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Abstract

Studies on Nonlinear Beam Dynamics in Uniaxial Nematic Liquid Crystals
Under the Influence of Temperature, Diffractive Radiation, and Potentials

This thesis investigated the nonlinear beam dynamics in uniaxial nematic liquid
crystals under the influence of temperature, diffractive radiation, and potentials.
The study emphasizes the role of diffractive radiation in ensuring undisturbed
nematicon propagation by utilizing both variational and numerical methods. A
key aspect of the research is the competition between focusing reorientational and
defocusing thermal nonlinearities, which results in the formation of multi-peak
nematicons. It also investigates how parabolic potential influences the generation
of higher harmonics of nematicons. The stability of steady-state solutions against
small perturbations is studied by applying the Bogoliubov-De-Gennes equations.
The study has been extended to the thermal response of nematicons in a parabolic
potential. Single-peak nematicons exist only in the absence of thermal response
coefficients. The presence of both focusing reorientational and defocusing thermal
nonlinearities creates multiple maxima in the energy landscape, allowing for the
stabilization of double-peak nematicons as equilibrium states. Periodic oscillations
are observed in nematicons within a parabolic potential, with their wavelength
being influenced by thermal response coefficients. The linear stability analysis
reveals that single-peak and periodically oscillating double-peak nematicons are
stable, whereas non-oscillating double-peak nematicons are unstable. The research
also extends to study the formation and stability of gap nematicons. Finally,
the study explores the effects of thermal response and diffractive radiation on
multi-peak gap nematicons.

Keywords: focusing reorientational nonlinearity; defocusing thermal

nonlinearity; higher harmonic generation: band gap spectrum; gap nematicons
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Preface

Nonlinear systems do not obey the superposition principle. Nonlinear phenomena
abound in the nonlinear world, and optics is one of the most accessible fields for
studying them. When light and matter interact, the former can alter the medium
properties, particularly the refractive index, affecting its own propagation. We
look at a nonlinear process termed self-confinement. It is the ability of a light
beam to compensate for its natural tendency to spread. Solitons are formed
when a nonlinear process balances the linear dispersive or diffractive effects of a
medium. Solitons retain their shape during propagation, making them excellent
choices for carrying and processing other signals, like waveguides. A balance
between nonlinear self-focusing and linear diffractive spreading produces spatial
solitons. We deal with nematicons which are the spatial optical solitary waves in
nematic liquid crystals (NLCs). These are diffractionless self-confined light beams
in which diffraction is balanced by self-focusing via nonlinearity. Nonlinearity in
NLC can take place via dipolar interactions between molecules and electric fields.
NLCs have been selected because they are an excellent medium for investigating
nonlinear processes, particularly because of their high and nonlocal response
to electric fields. The nematicons are widely used in all-optical interconnects,
readdressable configurations, all-optical steering, and routing devices.

This thesis investigates the nonlinear beam dynamics in uniaxial nematic
liquid crystals under the influence of temperature, diffractive radiation, and
potentials. The equations governing the nonlinear optical beam propagation in
NLCs are a coupled system consisting of (2+1)D nonlinear Schrodinger-type

equation for the optical beam and an elliptic Poisson equation for the molecular

XX



director. Semi-analytical and numerical methods are employed for the analysis.
The variational method based on Lagrangian density is used as the semi-analytic
method for studying the system. The finite-difference method, Runge-Kutta
method, and pseudo-spectral methods are applied.

Chapter 1 provides an overview of liquid crystals and nematicons. This
chapter also covers the governing equations of nematicons. The methodology
for analyzing beam propagation through uniaxial NLC is also described in this
chapter. Both the semi-analytical and numerical methods are discussed.

Chapter 2 examines the interplay between diffractive radiation shed and
damping coefficient in a nematic liquid crystal with nonlocal nonlinearity. The
system is analyzed using semi-analytical and numerical methods. The beam
propagation under three types of damping such as constant, periodic, and
hyperbolic profiles is studied. The influence of diffractive radiation shed on
nematicon propagation has also been analyzed.

The thermal responses of single-peak and double-peak solitons in a nematic
liquid crystal have been studied numerically in Chapter 3. The study also
examines how the competition between focusing reorientational and defocusing
thermal nonlinearities results in the formation of single-peak and double-peak
nematicons. The stability of the stationary solutions against small perturbations
has been studied employing Bogoliubov-de Gennes equations.

The behavior of nonlocal spatial optical solitons in a uniaxial nematic liquid
crystal with a parabolic potential is investigated in Chapter 4. The equations
governing the system are solved using semi-analytic and numerical methods. This
chapter also discusses the effect of the parabolic potential on the formation of
higher harmonics of nematicons. The stability of the stationary states is also
analyzed.

Chapter 5 deals with the thermal response of nematicons in a parabolic
potential. The study investigates how the energy landscape experienced by
the light beam within the medium is modified by the competing nonlinearities.

The formation of single-peak and double-peak nematicons as well as the effect

bl



of parabolic potential on the periodic oscillations of nematicons are analyzed.
This chapter also looks at the impact of thermal response coefficients on the
wavelength of the oscillation of double-peak nematicon. The stability of the
stationary solutions against small perturbations has been studied employing
linear stability analysis.

Chapter 6 investigates the formation and stability of single-peak and
multi-peak gap nematicons using numerical methods. Both the stationary
solutions and the dynamic solutions have been studied in the first band gap. The
range of propagation constants at which the single-peak gap nematicons and the
multi-peak gap nematicons can exist are discussed. The study also investigated
how the intensity distribution among various peaks in a multi-peak gap nematicon
depends on input beam intensity. The stability of the stationary solution against
small perturbations has been studied using Bogoliubov-de Gennes equations.

Chapter 7 deals with the effects of thermal response and diffractive radiation
on multi-peak gap nematicons. The chapter explores both stationary and dynamic
solutions, focusing on the formation and evolution of multi-peak structures under
varying thermal response coefficients and diffractive radiation shelf heights. The
study analyzes the interplay among thermal effects, refractive index changes, and
diffractive radiation which influences the configuration and dynamics of the gap
nematicons. The stability of stationary solutions against small perturbations has
also been investigated.

The results and conclusions of the thesis are summarised in Chapter 8. This

chapter briefly discusses future research avenues in NLC and other optical media.
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Chapter 1

Introduction

Waves are fundamental aspects of nature and can be observed all around such
as water waves, sound waves, and light waves. In most cases, these systems are
analyzed and solved under linear conditions where the principle of superposition
is applicable. However, many intriguing effects and phenomena occur in the
nonlinear regime. Nonlinear media are characterized by a polarization density
that responds nonlinearly to the electric field of light, and the field of nonlinear
optics studies how light behaves in such media. Nonlinear effects typically
become noticeable only under high-intensity light such as that generated by lasers.
Nonlinear optics explains how properties like frequency, polarization, phase, and

the propagation path of light are altered in response to this nonlinear interaction

[1].

1.1 Solitons

Solitary waves are localized waves that maintain their shape during propagation
due to a precise balance between linear and nonlinear effects in the medium [2].
The phenomenon of solitary waves was first observed by John Scott Russell in 1834
when he noticed a wave moving through Edinburgh Union Canal that retained
its form as it traveled. This observation marked the first recorded instance of

what we now call a soliton [3]. Later Boussinesq and Rayleigh demonstrated



that such “solitary waves” could emerge from water wave equations. In 1895,
Korteweg and de Vries formulated what is now known as the Korteweg-de Vries
(KdV) equation, which approximately describes long waves in shallow water. The
term “soliton” was introduced by Zabusky and Kruskal to refer to the solitary
wave solutions of the KdV equation recognizing that these solutions exhibited
particle-like properties [4]. A soliton is a solitary wave that preserves its shape
while traveling at a constant velocity. Figure (1.1) illustrates the soliton profile,
demonstrating how the shape of the wave remains unchanged during propagation.

In fiber optics, solitons have been employed as information carriers or “bits”
in various experiments. Their inherent stability makes them ideal for transmitting
information over long distances [5, 6]. The robust and stable nature of solitons has
led to their widespread use across several fields including physics, hydrodynamics,
photonics, biology, and chemistry [7].

A soliton forms when there is a balance between nonlinear and dispersive or
diffractive effects within a medium. There are mainly two categories of solitons.
They are temporal and spatial solitons. When the nonlinear phase modulation is
balanced with the linear dispersion, temporal solitons are formed. If the nonlinear
self-focusing counteracts with the linear diffractive spreading, then spatial solitons
are formed.

Solitons are particularly useful in systems with strong nonlinearity. Their
importance stems from their unique properties as nonlinear waves as well as their
function as nonlinear excitations in condensed matter systems. Liquid crystals
are one of the systems in which the nonlinear interactions lead to the formation
of solitons. The velocity of the fluid and the molecular orientation play crucial
roles in liquid crystals. This thesis focuses on the formation, propagation, and

remarkable features of optical spatial solitons in nematic liquid crystals.
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Figure 1.1: Soliton profile

1.2 Liquid Crystals

Matter is typically categorized into four distinct states such as solid, liquid, gas,
and plasma. Solids can exist in either a crystalline or amorphous form. The key
characteristic that differentiates solids from liquids is their ability to flow. While
liquids can flow and adapt to the shape of their container, solids maintain their
form and do not flow. Additionally, the optical properties of some solids and
liquids vary significantly. For instance, certain solids can alter the polarization of
light whereas liquids generally do not exhibit this property. Due to these early
concepts, researchers initially did not recognize the existence of other phases even
though they encountered substances that did not fit neatly into the established
categories. Continued investigations revealed that the observed intermediate
phases represent a distinct thermodynamic state of matter, separate from the
isotropic liquid. These phases exhibit mechanical and symmetry properties that
are between those of a crystalline solid and an isotropic liquid. Lehmann first
described them as flowing crystals, later coining the term “liquid crystals” [8].
Figure (1.2) illustrates the molecular arrangements in solids, liquid crystals, and

liquids, with yellow ellipses representing the molecules.
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Figure 1.2: The arrangements of molecules in (a) solids, (b) liquid crystals, and
(¢) liquid are shown. The molecules are represented by yellow-colored ellipses.

A crystal is defined as a structure where objects are arranged in a
three-dimensional lattice, resulting in periodic density in all three spatial
directions. The intermediate state between a liquid and a crystal is referred to as a
liquid crystal, also known as mesophases [8]. The nature of these mesophases varies
because they can lose periodicity in one, two, or all three spatial directions based
on factors such as temperature, pressure, and chemical composition. Columnar
phases, often called discotic phases, lose their crystalline structure in one direction
when partially melted. If the crystalline order is disrupted in two dimensions,
they form stacks of two-dimensional liquids. These arrangements are classified as
smectics[9]. Even if the system melts in all three directions, it doesn’t necessarily
become an isotropic fluid. Anisotropic correlations like nematic correlations may
still exist. The key point is that even though the translational order is absent, the
long axes of the molecules align in a common direction [10]. Depending on the
level of molecular organization, various liquid crystal (LC) phases exist with the
least ordered phase typically known as ‘nematics’ [11]. This phase is composed
of nematic liquid crystals (NLCs) where the rod-shaped molecules lack positional
order but are aligned in parallel due to intermolecular forces [12]. Consequently,

NLC molecules can flow and arrange themselves randomly like a liquid while



preserving long-range directional alignment. Liquid crystals can be categorized
as thermotropic or lyotropic depending on whether temperature or concentration
predominantly influences the phase transitions [13].

Liquid crystals are experiencing a resurgence in both fundamental research
and technological advancements, becoming an integral part of modern life. They
possess unique properties due to the partially ordered phases and anisotropy which
are essential for various applications in micro-electronics and opto-electronics
[14-16]. The liquid crystal displays (LCD) which are widely used in electronic
devices, rely on liquid crystals to generate visual effects on screens [17]. LCDs
are integral to devices such as televisions, computer monitors, smartphones, and
digital watches. Their core functionality is based on the ability of liquid crystals
to control light transmission when exposed to an electric field, enabling the
creation of high-resolution images. Techniques like twisted nematic (TN) and
in-plane switching (IPS) are commonly employed to achieve enhanced image
quality and broader viewing angles [18]. LCD technology continues to advance
with the production of thinner, lighter, and more energy efficient displays.

