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ABSTRACT

Statistical quality control plays a crucial role in maintaining process stability and product
reliability across industrial and service sectors. However, the presence of outliers, data
contamination, and high-dimensional measurements poses serious challenges to
conventional monitoring methods. Classical control charts, though widely used, are
highly sensitive to outlying observations, often leading to false alarms or missed
detections of genuine process shifts. This research focuses on developing robust
estimation and control chart methodologies for effective monitoring of bivariate and

multivariate processes under such complex conditions.

A major contribution of this study is the development of the Shrinkage Gnanadesikan-
Kettenring (SGK) covariance estimator, a robust multivariate estimator derived from the
Gnanadesikan—Kettenring approach. Simulation studies demonstrated that SGK
efficiently identifies contaminated observations while maintaining low false detection
rates across diverse data structures, including high-dimensional and low-sample-size
cases. Comparative analysis with existing robust estimators such as Minimum
Covariance Determinant (MCD), Robust Mahalanobis Distance-Shrinkage (RMD-S),
Reweighted Orthogonalized Comedian (ROC), S, and Orthogonalized Gnanadesikan-
Kettenring (OGK) established that SGK achieves superior robustness and computational

efficiency.

Building upon robust estimation, novel bivariate and multivariate control charts were
developed for both individual observations and rational subgroups. These charts
exhibited strong in-control performance comparable to classical Hotelling’s 72 charts for
clean data, while significantly outperforming them under contamination. Robust
dispersion charts based on S, Covariance, GK_S,, GK_Q,, Comedian, ROC, and SGK
within Multivariate Exponentially Weighted Mean Squared deviation (MEWMS) and
Multivariate Exponentially Weighted Moving Variance (MEWMV) frameworks further
enhanced detection of variability shifts with low false alarm rates. Real data applications

validated the proposed charts’ effectiveness, robustness, and computational efficiency.

This research contributes a unified framework for robust process monitoring, offering
practical, scalable, and reliable tools for modern quality management. Numerical studies

and real-world applications confirm the models’ capability to detect process shifts



accurately, even under contamination and high dimensional conditions, ensuring

enhanced decision making and operational reliability.

Keywords: robust estimation, multivariate control charts, SGK covariance estimator,

process monitoring, data contamination.
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CHAPTER 1
INTRODUCTION AND OVERVIEW

1.1 Introduction

In both industrial and service-oriented sectors, quality plays a critical role in shaping
organizational success, competitiveness, and long-term sustainability (Juran et al., 1999;
Deming, 1986). In today’s era of globalization and intense competition, quality has
moved beyond being optional and has become a strategic imperative that influences
business performance, customer loyalty, and market reputation (Oakland, 2014). Rapid
technological progress in manufacturing, including automation, high-speed processes,
and large-scale production, has further complicated the task of ensuring consistent
quality. These developments necessitate the use of more advanced and adaptive methods
of quality assurance (Montgomery, 2020). Moreover, under global competitive pressures,
the philosophy of quality must extend across all organizational levels, embedding itself
into culture rather than remaining restricted to isolated functions (Deming, 1986;
Oakland, 2014). However, achieving and sustaining quality continues to be challenging,

particularly in contexts where resources are scarce or constrained.

The concept of quality is inherently multidimensional. It encompasses attributes such as
reliability, durability, maintainability, functionality, aesthetics, and conformity to
standards and specifications. Among the many definitions of quality, one of the most
widely accepted is “fitness for use,” which emphasizes the product’s ability to carry out
its intended function effectively (Juran et al., 1999; Montgomery, 2020). The long-
standing assumption that higher quality necessarily leads to higher costs has been shown
to be misleading. As Taguchi et al. (1989) demonstrated, improving quality can actually
reduce costs by lowering scrap, rework, and warranty claims. This perspective highlights
the importance of minimizing process variation at every stage of production, since
effective quality improvement benefits both producers and customers. Since the early
twentieth century, statistical methods have been central to quality management,
providing strong tools for achieving greater consistency, efficiency, and customer

satisfaction.



Quality control is a systematic and ongoing process that involves assessing actual
performance, comparing it with predefined standards, and taking corrective actions
whenever deviations occur. It includes both engineering and managerial functions aimed
at ensuring that products conform to specified requirements. More specifically, statistical
quality control utilizes statistical methods across the stages of product design,
production, maintenance, and service, with the primary objective of fulfilling customer

needs in an efficient and cost-effective manner (Montgomery, 2020; Juran ef al., 1999).

A fundamental objective of Statistical Quality Control is the systematic reduction of
variation arising from controllable sources within production processes. Quality
assurance within this framework is typically carried out in two complementary stages.
The first stage involves Statistical Process Control (SPC), which comprises a set of
analytical and diagnostic tools aimed at monitoring process behaviour, achieving
operational stability, and enhancing capability by minimizing variability. Through the
effective application of SPC, organizations can ensure that production processes remain
consistent and within specified control limits (Montgomery, 2020). The second stage,
referred to as acceptance sampling, is applied to assess the quality of finished product
lots prior to shipment, providing a means to control the probability of accepting
nonconforming items. This method offers a systematic and statistically rigorous
framework for decision-making, ensuring that outgoing products meet specified quality
standards and reinforcing both product reliability and customer confidence. SPC is
considered superior to acceptance sampling because it focuses on monitoring and
controlling variation within the process to prevent defects, whereas acceptance sampling

is limited to detecting nonconformities after production has occurred (Shewhart, 1931).
1.2 Statistical Process Control

SPC is widely used in industrial environments, and this growing reliance has created a
need for effective methods that can quickly detect shifts in process quality. The central
objective of SPC is to enhance product quality while lowering production costs through
the reduction of defective items. The main tools employed in SPC include histograms,
check sheets, Pareto charts, cause-and-effect diagrams, defect concentration diagrams,
scatter plots, and Shewhart control charts, each playing a distinct role in diagnosing and

addressing quality-related problems.



In manufacturing systems, it is well recognized that not all units produced are identical
with respect to their quality characteristics. Such variability is natural and may result
from several factors, including fluctuations in raw material properties, differences in
operator performance, variations in machine condition, changes in production methods,
managerial practices, and environmental influences. Together, these elements determine
the overall stability and performance of the process. Process variability is generally
classified into two categories: common (or chance) causes and assignable causes.
Common causes represent the inherent variability of a process, which tends to be stable
and predictable over time. Assignable causes, in contrast, stem from unusual
disturbances such as tool wear, operator mistakes, or irregularities in raw materials. The
effective application of SPC requires the ability to distinguish between these two types
of variation maintaining process stability in the presence of common causes while

identifying and eliminating assignable causes when they occur.
1.3 Control Charts

The control chart is a foundational tool in quality engineering, providing a rigorous
statistical framework for distinguishing between natural process variation and variation
caused by assignable factors. Developed by Walter A. Shewhart at Bell Telephone
Laboratories in the 1920s, the control chart transformed quality management from end-
product inspection to proactive process regulation through statistical reasoning

(Shewhart, 1931).

A control chart visualizes process performance over time, signalling deviations that may
compromise product quality. Let w denote a sample statistic of a quality characteristic,
with mean u,, and standard deviation oy,. The central line (CL) 1s set at u,while the upper
and lower control limits are set at x,,+do, (UCL) and uw-do (LCL), respectively, where
d specifies the number of standard deviations from the mean (Ryan, 2011; Oakland,
2014). Observations within these limits reflect common-cause variation, whereas points
outside or exhibiting systematic patterns indicate potential assignable causes requiring

corrective action (Wheeler & Chambers, 1992).

Control charts are broadly categorized into variable charts, for continuously measured
characteristics, and attribute charts, for discrete or conforming/nonconforming data.
Variable charts, such as X and R charts, provide detailed insight into both process

location and dispersion (Ryan, 2011). Attribute charts, including np, p, ¢, and u charts,



rely on binomial or Poisson models and are well-suited for contexts where precise

measurements are impractical.

While traditional Shewhart charts are effective for detecting large process shifts, their
reliance on current-sample data limits sensitivity to small or gradual changes. Memory-
type charts, such as the CUSUM (Page, 1954) and EWMA (Roberts, 2000), incorporate
historical data to enhance responsiveness to subtle and sustained deviations (Woodall,
2000; Woodall & Montgomery, 1999). These approaches have become essential in
modern quality control, particularly in high-precision or automated manufacturing

environments.

In essence, control charts have evolved from simple diagnostic graphs into strategic
instruments for continuous process improvement, integrating historical data, advanced
monitoring techniques, and statistical rigor to maintain process stability and optimize

product quality (Ryan, 2011; Woodall & Montgomery, 2014).
1.4 Univariate Control Charts

Univariate control charts are among the earliest and most extensively applied tools in
Statistical Process Control, intended for monitoring a single quality characteristic at a
time. The concept was pioneered by Shewhart (Shewhart, 1931), who proposed the use
of statistical limits to distinguish between natural variability inherent in a process and
unusual deviations attributable to special causes. These charts remain simple, practical,
and highly effective in identifying substantial shifts in process variables, which accounts

for their ongoing popularity in industrial practice (Montgomery, 2020).

Despite these advantages, a key limitation of univariate charts is the assumption that
quality characteristics can be assessed independently. In situations where multiple
process variables are correlated, monitoring them separately may yield incomplete

insights or even misleading interpretations of process performance (Alt, 1985).
1.5 Multivariate Control Charts

With advances in real-time computing and modern data acquisition systems, it has
become standard practice in many industries to evaluate multiple quality characteristics
simultaneously rather than in isolation. For instance, in chemical production, process
quality may depend jointly on variables such as temperature, pressure, and flow rate,

making joint monitoring essential for ensuring consistency (Jackson, 1985). In such
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cases, multivariate control charts provide an advantage because they explicitly account

for the correlations among process variables that univariate methods neglect.

Montgomery and Mastrangelo (1991) showed that applying separate univariate charts in
a multivariate setting inflates the overall probability of false alarms (Type I errors) and
weakens the ability to correctly identify in-control processes. Similarly, Lowery and
Montgomery (1995) demonstrated that multivariate charts typically have greater
sensitivity for detecting process shifts compared with their univariate counterparts.
Additional studies (Woodall & Ncube, 1985; Mason et al., 1995) emphasized the
importance of modelling interdependencies, noting that multivariate approaches not only
improve detection capability but also provide a more realistic assessment of overall
process performance. Collectively, these contributions underscore the essential role of

multivariate control charts in contemporary quality control practice.

Beyond theoretical advantages, multivariate control charts have found applications
across diverse domains. Early industrial applications, such as photographic processing,
demonstrated the effectiveness of these methods in tracking several interrelated process
variables, facilitating timely detection and correction of subtle process drifts (Jackson &
Morris, 1957). In modern manufacturing, multivariate approaches support on-line
monitoring of chemical processes, providing rapid identification of shifts and enabling
root-cause analysis for process optimization (Chiang & Colegrove, 2007). Similarly,
polymer production benefits from integrating infrared spectroscopy with multivariate
quality-control methods, permitting real-time monitoring of chemical composition and

process-induced variations to maintain product consistency (Bodecchi ef al., 2005).

Multivariate monitoring is also applied in healthcare, where tracking multiple service
indicators in antenatal care helps identify systemic quality drops and guides timely
interventions (Anggraini, 2021). In laboratory settings, multivariate monitoring allows
simultaneous tracking of multiple correlated quality-control measurements, enabling
early detection of systematic deviations that may not be evident with traditional
univariate approaches (Ialongo, 2025). In consumer product evaluation, interdependent
attributes such as taste, texture, and aroma are jointly monitored, improving product
quality assessment (Ennis, 2000). Foundational principles, including design
considerations, covariance estimation, and handling of correlated data, provide the

theoretical framework necessary for successful implementation across industrial and



service domains (Jackson, 1985). Collectively, these studies highlight the versatility,
robustness, and practical impact of multivariate control charts in supporting

comprehensive quality management and informed decision-making.
1.6 Effect of Outliers on Multivariate Control Charts

Outliers are statistically defined as values that belong to a different population because
they originate from a different process or source, effectively being derived from one or
more contaminating distributions (Hampel et a/., 1986). Such observations often indicate
potential errors, rare events, or phenomena governed by different processes.
Identification of outliers in datasets plays a crucial role in statistical data analysis, driven
by two primary motivations. Firstly, outliers themselves may carry significant
information. Secondly, the presence of outliers can exert influence on the outcomes
derived from the remaining data (Barnett & Lewis 1994). Detecting outliers in
multivariate data presents more challenges compared to univariate data, as visually
spotting multivariate outliers is difficult in most of the situations due to their lack of
conspicuousness at the extremes (Gnanadesikan & Kettenring, 1972)

Outliers and departures from normality can severely distort the estimation of mean
vectors and covariance matrices, resulting in unreliable control limits and misleading
monitoring outcomes (Rocke & Woodruff, 1996; Rousseeuw & Hubert, 2011). Even a
small proportion of atypical observations may inflate false alarms or mask genuine
process shifts, compromising the effectiveness of classical multivariate control charts.
This issue becomes particularly critical in high-dimensional settings, where correlations
among variables amplify the impact of outliers on monitoring statistics (Hubert ef al.,

2015; Maronna et al., 2006).

To address these challenges, several strategies have been proposed, including
nonparametric methods, data transformations, and resampling techniques. Among these,
robust estimation-based methods have proven especially effective, as they mitigate the
influence of outliers while preserving the accuracy of multivariate location and
dispersion estimates. Robust estimators, such as high-breakdown alternatives for the
mean vector and covariance matrix, ensure that monitoring performance remains reliable

even in contaminated datasets (Maronna et al., 2006; Hubert ef al., 2008).



1.7 Objectives of the Study

To review available robust control charts for process location and dispersion

To propose new robust control charts for monitoring the location parameter of
bivariate process

To propose an improved method for the estimation of location and dispersion.
To propose robust multivariate control chart for process location

To propose robust multivariate control chart for process dispersion

To apply the proposed methods in real life data sets.

1.8 Organization of the Thesis

This thesis is organized into eleven chapters, each addressing specific aspects of
robust statistical process control and contributing new methodologies.

Chapter 2 reviews existing robust estimators of multivariate location and scatter
and proposes an improved robust covariance estimator with an accompanying
outlier detection method. Its performance is evaluated through simulations and
real-world datasets, demonstrating high accuracy, low false detection rates, and
robustness across diverse data scenarios, including high-dimensional and small
sample settings. The findings of this study have been published as:
Vijayalakshmi, S., Sebastian, N., & Sajesh, T. A. (2025). Unveiling outliers with
robust covariance matrix estimation: A shrinkage approach. Statistical Papers,
66(4).

Chapter 3 proposes a robust bivariate control chart for process location based on
individual observations, highlighting its advantages over classical methods. This
work has been published as:

Vijayalakshmi, S., Sebastian, N., & Sajesh, T. A. (2024). Bivariate robust control
charts for individual observations. Communications in Statistics — Simulation and
Computation, 53(5), 1234—1256.

Chapter 4 proposes a robust multivariate control chart for process location based
on individual observations, thereby extending the bivariate approach to higher
dimensions. This research has been published as:

Vijayalakshmi, S., Sebastian, N., & Sajesh, T. A. (2023). Enhancing multivariate
control charts for individual observations using ROC estimates. Stochastics and

Quality Control, 38(2), 109-118.



Chapter 5 proposes a robust bivariate control chart for process location using
rational subgroups, ensuring improved performance in grouped data settings. The
findings of this research have been published as:

Vijayalakshmi, S., Sebastian, N., & Sajesh, T. A. (2025). Robust bivariate control
chart for process monitoring with rational subgroups. Quality and Reliability
Engineering International. https://doi.org/10.1002/qre. 70022

Chapter 6 extends the idea of bivariate control chart to the multivariate setting by
proposing a robust multivariate control chart for process location using rational
subgroups.

Chapter 7 focuses on process variability and proposes a robust bivariate
dispersion control chart, designed to detect shifts in process spread.

Chapter 8 generalizes the above to higher dimensions and proposes a robust
multivariate dispersion control chart, ensuring reliable monitoring of multivariate
process dispersion.

Chapter 9 demonstrates the industrial application of the proposed robust control
charts and evaluates their performance using real process data.

Chapter 10 concludes the thesis by summarizing the major contributions,
discussing practical implications.

Chapter 11 provides recommendations based on the findings of this research and
suggests directions for future studies in robust multivariate process monitoring.
It highlights potential extensions to subgroup data, high-dimensional processes,

mixed-type quality characteristics, and adaptive industrial applications.
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CHAPTER 2

ROBUST ESTIMATION OF LOCATION VECTOR AND
DISPERSION MATRIX

2.1 Introduction

Considering the location vector and the dispersion matrix are the cornerstones of multi-
variate statistical inference, reliable and effective techniques for estimating these quant-
ities are indispensable for drawing valid conclusions from multivariate data. Under the
presumption of multivariate normality, classical estimators such as, arithmetic mean
vector and variance covariance matrix are optimal (Anderson, 2003). Nevertheless, the
classical estimators are well-known for being sensitive to deviations from normality,
especially in the presence of outliers (Maronna et al., 2006). A single anomalous
observation has the potential of significantly skew the mean vector or inflate the
covariance matrix, making subsequent inferences invalid. This susceptibility emphasizes
the importance of robust estimators that maintain efficiency under normality while

showing resilience against contamination in the data.

Many methods have been proposed in the literature for the robust estimation of location
and dispersion parameters. Some of the most important and recent estimators are
reviewed in the following section. Despite being robust, many of these methods remain
computationally expensive and often entail trade-offs between breakdown point and
statistical efficiency. This paper proposes a robust shrinkage estimate for the dispersion
matrix, based on the covariance estimator of Gnanadesikan and Kettenring (1972). An
outlier identification process is built utilising this estimator. The suggested method's
characteristics are empirically investigated, and its effectiveness is compared with

established methods that have been discussed in the literature.

The remainder of this chapter is organized as follows: Section 2.2 presents the robustness
concepts including breakdown point, influence function and affine equivariance. Section
2.3 provides a detailed review of robust estimators of multivariate location. Section 2.4
discusses robust estimators of dispersion, beginning with bivariate methods before
extending to general multivariate methods. Section 2.5 describes the proposed shrinkage-
based method for robust estimation of dispersion matrix, outlining its theoretical

properties and computational procedure. Section 2.6 presents the results of a simulation



study, while Section 2.7 demonstrates the application of the method to real life data.

Finally, Section 2.8 summarizes the discussion.
2.2 Robustness Concepts

2.2.1 Breakdown point

The breakdown point is a key metric used to quantify the robustness of an estimator
against the influence of outliers. Following Hodges (1967), Hampel (1968) and Hampel
(1971), breakdown point of an estimator is defined as the maximum proportion of
arbitrary contaminating observations a dataset can contain before the estimator’s value
becomes unbounded. Lopuhad and Rousseeuw (1991) offered a formal and precise

definition of the breakdown point for both location and covariance estimators. For a
location estimator gz based on a set of observations X, the breakdown point 8: (a, X) is

defined as:
en (i1, X) = mrgn{%;sgp”ﬁ(i)—ﬁ(x)ﬂ=00}, 2.1)

where X denotes the dataset obtained by replacing m observations in X with arbitrary
values. From equation (2.1), it follows that the breakdown point of a location estimator
corresponds to the smallest fraction of observations that must be contaminated for the

estimator to deviate without bound from the true sample mean.

The breakdown point of a covariance estimator 2’ is formally defined as:

en(2,X) = min{%;sqp D(EA()Z)—A‘?(X )): oo},
m X
2.2)

where D(A, B) = max{|A/(A) - i(B)|, 1(A)' — L,(B) |}, and A(A) is the i™ ordered
eigen value of A. In other words, Equation (2.2) indicates that the breakdown point of a
covariance estimator is the smallest fraction of observations that must be contaminated
for the estimator to become unreliable either by causing the largest eigenvalue of the
estimated covariance matrix to increase without bound or by reducing the smallest
eigenvalue to a value arbitrarily close to zero. In the context of estimating the mean
vector and covariance matrix, it is desirable to employ estimators with a high breakdown

point, ideally approaching the theoretical maximum of 50% (Rousseeuw & Leroy 2003).
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In contrast, the classical sample mean and covariance estimators have breakdown points
of only 1/n, where n is the sample size (Donoho & Huber, 1983). Consequently, even a
single outlier can result in unbounded estimates, as described by Equations (2.1) and

(2.2).
2.2.2 Influence function

The influence function (IF), introduced by Hampel (1974), is a key concept in robust
statistics used to assess the sensitivity of an estimator to small changes or contaminations
in the data. It measures how a slight perturbation at a single observation affects the value

of an estimator, providing insight into its robustness.

For a multivariate estimator 0.(F) of a p dimensional parameter based on an underlying

distribution F,, the influence function at a point x, € RP is defined as

Oool (1—&)F+&64, )]—0c0 (F)
IFo(xo, F) = lim (-ar+edn,) :
&

&

where 8, denotes the point-mass distribution concentrated at x,, and € represents a small
fraction of contamination added at that point.

In simpler terms, the influence function describes how the estimator 8, (F) changes
when the data distribution F is slightly “contaminated” by placing a very small

proportion of observations at the point x,. The larger the value of IFy(x,, F), the more

sensitive the estimator is to contamination at that point.

If the influence function of an estimator is bounded, then small perturbations in the data
produce only limited changes in the estimate, which is a desirable property for robustness
(Hubert et al., 2008). On the other hand, unbounded influence functions indicate that
even a single outlier can have an arbitrarily large effect on the estimator, as is the case
for classical estimators like the sample mean and covariance matrix (Maronna et al.,

20006).
2.2.3 Affine equivariance

Another key property of a robust estimator is affine equivariance. A location estimator
fieR’ is affine equivariant if for any non-singular p x p matrix 4 and any vector

beRP”,
it (AX +b)=A i1 (X)+b. 2.3)
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A scale estimator X, taking values in the set of positive-definite symmetric p x p
matrices, is said to be affine equivariant if, for any non-singular p X p matrix 4 and

vector b e RP it satisfies
2(AX+b) =42 (X)A". (2.4)

For an affine equivariant estimator, linear transformations of the data, such as scaling,
rotation, or translation, do not affect the resulting estimate. Removing this property
substantially enlarges the class of available estimators, and in many practical cases, non-
affine equivariant estimators can demonstrate superior robustness and efficiency

compared to their affine equivariant counterparts.

Beyond considerations of estimator breakdown, the phenomenon of outlier masking
further highlights the need for robust methods in detecting multidimensional outliers.
Masking occurs when extreme outliers distort non-robust estimates of the mean and
covariance to such an extent that less extreme outliers appear typical when evaluated
using Mahalanobis distances. For instance, if there is one or more highly distant outliers
and one or more moderately distant outliers in the same direction, the extreme outlier(s)
can shift the mean substantially and inflate the standard deviation, causing the less
extreme outlier(s) to fall within approximately 2 to 3 standard deviations from the mean
and thereby remain undetected. The severity of masking is reflected in an increase in
Type 11 errors, as truly outlying observations are mistakenly classified as part of the

uncontaminated population.
2.3 Robust Estimators of Multivariate Location

Robust estimation of multivariate location is central to multivariate analysis, particularly
when datasets contain outliers or deviate from Gaussian assumptions. Unlike the
classical sample mean vector, which is highly sensitive to contamination, robust
estimators provide measures of central tendency that retain validity under data
contamination. Several alternatives exist, differing in robustness, affine equivariance,
and computational feasibility. In this section, we review five key estimators: the
component-wise median, spatial (L1) median, Oja median, Tukey depth median, and

projection depth median.
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2.3.1 Component-wise median

The component-wise median is obtained by computing the univariate median for each
component of the data vector independently. For a dataset X;,X,, ..., X,, € RP, the

component-wise median is defined as

~

6']- = median(le,ij, ...,an),j =12 ..,p,

and the estimator is given by
~ ~ A ~ T
0=1(0,,0,..,6,) .

This estimator is highly robust in each marginal distribution but is not affine equivariant,
meaning it may not appropriately account for correlations among variables (Lopuhai, &
Rousseeuw, 1991). Nevertheless, its computational simplicity and strong marginal

robustness make it attractive in practice.

2.3.2. Spatial (L1) Median

The spatial median (also known as the geometric median) generalizes the univariate

median by minimizing the sum of Euclidean distances:

6 = arg in > [1X; — 6.

Equivalently, it satisfies the first-order condition:

Z [ Xi = 0||

This estimator is affine equivariant and possesses a breakdown point of 50%, making it
robust to extreme values (Kemperman, 1987). Compared to the coordinate wise median,
it better captures multivariate dependence, though it is computationally more demanding

in higher dimensions.
2.3.3 Oja median

The Oja median (Oja, 1983) is defined as the point minimizing the sum of simplex

volumes formed with the data points. For X3, X, ..., X,, € RP, the Oja median is
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OeRP )
1siys---sipsn

0 = arg min z Vol (Xil,Xl-2 ...Xl-p,B),

where Vol denotes the volume of the simplex spanned by p data points and 6.

The Oja median is affine equivariant and provides a natural multivariate extension of the
univariate median. However, computational complexity grows rapidly with sample size

and dimension, limiting its applicability to small-to-moderate datasets.
2.3.4 Tukey depth median

The Tukey depth median (also called the half space median) (Tukey, 1975) maximizes
the Tukey depth function:

D(6,X) = ueiSr%)f_lP(uTX < u’g),

where S$P~! is the unit sphere in RP. The Tukey median is defined as the point with

maximum depth:

—~

0 =arg max D(6,X).

It is affine equivariant and achieves the highest possible breakdown point (50%)
(Donoho & Gasko, 1992). However, exact computation is only feasible in low

dimensions (p < 3).
2.3.5 Projection depth median

The projection depth median (Zuo, 2003) is based on projection pursuit. For any point

0 € RP, its projection depth is

PD6.X) = |14 [uT0 — med(W™X)|]"
6.X)= |1+ Sub —AD@™®) ’

where med and MAD denote the univariate median and median absolute deviation,

respectively. The projection depth median is then

—~

0 =arg max PD(6,X).

This approach balances robustness and computational tractability, offering a practical

alternative to Tukey’s median in moderate dimensions.
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Each of these estimators has distinct strengths. The component-wise median is simple
and robust but lacks affine equivariance, while the spatial median improves on this at a
moderate computational cost. The Oja, Tukey, and projection depth medians are
theoretically elegant and robust but computationally intensive, particularly in higher
dimensions. In applied research, the component-wise median and spatial median often
provide the best trade-off between robustness and feasibility. This justifies their adoption

in the present study as reliable measures of multivariate location.

2.4 Robust Estimators for Dispersion
2.4.1 Robust bivariate estimators for dispersion

2.4.1.1 Comedian estimator

Falk (1997) introduced a robust measure of scatter known as Comedian, for bivariate

data. Let X and Y be two random variables then the comedian of X and Y is defined as

COM(X,Y) = med{(X — med(X))(Y — med(Y))}, (2.5)
where ‘med’ denotes median. It generalizes the median absolute deviation (MAD) as it
equals MAD? when X = Y and also has the highest possible breakdown point.
COM (X, Y) parallels COV(X, Y), but COV(X, Y) requires the existence of the first two
moments of X and ¥, whereas COM(X, Y) always exists. The comedian is symmetric,
location invariant and scale equivariant. Hall and Welsh (1985) discussed about the
strong consistency and asymptotic normality of MAD and Falk (1997) established

similar results for comedian.
2.4.1.2 S, covariance

More efficient alternative for MAD with 50% breakdown point is discussed by

Rousseeuw and Croux (1993). A pairwise distance estimator
S, (X) =1.1926 mled med |x; — x|; for,s =1, ..., n. (2.6)
S

Sy estimator of scale assures bounded influence function and optimal breakdown point.
Sajana and Sajesh (2020) proposed a bivariate extension of S, estimator as a robust

alternative for covariance estimator, S, Covariance, as:

S,Cov(X,Y) = 1.4223 mfed {mfld[(xl —x5)(y; — ys)]}; forl,s=1,...,n (2.7)
S
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The S, Covariance estimator satisfies the characteristics of sample covariance in
independent and symmetric random variables. This estimator assures location invariant

and scale equivariant properties as well.
2.4.1.3 Gnanadesikan — Kettenring (GK) estimator

Gnanadesikan and Kettenring (1972) proposed a covariance estimator defined as:

Cov(X,Y) = i(a(x +Y)?2—a(X —Y)?),

where o is the standard deviation, and X and Y are two random variables. To enhance its
robustness, the GK estimator can be modified by substituting ¢ with a robust scale

estimator. This robust version, known as the robust GK estimator, is expressed as:

Covg(X,Y) = i(aR(X +Y)2 = ax(X —V)2), (2.8)
where oy represents a robust scale estimator.

2.4.2 Robust multivariate estimators for dispersion

Maronna (1976) delved into affine equivariant M estimators for covariance matrices,
while Campbell (1980) suggested employing M estimators for both mean and covariance
matrix to study Mahalanobis distance. Stahel (1981) raised concerns about the low
breakdown point of multivariate M-estimators for large p, prompting the proposal of the
Stahel-Donoho estimator, a weighted mean and covariance based on outlyingness
proposed by Stahel (1981) and Donoho (1982) independently. Although robust,
computational intensity of Stahel-Donoho estimator limits its practicality (Tyler 1994;
Maronna and Yohai, 1995). Rousseeuw (1984) introduced the Minimum Covariance
Determinant (MCD) estimator with a high breakdown value, albeit computationally
expensive for large p. Rousseeuw and Van Driessen (1999) addressed this by proposing
FAST-MCD, an efficient algorithm for MCD computation. However, even FAST-MCD

requires substantial running time for large p.

Pena and Prieto (2001) introduced a fast outlier-detection method and a robust estimator
for the covariance matrix based on projections maximizing and minimizing the kurtosis
coefficient. Unlike some methods, this approach does not necessitate subsampling.
Maronna and Zamar (2002) proposed an Orthogonalized Gnanadesikan-Kettenring

(OGK) estimator by a general method to obtain positive-definite and approximately
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affine-equivariant robust scatter matrices starting from any pair-wise robust scatter
matrix. In a similar way, Sajesh and Srinivasan (2012) proposed the Reweighted
Orthogonalized Comedian estimator (ROC), which is constructed based on the
Comedian estimate of Falk (1997). More recently Sajana and Sajesh (2022) proposed
multivariate S, covariance estimator, developed from S, Covariance originally proposed
by Sajana and Sajesh (2020). Although these estimates are not affine equivariant, they
perform very well under high collinearity. The reweighing step can be used to identify
the outliers, where outliers get weight 0 and normal observations get 1. Cabana et al.
(2021) proposed a multivariate outlier detection approach using shrinkage comedian
estimator (RMD-S). The author demonstrated that the shrinkage estimator has a high

breakdown value even in high dimension and a high success rate in outlier detection.

This chapter introduces a robust shrinkage estimate for the dispersion matrix, based on
the covariance estimator of Gnanadesikan and Kettenring (1972). An outlier
identification process is built utilising this estimator. The suggested method's
characteristics are empirically investigated, and its effectiveness is compared with

established methods that have been discussed in the literature.
2.5 Robust Shrinkage Estimator for Dispersion Matrix

As described in Section 2.4.1.3, covariance estimation between two random variables Y;
and Y, has traditionally relied on location-based methods. To overcome the sensitivity of
such approaches, Gnanadesikan and Kettenring (1972) proposed a scale-based
formulation, which employs measures of scale and provides improved robustness in
capturing variability compared to the classical covariance estimator. A robust version of
this estimator can be obtained by replacing the standard deviation with a robust scale

estimator oy, yielding
1
(Y1, Y2) =S (or(V; +7; )2 = ar(Yy — 12)?). (2.9)

The key advantage of the scale-based approach is that the influence function of the
covariance estimator depends solely on that of the scale estimator. Additionally, the
breakdown point of this covariance estimator matches that of the robust scale estimator

used in Equation (2.9), ensuring strong robustness properties (Genton & Ma., 1999).
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The proposed approach uses the multivariate version of the robust Cy estimator for the
detection of outliers. Let Y be a n x p data matrix with rows y; (i = 1, 2, ..., n) and
columns ¥; (j = 1, 2, ..., p). Then the robust Gnanadesikan-Kettenring (GK) estimator

for dispersion matrix is defined as:
Cox (Y) = (CR(Yi,YJ-)), iLj=12...p (2.10)

Note that C;y is a robust alternative for the covariance matrix, in which the highly robust
dispersion estimator stands out as a better choice for a robust scale estimator, featuring
a high breakdown point and a bounded influence function but in general, it is not positive
semi definite (Maronna & Zamar 2002). To overcome the non-positive semi-definiteness

of the estimator we adopt the shrinkage approach as follows:

1) Compute the eigenvalues 7; and the eigenvectors e; of C;x (Y), i = 1,2,...p, and
call E the matrix whose columns are the e;’s, so that C;x(Y) = EDET, where
D = diag(7q, 73, ... Tp)-

2) Compute D* = (1 —A1)D + AT; where T is the shrinkage target and A is the
shrinkage intensity. Several choices have been proposed in the literature for the
shrinkage target T (Ledoit & Wolf, 2003a; Ledoit & Wolf, 2003b; Ledoit &
Wolf, 2004; Schifer & Strimmer, 2005; DeMiguel et al., 2013). This study makes
use of the shrinkage target, U1, proposed by Ledoit and Wolf (2004).

3) Compute an improved GK dispersion estimator by shrinkage as,

Cscx = EDET, @2.11)

where D* = (1 — A)D + A9s1. This estimator is named as Shrinkage Gnanadesikan-
Kettenring (SGK) estimator. Ledoit and Wolf (2004) suggested to estimate U5y and A by
minimizing the risk (expected quadratic loss) E[ll Csgx — Z 1I?], where X is the variance
trace(BBT)

covariance matrix of Y and || B [|?=

Theorem: The solution of A and 95 which minimizes E[|l Csqx — X II?] are

Trace(Z) EllCcx—2I1?

Iy = .
> E[ICck—2I?] +I9zI-ZII?

and 1 =

Proof

The Solution of A and 95 which minimizes E[ll Csgx — X 1I?] are

18



Trace(X)

ElCgx—-2I2
and A = X =
E[Cx—ZI?] +I9sI-XI

O =
ming, 2 Ell Csgx — Z I12] = ming, 2 {E[Il (1 — A)Cgx + A9:I — X 11213

= ming, 2 {(1 — D?E[ll Cox — Z 1171+ 2% | 951 — X |I?

+2E[((1 = D) (Cgx — ), A1, E) )}

= ming,; {(1 — D)?E[ll Cox — Z 7] + A2 [ 951 — X 12},

Note that E(C;x) = X obtained by using robust unbiased scale estimator. To obtain the
optimal value 9y it is sufficient to minimize the term || 951 — X |12 of the above
expression.

I 951 — X 1= 95 I LIIZ +1I £ 11>~ 205(I, E).

The first order optimality condition for obtaining the scaling factor Js is
295 1 T1I°P=2(LE) =0,

LX
=> 9y = <(l,_l)) = Trace(ZI1V)/p.

Therefore, the optimal value Uy is Tm;e(z).

The first order optimality condition for obtain the optimal shrinkage intensity is

20— DE(l Cex —Z I1P)(=1D) + 221951 =X [I*>= 0.

This implies,

_ ElCex—ZI?
E[ICgx—2I12] +I9gI-Z)I12

The shrinkage intensity of the covariance matrix refers to the proportional expected
reduction in loss for the Cgk covariance matrix compared to the combined expected loss
for both the Cgx covariance matrix and the scaled identity matrix.

Since the direct computation of Js and A depends on the true covariance matrix, Ledoit

and Wolf (2004) suggested to compute these estimates as follows:

A Trace(Cgg) ~ b3
Oy =——% and 1= d—’;,
n
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where d2 = ||Cox — 921”2 and b2 = min( illyy! - CGK”Z,d,ZL).

2.5.1 Influence function property of SGK estimator

The influence function of an estimator is an essential tool for evaluating its robustness

properties. It serves as an asymptotic representation of its Sensitivity Curve (SC) which

illustrates how minor changes in the data can impact the estimator. Let Y bean X p

data matrix with rows y;(i=1,2, ..., n) and Yo be a (n + 1) X p obtained by adding an

outlying observation yo to Y. We define the sensitivity curve for the SGK estimator as

SC = ||Cs6x (Yo) — Csgx (V)|IF»

where || . || is the Frobenius norm.

In order to draw the sensitivity curve, we have generated data from N,(0, I) and added

the extra outlier yo = ou, where u is a p dimensional vector of ones. Sensitivity curves

for various combinations of n and p drawn for SGK, FAST-MCD, OGK, ROC, S,, RMD-

S and classical estimators for varying values of p are presented here.
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Figure 2.1: Sensitivity curve for varying values of p
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Figure 2.1 presents the sensitivity curve for n = 100 and p = 5, 10, 20. The sensitivity
curve for robust estimators remains bounded across all dimensions, even as the
contamination point (J) moves far from the central region of the data. This indicates that
these estimators are resistant to the influence of outliers. The sensitivity curves for
classical estimator (shown in the bottom-right panel) grow unbounded as the 6 moves

farther from the central region of the data.
2.5.2 SGK method for detecting multiple outliers

The proposed robust covariance matrix can be used for the detection of multiple outliers

from multidimensional data by defining a robust Mahalanobis distance as,

RD(y,m)=D; = (y; —m)"C;l(y;, —m),i =1,2,..,n, (2.12)

where Cggx is defined in (3) and m is a robust location estimator. This study makes use
of the shrinkage multivariate L; median discussed in Cabana ef al. (2021) as location

estimator which is defined as
m=(1—-a)ly + av,u,

where L, is the L1 median of y; and u is p dimensional vector of ones. The scaling factor

v, and the intensity a should minimize the expected quadratic loss E[ll m — u 2] where

Il Al3= ?:1 ajz. Cabana ef al. (2021) obtained the estimates of v, and a as

B _ LyeT a= E[ILy—pl3]
r p ’ E[ILpy—vyel3]

To make these estimators more statistically efficient a weight function

{1 lfDl <cv
0if D; > cv

i
is defined using the robust Mahalanobis distance in Equation (2.12) and a cut-off value

_ 12(0.95)median (D1, ...,Dp)
- 2
%,(0.5)

adopted from Maronna and Zamar (2002). Then the reweighted SGK estimators for

location and scatter are defined as

1

m,, = -¥;w;y; and C, = ﬁZiwi(yi -m,)(y; —m,)",
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where N is the sum of weights, N = }}; w;. These re-weighted estimates have the same
breakdown point of the raw estimates and better finite sample efficiency (Rousseeuw &
Hubert, 2011). In order to identify the outliers, Robust Mahalanobis distance using these

estimates are computed as

RD,(y;,m,) = (y; —m,)'C (y; —m,),i =1,2,..,n,

and if RD,, (y;,m,,) > )(127 (0.975), the observation y; may be considered as outlier.

2.6 Simulation Study

Efficiency of the SGK method to detect outliers is initially assessed through a simulation
study by generating contaminated random samples from multivariate normal distribution
and heavy tailed distributions, such as multivariate ‘¢’ and multivariate exponential
distributions. Subsequently, the methods are evaluated using real life data sets. For the
empirical comparison, data are generated by drawing a fraction (1 - €) of the observations
from the uncontaminated distribution, denoted as F(61u, &11,) , and a fraction ¢ from the
contaminated distribution, denoted as F(6hu, &1,). Here u is a p dimensional vector of

ones.

Without loss of generality, the parameters of uncontaminated distribution are taken as 6
=0 and & = 1 and for the contaminated distribution the parametric values are 6, =5, 10
and £ =0.1, 1. M= 1000 samples are generated for each combination of values of sample
size n (n = 100, 500, 1000), dimension p (p =5, 10, 20) and the contamination level ¢ (¢
=0.1,0.2, 0.3).

Performance of the proposed method is compared with FAST-MCD (reweighted
version), OGK, ROC, S,, and RMD-S methods, focusing on the parameters success rate
(SR) and false detection rate (FDR). SR gauges the detection of true outliers, while FDR
measures the false detection of normal observations as outliers. The scale estimate Q,
proposed by Rousseeuw and Croux (1993) has been used as initial scale estimates for
OGK. Since the proposed Csck estimator can be computed using any unbiased robust
scale estimator, for the comparative study we have considered the robust scale
estimators, MAD (Hampel, 1974), S,, and O, which are unbiased under normality
condition. Csck estimators based on these scale estimators are obtained using Equation

(2.11) and the SGK approach using these estimates are denoted as Cmap, Csn, and Can,
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respectively. Since the results are showing similar pattern, the results corresponding to
multivariate normal and t distributions with 6, = 5 and & = 1 are presented here and the
rest of the results are given in Appendix A. Also, to limit the size of the tables of success
rates, only those cases, in which one of the methods scored less than 95% SR, have been

included.

Table 2.1: SRs of outlier detection methods for Normal distribution

n p & Csn  Cwmap  Con Sn ROC OGK MCD RMD-S

100 20 0.3 1 1 1 1 1 1 0.376 1
30 0.2 1 1 1 1 1 1 0.491 1
0.3 1 1 1 1 1 1 0.320 1

500 10 0.3 1 1 1 1 1 1 1 0.904

20 0.3 1 1 1 1 1 1 0.434 0.494
30 0.2 1 1 1 1 1 1 0.901 1

0.3 1 1 1 1 1 1 0.084 0.152

1000 5 0.3 1 1 1 1 0.996 0.995 1 0.905

10 0.3 1 1 1 1 1 1 1 0.71

20 0.3 1 1 1 1 1 1 0.454 0.183

30 03 0.794 1 1 1 1 1 0.066  0.035

Table 2.1 illustrates the success rates acquired for the normal distribution across various
methodologies. Consistently, the SGK, S, ROC and OGK approaches demonstrate the
highest success rates across all conditions. The RMD-S method exhibits commendable
success rates across all scenarios, with the sample size set to 100. However, at ¢ = 0.3
there is a notable decline in success rates for data with » = 500, 1000, and p = 20, 30,
indicating a deterioration in performance with increasing sample size and dimensionality.
Notably, the MCD method performs comparably to other methods for dimensions p =5
and 10, but its success rates experience a drastic decrease as both the dimensions and

contamination levels increase.

