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CHAPTER 1
Part i
INTRODUCTION

The discovery that determinism need not necessarily imply predictability has had
a major impact on many fields of science, engineering and mathematics. Several
nonlinear systems have been found to exhibit regular and unpredictable dynamical
behaviour. They are called chaotic systems. The central character of a chaotic system
is that it does not repeat its past behaviour even approximately. The unpredictability has
its origin in its sensitive dependence on the initial conditions. The system started with
arbitrarily close initial conditions evolve entirely differently. In particular, the trajectories
diverge exponentially and hence predictability is lost. This is in contrast to a regular
system for which predictability is possible. The divergence of the trajectories is
characterized by the Lyapunov exponent. If this exponent is negative or zero the system
behaves regularly and if positive, the system evolves chaotically. For a regular system,
during the evolution, the phase space points are attracted to a fixed point (as in
damped oscillations) or to a limit cycle (as in the van der Pol oscillator) or settles on a
%orus (as in higher dimensional Hamilfonian systems). The fyopunov exponent gives a
measure of the predictability. More precisely the inverse of the Lyapunov exponent gives
a time scale beyond which the dynamics becomes unpredictable.

It was Henri Poincare who, towards the end of nineteenth century, was the firsi to
recognize this phenomenon of chaos, while studying the orbits of the outer planets of our
solar system. But we had to wait for several decades, for the subject of chaos tc be
rediscovered in the pioneering work of Lorenz; the advent of computers made possible
the rebirth and the subsequent phenomenal growth of the sub,ect.

When predictions become impossible, a chaotic system resembies a stochastic

system - a system subject to random external forces. However, there are differences. The




iregularity in a deterministic chaotic system is part of its intrinsic dynamics, while in
stochastic system it is due to noise. external or internal. In stochastic processes no
predictions, short term or long term are possible. But in chaotic processes short time
predictions are possible, but long term forecasting is impossible.

Ever since chaos was found in a model for weather forecasting., proposed and
studied by Lorenz in the sixties, several real and model systems have been found that
exhibit a rich variety of chaotic dynamics. These come under two broad classes-
dissipative systems and Hamiltonian. These include the forced pendulum, iteration over
non-linear maps like the Henon map, the kicked rotator, kicked oscillator, the Henon-
Heiles system, etc. These are briefly introduced and discussed in the next few sections.

In this thesis we propose a new model that exhibit regular as well as a rich variety
of chaotic dynamical behaviour. These are discussed in chapter 2. A gquantum
mechanical treatment is discussed in chapter 3.

Besides, we investigate the intriguing connections between non linear maps and
the ordinary differential equations derived through Taylor expansions. This work
discussed in chapter 4 provides new and useful insights on maps and dynamical
equations.

The model proposed in chapter 2, is a Hamillonian system describing the
dynamics of a charged particle in a medium having a dielectric discontinuity. This
problem shares several of its features with the anisotropic Kepler problem described in
Gutzwiller [28]. In the model of Gutzwiller, chaos arises from the gniso'fropy of the mass
which can be fransformed to anisotropy of the potential through an appropriate
canonical transformation. In our problem, the chaos has its origin in the force due to
image charge, which renders the potential anisotropic. This is briefly discussed below.

We derive the Hamiltonian of our model system by considering all the forces

acting on the moving charge, including those due to image charges. Then solving

[(S]



Hamilton's equations of motion, the dynamical trajectory of the system is calculated for
different initial conditions and for different relative values of the dielectric constants. Let
6 denote the ratio of the dielectric constants. We find that for certain specific values of
the control parameter & and initial conditions, the system exhibits chaotic behaviour.
We also find that for the same value of 8, we have regular dynamics for some initial
conditions and chaotic behaviour for some others. This type of behaviour - different initial
conditions in phase space leading to invariant tori (représenﬂng regular regions) and
submerged tori (representing chaotic motion) - is expected of an Hamiltonian system. A
typical example is the Henon-Heiles system, which becomes chaotic for certain energies.

We have investigated the system described above employing standard
techniques like stability analysis, time series analysis, Lyapunov spectrum, power
spectrum, Poincare sections etc. The time series analysis clearly shows the sensitive
dependence on initial conditions. The trajectories from two nearby initial conditions
exhibit exponential divergence. We have also calculated the Lyapunov spectrum which
confirms emergence of chaos. For calculating Lyapunov exponents we have employed
the recently proposed QR algorithm [34], which is superior to the Wolf's algorithm [33].
The QR algorithm is described briefly in the appendix.

Further, we have investigated the dynamical evolution of the system using
Poincare sections for different initial conditions with same energy. We get a number of
invariant tori corresponding to regular motion and a patch corresponding to chaos. In
fact, from this plot, we could identify the initial conditions that Iegd to regular dynamics
and those that result in chaos. The distribution of Poincare return times for regular and
chaotic dynamics are plotted. We find the distribution of return times for regular motion
to be noticeably different from that for chaotic motion. To the best of our knowledge

such a study has not been reported in the context of Hamiltonian chaos.
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The power spectrum for chaotic and regular frajectories also give distinctly
differing characteristic features for Hamiltonian systems, even though these differences
are not as dramatic as one finds for the dissipative systems.

We study the quantum mechanical formulation of this system in chapter 3. In
literature we see two different approaches in the gquantum mechanical treatment of
classically chaotic systems. One is the study of the statistics of the energy level spacings.
The level spacing obeys Poissonian statistics for clossicolly'regulcr systems and Wigner
distribution for classically chaotic systems. This change in distributions is attributed to the
level repulsions which is a characteristic feature of quantum chaos. Simple systems like
Sinai billiards were studied and their eigenvalue spectrum were investigated for signature
of quantum chaos. However calculation of sufticiently large number of eigenvalues is
rather difficult for our model system. Hence we have opted for the second method
based on the Bohmian mechanics. In chapter 3 we have employed this method for our
quantum calculations, which gives a correspondence between a classical trajectory
and a Bohmian trajectory. The wave functions also play an important role in these
calculation. Within the Bohmian frame work, we construct an effective potential as the
sum of the classical potential and a state dependent quantum potential. The porﬁcle
moves in this effective potential, guided by the quantum wave. In this method, we can
define a trajectory (for the particle) which is not possible in the conventional quantum
frame work. This means that a comparison of trajectories from two nearby initial
conditions is possible, as in classical case, and chaotic behovio_ur, it present, can be
characterized.

The trajectories calculated using this method show a clear difference between
chaotic and regular motion. The distance of separation between two trajectories started
from nearby initial conditions diverges exponentially in chaotic case: in contrast, there is

no such divergence in regular motion. We have tested this method and the algorithm



developed by us for the known case of the Henon-Heiles system. Our results exactly
match with those reported by Senguptha and Chattaraj [52]. Besides, our algorithm is
found to be more accurate than that of Senguptha and Chattargj [52].

In chapter 4 we begin with a discussion on the Taylor expansion

1 d x(1
xX(t+1)= —'—;f——) in the discrete map x (t+1) = f (x {t]). Such an expansion should
=0 J- &

represent the original dynamical system. We consider truncating this series at finite order

> i d'x(1)
=0 ]' (/’/

N to get a new dynamical system = f(x(1)). The behaviour of this

dynamical system is entirely different from that of the map for all finite N. As is evident
from the stability analysis, truncation up to second order does not give any chaotic
behaviour, irespective of the nature of the map. Considering the stability of the solution
about an arbitrary reference point and using Routh-Hurwitz theorem, we show that for
truncation of the order five or greater, the system is unstable. Numerical calculations
performed on a few model systems corroborate this finding. For the specific case of the
logistic map, third and fourth order truncations show regular, chaotic and unstable
behaviour. However, these are remarkably different from the behaviour of the original
map. For the case of the logistic map, we have further explored the Taylor series
expansion up to third and fourth orders. By a suitable transformation we get two-
parameter differential equations with a riddled parameter space- an unmistakable
signature of structural instability. We thus demonstrate that even very simple systems
behave in a complicated manner.

The new findings reported in the thesis are briefly summarized in the fifth chapter.
in the next few sections, we briefly review some important nonlinear systems and maps

which exhibit chaotic behaviour.



Part i
SECTION A
DISSIPATIVE SYSTEMS.

Over the last two or three decades a number of dynamical systems have been
identified, which exhibit chaos. There are a lot of monographs appeared on the
subject[1-6]. During the seventies R.M. May gave a beatuful account of a very simple
model (Logistic map) which shows very complicated behéviour [7]. A decade before
this, E.N. Lorenz had put forward a model while frying to simulate the atmospheric
dyncimics, which shows complicated behaviour([8]. This complicated behaviour lecd to
the introduction of strange attractor[?], which is basin of attraction of a chaotic system.
Later Feigenbaum discovered universality in some non-linear systems[10]. The study of
chaos also started throwing light on the unsolved problem of turbulence [11]. A large
number of experimental work were also started during this period in Physics, Chemistry,
Fluid dynamics, Electronics, Biology, Medicine etc.[12-20]

Some models exhibiting chaos are described below.
1.1.Forced penduium.

A forced pendulum is given by the equation

d6
dr’

+r%0—+sin9=‘/’sin(27rw) (1.1.7)
t

where the first term represents inertia, the second, friction at the pivot, the third, gravity
and the term on the right hand side represents a sinusoidal torque applied at the
pivot.(This equation also describes the behaviour of a simple Josephson junction circuit).
Here the equation have three degrees of freedom which is a necessary condition for
getting choos in a system represented by differential equations.The non linearity in
equation (1.1.1}) is coming from the term Sin 8. If we do a simple transtormation as

x(H=9 (1.1.2¢)



x(2) = do/dt 1.1.2b)

X3 = 2nv t {1.1.2¢c}
Equation {1.1.1) can be written as three autonomous first order equations and since the
dimensionality of the system is now 3 [N=3), the system exhibits chaos for particular
choice of parametersr, F and v

The phase plot of the above system (with 2av =wp) for wp =2/3. r=0.5 and f=1.2 is
given in the fig.1.1.1. It clearly shows the chaotic nature of'fhe frajectories. For a regular
oscillatory motion, the phase plot would have been a closed curve, either an elli_pse ora
circle. Here, instead we are getting a number of curves showing irregular motion of the
pendulum.

The time series for the forced pendulum plotted for two nearby initial conditions
(for the parameter values wo =2/3, r=0.5 and f=1.2) of the variable xi2 is given in fig.1.1.2.
Here the two trajectories initially superimpose, and later they diverge and are widely
separated. This sensitive dependence on initial conditions is the characteristic feature of
a chaotic system.

The power spectra for two different cases are given in fig.1.1.3. Fig.1.1.3a is for wo
=2/3, r=0.5 and f=0.9, which corresponds to reguiar behaviour. Here we have only one
frequency and its higher harmonics. But in fig 1.1.3b, which is for wp =2/3, r=0.5 and {=1.2,
we get a broadband spectrum. Here we get all possible frequencies up 1o a range,
which is an indication of chaos. The power spectrum initially falls exponentially and the
fall near the tait is much slower,

The bifurcation diagram given in fig.1.1.4 shows perioc doubling, chaos, periodic
windows, intermittency, reverse bifurcation etc. Comparing this with the bifurcation of
logistic map, the features like periodic windows etc. are not as clear as that in logistic

map.
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Fig.1.1.1.The Phase plot (8 vs. do/dt) for the forced pendulum for mp =2/5,r=0.5 and f=1.2
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Fig.1.1.2.The time series for the forced pendulum for mp =2/3, r=0.5 and f=1.2. Solid line and dotted
line are for two initial  conditions separated by 10¢ units.
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Fig.1.1.3a. The power spectra for the pendulum for mo =2/3, r=0.5 and f=0.9(regular)
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Fig.1.1.3b The power spectra for the pendulum for mp =2/3, r=0.5 and f=1.2({chaofic}

.-




~J

x2

(53

T , ] | | |
..,-n-n-nunn ;
pae" . ‘
‘,,n \‘.
e o \ "d
- "/ ]
1
'IM1
J.'
L ) | | l l
.8 1 .2 1.4 1.6 1.8 .2 2.4 2.6 2.8
¢
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1.2.Lorenz model

In fact chaotic systems of low dimensions were known even before 1970. The
present activities in the study of chaos started after the publication of a paper by
E.N.Lorenz in 1963. He was frying to model the dynorﬁics of the atmosphere by

approximating the equations governing fluid dynamics using three variables[8]. The

Lorenz model is given by the equations

dx/dt = -ox+oy
dy/dt = -xz+rx-y \ (1.2.7)
dz/dt = xy -bz

J

where o, r and b are dimensionless parameters. Here x is proportionatl to the circulatory
fluid flow velocity, y characterizes the temperature difference between rising and failing
fluid regions, and z chracterizes the distortion of the vertical temperature profile from its
linear-with-height equilibrium variation. For a choice of parameters 6=10, b = 8/3 and r=
28, the system shows chaotic behaviour. The phase plot for the above parameter vatues
gives a strange attractor.(see Fig.1.2.1). The Lorenz attractor in 2-Dimensional space and
3-Dimensional space are given in fig. 1.2.1a. and fig. 1.2.1b.

The time series and power spectrum for the Lorenz mo@el for the parameters
given above are plotted in fig .1.2.2. and fig.1.2.3. The sensitive dependence on initial
condition, which is a signature of chaos is seen from fig. 1.2.2. The power spec’rrurh
(fig.1.2.3) depicts a continuous band at lower frequencies which also is an indication of

chaos.
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Fig.1.2.1a. Lorenz attractor in 2-D for the parameters 6=10, b = 8/3 and r= 28.
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Fig.1.2.1b. Lorenz attractor in 3-D for the parometers 6=10, b = 8/3 and r= 28.
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Fig.1.2.2.The time series for Lorenz model for two nearby initial conditions (seperated by 10¢) for the

parameters =10, b = 8/3 and r= 28.
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Fig.1.2.3.The power spectrum for Lorenz model for the parametrers given in fig.1.2.2.
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Fig.1.2.4.Power spectrum averaged over 100 initial conditions for the Lorenz model for different
number of evolution steps [N).

18



N=2"17,dt=0.01(top),dt=0.005¢middle) ,dt=0.001C(bottom)

1 L 1 T T L} -1 T T T

0.1

0,01

0.001

& 0.0001
)

2 1e-05

1le-06

1e-07

1le-08

1e-09
0 0.1 0.2 .3 0.4 0.5 0.6 0.7 0.8 0.9 1

£/F0
Fig.1.2.5. Averaged Power spectra for Lorenz model for different sampling interval (dt) or different
Nyquist frequency.(a)top for dt=0.01 {b) middle for dt=0.005 (c) bottom for dt=0.001.
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The power spectrum is averaged over various initiol values and is plotted in
fig.1.2.4. for different N(number of data) values. The power spectrum is found to depend
on N (the tail region scales as 1/N). (This is due to the finite size effect). Also the power
spectrum seems to be dependent on the Nyquist frequency (or sampling time intervai dt)
(see fig. 1.2.5). The power spectra calculated numerically will be always aliagsed. In otner
words, the effect of frequencies beyond f.=1/2(dt) will be folded back into the power
spectrum calculated {21].

