 3-element chain and a 1-element chain. The
collection of posets whose incomparability graphs are locally finite contains all
(3 4+ 1)-free posets that do not contain infinite antichains. Consequently, the

conjecture holds for all (341)-free posets with no infinite antichains.

Let (X, <) be a poset. A 4-tuple (z, y, z, w) of distinct elements of X is an
Nin (X, <)ify >z and y > 2z, w > z and if these are the only strict relations
between the elements x, y, z, w. A poset is N-free [74] if it does not contain
an N. Imed [74] further verified the Aharoni-Korman conjecture for k£ = 1 for

N-free posets that do not contain infinite antichains.
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Recently, Hallom [27] provided a counterexample to the conjecture in its full
generality. He demonstrated that the Aharoni—-Korman conjecture does not hold

for the following poset.

Example 5.2.4. [27] Consider the set N x N x N. Define a relation <
on this set by (nq, na, k)<(mq, me, [) if and only if of the following conditions
holds: (i) k > 1+ 2 or (ii) k = and ny < my and ny < my or (ili) k =1+ 1 and

min{ny,na} + 1 < min{my,ma} or (iv) k =1+ 1 and ny + ny < 2(my + my).

A chain C of a poset (X, <) is said to be contiguous [27], if there does not
exist an element z € X \ C' and elements y,z € C such that y < x < z and
CU{z} forms a chain. The linear sum 'EBIXi of a collection of posets (X; : i € I),
indexed by a linear order I, is defined ;es the poset formed by the disjoint union
’[_II X;, where every element of X is greater than every element of X; whenever
;’€> ¢in 1.

Hallom also verified that the Aharoni-Korman conjecture for the case k = 1
for a countable poset X with no infinite antichain, such that for any contiguous
chain C' C X, neither C nor its dual C* can be expressed as a linear sum ©® C;,
where each ()} is infinite and co-well founded. -

Although the Aharoni—Korman conjecture does not hold in full generality, it

remains valid for a broad and significant class of posets.
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5.3 Some Advancements in the Aharoni-Korman
Conjecture

We now present a simple alternating proof for the Aharoni-Korman conjecture

for the case k = 1 for a poset of width two.

Theorem 5.3.1. If (X, <) is a poset of width two (that is, it contains no

antichain of size three), then the Aharoni-Korman conjecture holds for all k.

Proof. Given that (X, <) is a poset of width two, it can be covered by two
disjoint chains, C; and Cs. Define a relation <’ on X such that z <’ y if and
only if z € Cy, y € Cy and = || y. Then, (X, <’) forms a poset that does not
contain an infinite chain. By the Greene-Kleitman theorem, for any positive
integer k, there exists a partition of X into disjoint chains (C;: ¢ € I) and there
exist antichains Ay, As, ..., Ay such that each chain C; meets min(k, | C; |)
antichains A;. A chain in (X, <) is an antichain in (X, <) and an antichain
in (X, <) is a chain in (X, <). Therefore, for each positive integer k, the

Aharoni-Korman conjecture holds. ]

Remark For posets of width [, the Aharoni-Korman conjecture is true for all
k > 1. In this case, take C, Cs, ..., C] as the disjoint chains that cover the poset
and set C; = () for [ < ¢ < k. Then, the decomposition of the poset into singleton

antichains satisfies the desired conditions.

The following is a more general theorem.
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Theorem 5.3.3. If (X, <) is a poset of finite width and the incomparability
relation on X is transitive (i.e, x||y, y||z implies x||z for all x, y, = € X ), then

the Aharoni-Korman conjecture is true for all k.

Proof. Since (X, <) is a poset of finite width, X can be covered by n disjoint
chains, say Cy, Cs, Cs, ..., C,. Now define a relation <" on X by z < y if and
only if z € C;, y € C;, i < j and z|ly. Then (X, <’) is a poset with no infinite

chain. So, by Greene-Kleitman theorem, this follows. ]

Theorem 5.3.4. Let (X, <) be a pwo set and (A;: i € I) be a partition of
X into disjoint levels. Suppose C4 is a chain that meets each A; exactly once
and the set Ci={z € X \ C1: = < c for some ¢ € C1} is empty. Then the

Aharoni-Korman conjecture holds for k = 2.

Proof. Let K = X \ C; equipped with the induced order. Clearly, K is a pwo
set and can be partitioned into disjoint levels, say B;, By, Bs, ... and there is
a chain Cy that meets each B; exactly once. Let C1={¢y, ¢a, ...}. For each B;,
let A,, be the level of X containing an element of B; such that no element of
B; is contained in A; for j > n;. Now define a new partition of X as follows:
Ay =A{a}, Ay ={e}, .., ALy ={cn} A ={en U B A g = {ena}
Al o = {enigets o A, = {cny} U By, ... Then, (Aj: i € I) is a partition of
X into disjoint antichains, and C and C5 are disjoint chains in X satisfying the

Aharoni-Korman conjecture for k£ = 2. ]
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5.3.1 Partial Semi-Well Ordering and the Aharoni-Korman

Conjecture

In this section, we verify the Aharoni-Korman conjecture for partially semi-well
ordered sets. To do so, we utilized a particular characterization of these sets,

which plays a key role in the verification of the conjecture.

