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CHAPTER 1 

Part l 

INTRODUCTION 

The discovery that determinism need not necessarily imply predictability has had 

a major impact on many fields of science, engineering and mathematics. Several 

nonlinear systems have been found to exhibit regular and unpredictable dynamical 

behaviour. They are called chaotic systems. The central character of a chaotic system 

is that it does not repeat its past behaviour even approximately. The unpredictability has 

its origin in its sensitive dependence on the initial conditions. The system started with 

arbitrarily close initial conditions evolve entirely differently. In particular, the trajectories 

diverge exponentially and hence predictability is lost. This is in contrast to a regulgr 

system for which predictability is possible. The divergence of the trajectories is 

characterized by the Lyapunov exponent. If this exponent is negative or zero the system 

behaves regularly and if  positive, the system evolves chaotically. For a regular systern. 

during the evolution, the phase space points are attracted to a fixed point (as in 

damped oscillations) or to a limit cycle (as in the van der Pol oscillator) or settles on a 

torus (as in higher dimensional Hamiltonian systems). The iyapunov exponent gives a 

measure of the predictability. More precisely the inverse of the Lyapunov exponent gives 

a time scale beyond which the dynamics becomes unpredictable. 

It was Henri Poincare who, towards the end of nineteenth century. was the first to 

recognize this phenomenon of chaos, while studying the orbits of the outer planets of our 

solar system. But we had to wait for several decades, for the subject of chaos to be 

rediscovered in the pioneering work of Lorenz; the advent of somputers made possible 

the rebirth and the subsequent phenomenal growth of the subject. 

When predictions become impossible, a chaotic system resembles a stochastic 

system - a system subject to random external forces. However, there are differences. The 



irregularity in a deterministic chaotic system is part of its intrinsic dynamics, while in 

stochastic system it is due to noise, external or internal. In stochastic processes no 

predictions, short term or long term are possible. But in chaotic processes short time 

predictions are possible, but long term forecasting is impossible. 

Ever since chaos was found in a model for weather forecasting, proposed and 

studied by Lorenz in the sixties, several real and model systems have been found that 

exhibit a rich variety of chaotic dynamics. These come under two broad classes- 

dissipative systems and Hamiltonian. These include the forced pendulum, iteration over 

non-linear maps like the Henon map, the kicked rotator, kicked oscillator, the Henon- 

Heiles system, etc. These are briefly introduced and discussed in the next few sections. 

In this thesis we propose a new model that exhibit regular as well as a rich variety 

of chaotic dynamical behaviour. These are discussed in chapter 2. A quantum 

mechanical treatment is  discussed in chapter 3. 

Besides, we investigate the intriguing connections between non linear maps and 

the ordinary differential equations derived through Taylor expansions. This work 

discussed in chapter 4 provides new and useful insights on maps and dynamical 

equations. 

The model proposed in chapter 2, is  a Hamiltonicn system describing the 

dynamics of a charged particle in a medium having a dielectric discontinuity. This 

problem shares several of its features with the anisotropic Kepler problem described in 

Gutzwiller [28]. In the model of Gutzwiller, chaos arises from the anisotropy of the mass 

which can be transformed to anisotropy of the potential through an appropriate 

canonical transformation. In our problem, the chaos has its origin in the force due to 

image charge, which renders the potential anisotropic. This is briefly discussed below. 

We derive the Hamiltonian of our model system by considering all the forces 

acting on the moving charge, including those due to image charges. Then solving 



Hamilton's equations of motion, the dynamical trajectory of the system is calculated for 

different initial conditions and for different relative values of the dielectric constants. Let 

6 denote the ratio of the dielectric constants. We find that for certain specific values of 

the control parameter 6 and initial conditions, the system exhibits chaotic behaviour. 

We also find that for the same value of 6, we have regular dynamics for some initial 

conditions and chaotic behaviour for some others. This type of behaviour - different initial 

conditions in phase space leading to invariant tori (representing regular regions) and 

submerged tori (representing chootic motion) - is expected of an Hamiltonian system. A 

typical example is the Henon-Heiles system, which becomes chaotic for certain energies. 

We have investigated the system described above employing standard 

techniques like stability analysis, time series analysis, Lyapunov spectrum, power 

spectrum, Poincare sections etc. The time series analysis clearly shows the sensitive 

dependence on initial conditions. The trajectories from two nearby initial conditions 

exhibit exponential divergence. We have also calculated the Lyapunov spectrum which 

confirms emergence of chaos. For calculating Lyapunov exponents we have employed 

the recently proposed QR algorithm [33], which is superior to the Wolf's algorithm [33]. 

The QR algorithm is described briefly in the appendix. 

Further, we have investigated the dynamical evolution of the system using 

Poincare sections for different initial conditions with same energy. We get a number of 

invariant tori corresponding to regular motion and a patch corresponding to chaos. In 

fact, from this plot, we could identify the initial conditions that lead to regular dynamics 

and those that result in chaos. The distribution of Poincare return times for regular and 

chaotic dynamics are plotted. We find the distribution of return times for regular motion 

to be noticeably different from that for chaotic motion. To the best of our knowledge 

such a study has not been reported in the context of Hamiltonian chaos. 



The power spectrum for chaotic and regular trajectories also give distinctly 

differing characteristic features for Hamiltonian systems, even though these differences 

are not as dramatic as one finds for the dissipative systems. 

We study the quantum mechanical formulation of this system in chapter 3. In 

literature we see two different approaches in the quantum mechanical treatment of 

classically chaotic systems. One is the study of the statistics of the energy level spacings. 

The level spacing obeys Poissonian statistics for classically regular systems and Wigner 

distribution for classically chaotic systems. This change in distributions is attributed to the 

level repulsions which is a characteristic feature of quantum chaos. Simple systems like 

Sinai billiards were studied and their eigenvalue spectrum were investigated for signature 

of quantum chaos. However calculation of sufticiently large number of eigenvalues is 

rather difficult for our model system. Hence we have opted for the second method 

based on the Bohmian mechanics. In chapter 3 we have employed this method for our 

quantum calculations, which gives a correspondence between a classical trajectory 

and a Bohmian trajectory. The wave functions also play an important role in these 

calculation. Within the Bohmian frame work, we construct an effective potential as the 

sum of the classical potential and a state dependent quantum potential. The particle 

moves in this effective potential, guided by the quantum wave. In this method, we con 

define a trajectory (for the particle) which is not possible in the conventional quantum 

frame work. This means that a comparison of trajectories from two nearby initial 

conditions is possible, as in classical case, and chaotic behaviour, i f  present, can be 

characterized. 

The trajectories calculated using this method show a clear difference between 

chaotic and regular motion. The distance of separation between two trajectories started 

from nearby initial conditions diverges exponentially in chaotic case: in contrast, there is 

no such divergence in regular motion. We have tested this method and the algorithm 



developed by us for the known case of the Henon-Heiles system. Our results exactly 

match with those reported by Senguptha and Chattaraj [52]. Besides, our algorithm is 

found to be more accurate than that of Senguptha and Chattaraj [52]. 

In chapter 4 we begin with a discussion on the Taylor expansion 

1 d l s ( t )  . 
.Y(I + l )  = X--- in the discrete map X ( t+ l )  = f (X (t)). Such an expansion should 

'I L// l  ,=o I .  

represent the original dynamical system. We consider truncating this series at finite order 

' l d l . v ( l )  
N to get a new dynamical system = f ' (s (0) .  The behaviour of this 

l= , ,  .i! tlf 

dynamical system is entirely different from that of the map for all finite N. As is evident 

from the stability analysis, truncation up to second order does not give any chaotic 

behaviour, irrespective of the nature of the map. Considering the stability of the solution 

about an arbitrary reference point and using Routh-Huwitz theorem, we show that for 

truncation of the order five or greater, the system is unstable. Numerical calculations 

performed on a few model systems corroborate this finding. For the specific case of the 

logistic map, third and fourth order truncations show regular, chaotic and unstable 

behaviour. However, these are remarkably different from the behaviour of the original 

map. For the case of the logistic map, we have further explored the Taylor series 

expansion up to third and fourth orders. By a suitable transformation we get two- 

parameter differential equations with a riddled parameter space- an unmistaka5le 

signature of structural instability. We thus demonstrate that even very simple systems 

behave in a complicated manner. 

The new findings reported in the thesis are briefly summarized in the fifth chapter. 

In the next few sections, we briefly review some important nonlinear systems and maps 

which exhibit chaotic behaviour. 



Part  II 

SECTION A 

DlSSlPATlVE SYSTEMS. 

Over the last two or three decades a number of dynumical systems have been 

identified, which exhibit chaos. There are a lot of monographs appeared on the 

subjectll-61. During the seventies R.M. May gave a beatuful account of a very simple 

model (Logistic map) which shows very complicated behaviour [7]. A decade before 

this, E.N. Lorenz had put forward a model while trying to simulate the atmospheric 

dynomics, which shows complicated behaviour[8]. This complicated behaviour lecd to 

the introduction of strange attractor[9], which is basin of attraction of a chaotic system. 

Later Feigenbaum discovered universality in some non-linear systems[lO]. The study of 

chaos also started throwing light on the unsolved problem of turbulence [ l  l ] .  A large 

number of experimental work were also started during this period in Physics, Chemistry, 

Fluid dynamics, Electronics, Biology, Medicine etc. [l 2-20] 

Some models exhibiting chaos are described below. 

1.1 .Forced pendulum. 

A forced pendulum is given by the equation 

d'8 dB + I - -  + sin 8 = , J'sin(2nvt)  
dt- dt 

where the first term represents inertia, the second, friction at the pivot, the third, gravity 

and the term on the right hand side represents a sinusoidcl torque applied at the 

pivot.(This equation also describes the behaviour of a simple Josephson junction circuitj. 

Here the equation have three degrees of freedom which is a necessary conditio~ for 

getting chaos in a system represented by differential equations.The non linearity in 

equation ( 1  . l .  1 ) is coming from the term Sin 8. If we do a simple transformation as 

xi')= 8 (1.1.2~) 



~ 1 2 1  = dO/dt 1 . l  .2b) 

xI3) = 2x1, t (1.1.2~) 

Equation ( 1 . 1 . 1  ) can be written as three autonomous first order equations and since the 

dimensionality of the system is now 3 (N=3), the system exhibits chaos for particular 

choice of parameters r, F and 

The phase plot of the above system (with 2n\+ =COD) for COD =2/3, r=0.5 and f=1.2 is 

given in the fig.1 . l  . l .  It clearly shows the chaotic nature of the trajectories. For a regular 

oscillatory motion, the phase plot would have been a closed curve, either an ellipse or a 

circle. Here, instead we are getting a number of curves showing irregular motion of the 

pendulum. 

The time series for the forced pendulum plotted for two nearby initial conditions 

(for the parameter values coo =2/3, r=0.5 and f=1.2) of the variable x(2l is given in fig.1 . l  .2. 

Here the two trajectories initially superimpose, and later they diverge and are widely 

separated. This sensitive dependence on initial conditions is the characteristic feature of 

a chaotic system. 

The power spectra for two different cases are given in fig.l.l.3. Fig.1 . l  .3a is for wo 

=2/3, r=0.5 and f=0.9, which corresponds to regular behaviour. Here we have only one 

frequency and its higher harmonics. But in fig 1 .l .3b, which is  for COD =2/3, r=0.5 and f=1.2, 

we get a broadband spectrum. Here we get all possible frequencies up to a range, 

which is an indication of chaos. The power spectrum initially falls exponentially and the 

fall near the tail is much slower. 

The bifurcation diagram given in fig.1. l .4 shows perioc doubling, chaos, periodic 

windows, intermittency, reverse bifurcation etc. Comparing this with the bifurcation of 

logistic map, the features like periodic windows etc. are not as clear as that in logistic 

map. 



Fig.1 . l  . l  .The Phase plot (8 vs. dO/dt) for the forced pendulum for (*,D =2/3,r=0.5 and f=1.2 



Fig. 1 . l  .2.The time series for the forced pendulum for o o  =2/3 ,  r=0.5 and f=1.2. Solid line and dotted 
line are for two initial conditions separated b y  10-6 units. 



Fig.1 . l  .3a. The power spectra for the pendulum for coo =2/3 ,  r=0.5 and f=0.9(regular) 



Fig. 1 . l  .3b The power spectra for the pendulum for (,)P =2/3, r=0.5 and f= 1.2(chaotic) 





I .P.Lorenz model 

In fact chaotic systems of low dimensions were known even before 1970. The 

present activities in the study of chaos started after the publication of a paper by 

E.N.Lorenz in 1963. He was trying to model the dynamics of the atmosphere by 

approximating the equations governing fluid dynamics using three variables[8]. The 

Lorenz model is given by the equations 

where o, r and b are dimensionless parameters. Here X is proportional to the circulatory 

fluid flow velocity, y characterizes the temperature difference between rising and failing 

fluid regio~s, ond z chracterizes the distortion of the verticai temperature profile from its 

linear-with-height equilibrium variation. For a choice of parameters o=10, b = 813 and r= 

28, the system shows chaotic behaviour. The phase plot for the above parameter values 

gives a strange attractor.(see Fig.1.2.1). The Lorenz attractor in 2-Dimensional space and 

3-Dimensional space are given in fig. 1.2. l a. and fig. 1.2. l b. 

