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ABSTRACT

This thesis undertakes an in-depth investigation of some open sets in both topological

and bitopological spaces by using regular open sets. The limitations of regular open set

that the arbitrary intersections of regular open sets need not be regular open motivated to

introduces the concept of Ir-open sets, defined as intersections of regular open sets. The

thesis define Ir-closure, Ir-interior, and Ir-cluster points and presents fundamental prop-

erties, theorems, and equivalent characterizations. The work systematically introduced

and explored the generalized separation axioms ( Ir-T0, Ir-T1, Ir-T2), Ir-regularity, and Ir-

normality, along with their starred counterparts, Ir-connectedness, and Ir-compactness.

This thesis extends the framework to define I∗r -closed sets and investigates their proper-

ties, characterizations, and behavior under set operations. The Ir-cover of a set is defined

and used to construct a supra-topology τIr , within which several characterizations of sep-

aration axioms are studied. It further examines function classes including Ir-continuous,

Ir-irresolute, and Ir-open functions, along with highlighting their role in characterizing

topological properties. The study advances into the notions of minimal and maximal reg-

ular open sets and introduces somewhat mr-continuous and somewhat mr-open functions

with their associated topologies. In the context of bitopological spaces, the thesis de-

fines pairwise minimal and maximal regular open sets, proposes new separation axioms,

spaces and investigates various continuity classes such as (i, j)-almost continuous, (i, j)-

almost completely continuous, etc. Further, p-Min and p-Max r-continuous maps are

defined, and their interrelations with existing function classes are studied, enhancing the

structural understanding of bitopological continuity. Overall, this thesis provides a com-

prehensive and unified framework that not only generalizes classical topological concepts

but also enriches the theoretical landscape of topological and bitopological spaces.
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ഷംഗ്രസം 

 
ഈ പ്രഫന്ധം റരഗുറർ ഓപ്പൺ റഷറ്റുകൾ ഉഩയമോഗിച്ച് യ ോയപ്പോലജിക്കൽ, 

ബഫയ ോയപ്പോലജിക്കൽ സ്യഩസുകലിററ ചിറ ഓപ്പൺ റഷറ്റുകറലക്കുരിച്ച് ആളത്തിലുള്ള 

ഩഠനം ന ത്തുന്നു. റരഗുറർ ഓപ്പൺ റഷറ്റുകളുറ   ഇന്റർറഷക്ഷൻ റരഗുറർ ഓപ്പൺ 

ആമിയിക്കണറഭന്നില്ല എന്ന ഩയിഭിതി റരഗുറർ ഓപ്പൺ റഷറ്റുകളുറ  ഇന്റർറഷക്ഷനോമി 

നിർഴചിച്ചിയിക്കുന്ന Ir-ഓപ്പൺ റഷറ്റുകളുറ  ഷങ്കൽപ്പം അഴതയിപ്പിക്കോൻ യപ്രയിപ്പിച്ചു. 

ഈ പ്രഫന്ധം Ir-യലോശർ, Ir-ഇന്റീയിമർ, Ir-ലസ്റ്റർ യഩോമിന്റുകൾ എന്നിഴ നിർഴചിക്കുകയം 

അ ിസ്ഥോന ഗുണധർമ്മങ്ങൾ, ഷിദ്ധോന്തങ്ങൾ, തുറയ ഷഴിയവശതകൾ എന്നിഴ 

അഴതയിപ്പിക്കുകയം റചയ്യുന്നു. ഈ പ്രഫന്ധം റഷപ്പയരശൻ ആക്സിമംഷ് (Ir-T0, Ir-T1, Ir-

T2), Ir-റരഗുറോയിറ്റി, Ir-യനോർഭോറിറ്റി എന്നിഴയം അഴയറ  സ്റ്റോർഡ് കൗണ്ടർഩോർട്ടുകൾ, Ir-

കണക്ടഡ്റനഷ്, Ir-യകോംഩോക്ട്റനഷ് എന്നിഴയം ഴയഴസ്ഥിതഭോമി അഴതയിപ്പിക്കുകയം 

ഩയയയഴക്ഷണം റചയ്യുകയം റചയ്യുന്നു. 

ഈ പ്രഫന്ധം Ir
*-യലോസ്ഡ് റഷറ്റുകൾ നിർഴചിക്കുന്നതിനോമി ചട്ടക്കൂ ് 

ഴിപുറീകയിക്കുകയം അഴയറ  ഗുണധർമ്മങ്ങൾ, ഷഴിയവശതകൾ, റഷറ്റ് 

ഓപ്പയരശനുകൾക്ക് കീളിലുള്ള റഩരുഭോറ്റം എന്നിഴ അയനേശിക്കുകയം റചയ്യുന്നു. ഒരു 

റഷറ്റിറന്റ Ir-കഴർ നിർഴചിച്ച് സുപ്ര-യ ോയപ്പോലജി  τIr നിർമ്മിക്കോൻ ഉഩയമോഗിക്കുന്നു, 

അതിനുള്ളിൽ നിയഴധി ഷഴിയവശതകൾ ഩഠിക്കുന്നു. 

Ir-കണ്ടിനൂഷ്, Ir-ഇരിറഷോറൂട്ട്, Ir-ഓപ്പൺ പംഗ്ശനുകൾ ഉൾറപ്പടുന്ന പംഗ്ശൻ 

ലോസുകറല ഇത് കൂടുതൽ ഩയിയവോധിക്കുകയം യ ോയപ്പോലജിക്കൽ ഗുണധർമ്മങ്ങറല 

ഷഴിയവശഭോക്കുന്നതിലുള്ള അഴയറ  ഩങ്ക് എടുത്തുകോട്ടുകയം റചയ്യുന്നു. ഭിനിഭൽ, ഭോക്സിഭൽ 

റരഗുറർ ഓപ്പൺ റഷറ്റുകളുറ  ആവമങ്ങലിയറക്ക് ഩഠനം മുയന്നറുകയം അഴയഭോമി 

ഫന്ധറപ്പട്ട യ ോയപ്പോലജികയലോറ ോപ്പം ഷംഴോട്ട് mr-കണ്ടിനൂഷ്, ഷംഴോട്ട് mr-ഓപ്പൺ 

പംഗ്ശനുകൾ അഴതയിപ്പിക്കുകയം റചയ്യുന്നു. 

ബഫയ ോയപ്പോലജിക്കൽ സ്യഩസുകളുറ  ഷന്ദർബത്തിൽ, പ്രഫന്ധം റഩമർബഴഷ് ഭിനിഭൽ, 

ഭോക്സിഭൽ റരഗുറർ ഓപ്പൺ റഷറ്റുകൾ നിർഴചിക്കുകയം പുതിമ റഷപ്പയരശൻ ആക്സിമംഷ്  

നിർയേവിക്കുകയം, (i,j)-ഓൾയഭോസ്റ്റ് കണ്ടിനൂഷ്, (i, j)- ഓൾയഭോസ്റ്റ് കംപ്ലീറ്റ്റി കണ്ടിനൂഷ് 

തു ങ്ങിമ ഴിഴിധ പംഗ്ശൻ ലോസുകൾ അയനേശിക്കുകയം റചയ്യുന്നു. കൂ ോറത, p-Min, p-

Max r-കണ്ടിനൂഷ് ഭോപ്പുകൾ നിർഴചിക്കുകയം നിറഴിലുള്ള പംഗ്ശൻ ലോസുകളുഭോയള്ള 



അഴയറ  ഩയസ്പയ ഫന്ധങ്ങൾ ഩഠിക്കുകയം റചയ്യുന്നു, ഇത് ബഫയ ോയപ്പോലജിമിൽ 

തു ർച്ചയറ  ഘ നോഩയഭോമ ധോയണ ഴർദ്ധിപ്പിക്കുന്നു. 

റഭോത്തത്തിൽ, ഈ പ്രഫന്ധം ലോഷിക്കൽ യ ോയപ്പോലജിമിൽ ഷങ്കൽപ്പങ്ങറല 

ഷോഭോനയഴൽക്കയിക്കുക ഭോത്രഭല്ല, യ ോയപ്പോലജിക്കൽ, ബഫയ ോയപ്പോലജിക്കൽ 

സ്യഩസുകളുറ  ബഷദ്ധോന്തികപ്രകൃതി ഷമ്പന്നഭോക്കുകയം റചയ്യുന്ന ഒരു ഷഭഗ്രവം 

ഏകീകൃതവഭോമ ചട്ടക്കൂ ് നൽകുന്നു. 

സൂചകഩദങ്ങൾ: Ir-ഓപ്പൺ റഷറ്റുകൾ, Ir-അറക്സോയരോപ് ഷ്റഩമ്സുകൾ, Ir-ലസ്റ്റർ 

യഩോമിന്റുകൾ, Ir-യലോശർ, Ir-ഇന്റീയിമർ, Ir-റരഗുറർ ഷ്റഩമ്സുകൾ, Ir-യനോർഭൽ ഷ്റഩമ്

സുകൾ, ഓൾയഭോസ്റ്റ് Ir-യനോർഭൽ ഷ്റഩമ്സുകൾ, കംപ്ലീറ്റ്റി Ir-യനോർഭൽ ഷ്റഩമ്സുകൾ, 

Ir
*-റരഗുറർ ഷ്റഩമ്സുകൾ, Ir

*-യനോർഭൽ ഷ്റഩമ്സുകൾ, ഓൾയഭോസ്റ്റ് Ir
*- യനോർഭൽ ഷ്

റഩമ്സുകൾ, കംപ്ലീറ്റ്റി Ir
*- യനോർഭൽ ഷ്റഩമ്സുകൾ, Ir-യകോംഩോക്റ്റ്റനഷ്, Ir-കണക് ്

റനഷ്, Ir-കഴർ, Ir
*- യലോസ്ഡ് റഷറ്റുകൾ, Ir

*- ഓപ്പൺ റഷറ്റുകൾ, Ir-കണ്ടിനൂഷ് പംഗ്

ശനുകൾ, Ir-ഇരിറഷോറൂട്ട് പംഗ്ശനുകൾ, Ir-ഓപ്പൺ പംഗ്ശനുകൾ, ഭിനിഭൽ റരഗുറർ 

ഓപ്പൺ റഷറ്റ്, ഭോക്സിഭൽ റരഗുറർ ഓപ്പൺ റഷറ്റ്, ഷംഴോട്ട് mr-കണ്ടിനൂഷ് പംഗ്ശനുകൾ, 

ഷംഴോട്ട് mr-ഓപ്പൺ പംഗ്ശനുകൾ, റഩമർബഴഷ് ഭിനിഭൽ റരഗുറർ ഓപ്പൺ റഷറ്റുകൾ, 

റഩമർബഴഷ് ഭോക്സിഭൽ റരഗുറർ ഓപ്പൺ റഷറ്റുകൾ, റഩമർബഴഷ്-rTmin ഷ്റഩമ്

സുകൾ, റഩമർബഴഷ്-rTmax  ഷ്റഩമ്സുകൾ, (i, j)-r-യഡോർ ഷ്റഩമ്സുകൾ, (i, j)-rT1

2

 

ഷ്റഩമ്സുകൾ, (i, j)-ഓൾയഭോസ്റ്റ് കണ്ടിനൂഷ് പംഗ്ശനുകൾ, (i, j)-ഓൾയഭോസ്റ്റ് കംപ്ലീറ്റ്

റി കണ്ടിനൂഷ് പംഗ്ശനുകൾ, (i, j)-ഓൾയഭോസ്റ്റ്  റഩർറപക്റ്റ  ് റി കണ്ടിനൂഷ് പംഗ്ശ 

നുകൾ, p-Min r-കണ്ടിനൂഷ് ഭോപ്പുകൾ,  p-Max r-കണ്ടിനൂഷ് ഭോപ്പുകൾ. 
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Introduction

Concept of the regular open set was introduced by M. H. Stone in 1937. It has

been shown by him that the collection of all regular open sets in a topological

space form a complete lattice. M. H. Stone further gave results on application of

theory of Boolean algebras to general topology. In 1980, R. C. Jain worked on

role of regularly open sets in topology on his thesis. C. Ronse in 1990 studied gen-

eralizations of regular open sets in a complete lattice and discussed on relevance

of such concepts for representing objects in continuous and digital spaces.Thus

introduction of regular open sets raised many topological questions which have

led to a productive study in which many new notions have been defined and

examined. As a result of which many new properties and characteriza tions have

been introduced. Purpose of this thesis is to investigate more on regular open

sets, its types, properties, characterizations and also introduce new open sets via

regular open sets and study properties.

In general topology, it is well-known that the arbitrary intersection of regular

open sets in a topological space need not be regular open. This observation

1



Contents

motivates the formulation of a new class of open sets that facilitates the study

of generalized closure and interior operations beyond the limitations of regular

open sets. Chapter 1 introduces the concept of Ir-open sets, defined as the

subsets of a topological space that can be expressed as the intersection of regular

open sets. This notion allows for the extension of classical topological properties

and the study of new structures derived from regular open sets.

Building upon this foundation, we explore various properties of Ir-open sets

and investigate associated topological spaces such as Ir-Alexandroff spaces, where

the collection of Ir-open sets forms a base. Further, we define the concept of Ir-

cluster points, a point x ∈ X is an Ir-cluster point of a subset A of a topological

space X if every Ir-open set of X containing x intersects A non-trivially. The

collection of all Ir-cluster points forms the Ir-closure of A, denoted Ir-cl(A). We

provide new characterizations and theorems involving the behavior of Ir-closures

under union and intersection, along with illustrative examples and equivalent

formulations. For a topological space (X, τ), the closure of a set A of X with

respect to τ is denoted by cl(A).

Similarly, the concept of Ir-interior is developed using Ir-open sets, a point

x ∈ X is said to be an Ir-interior point of A of a topological space X if there

exists an Ir-open set U of X such that x ∈ U ⊂ A. The set of all such points

constitutes the Ir-interior of A, denoted by Ir-int(A). We introduce various

theorems and properties related to this notion, including its interaction with

unions and intersections, and provide the results for its determination. Finally,

the relationship between Ir-closure and Ir-interior is examined, along with their
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interplay with other topological concepts.

Chapter 2 is devoted to the study of generalized separation axioms and

other fundamental topological properties within the framework of Ir-open sets.

We begin by introducing and investigating the Ir-Ti separation axioms for i =

0, 1, 2, 3, 4, which serve as natural extensions of classical separation axioms through

the lens of Ir-open sets. In addition, we define and explore Ir-regular, Ir-normal,

almost Ir-normal, and completely Ir-normal spaces. These notions are further

defined to new concepts, namely I∗r -regular, I
∗
r -normal, almost I∗r -normal, and

completely I∗r -normal spaces. A detailed analysis of the structural properties,

interrelations, and hereditary characteristics of these spaces is undertaken, sup-

ported by appropriate examples and counterexamples.

Subsequently, we introduce the study of Ir-compactness, which extends the

classical notion of compactness. The final part of this chapter is dedicated to

introduce the concept of Ir-connectedness, which generalizes the classical no-

tion of connectedness by using Ir-open sets. A space X is defined to be Ir-

connected if it cannot be expressed as the union of two non-empty, Ir-separated

subsets. Similarly, a subset C ⊂ X is said to be Ir-connected if it is Ir-

connected in the subspace topology. If a space is not Ir-connected, it is termed

the space is Ir-disconnected. Also introduce the concept of Ir-components, var-

ious characterizations and examples are provided to facilitate a deeper under-

standing of Ir-connected spaces. To support the investigations presented in

this chapter, we introduce and explore the concept of the Ir-cover of a set.

Given a subset A of a topological space (X, τ), the Ir-cover of A, denoted

3
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by Ir(A), is defined as the intersection of all regular open sets containing A,

Ir(A) =
⋂
{V : V is a regular open set and A ⊂ V }. This construction plays a

fundamental role in understanding generalized separation axioms and their char-

acterizations. Several remarks and results are obtained linking the Ir-cover to

Ir-separation axioms. A significant result in this concept establishes that the

structure (X, τIr), where τIr = {Ac : Ir(A) = A,A ⊂ X}, forms a supra topo-

logical space. Moreover, the Ir-cover Ir(A) of a subset A in X coincides with

the supra-closure of A with respect to the supra topology τIr . This provides a

foundational framework for further topological investigations using regular open

sets.

The study of generalized closed sets forms a crucial part of modern topology,

particularly in the exploration of structures beyond classical open and closed

sets. Building upon the foundational notions of Ir-open and Ir-closed sets, in

Chapter 3, introduces and investigates the concept of I∗r -closed sets, which

serves as a natural extension enabling the formulation of finer generalizations of

topological properties. A subset A of a topological space X is said to be I∗r -

closed if there exists an Ir-closed set F such that A ⊂ F ⊂ U whenever U is an

Ir-open set containing A. This chapter develops several characterizations and

structural properties of I∗r -closed sets and I∗r -open sets, examining their behavior

under arbitrary and finite unions, hereditary nature, and their connection with

the Ir-closure operator. Also includes the theorems like every Ir-closed set is

I∗r -closed, while the converse need not hold.

In addition, we study the relationship between I∗r -closed sets and Ir-compactness,
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highlighting the role of I∗r -closedness in refining classical compactness concepts.

The behavior of I∗r -closed sets under the general set-theoretic operations is thor-

oughly analyzed. Special attention is given to the class of Ir-Alexandroff spaces,

within which alternate and simplified characterizations of I∗r -closed sets are es-

tablished.

In Chapter 4, we develop the concept of continuity using the framework

of Ir-open sets. In classical topology, several well-established relationships exist

among continuity, openness, closedness, and invertibility of functions. These

connections have been widely introduced and studied. The primary aim of this

chapter is to investigate whether similar relationships hold among the various

function types introduced in this chapter within the context of Ir-open sets. Let

(X, τ) and (Y, σ) be topological spaces, a function f : X → Y is said to be

Ir-continuous at a point x ∈ X if, for every Ir-open set V containing f(x), there

exists an open set U in X containing x such that f(U) ⊂ V . If this condition

holds for every point in X, then f is called Ir-continuous.

In addition to Ir-continuity, we introduce and examine other related function

classes, a function f : X → Y is called Ir-irresolute if the preimage of every

Ir-open set in Y is Ir-open in X, a function is said to be Ir-open if the image

of every open set in X is Ir-open in Y . The chapter further establishes several

theorems concerning the these function types and various topological properties

such as Ir-connectedness and Ir-compactness. Special attention is given to the

behavior of these functions in spaces satisfying particular conditions.

In 2001 and 2003, F. Nakaoka and N. Oda introduced and studied minimal
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open (respectively, minimal closed) sets and maximal open (respectively, maxi-

mal closed) sets, which form subclasses of open (respectively, closed) sets. The

complement of a minimal open set is a maximal closed set, and the complement

of a maximal open set is a minimal closed set. These concepts enrich the clas-

sical notions of openness and closedness by introducing minimal and maximal

conditions. S. S. Benchali, Basavaraj Ittanagi and R. S. Wali studied on mini-

mal open sets and functions in topological spaces. Subsequently in 1937, Stone

introduced the notion of regular open sets, which provided a foundation for the

development of the semi-regularization of a topological space. Building on these

ideas, in 2015 N. Anuradha and Baby Chacko [5] defined the concepts of minimal

regular open sets and maximal regular closed sets, which extended the study of

open and closed sets within the topological space. Chapter 5 aims to inves-

tigate and establish certain properties of these sets. we provide examples and

theorems concerning the minimal and maximal regular open sets.

Gentre and Hoyle [27] explored the concepts of somewhat continuous func-

tions and somewhat open functions. In Chapter 6, we introduce a new class of

functions, namely somewhat mr-continuous and somewhat mr-open functions,

explores their properties and provide characterizations. The relationship between

somewhat mr-continuous functions and other types of functions are studied,

along with a discussion on mr-weakly stronger topologies.

Earlier, in 1963, J. C. Kelly [23] defined a bitopological space (X, τ1, τ2) as a set

X equipped with two topologies τ1 and τ2. Bitopological spaces provide studies

on core topological concepts such as closure, interior, continuity, and convergence
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by examining how these notions behave and interact under two different topolo-

gies defined on the same set. In 2012, S. S. Benchalli, Basavaraj M. Ittanagi,

and R. S. Wali [10] introduced the concepts of pairwise minimal open sets (re-

spectively (i, j)-minimal open sets) and pairwise maximal open sets (respectively

(i, j)-maximal open sets) in bitopological spaces. These notions further general-

ized the idea of minimality and maximality of sets relative to each topology in

the pair. In Chapter 7, we introduce and investigate pairwise minimal regular

open sets (respectively (i, j)-minimal regular open sets) and pairwise maximal

regular open sets (respectively (i, j)-maximal regular open sets) in bitopological

spaces. We explore their properties and analyze how they relate to other types

of open sets within the bitopological space. We also introduce and examine

new separation axioms, namely Pairwise-rTmin and Pairwise-rTmax spaces, as

well as the concepts of (i, j)-r-door spaces and (i, j)-rT 1
2
-spaces. These spaces

provide further insights into the structure and behavior of bitopological spaces

under regular open and closed conditions. In addition, we define and study sev-

eral types of continuous functions such as (i, j)-almost continuous, (i, j)-almost

completely continuous, and (i, j)-almost perfectly continuous functions. We also

consider functions defined with respect to a single topology, such as i-completely

continuous, i-strongly continuous, i-almost continuous, i-almost completely con-

tinuous, i-almost perfectly continuous, and i-totally continuous functions. The

relationships among these classes of functions are thoroughly explored. Finally,

we introduce two new classes of functions p-Min r-Continuous Maps and p-Max

r-Continuous Maps and study their properties and interconnections with the

existing classes of functions in bitopological spaces. These investigations aim
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to enhance the understanding of continuity in bitopological space. Throughout

this chapter a subset A of a bitopological space (X, τ1, τ2) is said to be τi-open

(regular open, minimal open, minimal regular open respectively ) if it open (reg-

ular open, minimal open, minimal regular open respectively ) with respect to the

topology τi for i ∈ {1, 2}. Also interior(closure respectively) of A with respect

to the topology τi, i ∈ {1, 2} denoted by i-int(A) (i-cl(A) respectively).

In the final chapter, chapter 8, the conclusion of the work is stated. This

chapter also put forward certain proposals for further research. Throughout this

thesis P(A) denote the power set of a set A.

8



Chapter 1
Ir-Open Sets and Derived

Concepts in Topological Space

1.1 Introduction

In general topology, the arbitrary intersection of regular open sets need not be

regular open. This motivates the introduction of Ir-open sets, defined as subsets

of a topological space that can be expressed as intersections of regular open sets.

In this chapter we examine properties of Ir-open sets and define associated spaces

such as Ir-Alexandroff spaces, where the collection of Ir-open sets forms a base.

The notion of Ir-cluster points leads to the definition of the Ir-closure, denoted Ir-

cl(A), while the dual concept of Ir-interior, denoted Ir-int(A), is also introduced.

We present theorems and characterizations related to both operations, including

their behavior under unions and intersections.
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1.2. Ir-Open Sets and Related Topological Spaces

Some preliminary definitions are introduced to facilitate understanding of the

main topic:

Definition 1.1.1. [48] Let (X, τ) be a topological space. Then a subset A

of (X, τ) is called regular open if A = int(cl(A)) and regular closed if A =

cl(int(A)).

Definition 1.1.2. [31] If (X, τ) is a topological space, then the semi-regularization

topology τs on X of τ is the coarser topology on X generated by the family of all

open domains of (X, τ) where a subset U is called an open domain if U = int(U).

Then (X, τs) is called semi-regularization space of a space (X, τ).

Definition 1.1.3. [46] A topological space (X, τ) is said to be an Alexandroff

space if arbitrary intersection of open sets is open.

1.2 Ir-Open Sets and Related Topological Spaces

Definition 1.2.1. Let (X, τ) be a topological space. A set A ⊂ X is called

Ir-open if A can be expressed as the intersection of a family of regular open sets.

The complement of Ir-open set is called Ir-closed .

Example 1.2.1. In the space R with usual topology, every singleton set is Ir-

open, since for any x ∈ R, {x} =
⋂∞

i=1(x− 1/n, x+ 1/n). Also for any a, b ∈ R,

[a, b] =
⋂∞

i=1(a− 1/n, b+ 1/n) is Ir-open.

Definition 1.2.2. A subset A ⊂ X is said to be Ir-clopen if it is both Ir-open

and Ir-closed.
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1.2. Ir-Open Sets and Related Topological Spaces

Example 1.2.2. In the space R with usual topology, since [a, b] =
⋂∞

i=1(a −

1/n, b+ 1/n) for any a, b ∈ R, Ir-open. Also since [a, b] is a regular closed set, it

is Ir-closed. Therefore [a, b] is Ir-clopen.

Theorem 1.2.1. Arbitrary intersection of Ir-open sets in a topological space is

Ir-open.

Proof. Let (X, τ) be a topological space and {Ai : i ∈ I} be the collection

of Ir-open sets in X. Then by the definition of Ir-open sets, for i ∈ I, there

exists family {Bi,j : Ji} of regular open sets such that Ai =
⋂

j∈Ji Bi,j. Since⋂
i∈I Ai =

⋂
(i,j)∈(I,Ji) Bi,j,

⋂
i∈I Ai is Ir-open in X.

Corollary 1.2.1.1. Arbitrary union of Ir-closed sets in a topological space is

Ir-closed set

Proof. Proof follows by using 1.2.1 and De Morgan’s Law.

Remark. Let (X, τ) be a topological space. Then

1. ϕ and X are Ir-open.

2. Arbitrary intersection of Ir-open sets is Ir-open.

3. Arbitrary union of Ir-closed sets is Ir-closed set.

4. Arbitrary union of regular closed sets is Ir-closed, since every regular closed

set is Ir-closed.
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1.2. Ir-Open Sets and Related Topological Spaces

5. Union of two Ir-open sets need not be Ir-open, since union of two regular

open sets need not be regualar open.

6. Every regular open set is Ir-open.

Corresponding to every topological space (X, τ), there exists a topology τr

on X with the collection of all Ir-open sets is a base for τr. This topology is finer

than the semi regularisation topology τs.

Definition 1.2.3. Let (X, τ) be a topological space. Then the space (X, τr) is

called Ir-Alexandroff space corresponding to τ . A topological space (X, τ) is said

to be Ir-Alexandroff if (X, τ) = (X, τr).

Example 1.2.3. Ir-Alexandroff space corresponding to R with usual topology

is the discrete space.

Lemma 1.2.2. Any discrete topological space is an Ir-Alexandroff space.

Proof. Proof follows from the fact that any subset of a discrete space is Ir-open.

Theorem 1.2.3. Let (X, τ) be metric space, then X is Ir-Alexandroff if and only

if X has the discrete topology.

Proof. SupposeX is an Ir-Alexandroff space. For each x ∈ X, {x} =
⋂

n∈N B(x, 1
n
),

where B is open ball with centre x and radius 1
n
, regular open, then {x} is Ir-

open. Since X is an Ir-Alexandroff space, τ is a discrete topology. Converse

follows from the above lemma

12



1.3. Ir-Closure of a Set in Topological Space

Example 1.2.4. Let X = {a, b, c, d} and τ = {ϕ, {a}, {b}, {a, b}, {a, b, c}, X}.

The set of all regular open sets in X is the set {ϕ, {a}, {b}, X}. Then τs = τr =

{ϕ, {a}, {b}, {a, b}, X}.

Remark. In a finite topological space, Ir-open sets coincide with regular open

sets and hence τr coincide with τs.

Lemma 1.2.4. If C is an Ir-closed set and B is an Ir-open set in a topological

space X, then B − C is an Ir-open set.

Proof. If C is Ir-closed, then X − C is Ir-open. Since B − C = B ∩ (X − C), it

is Ir-open.

1.3 Ir-Closure of a Set in Topological Space

Definition 1.3.1. Let (X, τ) be a topological space and A be a subset of X. A

point x ∈ X is called an Ir-cluster point of A if A ∩ U ̸= ϕ for every Ir-open

subset U of X containing x. The set of all Ir-cluster points of A is called the

Ir-closure of A, denoted by Ir-cl(A).

Example 1.3.1. Let X = R be equipped with the Sorgenfrey topology (lower

limit topology)τ , τ = {[a, b) : a < b, a, b ∈ R}. Consider the subset A = [0, 1) ⊂

X. In this topology, the set [1, 2) is regular open and hence Ir-open. Since

[1, 2)∩A = ϕ and 1 ∈ [1, 2), it follows that 1 /∈ Ir-cl(A). Hence Ir-cl(A) = [0, 1).

13



1.3. Ir-Closure of a Set in Topological Space

Proposition 1.3.1. Let (X, τ) be a topological space and A ⊂ X. Then Ir-cl(A) =⋂
{F ⊂ X : A ⊂ F and F is Ir-closed}.