1.3. Maps or Difference equations.

Since study of differential equations (flow) is quite an involved work, people
started concentrating on difference equations {or maps).

One of such maps which shows chaotic behaviour is a piecewise linear one-

dimensional map given by,

Y

el T

2x —l’ {1.3.1)

Forx, <2 the above equationis

x . =2x and

forxn>'%,
X, =2(1-x)
This map called tent map shows the behaviour of stretching (which leads to exponential
divergence of nearby trajectories) and folding (which keeps the orbit bounded) {22]
Another simple map closely related to the tent map is
Xn+1 = 2 X modulo 1 (1.3.2)

A third system which shows chaos and well studied by various people is the

Logistic map which is used by R.M. May for modeling yearly variations in the population

20



of an insect species [7]. The logistic map can be derived from the Logistic differential
equation, which describes the population dynamics.
The rate of change of population {say, of any insect, in limited conditions) is

given by[23]

-

X =rx(l -—1) = r\'—i =y —sx° 1.3.3
; ) P ” P N — SV (1.3.3)

In the above the first term represents exponential increase of the populationn and the
second term represent the decrease of population due to limited resources.

The difference equation corresponding to {1.3.3) is

N, ,—N, =N, —sN;
Or N,,=(r+)N, —sN; (1.3.4)
N ., =r'N, —sN;

N,
Where ' =r+1.
Normalizing N by taking x = N/(r'/s} in equation {1.3.4}, we get

Xn+t =T Xn — I Xn? or

Xnel =T Xn [ 1- Xn) (1.2.5)

with x e [0.1] and 0 <r < 4

This map is rich in its dynamics with period doubling, chaos, intermittency etc. Later
Mitchell J. Feigenbaum used this model to show some universal characters for quadratic
maps exhibiting chaos {10].

in Chapter 4 we give a new way of treating maps, namely, equating them to
finite series differential equations. '
1.4.Two-dimensional map - Henon map.

A well known example for a 2-dimensional map is the Henon map. It is given by

the difference equation [22,24]

x,., =a—-x; +by,

(1.4.1)
-

n+l Tt

3



In this map they describe a model, which is simple, yet exhibit the same essential
properties of a non-linear differential equation like Lorenz system. Instead of considering
the whole trajectories in 3-dimensional space, they used only successive intersections
with a 2-dimensional surface of section. For a=1.3 and b=0.3, the result of plotting
successive points obtained by iterating equation (1.4.1) is given in fig.1.4.1. The atfractor
in the figure is a strange attractor corresponding to chaos. The self-similarity is clearly
seen from it by taking a blow up of a smali portion of it. The dimension of the attractor is

fractional {D = 1.26) and hence it is a fractal.

<
o [a¥] [ £
T

]

<

.

L <
T

]
f=3
(8]

T

Fig.1.4.1. Piot of Henon attractor for a=1.3 and b=0.3
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Chaos has been observ-ed in some chemical reactions also. One of such well
studied examples is the Bolouzov- Zhabotinskii (B-Z) reaction.[17]

in chapter 4 we have studied the Logistic equivalent of differential equation,
which shows very interesting results.

in the next section we give a brief review of Hamiltonian systems and how chcos

in such systems are characterized.

2
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SECTION B
HAMILTONIAN SYSTEMS

Hamiltonian systems are a class of dynamical systems that occur in a variety of
circumstances. The special properties of Hamilton's equations endow these systems with
attributes that differ qualitatively and fundamentally from other systems. For example,
Hamilton's equations do not possess atfractors.

Some of the Hamiltonian systems are, the well known case of mechanical systems
without friction, paths followed by magnetic field lines in a plasma, the mixing of fluids,
the ray equations describing the trajectories of propagating waves etc. In all of these
situations chaos can be an important issue. Also, chaos in Hamiltonian systems may throw
light on issues like foundations of statistical mechanics and stability of the solar system. in
addition, Hamiltonian mechanics and its structure are reflected in quantum mechanics.
1.5. The dynamics of Hamiltonian systems.

The dynamics of a Hamiltonian system is completely specified by a simple
function, the Hamiltonian, H (p. q, t}. If the number of degrees of freedom of the system is
N (N=3n, for n particles interacting in 3-D space), then the frajectory (p {t). q (1)) of the
system in 2N-dimensional phase-space can be determined by solving the Hamilton's
equations of motion, viz,

dp/dt -cHp.at)/cq

(1.5.1)

dq/dt cH(p.qt)/cp

if H does not have any explicit time dependence (i.e., H=H (p. q)). then

24



dH _dq oH  dp OH
dt dt 0q dt Op

> (1.5.2)
_OHOoH oHoH
dp 0g Oq Op
J
=0

Identifying H as the énergy E, of the system, we see that the energy is conserved.

ie., E= H(p. q) = a constant of motion. - (1.5.3)
One of the basic properties of Hamilton's equations is that they preserve 2N-dimensional
volumes in the phase space. Thus, if we consider an initial closed surface So in the 2N-
dimensional phase space and evolve each point on the surtace forward with time, we
obtain at each instant of time t a new closed surface St which contains within it precisely
the same 2N-dimensional volume as does So. As a consequence of this result, Hamiltonian
systems do not have attractors in the usual sense. This incompressibility of phase space
volume for Hamiltonian system:s is called Liouville's theorem.

For an integrable system, the trajectory in phase space will remain on *he
constant energy surface. Since there are N constants of motion for an integrable system
with N degrees of freedom, the trajectories are confined on an N-dimensional forus in the
2N dimensional phase space. Even if we give slight perturbation to this integrable
Hamiltonian, the tori are not destroyed. Only for very large perturbations, the tori get
destroyed and the system goes from regular to chaotic motion. For a not enough strong
perturbation, we may observe some regular tori and some other destroyed ones. The
idea of transition from integrability to non-integrability is given by K'AM theorem [22]. Also
it is observed that, the trajectories can wander from one torus to another in phase space

within constant energy surface.



1.6. A few examples of Hamiltonidn systems.

A classical example of a non-integrable Hamiltonian system is the three-body
problem (say. in celestial mechanics or atomic physics). A number of non-integrable
Hamiltonian systems have been identified and studied for their chaotic behaviour. It
includes differential equations and difference equation (maps) representing Hamiltonian
systems. The standard map, kicked osciliator, kicked rotator; Henon-Heils systems etc. are
some of the well-studied chaotic system:s.
1.6.1.The standard map (Kicked rotator)

Let us consider a rotator with @ moment of inertia | and length L, fastened to a
frictionless pivot subjected to a periodic impulse of strength k/L . Let Py be the angular
momentum and 6 the angular position at any instant. Then the Hamiltonian can be

written as [22,25].

H=%—k(‘os02 Sz=n) (1.61)

- RESEH

4

P
Here _T”I is the unperturbed Hamiltonian.

The Hamiltonian {1.6.1) corresponds to a particle motion in a periodic wave
packet with an infinite number of harmonics of equal ampiitude.

The equations of motion derived from (1.6.1) are

: oH A
P, = "S5 C ~kSin6 5(? —n) | (1.6.2)

==

g0 _1%
op, I

if (Pn, Bn) are the values of the variables just before n kick, and {Pn+1. Bna) are the values
of the same variables before the next {n+1)®h kick, then from {1.6.2) and (1.6.3) we get

the mapping equations as
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Phe Pn - k sin On

1]

(1.6.4)
erh‘l = 9n + Pn+i

when k= 0, the system will be integrable, and the frajectory can be put on a forus P ([mod

2nt), B(mod 2m) and the corresponding phase portrait will be a closed curve. But when

k > 0, the phase portrait will be complicated (see ref .25).
This map. also called as Chirikov-Taylor map, offers a simplified model of the onset

of chaos by retaining the typical complex features of the problem. When the value of k is

increased above zero, the system becomes non-integrable. The fig.1.6.1 shows (0,P) plot

for various initial conditions. If the initial condition is on an invariant torus it traces out the
closed curve corresponding to the torus. If the initial condition yields a chaotic orbit, then
it will wander through out an area densely filling that area. For small perturbation (k=0.5)
there are many KAM fori. [See fig.1.6.1). When k is increased, more and more KAM tori
disappear and the chaotic orbit fills almost the phase space. Phase piot for k=1.0 and 2.5

are also given in fig.1.6.2 and fig. 1.6.3.
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Fig.1.6.1 The phase porirait of the standard map (k=0.5)
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Fig: 1.6.2. The phase portrait of the standard map (k=1.0)



el

-3 : N " L " .
0 1 2 2 4 5 &
theta

Fig: 1.6.3. The phase portrait of the standard map (k=2.5}
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1.6.2.The Web - Map (Kicked Oscillator)
The Web-Map is a resuit of the consideration of particle motion in a constant
magnetic field and an electrostatic wave packet propagating perpendicular to the

magnetic field. The Hamiltonian of the system is

) A k Z
H = %(p' +@,X")— a); (’().s:\"; 5(3[; - . (1.6.5)

The equation of motion obtained from (1.6.5) can be written as a difference equation
and by a suitable transformation we obtain the map [25]

u,., =(u,+ KSinv YCosa +v,Sina
(1.6.4)

v, =—(u, + KSinv,))Sina +v,Cosa

.
n+i

X
where 1=—, v= -x, o =wmoT
®,

The most interesting case involving map (1.6.6) is that of the resonance between
sequences of kicks and oscillator frequency wo
ie.when a =wT =2r/qg : (1.6.7)
This map can be considered as a dynamical generator of the g-fold symmetry for the
resonance condition {1.6.7), which is of the crystalline type for

g € {qc}={1.234.4} (1.6.8)

and the quasi-crystal type forg ¢ {qc}
Examples of a phase plane with narrow stochastic layers are given in fig. (1.6.4) for

a=4.5,6.7
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Fig.1.6.4 c. The phase plot for the web-map (eq.1.6.6) for g=6 and k=1.2
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These illustrations demonstrate 1he existence of the stochastic web of a corresponcing
symmetry in the phase plane. The stochastic web is a net with each part being a
stochastic layer. One can say that the net of channels, which constitute the stochastic
web, provides particle transport along the web [fig.1.6.4)
1.6.3.The Henon- Heils system.

One of the simplest and well studied non-integrable systems is the Henon-Heils

system [26,27]. The equations of motion of the Henon-Heils system are

X =-x-2xy
.. ) s (1.6.9)
V=—v+y —x"
The potential is given by
Vixy) = 2 {x2+y2)+x2y-y3/3 (1.6.10)

This system has not been solved using any analytical method. Here we have a 4-D phase

space x, x,y, v and it in this space is not possible to visualize. If we restrict the initial

conditions to one value of the energy, E, there are only three independent co-
ordinates left over, due to the constraint H {x, x.y, V) =E. Since 3-D space is still difficult
to draw, we only plot the intersection points of the orbit x (1), y (1}, v (1} with a 2-D plane,.
y vs. v {at x = 0). If the system were integrable this (poincare) surface of section would
fook like that of Fig.1.6.5.

But when the system is non-integrable, the surface of section becomes
complicated, and these are plotted in Fig.l.é.é. for the Henon-Heils system for .vcrious
energies E. At E = 1/12, the phase plot does look like a dotted deformed version of the
one for an integrable system {(fig.1.6.6a}. At E = 1/8 the seperatrices seems to be

disappeared (fig.1.6.6b) (see Fig.1.6.5. also}, replaced by a chaotic collection of dots

{from one orbit) through which it would be difficult to draw a nice simple curve. At a

higher energy,



Fig.1.6.5. Phase plane plot for the penduium. (Schematic)
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Fig 1.6 éa: Phase plot for Henon-Heils system for £=1/12
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Fig 1.6 éc. Phase plot for Henon-Heils system for E=1/6
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E= 1/6, nearly all of the available phase plane seems chaotically filled with the
intersection dots of just one orbit (fig.1.6.6c}. Yet some small islands, with an elliptic
(linearly stabie) points at their center, can still be seen. Those orbits do not wander. The
time series for Henon-Heils for the energy E=1/12 and E=1/6 for ne.arby initial conditions is
shown in fig.1.6.7. Fig 1.6.7a which corresponds to the energy E=1/12 gives a time series,
for two arbitrarily close initial conditions. The two time series-exactly superimposes and we
cannot distinguish the two. For this energy we get regular motion. The Poincare section
for this energy gives invariant tori (fig.1.6.6a), which also suggest regular motion. in
fig.1.6.7b the time series for the energy E=1/6 for two arbitrarily close initial conditions are
plotted. The divergence of trajectories as seen from the plot clearly suggests the sensitive
dependence on initial conditions. The Poincare section plotted for this energy (fig.1.6.6c)
give scattered points which is the indication of destroyed torus. Thus chaos is confirmed
for the system for the energy E=1/6.

The power spectrum for the case E=1/12 (fig.1.6.8a) show a few prominent
frequencies and their higher harmonics. This can be treated as characteristics of regular
system with periodic behaviour. But the power spectrum for E=1/6 (fig.1.6.8b) show d
spectrum of frequencies which can be interpreted as the behaviour of an irregular
system. But the freguency component vanishes beyond a range, which makes @

difference between stochastic process and a chaotic system.
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Fig.1.6.7a. The time series for the Henon-Heils model for E=1/12
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Fig.1.6.8b. The power spectrum for the Henon-Heils model for E=1/6.
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We could go on to cite many éxamples of mechanical systems displaying the type of
behaviour seen in the example of Kicked rotor. It is perhaps; somewhat more surprising
that these same phenomena apply to situations in which one is not dealing with
straightforward problems of mechanics. The point is that these problems are aiso
described by Hamilton's equations. Three examples of this type are the following.
1.Non-turbulent mixing.
2.The trajectories of magnetic field lines in plasmas.
3.The equations for the propagation of short wavelength waves in inhomogeneous
media.

In chapter 2 we introduce a new Hamiltonian system, which shows chootic

behaviour for certain parameter values and initial conditions.
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CHAPTER 2
MOTION OF A CHARGED PARTICLE AROUND A FIXED OPPOSITE CHARGE NEAR A
DIELECTRIC DISCONTINUITY.
2.1.Introduction.