Liquid crystals are widely employed in optical modulators because they
can modify the polarization and phase of light when exposed to external
electric fields. These modulators play crucial roles in applications such as
telecommunications, laser technology, and optical signal processing. Additionally,
LCs can serve as optical switches, directing or altering the properties of light,
which is vital for reconfigurable photonic circuits and all optical signal routing
[19]. Furthermore, LCs are utilized in thermography and medical imaging where
their temperature sensitive nature allows them to change color in response to
temperature fluctuations. This property makes them ideal for thermal mapping
which is used to identify abnormal heat patterns in the body, often linked to
diseases such as cancer or vascular disorders [20]. Liquid crystal thermography is a
noninvasive technique that provides real-time imaging of temperature distribution
[21, 22]. Optical attenuators and wavelength-selective switches, which are made

of liquid crystals, are used to control light signals through optical fiber networks



in telecommunication systems. Their tunability under electric fields allows for
precise control over light transmission optimizing the performance and efficiency
of fiber optic systems [23]. In nonlinear optics, LCs are gaining attention for their
ability to support solitons which are localized waves that maintain their form
while propagating, thanks to the balance between nonlinearity and dispersion.
Nematicons are spatial solitons found in NLCs and they are explored due to their
applications in optical switching, waveguiding, and signal processing. The self
focusing and beam guiding properties of LCs make them highly beneficial for use

in nonlinear photonic devices [12].

1.2.1 Nematic Liquid Crystals

The molecules in a nematic liquid crystal phase tend to point in a common
direction despite having no positional order [19]. A mesogen is an elongated or
rod-like molecule with anisotropic properties that forms the structural basis of
LCs. Most NLCs have an optic axis that corresponds to the molecular director
or the average orientation of the long axes. As a result, the majority of NLCs are
uniaxial. Figure (1.3) depicts the mesogen alignment of a nematic liquid crystal.
This diagram shows that mesogens prefer to order in the direction of the director
n. The molecular director n is a unit vector that represents the average direction
of the molecules.

The angular distribution of the molecules around the direction of the director
is described in the nematic phase by the orientational order parameter S. A

Legendre polynomial of second order is commonly used to define it [24],
1 2
S = 3 (3cos’a — 1), (1.1)

where the average is calculated over the total solid angle. The angle between
the director and the long molecular axis is denoted by «. If all the molecules
are parallel to n, then a=0 or a=n. It yields order parameter S=1. When the

molecules are randomly aligned, S=0 and the LC becomes an isotropic liquid.
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Figure 1.3: The mesogen alignment of a nematic liquid crystal is shown. The
mesogens prefer to order in the direction of the director n.

The order parameter of an LC is typically between 0.3 and 0.9.
The refractive indices for light polarised parallel to n and perpendicular to n
are different because nematic molecules are rod-like. The dielectric tensor e of
the nematic can be used to define the refractive indices of the NLC parallel and

perpendicular to n [25]. ie,

€ €]
=l = (1.2)

where € stands for vacuum dielectric permittivity. The macroscopic behavior of

NLC is equivalent to a positive uniaxial anisotropy [26],
€q = € — €. (1.3)

Only LC with positive anisotropy is considered in this thesis. Ordinary polarised
light propagates as it does in isotropic media with a refractive index no=n,=v/¢, .

Extraordinary polarised light has a refractive index that is related to the angle ()



between the director and the wave vector [27],

2,2
nin
L7

(1.4)

e = nd sin®0 + nijcos®0’
The order parameter influences the refractive indices. Although the molecules
should be arranged in a common direction, interactions with confining boundaries
and/or external magnetic or electric fields cause this organization to deform,
changing the order parameter. Splay, twist, and bend are the three types of
common deformations. Since these deformations take place on scales that are
much larger than molecular size, elastic continuum theory is applicable and
they can be regarded as constants everywhere. When the director alignment is
homogeneous and the director is perpendicular to the applied field, the molecules
reorient above an intensity threshold known as the Frederick threshold [28].

A nematic liquid crystal alters the polarisation of light waves as they pass
through it. The magnitude of the polarisation change is determined by the
strength of an applied electric field. Nematic is derived from the Greek prefix
nemato, which means thread like, and is used here because the molecules in
the liquid align into a threadlike shape. Twisted nematic displays are the most
common type of liquid crystal display which are made up of nematic liquid
crystals [29]. NLCs offer numerous applications in light modulators, random
lasers, liquid crystal displays, and optical communication systems [30, 31]. E7 is
a widely used NLC mixture. It is an ideal platform for studying various nonlinear

optical phenomena because of its favorable electro-optic properties.

1.2.2 E7 NLC

E7 is a common mixture of nematic liquid crystal which is used in display
technologies and other electro-optical applications. E7 holds certain peculiarities
that distinguish it from other liquid crystals and make it particularly
suited for soliton studies. It is a eutectic mixture of several different

liquid crystal compounds, typically a combination of cyanobiphenyls and



cyanoterphenyls. It consists of 51% 5CB (4-cyano-4’-pentylbiphenyl), 25% 7CB
(4-cyano-4’-heptylbiphenyl), 16% 80CB (4-cyano-4’-octyloxybiphenyl), and 8%
5CT (4-cyano-4’-pentylterphenyl) [32]. This specific blend optimizes its optical
and thermal properties, making it widely used in liquid crystal displays, photonics,

and nonlinear optics.

Temperature Dependence

The temperature dependence of the refractive indices for E7 liquid crystal shows
distinct behavior across a temperature range of 20°C to 55°C [33]. From 20°C
to 40°C, the refractive indices exhibit a relatively weak, linear variation: the
refractive index parallel to the director (n)) decreases by 0.6%, while the index
perpendicular to the director (n,) increases by 1.3%. This weak dependence
reflects the modest influence of temperature on the molecular ordering in the
nematic phase. However, from 40°C to 55°C, the temperature dependence becomes
more pronounced with additional quadratic and cubic terms emerging in the
refractive index variations. These changes are attributed to the increased thermal
motion of the molecules and the approaching transition to the isotropic phase

where molecular order is lost.

Dielectric Anisotropy

The dielectric constant of the E7 is greater if an electric field is applied parallel
to the director than it is applied perpendicular to it. This property makes E7
suitable for use in devices like liquid crystal displays (LCDs), as it enables the

liquid crystals to reorient in response to applied electric fields [34].

Optical Anisotropy

ET7 possesses different refractive indices depending on the direction of light
propagation relative to the molecular alignment. This optical anisotropy is known

as birefringence [35]. This anisotropy is critical for the optical modulation in



LCDs. E7 shows this property in the visible range. Hence E7 is suitable for LCD

applications where the controlled manipulation of light is essential.

Viscosity

E7 has relatively low viscosity which allows for fast switching times in liquid
crystal devices. Viscosity is temperature dependent and influences the response

time of the liquid crystal when external fields are applied [36].

Chemical Stability

E7 is chemically stable and does not easily degrade under light exposure, making
it suitable for long-term use in display technologies [37]. Experimental studies
indicate that E7 can endure light intensities commonly used in display technologies
such as up to 95 mW /cm? during UV curing processes as seen in advanced liquid

crystal applications like polymer-dispersed liquid crystal devices [38].

Elastic Constants

Molecular alignment in LCs can undergo three primary types of deformations:
splay, twist, and bend. These deformations describe how the molecular director
is distorted under external forces such as electric or magnetic fields [39)].

Splay Deformation: Splay occurs when the molecular director spreads radially
outward or inward leading to a divergence in the alignment. This type of
deformation is often observed in the presence of curved boundaries or non-uniform
electric fields. The resistance to splay is quantified by the elastic constant K, and
it is essential in understanding how liquid crystals respond to surface anchoring
effects [40].

Twist Deformation: Twist deformation takes place when the director rotates
around an axis perpendicular to its initial orientation forming a helical structure.
This deformation is common in twisted nematic (TN) displays where alignment
layers impose opposite molecular orientations at the boundaries. The elastic

constant K, measures the energy required to resist twisting [40, 41].
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Bend Deformation: Bend deformation happens when the molecular director
curves into an arc-like shape. This type of distortion often arises when the
alignment transitions smoothly over a distance but is curved rather than straight.
The resistance to bending is represented by K3, which is typically the largest of
the three elastic constants [40].

These elastic deformations and their associated constants determine how
nematic liquid crystals behave under external influences, making them crucial
for designing optical and electro-optic devices such as liquid crystal displays and

tunable lenses.

Tunable Refractive Index

The refractive index of E7 can be controlled using an external electric field allowing
researchers to precisely adjust the propagation conditions for light [42]. This

tunability provides a versatile platform for manipulating and guiding solitons.

Low Power Requirement

The nonlinear effects in E7 NLCs can be achieved with relatively low light
power compared to other nonlinear media like optical fibers[37]. This is
advantageous because it makes experiments more accessible and reduces the

need for high-intensity lasers.

Soliton Interactions

The properties of E7 allow for the study of various types of solitons including
spatial, temporal, and light bullets (spatio-temporal solitons). The controllability
of the refractive index and molecular alignment enables detailed investigations

into soliton interactions, collisions, and stability in different configurations [35].

Applications of E7 NLC

E7 NLC is known for its high birefringence and positive dielectric anisotropy

which enable its use in a variety of applications, including display technologies,
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privacy windows, and optical shutters [34, 35, 38]. As a eutectic mixture, it is
commonly integrated into polymer-dispersed liquid crystal (PDLC) materials,
particularly for systems operating under normal mode conditions [43, 44]. The
material’s stable nematic phase along with its optical and dielectric properties,
make it ideal for twisted-nematic and in-plane switching display technologies [32].
Furthermore, E7’s versatility extends to electro-optic applications such as optical
modulators and tunable lenses [45]. These properties combined with its low power
requirements, make E7 indispensable for modern display and optical systems
[39]. Its ability to respond to temperature variations and external influences also
makes it an excellent platform for studying solitons with the current focus on

investigating nematicons in this material.

1.3 Nematicons

Spatial optical solitons in nematic liquid crystal are known as nematicons.
G. Assanto coined the name in 2003 [29]. When a light source enters an optically
dense medium, the optical beam linearly diffracts. On the other hand, the optical
beam can cause a local change in the refractive index of the NLC resulting in the
optical beam self-focusing. Figure (1.4) depicts linear diffraction and self-focusing.
The balance of these two optical effects results in the formation of a nematicon.

Reorientational nonlinearity is a nonlinear optical response of birefringent
molecular crystals in the fluid state that can be seen in uniaxial nematic liquid
crystals such as E7 NLC. NLCs are made up of molecules that are angularly
aligned, nonpolar, and anisotropic. Elastic forces hold these molecules together.
They will rotate in space in the presence of strong electric fields due to an
increase in refractive index resulting in beam self-focusing. When a polarised
light beam of sufficient intensity passes through the NLC, a torque is produced
as a result of the reaction of optically induced dipoles of the electric field vector
[29]. The torque-induced change in molecular angular orientation reduces the

energy and phase speed of extraordinary polarized waves. The nonlinear refractive
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Figure 1.4: (a) Pure linear diffraction, (b) self-focusing of an optical beam.

index redistribution is more pronounced where the beam intensity is greater.
Additionally, it is nonlocal due to the possibility of a graded potential with light
guiding properties emerging from the intermolecular links in the fluid. NLC
behaves as a waveguide that prevents beam diffraction and allows for stable
spatial solitons. The optical properties of the nematic have been influenced by a
refractive index which is determined by a tensor response. This tensor yields two
eigen directions for a uniaxial NLC, known as ordinary and extraordinary waves.
Because ordinary waves are non-dispersive, they do not form solitary waves. The
extraordinary waves, on the other hand, are dispersive and can form solitary
waves. The extraordinary response of the NLC then results in the formation of a
nematicon [25]. Nematicons are such linearly polarised solitary waves in NLCs.
Nematicons are simple to produce with mW optical power or less because the
NLC dielectric medium has the following properties [19]:

(i) Very large nonlinear response: Only a small amount of optical power is
required to achieve refractive index variation or self-focussing to compensate for
diffraction.

(ii) Nonlocal response: The profile of nonlinear response is wider than that
of light beam. As a result of the high nonlocality, stable solitons can propagate
even in the case of two transverse dimensions.

(iii) All optical saturable response: When the electric field of a light beam
enters the NLC, director of the liquid crystal has a tendency to align with the

direction of the incident field. For powerful beams, the molecular director aligns
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with the field and further reorientation is not possible. Two dimensional solitons

are stabilised as a result of this response saturation.

1.4 Literature Review

Nematicons or self-localized beams in nematic liquid crystals have been extensively
studied due to their fascinating nonlinear properties and potential applications
in photonics.