Proof. Let C =
⋂
{F ⊂ X : A ⊂ F and F is Ir-closed}. We have to show that

Ir-cl(A) = C. Let x ∈ Ir-cl(A). Then, by definition, for every Ir-open set U

containing x, we have A ∩ U ̸= ϕ. If possible suppose that x /∈ C. Then x /∈ F

for some Ir-closed set F containing A. Then x ∈ X − F , which is an Ir-open

set containing x, and A ∩ (X − F ) = ϕ, since A ⊂ F . This contradicts the

assumption that every Ir-open containing x intersects A. Hence x ∈ C.

Let x ∈ C. If possible suppose that x /∈ Ir-cl(A). Then there exists an Ir-

open set U such that x ∈ U and A ∩ U = ϕ. Then F = X − U is Ir-closed set

containing A. Then x /∈ F , this is a contradiction to the assumption that x ∈ C.

Therefore, Ir-cl(A) =
⋂
{F ⊂ X : A ⊂ F and F is Ir-closed}.

Theorem 1.3.2. Let (X, τ) be a topological space and A ⊂ X. Then Ir-cl(A) ⊂

F for every Ir-closed set F containing A.

Proof. Proof follows from the proposition 1.3.1.

Theorem 1.3.3. Let (X, τ) be a topological space. If A ⊂ B ⊂ X, then

Ir-cl(A) ⊂ Ir-cl(B).

Proof. Let A ⊂ B and x ∈ Ir-cl(A). Then, by definition, for every Ir-open set

U containing x, U ∩ A ̸= ϕ. Since A ⊂ B, it follows that U ∩ A ⊂ U ∩ B, and
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1.3. Ir-Closure of a Set in Topological Space

hence U ∩ B ̸= ϕ. This implies that x is also an Ir-cluster point of B, and so

x ∈ Ir-cl(B). Therefore Ir-cl(A) ⊂ Ir-cl(B).

Theorem 1.3.4. Let (X, τ) be a topological space and let {Aα}α∈Λ be a family

of subsets of X. Then Ir-cl
(⋃

α∈ΛAα

)
=

⋃
α∈Λ Ir-cl(Aα).

Proof. Let x ∈ Ir-cl
(⋃

α∈Λ Aα

)
. Then for every Ir-open set U containing x, U ∩(⋃

α∈ΛAα

)
̸= ϕ. So there exists some α0 ∈ Λ such that U∩Aα0 ̸= ϕ, which implies

x ∈ Ir-cl(Aα0). Therefore x ∈
⋃

α∈Λ Ir-cl(Aα) and hence Ir-cl
(⋃

α∈Λ Aα

)
⊂⋃

α∈Λ Ir-cl(Aα).

Conversely, let x ∈
⋃

α∈Λ Ir-cl(Aα). Then x ∈ Ir-cl(Aα0) for some α0 ∈ Λ.

Hence every Ir-open set U containing x satisfies U ∩ Aα0 ̸= ϕ. Since Aα0 ⊂⋃
α∈ΛAα, U ∩

(⋃
α∈ΛAα

)
̸= ϕ, this implies that x ∈ Ir-cl

(⋃
α∈ΛAα

)
. Therefore⋃

α∈Λ Ir-cl(Aα) ⊂ Ir-cl
(⋃

α∈ΛAα

)
. Hence Ir-cl

(⋃
α∈Λ Aα

)
=

⋃
α∈Λ Ir-cl(Aα).

Corollary 1.3.4.1. Let (X, τ) be a topological space. For any subsets A,B ⊂ X,

Ir-cl(A ∪B) = Ir-cl(A) ∪ Ir-cl(B).

Theorem 1.3.5. Let {Aα}α∈Λ be a family of subsets of a topological space (X, τ).

Then Ir-cl
(⋂

α∈ΛAα

)
⊂

⋂
α∈Λ Ir-cl(Aα).

Proof. Let x ∈ Ir-cl
(⋂

α∈ΛAα

)
. Then for every Ir-open set U containing x,

U∩
(⋂

α∈ΛAα

)
̸= ϕ. This implies that for each α ∈ Λ, U∩Aα ̸= ϕ. Hence, x ∈ Ir-

cl(Aα) for all α ∈ Λ, and so x ∈
⋂

α∈Λ Ir-cl(Aα). Therefore, Ir-cl
(⋂

α∈ΛAα

)
⊂⋂

α∈Λ Ir-cl(Aα).
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1.3. Ir-Closure of a Set in Topological Space

Remark. Reverse inclusion of the theorem 1.3.5 need not be true.

Example 1.3.2. LetX = {a, b, c} with the topology τ = {ϕ, {a}, {c}, {a, b}, X}.

The regular open sets in this topology are ϕ, {c}, {a, b} and X, so the set of Ir-

open sets is {ϕ, {c}, {a, b}, X}. Consider the sets A = {a, c} and B = {b, c},

then A ∩ B = {c}. We have Ir-cl(A) = Ir-cl(B) = X. But Ir-cl(A ∩ B) = Ir-

cl({c}) = {c}. Thus, Ir-cl(A ∩ B) = {c} ⊊ X = Ir-cl(A) ∩ Ir-cl(B). Therefore

reverse inclusion fails in general.

Theorem 1.3.6. Let (X, τ) be a topological space and A ⊂ X. If A is Ir-closed,

then Ir-cl(A) = A.

Proof. Let A be an Ir-closed set in X and let x ∈ Ir-cl(A). If possible assume

that x ̸∈ A. Then x ∈ X−A and since X−A is an Ir-open set containing x and

x is an Ir-cluster point of A, (X−A)∩A ̸= ϕ. This is a contradiction. Therefore

x ∈ A and hence Ir-cl(A) ⊂ A. Further, since A ⊂ Ir-cl(A), Ir-cl(A) = A.

Theorem 1.3.7. Let (X, τ) be an Ir-Alexandroff space and A ⊂ X. If Ir-

cl(A) = A, then A is Ir-closed.

Proof. Let (X, τ) be an Ir-Alexandroff space, A ⊂ X and Ir-cl(A) = A. Let

x ∈ X − A. Then x ̸∈ Ir − cl(A). Since x is not an Ir-cluster point of A, there

exists an Ir-open set Vx containing x such that Vx ∩ A = ϕ. This implies that

Vx ⊂ X − A for every x ∈ X − A. Hence
⋃

x∈(X−A) Vx ⊂ X − A. Also since

x ∈ Vx for every x ∈ X − A, X − A ⊂
⋃

x Vx. Therefore X − A =
⋃

x Vx. Since

X is an Ir-Alexandroff space, X − A is Ir-open and hence A is Ir-closed.

16



1.3. Ir-Closure of a Set in Topological Space

Lemma 1.3.8. Let (X, τ) be a topological space. Then Ir-cl(Ir-cl(A)) = Ir-

cl(A), for every subset A of X.

Proof. Proof. We have Ir(A) ⊂ Ir-cl(Ir-cl(A)).

Now x ̸∈ Ir(A), this implies that there is an Ir- open set U containing x such

that U ∩A = ϕ. We have to prove that U ∩Ir-cl(A) = ϕ. If possible suppose that

U ∩ Ir-cl(A) ̸= ϕ. Then there is an element y ∈ U ∩ Ir-cl(A), implies that y ∈ Ir-

cl(A) and y ∈ U , U is an Ir-open set, then U ∩ A ̸= ϕ, this is a contradiction.

Therefore U ∩ Ir-cl(A) = ϕ. This implies that x ̸∈ Ir-cl(Ir-cl(A)). Therefore

Ir-cl(Ir-cl(A)) ⊂ Ir-cl(A). Hence Ir-cl(Ir-cl(A)) = Ir-cl(A).

Theorem 1.3.9. Let (X, τ) be an Ir-Alexandroff topological space. Then Ir-cl(A)

is an Ir-closed set for every subset A of X.

Proof. Proof follows from the lemma 1.3.8 and the theorem 1.3.7, Ir-cl(A) is

Ir-closed.

Theorem 1.3.10. Let (X, τ) be an Ir-Alexandroff space and A ⊂ X. Then

Ir-cl(A) is the smallest Ir-closed set containing A.

Proof. Proof follows from the theorem 1.3.2 Ir-cl(A) ⊂ F , for every Ir-closed set

containing A and the theorem 1.3.9, Ir-cl(A) is Ir-closed. Therefore Ir-cl(A) is

the smallest Ir-closed set containing A.

Theorem 1.3.11. Let (X, τ) be a topological space and A be a subset of X.

Then the following statements are equivalent:
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1.3. Ir-Closure of a Set in Topological Space

(i) A contains all of its Ir-cluster points.

(ii) The intersection of all Ir-closed sets containing A is A itself.

(iii) The union of all Ir-open sets contained in AC is AC.

Proof.

(i) =⇒ (ii)

Suppose that A contains all of its Ir-cluster points and let {Rα}α∈J be the col-

lection of all Ir-closed sets containing A. Obviously A ⊂
⋂

α∈J Rα. On the other

hand, let x ∈
⋂

α∈J Rα. Then we claim that U∩A ̸= ϕ for any Ir-open set U such

that x ∈ U . To prove this, if possible suppose that U ∩ A = ϕ. Then A ⊂ UC

where UC is Ir- closed. Hence UC = Rα0 for some α0 ∈ J , so that x ∈ UC . This

contradicts the fact that x ∈ U . Hence U ∩ A ̸= ϕ. This implies that x is an

Ir-cluster point of A. Since A contains all of its Ir-cluster points, x ∈ A and

therefore
⋂

α∈J Rα ⊂ A. Hence A =
⋂

α∈J Rα.

(ii) =⇒ (i)

Suppose that A =
⋂

α∈J Rα where {Rα}α∈J is the collection of all Ir-closed sets

containing A. Let x be an Ir-cluster point of A. If possible suppose that x ̸∈ A.

Then x ̸∈
⋂

α∈J Rα. This implies that x ̸∈ Rα0 for some α0 ∈ J and x ∈ RC
α0
.

Since Rα0 is an Ir-closed set containing A, RC
α0

is an Ir-open set containing x.

Since x is an Ir-cluster point of A, we have RC
α0

∩ A ̸= ϕ. This contradicts the

fact that A ⊂ Rα0 . Hence x ∈ A. Since x is arbitrary, A contains all of its

Ir-cluster points.
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1.4. Ir-Interior of a Set in Topological Space

(ii) ⇐⇒ (iii)

The proof follows from the De Morgan’s laws.

1.4 Ir-Interior of a Set in Topological Space

Definition 1.4.1. Let (X, τ) be a topological space and A be a subset of X.

A point x ∈ X is called an Ir-interior point of A if there exists an Ir-open set

U such that x ∈ U ⊂ A. The set of all Ir-interior points of A is called the

Ir-interior of A, denoted by Ir-int(A).

Example 1.4.1. Let X = Q with the co-countable topology,τ = {U : UC is

countable}. Consider the subset N ⊂ Q, N is regular open in this space. Then

Ir-int(N) = N.

Proposition 1.4.1. Let (X, τ) be a topological space and A ⊂ X. Then Ir-int(A) =⋃
{U ⊂ A : U is Ir-open in X}.

Proof. Let B =
⋃
{U ⊂ A : U is Ir-open in X}. We have to show that B = Ir-

int(A). Let x ∈ B. Then there exists an Ir-open set U such that x ∈ U ⊂ A.

By the definition of Ir-interior point, x ∈ Ir-int(A). Thus B ⊂ Ir-int(A). Also

let x ∈ Ir-int(A). Then, by definition of Ir-interior, there exists an Ir-open

set U such that x ∈ U ⊂ A. Then U is one of the sets in the union defining

B, so x ∈ B. Hence, Ir-int(A) ⊂ B. Therefore, Ir-int(A) =
⋃
{U ⊂ A :

U is Ir-open in X}.
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Theorem 1.4.2. Let (X, τ) be a topological space and A ⊂ X Then U ⊂ Ir-

int(A) for every Ir-open set U contained in A.

Proof. Proof follows from the proposition 1.4.1.

Theorem 1.4.3. Let (X, τ) be a topological space and A ⊂ X. If A is Ir-open,

then Ir-int(A) = A.

Proof. Proof follows from the proposition 1.4.1.

Theorem 1.4.4. Let (X, τ) be a topological space and let A,B ⊂ X such that

Ir-int(A) ⊂ B ⊂ A. If A is Ir-open, then B is also Ir-open.

Proof. Assume A is Ir-open. Then by theorem 1.4.3, Ir-int(A) = A. Since

Ir-int(A) ⊂ B ⊂ A, we have A ⊂ B ⊂ A, which implies B = A. Hence B is

Ir-open.

Theorem 1.4.5. For any subset A of a topological space X, Ir-int(A) ⊂ A ⊂

Ir-cl(A).

Proof. Proof is follows from the proposition 1.4.1 and the proposition 1.3.1.

Theorem 1.4.6. Let (X, τ) be a topological space and A,B ⊂ X. Then, Ir-int(A) ⊂

Ir-int(B).

Proof. Let x ∈ Ir-int(A). Then, by definition, there exists an Ir-open set U such

that x ∈ U ⊂ A. Since A ⊂ B, it follows that U ⊂ B. Therefore, x ∈ U ⊂ B,

which implies that x is an Ir-interior point of B. Thus, x ∈ Ir-int(B). Hence,
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1.4. Ir-Interior of a Set in Topological Space

every point of Ir-int(A) is also a point of Ir-int(B). Therefore Ir-int(A) ⊂

Ir-int(B).

Corollary 1.4.6.1. For any subset A of a topological space X, Ir-int(A) ⊂

Ir-int(Ir-cl(A)).

Proof. Proof follows from the fact that A ⊂ Ir-cl(A) and by the theorem 1.4.6.

Theorem 1.4.7. Let (X, τ) be a topological space and let {Aα}α∈Λ be a family

of subsets of X. Then Ir-int
(⋂

α∈ΛAα

)
=

⋂
α∈Λ Ir-int(Aα).

Proof. Let x ∈ Ir-int
(⋂

α∈ΛAα

)
. Then there exists an Ir-open set U such that

x ∈ U ⊂
(⋂

α∈ΛAα

)
. Since U ⊂

(⋂
α∈ΛAα

)
, it follows that U ⊂ Aα for each

α ∈ Λ. Hence, x ∈ Ir-int(Aα) for each α ∈ Λ and therefore
⋂

α∈Λ Ir-int(Aα).

Thus Ir-int
(⋂

α∈ΛAα

)
⊂

⋂
α∈Λ Ir-int(Aα).

Conversely, let x ∈
⋂

α∈Λ Ir-int(Aα). Then x ∈ Ir-int(Aα) for each α ∈ Λ,

there exist Ir-open sets Uα such that x ∈ Uα ⊂ Aα for each α ∈ Λ. Then

x ∈
⋂

α∈Λ Uα ⊂
⋂

α∈ΛAα and
⋂

α∈Λ Uα is Ir-open since the intersection of Ir-open

sets is Ir-open. This implies x ∈ Ir-int
(⋂

α∈ΛAα

)
. Hence,

⋂
α∈Λ Ir-int(Aα) ⊂ Ir-

int
(⋂

α∈Λ Aα

)
. Therefore Ir-int

(⋂
α∈ΛAα

)
=

⋂
α∈Λ Ir-int(Aα).

Corollary 1.4.7.1. Let (X, τ) be a topological space. For any subsets A,B ⊂ X,

Ir-int(A ∩B) = Ir-int(A) ∩ Ir-int(B).
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Theorem 1.4.8. Let (X, τ) be a topological space. For any subsets A,B ⊂ X,

Ir-int(A) ∪ Ir-int(B) ⊂ Ir-int(A ∪B).

Proof. Let x ∈ Ir-int(A)∪Ir-int(B). Then either x ∈ Ir-int(A) or x ∈ Ir-int(B).

Without loss of generality, assume x ∈ Ir-int(A). Then there exists an Ir-open

set U such that x ∈ U ⊂ A. Since A ⊂ A ∪ B, U ⊂ A ∪ B, this implies

that x ∈ Ir-int(A ∪ B). The same argument applies if x ∈ Ir-int(B), then

x ∈ Ir-int(A ∪B). Hence Ir-int(A) ∪ Ir-int(B) ⊂ Ir-int(A ∪B).

Remark. Converse of the theorem 1.4.8 need not be true.

Example 1.4.2. Let X = R with the finite complement topology,

τ = ϕ
⋃
{U ⊂ R : X − U is finite}. The only regular open sets are ϕ and X, So

the only Ir-open sets are ϕ and X. Hence, for any subset A ⊂ X,

Ir-int(A) =


X if A = X

ϕ otherwise

.

Let A = Q and B = R − Q. So A ∪ B = R = X. Then Ir-int(A) =

ϕ, Ir-int(B) = ϕ and Ir-int(A ∪ B) = Ir-int(X) = X. That is Ir-int(A) ∪

Ir-int(B) = ϕ. Thus, Ir-int(A ∪B) ̸⊂ Ir-int(A) ∪ Ir-int(B).
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Chapter 2
Separation Axioms with respect to

Ir-Open Sets in Topological Space

2.1 Introduction

The concept of Ir-open sets is utilized to establish a generalized framework for

classical topological notions. In this chapter, we introduce and study the gener-

alized separation axioms, namely the Ir-Ti spaces for i = 0, 1, 2, 3, 4 along with

Ir-regular, Ir-normal, almost Ir-normal and completely Ir-normal spaces. Also

I∗r -regular, I
∗
r -normal, almost I∗r -normal and completely I∗r -normal spaces. Var-

ious structural properties and characterizations of these separation axioms are

explored, including their hereditary nature. In addition, we initiate the study

of Ir-compactness with respect to Ir-open covers, leading to a broader gener-

alization of classical compactness in topological spaces. Moreover, we develop
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2.1. Introduction

the notion of Ir-connectedness, which extends the classical idea of connectedness

using the behavior of Ir-open sets. Also we introduce and explore the concept of

the Ir-cover of a set.

Before delving into the main topic, we present a few key definitions for clarity:

Definition 2.1.1. [13] A topological space (X, τ) is said to be locally indiscrete

if every open set in it is also closed.

Definition 2.1.2. [32] A topological space X is said to be compact if every

open cover of X has a finite subcover. That is, if U = {Uα}α∈A is a collection

of open sets such that X ⊂
⋃

α∈A Uα, then there exists a finite subcollection

{Uα1 , Uα2 , . . . , Uαn} ⊂ U such that X ⊂
⋃n

i=1 Uαi
. A subset A ⊂ X is said to be

compact if every open cover of A by open sets in X has a finite subcover.

Definition 2.1.3. [44] A topological space (X, τ) is nearly compact if and only

if each regular open cover admits a finite subcover.

Definition 2.1.4. A topological space X is said to be

(i) δT0 [26] , if for each pair of distinct points x and y in X, there exists

a regular open set which contains one of the points x and y, but not the

other.

(ii) δT1 or rT1 (respectively clopen T1) [14], if for each pair of distinct points x

and y in X, there exist regular open sets (respectively clopen sets) U and V

containing x and y respectively such that x ∈ U , y /∈ U and y ∈ V , x /∈ V .

Definition 2.1.5. [4] A topological space X is said to be
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2.1. Introduction

(i) rT2, if every two distinct points of X can be separated by disjoint regular

open sets.

(ii) r-regular, if for each closed set F of X and a point x /∈ F , there exist

disjoint regular open sets U and V such that F ⊂ U and x ∈ V .

(iii) r-normal, if each pair of non-empty disjoint closed sets can be separated by

disjoint regular open sets.

Definition 2.1.6. [40] A topological space (X, τ) is said to be Nearly Hausdorff

if every pair of distinct points of X there exists a pair of regular closed sets

separating them.

Definition 2.1.7. [22] A topology τ on a set X is called the discrete topology

if every subset of X is open. That is, τ = P(X),.

Definition 2.1.8. [22] A topology τ on a set X is called the indiscrete topology

if τ = {ϕ,X}. That is,the only open sets are ϕ and X.

Definition 2.1.9. [32] Let (X, τ) be a topological space. Then two subsets

A,B ⊂ X are called separated if cl(A) ∩B = ϕ and A ∩ cl(B) = ϕ.

Definition 2.1.10. [1] Let X be a non-empty set and let Σ ⊂ P(X). The

collection Σ is called a supra topology on X if:

(i) X ∈ Σ,

(ii) Σ is closed under arbitrary unions. That is, for any family {Ui}i∈I ⊂ Σ, we

have
⋃

i∈I Ui ∈ Σ.
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2.2. Ir-Separation axioms

Then (X,Σ) is called a supra topological space. Members of Σ are called supra

open sets, and their complements in X are called supra closed sets.

Definition 2.1.11. [1] Let (X,Σ) be a supra-topological space. Define σc =

{F ⊂ X : X \ F ∈ Σ}, the collection of all supra-closed subsets. Then for any

A ⊂ X, the supra-closure of A is defined by scl(A) =
⋂
{F : A ⊂ F, F ∈ σc}.

That is, scl(A) is the smallest supra-closed set containing A.

Definition 2.1.12. [1] Let c : P(X) → P(X) be a mapping. Then c is said to

be a supra closure operator if it satisfies the following axioms:

1. c(ϕ) = ϕ,

2. A ⊂ c(A) for all A ∈ P(X),

3. c(A) ∪ c(B) ⊂ c(A ∪B) for all A,B ∈ P(X),

4. c(c(A)) = c(A) for all A ∈ P(X).

Theorem 2.1.1. [1] Let X be a nonempty set and let the mapping c : P(X) →

P(X) be a supra closure operator. Then the collection τ = {G ⊂ X : c(Gc) = Gc}

is a supra topology on X induced by the supra closure operator c.

2.2 Ir-Separation axioms

Definition 2.2.1. A topological space (X, τ) is said to be
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2.2. Ir-Separation axioms

(i) IrT0 , if for each pair of distinct points x and y in X, there is an Ir-open

set which contains one of them but not the other.

(ii) IrT1 , if for each pair of distinct points x and y in X, there exists an Ir-

open set U containing x but not y and an Ir-open set V containing y but

not x.

(iii) IrT2( Ir-Hausdorff) , if for each pair of distinct points x and y in X, there

exist an Ir-open set U containing x and an Ir-open set V containing y such

that U ∩ V = ϕ.

Example 2.2.1. Let X = N ∪ {0}, and define a topology τ on X by τ =

{X} ∪ {U ⊂ X : X − U is infinite} .

For any x, y ∈ X with x ̸= y. Without loss of generality, x < y. Take

U = {t ∈ X : t ≡ 0mod y} and V = {t ∈ X : t ≡ xmod y}. Then U and V are

Ir-open sets such that y ∈ U and x ∈ V , U ∩ V = ϕ. Then (X, τ) is an infinite

IrT2 topological space. It is also IrT1 and IrT0 topological space.

Theorem 2.2.1. Let (X, τ) be a topological space satisfying any of the separation

axioms IrT0, IrT1, or IrT2. Then every subspace Y ⊂ X, with the subspace topol-

ogy, also satisfies the corresponding IrTi separation axiom for each i = 0, 1, 2.

Proof. Let Y ⊂ X and suppose X satisfies one of the IrTi conditions for i =

0, 1, 2. Let x, y ∈ Y with x ̸= y. Since X is IrTi, there exist Ir-open sets in X

satisfying the corresponding separation condition. If U is an Ir-open set in X,

then U ∩ Y is Ir-open in Y under the subspace topology.
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2.2. Ir-Separation axioms

(i) If X is IrT0, then there exists an Ir-open set U contain one of them but

not the other, without loss of generality x ∈ U , y /∈ U . Then U ∩Y is an Ir-open

set in Y containing x but not y, so Y is IrT0.

(ii) If X is IrT1, there exist Ir-open sets U and V in X such that x ∈ U ,

y /∈ U and y ∈ V , x /∈ V . Then U ∩Y and V ∩Y are Ir-open sets in Y such that

x ∈ U ∩ Y , y ̸∈ U ∩ Y and y ∈ V ∩ Y , x ̸∈ V ∩ Y . Therefore Y is IrT1.

(iii) If X is IrT2, there exist disjoint Ir-open sets U and V in X such that

x ∈ U , y ∈ V , and U ∩ V = ϕ. Then U ∩ Y and V ∩ Y are disjoint Ir-open sets

in Y containing x and y, respectively. Hence, Y is IrT2.

Theorem 2.2.2. In a topological space (X, τ), the Ir-separation axioms satisfy

the implications

IrT2 ⇒ IrT1 ⇒ IrT0.

Proof. (i) IrT2 ⇒ IrT1: Suppose that X is IrT2. Then for any pair of distinct

points x, y ∈ X, there exist Ir-open sets U and V such that x ∈ U , y ∈ V , and

U ∩ V = ϕ. In particular, x ∈ U and y /∈ U , while y ∈ V and x /∈ V . Thus X is

IrT1.

(ii) IrT1 ⇒ IrT0: Suppose that X is IrT1. Then for every pair of distinct

points x, y ∈ X, there exist Ir-open sets U and V such that x ∈ U , y /∈ U , and

y ∈ V , x /∈ V . In particular, U separates x from y or V separates y from x.

That is there is an Ir-open set contain one of them but not the other. Therefore

X is IrT0.
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2.2. Ir-Separation axioms

Theorem 2.2.3. Let (X, τ) be an IrT0 space. Then Ir-cl({x}) ̸= Ir-cl({y}) for

every x, y ∈ X with x ̸= y.

Proof. Let x, y ∈ X with x ̸= y. Since X is an IrT0 space, there is an Ir-open

set containing one of them but not the other. Without loss of generality, U is

an Ir -open set contain x but not y. Then UC is an Ir-closed set containing y.

Since by theorem 1.3.2, Ir-cl({y}) ⊂ UC . Therefore Ir-cl({y}) ∩ U = ϕ. Since

Ir-cl({x}) ∩ U ̸= ϕ, Ir-cl({x}) ̸= Ir-cl({y}).

Theorem 2.2.4. Let (X, τ) be a topological space. If X is an Ir-T1 space, then

for any distinct points x, y ∈ X, x /∈ Ir-cl({y}) and y /∈ Ir-cl({x}).

Proof. Suppose X is an Ir-T1 space. By definition, for each pair of distinct

points x, y ∈ X, there exist Ir-open sets U and V such that x ∈ U , y /∈ U , and

y ∈ V , x /∈ V . If possible suppose that x ∈ Ir-cl({y}), then every Ir-open set

containing x must intersect {y}. That is every Ir-open set containing x must

contain y. Then y ∈ U , this is a contradiction. Therefore, x /∈ Ir-cl({y}). A

similar argument shows that y /∈ Ir-cl({x}).

Theorem 2.2.5. Let (X, τ) be an Ir-Alexandroff space. If X is IrT1, then every

{x} is Ir-closed.

Proof. Let (X, τ) be an Ir-Alexandroff and an IrT1 space. Let x ∈ X. For each

y ∈ X − {x}, there exist Ir-open sets Uy and Vy in X such that x ∈ Uy with

y ̸∈ Uy and y ∈ Vy with x ̸∈ Vy. Then
⋃

y∈X−{x} Vy ⊂ X − {x}. Also for any
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y ∈ X − {x}, there exists an Ir-open set Vy containing y not containing x. This

implies that X−{x} =
⋃

y∈X−{x} Vy. Since X is an Ir-Alexandroff space, X−{x}

is an Ir-open set. Therefore {x} is an Ir-closed set.

Theorem 2.2.6. In an Ir-Hausdorff space, every subset is the intersection of a

family of Ir-closed sets.

Proof. Let X be an Ir-Hausdorff space and A ⊂ X. Let x ∈ X − A. For each

point a ∈ A, since x ̸= a and the space is Ir-Hausdorff, there exist disjoint

Ir-open sets Ua and Va such that a ∈ Ua and x ∈ Va, with Ua ∩ Va = ϕ. The

collection {Ua : a ∈ A} forms an Ir-open cover of A. Corresponding to each Ua,

we have disjoint Ir-open sets x ∈ Va. Let Vx =
⋂

a Va, which is an Ir-open set

containing x and disjoint from each Ua. Hence, Vx ∩ A = ϕ, which implies that

Vx ⊂ X − A. Then X − A =
⋃

x∈X−A Vx, A =
⋂

x∈X−A V C
x and V C

x is Ir-closed.

Hence A is the intersection Ir-closed sets.

Corollary 2.2.6.1. In an Ir-Alexandroff Ir-Hausdorff space, every subset is Ir-

closed.

Proof. Proof follows from the fact that in Ir-Alexandroff space arbitrary inter-

section of Ir-closed sets is Ir-closed and by theorem 2.2.6.