In this chapter we study a model, which is a simple Hamiltonian system, yet
exhibiting complicated behaviour, including chaos. We have already discussed the well-
known Hamiltonian system, which shows chaos as well as 'regulor features for different
energy values, namely Henon-Heils system [26]. The model we describe here is hydrogen
fike system kept in a dielectric medium near a discontinuity. Precisely, we have a
charged particle moving around a fixed opposite charge kept in a medium with @
dielectric discontinuity, We are inspired from the Anisotropic Kepler Problem [AKP)
described by Gutzwiller [28], which also shows regular as well as chaotic behaviour. In
AKP the chaos is coming from the anisotropy in mass of the charged particle moving in
the medium. In our model instead of mass anisotropy, we introduced a discontinuity in
the medium, which causes image charges for moving as well as stationary charges. If we
include the contribution to the force due to all the charges and image charges, the
equation of motion will become non linear. {see sec. 2.2.}. During the development of
the model, we came across similar modelé, though slightly different, which shows chaos.
Some of them are, Hydrogen atom near a metal surface [29], Hydrogen atom
interacting with different external fields like magnetic field, electric field, crossed electric
and magnetic field [30]. In models given in ref.29 the chaos is due: to the image charges
and that given in ref 30, it is due to the external fields. In our model we have seen that,
the system becomes chaotic, for certain parameters {6=g1/s2, the ratio of dielectric
constants of the two media) and initial conditions. The mathematical model is
developed, by considering all the forces on the moving charge, including that due to

the image charges. The Hamiltonian thus derived is used for getting Hamilton's equations
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of motion. We have scaled the équo’rions for eliminating the terms like charge, mass etc.
50 that we get simple looking equation. Now the problem is six dimensional one, since we
require three co-ordinates and three momenta to get the trajectory of the system in a six
dimensional phase space. Since to view the trajectory in six dimension is almost
impossible, and even to get a Poincare surface of section becomes a tough job for such
a model, we tried to reduce the dimensionality of the probiem. Since it has a cylindrical
symmetry the angular momentum is conserved, and hence the six dimensional problem
is reduced to a four dimensional one. Now we could take a Poincare surface of section
by reducing one more dimension by keeping the energy constant. Thus a plane cutting
an energy surface in three dimensions can be defined. By looking at various planes and
for different parameter values and initial conditions, we could see that the system shows
reguiar as well as chaotic behaviour. Thus we could identity different initial conditions
showing chaotic or regular behaviour. In addition the stability analysis of the model
shows that, for a range of parameter value §, it can have fixed points showing center or
quasiperiodic solutions {regular) and we could as well imagine that for these values of §
itself, there may be points in phase space which are unstable and may be chaoftic. On
the other hand, in dissipative systems, we get either fixed points (for regular case) or
strange attractors (for chaotic case). Since phase space volume does not contract in
case of Hamiltonian systems like our model, we cannot expect strange attractors. At the
same time, for Hamiltonian systems, different initial conditions may lead to regular as well
as chaotic motion. This assumption made us to search for initial co‘ndiﬁons comparatively
far away from the stable points for any chaotic region, and in fact we obtained some.
We have investigated the system extensively using the standard numerical techniques,
like the time series analysis, calculation of Lyapunov exponents, plotting the trajectory,
taking the power spectrum, the Poincare surface of section etc. Plotting the time series

for two nearby initial conditions shows the sensitive dependence on initial conditions
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{SIC) for the initial condition corrésponding to chaotic solution. The trajectories plotted
also gave a clear evidence of SIC. The distance between the trajectories during the
evolution also confirms this. The power spectrum for the time series, which can be used to
characterize chaos in dissipative system, also indicate a difference between chaotic
and regular motion of our model, even though not as convincing as in the dissipative
systems.

The model, which we have described here, shows chaos classically. and may be
relevant in the context of electron motion in semiconductors, organization of particles in
charged colloids etc. This part of the work is reported in [31].

A quantum mechanical treatment of the problem is discussed in chapter 3.
2.2.Derivation of the Model
Consider a charged particle +Q frozen at re{xo,yo,20) and a charge -Q which is free o
move any where in the medium with a dielectric discontinuity and having the
instantaneous state vectorr (x, y,z).

T * +Q [Xo.Yo.Z0)

.- Qxy2

I=0 plane

Fig. 2.2.1. Schematic diogrom showing the positions of charges.

We can calculate the field E in the region z > 0 when physical charge is placed in the

region z > 0 as follows by the method of images [32].
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We know that whenever a charge in one medium is close to another dieleciric,
there will be induced charge on the dielectric. This induced charge is distibuted
through out the dielectric medium and will influence the original charge ailso. The effect
due to the entire charge distribution due to induction can b.e taken as the effect of a
point charge in the dielectric located at an appropriate place. This virtual point charge is
called image charge. Whenever we are dealing with forces on a charge in a dielectric,

we have 1o take the effect due to image charge also into account.

QR [%a.Yo.Z0)

/ /“"r" P

& /,-' ﬂ

2 {lef) \'

Q' [Xo,Yo.~Zo)

Fig.2.2.2. Vectors representing real charge and image charge.

Let Q' be the image charge of +Q when looking from the medium 1 (with dielectric
constant g;). Now the enftire region can be assumed to be filled with medium 1 (with
dielectric constant ¢1). Then the electric field E in this region (say at P) can be calculated

as follows,

@ -n) O r-n) (2.2.1)

4re, |(r-r, )13 4re, |,. - ,.0'|3
The charge density at point z> 0 is given by

v.E :25(/~—/~0)+g5(r—r0') (2.2.2)
& &
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= -SQ—(S(r —-r,) forz>0 (2.2.3)
1

(Since the second term in 2.2.2 becomes zero for z > 0)

It the charge is placed in the region z > 0 we calculate the field at z<0, as described

below, see fig.2.2.3.

% A A QY [Xo.Yo.Zo)

z=0

e Mo r P

(x.v.2)

Fig.2.2.3. Position vectors of effective charge {Q") and the moving charge -Q

We consider that the entire medium is replaced by medium 2 (with dielectric constant g2)

and let the effective charge when looking from a pointz< 0 be Q.

" r-r
E*= Y M (2.2.4)
dre, |y -1 ’
- [¢]
V-E<:g6(r—r(,)=0,forz<0 (2.2.5)
g'\
We have
D=¢cE (2.2.6)
Normal component of D is continuous and so D; is continuous.
gE’| =¢gE" (2.2.7)

Asz—>0 r=p= (,\'17+)j;)
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S0 (r=r)=(p—p,)— 5ok
(r-r, )=(p—p(,)+:(,/‘:

l(" — )‘2 = ‘(,D ~ P )I2 +:n2

(r—rn, )l- = l(p ~ P )lz '*"—"02

But tangential component of E is continuous.

ie. E =E

v z—=0

sl

=F "

1
‘:A“

E°

! \:—»()

From (2.2.7) (using {2.2.1), (2.2.4), 2.2.8) and 2.2.9) we get

1% (p-po)—:o:’i +§2L(p-po)+:oiﬁ|
ez ] A lo-pif +2] )

4z M_ Po

_Q" (p=pPu) 3 ,

k
4r Mp_p()lz +:02]A ) -
e, —0+0 =-0"
or 0"=0-0

From equations (2.2.10a) and (2.2.10b) we get,

Y (p_po)—:ol; ‘ + ‘
dne 2 2]3 : 4re f SN
‘ p"pnl + 3 . ! ,0",0(,‘ +Z Tev

|

(2.2.8a)

{(2.2.8b)

(2.2.9q)

(2.2.9b)

(2.2.10q)

(2.2.10b)

(2.2.11)

(2.2.120q)

(2.2.12b)

(2.2.13)
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0,0 ¢ (2.2.14)

e, —+=—=
Then using (2.2.12) we get,

& — &,

Q' = =Q (2.2.15)
g +e&,
and
2¢,
Q" = — . (2.2.16)
£ +E&,

Equations (2.2.15) and (2.2.16) gives the image charges at z < 0 and z>0 fespec’rively.

2.3.The Equation of motion for the model

g —-& o0-1 2¢, 2 £
L= == and b= =" _where § =—. The situation
g +&, o0+l e +e, o+l £,

Lletus put a =

when the particie is at z>0 is shown in the fig2.3.1. {Let O be the origin of co-ordinate

system)

A @ (000 & -Qx.v.2
A
Y e

%H‘_‘-»—_____ Fe

v (},\\Ai + [[j,O.,-:{]_—-—-—-ﬁ_’ D -Qxy.-2)

Fig.2.3.1. The different forces acting on the particle -Q when itis atz > 0.

The force F on the particle at B is

[Since Q' =aQ] <

tn
(V5]




Iy Qz(r- R) _ Qza(r -R) N Qa(r-r")

4ze | |r-R |r-RY lr=r
. O (x.yv.2—-2) a(x.v.2+2)
mr = - T . N ,32—7» B s 32
4re, [x'+_\"+(:—Z)'] [x'+_\"+(:+Z)']
+”—(M] (2.3.1)
8-
.0 (x.v.2-2) a(x.v.z+2Z)
”1"= T b} b 132— h ki 7‘2
4re, [.\"+_1"+(:—Z)'] [x‘ +y° +(:+Z)']
+ ”(0'9'1)} (23.2)
4--
The situation when the particle is at z<0 is shown in fig.2.3.2.
Ql'
A E 2 (Xy.-Z)
R .7 ol TG
yd T
g~y
\\'\s F
v @ ey
Fig.2.3.2. The different forces acting on-Q whenitisatz <0.
Q'=0Q . Q"=bQ
The force on the particle at F s,
L[ b0 R Q=1
mr = - —+ 3 (2.3.3)
4re, - R lr=r|
> [ b(x.v.z - 0.
mit = Q | - (J: . Z)’ — +a(0(31) (2.3.4)
4re, L [.\“+.\"+(:-Z)']‘ i 4z°

Equations {2.3.2) and (2.3.4) can also be written as,
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. . QO (x.v.z2=2) a(x.v.z+2)
p=mi= il e YOS T2
4re, [.\"—’r)"-’r-(:-Z)'} [,\-'+.\"+(:+Z)"}
+ ”(Z‘(Z")} , for 250 (2.3.5)
pemi=g L fo iz l) @O0 g 2.3.6)
4re, [x‘+_\"+(:—Z)'} ) 4z

- &
where o0 = —

N

The corresponding Hamiltonian is obtained as

g _ < [ ‘ N a

2m  4re [,\-3 +17 4 (2 —Z)z]' ; [x" +V (o + Z)z]I ’
__".} for 250 (2.3.7)
and
2 2 h
H=1__s< | -2 forz<o (2.3.8)
2m dre, [\ +17 +(z *Z)‘} T4

. . N . , ) oH
i.e.. by knowing the Hamiltonian we can make use of Hamilton's equations p = —-a— .

q

and ¢ = %[i for getting the equations of motion. in other words, equations (2.3.5) and
)

(2.3.6) are obtained from (2.3.7) and (2.3.8) respectively.

The nature of the potential given by equation {2.3.7) is plotted in fig.2.3.3.
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Fig. 2.3.3.The potential for the model dielectric very near fo dielectric discontinuity (z=0) and for the
positive charge 0.1 units above discontinuity.



Now we can eliminate Z by fokihg all distances in units of Z.
ie. x=18 ,. & =%/

y=In. n=y/l

=1y , yw=12/1

Then equations (2.3.2) and (2.3.4) are modified as

7 d" Enp) = Q- ’—Z(é,"7'l//_l),'w.
dr’ dne, | Z°[e + v -]
- 1aZ(g\.ry.w+l) _ +u(‘0.0.l’)J >0
Z"[ﬁ' +1° +(!//+|):]’ T L4y
and
: : - v. . - 30~
mZ d, (&.nw)= 9 ,bz(f id l), s +a(,0 ‘],) <0
dt- 4re, 23[5-4.,7-4.(,,,_1)-]‘ - Z74y-
Putting
QZ
= _— or
\ dremZ”

4re,mZ’
=t ’————
Q-

Then equations (2.3.9) and (2.3.10) can be re-written as,

)= _(?"I'W—”m:
dr’ e+t +w- n?
- a(g_:.zy.y/+l)1 _ +a(0-01-1)} >0
[ e ] 4
> A —b(E.nw -1 a(0.0.1)
(E.nw) =90 (»énw )-,3:+ ( 2  ¥<0
dr’ 2+ + -7 W

{2.3.9)

(2.3.10)

(2.3.11)

(2.3.12)
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The Hamiltonian of the corresponding equation of motion is,

+i} ,w>0 (2.3.13)
4y

H=p|:+p:3+l73:+_ - - l T " a ISTRE
2 [+ 02+ -1 g2 + 07+ +1)?]
H:pl-+p:-+p“-+ . 5 idd ST 2

2 e+ -] 4w

Now let us put £=pCos6 and n=pSind

So that E2+n2=p?,
We have p, =& p=10.ps =y
But & = pCosO — pSin66

1= pSiné + pCos60

Then the Hamiltonian becomes

| a a
) s ) ,"\/ = ])’—‘\/ = ( ])’ +W.W>O
52 9yt T+ (- T+ + 1)
g=B PO v | NP Py
2 2 bo ad
-—= =+—,y <0
N R A
and hence
SO o pe
p" ap}’ p,ﬂ
sz_a_I—'I__=p39' or 9='p—(i
P, P
oH . )
P, =FT—=V¥ or w=p,
op,

a5:} .
+—=1, w<0 (2.3.14)
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The Hamiltonian is re-written as .

1 a a
4 N - _\/ 3 l)’ _\/' S ( I)’ +W~W>O
- - - T+ -1) T+ (D)
Hzpé' +§”2+p;'+ P b(;/ /.) v
P - - = +£—()—.y/<0
Vo +w -1} AV
(2.3.15)
From the Hamilton's equation of motion,
N
Gza—H=p—‘i and
opy P’
. oH }
p,=———=10 23.16
Do 20 ( )
i.e. pe = L, a constant )
and the modified Hamiltonian is
L - ! - a + 4 v>0
: o (2p° (-1 Trp+)? A
H=Pe (P 17V VP -1 o D)
2 2 L bod ud
- = =+-—.y <0
207 Jpt+w -1} 4w
(2.3.17)

The potential in equation 2.3.17 in terms of p and y, very near to the discontinuity, is

plotted in fig.2.3.4.




rho

1]

10

Fig. 2.3.4. The 3 D plot of the potential of the model dielectric viewed from different angles.
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From equation {2.3.17} the Hamilton's equations of motion can be written as

. OH
=_—=p,
p,
| _OH _
U4 o, Py
--l:;‘-+. 5 p -)33+ 2 ap wl’.l//>0
P N (AR U2 R AT
I a - A -
P ——L—:-+. - bpo 5w <0
o+ (-1
-1 1
, W )13:+ ’C’(‘//+)’32_ az'[//>0
P | I e S 2318
Y dy bd(y —1) ad R
] T v <0
" +w -0 4w

The set of equations (2.3.18) can be numerically solved for different values of 6, L, P V. P,
and p,,.
2.4, stability Analysis for the model.