Table 2.2: FDRs of outlier detection methods for Normal distribution

n p & Cosn Cwmap Caon Sn ROC OGK MCD RMD-S

100 5 0 0.000 0.000 0.000 0.110 0.000 0.045 0.073 0.003
0.1 0.000 0.000 0.000 0.114 0.006 0.080 0.049 0.004

0.2 0.000 0.000 0.000 0.101 0.005 0.056 0.037  0.000

0.3 0.000 0.000 0.000 0.102 0.001 0.035 0.020 0.000

10 0 0.000 0.000 0.000 0.000 0.000 0.047 0.117 0.000

0.1 0.000 0.000 0.000 0.001 0.004 0.083 0.093 0.003

0.2 0.000 0.000 0.000 0.000 0.002 0.061 0.063 0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.033 0.040 0.000

20 O 0.000  0.000 0.000 0.024 0.000 0.064 0.266 0.000

0.1 0.000 0.000 0.000 0.046 0.002 0.090 0.197 0.001
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0.2 0.000 0.000 0.000 0.032 0.001 0.066 0.129 0.000
0.3 0.000 0.000 0.000 0.014 0.000 0.038 0.231 0.000
30 0 0.000 0.001 0.000 0.028 0.000 0.070 0.287  0.000
0.1 0.000 0.000 0.000 0.047 0.001 0.094 0.202 0.000
0.2 0.000 0.000 0.000 0.034 0.000 0.073 0.254 0.000
0.3 0.000 0.000 0.000 0.015 0.000 0.038 0.274  0.000
500 5 0 0.000 0.000 0.000 0.087 0.000 0.028 0.028 0.001
0.1 0.000 0.000 0.000 0.131 0.004 0.077 0.025 0.005
0.2 0.000 0.000 0.000 0.120 0.002 0.052 0.021  0.001
0.3 0.000 0.000 0.000 0.111 0.001 0.028 0.020 0.000
10 0 0.000 0.000 0.000 0.000 0.000 0.031 0.032 0.001
0.1 0.000 0.000 0.000 0.000 0.002 0.078 0.028 0.003
0.2 0.000 0.000 0.000 0.000 0.001 0.054 0.024 0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.028 0.020 0.000
20 0 0.000 0.000 0.000 0.009 0.000 0.036 0.040 0.001
0.1 0.000 0.000 0.000 0.037 0.000 0.080 0.035 0.001
0.2 0.000 0.000 0.000 0.024 0.000 0.057 0.030 0.000
0.3 0.000 0.000 0.000 0.012 0.000 0.030 0.028 0.000
30 0 0.000 0.000 0.000 0.011 0.000 0.037 0.058 0.001
0.1 0.000 0.000 0.000 0.038 0.000 0.080 0.053 0.001
0.2 0.000 0.000 0.000 0.025 0.000 0.054 0.045 0.000
0.3 0.000 0.000 0.000 0.012 0.000 0.029 0.050 0.000
1000 5 0 0.000 0.000 0.000 0.087 0.000 0.026 0.026  0.001
0.1 0.000 0.000 0.000 0.137 0.003 0.075 0.025 0.006
0.2 0.000 0.000 0.000 0.123 0.002 0.053 0.022 0.001
0.3 0.000 0.000 0.000 0.115 0.001 0.029 0.021  0.000
10 0 0.000 0.000 0.000 0.000 0.000 0.027 0.028  0.000
0.1 0.000 0.000 0.000 0.000 0.002 0.077 0.025 0.004
0.2 0.000 0.000 0.000 0.000 0.001 0.054 0.022 0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.028 0.021  0.000
20 0 0.000 0.000 0.000 0.007 0.000 0.030 0.030 0.001
0.1 0.000 0.000 0.000 0.036 0.000 0.078 0.028 0.001
0.2 0.000 0.000 0.000 0.023 0.000 0.054 0.024 0.000
0.3 0.000 0.000 0.000 0.012 0.000 0.030 0.024 0.000
30 0 0.000 0.000 0.000 0.008 0.000 0.034 0.037 0.001
0.1 0.000 0.000 0.000 0.037 0.000 0.079 0.033 0.001
0.2 0.000 0.000 0.000 0.024 0.000 0.056 0.028 0.000
0.3 0.000 0.000 0.000 0.011 0.000 0.029 0.032 0.000

Table 2.2 displays the FDRs associated with different outlier detection techniques
applied to normal data. It is evident that, across all cases, the SGK, ROC and RMD-S
methods exhibit significantly low FDRs, while the OGK and MCD methods demonstrate
higher FDRs. The FDR associated with the MCD method demonstrates an upward trend
with increasing dimensionality, indicating a rise in false detections as dimensions
expand. However, there is an improvement in FDR with larger sample sizes, suggesting

that increased sample size mitigates false discoveries despite the dimensionality effect.
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The S, technique exhibits a declining tendency with increasing dimensionality, even

while it presents a sizable FDR for low-dimensional data.

Table 2.3: SRs of outlier detection methods for multivariate ¢ distribution with 3 d.f.

n P ¢ Csi Cwao Con S ROC OGK MCD RMD-S
100 10 03 1 1 1 1 1 1 0650 1
20 02 1 1 1 1 1 1 0528 1
03 1 1 1 1 1 1 039 1
30 01 1 1 1 1 1 1 0687 1
02 1 1 1 1 1 1 0370 1
03 1 1 1 1 1 1 0343 1
500 20 03 1 1 1 1 1 1 0442 1
30 02 1 1 1 1 1 1 0504 1
03 1 1 1 1 1 1 0489 1
1000 20 03 1 1 1 1 1 1 0439 1
30 02 1 1 1 1 1 1 0525 1
03 1 1 1 1 1 1 049 1

The findings outlined in Table 2.3, derived from multivariate ¢ distribution with 3 degrees
of freedom data, indicate that all methods examined in this study, with the exception of
MCD, achieve optimal success rates across datasets characterized by diverse
combinations of size, dimension, and contamination levels. Specifically, for high-
dimensional datasets with moderate to high degrees of contamination, the MCD

technique exhibits lower success rates.

Examining the false detection rates presented in Table 2.4 for the multivariate ¢
distribution, it is observed that the FDRs for all methodologies are higher compared to
their corresponding values obtained for normal data. In this case as well, SGK
demonstrates comparable performance to RMD-S and ROC, with similar FDRs except
for 30% of outliers. However, the FDRs of S,, OGK, and MCD methods are notably
higher compared to SGK, RMD-S, and ROC.

Table 2.4: FDRs of outlier detection methods for multivariate ¢ distribution with 3 d.f.

n p & Csn Cwap  Can Sn ROC OGK MCD RMD-S

100 5 0 0.000 0.000 0.000 0.097 0.001 0.038 0.243 0.001
0.1 0.060 0.060 0.049 0.216 0.112 0.213 0.214 0.123

0.2 0.047 0.047 0.043 0.203 0.086 0.166 0.190 0.072

0.3 0.030 0.030 0.037 0.188 0.060 0.120 0.159  0.029

10 0 0.000 0.000 0.000 0.000 0.001 0.044 0.344  0.002

0.1 0.087 0.087 0.083 0.092 0.141 0.264 0310  0.159

0.2 0.076 0.076 0.078 0.085 0.115 0.207 0.265 0.101
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2.6.1 Affine equivariance

This section investigates the potential consequences of employing SGK method lacking
equivariance for the precise identification of outliers within the data. Given a dataset Y =
{¥1,¥2, ..., ¥n} and a non-singular p X p matrix A, a transformed data is obtained as
Y = {Ay,, Ay, ..., Ay, }. When the estimates exhibit affine equivariance, then
my = m(Y,) = Am(Y) and S, = S(Y,) = AS(Y)AT.
Furthermore, the robust Mahalanobis distance of Ay; from m, based on S, is defined
as
RD(Ay;my) = (Ay; —my)T'S3 (Ay; —m,), i=1.2,...,n

If location and scatter estimates are affine-equivariant, then RD(Ay;, m,) = RD(y;, m)
where m is the robust location estimate of Y. To examine the effects of the lack of
equivariance in estimates, Maronna and Zamar (2002), Sajesh and Srinivasan (2012),
Cabana ef al. (2021) generated random matrices as A = JD, where J is a random
orthogonal matrix and D = diag(vy, . . .., vp),, with v;’s being independent and uniformly
distributed in (0, 1). A similar approach is adopted to investigate the lack of equivariance
effects of the SGK methods. The simulation for untransformed data is repeated to
evaluate the performance of SGK methods under transformation. Each generated data
matrix Y is affinely transformed by multiplying it by a random matrix A generated as
described above. The SGK methods are then applied to the transformed data matrix Yu
to detect outliers. The experiment is conducted across various sample space dimensions

(»p =5, 10, 20, 30) and contamination levels ¢ (¢ = 0.1, 0.2, 0.3).

Table 2.5: SRs of outlier detection methods for affinely transformed data

n p ¢ Cosn Cwmap Can Sn ROC OGK MCD RMD-S

100 5 0.3 0.897 0.997 0.945 1 0.972  0.993 1 0.902
20 0.3 0.900 0.900 0.990 1 1 1 0.351  0.986
30 0.2 1 1 1 1 1 1 0.456 1
0.3 1 1 1 1 1 1 0.312  0.968
500 5 0.3 0.901 0.901 0.941 1 0.988  0.997 1 0.847
10 0.3 0.800 0.900 0.940  0.997 1 1 1 0.759
20 0.3 0.743 1 1 1 1 1 0.356  0.634
30 0.2 1 1 0.990 1 1 1 0.930 1
0.3 0.505 0.7 0.89 1 1 1 0.150  0.496
1000 5 0.3 1 1 0.887 1 0.988  0.997 1 0.81
10 0.3 0.889 1 1 0.998 1 1 1 0.722
20 0.3 0.900 0.900 0.910 1 1 1 0.539 0.49
30 0.3 0.900 0.800 0.662 1 1 1 0.087  0.385
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Table 2.5 presents the success rates obtained for affinely transformed data using various
outlier detection methods, mirroring the trends observed in the results obtained for
normal data as presented in Table 2.1. Across all conditions, the SGK, S,, Comedian, and
OGK approaches consistently demonstrate the highest success rates. The RMD-S
method exhibits commendable success rates across all scenarios when the sample size is
set to 100. However, at an ¢ = 0.3, a notable decline in success rates is observed for
datasets with larger sample and dimensions. It is noteworthy that the MCD method
performs comparably to other methods for dimensions p = 5 and 10; however, its success
rates experience a drastic decrease as both the dimensions and contamination levels

increase.

Table 2.6: FDRs of outlier detection methods for affinely transformed data

n p ¢ Csn  Cmap  Con Sh ROC OGK MCD RMD-S
100 5 0 0.000 0.000 0.000 0.170 0.005 0.105 0.065  0.007
0.1 0.000 0.000 0.000 0.097 0.007 0.081 0.048 0.021
0.2 0.000 0.000 0.000 0.063 0.004 0.062 0.040 0.007
0.3 0.000 0.000 0.000 0.054 0.002 0.034 0.018 0.002
10 0 0.000 0.000 0.000 0.001 0.006 0.112  0.125  0.009
0.1 0.000 0.000 0.000 0.000 0.003 0.091 0.092 0.023
0.2 0.000 0.000 0.000 0.000 0.003 0.069 0.066  0.006
0.3 0.000 0.000 0.000 0.000 0.001 0.037 0.040 0.001
20 0 0.000 0.000 0.000 0.066 0.004 0.112 0276  0.007
0.1 0.000 0.000 0.000 0.047 0.002 0.094 0.199 0.016
0.2 0.000 0.000 0.000 0.032 0.002 0.074 0.123  0.004
0.3 0.006 0.000 0.000 0.019 0.001 0.041 0.230 0.000
30 0 0.000 0.020 0.000 0.058 0.001 0.112  0.288  0.002
0.1 0.000 0.000 0.000 0.053 0.001 0.107 0.205 0.014
0.2 0.000 0.000 0.000 0.040 0.001 0.070 0.246  0.001
0.3 0.000 0.000 0.001 0.020 0.000 0.039 0.283  0.000
500 5 0 0.000 0.000 0.000 0.170 0.007 0.100 0.030 0.019
0.1 0.000 0.000 0.000 0.093 0.004 0.076 0.026  0.013
0.2 0.000 0.000 0.000 0.060 0.002 0.053 0.020 0.003
0.3 0.000 0.000 0.000 0.052 0.001 0.029 0.021 0.000
10 0 0.000 0.000 0.000 0.000 0.003 0.100 0.032 0.016
0.1 0.000 0.000 0.000 0.000 0.002 0.082 0.026  0.015
0.2 0.000 0.000 0.000 0.000 0.001 0.056 0.023  0.004
0.3 0.000 0.000 0.000 0.000 0.000 0.033 0.017  0.000
20 0 0.000 0.000 0.000 0.055 0.001 0.104 0.040  0.010
0.1 0.000 0.000 0.000 0.040 0.001 0.083 0.037 0.016
0.2 0.000 0.000 0.000 0.028 0.000 0.059 0.033  0.002
0.3 0.000 0.000 0.000 0.017 0.000 0.033 0.028  0.000
30 0 0.000 0.000 0.000 0.055 0.000 0.104 0.057  0.006
0.1 0.000 0.000 0.000 0.041 0.000 0.085 0.051 0.015
0.2 0.000 0.000 0.000 0.028 0.000 0.060 0.043 0.001
0.3 0.000 0.000 0.000 0.017 0.000 0.034 0.052 0.000
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1000 5 0 0.000 0.000 0.000 0.171 0.006 0.103  0.027  0.020
0.1 0.000 0.000 0.000 0.091 0.004 0.076  0.023  0.006
0.2 0.000 0.000 0.000 0.059 0.002 0.054 0.021  0.001
0.3 0.000 0.000 0.000 0.056 0.001 0.029 0.020 0.001

10 0 0.000 0.000 0.000 0.000 0.003 0.101  0.029  0.015
0.1 0.000 0.000 0.000 0.000 0.002 0.081 0.026  0.008
0.2 0.000 0.000 0.000 0.000 0.001 0.058 0.021  0.001
0.3 0.000 0.000 0.000 0.000 0.000 0.032 0.022  0.000

20 0 0.000 0.000 0.000 0.052 0.001 0.101  0.030  0.010
0.1 0.000 0.000 0.000 0.038 0.000 0.080 0.027  0.010
0.2 0.000 0.000 0.000 0.028 0.000 0.058 0.025  0.001
0.3 0.000 0.000 0.000 0.016 0.000 0.033 0.021  0.000

30 0 0.000 0.000 0.000 0.051 0.000 0.104 0.035  0.006
0.1 0.000 0.000 0.000 0.039 0.000 0.081 0.031 0.013
0.2 0.000 0.000 0.000 0.028 0.000 0.059 0.028 0.001
0.3 0.000 0.000 0.000 0.016 0.000 0.033 0.030  0.000

Similar to the success rate findings, the False Detection Rates corresponding to the
transformed data as presented in Table 2.6 exhibit a similar pattern to that of the normal
data. It is clear that, in every situation, the proposed SGK methods display significantly
low FDRs, while the OGK and MCD methods show higher FDRs. This suggests that the
affine transformation has minimal effect on the performance of the proposed SGK

method, maintaining its effectiveness in outlier detection.
2.6.2 Correlated data

As the SGK method lacks affine equivariance, it becomes imperative to conduct a study
utilizing correlated data, as its performance is contingent upon the covariance structure
of the data. Devlin et al. (1981) employed a correlation matrix P in their investigation,
generating Monte Carlo data from various distributions with moderate dimensionality (p

= 6). The correlation matrix P takes the form

P. 0 1 095 0.3 1 —0.499 —0.499
P=[01 P]with P,=[095 1 0.1|and P, =[-0499 1 —0.499
2 03 01 1 —0.499 —0.499 1

This matrix possesses advantageous attributes: its dimensions are sufficiently large for
the study of multivariate estimators, and it encompasses a broad range of correlation
values. The dataset, consisting of 100 observations, was generated from an asymmetric
contaminated normal distribution, a mixture of 100(1 — ¢) observations from N,(0, P)

and 100¢ observations from N,(Su, P) where u' = (1, . . ., 1). This setup allows for a
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comprehensive assessment of the methods' abilities in detecting outliers within highly

correlated datasets.

Table 2.7: SRs of outlier detection methods for correlated data

wn
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1 1

n & CSn CMAD
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Tables 2.7 and Table 2.8 depict the success rates and false detection rates of various
outlier detection methods for correlated data, respectively. The results demonstrate that
all methods successfully identify outliers with optimal success rates while maintaining
minimal FDRs. Among the methods, OGK exhibits slightly higher FDR compared to
others. This underscores the applicability and effectiveness of the SGK method even in

the presence of correlated data.

Table 2.8: FDRs of outlier detection methods for correlated data

n e Csn Cwmab Con Sn ROC OGK MCD RMD-S
100 0 0.000 0.000 0.000 0.004 0.028 0.112  0.072 0.016
0.1 0.000 0.000 0.000 0.000 0.000 0.027  0.025 0.000
0.2 0.000 0.000 0.000 0.000 0.000 0.013  0.011 0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.014  0.003 0.000
500 0 0.000 0.000 0.000 0.003 0.015 0.101  0.027 0.013
0.1 0.000 0.000 0.000 0.000 0.000 0.021  0.002 0.000
0.2 0.000 0.000 0.000 0.000 0.000 0.013  0.001 0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.010  0.002 0.000
10000 0 0.000 0.000 0.000 0.003 0.012 0.099  0.028 0.013
0.1 0.000 0.000 0.000 0.000 0.000 0.020  0.001 0.000
0.2 0.000 0.000 0.000 0.000 0.000 0.020  0.001 0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.009  0.001 0.000

2.6.3 Breakdown value of SGK method

The breakdown value of an outlier detection method, signifies the maximum fraction of
contaminated data the method can handle while still maintaining reliable outlier
identification. While this represents the worst-case robustness of the method, our

experiments empirically evaluate the behaviour of outlier detection methods under

30



controlled settings. These results are not intended to provide a breakdown theory but
rather illustrate the robustness properties observed in practice under the specified

conditions.

To examine the breakdown behaviour of the SGK method, we have followed the method
used by Sajesh and Srinivasan (2012) and Cabana et al. (2021). The study incorporates
two forms of contamination: ¢ percent symmetric, where the i™ observation is multiplied
by 1004, and & percent asymmetric, where the i observation is replaced by (100i)u, i =
I, ..., 100e¢. In the first case, outliers are symmetrically distributed, while in the second
case, they exhibit asymmetrical distribution. Various combinations of z (100, 500, 1000),
p (10, 30, 50, 80, 100), and & (0.1, 0.2, 0.3, 0.4, 0.45) were systematically selected to
determine the empirical breakdown values of the SGK methods. This comprehensive
exploration provides insights into the resilience and performance of the SGK method

under diverse contamination scenarios and dimensionalities.

Table 2.9: Simulation results for breakdown value

Symmetric Asymmetric
SR FDR SR FDR
p & Csn Cuwap Con Csn Cmap Con | Csn Cwmap Con Csn Cmap  Con
10 01 1 1 1 0 0 0 1 1 1 0 0 0
02 1 1 1 0 0 0 1 1 1 0 0 0
03 1 1 1 0 0 0 1 1 1 0 0 0
04 1 1 1 0 0 0 1 1 1 0 0 0
045 1 1 1 0 0 0 1 1 1 0 0 0
30 01 1 1 1 0 0 0 1 1 1 0 0 0
02 1 1 1 0 0 0 1 1 1 0 0 0
03 1 1 1 0 0 0 1 1 1 0 0 0
04 1 1 1 0 0 0 1 1 1 0 0 0
045 1 1 1 0 0 0 1 1 1 0 0 0
50 01 1 1 1 0 0 0 1 1 1 0 0 0
02 1 1 1 0 0 0 1 1 1 0 0 0
03 1 1 1 0 0 0 1 1 1 0 0 0
04 1 1 1 0 0 0 1 1 1 0 0 0
045 1 1 1 0 0 0 1 1 1 0 0 0
80 01 1 1 1 0 0 0 1 1 1 0 0 0
02 1 1 1 0 0 0 1 1 1 0 0 0
03 1 1 1 0 0 0 1 1 1 0 0 0
04 1 1 1 0 0 0 1 1 1 0 0 0
045 1 1 1 0 0 0 1 1 1 0 0 0
100 01 1 1 1 0 0 0 1 1 1 0 0 0
02 1 1 1 0 0 0 1 1 1 0 0 0
03 1 1 1 0 0 0 1 1 1 0 0 0
04 1 1 1 0 0 0 1 1 1 0 0 0
045 1 1 1 0 0 0 1 1 1 0 0 0
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Table 2.9 presents the results for both ¢ percent symmetric and asymmetric cases with a
sample size of n = 1000. It is evident from the table that the SGK method consistently
achieves maximum success rates and minimum false detection rate for both symmetric
and asymmetric data scenarios. Similar trends are observed for other values of n as well.
These findings suggest that the proposed SGK method is adept at detecting a large
amount of contamination and the estimates derived through this method are robust in the

presence of a higher number of outliers.

2.7 Application to Real Life Data

To explore the efficacy of the outlier detection methods in real-world scenarios, we
utilized several benchmark datasets, including Bushfire data (Campbell, 1989), Milk data
(Daudin et al., 1988), Stack Loss data (Brownlee, 1965), USJudgeRatings data (available
in “datasets” library of R) and the results obtained for Bushfire data and Milk data are

presented here.
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Figure 2.2: Robust Mahalano bis distance plots for Milk data
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The Milk data set consists of 8 measurements on 86 samples of milk analysed by
Atkinson (1994). He has suggested to remove the observation 70 from the analysis as it
shows some weirdness in the preliminary analysis. Also, two of the observations (63 and
64) are exact duplicates. The duplicate point and observation 70 are omitted from the
analysis. Atkinson identifies the observations 1, 2, 11, 12, 13, 14, 15, 41, 44 and 74 as
potential outliers. Figure 2.2 presents the robust distance plots obtained for this data
using various methods, and it is evident that all methods including SGK could
successfully detect the known outliers.
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Figure 2.3: Robust Mahalanobis distance plots for Bushfire data

Bushfire data collected by Campbell (1989) consist of satellite measurement on five
frequency bands each corresponding to 38 pixels. Maronna and Yohai (1995) analyzed
this data and identified the observations 7-11 and 31-38 are outliers. Figure 2.3 displays
the robust distance plots obtained for the Bushfire data employing different outlier
detection methods. In contrast to the previous example, only the plots generated using

SGK estimates exhibit a clear distinction between outliers and normal data points. While
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both the ROC and MCD methods detect the majority of outliers, the RMD-S method
falls short in detecting outliers 7—11.

2.8 Summary

Covariance analysis goes beyond individual variable analysis by revealing the
relationships between variables, which is essential for techniques like principal
component analysis, factor analysis, and regression. However, traditional covariance
matrix estimation can be influenced by outliers. To address this, we propose a robust
estimator based on the Gnanadesikan-Kettenring approach for calculating covariance
matrices. Additionally, an outlier detection method, SGK method, is proposed alongside
this estimator. The effectiveness of both the estimator and the outlier detection method
is compared to existing methods, such as ROC, Sy, OGK, MCD and RMD-S, through

empirical evaluation.

The effectiveness of the SGK method is comprehensively evaluated using various
metrics and scenarios. The simulation study utilizes tools success rate and false detection
rate to compare its performance with existing methods. To assess the method's versatility
in diverse settings, data with varying characteristics is employed. This includes
correlated and uncorrelated data generated from multivariate normal, multivariate ¢, and
multivariate exponential distributions. Across all evaluated scenarios, the proposed SGK
method demonstrated a high success rate in identifying contaminated observations,
accompanied by a very low false detection rate compared to other methods. While Sy,
ROC, and OGK achieved similar success rates, the SGK method maintained a
significantly lower FDR. RMD-S, a shrinkage-based method, showcased an optimal SR
under the multivariate ¢ distribution but exhibited a comparatively lower SR for large,
heavily contaminated normal datasets. Additionally, MCD displayed a substantial
decrease in SR as dimension and contamination sizes increased across most of the

scenarios.

Despite not being affine equivariant, the SGK method maintained similar performance
even under affinely transformed data, demonstrating its robustness to such
transformations. In the simulation study, we computed the F-score for each
contamination scheme. The result shows that the method exhibited exceptional resistance
to contamination in datasets with varying sizes and dimensions, successfully identifying

a high proportion of outliers with high accuracy even under heavy contamination.
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Notably, the SGK method thrived in high-dimensional, low-sample size scenarios, a
setting where shrinkage-based methods typically excel. This confirms its suitability for
a wider range of data structures. Simulation results corresponding to small sample with
high dimension cases and F Score are provided Appendix A. Finally, real-world
applicability was validated by evaluating performance on benchmark datasets. The SGK
method successfully identified all known outliers, corroborating the findings from the

empirical study.

Table 2.10: Computation time

P P Csn  Cwao  Con Sn ROC OGK MCD RMD-S

5 0.1 0.0044 0.0096 0.0076 0.0502 0.0039  0.0060 0.0100 0.0038
0.2 0.0049 0.0090 0.0068 0.0474  0.0037  0.0055 0.0097 0.0036

0.3 0.0042 0.0091 0.0068 0.0470  0.0035 0.0061 0.0100 0.0043

10 0.1 0.0089 0.0274 0.0199 0.1520 0.0113  0.0200 0.0252 0.0063
0.2 0.0090 0.0280 0.0198 0.1517 0.0110  0.0204 0.0252 0.0062

0.3 0.0088 0.0286 0.0195 0.1519 0.0109  0.0209 0.0255 0.0062

20 0.1 0.0291 0.1103 0.0761 0.5715 0.0430  0.0832 0.1034 0.0174
0.2 0.0326 0.1259 0.0830 0.6478  0.0467  0.0954 0.1150 0.0192

0.3 0.0302 0.1159 0.0796 0.6054  0.0457  0.0865 0.1109 0.0191

30 0.1 0.0670 0.2596 0.1800 1.2971  0.0980  0.1946 0.2659 0.0360
0.2 0.0683 0.2678 0.1817 1.3560  0.0985  0.2013 0.2705 0.0374

0.3 0.0662 0.2601 0.1769 1.2919 0.0969  0.1960 0.2655 0.0363

Table 2.10 displays the computational times in seconds for the multivariate normal
distribution with > =5 and & = 1. The experiments were conducted using R software on
a PC equipped with a 11" Gen Intel(R) Core (TM) i3-1115G4 @ 3.00GHz processor and
8 GB of RAM. Among the SGK methods, Csh demonstrates faster performance compared
to Cmap and Con. Additionally, the RMD-S method is slightly quicker than the proposed
SGK method. Overall, the SGK method outperforms S,, OGK, and MCD significantly.
These findings suggest that the SGK method offers a superior balance between accurate
outlier detection and minimizing false positives, particularly in high-contamination
settings. Also, we have empirically compared three estimators - O,, S, and MAD — as
potential choices for the robust scale parameter g;. Based on our results, we recommend
O as the default choice for ox in most applications due to its superior performance in
terms of success rate and false detection rate. However, S, may be preferable in situations

where computational speed is a key consideration.
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CHAPTER 3

BIVARIATE ROBUST CONTROL CHARTS FOR
INDIVIDUAL OBSERVATIONS

3.1 Introduction

Bivariate control charts for individual observations are a type of statistical process
control tool, employed to monitor and assess process quality. These charts are
specifically designed for situations where two variables are observed simultaneously,
enabling the detection of patterns or trends that signal a shift or alteration in the process.
Alt (1985) defined the concept of two distinct phases, Phases I and Phase II, in
constructing control charts. In Phase I, historical observations are utilized to assess the
process's stability and estimate the parameters of the in-control process, as well as to
establish control limits. These control limits serve as reference boundaries for subsequent
monitoring. In Phase I, the estimated parameters and control limits obtained from Phase
I are applied to analyze the data collected during the actual manufacturing process,
enabling the detection of any deviations or out-of-control signals. The purpose of Phase
IT is to monitor and maintain the process's stability based on the established control

limits.

One commonly used approach in bivariate process monitoring and control is the
Hotelling’s 7° control chart, which focuses on monitoring the mean vector of the process.
This method serves as a direct counterpart to the univariate Shewhart chart
(Montgomery, 2020). For the sample x = {x1, x2, . . ., xx}, where x; represents a two-
dimensional vector of measurements made on a process at the time period i, Hotelling’s

T? statistic is defined as

T?(x) = (x; — w27 (x; — ). (3.1

When the process is in statistical control, it is assumed that x; is independent and follows
a bivariate normal distribution Na(u, 2), where u represents the mean vector and X
represents the covariance matrix. If both g and X are known, 7? follows a Chi-square
distribution with 2 degrees of freedom. However, in practice, when dealing with
individual observations, the true values of # and X' are generally unknown. In such cases,

these parameters are usually substituted with classical estimators of mean vector (X) and
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covariance matrix (S). Thus, the 77 statistic for x; can be constructed in the following

way:

T?(x) = (x; —0)"S™ ' (x; — %), (3.2)

511 512

where X = (X;,%,)T and S =
(1 2) 521 522

],512 = Cov(X;, X;). Unfortunately, the

classical estimators are highly susceptible to the influence of outliers, which can lead to
misleading results when constructing control charts using phase I data (known as the
masking problem). Recognizing this issue, researchers have proposed alternative
approaches in the literature to mitigate the adverse impact of outliers. These alternative
methods involve replacing the classical estimators with robust estimators, which are
more resilient to the presence of outliers. By utilizing robust estimators, the control charts
become more robust and reliable in the presence of outliers, ensuring more accurate

monitoring of the process.

Vargas (2003) introduced robust control charts for identifying outliers in Phase I
multivariate individual observations. These charts rely on two robust estimators, namely
the minimum covariance determinant (MCD) and the minimum volume ellipsoid
(MVE), to estimate the mean vector and covariance matrix. However, since the exact
distribution of the 77 statistic with these robust estimators is unavailable, the control
limits for Phase I data are determined empirically. Vargas (2003) and Jensen et al. (2007)
estimated the control limits for the robust 7% charts for Phase I data using simulations.
Alfaro and Ortega (2009) and Chenouri ef al. (2009) have proposed robust multivariate
control charts based on the reweighted Minimum Covariance Determinant (RMCD)
estimator. Alfaro and Ortega (2009) determined the upper control limit (UCL) of their
robust control chart empirically as the 95% quantile of the robust Hotelling’s 7? statistics
while Chenouri et al. (2009) obtained the approximate control limits by modelling the
empirical quantiles of robust Hotelling’s 7 statistics. Even though these control charts
can successfully defend outliers, they also detect many normal observations as outliers
(swamping problem). Also, the computational complexity of these control charts
comparatively very high. Sajesh (2023) addressed this limitation by proposing a bivariate
control chart using Gnanadesikan-Kettenring estimator. To further enhance its
robustness, various robust dispersion estimators, including S, and O, estimators proposed
by Rousseeuw and Croux (1993), were incorporated. Among these variants, Sajesh

(2023) showed that the GK((Q») chart, which utilizes O, estimator, is the most efficient.
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In this chapter we have proposed bivariate robust control charts based on Comedian
estimator and S, Covariance estimator. These control charts are found to be suitable for
bivariate data with outliers. The significance of the proposed control charts is evaluated

through a comparative study with the performances of well-known methods.
3.2 Proposed Bivariate Robust Control Charts

Let {xi, .. ., x4} be a random sample of size n drawn from bivariate normal distribution
with mean vector # and covariance matrix X, which is considered the Phase I data in

what follows. Let y € {xi, . . ., x»}be a Phase II observation, then it is known that

20+ . [202=1D)
T*(y) [n(n_z)]F(Z,n—Z)a

where T%(y) is as defined in Equation (3.1) and Fy, v, 1s F distribution with (vi, v2)
degrees of freedom (Wilks, 1962). We propose to replace the classical estimates of # and
X by its robust counterparts to robustify the 7 control chart based on Phase I data. In this
study we have considered the robust estimators S, Covariance proposed by Sajana and
Sajesh (2020) and Comedian proposed by Falk (1997) to replace the classical estimates
of covariance matrix and the component wise median has been used to replace the
classical estimate of mean vector. Suppose xmes and Sk represent the robust mean vector
and covariance matrix estimators, respectively. We define a robust Hotelling’s 72 for y

based on these estimates by

Tczom (y) = (y - xmed)T SEolm(y - xmed)9 (3-3)

and

TSZn (y) = (y - xmed)T Sgnl(y - xmed)a (3-4)
where

MAD(X;)? COM(Xy,X
_ [ MAD(X) 050 g s, =

S Sn(Xl)Z SnCOU(XerZ)
com = coM(Xy,X,) MAD(X,)?

SnCOU(Xl'XZ) Sn(XZ)Z

The finite sample distributions of the robust estimators which we have considered and
thus the distribution of the robust Hotelling’s 77 statistic, denoted by T2 are unknown.
By applying Slutsky theorem (Serfling, 2009), the asymptotic distribution of T#Z can be

obtained as Chi square distribution with 2 degrees of freedom. As n — oo
To-1 b T y—1 2
(y - xmed) S (Y — Xmea) = (y - ”) 2 (y—mw ~X(©2)- (3.5)
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However, this asymptotic distribution only works for large sample sizes. To compute the
control limits for the proposed control charts we apply Monte Carlo simulations to
estimate quantiles for various sample sizes. Then, we fit a smooth curve between the
sample size and quantiles of TZ.These fits can be used to estimate appropriate control

limits of the proposed control charts for small Phase I sample sizes (n <200).

3.2.1 Estimation of Control Limits for the Proposed Control Charts

In order to estimate the 95%, 99%, 99.73% and 99.9% quantiles of T2 for a given Phase
I sample size n, we generate N = 10,000 samples of size n from a standard bivariate
normal distribution Na(@, I). For each data set of size n, we compute median vector and
robust covariance matrix estimates using S, Covariance and Comedian methods. In
addition, for each data set, we randomly generate a new observation y; from N2(0, I)
(treated as a Phase II observation) and calculate the corresponding T2 (y;) value using
S, Covariance and Comedian estimates. The empirical distribution function of T2 (y;) is
based on the simulated values T3 (y,), T2 (¥2), ..., TZ (yx). By inverting the empirical
distribution function of T# (y;), we obtain Monte Carlo estimates of the 95%, 99%,
99.73% and 99.9% quantiles. We construct the empirical distribution of T3 (y;) for n =
20, 21, .. ., 50, 55, 60, . . ., 200. Figure 3.1 shows scatter plots of the empirical 95%,
99%, 99.73% and 99.9% quantiles of T3 (y;) versus the sample size n for S, Covariance
control chart. Figure 3.2 shows scatter plots of the empirical 95%, 99%, 99.73% and
99.9% quantiles of T4 (y;) versus the sample size n for Comedian control chart. These

scatter plots suggest that we could model the quantiles using a family of regression
curves of the form f(n) = a+%. Since the statistics asymptotically follow )((22)

distribution, following two parameter family of curves is used for both S, Covariance

and Comedian control charts:

bi_q
fi—a(m) = X%Z,l—a) + == (3.6)

ni-a’

where X%Z,l—a) is the 1 — a quantile of the y? distribution with 2 degrees of freedom and

bi1-4 and c1-, are constants. Fitting this curve to the data will help us to estimate the
desired control limits of S, Covariance and Comedian control charts for any Phase I

sample of size n. Note that, as n increases, fi-«(n) approaches )((22,1_0(). Table 3.1 gives

the least-square estimates of the parameters b1, and ci1-» for S, Covariance and

Comedian estimates.
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Figure 3.1: Simulated Quantiles of T2 and the Fitted Curves for S, Covariance
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Using Table 3.1 and Equation (3.6), we can compute the 95%, 99%, 99.73% and 99.9%

quantiles of T (y;) for Phase I sample size n. The regression curves given by Equation

(3.6) fit well to all the cases in Table 3.1, yielding R? values of at least 90%.

Table 3.1: The Least-Squares estimates of the regression parameters b, and €1, for
confidence levels 1 — a = 0.95, 0.99, 0.9973,0.999

a=0.05 o =0.01 o =0.0027 o =0.001
Method
blfa Ci—« blfa Ci—« bl*a Ci—« bl*a Ci-a
Sn Covariance 116.5 1.214 | 467.2 1.393 1632 1.669 2069 1.581
Comedian 193.1 1.267 | 590.2 1.344 | 2178 | 1556 | 4306 | 1.628

3.2.2 Implementation Procedures

A step-by-step approach for constructing proposed robust control chart is given as

follows:
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Phase I

1. Decide on the sample size n and confidence level 1 — a.

2. Collect the Phase I data {x1, x2, ..., x,} at well-defined periodic intervals.

3. Using the Phase I data, compute robust estimates of location and scale parameters.

4. For the desired a, choose the least square estimates of the parameters bi1—, and ci1-q

using Table 3.1, then compute the control limit using Equation (3.6).

Phase 11

5. For each new observation, compute the monitoring statistic T2 according to the chosen
robust estimation method, and plot the resulting values on the corresponding control
chart using the Phase-I control limit obtained in step 4.

6. Interpret the chart and look for out-of-control points or patterns. Diagnose the process

if needed.
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Figure 3.2: Simulated Quantiles of T2 and the Fitted Curves for Comedian
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3.3 Simulation Study

To evaluate the effectiveness of the suggested control charts, we carry out multiple
simulation studies that vary in their Phase I data structures and the extent of change in
the process mean vector and dispersion matrix in the Phase II data. The control chart's
efficacy is assessed by analysing its ability to detect changes and the rate of false
detections in the process behaviour using different estimators in Phase I. We measure the
performance of the control chart by success rate (SR)- which is the proportion of statistic
values that exceed the control limits across 1000 replications, which provides an estimate
of the likelihood of detecting changes and false alarm rate (FAR) which is the false
detections in the process behaviour based on the Phase II data. We have considered a

contaminated model by using a mixture of bivariate normal distributions as

(1 — &) No(mo, 20) + & No(u1, 21),

where ¢ is the proportion (in as much by one) of outliers, o and Xy are the in-control
parameters (mean vector and covariance matrix respectively) and g1 and 2 are the out-
of-control parameters. Various scenarios are analysed with the following elements:
number of observations(rn), proportion of outliers (¢), and how to generate the outliers
using different values of 41 and 2. We can, without loss of generality, consider g to be
a zero vector. We have considered that ¢ takes the values 0, 0.1 and 0.2, and the
probability of detecting a change depends on the values of g1, 2o and 2. Using 1000
replications, we considered different sample sizes where n = 25, 50, 100 and 1000 with
dimensions 2 and an overall false alarm probability of o = 0.001, 0.01, 0.0027 and 0.05.
We generated 1000 samples of size # in Phase I and computed the robust and traditional
location and scale estimates for each data set in this phase using MATLAB Program.

Various cases are, hence, considered:

Case A: Independent variables

In this case, the two variables (Quality Characteristics) x1 and x> are assumed to be

independent. The contaminated normal model considered is as follows:

(1 —&) N2(0, Io) + & No(u1, 1),
where we consider g1 to be a vector of size 2 where the elements are all 0 (when there is

no change), 5 or 10, and I> to be the identity matrix of size 2. In this case, we want to
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compare the behaviour of different robust alternatives when there are different-sized

changes in the average of all the variables if the variables are independent.

Case B: Correlated variables

In this case, two variables, x| and x; are assumed to be correlated. The contaminated

normal model considered is as follows:

(1 —&) N2(0, Zo) + & No(u1, 20),

where we consider g1 to be a vector of size 2 where the elements are all 0 (when there is

1 09
09 1 ] We have used

this value of 2y to analyse whether the correlation level affects the detection probability

no change), 5 or 10 (which is a good leverage point), and 2y = [

of each alternative.

Case C: Correlated variables and regression outliers

Here, the two variables x| and x> are assumed to be correlated and regression outliers are

introduced. The contaminated normal model considered is as follows:

(1 —&) N2(0, 2o) + & No(u1, 21),

where we consider g1 to be a vector of size 2 where the elements are all 0 (when there is

1 0'9] and 2} =

no change), 5 or 10 (which is a good leverage point), 2o = [O 9 1

[ 0(.)1

of the so-called good leverage and regression outliers.

001]. In this case, we analyse and compare the proposed robust methods in terms

The empirical performance of the proposed control charts is evaluated in comparison
with classical control chart as well as the robust control charts of Alfaro and Ortega
(2009), Chenouri et al. (2009) and Sajesh (2023). To facilitate comparison, we will refer
to the methods introduced by Alfaro and Ortega (2009) and Chenouri et al. (2009) as
MCD1 and MCD?2, respectively. The control limits presented in these articles have been
utilized to calculate the SR and false alarm rate FAR. It is worth noting that Chenouri et
al. (2009) demonstrated the superiority of their method over the control charts proposed
by Vargas (2003) and Jensen et al. (2007). Hence, for the purpose of comparison, we
have excluded the methods of Vargas (2003) and Jensen et al. (2007) from the analysis.
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We present only the result for « = 0.01 here and note that similar conclusions hold for

other values of a.

Table 3.2: SR (FAR) in Phase II when there are case A outliers in Phase I data with different
values of ¢; and ¢

n Hi ¢ S, Covariance Comedian Classical MCD1 MCD2 GK(Qn)
o5 55 0 1 0.998 1 1 1 0.998
’ (0.009) (0.009) (0.007)  (0.153) (0.053) (0.004)

01 1 1 0.937 1 1 0.961

(0.003) (0.004) (0.002) (0.113) (0.053) (0.001)

02 0.999 1 0.461 1 1 0.607

(0.001) (0.001) (0.006) (0.093) (0.033) (0.003)

(10,10) 0 1 1 1 1 1 1
(0.018) (0.014) (0.016)  (0.18) (0.067) (0.014)

01 1 1 0.017 1 1 1

(0.003) (0.002) (0.006) (0.147) (0.047) (0.004)

02 0.998 0.997 0.006 1 1 1

' (0.001) (0.004) (0.006) (0.087) (0.013) (0.002)

1 1 1 1 1 1

>0 65 0 (0.013) (0.011) (0.013) (0.147) (0.033) (0.02)
01 1 1 0.999 1 1 0.988

(0.002) (0.002) (0.002) (0.08) (0.02) (0.003)

02 1 1 0.7 1 1 0.862

(0.001) (0.003) (0.004) (0.047) (0.013) 0)

(10,10) 0 1 1 1 1 1 1
(0.01) (0.01) (0.011) (0.153) (0.08) (0.011)

01 1 1 0.036 1 1 0.994

(0.001) (0.002) (0.001) (0.093) (0.013) (0.003)

02 1 1 0.009 1 1 0.883

0) 0) (0.003) (0.087) (0.027) 0)

00 (55 0 1 1 1 1 1 1
(0.013) (0.014) (0.01) (0.113) (0.053) (0.006)

01 1 1 1 1 1 0.997

(0.003) (0.004) (0.005) (0.047) (0.033) (0.002)

0.2 1 1 0.794 1 1 0.925

' 0) 0) (0.003) (0.047)  (0) 0)

1 1 1 1 1 1

(10,10) 0 (0.008) (0.008) (0.007) (0.1) (0.047) (0.015)
01 1 1 0.048 1 1 0.998

0) 0) (0.001) (0.08) (0.013) (0.002)

02 1 1 0.009 1 1 0.911

(0.001) (0.001) (0.004) (0.067) (0.007) (0.001)

1 1 1 1 1 1

1000 G5 0 (0.006) (0.006) (0.005) (0.033) (0) (0.008)
01 1 1 1 1 1 0.999

(0.001) (0.002) (0.001) (0.053) (0.007) (0.002)

02 1 1 0.869 1 1 0.949

(0.001) (0.001) (0.001) (0.06) (0.027) 0)

(10,10) 0 1 1 1 1 1 1
(0.015) (0.015) (0.014) (0.053) (0.013) (0.018)
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01 1 1 0.059 1 1 0.998

(0) (0) (0.002)  (0.067) (0.027) (0.001)
0.2 1 1 0.005 1 1 0.938
' 0) 0) 0) (0.067)  (0) 0)

Table 3.2 presents the results obtained from simulations conducted for Case A samples.
The findings clearly indicate that when the phase I data contains outliers, the S,
Covariance, Comedian, MCD1 and MCD?2 control charts exhibit superior performance
in terms of success rate compared to the classical control chart. The GK(Qn) chart,
although robust, displays significantly lower SR compared to other robust counterparts
when contamination increases. In Conversely, when the phase I data is free from outliers,

the robust control charts demonstrate similar performance to their classical counterpart.