Theorem 2.2.7. Let (X, τ) be a topological space. If X is δT0, then it is IrT0.

Proof. Proof follows from the fact that every regular open set is Ir-open.
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Theorem 2.2.8. Let (X, τ) be a topological space. If X is δT1 (rT1) or clopen

T1, then it is IrT1.

Proof. Proof follows from the fact that every clopen set is regular open and every

regular open set is Ir-open.

Theorem 2.2.9. Let (X, τ) be a topological space. If X is rT2, then it is IrT2.

Proof. Proof follows from the fact that every regular open set is Ir-open.

Definition 2.2.2. A topological space (X, τ) is said to be Ir- regular at x ∈ X if

for every closed subset C of X not containing x, there exist disjoint Ir- open set

containing x and an open set containing C. A space X is said to be Ir- regular

if it is Ir- regular at each of its points.

Example 2.2.2. R with usual topology is an Ir- regular space.

Definition 2.2.3. A topological space (X, τ) is said to be Ir-normal if every

pair of disjoint closed sets are contained in disjoint Ir-open sets.

Definition 2.2.4. A topological space (X, τ) is said to be almost Ir-normal if

for every pair of disjoint closed set A and regular closed set B, there exist disjoint

Ir- open sets U and V of X such that A ⊂ U and B ⊂ V .

Definition 2.2.5. A topological space (X, τ) is said to be completely Ir-normal

if for every pair of separated sets A and B, there exist disjoint Ir- open sets U

and V of X such that A ⊂ U and B ⊂ V .
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Example 2.2.3. Let X = Z and τ = {ϕ,Z, {1},Z−,Z− ∪ {1},Z+, Z − {0}}.

Then (X, τ) is a completely Ir-normal.

Theorem 2.2.10. Let (X, τ) be a topological space. Then X is Ir- regular if and

only if given any point x ∈ X and an open set U containing x, there exists an

Ir-open set V containing x such that V ⊂ cl(V ) ⊂ U .

Proof. Suppose that X is Ir- regular. Let x ∈ X and U be an open set containing

x. Then C = X−U is a closed set not containing x. Since X is Ir-regular, there

exist disjoint Ir-open set V containing x and an open set W containing C. Then

cl(V ) is disjoint from C and this implies that cl(V ) ⊂ X − C = U . Thus x ∈ V

and V ⊂ cl(V ) ⊂ U .

Conversely, suppose that x ∈ X and C is a closed set not containing x. Then

U = X − C is an open set containing x. By the hypothesis, there is an Ir-open

set V containing x such that cl(V ) ⊂ U . Then the Ir-open set V containing x

and the open set X− cl(V ) containing C are disjoint. Hence (X, τ) is Ir-regular.

Theorem 2.2.11. Every nearly Hausdorff space is Ir-regular.

Proof. Let (X, τ) be a nearly Hausdorff space. Let x ∈ X and B be a closed set

not containing x. Then for every y ∈ B, x ̸= y and hence there exist disjoint

regular open sets Uy and Vy such that x ∈ Uy and y ∈ Vy. Then {Vy : y ∈ B} is

an open cover of B and U =
⋂∞

i=1 Uy is an Ir-open set containing x. Then there

exists a pair of disjoint Ir- open set U containing x and an open set V =
⋃

y∈B Vy

containing B. This implies that X is Ir- regular.
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Theorem 2.2.12. If (Xα, τα) is a topological space for each α, then any Ir-open

set in the product topology
∏

α τα of X =
∏

α Xα is a product of Ir-open sets in

(Xα, τα).

Proof. Let (Xα, τα) be a family of topological spaces and A be an Ir-open set

in the product topology of X =
∏

αXα. Then there exist regular open sets Ui

in X such that A =
⋂

i Ui. Since each Ui is a regular open set in the product

topology of X, there exist regular open sets Ui,α ∈ τα with Ui,α = Xα for all

but finitely many α’s such that Ui =
∏

α Ui,α. Hence A =
⋂

i(
∏

α Ui,α). Using

the fact that
⋂

β(
∏

α Aα,β) =
∏

α(
⋂

β Aα,β), we have A =
∏

α(
⋂

i Ui,α) =
∏

α Uα,

where Uα =
⋂

i Ui,α, is an Ir-open set in (Xα, τα). Hence the theorem.

Theorem 2.2.13. Product of Ir-regular spaces is again Ir-regular.

Proof. Let {Xα} be a family of Ir-regular spaces and X =
∏

αXα. Let x = (xα)

be a point of X and U =
∏

α Uα be an open set containing x ∈ X. If Uα is not

open in Xα for some α, we choose a basis element of X containing x contained

in U . Then xα ∈ Uα and Uα is open in Xα for each α. Since Xα is Ir-regular,

by theorem 2.2.10, there exists an Ir-open set Vα ⊂ Xα such that xα ∈ Vα and

Vα ⊂ cl(Vα) ⊂ Uα. Now Vα being Ir-open, we have Vα =
⋂

j Vα,j where Vα,j is

regular open in Xα. If Uα = Xα, we simply choose Vα = Xα. Then V =
∏

α Vα is

an Ir- open set in
∏

α Xα. Since cl(V ) = cl(
∏

α Vα) =
∏

α cl(Vα), it follows that

x ∈ V and V ⊂ cl(V ) ⊂
∏

α Uα ⊂ U . Hence by theorem 2.2.10, X is Ir-regular.

Theorem 2.2.14. Every r-regular space is Ir-regular.
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Proof. Let (X, τ) be a r-regular topological space. Let V be an Ir-open subset

of X containing x. Then we have V =
⋂

j∈J Vj, where Vj’s are regular open sets

in X. Since Vj is an open set containing x and X is r-regular, there exists a

regular open set Wj such that x ∈ Wj and Wj ⊂ cl(Wj) ⊂ Vj, for all j ∈ J .

Take W =
⋂

j∈J Wj. Then W is an Ir-open set in X such that x ∈ W and

W ⊂
⋂

j∈J cl(Wj) ⊂
⋂

j∈J Vj = V . Thus x ∈ W and W ⊂ cl(W ) ⊂ V and hence

X is Ir-regular by theorem 2.2.10.

Theorem 2.2.15. Every Ir-Alexandroff Ir- regular space is Ir- normal.

Proof. Let X be an Ir-Alexandroff Ir-regular space. Let A and B be disjoint

closed subsets of X. Then for each x ∈ A, X − B is an open set containing

x. By theorem 2.2.10, there exists an Ir-open set Vx such that x ∈ Vx and

Vx ⊂ cl(Vx) ⊂ X − B. Therefore {Vx : x ∈ A} forms an Ir-open covering of

A. In the same way, we obtain {Uy : y ∈ B} as an Ir-open covering of B.

Define U
′
y = Uy −

⋃
x∈A cl(Vx) and V

′
x = Vx −

⋃
y∈B cl(Uy). Since arbitrary union

of Ir-closed sets is Ir-closed, both
⋃

x∈A cl(Vx) and
⋃

y∈B cl(Uy) are Ir- closed.

Therefore by lemma 1.2.4, U
′
y = Uy −

⋃
x∈A cl(Vx) and V

′
x = Vx−

⋃
y∈B cl(Uy) are

Ir-open inX. Take U
′
=

⋃
U

′
y and V

′
=

⋃
V

′
x . Then sinceX is an Ir-Alexandroff

space, U
′
and V

′
are disjoint Ir-open sets containing A and B respectively. Hence

X is Ir- normal.

Corollary 2.2.15.1. Every Ir-Alexandroff r- regular space is Ir- normal.

Proof. Proof follows from the fact that every r-regular space is Ir-regular.
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Theorem 2.2.16. In a T1 and locally indiscrete space every subset is Ir-open.

Proof. Let (X, τ) be a T1 and locally indiscrete space and A be a subset of X.

If A = ϕ, the result is trivial. Otherwise every singleton set {x} ⊂ X is closed

and A =
⋂

x∈X−A(X − {x}). Since X is locally indiscrete and X − {x} is open,

X − {x} is regular open. Hence A is an arbitrary intersection of regular open

sets and therefore it is Ir- open.

Corollary 2.2.16.1. In a T1 and locally indiscrete space every subset is Ir-

clopen.

Proof. Let (X, τ) be a T1 and locally indiscrete space and A be a subset of X.

If A = ϕ, the result is trivial. Otherwise every singleton set {x} ⊂ X is closed

and X−A =
⋂

x∈A(X−{x}). Since X is locally indiscrete and X−{x} is open,

X−{x} is regular open. Hence X−A is an arbitrary intersection of regular open

sets and therefore it is Ir- open. Then A is Ir-closed. Also by theorem 2.2.16,

we can conclude that A is Ir-clopen.

Theorem 2.2.17. Every Ir-regular T0 space is T1.

Proof. Let (X, τ) be an Ir-regular T0 space and x, y ∈ X be a pair of distinct

points in X. Then there exists an open set contain one of them but not the other.

Without loss of generality there exists an open set V in X such that x ∈ V and

y ̸∈ V . Since x ∈ V and X is Ir- regular, by theorem 2.2.10, there exists an

Ir-open set U in X such that x ∈ U and U ⊂ cl(U) ⊂ V . Take W = X − cl(U).
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Then W is open in X such that x ̸∈ W and y ∈ W . Hence X is T1.

Theorem 2.2.18. Let (X, τ) be an almost Ir-normal space. Then for a given

closed set C and a regular open set D such that C ⊂ D, there is an Ir-open set

G such that C ⊂ G ⊂ Ir-cl(G) ⊂ D.

Proof. Suppose that X is almost Ir- normal. Let C be a closed set and D

be a regular open set such that C ⊂ D. Then X − D is regular closed and

C ∩ (X − D) = ϕ. Since X is almost Ir-normal, there exist disjoint Ir-open

sets G and V such that C ⊂ G,X − D ⊂ V . Then X − V ⊂ D and so that

C ⊂ G ⊂ X − V ⊂ D. By theorem 1.3.6, this implies that C ⊂ G ⊂ Ir-

cl(G) ⊂ Ir-cl(X − V ) = X − V ⊂ D .

Theorem 2.2.19. Let (X, τ) be an Ir-Alexandroff space. Then X is almost Ir-

normal if and only if for a given closed set C and a regular open set D such that

C ⊂ D, there is an Ir-open set G such that C ⊂ G ⊂ Ir-cl(G) ⊂ D.

Proof. The necessary part follows from the theorem 2.2.18.

To prove the sufficient part, consider a closed set C and a regular closed set D

such that C ∩D = ϕ. Then X −D is a regular open set containing C. Then by

the hypothesis, there is an Ir-open set G such that C ⊂ G ⊂ Ir-cl(G) ⊂ X −D.

Take V = X − Ir-cl(G). Then by the theorem 1.3.9 and G ⊂ Ir-cl(G) = V C , V

is an Ir-open set such that D ⊂ V and G∩V = ϕ. Hence X is almost Ir-normal.

Theorem 2.2.20. Every r-normal space is Ir-normal.
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Proof. Let (X, τ) be a r-normal space and let A and V be a regular closed subset

of X with A∩V = ϕ. Since V is a closed set and X is r-normal then there exist

two disjoint regular open sets G and H such that A ⊂ G and V ⊂ H. Every

regular open sets are Ir-open. Therefore X is almost Ir-normal.

Theorem 2.2.21. Every Ir-normal space is almost Ir-normal.

Corollary 2.2.21.1. Every r-normal space is almost Ir-normal.

Proof. Proof follows from theorem 2.2.21 and the theorem 2.2.20.

Theorem 2.2.22. Arbitrary product of Ir-normal space is Ir-normal.

Proof. Let {(Xα, τα)} be a family of Ir-normal spaces and X =
∏

α Xα. Let A

and B be two closed subsets of X with A ∩ B = ϕ. Then A =
∏

α Uα and B =∏
α Vα, where Uα and Vα are closed subsets in Xα. This implies that Uα∩Vα = ϕ

for every α. Since each Xα is Ir-normal, there exist disjoint Ir-open sets Gα and

Hα such that Uα ⊂ Gα and Vα ⊂ Hα. Take G =
∏

α Gα and H =
∏

αHα.

Then G ∩ H = ϕ. Otherwise, if there is an element x = (xα) ∈ G ∩ H, then

xα ∈ Gα ∩Hα for every α and hence Gα ∩Hα ̸= ϕ for some α, a contradiction.

Therefore G and H are two disjoint Ir-open sets in X such that U ⊂ G and

V ⊂ H. Hence X is Ir-normal.

Definition 2.2.6. A topological space (X, τ) is said to be I∗r -regular at x ∈ X if

for every Ir-closed subset C of X not containing x, there exists a pair of disjoint

Ir- open sets U and V such that x ∈ U and C ⊂ V . A space X is said to be I∗r -
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regular if it is I∗r - regular at each of its points.

Example 2.2.4. 1) The space R with the usual topology is I∗r -regular.

2) Consider the finite set X = {a, b, c} with the topology τ = {ϕ, {a}, {a, b}, X}.

The space (X, τ) is I∗r -regular

Theorem 2.2.23. Let (X, τ) be a topological space. Then X is I∗r -regular if and

only if for any x ∈ X and any Ir-open set U containing x, there is an Ir-open

set V containing x such that V ⊂ Ir-cl(V ) ⊂ U.

Proof. Suppose that X is an Ir-Alexandroff I∗r - regular space. Let x ∈ X and U

be an Ir-open set containing x. Then C = X−U is an Ir-closed set not containing

x. Since X is I∗r -regular, there exist disjoint Ir-open sets V and W containing

x and C respectively. Then Ir-cl(V ) is disjoint from C and this implies that

Ir-cl(V ) ⊂ X − C = U . Then there is an Ir-open set V containing x such that

V ⊂ Ir-cl(V ) ⊂ U.

Conversely, suppose that x ∈ X and C is a Ir-closed set not containing x.

Then U = X − C is an Ir-open set containing x. By the hypothesis, there is an

Ir-open set V containing x and an Ir-closed set F such that V ⊂ F ⊂ U . Then

the Ir-open set V containing x and the Ir-open set X − F containing C. Since

V ⊂ F , X − F ⊂ V C and so (X − F ) ∩ V ⊂ V C ∩ V = ϕ. Therefore V and

(X − F ) are disjoint. Hence (X, τ) is I∗r -regular.

Corollary 2.2.23.1. Let (X, τ) be an Ir-Alexandroff topological space. Then X

is I∗r -regular if and only if for any x ∈ X and any Ir-open set U containing x,
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there is an Ir-open set V containing x and an Ir-closed set F such that V ⊂ F ⊂

U.

Proof. Proof follows from theorem 2.2.23 and take F = Ir-cl(V ). Since X is an

Ir-Alexandroff space, F is Ir-closed and V ⊂ F ⊂ U .

Theorem 2.2.24. Let (X, τ) be an Ir-Alexandroff space. If X is I∗r -regular and

IrT1 space, then X is IrT2.

Proof. Let (X, τ) be a topological space and let x, y ∈ X with x ̸= y. Since

X is Ir-Alexandroff, {x} is an Ir-closed set. Since {x} is an Ir-closed set not

containing y. Also since X is an I∗r -regular space, there exist disjoint Ir-open

sets U and V such that x ∈ U and y ∈ V . This implies that X is IrT2.

Definition 2.2.7. A topological space (X, τ) is said to be I∗r -normal if every

pair of disjoint Ir-closed sets are contained in disjoint Ir- open sets.

Example 2.2.5. Let X = R with the lower limit topology (Sorgenfrey line).

Here for any a, b ∈ R, [a, b) is regular open set. Therefore the Sorgenfrey line is

I∗r -normal.

Definition 2.2.8. A topological space (X, τ) is said to be

(i) IrT3 if X is I∗r -regular and IrT1 space.

(ii) IrT4 if X is I∗r -normal and IrT1 space.

Example 2.2.6. 1) The space R with the usual topology is IrT3 space.
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2)The Sorgenfrey Line IrT1. Let x, y ∈ R with x ̸= y. Without loss of

generality, assume x < y. In the Sorgenfrey line, the set [x, x + ε) is a regular

open set containing x and not y (take ε < y−x
2
). The set [y, y + δ) is a regular

open set containing y and not x, for δ ∈ R+. Since both are regular open, they

are Ir-open. Therefore, the Sorgenfrey line is an IrT1 space and then it is IrT4

space.

Definition 2.2.9. A topological space (X, τ) is said to be almost I∗r - normal

if for every pair of disjoint Ir-closed set A and regular closed set B, there exist

disjoint Ir- open sets U and V of X such that A ⊂ U and B ⊂ V .

Example 2.2.7. Let X = Z and τ = {ϕ,Z,Z−,Z−∪{0},Z+,Z+∪{0}, {0}, Z−

{0}}. Then the (X, τ) is almost I∗r - normal.

Theorem 2.2.25. Let (X, τ) be topological space. If X is I∗r -normal, then almost

I∗r -normal.

Proof. Let (X, τ) be an I∗r -normal topological space and let A be an Ir-closed set

and B be a regular closed set such that A ∩B = ϕ. Since B is also an Ir-closed

set and X is I∗r -normal space, there exist two disjoint Ir-open sets U and V such

that A ⊂ U and B ⊂ V . Hence X is almost I∗r -normal space .

Theorem 2.2.26. Let (X, τ) be an Ir-Alexandroff space. If X is almost I∗r -

normal and IrT1, then X is I∗r -regular.

Proof. Let C be an Ir-closed set not containing x. Since X is IrT1, {x} is Ir-
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closed set. Since X is almost I∗r -normal,C is a Ir-closed set and {x}is a regular

closed set and are disjoint, there exist disjoint Ir-open sets U and V such that

x ∈ U and C ⊂ V . This implies that X is I∗r -regular space.

Corollary 2.2.26.1. Let (X, τ) be topological space. If X is I∗r -normal and IrT1,

then I∗r -regular.

Proof. Proof follows from theorem 2.2.25, every I∗r -normal is almost I∗r -normal

and the theorem 2.2.26,every almost I∗r -normal and IrT1 space is I∗r -regular

Corollary 2.2.26.2. Let (X, τ) be topological space. If X is IrT4 space , then

IrT3 space.

Proof. Proof follows from the corollary 2.2.26.1 and the definition 2.2.8.

Definition 2.2.10. Let (X, τ) be a topological space. Then two subsets A,B ⊂

X are called Ir-separated if Ir-cl(A) ∩B = ϕ and A ∩ Ir-cl(B) = ϕ.

Example 2.2.8. Let X = Z and τ = {ϕ,Z,Z−,Z+, Z − {0}}. Then the sets

Z− and Z+ are Ir-separated. Since Z− ∩ Ir-cl(Z+) = Z− ∩ (Z+ ∪ {0}) = ϕ and

Z+ ∩ Ir-cl(Z−) = Z+ ∩ (Z− ∪ {0}) = ϕ.

Theorem 2.2.27. Let X be a topological space, Y ⊂ X and A,B ⊂ X. If A

and B are Ir-separated sets in X, then A∩ Y and B ∩ Y are Ir-separated in the

relative topology of the subspace Y .

Proof. Let AY = A ∩ Y and BY = B ∩ Y . Then Ir-clY (AY ) ⊆ Ir-clX(A) ∩

Y and Ir-clY (BY ) ⊆ Ir-clX(B)∩Y. Since A and B are Ir-separated sets in X,
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Ir-clX(A)∩B = ϕ and A∩ Ir-clX(B) = ϕ. Then Ir-clY (AY )∩BY ⊆ (Ir-clX(A)∩

Y )∩ (B∩Y ) = (Ir-clX(A)∩B)∩Y = ϕ. Similarly, AY ∩ Ir-clY (BY ) ⊆ (A∩Y )∩

(Ir-clX(B)∩ Y ) = (A∩ Ir-clX(B))∩ Y = ϕ. Hence, AY and BY are Ir-separated

in the subspace Y

Definition 2.2.11. A topological space (X, τ) is said to be completely I∗r - normal

if for every pair of Ir-separated sets A and B, there exist disjoint Ir- open sets

U and V of X such that A ⊂ U and B ⊂ V .

Example 2.2.9. Let X = Z and τ = {ϕ,Z,Z−,Z+, Z − {0}}. Then Z− and

Z+ are the only nonempty Ir- separated sets in Z and are also Ir-open sets.

Therefore (X, τ) is a completely I∗r -normal.

Theorem 2.2.28. Let (X, τ) be topological space. If X is completely I∗r -normal,

then I∗r -normal.

Proof. Let (X, τ) be a completely I∗r -normal topological space and let A be an

Ir-closed set and B be a regular closed set such that A ∩ B = ϕ. Since A ∩ Ir-

cl(B) = A∩B = ϕ and Ir-cl(A)∩B = A∩B = ϕ, A and B are two Ir-separated

sets. Since X is completely I∗r -normal space, there exist two disjoint Ir-open sets

U and V such that A ⊂ U and B ⊂ V . Hence X is I∗r -normal space .

Corollary 2.2.28.1. Let (X, τ) be topological space. If X is completely I∗r -

normal, then almost I∗r -normal.

Proof. Proof is follows from the theorem 2.2.28 and the theorem 2.2.25.
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Corollary 2.2.28.2. Let (X, τ) be an Ir-Alexandroff space. If X is completely

I∗r -normal and IrT1, then almost I∗r -regular.

Proof. Proof is follows from the corollary 2.2.28.1 and the theorem 2.2.26.

2.3 Ir-Compactness

Definition 2.3.1. Let (X, τ) be a topological space and A ⊂ X. Then a col-

lection {Uα}α∈Λ of Ir-open sets in X is said to be an Ir-open cover of A if

A ⊂
⋃

α∈Λ Uα.

Definition 2.3.2. A topological space (X, τ) is said to be Ir-compact if every

Ir-open cover of X has a finite subcover.

Definition 2.3.3. Let (X, τ) be a topological space. Then a subset K ⊂ X is

said to be Ir-compact if every Ir-open cover of K has a finite subcover.

Example 2.3.1. Let X = Z and τ = {ϕ,Z,Z−,Z+, Z−{0}}. Then (X, τ) is an

Ir-compact topological space.

Theorem 2.3.1. A topological space (X, τ) is Ir-compact if and only if every

family of Ir-closed sets of X having finite intersection property has a nonempty

intersection.

Proof. Suppose (X, τ) is an Ir-compact space. Let {Ai : i ∈ I} be a family of Ir-

closed sets with finite intersection property. If possible suppose that
⋂

i∈I Ai = ϕ,
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then (
⋂

i∈I Ai)
C = X. This implies that

⋃
i∈I A

C
i = X. Thus {AC

i : I ∈ I} is

an Ir-open cover of X. Since X is Ir-compact, there exists a finite subset I0 of

I such that X ⊂
⋃

i∈I0 A
C
i , X ⊂ (

⋂
i∈I0 Ai)

C ,
⋂

i∈I0 Ai ⊂ ϕ, then
⋂

i∈I0 Ai = ϕ,

which is a contradiction. Therefore
⋂

i∈I0 Ai ̸= ϕ.

Conversely, suppose that every family of Ir-closed sets of X having finite

intersection property has a nonempty intersection. If possible, X is not Ir-

compact. Then there exists an Ir-open cover {Bj : j ∈ J} of X having no

finite subcover. This implies for any finite subfamily {Bj : j = 1, 2, ...n} of

{Bj : j ∈ J}. Then we get
⋃n

j=1Bj ̸= X, this implies that
⋂n

j=1B
C
j ̸= ϕ.

Therefore the family {BC
j : j ∈ J} of Ir-closed sets have finite intersection

property. By the assumption
⋂

j∈J B
C
j ̸= ϕ. Hence

⋃
j∈J Bj ̸= X, this is a

contradiction. Hence X is Ir-compact

Theorem 2.3.2. If (X, τ) is a compact topological space and every Ir-closed set

in X is closed, then X is Ir-compact space.

Proof. Let {Ai : i ∈ I} be an Ir-open cover of X. Since AC
i is an Ir-closed set,

for each i ∈ I. By the hypothesis AC
i is closed set in X. Then {Ai : i ∈ I} is

an open cover of X. Since X is compact, there is a finite set I0 of I such that

X ⊂
⋃

i∈I0 Ai. Therefore X is Ir-compact.

Theorem 2.3.3. Every Ir-compact space is nearly compact.

Proof. Proof follows from the fact that every regular open set is Ir-open.
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Theorem 2.3.4. Every Ir-closed subset of a Ir-compact space is Ir-compact.

Proof. Let A be an Ir-closed subset of an Ir-compact space X. Then AC is

an Ir-open subset of X. Let {Ai : i ∈ I} be an Ir-open cover of A. Since

{Ai : i ∈ I} ∪AC is an Ir-open cover of X and X is Ir-compact, there is a finite

subcover {A1, A2, A3, ..., An} ∪ AC for X. Then {A1, A2, A3, ..., An} is a finite

subcover of A. Hence A is Ir-compact.

2.4 Ir-Connected Space

Definition 2.4.1. Let (X, τ) be a topological space. The space X is said to be

Ir-connected if it is not the union of two nonempty Ir-separated subsets. A subset

C of X is said to be Ir-connected if C with relative topology is a Ir-connected

space. If a space is not Ir-connected is called Ir-disconnected.

Example 2.4.1. 1) Let X = Z and τ = {ϕ,Z,Z−,Z+, Z − {0}}. Then (X, τ)

is Ir-connected, Since Z− and Z+ are the only nonempty Ir- separated sets in Z

and Z ̸= Z− ∪ Z+.

2) Let X = R with the usual topology. Since R = (−∞, 1) ∪ [1,∞) and

(−∞, 1)and [1,∞) are Ir-separated subsets of R. Then the space R is Ir-

disconnected.

Definition 2.4.2. An Ir-component of a point x ∈ X is the union of all Ir-

connected subsets of X containing x. It is the largest Ir-connected subset of X
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that contains x.

Example 2.4.2. Let X = R with the usual topology. Every singleton set in R

is Ir- component of R.

Theorem 2.4.1. Let {Aα}α∈Λ be a family of Ir-connected subsets of a topological

space (X, τ) such that for every α, β ∈ Λ with Aα ∩ Aβ ̸= ϕ. Then
⋃

α∈ΛAα is

Ir-connected.

Proof. Let A =
⋃

α∈Λ Aα. Suppose that A is not Ir-connected. Then there

exist nonempty subsets U, V ⊂ A such that A = U ∪ V , Ircl(U) ∩ V = ϕ, and

U ∩ Ircl(V ) = ϕ.

For each α ∈ Λ, since Aα ⊂ A = U ∪ V , define Uα = Aα ∩ U, Vα = Aα ∩ V.

Then Aα = Uα ∪ Vα, Uα ∩ Ircl(Vα) ⊂ U ∩ Ircl(V ) = ϕ and Ircl(Uα) ∩ Vα ⊂

Ircl(U) ∩ V = ϕ. Then Uα and Vα are Ir-separated in Aα. Since Aα is Ir-

connected, one of them must be empty. Then, for each α ∈ Λ, either Aα ⊂ U or

Aα ⊂ V .

Define ΛU = {α ∈ Λ : Aα ⊂ U}, ΛV = {β ∈ Λ : Aβ ⊂ V }. If both ΛU and

ΛV are nonempty, then there exist α ∈ ΛU , β ∈ ΛV , with Aα ∩ Aβ ̸= ϕ. Since

Aα ⊂ U and Aβ ⊂ V for some α, β, U ∩ V ̸= ϕ.This is a contradiction. Then,

either all Aα ⊂ U or all Aα ⊂ V . Since A =
⋃

α∈ΛAα and A = U ∪ V , either

U = ϕ or V = ϕ. This is a contradiction to the assumption that both U and V

are nonempty. Hence, A is Ir-connected.

Corollary 2.4.1.1. If A and B are Ir-connected subsets of X, and A ∩ B ̸= ϕ,
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then A ∪B is Ir-connected.

Theorem 2.4.2. Let A ⊂ X be an Ir-connected subset of a topological space

(X, τ). Then A is contained in a Ir- component of A.

Proof. Let F be the family of all Ir-connected subsets of X that contain A,

F = {C ⊂ X | C is Ir-connected and A ⊂ C}. This family is nonempty since

A ∈ F . Consider the union C∗ =
⋃

C∈F C. We claim that C∗ is Ir-connected.

Since every C ∈ F contain A. So, F is a family of Ir-connected sets with a

nonempty intersection. By theorem 2.4.1 C∗ is Ir-connected. Suppose D is any

Ir-connected set containing A. Then D ∈ F . Therefore, D ⊂ C∗. Hence C∗ is a

maximal Ir-connected set containing A.

Theorem 2.4.3. The Ir-components of a topological space X form a partition

of X. Then,

1. every point x ∈ X lies in a unique maximal Ir-connected subset of X,

2. the Ir- components are pairwise disjoint,

3. and their union is the entire space X.