The Hamiltonian of the modet is given by (from equation (2.3.17)),

SR s
H:p”jp' +7L,——\/’ ! —\/’ u +f—.:>0
< 2P TH(z-1)° >y 4+ (z+1)’ z
T, g ! (2.4.1)
S+ 2 5 5
politrl Lo b8 w0
2 2p° plH(z=1 4

Here we use z = y = 2/7 (i.e., we have replaced y by z, then the fixed charge is at (0,0,1) ).
[The symbol v we preserve for quantum mechanical wave function considered in the

next chapter]

. £
Also we have 0 =
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fd>1thena>0and a/4z>0 for z> 0 and for Lim. (z > 0+) a/4z = +x then the wall z=0 is

impenetrable for a particle placed in the regionz>0.If § <1 thena <0 and a/4z> 0 for

z<0 and hence for Lim. {z & 0.) a/4z = +oc. The wall is impenetrable for a particle placed in

the region z < 0. The stability analysis is carried out for both z < 0 and z > 0 cases.

i. For 0 <6< 1 and the particle placed in the region z < 0.

We use the second equation of (2.4.1)

The Hamilton's equations are

,_OH _ )
P
. OH
Z=—=p.
op. )
p o OH _ L bpo ’
To9p p [p3+(:—1)3]3:
oH hd(z-1) ad
p Z'?z—[ T 1)1]s:+4_:
- S el - -
g J

Now consider the steady state p* and z* such that

Let us put z*= - & (where & > 0) then from last two of (2.4.2) we get

*4
: bop s =
. +(1+8)]
b(1+<) o«
praeey] T 4

where a =-a.

Dividing (2.4.3a) by (2.4.3b) and rearranging we get

a _ALE(1+)
ad

Substituting for p+¢ and p-2from (2.4.4) in (2.4.3a) we get

(2.4.2)

(2.4.3q)

(2.4.3b)

(2.4.4)
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a Naod

Equation (2.4.5) is of the form fi (&) = f, (£) where fi and f. are monotonically increasing

ey [20E0 7
4he (1+_):[ _\/(~+§)+“+§)-J 2.4.5)

functions of &.

From (2.4.5), f1 (0)=0

(&) ~—¢&" forlarge <
a

f2 (0)=1

f(&)~E . forlarge ¢

N .
Since h=——’—;.a=—a=| (Z
1+0 I+¢
j4—é= 8 >0
1-9

Further f1(g) = f2(¢) for some & > 0.

That is, there exists one and only one ¢& satisfying (2.4.5).Therefore there exists one and

only one fixed point (p,z:] with z- <0.

Linearising (2.4.2) near the fixed point (p* z*] (i.e.. by putting p = p*dp, and z =

7*+8z in €q.2.4.2) we get the stability matrix as

5p 0o 0 1 0fép
d| & 0 0 0 1| &
LA (2.4.6)
di\ép,| |-4 -C 0 0|dp,

op.| |-C -B 0 0] dp.

Where



Lo OH 3L ho 3t
A VR
p=2f_ b —  3bS(z-1) ad
" pree-0] 7 foree-nf 2
oo OH _ 3bpd(=~1)
op0z ot +iz-]

The eigenvalue equation for the stability matrix in (2.4.6) is given by

A 4+(4+ B+ 4B-C" =0, the solution of which is

+

A+ BIE(A+ BY —4(AB-C)

2

The system is unstable if Re{r2) >0. The possibilities are
(i) A+B < O irrespective of the sense of AB - C2
(i) A+B>0and AB- C2 <0.

Il. For § > 1 and the particle placed in the region z > 0.

From first equation of [2.4.1) we get

_oH _

P 517,. P,

oM

=g 0
oH L 0 ap

P,==7—" =571, A I » B2
o P [pte-nfT [P ]
OH _ (z=D . a(:+l)r +a

)

Pmma T Jr v precen]’ 4:°
Now consider the steady state p* and z* such that
L=0.p. =0, asowehave p, =0.p. =0
From third equation of (2.4.9), L=0 and ', = 0 implies

p* =0

Then from fourth equation of (2.4.9)

(2.4.7)
(2.4.8)
\
} (2.4.9)
J
(2.4.10)
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(l—:*? _a(l+:"“)+ a __0
Lt | - I
We will get differenf stability conditions for0 <z* <1 andforz*> 1.
Possibility 1, 0 <z* < 1,
Then 1-z* >0 or | 1-2*[=1-2%.
Now (2.4.11) can be written as

| 17 a
S 3 + 3
(I=z%y  (1+z2*%)7 4%

Taking common denominator and rearranging we get

~ b

: 2 3 J »oa
M =(l-Za)z* R +a)z* +(1-=a)z* +==0
S(2*) = ( A ) (I+a) ( 5 ) 2
3a _3(-Dh_ 740
4 45+ 4o+

l_ia_l_i(o‘—l)_ 5-0
2 200+ 206+

That is for 1 < & < 5, there is no fixed point with 0 < z* < 1.

For 8 > 5, from (2.4.12) we get

a
f|(0)=z>0
f|(l)=l—iu+2(]+a)+(|—;—u)+%=4>()

i.e.. for 8 > 5 also there is no root (hence no fixed point} in [0,1].

is>0ford<5and <0ford> 5.

(2.4.11)

(2.4.12)

To summerise, there is no nontrivial fixed point for L=0 and for a > 0 in the region 0<z<1.

Possibility 2, z* > 1
Then 1-z* = -(z*-1) and | 1-z*|=(z*-1)

Then from (2.4.11) we can write
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I +Aa ~0
(z*—=1)" (%417 4o

Rearranging we get

2 3 J 3 d
—l=-=a)z* 2(1-a)z* ~(1+=a)z ¥ +==0 or
( 2 (1-a) ( 5 ) a

-

-k} — _3_ AT Td PP X 2 -*3__‘1=
f(2%) (l+4a)_ +2(1 - a):z +(l+7a)- 2 0

From {2.4.13) we get

. a
,(0)=——<0

f>(0) 2

! 3 3 a
SN=l+—ag+2(1-a)y+(l+=a)-—=4>0
f- () 3 ( ( 20) 2

(2.4.13)

That is there is no value of z* > | that satisfy the steady state condition for L=0 (from the

above equation 0 < z* < 1 is a possible solution which can not be accepted, since as per

possibility 2, we have z* > 1}.

Lz0andforz>0

From (2.4.9) by putting the steady state conditions p * =0.p.* =0, we get,

*4 *4
' 1,0 S ‘ap ,1’:L2
pr - [pR ]
(z*-1 a(z*+1) u
[ 3 SR 2 +1 5 AR = )
pr = R wre] T 4

From equation {2.4.9) linearising we get the stability equation as

op 0 0 1 0fop

d| & 0 0 0 1| &
- = , . . where
dr\op, -4 -C 0 0fop,

op. -C =B 0 0] dp.

(2.4.14)
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PR L a _ 3p’
Y R FERTER S I PR RS e PN O
. 3ap®
[p:-i—(:+l)z}q :
O H I a 3(z-1)°
= AP R RS N S
. 3a(z + 1) a_
[p3+(:+l):}‘ T2
= O H _ 3p(:—1)~_ _3ap(z+1)
otz [ptez-f T [prece] .

The eigenvalue equation of the above matrix is

A +(A+B)A" + AB-C" =0, whose solution is given by (2.4.15)

e ~(A+B)2J(A+ B —4(AB-C*)
2

(2.4.16)

The numerical calculation of the eigenvalue of the stability matrix (equation
2.4.16) shows that for z > 0, the system (2.4.1) is stable (A2 and hence A have only
negative values) for all values of § (here we tested for 0 < § < 10 ) and for angular
momentum L < 1 {scaled) . near the fixed points. That is the steady state we obtained is |
p* =0.09, *=1.0. In these cases the trajectory is neutrally stable and we may expect cther
fixed points far away from these, which are unstable {(as in Henon-heils system). Here we
study the system numerically with initial conditions away from steady state and indeed
found some initial conditions lead to chaos.
2.5.Numerical studies of the model

We have studied the model derived in sec.2.2.numerically and some of the
interesting results are reported heré. The Hamiltonian of the system is given by (2.4.1)

We have studied the dynamics of this model for various values of the parameters
8 and L (the angular momentum}. However, the results are being presented here only for

5=3 and L=0.3. We have solved the Hamilton's equations {2.4.2) and (2.4.9) for various
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initial values of (p. z. p,.. pz). In generol, initial conditions with sufficiently smail values of p
and z lead to iregular trajectories.
2.5.1.Time series and Lyapunov exponents.

We have calculated the Lyapunov Characteristic Exponents (LCE) for the model for
different initial conditions and different parameter volues 6 and L. the LCE is calculated using the
well known Wolf's algorithm [33] and also using the recently developed QR algorithm [34] (see
appendix). The LCE calculated for different initial conditions are plotted in figures 2.5.1 and
2.5.2.

in fig.2.5.1, we have plotted the four LCEs for the initial condition (i)
0.23,0.18,0.1,0.1 and for 8 = 3 ,L.=0.3. Out of the four, one approaches positive value and
the other negative. Other two LCEs approaches zero asymptotically. Since the system
have a positive LCE, we expect chaos for this value of initial conditions. We also
calculated the LCE for the initial condition (i) (2.5,12.0, 0.3842077627766117, 0.0) for the
same value of § and L. The results are plotted in fig.2.5.2. Here also we get a positive, a
negative and two zero LCEs. But the positive Lyapunov exponent obtained here is
negligibly small compared to the positive LCE in fig.2.5.1. A comparison of these two
positive LCEs is given in fig.2.5.3. From these calculations of LCEs we conciude that for &

=3, L=0.3 and initial condition (2.5.12.0, 0.3842077627766117, 0.0) the system behaves

regularly.
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The evolution of the sysfém is studied by numerically solving equation 2.4.9 (for z >
0). The numerical calculations are done using the adaptive Runge-Kutta algorithm {with
an accuracy of 1 part in 100 per time step of integration). For getﬂ‘ng an idea of how
two nearby trajectories evolve, we start with two arbitrarily close initial conditions (with an
initial separation of 10-¢ units) and the trajectory is calculated. For the initial condition (i)
{used in fig.2.5.1), the time series (for the variable p) for two arbitrarily close initial
conditions is given in fig.2.5.4. Here we could see that, infﬁolly the two follow the same
path, but after a few cycles they are widely separated. For this initial condition since one
of the Lyapunov exponent is positive and also the time series separates widely (sensitively
dependent on initial conditions), we can confim chaos in the system. The relative
distance between the two frajectories also suggest exponential divergence (fig.2.5.5)
which confirms chaotic behaviour.

To compare this result with that of the regular case, we have done the
same analysis for the initial condition (i) (used in fig.2.5.2). Here the time series for the
variable p for two nearby initial conditions exactly superimpose (see fig.2.5.6). The relative
distance between trajectories does not increase exponentially (fig.2.5.7). This can be,
interpreted as a regular behaviour, which also is expected from the values of Lyapunov
exponents (see fig.2.5.2. , here all Lyapunov exponents asymptotically tend to zero). The
trajectory in this case may reside on an invariant torus in phase space.

The p vs. z plot for the two initial conditions (i} and (i} are given in figure (2.5.8a
and b). The sensitive dependence on initial condition is clearly seen in figure 2.5.8a which
corresponds to the initial condition (i) giving chaos (Solid line and dotted line are for two

arbitrarily close initial conditions).
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2.5.2. Poincare Surface of section.

In order to get a clear picture of the manner in which regular and irregular
trajectories are organized in phase space, we study the poincare surface of sections. We
have used the parameter values 8 = 3 and L = 0.3 in the model. The poincare section for
different surfaces were tried and we finally fixed a surface which cut the orbits at p = 2.5,
which appears to be in a better shape. The surface of sections is plotted for the same
parameter values and for different initial conditions but for the same energy. For some
initial conditions we obtained closed curves, which are cross sections of invariant tori
depicting regular motion. For some other initial condition scattered points are obtained
which represents a destroyed torus and corresponding to chaotic motion. The initial
conditions (a) (0.23, 0.18, 0.1,0.1) gives chaotic moiion and (b} (2.5, 8.,
0.5103819756739857, 0.0}, (c) {2.5. 10.0, 0.4397460977022776, 0.0) and (d} (2.5, 12.0,
0.3842077627766117, 0.0) give regular motion. The poincare sections for all these initial
conditions are plotted in fig.2.5.9. Here we choose the z — p: plane to cut the trajectory
atp=25.

Here also we could see that initial conditions comesponding to (a) give chaotic
solution and that corresponding to {d) an invariant torus, which represent regular motion.

This agrees with our earlier observations in time series and Lyapunov exponents.
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closed curve).
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2.5.3. Poincare Return time.

The histogram of the time between successive intersections with the Poincare
section is shown in Fig. 2.5.10. for the initial conditions (a) and (d) in the upper and
lower panels, respectively. We see that a range of values are possible for the return
times, with a distribution having two broad peaks for the ¢haotic situations, whereas
two exiremely sharp peaks are seen for the regular motion which appears to be
quasiperiodic.,

The return time histogram studied for Henon-Heils is found to be basically different
from that of our model. In Henon-Heils the distribution is not bimodal, but looks almost
like a Guassian distribution, with peak observed at the average value of return time.
For the chaotic case (E=1/6) the distribution is broadened compared to the
quasiperiodic case (E=1/12), with peaks observing almost at the same value for both
cases. Earlier studies [Gilmore, 1998][35] in this area suggest that the return time
distribution for stochastic data (which is almost uniformly distributed) is different from

that of chaotic data (which shows a number of peaks in it).
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2.5.4. Power spectra of the fi:ne series.

The power spectra of the time series for p are shown in Fig.2.5.11a. for the initial
conditions (a} and Fig.2.5.11b. for the initial condition (d). The time series consis}s of
1048576 points at a time step of 0.1. The dark plot corresponds to one single time series
and the lighter one corresponds to the power spectrum averaged over 100 such
series obtained by continuing the integration of the equation of motion. Clearly the
initial condition (a) gives a broadband spectrum signaling chaos, in contrast to the
sharp peaks for the initial condition (d) corresponding to gquasiperiodic motion. There
are, however, difference in the nature of power spectrum for a Hamiltonian system
and dissipative systems. In contrast to the exponential decay [P{f)~exp(-constant x f)],
for small frequencies, seen in dissipative systems, the decay of power spectrum seen
here is much slower.