Furthermore, it is crucial to consider the comparison in terms of FAR. Although the
control charts based on the MCD show optimal success rates across all scenarios, their
false alarm rates are significantly higher than those of the control charts based on the S,
Covariance and Comedian methods. Specifically, when comparing the two MCD-based
control charts, the control chart based on MCD?2 outperforms the one based on MCD1 in
terms of FAR.

Table 3.3: SR (FAR) in Phase Il when there are case B outliers in Phase I data with different
values of 1 and ¢

coDn  Comedian Classical MCD1  MCD2  GK(Q)
ovariance

0.957 0.951 1 1 1 0.848
(0.034)  (0.025)  (0.008) (0.167)  (0.06)  (0.031)

n Hi &

25 55 0

oy 0924 0.931 0.816 1 09933  0.676
0 0.016)  (0.025)  (0.003)  (0.147) (0.053) (0.026)

0, 0839 0.854 0.358 1 1 0.338
“0.009)  (0.026)  (0.002) (0.133) (0.047) (0.017)

1010) 0 0.95 0.957 1 1 1 0.974
: (0.031)  (0.027)  (0.013)  (0.16)  (0.067)  (0.029)
oy 0922 0.928 0.027 1 1 0.964

0 0.019)  (0.024)  (0.002)  (0.153) (0.047)  (0.023)

0, 0823 0.852 0.007 1 1 0.943

(0.011)  (0.026)  (0.002) (0.113) (0.033) (0.016)

0.987 0.972 1 1 1 0.947

0G0 m8) (0018 (0009)  (0.147)  (0.06)  (0.045)

0.963 0.962 0.961 1 1 0.847

01 0.027) (0.019)  (0.002)  (0.12)  (0.027)  (0.03)
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0.952 0.958 0.565 1 1 0.57

02 0.016) (0.01) (0.003)  (0.04)  (0.013)  (0.023)

10100 0 0.99 0.985 1 1 1 0.953
’ (0.034) (0.02) (0.008)  (0.107)  (0.047)  (0.034)
op 0976 0.974 0.046 1 1 0.844
T 0.023)  (0.021)  (0.003)  (0.087) (0.033) (0.039)

0y 0943 0.95 0.95 1 1 0.571

(0.019)  (0.012)  (0.021)  (0.06)  (0.02)  (0.025)

1 0.997 1 1 1 0.985

100G 0 6o17)  (0.028) (0014 (0.067) (0.013) (0.027)

0y 0993 0.991 0.981 1 1 0.904
©0.017)  (0.018)  (0.005  (0.12)  (0.033) (0.015)

0, 0974 0.989 0.66 1 1 0.633
“0.013)  (0.018)  (0.004) (0.047) (0.007)  (0.009)

1010 o 9% 0.989 1 1 1 0.988
’ (0.013)  (0.025)  (0.005)  (0.1)  (0.047) (0.021)
0y 0986 0.984 0.047 1 1 0.912

" 0.019)  (0.018)  (0.001) (0.073) (0.007) (0.007)

0y 0973 0.97 0.006 1 1 0.624

(0.015)  (0.013)  (0.003)  (0.08)  (0.007) (0.007)

1 1 1 1 1 0.988

10000 G5 0 004y (0003)  (0.01) (0.033) (0.007) (0.013)

ol 1 1 0.987 1 1 0.913
' (0) (0.003)  (0.002) (0.067) (0.013)  (0)
0o 1 1 0.694 1 1 0.647
' (0) (0.004)  (0.001)  (0.053) (0.007)  (0)
1 1 1 1 1 0.983
01000 5003) (0002  (0.004) (0.053) (0.007) (0.016)
ol 1 1 0.051 1 1 0.901
" (0.004)  (0.006)  (0.001) (0.073) (0.027)  (0.001)
0y 0999 1 0.008 1 1 0.648
' (0) (0.001)  (0.004)  (0.067)  (0.02) (0)

Table 3.3 and Table 3.4 provide the simulation results for Case B and Case C,
respectively. These tables demonstrate that both the MCD methods and classical methods
exhibit similar behavior as observed in the case of independent variables. However, the
methods based on S, Covariance and Comedian show slight decreases in success rates.

However, under Case B contamination, GK(Qn) shows a significant drop in SR,
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sometimes falling below 65% when ¢ = 0.2. It is worth noting that the success rates of
the proposed methods and GK(Qn) improve as the sample size increases. Similarly, the
failure rates of all the methods follow a similar pattern to that observed in the case of

independent variables (Case A).

Furthermore, the proposed methods outperform the MCD-based control charts in terms
of false alarm rate (FAR) in the simulations of Case B and Case C. The GK(Qn) chart
shows a favourable FAR pattern, staying low across Case B and Case C. Overall, S,
Covariance emerges as the most balanced and reliable control chart across all

contamination types, with Comedian as a close competitor.

Table 3.4: SR (FAR) in Phase II when there are case C outliers in Phase I data with different
values of 1 and &

S

n Hi & " Comedian Classical MCD1 MCD2 GK(@Q.)
Covariance
25 (5.5) 0 0.957 0.951 1 1 1 0.848
’ (0.034) (0.025) (0.008) (0.167)  (0.06) (0.031)
01 0.924 0.931 0.816 1 0.9933 0.676
’ (0.016) (0.025) (0.003) (0.147) (0.053) (0.0206)
0.2 0.839 0.854 0.358 1 1 0.338
’ (0.009) (0.026) (0.002) (0.133) (0.047) (0.017)
(10.10) 0 0.95 0.957 1 1 1 0.974
’ (0.031) (0.027) (0.013) (0.16) (0.067) (0.029)
01 0.922 0.928 0.027 1 1 0.964
’ (0.019) (0.024) (0.002) (0.153) (0.047) (0.023)
0.2 0.823 0.852 0.007 1 1 0.943
’ (0.011) (0.026) (0.002) (0.113) (0.033) (0.016)
50 (5.5) 0 0.987 0.972 1 1 1 0.947
’ (0.028) (0.018) (0.009) (0.147)  (0.06) (0.045)
01 0.963 0.962 0.961 1 1 0.847
’ (0.027) (0.019) (0.002) (0.12)  (0.027) (0.03)
0.2 0.952 0.958 0.565 1 1 0.57
’ (0.016) (0.01) (0.003) (0.04) (0.013) (0.023)
(10,10) 0 0.99 0.985 1 1 1 0.953
> (0.034) (0.02) (0.008) (0.107) (0.047) (0.034)
0.1 0.976 0.974 0.046 1 1 0.844
’ (0.023) (0.021) (0.003) (0.087) (0.033) (0.039)
0.2 0.943 0.95 0.95 1 1 0.571
’ (0.019) (0.012) (0.021) (0.06) (0.02) (0.025)
1 0.997 1 1 1 0.985
100G 0 o7y (0.028) (0014  (0.067) (0.013) (0.027)
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0.1 0.993 0.991 0.981 1 1 0.904
' (0.017) (0.018) (0.005)  (0.12)  (0.033) (0.015)
02 0.974 0.989 0.66 1 1 0.633
' (0.013) (0.018) (0.004)  (0.047) (0.007)  (0.009)
(10.10) 0 0.998 0.989 1 1 1 0.988
’ (0.013) (0.025) (0.005)  (0.1)  (0.047)  (0.021)
0.1 0.986 0.984 0.047 1 1 0.912
' (0.019) (0.018) (0.001)  (0.073) (0.007)  (0.007)
0.2 0.973 0.97 0.006 1 1 0.624
' (0.015) (0.013) (0.003)  (0.08) (0.007)  (0.007)
1 1 1 1 1 0.988
1000 (35 0 0. 004) (0.003) (0.01)  (0.033) (0.007) (0.013)
01 1 1 0.987 1 1 0.913

' (0) (0.003) (0.002)  (0.067) (0.013)  (0)
0.2 1 1 0.694 1 1 0.647

' (0) (0.004) (0.001)  (0.053) (0.007)  (0)
(10.10) 0 1 1 1 1 1 0.983
: (0.003) (0.002) (0.004)  (0.053) (0.007) (0.016)
01 1 1 0.051 1 1 0.901
' (0.004) (0.006) (0.001)  (0.073) (0.027)  (0.001)
02 0.999 1 0.008 1 1 0.648

' (0) (0.001) (0.004)  (0.067)  (0.02) (0)

3.4 Time Complexity

A simulation study was conducted to compare the computation time of these methods

across various sample sizes. The results, given in Table 3.5, reveal that the Comedian

and Classical charts are multiple times faster than the MCD-based methods in all cases

examined. GK(Q,) is also remains computationally practical, showing only a slight

increase as n grows. S, Covariance prove computationally efficient for small to moderate

sample sizes, but its computation time increases sharply as the sample size increases.

Table 3.5: Computation time (in seconds)

n Sn Covariance | Comedian Classical MCD1 GK(Qn)
25 0.00128 0.00054 0.00031 0.00342 0.00040
50 0.00214 0.00064 0.00032 0.00480 0.00050
100 0.00418 0.00067 0.00036 0.00769 0.00067

1000 0.06557 0.00073 0.00039 0.02768 0.00259
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3.5 Application to Real Life Data

Further, to investigate the performance of the methods for real situation we have used
the data given by Quesenberry (2001). The original data consists of 11 quality variables
and measured on 30 products form a production process. For our comparison purposes
we consider 25 observations from the first two variables since the restriction from MCDI1
method. Figure 3.3 presents the control charts based on the robust and classical
estimators. Control limits are calculated for a = 0.01. All the control charts show that the

second observation lying outside the upper control limits.

To examine the performance under contamination, an artificial outlying observation is
created by adding a shift of 5 to the second variable of the 20™ observation. The resulting
control charts, shown in figure 3.4, indicates that all the robust control charts successfully
detected both the 2" and 20™ observations, while the classical chart fails to identify the

20t observation.
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Figure 3.3: Control charts for the Quesenberry data. (a) S, Covariance, (b) Comedian, (¢)
MCDI, (d) MCD2, (e) GK(Qn), and (f) Classical
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Figure 3.4: Control charts for the Quesenberry data (contaminated). (a) S, Covariance, (b)
Comedian, (¢) MCDI, (d) MCD2, (e¢) GK(Qn), and (f) Classical

3.6 Summary

In this chapter, we introduced bivariate robust Hotelling’s 77 control charts based on the
Comedian and S, Covariance estimators as alternatives to the classical bivariate 77
control charts for Phase II data. To establish control limits for the proposed control
charts, we conducted Monte Carlo simulations. The empirical quantiles obtained from
these simulations were then modelled to approximate control limits for various sample
sizes. Our simulation studies demonstrated that the proposed robust control charts
perform similarly to the classical 7% control chart when the process is in control.
However, they outperformed the classical 7 control charts when outliers were present
in Phase I data. The MCD-based methods exhibited optimal success rates across all

situations considered.

Furthermore, when comparing the methods based on false alarm rate (FAR), the

proposed methods outperformed the MCD-based methods in the presence of outliers.
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This indicates that the proposed control charts are more effective at controlling false
alarms when the data contains outliers. Additionally, the results revealed that the
proposed control charts had significantly shorter computation times compared to the
MCD-based control charts. This computational efficiency contributes to faster analysis
and decision-making processes. Overall, our findings highlight the effectiveness,
efficiency, and robustness of the proposed control charts for monitoring bivariate
processes in real-world applications. However, due to its nature as a variable control
chart, the proposed control chart may not be applicable for quality characteristics that

adhere to discrete distributions.
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CHAPTER 4

MULTIVARIATE ROBUST CONTROL CHARTS FOR
INDIVIDUAL OBSERVATIONS

4.1 Introduction

As discussed in Chapter 3, multivariate control charts monitor the joint behaviour of two
or more related process variables (Alt, 1985; Montgomery, 2020). Historical data in
Phase I are used to estimate the in-control mean vector and covariance matrix and to
establish control limits, which serve as benchmarks for subsequent monitoring. In Phase
II, these limits are applied to new observations to detect deviations and ensure the

stability of the process.

The Hotelling’s 77 control chart is commonly used for monitoring shifts in the mean
vector of multivariate processes, serving as the multivariate counterpart to the univariate
Shewhart chart (Montgomery, 2020). For a sample x = {xi1, x2, . . ., X}, with p

dimensional observations, the Hotelling’s 7? statistic is defined as

T = (x; — W) 27 (x; — ). 4.1)

When the process is in statistical control, the observations x; is independent and follows
a multivariate normal distribution N,(u, ), where is the mean vector and 2 is the
covariance matrix. If both # and X are known, T/ follows a Chi-square distribution with
p degrees of freedom. In practice, however, these parameters are typically unknown and
are estimated using the sample mean X and the sample covariance matrix S. By
substituting the unknown parameters with their sample estimates, the statistic for an

individual observation is given by

T? = (x; — 0)7S7 1 (x; — X). 4.2)

Classical estimators are highly sensitive to outliers, which may distort control limits and
mask true process shifts. Robust estimators have therefore been developed to mitigate
this issue, improving the reliability of multivariate control charts in the presence of
contaminated data.

As mentioned in Chapter 3, Vargas (2003) introduced robust multivariate control charts

using MCD and Minimum Volume Ellipsoid (MVE) estimators, while Alfaro and Ortega

53



(2009) and Chenouri et al. (2009) proposed charts based on the RMCD estimator. These
methods handle outliers effectively but may incorrectly flag normal observations
(swamping) and involve high computational cost. Cabana and Lillo (2022) introduced a
robust multivariate robust control chart for individual observations based on the
shrinkage estimators proposed by Cabana et al. (2021). This control chart is obtained by
replacing these robust estimators of location and covariance matrix in the definition of

the classical approach.

In this chapter, robust multivariate control charts are developed using two advanced
estimators: the ROC estimator proposed by Sajesh and Srinivasan (2012) and the
reweighted SGK estimator proposed by Vijayalakshmi et al. (2025).

Section 4.2 provides a detailed overview of the ROC estimator proposed by Sajesh and
Srinivasan (2012). Section 4.3 presents the development of the proposed robust control
charts based on both the ROC and SGK estimators. Section 4.4 describes the
determination of control limits using Monte Carlo simulation, outlines the step-by-step
implementation procedure for the proposed control charts, and presents the performance
evaluation of the proposed methods. Their effectiveness is compared with several
existing approaches, including the classical Hotelling’s 72 chart, the robust Mahalanobis
distance-based reweighted Shrinkage estimator (RMDS) method of Cabana and Lillo
(2022), and two RMCD-based approaches MCD1 by Alfaro and Ortega (2009) and
MCD?2 by Chenouri et al. (2009). The comparative analysis is conducted under various
simulated scenarios to assess detection capability and robustness. Section 4.5 illustrates
the performance of the proposed control charts using a real-world dataset, while Section

4.6 concludes the chapter by summarizing the major findings and insights.

4.2 Reweighted Orthogonalized Comedian (ROC)

Let X be an n x p data matrix withrows x;" (i=1,2, ..., n) and columns X; (j =1, 2, ...,

p)- Then the comedian matrix COM(X) is defined as

COM(X) = (COM (X;, X)), i,j = 1,2, ..., p, (4.3)
where COM(X;, X;) = med {(X; — med (X)) (X; — med(X;) )},

Similarly, multivariate correlation median matrix 8 is defined as,

& (X)= DCOM(X)D", (4.4)
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where D is a diagonal matrix with diagonal elements 1/MAD(X;)) (i = 1, ..., p). To
overcome the non-positive semi-definiteness of comedian matrix and to obtain robust

estimates for location and scatter, the following steps are adopted;

(1) Compute the eigen values 4; and eigenvectors e; of 8(X) (=1, 2, ..., p), and call
E the matrix whose columns are the ¢;’s, so that 8 (X) = EAE', where A =
diag(Az, ..., Ap).

(ii) Let Q = D(X)'E, where D is defined as above and z; = Q/x;, i = 1,2, ..., n.

(i11)The resulting robust estimates for location (m(X)) and scatter (S$(X)) is then

defined as

S(X)=QrQ" and m(X)=Ql,

where I' = diag(MAD(Z))?, ..., MAD(Z,)?) and I = (med(Z)), ..., med(Z)))".

The ROC estimators of 4 and X are the weighted mean vector,

Broc = iz wix)/ (X wy), 4.5)

and the weighted covariance matrix

EROC = Uiz wWi(x; — Xpoc) (x; — EROC)T)/(ZLTLl w;), (4.6)

where the weights

W = {1, if D(x;) <cv
t 0, otherwise

are based on the robust distances
D(x;) =rd; = (x; —m)"S™1(x; — m),
and

cv = 1.4826 XE(O-QS)medzian (rdy, ..,rdy)
%,(0.5)

The ROC estimators of location and dispersion possess high breakdown value and they

are approximately affine equivariant (Sajesh & Srinivasan, 2012).

In the statistical process control procedure, the use of ROC estimators and reweighted

SGK estimators (discussed in section 2.5) eliminates the need to identify outliers in the
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Phase I data, as these estimators are not influenced by outliers. Therefore, using them
will provide us with robust Phase I estimates of location and covariance that will serve
to compute a robust control chart for Phase II data. Next, the procedure for the main
contribution of this paper, which defines a robust quality control approach based on the

ROC and reweighted SGK estimators, is described in detail.

4.3 Proposed Multivariate Robust Control Charts

Let {x1, . . ., x»} be a random sample of size n drawn from multivariate normal
distribution with mean vector g and covariance matrix X, which is considered the Phase
I data in what follows. Let x; € {x1, . . ., x»}be a Phase Il observation, then it is known
that

2 _pm+H(n-1)

i T T amep @n-p)>
where sz is as defined in Equation (4.1) and F(,, 4,y is F distribution with (v1, v2) degrees
of freedom (Wilks, 1962). In this chapter, we propose to robustify the definition of the
Hotelling’s 7° control chart based on Phase I data, replacing the classical estimators with
robust alternatives namely the ROC estimators firoc and g, and the reweighted SGK
estimators figgx and Zssx. The corresponding robust Hotelling’s 72 for the Phase 1T

observation x; are defined as
Téoc(x)) = (i — Broc) "Zroc (% — Broc), 4.7)

TSZGK(xj) =(x; — ﬁSGK)TESTGlK(xj - ﬁsax)- (4.8)

Note that this definition is similar to the definition of a squared robust Mahalanobis
distance. It is well known that the distribution of the classical squared Mahalanobis
distance based on sample mean and covariance matrix, is Chi-square with p degrees of
freedom. When different estimators are used, this assumption does not have to be true.
Although, in the literature the 97.5% quantile of the Chi-square distribution is usually
used to determine a threshold for the distance to detect multivariate outliers (Gervini,
2003; Cabana & Lillo, 2022). In this study we apply Monte Carlo simulations to estimate
the quantiles of the distribution of T, for several combinations of sample sizes n and
dimensions p, similar as in Chenouri ef al. (2009) and Cabana and Lillo (2022). For each

dimension, a smooth curve between the sample size and quantiles of T2, is fitted and
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used to estimate appropriate quantiles of T2, for different Phase I sample sizes. The

same Monte Carlo procedure is applied to the T&: statistic to estimate its quantiles

4.3.1 Estimation of control limits for the proposed control charts

To approximate the 95%, 99%, and 99.9% quantiles of the robust 7 statistic for a given
Phase I sample size n, a Monte Carlo simulation study with A =10,000 replications was
carried out. In each replication, a random sample of size n was drawn from a p variate
standard normal distribution, N,(0, ). For every simulated dataset, the ROC-based
estimates of the location and scatter parameters, denoted by figoc (M) and ¢ (M), and
the reweighted SGK estimates, figsx and Zscx, are computed for m = 1, 2, ..., M.
Subsequently, a new observation x; generated from N,(0, I) to represent a Phase II
sample, and its corresponding test statistics, Tapc (xj,m) and Ty (xj_m) were evaluated.
The empirical distributions of these statistics were then constructed using the simulated

values

Téoc (%51), Téoc (%:2), oo, Teoc (Xim),

and
TSZGK (xj,l)' TSZGK (xj,z)' ""'TSZGK (xj,M)-

The quantiles of of Ty (xj) and Téx (xj), were derived by inverting their respective
empirical distribution functions, resulting in Monte Carlo approximations of the 95%,
99%, and 99.9% critical values. These empirical distributions were generated for a broad
set of dimensional settings, with p ranging from 2 to 15, and for Phase I sample sizes n
=20, 21,...,50, 55, 60, .. ., 200. To illustrate the dependence of the quantiles on sample
size, Figure 4.1 displays scatter plots of the estimated 95%, 99%, and 99.9% quantiles of
TZoc(x;) and Téy (x;) across selected dimensions (p = 3, 6 and 10). The overall trend
in these plots indicates a smooth, monotonic relationship between the empirical quantiles
and the Phase I sample size. The pattern observed in the empirical quantiles can be

effectively modelled using the following regression relationship

Fn) = ap,_q + 22 4.9)

nri-a’
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where a = X%p,l—a) as suggested by Chenouri ef al. (2009), and the parameters b, 1-, and

cp,1-« are constants that depend on p and 1—a as well. This functional form provides a
flexible representation of the relationship between the empirical quantiles and the Phase
I sample size n, allowing accurate prediction of the 95%, 99%, and 99.9% quantiles of

both TZyc(x;) and T (x;) for any given n.
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Figure 4.1: Simulated quantiles of T, and the fitted curves for p = 3, 6, 10, & = 0.01 (Upper
Panel), a = 0.001 (Middle Panel) and a = 0.05 (Lower Panel)

As the sample size increases, f{n) approaches the theoretical quantile )((Zp,l_a), which
serves as the asymptotic reference in multivariate monitoring. The parameters by, 1-» and
Cp,1-a, €stimated via nonlinear least-squares, are listed in Table 4.1 and Table 4.2. Using
these estimates in Equation (4.9) allows computation of the corresponding quantiles of
T,%OC(xj) and Tk (xj) for any Phase I sample size. The fitted models show excellent
agreement with the simulated data, with R? values consistently above 0.90, confirming

their reliability for Phase Il monitoring.
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Figure 4.2: Simulated quantiles of TZ and the fitted curves for p = 3, 6, 10, & = 0.01 (Upper
Panel), a = 0.001 (Middle Panel) and o. = 0.05 (Lower Panel)

For dimensions p > 16, a similar pattern is expected, although for a given situation, a
practitioner may simulate the control limit directly. The simulations were done using

Matlab software.

4.3.2 Implementation procedure

The implementation steps of the proposed ROC and SGK control charts were described
in Chapter 3 for bivariate robust control chart. This procedure can be directly extended
to the multivariate control chart, with the primary difference being that the estimates and
control limits are computed for a general dimension p. To ensure completeness and
clarity, the multivariate implementation steps are outlined below and then applied to

Phase I and Phase 1I data.
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Table 4.1: The Least-Squares estimates of the regression parameters by, 1-q4, Cp1-« for dimensions
p=2,...,15, and confidence levels 1 — a = 0.95, 0.99 and 0.999 (ROC)

95% 99% 99.9%

p bp,l*(x Cp,1—a bp,l*rx Cpl-a bp,l*a Cp,1—-a

2 64.61 | 0.96 59.95 | 0.7893 6652.00 | 1.841
3 149.00 | 1.11 631.20 1.334 2356.00 | 1.507
4 288.60 | 1.21 937.10 1.374 9210.00 | 1.829
5 628.10 | 1.36 2052.00 1.528 10260.00 | 1.809
6 1175.00 | 1.47 2850.00 1.558 14780.00 | 1.853
7 1786.00 1.52 5728.00 1.695 48200.00 2.14
8 3680.00 | 1.66 10410.00 1.807 74390.00 | 2.207
9 5765.00 | 1.72 32030.00 2.077 124300.00 | 2.304
10 13750.00 | 1.92 62300.00 2.208 488100.00 | 2.655
11 29180.00 | 2.07 153600.00 2417 3881000.00 | 3.208
12 97160.00 2.36 1022000.00 2914 16770000.00 | 3.582
13 280500.00 2.62 1119000.00 2.952 801500000.00 | 4.681
14 1937000.00 3.13 2192000.00 3.168 810900000000.00 | 6.664
15 39630000.00 | 3.97 2009000.00 3.155 235900000000.00 | 6.166

Table 4.2: The Least-Squares estimates of the regression parameters b, 14, Cp,1-« for dimensions
p=2,...,15, and confidence levels 1 — a = 0.95, 0.99 and 0.999 (SGK)

95% 99% 99.9%

P bp, 1—a Cpl-a bp, 1-a Cpl-a bp, 1-a Cp1-a

2 17.26 0.54 70.04 0.73 339.19 0.96
3 4471 0.70 169.72 0.90 1204.20 1.26
4 96.17 0.84 329.51 1.02 1572.34 1.28
5 196.60 0.97 566.18 111 2307.83 1.33
6 350.62 1.06 1084.04 1.23 19600.29 1.88
7 728.25 1.20 2161.05 1.37 11769.97 1.68
8 1321.05 1.31 4507.58 1.52 18752.51 1.76
9 3084.73 1.49 1.16264E+04 1.73 176629.30 2.36
10 7158.02 1.68 3.41404E+04 1.98 3.508E+05 2.50
11 19419.78 1.91 1.75236E+05 2.40 7.454E+06 3.33
12 82355.04 2.27 1.25377E+06 2.92 1.102E+08 4.09
13 4.4466E+05 2.70 1.78246E+08 4.36 2.638E+15 9.31
14 1.1607E+07 3.61 4.69925E+11 6.75 5.779E+16 10.07
15 7.4293E+08 4.81 7.94465E+15 9.60 9.355E+20 11.26

Phase I

1. Decide on the sample size n and confidence level 1 — a.

2. Collect the Phase I data {xi, x2, ..., x,} at well-defined periodic intervals.

3. Using the Phase I data, compute robust estimates for location and dispersion.
4. For the desired a and p values choose the least square estimates of the
parameters by, 1-, and ¢p,1-, using Table 4.1 for ROC and Table 4.2 for SGK, then

compute the control limit using Equation (4.9).
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Phase 11
5. Compute both T2, and Té, for each new observation and plot them on their
respective control charts with the limit derived in Phase I (step 4).
6. Interpret the chart and look for out-of-control points or patterns. Diagnose the

process if needed.
4.4 Simulation Study

To assess the performance of the proposed control charts, several simulation studies are
conducted under varying Phase I data structures and different magnitudes of shifts in the
process mean vector and dispersion matrix in Phase II, following the approach of Alfaro
and Ortega (2009). The efficiency of the chart is evaluated based on its capability to
identify process changes and its tendency to generate false alarms when different
estimators are applied in Phase I. The performance metrics include the success rate
defined as the proportion of statistic values that exceed the control limits across 1000
replications, representing the probability of detecting shifts and the false alarm rate
representing the frequency of incorrect detections of process changes based on Phase II
data. A contaminated model is employed, represented by a mixture of multivariate

normal distributions as

(1 — &) Np(po, Zo) + & Np(p1, 21),

where ¢ is the proportion (in as much by one) of outliers, o and Xy are the in-control
parameters (mean vector and covariance matrix respectively) and g1 and X are the out-
of-control parameters. Different simulation scenarios are examined by varying n, p, ¢ and
method of generating the outliers using different values of 41 and 2. . Without loss of
generality, uo is taken as a zero vector. The contamination proportion ¢ is considered at
levels 0, 0.1, and 0.2, and the probability of detecting a process shift is influenced by the

chosen values of u1, 2oand 2.

The simulation scenarios considered in this chapter, Cases A, Case B, and Case C, are
the same as those described in Chapter 3. These cases are designed to evaluate the
performance of the proposed robust control charts under different conditions. Case A
examines mean shifts with independent variables, Case B incorporates correlated
variables to assess the effect of correlation on detection probability, and Case C includes

both mean and covariance changes to study the impact of good leverage and regression
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outliers. The full mathematical definitions and parameter settings are provided in Section

3.5.

Using 1000 replications, we considered different sample sizes where n =50, 100 and 200
with dimensions 2, 5 and 10 and an overall false alarm probability of o = 0.001, 0.01and
0.05. We generated 1000 samples of size n in Phase I and computed the robust and
traditional location and scale estimates for each data set. Performance of the proposed
control charts is compared with that of the charts based on MCD1, MCD2, RMDS and
the classical estimates using the parameters SR and FAR. We present only the result for

a = 0.01 and u = 3 since similar pattern conclusions hold for other values of « and u.

Table 4.3: SR (FAR) in Phase II when there are ¢ proportion of outliers in Phase I data from

Case A.
n D & ROC SGK MCD2 MCD1 RMDS Classical
50 2 0 1 1 1 0.997 1 1
(0.012) (0.015) (0.038) (0.01) (0.009) (0.011)
01 0.995 1 0.995  0.997 1 0.929
(0.007) (0.009) (0.03) (0.002) (0.006) (0.002)
0.2 0945 0995 0991 0.966 0.939 0.012
(0.008) (0.001) (0.023) (0.001) (0.001) (0.006)
5 0 1 1 1 1 1 1
(0.014) (0.005) (0.053) (0.009) (0.008) (0.109)
01 1 1 1 1 1 1
(0.009) (0.011) (0.038) (0.006) (0.012) (0.088)
0.2 1 1 1 0.988  0.999 0.247
(0.015) (0.012) (0.015) (0.003) (0.011) (0.078)
10 0 1 1 1 1 1 1
(0.012) (0.009) (0.062) (0.013) (0.018) (0.605)
01 1 1 1 1 1 1
(0.022) (0.011) (0.037) (0.005) (0.009) (0.529)
02 1 1 1 0.889 1 0.822
(0.019) (0.026) (0.007) (0.001) (0.012) (0.501)
100 2 0 1 1 1 1 1 1
(0.011) (0.02) (0.03) (0.011) (0.005) (0.006)
01 1 1 1 1 1 0.944
(0.007) (0.01) (0.02) (0.01) (0.007) (0.005)
0.2 1 0.999 1 0.999 0.978 0.023
(0.012) (0.008) (0.02) (0.009) (0.005) (0.004)
5 0 1 1 1 1 1 1
(0.012) (0.008) (0.048) (0.006) (0.012) (0.096)
01 1 1 1 1 1 1
(0.009) (0.014) (0.03) (0.003) (0.01) (0.073)
0.2 1 1 1 1 1 0.269
(0.009) (0.011) (0.018) (0.011) (0.005) (0.085)
10 0 1 1 1 1 1 1

(0.019) (0.007) (0.055) (0.008) (0.012) (0.537)
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01 1 1 1 1 1 1
(0.022) (0.015) (0.036) (0.012) (0.006) (0.464)
02 1 1 1 1 1 0.816
“(0.025) (0.01) (0.039) (0.016) (0.01)  (0.496)

200 5 0 1 1 1 1 1 1
(0.007) (0.006) (0.014) (0.011) (0.007)  (0.01)
01 1 1 1 1 1 0.971
" (0.006) (0.008) (0.014) (0.005) (0.008)  (0.004)

0.2 1 1 1 1 098 003
““ (0.005) (0.004) (0.012) (0.002) (0.006)  (0.004)

. 0 1 1 1 1 1 1
(0.013) (0.009) (0.022) (0.018) (0.008)  (0.08)

01 1 1 1 1 1 1
" (0.014) (0.006) (0.019) (0.011) (0.008)  (0.08)
02 1 1 1 1 1 0.247
“(0.012) (0.011) (0.021) (0.004) (0.011) (0.059)

10 0 1 1 1 1 1 1
(0.013) (0.015) (0.033) (0.01) (0.013) (0.498)

01 1 1 1 1 1 1
*(0.016) (0.008) (0.025) (0.008) (0.01)  (0.445)
02 1 1 1 1 1 0.799
“ (0.017) (0.008) (0.028) (0.01) (0.009) (0.491)

Table 4.3 presents the results obtained for Case A contamination. It is clear from the table
that, in Case A, the main factor affecting performance is the proportion of outliers: as ¢
increases, the classical Hotelling’s 7° chart deteriorates sharply with high false alarms,
while robust charts maintain high success rates and low variability. Larger sample sizes
n reduce variability for all methods but do not resolve the classical chart’s sensitivity to
contamination, whereas ROC and SGK remain stable across n. The effect of dimension
p is less pronounced; at higher p, ROC, SGK, MCDI1, and RMDS continue to perform
reliably, while MCD2 shows greater inconsistency. Overall, contamination strongly
impacts the classical chart, but the proposed ROC and SGK demonstrate robustness

across different dimensions and sample sizes.

Table 4.4: SR (FAR) in Phase II when there are ¢ proportion of outliers in Phase I data from

Case B.
n p & ROC SGK MCD2 MCD1 RMDS Classical
50 ) 0 0.976 1 0.987 0.953 0.972 0.97
(0.01) (0.006) (0.037) (0.006) (0.01) (0.016)
0.1 0.952 0.993 0.952 0.839 0.919 0.713
(0.007) (0.008) (0.021) (0.004) (0.009) (0.005)
0.2 0.9 0.902 0.941 0.545 0.676 0.018
(0.009) (0.002) (0.017) (0.004) (0.003) (0.005)
5 0 0.947 0.998 0.874 0.811 0.914 0.994
(0.028) (0.013) (0.057) (0.011) (0.01) (0.095)
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0.2

0.1

0.2

0.1

0.2

0.1

0.2

0.1

0.2

0.1

0.2

0.1

0.2

0.888
(0.011)
0.886
(0.014)
0.931
(0.031)
0.854
(0.029)
0.83
(0.031)

0.985
(0.022)

0.951
(0.005)
0.909
(0.006)
0.973
(0.022)
0.926
(0.012)
0.875
(0.016)
0.964
(0.035)
0.909
(0.029)
0.887
(0.028)
0.993
(0.015)
0.954
(0.01)
0.925
(0.01)
0.978
(0.016)

0.923
(0.022)

0.858
(0.014)
0.954
(0.015)
0.884
(0.021)

0.84
(0.023)

0.947
(0.006)

0.668
(0.008)
0.984
(0.014)
0.805
(0.011)
0.448
(0.01)
1
(0.013)
0.999
(0.005)
0.96
(0.002)
0.999
(0.015)
0.98
(0.005)
0.78
(0.005)
0.996
(0.01)
0.909
(0.005)
0.54
(0.009)
1
(0.008)
0.999
(0.005)
0.962
(0.001)
1
(0.009)
0.992
(0.006)
0.796
(0.005)
0.999
(0.007)
0.932
(0.007)

0.611
(0.005)

0.775
(0.033)

0.762
(0.021)
0.556
(0.046)
0.345
(0.046)
0.258
(0.03)
0.988
(0.035)
0.963
(0.012)
0.952
(0.011)
0.976
(0.035)
0.878
(0.026)
0.865
(0.021)
0.908
(0.051)
0.738
(0.047)
0.727
(0.033)
0.997
(0.024)
0.972
(0.016)
0.965
(0.017)
0.977
(0.026)
0.897
(0.031)
0.88
(0.019)
0.944
(0.029)
0.833
(0.036)

0.822
(0.024)

0.543
(0.011)
0.217
(0.011)
0.523
(0.01)
0.247
(0.007)
0.081
(0.003)
0.982
(0.015)
0.932
(0.005)
0.773
(0.001)
0.936
(0.011)

0.771
(0.014)
0.336
(0.007)
0.788
(0.01)
0.444
(0.006)
0.15
(0.006)
0.978
(0.005)
0.95
(0.008)
0.79
(0.005)
0.948
(0.012)
0.802
(0.005)
0.35
(0.007)
0.876
(0.008)
0.579
(0.13)
0.184
(0.008)

0.729
(0.021)
0.369
(0.009)
0.748
(0.031)

0.533
(0.017)

0.223
(0.016)
0.973
(0.01)
0.933
(0.006)
0.663
(0.001)
0.944
(0.027)
0.752
(0.006)
0.304
(0.012)
0.839
(0.032)
0.512
(0.021)
0.181
(0.015)
0.985
(0.01)
0.947
(0.01)
0.686
(0.006)
0.951
(0.034)
0.78
(0.019)
0.347
(0.012)
0.904
(0.026)
0.494
(0.027)

0.187
(0.03)

0.899
(0.095)
0.243
(0.078)
0.999
(0.607)

0.992
(0.572)

0.79
(0.504)

0.977
(0.011)

0.781
(0.006)
0.454
(0.008)
0.995
(0.119)

0.921
(0.074)
0.25
(0.066)
0.999
(0.555)
0.989
(0.526)
0.771
(0.49)
0.977
(0.01)
0.793
(0.001)
0.029
(0.004)
0.993
(0.104)
0.917
(0.079)
0.263
(0.077)

0.999
(0.521)

0.987
(0.504)

0.753
(0.444)
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Simulation results corresponding to Case B contamination is given in Table 4.4. In Case
B, ROC and SGK consistently achieve higher success rates than the other methods across
different dimensions, sample sizes, and contamination levels. MCD2 shows lower
success rates for small sample sizes and high dimensions (p = 10) but improves as n
increases. MCD1 and RMDS perform well for low-dimensional data (p = 2,5) with up to
10% outliers, but their performance declines as dimension and contamination increase.
Across all settings, false alarm rates follow a pattern similar to Case A, robust methods
maintain low false alarms under contamination, while the classical Hotelling’s 72 chart
is highly sensitive to outliers, showing substantial deterioration in performance as the

proportion of outliers rises.

Table 4.5: SR (FAR) in Phase II when there are ¢ proportion of outliers in Phase I data from

Case C.
n D £ ROC SGK MCD2 MCD1 RMDS Classical
50 5 0 1 1 1 0.999 1 1
(0.021) (0.009) (0.037) (0.007) (0.007) (0.005)
01 0.98 1 0.981 0.884 0.926 0.97
(0.005) (0.006) (0.027) (0.001) (0.005) (0.003)
0.2 0.968 0.999 0.973 0.405 0.383 0.025
(0.015) (0.008) (0.023) (0.006) (0.003) (0.004)
5 0 0.997 1 0.956 0.941 0.994 1
(0.015) (0.01) (0.057) (0.009) (0.02) (0.122)
01 0.951 0.996 0.928 0.479 0.61 0.997
(0.015) (0.005) (0.038) (0.002) (0.018) (0.089)
0.2 0.975 0.735 0.9 0.115 0.177 0.215
(0.013) (0.01) (0.027) (0.005) (0.005) (0.078)
10 0 0.982 1 0.538 0.512 0.873 1
(0.034) (0.019) (0.055) (0.01) (0.036) (0.569)
01 0.948 0.811 0.359 0.177 0.342 1
(0.033) (0.013) (0.05) (0.005) (0.028) (0.572)
0.2 0.957 0.415 0.293 0.051 0.116 0.778
(0.035) (0.011) (0.033) (0.008) (0.015) (0.532)
100 5 0 1 1 1 1 1 1
(0.016) (0.017) (0.028) (0.01) (0.013) (0.012)
01 0.997 1 0.999 0.995 0.983 0.995
(0.011) (0.005) (0.017) (0.01) (0.007) (0.007)
0.2 0.979 1 0.997 0.631 0.298 0.414
(0.005) (0.003) (0.01) (0.008) (0.004) (0.004)
5 0 1 1 1 1 1 1
(0.013) (0.006) (0.033) (0.008) (0.032) (0.117)
01 0.968 1 0.94 0.746 0.646 1
(0.017) (0.007) (0.029) (0.007) (0.009) (0.07)
0.2 0.977 0.969 0.894 0.156 0.146 0.217
(0.006) (0.005) (0.019) (0.006) (0.01) (0.066)
10 0 1 1 0.988 0.924 0.969 1

(0.025) (0.014) (0.054) (0.01) (0.023)  (0.533)
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0.966 0.987 0.902 0.32 0.346 1

01 0035 (0011) (0.052) (0.006) (0.018) (0.501)
0o 0987 0551 089 0069 0119 0772
(0.036) (0.007) (0.041) (0.01) (0.021)  (0.499)
200 ) 0 1 1 1 1 1 1
(0.015) (0.008) (0.022) (0.016) (0.012)  (0.009)
01 0998 1 1 1 0.999 1
(0.011) (0.003) (0.017) (0.003) (0.006)  (0.003)
0o 0985 1 1 0747 0357  0.492
(0.007) (0.005) (0.012) (0.005) (0.004)  (0.005)
. 0 1 1 1 1 1 1
(0.018) (0.008) (0.031) (0.007) (0.032)  (0.097)
01 0979 1 0986 0848  0.758 0.92
(0.01) (0.006) (0.014) (0.011) (0.027)  (0.072)
0o 095 0996 0997 015 0195 0746
(0.014) (0.006) (0.021) (0.01) (0.015)  (0.008)
10 0 1 1 0999 00991  0.998 1
(0.021) (0.006) (0.032) (0.014) (0.043)  (0.527)
01 0985 1 0988 0401  0.391 1
(0.019) (0.003) (0.032) (0.013) (0.024)  (0.473)
0p 0979 0672 0976 0103 0121 0739

(0.016) (0.005) (0.029) (0.01) (0.022)  (0.473)

The results for Case C contamination, presented in Table 4.5, indicate that both ROC and
SGK based control charts achieve consistently high success rates across different sample
sizes, dimensions, and contamination levels, with ROC being slightly more stable
overall. SGK performs nearly identically to ROC in low and moderate dimensions (p =
2, 5) and small to moderate contamination levels, but at higher dimension (p = 10) and
contamination (¢ = 0.2), its success rate declines somewhat more than ROC, though still
outperforming the classical chart. False alarm rates for SGK remain low and stable,
similar to ROC, indicating strong robustness. By contrast, MCD2 achieves high success
rates but with higher and more variable false alarm rates, while MCD1 and RMDS
perform adequately in low dimensions and mild contamination but deteriorate under
more challenging settings. The classical Hotelling’s 72 chart shows the steepest decline

under contamination, confirming the advantage of robust approaches.

4.5 Time Complexity

The computation times (in seconds) for six covariance estimators ROC, SGK, MCD2,
MCDI1, RMDS, and the classical method were evaluated under varying sample sizes (n
=50, 100, 200) and dimensions (p = 2, 5, 10). The results presented in Table 4.6 show

that computation time increases with both sample size and dimensionality for all
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methods, as larger and higher-dimensional datasets require more intensive matrix
operations. Among all methods, the classical estimator is consistently the fastest due to

its straightforward computation without robust iterations.

Table 4.6: Computation Time (in seconds)

n p ROC SGK MCD2 MCD1 RMDS Classical
50 | 2 0.0011 0.0032 0.0039 0.0044 0.0030 0.0005
5 0.0017 0.0036 0.0067 0.0073 0.0034 0.0005
10 | 0.0026 0.0076 0.0147 0.0163 0.0066 0.0005
100 | 2 0.0016 0.0048 0.0069 0.0072 0.0072 0.0009
5 0.0018 0.0065 0.0112 0.0116 0.0057 0.0009
10 | 0.0032 0.0133 0.0272 0.0267 0.0078 0.0009
200 | 2 0.0018 0.0067 0.0131 0.0131 0.0080 0.0015
5 0.0022 0.0116 0.0200 0.0197 0.0097 0.0015
10 | 0.0045 0.0251 0.0521 0.0494 0.0120 0.0017

Among robust approaches, ROC exhibits the highest computational efficiency, with
times only slightly greater than the classical method, followed by SGK, which remains
reasonably fast and scalable. RMDS performs moderately, while MCD1 and MCD?2 are
the slowest, showing a rapid increase in time as the dimension grows. For example, at
=200 and p = 10, MCD2 requires 0.0521 seconds compared to only 0.0045 seconds for
ROC. Overall, the ranking of computational efficiency is: Classical < ROC < SGK <
RMDS < MCDI1 < MCD2. These results indicate that ROC and SGK provide an
excellent balance between robustness and computational efficiency, making them
suitable for practical, real-time process monitoring applications where both speed and

reliability are essential.