The time series and power spectrum for the Lorenz rnodel for the parameters 

given above are plotted in fig . l  .2.2. and fig.1.2.3. The sensitive dependence on initial 

condition, which is a signature of chaos is seen 'from fig. 1.2.2. The power spectrum 

(fig.1.2.3) depicts a continuous band at lower frequencies which also is an indication of 

chaos. 



Fig. 1.2.1 a. Lorenz attractor in 2-D for the parameters o=10, b = 813 and r= 28. 



Fig. 1.2.1 b. Lorenz attractor in 3-D for the parameters o=10, b = 813 and r= 28. 



Lorenz model- time series 

20 n 1 

Fig. l .2.2.The time series for Lorenz model for two nearby initial conditions (seperated by 1 0-6 ) for the 

parameters o=10. b = 813 and r= 28. 



Fig. 1.2.3.The power spectrum for Lorenz model for the parametrers given in fig. 1.2.2. 



f /f 0 
Fig.1.2.4.Power spectrum averaged over 100 initial conditions for the Lorenz model for different 
number of evolution steps (N). 



le-09 1 
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f / f0  

Fig. 1.2.5. Averaged Power spectra for Lorenz model for different sampling interval (dt) or different 
Nyquist frequency.(a)top for dt=O.Ol (b) middle for dt=0.005 (c) bottom for dt=0.001. 



The power spectrum is averaged over various initial values and is plotted in 

fig.1.2.4. for different N(number of data) values. The power spectrum is found to depend 

on N (the tail region scales as 1/N). (This is due to the finite size effect). Also the power 

spectrum seems to be dependent on the Nyquist frequency (or sampling time intervai dt) 

(see fig. 1.2.5). The power spectra calculated numerically will be always aliased. In otner 

words, the effect of frequencies beyond fc=1/2(dt) will be folded back into the power 

spectrum calculated [21]. 

1.3. Maps or Difference equations. 

Since study of differential equations (flow) is quite an involved work, people 

started concentrating on difference equations (or maps). 

One of such maps which shows chaotic behaviour is a piecewise linear one- 

dimensional map given by, 

For xn < 'I'Z the above equation is 

X,,,; = 2s I ,  and 

for Xn > % ,  

This map called tent map shows the behaviour of stretching (which leads to exponential 

divergence of nearby trajectories) and folding (which keeps the orbit bounded) (221 

Another simple map closely related to the tent map is  

Xn+l  = 2 X r  modulo 1 (1.3.2) 

A third system which shows chaos and well studied by various people is the 

Logistic map which is used by R.M. May for modeling yearly variations in the population 



of an insect species [7]. The logistic map can be derived from the Logistic differential 

equation, which describes the population dynamics. 

The rate of change of population (say, of any insect, in limited conditions) is 

given by[23] 

In the above the first term represents exponential increase of the population and the 

second term represent the decrease of population due to limited resources. 

The difference equation corresponding to (1.3.3) is  

Where r' = r+ l .  

Normalizing N by taking X = N/(rl/s) in equation (1.3.4), we get 

with x ~ [ O , l ]  and 0 < r ' s  4 

This map is rich in its dynamics with period. doubling, chaos, intermittency etc. Lcrter 

Mitchell J. Feigenbaum used this model to show some universal characters for quadratic 

maps exhibiting chaos [10]. 

In Chapter 4 we give a new way of treating maps, namely. equating them to 

finite series differential equations. 

1.4.Two-dimensional map - Henon map. 

A well known example for a 2-dimensional map is the Henon map. It is given by 

the difference equation [22,24] 



In this map they describe a model, which is simple, ye? exhibit the same essential 

properties of a non-linear differential equation like Lorenz system. Instead of considering 

the whole trajectories in 3-dimensional space, they used only successive intersections 

with a 2-dimensional surface of section. For a=1.3 and b=0.3, the result of p!otting 

successive points obtained by iterating equation ( l  .4.1) is given in fig. l .4.1. The attractor 

in the figure is a strange attractor corresponding to chaos. The self-similarity is clearly 

seen from it by taking a blow up of a small portion of it. The dimension of the attractor is 

fractional (D = 1.26) and hence it is a fractal. 

X 

Fig. 1.4.1. Plot of Henon attractor for a=1.3 and b=0.3 



Chaos has been observed in some chemical reactions also. One of such well 

studied examples is the Bolouzov- Zhabotinskii (B-Z) reaction.[l7] 

In chapter 4 we have studied the Logistic equivalent of differential equation, 

which shows very interesting results. 

In the next section we give a brief review of Hamiltonian systems and how chcos 

in such systems are characterized. 



SECTION B 

HAMllTONlAN SYSTEMS 

Hamiltonian systems are a class of dynamical systems that occur in a variety of 

circumstances. The special properties of Hamilton's equations endow these systems with 

attributes that differ qualitatively and fundamentally from other systems. For example, 

Hamilton's equations do not possess attractors. 

Some of the Hamiltonian systems are, the well known case of mechanical systems 

without friction, paths followed by magnetic field lines in a plasma, the mixing of fluids, 

the ray equations describing the trajectories of propagating waves etc. In all of these 

situations chaos can be an important issue. Also, chaos in Hamiltonian systems may throw 

light on issues like foundations of statistical mechanics and stability of the solar system. In 

addition, Hamiltonian mechanics and its structure are reflected in quantum mechanics. 

1 .S. The dynamics of HamiRonian systems. 

The dynamics of a Hamiltonian system is completely specified by a simple 

function, the Hamiltonian, H (p, q, t). If the number of degrees of freedom of the sysfeni is 

N (N=3n, for n particles interacting in 3-D space), then the trajectory (p (t), q (t)) of rne 

system in 2N-dimensional phase-space can be determined by solving the Hamilton's 

equations of motion, viz, 

dp/dt = - ?H (p, q,t)/ q 'i 
dq/dt = i H (p, q, t) /  i: p J 

If H does not have any explicit time dependence (i.e., H=H (p, q)), then 



dH dH dH dH 
----p- 

ap ay. ay. 817 

Identifying H as the energy E, of the system, we see that the energy is conserved. 

~.e., E= H(p, q) = a constant of motion. . ( 1.5.3) 

One of the basic properties of Hamilton's equations is that they preserve 2N-dimensional 

volumes in the phase space. Thus, if we consider an initial closed surface So in the ".- 

dimensional phase space and evolve each point on the surface forward with tirne, we 

obtain at each instant of time t a new closed surface St which contains within it precisely 

the same 2N-dimensional volume as does So. As a consequence of this result, Hamiltonian 

systems do not have attractors in the usual sense. This incompressibility of phase space 

volume for Hamiltonian systems is called Liouville's theorem. 

For an integrable system, the trajectory in phase space will remain on the 

constant energy surface. Since there are N constants of motion for an integrable system 

with N degrees of freedom, the trajectories are confined on an N-dimensional torus in the 

2N dimensional phase space. Even if we give slight perturbation to this integrable 

Hamiltonian, the tori are not destroyed. Only for very large perturbations, the tori get 

destroyed and the system goes from regular to chaotic motion. For a not enough strong 

perturbation, we may observe some regular tori and some other destroyed ones. The 

idea of transition from integrability to non-integrability is given by KAM theorem [22]. Also 

it is observed that, the trajectories can wander from one torus to another in phase space 

within constant energy surface. 



1.6. A few examples of Hamiltonian systems. 

A classical example of a non-integrable Hamiltonian system is the three-body 

prob!em (say, in celestial mechanics or atomic physics). A number of non-integrable 

Hamiltonian systems have been identified and studied for their chaotic behaviour. It 

includes differential equations and difference equation (maps) representing Hamiltonian 

systems. The standard map, kicked oscillator, kicked rotator; Henon-Heils systems eic. are 

some of the well-studied chaotic systems. 

1.6.1 .The standard map (Kicked rotator) 

Let us consider a rotator with a moment of inertia I and length L, fastened to a 

frictionless pivot subjected to a periodic impulse of strength k/L . Let P, be the angular 

momentum and 8 the angular position at any instant. Then the Hamiltonian can be 

written as [22,25]. 

4; Here - is the unperturbed Hamiltonian. 
21 

The Hamiltonian (1.6.1) corresponds to a particle motion in a periodic wave 

packet with an infinite number of harmonics of equal amplitude. 

The equations of motion derived from (1.6.1 ) are 

If (Pn, 8n) are the values of the variables just before nth kick, and (Pn+,, &+I) are the values 

of the same variables before the next (n+l)+h kick, then from (1.6.2) and (1.6.3) we get 

the mapping equations as 



Pn+l = Pn - k sin O n  

@,l+ I = 811 + PI,+ I 

when k= 0, the system will be integrable, and the trajectory can be put on a torus P (mod 

2 x ) ,  $(mod 2 x )  and the corresponding phase portrait will be a closed curve. But when 

k > 0, the phase portrait will be complicated (see ref .25).  
' 

This map. also called as Chirikov-Taylor map, offers a simplified model of the onset 

of chaos by retaining the typical complex features of the problem. When the value of k is 

increased above zero, the system becomes non-integrable. The fig. 1.6.1 shows (8,P) plot 

for various initial conditions. If the initial condition is on an invariant torus it traces out the 

closed curve corresponding to the torus. If the initial condition yields a chaotic orbit, then 

it will wander through out an area densely filling that area. For small perturbation (k=0.5) 

there are many KAM tori. (See fig.1 . & l ) .  When k is increased, more and more KAM tori 

disappear and the chaotic orbit fills almost the phase space. Phase plot for k=1.0 and 2.5 

are also given in fig. 1.6.2 and fig. 1.6.3. 
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Fig. l .6.1 The phase portrait of the standard map (k=0.5) 
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Fig: 1.6.2. The phase portrait of the standard map (k=1 .O) 



theta 

Fig: 1.6.3. The phase portrait of the standard map (k=2.5) 



1.6.2.The Web - Map (Kicked Oscillator) 

The Web-Map is a result of the consideration of particle motion in a constant 

magnetic field and an electrostatic wave packet propagating perpendicular to the 

magnetic field. The Hamiltonian of the system is 

The equation of motion obtained from (1.6.5) can be written as a difference equation 

and by a suitable transformation we obtain the map [25] 

The most interesting case involving map (1.6.6) is that of the resonance between 

sequences of kicks and oscillator frequency w o  

i.e., when a = coo T = 2 n /q (1.6.7) 

This map can be considered as a dynamical generator of the q-fold symmetry for the 

resonance condition (1.6.7), which is of the crystalline type for 

and the quasi-crystal type for q c { q, } 

Examples of a phase plane with narrow stochastic layers are given in fig. (1.6.4) for 



Fig. 1.6.4 a. The p h a s e  plot for t h e  w e b - m a p  (eq .  1.6.6) for q = 4  and k= 1.5 



Fig. 1.6.4 b. The phase plot for the web-map (eq. l .6.6) for q=5 and k= 1.2 



Fig.1 .6.4 c .  The p h a s e  p l o t  for the web-map (eq.1.6.6) for q = 6  and k=1.2 



Fig. 1.6.4 d. The phase plot for the web-map (eq.1.6.6) for q=7 and k=1.5. 



These illustrations demonstrate the existence of the stochastic web of a corresponaing 

symmetry in the phase plane. The stochastic web is a net with each part being a 

stochastic layer. One can say that the net of channels, which constitute the stochastic 

web, provides particle transport along the web (fig. 1.6.4) 

1.6.3.The Henon- Heils system. 

One of the simplest and well studied non-integrable systems is the Henon-!ieils 

system [26,27]. The equations of motion of the Henon-Heils system are 

The potential is given by 

V(X,Y) = % ( ~ 2  + y2 ) + ~2 Y - y3 /3 [ l  -6.10) 

This system has not been solved using any analytical method. Here we have a 4-D phase 

space X, i, y, j9 and it in this space is not possible to visualize. If we restrict the initial 

conditions to one value of the energy, E, there are only three independent co- 

ordinates left over, due to the constraint H (X, x ,  y, j ) =E. Since 3-D space is still difficult 

to draw, we only plot the intersection points of the orbit X (t), y [t), j (t) with a 2-0 plane, 

y vs. j (at X = 0). If the system were integrable this (poincare) surface of section would 

look like that of Fig.1.6.5. 

But when the system is non-integrable, the surface of section becomes 

complicated, and these are plotted in Fig.1.6.6. for the Henon-Heils system for various 

energies E. At  E = 1/12, the phase plot does look like a dotted deformed version of the 

one for an integrable system (fig.1.6.60). At E = 118 the seperatrices seems to be 

disappeared (fig. 1.6.6b) (see Fig. l .6.5. also), replaced by a chaotic collection of dots 

(from one orbit) through which it would be difficult to draw a nice simple curve. At a 

higher energy. 