There seems to be a difference in the decay of power spectrum for our model

and that for the well known Henon-Heils model discussed in chapter 1 (fig.1.6.8.). The '

fall of power spectrum in the small frequency range is faster in Henon-Heils (for
example, when E=1/6, corresponding to chaos) than in our model. But the shape of
the curve in the high frequency range is almost the same in both cases. Probably, the
power spectrum for different Hamiltonian systems may behave differently.

We have also tested the power spectrum for its dependence on the number
of data generated numerically (N) and on the interval of each _doto points (At). As
observed by Valsakumar et al. [36] the power spectrum of our model also is found to
depend on N and At, which suggests that the data in the time series is Bandwidth
limited and there is aliosing (i.e., the power spectrum depends on Nyquist frequency

or sampling time At) observed (figs. 2.5.12 and 2.5.13).
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Fig. 2.5.11b. Power spectra of the time series for p, for the initial conditions (d) givenin fig.2.5.9.

The inner lighter plot gives the averaged power spectrum.
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When the number of data in the time series tends to infinity (N> <), the power
spectrum of the system goes to zero suggesting that in numerical processes there is
always a finite size effect will be there (Fig.2.5.12.). In other words, the calculated
power spectrum represents the tfrue power spectrum only when the number of data is
infinity. Fig.2.5.13 shows that the power spectrum depends on Nyquist frequency
{fc=1/{2A1)) or sampling time At also. This effect can be minimized if the sampling
interval is made infinitesimally smalt {At & 0). Since during a numerical computation or
a measurement, we can not make the sampling time zero, the power spectrum
calculated from the data will be different from the true power spectrum. The effect
due to frequency greater than Nyquist frequency will be reflected (or folded back) in
the calculated power spectrum (this is called aliasing) [36]

In the next chapter we study the quantum mechanical signature of the model

when it shows regular as well as chaotic behaviour.
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CHAPTER 3

QUANTUM MECHANICAL CALCULATIONS OF THE MODEL.

3.1.Introduction.

The description of physical systems via classical mechanics as embodied in
Hamiltons equations may be viewed as an approximation to the exact description of
guantum mechanics. Depending on the relevant time, length and energy scales
appropriate to a given situation, one of these descriptions may be most efficacious. If the
typical wavelength in the quantum problem is very small compared to all length scales
of the system, then classical description will be good. The field of study, which addresses
problems reiated to quantum nature of classically chaotic system is called quantum
chaos. Quantum chaos questions are of great practical importance because of the
many physical systems that exist in sub atomic region {22,28].

There are several major differences between classical and quantum mechanics.

In contrast to classical mechanics (where a classical description is only necessary
if the system becomes chootic in time) gquantum mechanics allows only statistical
predictions. Although Schrodinger equation is linear in v and can be solved exactly {say)
for a harmonic oscillator with the result that v depends regularly on time (i.e., no chaos),
this does not mean that the motion is completely deterministic, since |y(x, t)]2 dx is only
the probability to find an electron in a region Ax around x.

Because of Heisenberg's uncertainty principle Ap. Ag > h/2 there are no
trajectories in quantum mechanics (if one measures g with precision Aqg, one disturbs the
momentum by Ap). Therefore the characterization of chaos based on the exponentially
fast separation of nearby trajectories becomes useless for quantum systems.

The uncertainty principle implies also that points in 2N- dimensional phase-space
within a volume hN can not be distinguished i.e., the phase-space becomes coarse

grained. This means that regions in phase-space in which the motion is ciassically chaotic
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but which have volumes smaller than h~ are not seen in quantum mechanics, and for the
corresponding quantum system we expect a regular behaviour in time. Thus a finite
value of Planck's constant tends to suppress chaos. On the other hand, the limit h > 0
becomes difficult (for guantum systems which have a closs.icol counterpart which
displays chaos) because if h becomes smaller, more and more irregular sfructures will
appear.

We can assign deterministic diffusion as an indicator of chaos. Even though
classical system shows deterministic diffusion, its quantum version does not. instead, one
finds guantum resonance or almost periodicity [37]. This almost periodicity is similar to the
quasiperiodic motion in classical systems. In short no quantum system seems to. exist
which exhibits deterministic chaos. But there is of course a difference in the behaviour of
guantum systems with a chaotic classical counterpart and those {quantum systems) with
a regular classicat limit. |

McPDonald and Kaufmann{38] caiculated numerically the wave functions and
eigenvalue spectra of a free particle in a stadium and in a circular disc by solving the
Schrodinger equation for a free particle in 2-D

Viy=Ewy
with boundary condition y(x, y) = 0 at the walls, which clearly shows the difference
between quantum behaviour of a classically chaotic system and an integrable system.
The distribution of eigenvaiue level spacing is maximum for AE = 0 for the integrable
system and for chaotic system the maximum occurs at AE = O, thich is an indication of
level repulsion in classically chaotic system [39]. The level repulsion seems to be a
characteristic feature of quantum system whose classical limit shows chaos [40,41]. It is
related to the fact that no symmetries exist in these systems i.e., there are no
degeneracies {and no selection rules which prevent mutual interaction of levels) such

that Lim.{AE)>0 N(AE) = 0. Several theoretical explanations for the phenomena have
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been offered. and an im‘eres’ring connection to Random Matrix Theory (which is used to
explain level repulsion in Nuclear spectra} has been suggested {40,41,42]. Also the
distribution of Level spacing is related to the eigenvalue spectrum of the quantum

version of the Liouville operator L because
L[ n><m| o [ﬁ.{n)(m‘}: (E,~-E, ){ )7><mf .where His the  Hamiltonian operator and

In>,Im > are its eigen vectors..

In addition to the conventional description of chaotic motion of quantum systems
in terms of level repulsion in the nearest neighbour spacing of energy spectrum and
Random Matrix Theory, we also have another description in terms of Bohmian
Mechanics. In the Quantum Theory of Motion .(Q.T.M.) described by David
Bohm[43,44,45,46] we can even define a trajectory of a particle, whose center can be
taken as the center of the wave function. So the sensitive dependence on initial
conditions can also be seen in this framework. Hence the quantum mechanical study of
classically chaotic systems is possible in Q.T.M. without calculating the energy spectrum
etc.

In the next section we give this theory {QTM) and its applications to classically -
chaotic systems. We use this theory to calculate the evolved wave function, the relative
separation of two trajectories started from two arbitrarily close points etc. for the well
known model-the Henon-Heils model. The results obtained agree with that reported in
literature [52]. The QTM is also used to characterize the model described in this thesis-
charged particle motion near a dielectric discontinuity- which is classically chaotic for
certain values of initial conditions and parameters.

3.2 Quc;nium theory of motion and signature of chaos.

The correspondence between the classical and quantum world has been an

important research subject since the advent of quantum mechanics. This study becomes

more intriguing when the classical motion is chaotic. A causal interpretation of quantum
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mechanics in terms of the Quoh’rum Theory of Motion (QTM) [43,44] in the sense of de
Broglie and Bohm and guantum fluid dynamics of Madelung has been shown to oe
useful in analyzing the quantum domain behaviour of a classically chaotic system.
3.2.1.Basic Postulates of Bohm.

The essence of Bohmian Mechanics is given in the postulates listed below[45,46].
i} An individual physical system comprises of a wave propagating in space dnd time
together with a point particle, which moves continuously under guidance of the wave.
ii) The wave is mathematically described by y(r, t), a solution of Schrodinger equation.

i} The particle motion is obtained as the solution r (1) to the given equation

. VS(r.t)

n

(3.2.1)

r=rif}
where S is the phase of y. Or y is given by

iS(r.t):!
I§

1

w(r.t) = R(r.!)exp{

To solve this equation we have to specify the initial conditions r (O)=ro. This specification
constitute the only extra information introduced by the theory that is not contained in
y(r. 1) {the initial velocity is fixed once we know §). An ensemble of possible motions |
associated with the same wave is generated by varying ro.

iv) The probability that a particie in the ensemble lies in the volume element d3r around r
at fime tis given by R2 {r, 1) d3r where R2 = EIE:

Postulates i to iii on their own, constitute a consistent theory of motion. In order to ensure
the comparability of the motions of the ensembles of pcr'ﬁc'les with the results of
quantum mechanics, the fourth postulate is made. The fourth helps us selecting from all
the possible motions implied by the law iii those that are compatible with an initial
distribution R2 (r, t=0) = Ro? (r) . It is thus a consistent subsidiary condition imposed on @
causal theory of ﬁofion and has no more fundamental status than that, Notice that

postulate iv is in terms of the probability that a particle actually is at a precise location at
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time ‘t'. The usual interpre’roﬂoh of [y |2is that it determines the probability density of

finding a particle at r at time 1t if a suitable measurement is carried out. In fact, our notion
is applicable to all states of the particle and in particular to those interactions which are
characterized by the term measurement (if the theory is consistently extended to inciude
such interactions); i.e., the probability of finding is a special case of the probability of
being.

This theory applies to all matter, regardiess of scale, although the wave aspect is
generally apparent only in phenomena involving microscopic particles.

In general, we can say that an individual material system comprises the following
two components.
a) A wave having an amplitude and phase at each space-time point. Its law of mction is

inl¥ - (—f-v3 +Vw (3.2.2)

ot 2m

b) A mass point pursuing a space-time trajectory, the law of motion is

e VS(r.n)

m

(3.2.3)

r=ror)

d(mr) _

A -V({V + V(,) (Vqis the guantum potential) {3.2.4)
'

r=riz)

The most striking feature of the QTM is the simultaneous existence of wave and
particle in the complete description of a physical system rather than the conventional
wave or particle picture. The wave motion is characterized by the solution of the time

dependent Schrodinger equation (TDSE)

{_- vy V(,-)},/(,-.m = m?-%l (3.25)

2m

while that of a point particle (for a given initial position) guided by this wave is governed

by the velocity (3.2.3)



_VS(r.n)

m

r=rl)

where S is the phase of y appearing in the following polar form

S(r.t
w(rt) = R(r.r)exp[l (; )J (3.2.6)
1
. oy .| OR iR OS
since —_— =" =+ —— and
ot & hoor
) R
Viy=V.Vy = V-(e" {VR-H?VSD
1
= L)l” [: - [8 2} ]
the TDSE {3.2.5) becomes
’. R N N
—— | V'R+— VS‘ VR+— V (RVS)-—(VS) e" +VRe"
2m h f h-
TOR iR aS .
zhe" —+— (3.2.7)
o hoar
or
" lyr-R s ar-Tlivs.vrely. (RVS)
2m h- 2m|h h
CR oS
= jh—-R— (3.2.8)
ot o
Separating real and imaginary parts, we get
; VS’ VR +— ! V-(RVS) 7‘19-1i (3.2.9)
“2m|h h ot
and
__f__ V- R—-—(VS‘) ]+PR-—Ra—q (3.2.10)
2m fi ot
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Equation (3.2.9) becomes

oR _ —L[v-(RVSH VS -VR]
ot 2m

multiplying through out by 2R, we get

OR

2R - _ 1 2RV .(RVS)+2RVS -VR]
ot 2m
K L [vs VR +(VR) - VS +2R® V3]
ot 2m
R __Lvr vs+r vis]
ot m
or
OR’ RVS
ANV 211
or ( m ] 3.211)

VAS‘
We identify R2=pand — =1 , we get
m

—“—~+V.-rr=0 3.2.12
Ey o ( )

which is the continuity equation in fluid dynamics.

Similarly (3.2.10) can be written as

S K VPR (VS)

225 +F =0

o 2m R 2m

S (VS) h V'R

BLOS VR (3.2.13)

ot 2m 2m R ,
which is similar to Hamilton-Jacobi equation

0.

B H=0 (3.2.14)

ot

Equation (3.2.12) and (3.2.13) are a pair of coupled Partial Differential Equation in which

the fields R and S codetermine one another. If y is normalized, this uniquely fixes R but S is
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hi J

defined only up to an additive constant. The extra term - 2’—
m

in (3.2.13) apart from

Hamilton- Jacobi equation is called Quantum Potential (Vq)[44].

s (vsy

. +|FF+1 =0 3.2.15
or 2m [ "} ( )

Let us apply the operator V on (3.2.15}, then

2 . " i
o(VS) . 2(VSV.VS +[VV+VV ]= 0
ot 2m v
3 VS.V |
[—— }vs = -V +1) (3.2.16)
ot m

‘AN
If we identify — = = v then (3.2.16) becomes
m

d(mr) f
=-V(VV+F) 3.2.17
= v+, (3.:2.17)
where iE—+;"-V
dr o

(3.2.17} is having the form of Newton's law where the particle is subject to a Quantum ‘

Force -VVq4 in addition to the classical force -VV. The effective potential acting on the

. VS d(mr
particle is V+Vq. Here we solve either the equation r = — or (d ) =-V(V + I{,) for
m !

calculating the trajectory of the particle in the quantum field and the evolution of the

trajectory for two nearby initial conditions can be calculated and possible chaotic or

. . VS .
regular behaviour can be characterized. We can see that solving ¥ = — is much easier
m

d(mr ,
than solving the equation (:;" ) =V +V)).
[}

V.
= ——9- in terms of the wave function is
m
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Cvs k. [v
A —1—lm|:————'/i] (3.2.18)
r=rit)

m m W

A

which can easily obtained by using i = Re”

Then Vi = (VR +L§VS]e"
1
v .
—‘// = E + _I_VS
17 R
\Y
VS =h lm[—-"i}
W
There fore
V. f v
I = _i = _I ]m[...‘/i:l
m m Yoo

Some of the systems in which the QTM is applied can be found in references [47-51].
3.3. Algorithm for the time evolution of the wave function and trajectory.

We have used a new and efficient algorithm to evolve the wave function and
calculate the trajectory of motion in Bohmian mechanics which is superior to that used in |
the earlier work reported in the literature [52]. Here the method used by us [53] strictly
maintains the unitary property of the evolution operator and hence the norm of the
wave function is conserved exactly.