Proof. Let x ∈ X. By the theorem 2.4.2, there exists a maximal Ir-connected

subset Cx ⊂ X containing x, Ir-component of x. Let Cx and Cy be two Ir-

components with Cx ∩ Cy ̸= ϕ. We claim that Cx = Cy. Since both are Ir-

connected and intersect nontrivially, their union Cx ∪ Cy is Ir-connected by the

theorem 2.4.1. But Cx ⊂ Cx ∪ Cy, and Cx is maximal. So we must have Cx =
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Cx ∪Cy, which implies Cy ⊂ Cx. Similarly, Cx ⊂ Cy, hence Cx = Cy. Therefore,

any two Ir-components are either equal or disjoint. Since every point of X

belongs to at least one such component, the family of Ir-components forms a

partition of X.

Theorem 2.4.4. Let (X, τ) be a topological space and Y ⊂ X be a subspace with

the subspace topology. If Y is Ir-connected in X, then Y is Ir-connected in the

subspace topology.

Proof. Suppose Y is Ir-connected in X, but not in the subspace topology. Then

there exist nonempty, disjoint subsetsA,B ⊂ Y such that Y = A∪B, IrclY (A)∩

B = ϕ, A ∩ IrclY (B) = ϕ. Since IrclY (A) = IrclX(A) ∩ Y and IrclY (B) =

IrclX(B) ∩ Y , IrclX(A) ∩ B = IrclX(A) ∩ Y ∩ B = IrclY (A) ∩ B = ϕ and

A ∩ IrclX(B) = ϕ. This is a contradiction to the assumption that Y is Ir-

connected in X. Hence Y is Ir-connected in subspace topology.

Theorem 2.4.5. Let (X, τ) be a topological space and C ⊂ X. If C is a Ir-

connected component of a topological space X, then Ir-cl(C) = C.

Proof. Let C be an Ir-connected component of X, C is maximal Ir-connected.

Let x ∈ Ircl(C). Define the set C ′ = C ∪ {x}. We claim that C ′ is Ir-connected.

If possible suppose that C ′ is not Ir-connected. Then C ′ can be written as a

disjoint union of nonempty subsets A and B such that C ′ = A ∪ B, A ∩ B =

ϕ, Ircl(A) ∩ B = ϕ, and A ∩ Ircl(B) = ϕ. Since x /∈ C, and C ⊂ C ′, it

follows that all points of C must lie entirely within either A or B. Without loss
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2.5. Ir-Cover of a Set in Topological Space

of generality, suppose C ⊂ A, and hence B = {x}. Since Ircl(A) ∩ B = ϕ,

x /∈ Ircl(A). Since C ⊂ A implies Ircl(C) ⊂ Ircl(A), x ̸∈ Ircl(C). This is a

contradiction to the assumption. Thus, C ′ must be Ir-connected. Since C is

maximal, C = C ′. Therefore x ∈ C. Hence Ircl(C) ⊂ C. Since C ⊂ Ircl(C),

Ircl(C) = C.

Theorem 2.4.6. A topological space X is Ir-connected, then the only Ir-clopen

subsets of X are ϕ and X.

Proof. Suppose X is Ir-connected and A ⊂ X be Ir-clopen. Then X −A is also

Ir-clopen. If A ̸= ϕ and A ̸= X, then A and X − A are nonempty. By theorem

1.3.6, Ir-cl(A) = A and Ir-cl(X − A) = X − A, then A and X − A are disjoint

Ir-separated subsets covering X. This is a contradiction to the Ir-connectedness

of X. Therefore A = ϕ or A = X.

2.5 Ir-Cover of a Set in Topological Space

Definition 2.5.1. Let (X, τ) be a topological space and A ⊂ X. Then Ir-cover

of A, denoted by Ir(A) is defined as Ir(A) = ∩{V : V is a regular open set

containing A}.

Remark. From the definition, it follows that Ir(A) is the smallest Ir-open set

containing A. If A is a Ir-open subset of X, then Ir(A) = A.
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Theorem 2.5.1. If X is an IrT2-space, then Ir({x}) ∩ Ir({y}) = ϕ for every

x, y ∈ X with x ̸= y.

Proof. Let X be an IrT2-space and let x, y ∈ X with x ̸= y. Then there exist

disjoint Ir-open sets U and V such that x ∈ U and y ∈ V . Since Ir({x}) =

∩{U ′ : U ′ is a regular open set and x ∈ U ′}, Ir({y}) = ∩{V ′ : V ′ is a regular

open set and y ∈ V ′}. Since Ir-open sets are the intersection of regular open

sets, Ir({x}) ⊂ U and Ir({y}) ⊂ V . Then Ir({x}) ∩ Ir({y}) = ϕ.

Corollary 2.5.1.1. If X is an rT2-space, then Ir({x}) ∩ Ir({y}) = ϕ for every

x, y ∈ X with x ̸= y.

Proof. Since every rT2 space is IrT2, the proof follows from the theorem 2.2.9

and theorem 2.5.1.

Theorem 2.5.2. Let (X, τ) be a topological space and A,B be the subsets of X.

Then the following holds:

(i) A ⊂ Ir(A).

(ii) Ir(Ir(A)) = Ir(A).

(iii) If A ⊂ B, then Ir(A) ⊂ Ir(B).

(iv) Ir(ϕ) = ϕ

Proof. The results (i),(iii) and (iv) are obvious from the definition of Ir- cover of

A.
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(ii). Let V be a regular open set containing A. Since Ir(A) =
⋂
{V ′ : V ′ is

a regular open set containing A}, Ir(A) ⊂ V . Then V is a regular open set also

contains Ir(A). This implies Ir(Ir(A)) ⊂ Ir(A).

Let U be a regular open set containing Ir(A). Since A ⊂ Ir(A), A ⊂ U .

Then U is a regular open set also contains A. This implies Ir(Ir(A)) ⊃ Ir(A).

Therefore Ir(Ir(A)) = Ir(A).

Remark. Let (X, τ) be a topological space. Since the map Ir from P(X) into

P(X) satisfies the following axioms:

For any A ⊂ X

(i) A ⊂ Ir(A)

(ii) Ir(Ir(A)) = Ir(A)

(iii) Ir(ϕ) = ϕ,

then there exists a unique supra topology τ ∗ on X associated with the topol-

ogy τ such that Ir(A) is the supra-closure of the subset A of X.

Remark. Ir- open cover of a subset A of (X, τ) is same as the supra-closure of A

with respect to the supra topology τ ∗ associated with τ .

Theorem 2.5.3. Let (X, τ) be a topological space. We define τIr = {Ac : Ir(A) =

A,A ⊂ X}. Then (X, τIr) is a supra topological space and the Ir-cover, Ir(A) of

a subset A of X is the supra-closure of the subset A with respect τIr .

Proof. Since Ir(ϕ) = ϕ, X ∈ τIr . Further, since X ⊂ Ir(X) ⊂ X, Ir(X) = X.

Therefore ϕ ∈ τIr .
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Suppose that Uα ∈ τIr for each α ∈ Λ. Then Ir(U
C
α ) = UC

α for each α ∈ Λ.

Since
⋂

α∈Λ U
C
α ⊂ UC

α for each α ∈ Λ, Ir(
⋂

α∈Λ U
C
α ) ⊂ Ir(U

C
α ) = UC

α for each α ∈

Λ. Therefore Ir(
⋂

α∈Λ U
C
α ) ⊂

⋂
α∈Λ U

C
α = (

⋃
α∈Λ Uα)

C . Hence Ir((
⋃

α∈Λ Uα)
C) ⊂

(
⋃

α∈Λ Uα)
C . On the other hand, from the theorem 2.5.2, we get (

⋃
α∈Λ Uα)

C ⊂

Ir((
⋃

α∈Λ Uα)
C). Thus (

⋃
α∈Λ Uα)

C = Ir((
⋃

α∈Λ Uα)
C). Hence

⋃
α∈Λ Uα ∈ τIr and

therefore τIr is a supra topology on X.

We prove that Ir is the supra closure operator with respect to τIr . Since

Ir(Ir(A)) = Ir(A) from 2.5.2, it follows that Ir(A) is a supra closed set containing

A. Since scl(A) is the smallest supra closed set containing A, scl(A) ⊂ Ir(A).

On the other hand, since A ⊂ scl(A), Ir(A) ⊂ Ir(scl(A)) = scl(A). Further,

since scl(A) is a supra closed set in (X, τIr). Therefore Ir(A) ⊂ scl(A). Thus

Ir(A) = scl(A). Hence Ir is a supra closure operator with respect to (X, τIr).
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Chapter 3
I∗r -Open Sets in Topological Space

3.1 Introduction

The study of I∗r -closed sets and I∗r -open sets serves as a natural extension of

Ir-closed sets and Ir-open sets, enabling the development of finer generalizations

of classical topological properties. In this chapter, we introduce and investigate

the concept of I∗r -closed sets, defined via containment of Ir-closed set within

Ir-open sets. We develop several characterizations, properties and theorems on

I∗r -closed sets and I∗r -open sets, including their behavior under unions, heredi-

tary properties, and their relationship with Ir-closure. In addition, we explore

the interaction between I∗r -closedness and Ir-compactness. Moreover, we study

how I∗r -closedness behaves under relative topology, singletons, and set-theoretic

inclusion. Special attention is given to Ir-Alexandroff spaces, where alternate

characterizations of I∗r -closed sets are derived.
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3.2 I∗r -Open Sets and its Properties

Definition 3.2.1. Let (X, τ) be a topological space. A subset A of X is said

to be I∗r -closed if and only if there is an Ir-closed set F containing A such that

F ⊂ U whenever U is an Ir-open set containing A. Complement of I∗r -closed set

is I∗r -open .

Theorem 3.2.1. Every Ir-closed set in a topological space (X, τ) is I∗r -closed.

Remark. Converse of the theorem 3.2.1 need not be true.

Example 3.2.1. Let (X, τ) be a topological space where X = Z and τ =

{ϕ,Z,Z−,Z+,Z− {0}}. Here Z− {0} is an I∗r -closed, but not Ir-closed.

Theorem 3.2.2. Let (X, τ) be topological space. If A ⊂ X is I∗r -closed, then

Ir-cl(A) is I∗r -closed.

Proof. Let (X, τ) be topological space and A ⊂ X is I∗r -closed. Let U be an

Ir-open set containing Ir-cl(A). Then U is an Ir-open set containg A, since

A ⊂ Ir-cl(A). Since A is I∗r -closed, there exists an Ir-closed set F containing

A such that F ⊂ U . Also by theorem 1.3.2, Ir-cl(A) ⊂ F . Hence Ir-cl(A) is

I∗r -closed.

Theorem 3.2.3. Let (X, τ) be an Ir-Alexandroff space. A set A of X is I∗r -

closed if and only if there is an Ir-closed set F containing A such that F − A

does not contain any nonempty Ir-closed set.
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3.2. I∗r -Open Sets and its Properties

Proof. Let A be an I∗r -closed subset of a topological space (X, τ). Then there is

an Ir-closed set F containing A such that F ⊂ U whenever A ⊂ U and U is Ir-

open. If possible let there is an Ir-closed set F1 in X such that F1 ⊂ F−A. Since

A is I∗r -closed and FC
1 is an Ir-open set containing A, it follows that F ⊂ FC

1 .

This implies that F1 ⊂ FC , and so F1 ⊂ F ∩ FC = ϕ. Hence F − A does not

contain any nonempty Ir-closed set.

Conversely, suppose that there is an Ir-closed set F containing A such that

F − A does not contain any nonempty Ir-closed set. Let U be an Ir-open set

containing A. If possible suppose that F ̸⊂ U . Then F ∩ UC ̸= ϕ. Since (X, τ)

is an Ir-Alexandroff space, F ∩ UC = F − U is a nonempty Ir-closed set in X.

Further since A ⊂ U , F ∩ UC is contained in F − A, a contradiction. So A is

I∗r -closed.

Corollary 3.2.3.1. Let (X, τ) be an Ir-Alexandroff space and A ⊂ X be an I∗r -

closed set. Then A is Ir-closed if and only if both Ir-cl(A) and Ir-cl(A)− A are

Ir-closed.

Proof. If A is both Ir-closed and I∗r -closed, then Ir-cl(A) = A and Ir-cl(A)−A=

ϕ are Ir-closed.

Conversely, suppose that A is an I∗r -closed set such that both Ir-cl(A) and

Ir-cl(A) − A are Ir-closed. Since A is I∗r -closed, by Theorem 3.2.3, there is a

Ir-closed set F containing A such that F −A does not contain any nonempty Ir-

closed set. Since by theorem 1.3.2, Ir-cl(A) ⊂ F so that Ir-cl(A)− A ⊂ F − A.
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Further since Ir-cl(A) − A is Ir-closed, we get Ir-cl(A) − A = ϕ. Therefore

A = Ir-cl(A) and hence by theorem 1.3.7, A is Ir-closed.

Theorem 3.2.4. Let (X, τ) be a topological space. Then for each x ∈ X, {x} is

Ir-closed or its complement is I∗r -closed.

Proof. For each x ∈ X,

• Case-I: If {x} is Ir-closed.

Then there is nothing to prove.

• Case-II: If {x} is not Ir-closed.

Let A = {x}C and U be an Ir-open set containing A. Then UC ⊂ AC = {x}

and UC is an Ir-closed set. Then either UC = ϕ or UC = {x}. If UC = {x},

{x} is an Ir-closed set, which is a contradiction. Therefore UC = ϕ which

implies U = X. Take F = X, an Ir-closed set containing A, F ⊂ U and

hence A = {x}C is I∗r -closed.

Theorem 3.2.5. Let (X, τ) be a topological space. Then the arbitrary union of

I∗r -closed sets is I∗r -closed.

Proof. Let {Fα}α∈Λ be a family of I∗r -closed sets in X and W =
⋃

α∈Λ Fα. Let

U be an Ir-open set such that W ⊂ U . Since each Fα is I∗r -closed and Fα ⊂ U ,

there exists an Ir-closed set Gα such that Fα ⊂ Gα ⊂ U. Consider G =
⋃

α∈ΛGα,
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G is an Ir-closed set since arbitrary union of Ir-closed sets is Ir-closed and W ⊂

G ⊂ U. Hence, W is I∗r -closed.

Corollary 3.2.5.1. Let (X, τ) be a topological space. Then the union of two

I∗r -closed sets is I∗r -closed.

Corollary 3.2.5.2. Let (X, τ) be a topological space. Then the arbitrary inter-

section of I∗r -open sets is I∗r -open.

Proof. Proof follows from theorem 3.2.5 and De Morgan’s Law.

Theorem 3.2.6. Let (X, τ) be a topological space and A,B ⊂ X such that

A ⊂ B ⊂ Ir-cl(A). If A is I∗r -closed, then B is also I∗r -closed.

Proof. Let U be an Ir-open set in X such that B ⊂ U . Since A ⊂ U and A is

I∗r -closed, there is an Ir-closed set F containing A such that F ⊂ U . Since by

theorem 1.3.2, Ir-cl(A) ⊂ F so that B ⊂ F . Hence B is I∗r -closed.

Corollary 3.2.6.1. Let (X, τ) be a topological space and A ⊂ X. If A is I∗r -

closed, then Ircl(A) is I∗r -closed.

Proof. Since A ⊂ Ircl(A) ⊂ Ircl(Ircl(A)) and Ircl(A) = Ircl(Ircl(A)). Since A

is I∗r -closed and by theorem 3.2.6, Ircl(A) is I
∗
r -closed.

Theorem 3.2.7. In a topological space an Ir-open I∗r -closed set is Ir-closed.

Proof. Let (X, τ) be a topological space and A be an Ir-open I∗r -closed set in X.

Then since A is I∗r -closed set, there is an Ir-closed set F containing A such that
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F ⊂ U whenever U is an Ir-open set containing A. Since A is an Ir-open set

containing A, F ⊂ A. Then A = F and hence A is Ir-closed.

Theorem 3.2.8. Let (X, τ) be a topological space. If every subset of X is I∗r -

closed, then the collection of all Ir-closed sets = collection of all Ir-open sets.

Proof. Proof directly follows by theorem 3.2.7.

Theorem 3.2.9. Let (X, τ) be a topological space. Then a subset A of X is

I∗r -open if and only if there is an Ir-open set U of X contained in A such that

F ⊂ U whenever F is an Ir-closed set in X containined in A.

Proof. First let A be an I∗r -open set in X. Let F be an Ir- closed set contained

in A. Then AC ⊂ FC where FC is an Ir-open set. Since AC is I∗r -closed, there

is an Ir-closed set G containing AC such that G ⊂ FC . This implies F ⊂ GC

where GC is an Ir-open set contained in A. Take U = GC .

Conversely, suppose that there is an Ir-open set U in X contained in A such

that F ⊂ U whenever F is an Ir-closed set in X containined in A. We claim

that AC is I∗r -closed. Let V be an Ir-open set containing AC . Then V C is an

Ir-closed set contained in A. Then by the hypothesis, there exists an Ir-open

set U contained in A such that V C ⊂ U . This implies that UC is an Ir-closed

set containing AC such that UC ⊂ V . Therefore AC is I∗r -closed and hence A is

I∗r -open.
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Theorem 3.2.10. Let (X, τ) be a topological space and A ⊂ X. If A is I∗r -open,

then there is an Ir-open set V ⊂ A such that V ∪ AC ⊂ U and U is an Ir-open

set U in X, implies U = X.

Proof. Suppose that A is I∗r -open. The by theorem 3.2.9 there is an Ir-open set

V in X contained in A such that F ⊂ V whenever F is an Ir-closed set in X

contained in A. Suppose that V ⊂ A such that V ∪AC ⊂ U for some Ir-open U

in X. Then UC ⊂ V C ∩ A. Since UC ⊂ A, UC is an Ir-closed contained in A,

UC ⊂ V . Hence UC ⊂ V ∩ V C = ϕ. Hence U = X.

Corollary 3.2.10.1. Let (X, τ) be an Ir-Alexandroff topological space. Then a

set A is I∗r -open if and only if there is an Ir-open set V ⊂ A such that V ∪AC ⊂ U

and U is an Ir-open set in X, then U = X.

Proof. Necessary part is follows from theorem 3.2.10. Conversely, suppose that

there is an Ir-open set V ⊂ A such that V ∪ AC ⊂ U and U is Ir-open, then

U = X. Let F be an Ir-closed set contained in A. Then V ∪ AC ⊂ V ∪ FC .

Since X is an Ir-Alexandroff space, V ∪FC is Ir-open. So by the given condition

applied to V ∪ FC in place of U , V ∪ FC = X it follows that F ∩ V C = ϕ. This

implies F ⊂ V . Therefore A is I∗r -open by theorem 3.2.9.

Theorem 3.2.11. Let (X, τ) be an Ir-Alexandroff topological space. Then A is

I∗r -closed if and only if Ir-cl(A)− A is I∗r -open.

Proof. Let (X, τ) be an Ir-Alexandroff topological space and A is I∗r -closed. Let
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F be an Ir-closed set such that F ⊂ Ir-cl(A)−A. Then A ⊂ Ir-cl(A)− F = Ir-

cl(A) ∩ FC . Also FC is Ir-open and A ⊂ FC . Since A is I∗r -closed, there is an

Ir-closed set G containing A such that G ⊂ FC . This implies that F ⊂ GC and

GC is an Ir-open set. Therefore by theorem 3.2.9, Ir-cl(A)− A is I∗r -open.

Conversely suppose that Ir-cl(A) − A is I∗r -open. In order to show that A

is I∗r -closed, let U be an Ir-open set such that A ⊂ U . Since A ⊂ U , Ir-

cl(A)−U ⊂ Ir-cl(A)−A and Ir-cl(A)−U = Ir-cl(A)∩UC is Ir-closed. Since Ir-

cl(A)−A is I∗r -open and Ir-cl(A)−U is an Ir-closed set contained in Ir-cl(A)−A,

by theorem 3.2.9, there is an Ir-open set V contained in Ir-cl(A)− A such that

Ir-cl(A) − U ⊂ V . This implies Ir-cl(A) − V ⊂ U . Take F = Ir-cl(A) ∩ V C .

Since X is an Ir-Alexandroff, F is an Ir-closed set and also F ⊂ U . It remains

to show that A ⊂ F . Since V ⊂ Ir-cl(A) ∩ AC , A ⊂ (Ir-cl(A))
C ∪ A ⊂ V C .

Further since A ⊂ Ir-cl(A) it follows that A ⊂ Ir-cl(A) ∩ V C = F . Hence A is

an I∗r -closed set.

Theorem 3.2.12. Let (X, τ) be an Ir-Alexandroff I∗r -regular space. Then Ir-

compact subsets of X are I∗r -closed if and only if the arbitrary union of Ir-open

sets in X whose complement is the Ir-closure of an Ir-compact set is I∗r -open.

Proof. Suppose that every Ir-compact subset of X be I∗r -closed. Let {Uα}α∈Λ

be an arbitrary collection of Ir-open sets and take U =
⋃

α∈Λ Uα such that

X − U = Ir-cl(A) (say) where A is an Ir-compact set. Now by hypothesis A

is I∗r -closed in X and so by theorem 3.2.6.1, Ir-cl(A) is I∗r -closed. Hence U is
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I∗r -open.

Conversely, suppose that the arbitrary union of Ir-open sets in X whose

complement is the Ir-closure of an Ir-compact set is I∗r -open. Let A be an Ir-

compact set and U be an Ir-open set containing A. Let x ∈ A. Then x ∈ U .

SinceX is I∗r -regular, by Theorem 2.2.23.1, there is an Ir-open set Vx containing x

and an Ir-closed set Fx such that Vx ⊂ Fx ⊂ U . Then the collection {Vx : x ∈ A}

is an Ir-open cover of A. Since A is Ir-compact, there are finite number of points

x1, x2, . . . , xn ∈ A such that A ⊂
⋃n

i=1 Vxi
⊂

⋃n
i=1 Fxi

⊂ U . Then since Ir-cl(A)

is a smallest Ir-closed set containing A, A ⊂ Ir-cl(A) ⊂
⋃n

i=1 Fxi
⊂ U . Take

F =
⋃n

i=1 Fxi
, F is an Ir-closed set containing A such that F ⊂ U . Therefore by

the definition, A is I∗r -closed.

Definition 3.2.2. Let (X, τ) be a topological space and A be a subset of X.

Then the Ir-kernal of A is the intersection of all Ir-open sets in X containing A

and is denoted by Ir-ker(A).

Example 3.2.2. In X = R with the usual topology, Ir-ker([0, 1)) = [0, 1).

Theorem 3.2.13. Let (X, τ) be a topological space and A ⊂ X. If A is Ir-open,

then Ir-ker(A) = A.

Proof. Proof follows from the definition.

Corollary 3.2.13.1. Let (X, τ) be a topological space and A ⊂ X. If A is regular

open, then Ir-ker(A) = A.

61



3.2. I∗r -Open Sets and its Properties

Proof. Proof follows from the theorem 3.2.13 and remark 1.2.

Theorem 3.2.14. Let (X, τ) be a topological space and A ⊂ X. Then Ir-

ker(Ir(A)) = Ir(A).

Proof. Proof follows from the theorem 3.2.13 and remark 2.5.

Theorem 3.2.15. Let (X, τ) be a topological space and A ⊂ X. Then A is

I∗r -closed if and only if there is an Ir-closed set F such that A ⊂ F ⊂ Ir-ker(A).

Proof. Let (X, τ) be a topological space and A be an I∗r -closed subset of X. Then

there is an Ir-closed set F in X containing A such that F ⊂ U for every Ir-open

subset U inX ontainingA. ThereforeA ⊂ F ⊂
⋂
{U : U is an Ir-open set containing A} =

Ir-ker(A).

Conversely suppose that there is an Ir-closed set F such that A ⊂ F ⊂ Ir-

ker(A). Let U be an Ir-open set containing A. Then A ⊂ F ⊂ Ir-ker(A) ⊂ U .

This implies that F ⊂ U and hence A is I∗r -closed.

62



Chapter 4
Ir-Continuity and Related Function

Classes

4.1 Introduction

The notion of Ir-open sets provides a broader framework for analyzing new con-

tinuity and related function properties in topological spaces. Traditionally, in

classical topology, there exist well-established interrelations among continuity,

openness, closedness, and invertibility of functions. These relationships play

a central role in understanding the behavior of functions between topological

spaces. The primary objective of this chapter is to investigate whether analo-

gous relationships hold among various generalized function classes defined using

Ir-open sets, Ir-continuous function. Beyond Ir-continuity, we introduce and an-

alyze several associated function types within this framework, Ir-irresolute and
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Ir-open functions. Throughout the chapter, we establish several fundamental

theorems among these function types and their interaction with key topologi-

cal properties such as Ir-connectedness and Ir-compactness. Particular focus is

placed on the behavior of these functions under various structural constraints on

the underlying spaces.

Before entering into the main topic, we present a few key definitions for clarity:

Definition 4.1.1. [22] A topological space X is said to be compact if every open

cover of X has a finite subcover. That is, if {Uα}α∈A is a collection of open sets in

X such that X =
⋃

α∈A Uα, then there exists a finite subset {α1, α2, . . . , αn} ⊂ A

such that X = Uα1 ∪ Uα2 ∪ · · · ∪ Uαn .

Definition 4.1.2. [22] Let (X, τ) be a topological space and A ⊂ X. The closure

of A, denoted by cl(A) or A, is defined as the smallest closed set containing A.

Then, cl(A) =
⋂
{C ⊂ X : C is closed and A ⊂ C}. A point x ∈ X is called a

cluster point of A if every open set U containing x satisfies U ∩ A ̸= ϕ. Then

cl(A) is the set of all cluster points of A, cl(A) = {x ∈ X : for every open set U

containing x, U ∩ A ̸= ϕ}.

Definition 4.1.3. [42] Let f : X → Y be a function between two topological

spaces X and Y . Then f is said to be almost continuous if for every regular

open set V ⊂ Y , the preimage f−1(V ) is open in X.
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4.2 Ir-Continuous Functions

Definition 4.2.1. Let (X, τ) and (Y, σ) be two topological spaces. Then a

function f : X → Y is said to be Ir-continuous at a point x ∈ X, if for each

Ir-open set V containing f(x), there is an open set U containing x such that

f(U) ⊂ V . A function f : X → Y is said to be Ir-continuous if it is Ir-continuous

at each point x of X.

Example 4.2.1. Let (X, τ) and (Y, σ) be two topological spaces, where X = R

with the usual topology τ , and Y = Z with topology σ = {ϕ,Z,Z−,Z+,Z\{0}},

where Z− = {. . . ,−3,−2,−1} and Z+ = {1, 2, 3, . . .}. Define a function f : X →

Y by

f(x) =


⌈x⌉ if x ≥ 0,

⌊x⌋ if x ≤ 0,

where ⌊x⌋ denotes the floor of x (the greatest integer less than or equal to x),

and ⌈x⌉ denotes the ceiling of x (the smallest integer greater than or equal to x).

Then the Ir-open sets in Y are ϕ,Z,Z−,Z+. We find the inverse images:

f−1(ϕ) = ϕ, f−1(Z) = R, f−1(Z−) = (−∞, 0), f−1(Z+) = (0,∞).

Since f−1(Z−) = {x ∈ R : f(x) ∈ Z−} = {x ≥ 0 : ⌈x⌉ ≤ −1} ∪ {x ≤ 0 :

⌊x⌋ ≤ −1} = ϕ ∪ {x ≤ 0 : ⌊x⌋ ≤ −1} = {x ∈ R : x ≤ 0 and ⌊x⌋ ≤ −1} = {x ∈

R : x < 0} = (−∞, 0) and f−1(Z+) = {x ∈ R : f(x) ∈ Z+} = {x ∈ R : ⌈x⌉ ∈

Z+ if x ≥ 0, or ⌊x⌋ ∈ Z+ if x ≤ 0} = {x ≥ 0 : ⌈x⌉ ≥ 1} ∪ {x ≤ 0 : ⌊x⌋ ≥ 1} =

(0,∞) ∪ ϕ = (0,∞).
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Inverse of every Ir-open set in Y is open set in X. Therefore f is Ir-

continuous.

Theorem 4.2.1. Let f : X → Y be a function between topological spaces (X, τ)

and (Y, σ). If f is Ir-continuous, then for every subset A ⊂ X, f(cl(A)) ⊂

Ir-cl(f(A)).