Fig1 6.5. Phase plane plot for the pendulum. (Schematic) 



Fig 1.6 60: Phase plot for Henon-Heils system for E= 1 11 2 



Fig 1.6 6b: Phase plot for Henon-Heils system for E= 1 /P. 



Fig 1.6 6c. Phase plot for Henon-Heils system for E=1/6 



E= 116, nearly all of the available phase plane seems chaotically filled with the 

intersection dots of just one orbit (fig.1.6.6~). Yet some small islands, with an elliptic 

(linearly stable) points at their center, can still be seen. Those orbits do not wander. The 

time series for Henon-Heils for the energy E=l l 1  2 and E=1/6 for nearby initial conditions is 

shown in fig.l h.7. Fig 1.6.7~1 which corresponds to the energy E=l  112 gives a time series, 

for two arbitrarily close initial conditions. The two time series.exactly superimposes and we 

cannot distinguish the two. For this energy we get regular motion. The Poincare section 

for this energy gives invariant tori (fig.1.6.6a), which also suggest regular motion. In 

fig. 1.6.7b the time series for the energy E=l  16 for two arbitrarily close initial conditions are 

plotted. The divergence of trajectories as seen from the plot clearly suggests the sensitive 

dependence on initial conditions. The Poincare section plotted for this energy (fig.1.6.6~) 

give scattered points which is the indication of destroyed torus. Thus chaos is confirmed 

for the system for the energy E=1/6. 

The power spectrum for the case E=1/12 (fig.1.6.80) show a few prominent 

frequencies and their higher harmonics. This can be treated as characteristics of regular 

system with periodic behaviour. But the power spectrum for E=1/6 (fig.1.6.8b) show a 

spectrum of frequencies which can be interpreted as the behaviour of an irregular 

system. But the frequency component vanishes beyond a range, which makes a 

difference between stochastic process and a chaotic system. 



F 1 g 1 . 6 7 0  The time serles for the Henon-Heils model for E=1112 



Fig1 67t3 The time serles for the Henon-Heils model for E = l / 6  



Fig.1.6.8~1. The power spectrum for the Henon-Heils model for E= 111 2 



Fig.1.6.8b. The power spectrum for the Henon-Heils model for E=1/6. 



We could go on to cite many examples of mechanical systems displaying the type of 

behaviour seen in the example of Kicked rotor. It is perhaps; somewhat more surprising 

that these same phenomena apply to situations in which one is not dealing with 

straightforward problems of mechanics. The point is that these problems are also 

described b y  Hamilton's equations. Three examples of this type are the following. 

1 .Non-turbulent mixing. 

2.The trajectories of magnetic field lines in plasmas. 

3.The equations for the propagation of short wavelength waves in inhomogeneous 

media. 

In chapter 2 we introduce a new Hamiltonian system, which shows chaotic 

behaviour for certain parameter values and initial conditions. 



CHAPTER 2 

MOTION OF A CHARGED PARTICLE AROUND A FIXED OPPOSITE CHARGE NEAR A 

DIELECTRIC DISCONTINUITY. 

2.1 .Introduction. 

In this chapter we study a model, which is a simple Hamiltonian system, yet 

exhibiting complicated behaviour, including chaos. We have already discussed the well- 

known Hamiltonian system. which shows chaos as well as regular features for different 

energy values, namely Henon-Heils system [26]. The model we describe here is hydrogen 

like system kept in a dielectric medium near a discontinuity. Precisely, we have a 

charged particle moving around a fixed opposite charge kept in a medium with a 

dielectric discontinuity, We are inspired from the Anisotropic Kepler Problem (AKP) 

described by Gutmiller [28], which also shows regular as well as chaotic behaviour. In 

AKP the chaos is coming from the anisotropy in mass of the charged particle moving in 

the medium. In our model instead of mass anisotropy, we introduced a discontinuity in 

the medium, which causes image charges for moving as well as stationary charges. If we 

include the contribution to the force due to all the charges and image charges, the 

equation of motion will become non linear. (see sec. 2.2.). During the development of 

the model, we came across similar models, though slightly different, which shows chaos. 

Some of them are, Hydrogen atom near a metal surface [29], Hydrogen atom 

interacting with different external fields like magnetic field, electric field, crossed electric 

and magnetic field (301. In models given in ref.29 the chaos is due to the image charges 

and that given in ref 30, it is due to the external fields. In our model we have seen that. 

the system becomes chaotic, for certain parameters ( ~ = E I ! E ~ ,  the ratio of dielectric 

constants of the two media) and initial conditions. The mathematical model is 

developed, b y  considering all the forces on the moving charge, including that due to 

the image charges. The Hamiltonian thus derived is used for getting Hamilton's equations 



of motion. We have scaled the equations for elimincting the terms like charge, mass etc. 

so that we get simple looking equation. Now the problem is six dimensional one, since we 

require three co-ordinates and three momenta to get the trajectory of the system in a six 

dimensiorial phase space. Since to view the trajectory in six dimension is almost 

impossible, and even to get a Poincare surface of section becomes a tough job for such 

a model, we tried to reduce the dimensionality of the problem. Since it has a cylindrical 

symmetry the angular momentum is conserved, and hence the six dimensional problem 

is reduced to a four dimensional one. Now we could take a Poincare surface of section 

by reducing one more dimension by keeping the energy constant. Thus a plane cutting 

an energy surface in three dimensions can be defined. By looking at various planes and 

for different parameter values and initial conditions, we could see that the system shows 

regular as well as chaotic behaviour. Thus we could identify different initial conditions 

showing chaotic or regular behaviour. In addition the stability analysis of the model 

shows that, for a range of parameter value 6, it can have fixed points showing center or 

quasiperiodic solutions (regular) and we could as well imagine that for these values of 6 

itself, there may be points in phase space which are unstable and may be chaotic. On 

the other hand, in dissipative systems, we get either fixed points (for regular casej or 

strange attractors (for chaotic case). Since phase space volume does not contract in 

case of Hamiltonian systems like our model, we cannot expect strange attractors. At the 

same time, for Hamiltonian systems, different initial conditions may lead to regular as well 

as chaotic motion. This assumption made us to search for initial conditions comparatively 

far away from the stable points for any chaotic region, and in fact we obtained some. 

We have investigated the system extensively using the standard numerical techniques, 

like the time series analysis, calculation of Lyapunov exponents, plotting the trajectory, 

taking the power spectrum, the Poincare surface of section etc. Plotting the time series 

for two nearby initial conditions shows the sensitive dependence on initial conditions 



(SIC) for the initial condition corresponding to chaotic solution. The trajectories plotted 

also gave a clear evidence of SIC. The distance between the trajectories during the 

evolution also confirms this. The power spectrum for the time series, which can be used to 

characterize chaos in dissipative system, also indicate a difference between chaotic 

and regular motion of our model, even though not as convincing as in the dissipative 

systems. 

The model, which we have described here, shows chaos classically, and may be 

relevant in the context of electron motion in semiconductors, organization of particles in 

charged colloids etc. This part of the work is reported in [31]. 

A quantum mechanical treatment of the problem is discussed in chapter 3. 

2.2.Derivation of the Model 

Consider a charged particle +Q frozen at ro(xo,yo,zo) and a charge -Q which is free to 

move any where in the medium with a dielectric discontinuity and having the 

instantaneous state vector r (X, y,z). 

l Z= 0 plane 

Fig. 2.2.1. Schematic diagram showing the positions of charges. 

We can calculate the field E in the region z > 0 when physical charge is placed in the 

region z > 0 as follows by the method of images [32]. 



We know that whenever a charge in one medium is close to another dieleciric, 

there will be induced charge on the dielectric. This induced charge is distributed 

through out the dielectric medium and will influence the original charge also. Thz effect 

due to the entire charge distribution due to induction can be taken as the effect of a 

point charge in the dielectric located at an appropriate place. This virtual point charge is 

called image charge. Whenever we are dealing with forces on a charge in a dielectric, 

we have to take the effect due to image charge also into dccount. 

Fig.2.2.2. Vectors representing real charge and image charge. 

Let Q' be the image charge of +Q when looking from the medium 1 (with dielectric 

constant E ) ) .  NOW the entire region can be assumed to be filled with medium 1 (with 

dielectric constant E ! ) .  Then the electric field E in this region (say at P) can be calculated 

as follows, 

V ( r  - l . , , )  g1 (l- -l-,,') E' =- +-- 
4r&l l(r - I-~, ) l .  4r&, 11# - l-;13 

The charge density at point z > 0 is given by 



for z > 0 (2.2.3) 

(Since the second term in 2.2.2 becomes zero for z > 0) 

If the charge is placed in the region z > 0 we calculate the field at z<O, as described 

below, see fig.2.2.3. 

Fig.2.2.3. Position vectors of effective charge (Q") and the moving charge -Q 

We consider that the entire medium is replaced by medium 2 (with dielectric constant EZ) 

and let the effective charge when looking from a point z 0 be Q". 

We have 

D = E E  

Normal component of D is continuous and so Dz is continuous. 

&l E - - I  :+(I = ~~~1 
:+l1 



So (1 .  - 1;) ) = ( p  - PI1 ) - ~ o k  

' 
( I '  -I;, ) = ( p -  p. ) +  =ok 

I(/. - 1;) ) I ?  = I (  p - PI, ) l 2  + ;,l2 

2 
l(I '  - l.(,' ) l 2  = I ( P  - P O  ) l 2  + zo 

But tangential component of E is continuous. 

From (2.2.7) (using (2.2.1 ) ,  (2.2.4), 2.2.8) and 2.2.9) we get 

i.e., - Q + Q' = -Q" 

or Q v  = Q -  Q' 

From equations (2.2.10~) and (2.2. lob) we get, 



E l  E l  E >  

Then using (2.2.12) we get, 

and 

Equations (2.2.15) and (2.2.16) gives the image charges at z < 0 and z>O respectively. 

2.3.The Equation of motion for the model 

E , - & :  d - l  ?E,  - 3 
Let US put U = ------ = - and h=--=- El where 6 = - . The situation 

E ,  + E '  ( S + 1  E ,  + C ,  8+1 E ,  

when the particle is at z>O is shown in the fig2.3.1. (Let 0 be the origin of co-ordinate 

system) 

Fig.2.3.1. The different forces acting on the particle -Q when it is at z > 0. 

The force F on the particle at B is 

[Since Q' = aQ ] .'+ 



Q' ( r  - R )  - Q'u(r - R') + Q'.(. - r ' )  
l l q  - RI" l r  - ~'1.' 1,. - l.'3 J 

(S .  .l1. : - Z )  u(x. .l1. c + Z )  ,,'? ; " [- 
4 q  [S' + .l.' + (; - z ) . ]  l [ X ?  + ?.l + (; + z)'r 

The situation when the particle is at zcO is shown in fig.2.3.2 

Fig.2.3.2. The different forces acting on -Q when it is at z < 0 

The force on the particle at F is, 

Equations (2.3.2) and (2.3.4) can also be written as, 



.. p2 (S. j'. z - Z) - U(S. .l'. , + Z) 
j7 = M I I '  = -- 4 m l [ i ~ y 2 + j q 2 + ( ; - i ) ~ ~  [ S 2 + j - 2 + ( z + z ) 2 f  

h(x. j l .  z - Z) + a(O.O.l) Z)'y ? 4:' 1 , for z<O 

El where S = - 
E ,  

The corresponding Hamiltonian is obtained as 

and 

h 
(2.3.8) 

2/11 

i3H 
i.e., by knowing the Hamiltonian we can make use of Hamilton's equations p = -- 

aq 

dH 
and g = - for getting the equations of motion. In other words, equations (2.3.5) and 

c?l' 

(2.3.6) are obtained from (2.3.7) and (2.3.8) respectively. 

The nature of the potential given by equation (2.3.7) is plotted in fig.2.3.3. 



Fig. 2.3.3.The potential for the model dielectric very near to dielectric discontinuity (z=O) and for the 
positive charge 0.1 units above discontinuity. 



Now we can eliminate Z b y  taking all distances in units of Z. 

i.e., X = ZE , . : = x/Z 

y = z11 , l1 = y/z 

z = Z\II , 1,' = Z I Z  

Then equations (2.3.2) and (2.3.4) are modified as 

- Z(6.17.ly- 1 )  

Z'[E' + q 2  +(v - l ) '  f ' 

and 

d' 
117z 7 (6.11. v )  = 

dt - 

Putting 

Then equations (2.3.9) and (2.3.10) can be re-written as, 

r 



The Hamiltonian of the corresponding equation of motion is, 

Now let us put :=pCosO and q=pSine 

So that 52+q2=p2, 

We have 17 ,  = 4. p2 = 0. p3 = V /  

But 4 = pC'os8 - p~in8B 

0 = byin8 + pCos8B 

2 + Q '  = p + 

Then the Hamiltonian becomes 

and hence 

d H  
p,, = - = i, or P = p  

JP,> 
I' 



The Hamiltonian is re-written as 

From the Hamilton's equation of motion. 

i.e. p, = L, a constant 

and the modified Hamiltonian is 

I 

(2.3.17) 

The potential in equation 2.3.17 in terms of p and V I ,  very near to the discontinuity, is 

plotted in fig.2.3.4. 