The time dependent Schrodinger equation (in X-Y co-ordinates) is given by

ihéﬂ%w = Hy(x. 1) (3.3.1)
f

The formal solution of the above equation can be written as

w(x.t) = f(t —.f,,)t//(,\'.y.to) or (33.2)
wx.va+d) =T Ny (x.y.1)
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where T(7) = exp(—%——) {is the time evolution operator). (3.3.3.)
1

Since H = ——fi— 6“ + 6“ +V
2m{ox”  Ov"

ith & ith &
T(r) = ——+————V 3.3.4
(0= exp[ 2maxt 2mav'  h . ] ( o
This is of the form T(r) = exp(A + B+ () (3.3.4b)
Here [AB]=0,[AC]=#0,[B.C]=0
By using Trotters formula (3.3.4b) can be approximated for sufficiently small 1, as
exp(4+ B+ () = (expC/2)(exp A)exp B)(exp(('/2) (3.3.5)

Now using (3.3.5) in (3.3.4a) and thenin {3.3.2} we get

(x.vii+r)=ex —’ﬂ(—\‘) ex ith & ex i—rﬁa: ex __irV(x.y) (x.v.1)
i P 2h Pl o ar 'Dzmay2 *P |V

=exp( 'ﬂ—(;-‘-)j() O.¢(x.v.1) (3.3.6)
...l
ith &° ) - ith & Vix y))
h O =ex - O =exp —— |@(x.).1) =ex N
where p( S j ‘ p[zm aJ)_J(o(\ ) p( > w(x.y,t1)

Now

ith & ih & 1(ihm &Y
0 1) =expl S N=|1+ 20 T ot
P(x.3.1) p[ 2m J (x.y.0) = [ 2 v 2![2”1 @.\"J J(P(x y.1)

But we can write

ith R oyt = ith g(x.y +.0) = 20(x. 3.0) + (x,y = 1)
: h 2m ()’

2m ov-

Letus define @'« =@(x = jov+a.v =kdv+ B.1)
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Where a and pare xand y direc‘ﬁonol shift from the (j.k)* grid point

Then —a-:rco, , = Do ‘2(/)"‘; MLJEE
o " ()

-

For a fixed j the action of FY on @, foralkisgivenas

-2 1 0 .Y o,

¢1Al
ih & Yo |__im |1 =2 1 e
2m &’ 2m(év)'| 0 1 =2
D, . D
which can be written as
ith &
(s
n oy
ith &
Then  exp| — — = exp(M
T RE——
/.
Where ¢, = ((p,.,.(p,_:....(P,,_\" ) . is a column vector
Let us put
2 -1 0 2 -1 0
—ith | -1 2 -1 . -1 2 -1
= =
o 2m&)y | 0 -1 2 To -1 2

Let us transform the matrix M’ to get it diagonalized.

ie., STM' § =D, the diagonal eigenvalue matrix of M’

or M =SDST




2 ijr .
Where the elements of matrix S is given by S, = Sin| 2 and that of D is
N +1 N +1
, n
ivenby d =2/ 1-Cos| —

We have exp(ay M') =1+ay M'+1/2! a2y M2 + .

Or explay M') = S (1+oy D +1/20 a2y D2+ ... ) §
=S explayD ) ST
exp(a, d))
_g : exp(a,d,) . . g
expla,d, )

where d; ,d2, etc are eigenvalues of the matrix M’

Q @(x.v.1) thus obtained is again operated by (}\_ which also can be evaluated by the

same procedure.

Then the wave function after (8t=1) is obtained by multiplying this with

( itV (x.v)
exp| - ————

ref. equation (3.3.6
oy ) [ o) ( )]

L. . VS h Vy . )
From {3.2.18) the velocity is r = — = —Im —— . During the evolution of
m m 72 P

the wave function y , the velocity is calculated from the initial value and in each case ris
calculated. The trajectory of the evolution is thus computed durfng the time evolution.
For this calculation we have used Runge-Kutta method for numerical integration. Here
we have To. calculate y at two time steps to get r at one time step.

Let us start with r{t) and y(x.y.1). Obtain y! =y(x{t}.y(t).t) by interpolation of w{x.y.t)
[ref. Sec.3.3.1]at the points (x=x(t}.y=y(1)).

Using this we can calculate the velocities vk, vl
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i ANB4536

oy’ oy’

v , ’

v = " im _Ox_ v =L im a",
m v m W

NTAREYAL] XLy

Now define kx = vix 8t ky1= vy 6t .
Caiculate y(x,y.t+6t/2) by the time evolution.
Obtain y' = y{x(t)+ ka /2 .y(t)}+ ky1 /2 .1+5/2) by interpolation.

From this calculate vy and vl

Ui

oy oy
no_ ﬁ 6\ no_ h Qv

v, =-—Im m

m 4 m v s
e ) Vi) , E :x\

A

Define kxz = vl &t ky2= Vi 8t .

Using same wy({x,y.t+6t/2} calculate

Y= yix(t)+ kx2 /2 .y[t)+ ky2 /2 ,1+81/2) and obtain vk and .vil,

7
1
cy oy
i . I h oy
!
v/ = —1Im __5./\” v, =—Im—5
m 7 ' m W
REANYTAL] A EANETA)]

Define kxz = villy ot ,ky3= V”‘y ot .
Now calculate wy(x.y.t+81)
Using this get

WV = yx{h)+ ke y(t)+ kya 1+6t) and obtain vV. and vV,

. "
a‘///l a_y{»_-\;
- h : no_ N &
L R
: m v m v
NN XONUD

Deﬁne kx4 = Vlvx 61 ,ky4= V.vy 61 .
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Now calculate
r(t+8t) = r(t) + 1/6 [kx1 +2kx2 +2 kx3 + kxe . Ky1+2 ky2+2 ky3+ kya ].
3.3.1. Interpolation of y

To interpolate y at the point r (1}, first identify the rectangle to which r (t) belongs.

U
1)

of

Let r(t) = (xi +a . y+B)
4
We must first interpolate y to r{t) using the value of y at the four corners A.B,C and D.

Let wa =wyixi, vJ) we =y {xi +8X, yi) = X, i)

We = yiXi +8X, yi+8y)  wo = wixXi, yi+8y)

Then
a . B B, . alfp B
X Y =(l-—)-—)w —1—— —_ - ,
vl by, + =000 =y + - +5X§J +(1 )5yw,
and

| Jij Bl 1 a a.
v =, —w -2 RIS Wl B - -4
(V). [&‘[(t//ﬁ 7t d\‘)+(l//( V/“)(’)} &.[(u/, W”)dx +(y, —yw X1 )D

Thus the interpolation of y and the calculation of its gradient at the point r(t) is done.

The calculation done for Henon-Heils model in the next section {3.4) is based on this

algorithm.

In section (3.5) we have used a modified algorithm to calculate trajectory etc. of

our model. The details of this algorithm will be reported later [53].
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3.4. Henon-Heils model.

The Henon-Heils model with a potential as in {3.4.1} is studied in detail using the
QTM by Sengupta and Chattaraj[52].

V{x,y}=0.5(x2+y?)+Ax(y2-x2/3) (3.4.1)
Their results are reproduced using a better algorithm here. In [52] they used an initial

wave funciion

w(x..0 = 0) = —l—exp{—%{(,\‘ —x) + (- y‘,):}} (3.4.2)

NP

with boundary conditions

w(too.v.r) = 0.Vyr
w(x.too.t) = 0.Vx.1

in the modified program we used an initial wave function

5

_ (‘,\' et ,\'?)— _ (," - .‘Y:l) + I(})\ X+ })‘ “y) (3.43)
2SS, 28, 28, -

v

wx.y.0) =
J

t

The evolved wave function and the trajectory for two nearby iniﬁql conditions(separated
by 105) and the relative distance between the two trajectories for three different cases -
are calculated. We have chosen the e\)oluﬁon up to 10000 with a time step 0.02 and x
and y ranges from -6 to +6 with 48 grid points. We put Sx =Sy = 1 and P« = Py = 0 to be
consistant with that of ref.52. |
The three cases considered are,

1) for A = 0 (linear isotfropic harmonic oscillator) and the Gaussian wave packet initially
carried at xo =1.36719, yo = 1.36719.

2) for A = 0.1118034 [non-linear non integrable oscillator) dnd the Gaussian wave packet

initially carried at xo =1.36719, yo = 1.36719.

3) for x = 0.1118034 (non-linear non integrable oscillator) and the Gaussian wave packet

initially carried at xo =2.929688, yo =1.953425.



The evolved wave function, the }rojectories and relative distances in the three cases are
plotted in figures 3.4.1 through 3.4.7. In Fig.3.4.8.the total energy during evolution for the
reguiar and chaotic cases are plotted. In chaotic case the fluctuations in energy is
considerably large, which may be attributed to the error caused in the numerical
computation for chaotic case where the function fluctuates rapidly even locally, which is

not the case for regular case.

[psi0Ix*2

0.35

y(-6 to 62

x(-6 to 6)

Fig.3.4.1.  The initial wave function used for evolution in the henon-heils problem with iritial
conditions xo=1.36719, yo=1.36719, px0=py0=0,5x=5y=1
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Fig.3.4.2. The final wave function after evolution in the Henon-Heils problem with initial conditions
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Fig.3.4.3. The final wave function after evolution in the Henon-Heils problem with initial conditions
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Fig.3.4.4. The final wave function after evolution in the henon-heiis problem with initial conditions
x>= 2.929688, yo= 1.953125, puo=pw=0.5.=5,=1 (2.=0.1118034)
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Fig.3.4.5. The trajectory for two nearby initial conditions (thick and dotted lines} for Henon-Heils

model with 7.=0.1118034 and initial conditions xo=1.36719, y =1.36719, p«=pyx=0,5.=5=1
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Fig.3.4.6. Tre trojectory for two nearby initial cbndiﬁons for henon-heiis model with 7.=0.1118034 and
initial conditions xo= 2.929688, ya= 1.953125, pw=pw=0,5.=5:=1
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Fig.3.4.7.Time evolution of the configuration space distance {a) thick line grazing time axis with
xc=1.36719, yo =1.36719, pw= pvw=0. 5v=5,=1 [7.=0) (b} solid line for xo =1.36719, y0=1.36719, pxo=pyc =0,
s.=s.=1 {2.=0.1118034) (c) dotted line for xn=2.929688, y»=1.953125, p.o= pyo =0, 5.=5,=1 {2.=0.1118034).
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Fig.3.4.8a. The total energy during the evolution for Henon-Heils
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From figure 3.4.1 to 3.4.4. , it is seen that the evolved wave function becomes
more and more fluctuating, when the system is more and more chaotic, classically. The
frajectories plotted in figs.3.4.5. and 3.4.6. show exponential divergence for two arbitrarily
close initial conditions. The total energy for the chaotic case (fig.3.4.8b) shows more
rapid fluctucations than that for regular case (fig.3.4.8a). Even though the system is
Hamiltonian (with constant energy) the fluctuations in energy for the chaotic case can
be attributed to the rapid fluctuations in the wave function, which is reflected in the
numerical integration for the calculation of energy.

Note that in all cases <x> = xo and <y> = yo and as we go from case (1) through
{3} the system becomes more and more chaofic, since its classical energy increases.

The two nearby initial conditions can be taken as the centers of two Gaussian
wave packets with {xo,yo) and (xo+A.yo+A ) as centers. In our calculation we take two
points {xo.yo) and {xo+A,yo+tA } in the same wave packet, which also is equivalent to two
separate wave packets centered at two points.

In the next section we apply the Quantum theory of motion to the model
developed in chapter 2.
3.5.Quantum theory of motion applied to the model.

In chapter 2 we have explained a model with Hamittonian given by (2.4.1) which
shows chaos classically for some initial conditions and parameter values. Now we use the
QTM. to characterize the classically chaotic and regular motion of the model for different

initial conditions. Here we use the potential (From. Egn.2.4.1)
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Wrg

N

X
Z

3.5.1.Bohmian mechanics in the p, z co-ordinate system.

In the {p , z) co-ordinate system we can write the Schrodinger equation as

Lo -~
ih—=H
ot v

where the Hamiltonian is

5

P {if«_ o Lo

_ +V(p.z
- } (p.2)

pop Op p Oz

i
— lw-=V(p.z
ot 2177 : :IW fi (P2

dy _ it { 1o o @ &
or — —p -
pop Op p o=

w=R expls)

Then pa—w = pexp(—’f—)[a—R+iR§}
]

Let us put

ot ép h op
and
B ' : s\
_pa_!//_: xp(.l_S_) pa 6.*._5.5__’0;_}( ﬁ +
op  dp h op- Op K- \Op
L pRa-€+p?~1—e-§+R§£+
h op- op Op op
also
QZ:exp[’Sj 6_R R69
Oz hjo: h oz
and

'y (iS] 'R (ae] if,a's
—~ = exp| —
o= h *Na) nl et

Putting (3.5.4) and (3.5.5) in {3.5.3) we get

(3.5.1)

(3.5.2)

(3.5.3)

(3.5.4)

ok as
pap op

R &S H
+2= 2 (3.5.5)
o o
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o hoa 2m op ;;3; s op
i R_c_?_':§+,)6R5S RaS .
h\ op- opop p (’5/7

OR_ "R(E) i _* 0RO\ |_LRL_Tpp
o=t nt\a) nl e Taez)| pf n

Separating real and imaginary parts,

OR , i oS _ m{ak | R IR(§£]+

OR ] o°S OROS RGOS 'S _ORBS
=—— | R 42— R 42 (3.5.6)

ot 2m| op° opop pop 0=" 0z 0=

& __,, TR 1R RIS a‘_R_ﬁ(aS)lfR

ot 2mR| dp° pdp H\op oz’ oz o

Cow Y w[vR] o 68): [as\f
=+ ——+——— |- +] —
2mp ) 2m| R 2mi\ Op 0z J

that is,

oS 1 {fasY (asY | (., m ') m[vR

| = = V== -—|==1=0 (3.5.7)

or 2mi\ ép oz 2mp~ ) 2m{ R
Comparing (3.5.7) with {3.2.13) we see that

’-2 VZR 2 2 2 Vl
LA P is the Quantum potential and | I/ +—h—£— —h— R is the effective
2m| R 2mp- ) 2m| R
potential. The particle will move in this effective potential.
We have é&— = 2Ra—R .50 from (3.5.6)
ot ot

oR’ I| &S OR3S RO _.&S OR3S

— = |y 4R — + (3.5.8)

o m ép° Spdp p dp ¢zt 0z oz

The above equation can be written as

115




R _ ~V(R"V) whichis same as (3.2.11).

ot
) VS as I as
Here v = (v ,.v.)=— withy = —— and v. = ——.
s m " mdp T ooméz
VS h \%
Also Vv = = (v‘,.\':) =—= —'lm[—%} which is calculated after interpolation of w to
m m W

find the gradient at point where ris to be calculated and ﬁ.nd lm[y—w} . then r(t+At) is
)

calculated using Runge-Kutta algorithm as described in sec. 3.3.

3.5.2. Numerical resulis for the model.

We observe that the trajectories of evolution diverge for the initial condition (1.C.)
(i} given in section 2.5, {8=3, 1=0.3, p=0.23, z=0.18, P,=0.1, P=0.1} which is classically
chaotic, for a small displacement (here 10-5) of the 1.C.(see fig.3.5.2) which is clear from
the distance plotted between two trajectories.{fig.3.5.5). The trajectories and distance
between two irajectories started from arbitrarity close 1.Cs. for the case (i) of sec.2.5.
{6=3, L=0.3, p=2.5, z=12.0, P,=0.3842077627766117, P,=0}, which is classically non-chaotic, _
are expected to behave as reguiar. We get the two trajectories evolved from two
nearby initial conditions almost superimpose, a sign of regular motion (fig.3.5.4). But some
authors have observed [47] that even the classically non-chaotic case sometimes shows
chaotic trajectories in QTM.