Proof. Let f : X → Y be Ir-continuous, A ⊂ X and x ∈ cl(A). Then f(x) ∈

f(cl(A)). Let V be any Ir-open set in Y containing f(x). Since f is Ir-continuous

at x, there exists an open set U ⊂ X of x such that f(U) ⊂ V . Since x ∈ cl(A),

the set U must intersect A, so there exists a ∈ A ∩ U . Then f(a) ∈ f(A ∩ U) ⊂

f(U) ⊂ V , implies that V ∩ f(A) ̸= ϕ. Hence f(x) ∈ Ir-cl(f(A)). Therefore,

f(cl(A)) ⊂ Ir-cl(f(A)).

Theorem 4.2.2. Every Ir-continuous function is almost continuous.

Proof. Proof from the fact that every regular open set is Ir-open.

Remark. The converse of the above theorem need not be true.

Example 4.2.2. Let f : (R, τ) → (R, τ) with τ as the usual topology, defined

by f(x) = x. Then f is almost continuous. But not Ir-continuous, since [1, 2] is

Ir-open set and f−1([1, 2]) is not open in R.

Theorem 4.2.3. Let X and Y be two topological spaces and f : X → Y be a

function. Then the following are equivalent :

i) f is Ir-continuous.
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ii) Inverse image of every Ir-open subset of Y is open in X.

iii) Inverse image of every Ir-closed subset of Y is closed in X.

Proof. (i) ⇐⇒ (ii)

Suppose that f is Ir-continuous. Let U be an Ir-open subset of Y and x ∈ f−1(U).

Then f(x) ∈ U , there exists an open subset V in X such that x ∈ V and

f(V ) ⊂ U . Thus x ∈ V ⊂ f−1(U) and therefore f−1(U) is open in X.

Conversely suppose that (ii) holds and let x0 ∈ X. Given any Ir- open set V

containing f(x0), f
−1(V ) is an open set containing x0 and moreover f(f−1(V )) ⊂

V . This shows that f is Ir-continuous at x0. Since x0 is arbitrary, f is Ir-

continuous.

(ii) ⇐⇒ (iii)

Let A be any Ir- closed subset of Y . Then Y − A is Ir-open and f−1(Y − A) =

X − f−1(A) is open. Hence f−1(A) is closed.

Conversely suppose that (iii) holds and let V be an Ir-open subset of Y . Then

Y − V is Ir-closed and f−1(Y − V ) = X − f−1(V ) is closed. Hence f−1(V ) is

open.

Theorem 4.2.4. Ir-continuous image of a compact space is Ir-compact.

Proof. Let X and Y be two topological spaces, f : X → Y is Ir-continuous and

X is compact. Let {Ai : i ∈ I} be an Ir-open cover of f(X). Then the collection

{f−1(Ai) : i ∈ I} is an open cover of X. Since X is compact space, there exists

a finite subset I0 of I such that X ⊂
⋃

i∈I0 f
−1(Ai). Therefore f(X) ⊂

⋃
i∈I0 Ai.
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Hence f(X) is Ir-compact.

Theorem 4.2.5. Let f : X → Y be an Ir-continuous function and A ⊂ Y . Then

cl(f−1(A)) ⊂ f−1(Ir-cl(A)).

Proof. Let x ∈ cl(f−1(A)). If possible suppose that f(x) /∈ Ir-cl(A). Then there

exists an Ir-open set W ⊂ Y such that f(x) ∈ W and W ∩A = ϕ. Since f is

Ir-continuous, f
−1(W ) is open in X and x ∈ f−1(W ) and f−1(W )∩f−1(A) =

f−1(W ∩A) = ϕ. Since f−1(W ) is an open set containing x disjoint from f−1(A),

x ̸∈ cl(f−1(A)). This is a contradiction to the assumption. Therefore f(x) ∈ Ir-

cl(A), x ∈ f−1(Ir-cl(A)). Hence cl(f−1(A)) ⊂ f−1(Ir-cl(A)).

Theorem 4.2.6. Let X and Y be two topological spaces and f : X → Y be

Ir-continuous. If X is connected, then f(X) ⊂ Y is Ir-connected.

Proof. Let f : X → Y be an Ir-continuous and X is connected. If possible sup-

pose that f(X) is not Ir-connected. Then there exist nonempty subsets A,B ⊂

f(X) such that f(X) = A∪B, Ircl(A)∩B = ϕ and A∩Ircl(B) = ϕ. Since f−1(A)

and f−1(B) are the subsets of X and satisfy X = f−1(A) ∪ f−1(B). Since f is

Ir-continuous,by theorem 4.2.5 cl(f−1(A)) ⊂ f−1(Ir-cl(A)), cl(f
−1(B)) ⊂ f−1(Ir-

cl(B)), cl(f−1(A))∩f−1(B) ⊂ f−1(Ir-cl(A)∩B) = ϕ, f−1(A)∩cl(f−1(B)) ⊂

f−1(A∩ Ir-cl(B)) = ϕ. Thus f−1(A) and f−1(B) are the separated subsets of X,

contradicting the connectedness of X. Hence f(X) is Ir-connected.
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4.3 Ir-Irresolute and Ir-Open Functions

Definition 4.3.1. A function f : X → Y is said to be Ir-irresolute if for every

Ir-open set V ⊂ Y , the set f−1(V ) is Ir-open in X.

Example 4.3.1. Let (x, τ), (Y, σ) be two topological spaces, where X = R, τ

be the usual topology and Y = Z, σ = {ϕ,Z,Z−,Z+, Z − {0}}. Define function

f : X → Y by f(x) = ⌊x⌋, where ⌊x⌋ denotes the floor of x, the greatest integer

less than or equal to x.

Then Ir-open sets in Y are ϕ,Z,Z−,Z+ and f−1(ϕ) = ϕ, f−1(Z) = R, f−1(Z−) =

(−∞, 0), f−1(Z+) = [1,∞). Since [1,∞) =
⋂

n∈N(1 −
1
n
,∞), is Ir-open set in

R. Then inverse of every Ir-open set in Y is Ir- open set in X. Therefore f is

Ir-irresolute.

Theorem 4.3.1. Let f : (X, τ) → (Y, σ) be a Ir-irresolute. Then for every

subset A ⊂ X, f(Ir-cl(A)) ⊂ Ir-cl(f(A)).

Proof. Let f : X → Y be Ir-irresolute and A ⊂ X. Let x ∈ Ir-cl(A). Then

f(x) ∈ f(Ir-cl(A)). Let V be any Ir-open set in Y containing f(x). Since f

is Ir-irresolute, f
−1(V ) is Ir-open set in X containing x. Since x ∈ Ir-cl(A),

the set f−1(V ) must intersect A, so there exists some a ∈ A ∩ f−1(V ). Then

f(a) ∈ f(A ∩ f−1(V )) ⊂ f(f−1(V )) ⊂ V , implies that V ∩ f(A) ̸= ϕ. Hence

f(x) ∈ Ir-cl(f(A)). Therefore f(Ir-cl(A)) ⊂ Ir-cl(f(A)).

Theorem 4.3.2. Let f : (X, τ) → (Y, σ) be a Ir-irresolute. Then for every
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subset A ⊂ Y , f−1(Ir-int(A)) ⊂ Ir-int(f
−1(A)),

Proof. Let A ⊂ Y . Then by Proposition 1.4.1, Ir-int(A) =
⋃
{U ⊂ A |

U is Ir-open in Y }. Let x ∈ f−1(Ir-int(A)). Then f(x) ∈ Ir-int(A), so there

exists an Ir-open set V ⊂ A such that f(x) ∈ V . Since f is Ir-irresolute, f
−1(V )

is Ir-open in X, and x ∈ f−1(V ) ⊂ f−1(A). Hence x ∈ Ir-int(f
−1(A)). Therefore

f−1(Ir-int(A)) ⊂ Ir-int(f
−1(A)).

Theorem 4.3.3. Let f : (X, τ) → (Y, σ) be an Ir-irresolute. Then a subset F

of X is Ir-compact relative to (X, τ) if and only if the image f(F ) is Ir-compact

relative to (Y, σ).

Proof. Suppose that a subset F of X is Ir-compact relative to (X, τ). Let {Ai :

i ∈ I} be an Ir-open cover of f(F ) by Ir-open subsets of (Y, σ). Then {f−1(Ai) :

i ∈ I} be an Ir-open cover of F by Ir-open subsets of (X, τ). Since F is Ir-

compact relative to (X, τ), there exists a finite subset I0 of I such that F ⊂⋃
i∈I0 f

−1(Ai). This implies that f(F ) ⊂
⋃

i∈I0 Ai. Hence f(F ) is Ir-compact

relative to (Y, σ).

Conversely, suppose that f(F ) is Ir-compact relative to (Y, σ). Let {Bj :

j ∈ J} be an Ir-open cover of F by Ir-open subsets of (X, τ). Then {f(Bj) :

j ∈ J} be an Ir-open cover of f(F ) by Ir-open subsets of (Y, σ). Since f(F )

is Ir-compact relative to (Y, σ), there exists a finite subset J0 of J such that

f(F ) ⊂
⋃

j∈J0 f(Bj). This implies that F ⊂
⋃

j∈J0 Bj. Hence F is Ir-compact

relative to (X, τ).
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Theorem 4.3.4. Let f : X → Y be an Ir-irresolute and A ⊂ Y . Then Ir-

cl(f−1(A)) ⊂ f−1(Ir-cl(A)).

Proof. Let x ∈ Ir-cl(f
−1(A)). If possible suppose that f(x) /∈ Ir-cl(A). Then

there exists an Ir-open set W ⊂ Y such that f(x) ∈ W and W ∩A = ϕ. Since

f is Ir-irresolute, f
−1(W ) is Ir-open in X and x ∈ f−1(W ), and f−1(W ) ∩

f−1(A) = f−1(W ∩A) = ϕ. Since f−1(W ) is an Ir- open set containing x disjoint

from f−1(A), x ̸∈ Ir-cl(f
−1(A)). This is a contradiction to the assumption.

Therefore f(x) ∈ Ir-cl(A), x ∈ f−1(Ir-cl(A)). Hence Ir-cl(f
−1(A)) ⊂ f−1(Ir-

cl(A)).

Theorem 4.3.5. Let X and Y be two topological spaces and f : X → Y be an

Ir-irresolute. If X is Ir-connected, then f(X) ⊂ Y is also Ir-connected.

Proof. Let f : X → Y be an Ir-continuous and X is Ir- connected. If possible

assume that f(X) is not Ir-connected. Then there exist nonempty subsetsA,B ⊂

f(X) such that f(X) = A ∪ B, Ircl(A) ∩ B = ϕ and A ∩ Ircl(B) = ϕ. Since

f−1(A) and f−1(B) are the subsets of X and satisfy X = f−1(A)∪f−1(B). Since

f is Ir-irresolute,by theorem 4.3.4 Ir-cl(f
−1(A)) ⊂ f−1(Ir-cl(A)), Ir-cl(f

−1(B)) ⊂

f−1(Ir-cl(B)), Ir-cl(f
−1(A)) ∩ f−1(B) ⊂ f−1(Ir-cl(A) ∩ B) = ϕ, f−1(A) ∩

Ir-cl(f
−1(B)) ⊂ f−1(A ∩ Ir-cl(B)) = ϕ. Thus f−1(A) and f−1(B) are the Ir-

separated subsets of X, contradicting the Ir- connectedness of X. Hence f(X)

is Ir-connected.

Definition 4.3.2. A function f : (X, τ) → (Y, σ) is said to be Ir-open if the
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image of every open set in X is Ir-open in Y

Theorem 4.3.6. Let f : (X, τ) → (Y, σ) be a Ir-open function. Then for every

subset A ⊂ X, f(int(A)) ⊂ Ir-int(f(A)).

Proof. Let A ⊂ X and x ∈ int(A). Then there exists an open set V in X such

that x ∈ V ⊂ A. Also f(x) ∈ f(V ) ⊂ f(A). Since f is Ir-open, f(V ) is Ir-open

in Y . Hence f(x) ∈ Ir-int(f(A)). Therefore f(int(A)) ⊂ Ir-int(f(A)).

Theorem 4.3.7. Let f : (X, τ) → (Y, σ) be a Ir-open and onto function. Then

for every subset F ⊂ X, f−1(Ircl(F )) ⊂ cl(f−1(F )).

Proof. Let x ∈ f−1(Ircl(F )), then f(x) ∈ Ircl(F ). If possible suppose that

x /∈ cl(f−1(F )), then there exists an open set V in X such that f−1(F )∩V = ϕ.

Then V ⊂ (f−1(F ))C , f(V ) ⊂ FC . Since f is Ir-open, f(V ) is Ir-open in Y . Also

since f(x) ∈ f(V ) and f(V ) ∩ F = ϕ, f(x) /∈ Ircl(F ). This is a contradiction.

Therefore x ∈ cl(f−1(F )). Hence f−1(Ircl(F )) ⊂ cl(f−1(F )).
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Chapter 5
Minimal Regular Open Sets

5.1 Introduction

In 2015 N. Anuradha and Baby Chacko [5] defined the concepts of minimal regu-

lar open sets and maximal regular closed sets, which extended the study of open

and closed sets within the topological space. This chapter aims to investigate

and explores the significant properties and results concerning the minimal regu-

lar open sets and maximal regular open sets.

The following definitions serve as foundational concepts required for the subse-

quent discussion:

Definition 5.1.1. [35] A proper nonempty open subset U of a topological space

X is said to be minimal open if any open set which is contained in U is ϕ or U .

Definition 5.1.2. [5] A proper nonempty regular open subset U of a topological
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5.2. Properties of Minimal Regular Open Sets

space X is said to be minimal regular open if any regular open set which is

contained in U is ϕ or U .

Definition 5.1.3. [5] A proper nonempty regular open subset U of a topological

space X is said to be maximal regular open if any regular open set which contains

U is X or U .

Definition 5.1.4. [5] A proper nonempty regular closed subset F of a topolog-

ical space X is said to be minimal regular closed if any regular closed set which

contained in F is ϕ or F .

Definition 5.1.5. [5] A proper nonempty regular closed subset F of a topolog-

ical space X is said to be maximal regular closed if any regular closed set which

contains F is X or F .

Lemma 5.1.1. [5] 1) If U is a minimal regular open set and W is a regular

open set, then W ∩ U = ϕ or U ⊂ W .

2) If U and V are minimal regular open sets, then U ∩ V = ϕ or U = V .

5.2 Properties of Minimal Regular Open Sets

Definition 5.2.1. Let X be a topological space and U ⊂ X. Then U is said to

be a r-neighbourhood of x ∈ X if U is a regular open set containing x.

Proposition 5.2.1. If U is a minimal regular open set and x is an element of

U , then U ⊂ W for any r-neighbourhood W of x.
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Proof. Let U be a minimal regular open set and x ∈ U . If W is any regular

open set and x ∈ W , then U ∩ W is also regular open and U ∩ W ⊂ U. Since

W ∩ U ̸= ϕ, U ⊂ W for any r-neighbourhood W of x.

Theorem 5.2.2. If U is a maximal regular closed set and x is an element of

X − U , then X − U ⊂ W for any r- neighbourhood W of x.

Proof. Let W be any r- neighbourhood of x and X−U is a minimal regular open

set containing x. Since x ∈ W ∩ (X − U), W ∩ (X − U) ̸= ϕ. By proposition

5.2.1, X − U ⊂ W for any r-neibourhood W of x.

Corollary 5.2.2.1. If U is a maximal regular closed set, then either of the

following (1) and (2) holds:

(1) for each x ∈ X − U and each r-neighbourhood W of x, W = X.

(2) there exists a proper regular open set W such that X −U ⊂ W and W ⊂ X.

Proof. If (1) doesnot hold, then there exist an element x of X − U and a r-

neighbourhood W of x such that W ⫋ X. Then by theorem 5.2.2, it follows that

X − U ⊂ W .

Corollary 5.2.2.2. If U is a maximal regular closed set, then either of the

following (1) and (2) holds:

(1) for each x ∈ X − U and each r-neighbourhood W of x, X − U ⫋ W .

(2) there exists a proper regular open subset W of X such that X − U = W .

Proof. Assume that (2) doesnot holds. Then by theorem 5.2.2, we have X−U ⊂
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W for each x ∈ X−U and each r-neighbourhood W of x. Hence X−U ⫋ W.

Theorem 5.2.3. Let U be a minimal regular open set and x be an element

of X − U . Define Ux = ∩{W : W is a r-neighbourhood of x }. Then either

Ux ∩ U = ϕ or U ⊂ Ux.

Proof. By lemma 5.1.1, W ∩ U = ϕ or U ⊂ W for any r-neighbourhood W

of x. That is, W ∩ U = ϕ or U ⊂ ∩{W : W is a r-neighbourhood of x}. Now

Ux ∩ U = ∩{W : W is r-neighbourhood of x } ∩U ⊂ W ∩ U . Hence either

Ux ∩ U = ϕ or U ⊂ Ux.

Theorem 5.2.4. Let Uα, Uβ, Uγ be minimal regular open sets such that Uα ̸= Uβ.

If Uγ ⊂ (Uα ∪ Uβ), then either Uγ = Uα or Uγ = Uβ.

Proof. We have

Uα ∪ Uγ = Uα ∪ (Uγ ∪ ϕ)

= Uα ∪ (Uγ ∪ (Uα ∩ Uβ))

= Uα ∪ ((Uγ ∪ Uα) ∩ (Uγ ∪ Uβ))

= (Uα ∪ Uγ) ∩ (Uα ∪ Uβ ∪ Uγ)

= (Uα ∪ Uγ) ∩ (Uα ∪ Uβ)

= Uα ∪ (Uγ ∩ Uβ)

If Uγ ̸= Uβ, then Uγ ∩ Uβ = ϕ. Hence Uα ∪ Uγ = Uα which implies Uγ ⊂ Uα.
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Since Uγ and Uα are minimal regular open sets, it follows that Uγ = Uα.

By a similar argument, if Uγ ̸= Uα we get Uγ = Uβ.

Theorem 5.2.5. If Uα, Uβ and Uγ are minimal regular open sets, which are

different from each other, then Uα ∪ Uβ ̸⊂ Uα ∪ Uγ.

Proof. If possible suppose that Uα∪Uβ ⊂ Uα∪Uγ. Then (Uα∪Uβ)∩ (Uβ∪Uγ) ⊂

(Uα ∪Uγ)∩ (Uβ ∪Uγ). This implies that Uβ ∪ (Uα ∩Uγ) ⊂ Uγ ∪ (Uα ∩Uβ). Since

Uα ∩ Uγ = ϕ = Uα ∩ Uβ, it follows that Uβ ⊂ Uγ. Then Uβ = Uγ, this is a

contradiction and hence Uα ∪ Uβ ̸⊂ Uα ∪ Uγ.

Theorem 5.2.6. Let Uλ and Uµ be two distinct minimal regular open sets where

λ, µ ∈ Λ with |Λ| ≥ 2. Then,

(i) Uµ ⊂ X −
⋃

λ∈Λ−{µ} Uλ.

(ii)
⋃

λ∈Λ−{µ} Uλ ̸= X.

Proof. (i) Let µ be any element of Λ. Then by lemma 5.2.1(2), we have Uµ∩Uλ =

ϕ, which implies that Uλ ⊂ X − Uµ, for any element λ of Λ with λ ̸= µ. Then⋃
λ∈Λ−{µ} Uλ ⊂ X − Uµ. Therefore Uµ ⊂ X −

⋃
λ∈Λ−{µ} Uλ.

(ii) Let µ be any element of Λ. If possible suppose that
⋃

λ∈Λ−{µ} Uλ = X, we

have Uµ = ϕ by (i). This contradicts our assumption that Uµ is a minimal regular

open set. Therefore
⋃

λ∈Λ−{µ} Uλ ̸= X.

Corollary 5.2.6.1. If |Λ| ≥ 3 and Uλ ̸= Uµ for any two distinct minimal regular

open sets Uλ and Uµ for λ, µ ∈ Λ, then Uλ ∪ Uµ ̸= X.
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Proof. The result follows by the theorem 5.2.6(2).

Theorem 5.2.7. Let |Λ| ≥ 2 and Uλ be a minimal regular open set for any λ ∈ Λ.

If Uλ ̸= Uµ for µ ∈ Λ with λ ̸= µ, then
⋃

λ∈Λ−{µ} Uλ ̸⊂ Uµ ̸⊂
⋃

λ∈Λ−{µ} Uλ.

Proof. Let µ be any element of Λ. If Uµ ⊂
⋃

λ∈Λ−{µ} Uλ, then by theorem 5.2.6(1)

Uµ ⊂ (X −
⋃

λ∈Λ−{µ} Uλ) ∩ (
⋃

λ∈Λ−{µ} Uλ). This implies that Uµ = ϕ, which is a

contradiction.

Also
⋃

λ∈Λ−{µ} Uλ ⊂ Uµ ⇒ Uλ ⊂ Uµ ⇒ Uλ = Uµ, for any λ ∈ Λ − {µ}. This

contradicts our assumption that Uλ ̸= Uµ.

Theorem 5.2.8. If V is a nonempty finite regular open set, then there exists

atleast one minimal regular open set U such that U ⊂ V .

Proof. If V is a nonempty finite minimal regular open set, we may set U = V . If

V is not a minimal regular open set, then there exists a nonempty regular open

set V1 such that V1 ⫋ V . If V1 is a minimal regular open set, we may set U = V1.

If V1 is not a minimal regular open set, then there exists a nonempty regular open

set V2 such that V2 ⫋ V1 ⫋ V . Continuing this process, we have a sequence of

nonempty regular open sets V1, V2, V3, ... suth that V ⫌ V1 ⫌ V2 ⫌ ... ⫌ Vk ⫌ ....

Since V is a finite set, this process repeats only finitely many times. Then we

get a minimal regular open set U = Vn for some positive integer n.

Remark. If U is an infinite regular open set, then there may not exists a minimal

regular open set contained in U .
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Example 5.2.1. Let X = R, and U = (a, b) where a, b ∈ R.

Then U is regular open and every regular open set contained in U contains more

than one regular open set.

Definition 5.2.2. A topological space X is said to be r-locally finite if each of

its elements is contained in a finite regular open set. In other words, if every

element of X has a finite r-neibourhood.

Corollary 5.2.8.1. If X is a r-locally finite space and V is a nonempty regular

open set in X, then there exists at least one minimal regular open set U such

that U ⊂ V .

Proof. Since V is a nonempty regular open set, there exists an element x ∈ V .

Since X is a r-locally finite space, there exists a finite regular open set Vx such

that x ∈ Vx. Since V ∩ Vx is a finite regular open set, by theorem 5.2.8 there

exists a minimal regular open set U such that U ⊂ V ∩ Vx ⊂ V .

Theorem 5.2.9. If Vλ is a regular open set for λ ∈ Λ and W is a nonempty

finite regular open set, then W ∩ (∩λ∈ΛVλ) is a finite regular open set.

Proof. Since W is a nonempty finite regular open set, there exists an integer n

such that W ∩(∩λ∈ΛVλ) = W ∩(∩n
i=1Vλi

). Also Since finite intersection of regular

open sets is regular open. ThereforeW ∩(∩λ∈ΛVλ) is a finite regular open set.

Theorem 5.2.10. Let U be a nonempty finite regular open set and {U1, U2, ..., Un}

be the set of all minimal regular open sets in U . Then the following two condi-
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tions hold:

(1) Ui ∩ Uj = ϕ for any i and j with 1 ≤ i, j ≤ n and i ̸= j.

(2) If U
′
is a minimal regular open set in U , then there exists i with 1 ≤ i ≤ n

such that U
′
= Ui.

Proof. (1) Let U be a nonempty finite regular open set, and {U1, U2, . . . , Un} be

the set of all minimal regular open sets in U . Suppose that there exist indices i

and j with 1 ≤ i, j ≤ n and i ̸= j such that Ui ∩ Uj ̸= ϕ.

Since Ui and Uj are both regular open sets, Ui ∩Uj is also a regular open set.

However, Ui and Uj are minimal regular open sets and Ui ∩ Uj is a nonempty

regular open set contained in both Ui and Uj. This is a contradiction. Thus, our

assumption must be false, and we conclude that Ui ∩ Uj = ϕ for all i ̸= j.

(2) Let U ′ be any minimal regular open set contained in U . By definition,

U ′ is a regular open set, and since {U1, U2, . . . , Un} is the collection of all such

minimal regular open sets in U , there must exist some index i such that U ′ = Ui.

This completes the proof.

Theorem 5.2.11. Let U be a nonempty finite regular open set which is not

minimal regular open. Let {U1, U2, ..., Un} be the set of all minimal regular open

sets in U and x is an element of U − (U1 ∪U2 ∪ ...∪Un). Define Ux = ∩{W : W

is a r-neighbourhood of x}. Then there exists a positive integer i, 1 ≤ i ≤ n such

that Ui ⊂ Ux.

Proof. Assume that Ui ̸⊂ Ux for any positive integer i, 1 ≤ i ≤ n . Since
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x ∈ U − (U1∪U2∪ ...∪Un) ⊂ U −Ui and corollary 5.2.3, Ui∩Ux = ϕ for minimal

regular open set Ui in U . Since Ux is the intersection of finite regular open sets

and by theorems 5.2.8, there exists a minimal regular open set U
′
such that

U
′ ⊂ Ux. Then Ui∩U

′ ⊂ Ui∩Ux = ϕ for minimal regular open set Ui. Therefore

U
′ ̸= Ui for each positive integer i, 1 ≤ i ≤ n. This is a contradiction to the

fact that U ′ is a minimal regular open set contained in U . Therefore Ui ⊂ Ux for

1 ≤ i ≤ n.

Corollary 5.2.11.1. Let U be a nonempty finite regular open set which is not a

minimal regular open. Let {U1, U2, ..., Un} be the set of all minimal regular open

sets in U and x is an element of U − (U1 ∪ U2 ∪ ... ∪ Un).Then there exists a

positive integer i, 1 ≤ i ≤ n such that Ui ⊂ Wx, for any r-neighbourhood Wx of

x.

Proof. Since ∩{W : W is an r-neighbourhood of x} ⊂ Wx for any r-neighbourhood

Wx of x and by theorem 5.2.11, Ui ⊂ Wx for any r-neighbourhood Wx of x.
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Chapter 6
Somewhat mr-Continuous and

Somewhat mr-Open Functions

6.1 Introduction

Gentre and Hoyle [27] explored the concepts of somewhat continuous functions

and somewhat open functions. Anuradha and Baby Chacko [4] introduced and

discussed about minimal regular open sets and maximal regular open sets in

topological space. In this chapter, we introduce a new class of functions, namely

somewhat mr-continuous and somewhat mr-open functions. we explores their

properties and provide characterizations. The relationship between somewhat

mr-continuous functions and other types of functions are studied, along with a

discussion on mr-weakly stronger topologies. Also we focus on the definition and

properties of somewhat mr-open functions.
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6.1. Introduction

Definition 6.1.1. [17] A function f : (X, τ) → (Y, σ) is said to be somewhat

continuous if for each U ∈ σ and f−1(U) ̸= ϕ, there exists a nonempty open set

V in X such that V ⊂ f−1(U).

Definition 6.1.2. [6] A function f : (X, τ) → (Y, σ) is said to be somewhat

r-continuous if for each U ∈ σ with f−1(U) ̸= ϕ, there exists a nonempty regular

open set V in X such that V ⊂ f−1(U).

Definition 6.1.3. [4] A function f : (X, τ) −→ (Y, σ) is said to be somewhat

open if for each U ∈ τ with U ̸= ϕ, there exists an nonempty open set V in Y

such that V ⊂ f(U).

Definition 6.1.4. [4] A function f : (X, τ) −→ (Y, σ) is said to be somewhat

clopen if for each U ∈ τ with U ̸= ϕ, there exists a clopen set V in Y with V ̸= ϕ

such that V ⊂ f(U).

Definition 6.1.5. A function f : X → Y is said to be cl-super continuous [45]

(or clopen continuous [39]) if for each x ∈ X and for each open set V containing

f(x), there exists a clopen set U containing x such that f(U) ⊂ V .

Definition 6.1.6. A function f : X → Y is said to be δ-continuous [39] if for

each x ∈ X and for each regular open set V in X containing f(x), there exists a

regular open set U in X containing x such that f(U) ⊂ V .

Definition 6.1.7. A function f : X → Y is said to be completely continuous [7]

if f−1(V ) is a regular open set in X for every open set V ⊂ Y .
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6.2. Somewhat mr- continuous functions

Definition 6.1.8. A function f : X → Y is said to be almost completely contin-

uous [27] if f−1(V ) is a regular open set in X for every regular open set V ⊂ Y .

Theorem 6.1.1. [5] Let X be a topological space and F ⊂ X. Then F is

minimal regular closed if and only if X − F is maximal regular open.

Theorem 6.1.2. [5] Let X be a topological space and U ⊂ X. Then U is

minimal regular open if and only if X − U is maximal regular closed.