The concept of nematicons emerged when researchers observed that light
beams could form self-focused channels in nematic liquid crystals due to the
material’s optical nonlinearity. The fundamental work by Assanto et al. in
2003 demonstrated that light-induced molecular reorientations in nematic liquid
crystals led to the formation of spatial solitons [19]. This marked the foundation of
nematicon research showing that nematicons could propagate over long distances
without diffraction due to the balance between diffraction and nonlinear effects in
the medium. In 2003, G. Assanto introduced the term “nematicon” to describe
the distinctive waveforms that result from the reorientation of the molecular
director under the influence of optical fields. Continuous-wave (CW) beams
operating at milliwatt levels can create nematicons which are characterized by
their extraordinary polarized wave packets in uniaxial NLCs maintaining electric
field oscillations in the plane defined by the optic axis and wave vector [12].

The propagation of nematicons relies on the nonlinear optical response of
NLCs. Subsequent studies explored how different parameters such as beam
power, polarization, and the physical properties of the material affect nematicon
behavior. Experiments showed that nematicons are highly sensitive to these
parameters and through careful control, it is possible to manipulate the trajectory
and interaction of these self-focused beams. These studies expanded on the initial
findings, offering insights into beam propagation dynamics in complex liquid
crystal environments [46].

The unique properties of nematicons have made them a promising candidate
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for use in photonic devices particularly in optical switching and signal routing.
Studies have shown that nematicons can be steered by external electric fields
allowing dynamic control over their path. This has opened the door to potential
applications in reconfigurable photonic circuits where nematicons could be used
for signal processing and data transmission [47].

Research into nematicon interactions revealed that they exhibit soliton-like
behavior allowing them to collide, fuse, or repel depending on their initial
conditions. The study of these interactions has provided deeper insights
into soliton dynamics in soft matter systems. Numerical and experimental
investigations have highlighted the role of nonlinearities and boundary conditions
in determining the outcomes of nematicon interactions [48].

More recent research has focused on improving the control and stability of
nematicons by utilizing advanced material compositions and external manipulation
techniques. These studies aim to enhance the robustness of nematicons
for practical applications in optical communications and sensing technologies.
Additionally, researchers are investigating the use of nematicons in new types
of optical materials such as chiral liquid crystals which exhibit unique nonlinear
behaviors [1, 49].

Thermo-reorientational nematicons are self-focused light beams that form
in NLC under the combined influence of optical and thermal effects. These
beams leverage the nonlinear optical response of the material driven by the
reorientation of liquid crystal molecules and temperature gradients due to the
absorption of light. Initial studies on thermo-reorientational nematicons were
built upon the foundational understanding of nematicons in liquid crystals.
The inclusion of thermal effects was explored to account for the broader
nonlinear responses in liquid crystal systems. Researchers discovered that the
absorption of light in NLC could lead to local temperature increases which in turn
enhanced the reorientational response of the molecules affecting the formation
and dynamics of nematicons [50]. The thermo-optic effect where the refractive

index changes due to temperature variations became a key area of investigation
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in the study of thermo-reorientational nematicons. This effect was shown to
further enhance the nonlinearity in NLC, leading to more robust self-trapped
beams. Studies demonstrated that as light propagates through the material,
the absorption induced heating causes molecular reorientation, altering the local
optical properties. This interplay between thermal and optical reorientation was
crucial in understanding the enhanced nonlinearity in these systems [51].

Experimental investigations provided deeper insight into how thermal effects
could be harnessed to control nematicon formation and propagation. For instance,
researchers showed that increasing the power of the laser beam not only enhanced
the optical reorientation but also significantly increased the local temperature,
strengthening the beam confinement through the thermo-optic effect. Alberucci
et al. experimentally demonstrated that thermal contributions could lead to more
pronounced beam self-localization, particularly in the case of continuous-wave
(CW) laser sources where thermal diffusion becomes dominant over optical
reorientation alone [52].

Theoretical models were developed to describe the complex interactions
between optical and thermal effects in nematic liquid crystals. These models
integrated the thermal conductivity of the material, light absorption, and
molecular reorientation dynamics. Assanto and Smyth provided a comprehensive
theoretical framework to predict the behavior of thermo-reorientational
nematicons which accounted for the temperature-dependent nonlinearities and
their impact on soliton formation. This modeling helped to explain the
experimental results and guided further research into optimizing the control
of thermo-reorientational effects [53].

Recent studies have also examined the impact of linear absorption on the
stability of nonlinear vortex beams in dye-doped nematic liquid crystals [54].
Dye-induced light absorption leads to a complex nonlinear optical response
characterized by spatially nonlocal focusing and defocusing contributions. The
anomalous interaction of spatial solitons influenced by the competition between

these nonlinearities has been explored in recent works [55]. The breathing
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solitons exhibit significant deformation in the presence of a self-focusing saturable
nonlinearity, while the introduction of a defocusing nonlinearity results in the
formation of couples of solitons [56].

The increased control over nematicons through thermal reorientation opened
up new possibilities for their application in photonics. Thermo-reorientational
effects enabled more dynamic control over beam propagation, making these
systems suitable for use in tunable photonic devices such as optical switches,
modulators, and sensors. These studies highlighted the potential of using thermal
gradients to manipulate light in liquid crystal based devices, paving the way for
innovative designs in optical communication and signal processing [53].

Solitons in periodic media are an important topic in science and engineering
[57]. The gap soliton is a type of localized wave that forms in nonlinear optical
media when the refractive index changes periodically [58]. These solitons exist
in the forbidden frequency band where linear waves cannot travel. They are
stable due to the balance between the medium’s nonlinearity and its periodic
structure. In materials like liquid crystals and photonic crystals, gap solitons
often appear near the edges of spectral bands and show unique stability properties
[59]. They are useful for technologies such as optical switches, soliton lasers,
pulse compressors, and optical buffers [60-62]. An optical switching mechanism
proposed by researchers [58] relies on the transmission of coupled gap solitons in
nonlinear periodic dielectric media which could lead to a compact all-optical switch
with high performance including fast switching speeds, optimal pulse widths, and
strong on-off intensity ratio. Previous studies have also examined the stability of
two-dimensional gap solitons near the edges of Bloch bands in a sinusoidal lattice
potential considering both focusing and defocusing cubic Kerr nonlinearities [61].
Furthermore, research has explored gap solitons and nonlinear Bloch waves within
a nonlinear fractional-order quantum coupler influenced by periodic potential [62].
More recent studies have expanded on the potential practical applications of gap
solitons in integrated photonic devices. These include their use in tunable optical

circuits and all-optical signal processing. The use of gap solitons in nonlinear
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photonic crystals and metamaterials has opened new avenues for research with
ongoing studies focusing on enhancing their performance and broadening their
application in photonic technologies [62].

In parallel with experimental efforts significant progress has been made in
the theoretical and numerical modeling of nematicons. Various models have
been developed to describe the nonlinear propagation of light in nematic liquid
crystals considering the anisotropy of the material and nonlocal effects. These
models have been instrumental in predicting the behavior of nematicons under
different conditions and guiding experimental research. Nonlocal models have
proven crucial in understanding the long-range interactions between nematicons
and their surroundings, providing a deeper understanding of their stability and
robustness in real-world applications [63].

The body of literature on nematicons highlights their importance in the field
of nonlinear optics and photonics. Nematicons have been the subject of extensive
research from their initial discovery to modern applications in photonic circuits.
Their ability to self-localize, interact, and be controlled by external fields makes
them highly promising for future technologies in optical communications and
signal processing. Ongoing research continues to refine our understanding of
nematicon dynamics and expand their potential applications in advanced photonic

systems.

1.5 Governing Equations

The Maxwell’s equations are a group of coupled partial differential equations
which characterize the general evolution of electromagnetic waves. McLaughlin
et al showed that Maxwell’s equations could be reduced to a Helmholtz equation
coupled with a Poisson equation for a light beam propagating in NLC [64]. Further
investigation revealed that the Helmholtz equation could be converted into a
nonlinear Schrodinger equation for beam propagation and a Poisson equation

for medium response [24, 25]. Figure (1.5) depicts the interaction geometry of
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NLC Molecule

Figure 1.5: The figure of the considered sample and interaction geometry. L
represents the thickness of the NLC cell and the angle £ denotes the reorientation
of the optic axis n in the (z,y) plane.

the NLC cell. The elongated NLC molecules are represented by ellipses with
their long axes aligned parallel to the y axis. The green arrow represents the
input light beam impinging normally on the molecular director on the sample.
The governing equations used in this work can be derived from a more general,
Helmholtz-type system [65, 66]. The full Helmholtz-type model, which governs
the field components E, and E, as well as the director angle ¢ are [67, 68],

’E, 1 ’E, ’E, ’E, ’E,
€4C0S 58 oy + —easm%a + (3 + easin2§)8ax2 +n3 88y2 + ni%
1 E 2 2 [/ 2 - 9 o |1 .
+= 5 = —kn? [(n] + esin*€)E,| — kIn} Eeasm%Ey : (1.5)
PE, 1 82E , ., OB, ,&E, ,0E,
€aS1IN {8 dy + easm% + (nj] — €a51n7°¢) Oy +n? 52 Y4 N5
1 0*E, 2 2 2 22 |1 .
+- 5€a 9udy —kin [(n” — €,5in*€)E,] — k2n? ieastﬁEx : (1.6)

1 . * *
KV?¢ + 160 (| Eo | = | By |?)sin2¢ + (E,E;, + E;Ey)cos2€] = 0. (1.7)

E, and E, are the x and y components of the electric fields and ¢ is the director
angle. The subscripts x and y represent the partial derivatives concerning z
and y respectively. z is the propagation distance. ky be the ordinary wave
vector and €, be the birefringence of the nematic. nj and n, are the refractive
indices parallel and perpendicular to the director alignment respectively. V? is

the two-dimensional Laplacian. The scalar magnitude of the elastic interaction
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between NLC molecules is represented by K. In this study, the elastic constants
corresponding to bend, splay, and twist deformations are assumed to be equal [67].
While E7 nematic liquid crystals naturally exhibit anisotropic elastic properties
with distinct splay, twist, and bend elastic constants, research suggests that under

certain conditions, these constants can become nearly equal.

Temperature Influence:

The elastic constants of nematic liquid crystals are temperature-dependent.
Studies have shown that as temperature varies, the relative differences between
the splay, twist, and bend elastic constants can decrease, leading to more
comparable values. For instance, research on discotic nematic liquid crystals has
demonstrated unusual temperature dependencies in elastic constants, suggesting
that temperature variations can influence the relative magnitudes of these

constants [69)].

Engineered Mixtures:

By designing liquid crystal mixtures with specific molecular compositions, it is
possible to tailor the elastic properties. Mixtures that combine different mesogenic
compounds can result in elastic constants that are closer in magnitude. For
example, studies on binary mixtures of nematic liquid crystals have explored how
combining molecules with different dipole orientations affects elastic properties,
potentially leading to more uniform elastic constants [70].

In the above mentioned configuration, using the paraxial approximation for
wave packet propagation in a nonlocal uniaxial environment, the dimensional
model for the evolution of the beam in the presence of nonlinear reorientation
can be written as,
0F, n 0*E, n 0*E,
0z 0x? Oy?
+%k§eaEyeik°(”|_’”)Z$in2§ =0, (1.8)
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20



oE, 0°E, nid*E
2ikon| 8; + Yoy il 2y — kgeaEysin2€

ox?  n? Oy
1 .
+§k§eaE$e—“f0<”n )2 5in2¢ = 0, (1.9)

1 .
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(1.10)

The various constants in the model are chosen as the material parameters of the
standard E7 mixture at room temperature which is a positive uniaxial NLC with
ny= 1.73 and n, = 1.53, and elastic constant K= 12pN. The equations of x and

y components of the electric field of the beam are [67],
E, = Xeihon1z, B, = Yekomz, (1.11)

Here, X and Y are the amplitudes of electric fields in two transverse directions.

By substituting Equation (1.11) in Equations (1.8)-(1.10), we get

0X 62X 9?X

2tkon | — 5 + — 92 0 3 —i—/{:geaXsinQé
Z
1
+§k§6aYeZk°(”H_M)zstf =0, (1.12)
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2ikon)—— 5 T o2 _i(’?_ — kleY sin“€
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1 .
Kv2§+zegea [2(] X |2 = | YV |?)sin2€ + 2Re XY e *otmmn)2c052¢] = 0. (1.14)

It is possible to nondimensionalize the electric fields so that E, = A,X and

E, = AyY on an input wave packet with power F,, amplitude A, and width W;,.
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For a Gaussian beam [67],
T 9vrr2 1
P, = §C’AbWb, C= S €0CTe (1.15)

The non-dimensional equations are

QZﬁ_X 0?X N 02X
dz  0x* 0Oy

— 0, (1.16)

oy 0%y , %Y 1
2278— + B + 0 — Ysin?¢ + Xel+w sin2¢ = 0, (1.17)

UV + (| X |2 = | Y [2)sin2€ + 2Re(XY e )cos2€ = 0, (1.18)
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Here, v and v are the anisotropy and the nonlocality respectively. A, is the
amplitude of the input optical beam. In Equation (1.19), the parameter v
determines the intermolecular elastic link between nematic molecules. A small
value of v represents the local limit, while a large value of v represents the nonlocal
limit. In this thesis, the parameters are chosen as the nonlocality v = 600 and

anisotropy v = 1.13 [67].