4.6 Application to Real Life Data

To demonstrate the application of the proposed robust multivariate control charts, we
employ a mechanical process dataset consisting of seven interrelated quality
characteristics reported by Santos-Fernandez (2012). The dataset is organized into two
phases: Phase I contains m = 45 samples for each characteristic, while Phase II includes
50 additional samples. Figure 4.3 presents the control charts constructed using ROC,
SGK, RMDS, RMCD, and the Classical method. As shown, all robust estimators flagged
observations 7 and 25 as out-of-control, consistent with the classical method, which

performs best under uncontaminated data.
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estimators under uncontaminated Phase I data.

To evaluate robustness under contamination, the Phase I data were deliberately altered
by introducing a mean shift in the first three observations. Specifically, the mean of the
length characteristic was increased by 30. The resulting control charts, displayed in
Figure 4.4, reveal that the ROC, SGK, and RMCD methods continued to identify
observations 7 and 25 as out-of-control, whereas the RMDS and classical charts

incorrectly treated them as in-control. This outcome highlights the enhanced robustness

of the proposed methods when data contamination is present.
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Figure 4.4: Control charts based on (a) ROC, (b) SGK, (c¢) RMDS, (d) RMCD, and
(e) Classical estimators under contaminated Phase I data.

4.7 Summary

The findings in this chapter confirm that the proposed multivariate robust control charts
based on ROC and SGK estimators provide reliable detection of Phase II process shifts
while maintaining low false alarm rates. Across Cases A, B, and C, simulation studies

show that both charts perform consistently well under varying sample sizes, dimensions,
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contamination levels, and correlation structures. ROC demonstrates slightly more stable
performance in higher-dimensional settings and under heavier contamination, while
SGK performs comparably in moderate dimensions and contamination levels. Compared
with classical Hotelling’s 7% and other robust approaches such as MCD1, MCD2, and
RMDS, the proposed charts achieve higher success rates and better control of false
alarms. Application to real-world datasets further validates their practical utility,
confirming that both ROC and SGK are effective and robust alternatives for multivariate

process monitoring.
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CHAPTER 5

BIVARIATE ROBUST CONTROL CHART FOR
PROCESS MONITORING WITH RATIONAL
SUBGROUPS

5.1 Introduction

The effective monitoring of process quality in industrial and service settings often
involves assessing multiple interrelated quality characteristics. In such cases,
multivariate control charts are indispensable tools for detecting shifts in the process mean
vector, ensuring that deviations from the desired operational state are promptly
identified. Among these, bivariate control charts serve as a focused yet powerful method
for managing processes involving two correlated variables. For rational subgroups,
where observations are logically grouped based on temporal or operational proximity, it
is critical to develop control charts that not only account for the interdependence of

variables but also provide precise monitoring of subgroup dynamics.

Alt (1985) defined the concept of two distinct phases, Phases I and Phase II, in
constructing control charts. In Phase I, historical observations are utilized to assess the
process's stability and estimate the parameters of the in-control process, as well as to
establish control limits. These control limits serve as reference boundaries for subsequent
monitoring. In Phase II, the estimated parameters and control limits obtained from Phase
I are applied to analyse the data collected during the actual manufacturing process,
enabling the detection of any deviations or out-of-control signals. The purpose of Phase
IT 1s to monitor and maintain the process's stability based on the established control
limits. One commonly used approach in bivariate process monitoring and control is the
Hotelling’s 7% control chart, which focuses on monitoring the mean vector of the process

(Montgomery, 2020).

For a random sample x; of size n of a bivariate quality characteristic, the Hotelling’s 77

statistic is defined as

T =n(® — W' E (X — w), (5.1)

where X; is the sample mean vector of x;. When the process is in statistical control, it is

assumed that x; is independent and follows a bivariate normal distribution No(u, X),
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where u represents the mean vector and 2 represents the covariance matrix. If both g and

X are known, 7?2 follows a Chi-square distribution with 2 degrees of freedom. However,

in practice, the true values of g and X' are generally unknown. In such cases, these

parameters are usually substituted with classical estimators of mean vector and

covariance matrix.

5.2 Computational Algorithm for Bivariate Control Chart

Let x1, x2, . . ., xm be m random samples of a bivariate quality characteristic, where each

sample consists of n observations. The following steps outline the procedure for

constructing a Hotelling's 72 control chart:

1.

Calculate the Mean Estimator: For each subgroup i, calculate the sample mean

vector X; = (X1, X;5)T, where:
= 1yn . .o
xl-j = ;Zk=1xijk fori= 1, 2, My j= 1, 2.

The overall sample mean vector X is computed as the average of the subgroup

means:

= 1 —
T=1ym %, (52)

Calculate the Sample Covariance Matrix for Each Subgroup: For each subgroup
i, calculate the sample covariance matrix S; of the two random variables. The

covariance matrix is given by:

S; S;
S' — ( 11 l12>, 5.3
Po\Si2 Sz (5-3)

where S;;; represents the variance of the j™ variable in i subgroup, and S;j;,

Jji
represents the covariance between the two variables in the i subgroup.
Compute the Average Covariance Matrix: The sample covariance estimator § is
obtained by averaging the subgroup covariance matrices:

S=<§1 "5;12), (5.4)
Si2 S

T _1ym C g _1ym
where §; = —3,;21 Sijj 5/=1,2 and Sy = — 2,24 Siaa.
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4. Compute the Hotelling's T* Statistic: The Hotelling's T° statistic for each

subgroup i is computed as follows:
T =n(x; —X)TS1(x; — x). (5.5)

5. Estimation of parameters for Phase II application: Plot the calculated values of
T? on the control chart. If any 72 value falls outside the control limits, remove the
corresponding samples and re-estimate the location and dispersion parameters
using the remaining sample subgroups for the phase II applications. UCLs

corresponding to Phase I and Phase II are available in Montgomery (2020).

However, the classical estimators of mean vector and covariance matrix are often
sensitive to outliers and non-normal data, can produce inaccurate findings. Addressing
these limitations, robust control charts have emerged as a powerful alternative, offering
improved performance under non-ideal conditions. Several methods have been proposed
to monitor mean shifts for individual samples (see Vargas, 2003; Chenouri et al., 2009;

Jensen et al., 2007; Sajesh, 2023; Vijayalakshmi ef al., 2024).

However, robust alternatives specifically designed for rational subgroups remain scarce.
Abu-Shawiesh et al. (2014) proposed a robust bivariate control chart for rational
subgroups as an alternative to the Hotelling’s 72 control chart. This method makes use
of component-wise median and Comedian estimator proposed by Falk (1997) to compute
robust Hotelling’s 7° statistic. In this procedure the robust estimates of g and X are
obtained by averaging the subgroup component-wise median vectors and the robust
sample covariance matrices over the m subgroups. Main drawback of this method is that,
the robust estimates of # and 2 are affected by even a single locally contaminated outlier,
that means all the observations in the subgroup are outliers. Consequently, the primary

advantage of robust method will be lost.

Maleki ef al. (2020) and Mahpouya et al. (2022) partially addressed this limitation by
estimating # as the median of the component-wise medians across subgroups. Both
studies utilized the Comedian estimator to compute the covariance matrix at the subgroup
level. Similar to Abu Shawiesh et al. (2014), the overall robust estimate of the process
covariance matrix X' is obtained by averaging these robust sample covariance matrices
across the m subgroups. Although these methods enhance robustness against outliers

caused by mean shifts, their performance can still be compromised by even a single
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locally contaminated outlier that distorts the covariance structure, thereby affecting the

reliability of the control chart.

This study proposes a procedure to construct robust bivariate robust control chart that
can successfully defend all types of outliers and useful for Phase II application. The
proposed control chart estimates # by computing the L; median of subgroup-wise Li
median vectors while the X' is robustly estimated from the combined dataset across all
subgroups. Three robust covariance estimators are employed for this study: the
Gnanadesikan—Kettenring (GK) estimator (Gnanadesikan & Kettenring, 1972), the
Comedian estimator (Falk, 1997), and the S, Covariance (Sajana & Sajesh, 2020), which
are briefly described in Chapter 2, Section 2.4. For the robust GK estimator, the O, scale
estimator of Rousseeuw and Croux (1993) is used. These estimators are chosen due to
their high breakdown point, defined as the maximum proportion of outliers that the
estimator can reliably withstand. The Lower control limits (LCL) of these control charts
are set to zero and the upper control limits (UCL) of the control charts are estimated
empirically through simulations and the results are compared with each other. These
control charts are also compared with the Comedian based chart proposed by Maleki et
al. (2020), hereafter referred to as the Avg-Comedian chart, using the Average Run

Length as the performance metric.
5.3 Bivariate Robust Control Chart

Let x1, x2, . . ., xn represent m random samples of a bivariate quality characteristic, each
of'size n. The following steps describe the construction of a robust bivariate control chart:
1. Compute the L\ Median for Each Sample: For each sample i, compute the L,

median X;, defined as:
%; = argmin Y7, ||y — x|, (5.6)
yERZ

where x;; is the /™ observation of i sample.

2. Compute the L1 Median of the Sample Medians: Compute the L median of the
sample medians ¥, %,, ..., ¥,,,, denoted as M, which serves as a robust estimator

of the population mean p.
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3. Estimate the Covariance Matrix Using Robust Estimation: The proposed chart
uses the robust estimator of X based on the whole set of data, denoted as S,

instead of the § matrix given in the construction of Hotelling’s 72 chart.

4. Compute the Robust Hotelling's T* Statistic: For a new observation with data
matrix z, compute robust Hotelling’s 77 statistic using the robust estimators

M, and Sy, as follows:
Te? =n(z — Mg)' Sz (2 — My) (5.7)
Ri = R) OR R)> .
where Z is the L1 median of the new observation z.

5. Plot the Statistic on the Control Chart: Plot the computed statistic on the control

chart with the suitable UCL empirically obtained through simulation for a given

a risk.
Table 5.1: Simulated and exact Upper control limits
n a Sn Covariance Comedian GK Exact
0.05 6.781 6.992 6.873 6.618
5 0.01 10.629 11.015 10.756 10.387
0.0027 13.642 14.697 13.926 13.568
0.001 16.060 17.401 16.711 16.053
0.05 6.946 7.030 6.913 6.433
10 0.01 10.739 11.194 10.736 9.979
0.0027 13.482 14.230 13.842 12.912
0.001 15.958 16.322 16.200 15.165
0.05 6.447 6.512 6.460 6.358
20 0.01 9.858 9.845 9.923 9.815
0.0027 12.517 12.655 12.494 12.650
0.001 14.959 15.726 15.238 14.813
0.05 6.492 6.520 6.488 6.317
50 0.01 10.042 10.083 10.169 9.726
0.0027 12.521 12.183 12.586 12.509
0.001 14.431 14.595 14.372 14.624
0.05 6.623 6.625 6.604 6.304
100 0.01 10.261 10.300 10.371 9.698
0.0027 12.783 12.639 12.972 12.464
0.001 14.986 15.326 15.108 14.564

In order to estimate the UCL for a given a, we have generated m samples of n

observations from a standard bivariate normal distribution N2(0, I) as phase I sample and
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computed the robust estimators of mean vector and covariance matrix My and Sg. In
addition, for each data set, we randomly generate a new observation z; from Na(0, I)

(treated as a Phase II observation) and calculate the corresponding T}gl statistic. This
procedure is repeated for N =10,000 times and computed T% , T§,, .., T, Then the UCL
corresponding to a is the 100(1 - &) quantile of T;%l, T,%Z, . T,%N. UCLs forn =35, 10, 20,
50 and 100 were generated using Comedian, S, Covariance, and GK methods for m = 50.

The UCLs for o = 0.05, 0.01, 0.0027, and 0.001 are presented in Table 5.1.

5.4 Simulation Study

This section evaluates and compares the performance of the control charts in the presence
of outliers using a simulation study, similar as in Alfaro and Ortega (2009). The data are

modelled using a contaminated mixture of bivariate normal distributions, expressed as:

(1 — &) No(mo, 20) + & No(u1, Z1), (5.8)

where ¢ is the proportion of outliers, o and 2y are the in-control parameters and #1 and
21 are the out-of-control parameters of location and dispersion respectively. Various
scenarios are examined based on the key elements such as number of observations(n),
proportion of outliers, and the method of generating outliers using different values of 41
and 2'1. Without loss of generality, o is assumed to be a zero vector. In this study ¢ takes
the values of 0, 0.1, 0.2 and 0.03, and the probability of detecting a change depends on
the values of u1, 2o and 2. The probability of detecting a change is influence by the
values of u1, 2o and X1. Following cases are, therefore, considered to analyze this

influence.

Case A: Independent variables

In this case, the quality characteristics are assumed to be independent. The contaminated

normal model considered is as follows:

(1 —¢) N2(0, Ib) + & No(uy, I2).

where 0 = (0, 0)7, a1 = (u11, 112)”, the mean vector of the contaminated samples and I to
be the identity matrix of size 2. In this case, we want to compare the behaviour of
different robust alternatives when there are varying mean shifts across all the variables,

assuming the variables are independent.
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Case B: Correlated variables

In this case, the quality characteristics are assumed to be correlated. The contaminated

normal model considered is as follows:
(1 —&) N2(0, 20) + & Nao(u1, 20),

where 2o = [ 019 Oig]. We have used this value of 29 to analyse whether the correlation

level affects the detection probability of each alternative.

Case C: Correlated variables and regression outliers

Here, the quality characteristics are assumed to be correlated and regression outliers are

introduced. The contaminated normal model considered is as follows:

(1 —¢&) Na(0, o) + & No(u1, 21),

0.1
0

proposed robust methods in terms of the so-called good leverage and regression outliers.

where 2y = [ 019 Oig] and X = [ 001]. In this case, we analyse and compare the

5.4.1. Impact of outliers on classical control chart

The estimates of location and dispersion derived during Phase I are crucial for calculating
the Hotelling’s 7> statistic to monitor new observations in Phase II. In Phase I, these
estimators are computed after excluding out-of-control samples from the data.
Consequently, it is imperative to evaluate the efficacy of classical control charts in
accurately identifying out-of-control samples in the presence of outliers. However, in the
context of statistical process control, robust estimators offer a significant advantage as
they are unaffected by outliers, eliminating the need for their explicit identification in
Phase I data. Utilizing robust estimators ensures reliable Phase I estimates of location
and covariance, which in turn facilitate the development of a robust control chart for

analysing Phase II data.

The impact of outliers and the magnitude of mean shifts on the performance of classical
bivariate control charts during Phase I application is investigated in this study.
Specifically, m random samples of size n are generated using the contaminated model
outlined in (5.8), and the percentage of out-of-control samples is computed. This

procedure is repeated 1000 times to calculate the average percentage of out-of-control
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samples across various sample sizes (n = 5, 10, 20, 50, 100), contamination levels (& =
0.1, 0.2, 0.3), and mean shifts. The results for Case A and Case B contaminations at a =

0.05 are presented in Figure 5.1 and Figure 5.2, respectively.
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Figure 5.1: Average percentage of out-of-control samples under Case A contamination

Figure 5.1 illustrates the graphs showing the percentages of out-of-control samples under
Case A contamination, with varying proportions of outliers and different mean shifts.
The figure reveals that as the contamination level increases, the percentage of out-of-
control samples rapidly approaches 100%. This process accelerates with larger sample
sizes or greater mean shifts. Consequently, this reduces the number of valid samples

available for the estimation of location and dispersion parameters in Phase II.
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Figure 5.2: Average percentage of out-of-control samples under Case B contamination

78



Figure 5.2 presents the percentages of out-of-control samples under Case B
contamination, with varying proportions of outliers and different mean shifts. The results
are similar to those obtained for Case A. This highlights that even small amounts of
contamination can cause significant distortion in the control chart, making it difficult to
accurately estimate location and dispersion parameters for Phase II. These findings
demonstrate that classical control charts are ineffective in the presence of outliers,
especially in the early stages of monitoring, emphasizing the critical impact that

contamination has on both Phase I and Phase II applications.
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Figure 5.3: ROC curves of Bivariate control charts based on Classical, S, Covariance,
Comedian and GK estimators.

Figure 5.3 presents the Receiver Operating Characteristic (ROC) curves comparing the
performance of four estimators — Classical, S, Covariance, GK, and Comedian — under
two scenarios: clean data (0% contamination) and contaminated data (20%
contamination). The upper panel (a—c) illustrates the results without contamination for
Cases A, B, and C, where all estimators, including the Classical method, show strong
and comparable performance, with ROC curves closely approaching the ideal top-left

corner, reflecting high success rates across different false alarm rates.
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However, the lower panel (d—f) highlights the impact of 20% contamination. The robust
estimators — S, Covariance, GK, and Comedian — maintain their effectiveness, as
shown by their curves remaining near the top-left corner. In contrast, the Classical
estimator's performance declines considerably under contamination, especially in Case
C (f), where its ROC curve drops below the diagonal random guess line. This indicates
that the Classical method performs worse than random classification in this scenario,
demonstrating its sensitivity to outliers. These findings clearly underline the robustness
and superior reliability of S, Covariance, GK, and Comedian estimators for outlier

detection in contaminated datasets.
5.4.2. Impact of outliers on robust control charts

Using 1000 replications, we considered different sample sizes where n = 5, 10, 20, 50
and 100 with dimensions 2 and an overall false alarm probability of a = 0.05, 0.01,
0.0027, and 0.001. For Phase I, 1000 samples of size n were generated using the
contaminated model (5.8) and computed the estimates of location and scatter for Phase
IT application. In Phase II, two types of observations were generated: one with in-control
parameters and another with out-of-control parameters. The Hotelling’s 7 statistic was
computed for both observations using Equation (5.7). The performance of the control
charts is assessed using the parameters SR and FAR. These metrics were evaluated for
different estimators in Phase I across 1000 replications, offering insights into the

effectiveness and reliability of the proposed control charts under varying conditions.

In this study we have examined the performance of the proposed robust control charts
for sy = (3, 3)7, (3, -3), (3, 0)7, (5, 5), and (10, 10)”. For brevity, we present results for
o = 0.05 and u1 = (5, 5)7, noting that similar trends and conclusions were observed for
other values of a. (Results corresponding to the remaining values of u; are included in

the Appendix B).

The results obtained for Case A contamination are presented in Table 5.2. Under Case A
contamination, where quality characteristics are independent, all methods consistently
achieve a perfect success rate (SR = 100%) across all sample sizes and contamination
levels. This indicates their effectiveness in detecting expected changes, regardless of
sample size or contamination. However, false alarm rates (FAR) vary significantly,
providing insights into the robustness of each method. S, Covariance proves to be the

most reliable, maintaining consistently low FAR even for small sample sizes (#) and high
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contamination levels (¢ = 0.3), with further improvement as sample size increases. GK
also shows strong robustness, achieving low FAR across all scenarios, particularly for ¢
< 0.2. Comedian, while reliable, exhibits slightly higher FAR, especially for smaller

sample sizes (n =5, 10) and moderate contamination levels (¢ = 0.1, 0.2).

Table 5.2: SR (FAR) in Phase II when there are case A outliers in Phase I data

n e Sn Covariance Comedian GK
0 1(0.024) 1(0.024) 1 (0.026)
5 0.1 1 (0.009) 1(0.016) 1 (0.006)
0.2 1(0) 1(0) 1(0)
0.3 1(0.001) 1(0.001) 1 (0.002)
0 1(0.034) 1 (0.036) 1(0.033)
10 0.1 1 (0.008) 1(0.011) 1 (0.008)
0.2 1(0.003) 1 (0.006) 1 (0.003)
0.3 1(0) 1(0.002) 1(0)
0 1(0.031) 1(0.034) 1(0.033)
20 0.1 1(0.011) 1(0.015) 1(0.012)
0.2 1(0.002) 1(0.003) 1 (0.003)
0.3 1(0) 1(0) 1(0)
0 1(0.033) 1(0.031) 1(0.032)
50 0.1 1(0.01) 1(0.012) 1 (0.008)
0.2 1(0.001) 1(0.002) 1 (0.001)
0.3 1(0) 1(0) 1(0)
0 1 (0.029) 1(0.028) 1 (0.027)
100 0.1 1 (0.006) 1(0.011) 1 (0.007)
0.2 1(0.001) 1(0.001) 1 (0.001)
0.3 1 (0) 1 (0) 1(0)

The effects of contamination and sample size reveal clear trends. False alarm rates
generally decrease as the sample size increases, suggesting that larger sample sizes
provide more reliable estimates and better performance in Phase II monitoring. Larger
sample sizes (n = 50, 100) lead to reduced FAR across all methods. For smaller sample
sizes (n =5, 10), S, Covariance and GK are the most resilient, maintaining low FAR even

under challenging conditions.

Results obtained for Case B contamination are presented in Table 5.3. Under Case B
contamination, where quality characteristics are assumed to be correlated, all methods
maintain high success rates across most scenarios. Slight variations are observed with
small sample sizes (n = 5) and higher contamination levels (¢). Both S, Covariance and
GK consistently exhibit low false alarm rates, demonstrating exceptional robustness to

contamination, even with small sample sizes. Comedian also performs reasonably well
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but shows slightly higher FAR compared to S, Covariance and GK, particularly at

smaller sample sizes and moderate contamination levels (e = 0.1, 0.2).

Table 5.3: SR (FAR) in Phase II when there are case B outliers in Phase I data

n & Sn Covariance Comedian GK
0 0.994 (0.028) 0.916 (0.035) 1 (0.04)
0.1 0.967 (0.017) 0.898 (0.035) 0.996 (0.023)
0.2 0.926 (0.021) 0.848 (0.03) 0.996 (0.019)
0.3 0.889 (0.014) 0.809 (0.014) 0.994 (0.008)
10 0 1(0.027) 0.983 (0.053) 1 (0.04)
0.1 0.998 (0.015) 0.964 (0.027) 1(0.015)
0.2 0.985 (0.005) 0.932 (0.025) 1.(0.001)
0.3 0.958 (0.008) 0.882 (0.018) 1 (0.001)
20 0 1 (0.015) 0.997 (0.025) 1(0.025)
0.1 1(0.007) 0.998 (0.021) 1 (0.009)
0.2 0.997 (0.005) 0.981 (0.018) 1 (0.001)
0.3 0.992 (0.009) 0.95 (0.017) 1(0)
50 0 1(0.013) 1(0.017) 1(0.032)
0.1 1 (0.008) 1(0.013) 1(0.012)
0.2 1 (0.001) 0.996 (0.01) 1 (0.003)
0.3 0.999 (0) 0.994 (0.01) 1 (0.001)
100 4 1(0.013) 1(0.018) 1 (0.036)
0.1 1(0.01) 1(0.015) 1(0.013)
0.2 1 (0.001) 1 (0.005) 1 (0.005)
0.3 1(0) 0.998 (0.004) 1(0)

FAR trends indicate improvements with increasing sample size for all robust methods.
S» Covariance and GK achieve nearly perfect results with minimal FAR for n > 20, even
under severe contamination (¢ = 0.3). Comedian shows improvement in FAR as sample
size increases, but it is still somewhat more sensitive to contamination compared to S,

Covariance and GK.

The results for Case C contamination, which assumes correlated quality characteristics
and introduces regression outliers, presented in Table 5.4, show that all methods
generally achieve high success rates. Minor variations are observed for small sample
sizes (n = 5) and higher contamination levels. Among the methods, GK demonstrates the
most robust performance, maintaining near-perfect SR and negligible false alarm rates

across all scenarios, including severe contamination. S, Covariance also performs
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reliably, with high SR and low FAR, although FAR increases slightly at higher
contamination levels (& = 0.2, 0.3) for small n. Comedian shows moderate performance,
with SR improving as n increases, but its FAR remains higher than that of GK and S,

Covariance.

Table 5.4: SR (FAR) in Phase Il when there are case C outliers in Phase I data

n e Sn Covariance Comedian GK
5 0 0.994 (0.029) 0.922 (0.037) 0.999 (0.041)
0.1 0.975 (0.016) 0.899 (0.025) 0.997 (0.018)
0.2 0.926 (0.02) 0.873 (0.024) 0.998 (0.006)
0.3 0.895 (0.011) 0.816 (0.023) 1 (0.002)
10 0 1 (0.024) 0.976 (0.038) 1 (0.041)
0.1 0.999 (0.011) 0.958 (0.028) 1(0.014)
0.2 0.981 (0.017) 0.934 (0.018) 1(0.002)
0.3 0.961 (0.012) 0.882 (0.019) 1 (0.003)
20 0 1(0.021) 0.999 (0.032) 1(0.03)
0.1 1(0.011) 0.992 (0.021) 1(0.015)
0.2 0.998 (0.004) 0.982 (0.02) 1 (0.002)
0.3 0.994 (0) 0.93 (0.024) 1 (0.004)
50 0 1(0.016) 1(0.018) 1(0.027)
0.1 1 (0.005) 1(0.019) 1(0.011)
0.2 1 (0.001) 1 (0.002) 1 (0.001)
0.3 1(0.001) 0.993 (0.008) 1(0.001)
100 1(0.014) 1 (0.016) 1 (0.032)
0.1 1(0.002) 1 (0.004) 1 (0.004)
0.2 1(0) 1 (0.003) 1 (0)
0.3 1 (0) 0.999 (0.004) 1 (0.003)
5.4.3 ARL plots

Average Run Length (ARL) is a key metric used to evaluate control chart performance.
It represents the expected number of samples taken before detecting an out-of-control
signal. An effective chart minimizes false alarms (high in-control ARL) while quickly

identifying actual shifts (low out-of-control ARL).

In Phase I, datasets with contaminated observations are generated to examine the impact
on estimation methods. Both classical and robust estimators are used to calculate the

process mean and covariance matrix, and corresponding control limits are established.
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Out of control samples identified using Hotelling’s 77 in the classical method are
excluded prior to estimation. The process shift is quantified using the squared non-

centrality parameter:

87 = (1 — o) 27 (g — o)
with values &; =75 and 150.
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Figure 5.4: ARL plots of Bivariate control charts based on Classical, S, Covariance, Comedian,
GK and Avg-Comedian estimators under Case A and B contamination for 6> = 75 and 150.

In Phase 11, simulated samples are tested under varying shift magnitudes:
6 = (2 — Ho)"Z7 (12 — Ho)

with 83 values ranging from 0.0 to 4.32. For each sample, the 7> statistic is calculated
and compared against control limits from both classical and robust estimation methods.

The ARL is computed across » = 1000 iterations using:
— 1 r
ARL = -2,;-, RL;.

The significance level is set at @ = 0.0027. Results comparing classical and robust charts

under contamination are shown in Figure 5.4.

The ARL plots presented in Figure 5.4 illustrate the performance of various estimators

under two contamination scenarios (Case A and Case B) and two levels of process shift
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(6% = 75 and 150). The comparison clearly highlights the distinction between classical
and robust estimators when monitoring contaminated processes. The Classical and Avg-
Comedian based control charts show relatively high ARL values under both
contamination cases, indicating poor detection ability and a strong sensitivity to the
influence of outliers. In contrast, the control charts based on robust estimators — .S,
Covariance, GK, and Comedian — demonstrate significant resistance to contamination,
as reflected by their consistently lower ARL values when the shift magnitude increases,

which indicates reliable and timely detection of true process changes.

A closer inspection of the plots reveals that the Avg-Comedian based chart exhibits a
steep decrease in ARL even for very small shifts when compared to the other robust
methods. While this behavior might superficially suggest improved shift detection, it
actually points to the estimator’s vulnerability to contamination. Specifically, the early
drop in ARL is often driven by the effect of outlying observations, which distort the
location estimate and cause the chart to signal prematurely, even in the absence of
meaningful process shifts. This leads to an increased likelihood of false detections, where
the control chart incorrectly signals an out-of-control condition caused by outliers rather
than an actual shift. Therefore, although Avg-Comedian based chart appears highly
sensitive, its performance under contaminated data is unstable, making it prone to false
alarms and undermining its reliability. On the other hand, S, Covariance, GK, and
Comedian demonstrate more controlled ARL behavior, reflecting their robustness against
outliers and a lower risk of false detections, thereby ensuring that signals are more likely

to reflect genuine process changes.
5.5 Time complexity

The Table 5.5 shows the running times for three methods - S, Covariance, Comedian,
Avg- Comedian and GK - for various sample sizes (n = 5, 10, 20, 50, 100). As the
subgroup size increases, the computational time required by the S, Covariance estimator
grows significantly, indicating a relatively higher computational cost. In contrast, the
Comedian and Avg-Comedian estimators maintain relatively stable and low running
times across all sample sizes, ranging between 0.0037 and 0.0067 seconds. The GK
estimator exhibits moderate computational complexity, with running times increasing

gradually from 0.0042 to 0.0100 seconds as the sample size grows. In conclusion,
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Comedian is the fastest and most consistent, followed by GK and Avg-Comedian, while

S» Covariance is the slowest, particularly for larger sample sizes.

Table 5.5: Computation time (in seconds)

n S, Covariance Comedian Avg-Comedian GK

5 0.0070 0.0037 0.0050 0.0042
10 0.0109 0.0041 0.0061 0.0048
20 0.0221 0.0043 0.0056 0.0054
50 0.0789 0.0047 0.0056 0.0070
100 0.2577 0.0051 0.0067 0.0100

5.6 Application to Real Life Data

To illustrate the implementation of the proposed robust bivariate control charts, we utilize
the carbon fiber dataset presented by Santos-Fernandez (2012). This dataset comprises
three interrelated quality characteristics measured in inches: inner diameter, thickness,

and length of carbon fiber tubes.

The data are structured into two phases. In Phase I, each quality characteristic includes
m = 30 samples, with each sample containing n = 8 observations. Phase II consists of 25
additional samples, also of size n = 8, for each characteristic. For the purpose of this
study, which focuses on bivariate control charts, we consider only two of the quality

characteristics—thickness and length of the tubes.

Figure 5.5 displays the control charts constructed using various estimators— Sy
Covariance, Comedian, Avg-Comedian, GK, and the Classical method. As evident from
the figure, all robust estimators produce results comparable to the classical method, as
both the Phase I and Phase II datasets do not contain any out-of-control observations. To
assess the robustness of the control charts in the presence of process disturbances, the
Phase I data were deliberately contaminated by introducing a mean shift in the length of
the fiber for the first two subgroups. Specifically, the mean of the length was increased
by a magnitude of 1o in both subgroups. The resulting control charts, presented in Figure
5.6, clearly indicate that while the robust methods remain stable and unaffected by the
induced shift, the classical chart responds by incorrectly identifying an in-control
observation as out-of-control. This underscores the superior robustness of the proposed

methods in the presence of data contamination.
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Comedian, (d) GK and (e) Classical estimators under contaminated Phase I data.

5.7 Summary

This chapter discusses the development of a robust bivariate control chart for process

monitoring, particularly in the presence of outliers and non-normal data. The study aims
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to improve the performance of conventional bivariate control charts, like the Hotelling’s
T? chart, by introducing robust estimators for the mean vector and covariance matrix,
which are less sensitive to outliers. The chapter highlights the importance of monitoring
processes with bivariate quality characteristics, using rational subgroups, and

constructing control charts that accurately capture shifts in the process mean vector.

The chapter begins by explaining the concept of Phase I and Phase II in control chart
construction. Phase I involves estimating the in-control parameters and setting control
limits using historical data, while Phase II involves using these control limits to detect
deviations during actual process monitoring. The Hotelling’s 77 statistic is the foundation
of the bivariate control chart, which is typically based on the assumption of normally
distributed data. However, in practice, estimators of the mean and covariance matrix can

be influenced by outliers, leading to the false alarming in process monitoring.

To address this limitation, the study proposes a new approach using robust estimators,
such as the L; median vector, Comedian estimator, S, Covariance estimator, and the
robust GK estimator, which are known for their high breakdown points. These robust
estimators are used to construct a bivariate control chart that can effectively detect shifts
in the mean and covariance of a process, even in the presence of outliers. The control
limits for the robust chart are derived empirically through simulations, and the results are

compared with each other.

The performance of robust control charts was empirically assessed under different
sample sizes, contamination levels, and contamination scenarios. Success rate and false
alarm rate were assessed for different estimators, revealing that S, Covariance and GK
demonstrated the most reliable performance, maintaining low FAR even under high
contamination and small sample sizes. Comedian, while performing well, showed
slightly higher FAR, particularly for smaller sample sizes. The results indicated that as
the sample size increased, FAR decreased, highlighting the importance of larger sample
sizes for better performance in Phase II monitoring. Additionally, Comedian exhibited
the fastest running times across all contamination scenarios, followed by GK, with S,
Covariance showing the highest computational costs, particularly for larger sample sizes.
These findings suggest that robust control charts, especially S, Covariance and GK, are
highly effective in detecting out-of-control observations while minimizing false alarms,

making them valuable tools for statistical process control.
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CHAPTER 6

MULTIVARIATE ROBUST CONTROL CHART FOR
PROCESS MONITORING WITH RATIONAL
SUBGROUPS

6.1 Introduction

Monitoring process quality in industrial and service applications often requires the
simultaneous assessment of multiple correlated quality characteristics. Multivariate
control charts provide an effective means for this purpose, especially when data are
organized into rational subgroups that capture natural temporal or operational
dependencies. Alt (1985) distinguished between Phase I, where historical data are
analysed to estimate in-control parameters and establish control limits, and Phase II,
where these limits are applied to ongoing production for detecting deviations from
stability. Among the established techniques, the Hotelling’s 7% chart (Montgomery,
2020) remains one of the most widely used methods for monitoring shifts in the process

mean vector.

For a random sample x; of size n of a multivariate quality characteristic, the Hotelling’s

T? statistic is defined as

T? =n(® — W' Z (X — ), (6.1)

where X; is the sample mean vector of x;. When the process is in statistical control, it is
assumed that x; is independent and follows a multivariate normal distribution Ny(u, 2),
where u represents the mean vector and 2 represents the covariance matrix. If both g and
X are known, 7?2 follows a Chi-square distribution with p degrees of freedom. However,
in practice, the true values of # and X' are generally unknown. In such cases, these
parameters are usually substituted with classical estimators of mean vector and

covariance matrix.

6.2 Computational algorithm for Multivariate control chart

Let x1, x2, . . ., Xx» be m random samples of a multivariate quality characteristic, where
each sample consists of n observations. The following steps outline the procedure for

constructing a Hotelling's 72 control chart:
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Calculate the Mean Estimator: For each subgroup i, calculate the sample mean
_ o _ T
vector X; = (xl-l , Xio ...xl-p) , Where:

Xij = %Zzﬂxuk fori=1,2,....,m; j=1,2,.p

The overall sample mean vector X is computed as the average of the subgroup

means:
X=—Y" %, (6.2)

Calculate the Sample Covariance Matrix for Each Subgroup: For each subgroup
i, calculate the sample covariance betweentwo random variables. The covariance

matrix §; is given by:

Sitn Sz Sip
S; = : : fori=1,2,...,m, (6.3)
Sitp Sipp

where S;j; represents the variance of the j variable in i subgroup, and S; jjr
represents the covariance between the two variables j and j' in the i subgroup.
Compute the Average Covariance Matrix: The sample covariance estimator § is
obtained by averaging the subgroup covariance matrices:
S1 Siz §1p
S=\ : : (6.4)

§1p Spp

= 1 «m 1 om . .y
WhereSj =; izlSijj andej, =; izlSijj,;],] = 1,2,...,p.

Compute the Hotelling's T Statistic: The Hotelling's T statistic for each

subgroup i is computed as follows:

T2 =n(x; —X)"S1(x; —x) fori=1,2,...,m. (6.5)

. Estimation of parameters for Phase II application: Plot the calculated values of
T” on the control chart. If any 72 value falls outside the control limits, remove the
corresponding samples and re-estimate the location and dispersion parameters
using the remaining sample subgroups for the phase II applications. UCLs

corresponding to Phase I and Phase II are available in Montgomery (2009).
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However, the classical estimators of the mean vector and covariance matrix are often
sensitive to outliers and deviations from normality, which can lead to inaccurate results.
Addressing these limitations, robust control charts have emerged as a powerful
alternative, offering improved performance under non-ideal conditions. Various
approaches have been developed for detecting mean shifts in individual sample
monitoring (see Vargas, 2003; Chenouri et al., 2009; Jensen et al., 2007; Sajesh, 2023;
Vijayalakshmi et al., 2024). However, robust alternatives specifically designed for
rational subgroups remain scarce. Several robust subgroup-based control charts have
been proposed in the literature, such as those by Abu-Shawiesh et al. (2012), Maleki et
al. (2020), and Mahpouya ef al. (2021). These charts employ the component-wise median
and the Comedian estimator (Falk, 1997) for robust estimation of the mean vector and
covariance matrix. Although these methods improve resistance to outliers arising from
mean shifts, their performance can still be compromised when a subgroup is locally
contaminated, as the covariance structure becomes distorted. Building on these ideas, the

present chapter extends the focus to robust techniques for multivariate control charts

6.3 Multivariate Robust Control Chart

Let x1, x2, . . ., X represent m random samples of a multivariate quality characteristic,
each of size n. The following steps describe the construction of a robust multivariate

control chart:

1. Compute robust location estimator for Each Sample: For each sample i, a robust

location estimator 8; is computed.

2. Estimate robust location estimator for population mean: Compute the robust
location estimator based on 84,85, ...,0,,, denoted as My, which serves as a

robust estimator of the population mean p.

3. Estimate the Covariance Matrix Using Robust Estimation: The proposed chart
uses the robust estimator of X based on the whole set of data, denoted as Sp,

instead of the § matrix given in the construction of Hotelling’s 7” chart.

4. Compute the Robust Hotelling's T* Statistic: For a new observation with data
matrix z, compute robust Hotelling’s 7° statistic using the robust estimators

My, and Sy as follows:
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o \T= —1,. =~
Tel =n(Z— Mg) S (2 — Mjy), (6.6)
where Z is the L1 median of the new observation z.

5. Plot the Statistic on the Control Chart: Plot the computed statistic on the control

chart with the suitable UCL empirically obtained through simulation for a given

a risk.
Table 6.1: Simulated Upper control limits
n p ROC SGK
95% 99% 99.73% 95% 99% 99.73%
20 | 2 6.922 10.554 13.240 6.871 10.623 13.335
5 11.898 16.587 19.672 12.019 16.548 19.571
10 19.702 25.023 30.113 19.700 25.261 29.732
30 | 2 6.910 10.334 13.311 6.910 10.530 13.502
5 11.912 16.589 20.628 12.174 16.242 19.238
10 19.609 24.419 27.833 19.496 24.784 28.991
50 | 2 6.758 10.228 13.563 6.962 10.735 13.592
5 11.988 16.899 21.803 11.999 16.482 20.340
10 18.958 24.470 29.886 19.120 26.132 28.258
n P OGK RMCD
95% 99% 99.73% 95% 99% 99.73%
20 | 2 8.596 13.164 16.856 6.233 9.588 12.355
5 13.904 18.895 22.674 11.794 16.002 19.294
10 21.418 27.397 32.602 19.215 24.465 28.487
30 | 2 8.454 12.683 15.624 6.315 9.915 12.673
5 13.644 18.647 22.625 11.403 15.680 19.027
10 21.212 26.517 30.722 19.394 24.428 28.083
50 | 2 8.097 12.922 16.717 6.259 9.853 13.441
5 13.362 17.555 20.905 11.125 17.325 19.502
10 21.782 28.482 34.476 19.270 24.602 29.552

To estimate the UCL corresponding to a given significance level a, we first generate m
Phase I samples, each consisting of # observations drawn from the standard multivariate
normal distribution Ny(0, 7). From these samples, the robust estimators of the mean

vector and covariance matrix, denoted as My and S, are obtained. Next, for each Phase
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I dataset, an additional observation z; is independently generated from N,(0, I) and

treated as a Phase II observation. The corresponding T;%l statistic is then computed based

on My and §. This entire procedure is repeated N=10,000 times to obtain a distribution

of T§,, T4, .., T#. The UCL for the specified significance level « is finally determined
as the lOO(I—Oc)th percentile of these simulated T;%l, T}%Z, . T}%N statistics. UCLs for n =

20, 30 and 50 were generated using ROC, SGK, OGK and RMCD methods for m = 50.
The UCLs for o = 0.05, 0.01, 0.0027, and 0.001 are presented in Table 6.1.

6.4 Simulation Study

This section evaluates the performance of the proposed multivariate control charts in the
presence of outliers through a simulation study, following the approach of Alfaro and
Ortega (2009) and as discussed in Chapter 5. The data are generated from a contaminated

multivariate normal mixture given by
(1 — &) Np(uo, 20) + & Np(u1, 1),

where ¢ represents the contamination proportion. The first component denotes the in-
control process, while the second represents the out-of-control condition. Different
scenarios are considered by varying the sample size, the proportion of contamination (&
= 0,0.1,0.2,0.3), and the method of generating outliers through changes in the mean
vector and covariance matrix. The in-control mean is assumed to be a zero vector. The
study investigates how these factors influence the ability of the chart to detect process

shifts.
Case A: Independent variables

In the first scenario, it is assumed that all quality characteristics are statistically
independent. The data are generated from a contaminated multivariate normal

distribution expressed as:

(1 =& Ny(0, I) + & Np(u1, I).
where 0= (00 ...0)", g1 = (u11 g2 ... puip)’, the mean vector of the contaminated samples
and 7 to be the identity matrix of size p. This case is designed to examine how various
robust control charting methods respond to mean shifts occurring independently across

different variables.
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Case B: Correlated variables

In this case, the process variables are assumed to be correlated. The contaminated normal
model considered is as follows:
(I =) Ny(0, 20) + & Np(u1, 20),
1 09 09

Where X, =< : : ) This setting allows an assessment of how inter-
09 - 1

variable correlation influences the sensitivity and reliability of the competing robust

approaches in detecting process shifts.

Case C: Correlated variables and regression Outliers
Here, both correlation among variables and the presence of regression-type outliers are

considered. The contaminated model is defined as

(1 =) Np(0, Zo) + & Np(u1, Z1),

1 09 09 01 0 O
Xyo=| : : land Xy = N
09 - 1 0 - 0.1

This configuration is used to explore the ability of the proposed robust estimators to

where

handle both good leverage points and regression outliers when the variables are

correlated.

6.4.1 ARL Plots

The Average Run Length (ARL) serves as a key criterion for evaluating control chart
effectiveness. It represents the expected number of samples taken before the chart signals
a process shift. An optimal control chart is characterized by a high in-control ARL,
minimizing false alarms, while maintaining a low out-of-control ARL to ensure rapid
detection of genuine process deviations.

In Phase I, data sets containing a certain proportion of contaminated observations are
generated to study their influence on parameter estimation. Both classical and robust
approaches are applied to estimate the process mean vector and covariance matrix. In the
classical approach, observations identified as out-of-control by Hotelling’s 7> statistic
are removed prior to estimation. The magnitude of the process shift in this phase is

quantified by
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6F = (U — o) 27 (g — o),

with values 62 = 150 and 300.

In Phase II, simulated samples are evaluated under varying magnitudes of shift,

expressed as

8 = (U2 — o) "2 (uy — 1o),

with 87 values ranging from 0.0 to 0.3. For each sample, the 7> statistic is calculated and
compared against control limits from both classical and robust estimation methods. The

ARL is computed across » = 1000 iterations using:
1vr
ARL = =¥7_, RL;.

The significance level is set at o = 0.0027, and the comparative performance of classical
and robust control charts under different contamination scenarios is illustrated in the

following figures..