Definition 6.1.9. [22] Let (X, τ) be a topological space and let A ⊂ X. Then

A is said to be dense in X if A = X,. That is every point of X is either in A or

is a limit point of A. Equivalently, A is dense in X if every non-empty open set

in X intersects A, for every U ∈ τ, U ̸= ϕ ⇒ U ∩ A ̸= ϕ.

Definition 6.1.10. [21] Let T1 and T2 be two topologies on the same set X.

Then T1 is said to be stronger (or finer) than T2 or T2 is said to be weaker (or

coarser) than T1, if T2 ⊂ T1. That is, every open set in T2 is also an open set in

T1. If T2 ⊊ T1, we say that T1 is strictly stronger (or strictly finer) than T2.

6.2 Somewhat mr- continuous functions

Definition 6.2.1. Let X and Y be any two topological spaces. A function

f : (X, τ) → (Y, σ) is said to be somewhat mr-continuous if for each U ∈ σ with

f−1(U) ̸= ϕ, there exists a minimal regular open set V in X and V ⊂ f−1(U).

Example 6.2.1. LetX = Y= {a, b, c}, τ = {X,ϕ, {b}, {a, c}} and σ = {X,ϕ, {a, c}}.
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6.2. Somewhat mr- continuous functions

Define f : X → Y by f(a) = c, f(b) = b and f(c) = a.

Here f−1(ϕ) = ϕ , f−1(X) = X , f−1({a, c}) = {a, c} and {a, c} is a minimal

regular open set. Then f is somewhat mr-continuous.

Theorem 6.2.1. Every somewhat mr-continuous functions is somewhat r-continuous.

Proof. Since minimal regular open sets are regular open, the proof follows.

Remark. The converse of the above theorem need not be true.

Example 6.2.2. Let X = Y = R and τ = σ = The usual topology on R.

Define f(x) = x, x ∈ R. Then f is somewhat r-continuous but is not somewhat

mr-continuous, since for f−1(a, b) = (a, b), there doesnot exists a minimal regular

open set contained in (a,b).

Remark. A minimal regular open set need not be a minimal open set and vice

versa.

Example 6.2.3. Let (X, τ) be a topological space where X = {a, b, c, d} and

τ = {X,ϕ, {a}, {a, b}, {c, d}}.

Then {a,b} is minimal regular open but is not minimal open.

Theorem 6.2.2. Any function from a discrete space to any other space is some-

what mr-continuous.

Proof. Let f : (X, τ) → (Y, τ) where τ be the discrete topology and σ be any

topology on Y . For each U ∈ σ with f−1(U) ̸= ϕ, there exists some x ∈ f−1(U)
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6.2. Somewhat mr- continuous functions

such that {x} is a minimal regular open set contained in f−1(U). Hence f is

somewhat mr-continuous.

Definition 6.2.2. A space X is said to be a mr-space if for each x ∈ X and

for every r-neighbourhood U of x, there exists a minimal regular open set W

containing x such that W ⊂ U .

Example 6.2.4. 1). Every discrete space is a mr-space.

2) Let X = {a, b, c} and τ = {X,ϕ, {b}, {a, c}, {c}}. Then (X, τ) is a mr-space.

Theorem 6.2.3. Every finite space is a mr-space.

Proof. By theorem5.2.8, the proof follows.

Theorem 6.2.4. Every cl-super continuous function on a mr-space is somewhat

mr-continuous.

Proof. Let f : X → Y be cl-super continuous and X be a mr-space. For each

x ∈ X and for each open set V containing f(x), there exists a clopen set U

containing x such that f(U) ⊂ V . Since X is a mr-space and U is regular open,

there exists a minimal regular open set W containing x and W ⊂ U . Hence there

exists a minimal regular open set W such that x ∈ W and f(W ) ⊂ V . Then

W ⊂ f−1(V ) and it follows that f is somewhat mr-continuous.

Remark. The converse of the theorem 6.2.4 need not be true.

Example 6.2.5. LetX = {p, q, r, s}, Y = {p, q, r}, τ = {X,ϕ, {p, q}, {p}, {q}, {p, q, s}}

and σ = {Y, ϕ, {p}, {q}}.
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6.2. Somewhat mr- continuous functions

Let f : (X, τ) → (Y, σ) be the identity function. Then f is somewhat mr-

continuous, but is not cl-super continuous.

Theorem 6.2.5. If f : X → Y is somewhat mr-continuous and X is locally

indiscrete, then f is cl-super continuous.

Proof. The proof follows from the fact that every minimal regular open set is

open and every open set in a locally indiscrete space is clopen.

Theorem 6.2.6. Every completely continuous function on a mr-space is some-

what mr-continuous.

Proof. Let U ∈ σ with f−1(U) ̸= ϕ. Since f : (X, τ) → (Y, σ) is a completely

continuous function, f−1(U) is regular open in X. Futher since X is a mr-space,

there exists a minimal regular open set V such that V ⊂ f−1(U). Hence f is

somewhat mr-continuous.

Remark. The converse of the above theorem need not be true.

Example 6.2.6. Let X = Y = {p, q, r}, τ = {X,ϕ, {p}, {q}, {p, q}} and σ =

{Y, ϕ, {p, q}}. Let f : (X, τ) → (Y, σ) be the identity function. Then f is some-

what mr-continuous. Since int cl{f−1({p, q})} = X, f−1({p, q}) is not regular.

So f is not completely continuous.

Theorem 6.2.7. Every onto somewhat mr-continuous function is δ-continuous.

Proof. Let f : X → Y be somewhat mr-continuous and V be a nonempty

regular open set in Y . Since f is somewhat mr-continuous and V is open with

87



6.2. Somewhat mr- continuous functions

f−1(V ) ̸= ϕ, there exists a minimal regular open set U such that U ⊂ f−1(V ).

Hence f is δ-continuous.

Remark. The converse of the above theorem need not be true.

Example 6.2.7. Let f : (X, τ) → (Y, σ), X = R, Y = {p, q, r}, τ =Usual

topology on R and σ = {Y, ϕ, {p}, {r}, {p, r}}. Define f(x) =



p, if x > 0

q, if x = 0

r, if x < 0

.

Then f is δ-continuous, but not somewhat mr-continuous.

Theorem 6.2.8. Let X be finite. Then f : (X, τ) → (Y, σ) is somewhat r-

continuous if and only if f is somewhat mr-continuous.

Proof. Suppose thatX is finite and f : (X, τ) → (Y, σ) is somewhat r-continuous.

Let U ∈ σ with f−1(U) ̸= ϕ ∈ τ . Then there exists a regular open set V in X

such that V ⊂ f−1(U). Since X is finite, V is a finite regular open set. Then

by Theorem5.2.8, there exists a minimal regular open set W in X such that

W ⊂ V ⊂ f−1(U). This implies f is somewhat mr-continuous. The converse

part follows from the definition.

Theorem 6.2.9. If f : (X, τ) → (Y, σ) is almost completely continuous, Y is

locally indiscrete and X is mr-space, then f is somewhat mr-continuous.

Proof. Let V be open in Y with f−1(V ) ̸= ϕ. Since Y is locally indiscrete, V

is regular open and since f is almost completely continuous, f−1(V ) is regular

88



6.2. Somewhat mr- continuous functions

open. As X is a mr-space, there exists a minimal regular open set W in X such

that W ⊂ f−1(V ). Hence f is somewhat mr-continuous.

Theorem 6.2.10. If f : (X, τ) → (Y, σ) is somewhat continuous and X is finite

and locally in-discrete, then f is somewhat mr-continuous.

Proof. Since f is somewhat continuous, for each U ∈ σ with f−1(U) ̸= ϕ, there

exists an open set V ̸= ϕ such that V ⊂ f−1(U). Since X is locally in-discrete,

V is closed and hence V is regular open. Since X is finite, by theorem5.2.8 there

exists a minimal regular open set W such that W ⊂ V . Thus W ⊂ V ⊂ f−1(U).

This implies W ⊂ f−1(U) for each U ∈ σ and therefore f is somewhat mr-

continuous.

Definition 6.2.3. A topological space is said to be a minimal space ( m-space)

if every open set in X is minimal open.

Theorem 6.2.11. Every m-space X contains at most two nonempty disjoint

proper open sets.

Proof. On the contrary suppose that X contains more than two open sets. With-

out loss of generality let X contain three distinct nonempty proper disjoint open

sets A,B and C. Let D = A ∪B.

Case I: If D ̸= X

Since X is a m-space and D is open, D is minimal open. This is a contradiction

to the fact that A ⊂ D and B ⊂ D.

Case II: If D = X
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Then C ⊂ A∪B. Since A and B are disjoint, either C ⊂ A and C ⊂ B. This is

a contradiction to the fact that A and B are minimal open.

Theorem 6.2.12. If f : (X, τ) → (Y, σ) is open and δ-continuous and Y is

locally indiscrete and m-space, then f is somewhat mr-continuous.

Proof. Let U ∈ σ with f−1(U) ̸= ϕ. Since Y is locally indisrete, U is closed.

Since X is m-space, U is minimal regular open. Since f is δ-continuous and U is

regular open, for each x ∈ f−1(U) there exists a regular open set V containing

x in X such that f(V ) ⊂ U . Thus V ⊂ f−1(U) and V ̸= ϕ. If V is minimal

regular open, then f is somewhat mr-continuous. If V is not minimal regular

open, then there exists a nonempty regular open set W such that W ⊂ V . Thus

W ⊂ V ⊂ f−1(U). This implies that f(W ) ⊂ U and also f(W ) is open, since f

is open. Hence f(W ) ̸= ϕ and f(W ) ⊂ U , which is a contradiction to the fact

that U is minimal open.

Theorem 6.2.13. Let f : (X, τ) → (Y, σ) and g : (Y, σ) → (Z, η) be two

functions. If f is somewhat mr-continuous and g is continuous, then g ◦ f is

somewhat mr-continuous.

Proof. Let U ∈ η and (g ◦ f)−1(U) ̸= ϕ. Since (g ◦ f)−1(U) = f−1(g−1(U)),

g−1(U) ̸= ϕ. Since f is somewhat mr-continuous and g is continuous, there

exists a minimal regular open set V in X such that V ⊂ f−1(g−1(U)). Thus

V ⊂ (g ◦ f)−1(U). Therefore g ◦ f is somewhat mr-continuous.
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Remark. Somewhat mr-continuous function need not be continuous.

Let X = Y = {a, b, c, d}, τ = {X,ϕ, {b}, {a, c}, {a, b, c}} and σ = {X,ϕ, {a, b},

{a, b, c}}. Define f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = d, f(d) = c.

Here f−1({a, b, c}) = {a, b, d}, f−1({a, b}) = {a, b} are not open in (X, τ). But

{b} is a minimal regular open set in (X, τ) contained in both {a, b, d} and {a, b}.

Therefore f is somewhat mr-continuous, but not continuous.

Theorem 6.2.14. If f : X → Y is continuous and g : Y → Z is somewhat

mr-continuous, then g ◦ f : X → Z is somewhat continuous.

Proof. Let U ⊂ Z be open with g−1(U) ̸= ϕ. Since g is somewhat mr-continuous

function, there exist minimal regular open set V such that V ⊂ g−1(U). Since

V ̸= ϕ is open and f is continuous, f−1(V ) ̸= ϕ is open. Also f−1(V ) ⊂

f−1(g−1(U)) = (g ◦ f)−1(U). Therefore g ◦ f : X → Z is somewhat continuous.

Theorem 6.2.15. Let (X, τ) be a topological space, A be a regular open subset

of X and V be a minimal regular open subset of (A, τ/A). Then V is a minimal

regular open subset of X.

Proof. Let A be a regular open subset of X and V be a minimal regular open

subset of (A, τ/A). Since V is a regular open subset of A, V = W ∩ A for

some regular open subset W of X and so V is a regular open subset of X. If

possible assume that V is not a minimal regular open subset of X. Then there

exists a nonempty regular open subset W1 of X such that W1 ⊂ V and then
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(W1 ∩ A) ⊂ (V ∩ A) = W ∩ A = V . Since W1 ∩ A is a nonempty regular open

subset of A, V is not a minimal regular open subset of A. This is a contradiction

and hence V is a minimal regular open subset of X.

Theorem 6.2.16. Let (X, τ) and (Y, σ) be two topological spaces. Let A be a

regular open set of (X, τ) and f : (A, τ/A) → (Y, σ) be somewhat mr-continuous

such that f(A) is dense in Y . Then any extension F : (X, τ) → (Y, σ) of f is

somewhat mr-continuous.

Proof. Let U be an open set in (Y, σ) such that F−1(U) ̸= ϕ. Since f(A) ⊂ Y

is dense in Y , U ∩ f(A) ̸= ϕ. So f−1(U) ∩ A ̸= ϕ. Since f is somewhat mr-

continuous, there exist a minimal regular open set V in A such that V ⊂ f−1(U).

Since by theorem 6.2.15, V is a minimal regular open set in A and A is a regular

open subset of X , then V is a minimal regular open subset of X and also

V ⊂ F−1(U). Hence F is somewhat mr-continuous.

Definition 6.2.4. Let M be a subset of a topological space (X, τ). Then M is

said to be mr-dense in X, if there does not exist a maximal regular closed set C

in X such that M ⊂ C ⊂ X.

Theorem 6.2.17. [5] Let X be a topological space and F ⊂ X. Then F is

minimal regular closed (open resp.) if and only if X−F is maximal regular open

(closed resp.).

Theorem 6.2.18. If f : (X, τ) → (Y, σ) is an onto function, then the following

are equivalent :
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(1) f is somewhat mr-continuous.

(2) If C is a closed subset of Y such that f−1(C) ̸= X, then there is a maximal

regular closed subset D of X such that D ⊃ f−1(C).

(3) If M is mr-dense in X, then f(M) is dense in Y .

Proof. If σ is an indiscrete topology, the proof is trivial.

Otherwise :

(1) =⇒ (2)

Let C be a closed subset of Y such that f−1(C) ̸= X. Then Y −C is open in Y

such that f−1(Y − C) = X − f−1(C) ̸= ϕ. Since f is somewhat mr-continuous,

there exists a minimal regular open set V such that V ⊂ X − f−1(C). Thus

f−1(C) ⊂ X − V . Take D = X − V . Since V is minimal regular open, D is

maximal regular closed. Hence there exists a maximal regular closed set D in X

such that D ⊃ f−1(C).

(2) =⇒ (1)

Let U ∈ σ with f−1(U) ̸= ϕ. Then Y − U is closed in Y and f−1(Y − U) =

X − f−1(U) ̸= X. So by (2) there exists a maximal regular closed subset D of

X such that D ⊃ f−1(Y − U) = X − f−1(U). Then X −D is minimal regular

open in Y and X −D ⊂ f−1(U). Hence f is somewhat mr-continuous.

(2) =⇒ (3)

Let M be mr-dense in X. Suppose that f(M) is not dense in Y . Then there

exists a proper closed set C in Y such that f(M) ⊂ C ⊂ Y . Clearly f−1(C) ̸=

X. Hence by (2), there exists a maximal regular closed set D in X such that
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D ⊃ f−1(C). Then M ⊂ f−1(C) ⊂ D ⊂ X. This contradicts the fact that M is

mr-dense in X. So f(M) is dense in Y .

(3) =⇒ (2)

Suppose (2) is not true and let C be a closed set C in Y such that f−1(C) ̸= X.

Then there is no maximal regular closed set D in X such that f−1(C) ⊂ D.

This implies that f−1(C) is mr-dense in X. But by (3), f(f−1(C)) = C must be

dense in Y . This is a contradiction to the choice of C.

Theorem 6.2.19. Every dense subset in a topological space (X, τ) is mr-dense

in X.

Proof. Let (X, τ) be any topological space and C be any dense subset of X.

Then by the definition of dense subset there does not exist a proper closed set V

in X such that C ⊂ V . This implies that there does not exist a maximal regular

closed set F in X satisfying the property C ⊂ F ⊂ X since every maximal

regular closed set is a closed set. Hence C is mr-dense in X.

Remark. A mr-dense subset a topological space X need not be a dense subset.

Example 6.2.8. LetX = {a, b, c, d} and τ = {ϕ, {a}, {a, b}, X}. Then {b, c}={b, c, d},

{b, c} is not dense in X. But {b, c} is mr-dense in X, since there is no maximal

regular closed set in X containing {b, c}.

Theorem 6.2.20. Let (X, τ) and (Y, σ) be any two topological spaces, X = A∪B

where A and B are regular open subsets of X and let f : (X, τ) −→ (Y, σ) be a

function such that f/A and f/B are somewhat mr-continuous. Then f is also
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somewhat mr-continuous.

Proof. Let U ∈ σ such that f−1(U) ̸= ϕ. Then either (f/A)−1(U) ̸= ϕ or

(f/B)−1(U) ̸= ϕ

Case-1: (f/A)−1(U) ̸= ϕ

Since f/A is somewhat mr-continuous, there exists a minimal regular open set

V in A such that V ⊂ (f/A)−1(U) ⊂ (f)−1(U). By theorem 6.2.15, since V is

minimal regular open in A and A is regular open in X, V is minimal regular

open in X. Hence f is somewhat mr-continuous.

Case-2: (f/B)−1(U) ̸= ϕ

This can be proved by using the same argument as in case-1.

Case-3: (f/A)−1(U) ̸= ϕ and (f/B)−1(U) ̸= ϕ

The proof follows from the proofs of case-1 and case-2.

Definition 6.2.5. A topological space X is said to be mr-separable if there

exists a countable mr-dense subset B of X.

Example 6.2.9. Let X = {a, b, c} and τ = {X,ϕ, {a}, {a, b}}. Since {a, b} is

mr-dense in X and countable, (X, τ) is mr-separable.

Theorem 6.2.21. If f is a somewhat mr-continuous function from X onto Y

and X is mr-separable, then Y is separable.

Proof. Let f : X −→ Y be somewhat mr-continuous and X be mr-separable.

Then there exists a countable subset B of X which is mr-dense in X and by
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theorem 6.2.18, f(B) is dense in Y . Since B is countable, f(B) is countable and

hence Y is separable.

Definition 6.2.6. Let τ and σ be two topologies on a set X. Then σ is said

to be mr-weakly stronger than τ (or τ is mr-weakly weaker than σ) if for each

U ∈ τ with U ̸= ϕ, there is a minimal regular open set V in σ such that V ⊂ U .

Example 6.2.10. LetX = {a, b, c} and σ = {X,ϕ, {b, c}, {a}}, τ = {X,ϕ, {a, b}}

be two topologies on X. Then {a,b} is the only proper nonempty open set in

(X, τ). Since intcl{a} = int{a} = {a}, the set {a} is minimal regular open in

(X, σ) such that {a} ⊂ {a, b} . Hence σ is mr-weakly stronger than τ .

Theorem 6.2.22. Let τ and τ ⋆ be two topologies on X such that τ ⋆ is mr-

weakly stronger than τ . If f : (X, τ) −→ (Y, σ) is somewhat continuous, then

f : (X, τ ⋆) −→ (Y, σ) is somewhat mr-continuous.

Proof. Let U be an open set in Y such that f−1(U) ̸= ϕ. Since f : (X, τ) −→

(Y, σ) is somewhat continuous, there exists an open set V in τ such that V ̸= ϕ

and V ⊂ f−1(U). Since τ ⋆ is mr- weakly stronger than τ , there exists a minimal

regular open set W in τ ⋆ such that W ⊂ V . Then W ⊂ V ⊂ f−1(U) and hence

f : (X, τ ⋆) −→ (Y, σ) is somewhat mr-continuous.

Theorem 6.2.23. Let f : (X, τ) −→ (Y, σ) be somewhat mr-continuous and

onto. If σ⋆ is a topology on Y such that σ is stronger than σ⋆, then f : (X, τ) −→

(Y, σ⋆) is somewhat mr-continuous.
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Proof. Let U ∈ σ⋆ such that f−1(U) ̸= ϕ. Since U ̸= ϕ and σ is stronger than

σ⋆, there exists a nonempty open set V in σ such that V ⊂ U . Since f is onto,

f−1(V ) ̸= ϕ. Further since f : (X, τ) −→ (Y, σ) is somewhat mr-continuous,

there exists a minimal regular open set W in τ such that W ⊂ f−1(V ). Then

W ⊂ f−1(U) and hence f : (X, τ) −→ (Y, σ⋆) is somewhat mr-continuous.

6.3 Somewhat mr-Open Functions

Definition 6.3.1. A function f : (X, τ) −→ (Y, σ) is said to be somewhat mr-

open if for each U ∈ τ with U ̸= ϕ, there exists a minimal regular open set V ∈ σ

such that V ⊂ f(U).

Example 6.3.1. LetX = Y = {a, b, c}, τ = {X,ϕ, {b}} and σ = {Y, ϕ, {a}, {c},

{a, c}}. Define a function f : (X, τ) −→ (Y, σ) by f(a) = b, f(b) = c and

f(c) = a. Then f is somewhat mr-open.

Theorem 6.3.1. If f : (X, τ) −→ (Y, σ) is a somewhat clopen function and Y

is finite, then f is somewhat mr-open.

Proof. Let U ∈ τ with U ̸= ϕ. Since f is somewhat clopen, there exists a clopen

set V in Y such that V ⊂ f(U). Then V is regular open. Since Y is finite,

V is a finite regular open set. Then by theorem 5.2.8, there exists a minimal

regular open set W such that W ⊂ V ⊂ f(U). This implies that f is somewhat

mr-open.
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Theorem 6.3.2. If f : X −→ Y is somewhat mr-open and X is locally indis-

crete, then f is somewhat clopen.

Proof. Let U ̸= ϕ be open in X. Since f is somewhat mr-open, there exists

a minimal regular open set V in Y such that V ⊂ f(U). Since X is locally

indiscrete, V is clopen. This implies that f is somewhat clopen.

Theorem 6.3.3. If f : X −→ Y is somewhat mr-open, then f is somewhat

open.

Proof. The proof follows from the fact that every regular open set is open.

Remark. The converse of the theorem 6.3.3 need not be true.

Example 6.3.2. Let X = Y = {a, b, c}, τ = {X,ϕ, {a}, {a, b}} and σ =

{X,ϕ, {b}}. Define f : (X, τ) −→ (Y, σ) by f(a) = b, f(b) = c, f(c) = a,

f({a}) = {b}, f({a, b}) = {b, c}. Here f is somewhat open, but not somewhat

mr-open, since {b} is not regular open.

Theorem 6.3.4. If f : (X, τ) −→ (Y, σ) is an open function and g : (Y, σ) −→

(Z, η) is a somewhat mr-open function, then g◦f : (X, τ) −→ (Z, η) is somewhat

mr-open.

Proof. Let U ∈ τ and U ̸= ϕ. Since f is an open function, f(U) is open with

f(U) ̸= ϕ. Since g is somewhat mr-open and f(U) ∈ σ with f(U) ̸= ϕ, there

exists a minimal regular open set V ∈ η such that V ⊂ g(f(U)) = (g ◦ f)(U).

Hence g ◦ f is somewhat mr-open.
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Theorem 6.3.5. If f : (X, τ) −→ (Y, σ) is a one-one and onto function, then

the following are equivalent:

(1) f is somewhat mr-open.

(2) If C is a closed subset of X such that f(C) ̸= Y , then there is a maximal

regular closed subset D of Y such that D ⊃ f(C).

Proof. (1) =⇒ (2)

Let C be a closed subset of X such that f(C) ̸= Y . Then X − C is open in X

and X − C ̸= ϕ. Since f is somewhat mr-open, there exists a minimal regular

open set V in Y such that V ⊂ f(X − C). Take D = Y − V so that D is a

maximal regular closed set in Y . Also D = Y − V ⊃ Y − f(X − C) = f(C).

(2) =⇒ (1).

Let U ∈ τ and U ̸= ϕ. Take C = X −U so that C is a closed subset of X. Since

f(U) ̸= ϕ, f(C) = f(X−U) = Y −f(U) ̸= Y . So by (2), there exists a maximal

regular closed subsetD of Y such thatD ⊃ f(C). Choose V = Y −D so that V is

minimal regular open. Also V = (Y −D) ⊂ (Y −f(C)) = Y −(Y −f(U)) = f(U).

Hence f is somewhat mr-open.

Theorem 6.3.6. If f : (X, τ) −→ (Y, σ) is a somewhat mr-open function and A

is an open subset of X, then f |A : (A, τ |A) −→ (Y, σ) is also somewhat mr-open.

Proof. Let U ∈ τ |A and U ̸= ϕ. Since U is open in A and A is open in X, U

is open in X. Since f : (X, τ) −→ (Y, σ) is somewhat mr-open, there exists a

minimal regular open set V in Y such that V ⊂ f(U) = (f |A(U)). Hence f |A is
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somewhat mr-open.

Theorem 6.3.7. Let (X, τ) and (Y, σ) be any two topological spaces, X = A∪B

where A and B are open subsets of X. If f : (X, τ) −→ (Y, σ) is a function such

that f |A and f |B are somewhat mr-open, then f is also somewhat mr-open.

Proof. Let U ∈ τ with U ̸= ϕ. Then f(U) ̸= ϕ.

Case-1: (f |A)(U) ̸= ϕ

Since f |A is a somewhat mr-open, there exists a minimal regular open set V in

Y such that V ⊂ (f |A)(U) ⊂ f(U). So f is somewhat mr-open function.

Case-2: (f |B)(U) ̸= ϕ

This can be proved by the same argument as in case-1.

Case-3 : (f |A)(U) ̸= ϕ and (f |B)(U) ̸= ϕ

The proof follows from the proofs of case-1 and case-2.
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Chapter 7
Minimal Regular Open Sets in

Bitopological Space

7.1 Introduction

In 1963, J. C. Kelly [23] defined a bitopological space (X, τ1, τ2) as a set X

equipped with two topologies τ1 and τ2. The study of bitopological spaces has

since attracted significant interest, particularly in exploring how various gener-

alizations of open and closed sets behave under two topological structures. In

2012, S. S. Benchalli, Basavaraj M. Ittanagi, and R. S. Wali [10] introduced the

concepts of pairwise minimal open sets ( respectively (i, j)-minimal open sets)

and pairwise maximal open sets (respectively (i, j)-maximal open sets) in the

context of bitopological spaces. These notions further generalized the idea of

minimality and maximality of sets relative to each topology in the pair. In 2015,
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N. Anuradha and Baby Chacko studied minimal regular open (respectively, mini-

mal regular closed) sets and maximal regular open (respectively, maximal regular

closed) sets. These sets combine the properties of regularity with minimal and

maximal structures, providing a finer classification within the topology.

In this chapter, we introduce and investigate pairwise minimal regular open

sets (respectively (i, j)-minimal regular open sets) and pairwise maximal reg-

ular open sets (respectively (i, j)-maximal regular open sets) in bitopological

spaces. We explore their properties and analyze how they relate to other types

of open sets within the bitopological framework. We also introduce and examine

new separation axioms, namely Pairwise-rTmin and Pairwise-rTmax spaces, as

well as the concepts of (i, j)-r-door spaces and (i, j)-rT 1
2
-spaces. These spaces

provide further insights into the structure and behavior of bitopological spaces

under regular open and closed conditions. In addition, we define and study sev-

eral types of continuous functions such as (i, j)-almost continuous, (i, j)-almost

completely continuous, and (i, j)-almost perfectly continuous functions. We also

consider functions defined with respect to a single topology, such as i-completely

continuous, i-strongly continuous, i-almost continuous, i-almost completely con-

tinuous, i-almost perfectly continuous, and i-totally continuous functions. The

relationships among these classes of functions are thoroughly explored. Finally,

we introduce two new classes of functions p-Min r-Continuous Maps and p-Max

r-Continuous Maps and study their properties and interconnections with the

existing classes of functions in bitopological spaces. These investigations aim to
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enhance the understanding of continuity in the setting of bitopological structures.

Throughout this chapter, a subset A of a bitopological space (X, τ1, τ2)is said to

be τi-open (regular open, minimal open, minimal regular open respectively) if

it open (regular open, minimal open, minimal regular open respectively) with

respect to the topology τi for i ∈ {1, 2}. Also interior(respectively closure ) of

A with respect to the topology τi, i ∈ {1, 2} denoted by i-int(A) (respectively

i-cl(A) ).

Before proceeding to the main results, we present essential preliminary definitions

that will be used throughout this chapter.

Definition 7.1.1. [23] A set X equipped with two (arbitrary) topologies τ1 and

τ2 is called a bitopological space and is denoted by (X, τ1, τ2).