1.6 Methodology

The beams which travel through a nonlocal NLC are affected by the response
of the medium. The governing equations for an optical beam propagating in
NLC are a coupled system with a Nonlinear Schrodinger Equation(NLSE) for
the beam and a Poisson equation for the director. There is no exact solitary

wave solution or any other exact solution to this system of equations. As a result,
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semi-analytical and numerical methods are used to solve these equations.

1.6.1 Semi-Analytical Methods

Anderson used this method for the first time in 1983 to approximate nonlinear
pulse propagation in optical fibers as described by the NLSE [71]. Variational
or semi-analytic approximations have been found to be useful in the absence of
exact solutions with good agreement with numerical and experimental results.
The semi-analytical method is based on the trial function of the light beam
and the director. The trial function has several variational parameters such as
amplitude, width, phase, and shelf height. These parameters change with the
propagation distance. The variational method is a very useful tool, but it has
some drawbacks due to some simplifications imposed on the beam profiles. As a
result, governing equations remove some important aspects of the evolution of
the beam. A careful selection of trial functions is required to avoid the drawbacks

of this method. Typically, a basic beam profile serves as the trial function [72]

E=f(q1(2),q2),q(2),......qn(2)), (1.20)

where the parameters are ¢;(z), where i = 1,...,.N and N is the total number of
parameters.

The variational method which yields modulation equations, will be used in
this work to investigate the beam dynamics in NLCs. The calculus of variation
is concerned with problems in which we seek a function or a curve, rather than
the value of some variables, that makes a given quantity stationary. In most
problems involving the calculus of variations, the quantity to be minimised (or
maximised) can be expressed as a functional, which means that its arguments

are functions rather than just variables. Let J be a functional of y, defined as

I(y) = / f(y(:v),d:z;x),x> dz, (1.21)
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then the Euler equation is [73]

of d [(0f\
55__55(0w>g 22

It is necessary to reformat the governing equations into their equivalent Lagrangian
formulation in order to use this calculus of variations. Let L be the Lagrangian

of the system. Then, the averaged Lagrangian £ is given by

L:/Lm. (1.23)

The variational method is based on the principle of stationary action. The action
is a functional that takes the trajectory of the system as its argument, and its

integrand is the averaged Lagrangian, which can be written as

2f
S:/'zm, (1.24)
20

where S denotes the action and z, and z; denote the initial and final z points.

According to the principle of stationary action, the action must be stationary,

2f
55:5/ Ldz = 0. (1.25)

20

The next step is introducing an appropriate trial function into the averaged
Lagrangian if it follows the principle of stationary action. After that, the
Lagrangian is averaged by integrating the spatial variables z and y. As a result,
the averaged Lagrangian is only dependent on the propagation distance z. The
averaged Lagrangian gives a set of variational equations for each of the parameters
¢i(z). These variational equations which take the form of Euler-Lagrange’s

equation are known as modulation equations [74],

oL d (0L
e (0 120

Equation (1.26) yields a system of first-order coupled ordinary differential
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equations (ODEs). Simple numerical methods such as the standard fourth-order

Rune-Kutta method can be used to solve these system of ODEs.

1.6.2 Numerical Methods

Various numerical methods are employed to study the system in different contexts.
The numerical methods include the Runge-Kutta method, finite difference method,

and pseudo-spectral methods.

Runge-Kutta Method

This method is for numerically solving differential equations and is reasonably

simple and robust [75]. Consider an initial value problem,

dy

dr = f(z,y), y(zo) = vo. (1.27)

Here, y is an unknown function of x that we want to approximate. Runge-Kutta
method helps in determining an approximate value of y for a given x by calculating
four different slopes and using them as weighted averages. Now we choose a

step-size h greater than zero and define,

Yn+1 = Yn + % (k)l + 2]{72 + 2k}3 + k?4) , Tpel = Ty + h, (128)
where,

ki =hf (xn,yn), (1.29)
1 1

ky = hf (-Tn + §h7yn + §k1) ; (1.30)
1 1

ks = hf <37n + §h>yn + §k2) ; (1.31)

ky=hf(zn,+ h,yn+ k3), (1.32)

where, y,, 11 is the fourth-order Runge Kutta approximation of y(z, + 1). y,.1 is

determined by the present value y plus the weighted average of four increments.
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Fach increment is the product of the interval size h and an estimated slope

specified by the function f on the right-hand side of the differential equation.
In Equation (1.28) the sum (ky + 2ky + 2k3 +k4)/6 can be considered as an

average slope. This method solves the modulation ODE system with fourth-order

accuracy in h.

Finite Difference Method

Another numerical method applied in this thesis is the finite-difference method.
Several authors have studied and compared the finite difference method to
other numerical techniques, concluding that it is efficient and produces accurate
solutions at a low computational cost [76-78].

The finite difference techniques are based on approximations that allow
differential equations to be replaced by finite difference equations. Finite difference
approximation refers to any approximation of a derivative to values at a discrete
set of points. The approximations obtained from Taylor expansion nearest to
the point of interest are used to replace the partial differential equations in this
method. By imposing a rectangular grid on the problem, the dynamical equation
is discretized. Consider a function f and its derivative, both of which are finite,
single-valued, and continuous functions of x. According to the Taylor series

expansion,

%iﬂf”(az) + %hi”f”’(z) + sy (1.33)

flw+h) = fx) +hf'(x) +

and

1

3!h3f”’(a:) + oy (1.34)

flo —h) = F(@) = hf @) + 5 f (@)

where the superscript ’ represents the derivative with respect to x. Adding

Equations (1.33) and (1.34) yields
fl@+h)+ flx —h) =2f(x) + K f"(z) + O(h?), (1.35)
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where O(h*) denotes the error introduced by truncating the series. Assuming

that these terms are insignificant, we can obtain

iy = JEED) = 2J;L(2$) +fla—h) (1.36)

Subtraction of Equation (1.34) from Equation (1.33) while ignoring terms of the
order h3 yields
f@+h) - flz—h)

By including more terms in the Taylor series expansion, higher-order finite
difference approximations can be obtained. If f is a function of x and z, then a
rectangular grid is imposed on the (z, z) plane so that = jh and z = nk where

J and n are integers. Derivatives can be written as follows:

0 1 of 1
(a—aj;)j,n = ﬁ( 200+ L), 8_£ = E(f]ﬂ“ =), (1.38)

where the forward difference approximation is used for %.

Crank-Nicolson Implicit Method

In this method, the forward difference approximation is used for % and the

. . . O2f
central difference approximation for 5-5.
32_f :1 ;T11—2ff+1+ffj1l+ =200+ (1.39)
ox? in 2 h? h? ' '
Consider the NLSE in the following form that outlines the method,
of _*f 2
- = . 1.40
i = L | (1.40)

A one-dimensional beam travels through the nonlinear medium. The output field

at 2z = L is calculated from its initial value at z = 0. The medium is divided into
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evenly spaced intervals by k along the propagation direction. The finite difference

form of the NLSE is written as:

(B 2 R 2 Y
h? h?

i n ny _ —
E(fj+1_fj)_2

S PET G

Rearranging the equation

Cifil + Bifi ™ + Al = =Ciff + Bif] — Ajfity, (1.42)
where A; = —585 = Cj, Bj =i+ 55 — 5|f;|"!, and D; =i — 555 + £|f;|". The

equation is of the form AF = D, where A is a tridiagonal matrix expressed as:

B, C; 0 0 0 . : : il d?
Ay By Cy 0 0 . : : St dy
0 A, B3 C3 0 . : : ot d?

0 0 A3 B4 04 . . . . = . s

An72 anl Cn—l .
A,_1 B, fo+d d?

(1.43)

where d! are known variables. This matrix is in the form AF = D and hence the

output field F' will be obtained as follows:
F=A"D. (1.44)

Spectral Methods

Spectral methods are numerical techniques for solving differential equations by
representing the solution as a series expansion in orthogonal basis functions such

as Fourier series or Chebyshev polynomials. These methods are highly effective
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for problems with smooth solutions because they offer high accuracy while using
fewer grid points. Spectral methods can be applied in physical space, such as
using Chebyshev polynomials for one-dimensional problems, or in Fourier space
for periodic problems. They rely on the rapid convergence of the series expansion

to produce precise results [79, 80].

Pseudo-Spectral Methods

In the pseudo-spectral method, partial differential equations are solved pointwise
in the physical space (z,t) similar to finite difference methods. However, the
spatial derivatives are computed using orthogonal functions. To explain the

approach, consider a differential equation of the form:
Lf=g (1.45)

where f(z,t) is the solution, g(z,t) is a source term, and L represents a differential
operator. The boundary conditions at x = 4+1 depend on L. The solution is

approximated using a finite series expansion:
k=1

where ¢y (z) are basis functions, and wy(t) are the expansion coefficients. Basis
functions are typically chosen from orthogonal function sets, such as Fourier
series or Chebyshev polynomials. The coefficients are determined using a residual

function, defined as:

R[fa(z,t)] == [Lfn — g)(,1). (1.47)

The residual function R is calculated using the approximate solution f,(z,t).
The residual norm, || R||, measures the accuracy of the approximation, and the
goal is to minimize R over the domain. The expansion coefficients wy are chosen

to satisfy boundary conditions, while the remaining coefficients are adjusted to
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make R as small as possible at several spatial points.

The pseudo-spectral method provides exact solutions at collocation points,
with interpolation used to determine the solution between these points. Chebyshev
polynomials are commonly employed for interpolation, and the collocation points
are defined as x; = cos (%), where 5 = 0,1,2,..., N. This method is highly

effective for smooth functions and exhibits geometric convergence.

1.7 Objectives of this Thesis

o Investigate the propagation of nematicons under the influence of damping

and diffractive radiation.
e Study the impact of thermal effects on nematicon propagation.
« Explore the behavior of nematicons within a parabolic potential.
e Study the thermal response of nematicons within a parabolic potential.
o Analyze the propagation dynamics of nematicons in a periodic potential.

o Investigate the effect of thermal response and diffractive radiation on

nematicon dynamics in a periodic potential.

1.8 Relevance of this Study

The thesis titled “Studies on Nonlinear Beam Dynamics in Uniaxial Nematic
Liquid Crystals Under the Influence of Temperature, Diffractive Radiation, and
Potentials” holds significant relevance in both scientific research and technological
applications.

Advancement in Optical Communications: Understanding the nonlinear beam
dynamics in uniaxial nematic liquid crystals under the influence of parabolic

and periodic potentials, thermal responses, and diffractive radiation is crucial
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for improving the design and performance of optical devices such as switches,
modulators, and waveguides.

Nonlinear Optics: Nonlinear optical phenomena are critical in developing
advanced materials for photonics. This research contributes to the broader
understanding of how nematic liquid crystals as a nonlinear medium interact with
light which can lead to innovations in light manipulation and laser technologies.

Tunable Photonic Devices: Nematic liquid crystals due to their sensitivity to
temperature and light intensity offer tunability for photonic devices. By exploring
the thermal influences on nematicon propagation, this research can contribute to
the development of adaptive optical components such as reconfigurable waveguides,
optical switches, and modulators.

Energy-efficient Technologies: Understanding the thermal effects on nematic
liquid crystals could contribute to the development of energy-efficient technologies
as these materials are widely used in low power consuming displays and other
optoelectronic devices.

In summary, this research has practical implications for improving photonic
devices, advancing optical communication systems, and contributing to the

broader field of nonlinear optics.

1.9 Motivation of this Study

The motivation behind the thesis titled “Studies on Nonlinear Beam Dynamics in
Uniaxial Nematic Liquid Crystals Under the Influence of Temperature, Diffractive
Radiation, and Potentials” is rooted in the need to deepen our understanding of
the complex interactions between light and nematic liquid crystals. Nematic liquid
crystals like E7 are widely known for their significant electro-optic properties
which make them essential in a variety of photonic applications such as displays,
waveguides, and optical communication systems. However, the nonlinear optical
behavior of beams propagating through such media is governed by complex

interactions between the material’s refractive index profile, molecular alignment,
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and nonlinear response necessitating further investigation to fully understand
and optimize these effects.