Theorem 5.3.5. A poset (X, <) is pswo if and only if it has no infinite antichain

and it embeds neither w* + w nor w* U w.

Proof. Suppose that X is pswo. Both an infinite antichain in X and w* + w do
not contain a finite minimal or maximal subset. Consider the set w* Ll w. The
only minimal element of w* Uw is 0 € w and {0} is not a minimal subset of
w* U w. Similarly, the only maximal element of w* U w is 0 € w*, but {0} is not
a maximal subset of w* LI w. Therefore, X contains no infinite antichain and it
neither embeds w* + w nor w* U w.

For the converse, suppose that X does not embed w* 4+ w or w* Lw. Assume,
for contradiction, that there exists an infinite subset A of X that has no finite
minimal or maximal subset. We first prove that (A, <) is neither well founded

nor anti-well founded and we will argue to a contradiction.

Indeed, if (A, <) is well founded, then the set of all minimal elements of A
forms a minimal subset of A. To prove this, let B denote the set of all minimal
elements of A. Clearly, B is non-empty and since it is an antichain, B is finite.

Let a; € A\ B. Since a; ¢ B, there exists ay € A such that ay < a;. If as ¢ B,
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then there exists as € A such that a3 < as < a;. Since A is well founded, there
exists an a; € B with a;, < --- < az < as < a;1. Therefore, for each a € A, there
exists b € B such that b < a. This implies that B is a finite minimal subset of A.
Similarly, if (A, <) is dually well founded, then the set of all maximal elements

of A forms a finite maximal subset of A.

Hence, (A, <) embeds both w and w*. Since A cannot embed w* + w and
w* Uw, it follows that A must embed w + w*. So A must have a minimal and
maximal element. Let P and () denote the collections of all minimal elements
and all maximal elements of A, respectively. If either P or @) is infinite, then it
forms an infinite antichain in A. Suppose that, both P and @ are finite. Since
P is not a minimal subset of A, there exists an z; € A with m ﬁ x; for all
m € P. Clearly, x1 ¢ P, so there exists x5 € A with x9 < z; and m ﬁ To for all
m € P. Continuing, we get a strictly decreasing sequence C' ={-- -, x3, Ta, T1}.
Again, @ is not a maximal subset of A, so there exists y; € A with y; £ m for
all m € Q. Now, y; ¢ @, so there exists yo € A with y; < y» and yo £ m for all
m € (. Continuing, we get a strictly increasing sequence D ={y1, ¥, y3, - - }.
Without loss of generality, take C'N D as the empty set (if they intersect, then
the intersection is finite). If no element of D is strictly less than any element
of C, then A embeds either w* LI w or w* 4+ w. If not, suppose that there exists
y; € D and z; € C' with y; < z;. If there exists an m € P with m < y;, then by
transitivity m < x;, which is not possible by the choice of ;. So m « y; for all

m € P. Also, y; ¢ P, therefore there exists z; € A with 2; < y;, again m € z
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for all m € P. So, there exists z5 with 2z < 2; < y;. Continuing this, we get

e < 29 < 21 <Y < Yir1 < Yivo < ---, that is, A embeds w* + w.

Therefore, every non-empty subset of X must have either a finite minimal or

maximal subset. Thus, (X, <) is pswo. ]

A subset Y of a poset (X, <) is said to be an initial segment of X if x € Y
whenever y € Y and x < y. The definition of a final segment is analogous to

that of an initial segment.

Theorem 5.3.6. The posets that do not embed w* + w are unions of an initial

segment that is well founded and a final segment that is dually well founded.

Proof. Let (X, <) be a poset that does not embed w* + w. Without loss of
generality, assume that X is infinite. If X embeds w, then the initial segments
generated by a chain of order type w are well-founded. To show this, let C' be a
chain in X of order type w and let Xc¢ = {z € X : < ¢} be an initial segment of
C, where ¢ € C'. If Xc is not well-founded, it must contain an infinite decreasing
sequence. Since every element of this sequence is less than ¢, it follows that X

would embed w* + w, which contradicts the assumption.

Now, consider the set of all well founded initial segments of X, say .#. Clearly,

# is a non-empty poset under set inclusion. Let {A; : ¢ € I} be a chain in .

and A= JA;. If v € Aand y < x, then x € A; for some i. Since A; is an
iel

initial segment, we have y € A; C A. Additionally, if {a; > ay > ---} is an

infinite strictly decreasing sequence in A, then a; € A; for some j. Since A; is
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an initial segment, the sequence {a; > as > - -} is contained in A;, which is not
possible because A; is well founded. Thus, A cannot contain a strictly decreasing
sequence. Therefore, A is a well founded initial segment in X such that A; C A
for all « € I. By Zorn’s lemma, a maximal well founded initial segment exists in

X; let it be K.