Definition 7.1.2. ( [41], [24]) A subset A of a bitopological space (X, τ1, τ2) is

said to be (i, j)-regular open (resp. (i, j)-regular closed) if i-int(j-cl(A)) = A

(resp. i-cl(j-int(A)) = A) for each i, j ∈ {1, 2} with i ̸= j. A is called pairwise

regular open (resp.pairwise regular closed) if it is both (1, 2)-regular open and

(2, 1)-regular open (resp. (1, 2)-regular closed and (2, 1)-regular closed).

Definition 7.1.3. [30] A subset A of a bitopological space (X, τ1, τ2) is said

to be (i, j)-pre open (resp. (i, j)-pre closed) if A ⊂ i-int(j-cl(A)) (resp. i-cl(j-

int(A)) ⊂ A) for each i, j ∈ {1, 2} with i ̸= j.

Definition 7.1.4. [10] Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological

space.
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(i) A proper nonempty τi-open subset M in X is said to be a (i, j)-minimal

open set if any τj-open set which is contained in M is either ϕ or M itself.

(ii) A proper nonempty τi-open subset M in X is said to be a (i, j)-maximal

open set if any τj-open set which contains M is either X or M itself.

(iii) A proper nonempty τi-closed subset F in X is said to be a (i, j)-minimal

closed set if any τj-closed set which is contained in F is either ϕ or F itself.

(iv) A proper nonempty τi-closed subset F in X is said to be a (i, j)-maximal

closed set if any τj-closed set which contains F is either X or F itself.

7.2 p-Minimal Regular Open Sets and p-Maximal

Regular Open Sets

Definition 7.2.1. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

(i) A subset M in X is said to be a (i, j)-minimal regular open if M is a

proper nonempty τi-regular open set and any τj-regular open set which is

contained in M is either ϕ or M itself. A subset M is said to be pairwise

minimal regular open ( p-minimal regular open), if it is both (1, 2)-minimal

regular open and (2, 1)-minimal regular open.

(ii) A subset M in X is said to be a (i, j)-maximal regular open if M is a proper

nonempty τi-regular open set and any τj-regular open set which contains
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M is either X or M itself. A subset M is said to be pairwise maximal

regular open ( p-maximal regular open), if it is both (1, 2)-maximal regular

open and (2, 1)-maximal regular open.

(iii) A subset F in X is said to be a (i, j)-minimal regular closed if F is a proper

nonempty τi-regular closed set and any τj-regular closed set which is con-

tained in F is either ϕ or F itself. A subset F is said to be pairwise minimal

regular closed ( p-minimal regular closed), if it is both (1, 2)-minimal reg-

ular closed and (2, 1)-minimal regular closed.

(iv) A subset F in X is said to be a (i, j)-maximal regular closed set if F is a

proper nonempty τi-regular closed set and any τj-regular closed set which

contains F is either X or F itself. A subset F is said to be pairwise

maximal regular closed ( p-maximal regular closed), if it is both (1, 2)-

maximal regular closed and (2, 1)-maximal regular closed.

The family of all (i, j)-minimal regular (respectively maximal regular) open

sets is denoted by (i, j)-MiRO(X) (respectively (i, j)-MaRO(X)) and the family

of all (i, j)-minimal regular (respectively maximal regular ) closed sets is denoted

by (i, j)-MiRC(X) (respectively (i, j)-MaRC(X)). The family of all p-minimal

regular (respectively maximal regular) open sets is denoted by PMiRO(X) (re-

spectively PMaRO(X)) and the family of all p-minimal regular (respectively

maximal regular ) closed sets is denoted by PMiRC(X) (respectively PMaRC(X)).

Result 7.2.1. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.
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1. Every (i, j)-minimal regular open set is τi-regular open, but not conversely.

2. Every (i, j)-maximal regular open set is τi-regular open, but not conversely.

Example 7.2.1. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d}

and τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d},

{a, c, d}, {b, c, d}, X}. Then

Collection of τ1-regular open sets= Collection of τ1-regular closed sets = {{a, b}, {c, d},

ϕ,X},

Collection of τ2-regular open sets = Collection of τ2-regular closed sets = {{a}, {b},

{a, b}, {c, d}, {a, c, d}, {b, c, d}, ϕ,X}.

(1, 2)-MiRO(X) = (1, 2)-MiRC(X) = {{c, d}},

(2, 1)-MiRO(X) = (2, 1)-MiRC(X) = {{a}, {b}, {a, b}, {c, d}},

(1, 2)-MaRO(X) = (1, 2)-MaRC(X) = {{a, b}},

(2, 1)-MaRO(X) = (2, 1)-MaRC(X) = {{a, b}, {c, d}, {a, c, d}, {b, c, d}}

Counterexamples for the results in Result 7.2.1 follow in the respective order.

1. The set {a, b} is τ1-regular open, but is not (1, 2)-minimal regular open.

2. The set {c, d} is τ1-regular open, but is not (1, 2)-maximal regular open.

Result 7.2.2. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

1. (i, j)-minimal regular open sets and τj-regular open sets are independent of

each other.
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2. (i, j)-maximal regular open sets and τj-regular open sets are independent of

each other.

Example 7.2.2. Let (X, τ1, τ2) be a bitopological space where X = {a, b, c, d, e},

τ1 = {ϕ, {a}, {b}, {a, b}, {a, b, e}, X} and τ2 = {ϕ, {c}, {d}, {c, d}, {c, d, e}, X}.

Then

Collection of τ1-regular open sets = {{a}, {b}, ϕ,X}, , Collection of τ2-regular

open sets = {{c}, {d}, ϕ,X},

Collection of τ1-minimal regular open sets = Collection of τ1-maximal regular

open sets={{a}, {b}} ,

Collection of τ2-minimal regular open sets = Collection of τ2-maximal regular

open sets = {{c}, {d}}.

(1, 2)−MiRO(X) = (1, 2)−MaRO(X)={{a},{b}},

(2, 1)−MiRO(X) = (2, 1)−MaRO(X)={{c},{d}}.

Counter examples for the results in Result 7.2.2 follow in the respective order.

1. The set {a} is (1, 2)-minimal regular open, but is not τ2-regular open and

the set {c} is τ2-regular open, but is not (1, 2)-minimal regular open.

2. The set {c} is (2, 1)-minimal regular open, but is not τ1-regular open and

the set {b} is τ1-regular open, but is not (2, 1)-minimal regular open.

Result 7.2.3. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

1. (i, j)-minimal regular open sets and τi-minimal regular open sets are inde-

pendent of each other.

107



7.2. p-Minimal Regular Open Sets and p-Maximal Regular Open Sets

2. (i, j)-maximal regular open sets and τi-maximal regular open sets are inde-

pendent of each other.

3. (i, j)-minimal regular open sets and (i, j)-maximal regular open sets are

independent of each other.

Example 7.2.3. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d}

and τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d},

{a, c, d}, {b, c, d}, X}.

Collection of τ1-minimal regular open sets = Collection of τ1-maximal regular

open sets= {{a, b}, {c, d}},

Collection of τ2-minimal regular open sets = {{a}, {b}, {c, d}},

Collection of τ2-maximal regular open sets = {{a, b}, {a, c, d}, {b, c, d}}.

Counterexamples for the results in Result 7.2.3 follow in the respective order.

1. The set {a, b} is (2, 1)-minimal regular open, but is not τ2-minimal regular

open and the set {a, b} is τ1-minimal regular open, but is not (1, 2)-minimal

regular open.

2. The set {c, d} is (2, 1)-maximal regular open, but is not τ2-maximal regular

open and the set {c, d} is τ1-maximal regular open, but is not (1, 2)-maximal

regular open.

3. The set {c, d} is (1, 2)-minimal regular open but is not (1, 2)-maximal reg-

ular open and the set {a, c, d} is (2, 1)-maximal regular open, but is not

(2, 1)-minimal regular open.
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Result 7.2.4. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

1. Every (i, j)-minimal regular closed set is τi-regular closed but not con-

versely.

2. Every (i, j)-maximal regular closed set is τi-regular closed but not con-

versely.

Example 7.2.4. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d},

τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d}, {a, c, d},

{b, c, d}, X}. Then

Collection of τ1-regular open sets= Collection of τ1-regular closed sets = {{a, b}, {c, d}

, ϕ,X},

(1, 2)-MiRC(X) = {{c, d}}, (1, 2)-MaRC(X) = {{a, b}},

Counterexamples for the results in the Result 7.2.4 follow in the respective order.

1. The set {a, b} is τ1-regular closed, but is not (1, 2)-minimal closed.

2. The set {c, d} is τ1-regular closed, but is not (1, 2)-maximal closed.

Result 7.2.5. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

1. (i, j)-minimal regular closed sets and τj-regular closed sets are independent

of each other.

2. (i, j)-maximal regular closed sets and τj-regular closed sets are independent

of each other.
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Example 7.2.5. Let (X, τ1, τ2) be a bitopological space where X = {a, b, c, d, e},

τ1 = {ϕ, {a}, {b}, {a, b}, {a, b, e}, X} and τ2 = {ϕ, {c}, {d}, {c, d}, {c, d, e}, X}.

Then

Collection of τ1-regular closed sets = {ϕ, {b, c, d, e}, {a, c, d, e}, X},

Collection of τ2-regular closed sets = {ϕ, {a, b, d, e}, {a, b, c, e}, X},

Collection of τ1-minimal regular closed sets = Collection of τ1-maximal regular

closed sets = {{b, c, d, e}, {a, c, d, e}},

Collection of τ2-minimal regular closed sets = Collection of τ2-maximal regular

closed sets = {{a, b, d, e}, {a, b, c, e}}.

(1, 2)-MiRC(X) = {{b, c, d, e}, {a, c, d, e}} = (1, 2)-MaRC(X),

(2, 1)-MiRC(X) = {{a, b, d, e}, {a, b, c, e}} = (2, 1)-MaRC(X).

Counterexamples for the results in Result 7.2.5 follow in the respective order.

1. The set {a, b, d, e} is (2, 1)-minimal regular closed, but is not τ1-regular

closed and the set {b, c, d, e} is τ1-regular closed, but is not (2, 1)-minimal

regular closed.

2. The set {a, c, d, e} is (1, 2)-maximal regular closed, but is not τ2-regular

closed and the set {a, b, d, e} is τ2-regular closed, but is not (1, 2)-maximal

regular closed.

Result 7.2.6. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

1. (i, j)-minimal regular closed sets and τi-minimal regular closed sets are

independent of each other.
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2. (i, j)-maximal regular closed sets and τi-maximal regular closed sets are

independent of each other.

3. (i, j)-minimal regular closed sets and (i, j)-maximal regular closed sets are

independent of each other.

Example 7.2.6. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d}

and τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d}, {a,

c, d}, {b, c, d}, X}. Then

Collection of τ1-minimal regular closed sets = {{a, b}, {c, d}},

Collection of τ1-maximal regular closed sets = {{a, b}, {c, d}},

Collection of τ2-minimal regular closed sets = {{c, d}, {a}, {b}},

Collection of τ2-maximal regular closed sets = {{b, c, d}, {a, c, d}, {a, b}}.

Counterexamples for the results in Result 7.2.6 follow in the respective order.

1. The set {a, b} is (2, 1)-minimal regular closed, but is not τ2-minimal regular

closed and the set {a, b} is τ1-minimal regular closed, but is not (1, 2)-

minimal regular closed.

2. The set {c, d} is (2, 1)-maximal regular closed, but is not τ2-maximal regular

closed and the set {c, d} is τ1-maximal regular closed, but is not (1, 2)-

maximal regular closed.

3. The set {c, d} is (1, 2)-minimal regular closed, but is not (1, 2)-maximal

regular closed and the set {a, c, d, } is (2, 1)-maximal regular closed, but is

not (2, 1)-minimal regular closed.
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Theorem 7.2.7. A proper nonempty subset U of a bitopological space (X, τ1, τ2)

is (i, j)-minimal regular open if and only if X−U is (i, j)-maximal regular closed

for i, j ∈ {1, 2}, i ̸= j.

Proof. Let U be a (i, j)-minimal regular open set in X. Suppose that X − U is

not (i, j)-maximal regular closed. Then there exists a proper τj-regular closed

set F in X such that (X − U) ⊂ F . Then (X − F ) ⊂ U and X − F is a

nonempty τj-regular open set in X. This is a contradiction to the fact that U is

(i, j)-minimal regular open. Therefore X − U is a (i, j)-maximal regular closed

set in X.

Conversely suppose that X−U is a (i, j)-maximal regular closed set in X. If

possible, assume that U is not (i, j)-minimal regular open. Then there exists a

nonempty τj-regular open set V in X such that V ⊂ U . Then (X−U) ⊂ (X−V )

and X − V is a proper τj-regular closed set in X. This is a contradiction to the

fact that X − U is (i, j)-maximal regular closed. Therefore U is a (i, j)-minimal

regular open set in X.

Corollary 7.2.7.1. A proper nonempty subset U of a bitopological space (X, τ1, τ2)

is p-minimal regular open if and only if X − U is p-maximal regular closed.

Theorem 7.2.8. A proper nonempty subset U of a bitopological space (X, τ1, τ2)

is (i, j)-maximal regular open if and only if X − U is a (i, j)-minimal regular

closed for i, j ∈ {1, 2}, i ̸= j.

Proof. Let U be a (i, j)-maximal regular open set in X. Suppose X − U is not
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(i, j)-minimal regular closed. Then there exists a nonempty τj- regular closed

set F in X such that F ⊂ (X − U). Then U ⊂ (X − F ) and X − F is a proper

τj- regular open. This is a contradiction to the fact that U is a (i, j)-maximal

regular open set in X. Therefore X − U is a (i, j)-minimal regular closed set in

X.

Conversely, suppose that X−U is a (i, j)-minimal regular closed set in X. If

possible, assume that U is not (i, j)-maximal regular open. Then there exists a

proper τj-regular open set V in X such that U ⊂ V . Then (X − V ) ⊂ (X − U)

and X−V is a nonempty τj-regular closed set in X. This is a contradiction to the

fact that X − U is (i, j)-minimal regular closed. Therefore U is a (i, j)-maximal

regular open set in X.

Corollary 7.2.8.1. A proper nonempty subset U of a bitopological space (X, τ1, τ2)

is p-maximal regular open if and only if X − U is p-minimal regular closed.

Result 7.2.9. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

Then,

1. Union of (i, j)-minimal regular open (respectively (i, j)-minimal regular

closed) sets need not be a (i, j)-minimal regular open (respectively (i, j)-

minimal regular closed) set.

2. Union of (i, j)-maximal regular open (respectively (i, j)-maximal regular

closed) sets need not be a (i, j)-maximal regular open (respectively (i, j)-

maximal regular closed) set.
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3. Intersection of (i, j)-minimal regular open (respectively (i, j)-minimal regu-

lar closed) sets need not be a (i, j)-minimal regular open (respectively (i, j)-

minimal regular closed) set.

4. Intersection of (i, j)-maximal regular open (respectively (i, j)-maximal reg-

ular closed) sets need not be a (i, j)-maximal regular open (respectively

(i, j)-maximal regular closed) set.

Example 7.2.7. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d}

and τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d},

{a, c, d}, {b, c, d}, X}. Then

(1, 2)-MiRO(X) = (1, 2)-MiRC(X) = {{c, d}},

(2, 1)-MiRO(X) = (2, 1)-MiRC(X) = {{a}, {b}, {a, b}, {c, d}},

(1, 2)-MaRO(X) = (1, 2)-MaRC(X) = {{a, b}},

(2, 1)-MaRO(X) = (2, 1)-MaRC(X) = {{a, b}, {c, d}, {a, c, d}, {b, c, d}}

Counterexamples for the results in Result 7.2.9 follow in the respective order.

1. The sets {a, b}, {c, d} ∈ (2, 1)-MiRO(X), but then {a, b} ∪ {c, d} = X /∈

(2, 1)-MiRO(X) and the sets {a, b}, {c, d} ∈ (2, 1)-MiRC(X), but then

{a, b} ∪ {c, d} = X /∈ (2, 1)-MiRC(X).

2. The sets {a, b}, {a, c, d} ∈ (2, 1)-MaRO(X), but then {a, b} ∪ {a, c, d} =

X /∈ (2, 1)-MaRO(X) and the sets {a, b}, {c, d} ∈ (2, 1)-MaRC(X), but

then {a, b} ∪ {c, d} = X /∈ (2, 1)-MaRC(X).
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3. The sets {a, b}, {c, d} ∈ (2, 1)-MiRO(X), but then {a, b} ∩ {c, d} = ϕ /∈

(2, 1)-MiRO(X) and the sets {a, b}, {c, d} ∈ (2, 1)-MiRC(X), but then

{a, b} ∩ {c, d} = ϕ /∈ (2, 1)-MiRC(X).

4. The sets {a, b}, {a, c, d} ∈ (2, 1)-MaRO(X), but then {a, b} ∩ {a, c, d} =

{a} /∈ (2, 1)-MaRO(X) and the sets {a, b}, {c, d} ∈ (2, 1)-MaRC(X), but

then {a, b} ∩ {c, d} = ϕ /∈ (2, 1)-MaRC(X).

Result 7.2.10. Let i, j ∈ {1, 2}, i ̸= j and (X, τ1, τ2) be a bitopological space.

Then,

1. The family (i, j)-MiRO(X) is generally not equal to the family (j, i)-MiRO(X).

2. The family (i, j)-MaRO(X) is generally not equal to the family (j, i)-MaRO(X).

3. The family (i, j)-MiRC(X) is generally not equal to the family (j, i)-MiRC(X).

4. The family (i, j)-MaRC(X) is generally not equal to the family (j, i)-MaRC(X).

Example 7.2.8. Let (X, τ1, τ2) be a bitopological space, where X = {a, b, c, d}

and τ1 = {ϕ, {a}, {a, b}, {c, d}, {a, c, d}, X} and τ2 = {ϕ, {a}, {b}, {a, b}, {c, d},

{a, c, d}, {b, c, d}, X}. Counterexamples for the results in Result 7.2.10 follow in

the respective order.

1. (1, 2)-MiRO(X) = {{c, d}} ≠ {{a}, {b}, {a, b}, {c, d}} = (2, 1)-MiRO(X)

2. (1, 2)-MaRO(X) = {{a, b}} ≠ {{a, b}, {c, d}, {a, c, d}, {b, c, d}} = (2, 1)-

MaRO(X)

115



7.2. p-Minimal Regular Open Sets and p-Maximal Regular Open Sets

3. (1, 2)-MiRC(X) = {{c, d}} ≠ {{a}, {b}, {a, b}, {c, d}} = (2, 1)-MiRC(X)

4. (1, 2)-MaRC(X) = {{a, b}} ̸= {{a, b}, {c, d}, {a, c, d}, {b, c, d}} = (2, 1)-

MaRC(X).

Theorem 7.2.11. Let (X, τ1, τ2) be a bitopological space and U ⊂ X. If U is

a (i, j)-minimal regular open set in X, then U is a (i, j)-pre open set for each

i, j ∈ {1, 2}, i ̸= j.

Proof. We have, U ⊂ j-cl(U). Then i-int(U) ⊂ i-int(j-cl(U)), U ⊂ i-int(j-

cl(U)). Therefore U is (i, j)-pre open.

Theorem 7.2.12. Let (X, τ1, τ2) be a bitopological space and U ⊂ X.

(i) If U is a (i, j)-minimal regular open set, then U is τj-minimal regular open

set.

(ii) If U is a (i, j)-minimal regular open set and U is τi-closed, then U is (i, j)-

regular open set.

Proof. (i) If possible U is not τj-minimal regular open set, then there exists

a nonempty τj-regular open set such that V ⊂ U . This is a contradiction to

the assumption U is (i, j)-minimal regular open set. Therefore U is τj-minimal

regular open.

(ii) We have U ⊂ j-cl(U). Then i-int(U) ⊂ i-int(j-cl(U) and hence U ⊂ i-int(j-

cl(U).
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Also we have j-cl(U) = U . Then i-int(j-cl(U)) = i-int(U) ⊂ U . Therefore

i-int(j-cl(U)) = U .

Theorem 7.2.13. Let (X, τ1, τ2) be a bitopological space and U ⊂ X. If U is

a τi-regular open set and τj-minimal regular open set in X, then U is (i, j)-

minimal regular open set in X.

Proof. Let U be a τi-regular open set and τj-minimal regular open set in X and

let V be any nonempty τj-regular open set in X contained in U . Since U is

τj-minimal regular open and V ̸= ϕ, V = U . Therefore by the definition of

(i, j)-minimal regular open set, U is (i, j)-minimal regular open set in X.

7.3 Pairwise-rTmin and Pairwise-rTmax Spaces

Definition 7.3.1. Let i, j ∈ {1, 2}, i ̸= j. A bitopological space (X, τ1, τ2) is

said to be

(i) (i, j)-rTmin space if every nonempty proper τi-regular open set is (i, j)-

minimal regular open set and X is said to be pairwise-rTmin space if it is

both (1, 2)-rTmin and (2, 1)-rTmin space .

(ii) (i, j)-rTmax space if every nonempty proper τi-regular open set is (i, j)-

maximal regular open set and X is said to be pairwise-rTmax space if it is

both (1, 2)-rTmax and (2, 1)-rTmax.
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Example 7.3.1. Let (X, τ1, τ2) be a bitopological space where X = {a, b, c},

τ1 = {ϕ, {a}, {b}, {a, b}, X} and τ2 = {ϕ, {c}, {a, b}, X}. Then,

Collection of τ1-regular open sets = {ϕ, {a}, {b}, X},

Collection of τ2-regular open sets = {ϕ, {c}, {a, b}, X}.

(1, 2)-MiRO(X) = {{a}, {b}},

(2, 1)-MiRO(X) = {{c}},

(1, 2)-MaRO(X) = ϕ,

(2, 1)-MaRO(X) = {{c}, {a, b}}.

Here X is (1, 2)-rTmin space, but is not (1, 2)-rTmax space. Also X is (2, 1)-rTmax

space, but is not (2, 1)-rTmin space.

Definition 7.3.2. Let i, j ∈ {1, 2}, i ̸= j. A bitopological space (X, τ1, τ2) is

said to be

(i) (i, j)-r-door space if every subset of X is either (i, j)-regular open or (i, j)-

regular closed and X is said to be pairwise-r-door space, if it is both (1, 2)-

r-door space and (2, 1)-r-door space.

(ii) (i, j)-rT 1
2
-space if every τi-regular closed subset of X is (i, j)-regular closed

and X is said to be pairwise-rT 1
2
space, if it is both (1, 2)-rT 1

2
space and

(2, 1)-rT 1
2
space.

Definition 7.3.3. Let i, j ∈ {1, 2}, i ̸= j and let (X, τ1, τ2), (Y, σ1, σ2) be two

bitopological spaces. A function f : (X, τ1, τ2) −→ (Y, σ1, σ2) is said to be

(i) (i, j)-almost continuous if f−1(V ) is a τi-open set of X for every (i, j)-
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regular open set V of Y and f is said to be pairwise-almost continuous (p-

almost continuous) if it is both (1, 2)-almost continuous and (2, 1)-almost

continuous.

(ii) (i, j)-almost completely continuous if f−1(V ) is a τi-regular open set of X

for every (i, j)-regular open set V of Y and f is said to be pairwise-almost

completely continuous (p-almost completely continuous) if it is both (1, 2)-

almost completely continuous and (2, 1)-almost completely continuous.

(iii) (i, j)-almost perfectly continuous if f−1(V ) is a τi-clopen set of X for every

(i, j)-regular open set V of Y and f is said to be pairwise-almost perfectly

continuous (p-almost perfectly continuous) if it is both (1, 2)-almost per-

fectly continuous and (2, 1)-almost perfectly continuous.

(iv) i-completely continuous if f−1(V ) is a τi-regular open set of X for every

σi-regular open set V of Y and f is said to be completely continuous if it

is both 1-completely continuous and 2-completely continuous.

(v) i-strongly continuous if f−1(V ) is a τi-clopen set of X for every subset V of

Y and f is said to be strongly continuous if it is both 1-strongly continuous

and 2-strongly continuous.

(vi) i-almost continuous if f−1(V ) is a τi-open set of X for every σi-regular open

set V of Y and f is said to be almost continuous if it is i-almost continuous

for each i.
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(vii) i-almost completely continuous if f−1(V ) is a τi-regular open set of X for

every σi-regular open set V of Y and f is said to be almost completely

continuous if it is i-almost completely continuous for each i.

(viii) i-almost perfectly continuous if f−1(V ) is a τi-clopen set of X for every

σi-regular open set V of Y and f is said to be almost perfectly-continuous

if it is i-almost perfectly continuous for each i.

(ix) i-totally continuous if f−1(V ) is a τi-clopen set of X for every σi-open set

V of Y and f is said to be totally continuous, if it is i-totally continuous

for each i.

Definition 7.3.4. A topological space (X, τ1, τ2) is said to be

(i) δT0 if for each pair of distinct points x and y in X, there is a set which is

either τ1-regular open or τ2-regular open containing one but not the other.

(ii) δT1 if for each pair of distinct points x and y in X, there exists a τ1-regular

open set U containing x but not y or a τ2-regular open set V containing y

but not x.

(iii) δT2 if for each pair of distinct points x and y in X, there exist a τ1-regular

open set U containing x and a τ2-regular open set V containing y such that

U ∩ V = ϕ.

Theorem 7.3.1. Let i, j ∈ {1, 2}, i ̸= j. Then a bitopological space (X, τ1, τ2) is

(i, j)-rTmin space ( respectively (i, j)-rTmax space) if and only if every nonempty
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proper τi-regular closed subset of X is (i, j)-maximal regular closed (respectively

(i, j)-minimal regular closed).

Proof. The proof follows from the definition of (i, j)-rTmin space (respectively

(i, j)-rTmax space) and the fact that the complement of every (i, j)-minimal reg-

ular open (respectively (i, j)-maximal regular open) set is a (i, j)-maximal regular

closed (respectively (i, j)-minimal regular closed) set.

Corollary 7.3.1.1. Let (X, τ1, τ2) be a Pairwise-rTmin (respectively Pairwise-

rTmax space) bitopological space if and only if every nonempty proper subset of

X which is τi-regular closed for each i ∈ {1, 2} is p-maximal regular closed (re-

spectively p-minimal regular closed).

Theorem 7.3.2. Every pair of distinct (i, j)-minimal regular open sets in a

(i, j)-rTmin space X is either disjoint or their intersection is a (i, j)-minimal

regular open set.

Proof. Let U and V be two distinct (i, j)-minimal regular open sets in a (i, j)-

rTmin space X. Suppose that U ∩ V ̸= ϕ. Then U ∩ V is a nonempty τi-regular

open set. If U ∩ V is not a (i, j)-minimal regular open set, then there exists a

nonempty τj-regular open set W such that W ⊂ U ∩ V . Then W ⊂ U , which is

a contradiction to the fact that U is (i, j)-minimal regular open. Hence U ∩ V is

(i, j)-minimal regular open.

Theorem 7.3.3. Union of every pair of distinct (i, j)-maximal regular closed sets

in a (i, j)-rTmin space X is either X or their union is a (i, j)-maximal regular
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closed set.

Proof. Let U and V be two distinct (i, j)-maximal regular closed sets in a (i, j)-

rTmin space X. Suppose U ∪ V ̸= X, then U ∪ V is a τi-regular closed set. If

U ∪ V is not a (i, j)-maximal regular closed set, then there exists a proper τj-

regular closed set W such that U ∪ V ⊂ W . This implies that U ⊂ W , which is

a contradiction to the fact that U is (i, j)-maximal regular closed. Hence U ∪ V

is (i, j)-maximal regular closed.

Theorem 7.3.4. Every (i, j)-almost completely continuous function is (i, j)-

almost continuous.

Proof. Proof follows from the fact that every regular open set is open.

Corollary 7.3.4.1. Every p-almost completely continuous function is p-almost

continuous.

Theorem 7.3.5. Let (X, τ1, τ2) be an (i, j)-rTmin space and Y be a τj-regular

open subset of the X. Then Y is an (i, j)-rTmin space.

Proof. Let Y be a τj-regular open subset of the (i, j)-rTmin space X. Let U

be a nonempty proper τi-regular open subset of Y . If possible suppose that U

is not an (i, j)-minimal regular open set in Y . Then there exist a nonempty

proper τj-regular open subset V in Y such that V ⊂ U ⊂ Y . Therefore V is

a τj-regular open set in Y . This implies that V is a τj-regular open set in X,

which is a contradiction to the fact that U is an (i, j)-minimal regular open set
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in X. Therefore V is an (i, j)-minimal regular open set in Y and hence Y is an

(i, j)-rTmin space.

7.4 p-Min r-Continuous Maps and p-Max r-Continuous

Maps

Definition 7.4.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. A

map f : X −→ Y is said to be

(i) (i, j)-minimal r-continuous, if f−1(U) is a τi-regular open set in X for every

(i, j)-minimal regular open set U in Y and f is called pairwise-minimal r-

continuous (p-minimal r-continuous or p-min r-continuous) if it is both

(1, 2)-minimal r-continuous and (2, 1)-minimal r-continuous.