One of the major challenges in utilizing NLC for practical applications is
understanding how thermal effects such as temperature variations alter the
molecular alignment and consequently, the optical properties of the material. This
is particularly important because temperature changes can induce fluctuations in
the refractive index leading to beam distortion, diffraction, or self-focusing effects.
In real-world optical systems, thermal effects often coexist with other nonthermal
factors such as external electric fields or light-induced molecular reorientation.
These effects can significantly impact the behavior of optical beams propagating
through NLCs making it crucial to model and predict how such variables interact.

A theoretical study offers the advantage of providing a controlled environment
where these complex phenomena can be modeled and simulated. By focusing on
the propagation of nonlinear optical beams in E7, a widely used uniaxial nematic
liquid crystal, this thesis aims to explore how various factors affect the optical
response. The study will help clarify how these factors contribute to phenomena
like optical self-trapping, beam deflection, and soliton formation which are key to
optimizing the performance of NLC based photonic devices.

Additionally, there is a growing interest in applying NLC in more advanced
photonic systems such as reconfigurable optical circuits and all-optical switching
devices. These systems often operate in environments where thermal management
is critical making it even more important to understand how temperature and
other parameters affect optical beam propagation in NLCs. This research is
expected to provide insights that will aid in the development of more efficient
and robust liquid crystal based optical technologies.

In summary, the motivation for this thesis is driven by the need to enhance
the theoretical understanding of nonlinear beam dynamics in uniaxial nematic
liquid crystals particularly under the influence of potential, thermal response,
and diffractive radiation effects with a focus on the E7 NLC. Such insights will

contribute to the development of more precise and reliable optical systems utilizing
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NLC in various technological applications.

1.10 Outline of Thesis

The thesis presents studies on nonlinear beam dynamics in uniaxial nematic liquid
crystals under the influence of temperature, diffractive radiation, and potentials.
A coupled system consisting of (241)D nonlinear Schrodinger-type equations
for the optical beam and elliptic Poisson equations for the molecular director
governs the propagation of nonlinear optical beams in NLCs. The variational
and numerical methods are employed for the analysis. The standard fourth-order
Runge Kutta method is employed to solve the modulation equations numerically.
The finite difference beam propagation method has been used to solve the full
governing equation of beam evolution in uniaxial NLC. For linear stability analysis,
the pseudo-spectral method is employed. The remaining chapters of the thesis
are structured as follows.

Chapter 2 discusses the interplay between diffractive radiation shed and
damping coefficient in a NLC with nonlocal nonlinearity. Semi-analytical and
numerical techniques are used to analyze the system. The introduction of defects
into the NLC causes some kind of damping of nematicons. These defects can be
induced at the time of construction of the NLC. We investigate the propagation
of a beam through a medium in three situations in which defects in NLC are
made in such a way that three different types of damping are produced. Even
when the medium exhibits some kind of damping, we found that the diffractive
radiation aids the beam to evolve as a nematicon. In the case of constant and
periodic damping, the damping effect is canceled by high diffractive radiation.
However, only a very small value of diffractive radiation shelf height can overcome
the hyperbolic damping, allowing the nematicon to travel through the medium.

The thermal responses of single-peak and double-peak solitons in a nematic
liquid crystal have been numerically studied in Chapter 3. Single-peak nematicons

are observed for low thermal response coefficients where the behavior is primarily
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influenced by focusing reorientational nonlinearity. As the thermal response
coefficients increase, the defocusing thermal nonlinearity becomes dominant,
causing the beam to broaden and eventually split into double-peak nematicons.
This competition between focusing reorientational and defocusing thermal
nonlinearities leads to the formation of single-peak and double-peak nematicons.
The stability of the stationary solutions to small perturbations is analyzed using
the Bogoliubov-de Gennes equations. Single-peak nematicons are stable regardless
of thermal response coefficient values while double-peak nematicons remain stable
only for large values of thermal response coefficients. Moreover, higher thermal
response coefficients reduce the total nonlinear response of the medium making
the beam more resistant to perturbations.

Chapter 4 studies the behavior of nonlocal spatial optical solitons in a uniaxial
nematic liquid crystal with a parabolic potential. By doping NLC with an
appropriate dopant such as dye, carbon nanotubes (CNTSs), or nanoparticles,
the parabolic potential can be generated experimentally [81-83]. Numerical and
semi-analytic methods are used to solve the equations governing the system. We
found that nematicons exist in the parabolic potential. These nematicons show
periodic oscillations in the presence of a parabolic potential. It has been found
that when potential strength increases, the wavelength of periodic oscillations
decreases linearly. Higher harmonics of nematicons can be produced by varying
the strength of the parabolic potential. The nematicons are found to be stable in
a parabolic potential according to the linear stability analysis.

Chapter 5 focuses on the impact of thermal response on nematicons in
a parabolic potential. Single-peak nematicons can be observed only when
thermal response coefficients are absent, as focusing reorientational nonlinearity
dominates under such conditions. However, when the thermal response is
introduced, the interplay between the focusing reorientational and defocusing
thermal nonlinearities can lead to the transformation of single-peak nematicons
into double-peak structures. In this scenario, the defocusing thermal nonlinearity

exceeds the focusing reorientational nonlinearity resulting in the formation of
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double-peak nematicons. The combined effect of these nonlinearities reshapes the
energy landscape encountered by the light beam within the medium. This altered
energy distribution characterized by multiple maxima, allows for the stabilization
of double-peak nematicons as equilibrium configurations. In the presence of
a parabolic potential, nematicons can exhibit periodic oscillations. For small
thermal response coefficients, double-peak nematicons with periodic oscillations
can be obtained. The thermal response coefficients significantly influence the
oscillation wavelength of these nematicons with the wavelength increasing as
the coefficients grow. At high thermal response coefficients, the double-peak
nematicons lose their oscillatory nature. Linear stability analysis indicates that
single-peak nematicons and double-peak nematicons with periodic oscillations
can be stable whereas double-peak nematicons without oscillations tend to be
unstable.

Chapter 6 explores the formation and stability of single-peak and multi-peak
gap nematicons by employing numerical analysis. The study includes both
stationary and dynamic solutions within the first band gap. Both single-peak
and multi-peak gap nematicons can be observed within this gap. Single-peak
gap nematicons are found across a broad range of propagation constants whereas
multi-peak gap nematicons emerge only when the propagation constant exceeds
a certain threshold. The intensity distribution across the peaks in a multi-peak
gap nematicon is strongly influenced by the intensity of the input beam. The
stability of stationary solutions against small perturbations is analyzed using
the Bogoliubov—de Gennes equations. Single-peak gap nematicons are stable.
Multi-peak gap nematicons are stable when the peaks have equal amplitudes but
become unstable when the peak amplitudes are unequal.

Chapter 7 deals with the effect of thermal response and diffractive radiation
on the behavior of multi-peak gap nematicons employing numerical simulations
for the analysis. Both stationary and dynamic solutions are studied revealing
that the thermal response by itself results in the formation of two-peak gap

nematicons within the first band gap. The separation between peaks increases
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in a nonlinear parabolic pattern as the thermal response coefficients rise driven
by the interaction between thermal effects and refractive index variations in the
NLC. The inclusion of diffractive radiation leads to the formation of three-peak
and four-peak gap nematicons where energy dynamically redistributes among
the peaks depending on the diffractive radiation shelf heights. The stability of
these multi-peak configurations under small perturbations is evaluated using the
Bogoliubov—de Gennes equations. Linear stability analysis shows that two-peak
gap nematicons with thermal response can be stable. Three-peak gap nematicons
exhibit stability for comparatively large diffractive radiation shelf heights with
energy distributed almost uniformly among the peaks. However, at higher thermal
response values even symmetrically distributed peaks in a four-peak gap nematicon
become unstable. This instability is driven by stronger thermal gradients which
amplify refractive index modulations disrupting the confinement of the peaks.
These intensified modulations cause the peaks to shift out of phase ultimately
leading to instability regardless of their peak symmetry.

Chapter 8 summarizes the results and conclusions of the thesis. This chapter
also includes recommendations for future research in NLC and other optical

media.
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Chapter 2

Impact of Diffractive Radiation

Shed on Nematicon Propagation

This chapter discusses the behavior of spatial solitons propagating through
nematic liquid crystals under the influence of damping in a nonlocal regime. The
role of diffractive radiation in enabling the undisturbed propagation of nematicons
is analyzed using both variational analysis and numerical simulations. For a
constant damping coefficient, higher levels of diffractive radiation are necessary to
offset the damping effects. In the case of periodic damping profiles, even greater
diffractive radiation is required to counteract the damping effects compared
to constant damping profiles. However, low levels of diffractive radiation are
sufficient to balance the effects of hyperbolic damping. The analysis is crucial for
ensuring the stable propagation of nematicons under varying damping conditions.
By analyzing the impact of diffractive radiation, the study offers valuable insights
into optimizing conditions for undisturbed nematicon behavior in practical optical
systems.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘Interplay between diffractive radiation shed
and damping coefficient on nematicon propagation’. Journal of Modern

Optics. 2022 nov; 69(20): 1134-1141.
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2.1 Introduction

The study of solitons in liquid crystals represents a significant area within nonlinear
physics [1]. Specifically, nematicons are solitary waves observed in nematic liquid
crystals (NLCs) that have garnered considerable interest in recent years [2, 3].
Throughout this thesis, we focus on NLCs with a single symmetry axis composed
of anisotropic molecules in a fluid state. Typical NLCs exhibit positive uniaxial
behavior where the molecular director, a unit vector aligned with the long axis
of ellipsoid-shaped molecules, coincides with the optic axis [4]. According to
G. Assanto, when a beam travels through a nonlocal NLC, it generates a diffractive
radiation shelf beneath it, which can be visualized as circular patterns, enabling
the beam to move through the medium without distortion [5].

The chapter focuses on understanding the behavior of nematicons when
subjected to damping, a factor that affects their propagation. The research is
motivated by the need to investigate how diffractive radiation plays a crucial role
in maintaining stable soliton propagation in a nonlocal regime where interactions
extend over a range of distances. In this chapter we aim to explore how different
types of damping such as constant, periodic, or hyperbolic profiles influence the
propagation of these solitons and how diffractive radiation can counterbalance
these effects. The research highlights the significance of diffractive radiation in
mitigating the effects of damping. The motivation is to enhance understanding
of the relationship between damping and soliton behavior offering insights into
optimizing conditions for undisturbed soliton travel in systems with complex
damping profiles. Such findings are valuable for optical communications and
photonic technologies where solitons are used as stable information carriers.
Nematicons can be utilized in designing waveguides, optical circuits, or all-optical
switching devices. These solitons can navigate in complex media without spreading
out, making them ideal for precise signal transmission.

This chapter is arranged as follows. Section 2.2 explains the theoretical model
of the beam propagation in a nematic liquid crystal having nonlocal nonlinearity

and damping. Section 2.3 gives the results and discussions. First, the beam
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dynamics have been analyzed in the NLC with a constant damping coefficient.
Then the study has been extended to the systems with periodic and hyperbolic
damping profiles. Section 2.4 concludes the chapter.

2.2 Theoretical model

Consider an optical beam propagating along the z-direction through the positive
uniaxial NLC. The geometry of the nematic liquid crystal cell is the same as
that described in Ref. [5] and is shown in Figure (2.1). The optic axis of the
nematic is aligned along the y-direction. The angle ¢ describes the optic axis
reorientation in the zy plane. The beam propagates through the medium and
undergoes damping. The system is modeled by a nonlinear Schrodinger-type
equation for the optical beam and an elliptic Poisson equation for the molecular

director. The governing equations of the system are given by

oE, 0O°E, O%F,
_l’_

. 1 G
0z + o0x2 ayQ +k§€aExszn2€+§kgeaEye ko(n—n) sin2¢

Qikonj_
+ie(2)E, =0, (2.1)

E 2, ntO’E
Zikon”aay—l—a y+_”3 Y

z 0 n? Oy?