Now, consider X \ K. If X \ K is non-empty, then it must be an infinite final
segment. Additionally, no element of X\ K is strictly less than any element of K|
since K is an initial segment. Suppose that X \ K contains a strictly increasing
sequence, say S. Let B be the union of S and all the initial segments of S. Then,
B is a well founded initial segment and so K U B is also a well founded initial
segment. This contradicts the assumption that K is the maximal well founded
initial segment of X. Therefore, X \ K is dually well founded. If X does not

embed w but embeds w*, apply the previous argument to the dual of (X, <). [

Using the above two theorems and Theorem 5.2.3, the following theorem
verifies the Aharoni-Korman conjecture for £ = 1 for partially semi-well ordered

sets.

Theorem 5.3.7. If (X, <) is a partially semi-well ordered set, then there is a
partition of X into antichains and there is a chain that meets each member of

the partition exactly once.

Proof. By Theorems 5.3.5 and 5.3.6, X is a disjoint union of an initial segment

that is well-founded, say P and a final segment that is dually well founded, say
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P', with every level of P and P’ finite. Also, note that no element of P’ is strictly
less than any element of P.

Since the Aharoni-Korman conjecture (k = 1), is true for well founded sets
with every level finite, the finite levels form partitions of P and P’ into disjoint
antichains and there exist chains C; and Cy in P and P’ respectively, which
meets each member of the partition exactly once. Since X does not embed
w U w*, every element of (] is strictly less than every element of C5. So, the
antichain partitions of P and P’ together forms the antichain partition of (X,

<) and the union of chains C; and C} is the required chain. O
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Chapter

The Topology of a Partially

Semi- Well Ordered Set

A partially semi-well ordered set is a partially ordered set in which
every non-empty subset has either a finite minimal subset or a finite maximal sub-
set. In this chapter, we examine in detail the properties of the interval topology
on partially ordered sets with no infinite antichain and in particular on partially
semi-well ordered sets. We further investigate the continuous functions on par-
tially semi-well ordered sets and establish a result concerning mappings between

such sets.
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6.1 Introduction

In 1958, Wolk [71] established that a partially ordered set with no infinite an-
tichain is Hausdorff with respect to its interval topology. Since partially semi-well
ordered sets do not admit infinite antichains, this conclusion also holds for such
partially ordered sets. Furthermore, since the interval topology and the Dedekind
topology coincide in a partially ordered set with no infinite antichain, we refer

to this common topology as the intrinsic topology.

In this chapter, the next section is organized into three subsections. The first
subsection discusses the properties of the intrinsic topology on partially ordered
sets with no infinite antichain. The second subsection examines the intrinsic
topology on partially semi-well ordered sets. In the final subsection, we present a
characterization of continuous functions between two partially semi-well ordered
sets and using this characterization, we establish a result on functions between

such sets.

6.2 The Topology of a Partially Semi-Well Or-

dered Set

In this section, we examine the properties of the interval topology defined on
a partially semi-well ordered set. Throughout, for a poset (X, <), we define
Jao)y={aeX:a<z}and (Tz)={ae X :z<a}.

Definition 6.2.1. Let (X, <) be a poset. The interval topology [73] on X
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is the topology 7 for which the family of sets {(| z), (T vy) : x,y € X} forms a

sub-basis for the closed sets.

Definition 6.2.2. A subset A of a poset (X, <) is said to be up-directed
(respectively, down-directed) [73] if, for any z,y € A, there exists z € A such

that < z and y < z (respectively, z < z and z < y).

Definition 6.2.3. A subset A of a poset (X, <) is said to be Dedekind closed
[48] if, for any up-directed subset U C A with l.u.b.(U) = k or any down-directed

subset U C A with ¢.0.b.(U) = k, it follows that k € A.

The union of two Dedekind closed subsets of a poset is also Dedekind closed.
To show this, let (X, <) be a poset and let A and B be two Dedekind closed
subsets of X. Let U be an up-directed subset of AU B such that g = l.u.b.(U).
We have to show that g € AUB. If U C A or U C B then the result follows
immediately from the Dedekind closedness of A or B, respectively. Now, suppose

that both U N A and U N B are non-empty.

We first claim that, g is the least upper bound of either ANU or BNU.
Suppose, for the sake of contradiction, that g is not the least upper bound of
ANU and BNU. Then there exist upper bounds x and y of ANU and BN U,
respectively, such that ¢ £ x and ¢ £ y. Now, 2 cannot be an upper bound
of BN U and y cannot be an upper bound of A N U. Therefore, there exists
be BNU such that b £« x and a € ANU such that a £ y. Since a,b € U and U
is up-directed, there exists ¢ € U such that a < cand b < c¢. But c € U C AUB,

soc€e ANU or ¢ € BNU, which is a contradiction. Hence, the claim follows.

It is clear that at least one of the sets AN U or BN U is up-directed. We
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now proceed to prove the following: If ¢ = L.u.b.(BNU), ANU is up-directed
and BNU is not up-directed, then g = [.u.b.(ANU). Suppose, for contradiction,
that g # l.u.b.(ANU). Then there exists an upper bound x of AN U such that
z £ g. Now,  cannot be an upper bound of BNU. Hence, there exists b € BNU
such that b £ x. Let by, by € BN U be arbitrary. Since U is up-directed, there
exists u € U such that by < u, by <uwand b < wu. If u € A, then b < u < z,
contradicting b f x. Therefore, u € BN U and so BN U is up-directed, a
contradiction. Hence, g = l.u.b.(ANU). Thus, g € AU B and therefore AU B
is Dedekind closed.