(a) (b) (c)
n=20 n=20
300 p=2 300 300
& 200 & 200 & 200
< < <
100 100 100
0 0 0 £ 3
0.0 0.1 0.2 0.3 0.3
(d)

ARL
ARL

0.0 0.1 0.2 0.3

Classical =+ OGK =+ RMCD =+ ROC SGK

Figure 6.1: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case A contamination for ¢ = 0.1 and 6 = 150.

Figure 6.1 and Figure 6.2 display ARL curves for classical and robust methods at
different sample sizes (n = 20, 50) and dimensions (p = 2, 5, 10) under case A and case

B contamination scenarios respectively with 10% contamination.
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For the classical method, under both contamination scenarios, when n = 20, the ARL
remains flat at the nominal in-control level across all shift magnitudes (panels a-c). This
suggests that with small samples, the classical method is unable to detect shifts, even
with contamination. However, for larger sample sizes (n = 50), the classical ARL curves
become more erratic (panels d-f), showing unnatural decreases and increases as the shift
grows. Especially in high dimensions (p = 10, panel f), the classical ARL stays high even

under large shifts, clearly reflecting a breakdown under contamination.

(a) (b) (c)
n=20 n=20
300 300 p=5 300
& 200 & 200 # 200
< < <
100 100 100
0 0 ——— 0 &
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
(d) (e) (f
300
n =50
p="10
200 Y\
— 1 1
o x i
< < <

0.0 0.1 02 0.3 0.0 0.1 0.2 0.3

Classical == OGK =4 RMCD =+ ROC SGK

Figure 6.2: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case B contamination for ¢ = 0.1 and 6% = 150.

In contrast, the robust methods all show the desired pattern across the scenarios: high
ARL at zero shift (good in-control performance) and a rapid decline as the shift
magnitude increases (good out-of-control detection). Among them, under both
contamination scenarios, ROC, SGK, and RMCD perform almost identically and
efficiently. OGK also works well in this case, although in some panels (e.g., d and e), its

detection slope is slightly less sharp than the others.

Sample size and dimension both influence the performance of the control charts. With a
larger sample size (n = 50), the robust methods produce smoother and more consistent
ARL curves compared to smaller samples (n = 20). As the dimension increases, the
robust methods continue to perform reliably, whereas the classical method becomes

increasingly unstable and unreliable.
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Figure 6.3 and Figure 6.4 present the ARL curves of classical and robust methods across
varying sample sizes (n = 20, 50) and dimensions (p = 2, 5, 10). Figure 6.3 corresponds
to Case A contamination, while Figure 6.4 illustrates Case B contamination, both

evaluated under a 20% contamination level.

Across all panels, the classical estimator consistently fails under contamination. Its ARL
remains nearly constant at a high value, irrespective of the shift size, especially in the
smaller-dimensional cases. This indicates its inability to detect mean shifts under
contamination, highlighting its non-robustness. In some higher-dimensional cases (e.g.,
n = 50 and p = 10)), the classical method produces irregular ARL behaviour, further
confirming its breakdown in contaminated environments.

(a) (b) (c)

n=20
300 p=10

1
o 200
<
100 \

300
& 200
<

100

(d) (e)
1 n=>50 n =50
300 p=2 300 p=5
o
# 200 & 200 7
< < <
100 100
. o Y 0 —— . .
0.0 0.1 02 03 0.0 0.1 0.2 0.3
Classical OGK -+ RMCD -+ ROC SGK

Figure 6.3: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case A contamination for £ = 0.2 and §% = 150.

In contrast, the robust estimators demonstrate the expected ARL pattern: high ARL at
zero shift (in-control) and steeply decreasing ARL as the shift increases under both
contamination scenarios. Among them, ROC, SGK, and RMCD show very similar and
strong performance across all settings. Their curves drop sharply with even small shifts,
indicating high sensitivity to process changes while still maintaining control at zero shift.
OGK, however, tends to be less efficient: its ARL decreases more slowly, particularly in
lower sample size and higher dimension settings (e.g., n = 20 and p = 5, 10), which

implies weaker sensitivity to shifts.
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(d) (e) (M
n =50 300 n =50
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Classical OGK =*= RMCD -+ ROC SGK

Figure 6.4: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case B contamination for ¢ = 0.2 and 6% = 150.

The effect of sample size is clearly evident. When n = 50, all robust methods produce
tighter and more stable ARL curves, with faster detection compared to » =20, confirming
the stabilizing influence of larger samples on robust estimators. As the dimension
increases (from p = 2 to p = 10), performance differences become more pronounced:
OGK shows noticeable deterioration, while ROC, SGK, and RMCD maintain consistent

and reliable performance.

At 10% contamination, all four robust methods performed very similarly, with their
efficiency almost unaffected by the small level of contamination, demonstrating their
stability and reliability even under mild contamination. In contrast, the classical
estimator produced a flat, high ARL line at n = 20, indicating limited effectiveness but
still functioning better than under higher contamination. At 20% contamination, the
differences between robust estimators became more noticeable, with OGK performing
relatively weaker, yet they still retained their desirable ARL pattern, highlighting their
robustness under moderate contamination. Meanwhile, the classical estimator failed
completely at this level, showing no detection ability or erratic behavior, especially in
high-dimensional cases, confirming its high non-robustness and collapse in reliability as
contamination increases. For Case C, similar patterns were observed, and the remaining

results are presented in Appendix C.

98



6.5 Time Complexity

The computational times of the robust and classical multivariate control charts were
examined across varying subgroup sizes (n = 20, 30, 50) and dimensions (p =2, 5, 10).
The results, presented in Table 6.2, reveal that the classical chart is by far the most
efficient, with negligible computation times (0.002—-0.004 seconds) regardless of
subgroup size or dimension. Among the robust procedures, ROC is the fastest, followed
by SGK, while OGK and RMCD are considerably slower. The effect of increasing
subgroup size on computation time is relatively mild, whereas the impact of
dimensionality is much more pronounced. For instance, at n = 30, the average running
time of ROC increases from 0.028 seconds at p =2 to 0.107 seconds at p = 10, while
OGK rises sharply from 0.065 to 1.031 seconds over the same range. This pattern
demonstrates that dimensionality plays a greater role than sample size in driving
computational cost. Overall, the findings suggest that although robust charts inevitably
require more computation than the classical approach, ROC and SGK offer a favorable
balance between robustness and efficiency, whereas OGK and RMCD become

computationally demanding in higher dimensions.

Table: 6.2 Computation time (in seconds)

n p ROC SGK OGK RMCD Classical
2 0.0299 0.0933 0.0595 0.2461 0.0022
20 5 0.0468 0.1432 0.2477 0.2165 0.0025
10 0.1061 0.3020 0.8348 0.5198 0.0041
0.0277 0.1110 0.0645 0.1852 0.0023
30 5 0.0523 0.1947 0.2669 0.3083 0.0029
10 0.1072 0.4167 1.0309 0.6587 0.0043
2 0.0334 0.2302 0.0748 0.2448 0.0023
50 5 0.0590 0.3050 0.3041 0.3908 0.0027
10 0.1349 0.8051 1.1517 0.9516 0.0042

6.6 Application to Real Life Data

To demonstrate the implementation of the proposed robust multivariate control charts,
we analyze the carbon fiber dataset reported by Santos-Fernandez (2012). This dataset
comprises three correlated quality characteristics inner diameter, thickness, and length
of carbon fiber tubes measured in inches. The data are organized into two phases: Phase

I includes m = 30 samples of size n = 8, while Phase II consists of 25 additional samples,
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also of size n = 8. Figure 6.5 presents the control charts constructed using ROC, SGK,

OGK, RMCD, and the Classical method. Under uncontaminated conditions, all robust

charts exhibit patterns consistent with the classical chart, which performs optimally in

such settings.

ROC Control Chart SGK Control Chart
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(e)
Figure 6.5: Control charts based on (a) ROC, (b) SGK, (¢) OGK, (d) RMCD and (e) Classical
estimators under uncontaminated Phase I data.

To assess performance under contamination, a mean shift of 2.5 was introduced to the
first rational subgroup in Phase I. The resulting charts, shown in Figure 6.6, reveal that
the robust methods remain unaffected, whereas the classical chart incorrectly signalled

four subgroups (4, 12, 16, and 19) as out-of-control. These results highlight the improved

robustness of the proposed approaches when data contamination is present.
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Figure 6.6: Control charts based on (@) ROC, (b) SGK, (¢) OGK, (d) RMCD, and (e) Classical
estimators under contaminated Phase I data.

6.7 Summary

The findings of this chapter demonstrate that the classical Hotelling’s 77 chart is highly

sensitive to data contamination, often producing flat or erratic ARL patterns and failing

to detect shifts reliably, particularly in small-sample and high-dimensional settings. In

ontrast, the proposed ROC and SGK based charts, along with RMCD, consistently

maintained high in-control ARL values and showed rapid detection of process shifts
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lunder contamination. OGK also performed reasonably well but was less effective

compared to the other robust alternatives.

The application to the carbon fiber dataset confirmed these results, while the classical
chart generated false alarms under contamination, the proposed ROC and SGK charts,
as well as RMCD, remained stable and identified only true out-of-control subgroups.
These results highlight the practical value of the proposed approaches, as they combine
robustness against outliers with efficiency under clean data, making them reliable tools

for multivariate process monitoring in Phase II applications.
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Chapter 7

MONITORING PROCESS VARIABILITY WITH
BIVARIATE ROBUST CONTROL CHARTS

7.1 Introduction

Bivariate control charts serve as a fundamental statistical tool for simultaneous
monitoring and detection of process deviations when two interrelated variables are of
interest. Effective process monitoring necessitates the prompt detection of shifts in
process parameters, whether in the mean, the variability, or both. All processes, whether
in manufacturing, services, or other domains, inherently exhibit variation, which may
lead to deviations from desired performance and reduced quality outcomes. As a result,
the reduction of variability is a central focus in statistical quality control to ensure process
stability and consistent quality. A number of multivariate procedures have been
developed for simultaneous monitoring of such quality characteristics. Most of them
have been developed to monitor the process mean vector. But monitoring the process
variability is an important part of any control procedure (Woodall & Montgomery, 1999).
Healy (1987) a cumulative sum (CUSUM) based dispersion chart for monitoring
dispersion using individual observations, which considered shifts in both the mean vector
and the covariance matrix. Tang and Barnett (1996) proposed methods to monitor
multivariate process dispersion using subgroup data without needing prior covariance
estimates, making them suitable for short-run production. To detect small shifts in
process variability, Yeh et al. (2003) developed a Multivariate Exponentially Weighted
Moving Average (MEWMA) control chart based on the probability integral
transformation for rational subgroup samples. Subsequently, Yeh ez al. (2004) proposed
a likelihood ratio-based Exponentially Weighted Moving Average (EWMA) control chart
for monitoring small changes in the variability of multivariate normal processes by
applying EWMA to the log-likelihood ratio for testing equality of covariance matrices.
Surtihadi et al. (2004) developed generalized likelihood ratio-based control charts for
monitoring multivariate process dispersion, considering both Shewhart-type and
CUSUM-type charts to handle specific cases of shifts in the covariance matrix. In order

to monitor shifts in process variability for multivariate individual observations, Yeh et
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al. (2005) developed a MEWMA based control chart which shows strong performance,
especially under high positive correlation. Following the work of Huwang et al. (2007),
which established the effectiveness of Multivariate Exponentially Weighted Mean
Square deviation (MEWMS) and Multivariate Exponentially Weighted Moving Variance
(MEWMV) charts for monitoring variability in multivariate processes using individual
observations, Memar and Niaki (2009) extended this approach by introducing control
charts based on L; and L;-norm distances. Rather than relying on the trace of the
estimated covariance matrix, these charts measure deviations in diagonal elements from
their expected values to improve sensitivity to process changes. Simulation studies
demonstrated that these norm-based statistics enhance the detection of shifts in the
covariance matrix, offering a more responsive alternative for multivariate dispersion

monitoring.
7.1.1. MEWMS control charts

Let x = (xq,x,)" represent the process data vector consisting of a bivariate quality
characteristic, assumed to follow a bivariate normal distribution with a mean vector pu,
and covariance matrix X,. The parameters u, and X', are either known or estimated from
the Phase I analysis of the in-control process conditions with u, = gy and X, = X,. To
facilitate further analysis, the process variable x is transformed into a new random vector

¥ , which follows a bivariate normal distribution with the mean u,, and covariance matrix

X y as defined below:

-1/2 -1/2 - —
y=2, / (x — o) "y = Z, / (1 — Ko)s Z'y = 2-"01/227(201/2-

For an in-control process, the mean vector g, = 0 and X, = I, where 0 = (0,0)" and
D> is a 2 X 2 identity matrix. In the case of individual observations, although the sample
covariance matrix cannot be computed, the outer product yy’ of each observation
constitutes an unbiased estimator of X, when the process mean u,, = 0; however, yy'
need not be a positive definite matrix. To address this, Huwang et al. (2007) proposed

tth

the exponentially weighted moving average for the /" individual observation y, =

(y1,y2)" as follows:
Si=wyyi +(1—w)Siy, t=123..,
where w is a smoothing constant, 0 < w < 1, and Sy = y,y;.
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Huwang et al. (2007) established that, when there is no shift in the process mean, the
matrix §; becomes positive definite for # > 2 with probability 1 and its expectation
satisfies E(S;) = Z,,. Since the trace of §; quantifies the overall variability across the
quality characteristics, the trace is used as monitoring statistic for detecting changes in

the covariance matrix. The following expression for the trace:

tr(Sy) = Yici i tr(yeye) = Yioq i (V4 + v5). (7.1)

The mean and variance of tr(S,) are given by 2 and 4 Y:_, c? respectively, where

2 ==+ 2291 — )21 which will converge to

= T 7w ast — co. Based on

(2-w)

this, the control limits for MEWMS control chart are defined as

E[tr(S.)] £ Var[tr(S,)] =2+ L f42§=1ci2 ,

where the value of L is typically determined by Monte Carlo simulation to achieve a

desired in-control average run length (ARLy).

7.1.2 MEWMY control charts

The MEWMS chart is primarily constructed to detect changes in the covariance structure
under the assumption that the process mean remains stable. However, in practical
scenarios, shifts in both the mean and the variability may occur simultaneously during
the monitoring period. This highlights the need for a control chart capable of detecting
changes in process variability as well as shift in process mean.

Huwang et al. (2007) proposed the MEWMYV chart based on the statistic V;, which is

constructed similarly to S;, with following modification:

Vi=w@yr—z)ye—z) +(1-w)V,y, t=123..,

where w is a smoothing constant, 0 < w <1, and V, = (y; — z,)(y; — z;)'. Here, a
natural estimate z; for the process mean at time ¢ is the multivariate exponentially

moving average of y, (Lowry et al., 1992) and its values are computed recursively as:

Zt = ﬂ.yt + (1 - A)Zt—l' t = 1,2,3 ey

with zy = 0 and 4 € (0, 1) being another smoothing constant.
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For t > 2, V; is a positive definite matrix with probability 1 and, the expected value
converges as:

2(1-1)2

EWV,) - 2=

Eyast—>00.

-2 . .
@2-4) V; can be used as an unbiased estimator of X,,. The trace of V; can be

Hence, - D2

simplified to the following form:

tr(Ve) = Xioq Z§=1 qij (Xi1Xj1 + Xi2%j2), (7.2)

where Q = (q;;) is defined as:

Q=U—M)CU,—M).

Here, C = diag((1 — w)" L, w(1 —w)'?, ..., w(1 — w),w)), I, is thet X t identity
matrix and M is a lower triangular matrix determined by the smoothing parameter A. The
mean and variance of tr(V,) are given by 2tr(Q,) and 4Y!_, Z§=1 qizj respectively.

Hence, the control limits for the MEWMYV chart are expressed as

Eltr(V)] £ yVar[tr(V)] = 2tr(Q,) £ L

where the value of L can be found using Monte Carlo simulation based on ARL,.

7.1.3 Control charts based on Lc-norm function

Memar and Niaki (2009) proposed the MEWMSL,; and MEWMSL.: control charts by
employing the L1 norm and L, norm distances between the vector of diagonal elements

of §;. The respective monitoring statistics are defined as follows:

D1(St) = ||(St(11)’St(22)), - 12” = |St(11) - 1| + |St(22) - 1|’ (7.3)

’ 2
D2(S0) = || (Sean Seen) — 12| = Seay = D+ ey — D2 (74)

where 1, is a two-dimensional vector of ones, and S;(;;) represents the it" diagonal
element of the matrix S;. The control limits for these charts can be determined using

Monte Carlo simulation based on the desired ARLy.
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Extending this concept, Memar and Niaki (2009) developed a related monitoring

e C e —2)?
framework utilizing the V, statistic. Since E(V;) = 28_ )3 Z,, for large values of ¢, the
e -2 . .
transformed statistic Vi = zg— /1;2 V, can be used to monitor the process variability more

effectively. Based on this transformed matrix, two monitoring statistic are defined as

follows:

Dl(V:) = ”(Vt*(n)»Vt*(zz))l - 12” = |Vt*(11) - 1| + |Vt*(22) - 1|' (7.5)

’ 2
Dz(V;) = ||(Vt*(11)' Vt?zz)) - 12” = (Vt*(ll) - 1)2 + (Vt*(zz) - 1)2' (7.6)

where V¢(;;y denotes the it" diagonal element of the matrix V}. These statistics, D; and

D, respectively represent the L and Lo norm distances of the diagonal elements of V;
from their target values. The corresponding control limits can be determined via Monte

Carlo simulation, depending on p, w, A and ARL,.

Huwang et al. (2007) and Memar and Niaki (2009) constructed the control charts under
the assumption that the in-control parameters are known. However, in practical
applications, these parameters must be estimated from Phase I data. When Phase I data
contain outliers, the estimates can be severely distorted, compromising chart

performance.

Variyath and Vattathoor (2014) addressed this issue by introducing robust control charts
for Phase I data based on the re-weighted minimum covariance determinant (RMCD)
and re-weighted minimum volume ellipsoid (RMVE) proposed by Rousseeuw (1985).
These estimators were integrated into MEWMS and MEWMV schemes to monitor
process variability in multivariate individual observations. Simulation studies conducted
for bivariate quality characteristics demonstrated that the robust charts outperform

classical methods, especially in the presence of contamination in the phase I data.

A key limitation of both RMCD and RMVE estimators is their high computational cost,
especially when applied to large or high-dimensional datasets. Additionally, these
methods require the user to predefine the subset size, which reflects an assumed
proportion of uncontaminated observations. Since the true level of contamination is
typically unknown in practice, mis specifying this parameter may adversely affect the

robustness and efficiency of the estimators. To address this drawback in the bivariate
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context, the present study proposes robust bivariate dispersion control charts based on
robustified MEWMS and MEWMYV statistics, utilizing high-breakdown robust
covariance estimators such as the Comedian, S, Covariance and Gnanadesikan-

Kettenring estimators, which are discussed in Chapter 2.

7.2 Bivariate Robust Dispersion Control Chart for Individual

Observations

Let x1, x2,. . ., X represent n Phase I observations from a bivariate quality characteristic,
based on which the robust bivariate dispersion control chart is constructed as follows:

1. Estimation of robust location and dispersion parameters: Using the Phase I data,

compute the robust estimates of location and dispersion parameters, denoted as

fiz and Zy, respectively.

2. Transformation of phase II observations: For each new Phase II observation y;,

obtain the standardized transformation yj as:

1
yi = ERZ(}’t — Hg)

3. Computation of the monitoring statistic: Select the appropriate monitoring

statistic as defined in Equations (7.1)-(7.6), and evaluate it using the transformed

observation y;.

4. Charting and interpretation: Plot the computed statistic on the control using
empirically determined control limits for a given significance level a. Any
observation exceeding the control limits indicates a potential shift in the process,

warranting further investigation or corrective action.

As the monitoring statistics defined above are always positive, only upper control limits
are required. To establish these limits, 10,000 Monte Carlo simulations were conducted
for various combinations of the smoothing parameters w and A and for confidence levels

corresponding to ¢ =0.05, 0.01, and 0.0027.

To estimate the upper control limit (UCL) for a given significance level a, we generate
n individual observations from the standard bivariate normal distribution N2(0, I2) as
Phase I sample, and compute the robust estimators of the mean vector and covariance

matrix. In addition, for each simulated dataset, we randomly generate a new n
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observation from N2(0, Ib) (treated as Phase II observations) and calculate the
corresponding statistic in Equation (7.1). This process is repeated 10,000 times, and the
UCL for a given a is obtained as the empirical 100(1 - o)™ percentile of the computed
statistic. The same procedure is applied to obtain UCLs for the statistics defined in
equations (7.2), (7.3), (7.4), (7.5) and (7.6). UCLs for n = 50 and 100 were computed
using various estimation methods including Comedian, S, Covariance, Classical
estimator, RMCD, RMVE, GK_Q, and GK_S,, for a =0.05, 0.01 and 0.0027. The UCLs
of MEWMSL:, MEWMSL,, MEWMS charts with w = 0.4, and those of MEWMVL3,
MEWMVL, and MEWMYV charts with @ = 0.4 and 1 = 0.2, corresponding to a = 0.0027
for n =50 and 100, are presented in Table 7.1 and Table 7.2.

Table 7.1: Simulated UCLs for n = 50 and a = 0.0027

MEWMSL | MEWMSL | MEWM | MEWMVL | MEWMVL | MEWM

Method . ) S . ) v
Comedian 6.91 38.12 8.53 11.75 96.27 6.01
Sr] 5.77 26.37 7.34 9.29 57.55 5.15

Covariance
Classical 444 14.72 5.95 7.46 334 4.29
RMCD 10.62 86.29 12.37 18.04 225.89 8.44
RMVE 7.21 40.22 8.78 11.07 89.56 6.03
GK _Qn 5.57 24.18 7.18 8.91 50.73 4.96
GK_S, 6.14 29.45 7.75 10.15 67.03 8.65
Table 7.2: Simulated UCLs for » = 100 and a = 0.0027
MEWMSL | MEWMSL | MEWM | MEWMVL | MEWMVL | MEWM

Method 1 2 S 1 2 V

Comedian 5.73 25.57 7.35 10.08 67.5 5.16
Sn

Covariance 5.16 20.47 6.75 9 51.62 474
Classical 4.48 15.19 6.09 8.08 39.14 4.37
RMCD 6.83 36.17 8.54 11.9 94.27 5.94
RMVE 5.45 22.85 7.06 9.22 57.31 497
GK _Qn 5.02 19.47 6.67 8.72 47.86 4.69
GK_S, 5.24 21 6.9 9.25 54.06 4.87

7.3 Simulation Study

The performance of the proposed control charts is compared with that of control charts
based on the classical, RMCD and RMVE estimators. We consider a bivariate process

with mean vector g and covariance matrix X, defined as
t a? 8po, o,
= , 2= .
H (.“2) <5p0102 5%0}
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For the in-control process, the parameters are set as p; = =0, 0 = 0 = 1,8 = 1 and
p = 0. In Phase I analysis, the data were generated such that a proportion (1 — ¢) was
drawn from the standard bivariate normal distribution N2(0, I), while the remaining &

proportion was generated from a contaminated distribution Nao(u;, X;).

To evaluate the performance of the proposed control charts under out-of-control
conditions, various shift scenarios were considered. The correlation coefficient p was set
to 0, 0.5, and 0.9 to represent different levels of correlation between the variables. For
MEWMYV-based control charts, a shift in the process mean was introduced using p; =
(22)" while a scale shift was incorporated through § = 3 for both MEWMS and
MEWMY based control charts. The study was conducted using sample sizes of n = 50
and 100, with contamination levels ¢ = 0.10 and 0.20, to assess the robustness and

sensitivity of the control charts across various conditions using ARL plots.

7.3.1 ARL Plots

ARL is a fundamental performance metric for assessing the effectiveness of control
charts. It denotes the expected number of samples required before an out-of-control
condition is signalled. An efficient control chart is characterized by a high in-control
ARL, which minimizes false alarms, and a low out-of-control ARL, which ensures

prompt detection of actual process shifts.

In Phase 11, simulated samples were tested to assess the sensitivity of the control charts
to changes in process conditions. A mean shift of u;; = (1 1)* was introduced specifically
for the MEWMYV based control charts. To evaluate sensitivity to dispersion changes, the
scale shift parameter § was gradually increased from 1 to 2 in increments of 0.1 (i.e., &

=1.0, 1.1, 1.2, ..., 2.0) and applied to both MEWMS and MEWMYV based charts.

The significance level is set at a = 0.0027, corresponding to an ARL, of 370. In phase
I, the number of observations required for the monitoring statistic to exceed the control
limit is recorded as a run length observation RL;. For simulations where no signal occurs
within 400 observations, the run length is truncated and recorded as 400. The ARL is

then computed across » =1000 iteration using the formula:

1 T
ARL = —Z RL;.
T
i=1
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ARL plots corresponding to a contamination level of 20%, smoothing constant ® = 0.4

and 4=0.2 are presented here. The remaining results are provided in the Appendix D.
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Figure 7.1: ARL plots for MEWMSL,; statistic with ¢ = 0.2 and w = 0.4

Figure 7.1 presents the ARL plots for the MEWMSL,; statistic. As seen in this figure,
robust estimators such as GK Q,, GK_S;, S, Covariance, and Comedian consistently
outperform the Classical, RMCD, and RMVE estimators, particularly for larger shifts (0
> 1.5). As the correlation coefficient p decreases or the sample size n increases, detection
performance improves across all methods, while the relative ranking among estimators

remains consistent.

Figure 7.2 displays the ARL plots for the MEWMSL,; statistic. Similar to Figure 7.1, this
plot shows that GK Q., GK S,, S, Covariance, and Comedian achieve faster shift
detection, especially under high correlation (p = 0.9) and smaller sample sizes (n = 50).
Classical, RMCD, and RMVE exhibit delayed detection, particularly in more

challenging conditions.
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Figure 7.2: ARL plots for MEWMSL,; statistic with ¢ = 0.2 and © = 0.4
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Figure 7.3: ARL plots for MEWMS statistic with ¢ = 0.2 and w = 0.4.
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Figure 7.3 presents the ARL plots for the MEWMS statistic. As illustrated, GK Q. and
GK S, continue to achieve the lowest ARLs across all scenarios. S, Covariance emerges
as the most effective under small-to-moderate shifts, while Comedian performs
particularly well under low correlation and larger sample sizes. In contrast, Classical,
RMCD, and RMVE estimators show significantly higher ARLs, especially under high
correlation and small shifts. Increasing the sample size from 50 to 100 results in
improved performance for all estimators, consistent with the trend observed in Figure

7.1 and Figure 7.2.
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Figure 7.4: ARL plots for MEWMVL,; statistic with ¢ = 0.2, o = 0.4 and A =0.2

Figure 7.4 illustrates the ARL plots for the MEWMVL, statistic. As seen here, the
Classical estimator consistently shows the highest ARLs, indicating weak detection
performance particularly under high correlation (p = 0.9). In contrast, robust estimators,
particularly S, Covariance, RMVE, and the GK-based methods, yield much lower ARLs,
reflecting enhanced sensitivity. These results align with those in Figures 7.1 through 7.3,

reaffirming the advantage of robust methods.
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Figure 7.5 displays the ARL plots for MEWMVL,. As with previous figures, the
Classical estimator performs the worst across all conditions. Robust estimators—
especially S, Covariance, GK S,, and Comedian demonstrate superior performance
across all shift levels and correlation structures. Their robustness remains evident even
under strong correlation (p = 0.9). RMVE performs moderately well, outperforming
RMCD and GK_Qn as correlation decreases. Increasing the sample size continues to

enhance detection capability.
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Figure 7.5: ARL plots for MEWMVL,; statistic with ¢ = 0.2, 0 = 0.4 and A =0.2

Figure 7.6 shows the ARL plots for the MEWMV statistic. As in earlier figures, the
Classical estimator consistently yields the highest ARLs, confirming its poor
performance in the presence of contamination. In contrast, all six robust estimators show

substantially lower ARLs. Among them, S, Covariance, GK_S;, and Comedian emerge
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as the most effective, particularly for larger shifts (0 > 1.5) and under all correlation and

sample size settings.
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Figure 7.6: ARL plots for MEWMYV statistic with ¢ =0.2, ® = 0.4 and 1 =0.2

Across all MEWMS and MEWMYV statistics (Figures 7.1-7.6), robust estimators GK_S,,
S, Covariance, and Comedian consistently achieve lower ARL values, showing strong
detection performance under contamination. In contrast, the Classical estimator performs
the worst, particularly under high correlation (p = 0.9) and small sample sizes (n = 50).
GK_Qn shows excellent performance for MEWMS statistics but is slightly less effective
under MEWMYV statistics, especially compared to S, Covariance, GK_S,, and Comedian.
RMVE performs moderately well, while RMCD shows varying effectiveness.

For the remaining values of sample size (n), contamination level (¢), and smoothing

constants (w and 4), the ARL plots (presented in Appendix C) exhibit a consistent pattern.
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This reaffirms the robustness and reliability of estimators like S, Covariance, GK_S,,

and Comedian across a wide range of conditions.
7.4 Time Complexity

Table 7.3 presents the computation time (in seconds) for constructing bivariate control
charts using various estimators across three statistics MEWMVL:,, MEWMVL., and
MEWMV for sample sizes of 50 and 100. As expected, running times increase slightly
with larger sample sizes. The Classical estimator is the fastest overall, with computation
times as low as 0.0010 seconds, but it lacks robustness under contamination. Among
robust methods, the Comedian, GK Q,, and GK S, estimators exhibit excellent
computational efficiency, with running times generally between 0.0011 and 0.0026
seconds, making them practical for real-time or large-scale applications. The S,
Covariance estimator, while robust, takes slightly longer, especially for larger sample
sizes. In contrast, RMCD and RMVE are the most computationally intensive, with
RMCD reaching up to 0.0123 seconds and RMVE up to 0.0078 seconds, which may

limit their use in time-sensitive settings.

Table 7.3: Computation time (in seconds)

Comed Sn Classi
Statistic n ian Covariance | GK_Qn | GK_S, | RMCD | RMVE cal

MEWM 50 0.0017 0.0028 0.0019 | 0.0017 | 0.0086 | 0.0070 | 0.0016
VL1 100 | 0.0023 0.0049 0.0026 | 0.0025 | 0.0123 | 0.0077 | 0.0021
MEWM 50 0.0014 0.0022 0.0013 | 0.0012 | 0.0081 | 0.0053 | 0.0010
VL, 100 | 0.0023 0.0045 0.0022 | 0.0020 | 0.0116 | 0.0078 | 0.0019
50 0.0014 0.0023 0.0013 | 0.0011 | 0.0077 | 0.0053 | 0.0011
100 | 0.0022 0.0044 0.0022 | 0.0020 | 0.0109 | 0.0078 | 0.0020

MEWMV

7.5 Application to Real Life Data

To illustrate the application and comparative performance of robust bivariate control
charts, Figure 7.7 presents six charts constructed using the MEWMVL, statistic for the
first and second quality characteristics of the Chemical Process data from Montgomery
(2020). This dataset includes 20 Phase I (in-control) and 10 Phase II (monitoring)
observations. Based on prior analysis, a shift in the process is expected to occur around
observation 24 or 25. The control limits for these charts were simulated using the

parameters n = 20, @ = 0.4, and 4 = 0.2, as previously described.
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Figure 7.7: Robust bivariate control charts for Chemical Process data
using MEWMVL, statistic

The charts constructed using the S, Covariance, GK_Sn, and Comedian estimators show
a clear and early detection of the process shift, with the control statistic rising sharply
above the control limit starting at observation 24. GK_Q, also detects the shift, although
its response under the MEWMVL, framework is slightly less pronounced compared to
S» Covariance and GK_S,, which aligns with simulation results. RMCD and RMVE
estimators identify the shift but with more variability or delayed response. These findings
are consistent with the simulation study, where S, Covariance, GK_S,, and Comedian
consistently achieved lower ARL values across various scenarios, confirming their

robustness and reliability under contamination and high correlation.

7.6 Summary

This study develops robust bivariate control charts for individual observations by

integrating high-breakdown estimators (S, Covariance, GK_S;, Comedian, and GK_Qy)
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imto MEWMS and MEWMYV frameworks. These charts address the limitations of

classical methods, particularly their vulnerability to outliers in Phase I data.

Simulation results across a range of conditions contamination levels, correlation
structures, and shift magnitudes demonstrate that the robust charts, especially those using
S, Covariance, GK S,, and Comedian, consistently outperform classical and
RMCD/RMVE-based charts in terms of detection speed (lower ARLs) and reliability.
These robust estimators also offer strong computational efficiency, avoiding the heavy
processing times associated with RMCD and RMVE. The application to a real-world
chemical process dataset confirms the simulation findings, with robust charts detecting
shifts earlier and more clearly. Among all the methods studied, S, Covariance, GK_S,,

and Comedian achieve the best balance between robustness, sensitivity, and efficiency.

In conclusion, the proposed charts provide a robust and practical approach for monitoring
bivariate dispersion, particularly in environments where data contamination and

correlation are prevalent.
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CHAPTER 8

MONITORING PROCESS VARIABILITY WITH
MULTIVARIATE ROBUST CONTROL CHARTS

8.1 Introduction

Monitoring multiple quality characteristics simultaneously is a fundamental requirement
in modern production and service systems where maintaining process stability and
product consistency is critical. Multivariate control charts have become the primary
statistical tools for this purpose because they enable the timely detection of shifts in
process parameters, whether in the mean, the variability, or both. All processes naturally
exhibit variation, and such variability can lead to deviations from desired performance
and compromise quality outcomes. Consequently, reducing variability is a central
objective in statistical quality control. Although numerous multivariate procedures have
been developed to monitor quality characteristics simultaneously, most focus on shifts in
the mean vector, while monitoring process variability remains equally essential (Woodall
& Montgomery, 1999). Identifying shifts in the covariance structure is crucial because
such changes affect both the variability of individual quality characteristics and the
correlations among them, potentially leading to hidden instabilities and degraded process
performance. Monitoring covariance shifts is challenging because the sample covariance
matrix requires large sample sizes for stable estimation, can become unreliable in high-
dimensional settings, and may be affected by concurrent mean shifts (Lowry &
Montgomery, 1995). These challenges highlight the need for more effective methods to

detect covariance shifts in multivariate process monitoring.

A variety of approaches for monitoring process dispersion have been proposed, including
CUSUM and EWMA type procedures, likelihood ratio—based methods, and norm-based
techniques (Healy, 1987; Tang & Barnett, 1996; Yeh et al., 2003, 2004, 2005; Surtihadi
etal.,2004; Huwang et al., 2007; Memar & Niaki, 2009). Building on the bivariate study,
this Chapter extends the analysis to multivariate dispersion control, addressing the

additional challenges posed by higher-dimensional processes.

8.1.1. MEWMS control charts

Consider the process data vector x = (xq,Xp,..Xp)', consisting of p quality

characteristics that follow a multivariate normal distribution with mean vector u, and
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covariance matrix X,. These parameters are either known or estimated from Phase I
analysis of in-control process conditions, denoted by u, = u, and X, = X,. To facilitate
further analysis, the process variable x is transformed into a new random vector y ,
which follows a multivariate normal distribution with the mean p,, and covariance matrix

X, as defined below:

-1/2 -1/2 - —
y=2"(x—po); my=2" (e —po); E,=2,"°5,5;"2

Under in-control conditions, y follows a multivariate normal distribution N,(0, 1), where
I is a p X p identity matrix. For individual observations, the sample covariance matrix
cannot be computed; however, the outer product yy’serves as an unbiased estimator of
X, provided that the process mean remains stable (i.e. g, = 0). The drawback is that
yy'is not guaranteed to be positive definite. To overcome this limitation, Huwang et al.
(2007) proposed the multivariate exponentially weighted moving average statistic for the

t-th individual observation y, = (y1,¥2, ... ¥p)"

Si=wyyi+ (1 —w)S,y, t=123..,
where w is a smoothing constant, 0 < w < 1, and Sy = y,y;.

Huwang et al. (2007) showed that when the process mean is in control, the matrix S,
becomes positive definite with probability 1 for # > p, and its expectation is E(S;) = X,
Since the trace of §; reflects the total variability across all p quality characteristics, it
was proposed as the monitoring statistic for detecting covariance shifts. The trace is

expressed as
— V't n — V't p 2
tr(Se) = Xiz1 G tr(¥eye) = Xi=1 ¢ Xj=1((¥i})- (8.1)

The mean and variance of tr(S;) are given by p and 2p Y.f_, c? respectively, where

w_ 4 2720 (1 — @)?®D which will converge to

2-w)  2-w Z—) ast — oo, Based on

t 2 _
i=1¢ =

this, the control limits for MEWMS control chart are defined as

E[tr(Sp] £ vVar[tT(St)] =pztlL /ZP 2%:1 Ciz >

where the value of L is typically determined by Monte Carlo simulation to achieve a

specified in-control average run length (ARLyo).
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8.1.2. MEWMY Control Charts

The MEWMS chart was originally developed to monitor changes in the covariance
structure under the assumption of a stable process mean. In real applications, however,
both the mean and the variability may shift simultaneously during process monitoring.
This practical limitation motivated the development of a control chart that is sensitive to

changes in variability as well as shifts in the mean.

To address this issue, Huwang et al. (2007) introduced the MEWMYV chart, which is
based on the statistic V;. The statistic is defined in a recursive manner similar to S;, with

the following modification:
Vi=w@:—2) e —2) +(1—w)V,y, t=123..,

where w is a smoothing constant, 0 < w <1, and V, = (y; — z,)(y; — 2z;)'. Here, a

natural estimate z; for the process mean at time ¢ is the multivariate exponentially

moving average of y, (Lowry et al., 1992) and its values are computed recursively as:
z, =2y, +(1-NDz4, t=123..,

with zy = 0 and 4 € (0, 1) being another smoothing constant.

For t > p, V; is a positive definite matrix with probability 1 and, its expectation

converges as:

2(1-1)2
2-1

EW,) - X,ast —> oo,

2-1)
2(1-2)2

Thus, an unbiased estimator of X, is obtained as V.. The trace of V, admits the

following simplified representation:
tr(Vy) = Yoy Xoo1dij Deer XikXjk (8.2)

where the weight matrix Q = (gq;;) is defined as:

Q=U; - M)’C(It - M).

Here, C = diag((1 — )" L, w(1l—w)' 2 ..., w(1 — w),w)), I, is thet X t identity
matrix and M is a lower triangular matrix determined by the smoothing parameter A. The
mean and variance of tr(V,) are given by pXtr(Q, and 2pX

i=1 X5=14f; respectively. Hence, the control limits for the MEWMV chart are

expressed as

121



E[tr(V)] + JVarler(F)] = p x tr(Q)) + L sz N, Ya?,

where the value of L can be determined through Monte Carlo simulation based on ARLy.

8.1.3. Control charts based on Lc-norm function

Memar and Niaki (2009) proposed the MEWMSL; and MEWMSL, control charts,
which utilize the L1 norm and L norm distances of the diagonal elements of S;. The

monitoring statistics are defined as

Dl(St) = ||(St(11);st(22):---;St(pp))l - 1p|| = Z?:llst(ii) - 1|' (8~3)

, 2
D2(S) = || (Seary Secazy - Seeomy) — 1| = ZhorSeaiy — D2 (84)

where 1, is a p dimensional vector of ones, and S (;;) represents the i" diagonal element
of the matrix §;. The control limits for these charts are typically obtained via Monte

Carlo simulation for a specified ARLo.

Building on this idea, Memar and Niaki (2009) further proposed a monitoring scheme

N2
based on the statistic V; Since for large t, E(V,) = zg_g ¥, a transformed statistic,
2-2)
Vi=——"7-75-=V,
T2 -1)20

can be employed to provide an unbiased estimator of process variability. Using V7, two

corresponding monitoring statistics are defined as follows:

D, (Vy) = ||(V:(11)'V:(ZZ)""'V;(pp)), -1, ” =¥ Viay — 1), (8.5)

, 2
D,V = || (Viawy Viezy - View) = L[ =Z0aWiay - D% (86)

where Vi; denotes the it" diagonal element of V. These statistics, D; and

D, respectively represent the L and L> norm distances of the diagonal elements of Vi
from their nominal values. The corresponding control limits are determined through

Monte Carlo simulation, with values depending p, w, 4 and ARLy.

Huwang et al. (2007) and Memar and Niaki (2009) developed their control charts under

the assumption that the in-control process parameters are known. In practice, however,

122



these parameters must be estimated from Phase I data. When the Phase I dataset contains
outliers, such estimates can be heavily biased, leading to a significant deterioration in

chart performance.

To mitigate this issue, Variyath and Vattathoor (2014) proposed robust control charts for
Phase I analysis by incorporating the re-weighted minimum covariance determinant
(RMCD) and re-weighted minimum volume ellipsoid (RMVE) estimators originally
introduced by Rousseeuw (1985). These robust estimators were embedded within the
MEWMS and MEWMYV to monitor process variability in multivariate individual
observations. Simulation results for bivariate quality characteristics revealed that the
robust versions substantially outperform their classical counterparts, particularly in the

presence of contamination in Phase I data.

Despite these advantages, both the RMCD and RMVE estimators suffer from notable
drawbacks. Their computational complexity is considerable, especially when applied to
large-scale or high-dimensional datasets. Moreover, they require the specification of a
subset size that implicitly assumes a known proportion of uncontaminated observations.
Since the actual contamination level is typically unknown in practice, incorrect
specification of this parameter can reduce both the robustness and efficiency of the

resulting estimators.

In this study, we propose a multivariate dispersion control chart constructed from the
MEWMS and MEWMV charts with L¢-norm formulations, employing the high-

breakdown robust covariance estimator, specifically the ROC and SGK estimator.
8.2 Multivariate Robust Dispersion Control Chart

Let x1, x2,. . ., X» denote the n Phase I observations from a p variate quality characteristic.
A robust multivariate dispersion control chart can be constructed through the following

steps:

1. Estimation of robust location and dispersion parameters: Using the Phase I data,
obtain robust estimates of the process location and dispersion, denoted by fir and

X, respectively.

2. Transformation of Phase Il observations: For each new Phase Il observation y,,

compute the standardized vector
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1
yi = 2?RZ(}’t — Hg).

3. Calculation of the monitoring statistic: Select an appropriate monitoring statistic

from Equations (8.1)—(8.6) and evaluate it using the transformed observation y;.

4. Charting and interpretation: Plot the computed statistics against empirically
determined control limits corresponding to a specified significance level a. Any
point falling outside the limits signals a potential shift in process dispersion,

prompting further investigation or corrective action.

The monitoring of process variability is carried out using multivariate quality
characteristics, with the dimension parameter considered at p= 2, 5 and 10. As the
monitoring statistics defined above are always positive, only upper control limits are
required. To establish these limits, 10,000 Monte Carlo simulations were conducted for
various combinations of the smoothing parameters w and A and for confidence levels

corresponding to ¢ =0.05, 0.01, and 0.0027

In order to estimate the UCL for a given a, we have generated » individual observations
from a standard multivariate normal distribution N,(0, 7) as Phase I sample and computed
the robust estimators of mean vector and covariance matrix fiz and Z. In addition, for
each data set, we randomly generate a new observation from N,(0, /) (treated as a Phase
IT observation) and calculate the corresponding statistic in Equation (8.1). This procedure
is repeated for 10,000 times and then the UCL corresponding to a is the 100(1 - o)™
quantile of above calculated statistic. The same procedure is followed to obtain UCL for
the other statistic represented in Equation (8.2), (8.3), (8.4), (8.5) and (8.6). UCLs for n
=50 and 100 were generated using ROC, Classical estimator, RMCD and RMVE for a
=0.05, 0.01 and 0.0027. The UCLs of MEWMSL1, MEWMSL,, MEWMS charts with
® = 0.4, and those of MEWMVL;, MEWMVL; and MEWMYV charts with @ = 0.4 and
A=0.2, corresponding to o = 0.0027 for n = 50 and 100, are presented in Table 8.1 and
Table 8.2.