1 .
— ke By sin*E + ékgeaExe_’kO(”n L)% gin2¢

tie(2)E, =0,  (2.2)

with the equation of the molecular director

1 ,
KV*¢+ 1 €0€a [2(1E.|? = |E,|*)sin2¢ + 2Re E, e~ D%co52¢] = 0.
(2.3)

E, and E, are the z and y components of the electric fields, and & is the
director angle. The subscripts x and y represent the partial derivatives concerning
x and y respectively. z is the propagation distance. kg be the ordinary wave vector

and ¢, be the birefringence of the nematic. K denotes the elastic constant of the
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Figure 2.1: The figure of the considered sample and interaction geometry. A
nematic liquid crystal with the ellipses represents the elongated NLC molecules.
The green arrow represents the input light beam impinges on the sample.

medium. n and n, are the refractive indices parallel and perpendicular to the
director alignment respectively. €(z) is the damping coefficient which is a function
of the propagation distance z. The various constants in the model are chosen as
the material parameters of the standard E7 mixture at room temperature which
is a positive uniaxial NLC with n= 1.73 and n, = 1.53, and elastic constant
K= 12pN [5]. V¢ is the two-dimensional Laplacian. The equations of z and y

components of the electric field of the beam are

E, = Xtz By = Yo, (2.4)
Here, X and Y are the amplitudes of electric fields in two transverse directions.
By substituting Equation (2.4) in Equations (2.1) - (2.3) we get,

2,8_X N 0?X N 0*X
Yo, T o 0y?

1 iz
+ Xsin?¢ + §Yemsz'n2§ +ie(2) X =0, (2.5)

8Y 82Y 82Y 1 —iz
21’75 + 2 + 726—y2 — Ysin®¢ + EXemsinQS +ie(2)Y =0, (2.6)

UV + (|X[2 = [Y]?)sin2€ + 2Re(X Y e )cos2¢ = 0, (2.7)
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oy y_4Kk;§
T A

(2.8)

Here, v and v are the anisotropy and the nonlocality respectively. A, is the
amplitude of the input optical beam.

The introduction of defects into the NLC causes some kind of damping of
nematicons [6]. These defects can be induced at the time of construction of the
NLC [7]. Here we analyze the propagation of the beam through the medium in
three cases in which defects are created in NLC in such a way as to produce three
different types of damping.

1. constant damping
2. periodic damping
3. hyperbolic damping

The Equations (2.5) - (2.7) have been analyzed by employing the variational

method. The Lagrangian density of the system is given by

L=i(X"X, = XX7) = [ X, = |X,[? =iy (Y'Y, = YY)) = [V, [ = ?[Y,
1 —iz
—§V|V§|2 + Re(XY*eT)sin2€ + (| X|* — |V |?)sin’¢
+ie(z) (X +YP), (2.9)
where the asterisk stands for complex conjugation. The trial solutions are chosen
as [5]

2 2

-2 ) _r . _rs
X = (axe_wa% —|—igx> e, Y = (aye wj +z’gy) e, &=ae 7, (2.10)

<

where 72 = 22 4+ y*. a, and a, are the amplitudes, w, and w, are the widths, and
o, and o, are the phases of the beam in two transverse directions. Also, g, and
gy are the height of the diffractive radiation in the x and y directions respectively.
« and 3 be the amplitude and width of the director respectively. The parameters

Uy, Gy, Wy, Wy, Oy, Oy, Gz, Gy, and o are functions of z.
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Figure 2.2: Beam propagation with constant damping plotted for damping
coefficient €, = 3 for an initial excitation with ay0=1.3, a,0=1.8, wy=12, wy=12,
0,0=0, 0,0=0. In the first row (Results of variational analysis): (a) evolution of
amplitude along the z-direction, (b) evolution of amplitude along the y-direction.
The second and third-row corresponds to numerical results. In the second row:
(c) the evolution of amplitude along the z-direction, (d) evolution of amplitude
along the y-direction for g,=g,=0; In the third row: (e) the evolution of
amplitude along the x-direction, (f) evolution of amplitude along the y-direction
for g,=g,=0.08.
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The trial functions (2.10) are substituted into the Lagrangian (2.9), which is

then averaged by integrating x and y from —oo to 4o00. ie,

+oo
L= / Ldxdy. (2.11)

By using Equations (2.10) and (2.11) the averaged Lagrangian is given by

L
Z = — (a2w? + 22¢%) 0, 4 2wig.al, + 4a,w,g.0), — 2a,w gl — a?
T
— V(afjw; + 21393)02 + 27w§gya; + dyaywy g, w, — 27ayw§g;
1 2 1
- 5(1 +7%)a; + Baaxaywiwz 2 cosf) — §V042
1, [a2w?p? awf? aw? aw, ..,
+ = —— - +1 2t IV 4 g2t gl
2% B vl B ru? (=) |75 g Jale Ty
(2.12)
Where ’ represents derivative with respect to z.
Here, D and 6 are given by,
D = gl + 2w + wiw}, [ — — 0, + 0y (2.13)
I+~
The standard variational approach for the system is given by,
oL d (oL
oy ds (8]7’) =0, (2.14)

where p; corresponds to all parameters free to vary in the ansatz. In the ansatz
chosen in Equation (2.10), p;(2) = a., ay, Wy, Wy, 04, 0y, Gz, Gy, and «. The

variational equations for the beam parameters are obtained as follows:

dw g 2aaywxw;ﬁ2l2ggﬁ ) ) aaywxwzﬂzsine
r _ _ Cadz x 0 y
dz a,w3 * a2 D? (67 4 wg)cosh + a,D
4aayw§ﬁ2l§gx 2 2 2 2 2,2 ie(z)lggac
_W(ﬁ w,, — ﬁ U)y + wzwy>C086 — m, (215)
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dw, _ _lggy(l +79%)  2aa.wiw,5g, (8 + w?)cosh — aazww, %sind
dz 2ya,w azyD? Y a,yD
daazw?B22g ie(2)l2g
. T yrY rp2,.2 22 2,2 o — y7Y 2.16
da, Saa,w?f*2g, 20a, w2 sind
o= azw—yQDQ(ﬁQwi — BPw; + wiw})cost) — E/)
20a,wy B gs i€(2) 1390
_T(ﬁ + wx)cosﬁ + w—§7 (217)
da, 8aa,wif’Llgy . o o 5 5 o 20ca,w? B2 sind
o= W(ﬁ w, — Brw; + wyw,)cosd + D
20ca, w2 (2% g ie(2)l%g
2 V(2 w?)cosh) + ———4 2.18
~a, D (8% + w,)cost + 2wt (2.18)
dg, Ay 2aa,w?3?
T = 97 iyyy (82w — B*w] + wiw?)cost, (2.19)

dg, (1+9%a, 2aaw?s?

_ 2,2 _ p202 22
Tde T aw? pr By = Brwy 4 wpwy Jeost,
do, 2 2aawacw§ 2 5 5
= —— +———F—5— (8" + w;)cosb,
dz w? a, D? (8 :)
doy, 1+4% 200wiw, .,
=— + w?)cosh,
T dz w3 a,D? (8 )
o Eaxangwz 2cosb _ azw? B aiw? |
D v—-pA 7 B2 +w? B w?

(2.20)

(2.21)

(2.22)

(2.23)

The method yields first-order ordinary coupled differential Equations (2.15)

- (2.23). These equations are known as modulation equations. The standard

fourth-order Runge Kutta method is employed to solve these modulation equations

numerically.
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Figure 2.3: Beam propagation with periodic damping plotted for damping
coefficient €; = 3 for an initial excitation with ay0=1.3, a,0=1.8, wy=12, wyn=12,
0.0=0, 0,0=0. In the first row (Results of variational analysis): (a) evolution of
amplitude along the z-direction, (b) evolution of amplitude along the y-direction.
The second and third-row corresponds to numerical results. In the second row:
(c) the evolution of amplitude along the z-direction, (d) evolution of amplitude
along the y-direction for g,=g,=0; In the third row: (e) the evolution of
amplitude along the x-direction, (f) evolution of amplitude along the y-direction
for g,=g,=0.08.
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The system of coupled partial differential equations given in the governing
Equations (2.5) - (2.7) has been directly solved numerically using the finite
difference method. In this method, a rectangular grid is imposed on the problem

and the grid planes are spaced by Az and Ar such that z, = kAz and r,, = nAr,

respectively. The condition for stability is achieved by selecting AATZQ <0.5. An
initial trial function was chosen as per the variational ansatz as given in Equation
(2.10). In the presence and absence of diffractive radiation, the beam propagation
with different damping profiles is studied and these numerical results of Equations

(2.5) - (2.7) are compared with the variational results.

2.3 Results and discussions

The analysis has been done to investigate the effect of diffractive radiation shed
on various damping profiles such as constant damping, periodic damping, and
hyperbolic damping. In all cases, the initial conditions are chosen as a,,=1.3,
ay0=1.8, wy=12, wy=12, 0,=0, and 0,=0. The amplitude evolutions of the

beam in two transverse directions are studied for different radiation shelf heights.

Constant damping

Figure (2.2) displays the beam propagation with constant damping plotted for
damping coefficient ¢, = 3. The solutions of modulation equations are plotted in
Figures 2.2(a) and (b). They give the evolution of amplitude in two transverse
directions for different values of the radiation shelf height. When the values of
g, and g, are increased from 0 to 0.35, the damping is counterbalanced by the
radiation shelf. The numerical analysis of Equations (2.5) - (2.7) using the finite
difference method also shows that the damping effect can be counteracted by the
radiation shelf as plotted in Figures 2.2(c)-(f). The second row represents the
evolution of amplitude for g,=g,=0 and the third row represents the evolution
of amplitude for g,=g,=0.08. The amplitudes along the transverse directions

are damped as shown in Figures 2.2(c) and (d) respectively for g,=g¢,=0. In
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the presence of a radiation shelf with heights of 0.08, the damping effects of the
amplitudes get reduced as depicted in Figures 2.2(e) and (f). The variational and
numerical analysis show that here a large value of diffractive radiation is needed

to counteract the effect of damping.

Periodic damping

Consider the periodic damping profile [8],

€(z) = es[cos(w(z — L/2)) + cos(w(z + L/2))], (2.24)

where €, is the strength of damping and w is the width of damping. The damping
effect is counteracted by even higher diffractive radiation as compared to case
1 as shown in Figure (2.3). When the values of g, and g, are increased from
0 to 0.65, the damping effects are canceled. The variational results are shown in
Figures 2.3(a) and (b). The amplitude variation with different radiation shelf
heights obtained from the numerical analysis is shown in Figures 2.3(c)-(f). The
second row represents the evolution of amplitude for g,=g¢,=0 and the third row
represents the evolution of amplitude for g,=g¢,=0.08. The evolution of X and Y
in the absence of radiation shelf are shown in Figures 2.3(c) and (d) respectively.
Figures 2.3(e) and (f) show the amplitude evolutions for g,=g¢,=0.08. Both results
show that the diffractive radiation can cancel the damping effect, but here its

value is greater than that of the previous case.

Hyperbolic damping

When there is a hyperbolic damping profile in the medium in the form [§]

€(z) = es[sech(w(z — L/2)) + sech(w(z + L/2))], (2.25)

the damping effect is compensated by very small diffractive radiation as shown
in Figure (2.4). When the values of g, and g, are increased from 0 to 0.08, the

damping effects are canceled. The first row represents the variational results.
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Figure 2.4: Beam propagation with hyperbolic damping plotted for damping
coefficient €, = 3 for an initial excitation with ay0=1.3, a,0=1.8, wy=12, wy=12,
0,0=0, 0,0=0. In the first row (Results of variational analysis): (a) evolution of
amplitude along the z-direction, (b) evolution of amplitude along the y-direction.
The second and third-row corresponds to numerical results. In the second row:
(c) the evolution of amplitude along the z-direction, (d) evolution of amplitude
along the y-direction for g,=g,=0; In the third row: (e) the evolution of
amplitude along the x-direction, (f) evolution of amplitude along the y-direction
for g,=g,=0.08.
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The numerical results are depicted in the second and third rows. The second and
the third rows show the evolution of X and Y for ¢g,= ¢,=0 and ¢,= ¢,=0.08
respectively. Figures 2.4(c) and (d) elucidate the evolution of X and Y for
9:=0y=0. The damping of X and Y is canceled by the presence of diffractive
radiation as shown in Figures 2.4(e) and (f) respectively. Both results show
that a very small value of diffractive radiation can counterbalance the effect of
hyperbolic damping.

From the above three cases, it is clear that the diffractive radiation helps the
beam to evolve as a nematicon even if the medium has some kind of damping.
In the case of constant and periodic damping, the damping effect is canceled by
high diffractive radiation. But, a small value of diffractive radiation height can
counteract the hyperbolic damping and as a result, the nematicon propagates

through the medium.