Hence, the collection of all Dedekind closed subsets of a poset (X, <), denoted

by 2, forms a topology on X, called the Dedekind topology [73].

Clearly, 7 C 2, however, they are not necessarily equal. For example,

consider the following:

Example 6.2.4. Let (X, <) be the disjoint union of chains Cy,Cy, ...,
where each chain C; has cardinality |C;| = i. Clearly, X is a poset. For each
i € N, let ¢; denote the least element of C;. Then the set {¢;: i € N} is Dedekind

closed; however, it is not closed in the interval topology.

A topological space (X, % ) is said to be order-compatible [71]if 7 C % C 9,
where .7 is the interval topology and Z is the Dedekind topology on X. In 1958,
Wolk [71] proved that if (X, <) is a poset of finite width, then it admits a unique
order-compatible topology. Later, Naito [53] extended this result by showing that
if every antichain in a poset (X, <) has finite cardinality, then X possesses a
unique order-compatible topology. He further proved that if (X, <) is a complete

lattice, then every antichain in X has finite cardinality if and only if it admits a
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unique order-compatible topology.

Since every totally unordered subset of a pswo set is finite, the interval topol-
ogy and the Dedekind topology coincide on such a set. Following [73], we refer

to this topology as the intrinsic topology on a pswo set.

6.2.1 Partially Ordered Sets with No Infinite Antichain

In this section, we discuss some properties of the intrinsic topology on partially
ordered sets with no infinite antichain. We now state the following theorem for

general posets:
Theorem 6.2.5. [73] If a net {S,, : n € D} in a poset (X, <) converges to y in
the interval topology on X and S,, <y for alln € D, then y = l.u.b.(range(S,)).

Using this theorem, we prove the following theorem for posets with no infinite

antichain.

Theorem 6.2.6. Let (X, <) be a poset with no infinite antichain and let {.S, :
n € D} be a monotonically increasing (respectively, decreasing) net in X. Then

y = lu.b.(range({S,})) (respectively, y = g.l.b.(range({S,}))) if and only if

{Sn} converges to y in the intrinsic topology on X.

Proof. Suppose that y = l.u.b.(range(S,)), but {S,} does not converge to y in
the intrinsic topology on X. Then there exists a closed set C' C X such that
y ¢ C and, for all n € D, there exists m,, € D with n < m, and S, < S,
and S, € C. Consider the subnet {S,,,: n € D}. Since {S,} is monotonically

increasing, range({S, }) is an up-directed subset of C.
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We now show that y is the least upper bound of range({S,,,}). First, it is
clear that y is an upper bound of this set. Suppose, for contradiction, that some
x < y is also an upper bound. Then, there exists S, € {S, : n € D} such that
x < Sk or x || Sg. Then there exist k' € D and Sy € {S,,, } with z < Sy < Sy
or x || Sg < Sk, which contradicts the assumption that x is an upper bound.
Therefore, no element less than y can be an upper bound of range({S,, }). Next,
suppose that there exists an upper bound [ of range({S,,, }) such that { || y. Then
[ cannot be an upper bound of range({S,}), so there exists Sy € {S,} such that
either [ < Sy or [ || Sg. Since [ is assumed to be an upper bound of range({Sy., })
and there exists k” > k such that Syp» € {S,,,} with S, < Sy, this leads to a

contradiction.

Thus, range({Sm, }) is an up-directed subset of C' with y as its least upper
bound. Since C'is closed, it must contain y, which contradicts the assumption

that y ¢ C. Therefore, {S,} converges to y.

Conversely, suppose that {S,} converges to y. We will show that S,, <y for
all n. Assume, for the sake of contradiction, that there exists some m € D such
that S, £ y. Then y < S,, or y || Sy In either case, the complement of the set
(1 S,n) is an open set containing y. Since {S,,} converges to y, there exists k € D
such that for all 7 > k, S; € (T S,)° In particular, Sy € (T Sp)¢. Because
D is a directed set, there exists a € D such that £ < a and m < a. Since
{S,} is monotonically increasing, we have Sy < S, and S,, < S,. Therefore,

Sa € (T Sp) N (1 Sm), which is a contradiction. Thus, S, < y for all n. By
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Theorem 6.2.5, it follows that y = Lu.b.(range(S,)). O

In 1967, R. W. Hansell [29] proved the following theorem:

Theorem 6.2.7. [29] If (X,<) is a poset with no infinite antichain, then every

net in X has a monotone subnet.

Now we have the following corollary:

Corollary 6.2.8. Let (X, <) be a poset with no infinite antichain and let
S ={S, : n € D} be a net in X. If S converges to y with respect to the in-
terval topology 7, then for every subnet T of S, there exists an up-directed or

down-directed subset of range(T') whose l.u.b. or g.l.b., respectively, is y.