Fig. 2.3.4. The 3 D plot of the potential of the model dielectric viewed from different angles. 



From equation (2.3.17) the Hamilton's equations of motion can be written as 

. dH - P = - - l',, 
JP,, 

. aH 
V /  = - = P", 

dl'", 

The set of equations (2.3.18) can be numerically solved for different values of 6, L, p, v, p, 

and p,,, 

2.4. Stability Analysis for the model. 

The Hamiltonian of the model is given by (from equation (2.3.17)), 

Here we use z = (11 z/Z (i.e., we have replaced by z, then the fixed charge is at (0,0, I )  ). 

[The symbol ty we preserve for quantum mechanical wave function considered in the 

next chapter] 

&I 6-1 3 - 
Also we have 6 = - .a  = - h =- 

E, 6+1 l + S  



If 6 > 1 then a > 0 and a/4z > 0 for z > 0 and for Lim. (z + 0+) a/4z = + X  then the wall z=O is 

impenetrable for a particle placed in the region z > 0. If 6 1 then a 0 and a/4z > 0 for 

zcO and hence for Lim. (z 3 0.) a/4z = +CC. The wall is impenetrable for a particle placed in 

the region z c 0. The stability analysis is carried out for both z c 0 and z > 0 cases. 

I. For 0 < 6.< 1 and the rsarticle rslaced in the reaion z < 0. 

We use the second equation of (2.4. l ) 

The Hamilton's equations are 

Now consider the steady state p* and z* such that 

Let us put z*= - (where ; > 0) then from last two of (2.4.2) we get 

where a = -a . 

Dividing (2.4.3~) by (2.4.3b) and rearranging we get 

Substituting for p.4 and p.2from (2.4.4) in (2.4.3~) we get 



Equation (2.4.5) is of the form f~ (5) = f 2  (<) where f~ and f 2  are monotonically increasing 

functions of 5 .  

From (2.4.5). f~ (0)=0 

4h W :  

. f ; ( < )  - - c  , for large ; 
a 

f ( 4 )  - , for large 5 

3 - 1-6 
Since h = ----.a = = - 

1+S 1 + S 

Further f~ (6) = f 2 ( 5 )  for some .: > 0. 

That is, there exists one and only one 6 satisfying (2.4.5J.Therefore there exists one and 

only one fixed point (17,~-J with z. < 0. 

Linearising (2.4.2) near the fixed point (p*, z*) (i.e., by putting 1, = p*+6p, and z = 

z*+6z in eq.2.4.2) we get the stability matrix as 

Where 



The eigenvalue equation for the stability matrix in (2.4.6) is given by 

A' + ( '4 + B)A' + .4B - C' = 0 , the solution of which is 

The system is unstable if Re(A2) >O. The possibilities are 

(i) A+B 0 irrespective of the sense of AB - C2 

(ii) A+B 0 and AB - C2 < 0. 

I I .  For 6 > 1 and the particle nlaced in the reaion z > 0. 

From first equation of (2.4. l ) we get 

d H  L' 
P,, = - = - -  

P - UP 
7 3 2  

dP P? + (.- - l ) ? ]  ' [P? + + l ) - ]  

Now consider the steady state p* and z* such that 

P;, = 0. 17; = 0 , also we have B;, = 0. P: = 0 

From third equation of (2.4.91, L=O and p;, = 0 implies 

p* =o 

Then from fourth equation of (2.4.9) 



We will get different stability conditions for 0 c z* < 1 and for z* > 1 

Possibilitv 1 ,  0 c z* < 1 ,  

Then l -z* > 0 or I l -z* I = l -z*. 

Now (2.4. l l ) can be written as 

Taking common denominator and rearranging we get 

3 j(6-1) - 5-6 1--u= I---- is > 0 for 6 < 5 and < 0 for 6 > 5. 
2 2 (h' + 1) 2 ( 6  + I) 

That is for 1 c 6 5, there is no fixed point with 0 < z* < 1 .  

For 6 > 5, from (2.4.12) we get 

i.e., for 6 > 5 also there is no root (hence no fixed point) in [0, l ] .  
' 

To summerise, there is no nontrivial fixed point for L=O and for a > 0 in the region 0 .-' z 1 .  

Possibilitv 2, z* > 1 

Then l -z* = -(z*-l) and I l-z* l =(z*-l)  

Then from (2.4.1 l ) we can write 



Rearranging we get 

From (2.4.13) we get 

That is there is no value of z* > I that satisfy the steady state condition for L=O (from the 

above equation 0 < z* < 1 is a possible solution which can not be accepted, since as per 

possibility 2, we have z* > I ) . 

From (2.4.9) by putting the steady state conditions = O.pr* = 0 ,  we get, 

From equation (2.4.9) linearising we get the stability equation as 

- , where 



The eigenvalue equation of the above matrix is 

2' + ('4 + B)R' + .4B - C' = 0 ,  whose solution is given by (2.4.15) 

The numerical calculation of the eigenvalue of the stability matrix (equation 

2.4.1 6) shows that for z > 0, the system (2.4.1) is stable (A2  and hence h have only 

negative values) for all values of 6 (here we tested for 0 6 c 10 ) and for angular 

momentum L c 1 (scaled) , near the fixed points. That is the steady state we obtained is 

p* =0.09, z*=1 .O. In these cases the trajectory is neutrally stable and we may expect other 

fixed points far away from these, which are unstable (as in Henon-heils system). Here we 

study the system numerically with initial conditions away from steady state and indeed 

found some initial conditions lead to chaos. 

2.5.Numerical studies of the model 

We have studied the model derived in sec.2.2.numerically and some of the 

interesting results are reported here. The Hamiltonian of the system is given by (2.4.1) 

We have studied the dynamics of this model for various values of the parameters 

6 and L (the angular momentum). However, the results are being presented here only for 

6=3 and L=0.3. We have solved the Hamilton's equations (2.4.2) and (2.4.9) for various 



initial values of (p, z, p,, . pz ). In general. initial conditions with sufficiently small values of p 

and z lead to irregular trajectories. 

2.5.1 .Time series and Lyapunov exponents. 

We have calculated the Lyapunov Characteristic Exponents (LCE) for the model for 

different initial conditions and different parameter values 6 and L. the LCE is calculated using the 

well known Wolf's algorithm [33] and also using the recently developed QR algorithm [34] (see 

appendix). The LCE calculated for different initial conditions are plotted in figures 2.5.1 and 

2.5.2. 

In fig.2.5.1, we have plotted the four LCEs for the initial condition (i) 

0.23.0.1 8.0. l ,O. 1 and for 6 = 3 ,L=0.3. Out of the four, one approaches positive value and 

the other negative. Other two LCEs approaches zero asymptotically. Since the system 

have a positive LCE, we expect chaos for this value of initial conditions. We also 

calculated the ICE for the initial condition (ii) (2.5,12.0,0.38420776277661 17.0.0) for the 

same value of 6 and L. The results are plotted in fig.2.5.2. Here also we get a positive, a 

negative and two zero LCEs. But the positive Lyapunov exponent obtained here is 

negligibly small compared to the positive LCE in fig.2.5.1. A comparison of these two 

positive LCEs is given in fig.2.5.3. From these calculations of LCEs we conclude that for 6 

=3, L=0.3 and initial condition (2.5,12.0, 0.38420776277661 17,O.O) the system behaves 

regularly. 



Fig.2.5.1. The Four Lyapunov exponents calculated for the model using Q R  algorithm for the initial 
conditions (0.23, 0.18, 0. l ,  0. l ) and for (5=3 and L=0.3. 



Evolution step 

Fig.2.5.2. The Four Lyapunov exponents calculated for the model using Q R  algorithm for the initial 
conditions (2.5.12.0. 0.38420776277661 17. 0.0) and for 6=3 and L=0.3. 



Fig.2.5.3. The positive LCEs from fig.2.5.1 (top) and from fig.2.5.2 (bottom) 
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The evolution of the system is studied by numerically solving equation 2.4.9 (for z > 

0) .  The numerical calculations are done using the adaptive Runge-Kutta algorithm (with 

an accuracy of 1 part in 10'0 per time step of integration). For getting an idea of how 

two nearby trajectories evolve, we start with two arbitrarily close initial conditions (with an 

initial separation of 10-6 units) and the trajectory is calculated. For the initial condition (i) 

(used in fig.2.5.1), the time series (for the variable p) for two arbitrarily close initial 

conditions is given in fig.2.5.4. Here we could see that, initially the two follow the same 

path, but after a few cycles they are widely separated. For this initial condition since one 

of the Lyapunov exponent is positive and also the time series separates widely (sensitively 

dependent on initial conditions), we can confirm chaos in the system. The relative 

distance between the two trajectories also suggest exponential divergence (fig.2.5.5) 

which confirms chaotic behaviour. 

To compare this result with that of the regular case, we have done the 

same analysis for the initial condition (ii) (used in fig.2.5.2). Here the time series for the 

variable p for two nearby initial conditions exactly superimpose (see fig.2.5.6). The relative 

distance between trajectories does not increase exponentially (fig.2.5.7). This can be 

interpreted as a regular behaviour, which also is expected from the values of Lyapunov 

exponents (see fig.2.5.2. , here all Lyapunov exponents asymptotically tend to zero). The 

trajectory in this case may reside on an invariant torus in phase space. 

The p vs. z plot for the two initial conditions (i) and (ii) are given in figure (2.5.80 

and b). The sensitive dependence on initial condition is clearly seen in figure 2.5.80 which 

corresponds to the initial condition (i) giving chaos (Solid line and dotted line are for two 

arbitrarily close initial conditions). 



Fig.2.5.4. F, as a function of time for the model with (5 =3 and L=0.3. with initial condition p=0.23. 

z=0.18, p,,=O. 1 ,  pi=O. l (solid line) and another initial condition at a distance of 1 O-b (dotted) 



Fig.2.5.5. Relative distance d+/df- between two trajectories shown in Fig.2.5.4 



Fig.2.5.6. 1) as a function of time for the model with ir =3 and L=0.3, with initial condition p=2.5, 



Fig.2.5.7. Relative distance dtldi between two trajectories shown in Fig.2.5.6 



l Ill:, 

Fig.2.5.80 The p vs. z plot for the initial condition (i) (corresponds 



.5.8b. The 17 vs. z plot for the initial condition (ii) (corresponds to regular solution) 



2.5.2. Poincare Surface of section. 

In order to get a clear picture of the manner in which regular and irregclar 

trajectories are organized in phase space, we study the poincare surface of sections. We 

have used the parameter values 6 = 3 and L = 0.3 in the model. The poincare section for 

different surfaces were tried and we finally fixed a surface which cut the orbits at p = 2.5, 

which appears to be in a better shape. The surface of sections is plotted for the same 

parameter values and for different initial conditions but f& the same energy. For some 

initial conditions we obtained closed curves, which are cross sections of invariant iori 

depicting regular motion. For some other initial condition scattered points are obtained 

which represents a destroyed torus and corresponding to chaotic motion. The inifial 

conditions (a) (0.23, 0.18, 0.1 ,O.l) gives chaotic motion and (b) (2.5, 8.0, 

0.51 038 19756739857, 0.0), (c) (2.5, 10.0, 0.4397460977022776, 0.0) and (d) (2.5, 12.0, 

0.38420776277661 17, 0.0) give regular motion. The poincare sections for all these in~tial 

conditions are plotted in fig.2.5.9. Here we choose the z - p* plane to cut the trajectory 

at p 2.5. 

Here also we could see that initial conditions corresponding to (a) give chaotic 

solution and that corresponding to (d) an invariant torus, which represent regular motion. 

This agrees with our earlier observations in time series and Lyapunov exponents. 



Fig.2.5.9. Poincare sections corresponding to the initial conditions (a) 0.23, 0.18, 0.1, 0.1 (outer 
scattered points), (b) 2.5, 8.0, 0.5103819756739857, 0.0 (second closed curve), (c) 2.5, 10.0, 
0.4397460977022776, O(third closed curve) and (d) 2.5, 12.0, 0.38420776277661 17, 0.0 (inner most 
closed curve). 



2.5.3. Poincare Return time. 

The histogram of the time between successive intersections with the Poincare 

section is shown in Fig. 2.5.10. for the initial conditions (a) and (d) in the upper and 

lower panels, respectively. We see that a range of values are possible for the return 

times, with a distribution having two broad peaks for the Chaotic situations, whereas 

two extremely sharp peaks are seen for the regular motion which appears to be 

quasiperiodic. 

The return time histogram studied for Henon-Heils is found to be basically different 

from that of our model. In Henon-Heils the distribution is not bimodal, but looks almost 

like a Guassian distribution, with peak observed at the average value of return time. 