The variation in total energy plotted using QTM for the clgssicolly regular case is
smaller. At the same time the energy plotted shows large variation for the chaotic case
(fig.3.5.6}. The fluctuations in the energy for chaotic case can perhaps be attributed to
inaccuracy of numerical integration. This happens because evolved wave function
varies rapidly and the integration procedure (Simpson's rule) would fail at this high
gradient region. Nevertheless these fluctuation in energy calculated numerically can be

taken as the signature of chaotic systems, even though the classically regular systems

116




remain on constant energy surface in phase space. So we find that the energy
calculated in QTM can be used to characterize chaotic or regular behaviour of a system
[54].

The trajectories are evolved using a wave function centered at the 1.C. (i) and (i)
with p and z ranges from 0 to 20 with a 200 step grid at an interval At=0.01 and N=10000.
Another set of trajectories is also evolved from a nearby point separated by 105 from the

first initial condition.

[psi0l*xx2

1.4

1.2

0.8
0.6
0.4

0.2

rho{0-20>

z(0-207

Fig.3.5.1a. The initial wave function for 8=3, 1=0.3 p=0.23, z=0.18, P,=0.1, P;=0 (corresponds to chaos).
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Fig.3.5.1b. The evolved wave function for =3, L=0.3 p=0.23, z=0.18, P .=0.1. P.=0 (corresponds fo
Cchaos).
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rho=0 23,220,158, P_rho=0.1,P_z=0.1,5%_rho=t,5_z=1

1z T T T T ! !
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[ZI N <
4 F -

)

0 . ! L 1 1 i 1

0 1 2 3 q o} & 7
i

Fig.3.5.2. The trajectories of the particle started from two nearby points for the IC and parameters
givenin fig.3.5.1.
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Fig.3.5.3a. The initial wave function for 6=3, (=0.3, p=2.5, z=12.0. P =0.3842077627766117. P.=Q

[corresponds to regutar motion])
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Fig.3.5.3b. The evolved wave function for #=3 L=0.3. p=2.5, 72=12.0, P =0.3842077627766117. P-=0
{corresponds to regular motion)



rho=z.5.z=12.0,P_rho=0, 384207 ,P_z=0.%_rho=1,5_z=1
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Fig.3.5.4. The trajectories of the particle started from two nearby points for the IC and paramete!s
given in fig.3.5.3. {They exactly superimpose)
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Fig.3.5.5.The distance between two trajectories (i) Solid line for 6=3, L=0.3 p=0.23, z=0.18, P.=0.1, P:=
0.T{chaotic) and (i) thick line grazing time axis for 6=3, 1=0.3, p=2.5, z=12.0, P,=0.3842077627766117.
P-=0 (regular].
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fig.3.5.6. The total energy during evolution for the case (i) top and (i) bottom.{as in fig.3.5.5).
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From fig.3.5.1. it is seen that when the classical motion is chaotic the wave
function evolved is distorted more compared to the evolved wave function for regular
motion, which is less distorted as in fig.3.5.3. (See also figures 3.4.1. to 3.4.4. in sec.3.4}. So
the distortion of evolved wave function may be taken as a signature of chaos in QTM.
Also we have seen that just as in classical case, in QTM we can define a trajectory and
the divergence of these trajectories for nearby initial conditions is a good signature of
chaos (see figures 3.5.2 and 3.5.4). The distance between two trajectories, which is
closely related to Lyapunov exponent, also indicate the difference between the
dynamics of the system for regular and chaotic initial conditions.{ fig.3.5.5.). Even though
the Hamiltonian system preserves energy (the evolution is unitary) for a given initial
condition, the total energy calculated for the chaotic case shows large variations
compared to regular case. This is attributed to the numerical inaccuracy of the
calculation of the wave function during the evolution. In the case of chaotic evolution
the function changes sharply for small regions, which makes the integration inaccurate.

Further work in this area is to be conducted for the confirmation of this hypothesis.
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CHAPTER 4
CONNECTION BETWEEN CHAOTIC MAPS AND DIFFERENTIAL EQUATIONS.

introduction

To model a physical system we use either a differential equation or a difference
equation. When the system considered evolves continuous in time, we use differential
equations as the model. But when the evolution of the system is discrete in time, such as
population dynamics of insects, growth of deposit in a bank etc. we use difference
equations fo model them. In this chapter we try to study connection between discrete
maps (difference equations) and ordinary differential equations. Here we take a Taylor
series expansion of a map (function) and equate that to the function itself. The infinite
series Taylor expansion is truncated for different orders and equated to the function. The
behaviour of this series is expected to approach the original function when the order of
the series approaches infinity. But it is found that when the function taken is a chaotic
map, the series need not represent the original function, as the number of terms in the
series increases. If the series is truncated to first or second order, the system does not
show any chaotic dynamics, as the minimum requirement of three degrees of freedom is
not satisfied. Also when the order of truncation is five or greater, it can be shown using
Routh - Hurwitz theorem, that the system becomes unstable, irespective of the map
chosen. But for an order of truncation three or four, it is rather difficult to do the analysis
for general maps. Hence we study the behaviour of the system for an order of truncation
three and four, for a specific map (say logistic map)}. Here we see interesting behaviours
like period doubling bifurcation leading to chaos, reverse bifurcations, instability in some
regions etc. These type of behaviours are entirely different from that of the map used. In
addition we see the system show riddled parameter space [suddenly switch from regular
to chaos or to unstable by slight variation in parameter), which is an indicatioin of

structural instability [55-66]. Recently several authors reported necessary conditions like
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total number of terms and number of non-linear terms needed for observing chaos in
ordinary differential equations [67-70].
4.1. Ordinary differential equations corresponding to discrete maps.
Consider the 1-D map
Xos1 = £ {Xn) (4.1.1)
We can embed this as a continuous time probiem with
x (t+1)=f (x (1)) ' (4.1.2)
i.e., given x (to), we can calculate x {to + n), n=1,2,3...
Lletusputxn =x(to+n) and from (4.1.2) we get,
Xn+1 = f (Xn) {(4.1.3)
which is same as (4.1.1).

We can expand x {t+1) (L.H.S. of (4.1.2)) as a formal series

dx 1 d’x
(r+D=x(+—+—
Mra D =xir ot S

or {4.1.2) can be written as

= id’x(f)

S S ) (4.1.4)
=0 J*

which is an infinite order differential equation. We consider truncating the above series to

finite order N as,

_% = f(x) (4.1.5)

> ]
1=0 /'
if x{t) is a real analytic function, one could equate the solution of {4.1.5) to that of (4.1.4)
as N increases.

4.1.1.Stability analysis.
We can show that (4.1.5) leads to unstable solution for almost any initial condition

using Routh-Hurwitz theorem for N>5. We prove this for N > 5 formally and then for N=5.

Equation (4.1.5) can be written as
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o dx |
Z—--—— +g(x)=0, where g(x)=x(t)-f(x)
t gt dr’

Consider stability of this around an arbitrary reference point x* (not necessarily a fixed
point). Writing x (t)=x*+3 x(1}, one gets

S Ldiey |
1 doxr) +ad(t) =0 where a=g'(x* (4.1.6)

= odr’
Since this equation is linear, we can write
(1) ~ ce”

Substituting this in {4.1.6), we get

Ay

1
> —u'+a=0 (4.1.70)
1=t /'

We now show that there will exist at least one p with positive real part irespective of the
value of a, if N 2 5.
This would imply that the solution of the equation {4.1.5) is unstable for any finite N 2 5 for

almost any initial condition. Now equation {4.1.7a) is of the form

au’ +au T+ . +a,_pta, =0 (4.1.7b)

1
With g, = —— for 0<j<N-1 andan=a
! N =)

Nature of zeros of {4.1.7b) can be examined by Routh-Hurwitz theorem

Define T, =aq,

1) = q,

a 4q

v Yo
Tzz

a, a

a a, O
I,=}a, a, aq

a5 a, a




etc.,

_ |

, — ,0<j<N-1 andan=a.

(V=)
The number of roots with positive real parts equals the number of sign changes in the
sequence of Ta. If at least one sign change occurs in the sequence of T's then the series
{4.1.7b) has at least one root with positive real part and the solution of (4.1.5) is unstable

in the neighbourhood of the reference point x*. If this happen for almost any x*, then the

solution is unstable for any initial condition, globally.

-
Let us now calculate the Tjs.
I
7o (V=D Nt s 2
T e, a, I l NUN=-2N=-2 1| NYN=2)
(N=-3)! (N-2)
v] _l~ 0
a a, 0] [(N=D N!
' | 1 !
IL=\a, a, al=
o (N=3)! (N=2)! (N-])
gs dy 4 1 1 1
(N=5)! (N-4) (N-3)
1 1 / ! 2(N -5
SNV (Vg DW= V=D =N'(']:f—(l)'(_N)—“)'
o ' WN-3N=4) (N=3) 1] R
-2(N=5)

< 0. for N > 5irrespective of the value of a.
NN -DHYN =3)!

That is for N > 5 the equation (4.1.5) gives unstable solution irrespective of the form

of f(x).
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We can explicitly show that for N = 5 also, both the fixed points of (4.1.7b) are

unstable.

1 1

For N=5 Ty,=a,=—>0. T,=q, = >0
N! (N-D!
I
T’=‘71 | _ (V=D N! =_1__ I N l. 2 50
o ay a, I ! NYUN-=-2DUN=2 1| N(N=2)!
(N=3)! (N-2) '
1y
a a, 0 |4 5!
|
T =(l; a a] = |— — —
203 4
a, a, da, 1
a | —
2!
111 > b 11
R P 4!

l' 5 00
a a0 0] [ 3 5 1 0 0
oo 4 d| 1o 3t 4 5 _ 111160 20 5 1
Ylagay apoaf | b L 1 sisslea 603 0|
0 0 a a, ”'31! 0 0 a I
0 0 a -
I!
Subtracting last row from second and third,
5 1 0 0
5 1 0
11160 20 5-a 0 111 10 ]
=== =———160 20 S5-q|=-6la"-—a+5
S'5136a 6 3-a 0 S'513 3 J
ba 6 3-¢
0 0@ a l



which is less than zero for all «. i.e., T1,T2 are positive. If T3 is positive, then a sign change
occurs at T4 This means that any reference point is unstable for N = 5 also.

Since the minimum dimensionality required for chaos is 3, we cannot expect any chaotic
behaviour for the order of truncation 1 and 2 (N=1 and 2). We are, however not in a
position to make any general statement about N=3 and 4. In what follows, we consider
the special case of the logistic map, f(x) = p x {1-x}.

4.2. Truncated for first order (i.e., when N=1).

Equation {4.1.5) becomes

C-i\;+x=f(.\') or
dt
%:: =f(x)—x {4.2.1)

Let x* be the steady state solution of {4.2.1).
ie.,0=f(x*)-x*
or x* is same as the fixed points of the map (e.g. For Logistic map x* =0,1- {1/p))

Linearising (4.2.1) by expanding the function around x* [i.e., x =x*+ 8x) we get

d(8) 1wy 1le
— [£7(x*) = 1]

Then & =&, 'l (4.2.2)
If f (x)=p x {1-x) {logistic map} then x*=0, 1- (1/p) and

(f'(x)=1)

,=p-land (f'(x)-1)

.\~*=1;| p I-p

Then from {4.2.2), the system is stable when p < 1 and unstable when p > 1 for x*=0.
For x*=1- {1/p). the system is stable for p > 1. In short if p <1, x {1) will converge to zero for
all initial conditions and for p > 1, x (t} will converge to 1-1/p. Or chaos cannot be

expected in this case.
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4.3. Truncated for second order (i.e., when N=2).

Equation {4.1.5) becomes

1 d°x  dx )
Ea’lz +;;—f(,\)—,\ or
d>x dx

—+2-——-2g(x)=0, where g(x) =f (x) - x
dr- dr

which can be split into two autonomous first order differential equations as follows,
{putting x=x1)
X, =X,

1

{4.3.1)

X, ==2x, +2g(x))
The steady state can be obtained by putting x, =0 and x, =0

Again we get for f (x) =p x {1-x}, xi*=0 or 1- {1/p)

Linearising (4.3.1) near the steady state, we get the stability matrix as

dfe] [ o0 I &,
dr|ée, | |2g'(x,*) -2 6,

eigenvalues of the stability matrix is given by

A=-1%.J1+2g'(x,%) (4.3.2)

When xi*=0, g’ [x1*) =p -1 then,
A=-122p-1
for 0<p<¥ A=-1%ifI-2p
Here we get xi*= 0 is stable spiral in the 2-dimensional phase spacé (x.x).for O<p<.
For . <p <1, A :—li\/m and A2 < 0. That is xi*= 0 is stable node in the 2-

dimensional phase space.

Inshort for0 < p < 1, x1* =0 is a stable fixed point.



When p > 1, (2p-1) > 1 and hence A, =-1+,2p-1>0 and A4, =-1-2p-1<0 .

Then xi* = 0 is a saddle point (unstable) in the 2-dimensional phase space.

When xi*=1-(1/p}). g’'(xi*) = 1-p

From (43.2) A==1x1+2(1-p)=-1%,/3-2p

For 1 < p <3/2, we get 0 < (3-2p) <1 and hence h.2<0.x1*=1-{1/p) is a stable node.
Also forP >3/2, A=—1%i\2p—-3 . then xi*=1-(1/p) is stable spiral. In short, x;*=0 is stable

for 0 < p < 1. This is unstable for p > 1. At the same time the fixed point x1*=1-(1/p} is
unstable for p < 1 and stable forp > 1.
4.4. Truncated for third order (i.e., when N=3).

Equation (4.1.5) becomes

ldx 1 d—:\‘+d"'+,\-=,f'(x) (4.4.10)

Ndt 2dit dr

d’x . d’x dx
—+3—+6—

dr? dr’ dt

=6(f(x)—x) {(4.4.1b)

Equation {4.4.1) can be written as three coupled first order differential equations.

X, =X,

X, =X, (4.4.2)

Xy = —i\} - 6x, +6g(x,)

If f(x) is the Logistic equation, the fixed points are xi*=0 or 1-(1/p) . x2*=0 and x3*=0.
i.e., the fixed points are (0,0,0) and {1-{1/p) .0.0}.