Proof. Suppose that S converges to y and let 7" be an arbitrary subnet of S.
Since every net contains a monotone subnet, 7' contains a monotone subnet, say
R. Clearly, R also converges to y. By Theorem 6.2.6, if R is monotonically
increasing, then y = l.u.b.(range(R)) and range(R) is up-directed. Similarly,
if R is monotonically decreasing, then y = g¢.l.b.(range(R)) and range(R) is

down-directed. O

A poset X is said to be Dedekind complete [73] if every up-directed subset
of X has a least upper bound in X and every down-directed subset of X has a
greatest lower bound in X. The following theorem presents characterizations of

compact sets in a poset with no infinite antichain.

Theorem 6.2.9. Let (X, <) be a poset with no infinite antichain then the fol-

lowing are equivalent:
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(i) X is compact.
(17) (X, <) is Dedekind complete.

(1it) Fvery linearly ordered subset of X has both a least upper bound and a

greatest lower bound in X.

Proof. (i) < (ii): Suppose that (X, <) is Dedekind complete. Let S = {S,}
be a net in X. Since X contains no infinite antichain, by Theorem 6.2.7, S has
a monotone subnet, say {A,}. If {A,} is a monotonically increasing, then its
range set is up-directed and therefore has a least upper bound, say a. Similarly,
if {A,,} is a monotonically decreasing, then its range set contains a greatest lower
bound, say b. In either case, by Theorem 6.2.6, the subnet {A,,} converges to a
or b, respectively. Hence, every net in X has a convergent subnet, which implies

that X is compact.

For the converse, it is known that if a poset is compact in its interval topology,

then it is Dedekind complete [72].

(1) < (4i7): Suppose that every linearly ordered subset of X has a least upper
bound and a greatest lower bound in X. In [17], it is proved that if every linearly
ordered subset of a poset has a least upper bound (greatest lower bound), then
every up-directed (down-directed) subset of X has a least upper bound (greatest
lower bound) in X. So, X is Dedekind complete. The converse part is trivial,

since every linearly ordered set is both up-directed and down-directed. O

Theorem 6.2.10. (Kelley’s Theorem on Iterated Limits) [37]: Let D be a di-
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rected set and for each m € D, let E,, be a directed set. Define F' = D X [[{E,, :
m € D}. For each (m, f) € F, define R(m, f) = (m, f(m)). Suppose S(m,n)
is an element of a topological space for each m € D and n € E,,. Then the net

S o R converges to limlim S(m,n) whenever this iterated limit exists.
m n

Theorem 6.2.11. Let (X, <) be a poset with no infinite antichain and let A C
X. Then A = {y € X : y = lub.(K) for some up-directed set K C A or

y = g.l.b.(L) for some down-directed set L. C A}.

Proof. Let A denote the set {y € X 1y = lub.(K) for some up-directed set
K C Aory=g.lb.(L) for some down-directed set L C A}. We have to show
that A = A. Clearly, A C A. Now, if y € A and C is a Dedekind closed subset
of X that contains A, then y € C. This implies A C A. We now prove that A is

Dedekind closed.

Let D be an up-directed subset of A such that lu.b.(D) = y. By the definition
of A, for each m € D, there exists an up-directed set or a down-directed set
E,, C A satistying l.u.b.(E,,) = m or glb.(E,) = m. If (E,, <) is down-
directed, here we consider (FE,,, >) as the directed set. For each fixed m, define

the net S(m,n) by S(m,n) =n for all n € E,,,. Then ligll)[ 161%1 S(m,n)] =v.

We now apply Kelly’s Theorem on Iterated Limits. Let F' = D X[[{E,, : m €
D}, where F' is equipped with the cardinal product order. For each (m, f) € F,
define R(m, f) = (m, f(m)) € D x E,,. Then the composition S o R, given by

S(R(m, f)) = f(m), defines a net that converges to y. Moreover, range(SoR) C
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U{E, :m € D} C A. Since S o R is a net, it possesses a monotone subnet [29],
denoted by 7', which also converges to y. By Theorem 6.2.6, it follows that
y = lub.(range(T)) or y = g.l.b.(range(T)). Hence, the range of T' forms
either an upward-directed or a downward-directed subset of A, with y as its least
upper bound or greatest lower bound, respectively. Therefore, y € A. Thus, A

is a Dedekind closed subset of X and consequently A = A. [

Theorem 6.2.12. Let (X, <) be a poset with no infinite antichain and let T be
its intrinsic topology. For any subset A C X, let . denote the subspace topology

on A induced by 7 and let € be the intrinsic topology on A, then € C .&.