For the chaotic case (E=1/6) the distribution is broadened compared to the 

quasiperiodic case (E=1/12), with peaks observing almost at the same value for both 

cases. Earlier studies [Gilmore, 1998][35] in this area suggest that the return time 

distribution for stochastic data (which is almost uniformly distributed) is different from 

that of chaotic data (which shows a number of peaks in it). 
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Fig. 2.5.10. Histogram of the time between successive intersections of the Poincare section for 
the initial conditions (a) and (d) shown upper and lower panels, respectively. 



2.5.4. Power spectra of the time series. 
C 

The power spectra of the time series for p are shown in Fig.2.5.1 la ,  for the initial 

conditions (a) and Fig.2.5.1 1 b. for the initial condition (d). The time series consists of 

1048576 points at a time step of 0. l. The dark plot corresponds to one single time series 

and the lighter one corresponds to the power spectrum averaged over 100 such 

series obtained by continuing the integration of the equation of motion. Clearly the 

initial condition (a) gives a broadband spectrum signaling chaos, in contrast to the 

sharp peaks for the initial condition (d) corresponding to quasiperiodic motion. There 

are, however, difference in the nature of power spectrum for a Hamiltonian system 

and dissipative systems. In contrast to the exponential decay [P(f)-exp(-constant X f)], 

for small frequencies, seen in dissipative systems, the decay of power spectrum seer1 

here is much slower. 

There seems to be a difference in the decay of power spectrum for our model 

and that for the well known Henon-Heils model discussed in chapter 1 (fig.1.6.8.). The 

fall of power spectrum in the small frequency range is faster in Henon-Heils (for 

example, when E=1/6, corresponding to chaos) than in our model. But the shape of 

the curve in the high frequency range is almost the same in both cases. Probably, the 

power spectrum for different Hamiltonian systems may behave differently. 

We have also tested the power spectrum for its dependence on the number 

of data generated numerically (N) and on the interval of each data points (At). As 

observed by Valsakumar et al. [36] the power spectrum of our model also is found to 

depend on N and At, which suggests that the data in the time series is Bandwidth 

limited and there is aliasing (i.e., the power spectrum depends on Nyquist frequency 

or sampling time At) observed (figs. 2.5.12 and 2.5.13). 





Fig. 2.5.1 l b. Power spectra of the time series for p, for the initial conditions (cl)  given in fig.2.5.9. 
The inner lighter plot gives the averaged power spectrum. 



Fig.2.5.12. The variation of power spectra with number of data [N) in the time series 



$::CID 

Fig.2.5.13. The variation of power spectra with sampling interval ( A  t )  



When the number of data in the time series tends to infinity (N+ a), the power 

spectrum of the system goes to zero suggesting that in numerical processes there is 

always a finite size effect will be there (Fig.2.5.12.). In other words, the calculated 

power spectrum represents the true power spectrum only when the number of data is 

infinity. Fig.2.5.13 shows that the power spectrum depends on Nyquist frequency 

(fc=1/(2At)) or sampling time At also. This effect can be minimized if the sampling 

interval is made infinitesimally small (At + 0). Since during a numerical computation or 

a measurement, we can not make the sampling time zero, the power spectrum 

calculated from the data will be different from the true power spectrum. The effect 

due to frequency greater than Nyquist frequency will be reflected (or folded back) in 

the calculated power spectrum (this is called aliasing) [36] 

In the next chapter we study the quantum mechanical signature of the model 

when it shows regular as well as chaotic behaviour. 



CHAPTER 3 

QUANTUM MECHANICAL CALCULATIONS .OF THE MODEL. 

3. l .Introduction. 

The description of physical systems via classical mechanics as embodied in 

Hamiltons equations may be viewed as an approximation to the exact description of 

quantum mechanics. Depending on the relevant time, length and energy scales 

appropriate to a given situation, one of these descriptions may be most efficacious. If the 

typical wavelength in the quantum problem is very small compared to all length scales 

of the system, then classical description will be good. The field of study, which addresses 

problems reiated to quantum nature of classically chaotic system is called quantum 

chaos. Quantum chaos questions are of great practical importance because of the 

many physical systems that exist in sub atomic region 122,281. 

There are several major differences between classical and quantum mechanics. 

In contrast to classical mechanics (where a classical description is only necessary 

i f  the system becomes chaotic in time) quantum mechanics allows only stat~stical 

predictions. Although Schrodinger equation is linear in 111 and can be solved exactly (say) 

for a harmonic oscillator with the result that 111 depends regularly on time (i.e., no chaos), 

this does not mean that the motion is completely deterministic, since / ~ ( x ,  t) 1 2  dx is only 

the probability to find an electron in a region Sx around X. 

Because of Heisenberg's uncertainty principle Ap. Aq > h12 there are no 

trajectories in quantum mechanics (if one measures q with preciston Aq, one disturbs the 

momentum by Ap). Therefore the characterization of chaos based on the exponentially 

fast separation of nearby trajectories becomes useless for quantum systems. 

The uncertainty principle implies also that points in 2N- dimensional phase-space 

within a volume hN can not be distinguished i.e., the phase-space becomes coarse 

grained. This means that regions in phase-space in which the rnotion is classically chaotic 



but which have volumes smaller than hN are not seen in quantum mechanics, and for the 

corresponding quantum system we expect a regular behaviour in time. Thus a finite 

value of Planck's constant tends to suppress chaos. On the other hand, the limit h + 0 

becomes difficult (for quantum systems which have a classical counterpart which 

displays chaos) because if h becomes smaller, more and more irregular structures will 

appear. 

We can assign deterministic diffusion as an indicator of chaos. Even though 

classical system shows deterministic diffusion, its quantum version does not. Instead, one 

finds quantum resonance or almost periodicity [37]. This almost periodicity is similar to the 

quasiperiodic motion in classical systems. In short no quantum system seems to. exist 

which exhibits deterministic chaos. But there is of course a difference in the behaviour of 

quantum systems with a chaotic classical counterpart and those (quantum systems) with 

a regular classical limit. 

McOonald and Kaufmann[38] calculated numerically the wave functions and 

eigenvalue spectra of a free particle in a stadium and in a circular disc by solving the 

Schrodinger equation for a free particle in 2-D 

V2y1 = E yl 

with boundary condition y~ (x ,  y) = 0 at the walls, which clearly shows the difference 

between quantum behaviour of a classically chaotic system and an integrable system. 

The distribution of eigenvalue level spacing is maximum for AE = 0 for the integrable 

system and for chaotic system the maximum occurs at AE + 0, which is an indication of 

level repulsion in classically chaotic system [39]. The level repulsion seems to be a 

characteristic feature of quantum system whose classical limit shows chaos [40,41]. It is 

related to the fact that no symmetries exist in these systems i.e., there are no 

degeneracies (and no selection rules which prevent mutual interaction of levels) such 

that Lim.(AE)+O N(AE) = 0. Several theoretical explanations for the phenomena have . 



been offered, and an interesting connection to Random Matrix Theory (which is used to 

explain level repulsion in Nuclear spectra) has been suggested j40.41.421. Also the 

distribution of Level spacing is related to the eigenvalue spectrum of the quantum 

version of the Liouville operator L because 

L/ H ) ( I ~ I  K [ I ~ . ~ H ) ( I I I ~ ]  = ( E , ,  - E,,, )/ ~ t ) ( m / ,  where H is the Hamiltonian operator and 

1 n >, I m > are its eigen vectors.. 

In addition to the conventional description of chaotic motion of quantum systems 

in terms of level repulsion in the nearest neighbour spacing of energy spectrum and 

Random Matrix Theory, we also have another description in terms of Bohmt'an 

Mechanics. In the Quantum Theory of Motion '(Q.T.M.) described by David 

Bohm[43,44,45,46] we can even define a trajectory of a particle, whose center can be 

taken as the center of the wave function. So the sensitive dependence on initial 

conditions can also be seen in this framework. Hence the quantum mechanical study of 

classically chaotic systems is possible in Q.T.M. without calculating the energy spectrum 

etc. 

In the next section we give this theory (QTM) and its applications to classically 

chaotic systems. We use this theory to calculate the evolved wave function, the relative 

separation of two trajectories started from two arbitrarily close points etc. for the well 

known model-the Henon-Heils model. The results obtained agree with that reported in 

literature [52]. The QTM is also used to characterize the model described in this thesis- 

charged particle motion near a dielectric discontinuity- which is classically chaotic for 

certain values of initial conditions and parameters. 

3.2 Quantum theory of motion and signature of chaos. 

The correspondence between the classical and quantum world has been an 

important research subject since the advent of quantum mechanics. This study becomes 

more intriguing when the classical motion is chaotic. A causal interpretation of quantum 



mechanics in terms of the Quantum Theory of Motion (QTMJ [43,44] in the sense of de 

Broglie and Bohm and quantum fluid dynamics of Madelung has been shown to oe 

useful in anulyzing the quantum domain behaviour of a classic;ally chaotic system. 

3.2.1 .Basic Postulates of Bohm. 

The essence of Bohmian Mechanics is given in the postulates listed below[45,46]. 

i) An individual physical system comprises of a wave propagating in space and time 

together with a point particle, which moves continuously under guidance of the wave. 

ii) The wave is mathematically described by \II(~, t), a solution of Schrodinger equatio~. 

iii) The particle motion is obtained as the solution r (t) to the given equation 

where S is the phase of 111. Or \[I is given by ' 

To solve this equation we have to specify the initial conditions r (O)=ro. This specification 

constitute the only extra information introduced by the theory that is not contained in 

~ ( r ,  t) (the initial velocity is fixed once we know S ) .  An ensemble of possible motions 

associated with the same wave is generated by varying ro 

iv) The probability that a particle in the ensemble lies in the volume element d3r around r 

at time t is given by R2 (r, t) d3r where R2 = I (11 1 2 

Postulates i to iii on their own, constitute a consistent theory of motion. In order to ensure 

the comparability of the motions of the ensembles of particles with the results of 

quantum mechanics, the fourth postulate is made. The fourth helps us selecting from all 

the possible motions implied by the law iii those that are compatible with an initial 

distribution R2 (r, t=O) = R02 (r) . It is thus a consistent subsidiary condition imposed on a 

causal theory of motion and has no more fundamental status than that. Notice that 

postulate iv is in terms of the probability that o particle actually is at a precise location at 





where S is the phase of 111 appearing in the following polar form 

since 

the TDSE (3.2.5) becomes 

Separating real and imaginary parts, we get 

and 



Equation (3.2.9) becomes 

multiplying through out by 2R, we get 

VS 
We identify R2 = p and - = 1, , we get 

111 

which is the continuity equation in fluid dynamics. 

Similarly (3.2.10) can be written as 

which is similar to Hamilton-Jacobi equation 

Equation (3.2.1 2) and (3.2.13) are a pair of coupled Partial Differential Equation in which 

the fields R and S codetermine one another. If \v i s  normalized, this uniquely fixes R but S is 



h' V'R 
defined only up to an additive constant. The extra term - in (3.2.13) apart from 

2171 R 

Hamilton- Jacobi equation is called Quantum Potential (V,) [44]. 

Let us apply the operator V on (3.2.15), then 

VS 
If we identify - = P = 1, then (3.2.1 6) becomes 

111 

d a 
where - r -+ ; .V  

tlt 21 

(3.2.1 7) is having the form of Newton's law where the particle is subject to a Quantum 

Force -GVq in addition to the classical force -CV. The effective potential acting on the 

V S  d(nii.) 
particle is V+Vq. Here we solve either the equation i. = - or - = -V(V + L:,) for 

111 d/ 

calculating the trajectory of the particle in the quantum field and the evolution of the 

trajectory for two nearby initial conditions can be calculated and possible chaotic or 

V S  
regular behaviour can be characterized. We can see that solving i. = - is much easier 

111 

d(nlP) 
than solving the equation - = -V(V + I,';/) . 

dt 

V S  
i. = - in terms of the wave function is 

111 



1 S 

which can easily obtained by using ry = Re " 

Then V v =  VR+--VS e "  ( "' 

There fore 

Some of the systems in which the QTM is applied can be found in references [47-511. 

3.3. Algorithm for the time evolution of the wave function and trajectory. 

We have used a new and efficient algorithm to evolve the wave function and 

calculate the trajectory of motion in Bohmian mechanics which is superior to that used in 

the earlier work reported in the literature (521. Here the method used by us [53] strictly 

maintains the unitary property of the evolution operator and hence the norm of the 

wave function is conserved exactly. 