(ii) (i, j)-maximal r-continuous, if f−1(U) is a τi-regular open set in X for every

(i, j)-maximal regular open set U in Y and f is called pairwise-maximal r-

continuous (p-maximal r-continuous or p-max r-continuous) if it is both

(1, 2)-maximal r-continuous and (2, 1)-maximal r-continuous.

(iii) (i, j)-minimal r-irresolute, if f−1(U) is an (i, j)-minimal regular open set in

X for every (i, j)-minimal regular open set U in Y and f is called pairwise-

minimal r-irresolute (p-minimal r-irresolute) if it is both (1, 2)-minimal

r-irresolute and (2, 1)-minimal r-irresolute.
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(iv) (i, j)-maximal r-irresolute, if f−1(U) is an (i, j)-maximal regular open set in

X for every (i, j)-maximal regular open set U in Y and f is called pairwise-

maximal r-irresolute (p-maximal r-irresolute) if it is both (1, 2)-maximal

r-irresolute and (2, 1)-maximal r-irresolute.

Theorem 7.4.1. Every i-almost completely continuous function on a bitopolog-

ical space is (i, j)-minimal r-continuous for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If f : X −→ Y

is i-almost completely continuous function for i, j ∈ {1, 2}. Suppose that U be

a (i, j)-minimal regular open set in Y . Since U is σi-regular open in Y and f is

i-almost completely continuous, f−1(U) is τi-regular open in X. Therefore f is

(i, j)-minimal r-continuous.

Remark. Converse of the theorem 7.4.1 need not be true.

Example 7.4.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces where

X = Y = {a, b, c}, τ1 = σ1 = {ϕ, {a}, {b}, {a, b}, {b, c}, X} and τ2 = σ2 =

{ϕ, {a}, X}. Let f : X −→ Y defined by f(a) = b, f(b) = a, f(c) = c, f(d) = d.

Then f is (1, 2)-minimal r-continuous, but not 1-almost completely continuous.

Corollary 7.4.1.1. Every almost completely continuous function on a bitopo-

logical space is p-minimal r-continuous.

Theorem 7.4.2. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is (i, j)-minimal r-continuous and Y is (i, j)-rTmin space for i, j ∈

{1, 2} with i ̸= j, then f is i-almost continuous.
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Proof. Let U be a σi-regular open set in Y . Since Y is (i, j)-rTmin space, U is

an (i, j)-minimal regular open set in Y . Since f is an (i, j)-minimal r-continuous

map, f−1(U) is a τi-regular open set in X. Hence f is i-almost continuous

function.

Theorem 7.4.3. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is a (i, j)-minimal r-continuous function and Y is an (i, j)-rTmin

space for i, j ∈ {1, 2} with i ̸= j, then f is i-almost completely continuous.

Proof. Let V be a σi-regular open set in Y . Since Y is an (i, j)-rTmin space,

V is (i, j)-minimal regular open. Also since f is an (i, j)-minimal r-continuous

function, f−1(V ) is τi-regular open set in X. Hence f is i-almost completely

continuous.

Theorem 7.4.4. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. Let

f : X −→ Y be a (i, j)-maximal r-continuous map and Y be an (i, j)-rTmax space

for i, j ∈ {1, 2} with i ̸= j, then f is i-almost completely continuous.

Proof. Proof is similar as the proof of theorem7.4.3.

Theorem 7.4.5. Every i-strongly continuous function is (i, j)-minimal r-continuous

for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be an i-strongly continuous function. Let U be an (i, j)-minimal regular open

set in Y. Since f : X −→ Y is an i-strongly continuous function, f−1(U) is
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τi-clopen in X. Then f−1(U) is τi-regular open in X. Hence f is (i, j)-minimal

r-continuous.

Theorem 7.4.6. Every i-completely continuous function is (i, j)-minimal r-

continuous for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be i-completely continuous function. Let U be an (i, j)-minimal regular open set

in Y. Since f : X −→ Y is an i-completely continuous function and U is σi-

regular open in X, f−1(U) is τi-regular open in X. Hence f is (i, j)-minimal

r-continuous.

Corollary 7.4.6.1. Every completely continuous function on a bitopological space

is p-minimal r-continuous.

Theorem 7.4.7. Every i-almost perfectly continuous function is (i, j)-minimal

r-continuous for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be i-almost perfectly continuous function. Let U be an (i, j)-minimal regular

open set in Y. Since f : X −→ Y is an i-almost perfectly continuous function

and U is σi-regular open in X, f−1(U) is τi-clopen in X. Then f−1(U) is τi-

regular open in X. Hence f is (i, j)-minimal r-continuous.

Definition 7.4.2. A space (X, τ1, τ2) is said to be locally indiscrete if it is locally

indiscrete with respect to each τi, i = 1, 2.
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Example 7.4.2. LetX = {a, b, c, d}, τ1 = {ϕ,X, {a, b}, {c, d}} and τ2 = {ϕ,X, {a},

{b, c, d}}. Then the space (X, τ1, τ2) is locally indiscrete bitopological space.

Theorem 7.4.8. Every locally indiscrete bitopological space (X, τ1, τ2) is an

(i, j)-r-door space for i, j ∈ {1, 2} with i ̸= j.

Proof. Since X is locally indiscrete, every open set with respect to τi is clopen

for each i ∈ {1, 2} Then X is (i, j)-r-door space for i, j ∈ {1, 2} with i ̸= j.

Theorem 7.4.9. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is i-almost continuous and X is locally indiscrete with respect to τi,

then f is (i, j)-minimal r- continuous for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-minimal regular open set in Y. Since f : X −→ Y is an

i-almost continuous function and U is σi-regular open in X, f−1(U) is τi-open

in X. Since X is locally indiscrete with respect to τi, f
−1(U) is τi-closed. Then

f−1(U) is τi-regular open in X. Hence f is (i, j)-minimal r-continuous.

Corollary 7.4.9.1. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is almost continuous and X is locally indiscrete, then f is p-minimal

r-continuous.

Theorem 7.4.10. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is p-minimal r-continuous function and Y is a pairwise-rTmin space,

then f is completely continuous.
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Proof. For i ∈ {1, 2}, let U be σi-regular open set of Y . Since Y is a pairwise-

rTmin space, U is an (i, j)-minimal regular open set in Y . Since f is (i, j)-minimal

r-continuous, f−1(U) is τi-regular open set in X. Therefore f is completely

continuous.

Theorem 7.4.11. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is (i, j)-maximal r-continuous, X is locally indiscrete with respect

to τi and Y is (i, j)-rTmax space for i, j ∈ {1, 2} with i ̸= j, then f is i-almost

perfectly continuous.

Theorem 7.4.12. Let (X, τ1, τ2) be a locally indiscrete space with respect to τi

and (Y, σ1, σ2) be an (i, j)-rTmin space which is locally indiscrete with respect to

σi. If f : X −→ Y is (i, j)-minimal r-continuous, then f is i-totally continuous.

Proof. Let U be a σi-open set in Y . Since Y is an (i, j)-rTmin space and locally

indiscrete with respect to σi, U is (i, j)-minimal regular open in Y . Since f is

(i, j)-minimal r-continuous, f−1(U) is a τi-regular open set in X. Since X is a

locally indiscrete space with respect to τi, f
−1(U) is τi-clopen in X. Hence f is

i-totally continuous.

Theorem 7.4.13. Every i-totally continuous function is (i, j)-maximal r-continuous

for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be an i-totally continuous function. Let U be an (i, j)-maximal regualar open

128



7.4. p-Min r-Continuous Maps and p-Max r-Continuous Maps

set in Y . Since f is i-totally continuous, f−1(U) is τi-clopen in X. Then f−1(U)

is τi-regular open in X. Hence f is (i, j)-maximal r-continuous.

Theorem 7.4.14. Let (X, τ1, τ2) be a locally indiscrete space with respect to τi

and (Y, σ1, σ2) be an (i, j)-rTmax space which is locally indiscrete with respect to

σi for i, j ∈ {1, 2} with i ̸= j. If f : X −→ Y is (i, j)-maximal r-continuous,

then f is i-totally continuous.

Proof. Let U be a σi-open set in Y . Since Y is an (i, j)-rTmax space and locally

indiscrete with respect to σi, U is (i, j)-maximal regular open in Y . Since f is

(i, j)-maximal r-continuous, f−1(U) is a τi-regular open set in X. Since X is a

locally indiscrete space with respect to τi, f
−1(U) is τi-clopen in X. Hence f is

i-totally continuous.

Remark. (i, j)-minimal r-continuous and (i, j)-maximal r-continuous maps are

independent to each other.

Example 7.4.3. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces where

X = Y = {a, b, c, d}, τ1 = σ1 = {ϕ, {a}, {b}, {a, b}, X} and τ2 = σ2 = {ϕ, {b}, {b, c},

{d}, {b, d}, {b, c, d}, X}. Then

τ1-regular open sets in X = {ϕ, {a}, {b}, X}, τ2- regular open sets in X =

{ϕ, {b, c}, {d}, X}

(1, 2)-MiRO(X) = {{a}, {b}}

(2, 1)-MiRO(X) = {{d}}

(1, 2)-MaRO(X) = {{a}}
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(2, 1)-MaRO(X) = {{b, c}, {d}}.

Let f : X −→ Y be defined by f(a) = b, f(b) = a, f(c) = c, f(d) = d and

g : X −→ Y be defined by g(a) = c, g(b) = a, g(c) = b, g(d) = d. Then f

is (2, 1)-minimal r-continuous, but is not (2, 1)-maximal r-continuous and g is

(1, 2)-maximal r-continuous, but is not (1, 2)-minimal r-continuous.

Theorem 7.4.15. Every (i, j)-minimal r-irresolute is (i, j)-minimal r-continuous

for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be an (i, j)-minimal r-irresolute. Let U be an (i, j)-minimal regular open set in

Y . Since f is an (i, j)-minimal r-irresolute, f−1(U) is (i, j)-minimal regular open

in X. This implies f−1(U) is τi-regular open in X. Hence f is (i, j)-minimal

r-continuous.

Theorem 7.4.16. Let (X, τ1, τ2) be an (i, j)-rTmin space and (Y, σ1, σ2) be any

bitopological space. If f : X −→ Y is (i, j)-minimal r-continuous, then f is

(i, j)-minimal r-irresolute for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-minimal regular open set in Y . Since f is (i, j)-minimal

r-continuous, f−1(U) is τi-regular open in X. Since X is an (i, j)-rTmin space,

f−1(U) is (i, j)-minimal regular open in X. Hence f is an (i, j)-minimal r-

irresolute.

Theorem 7.4.17. Let (X, τ1, τ2) be an (i, j)-rTmax space and (Y, σ1, σ2) be any
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bitopological space. If f : X −→ Y be (i, j)-maximal r-continuous, then f is

(i, j)-maximal r-irresolute for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-maximal regular open set in Y . Since f is (i, j)-maximal

r-continuous, f−1(U) is τi-regular open in X. Since X is an (i, j)-rTmax space,

f−1(U) is (i, j)-maximal regular open in X. Hence f is an (i, j)-maximal r-

irresolute.

Theorem 7.4.18. Every (i, j)-minimal r-irresolute map into an (i, j)-rTmin

space is i-almost completely continuous for i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be (i, j)-minimal r-irresolute. Let U be σi-regular open set in Y . Since Y is an

(i, j)-rTmin space, U is (i, j)-minimal regular open set in Y . Since f is an (i, j)-

minimal r-irresolute, f−1(U) is (i, j)-minimal regular open set in X. Then f−1

is a τi-regular open in X. Hence f is i-almost completely continuous.

Theorem 7.4.19. Every (i, j)-maximal r-irresolute map into an (i, j)-rTmax

space is i-almost completely continuous i, j ∈ {1, 2} with i ̸= j.

Proof. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces and f : X −→ Y

be (i, j)-maximal r-irresolute. Let U be σi-regular open set in Y . Since Y is an

(i, j)-rTmax space, U is (i, j)-maximal regular open set in Y . Since f is an (i, j)-

maximal r-irresolute, f−1(U) is (i, j)-maximal regular open set in X. Then f−1

is a τi-regular open in X. Hence f is i-almost completely continuous.
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Theorem 7.4.20. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is i-almost completely continuous and X is (i, j)-rTmin, then f is

an (i, j)-minimal r-irresolute for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-minmal regular open set in Y . Since f is i-almost

completely continuous and U is σi-regular open in Y , f−1(U) is τi-regular open

in X. Since X is an (i, j)-rTmin space, f−1(U) is (i, j)-minimal regular open in

X. Therefore f is an (i, j)-minimal r-irresolute.

Theorem 7.4.21. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. If

f : X −→ Y is i-almost completely continuous and X is (i, j)-rTmax, then f is

an (i, j)-maximal r-irresolute for i, j ∈ {1, 2} with i ̸= j.

Theorem 7.4.22. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. A

map f : X −→ Y is (i, j)-minimal r-continuous if and only if the inverse image

of each (i, j)-maximal regular closed set in Y is τi-regular closed in X for i, j ∈

{1, 2} with i ̸= j.

Proof. Let U be (i, j)-maximal regular closed set in Y . Then UC is an (i, j)-

minimal regular open set in Y . Since f is (i, j)-minimal r-continuous, f−1(UC)

is τi-regular open. Then f−1(U) is τi-regular closed in X.

Conversely, let U be an (i, j)-minimal regular open set in Y . Then UC is an

(i, j)-maximal regular closed set in Y . By the assumption f−1(UC) is τi-regular

closed in Y . Then f−1(U) is τi- regular open in X. Hence f is (i, j)-minimal

r-comtinuous.
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Theorem 7.4.23. Let (X, τ1, τ2) and (Y, σ1, σ2) be two bitopological spaces. A

map f : X −→ Y is (i, j)-minimal r-irresolute if and only if the inverse image

of each (i, j)-maximal regular closed set in Y is (i, j)-maximal regular closed in

X for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-maximal regular closed set in Y . Then UC is an (i, j)-

minimal regular open set in Y . Since f is an (i, j)-minimal r-irresolute, f−1(UC)

is an (i, j)-minimal regular open set in X. Then f−1(U) is an (i, j)-maximal

regular closed set in X.

Conversely, let U be an (i, j)-minimal regular open set in Y . Then UC is an

(i, j)-maximal regular closed set in Y . By the assumption f−1(UC) is an (i, j)-

maximal regular closed set in Y . Then f−1(U) is an (i, j)-minimal regular open

in X. Hence f is an (i, j)-minimal r-irresolute.

Theorem 7.4.24. Let (X, τ1, τ2) be an (i, j)-rTmin space and (Y, σ1, σ2) be any

bitopological space. A map f : X −→ Y is (i, j)-minimal r-continuous if and

only if the inverse image of each (i, j)-minimal regular closed set in Y is (i, j)-

maximal regular closed in X for i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-minimal regular closed set in Y . Then UC is an (i, j)-

maximal regular open set in Y . Since f is (i, j)-minimal r-continuous, f−1(UC)

is τi- regular open in X. Since X is an (i, j)-rTmin space, f−1(UC) is an (i, j)-

minimal regular open set in X. Then f−1(U) is an (i, j)-maximal regular closed

set in X.
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Conversely, let U be an (i, j)-minimal regular open set in Y . Then UC is

an (i, j)-maximal regular closed set in Y . By the assumption f−1(UC) is (i, j)-

minimal regular closed set in Y . Then f−1(U) is an (i, j)-maximal regular open in

X. This implies that f−1(U) is τi-regular open in X and hence f is (i, j)-minimal

r-continuous.

Theorem 7.4.25. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y is i-almost completely continuous and g : Y −→ Z is (i, j)-

minimal r-continuous, then g ◦ f : X −→ Z is (i, j)-minimal r-continuous for

i, j ∈ {1, 2} with i ̸= j.

Proof. Let U be an (i, j)-minimal regular open set in Z. Since g is (i, j)-minimal

r-continuous, g−1(U) is σi-regular open in Y . Further since f is i-almost com-

pletely continuous, (g ◦ f)−1(U) = f−1(g−1(U)) is τi-regular open in X. Hence

g ◦ f is (i, j)-minimal r-continuous.

Theorem 7.4.26. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y is i-almost completely continuous, g : Y −→ Z is (i, j)-maximal

r-continuous, then g◦f : X −→ Z is (i, j)-maximal r-continuous for i, j ∈ {1, 2}

with i ̸= j.

Theorem 7.4.27. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y and g : Y −→ Z are (i, j)-minimal r-continuous functions and

Y is an (i, j)-rTmin space, then g ◦ f : X −→ Z is (i, j)-minimal r-continuous

for i, j ∈ {1, 2} with i ̸= j.
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Proof. Let U be an (i, j)-minimal regular open set in Z. Since g is (i, j)-minimal

r-continuous, g−1(U) is a σi-regular open set in Y . Since Y is an (i, j)-rTmin

space, g−1(U) is an (i, j)- minimal regular open set in Y . Again since f is (i, j)-

minimal r-continuous, (g◦f)−1(U) = f−1(g−1(U)) is τi-regular open in X. Hence

g ◦ f is (i, j)-minimal r-continuous.

Theorem 7.4.28. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y and g : Y −→ Z are (i, j)-maximal r-continuous functions and

Y is an (i, j)-rTmaxspace, then g ◦ f : X −→ Z is (i, j)-maximal r-continuous

for i, j ∈ {1, 2} with i ̸= j.

Remark. Composition of (i, j)-minimal r-continuous (respectively (i, j)-maximal

r-continuous) functions need not be (i, j)-minimal r-continuous(respectively (i, j)-

maximal r-continuous) for i, j ∈ {1, 2} with i ̸= j.

Example 7.4.4. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, ρ1, ρ2) be bitopological spaces

where X = Y = {a, b, c, d}, τ1 = σ1 = ρ1 = {ϕ, {a}, {b}, {c}, {a, b}, {b, c}, {a, c},

{a, b, c}, X} and τ2 = σ2 = ρ2 = {ϕ, {b}, {b, c}, {d}, {b, d}, {b, c, d}, X}.

Then the collection of τ1-regular open sets inX = {ϕ, {a}, {b}, {c}, {a, b}, {b, c},

{a, c}, X} and the collection of τ2- regular open sets in X = {ϕ, {b, c}, {d}, X}.

(1, 2)-MiRO(X) = {{a}, {b}, {c}, {a, b}, {b, c}, {a, c}},

(2, 1)-MiRO(X) = {{d}}

(1, 2)-MaRO(X) = {{a}, {a, b}, {b, c}, {a, c}},

(2, 1)-MaRO(X) = {{b, c}, {d}}.
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Let f : X −→ Y be defined by f(a) = b, f(b) = a, f(c) = c, f(d) = d and

g : Y −→ Z be defined by g(a) = a, g(b) = d, g(c) = d, g(d) = b. Then f and

g are (2, 1)-minimal r-continuous, but g ◦ f is not (2, 1)-minimal r-continuous,

since (g ◦ f)−1({d}) = f−1(g−1({d})) = {a, c}, is not τ2-regular open.

Theorem 7.4.29. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y and g : Y −→ Z are minimal r-irresolutes, then g ◦ f : X −→ Z

is a minimal r-irresolute.

Proof. Let U be an (i, j)-minimal regular open set in Z. Since g is (i, j)-minimal

r-irresolute, g−1(U) is (i, j)-minimal regular open in Y . Further since f is an

(i, j)-minimal r-irresolute, (g ◦ f)−1(U) = f−1(g−1(U)) is (i, j)-minimal regular

open in X. Hence g ◦ f is an (i, j)-minimal r-irresolute.

Theorem 7.4.30. Let (X, τ1, τ2), (Y, σ1, σ2) and (Z, γ1, γ2) be bitopological spaces.

If f : X −→ Y and g : Y −→ Z are (i, j)-maximal r-irresolutes, then g ◦ f :

X −→ Z is an (i, j)-maximal r-irresolute.
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Chapter 8
Conclusion

The study of regular open sets, initiated by M.H. Stone in 1937, has served

as a foundational milestone in the development of general topology. Stone’s

observation that the collection of all regular open sets forms a complete lattice

and his pioneering work connecting Boolean algebras to topological structures

opened up a wealth of new directions for topological investigation. This thesis is

extending the theory of regular open sets through the formulation and application

of new classes of sets and functions, with particular emphasis on Ir-open sets.

The initial chapters laid the groundwork by introducing the concept of Ir-open

sets : sets that can be expressed as arbitrary intersections of regular open sets.

This generalization, presented in Chapter 1, derived from the well-known limita-

tion that arbitrary intersections of regular open sets are not necessarily regular

open. The introduction of Ir-open sets leads naturally to a broader framework

in which classical topological notions such as interior, closure, continuity, and
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separation axioms are generalized and examined using Ir-open sets. Also their

interaction with standard set operations was rigorously analyzed, accompanied

by examples and counterexamples.

In Chapter 2, attention was directed to the redefinition of classical separa-

tion axioms in terms of Ir-open sets. The generalized Ir-Ti (i = 0, 1, 2, 3, 4)

axioms were introduced, and several new classes of spaces, including Ir-regular,

Ir-normal, almost Ir-normal, and completely Ir-normal spaces, were defined and

studied. Also I∗r -regular and I∗r -normal spaces, were introduced and studied.

Through the propositions, the interrelations, characterizations, and hereditary

nature of these spaces were investigated. The notions of Ir-connectedness and

Ir-compactness were also introduced and studied in this chapter.

Chapter 3 introduced the notion of I∗r -closed sets, a generalization to Ir-

closed sets. We established various structural properties and characterizations

of I∗r -closed sets, such as their behavior under union and intersection, hereditary

properties, and their relation to the Ir-closure operator. Furthermore, the con-

cept of the Ir-cover was developed, and its foundational role in defining a new

supra topological structure, τIr , was established.

In Chapter 4, we introduced Ir-continuous functions and examined various re-

lated function classes such as Ir-irresolute and Ir-open. These function types were

studied in terms of their ability to preserve the properties like Ir-connectedness

and Ir-compactness. Several equivalence theorems and implications were estab-

lished.
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In Chapter 5, we presented the theory of minimal and maximal regular open

sets. By extending earlier notions of minimal and maximal open sets, this chapter

focused on the characterizations and properties of minimal and maximal regular

open sets and their interactions with other topological constructs.

In Chapter 6, we introduced a new class of functions termed somewhat mr-

continuous and somewhat mr-open functions. Their properties and relationships

to existing function types were explored, and new results were obtained. Also,

we defined and studied mr-weakly stronger topologies and related theorems.

Finally, in Chapter 7, we explored on bitopological spaces, sets consisting

of two topologies. This framework enabled the study of pairwise generaliza-

tions of regularity, continuity, and separation. Concepts such as pairwise mini-

mal and maximal regular open sets were introduced, and their role in defining

pairwise-rTmin and pairwise-rTmax spaces was thoroughly investigated. New func-

tion classes such as (i, j)-almost continuous, (i, j)-almost perfectly continuous,

and p-Min/p-Max r-continuous functions , etc were introduced and analyzed.

Through this systematic investigation, the thesis affirms that the general-

ization of regular open sets via Ir-open sets is not only a natural and elegant

extension of classical topology but also a fertile ground for new theoretical and

applied developments.
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Further work

Future research directions stemming from this work may include:

• Study of Ir-quotient spaces and quotient mappings: In classical

topology, quotient spaces play a vital role in constructing new spaces and

simplifying complex structures. Extending the concept to the Ir-setting

involves analyzing how the quotient topology behaves when induced by

Ir-open sets. This includes identifying whether the image of an Ir-open

set under a quotient map remains Ir-open and characterizing conditions

under which Ir-continuity is preserved under quotient maps. This could

lead to new insights into identification spaces and fiber bundles under the

Ir framework.

• Further studies on generalized separation axioms, regularity, and

continuity via I∗r -closures: The concept of I∗r -closed sets provides a

refined tool to extend classical closedness using containment relations in-
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volving both Ir-closed and Ir-open sets. A promising direction is to utilize

the I∗r -closure operator to formulate new types of separation axioms, such

as I∗r -Ti (i = 0, 1, 2), and examine their implications in terms of space regu-

larity and normality. These generalized axioms may offer more flexibility in

dealing with topological structures that do not satisfy classical separation

conditions. Furthermore, the notion of I∗r -continuity—where preimages of

I∗r -closed sets are I∗r -closed—can be developed to investigate whether clas-

sical function-theoretic properties like open mapping, closed mapping, and

compact mapping theorems hold in this new setting. These investigations

would deepen the understanding of the structural behavior of spaces under

the influence of generalized closure operations.

• Construction and analysis of Ir-product spaces: Another promis-

ing direction is the definition and examination of product topologies us-

ing Ir-open bases. Since classical product topologies preserve properties

like compactness and continuity under certain conditions, it is natural to

ask whether Ir-compactness, Ir-connectedness, or other Ir-properties are

preserved under products. This would involve defining appropriate base

structures and studying their behavior in finite and infinite products.

• Characterization of Ir-convergence, Ir-filters, and Ir-nets: The

study of convergence using nets and filters is a powerful tool in topol-

ogy. A natural extension is to define Ir-nets and Ir-convergent filters

using Ir-open sets. This could yield alternative characterizations of Ir-
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compactness, Ir-continuity, and separation axioms. These generalized con-

vergence structures may also reveal hidden properties in non-Hausdorff or

infra-topological spaces.

• Development of a categorical framework for Ir-topologies: From a

categorical point of view, one could define a category TopIr , whose objects

are Ir-topological spaces and morphisms are Ir-continuous maps. Inves-

tigating limits, colimits, initial and final structures in this category could

connect the study of Ir-topologies with other branches of abstract math-

ematics. It would also help in understanding the algebraic behavior of

Ir-structures under composition and functorial transformations.

• Applications in digital topology and image analysis: In digital

topology, where the underlying space consists of pixels or voxels, stan-

dard open sets often fail to capture discrete continuity or adjacency. Since

Ir-open sets are built from intersections of regular open sets, their applica-

tion in modeling digital images or representing object boundaries in digital

space could improve algorithms in computer graphics, image processing,

and pattern recognition.

• Extension to fuzzy, soft, and intuitionistic fuzzy topologies: In

soft set theory and fuzzy topology, uncertainty and vagueness are captured

more precisely than in classical set theory. Defining fuzzy Ir-open sets or

intuitionistic fuzzy Ir-open sets could generate new classes of fuzzy topolog-
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ical spaces with generalized separation and compactness properties. This

would have potential applications in decision-making, artificial intelligence,

and uncertain systems modeling.

• Classification and refinement of function types using Ir-structures:

In addition to Ir-continuous and Ir-irresolute functions, further research

could involve defining and analyzing Ir-semi-continuous, Ir-perfect, Ir-

almost open, and Ir-weakly open mappings. Establishing equivalence theo-

rems, hereditary properties, and preservation under compositions for these

function types would deepen the functional aspect of Ir-topology.

• Dualization via Ir-closure and I∗r -closed sets: Many current general-

izations focus on interior-based constructions. Investigating closure-based

duals such as Ir-closure systems, I∗r -closure operators, and their fixed-point

structures could offer a parallel framework that generalizes the notion of

closedness. This may lead to new dual theorems for compactness, separa-

tion, and connectedness.

• Incorporation into algebraic topology: Concepts such as Ir-path-

connectedness, Ir-homotopy, and Ir-fundamental groups could be devel-

oped by redefining paths and continuous deformations using Ir-open sets.

Studying covering spaces and homology theories in the context of Ir-topology

could create new algebraic invariants that are more sensitive to subtle topo-

logical features.
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• Topological algebra under Ir-structures: Topological groups, rings,

and vector spaces form a central part of topological algebra. Introducing

Ir-topologies into these structures would involve studying group operations,

ring homomorphisms, and scalar multiplications that are Ir-continuous.

This could potentially lead to the definition of Ir-topological groups and

modules with new completeness or compactness properties.

• Ir-compactifications and generalizations of classical extensions:

Just as Stone–Čech and Alexandroff compactifications extend topological

spaces to compact spaces, similar constructions using Ir-closure and Ir-

covers could be developed. An Ir-compactification would aim to embed

a space densely in an Ir-compact space, possibly preserving certain Ir-

properties like connectedness or regularity.

• Applications in topological data analysis and machine learning:

Topological data analysis (TDA) relies on persistent homology and neigh-

borhood systems. Ir-open sets, being based on regular open intersections,

could offer new methods for defining neighborhoods and clusters in high-

dimensional data. This may provide robust techniques for feature detec-

tion, classification, and manifold learning.
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