Proof. Let B be a ¥—closed subset of A. We aim to show that B = B n A,
where B” denotes the closure of B in (X, 7). The inclusion B C B NAis
immediate. To show the reverse inclusion, let y € B7 N A. Because Yy € Fy,
Theorem 6.2.11 guarantees the existence of either an up-directed subset D C B
such that l.u.b.(D) = y or a down-directed set £ C B such that g.l.b.(E) = y.
Since y € A and B is %-closed in A, it follows that y € B. Hence, B = B n A,
implying that B is closed in .. Therefore, every %-closed subset of A is also

¥ -closed and thus € C .¥. O

6.2.2 Partially Semi-Well Ordered Sets

In this section, we discuss the properties of the intrinsic topology on partially
semi-well ordered sets. We already showed in the previous chapter that every

partially semi-well ordered set can be expressed as the disjoint union of a partially
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well ordered set and dually partially well ordered set. We now state the following

lemma:

Lemma 6.2.13. Let (X = PU P, <) be a pswo set equipped with the intrinsic
topology such that P is infinite. Then the minimal subset of P is the minimal

subset of X and every subset of the finite minimal subset of X is clopen.

Proof. If P' is empty, then X is a pwo set. Let M = {my, ms,...,m,} be the
finite minimal subset of X. Consider the set {m;}. Clearly, X \ {m;} has a finite
minimal subset in X, say {k1, ks, ..., k.}. Moreover, X\ {m;} = .L_TJl(T k), which
is closed in X. Since X is Hausdorff, {m} is a clopen subset of X. Similarly,

{m;} is a clopen subset of X for all i =2,3,... n.

Now, suppose that P’ is non-empty. Then X is neither pwo nor dually pwo
and both P and P’ must be infinite. Let M be the finite minimal subset of P.
We will now show that M is the minimal subset of X. Clearly, no element of
P’ is strictly less than any element of M, since P’ is a final segment. Suppose,
for contradiction, that there exists an element p € P’ such that p || m for all
m € M. Since p € P’, there exists a strictly decreasing sequence in P’ with
-+-pg < p1 < p. Clearly, p; | m for all m € M. Since P is infinite, there exists a
strictly increasing sequence in P whose first element belongs to M. This implies
that X embeds wLJw*, contradicting the assumption that X is pswo. Therefore,
M is a minimal subset of X. Additionally, since X is Hausdorff, the singleton
set {m} is closed for all m € M. Moreover, since X \ {m} has a finite minimal
subset, this implies that {m} is open in X. ]
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If (X, <) is a dually pwo set equipped with the intrinsic topology, then it
can be similarly shown that every subset of the finite maximal subset of X is
clopen. Thus, every pswo set contains a clopen subset. The following theorem is

now trivial.

Theorem 6.2.14. A pswo set is connected if and only if it is singleton or empty.

As discussed in chapter 4, every order preserving bijection on a pswo set
(X, <) is an order isomorphism. In other words, every pswo set is order reversible.
Furthermore, since every subset of a pswo set is itself pswo, it follows that the set
is hereditarily order reversible. However, a pswo set endowed with its intrinsic
topology need not be topologically reversible; that is, a bijective continuous map
on such a set is not necessarily a homeomorphism. This is illustrated in Example

3.2.25.

The structural property of pswo sets is utilized to establish the subsequent

theorem.

Theorem 6.2.15. Let (X, <) be a pswo set such that X = P LI P, where P is
the mazimal pwo initial segment of X and P’ is the dually pwo final segment of

X. Then P is a closed subset of X .

Proof. We now show that P is Dedekind closed in X. Let A be an infinite
up-directed subset of P and let a = [.u.b.(A). Suppose, for contradiction, that
a ¢ P. Then every element of A has a predecessor in A. Now, a € P’ implies that
there exists a strictly decreasing sequence - -+ < x9 < 27 < a in P’. Since a is the
least upper bound of A, there exists an element in A that is not less than some

x;. In this case, the poset X would embed w L w*, contradicting the assumption
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that X is pswo. Hence, a € P. Moreover, every down-directed subset of P is

finite and therefore P is Dedekind closed in X. O

Theorem 6.2.16. Fvery pswo set, when endowed with its intrinsic topology, is

anti-rigid.

Proof. Let (X, <) be a pswo set and let A be a non-empty subset of X. If
(A, <) is pwo, then it contains a finite minimal subset, say {a1,as,...,a,}. The
singleton {a;} is open in the subspace topology on A, since it is open in the
intrinsic topology on A. Thus, a; is an isolated point of A. Similarly, if (A, <)
is dually pwo, then it contains a finite maximal subset and again, we can find
an isolated point in A by the same reasoning. Now suppose that (A, <) is a
pswo subset of X that is neither pwo nor dually pwo. Then, by Lemma 6.2.13,
A contains an element a such that {a} is open in the intrinsic topology on A;

hence a is an isolated point of A.

Therefore, every non-empty subset of X contains an isolated point. Conse-

quently, X is a scattered Hausdorff space and hence X is anti-rigid. O

Remark It is known that the cardinal product of two pwo sets is again pwo
[72] and that the product topology coincides with the intrinsic topology of the
product [73]. For the well ordered sets 2y and €, the product Qg x €' is pwo
but not normal in the product topology [31]. Therefore, the intrinsic topology
on €y x ' is also not normal [73]. Consequently, a pswo set equipped with the

intrinsic topology need not be normal.
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Again, since €)' [31] is neither first countable, separable nor perfectly normal
and does not satisfy the countable chain condition, these properties need not hold
for pswo sets. Moreover, € [31,67] is not metacompact, paracompact, Lindeloff
or o— compact; therefore, pswo sets do not necessarily possess these properties.
In addition, pswo sets need not be pseudocompact, weakly countably compact,
countably compact, sequentially compact or homogeneous, since one can easily
find well ordered sets that do not possess these properties. Furthermore, since

every pswo set is Hausdorff, it is also Sober [38].