The time dependent Schrodinger equation (in X-Y co-ordinates) is given by 

iii dy/(x.jt. t )  = Hry(x.jl.t) 
at 

The formal solution of the above equation can be written as 

v(s. j*. t)=T(t-t , , )y/(s. ja. t ,)  or 



i r~ 
where T(r) = exp(--) (is the time evolution operator). 

h 

This is of the form f ( r )  = exp(k + B + i') (3.3.4b) 

Here [A,B] = 0, [A,C] t 0 ,[B,C] t 0 

By using Trotters formula (3.3.4b) can be approximated for sufficiently small T, as 

exp(,4 + B + C) S (expc  / 2)(exp A)(exp B)(exp(C ' 12) (3.3.5) 

Now using (3.3.5) in (3.3.4~) and then in (3.3.2) we get 

ry(x.jQ.l + r) = exp ~ ( x .  y. t ) 

i ' ] ( i r h  i2 ) irV(x. y )  
where 0, = exp -7 .0, = ex -- . p ( , ~ .  ) l . / )  = exp 

2171 A-- 2171 31' 

Now 

olp(x . j t . t )  = exp 

But we can write 

Letusdefine p',r = q ( s = , j i i v + a . j ~ = k ~ % ~ + + . ~ )  



Where cc and P are X and y directional shift from the (j,k)th grid point. 

a2 
For a fixed j the action of ---; 017 p,,, for all k is given as 

@- 

v1.1 - 2  1 0 4'1.1 

i i r h  -- 2m a!' i p Y ; ] =  21?1(&)~ irfi 1: -1 y2 ] P ]  

P/..\.\ . . \v1.  2.1. 

which can be written as 

Then exp ---;- p, = exp(Mp,) [;: c-] 
I Where = (pl, .p,,...p,, ,, ) , is a column vector 

Let us pul 

Let us transform the matrix M' to get it diagonalized. 

ie., ST M' S = D , the diagonal eigenvalue matrix of M' 



/>in[-&-] and that of D is Where the elements of matrix S is given by S,, = - 

given by d,  = 2 1 - COS --- ( I N 7 + l l l  

We have exp( a, M') = l +a, M'+ 1 /2! as, M'2 + . . 

Or e ~ p ( a ~ M ' ) = S ( l + a ~ D + l / 2 ! a ~ ~ D ~ +  . . . )  ST 

=S exp(a, D ) S1 

where dl ,d2, etc are eigenvalues of the matrix M' 

~ , ~ ( r . ~ ~ . t )  thus obtained is again operated by (j, which also can be evaluated by the 

same procedure. 

Then the wave function after (6t=~) is obtained by multiplying this with 

i rV (x. y )  
exp(- 2h ) [ref. equation (3.3.611 

From (3.2.18) the velocity is i. = . During the evolution of 
117 117 

the wave function , the velocity is calculated from the initial value and in each case r is 

calculated. The trajectory of the evolution is thus computed during the time evolution. 

For this calculation we have used Runge-Kutta method for numerical integration. Here 

we have to calculate yr at two time steps to get ra t  one time step. 

Let us start with r(t) and yr(x,y,t). Obtain I ~ I '  =\lr(x(t),y(t),t) by interpolation of y(x,y,t) 

[ref. Sec.3.3. l ]at the points (x=x(t),y=y(t)). 

Using this we can calculate the velocities v', , v', 



Now define k x l  = vlx 6t ,kVl= v!, 6t . 

Calculate yl(x,y,t+6t/2) by the time evolution. 

Obtain = y(x(t)+ kx+ 12 ,y(t)+ kVl 12 ,t+6t/2) by interpolation. 

From this calculate vllx and vll, 

Define kx2 = vll, 6t ,kv2= v1lV 6t . 

Using same y(x,y,t+bt/2) calculate 

vllf = yr(x(t)+ kx2 12 ,y(t)+ kv2 12 ,t+bt/2) and obtain vlll, and .vl1lV 

Define kx3 = vlll, 6t ,kv3= vlllV 6t . 

Now calculate y1(x,y,t+6t) 

Using this get 

\ylV = yr(x(t)+ kx3 ,y(t)+ kv3 ,t+6t) and obtain vlVx and vlvv 

Define kx4 = vlVx 6t ,ky4= vlVy 6t 



Now calculate 

r(t+bt) = r(t) + 116 [kxl +2kx2 +2 kx3 + kx4 , ky1+2 kv2+2 kv3+ ky4 1. 

3.3.1. Interpolation of 

To interpolate yr at the point r (t), first identify the rectangle to which r (t) belongs. 

Let r(t) = (XI + a .  YJ+P) 
I 

We must first interpolate (11 to r(t) using the value of \y at the four corners A,B,C and D. 

Let W A  = W(XI . YJ) \,,g = \,/(XI +6x, y ~ )  = yr(x1+1, YI ) 

\/,c =  XI +&X, YJ +6y) \YD = \11(xl, YJ 

Then 

and 

Thus the interpolation of and the calculation of its gradient at the point r(t) is done. 

The calculation done for Henon-Heils model in the next section (3.4) is based on this 

algorithm. 

In section (3.5) we have used a modified algorithm to calculate trajectory etc. of 

our model. The det,ails of this algorithm will be reported later [53]. 



3.4. Henon-Heils model. 

The Henon-Heils model with a potential as in (3.4.1) is studied in detail using the 

QTM by Sengupta and Chattaraj[52]. 

V ( X , Y ) = O . ~ ( X ~ + ~ ~ ) + A X ( ~ ~ - X ~ I ~ )  (3.4.1 ) 

Their results are reproduced using a better algorithm here. In 1521 they used an inirial 

wave funciion 

with boundary conditions 

ly(krn.j*. l) = 0. vj-.1 

in the modified program we used an initial wave function 

The evolved wave function and the trajectory for two nearby initial conditions(separated 

by 10-5) and the relative distance between the two trajectories for three different cases 

are calculated. We have chosen the evolution up to 10000 with a time step 0.02 and X 

and y ranges from -6 to +6 with 48 grid points. We put Sx = S, = 1 and P, = P, = 0 to be 

consistant with that of ref.52. 

The three cases considered are, 

1 )  for h = 0 (linear isotropic harmonic oscillator) and the Gaussian wave packet initially 

carried at xo = 1.367 19, yo = 1.367 19. 

2) for A = 0.1 118034 (non-linear non integrable oscillator) and the Gaussian wave packet 

initially carried at xo = 1.367 19, yo = 1.367 19. 

3) for A = 0.1 118034 (non-linear non integrable oscillator) and the Gaussian wave packet 

initially carried at xo =2.929688, yo =l .953425. 



The evolved wave function, the trajectories and relative distances in the three cases are 

plotted in figures 3.4.1 through 3.4.7. In Fig.3.4.8.the total energy during evolution for the 

regular and chaotic cases are plotted. In chaotic case the fluctuations in energy is 

considerably large, which may be attributed to the error caused in the numerical 

computation for chaotic case where the function fluctuates rapidly even locally, which is 

not the case for regular case. 

Fig.3.4.1. The initial wave function used for evalution in the henon-heils problem with initial 
conditions xo= 1.3671 9. yo= 1.3671 9, pXo=p,o=O,sx=sy= l 



Fig.3.4.2. The final wave function after evolut~on in the Henon-Heils problem w~th initial conditions 
X,:= 1.3671 9, y ~ =  1.3671 9 ,  p. ~=p.,~=O.s~=s,=l (i.=O) 



Fig.3.4.3. The final wave function after evolution in the Henon-Heils problem with initial conditions 
X?= 1.367 19, yn=1.367 19, P~~~=P.~I=O.S.=S,= l (i.=O. l l 18034) 



Fig.3.4.4. The final wave function after evolution in the henon-he~;s problem with initial condit!ons 

X.= 2.929688, yc= 1.9531 25, p~:~=p,~=O.s.=s,= l (i.=O. 1 1 18034) 



Fig.3.4.5. The trajectory for two nearby initial conditions (thick and dotted lines) for Henon-Yeils 
model with i.=O.l 1 18034 and initial conditions xi.= 1.3671 9, y = 1.3671 9, p,,?=p,p=O.s.=s,= l 



Fig.3.4.6. The trajectory for two nearby ~nitial conditions for henon-heiis model with i.=0.1 1 18034 and 
initial conditions X?= 2.929688. y8.= 1.9531 25, p,!)=p,~=O,s.=s,= l 



E;. 

t. i me 
Fig.3.4.7.Time evolution of the configuration space distance (a) thick line grazing time axis with 
XC= 1.367 19, yc = 1.367 19, PIJ= p\0=0, S\-S,= l (i.=O) (b) solid line for xo = 1.3671 9, yo= 1.367 19, p,o=p,:: =0, 
s.=s,=l (i.ZO.1 118034) (c) dotted line for xn=2.929688, yr'=1.953125, p.o= p)'- =0, s\=s\.=l (i.=O.l 118034). 



n 

Fig.3.4.8~. The total energy during the evolution for Henon-Heils For i.=O, X # ' =  1.367 19, yil= 1.3671 9, 
p. =p.  .=O.s.=s = l  (regular) 



Flg.3.4.8b. The total energy during the evolution for Henon-Heils For i.=0.1 118034, x1=2.929688, 
y:= 1.953 125. p,l-=p,<~=O,s.=s,= l (chaot~c). 



From figure 3.4.1 to 3.4.4. , it is  seen that the evolved wave function becomes 

more and more fluctuating, when the system is more and more chaotic, classically. 'The 

trajectories plotted in figs.3.4.5. and 3.4.6. show exponential divergence for two arbitrarily 

close initial conditions. The total energy for the chaotic case (fig.3.4.8b) shows more 

rapid fluctuations than that for regular case (fig.3.4.8~). Even though the system is 

Hamiltonian (with constant energy) the fluctuations in energy for the chaotic case can 

be attributed to the rapid fluctuations in the wave function, which is reflected in the 

numerical integration for the calculation of energy. 

Note that in all cases <X> = xo and <y> = yo and as we go from case ( 1 )  through 

(3) the system becomes more and more chaotic, since its classical energy increases. 

The two nearby initial conditions can be taken as the centers of two Gaussian 

wave packets with (xo,yo) and (xo+A,yo+A ) as centers. In our calculation we take two 

points (xo,yo) and (xo+A,yo+A ) in the same wave packet, which also is equivalent to two 

separate wave packets centered at two points. 

In the next section we apply the Quantum theory of motion to the model 
developed in chapter 2. 

3.5.Quantum theory of motion applied to the model. 

In chapter 2 we have explained a model with Hamiltonian given by (2.4.1) which 

shows chaos classically for some initial conditions and parameter values. Now we use the 

QTM. to characterize the classically chaotic and regular motion of the model for different 

initial conditions. Here we use the potential (From. Eqn.2.4.1) 

- El 6-1 3 - 
where b = - . U = -  .h = - and p = dm 

E ,  6+1 I +h' 



3.5.1.Bohmian mechanics in the p ,  z co-ordinate system. 

In the (p , z) co-ordinate system we can write the Schrodinger equation as 

ary a ih- = H y  (3.5.1 ) 
at 

where the Hamiltonian is 

Let us put y = R exp(:) 

ay  ( i s ) [ a ~  i as] 
Then pdl = p e x p  - -+-R- 

h a p  h  a p  

and 

also 

and 

$ y  ( T ) [ ~ ' R  
l , R a )  - +- j [ R,+2-- P'S 

= e x p  - a= - a=' h-  Id-- a=- dz dz 

Putting (3.5.4) and (3.5.5) in (3.5.3) we get 





aR' 
- = -v(R2\;) which is same as (3.2. l l ) .  
at 

V S  I as 
Here F = ( I ; , . I * . )  = ---- with 1, = -- 

l a'? 
and 1'. =---. 

" 
111 ap Il l  - I l l  a= 

- .  
AISO 12 = I' = (I!,, . which is calculated after interpolation of IV to 

117 111 

find the gradient at point where r is to be calculated and find Im - then r(t+At) is 

calculated using Runge-Kutta algorithm as described in sec. 3.3. 

3.5.2. Numerical results for the model. 

We observe that the trajectories of evolution diverge for the initial condition !!.C.) 

(i) given in section 2.5. {6=3, L=0.3, p=0.23, z=0.18. P,=0.1, Pz=O.l) which is classically 

chaotic, for a small displacement (here 10-5) of the I.C.(see fig.3.5.2) which is clear from 

the distance plotted between two trajectories.(fig.3.5.5). The trajectories and distance 

between two trajectories started from arbitrarily close I.Cs. for the case (ii) of sec.2.5. 

{6=3, L=0.3, p=2.5, z= 12.0, P,,=0.3842077627766 1 1 7, Pz=O), which is classically non-chaotic, 

are expected to behave as regular. We get the two trajectories evolved from two 

nearby initial conditions almost superimpose, a sign of regular motion (fig.3.5.4). But some 

authors have observed [47] that even the classically non-chaotic case sometimes shows 

chaotic trajectories in QTM. 

The variation in total energy plotted using QTM for the classically regular case is 

smaller. At the same time the energy plotted shows large variation for the chaotic case 

(fig.3.5.6). The fluctuations in the energy for chaotic case can perhaps be attributed to 

inaccuracy of numerical integration. This happens because evolved wave function 

varies rapidly and the integration procedure (Simpson's rule) would fail at this high 

gradient region. Nevertheless these fluctuation in energy calculated numerically car, be 

taken as the signature of chaotic systems, even though the classically regular systems 



remain on constant energy surface in phase space. So we find that the energy 

calculated in QTM can be used to characterize chaotic or regular behaviour of a system 

The trajectories are evolved using a wave function centered at the I.C. (i) and (ii) 

with p and z ranges from 0 to 20 with a 200 step grid at an interval ~t=0.01 and N=10000. 