Table 8.1: Simulated UCLs for MEWMSL,, MEWMSL,, and MEWMS

Me MEWMSL, MEWMSL, MEWMS

t

neg | | P | es% | 99% | 99.73 | 95% | 99% | 99.73 | 95% | 99% | 99.73
X

G | 50 | 2| 516|836 | 1140 | 1906 | 5163 | 98.08 | 698 1%2 13.27
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0
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0
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g L1251 188 | 0gs | 3509 | 7002 | 11568 | 90 | 241 | 2784
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Table 8.2: Simulated UCLs MEWMVL:, MEWMVL;, and MEWMV

Me MEWMVL, MEWMVL, MEWMV
t | n|p[ 95 | 99 [9973| 95 99 | 9973 | 95 99.73
99%

hod % | % | % % % % | % %

2 | 864 | 11.95 | 1481 | 4552 | 89.31 | 141.88 | 3.78 | 543 | 6.97

50| 5| 17.77 | 2228 | 2582 | 88.73 | 14523 | 20318 | 7.70 | 995 | 1187

v 10| 36.69 | 44.03 | 49.76 | 195.42 | 292.75 | 389.01 155'2 1%'8 21.85

3 2 | 7.04 | 1043 | 12.39 | 37.55 | 66.46 | 95.60 | 3.51 | 4.86 | 5.99

Loo| 5| 1548 | 18.75 | 21.10 | 65.18 | 9844 | 12960 | 6.83 | 8.56 | 9.98

10| 29.04 | 33.54 | 36.88 | 119.32 | 164.08 | 204.03 122'5 1‘(13'8 16.69

2 | 846 | 11.81 | 1472 | 4410 | 88.04 | 14342 | 3.71 | 5.39 | 6.01

50| 5| 16:84 | 2118 | 2473 | 8092 | 13467 | 19091 | 7.39 | 958 | 1153

o 10| 34.42 | 41.15 | 46.28 | 173.70 | 258.70 | 343.68 11'5 171'9 20.77
(@)

e 2| 748 | 9.83 | 11.66 | 33.68 | 59.42 | 85.86 | 3.37 | 4.65 | 5.73

Loo| 5| 1471 [ 17.83 | 2024 | 5950 | 90.30 | 110.79 | 659 | 8.25 | 958

10| 27.54 | 31.82 | 35.05 | 108.31 | 149.20 | 185.45 127'0 1‘83 16.09

2 1017 | 15.37 | 21.03 | 66.81 | 161.81 | 311.56 | 4.25 | 656 | 9.13

50| 5| 2968 | 4721 | 6637 | 293.24 | 84163 | 1777.61 117'4 186'2 26.29

A 10| 1065 [ 170.9 | 243.0 | 2277.2 | 6489.7 | 14244.3 | 378 | 636 | g3 1,

g 6 0 5 3 2 1 1 5 :

= 2 | 7.82 | 1061 | 12.97 | 37.84 | 72.22 | 112.89 | 3.45 | 4.90 | 6.19

Loo| 5| 17.01 [ 21.33 | 25.11 | 8228 | 138.83 | 20444 | 731 | 9.46 | 11.40

10| 3454 | 42,59 | 49.71 | 178.13 | 289.87 | 424.55 11'2 177'8 21.29

2 | 751 | 1068 | 13.40 | 37.41 | 78.68 | 129.44 | 341 | 5.00 | 6.55

50| 5| 2195 | 3208 | 42.83 | 160.86 | 373.18 | 728.38 | 9.08 13;4 18.15

" 1ol B0t 12;1.0 175.8 12(:3L4.8 33278.6 c079.67 23.8 472.5 J—
S

z 2 | 647 | 859 | 1032 | 26.28 | 48.09 | 71.96 | 3.02 | 4.20 | 5.22

Loo| 5| 1437 [ 17.80 | 2069 | 6043 | 99.11 | 14253 | 649 | 831 | 9.89

10| 30.07 | 35.92 | 40.72 | 137.05 | 208.97 | 286.88 125'9 15;8 18.49

2| 664 | 888 | 1069 | 26.09 | 4987 | 7464 | 311 | 437 | 545

50 | 5| 14.89 | 1836 | 2106 | 6302 | 99.75 | 13619 | 6.7 | 863 | 1023

g 10| 31.94 | 37.69 | 42.24 | 150.08 | 21852 | 285.06 1?;'7 12'7 19.23
(7))

£ 21 626 | 817 | 963 | 2372 | 41.35 | 5848 | 2.94 | 403 | 4.95

Loo| 5| 13.36 | 16.07 | 18.10 | 4934 | 7384 | 96.70 | 6.15 | 7.64 | 8.81

10| 25.93 | 20.87 | 32.74 | 96.32 | 131.66 | 162.62 115'5 13;'6 15.29
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8.3 Simulation Study

This section presents a simulation study to evaluate and compare the performance of the
control charts in the presence of outliers. The data are generated from a contaminated

mixture of multivariate normal distributions, defined as

(1 = &) Np(po, Zo) + & Np(py, Zy),

where ¢ denotes the proportion of outliers. Here, uo and 2y represent the in-control mean
vector and covariance matrix, while g1 and 21 correspond to the Phase I out-of-control
parameters for location and dispersion, respectively. Specifically, g1 = (a1, puz, ..., uip)”
and Xy = 82087, where & = diag(8 § ...5) represents a diagonal matrix with the scale shift
parameter §, taking the values 2 and 3.

The simulation study considered two contamination scenarios, with g1 = (0, 0,...,0)’
representing scale shift only, and u1 = (2, 2,...,2)" corresponding to simultaneous shifts
in both location and scale. The simulation further investigates the effects of key factors,
including the number of observations (n), the proportion of outliers, and the method used
to generate outliers through different values of g1 and 2. Without loss of generality, uo
is assumed to be a zero vector and ¢ takes the values of 0.1 and 0.2. The following cases
are analyzed to examine how these factors influence the performance of the control

charts.

Case A: Independent variables

In this case, the quality characteristics are assumed to be independent. The contaminated

normal model is expressed as

(1 —¢e)N, (0, I) + & Np(uy, 61).
Case B: Correlated variables

In this case, the quality characteristics are assumed to be correlated. The contaminated

normal model considered is as follows:

(1 —&) Np(0, Zo) + & Np(py, 6Z0)

where 20 is randomly generated by using R software. We have used this value of 29 to

analyse whether the correlation level affects the detection probability of each alternative.
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8.3.1 ARL Plots

ARL measures the expected number of samples until a control chart signals a process
shift. An effective control chart achieves a high in-control ARL to reduce false alarms,

while maintaining a low out-of-control ARL for rapid detection of process shifts.

In Phase II, simulated samples were generated with the mean vector u;=(0,0, ..., 0)¢, ,

and 2u=6;2 SJTo for somej=1,2,..p, where §; is the transformation matrix corresponding
to a scale change in the /™ component of the vector with the scale shift parameter § varied
from 1.0 to 3.0 (i.e.,, 6 = 1.0, 1.2, 1.4, ..., 3.0) and the corresponding ARL values were
computed using Equation (8.1), (8.2) and (8.3). Similarly, for pu; = (1,1,...,1)¢, the
parameter § varied from 1.0 to 4.0 and the ARL values were obtained from Equation
(8.4), (8.5) and (8.6) thereby enabling a systematic evaluation of the sensitivity of the
proposed charts to different levels of dispersion change. The scale shift was introduced
through the covariance matrix Xy, where ¢ was applied to one variable when p = 2, and
to two variables when p=5 and p=10.

(a) (b) (c)
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Classical -~ RMCD -+ RMVE -+ ROC SGK

Figure 8.1: ARL plots of the MEWMSL, statistic with ¢ = 0.2 and @ = 0.4 under Case A.

The significance level is set at & = 0.0027, corresponding to an ARL, of 370. For
simulations where no signal occurs within 400 observations, the run length RL; is
truncated and recorded as 400. The ARL is then computed across » =1000 iteration using

the formula:
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1
ARL = =¥7_, RL,;.

Figure 8.1 presents the ARL plots of the MEWMSL, statistic under Case A. Clear
differences in performance are visible among the five methods. For p =2, ARLs decrease
as the shift size increases, with ROC and SGK detecting shifts more quickly than
Classical, RMCD, and RMVE. At larger n (100), the gap becomes wider, with Classical
showing the slowest detection. As p increases to 5 and 10, ROC and SGK consistently
dominate, RMCD and RMVE perform moderately, and Classical becomes ineffective.

0 =Ty
10 14 18 22 26 3.0
3

(f)
400 400 400
n=100
300 300 300 p=10
z & 200 z
T 200 x & 200
100 100 100
0 0 0 =
10 14 18 22 26 30 10 14 18 22 26 30 10 14 18 22 26 30
5 5 5

Classical - RMCD -+ RMVE - ROC -+ SGK
Figure 8.2: ARL plots of the MEWMSL, statistic with ¢ = 0.2 and @ = 0.4 under Case A.

ARL plots of the MEWMSL,; statistic under Case A are shown in Figure 8.2. The general
trends mirror those in Figure 8.1, where ARL decreases as 0 increases and larger n
improves detection. Again, ROC and SGK perform best, RMCD and RMVE are
moderate, and Classical lags behind, with the performance gap widening in higher

dimensions.

In Figure 8.3, the ARL plots of the MEWMSL,; statistic under Case B are displayed. The
patterns remain consistent with Case A, where ARL values decline as ¢ increases, larger
n accelerates detection, and higher dimensions amplify the differences among methods.
ROC and SGK dominate, RMCD and RMVE follow, and Classical shows the poorest

detection.
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Figure 8.3: ARL plots of the MEWMSL, statistic with ¢ = 0.2 and @ = 0.4 under Case B.

(a) (b) (c)

400 400

300 300
Z 200 & 200
< <

100 100

400 400

300 300
z A
& 200 & 200

100 100

-#- Classical - RMCD -+~ RMVE —+ ROC -+ SGK

Figure 8.4: ARL plots of the MEWMSL, statistic with ¢ = 0.2 and @ = 0.4 under Case B.

Figure 8.4 provides the ARL plots of the MEWMSL2 statistic under Case B. The results
are similar to those in Figure 8.3, with ROC and SGK maintaining clear superiority,
RMCD and RMVE offering balanced performance, and Classical trailing far behind,

particularly in higher-dimensional settings.
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Figure 8.5: ARL plots of the MEWMVL; statistic with ¢ =0.2, w = 0.4 and 4 = 0.2 under

Case A.
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Figure 8.6: ARL plots of the MEWMVL, statistic with ¢ = 0.2, = 0.4 and 4 = 0.2 under
Case A.

ARL plots of the MEWMVLI statistic under Case A are presented in Figure 8.5. The

results confirm that ARL decreases with 0 and improves when the sample size increases.
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ROC and SGK consistently achieve the steepest declines, RMCD and RMVE provide

moderate detection, and Classical shows weak performance, especially when p = 10.

The ARL plots of the MEWMVL,; statistic under Case A are shown in Figure 8.6. The
findings are broadly consistent with those in Figure 8.5. Larger sample sizes enhance
detection efficiency, especially for moderate shifts, while ROC and SGK remain
superior, RMCD and RMVE achieve intermediate performance, and Classical is the least

effective.
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Figure 8.7: ARL plots of the MEWMVL,; statistic with ¢ = 0.2, o = 0.4 and 4 = 0.2 under
Case B.

In Figure 8.7, the ARL plots of the MEWMVL, statistic under Case B are illustrated. The
results echo earlier figures, with ROC and SGK consistently outperforming the other
methods. RMCD and RMVE show moderate efficiency, while Classical remains the

weakest, particularly as the dimension increases.

Finally, Figure 8.8 presents the ARL plots of the MEWMVL,; statistic under Case B. The
trends are consistent with Figure 8.7, where ARL decreases steadily as o increases and
larger n improves sensitivity. ROC and SGK dominate across all conditions, RMCD and
RMVE remain moderate, and the Classical method performs worst, particularly in higher
dimensions. Overall, across all figures, ROC and SGK emerge as the most effective

methods, combining robustness with fast detection. RMCD and RMVE are conservative
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but acceptable alternatives. The Classical chart performs consistently poorly, especially

in higher dimensions.
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Figure 8.8: ARL plots of the MEWMVL, statistic with ¢ = 0.2, = 0.4 and 4 = 0.2 under
Case B.

8.4 Time Complexity

A simulation study was carried out to evaluate the computation times of both classical
and robust control charts under varying sample sizes. The results, averaged over 1000

trials, are presented in Table 8.3.

Table 8.3: Computation time (in seconds)

n p ROC SGK Classical RMCD RMVE
50 2 0.0036 0.0052 0.0016 0.0080 0.0053
5 0.0043 0.0069 0.0023 0.0104 0.0070

10 0.0095 0.0158 0.0020 0.0196 0.0224

100 2 0.0041 0.0071 0.0027 0.0116 0.0075
5 0.0057 0.0119 0.0031 0.0144 0.0099

10 0.0098 0.0025 0.0034 0.0312 0.0202

The table reports running times of five control chart methods for » = 50, 100 and p = 2,
5, 10. While computation time increases with both factors, the rise is most pronounced
for the robust methods RMCD and RMVE, which are considerably slower than the others

because they rely on intensive procedures for robust covariance estimation. In contrast,
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the Classical chart is always the fastest due to its simpler calculations, and ROC and

SGK provide intermediate performance.

8.5 Application to Real Life Data
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Figure 8.9: Control charts for Chemical Process data using MEWMVL, statistic

The performance of the robust control charts under contaminated scenarios was
evaluated and compared through simulation. To assess their behavior in an
uncontaminated setting, the Chemical Process data from Montgomery (2020) was
employed. This dataset consists of 20 Phase I (in-control) observations and 10 Phase II
(monitoring) observations. Prior analyses indicate that the Phase | data are in statistical
control, whereas a shift is observed around observation 24 or 25 in the Phase II sample.
Both robust and classical control charts were constructed using the MEWM VL, statistic,
with control limits simulated based on the parameters n = 20, @ = 0.4, and 4 = 0.2, as

previously described.

Figure 8.9 shows that all control charts remained stable during the Phase I (in-control)

region and displayed a clear upward shift around observations 24-25, confirming earlier
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analyses of this dataset. As expected, the Classical control chart performed effectively,
with tight in-control behaviour and prompt detection of the shift. Importantly, the robust
charts exhibited performance comparable to the Classical chart in this uncontaminated
setting: ROC and SGK most closely mirrored the Classical chart, offering fast and stable
detection; RMCD also detected the shift but showed higher variability in Phase I, making
it less stable; while RMVE lagged behind, signalling the shift more slowly than the
others. These findings highlight that robust procedures, though designed for
contaminated data, retain their efficiency in clean settings, with ROC and SGK emerging

as the most reliable alternatives to the Classical chart.
8.6 Summary

This chapter proposed robust multivariate dispersion control charts based on the
MEWMS and MEWMYV frameworks with L. norm formulations, incorporating the high
breakdown ROC and SGK covariance estimators. Simulation studies conducted under
diverse shift sizes, dimensions, and sample sizes showed that ROC and SGK based charts
consistently surpassed the Classical, RMCD, and RMVE methods. They provided faster
detection of dispersion shifts, greater robustness against contamination, and superior
stability in higher dimensional contexts. In contrast, RMCD and RMVE offered only
moderate improvements, while the Classical chart proved highly sensitive to outliers and

largely ineffective under contamination.

A real data application using chemical process observations reinforced these findings. In
uncontaminated conditions, ROC and SGK produced results comparable to the Classical
chart, but their robustness ensured reliable performance when atypical data were present.
Computational analysis further confirmed that these estimators achieve a favorable
balance between accuracy and efficiency, being only marginally slower than the
Classical chart while remaining substantially faster than RMCD and RMVE. Overall, the
proposed ROC and SGK based charts offer a practical, robust, and computationally
viable solution for multivariate dispersion monitoring, making them particularly relevant
for industrial processes characterized by high dimensionality and potential data

contamination.
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CHAPTER 9

INDUSTRIAL APPLICATIONS OF PROPOSED
CONTROL CHARTS

9.1 Introduction
In modern industrial practice, maintaining consistent product quality is essential for both
customer satisfaction and sustainable competitiveness. Statistical process control (SPC)
provides a scientific basis for monitoring and improving process stability, enabling early
detection of variations that may affect product quality. However, conventional control
charts often exhibit sensitivity to outliers or deviations from normality—conditions
frequently encountered in real manufacturing settings. To address these limitations, this
chapter demonstrates the application of the proposed robust bivariate and multivariate
control charts for monitoring both mean and dispersion, using real-world industrial data.
9.2 Industry Contexts and Data Sources
To validate the practical relevance and performance of the proposed charts, data were
collected from two industrial settings representing distinct production domains:

1. Tholur Foods Pvt Ltd, a leading food-processing company located in Kerala,

and
2. Star Pipes & Fittings, a reputed manufacturer of PVC, UPVC, and CPVC piping
system.

9.2.1. Case Study I — Tholur Foods Pvt Ltd (Bivariate Case)
Tholur Foods Pvt Ltd is a well-established brand known for producing traditional and
authentic spice-based food products, ensuring consistency through rigorous quality
control practices. As stated on their website, “We are on a constant search to produce

the best quality food products by using indigenous spices available all over India ™.

Figure 9.1: Tholur Tender Mango Pickle (250g)
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For this study, data were obtained from the company’s “Tender Mango Pickle”

production process, focusing on two key quality characteristics: Salinity, and pH. These

variables jointly influence the sensory and preservative quality of the product. Hence,

the bivariate control charts proposed in this thesis were applied to simultaneously

monitor these correlated attributes. In Phase I, 25 observations were considered, and in

Phase II, 5 observations were used.
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Figure 9.2: Bivariate Hotelling’s 7> Control charts for location for Tholur data

Since Tholur Foods maintains a robust quality assurance system, the data collected were

found to be free from outliers. To examine the performance of the proposed control charts

under data contamination, one deliberate outlier was introduced each in Phase I



(observation 11) and Phase II (observation 30) data. The dataset for this case comprises

25 observations in Phase I and 5 observations in Phase II.

Figure 9.2 presents the Bivariate Hotelling’s 7> control charts for the Tholur data,

constructed using both classical and robust methods. The charts include observations

from both Phase I and Phase II, allowing a comprehensive assessment of process stability

across stages. The plot clearly shows that the Comedian, Sn, and GK-based robust

control charts successfully detect the out-of-control observations (11 and 30) in both

Phase I and Phase II, whereas the classical chart fails to identify these shifts. Although

the MCD-based chart is able to detect the contaminated observations in both phases, it

also produces several false alarms, indicating reduced stability under clean conditions.
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Figure 9.3: Bivariate control charts for dispersion for Tholur data using MEWMVL,; statistic
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Figure 9.3 presents the Bivariate control charts for dispersion for the Tender Mango
Pickle data constructed using the MEWMVL: statistic with ® = 0.4 and A = 0.2. The
figure indicates that all observations remain within the control limits, signifying that the
process variability is stable. This outcome is expected because the deliberately
introduced mean shift does not alter the covariance structure of the data. Under such
uncontaminated conditions, the classical control chart performs optimally. Consistent
with this, both of the proposed robust control charts exhibit patterns similar to those of
the classical chart, confirming that they retain efficiency when the data are free from

contamination.

9.2.2 Case Study II — Star Pipes & Fittings (Multivariate Case)

Star Pipes & Fittings is a reputed Indian manufacturer of plumbing and piping systems,
known for high-precision engineering and stringent quality standards. The company
describes its products as “extremely durable with a high strength-to-weight ratio,

manufactured under state-of-the-art facilities.”

Figure 9.4: PY 63 (Single wye 45° without inspection door, solvent cement type 63mm)

For this study, the data correspond to the PVC fitting product PY 63, with five essential
quality characteristics measured at different points in the production process:

Wall thickness at plain end

Wall thickness at socket

Mean inside diameter of socket at midpoint

Mean outside diameter of spigot portion

A e

Socket depth
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The proposed multivariate control charts for mean and dispersion were employed to
monitor these interrelated dimensions simultaneously, providing a comprehensive
picture of the manufacturing variability. In Phase I, 20 observations were considered, and

in Phase II, 15 observations were used.
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Figure 9.5: Multivariate Hotelling’s 7% Control charts for mean for Star data

Similar to the Tholur dataset, the data collected from Star Pipes & Fittings were
originally free from outliers. To evaluate the robustness and detection capability of the
proposed multivariate control charts under contamination, two observations were

deliberately contaminated in each of Phase I (observations 1 and 20) and Phase II
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(observations 26 and 27) data. The dataset for this case includes 20 observations in Phase

I and 15 observations in Phase I1.

Figure 9.5 presents the Multivariate Hotelling’s 7> control charts for monitoring the
mean vector of the Star data, comparing the performance of classical and robust methods
(ROC, SGK, RMDS, and RMCD). The charts include both Phase I and Phase II
observations, with deliberate contamination introduced to assess robustness. It is evident
that the ROC, SGK, and RMDS control charts effectively identify the contaminated
observations in both phases while maintaining stability for the uncontaminated samples,
demonstrating their strong resistance to the influence of outliers and high sensitivity to
mean shifts. In contrast, the classical Hotelling’s 7” chart fails to detect the true out-of-
control points, indicating its vulnerability to contamination and masking effects.
Although the RMCD-based chart also detects the contaminated observations, it exhibits
inflated 7% values and flags several normal observations as out of control, suggesting its

relative instability and tendency to produce false alarms under minor variations.

Figure 9.6 presents the Multivariate Exponentially Weighted Moving Variance
Likelihood (MEWMVL) control charts for monitoring the dispersion of the Star data,
constructed with parameters @ = 0.4 and A = 0.2. The charts compare the performance of
classical and robust estimators. The classical MEWMVL chart shows a gradual increase
in the statistic without any clear signal beyond the control limit, indicating its inability
to detect changes in process variability under contamination. In contrast, the robust
control charts exhibit a distinct upward shift in the MEWMVL statistic between the 6th
and 8th observations, accurately signaling an increase in process dispersion. Among
them, the ROC and SGK charts display sharper peaks and faster detection, while RMCD
and RMVE also capture the shift but with slightly smoother transitions, reflecting their
stability.

9.3 Summary

The analysis presented in this chapter demonstrates the practical effectiveness of the
proposed robust bivariate and multivariate control charts in real industrial environments.
Using datasets from Tholur Foods Pvt. Ltd. and Star Pipes & Fittings, the results clearly
highlight the superiority of robust estimators such as Comedian, Sn, GK, ROC, SGK,
and RMDS over the classical and MCD-based methods. In both case studies, the robust

charts accurately detected true out-of-control observations while minimizing false
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alarms, thereby achieving an optimal balance between sensitivity and stability.
Conversely, the classical charts failed to identify process shifts, and the RMCD charts
exhibited excessive false signaling under clean conditions. These findings confirm that
the proposed robust framework offers consistent and reliable performance across

different types of industrial processes, making it a valuable tool for real-world process

monitoring and quality improvement.
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Figure 9.6: Multivariate control charts for dispersion for Star data using MEWMVL, statistic
with w = 0.4,and 1 =0.2.

143




144



CHAPTER 10

CONCLUSIONS

This research addressed a critical challenge in statistical quality control: the reliable
monitoring of bivariate and multivariate processes in the presence of outliers,
contamination, and high-dimensional data. Traditional control charts, though widely
applied, are highly sensitive to atypical observations, often resulting in inflated false
alarm rates or failure to detect genuine process shifts. The primary objective of this thesis
was to develop robust estimators and control chart methodologies that overcome these
limitations, providing accurate, efficient, and practical tools for contemporary quality

management across industrial and service-oriented processes.

A major contribution of this work is the development of the SGK covariance estimator,
a robust multivariate estimation method based on the Gnanadesikan-Kettenring
approach. Simulation studies demonstrated that SGK reliably identifies contaminated
observations while maintaining very low false detection rates across a broad spectrum of
scenarios, including high-dimensional, low-sample-size datasets, and data following
multivariate normal, t, and exponential distributions. Comparative evaluations with
established robust methods, such as MCD, RMD-S, ROC, S,, and OGK, confirmed that
SGK achieves a superior balance between robustness and computational efficiency.
Furthermore, O, was established as the preferred robust scale estimator due to its
consistently high success rate and accuracy across various conditions, while S, may be

preferred when computational efficiency is critical.

Building on robust estimation, bivariate control charts were developed for individual
observations using high-breakdown estimators, including Comedian, S, Covariance and
GK. These charts effectively maintain in-control performance comparable to classical 7>
charts under clean data, while outperforming them in the presence of outliers during
Phase I monitoring. Among the proposed methods, S, Covariance and GK consistently
demonstrated high detection rates with low false alarm rates, whereas Comedian
exhibited the fastest computational performance. For rational subgroups, robust bivariate
charts were constructed to incorporate group-wise information, improving parameter

estimation and control limit stability. Simulation studies revealed that these subgroup-
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based charts provide enhanced detection of shifts while maintaining low false alarms,
particularly under contamination or small sample conditions, highlighting their practical

relevance for industrial applications where subgrouping is feasible.

Extending to multivariate processes, robust control charts for individual observations
were developed using ROC and SGK estimators. Simulation studies and real-data
applications confirmed that these charts outperform classical Hotelling’s 72, RMCD, and
RMVE methods in detecting shifts in process location, particularly under contamination.
The ROC-based charts exhibited slightly better performance in higher-dimensional and
heavily contaminated settings, whereas SGK provided reliable detection for moderate
dimensions and contamination levels. For multivariate rational subgroups, robust charts
were formulated to leverage group-level information, which improved the estimation of
in-control parameters, stabilized control limits, and facilitated rapid detection of shifts in

higher-dimensional processes.

The thesis also addressed the monitoring of process variability, a critical aspect of quality
control. Robust bivariate dispersion charts for individual observations were developed
using S, Covariance, GK_S,, Comedian, and GK Q, within the MEWMS and MEWMV
frameworks. These charts efficiently detect shifts in process spread while maintaining
low false alarm rates, even in the presence of correlation and contamination. Applications
to real datasets confirmed that S, Covariance, GK_S;, and Comedian achieve the optimal
balance between robustness, sensitivity, and computational efficiency. For rational
subgroups, bivariate variability charts demonstrated improved performance, particularly
in stabilizing control limits and enhancing shift detection in Phase II monitoring.
Multivariate dispersion charts were constructed using ROC and SGK estimators with Lc-
norm formulations. Simulation studies revealed superior performance over classical,
RMCD, and RMVE methods in detecting variability shifts, particularly in high-
dimensional and contaminated settings. Real-world applications validated their
reliability, robustness, and computational efficiency, demonstrating their practical utility

for monitoring multivariate process variability under realistic industrial conditions.

The practical implications of this research are substantial. The proposed robust control
charts enhance process monitoring by reliably detecting out of control conditions,
reducing unnecessary interventions caused by false alarms, and improving overall

decision making. They are particularly valuable for high dimensional processes where
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interdependencies among quality characteristics cannot be ignored. Their computational
efficiency ensures feasibility for real-time applications, while robustness to outliers
guarantees that parameter estimates remain accurate, supporting consistent quality

control and operational reliability.
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CHAPTER 11

RECOMMENDATIONS

Development of Robust Variability Control Charts for Rational Subgroups:
Extending robust dispersion monitoring from individual observations to rational
subgroups will allow more accurate detection of shifts in process spread at the

subgroup level, particularly under contamination.

Extension to Attribute and Mixed-Type Data: Develop robust control charts
capable of handling discrete, ordinal, or categorical quality characteristics,

broadening applicability in service industries and healthcare.

Integration with Machine Learning: Incorporate adaptive techniques,
predictive monitoring, and anomaly detection using machine learning methods

combined with robust estimators.

High-Dimensional Process Monitoring: Explore dimensionality reduction
techniques such as robust PCA, sparse covariance estimation, or factor analysis

to handle very high-dimensional datasets efficiently.

Process Optimization Integration: Combine robust monitoring with multi-
objective optimization frameworks to improve decision-making considering cost,

quality, and resource efficiency simultaneously.

Sector-Specific Industrial Applications: Validate and adapt the proposed
methods across diverse domains, including pharmaceuticals, food processing,

chemical manufacturing, and service-oriented industries.

Hybrid and Adaptive Approaches: Develop hybrid models combining
continuous and categorical data, and adaptive control charts that update

dynamically with evolving process conditions.
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APPENDIX A

Table A.1: SRs of outlier detection methods for Normal distribution (6, =5 and & = 0.1)

n & Csn  Cmap  Con Sn ROC OGK MCD RMD-S
100 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.960  1.000

0.3 1.000 1.000 1.000 1.000 0.576 0.936 0.000 0.978

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 1.000 1.000 1.000 1.000 0.721 0.980 0.000 1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.140  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 1.000 1.000 1.000 1.000 0.969 1.000 0.000 1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 1.000 1.000 1.000 1.000 0.990 1.000 0.000 1.000

500 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 0.933 0.975 0.000 0.941

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 1.000 1.000 1.000 1.000 0.964 1.000 0.000 0.890

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 0533 0.733 1.000 1.000 0.989 1.000 0.000 0.478

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 0.867 0.600 1.000 1.000 1.000 1.000 0.000 0.160

1000 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 0.901 0.988 0.000 0.901

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 1.000 1.000 1.000 1.000 0.967 1.000 0.000 0.736

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 0.600 0.800 1.000 1.000 0.999 1.000 0.000 0.177

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000 1.000

0.3 0.800 0.933 1.000 1.000 1.000 1.000 0.000 0.037
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Table A.2: FDRs of outlier detection methods for Normal distribution (6> =5 and & = 0.1)

n p__ ¢ Csn  Cwmap  Con Sn ROC OGK MCD RMD-S
100 5 0.1 0.000 0.000 0.000 0.094 0.001 0.038 0.059 0.028
0.2 0.000 0.000 0.000 0.113 0.006 0.080 0.055 0.005
0.3 0.000 0.000 0.000 0.105 0.006 0.060 0.048  0.000
0.1 0.000 0.000 0.000 0.092 0.002 0.035 0.413  0.000

10 0.2 0.000 0.000 0.000 0.000 0.000 0.048 0.110 0.025
0.3 0.000 0.000 0.000 0.000 0.005 0.085 0.094 0.002
0.1 0.000 0.000 0.000 0.001 0.003 0.065 0.434  0.000
0.2 0.000 0.000 0.000 0.001 0.001 0.036 0.615 0.000

20 0.3 0.000 0.000 0.000 0.022 0.000 0.056 0.269  0.029
0.1 0.000 0.000 0.000 0.050 0.003 0.098 0.346  0.002
0.2 0.000 0.000 0.000 0.028 0.001 0.075 0.478  0.000
0.3 0.000 0.000 0.000 0.017 0.000 0.037 0592  0.000
30 0.1 0.000 0.001 0.000 0.028 0.000 0.070 0.290 0.021
0.2 0.000 0.000 0.000 0.048 0.001 0.100 0.363  0.001
0.3 0.000 0.000 0.000 0.026 0.001 0.075 0.436  0.000
0.1 0.000 0.000 0.000 0.019 0.000 0.047 0521  0.000
500 5 0.2 0.000 0.000 0.000 0.093 0.000 0.030 0.028  0.023
0.3 0.000 0.000 0.000 0.133 0.004 0.077 0.025 0.006
0.1 0.000 0.000 0.000 0.120 0.002 0.056 0.022  0.000
0.2 0.000 0.000 0.000 0.116 0.001 0.029 0.330 0.000

10 0.3 0.000 0.000 0.000 0.000 0.000 0.030 0.030  0.026
0.1 0.000 0.000 0.000 0.000 0.002 0.080 0.027  0.003
0.2 0.000 0.000 0.000 0.000 0.001 0.059 0.229  0.000
0.3 0.000 0.000 0.000 0.000 0.000 0.031 0.653  0.000

20 0.1 0.000 0.000 0.000 0.010 0.000 0.037 0.040 0.024
0.2 0.000 0.000 0.000 0.036 0.001 0.083 0.129  0.002
0.3 0.000 0.000 0.000 0.023 0.000 0.058 0.499  0.000
0.1 0.000 0.000 0.000 0.012 0.000 0.031 0.897  0.000
30 0.2 0.000 0.000 0.000 0.011 0.000 0.039 0.061 0.023
0.3 0.000 0.000 0.000 0.039 0.000 0.083 0.238  0.001
0.1 0.000 0.000 0.000 0.025 0.000 0.061 0.638  0.000
0.2 0.000 0.000 0.000 0.013 0.000 0.034 0.975 0.000
1000 5 0.3 0.000 0.000 0.000 0.089 0.000 0.026 0.028 0.001
0.1 0.000 0.000 0.000 0.139 0.004 0.077 0.025  0.005
0.2 0.000 0.000 0.000 0.125 0.002 0.054 0.022  0.000
0.3 0.000 0.000 0.000 0.114 0.001 0.030 0.322 0.000

10 0.1 0.000 0.000 0.000 0.000 0.000 0.028 0.030 0.001
0.2 0.000 0.000 0.000 0.000 0.002 0.079 0.025  0.003
0.3 0.000 0.000 0.000 0.000 0.001 0.057 0.195 0.000
0.1 0.000 0.000 0.000 0.000 0.000 0.028 0.635  0.000

20 0.2 0.000 0.000 0.000 o0.010 0.000 0.037 0.031  0.024
0.3 0.000 0.000 0.000 0.036 0.001 0.078 0.090 0.002
0.1 0.000 0.000 0.000 0.023 0.000 0.057 0.449  0.000
0.2 0.000 0.000 0.000 0.012 0.000 0.030 0.933  0.000
30 0.3 0.000 0.000 0.000 0.008 0.000 0.034 0.036  0.001
0.1 0.000 0.000 0.000 0.038 0.000 0.082 0.160 0.001
0.2 0.000 0.000 0.000 0.023 0.000 0.059 0.667  0.000
0.3 0.000 0.000 0.000 0.012 0.000 0.030 0.998  0.000

166



Table A.3: SRs of outlier detection methods for multivariate ¢ distribution (6, =5 and & = 0.1)

n p ¢ Csn  Cwmap  Con Sn ROC OGK MCD RMD-S

100 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.800  1.000
0.3 1.000 1.000 1.000 1.000 0.945 0.990 0.032  1.000

10 0.1 1000 1.000 1.000 1.000 1.000 1.000 0.960  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.054  1.000
0.3 1.000 1.000 1.000 1.000 0.987 1.000 0.056  1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.028  1.000
0.2 1000 1.000 1.000 1.000 1.000 1.000 0.024  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.055 1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.012  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.030  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.036  1.000

500 5 01 1000 1000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.961  1.000
0.3 1.000 1.000 1.000 1.000 0.984 1.000 0.031 1.000

10 0.1 1000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.032  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.055  1.000

20 0.1 1000 1.000 1.000 1.000 1.000 1.000 0.048  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.053  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.079  1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.039  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.062  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.093  1.000

1000 5 0.1 1000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.033  1.000

10 0.1 1000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.035  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.058  1.000

20 0.1 1000 1.000 1.000 1.000 1.000 1.000 0.039  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.059  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.080  1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.045  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.066  1.000
0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.108  1.000
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Table A.4: FDRs of outlier detection methods for multivariate ¢ distribution (6, =5 and & =0.1)

n p {3 Csn  Cmap Con Sh ROC OGK MCD RMD-S

100 5 0.1 0.000 0.000 0.000 0.090 0.000 0.036 0.236  0.000
0.2 0.051 0.051 0.047 0.224 0.108 0.216 0.228 0.116

0.3 0.053 0.053 0.044 0.228 0.087 0.168 0.226  0.070

0.1 0.038 0.038 0.035 0.291 0.057 0.116 0.450 0.029

10 0.2 0.000 0.000 0.000 0.000 0.048 0.000 0.351 0.002
0.3 0.104 0.104 0.086 0.099 0.146 0.262 0.316 0.162

0.1 0.070 0.070 0.077 0.111 0.111 0.204 0.484 0.095

0.2 0.058 0.058 0.064 0.155 0.077 0.150 0.590 0.040

20 0.3 0.000 0.000 0.000 0.026 0.000 0.070 0.379 0.002
0.1 0.161 0.161 0.158 0.267 0.170 0.296 0.431 0.198

0.2 0.155 0.155 0.146 0.212 0.132 0.241 0.493 0.120

0.3 0.110 0.110 0.120 0.154 0.095 0.177 0571  0.055

30 0.1 0.000 0.000 0.000 0.027 0.000 0.078 0.340 0.002
0.2 0.242 0.242 0.250 0.292 0.191 0.317 0.391 0.221

0.3 0.202 0.202 0.217 0.235 0.151 0.260 0.449 0.141

0.1 0.150 0.150 0.156 0.170 0.102 0.191 0.543 0.063

500 5 0.2 0.000 0.000 0.000 0.092 0.000 0.028 0.235 0.001
0.3 0.042 0.042 0.045 0.250 0.110 0.214 0.214 0.123

0.1 0.037 0.037 0.039 0.303 0.086 0.170 0.200 0.075

0.2 0.033 0.032 0.032 0.378 0.058 0.119 0.425 0.035

10 0.3 0.000 0.000 0.000 0.000 0.000 0.031 0.326 0.001
0.1 0.068 0.068 0.068 0.116 0.141 0.261 0.310 0.162

0.2 0.058 0.058 0.059 0.151 0.111 0.211 0.504 0.101

0.3 0.052 0.052 0.051 0.205 0.077 0.151 0.645 0.047

20 0.1 0.000 0.000 0.000 0.009 0.000 0.036 0.432 0.001
0.2 0.107 0.107 0.101 0.270 0.174 0.301 0515 0.203

0.3 0.084 0.084 0.086 0.217 0.132 0.244 0.653 0.124

0.1 0.076 0.077 0.076 0.161 0.099 0.181 0.784 0.060

30 0.2 0.000 0.000 0.000 0.009 0.000 0.035 0.482 0.001
0.3 0.131 0.131 0.126 0.298 0.190 0.326 0572 0.226

0.1 0.114 0.114 0.110 0.241 0.149 0.264 0.694 0.141

0.2 0.094 0.094 0.096 0.177 0.107 0.194 0.831 0.066

1000 5 0.3 0.000 0.000 0.000 0.091 0.000 0.027 0.226 0.001
0.1 0.041 0.041 0.043 0.267 0.111 0.217 0.211 0.126

0.2 0.040 0.040 0.041 0.319 0.086 0.171 0.195 0.080

0.3 0.033 0.033 0.032 0.401 0.059 0.121 0.419 0.037

10 0.1 0.000 0.000 0.000 0.000 0.000 0.028 0.326 0.001
0.2 0.068 0.068 0.065 0.130 0.142 0.266 0.310 0.168

0.3 0.059 0.059 0.058 0.167 0.109 0.208 0.480 0.100

0.1 0.052 0.052 0.053 0.217 0.082 0.159 0.647 0.052

20 0.2 0.000 0.000 0.000 0.007 0.000 0.031 0.440 0.001
0.3 0.093 0.093 0.094 0.269 0.171 0.302 0.520 0.205

0.1 0.086 0.086 0.086 0.217 0.138 0.242 0.671 0.129

0.2 0.075 0.075 0.071 0.158 0.097 0.177 0.809 0.065

30 0.3 0.000 0.000 0.000 0.009 0.000 0.034 0.500 0.002
0.1 0.119 0.119 0.117 0.299 0.192 0.327 0.600 0.228

0.2 0.100 0.099 0.102 0.243 0.149 0.263 0.729 0.141

0.3 0.082 0.083 0.082 0.177 0.105 0.194 0.877 0.067
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Table A.5: SRs of outlier detection methods for multivariate exponential distribution (6, = 5

and $=1)
n & Csn Cwmap  Con Sn ROC OGK MCD RMD-S

100 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.990 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.341 1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.550 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.343 1.000

500 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.565 1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.014 1.000

1000 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.801 1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 0.004 1.000
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Table A.6: FDRs of outlier detection methods for multivariate exponential distribution (6, =5
and $=1)

P & Cs Cwwo Con  Sn ROC OGK MCD RMD-S

100 5 0.1 0.000 0.000 0.000 0.103 0.001 0.042 0.030 0.001
0.2 0.000 0.000 0.000 0.039 0.000 0.033 0.016  0.000

0.3 0.000 0.000 0.000 0.028 0.002 0.022  0.007  0.000

0.1 0.000 0.000 0.000 0.024 0.000 0.008 0.005  0.000

10 0.2 0.000 0.000 0.000 0.000 0.000 0.044 0.070  0.002
0.3 0.000 0.000 0.000 0.000 0.001 0.037 0.054  0.000

0.1 0.000 0.000 0.000 0.000 0.000 0.025 0.026  0.000

0.2 0.000 0.000 0.000 0.000 0.000 0.022 0.017  0.000

20 0.3 0.000 0.000 0.000 0.022 0.000 0.057 0.232  0.001
0.1 0.000 0.000 0.000 0.019 0.000 0.044 0.176  0.000

0.2 0.000 0.000 0.000 0.012 0.001 0.043 0.102  0.000

0.3 0.000 0.000 0.000 0.006 0.000 0.020 0.234  0.000

30 0.1 0.000 0.006 0.000 0.033 0.000 0.073 0.282  0.002
0.2 0.000 0.000 0.000 0.021 0.000 0.052 0.196  0.000

0.3 0.000 0.000 0.000 0.009 0.000 0.038 0.221  0.000

0.1 0.000 0.000 0.000 0.005 0.000 0.022  0.260  0.000

500 5 0.2 0.000 0.000 0.000 0.095 0.000 0.026 0.001  0.000
0.3 0.000 0.000 0.000 0.042 0.000 0.016 0.001  0.000

0.1 0.000 0.000 0.000 0.042 0.000 0.018 0.001  0.000

0.2 0.000 0.000 0.000 0.041 0.000 0.005 0.001  0.000

10 0.3 0.000 0.000 0.000 0.000 0.000 0.030 0.002  0.001
0.1 0.000 0.000 0.000 0.000 0.000 0.026 0.001  0.000

0.2 0.000 0.000 0.000 0.000 0.000 0.017 0.001  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.012 0.001  0.000

20 0.1 0.000 0.000 0.000 0.009 0.000 0.037 0.004  0.001
0.2 0.000 0.000 0.000 0.006 0.000 0.029 0.004  0.000

0.3 0.000 0.000 0.000 0.004 0.000 0.023  0.003  0.000

0.1 0.000 0.000 0.000 0.001 0.000 0.015 0.003  0.000

30 0.2 0.000 0.000 0.000 0.013 0.000 0.041 0.008  0.001
0.3 0.000 0.000 0.000 0.008 0.000 0.031 0.008  0.000

0.1 0.000 0.000 0.000 0.005 0.000 0.028 0.008  0.000

0.2 0.000 0.000 0.000 0.002 0.000 0.018 0.005  0.000

1000 5 0.3 0.000 0.000 0.000 0.093 0.000 0.027 0.001  0.000
0.1 0.000 0.000 0.000 0.047 0.000 0.019 0.001  0.000