2.4 Conclusion

This chapter analyzes the interplay between diffractive radiation and the damping
coefficient in a nematic liquid crystal with nonlocal nonlinearity. The system is
analyzed using both semi-analytical and numerical methods. When the damping
profile is either constant or varies periodically along the propagation distance,
nematicon propagation occurs only if the height of the diffractive radiation shelf
is significant. However, even a very small diffractive radiation shelf height can
offset the impact of hyperbolic damping on the beam, allowing the nematicon to
propagate through the medium.

The damping effects addressed in the study are relevant in real-world systems
where loss mechanisms such as absorption or scattering in materials occur.
Understanding how to minimize or counteract such effects with diffractive
radiation can enhance the performance and efficiency of soliton-based technologies.
For example, in fiber optic communications, diffractive radiation helps maintain

the stability of optical solitons over long distances, improving signal transmission
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by reducing signal loss and distortion. Furthermore, the study sheds light on the
role of different damping mechanisms and their implications for the development
of tunable optical devices. In these devices, the ability to control or adapt to
different damping profiles could allow for more flexible and dynamic control of
light propagation. This could be particularly useful in adaptive optics, nonlinear
optics, and in systems requiring precise control over light-matter interactions.
The competition of thermal nonlinearity and self-focusing is analyzed in the

next chapter.
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Chapter 3

Competition of Nonlinearities in

Nematicon Dynamics

This chapter investigates the thermal behavior of single-peak and double-peak
solitons in a nematic liquid crystal through numerical simulations. Single-peak
nematicons can be obtained at low thermal response coefficients, where the
focusing reorientational nonlinearity dominates. Conversely, at higher thermal
response coefficients, the defocusing thermal nonlinearity surpasses the focusing
reorientational nonlinearity, causing the beam to broaden, form a flat-top profile,
and eventually split into double-peak nematicons. Linear stability analysis
reveals that single-peak nematicons remain stable regardless of thermal response
coefficient values, while double-peak nematicons are stable only at high thermal
response coefficient values. Understanding the thermal responses of nematicons
can aid in the development of all-optical switches and laser beam shaping.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘Thermal response of single-peak and
double-peak nematicons’. The European Physical Journal Plus. 2023
Dec; 138(12): Article ID 1073.
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3.1 Introduction

Numerous theoretical and experimental investigations have been conducted on
thermo-reorientational solitary waves arising from competing nonlinear effects
[1, 2]. These waves form as a result of the nonlocal refractive index response
to extraordinary polarized light beams, which undergo both self-focusing due
to molecular reorientation and self-defocusing due to heat generated by optical
absorption [3, 4]. The latter process can be facilitated through appropriate dye
doping, where photon energy is absorbed from the beam and converted into
heat [2, 5]. In media with a single type of nonlocal nonlinearity, complex soliton
structures are often unstable. However, the coexistence of focusing reorientational
and defocusing thermal nonlinearities stabilizes these complex soliton structures
6, 7].

This chapter is driven by the intent to explore the influence of different
nonlinear effects on soliton behavior in nematic liquid crystals, particularly
highlighting the roles of focusing reorientational and defocusing thermal
nonlinearities. By numerically investigating these dynamics, the research aims to
clarify how thermal responses affect the structure and stability of solitons. This
understanding could have implications for optimizing soliton behavior in optical
applications, where controlling beam shape and stability is crucial. The study
is particularly interested in exploring how varying thermal response coefficients
lead to the formation of either single-peak or double-peak nematicons, and how
these solitons maintain stability under different conditions.

This study holds significance for two key reasons. Firstly, it sheds light
on the dynamic relationship between focusing reorientational nonlinearity and
defocusing thermal nonlinearity. This balance plays a crucial role in managing
the stability and behavior of optical beams in a range of liquid crystal based
devices. Secondly, the findings on the stability of solitons, particularly the impact
of thermal response coefficients on their ability to withstand perturbations, are
essential for designing stable optical systems. Gaining a deeper understanding of

these mechanisms is vital for advancing liquid crystal technologies in areas such
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as telecommunications, signal processing, and optical data storage.

This chapter considers the thermal response of single-peak and double-peak
nematicons in the nonlocal regime. The beam propagation in the NLC has
been studied for various values of thermal response coefficients. This chapter
is organized as follows. Section 3.2 describes the theoretical model for beam
propagation in a nematic liquid crystal in the nonlocal regime. The governing
equations of the system are solved using the finite difference method. The results
and discussions are presented in section 3.3. In section 3.4, the stability of
the solutions against the small perturbations has been investigated using linear

stability analysis. Section 3.5 concludes the chapter.

3.2 Theoretical model

Consider an optical beam which propagates through a positive uniaxial NLC
along the z-direction as shown in Figure (3.1). The optic axis of the nematic is
aligned along the y-axis and the director angle £ describes its reorientation in the

xy plane. The governing equations of the beam are given by [2, 8-10]

oE, 0°E, O°E,
_l’_

1 ‘
5 T aa2 e +k§eaEmsm2§+ék;geaEyelko("u*"L)ngzg =0, (3.1)

2@]{70711_

OE, O*E, nlo’E 1 :
s ! — K2e By, sin’é + §k§eaEx6_lk0(””_“)ZSM% = 0.

20k —
M, T a2 n? Oy?

(3.2)

Here, E, and E, represent the x and y components of the electric fields.
ko denotes the ordinary wave vector. The refractive indices parallel and
perpendicular to the director alignment are denoted by n and n,, respectively.
€, denotes the nematic birefringence and is related with the refractive indices by

—n2 2
€a—7’LH - TLJ_.
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The governing equation of the molecular director is given by [10]
1 . * —iko(n—n_ )z
KVZ&—ZGOEQ [2(| E, |? — | E, [*)sin2¢ 4+ 2ReE,E}e Rolm=n1)20052¢] = 0. (3.3)

Here, V2 is the two-dimensional Laplacian. K denotes the elastic constant of the
medium, which is assumed to be the same for bend, splay, and twist deformations
of the NLC molecules.

The localized heating produced by light absorption causes the thermo-optic
changes in the material properties of the NLC. Hence the refractive indices n| and
n, as well as the elastic constant K of the medium are temperature dependent.

The equation of the heat flow is given by [11]
2 2 1
SVT = —al' | E |7, where, I = S €0CTe (3.4)

S denotes thermal conductivity, a be the thermal absorption coefficient of the
material, and T is the temperature. €, and ¢ represent the permittivity of free
space and the velocity of light in vacuum respectively. The refractive index n. of

the extraordinary polarized waves is given by

2,2
9 YnL

¢ nﬁcos% + n? sin?¢’

(3.5)

n

Let Ty be the NLC temperature in the absence of the beam, and A represents
the typical temperature increase brought on by the beam. Then T' = Ty + A,
where the variation of the nondimensional temperature from 7T} is denoted by 7.

We get the heat equation in the nondimensional form as

SA
) ) 9 T
urVer=— |1 X P —|Y |?, where, pup = —FWbQ 2 (3.6)

where pr is the nondimensional thermal diffusivity [3]. A, and W), are the

amplitude and width of the beam respectively.
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Figure 3.1: The interaction geometry. A nematic liquid crystal with ellipses which
have long axes parallel to y is used to represent the elongated NLC. The input
light beam is shown with a green arrow impinging normally to the molecular
director on the sample. The angle £ describes the reorientation of the optic axis,
n in the (z,y) plane.

The equations of the x and y components of the electric field of the beam are

given by
E, = XeMrz o g =Yk, (3.7)

X and Y are the amplitudes of electric fields in two transverse directions. When
Equation (3.7) is substituted in Equations (3.1) - (3.3) and taking into account
the temperature dependence on material parameters, and nondimensionalizing

Equations (3.1) - (3.3), we get

0X ?X  0?°X 1 iz
digstomt et Xsin®§ + 5 eTH 0 sin2¢ = 0, (3.8)
8Y 82Y 82Y 1 —iz
2”(7)5 to T 7(7)28—y2 — Ysin?€ + 5 X e sin2¢ =0, (3.9)
V(PIV2E+ (| X |2 — | Y [?)sin2€ + 2Re(XY* T )cos26 = 0. (3.10)

The nonlocality (v) and the anisotropy () are temperature dependent. They are

related to the elastic constant K and the extra-ordinary refractive index n. by
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the equations [11],

8K 2N, (3.11)
V= = . .
€oea AZWZsin2¢’ 7 Ve€asin2€

According to experimental measurements, the refractive index eigenvalues for the
standard NLC mixture E7 vary nearly linearly with temperature up to about
40°C [11]. Refractive index nj decreases by approximately 0.6% between 20 and
40 degrees Celsius, while n, increases by approximately 1.3% [10, 11]. As a result,
~(7) can be expanded to second order in a Taylor series as (1) = 1 — v, 7, where
v1 is related to j—z at T'=Ty.

The numerical solutions to the system of Equations (3.8) - (3.10) has been
found using the finite difference method. In this method, a rectangular grid is
imposed on the problem and the grid planes are separated by Az and Ar such
that z, = kAz and r,, = nAr, respectively. The stability requirement is fulfilled
by selecting £5 < 0.5. The solutions of the Equations (3.8) and (3.9) are selected

—(r—m)2 —rtm)2] —(r=m)? —Ctm)? |
X=a,|e »2 +e vwi |, Y=a,|le “sn +e v [ (3.12)

where 12

= 22 + y?. The amplitudes of the beam are a, and a,, widths are w,
and wy, and the phases are o, and o, along the two transverse directions.

The solutions of the Equation (3.10) is selected as [12],

£ = ae%; + A [Ez (_5_7;2) —In (;—2)} . (3.13)

Here, the first term represents the local contribution, while the second and third
terms represent the nonlocal contributions of the director angle. o and A represent
the amplitudes of the local and nonlocal contributions of the director respectively

and (8 be the width of the director. o depends on the propagation distance z
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through the relation [13],

2,232
2 apaywiwy cost)

= 3.14
“ D A 1)
where,
2,2 aw?
D = 82w+ 32w+t 0 — — —0, Ae LW Tww (395
/B wx+/8 wy—i_wxwy, 1 +7 g +0y7 /62 +w323 /62 +w§ ( )

The thickness of the NLC cell is represented by L. Then d = L/2. f3 is given by
the relation, f=L/(2In100). Ei denotes the exponential integral function.

+0o0
E; = —/ et 1dt. (3.16)

z

The solutions to the radially symmetric heat Equation (3.6) are Inr and a constant.
We assume that the temperature within the circular peak of nematicon is constant
due to the high thermal diffusivity p7. As the homogeneous solution moves away

from the axis, the temperature decreases [3].
R
T=1, 0<r<m; r=mln—, m<r<R. (3.17)
r

Furthermore, it obeys the boundary condition 7= 0 at r = R.
The propagation of the beam has been analyzed in a nematic liquid crystal
in the nonlocal regime and the numerical results of Equations (3.8) - (3.10) are

presented graphically in section 3.3.

3.3 Results and discussions

The analysis has been done to investigate the thermal response of single-peak
and double-peak nematicons in a uniaxial NLC. The initial conditions are chosen
as ay0=1.5, ay =12, wy=12, wy=12, 0,0=0, and 0,=0. We studied the
propagation of the nematicons through uniaxial NLC for different values of

thermal response coefficients. We solved Equations (3.8) - (3.10) numerically
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employing the finite difference method. The different parameters are chosen as
ur = 300, v =600, 1, =0.1, a =2, A= 0.5, and m = 2.2.

Let the medium has no thermal response initially. The thermal response
coefficients (7p and 7y) are zero in this case. Figures 3.2(a) and (b) depict the
evolution of amplitude along the x and y directions respectively. The nematicons
have a single-peak if there is no thermal response as shown in Figures 3.2(a) and
(b). The study was carried out for a range of thermal response coefficients. The
single-peak nematicons are obtained for the thermal coefficients within the range
0.1 to 0.3. Here, for low values of thermal response coefficients, the nonlinearity is
mainly driven by the molecular reorientation, and the nematicons have a typical
single-peak shape.

When the thermal response coefficients are 7y = 71 = 0.5, the evolutions of
the beam along two transverse directions are shown in Figures 3.3(a) and (b)
respectively. The beam broadens and develops a flat top. As the thermal response
coefficients increase, defocusing thermal nonlinearity dominates over focusing
reorientational nonlinearity. Hence the beam exhibits the particular behavior as
shown in Figure (3.3).