Another set of trajectories is also evolved from a nearby point separated by 10-5 from the 

first initial condition. 

Fig.3.5. l a. The initial wave function for 6=3, 1=0.3 p=0.23, z=0.18, P,,=O. 1. Pz=O [corresponds to chaos). 



Fig.3.5.1 b. The evolved wave function for 6=3 L=03 ,,=023, z=0.18, P,,=O.!  P:=0 (corresponds to 
chaos). 
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F1g.3.5.2 The trajectories of the partlcle started from two nearby po~nts for the IC and parame:ers 
glven In flg 3 5 1 



Fig.3.5.30. The in~tial wave function for 6=3 L=03  p = 2 5  z = 1 2 O  P,.=0.38420776217661 17. P,=O 
(corresponds to regular motion) 



Fig 3.5.3b. The evolved wave functlon for '.;=X L=0.3. ,.=2.5, z=12.0. P,.=0.38420776277661 17. P.=O 
jcorresponds tc regular motion) 



Fig.3.5.4. The trajectories of the particle started from two nearby points for the IC and parameters 
given in fig.3.5.3. (They exactly superimpose) 



cflst.ati~~ : thick l ine-regular,thirs 1 in? chaotic: 
4.5 1 l l I , 

Fig.3.5.5.The distance between two trajectories (i) Solid line for (i=3. L=0.3 ,,=0.23. z=O. 18, P,,=O. 1, P;= 
0.1 (chaotic) and (ii) thick line grazing time axis for (i=3. L=0.3. p=2.5, z=12.0. P,,=0.38420776277661 : 7, 
P -=0 (regular). 



fig.3.56 The total energy during evolution for the case (i] top and (ii) bottom (as in fig.3.5.5). 



From fig.3.5.1. it is seen that when the classical motion is chaotic the wave 

function evolved is distorted more compared to the evolved wave function for regular 

motion, which is less distorted as in fig.3.5.3. (See also figures 3.4.1. to 3.4.4. in sec.3.4). So 

the distortion of evolved wave function may be taken as a signature of chaos in QTM. 

Also we have seen that just as in classical case, in QTM we can define a trajectory and 

the divergence of these trajectories for nearby initial conditions is a good signature of 

chaos (see figures 3.5.2 and 3.5.4). The distance between two trajectories, which is 

closely related to Lyapunov exponent, also indicate the difference between the 

dynamics of the system for regular and chaotic initial conditions.( fig.3.5.5.). Even though 

the Hamiltonian system preserves energy (the evolution is unitary) for a given initial 

condition, the total energy calculated for the chaotic case shows large variations 

compared to regular case. This is attributed to the numerical inaccuracy of the 

calculation of the wave function during the evolution. In the case of chaotic evolution 

the function changes sharply for small regions, which makes the integration inaccurate. 

Further work in this area is to be conducted for the confirmation of this hypothesis. 



CHAPTER 4 

CONNECTION BEMlEEN CHAOTIC MAPS AND DIFFERENTIAL EQUATIONS. 

Introduction 

To model a physical system we use either a differential equation or a difference 

equation. When the system considered evolves continuous in time, we use differential 

equations as the model. But when the evolution of the system is discrete in time, such as 

population dynamics of insects, growth of deposit in a 'bank etc. we use difference 

equations to model them. In this chapter we try to study connection between discrete 

maps (difference equations) and ordinary differential equations. Here we take a Tuylor 

series expansion of a map (function) and equate that to the function itself. The infinite 

series Taylor expansion is truncated for different orders and equated to the function. The 

behaviour ~f this series is expected to approach the original function when the order of 

the series approaches infinity. But it is found that when the function taken is a chaotic 

map, the series need not represent the original function, as the number of terms in the 

series increases. If the series is truncated to first or second order, the system does not 

show any chaotic dynamics, as the minimum requirement of three degrees of freedom is 

not satisfied. Also when the order of truncation is five or greater, it can be shown using 

Routh - Hurwitz theorem, that the system becomes unstable, irrespective of the map 

chosen. But for an order of truncation three or four, it is rather difficult to do the analysis 

for general maps. Hence we study the behaviour of the system for an order of truncation 

three and four, for a specific map (say logistic map). Here we see interesting behaviours 

like period doubling bifurcation leading to chaos, reverse bifurcations, instability in some 

regions etc. 'These type of behaviours are entirely different from that of the map used. In 

addition we see the system show riddled parameter space (suddenly switch from regular 

to chaos or to unstable by slight variation in parameter), which is an indicctio~? of 

structural instability [55-661. Recently several authors reported necessary conditions like 



total number of terms and number of non-linear terms needed for observing chaos in 

ordinary differential equations [67-701. 

4.1. Ordinary differential equations corresponding to discrete maps. 

Consider the l -D map 

Xn+l = f (Xn) 

We can embed this as a continuous time problem with 

X (t+l )=f (X (t)) 

i.e., given X (to), we can calculate X (to + n), n=1,2,3 ... 

Let us put Xn = X (to + n) and from (4.1.2) we get, 

Xn+l = f (Xn) 

which is same as (4.1.1 ). 

We can expand X (t+ l ) (L.H.S. of (4.1.2)) as a formal series 

cls 1 d 2 x  
x(t 4 l )  = s ( t )  4 - + -- + ... 

'It 2!L/t2 

or (4.1.2) can be written as 

which is an infinite order differential equation. We consider truncating the above series to 

finite order N as, 

If x(t )  is a real analytic function, one could equate the solution of (4.1.5) to that of (4.1.4) 

as N increases. 

4.1.1 .Stability analysis. 

We can show that (4.1.5) leads to unstable solution for almost any initial condition 

using Routh-Hurwitz theorem for N25. We prove this for N > 5 formally and then for N=5. 

Equation (4.1.5) can be written as 



t'" ,=, , j !  d/ + g(x) = 0 , where g(x)=x(t)-f(x) 

Consider stability of this around an arbitrary reference point X* (not necessarily a fixed 

point). Writing X (t)=x*+6 x(t), one gets 

l d16x(/) + a&(t) = O where a = g8(x*) 

Since this equation is linear, we can write 

Substituting this in (4.1.6), we get 

We now show that there will exist at least one 11 with positive real part irrespective of the 

value of a, if N z 5. 

This would imply that the solution of the equation (4.1.5) is  unstable for any finite N 2 5 for . 

almost any initial condition. Now equation (4.1.7~) is of the form 

Nature of zeros of (4.1.7b) can be examined by Routh-Hurwitz theorem 

Define I;, = U ,  



etc.. 

The number of roots with positive real parts equals the number of sign changes in the 

sequence of T,. If at least one sign change occurs in the sequence of T's then the series 

(4.1.7b). has at least one root with positive real part and the solution of (4.1.5) is unstable 

in the neighbourhood of the reference point X*. If this happen for almost any X*, then the 

solution is unstable for any initial qondition, globally. 
% 

Let us now calculate the T, S. 

I 

( N  - l ) !  
I 

( N  - 3 ) !  

1 

( N  - l ) !  
1  

( N  - 3)! 

- 2 ( N  - 5 )  
< 0. for N > 5 irrespective of the value of a. 

N ! ( N  - l ) ! ( N  - 3)! 

- 1 1  -- I  
)Q! (AT - l ) !  ( N  - 3)! 

That is for N > 5 the equation (4.1.5) gives unstable solution irrespective of the form 

of f ( X ) .  

.i I o 
( N . - - I ) ( N - 2 )  ( M - I )  I  

( N - 3 ) ( N - 4 )  ( N - 3 )  I 

- 2 ( N  - 5 )  = 
N ! ( N  - l ) ! ( N  - 3)! 



We can explicitly show that for N = 5 also, both the fixed points of (4.1.7b) are 

unstable. 

1 
For N=5, q, = U(, = - > 0. T - U = 

1 
I -  I  > 0 N !  ( N  - l ) !  

I 

( N  - l ) !  
I 

(,V - 3)! 

We get T3 0 when a < 1 (which is conditional). But if we take T 4  

Subtracting last row from second and third, 



which is less than zero for all a.  i.e., T1,T2 are positive. If T3 is positive, then a sign change 

occurs at T 4  This means that any reference point is unstable for N = 5 also. 

Since the minimum dimensionality required for chaos is 3, we cannot expect any chaotic + 

behaviour for the order of truncation 1 and 2 [N=l and 2). We are, however not in a 

position to make any general statement about N = 3  and 4. In what follows, we consider 

the special case of the logistic map, f (X) = p X ( l -X). 

4.2. Truncated f i r  first order (i.e., when N=l). 

Equation (4.1.5) becomes 

Let X* be the steady state solution of (4.2.1). 

i.e., 0 = f (X*) - X* 

or X* is same as the fixed points of the map (e.g. For Logistic map X* = 0,l- ( l lp) )  

Linearising (4.2.1 ) by expanding the function around X* (i.e., X =X*+ 6x) we get 

Then & = dxo ~ ' [ ~ ' ~ ' * ~ - ' l  

If f (x)=p X ( l  -X) (logistic map) then x*=O, 1- ( l /p) and 

( . fr ( l )  - I)J,.,, = p  - l and (.f ' ( X )  - l)l , ,  =,-, ,, = ] - - p  

Then from (4.2.2), the system is stable when p < 1 and unstable when p > 1 for x*=O. 

For X*= l - (l /p), the system is stable for p > 1. In short if p <l, X (t) will converge to zero for 

all initial conditions and for p > 1. X (t) will converge to l- l /p. Or chaos cannot be 

expected in this case. 



4.3. Truncated for second order (i.e., when N=2). 

Equation (4.1 .S) becomes 

I d'x tfx +- = ,f'(x) - S  or 
2! dt' L// 

d'x d-v 
~ + 2 - - 2 g ( s )  = 0 ,  where g(x) = f  (X) - X  
clt - dt 

which can be split into two autonomous first order differential equations as follows, 

(putting x=xl) 

The steady state can be obtained by putting X, = 0 and X, = 0 

Again we get for f (X) =p X (1-X), x1*=0 or 1- ( ] /p)  

Linearising (4.3.1) near the steady state, we get the stability matrix as 

eigenvalues of the stability matrix is given by 

for 0<p<'/2, R = - I + ~ J I - ~ ~  

Here we get XI *=  0 is stable spiral in the 2-dimensional phase space (.s.i), for 0 < p < !/. 

For % c p < 1, il = -1 + J 2 p  - 1 and h1.2 < 0. That is XI*= 0 is stable node in the 2- 

dimensional phase space. 

In short for 0 p < 1, XI* = 0 is a stable fixed poini 



When p > 1 ,  (2p-l) l and hence A, = - 1 + J m - > 0  and /I, = - I - , / ~ ~ - I < o  

Then XI* = 0 is a saddle point (unstable) in the 2-dimensional phase space. 

When x~*= l - ( l l p ) ,   XI*) = 1-  p 

From (4.3.2) I = - l  k ,/M = -1 k ,/m 
For 1 p c 312, we get 0 c (3 - 2p) < 1 and hence h1.2 < 0. x~*= l - ( l /p)  is a stable node. 

Also for P > 312, 1 = - I  k id- , then xi*=l-( l lp) is stable spiral. In short, x*=O is stable 

for 0 p < 1 .  This is unstable for p > 1 .  At the same time the fixed point x~*= l - ( l i p )  is 

unstable for p c 1 and stable for p > 1. 

4.4. Truncated for third order (i.e., when N=3). 

Equation (4.1.5) becomes 

] d . ' s  1 d ' s  tls -- +-,+-+.v = , f ' (x )  
3! dt3 3! dt- dt 

d " s  d ' s  ds 
- + 37 + 6- = 6 ( , f ' ( x )  - S )  
1 dt - dt 

Equation (4.4.1) can be written as three coupled first order differential equations. 

If f (x)  is  the Logistic equation, the fixed points are x1*=0 or l - ( l l p )  , x2*=0 and x3*=0. 

i.e., the fixed points are (0,O.O) and ( l - ( l l p )  ,0,0). 

Linearising (4.4.2) near the fixed point we get 

Eigenvalues of the stability matrix are obtained by the relation, 

1' +3A' + 6 1  - 6 g 1 ( s ; )  = 0 



For x1.=0, the above equation becomes 

R? +3R2 + 6 R - 6 ( p - l ) = O  

and for XI.= l - l /p it becomes 

~ " 3 3 ~ '  +6R-6(1 - p ) = ~  

We can solve the above cubic equation by using Cardano's method. 

Let us put h=p-1 then (4.4.4) becomes, 

Since the roots of a cubic equation of the form r' + rz + q = 0 are given by 

where 

Here we get 

Therefore, 1, = ,Ul - ; = P:.; - 
-. . 