0.2 0.000 0.000 0.000 0.047 0.000 0.013 0.001  0.000

0.3 0.000 0.000 0.000 0.051 0.000 0.007 0.001  0.000

10 0.1 0.000 0.000 0.000 0.000 0.000 0.029 0.002  0.001
0.2 0.000 0.000 0.000 0.000 0.000 0.023 0.001  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.017 0.001  0.000

0.1 0.000 0.000 0.000 0.000 0.000 0.010 0.001  0.000

20 0.2 0.000 0.000 0.000 0.009 0.000 0.032 0.002  0.001
0.3 0.000 0.000 0.000 0.004 0.000 0.024 0.002  0.000

0.1 0.000 0.000 0.000 0.004 0.000 0.022 0.001  0.000

0.2 0.000 0.000 0.000 0.001 0.000 0.012 0.001  0.000

30 0.3 0.000 0.000 0.000 0.007 0.000 0.033 0.003  0.001
0.1 0.000 0.000 0.000 0.005 0.000 0.026 0.003  0.000

0.2 0.000 0.000 0.000 0.003 0.000 0.025 0.002  0.000

0.3 0.000 0.000 0.000 0.002 0.000 0.015 0.002  0.000
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Table A.7: SRs of outlier detection methods for multivariate exponential distribution (6, =5

and &, =0.1)

n p e Csn  Cmap  Caon Sn ROC OGK MCD RMD-S
100 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.960  1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.960  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.720 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000 1.000

500 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000 1.000

1000 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000 1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

0.2 1.000 1.000 1.000 1.000 1.000 1.000  0.000  1.000

0.3 1.000 1.000 1.000 1.000 1.000 1.000  0.000 1.000
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Table A.8: FDRs of outlier detection methods for multivariate exponential distribution (6, =5
and $=0.1)

n p ¢ Csm Cwwo Con  Sn ROC _OGK MCD RMD-S

100 5 0.1 0.000 0.000 0.000 0.103 0.001 0.042 0.030 0.001
0.2 0.000 0.000 0.000 0.033 0.000 0.027 0.023  0.001

0.3 0.000 0.000 0.000 0.050 0.001 0.022 0.010  0.000

0.1 0.000 0.000 0.000 0.145 0.001 0.020 0.033  0.000

10 0.2 0.000 0.000 0.000 0.000 0.000 0.044 0.070  0.002
0.3 0.000 0.000 0.000 0.000 0.000 0.039 0.059  0.000

0.1 0.000 0.000 0.000 0.000 0.002 0.045 0.048  0.000

0.2 0.000 0.000 0.000 0.000 0.001 0.022 0.594  0.000

20 0.3 0.000 0.000 0.000 0.022 0.000 0.057 0.232  0.001
0.1 0.000 0.000 0.000 0.018 0.000 0.054 0.157  0.000

0.2 0.000 0.000 0.000 0.017 0.001 0.044 0.467  0.000

0.3 0.000 0.000 0.000 0.020 0.000 0.028 0.582  0.000

30 0.1 0.000 0.006 0.000 0.033 0.000 0.073 0.291  0.002
0.2 0.000 0.000 0.000 0.017 0.000 0.063 0.243  0.000

0.3 0.000 0.000 0.000 0.014 0.000 0.061 0.437 0.000

0.1 0.000 0.000 0.000 0.018 0.000 0.033 0.525  0.000

500 5 0.2 0.000 0.000 0.000 0.095 0.000 0.026 0.002  0.000
0.3 0.000 0.000 0.000 0.054 0.000 0.019 0.002  0.000

0.1 0.000 0.000 0.000 0.135 0.000 0.017 0.001  0.000

0.2 0.000 0.000 0.000 0.315 0.000 0.012 0.001  0.000

10 0.3 0.000 0.000 0.000 0.000 0.000 0.030 0.002  0.001
0.1 0.000 0.000 0.000 0.000 0.000 0.027 0.002  0.000

0.2 0.000 0.000 0.000 0.000 0.000 0.026 0.002  0.000

0.3 0.000 0.000 0.000 0.002 0.000 0.019 0.616  0.000

20 0.1 0.000 0.000 0.000 0.009 0.000 0.037 0.005  0.001
0.2 0.000 0.000 0.000 0.008 0.000 0.032  0.003  0.000

0.3 0.000 0.000 0.000 0.007 0.000 0.037 0.408  0.000

0.1 0.000 0.000 0.000 0.004 0.000 0.017 0.909  0.000

30 0.2 0.000 0.000 0.000 0.013 0.000 0.041 0.009  0.001
0.3 0.000 0.000 0.000 0.008 0.000 0.032 0.010  0.000

0.1 0.000 0.000 0.000 0.007 0.000 0.029 0.591  0.000

0.2 0.000 0.000 0.000 0.004 0.000 0.014 0.987  0.000

1000 5 0.3 0.000 0.000 0.000 0.093 0.000 0.027 0.001  0.000
0.1 0.000 0.000 0.000 0.080 0.000 0.020 0.001  0.000

0.2 0.000 0.000 0.000 0.171 0.000 0.015 0.001  0.000

0.3 0.000 0.000 0.000 0.347 0.000 0.009 0.001  0.000

10 0.1 0.000 0.000 0.000 0.000 0.000 0.029 0.001  0.001
0.2 0.000 0.000 0.000 0.000 0.000 0.028 0.001  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.026 0.001  0.000

0.1 0.000 0.000 0.000 0.004 0.000 0.013 0.574  0.000

20 0.2 0.000 0.000 0.000 0.009 0.000 0.032 0.002  0.001
0.3 0.000 0.000 0.000 0.005 0.000 0.025 0.002  0.000

0.1 0.000 0.000 0.000 0.005 0.000 0.027 0.280  0.000

0.2 0.000 0.000 0.000 0.001 0.000 0.014 0.946  0.000

30 0.3 0.000 0.000 0.000 0.007 0.000 0.033 0.003  0.001
0.1 0.000 0.000 0.000 0.007 0.000 0.028 0.003  0.000

0.2 0.000 0.000 0.000 0.005 0.000 0.031 0.574  0.000

0.3 0.000 0.000 0.000 0.002 0.000 0.018 0.999  0.000
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Table A.9: SRs of outlier detection methods for affinely transformed data (6> =5 and & = 0.1)

n p & Csi Cwwo Con S ROC OGK MCD RMD-S

100 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 1.000 1.000 0.970 1.000 1.000 1.000 1.000  0.983
0.3 0.900 0.900 0.958 0.999 0.626 0.967 0.000  0.842

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 0.900 0.900 0.990 1.000 1.000 1.000 0.000  1.000
0.3 0.900 0.900 0.990 0.787 0.725 0.998 0.000  0.906

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.160  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.3 0.600 0.600 1.000 1.000 0.819 1.000 0.000  0.906

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.2 1.000 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.3 0900 1.000 1.000 0.997 0.914 1.000 0.000  0.935

500 5 01 1.000 1.000 0.999 1.000 1.000 1.000 1.000  0.996
0.2 0.900 0.900 0.990 1.000 1.000 1.000 1.000  0.990
0.3 0.800 0.817 0.990 1.000 0.539 0.980 0.000  0.800

10 0.1 1.000 0.900 1.000 1.000 1.000 1.000 1.000  1.000
0.2 0900 0.900 1.000 1.000 1.000 1.000 0.000  1.000
0.3 0.800 0.800 0.970 0.860 0.693 1.000 0.000  0.598

20 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.2 0.800 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.3 0.700 0.900 0.960 1.000 0.870 1.000 0.000 0.364

30 0.1 1.000 1.000 1.000 1.000 1.000 1.000 0.000  1.000
0.2 0.900 1.000 0.980 1.000 1.000 1.000 0.000  1.000
0.3 0.700 0.800 0.980 1.000 0.964 1.000 0.000 0.225

1000 5 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 0.900 1.000 0.980 1.000 1.000 1.000 1.000  1.000
0.3 0.800 0.700 0.970 1.000 0.572 0.989  0.000  0.809

10 0.1 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
0.2 0.800 1.000 0.970 1.000 1.000 1.000 0.000  1.000
0.3 0.600 0.600 0.950 0.795 0.653 1.000 0.000  0.462

20 0.1 1.000 1.000 0.970 1.000 1.000 1.000 0.000  1.000
0.2 0900 1.000 0.980 1.000 1.000 1.000 0.000  1.000
0.3 0.800 0.900 0.920 1.000 0.785 1.000 0.000 0.478

30 0.1 1.000 1.000 0.990 1.000 1.000 1.000  0.000  1.000
0.2 1.000 1.000 0.950 1.000 1.000 1.000 0.000  1.000
0.3 0.400 0.500 0.950 1.000 0.968 1.000 0.000  0.006
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Table A.10: FDRs of outlier detection methods for affinely transformed data (6, =5 and

&=0.1)
n p & Csn Cwmap Con Sh ROC OGK MCD RMD-S

100 5 0.1 0.000 0.000 0.000 0.169 0.012 0.107 0.054 0.020
0.2 0.000 0.000 0.000 0.092 0.007 0.086 0.052 0.022

0.3 0.000 0.000 0.000 0.075 0.005 0.059 0.037 0.009

0.1 0.000 0.007 0.000 0.152 0.007 0.035 0430 0.002

10 0.2 0.000 0.000 0.000 0.001 0.005 0.110 0.113 0.013
0.3 0.000 0.000 0.000 0.000 0.004 0.091 0.088 0.022

0.1 0.000 0.000 0.001 0.001 0.005 0.072 0429 0.007

0.2 0.000 0.000 0.000 0.010 0.006 0.042 0.605 0.001

20 0.3 0.000 0.000 0.000 0.066 0.003 0.115 0.271 0.009
0.1 0.000 0.000 0.000 0.053 0.003 0.101 0.351 0.019

0.2 0.000 0.000 0.000 0.040 0.002 0.077 0.468 0.001

0.3 0.064 0.111 0.000 0.033 0.004 0.046 0.597  0.000

30 0.1 0.000 0.013 0.000 0.067 0.001 0.118 0.286  0.006
0.2 0.001 0.001 0.000 0.050 0.002 0.102 0.365 0.014

0.3 0.000 0.000 0.000 0.057 0.001 0.078 0.431 0.001

0.1 0.000 0.000 0.001 0.034 0.003 0.046 0.520 0.000

500 5 0.2 0.000 0.000 0.000 0.168 0.006 0.102 0.028 0.019
0.3 0.000 0.000 0.000 0.096 0.004 0.078 0.022 0.012

0.1 0.000 0.000 0.000 0.095 0.005 0.060 0.019 0.004

0.2 0.006 0.000 0.000 0.144 0.004 0.033 0.338 0.008

10 0.3 0.000 0.000 0.000 0.001 0.004 0.104 0.031 0.014
0.1 0.000 0.000 0.000 0.000 0.002 0.084 0.028 0.012

0.2 0.000 0.000 0.000 0.000 0.003 0.064 0.237 0.002

0.3 0.000 0.000 0.002 0.007 0.002 0.034 0.645 0.001

20 0.1 0.000 0.000 0.000 0.053 0.001 0.102 0.038 0.008
0.2 0.000 0.000 0.000 0.042 0.001 0.083 0.128 0.015

0.3 0.000 0.000 0.000 0.037 0.001 0.067 0.503 0.002

0.1 0.000 0.000 0.001 0.026 0.002 0.034 0.895 0.000

30 0.2 0.000 0.000 0.000 0.054 0.000 0.104 0.059 0.006
0.3 0.000 0.000 0.000 0.044 0.000 0.086 0.241 0.015

0.1 0.000 0.000 0.000 0.040 0.001 0.067 0.627 0.001

0.2 0.003 0.000 0.000 0.027 0.001 0.037 0.979 0.000

1000 5 0.3 0.000 0.000 0.000 0.169 0.006 0.100 0.025 0.021
0.1 0.000 0.000 0.000 0.096 0.004 0.076 0.023 0.006

0.2 0.000 0.000 0.000 0.090 0.004 0.058 0.023 0.002

0.3 0.002 0.000 0.000 0.172 0.005 0.031 0.322 0.005

10 0.1 0.000 0.000 0.000 0.000 0.003 0.101 0.028 0.017
0.2 0.000 0.000 0.000 0.000 0.002 0.081 0.023 0.011

0.3 0.000 0.000 0.000 0.001 0.003 0.062 0.205 0.000

0.1 0.001 0.000 0.000 0.006 0.003 0.034 0.645 0.001

20 0.2 0.000 0.000 0.000 0.053 0.001 0.103 0.031 0.011
0.3 0.000 0.000 0.000 0.041 0.001 0.085 0.090 0.009

0.1 0.000 0.000 0.000 0.038 0.001 0.066 0.443 0.001

0.2 0.000 0.000 0.000 0.023 0.001 0.036 0.933 0.000

30 0.3 0.000 0.000 0.000 0.053 0.000 0.102 0.036 0.007
0.1 0.000 0.000 0.000 0.040 0.000 0.086 0.152 0.010

0.2 0.000 0.000 0.000 0.039 0.001 0.064 0.663 0.000

0.3 0.000 0.000 0.000 0.026 0.000 0.035 0.997  0.000
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Table A.11: SRs of outlier detection methods for Normal distribution (6, =5 and & = 1)

n P P Cs»  Cwao Con  Sn ROC  OGK RMD-S
50 100 01  1.000 1000 1.000 1.000  1.000  1.000  1.000
02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000  1.000

200 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000  1.000

300 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000  1.000

100 100 01 1000 1.000 1.000 1.000  1.000  1.000  1.000
02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000 1.000

200 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000  1.000

300 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1000 1000 1.000 1.000  1.000  1.000  1.000

03 1000 1000 1.000 1.000  1.000  1.000 1.000

Table A.12: FDRs of outlier detection methods for Normal distribution (6, =5 and & = 1)

n p & Csn Cmap  Con Sn ROC OGK RMD-S

50 100 0.1 0.003 0.007 0.004 0.068 0.000 0.118  0.008
0.2 0.000 0.000 0.000 0.041 0.000 0.086  0.000

0.3 0.000 0.000 0.000 0.029 0.000 0.056  0.000

200 0.1 0.000 0.003 0.000 0.078 0.000 0.233  0.003

0.2 0.000 0.000 0.000 0.055 0.000 0.146  0.000

0.3 0.000 0.000 0.000 0.026 0.000 0.071  0.000

300 0.1 0.000 0.000 0.000 0.111 0.000 0.257  0.000

0.2 0.000 0.000 0.000 0.063 0.000 0.199  0.000

0.3 0.000 0.000 0.000 0.040 0.000 0.116  0.000

100 100 0.1 0.000 0.004 0.001 0.001 0.000 0.001  0.000
0.2 0.000 0.000 0.000 0.000 0.000 0.001  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.001  0.000

200 0.1 0.000 0.000 0.000 0.001 0.000 0.002  0.000

0.2 0.000 0.000 0.000 0.001 0.000 0.001  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.001  0.000

300 0.1 0.000 0.000 0.000 0.001 0.000 0.003  0.000

0.2 0.000 0.000 0.000 0.001 0.000 0.002  0.000

0.3 0.000 0.000 0.000 0.000 0.000 0.001  0.000
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Table A.13: SRs of outlier detection methods for Normal distribution (6, =5 and & =0.1)

n P P Csn Cwap  Con  Sn ROC  OGK RMD-S
50 100 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000
02 1.000 1.000 1.000 12.000  1.000  1.000  1.000

03 1.000 1.000 1.000 12.000  1.000  1.000  1.000

200 01 1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1.000 1.000 1.000 12.000  1.000  1.000  1.000

03 1.000 1.000 1.000 12.000  1.000  1.000  1.000

300 01 1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1.000 1.000 1.000 12.000  1.000  1.000  1.000

03 1.000 1.000 1.000 1.000  1.000  1.000  1.000

100 100 01  1.000 1.000 1.000 1.000  1.000  1.000  1.000
02 1.000 1.000 1.000 12.000  1.000  1.000  1.000

03 1.000 1.000 1.000 1.000  1.000  1.000  1.000

200 01 1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1.000 1.000 1.000 1.000  1.000  1.000  1.000

03 1.000 1.000 12.000 12.000  1.000  1.000  1.000

300 01 1.000 1.000 1.000 1.000  1.000  1.000  1.000

02 1.000 1.000 1.000 1.000  1.000  1.000  1.000

03 1.000 1.000 1.000 1.000  1.000  1.000  1.000

Table A.14: FDRs of outlier detection methods for Normal distribution (6, =5 and & = 0.1)

n p & Csn Cwmab Con Sn ROC OGK RMD-S
50 100 0.1 0.000 0.000 0.000 0.084 0.000 0.224  0.000
0.2 0.000 0.000 0.000 0.088 0.000 0.138  0.000
0.3 0.000 0.000 0.000 0.040 0.000 0.097  0.000
200 0.1 0.000 0.002 0.000 0.142 0.000 0.284  0.000
0.2 0.000 0.000 0.000 0.103 0.003 0.198  0.000
0.3 0.000 0.000 0.000 0.060 0.000 0.117  0.000
300 0.1 0.000 0.000 0.000 0.151 0.000 0.309  0.000
0.2 0.000 0.000 0.000 0.130 0.000 0.230  0.000
0.3 0.000 0.000 0.000 0.063 0.000 0.166  0.000
100 100 0.1  0.000 0.003 0.000 0.058 0.000 0.138  0.003
0.2 0.000 0.000 0.000 0.055 0.000 0.094  0.000
0.3 0.000 0.000 0.000 0.033 0.000 0.070  0.000
200 0.1 0.000 0.000 0.000 0.072 0.000 0.218  0.000
0.2 0.000 0.000 0.000 0.074 0.000 0.141  0.000
0.3 0.000 0.000 0.000 0.056 0.000 0.094  0.000
300 0.1 0.000 0.000 0.000 0.087 0.000 0.247  0.000
0.2 0.000 0.000 0.000 0.101 0.000 0.168  0.000
0.3 0.000 0.000 0.000 0.053 0.000 0.104  0.000
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Table A.15: F Score for Normal distribution (6, =5 and & = 1)

n & Csn Cwmao Con  Sn ROC OGK MCD RMD-S
100 04 1000 1.000 1.000 0.679 0980  0.754 0.876  0.979
02 0999 0999 0999 0.825 0987  0.893 0.932  0.998

03 1000 1.000 1.000 0.898 0995  0.961 0.976  0.956

10 01 1000 1.000 1.000 1.000 0982  0.722 0.732  0.989

02 1000 1.000 1.000 0.998 0997  0.898 0.898  1.000

03 1000 1.000 1.000 0.999 0999 0963 0951  1.000

20 01 1000 1.000 1.000 0.813 0994 0717 0523  0.987

02 1000 1.000 1.000 0.959 0998  0.884 0.757  1.000

03 1000 1.000 1.000 0983  1.000 0960 0.362  1.000

30 041 1000 1.000 1.000 0.849  1.000  0.727 0528  1.000

02 1000 1.000 1.000 0.947 0999  0.875 0390  1.000

03 1000 0999 0999 0985  1.000 0964 0313  1.000

500 5 01 1000 1.000 1.000 0.634 0981  0.759 0.904  0.973
02 1000 1.000 1.000 0.810 0995  0.903 0.954  0.999

03 1000 1.000 1.000 0.883 0997  0.960 0974 0975

10 01 1000 1.000 1.000 0.999 0991 0741 0881  0.986

02 1000 1.000 1.000 1.000 0998  0.907 0.958  1.000

03 1000 1.000 1.000 0.999  0.999  0.968 0.979  0.935

20 01 1000 1.000 1.000 0.844 00997 0719 0.860  0.992

02 1000 1.000 1.000 0.959  1.000  0.905 0.950  1.000

03 1000 1.000 1.000 0.990  1.000  0.969 0589  0.617

30 041 1000 1.000 1.000 0.852 0998 0741 0.818  0.995

02 1000 1.000 1.000 0.952  1.000  0.900 0.886  1.000

03 1000 1.000 1.000 0.98  1.000  0.967 0.119  0.242

1000 5 04 1000 1.000 1.000 0.620 0987 0748 0904 0.975
02 1000 1.000 1.000 0.806  0.997  0.913 0.959  0.999

03 1000 1.000 1.000 0.883  0.998  0.966 0.977  0.954

10 01 1000 1.000 1.000 0.999 0993  0.744 0.898  0.986

02 1000 1.000 1.000 1.000 0999  0.904 0.959  1.000

03 1000 1.000 1.000 1.000  1.000  0.968 0.976  0.858

20 01 1000 1.000 1.000 0.857  0.999 0739 0.886  0.994

02 1000 1.000 1.000 0953 0999  0.898 0.950  1.000

03 1000 1.000 1.000 0.988  1.000 00968 0.367 0.304

30 01 1000 1.000 1.000 0.856 00999 0737 0.868  0.996

02 1000 1.000 1.000 0959  1.000  0.902 0.951  1.000

03 0893 1.000 1.000 098  1.000 0968 0.079  0.060
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Table A.16: F Score for multivariate ¢ distribution (6> =5 and & = 1)

n p £ Csn  Cwmap  Con Sn ROC OGK MCD RMD-S

100 5 0.1 0.828 0.828 0.828 0.492 0.656 0.517 0.520 0.655
0.2 0921 0.920 0.921 0.703 0.863 0.752 0.730 0.884

0.3 0.913 0.916 0.938 0.802 0.698 0.756 0.848 0.913

10 0.1 0.717 0.717 0.717 0.690 0.613 0.465 0.416 0.574

0.2 0.854 0.854 0.854 0.821 0.809 0.704 0.655 0.823

0.3 0.852 0.909 0.931 0.881 0.837 0.814 0.627 0.927

20 0.1 0.603 0.603 0.603 0.463 0.568 0.438 0.408 0.527

0.2 0.786 0.786 0.786 0.701 0.784 0.676 0.351 0.815

0.3 0.755 0.823 0.853 0.842 0.867 0.797 0.363 0.919

30 0.1 0476 0.476 0.476 0421 0.545 0.408 0.282  0.497

0.2 0.708 0.708 0.708 0.687 0.775 0.664 0.268 0.793

0.3 0517 0.637 0.833 0.833 0.884 0.795 0.338 0.822

500 5 0.1 0.826 0.826 0.826 0.480 0.667 0510 0.515 0.642
0.2 0.931 0.930 0.930 0.683 0.855 0.745 0.722 0.869

0.3 0435 0.635 0.782 0.799 0.604 0.746 0.835 0.733

10 0.1 0.770 0.770 0.770 0.673 0.614 0.461 0.423 0.577

0.2 0.892 0.894 0.892 0.828 0.822 0.702 0.642 0.832

0.3 0.286 0.400 0.438 0.889 0.845 0.807 0.754 0.633

20 0.1 0.688 0.688 0.688 0.454 0.559 0.424 0.355 0.520

0.2 0.852 0.853 0.852 0.690 0.786 0.671 0.521 0.797

0.3 0.140 0.170 0.213 0.840 0.892 0.821 0.366  0.402

30 0.1 0.641 0.641 0.641 0.426 0.544 0.405 0.331 0.498

0.2 0.821 0.824 0.823 0.675 0.770 0.654 0.284 0.776

0.3 0.201 0.200 0.196 0.828 0.889 0.811 0.388 0.351

1000 5 0.1 0.830 0.830 0.830 0.475 0.666 0.506 0.511 0.637
0.2 0.933 0.934 0.932 0.680 0.856 0.747 0.720 0.868

0.3 0.235 0.405 0.598 0.793 0.614 0.742 0.832 0.674

10 0.1 0.773 0.773 0.773 0.673 0.612 0.458 0.420 0.576

0.2 0.894 0.894 0.894 0.822 0.816 0.701 0.635 0.827

0.3 0.258 0.289 0.336 0.888 0.853 0.793 0.747 0.542

20 0.1 0.705 0.705 0.706 0.450 0.567 0.423 0.349 0.523

0.2 0.854 0.854 0.854 0.691 0.787 0.667 0.541 0.794

0.3 0.124 0.129 0.153 0.842 0.895 0.823 0.368 0.337

30 0.1 0.661 0.661 0.660 0.428 0.544 0.406 0.318 0.495

0.2 0.790 0.827 0.715 0.671 0.765 0.650 0.290 0.771

0.3 0.252 0.250 0.248 0.826 0.885 0.811 0.383 0.388
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APPENDIX B

Table B.1: SR (FAR) in Phase II when there are case A outliers in Phase I data with u; = (3, 3)”

n £ S, Covariance Comedian GK
0 1 (0.024) 1(0.022) 1 (0.025)
5 0.1 1(0.011) 1(0.014) 1 (0.009)
0.2 1 (0.003) 1 (0.004) 1 (0.002)
0.3 1 (0.002) 1 (0.002) 1 (0.001)
0 1(0.03) 1 (0.031) 1 (0.032)
10 0.1 1 (0.002) 1(0.01) 1 (0.003)
0.2 1 (0.001) 1 (0.002) 1 (0.002)
0.3 1 (0.003) 1 (0.004) 1 (0.006)
0 1(0.032) 1 (0.033) 1 (0.031)
20 0.1 1 (0.009) 1(0.014) 1(0.01)
0.2 1 (0.002) 1 (0.004) 1 (0.005)
0.3 1 (0.001) 1 (0.001) 1 (0.001)
0 1 (0.037) 1 (0.039) 1 (0.038)
50 0.1 1 (0.007) 1 (0.009) 1 (0.008)
0.2 1 (0.002) 1 (0.003) 1 (0.002)

0.3 1(0) 1(0) 1(0)
0 1 (0.027) 1 (0.026) 1 (0.027)
100 0.1 1 (0.007) 1 (0.009) 1 (0.009)
0.2 1(0) 1 (0.002) 1 (0.001)
0.3 1 (0.001) 1(0.001) 1(0.001)

Table B.2: SR (FAR) in Phase II when there are case A outliers in Phase I data with u; = (3, 0)”

n e Sn Covariance Comedian GK

0 1(0.032) 1 (0.034) 1 (0.036)

5 0.1 1 (0.026) 1 (0.028) 1(0.027)
0.2 1(0.01) 1(0.013) 1(0.012)

0.3 1(0.013) 1(0.017) 1(0.014)

0 1 (0.029) 1(0.032) 1(0.031)
T 1(0.015) 1(0.017) 1(0.016)
0.2 1(0.014) 1(0.019) 1(0.014)

0.3 1(0.019) 1(0.022) 1(0.021)

0 1 (0.025) 1 (0.035) 1 (0.029)

0 01 1(0.019) 1(0.021) 1(0.018)
0.2 1(0.014) 1(0.013) 1(0.014)

0.3 1(0.016) 1(0.015) 1(0.017)

0 1 (0.03) 1(0.032) 1 (0.03)

50 0.1 1(0.021) 1(0.027) 1(0.019)
0.2 1(0.014) 1(0.015) 1 (0.016)

0.3 1 (0.008) 1 (0.008) 1 (0.009)

0 1 (0.034) 1 (0.034) 1 (0.034)

100 01 1 (0.02) 1(0.021) 1(0.018)
0.2 1 (0.023) 1(0.021) 1 (0.02)

0.3 1(0.017) 1(0.017) 1(0.018)
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Table B.3: SR (FAR) in Phase II when there are case A outliers in Phase I data with

m=0G,3)
n £ Sn Covariance Comedian GK

0 1 (0.024) 1 (0.031) 1 (0.03)

5 0.1 1(0.011) 1(0.018) 1(0.012)

0.2 1 (0.004) 1 (0.009) 1 (0.004)

0.3 1 (0) 1 (0.003) 1 (0.002)

0 1(0.032) 1(0.037) 1 (0.042)

10 0.1 1(0.012) 1(0.017) 1(0.012)
0.2 1 (0.003) 1 (0.003) 1 (0.003)

0.3 1 (0.001) 1 (0.002) 1 (0.001)

0 1(0.032) 1 (0.028) 1(0.031)

20 0.1 1 (0.008) 1(0.015) 1(0.011)
0.2 1 (0.004) 1 (0.006) 1 (0.004)

0.3 1 (0.001) 1 (0.004) 1 (0.002)

0 1 (0.034) 1 (0.037) 1(0.033)

50 0.1 1(0.01) 1(0.012) 1 (0.008)
0.2 1 (0.003) 1 (0.005) 1 (0.003)

0.3 1 (0) 1 (0.002) 1 (0.002)

0 1 (0.036) 1 (0.035) 1 (0.037)

100 0.1 1 (0.009) 1(0.011) 1 (0.008)
0.2 1 (0.002) 1 (0.004) 1 (0.003)

0.3 1 (0.001) 1 (0.003) 1 (0.003)

Table B.4: SR (FAR) in Phase II when there are case A outliers in Phase I data with

i = (10, 10)”
n & Sn Covariance Comedian GK
0 1 (0.036) 1 (0.04) 1 (0.034)
5 0.1 1 (0.005) 1 (0.008) 1 (0.005)
0.2 1 (0) 1 (0.005) 1 (0)
0.3 1(0) 1(0) 1 (0)
0 1 (0.025) 1 (0.026) 1 (0.026)
10 0.1 1 (0.005) 1(0.012) 1 (0.004)
0.2 1(0) 1 (0.001) 1 (0)
0.3 1(0) 1(0) 1 (0)
0 1 (0.035) 1 (0.037) 1 (0.035)
20 0.1 1 (0.007) 1(0.011) 1 (0.007)
0.2 1 (0.002) 1 (0.005) 1 (0.002)
0.3 1 (0) 1 (0) 1 (0)
0 1(0.031) 1 (0.028) 1 (0.029)
50 0.1 1 (0.005) 1(0.011) 1 (0.006)
0.2 1(0) 1(0.001) 1 (0.001)
0.3 1 (0) 1 (0) 1 (0)
0 1 (0.025) 1(0.024) 1(0.024)
100 0.1 1(0.011) 1(0.013) 1 (0.008)
0.2 1 (0.002) 1 (0.003) 1 (0.003)
0.3 1 (0) 1 (0) 1 (0)
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Table B.5: Success rate (false alarm rate) in Phase II when there are case B outliers in Phase 1
data with u; = (3, 3)"

n £ S, Covariance Comedian GK

0 0.997 (0.037) 0.95 (0.056) 0.999 (0.047)
5 0.1 0.981 (0.015) 0.89 (0.031) 0.993 (0.032)
0.2 0.951 (0.021) 0.853 (0.027) 0.978 (0.032)
0.3 0.903 (0.014) 0.781 (0.02) 0.964 (0.037)

0 1(0.018) 0.982 (0.036) 1(0.032)

10 0.1 0.994 (0.008) 0.955 (0.026) 1(0.013)

0.2 0.982 (0.011) 0.919 (0.035) 1(0.016)

0.3 0.957 (0.017) 0.839 (0.022) 1(0.01)

0 1 (0.028) 1 (0.039) 1 (0.043)

20 0.1 1 (0.006) 0.991 (0.018) 1(0.013)

0.2 0.999 (0.007) 0.972 (0.019) 1(0.013)

0.3 0.993 (0.006) 0.923 (0.036) 1 (0.009)

0 1(0.02) 1 (0.027) 1 (0.038)

50 0.1 1 (0.005) 1 (0.008) 1(0.011)

0.2 1 (0.005) 0.999 (0.007) 1 (0.006)

0.3 1 (0.003) 0.988 (0.018) 1 (0.006)

0 1 (0.024) 1 (0.023) 1(0.031)

100 0.1 1 (0.003) 1(0.01) 1(0.015)

0.2 1 (0.001) 1 (0.003) 1 (0.008)

0.3 1 (0.003) 0.996 (0.013) 1(0.011)

Table B.6: Success rate (false alarm rate) in Phase II when there are case B outliers in Phase I
data with g1 = (3, 0)"

n e Sn Covariance Comedian GK

0 0.995 (0.033) 0.935 (0.044) 0.998 (0.054)
5 0 1(0.016) 0.988 (0.025) 0.974 (0.044)
0.1 1(0.013) 0.998 (0.015) 0.981 (0.048)
0.2 1(0.012) 1(0.012) 0.992 (0.036)

0.3 0.999 (0.022) 0.978 (0.045) 1 (0.036)
10 0 1 (0.007) 1 (0.006) 0.998 (0.028)
0.1 1(0.013) 1(0.017) 0.999 (0.03)

0.2 1(0.01) 1(0.01) 1 (0.024)

0.3 1(0.016) 0.996 (0.025) 1 (0.035)

20 0 1(0.013) 1 (0.015) 1 (0.024)

0.1 1(0.01) 1 (0.008) 1(0.03)

0.2 1(0.013) 1(0.013) 1 (0.026)

0.3 1 (0.029) 1 (0.033) 1 (0.048)

50 0 1(0.014) 1(0.015) 1 (0.026)

0.1 1(0.01) 1(0.011) 1 (0.027)

0.2 1(0.014) 1(0.013) 1 (0.022)

0.3 1(0.012) 1(0.014) 1 (0.025)

100 0 1 (0.006) 1 (0.007) 1 (0.015)

0.1 1(0.013) 1(0.012) 1 (0.023)

0.2 1(0.021) 1(0.019) 1 (0.026)
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Table B.7: Success rate (false alarm rate) in Phase II when there are case B outliers in Phase 1
data with g; = (3, -3)”

n £ S, Covariance Comedian GK
0 0.993 (0.038) 0.921 (0.066) 0.995 (0.054)
5 0.1 1 (0.007) 1 (0.009) 1 (0.005)
0.2 1 (0.007) 1(0.014) 1 (0.002)
0.3 1(0) 1 (0.001) 1(0)
0 1 (0.024) 0.978 (0.034) 1 (0.034)
10 0.1 1 (0.007) 1 (0.008) 1 (0.001)
0.2 1 (0.003) 1 (0.007) 1 (0.001)
0.3 1(0) 1 (0.001) 1(0)
0 1(0.023) 0.996 (0.031) 1 (0.044)
20 0.1 1 (0.008) 1(0.011) 1 (0.004)
0.2 1 (0.001) 1 (0.006) 1 (0.001)
0.3 1 (0.001) 1 (0.003) 1 (0.001)
0 1(0.019) 1 (0.023) 1 (0.036)
- 0.1 1 (0.006) 1 (0.008) 1 (0.003)
0.2 1 (0.002) 1 (0.006) 1(0)
0.3 1 (0) 1 (0) 1 (0)
0 1 (0.022) 1(0.022) 1 (0.03)
100 0.1 1 (0.009) 1 (0.008) 1 (0.003)
0.2 1 (0.002) 1 (0.003) 1 (0.001)
0.3 1 (0.002) 1 (0.002) 1 (0.002)

Table B.8: Success rate (false alarm rate) in Phase II when there are case B outliers in Phase I
data with g; = (10, 10)”

n e Sn Covariance Comedian GK
0 0.994 (0.026) 0.933 (0.05) 0.997 (0.05)
5 0.1 0.965 (0.025) 0.906 (0.043) 0.993 (0.023)
0.2 0.944 (0.017) 0.871 (0.025) 0.994 (0.016)
0.3 0.883 (0.009) 0.791 (0.014) 0.994 (0.008)
0 1 (0.023) 0.973 (0.04) 1 (0.044)
10 0.1 0.991 (0.022) 0.964 (0.031) 1(0.012)
0.2 0.984 (0.011) 0.929 (0.018) 1 (0.001)
0.3 0.944 (0.007) 0.876 (0.027) 1 (0.002)
0 1(0.027) 0.997 (0.035) 1 (0.042)
20 0.1 1 (0.005) 0.994 (0.01) 1(0.011)
0.2 0.998 (0.001) 0.976 (0.017) 1 (0.005)
0.3 0.99 (0.005) 0.934 (0.022) 1 (0.004)
0 1(0.019) 1 (0.022) 1 (0.029)
50 0.1 1 (0.008) 1 (0.009) 1(0.01)
0.2 1 (0.001) 0.999 (0.007) 1 (0.001)
0.3 1(0) 0.992 (0.014) 1 (0)
0 1(0.017) 1 (0.02) 1 (0.028)
100 0.1 1 (0.004) 1 (0.008) 1 (0.007)
0.2 1(0) 1 (0.001) 1 (0.001)
0.3 1(0) 1 (0.004) 1 (0)
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Table B.9: Success rate (false alarm rate) in Phase II when there are case C outliers in Phase 1

data with u; = (3, 3)"

n e SnCovariance Comedian GK

0 0.991 (0.035) 0.931 (0.049) 0.999 (0.063)

5 0.1 1(0.016) 1(0.017) 1(0.01)

0.2 1 (0.004) 1(0.01) 1 (0.003)

0.3 1 (0) 1 (0.004) 1 (0.005)

0 0.999 (0.026) 0.98 (0.045) 1 (0.039)

10 0.1 1(0.01) 1(0.015) 1 (0.006)

0.2 1 (0.004) 1 (0.006) 1 (0.004)

0.3 1 (0) 1 (0.002) 1 (0.002)

0 1 (0.022) 0.998 (0.035) 1(0.033)

20 0.1 1(0.012) 1(0.013) 1 (0.009)

0.2 1 (0.004) 1(0.01) 1 (0.004)

0.3 1 (0) 1 (0) 1 (0.003)

0 1(0.021) 1 (0.022) 1(0.032)

50 0.1 1(0.01) 1(0.011) 1 (0.005)

0.2 1 (0.003) 1 (0.008) 1 (0.004)

0.3 1 (0) 1 (0.002) 1 (0.004)

0 1 (0.007) 1(0.012) 1 (0.025)

100 0.1 1 (0.008) 1 (0.008) 1 (0.006)

0.2 1 (0.002) 1 (0.004) 1 (0.002)

0.3 1 (0.002) 1 (0.002) 1 (0.006)

Table B.10: Success rate (false alarm rate) in Phase II when there are case C outliers in Phase I

data with u; = (3, 3)"

n £ S, Covariance Comedian GK

0 0.996 (0.026) 0.943 (0.04) 0.997 (0.046)
5 0.1 1 (0.024) 0.965 (0.045) 0.863 (0.14)
0.2 1 (0.029) 0.995 (0.06) 0.878 (0.118)
0.3 1 (0.066) 1(0.091) 0.978 (0.131)

0 1(0.02) 0.98 (0.043) 1 (0.043)
10 0.1 1 (0.031) 0.997 (0.044) 0.947 (0.135)
0.2 1 (0.045) 1 (0.063) 0.957 (0.15)
0.3 1 (0.072) 1 (0.094) 0.99 (0.108)

0 1(0.02) 0.995 (0.03) 1 (0.029)
20 0.1 1(0.013) 1 (0.026) 0.996 (0.138)
0.2 1 (0.037) 1 (0.053) 0.983 (0.132)

0.3 1 (0.064) 1 (0.084) 1 (0.092)

0 1(0.017) 1 (0.015) 1 (0.027)

50 0.1 1 (0.02) 1 (0.028) 1(0.101)

0.2 1 (0.04) 1 (0.058) 1(0.134)

0.3 1 (0.055) 1 (0.078) 1 (0.079)

0 1 (0.025) 1 (0.024) 1 (0.038)

100 0.1 1 (0.026) 1 (0.032) 1(0.113)

0.2 1 (0.035) 1 (0.05) 1(0.104)

0.3 1 (0.084) 1(0.109) 1 (0.108)
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Table B.11: Success rate (false alarm rate) in Phase II when there are case C outliers in Phase I

data with u; = (3, 3)"

n £ S, Covariance Comedian GK

0 0.991 (0.035) 0.931 (0.049) 0.999 (0.063)

5 0.1 1(0.016) 1(0.017) 1(0.01)

0.2 1 (0.004) 1(0.01) 1 (0.003)

0.3 1(0) 1 (0.004) 1 (0.005)

0 0.999 (0.026) 0.98 (0.045) 1 (0.039)

10 0.1 1(0.01) 1(0.015) 1 (0.006)

0.2 1 (0.004) 1 (0.006) 1 (0.004)

0.3 1 (0) 1 (0.002) 1 (0.002)

0 1(0.022) 0.998 (0.035) 1(0.033)

20 0.1 1(0.012) 1(0.013) 1 (0.009)

0.2 1 (0.004) 1(0.01) 1 (0.004)

0.3 1(0) 1(0) 1 (0.003)

0 1(0.021) 1(0.022) 1(0.032)

- 0.1 1(0.01) 1(0.011) 1 (0.005)

0.2 1 (0.003) 1 (0.008) 1 (0.004)

0.3 1 (0) 1 (0.002) 1 (0.004)

0 1 (0.007) 1(0.012) 1 (0.025)

100 0.1 1 (0.008) 1 (0.008) 1 (0.006)

0.2 1 (0.002) 1 (0.004) 1 (0.002)

0.3 1 (0.002) 1 (0.002) 1 (0.006)

Table B.12: Success rate (false alarm rate) in Phase II when there are case C outliers in Phase |

data with g; = (10, 10)”

n e Sn Covariance Comedian GK
0 0.993 (0.034) 0.932 (0.046) 1(0.051)
5 0.1 0.967 (0.023) 0.921 (0.035) 0.998 (0.023)
0.2 0.932 (0.021) 0.877 (0.027) 0.999 (0.002)
0.3 0.898 (0.015) 0.807 (0.021) 1 (0.001)
0 1(0.019) 0.977 (0.037) 1(0.031)
10 0.1 0.998 (0.013) 0.962 (0.036) 1(0.01)
0.2 0.979 (0.007) 0.936 (0.012) 1 (0.002)
0.3 0.95 (0.006) 0.861 (0.018) 1 (0.001)
0 1(0.016) 0.996 (0.028) 1 (0.029)
20 0.1 1 (0.009) 0.997 (0.029) 1(0.02)
0.2 0.997 (0.002) 0.988 (0.018) 1 (0)
0.3 0.992 (0.005) 0.928 (0.013) 1 (0.002)
0 1(0.014) 1(0.017) 1 (0.029)
50 0.1 1 (0.008) 1(0.011) 1(0.011)
0.2 1 (0.001) 1 (0.002) 1 (0.001)
0.3 1 (0.003) 0.993 (0.012) 1 (0.001)
0 1(0.017) 1 (0.022) 1 (0.036)
100 0.1 1 (0.004) 1 (0.007) 1 (0.009)
0.2 1(0) 1 (0.004) 1 (0.002)
0.3 1 (0.001) 1 (0.003) 1(0.001)
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Figure B.1: Average percentage of out-of-control samples under Case C contamination
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APPENDIX C
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Figure C.1: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case C contamination for ¢ = 0.1 and 6% = 150.
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Figure C.2: ARL plots of multivariate control charts based on ROC, SGK, RMCD, OGK and
Classical estimators under Case C contamination for ¢ = 0.2 and 6% = 150.
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APPENDIX D

Table D.1: Upper control limits for MEWMS statistics (Comedian control chart)