Linearising {4.4.2} near the fixed point we get

ox, 0 10 | o,
d| .

p ox, | = 0 0 I |ox, (4.4.3)
! ) . L
ox, 6g'(x,) -6 =3] ox,

Eigenvalues of the stability matrix are obtained by the relation,

A +34 +64-6g'(x])=0 (4.4.4)



For x1-=0, the above equation becomes

A +347+64-6(p-1)=0 (4.4.50)
and for xi-=1-1/p it becomes
A +347+64-6(1-p)=0 (4.4.5b)

We can solve the above cubic equation by using Cardano’s method.

Let us put A=p-1 then (4.4.4) becomes,

u+3u—-A4+a)=0

, (4.4.6)
a=6g'(x,)
Since the roots of a cubic equation of the form =% +r= +g = 0 are given by
5 =A+B.z,, = (A:B) f where
g I g 13 3 g 2
A0 o] o 48

A+B «./_

+1—(A B)

Hy=A+By,, =

Therefore, Ay = =LAy =y~

We will get A1, a2,A3all <0 forp <1 and

M >0, h23<0 forp > 1, near the fixed point {0,0,0}). That is the system is stable near the
fixed point (0,0.0) when p < 1 and unstable when p > 1. But for the fixed point (1-(1/p)}.
0.0}, p < 1 gives unstable solution and p > 1 gives stable solution up to p= 4 (the maximum
possible parameter value for Logistic map).[Since p < 1 does not satisfy the condition for

the fixed point {1-(1/p).0,0), we can ignore that part. In other words if, we take the limit of
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the parameter p as that of Logis’ric equation (i.e., 0 < p < 4}, we cannot expect any
chaotic behaviour in the system of equations (4.4.2.). But the Poincare-Bendixon theorem
says that autonomous first order Ordinary differential eguations with continuous functions
with at least three dimensions (three degree of freedom) mdy give bounded chaotic
solutions. So. we search for possible chaotic solution for (4.4.2) for the parameter range p
> 4. We observed a lot of interesting behaviour for this set of equations for this parameter
range.
Equation (4.4.1b) can be rewritten as (by putting f (x) = p x {1-x}).

dix ,d'x _dx
——+ 33—
dr’ dt-

-Dx+6px” =0 (4.4.7)

which can be scaled by using the change of variables x= aX and t=pt

Then (4.4.7) becomes

o d dX 3@ dX 62 p-Nax+6pa’X =0 o

,B dr pdr p dr

CZIX +3,Bd/‘X 6,B‘é——6,8 (p-DX +6pBiaX’ =0 (4.4.8)
T ar

Take 6pB3a=1,3 B =1

Then B = 1/3, 6p2=6/9 =2/3

6 B2 (p-1) = (2/9)(p-1). a = 1/({6pB3)= 9/(2p)
Then {4.4.8) becomes

d’X d°X 2dX
+ +

2 )
: k DX +X1=0 _ (4.4.9)
dr’  dr- 3dr P

(We will get original variables from the scaled one by putting x=(9/2p}X . and = 1/3 )

Ltetus put v=2/3and A = 2(p-1)/9

Then we get from (4.4.9)

d'x  d \ 49X +X1=0 (4.4.10)

dr’ dr a’r

(9]
wh



Writing {4.4.10 as three oufonombus first order equations,

X, =X,
X, =X, (4.4.11)
X'; =-X, X, + A\, - .\'l:

Equations similar to (4.4.11) were studied by Coulett et al,{71] and Arneodo et al
[72] and they observed regular as well as chaotic behaviour for different parameter
values.

in our system of equations {4.4.11) we observed regular, chaos and no solution
regions in the parameter space {v.A) or (v, p) [73].

In figure (4.4.1) we have the bifurcation diagram for v =2/3 which shows reverse
bifurcation as the parameter ) or p is varied. For v =0.7 (fig.4.4.2) and 0.71 (fig.4.4.3) also
reverse bifurcation is seen. But for v=0.71 we could see region where no solution is
obtained {for 6.5< p < 7.0). Around this value, our numerical algorithm fails to give
bounded solution and we get an unstable region. in fig.4.4.4, we have a plot for v=0.8
which shows period doubling root to chaos. L.Jnstcble region is seen in this case aiso and .

after this region suddenly chaos occur and the reverse bifurcation is seen afterwards.
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Fig.4.4.1. The bifurcation diagram for the equation (4.4.11) for different values of p or 2 and
forv =2/3
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Fig.4.4.2. The bifurcation diagram for the equation (4.4.11) for different values of p or A and
forv =0.7
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Fig.4.4.3. The bifurcation diagram for the equation (4.4.11) for different values of p or & and
forv =0.71
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Fig.4.4.4a. The bifurcation diagram for the equation (4.4.11) for different vaiues of p or A and

=0.8
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Fig.4.4.4b. The bifurcation diagram for the equation (4.4.11) for different values of p or % and
for v =0.8 (expanded version of a part from fig.4.4.4a.)
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nu (0.7 to 0.9

P (7.0 to 9.0

Fig.4.4.5. The plot of pecks in p-v plane for equation (4.4.10). Along X-axis we have plotted p which
range from 7 to 9 (or 2, 1.33333 to 1.77778) and along Y-axis v, ranges from 0.7 to 0.9 .

The plot of number of peaks for different values of p [or A } and v shows that the
parameter space is rich in different dynamical properties. The darker regions represent
chaotic or periodic solutions and the light (white) region represent unstable or steady

state solutions. The situation here is like cases reported earlier with riddled parameters

[55].
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4.5. Truncated for fourth order (i.e., when N=4).

Equation (4.1.5) becomes (for N=4),

1 d*s 1d'x 1d'x dx )
———t =t ——r+—+x = f(X)
4! dr 3! dr Ad-  dt

i i 2 X
d o +4df P +24£]—A—+24(x—‘/'(.\‘))=0
dt dar dt- dt

If we put f{x)=px(1-x). the logistic equation, (4.5.2) becomes, -

d'x d'x d’x dx s
+4—+ 12— +24—+24((1 - p)x+ px") =0
T A L L

Let us rescaie {4.5.3) by putting x=X and t=br. Then we get,

4 iy 2y
d )f+4bd SN YSL A +24b"d—X—24(p—1)b‘)(+24pb4)(2
dr dr’ dr- dr

We put b=1/4 and 24 pb* =1, Then we get

4 3 2 b}
d)f+d'¥+ad),(+id—X—,BX+X3 =
dar dr dr- 8dr

3 32
where ﬂ-—-i(p—l) or p=l+—pf oa=%
32 3
To apply Routh-Hurwitz theorem, we put
ao=1,a1=1,02=0,03=3/8,04=b'

a,  dq,
Then T,=a,=1>0.7 =a,=1>0.7, = =

a, d,

3

=0

(4.5.1)

(4.5.2)

(4.5.3)

(4.5.4)

If « <3/8 then T2 < 0 (change of sign). Then the fixed points are unstable. For a > 3/8 we try

more terms.
a a, 0 o 0 .
J D ,
I,=la, a, a|=|- a li==a-b-—
) ) 8 8 64
a, a, a 0 _3_
8
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3 9 .
letb =p.If I, = 2o~ B~ P <0 , then the system of equation is unstable. For stable

8
3 9 3 9
solutions —a-f-——>0 or —a-—>
8 p 64 8 64 p
3 9 3 3 ]
—a-—>—(p-1) 4da-— -1 . -
8a 64>32(p ) 4o 2>p or p<iéda 5

That is the system of equations (4.5.4) have stable solution only for a > 3/8 and p < 4o0-1/2.

The plot of B versus a shows that there are points with stable solutions (possibly with chaos

]
also) along a line defined by  p <4a - 5 The dark points in the plot are either chiaotic

or periodic points. {fig. 4.5.1)

alpha (0.375 to 1.0

0-318
beta (0.to 1.00

Fig.4.5.1. The plot of peaks in the § - a plane for equation (4.5.4). Along the X-axis we have plotted
B which ranges from 0.0 to 1.0 and along y-axis, « which ranges from 0.375(3/8) to 1.0.

In the above plot the dark region represents either periodic or chaotic points and

in between and on either side of these points we have regions which give unstable or
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steady state solutions (white reg‘ion). The situation here corresponds fo riddled parameter
space reported in [55].

Here we getl entirely different bahaviour than the map itself, for the
corresponding differential equation. Also the function x(t) is not real anlytic, since the

truncated Taylor series does not approach the function as order of truncation increases.
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CHAPTER 5

CONCLUSIONS

The principal and new findings of the thesis are briefly summarized beiow.

We have proposed a new model describing the dynamics of a charged particle
in a medium with dielectric discontinuity.

Even without an external field, we get chaos in our model. The characterization of
chaos has been done using time series onoly.sis, Poincare section, power
spectrum etc. The model, which is a Hamiltonian system, shows regular as weil as
chaotic behaviour for different parameter values and initial conditions. We
observe that for the parameters & = 3 and L=0.3 and for initial conditions
0.23.0.18,0.1,0.1, the system becomes chaotic and for initial conditions 2.5,12.0.
0.3842077627766117, 0.0 it shows regular behaviour. This type of behaviour is a
common feature of Hamiltonian systems. The phase space dynamics of
Hamiltonian systems show regular as well as chaotic behaviour for different initial
conditions.

We have used Bohmian mechanics formalism as a good tool for characterizing,
classically chaotic Hamiltonian systems.

We have developed a new and efficient algorithm 1o calculate the Bohmian
trajectory, and the guiding quantum mechanical wave trgjectory. in Bohmian
frame work we can define a trajectory which is not possible in usual quantum
mechanical calculations. The sensitive dependence on in_iﬁol conditions, which is
the characterizing feature of a chaotic system, can be reclized in these
calculations. The exponential divergence of the trajectories also is demonstrated

in our calculation.

We find that even for a Hamiltonian system with no explicit time dependence,

the energy fluctuations are large, when the dynamics is chaotic. This is attributed



to the rapid spatial variations of wave function, which causes fluctuations in the

energy cdlculated by numerical integration {(using Simpson's ruie).

In chapter 4 we discuss the connection between a map and the differential
equation. We find that Taylor series of a function show much difference from the
function itself, for a finite order truncation. The series represent the original v
function only if the terms in the series are infinity. We have proved, in general, for
an order of truncation greater than or equal to 5, the series corresponding to any
function becomes unstable in the neighbour hood of the reference point. For an
order of truncation 1 and 2 we cannot expect any chaos, because it does not
satisfy the minimum dimensionality condition for getting chaos. For an order of
truncation 3 and 4 we study for a special case of the series expansion of logistic
map. The truncated series is found to behave differently from the original map
considered. We observe no chaos in the system up to the parameter value p=4,
which is the maximum value possible for a logistic map. Above this value, we get
period doubling, chaos, reverse bifurcation etc. By a sim.pie transformation of the
equation we made the system a two parameter one. This transformed equation
shows still interesting features such as riddled parameter space, which is an

indication of structural instability.

The future work which can be done and not attempted by us in this thesis are,

In the classical analysis, the Poincare return time for chaotic and regular motion
seems to be different. Further study is needed to confirm this for a Hamiltonian
system. |

The work can be extended to a charged particle moving in a dielectric medium
sandwiched between two dielectrics.

in the Bohmian mechanics, the fluctuation in energy seems to be a

characteristic property of chaotic motion, even though in the physical situation,
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the energy is conserved. This fluctuation is attributed to the spatial variations in
the wave function, which causes an error in numerical integration. This has to be

investigated further.
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APPENDIX.
The QR algorithm for calculation of lyapunov Exponents.
The method of calculation of Lyapunov exponents using QR algorithm is given
briefly below,
Consider an n-dimensional continuous time dynamical system

dZ
— = [ (Z.t .
o (Z.1) ' (A.1)

where I and F are n-dimensional vector fields. To determine the n Lyapunov exponents
of the system, corresponding to some initial condition Z{o), we have to find the long term
evolution of the axes of an infinitesimal sphere of states around Z(0). For this purpose,
consider the tangent map given by the set of equations,

doZ

=J6Z (A.2)
dt

where Jis the nxn Jacobian matrix with

oF
‘]I[ =TT (A'3)
oz,
A solution of (A.2) can be formally written as
SZ{t) = M (Z{t).t} 8Z(0) (A 4)
Where M (Z(t).1} is the tangent map whose evolution equation is easily seen to be
aM
— =J M {A.5)
di

Let A be an nxn matrix given by A = lim t2>«< (MMT)V2t | where MT denotes the matrix
transpose of M. The Lyapunov exponents then equal the logarithm of the eigen values of
A {74].

In the standard method, one first chooses n orthogonal tangent vectors as intial
conditions for [A.2). These vectors are orthonormalized using the Gram-Schmidt

Reorthonormalization (GSR) procedure at discrete steps. Then n Lyapunov exponents are
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determined from the rates of grbw'rh of these vectors. An explicit source code for the
computation based on this procedure is given in [33]. In this method we have to
integrate n(n+1) coupled equations, as there are n equations for the fiducial trajectory in
{A.1} and n copies of the tangent map equations in (A.2).

The algorithm developed by Rangarajan et al.[34] evaluate the Lyapunov
exponents without using the vectors 87 directly and consequently without using ihe
associated reorthogongalization and rescaling. For this, one éxploits the fact that M can
be written as M = QR, a product of an orthogonal nxn matrix Q@ and an upper triangular
matrix R with positive diagonal entries.

Substituting this in (A.5) we get

OR + QR = JOR (A.6)
where the overdot denotes a time derivative. Multiplying the above equation by Q' from
left and R-! from the right, we get

0'0+RR" =0"JQ (A7)
here Q'Q is a skew(anti)-symmetric matrix for any orthogonal matrix Q and RR™" is still
an upper triangular matrix.

The orthogonal matrix Q can be represented by the product of n(n-1})/2
orthogonal matrices, each of which corresponds to a simple rotation in the (i - j)*" plane
(i <j). Hence Q is parametrized by n{n-1)/2 angles which we denote by 6i (i=1.2,....n[n-
1}/2). These angles will be collectively denoted by 6.

And the upper triangular matrix R can be represented by‘/ (since it has positive

diagonal entries)
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4 rll‘ rln |
0 ¢ e - 1y,
R={0 0 ¢ . T (A.8)
| 0 0 e’ |

The quantities Ai are closely related to the Lyapunov exponents.

Now (A.7) can be written as

A A . I
e Ao : 7,
=Q'JQ (A9)
L/H-l(e) : . ./;I(Il—li 3(9) /iu_‘

Denoting the matrix Q'JQ as S and comparing the diagonal elements on both sides of

(A.9) we get

o (A.10)

(U5

A =S,.i=12.
The Lyapunov exponents are equal to A1/t in the limit 1> = [34]. In this method fo solve for
the first m Lyapunov exponents, one has to solve m(2n-m+1)/2 equations which is always

less than n{n+1)/2 {the total number of equations) for m < n. So this method seems to be

computationally more efficient than the standard or other methods.
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