6.2.3 Continuous Functions

In this section, X and X’ denote pswo sets equipped with the intrinsic topology.

The following is a characterization for continuous functions on pswo sets.

Theorem 6.2.18. Let X and X' be two pswo sets. Then a function f: X — X'
is continuous if and only if for every up-directed (or down-directed) subset D C X
with l.u.b.(D) =y (or g.l.b.(D) = y), the image f(D) contains an up-directed or

a down-directed subset whose l.u.b. or g.l.b., respectively, is f(y).

Proof. Suppose that f is continuous and let D be an up-directed subset of X
with L.u.b.(D) = y. Define anet S: D — X by S, = n for all n € D. Since f
is continuous, the net {f(S,) : n € D} converges to f(y). By Corollary 6.2.8, it
follows that the range of {f(S,) : n € D} contains either an up-directed set E

with l.u.b.(F) = f(y) or a down-directed set F' with ¢.l.b.(F) = f(y). If (D, <)
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is down-directed, consider (D, >) as the directed set when defining the net S,;

in this case, the net S,, is monotonically decreasing.

Conversely, let C C X’ be a closed set and define A = f~1(C). To show that
A is closed in X, consider an up-directed subset D C A with l.u.b.(D) = y. By
assumption, f(D) contains either an up-directed subset F C C with l.u.b.(E) =
f(y) or a down-directed subset F' C C' with ¢.l.b.(F') = f(y). Since C is closed,
f(y) € C and hence y € A. Therefore, A is closed in X, which implies that f is

continuous. O

Theorem 6.2.19. Let (X = PU P, <) and (X', <) be two pswo sets, where
P has no maximal elements. Then every function f : X — X' is the point-wise

limit of a met of continuous functions from X to X'.

Proof. Let D denote the collection of all finite subsets of X. Clearly D is a
directed set under the usual set inclusion. For each z € X and D € D, we say
that = has a D-cover if one of the following holds: (i) x € D;or (it) x ¢ D, x € P
and there exists d € D such that x < d and there is no e € D with x < e < d;
or (ii) * ¢ D, x € P" and there exists d € D such that © > d and there is no

ec D with x > e > d.

Let k € X' be fixed. For each D € D, define a function fp : X — X' as

follows:
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k, if  has no D-cover,

fp(z) = k, if  has more than one D-cover,

f(c), if x has precisely one D-cover c.

Clearly, fp is a well defined function from X to X'.

Let z € X and let D € D such that x € D. Then, for any D' € D with
D" O D, we have fp/(z) = f(x). Hence, the net of functions {fp: D € D}

converges to f point-wise.

It remains to show that each fp : X — X' is continuous. For this, let U be

an up-directed subset of X with l.u.b.(U) = u.

If U N P’ is non-empty, then clearly it is a finite subset of P’. Since U is
an up-directed set, the maximal subset of U N P’ is a singleton set, say {a}.
Moreover, as P has no maximal elements, we have d < a for all d € U. Since u is
the [.u.b.(U), it follows that u = a and hence u € U. Therefore, fp(U) contains

an up-directed singleton set £ = {fp(u)} such that l.u.b.(E) = fp(u).

Now, suppose U N P’ = (). Since P has no maximal element, it follows that

ue P.
Case (i): u has no D-cover. Let M denote the set of all elements of U that

have at least one D-cover. Then M is not cofinal in U. Suppose, to the contrary,
that M is cofinal in U. Clearly, M is an up-directed subset of U. For each
a € D, define Ma ={m € M : m < a}. It is clear that |J Ma = M. Since D

a€eD

is finite, there exists some a € D such that Ma is cofinal in M and hence cofinal
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in U. Consequently, l.u.b.(Ma) = u and u < a, which is a contradiction, since
u has no D-cover and D is finite. Therefore, M is not cofinal in U. It follows

that there exists an element d € U such that d £ m for all m € M. Hence,
fo(d) = fp(u) = k.

Case (ii): u has more than one D-cover. Let N denote the set of all elements
of U that have precisely one D-cover. Suppose, to the contrary, that N is cofinal
in U. Clearly, N is an up-directed subset of U. For each a € D, define Na =
{n € N : ais a D-cover of n}. It is evident that gD Na = N. Since D is
finite, there exists some a € D such that Na is cofinal in N and hence cofinal in
U. Consequently, l.u.b.(Na) = u and therefore u < a. Thus, a is a D-cover of
u. Let b be another D-cover of u. Then a and b must be incomparable, which
contradicts the fact that every element in Na has exactly one D-cover, namely

a. Thus, N is not cofinal in U. It follows that there exists an element d € U

with d £ n for all n € N. Hence, fp(d) = fp(u) = k.