0 o MEWMSL, MEWMSL MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 [ 0.1 | 2.04 | 3.99 6.36 2.83 | 11.80 | 3148 | 3.67 | 5.44 7.82
0.2 | 225 | 3.85 5.72 350 | 11.00 | 25.34 | 3.90 | 5.46 7.25
0.3 | 260 | 431 6.11 475 | 14.08 | 29.03 | 4.20 | 5.93 7.69
04 | 297 | 4.97 6.91 6.26 | 19.08 | 38.12 | 451 | 6.57 8.53
05338 | 571 8.02 824 | 2529 | 5199 | 4.87 | 7.25 9.54
0.6 | 3.78 | 6.52 9.10 10.39 | 33.30 | 68.64 | 5.20 | 8.02 10.65
0.7 | 417 | 733 | 10.31 | 12.78 | 4256 | 88.41 | 552 | 8.75 11.76
0.8 | 467 | 820 | 1154 | 16.14 | 54.14 | 109.93 | 5.94 | 9.57 12.96
09 | 510 | 9.06 | 1281 | 19.37 | 66.04 | 136.58 | 6.30 | 10.36 | 14.16
100 | 0.1 | 155 | 2.77 4.76 151 | 541 16.85 | 3.20 | 431 6.14
0.2 | 1.87 | 2.97 4.20 234 | 6.40 13.29 | 3.55 | 4.66 5.77
0.3 | 2.25 | 3.56 4.81 3.47 | 933 17.85 | 3.87 | 5.22 6.44
04 | 264 | 4.23 5.73 482 | 1349 | 2557 | 418 | 5.85 7.35
05 | 3.02 | 4.92 6.63 6.43 | 1853 | 34.64 | 451 | 6.50 8.21
0.6 | 341 | 5.65 7.65 831 | 2473 | 47.09 | 483 | 7.17 9.20
0.7 | 3.84 | 6.43 8.74 10.64 | 3232 | 61.81 | 520 | 7.88 10.22
0.8 | 427 | 7.19 9.78 13.27 | 40.80 | 78.32 | 556 | 8.59 11.22
09 | 475|804 | 11.02 | 16.48 | 51.44 | 98.60 | 5.95 | 9.40 12.37
Table D2: Upper control limits for MEWMS statistics (S, Covariance)
0 » MEWMSL1 MEWMSL2 MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 01| 173 | 352 5.72 1.81 | 8.90 25.33 | 3.23 | 4.90 7.06
0.2 | 1.87 | 3.19 4.93 227 | 7135 1845 | 3.6 | 4.73 6.34
03] 218 | 3.63 5.13 3.23 | 9.72 20.51 | 3.76 | 5.22 6.64
0.4 | 256 | 4.20 5.77 451 | 1325 | 26.37 | 407 | 5.74 7.34
05| 293 | 4.89 6.74 6.01 | 1843 | 36.14 | 438 | 6.41 8.25
0.6 | 3.30 | 5.59 7.73 773 | 2424 | 48.03 | 4.69 | 7.04 9.19
0.7 | 3.69 | 6.31 8.67 9.71 | 31.05 | 6051 | 5.01 | 772 | 10.14
0.8 | 415 | 7.15 9.97 1252 | 40.62 | 8182 | 540 | 851 | 11.33
09| 457 | 792 | 1094 | 1523 | 49.96 | 9756 | 5.75 | 9.18 | 12.23
100 | 0.1 | 1.39 | 2,52 4.18 1.19 | 4.28 12.69 | 2.99 | 3.98 5.55
0.2 | 1.69 | 2.62 3.72 1.81 | 4.86 10.21 | 3.32 | 4.29 5.30
0.3 | 2.06 | 3.22 4.38 282 | 754 14.42 | 3.66 | 4.88 6.02
0.4 | 243 | 3.86 5.16 404 | 11.02 | 20.47 | 3.97 | 5.46 6.75
05| 2.82 | 453 6.04 550 | 1543 | 28.61 | 429 | 6.08 7.61
0.6 | 3.20 | 5.24 7.01 720 | 21.07 | 39.33 | 461 | 6.72 8.54
0.7 | 3.61 | 5.96 8.00 9.26 | 2753 | 51.86 | 495 | 7.39 9.51
0.8 | 4.02 | 6.73 9.10 11.60 | 3541 | 67.30 | 5.29 | 8.10 | 10.53
0.9 | 447 | 7.48 10.11 14.49 | 44.07 83.20 5.67 | 8.79 11.48
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Table D3: Upper control limits for MEWMS statistics (Classical)

0w MEWMSL, MEWMSL. MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 01| 160|315 | 4.80 145 | 6.93 | 17.18 | 294 | 448 | 6.15
0.2 | 158 | 2568 | 4.16 152 | 445 | 1262 | 3.14 | 407 | 5.48
03] 188 | 285 | 395 225 | 568 | 1119 | 345 | 444 | 543
04| 222|339 | 444 | 329 | 827 | 1472 | 375 | 496 | 5.95
05| 259 | 395 | 511 454 | 1149 | 19.99 | 4.04 | 548 | 6.65
0.6 | 296 | 459 | 5.93 6.03 | 1577 | 2741 | 436 | 6.07 | 7.40
0.7 | 334 | 522 | 6.71 7.88 | 20.63 | 3534 | 468 | 6.64 | 8.17
0.8 | 376|588 | 754 | 10.00 | 2660 | 4532 | 502 | 724 | 8.95
09| 420|660 | 844 | 1262|3384 | 5732 | 539|792 | 984
100 | 0.1 | 1.26 | 2.36 | 4.04 095 | 366 | 11.82 | 283 | 3.75 | 535
0.2 | 1.55 | 2.33 | 3.38 1.50 | 3.70 811 | 318 | 399 | 4.8
03| 191 | 286 | 3.74 239 | 579 | 1022 | 351 | 451 | 5.38
0.4 | 228 | 347 | 4.48 350 | 877 | 1519 | 3.83 | 509 | 6.09
05| 266 | 410 | 5.28 485 | 1248 | 2151 | 414 | 566 | 6.86
06| 3.04 | 479 | 6.17 6.44 | 17.26 | 29.92 | 445 | 628 | 7.71
07 | 344 | 547 | 710 | 833 | 2289 | 39.84 | 478 | 6.90 | 8.60
0.8 385|615 | 7.97 | 1056 | 29.11 | 5048 | 512 | 753 | 9.40
09| 431|688 | 897 | 1329|3669 | 6469 | 550 | 820 | 10.34
Table D.4: Upper control limits for MEWMS statistics (MCD control chart)
0w MEWMSL, MEWMSL. MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 101|293 |58 | 950 | 621 | 26.02 | 7020 | 467 | 759 | 11.16
02310 | 557 | 861 | 6.90 | 2320 | 5597 |4.87 | 7.34 | 10.35
03|355| 640 | 961 | 9.4 | 31.00 | 7163 | 528 | 817 | 11.36
041|397 | 717 | 1062 | 11.46 | 39.13 | 86.29 | 565 | 8.93 | 12.37
05| 442 | 813 | 11.96 | 14.33 | 50.90 | 111.38 | 6.04 | 9.84 | 13.75
0.6 | 490 | 919 | 13.63 | 17.72 | 65.26 | 147.77 | 6.49 | 10.86 | 15.35
0.7 | 533 | 10.16 | 15.09 | 21.06 | 79.92 | 178.07 | 6.84 | 11.79 | 16.78
0.8 | 592 | 11.46 | 16.88 | 26.17 | 101.92 | 225.69 | 7.37 | 13.03 | 18.63
0.9 | 6.45 | 12.47 | 1859 | 31.07 | 121.12 | 272.82 | 7.84 | 14.00 | 20.13
100 | 0.1 | 1.80 | 322 | 529 | 217 | 744 | 2088 | 355 | 487 | 6.76
02| 215 | 346 | 489 | 320 | 881 | 1829 | 390 | 523 | 6.60
03| 259 | 422 | 580 | 469 | 1313 | 2537 | 428 | 595 | 754
0.4 |300| 497 | 6583 | 638 | 1854 | 36.17 | 463 | 6.66 | 854
05|341| 575 | 792 | 832 | 2529 | 4872 | 499 | 7.42 | 9.60
0.6 | 381 | 653 | 902 |1051 | 33.04 | 63.66 | 533 | 813 | 10.68
07| 429 | 750 | 1035 | 13.42 | 4384 | 84.97 | 573 | 9.06 | 12.01
08| 475 | 836 | 11.62 | 1659 | 54.49 | 107.49 | 6.11 | 9.87 | 13.20
09|525]| 929 | 1295 | 20.36 | 67.41 | 133.18 | 6.55 | 10.75 | 14.43
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Table D.5: Upper control limits for MEWMS statistics (MVE)

N o MEWMSL, MEWMSL, MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%

S50 | 0.1 201 4.15 6.88 273 | 1272 | 36.26 | 3.51 | 558 8.35
0.2 | 220 | 3.89 6.04 330 | 11.20 | 27.68 | 3.76 | 5.44 7.57
0.3 | 2.60 | 4.42 6.38 469 | 1464 | 3187 | 414 | 599 7.93
04| 296 | 5.08 7.21 6.16 | 1951 | 40.22 | 4.47 | 6.67 8.78
05| 3.35 | 5.81 8.23 8.03 | 2594 | 53.24 | 483 | 7.37 9.85
0.6 | 3.75 | 6.64 9.44 10.06 | 34.04 | 69.83 | 5.18 | 8.15 11.00
0.7 | 418 | 7.50 10.69 12.62 | 4386 | 91.34 | 555 | 9.01 12.26
0.8 | 468 | 8.48 12.04 16.02 | 56.14 | 115.89 | 6.01 | 9.92 13.57
09| 5.13 | 9.32 13.29 19.29 | 67.53 | 139.64 | 6.40 | 10.77 | 14.84

100 | 0.1 | 1.47 | 2.64 4.45 1.32 | 4.79 14.74 | 3.00 | 4.06 5.81
0.2 | 1.78 | 2.80 4.04 2.04 | 5.62 12.09 | 3.37 | 4.42 5.55
03| 214 | 340 4,57 3.08 | 8.44 16.00 | 3.71 | 5.02 6.21
0.4 | 252 | 4.07 5.45 436 | 1233 | 2285 | 4.04 | 5.65 7.06
05| 292 | 4.82 6.52 590 | 1752 | 33.17 | 438 | 6.37 8.11
0.6 | 3.29 | 552 7.47 758 | 23.28 | 4397 | 470 | 7.03 8.99
0.7 | 3.69 | 6.31 8.61 9.71 | 3069 | 59.40 | 5.05 | 7.78 10.11
08| 412 | 7.10 9.71 12,18 | 39.15 | 74.78 | 541 | 8.53 11.20
09| 457 | 7.94 10.80 15.11 | 4895 | 93.09 | 579 | 9.33 12.26

Table D.6: Upper control limits for MEWMS statistics (GK_Qn)
0w MEWMSL MEWMSL, MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%

50 |01 1.71 | 3.49 5.67 1.74 | 8.75 2472 | 3.17 | 4.86 6.96
0.2 | 1.77 | 2.99 4.61 1.97 | 6.32 1576 | 3.37 | 4.57 6.04
0.3 ] 211 | 3.45 4.89 299 | 8.66 18.04 | 3.71 | 5.07 6.47
04| 249 | 4.06 5.57 423 | 12.34 24.18 402 | 5.67 7.18
05| 2.85 | 4.70 6.47 565 | 16.76 | 33.22 | 4.32 | 6.25 8.03
0.6 | 3.23 | 5.45 7.37 7.37 | 22.67 | 43.13 | 4.64 | 6.92 8.89
0.7 | 3.65 | 6.13 8.35 9.48 | 29.20 | 5592 | 4.98 | 7.57 9.88
0.8 | 4.06 | 6.89 9.51 11.88 | 37.21 | 7350 | 532 | 8.28 10.93
09| 451 | 7.70 10.68 14.71 | 46,55 | 9342 | 5.69 | 9.03 12.04

100 | 0.1 | 1.34 | 2.46 412 1.09 | 4.05 12.36 | 2.93 | 3.89 5.44
0.2 | 1.64 | 255 3.71 1.71 | 457 9.97 3.29 | 4.22 5.25
03] 201 | 3.13 4.18 2.68 | 7.03 13.11 | 3.62 | 4.79 5.83
04| 240 | 3.78 5.02 3.90 | 1057 | 19.47 | 3.94 | 5.40 6.67
05| 2.78 | 4.44 5.91 5.35 | 14.92 27.13 426 | 6.01 7.51
06| 3.16 | 5.12 6.84 6.99 | 20.11 | 37.08 | 457 | 6.62 8.42
0.7 | 3.57 | 5.89 7.90 9.06 | 26.80 | 50.09 | 4.91 | 7.36 9.39
0.8 | 3.99 | 6.62 8.95 1142 | 3398 | 64.19 | 526 | 8.01 10.39
09| 444 | 7.43 9.95 14.24 | 43.23 79.32 5.64 | 8.75 11.32
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Table D.7: Upper control limits for MEWMS statistics (GK__Sn)

0w MEWMSL, MEWMSL. MEWMS
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%

50 | 0.1 179 | 3.60 5.83 1.95 | 936 | 2607 |3.34|502| 725
0.2 | 1.93 | 3.35 5.25 247 | 814 | 2114 | 356 | 49 | 6.75
0.3| 2.28 | 3.81 5.46 356 | 1069 | 22.49 | 3.88 | 545 | 7.08
0.4 | 2.63 | 4.40 6.14 480 | 1457 | 29.45 | 418 |6.02| 7.75
05| 3.02 | 5.11 7.09 6.39 | 19.91 | 39.80 | 450 | 6.68 | 8.73
0.6 | 3.42 | 5.85 8.20 8.32 | 2663 | 5319 |485|739| 9.75
0.7 | 3.82 | 6.63 9.24 | 1048|3430 | 69.12 | 518 | 8.12 | 10.76
08| 424 | 743 | 1033 |13.09|4325| 8672 | 552|885 | 11.84
09| 474|832 | 11.67 | 1652 |54.95| 110.88 | 594 | 9.72 | 13.09
100 | 0.1 | 1.42 | 2.64 451 1.23 | 478 | 1519 | 3.03 | 4.14 5.90
02| 171 | 2.70 3.91 1.90 | 514 | 1122 |337|439| 551
0.3 | 2.09 | 3.29 4.44 294 | 785 | 1490 | 371 | 49 | 6.0
0.4 | 2.47 | 3.92 5.24 417 | 11.38 | 21.00 | 4.02 | 555 | 6.90
05| 2.85 | 4.62 6.16 5.64 | 16.10 | 29.66 | 4.34 | 6.19 | 7.77
0.6 | 3.24 | 5.31 7.14 7.39 | 2143 | 4039 | 466|682 | 871
0.7 | 3.64 | 6.07 8.12 945 | 2836 | 53.02 |500|752| 967
0.8 | 4.08 | 6.85 9.29 | 1201|3669 | 6956 | 5.36 | 8.28 | 10.77
09| 454 | 766 | 1033 | 14.94 | 46.10 | 86.68 | 574 | 899 | 11.76

Table D.8: Upper control limits for MEWMYV statistics with A = 0.1 (Comedian)

0w MEWMVL, MEWMVL, MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%

50 | 0.2]7.00 | 928 | 11.31 | 2863|5357 | 8479 | 3.29 | 456 6.03
03| 4.14 | 6.12 7.90 11.67 | 26.72 | 47.31 | 3.57 | 5.05 6.48

04| 3.69 | 5.82 7.81 9.82 | 25.66 | 48.39 | 3.83 | 557 7.24

05| 3.79 | 6.23 8.48 10.49 | 30.17 | 57.82 | 4.08 | 6.11 7.96

0.6 | 3.98 | 6.69 9.19 11.64 | 35.07 | 69.42 | 4.42 | 6.73 8.88

07| 422|730 | 1014 | 1316|4245 | 8542 | 469 | 743 9.96

08| 461 | 806 | 11.29 | 1588 |52.09 | 106.00 | 5.03 | 8.07 | 10.90

09| 508|899 | 1275 |19.25|65.22| 13569 | 533 | 866 | 11.86
100 | 0.2 | 6.86 | 8.44 9.70 26.21 | 4093 | 56.26 | 3.01 | 3.94 4.87
0.3 | 3.69 | 5.19 6.45 9.02 | 1835 | 2950 | 3.29 | 4.43 5.45

0.4 | 331 | 497 6.42 7.76 | 18.33 | 31.49 | 3.57 | 4.97 6.17

05| 3.39 | 5.32 7.01 829 | 2151 | 3860 | 3.85| 551 6.92

06| 3.61 | 5.85 7.80 945 | 26.37 | 48.73 | 4.11 | 6.08 7.79

0.7 | 3.92 | 6.49 8.75 11.19 | 32.89 | 61.63 | 4.41 | 6.67 8.62
081|428 | 7.21 9.73 13.35 | 40.87 | 7753 | 471 | 7.28 9.51

09| 472|801 | 1089 |16.32|50.62| 97.33 | 504|791 | 10.38
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Table D.9: Upper control limits for MEWMYV statistics with A = 0.1 (.S, Covariance)

n o MEWMVL, MEWMVL, MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 0.2 | 5.83 | 7.27 8.53 19.14 | 3143 | 46.50 | 2.92 | 3.97 5.18
03] 341 | 491 6.25 772 1684 | 2873 | 317 | 435 5.44
04| 311 | 481 6.32 6.86 | 1719 | 30.81 | 3.45 | 4.87 6.22
0.5 322 | 513 6.84 745 | 20.09 | 37.23 | 3.69 | 5.34 6.84
0.6 | 3.43 | 5.64 7.62 8.49 | 2446 | 46.89 | 3.96 | 5.92 7.69
0.7 | 3.77 | 6.32 8.55 10.24 | 31.37 | 60.56 | 4.26 | 6.48 8.53
0.8 | 4.09 | 6.97 9.49 12.15 | 38.23 | 7386 | 454 | 7.10 9.38
09| 451 | 7.76 10.65 1480 | 47.47 | 9479 | 485 | 7.69 10.24
100 | 0.2 | 6.22 | 7.44 8.42 21.08 | 31.11 | 41.09 | 2.83 | 3.63 441
03] 3.34 | 463 5.70 728 | 1439 | 2257 | 3.10 | 4.10 5.01
04| 3.04 | 454 5.78 6.52 | 1496 | 2496 | 3.39 | 4.65 5.72
05] 314 | 4.88 6.39 706 | 18.06 | 31.73 | 3.64 | 5.14 6.43
0.6 | 3.36 | 5.36 7.16 8.08 | 22.09 | 40.51 | 391 | 5.67 7.15
0.7] 369 | 6.01 7.96 9.78 | 2794 | 5112 | 419 | 6.27 8.06
0.8 4.04 | 6.71 8.98 11.80 | 35.19 | 65.86 | 449 | 6.85 8.85
091445 | 741 9.96 1439 | 4299 | 80.39 | 4.80 | 745 9.67

Table D.10: Upper control limits for MEWMYV statistics with A = 0.1 (Classical)

n o MEWMVL, MEWMVL, MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 0.2 | 5.15 | 5.90 6.53 14.08 | 19.15 | 26.76 2.71 | 3.46 4.47
0.3 | 3.00 | 4.00 4.83 5.73 | 1038 | 16.01 297 | 3.82 4.59
04| 2.78 | 3.95 4.90 533 | 11.09 | 17.37 | 324 | 4.28 5.12
051292 | 430 5.37 598 | 13.64 | 22.02 | 350 | 4.76 5.73
06| 318 | 481 6.07 712 | 17.37 | 2867 | 3.78 | 5.24 6.42
0.7 ] 348 | 5.39 6.88 8.62 | 2224 | 3793 | 405|576 7.08
08| 3.85 | 6.03 7.73 10.60 | 27.98 | 47.64 | 434 ] 6.28 7.78
09| 427 | 6.74 8.67 13.11 | 34.98 | 60.49 | 4.65 | 6.83 8.51
100 | 0.2 | 5.88 | 6.75 7.39 1830 | 24.39 | 29.84 | 2.73 | 3.43 4.17
03] 316 | 421 5.03 6.38 | 1150 | 16.62 | 3.02 | 3.88 4.61
04 ] 288 | 415 5.15 577 | 1226 | 19.14 | 3.29 | 437 5.23
05| 3.01 | 449 5.68 6.39 | 1493 | 2451 | 3.56 | 4.88 5.92
0.6 3.26 | 5.01 6.43 7.55 | 19.00 | 32.37 | 3.83 | 5.38 6.61
0.7 ] 3.57 | 5.60 7.20 912 | 2410 | 4101 | 411 | 592 7.37
08| 392 | 6.26 8.13 11.08 | 30.30 | 53.14 | 4.41 | 6.47 8.15
09] 434 | 692 9.03 1357 | 3715 | 6510 | 4.72 | 7.06 8.90
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Table D.11: Upper control limits for MEWMYV statistics with A = 0.1 (MCD)

0w MEWMVL, MEWMVL; MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 0.2]925| 1360 | 17.83 |52.75| 121.16 | 216.15 | 4.06 | 6.12 8.57
03|551| 874 12.06 | 20.81 | 54.90 | 106.26 | 4.37 | 6.66 9.16
04| 490 | 827 11.82 |17.22 | 50.81 | 10597 | 469 | 7.35 | 10.09
05| 4.81 | 845 12.36 | 16.85 | 53.99 | 116.02 | 499 | 8.05 | 11.17
0.6 | 5.05| 9.15 1353 | 18.85| 64.10 | 137.80 | 5.34 | 898 | 12.64
0.7 | 5.33 | 10.00 | 14.66 |21.20| 77.05 | 169.27 | 571 | 9.86 | 14.01
08| 566 | 10.77 | 1592 |23.96 | 90.19 | 200.16 | 6.00 | 10.57 | 15.07
09|6.17 | 11.86 | 17.23 | 28.55| 109.48 | 235.82 | 6.40 | 11.45 | 16.21
100 | 0.2 | 7.81 | 9.93 11.89 |34.72 | 59.38 | 90.16 | 3.30 | 4.41 5.60
0.3 | 4.24 | 6.05 7.65 |11.80 | 24.96 | 4086 | 3.62 | 4.98 6.26
04378 | 583 7.72 | 10.09 | 24.79 | 4477 |3.92| 5.62 7.16
05384 | 6.17 825 |10.61| 2853 | 5255 |4.21| 6.22 8.01
06| 406 | 6.78 926 |12.01| 35.17 | 67.38 | 4.51 | 6.88 9.02
07 |434| 744 10.17 | 13.83 | 42.75 | 8232 |4.81| 753 | 10.00
08| 476 | 8.26 11.41 |16.68 | 53.10 | 103.97 | 5.15| 8.22 | 10.95
09520 | 9.10 12.60 |20.02 | 64.99 | 12741 | 551 | 896 | 12.08
Table D.12: Upper control limits for MEWMYV statistics with A = 0.1 (MVE)
0w MEWMVL, MEWMVL, MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
S50 | 0.2 6.26 | 8.35 1041 | 2453 | 4765 | 77.45 | 3.13 | 4.46 6.07
0.3 ]380 | 571 7.57 10.24 | 24.25 | 43.74 | 3.43 | 4.94 6.49
0.4 | 352 | 5.68 7.76 896 | 2454 | 4726 | 3.71 | 547 7.18
05| 3.60 | 5.99 8.28 9.38 | 27.46 | 54.23 | 4.00 | 6.09 8.10
0.6 | 3.82 | 6.60 9.25 10.61 | 33.43 | 6851 | 4.27 | 6.69 8.91
07| 416 | 735 | 1041 | 1256 | 41.82 | 84.80 | 458 | 7.44 9.98
08| 450 | 813 | 1150 | 14.87 | 51.76 | 10531 | 4.89 | 8.05 | 11.12
09| 490 | 891 | 1260 | 1753 |61.84 | 126.07 | 526 | 882 | 12.11
100 | 0.2 | 6.16 | 7.39 8.43 21.54 | 3255 | 4487 | 2.85 | 3.70 4.62
03] 3.39 | 4.75 5.93 7.76 | 1586 | 2555 | 3.13 | 4.20 5.15
0.4 | 3.10 | 4.69 6.05 6.81 | 16.28 | 27.87 | 3.42 | 473 5.90
05| 3.22 | 5.08 6.70 7.40 | 19.46 | 35.06 | 3.69 | 5.32 6.73
0.6 | 3.45 | 5.62 7.53 852 | 24.09 | 44.74 | 3.96 | 5.89 7.53
07| 3.74 | 6.27 8.42 10.07 | 30.24 | 56.53 | 4.24 | 6.48 8.44
0.8 | 4.10 | 6.93 9.45 12.13 | 37.47 | 71.44 | 454 | 7.10 9.25
09| 449 | 771 | 1054 | 1465 | 46.35| 88.60 | 487 | 7.75 | 10.21
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Table D.13: Upper control limits for MEWMYV statistics with A = 0.1 (GK_Qn)

0w MEWMVL, MEWMV L MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 | 02| 566 | 7.01 832 | 17.76 | 2896 | 4474 | 2.85|382 | 5.00
03] 331|473 6.00 7.19 | 1524 | 2575 | 3.13 | 426 | 5.39
0.4 ] 302 | 461 6.02 6.38 | 1553 | 27.36 | 338|471 | 5091
05| 3.15 | 4.97 6.63 7.07 | 1858 | 34.45 | 3.66 | 528 | 6.76
0.6 | 3.36 | 5.47 7.36 8.06 | 22.96 | 4317 | 392|580 | 752
0.7 | 3.68 | 6.12 8.40 9.72 | 29.07 | 56.39 | 420 | 639 | 8.35
0.8 | 403 | 6.76 922 | 1174|3561 | 6881 | 450|696 | 9.14
09| 441 | 754 | 1033 |1413|4438| 8622 | 482|755 | 10.03
100 | 0.2 | 6.10 | 7.23 8.14 | 2004|2879 | 3791 | 279|356 | 437
03] 329 | 452 5.56 6.99 | 13.60 | 21.04 | 3.08 | 406 | 4.92
0.4 ] 298 | 441 5.63 6.20 | 14.01 | 2350 | 3.35| 457 | 5.60
05| 3.00 | 4.77 6.20 6.77 | 16.98 | 2951 | 361|508 | 6.33
0.6 | 3.33 | 5.27 6.95 7.93 | 21.18 | 3801 | 3.89 |562 | 7.09
0.7 | 3.63 | 5.90 7.87 9.46 | 26.85 | 49.60 | 418 | 6.21 | 7.96
0.8 | 4.00 | 6.57 8.80 | 1154|3354 | 6254 | 447|679 | 871
09| 441 | 7.32 9.80 | 14.13|41.83 | 77.06 | 477 | 737 | 955
Table D.14: Upper control limits for MEWMYV statistics with A = 0.1 (GK_S,)
0w MEWMVL, MEWMVL. MEWMV
95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
50 |02 615 | 7.91 959 | 2133|3731 | 5859 | 695|844 | 986
0.3 | 3.60 | 5.23 6.76 853 | 18.98 | 3269 | 473|612 | 7.42
0.4 | 327 | 511 6.82 756 | 1931 | 3558 | 435|595 | 7.47
0.5 | 3.34 | 5.39 7.30 8.01 | 21.87 | 41.13 | 429|611 | 7.77
0.6 | 3.57 | 5.98 8.17 9.20 | 27.37 | 5328 | 438 | 652 | 8.49
0.7 | 3.86 | 6.58 914 |10.83|33.94 | 66.80 | 454 | 697 | 9.22
08| 420 | 724 | 1002 |12.83|41.06 | 80.89 | 475|747 | 984
09| 462|804 | 1126 | 1558|5094 | 103.33 | 5.00 | 8.07 | 10.85
100 | 0.2 | 6.33 | 7.60 8.64 |21.80|3219| 4259 | 710|818 | 9.07
03| 342 | 476 5.91 7.63 | 1519 | 2411 | 459 | 574 | 6.71
0.4 | 3.08 | 4.60 5.90 6.66 | 1537 | 2586 | 419 | 553 | 6.65
05| 3.17 | 4.96 6.49 7.18 | 18.41 | 3249 | 415|573 | 7.07
0.6 | 3.43 | 5.49 7.35 8.38 | 23.04 | 42.06 | 425 |6.09 | 774
0.7 | 3.73 | 6.14 8.29 | 10.05|29.20 | 54.33 | 443 | 658 | 8.42
0.8 | 4.08 | 6.83 917 | 1210|3639 | 67.16 | 464 | 708 | 9.18
09| 448 | 755 | 1022 | 1462 | 4446 | 8389 | 488 | 762 | 9.94
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Table D.15: Upper control limits for MEWMYV statistics with 2 = 0.2 (Comedian)

MEWMVL, MEWMVL; MEWMV
N 95% | 99% | 99.73% | 95% 99% | 99.73% | 95% | 99% | 99.73%
0.3 | 23.87 | 29.77 | 34.84 | 306.54 | 490.84 | 681.23 | 2.96 | 4.17 5.35
04| 6.83 | 946 | 11.75 | 29.34 | 59.61 | 96.27 | 3.20 | 4.65 6.01
05| 497 | 761 | 10.05 | 1745 | 43.13 | 78.47 | 3.40 | 5.09 6.62
50 | 0.6 | 447 | 7.27 9.86 1475 | 40.66 | 77.76 | 3.64 | 557 7.38
0.7| 448 | 758 | 10.38 | 1497 | 4539 | 88.33 | 3.88 | 6.08 8.10
08| 472 | 822 | 1142 | 16.57 | 53.72 | 107.74 | 4.16 | 6.66 8.99
09| 507 | 891 | 1259 | 19.23 | 64.20 | 131.95 | 4.45 | 7.26 9.80
0.3 | 32.70 | 37.86 | 41.61 | 552.02 | 750.95 | 907.99 | 2.74 | 3.69 4.52
04| 633 | 841 | 1008 | 2449 | 4482 | 6750 | 298 | 4.15 5.16
05| 450 | 6.63 8.40 1411 | 3161 | 51.98 | 3.20 | 4.59 5.83
100 | 0.6 | 4.12 | 6.43 8.42 1232 | 31.38 | 55.41 | 3.42 | 5.05 6.42
0.7 416 | 6.77 9.05 12.70 | 35.63 | 66.02 | 3.67 | 5.56 7.20
08| 440 | 7.32 9.90 1424 | 4242 | 80.06 | 3.92 | 6.07 7.93
09| 472 | 800 | 1091 | 16.46 | 50.81 | 96.99 | 4.19 | 6.59 8.65

Table D.16: Upper control limits for MEWMYV statistics with A = 0.2 (S, Covariance)

MEWMVL; MEWMVL, MEWMV

e 95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
032092 | 2459 | 27.60 |227.60 | 32257 | 414.69 | 2.65 | 3.62 455
04| 577 | 7.71 929 | 20.33 | 38.08 | 57.55 | 2.87 | 4.05 5.15
05| 420 | 6.24 7.96 12.31 | 2851 | 48.08 | 3.08 | 4.44 5.66

50 [ 06| 387 | 6.10 | 8.13 10.88 | 28.53 | 53.03 | 3.30 | 4.89 6.34
0.7] 396 | 6.51 8.87 11.47 | 33.28 | 63.79 | 3.54 | 5.39 7.04
08| 416 | 7.02 9.62 12.69 | 39.04 | 75.35 | 3.79 | 5.90 7.73
09| 452 | 775 | 1065 | 1492 | 47.77 | 93.25 | 4.03 | 6.35 8.41
0.3]30.17 | 33.61 | 36.08 |463.19 |578.72 | 671.41 | 2.59 | 3.43 4.16
04| 583 | 7.59 9.00 | 20.46 | 35.74 | 51.62 | 2.82 | 3.86 4.74
05| 414 | 599 751 11.84 | 25.66 | 41.53 | 3.04 | 4.29 5.36
100 | 0.6 | 3.82 | 5.87 7.62 10.52 | 26.12 | 45.26 | 3.27 | 4.73 5.98
0.7] 3589 | 6.21 8.22 11.03 | 29.96 | 53.81 | 3.49 | 5.20 6.65
08| 411 | 6.75 9.00 12.38 | 35.71 | 66.29 | 3.75 | 5.70 7.34
09| 447 | 7.43 9.93 1454 | 4361 | 80.21 | 4.00 | 6.18 8.03
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Table D.17: Upper control limits for MEWMYV statistics with 4 = 0.2 (Classical)

MEWMVL, MEWMVL, MEWMV
S 95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
0.3 1926|2047 | 21.13 |186.25 | 210.16 | 224.12 | 2.48 | 3.19 | 3.80
04| 524 | 650 | 7.46 | 16.01 | 24.92 | 3340 | 2.71 | 358 | 4.29
05| 381 | 526 | 6.38 9.88 | 19.23 | 2866 | 2.92 | 396 | 4.76
50 | 06| 356 | 522 | 6.52 9.06 | 20.19 | 3242 | 315|438 | 531
0.7| 367 | 559 | 7.03 9.73 | 23.88 | 39.11 | 338|478 | 586
08| 394 | 612 | 7.85 | 11.20 | 29.06 | 49.13 | 3.62 | 526 | 6.45
09| 429 | 674 | 868 | 13.29 | 3547 | 60.33 | 3.89 | 5.68 | 7.06
0.3 |2877 | 3044 | 31.40 | 415.47 | 464.97 | 494.95 | 252 | 3.25 | 3.83
04| 556 | 700 | 808 | 18.18 | 29.20 | 39.14 | 2.75 | 3.65 | 4.37
05| 397 | 554 | 678 | 10.76 | 21.45 | 32.68 | 2.97 | 407 | 4.95
100 | 0.6 | 3569 | 550 | 6.93 9.78 | 2255 | 36.69 | 3.20 | 451 | 557
0.7| 377 | 583 | 750 | 10.30 | 26.08 | 44.03 | 343 | 495 | 6.16
08| 401 | 634 | 824 | 11.67 | 31.35 | 54.37 | 3.67 | 541 6.80
09| 436 | 697 | 905 | 13.80 | 3761 | 6555 | 3.94 | 589 | 7.45
Table D.18: Upper control limits for MEWMV statistics with A = 0.2 (RMCD)
MEWMVL, MEWMVL, MEWMV
B 95% | 99% | 99.73% | 95% 99% | 99.73% | 95% | 99% | 99.73%
0.3 2982 |41.32 | 52.34 | 502.41 | 1016.46 | 1736.11 | 3.64 | 556 | 7.67
0.4 892 | 1341 | 18.04 | 50.89 | 121.89 | 22589 | 3.92 | 6.15 | 8.44
05| 644 | 1050 | 1455 | 28.92 | 79.57 | 155.66 | 4.16 | 6.68 | 9.41
50 [ 0.6 | 580 | 10.04 | 14.29 | 2457 | 7520 | 155.45 | 4.46 | 7.36 | 10.36
0.7 565 | 10.19 | 14.70 | 23.77 | 78.94 | 167.00 | 470 | 7.97 | 11.39
0.8 | 579 | 1077 | 15.89 | 25.15 | 90.02 | 196.34 |5.01 | 8.74 | 12.70
09| 618 | 11.93 | 17.80 | 28.89 | 111.23 | 247.79 | 5.34 | 9.46 | 13.57
0.3 3550 | 42.16 | 47.75 | 662.07 | 964.30 | 1284.59 | 3.04 | 419 | 5.26
04| 716 | 969 | 11.90 | 31.28 | 60.35 | 94.27 | 328|469 | 594
05| 510 | 763 | 9.84 | 1784 | 4115 | 7021 |352|516| 6.63
100 | 0.6 | 466 | 7.40 | 9.90 | 1574 | 4115 | 7437 | 376|569 | 7.46
0.7 | 464 | 770 | 1052 | 1579 | 4569 | 86.07 |4.02|6.27 | 8.29
0.8 | 487 | 836 | 1151 | 1766 | 54.35 | 106.05 | 430 | 6.85 | 9.16
09| 520 | 9.04 | 1243 | 2015 | 64.07 | 12473 | 458 | 741 | 9.92
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Table D.19: Upper control limits for MEWMYV statistics with A = 0.2 (MVE)

MEWMVL; MEWMVL,; MEWMV

95% | 99% | 99.73% | 95% 99% | 99.73% | 95% | 99% | 99.73%

03] 2162 | 26.37 | 30.72 | 260.85 | 419.54 | 603.72 | 2.84 | 4.07 5.36

04| 628 | 876 | 11.07 | 26.06 | 5419 | 8956 | 3.10 | 457 | 6.03

05| 466 | 7.20 9.67 1565 | 39.14 | 71.05 | 3.32 | 5.06 6.69

S50 | 06| 433 | 7.15 9.75 13.73 | 39.15 | 74.89 | 356 | 559 | 7.48

071 439 | 761 | 10.66 14.16 | 44.67 | 89.89 | 3.82 | 6.16 8.25

08| 456 | 803 | 11.35 | 1523 | 50.64 | 100.73 | 4.07 | 6.77 | 9.25

09| 491 | 884 | 1258 | 17.71 | 60.96 | 12544 | 433 | 7.25 | 9.92

0.3 | 2957 | 32.56 | 35.07 | 455.53 | 570.40 | 689.53 | 2.63 | 353 | 4.34

04| 588 | 7.72 9.22 2151 | 38.77 5731 | 2.86 | 3.97 4.97

05| 421 | 6.16 7.84 12.42 | 27.62 45.73 | 3.08 | 4.42 5.60

100 | 06 | 391 | 6.12 | 8.08 11.04 | 28.38 | 51.08 | 3.30 | 489 | 6.29

07] 398 | 649 | 870 | 1157 | 3241 | 5962 | 355|540 | 7.02

0.8 | 420 | 7.05 9.52 12.83 | 38.47 7221 | 3.78 | 5.89 7.66

09| 454 | 775 | 1059 | 15.02 | 46.74 | 89.10 | 406 | 6.43 | 8.48

Table D.20: Upper control limits for MEWMYV statistics with A = 0.2 (GK_Qn)

MEWMYVL; MEWMVL.; MEWMV

n ()
95% | 99% | 99.73% | 95% 99% | 99.73% | 95% | 99% | 99.73%

0.3 | 20.33 | 23.40 | 25.79 | 211.75 | 284.29 | 351.41 | 2.62 | 3.55 4.46

04| 563 | 7.42 8.91 19.00 | 34.30 50.73 | 2.83 | 3.95 4.96

0.5 | 407 | 5.98 7.61 1142 | 25.583 42.83 | 3.05 | 4.37 5.58

S50 | 0.6 | 380 | 5.94 7.82 10.42 | 26.61 | 47.36 | 3.27 | 482 | 6.22

0.7 ] 387 | 6.30 8.49 10.90 | 30.90 57.70 | 3.50 | 5.28 6.81

0.8 | 409 | 6.86 9.29 12.21 | 36.56 69.85 | 3.73 | 5.74 7.53

09| 443 | 753 | 1034 | 1426 | 44.46 | 86.23 | 401 | 6.27 | 8.36

032045 | 32.15 | 34.13 | 437.95 | 52359 | 593.21 | 257 | 3.39 | 4.11

04| 573 | 7.41 8.72 19.55 | 33.51 47.86 | 2.80 | 3.81 4.69

05| 408 | 587 7.34 1142 | 2441 39.12 | 3.03 | 4.26 5.31

100 | 0.6 | 3.78 | 5.80 7.53 10.28 | 25.25 | 4351 | 3.24 | 470 | 5.90

0.7| 385 | 6.10 8.03 10.75 | 2856 | 50.99 | 3.49 | 5.16 6.58

0.8 | 408 | 6.65 8.84 12.08 | 34.48 62.85 | 3.73 | 5.64 7.22

09| 445 | 7.34 9.84 1440 | 42.08 7798 |397 612 7.95
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Table D.21: Upper control limits for MEWMYV statistics with 2 = 0.2 (GK_S,)

MEWMVL, MEWMVL, MEWMV
i 95% | 99% | 99.73% | 95% | 99% | 99.73% | 95% | 99% | 99.73%
0.3 | 2165 |26.12 | 29.76 | 243.89 | 363.06 | 480.56 | 16.82 | 20.00 | 22.59
041 605 | 824 | 1015 | 2229 | 4323 | 67.03 | 572 | 7.29 | 8.65
05| 438 | 657 | 854 | 13.28 | 31.04 | 52.99 | 448 | 6.06 | 7.50
50 |06| 403 | 648 | 871 | 11.76 | 3161 | 58.36 | 412 | 591 | 756
0.7 408 | 680 | 9.26 | 12.18 | 35.79 | 68.46 | 4.04 | 6.04 | 7.88
0.8 | 429 | 735 | 10.23 | 1352 | 42.33 | 84.07 | 4.08 | 6.36 | 8.43
09| 462 | 806 | 11.16 | 1566 | 51.05 | 101.10 | 421 | 6.75 | 9.03
0.3 | 30.45 | 34.04 | 36.70 | 471.71 | 592.80 | 694.19 | 2.62 | 350 | 4.26
041 595 | 777 | 925 | 2125 | 37.37 | 54.06 | 2.86 | 3.94 | 487
05| 421 | 612 | 771 | 1220 | 2657 | 43.02 | 3.08 | 437 | 548
100 |06 | 383 | 6.03 | 7.86 | 10.86 | 27.28 | 4767 | 3.30 | 484 | 6.16
0.7| 394 | 635 | 843 | 11.29 | 30.97 | 55.89 | 353 | 530 | 6.81
08| 417 | 689 | 925 | 1273 | 37.02 | 68.70 | 3.79 | 580 | 7.50
09| 451 | 757 | 10.20 | 1487 | 4493 | 84.13 | 404 | 632 | 8.23
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Figure D.1: ARL plots for MEWMSL, statistic with ¢ =0.1 and v = 0.2.
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Figure D.2: ARL plots for MEWMSL, statistic with ¢ =0.2 and w = 0.2.
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Figure D.3: ARL plots for MEWMSL, statistic with ¢ =0.1 and @ = 0.4.
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Figure D.4: ARL plots for MEWMSL,; statistic with ¢ =0.1 and w = 0.2.
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Figure D.5: ARL plots for MEWMSL, statistic with ¢ = 0.2 and w = 0.2.
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Figure D.6: ARL plots for MEWMSL,; statistic with ¢ = 0.1 and w = 0.4.
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Figure D.7: ARL plots for MEWMS statistic with ¢ =0.1 and w = 0.2.
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Figure D.8: ARL plots for MEWMS statistic with ¢ =0.2 and v =0.2.
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Figure D.9: ARL plots for MEWMS statistic with ¢ =0.1 and w = 0.4.
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Figure D.10: ARL plots for MEWMVL, statistic with e=0.1, ® =0.2 and 1 =0.1.
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Figure D.11: ARL plots for MEWMYVL; statistic with e =0.2, ® =0.2 and A =0.1.

()
300
& 200
<
100
0 J Ll .
1.00 1.25 1.50 1.75 2.00
5
400
300
& 200
<
100
0 - ]
1.00 1.25 1.50 175 2.00
5
300 300
& 200 & 200
< <
100 100
0 0 T
1.00 125 1.50 1.75 2.00 1.00 1.25 1.50 175 2.00
5 5

~® Classical % GK.Qn # MCD < Sn

~# Comedian —* GK_Sn = MVE
Figure D.12: ARL plots for MEWMVL,; statistic with e =0.1, w =0.4 and A =0.2
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Figure D.13: ARL plots for MEWMVL,; statistic with e =0.1, ® =0.2 and 1 =0.1.
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Figure D.14: ARL plots for MEWMVL,; statistic with e =0.2, ® =0.2 and 1 =0.1.
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Figure D.15: ARL plots for MEWMVL,; statistic with e =0.1, ® = 0.4 and 1 =0.2.
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Figure D.16: ARL plots for MEWMYV statistic with e =0.1, ® =0.2 and 1 = 0.1.
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Figure D.17: ARL plots for MEWMYV statistic with e=0.2, ® =0.2 and 1 = 0.1.
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Figure D.18: ARL plots for MEWMYV statistic with e =0.1, ® =0.4 and 1 = 0.2.
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