1 

We will get hl,h2,h3 all 0 for p < 1 and 

AI > 0, h2.3 < 0 for p > 1, near the fixed point (0.0,O). That is the system is stable near the 

fixed point (0,O.O) when p < 1 and unstable when p > 1 .  But for the fixed point ( l - ( l ip) ,  

0,0), p c 1 gives unstable solution and p > 1 gives stable solution up to p= 4 (the maximum 

possible parameter value for Logistic map).[Since p < 1 does not satisfy the condition for 

the fixed point (1-(l/p),O,O), we can ignore that part. In other words if, we take the limit of 



the parameter p as that of Logistic equation (i.e., 0 c p S 4), we cannot expect any 

chaotic behaviour in the system of equations (4.4.2.). But the Poincare-Bendixon theorem 

says that autonomous first order Ordinary differential equations with continuous functions 

with at least three dimensions (three degree of freedom) may give bounded chaotic 

solutions. So, we search for possible chaotic solution for (4.4.2) for the parameter range p 

> 4. We observed a lot of interesting behaviour for this set of equations for this parameter 

range. 

Equation (4.4.1 b) can be rewritten as (by putting f (X) = p X ( 1 - X ) ) ,  

d ' x  dx 
-+31+6--6(p-l)x+6px' = O  
dt.; dt - dt 

which can be scaled by using the change of variables X= ciX and ~=PT 

Then (4.4.7) becomes 

d ' . ~  d 2 X  , d,Y 
-+3P-+6P-- -6~"(~-1)~+6~7p '& '  = O  
d r '  clr' d r  

Take6pp3a= 1,3P=1 

Then P = 113, 6p2 = 619 =2/3 

6 P3 (p-] ) = (2/9)(p-1). CC = 1 /(6pP3)= 9/(2p) 

Then (4.4.8) becomes 

(We will get original variables from the scaled one by putting x=(9/2p)X , and t= r/3 ) 

Let us put = 213 and h = 2(p- 1 ) l 9  

Then we get from (4.4.9) 



Writing (4.4.10) as three autonomous first order equations. 

X ,  = X, 

X, = X; 

.X-: = -.X'; - \.,h', + AY, - .Y,- 

Equations similar to (4.4.1 1 )  were studied by Coulett et a1,[71] and Arneodo et al 

[72] and they observed regular as well as chaotic behaviour for different parameter 

values. 

In our system of equations (4.4.1 1 )  we observed regular, chaos and no solution 

regions in the parameter space (11.A) or (v, p) [73]. 

In figure (4.4.1) we have the bifurcation diagram for =2/3 which shows reverse 

bifurcation as the parameter )i or p is varied. For =0.7 (fig.4.4.2) and 0.71 (fig.4.4.3) also 

reverse bifurcation is seen. But for v=0.71 we could see region where no solution is 

obtained (for 6.5< p 7.0). Around this value, our numerical algorithm fails to give 

bounded solution and we get an unstable region. In fig.4.4.4. we have a plot for v = 0.8 

which shows period doubling root to chaos. Unstable region is seen in this case also and 

after this region suddenly chaos occur and the reverse bifurcation is seen afterwards. 



Fig.4.4.1. The bifurcation diagram for the equation (4.4.1 1) for different values of p or i. and 
for =2/3 



Fig.4.4.2. The bifurcation diagram for the equation (4.4.1 1)  for different values of p or h and 
for =0.7 



P 
Fig.4.4.3. The bifurcation diagram for the equation (4.4.1 1 )  for different values of p or i, und 

for \. =0.7 1 
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Flg.4.4.4~1. The b~furcat~on d~agram for the equatlon (4 4.1 1 )  for different values of p or i, and 

for 1. =0.8 



P 
Fig.4.4.4b. The bifurcation diagram for the equation (4.4.1 1 )  for different values of p or i and 

for \. =0.8 (expanded version of a part from fig.4.4.4~1.) 



Fig.4.4.5. The plot of peaks in p-\. plane for equation (4.4.10). Along X-axis we have plotted p which 
range from 7 to 9 (or i., 1.33333 to 1.77778) and along Y-axis 1.. ranges from 0.7 to 0.9 . 

The plot of number of peaks for different values of p (or h ) and v shows that the 

parameter space is rich in different dynamical properties. The darker regions represent 

chaotic or periodic solutions and the light (white) region represent unstable or steady 

state solutions. The situation here is like cases reported earlier with riddled parameters 

PSI. 



4.5. Truncated for fourth order (i.e., when N=4). 

Equation (4.1.5) becomes (for N=4), 

1 d'x 1 d:s  1 d 2 s  dx -- +--+-l,+-+s = , f ( x )  
4 ! d t J  3!d t3  2 ! d t -  dt 

d 'x  d\ d 2 s  dx 
- + 4- + 12-, + 24- + 2 4 ( ~  - , f ' ( ~ ) )  = 0 
dt' dt" dt- dt 

If we put f(x)=px( l -X) ,  the logistic equation, (4.5.2) becomes. . 

d'x d3n- d ' s  dx 
- + 4- + 12--, + 24- + 24((1- p ) s  + p.\-') = 0 
dt ' df  .' dt- dt 

Let us rescaie (4.5.3) by putting x=X and t=b~.  Then we get, 

We put b= 114 and 24 pb4 = l, Then we get 

d ' ~  d ' . ~  d ' ~  3 d X  
-+---,+a7+---pX+x' = O  
d r' d r' d r -  8 d r  

3 32 
where p = - ( p - 1 )  01.  p = I + _ p  ,cc='A.  

3 2 3 

To apply Routh-Hurwitz theorem, we put 

If a c318 then T2 0 (change of sign). Then the fixed points are unstable. For a > 318 we try 

more terms. 



3 9 
Let b' =p. If & = -a - p  - - 0 , then the system of equation is unstable. For stable 

8 64 

3 9 3 9 
solutions -a-p-->O or - a - - > p  

8 64 8 64 

That is the system of equations (4.5.4) have stable solution only for a > 318 and p C 4a-112. 

The plot of P versus a shows that there are points with stable solutions (possibly with chaos 

1 
also) along a line defined by 17 < 4 a  - - . The dark points in the plot are either cl-iaotic 

2 

or periodic points. (fig. 4.5.1 ) 

alpha (0.375 t o  1.0) 

beta (17 .'to 1.0) 

Fig.4.5.1. The plot of peaks in the fi - tx plane for equation (4.5.4). Along the X-axis we have plotted 
p which ranges from 0.0 to l .O and along y-axis, (1 which ranges from 0.375(3/8) to l .O. 

In the above plot the dark region represents either periodic or chaotic points and 

in between and on either side of these points we have regions which give unstable or 



steady state solutions (white region). The situation here corresponds to riddled parameter 

space reported in [55]. 

Here we get entirely different bahaviour than the map itself, for the 

corresponding differential equation. Also the function x(t) is not real anlytic, since the 

truncated Taylor series does not approach the function as order of truncation increases. 



CHAPTER 5 

CONCLUSIONS 

The principal and new findings of the thesis are briefly summarized below. 

We have proposed a new model describing the dynamics of a charged particle 

in a medium with dielectric discontinuity. 

Even without an external field, we get chaos in our model. The characterization of 

chaos has been done using time series analysis, Poincare section, power 

spectrum etc. The model, which is a Hamiltonian system, shows regular as well as 

chaotic behaviour for different parameter values and initial conditions. We 

observe that for the parameters 6 = 3 and L=0.3 and for initial conditions 

0.23.0.18,O. 1 ,O. 1,  the system becomes chaotic and for initial conditions 2.5,12.0, 

0.38420776277661 17, 0.0 it shows regular behaviour. This type of behaviour is a 

common feature of Hamiltonian systems. The phase space dynamics of 

Hamiltonian systems show regular as well as chaotic behaviour for different initial 

conditions. 

We have used Bohmian mechanics formalism as a good tool for characterizing, 

classically chaotic Hamiltonian systems. 

We have developed a new and efficient algorithm to calculate the Bohmian 

trajectory, and the guiding quantum mechanical wave trajectory. In Bohmian 

frame work we can define a trajectory which is not possible in usual quantum 

mechanical calculations. The sensitive dependence on initial conditions, which is 

the characterizing feature of a chaotic system, can be realized in these 

calculations. The exponential divergence of the trajectories also is demonstrcted 

in our calculation. 

We find that even for a Hamiltonian system with no explicit time dependence, 

the energy fluctuations are large. when the dynamics is chaotic. This is attributed 



to the rapid spatial variations of wave function, which causes fluctuations in the 

energy calculated by numerical integration (using Simpson's rule). 

In chapter 4 we discuss the connection between a map and the differential 

equation. We find that Taylor series of a function show much difference from the 

function itself, for a finite order truncation. The series represent the original 

function only i f  the terms in the series are infinity. We have proved, in general, for 

an order of truncation greater than or equal to 5, the series corresponding to any 

function becomes unstable in the neighbour hood of the reference point. For an 

order of truncation 1 and 2 we cannot expect any chaos, because it does not 

satisfy the minimum dimensionality condition for getting chaos. For an order of 

truncation 3 and 4 we study for a special case of the series expansion of !ogistic 

map. The truncated series is found to behave differently from the original rnap 

considered. We observe no chaos in the system up to the parameter value p=4, 

which is the maximum value possible for a logistic map. Above this value, we get 

period doubling, chaos, reverse bifurcation etc. By a simple transformation of the 

equation we made the system a two parameter one. This transformed equation 

shows still interesting features such as riddled parameter space, which is an 

indication of structural instability. 

The future work which can be done and not attempted by us in this thesis are, 

In the classical analysis, the Poincare return time for chaotic and regular motion 

seems to be different. Further study is needed to confirm this for a Hamiltonian 

system. 

The work can' be extended to a charged particle moving in a dielectric medium 

sandwiched between two dielectrics. 

In the Bohmian mechanics, the fluctuation in energy seems to be a 

characteristic property of chaotic motion, even though in the physical situation, 



the energy is conserved. This fluctuation is  attributed to the spatial variations in 

the wave function, which causes an error in numerical integration. This has to be 

investigated further. 



APPENDIX. 

The QR algorithm for calculation of lyapunov Exponents. 

The method of calculation of Lyapunov exponents using Q R  algorithm is given 

briefly below, 

Consider an n-dimensional continuous time dynamical system 

where Z and F are n-dimensional vector fields. To determine the n Lyapunov exponents 

of the system, corresponding to some initial condition Z(o), we have to find the long term 

evolution of the axes of an infinitesimal sphere of states around Z(0). For this purpose, 

consider the tangent map given by the set of equations, 

where J is the nxn Jacobian matrix with 

A solution of (A.2) can be formally written as 

Where M (Z(t),t) is the tangent map whose evolution equation is easily seen to be 

Let A be an nxn matrix given by A = lim t+cr (MMT)I/zt , where.MT denotes the matrix 

transpose of M. The Lyapunov exponents then equal the logarithm of the eigen values of 

In the standard method, one first chooses n orthogonal tangent vectors u s  irl~tial 

conditions for (A.2). These vectors are orthonormalized using the Gram-Schmidt 

Reorthonormalization (GSR) procedure at discrete steps. Then n Lyapunov exponents ore 



determined from the rates of growth of these vectors. An explicit source code for the 

computation based on this procedure is given in (331. In this method we have to 

integrate n(n+l) coupled equations, as there are n equations for the fiducial trajectory in 

(A.1) and n copies of the tangent map equations in (A.2). 

The algorithm developed by Rangarajan et a1.[34] evaluate the Lyapunov 

exponents without using the vectors 6Z directly and consequently without using i:he 

associated reorthogonalization and rescaling. For this, one exploits the fact that M can 

be written as M = QR, a product of an orthogonal nxn matrix Q and an upper triangular 

matrix R with positive diagonal entries. 

Substituting this in (A.5) we get 

QR + QR = .JQR ( ~ . 6 )  

where the overdot denotes a time derivative. Multiplying the above equation by QT from 

left and R - '  from the right, we get 

Q' Q + RR-' = Q' .TO (A.  7) 

here Q ' o  is a skew(anti)-symmetric matrix for any orthogonal matrix Q and RR-' is still 

an upper triangular matrix. 

The orthogonal matrix Q can be represented by the product of n(n-1)/2 

orthogonal matrices, each of which corresponds to a simple rotation in the (i - j)+h plane 

(i j). Hence Q is parametrized by n(n-1)/2 angles which we denote by 8i (i=1,2 ,.... n(n- 

1)/2). These angles will be collectively denoted by 8. 

And the upper triangular matrix R can be represented by (since it has positive 

diagonal entries) 



The quantities hi are closely related to the Lyapunov exponents. 

Now (A.7) can be written as 

Denoting the matrix QTJQ as S and comparing the diagonal elements on both sides of 

(A.9) we get 

R, = Sl,.i  = 1.2.3 ..... 11 (A .  10) 

The Lyapunov exponents are equal to AI  I t  in the limit t+ zc [34]. In this method to solve for 

the first m Lyapunov exponents, one has to solve m(2n-m+1)/2 equations which is always 

less than n(n+1)12 (the total number of equations) for m n. So this method seems to be 

computationally more efficient than the standard or other methods. 
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