Case (iii): w has precisely one D-cover, say c¢. Let O denote the set of all
elements of U for which ¢ is the unique D-cover. It can be shown that U \ O
is not cofinal in U. If U \ O is cofinal in U, then the set P = {z € U : x has
no D— cover} would be cofinal in U and u would be the l.u.b. of P. Since D is
finite, this is not possible. Therefore, there exists an element d € O such that

fo(d) = fp(u) = f(c).

Analogous cases arise when U is down-directed and u = ¢.0.b.(U). Hence, by

Theorem 6.2.18, each fp is continuous. ]
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Chapter

Conclusion and

Recommendations

This chapter presents the conclusion of the study by summarizing the main
findings. It also provides recommendations and outlines the scope for future

research.

7.1 Conclusion

In this thesis, the concept of semi-well ordered sets is illustrated through ex-
amples and additional properties of these sets are examined in detail. We in-
vestigated the order ideals and introduced the concept of semi-ordinals. The

arithmetic of semi-ordinals and its properties are also explored.

We further studied the order topology on semi-well ordered sets and showed
that these spaces are zero dimensional, totally disconnected and strongly locally

compact. The isolated points were identified and characterizations of infinite
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homogeneous semi-well ordered sets and compact semi-well ordered sets were
provided. Additional properties of these topological spaces were also explored in

detail. We further investigated the dynamics of semi-ordinals.

We defined partially semi-well ordered sets as an extension of both semi-well
ordered sets and partially well ordered sets. We explored the order-theoretic
properties of partially semi-well ordered sets and provided various characteri-
zations of them. Additionally, we investigated their structural properties, the

properties of their order ideals and the reversibility of these sets.

We studied the Aharoni-Korman conjecture and presented the motivation
behind its proposal. We also outlined the key advancements related to the con-
jecture, with a focus on the class of partially ordered sets for which the conjec-
ture has been verified. Furthermore, we verified the Aharoni-Korman conjecture

(k = 1) for partially semi-well ordered sets.

The non-existence of an infinite antichain in a partially semi-well ordered
set ensures that the interval topology and the Dedekind topology coincide; we
referred to this common topology as the intrinsic topology. We examined the
conditions under which this space is Dedekind complete, compact and connected.
In addition, we characterized the elements of the closure of a subset in a partially
ordered set with no infinite antichain and established a relationship between the
relative topology and the intrinsic topology on its subsets. Furthermore, we
showed that the partially semi-well ordered set with intrinsic topology is anti-
rigid. Moreover, we verified that it is neither normal nor topologically reversible.
Additional properties of these topological spaces were also explored. We also
presented a characterization of continuous functions between two partially semi-
well ordered sets. Using this characterization, we established a result concerning

mappings between such sets.
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7.2 Recommendations

In this section, we address some unsolved problems that may be considered for

future research.

One possible direction for future research on semi-well ordered sets is the
classification of semi-well ordered sets that are homeomorphic with respect to
the order topology. It is already known from the literature that ordinals are
topologically reconstructible [57]; therefore, the reconstruction of semi-ordinals
can be investigated. In addition, the dynamics of semi-ordinals can be studied

in greater depth.

Although the Aharoni-Korman conjecture does not hold in full generality,
it remains valid for a broad and significant class of partially ordered sets. It is
therefore an interesting open problem to investigate whether the conjecture holds
for partially ordered sets of finite width, partially well ordered sets (for k > 2)
and partially semi-well ordered sets (for & > 2). Furthermore, it is possible to

identify more classes of partially ordered sets for which the conjecture is true.

Another direction of future research is the investigation of additional prop-
erties of partially well ordered sets and partially semi-well ordered sets when
equipped with interval topology. For instance, one can verify whether a partially
well ordered set or a partially semi-well ordered set is locally compact. If such a
space is locally compact, then, since it is Hausdorff, it would also be completely
regular. Furthermore, it remains open question whether a partially semi-well
ordered set is zero dimensional.

Additionally, one can ask whether every function between two partially semi-
well ordered sets can be expressed as the point-wise limit of continuous functions
between them. A special case of this problem is addressed, whereas the general

case remains open.
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N- free poset, 93 strictly order preserving, 9
non-limit ordinal, 14 strongly locally compact, 17
normal poset, 83 sum of semi-ordinals, 36

orbit, 19 tent map, 20

order ideal, 29 terminal segment, 12

order isomorphism, 9 totally unordered, 11

order preserving, 9 trajectory, 19

order topology, 17 up-directed set, 104

order type, 9 upper bound, 9
order-compatible, 105 Urysohn’s metrization theorem, 18
ordinal, 13 well founded poset, 12
paracompact, 17 well ordered set, 12

partial order, 9 well ordering principle, 13
partially semi-well ordered set, 71 Zermelo’s Axiom of choice, 13
partially well ordered set, 11 zero dimensional, 17

period, 19 Zorn’s lemma, 13

periodic point, 19 3 + 1- free poset, 93
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