Figures (3.4) and (3.5) depict the advancement of the beam when the thermal
response coefficients are 7y = 71 = 0.6, and 79 = 7 = 1.0 respectively. When
To = 71 = 0.6, a dip is formed on the flat top of the beam along the two transverse
directions as evident in Figures 3.4(a) and (b). The dip formed becomes much
deeper as the thermal response coefficients increase from 0.6 to 1.0 as elucidated
in Figures 3.5(a) and (b). When the thermal response coefficients increase,

defocusing thermal nonlinearity exceeds focusing reorientational nonlinearity.
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Figure 3.2: Evolution of the amplitude in two transverse directions for 7o = 7, = 0:
(a) Along the z-direction, and (b) along the y-direction.
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Figure 3.3: Evolution of the amplitude in two transverse directions for
70 =71 = 0.5: (a) Along the z-direction, and (b) along the y-direction.
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Figure 3.4: Evolution of the amplitude in two transverse directions for
70 =71 = 0.6: (a) Along the z-direction, and (b) along the y-direction.
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Figure 3.5: Evolution of the amplitude in two transverse directions for
70 =71 = 1.0: (a) Along the z-direction, and (b) along the y-direction.
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Figure 3.6: Evolution of the amplitude in two transverse directions for
7o =71 = 1.6: (a) Along the z-direction, and (b) along the y-direction.

When the thermal response coefficient increases further, the dip between two
peaks increases and finally splits into two distinct peaks at 7 = 71 = 1.6 as shown
in Figure (3.6). Figures 3.6(a) and (b) depict the advancement of amplitude
along x and y directions. For large values of thermal response coefficients,
the defocusing thermal nonlinearity is significantly greater than the focusing
reorientational nonlinearity. As a result, the output beam profile splits and
transforms into double-peak nematicons at 7o = 7, = 1.6.

From the above results, it is clear that the beam evolves as single-peak
nematicons for low values of thermal response coefficients. The focusing

reorientational nonlinearity prevails over the defocusing thermal nonlinearity
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in this regime. For comparatively large values of thermal response coefficients, the
defocusing thermal nonlinearity exceeds the focusing reorientational nonlinearity.
As a result, the beam broadens and develops a flat top, and eventually splits into
double-peak nematicons. The relative strengths of the focusing reorientational
and defocusing thermal nonlinearities have a significant influence on the transition

from single-peak to double-peak nematicons.

3.4 Linear stability analysis

The solutions of the system has been studied in terms of the propagation constant

%
P = Xexp(—iuz), Q =Yexp(—iuz). (3.18)

The substitution of P and ) in Equations (3.8) and (3.9) give eigenvalue problem:

(9P 82P (92P . 92 1 iz,
— 1+~(7 g
2Z_@z + 527 + 3y + Psin“ + 2Q€ () 5in2€ 2uP, (3.19)
. aQ 82@ 282Q .9 1 _—iz
—_ —_— _— — 1+~(7) = —
2i7y(T) P + 92 + (1) o Qsin“E + 2Pe () in2& 2uv@Q.  (3.20)

The linear stability of the stationary states of the coupled system has been
investigated using Bogoliubov-de Gennes (BDG) equations. Consider small

perturbations of the stationary states of the system as:

R =P+ a(r,z)exp(—ipz), S =Q+b(r,z)exp(—ipz), (3.21)
where,

a(r, z) = ai(r)exp(irz) + az(r)exp(—iX*z), (3.22)

b(r, z) = by(r)exp(iz) + ba(r)exp(—iX*z), (3.23)
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where the asterisk indicates the complex conjugation. Assuming aq, as, by, and
by are very small, the pair of coupled Equations (3.19) and (3.20) are linearized
after being transformed into radial coordinates. This results in a set of four
homogeneous equations that are satisfied by aq, ao, b1, and by, and are shown in

matrix form below:

aq ay
as as
AP =] . (3.24)
by by
b; b

where the matrix C is given by,

Ly 0 ie ) s1n2€ %2
i ~L, 0 — LT sin2g
4'yl(r) €T sin2¢ %2 Ly 0 7
0 —4W1(T)61+ZWZ<T> s1n2€ %2 —Ls
(3.25)
L= 1 d2+1d+ in’¢ + |R|* + 2 (3.26)
===+ - +sn .
Yo \ar? T rdr R
1 (&> 1d
Ly=— ==+ -— —sin*¢+|S|* +2 : 3.27
s= o (G 1 — s+ 1P+ 2 (3.27)

Spectral methods based on Chebyshev polynomials are used to solve the
system. To evaluate the diffraction operators, a grid is chosen that extends 40
along r.

The perturbation eigenvalues have been studied as functions of the propagation
constants. The type of eigenvalue determines the stability of the solution. Any
eigenvalue with an imaginary part will cause the perturbed solution to grow
exponentially with z, resulting in the corresponding solutions being linearly
unstable. If all imaginary eigenvalues are equal to zero, the solutions are

completely stable.
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Figure 3.7: The results of linear stability analysis of the system for thermal
response coefficients (a) 79 = 7 = 0, and (b) 79 = 7 = 0.2. The real and
imaginary parts of the perturbation eigenvalues (\) versus the propagation
constant p are shown.

Figures (3.7) and (3.8) show stability plots for various values of thermal
response coefficients. Figure (3.7) depicts the stability plots for single-peak
nematicons for zero and low values of thermal response coefficients. Figures
3.7(a), and (b) show that for thermal response coefficients 7, = 7 = 0, and
To = 71 = 0.2 the magnitudes of imaginary eigenvalues are zero, indicating that
the corresponding solutions are linearly stable. That is, single-peak nematicons
are linearly stable.

Figure (3.8) shows stability plots for double-peak nematicons with various
thermal response coefficient values. Figure 3.8(a) shows the stability plots for the
thermal response coefficients 7o = 71 = 0.5, while Figure 3.8(b) shows the stability
plots for the thermal response coefficients 7 = 7 = 0.6. The stability plots for
the thermal response coefficients 7o = 77 = 1.0 are shown in Figure 3.8(c). The
magnitudes of imaginary eigenvalues in Figures 3.8(a)-(c) are not zero, indicating
that the corresponding solutions are linearly unstable. Solutions with purely real
eigenvalues are stable for double-peak nematicons with 7o = 7, = 1.6, as shown
in Figure 3.8(d).

According to the linear stability analysis, single-peak nematicons are stable
irrespective of thermal response coefficient values (79 and 7 from 0 to 0.3)

whereas double-peak nematicons are stable only when 7y = 73 = 1.6. The thermal
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Figure 3.8: The results of linear stability analysis of the system for thermal
response coefficients (a) 7o = 7 = 0.5, (b) 7o = 71 = 0.6, (¢) 79 = 71 = 1.0,
and (d) 70 = m = 1.6. The real and imaginary parts of the perturbation
eigenvalues (\) versus the propagation constant p are shown.

response coefficients have a considerable impact on the stabilization of double-peak
nematicons. The thermal response coefficients reduce the total nonlinear response

of the medium, making the beam more resistant to perturbation.

3.5 Conclusion

The thermal response of single-peak and double-peak solitons in a nematic
liquid crystal has been investigated through numerical simulations. Single-peak
nematicons emerge when the thermal response coefficients are relatively low,
with the focusing reorientational nonlinearity being dominant in this range.
However, as the thermal response coefficients increase, the defocusing thermal

nonlinearity surpasses the focusing reorientational nonlinearity, causing the beam
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to expand, flatten at the top, and eventually split into double-peak nematicons.
The interaction between the focusing reorientational and defocusing thermal
nonlinearities gives rise to both single-peak and double-peak nematicons. Stability
analysis indicates that single-peak nematicons remain stable regardless of thermal
response coefficient values, while double-peak nematicons exhibit stability only at
higher thermal response coefficients. These coefficients significantly influence the
formation and stability of double-peak nematicons, reducing the overall nonlinear
response of the medium and making the beam more resistant to perturbations.
The transition between single-peak and double-peak nematicons, triggered by
thermal effects, can be employed in designing all-optical switches. These switches
which rely solely on light without needing electronic components are essential for
faster more efficient photonic circuits. The broadening and splitting of beams
due to defocusing thermal nonlinearity can be applied in laser beam shaping.
This is useful for applications requiring precise control of beam profiles such as in

medical laser systems, material processing, or optical trapping.
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Chapter 4

Higher Harmonic Generation in

NLC

This chapter explores the dynamics of nonlocal spatial optical solitons within a
uniaxial nematic liquid crystal subjected to a parabolic potential. The governing
equations are solved using semi-analytical and numerical methods. The findings
confirm the existence of nematicons under the effect of the parabolic potential,
where they exhibit periodic oscillatory behavior. The oscillation wavelength
is found to decrease linearly as the potential strength increases. Additionally,
adjusting the strength of the parabolic potential enables the generation of higher
harmonics of nematicons. The stability of the stationary solutions to small
perturbations is analyzed using the Bogoliubov-de Gennes equations. The ability
to generate higher harmonics of nematicons by adjusting the parabolic potential
paves the way for new developments in nonlinear optics.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘The effect of parabolic potential on the
generation of higher harmonics of nematicons’ Physica Scripta. 2023 Apr;

98(5): 055502.

78



4.1 Introduction

Phase matching is crucial for efficient harmonic generation in nonlinear optical
processes ensuring that interacting waves maintain a consistent phase relationship
during propagation. This coherence maximizes energy transfer from the
fundamental frequency to its harmonics. In nematic liquid crystals, achieving
phase matching for harmonic generation can be complex due to their anisotropic
and reconfigurable refractive indices. By applying external electric or magnetic
fields, one can manipulate the molecular orientation of NLCs thereby adjusting
their optical properties to meet phase-matching conditions. This tunability
makes NLCs promising candidates for applications in nonlinear optics particularly
in scenarios requiring dynamic control over phase-matching conditions [1]. In
quantum systems such as cylindrical parabolic quantum wires the application of a
parabolic potential has been shown to affect third-harmonic generation. The study
of these systems offers valuable information on the impact of parabolic potentials
on harmonic generation processes [2]. When an electromagnetic wave passes
through a doped NLC it interacts with the medium which can be understood as
a perturbation [3, 4]. Harmonic generation in NLCs finds applications in various
fields such as photonics, spectroscopy, and microscopy [1, 5, 6].

The motivation behind this study is to deepen our understanding of the
nematicons within a uniaxial nematic liquid crystal subjected to a parabolic
potential. This research aims to explore how the parabolic potential influences
the formation, oscillatory behavior, and stability of nematicons. The study seeks
to uncover the relationship between the strength of the parabolic potential and the
properties of nematicons, such as oscillation wavelength and harmonic generation
by employing both semi-analytical and numerical methods as well as evaluate
their stability through small perturbation analysis using Bogoliubov-de Gennes
equations.

This chapter considers the behavior of nematicons in the presence of a parabolic
potential. The beam propagation in the NLC is analyzed with various strengths

of parabolic potential. It is found that higher harmonics of nematicons can be
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generated by tuning the strength of the parabolic potential in a properly doped
nematic liquid crystal. This chapter is organized as follows. In section 4.2, the
theoretical model for beam propagation in a nematic liquid crystal with nonlocal
nonlinearity having a parabolic potential is described. The equations governing
the system are solved using semi-analytic and numerical methods. Section 4.3
presents the results and discussions. The stability of the solution against small
perturbations has been examined using linear stability analysis in section 4.4.

Section 4.5 concludes the chapter.

4.2 Theoretical model

Take into account an optical beam that is moving through a positive uniaxial NLC
in the z-direction. The optic axis of the nematic is aligned along the y-direction
and the reorientation of the optic axis in the zy plane is described by the angle &
as shown in Figure (4.1). A perturbation is brought about on an electromagnetic
beam when it passes through the doped NLCs. This perturbation appears as the
potential of the medium. The system is modeled by a nonlinear Schrodinger-type
equation with a parabolic potential for the optical beam and an elliptic Poisson

equation for the molecular director. The governing equations of the system are

given by
0E, O0*E, O0%E, 1 A
QikonL B -+ 922 + 8y2 +k2€aEwsin2€+ §k(2)€aEyelko(nH_nL)zSin2€
oE, 0*E, nio’E
Zikon” 8Zy + By —2| BIE — kJQEaE sin f—l— ]{72EaE e~ tko(ny—n1) “sin2&

—V(z,y)E, =0, (4.2)

1
KV2£+ZGOECL [2(|E. > — | Ey|?)sin2€ 4+ 2Re B, Eye ~iho(n—n.)z *cos2¢] = 0.
(4.3)
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Figure 4.1: The interaction geometry. The elongated NLC is represented by a
nematic liquid crystal with ellipses, having long axes parallel to y. The green
arrow depicts the input light beam impinging normally to the molecular director
on the sample. The angle ¢ describes the reorientation of the optic axis, n in the

(x,y) plane.

The z and y components of the electric fields are denoted as E, and E,
respectively, and the director angle is £. z is the propagation distance. ¢, is the
birefringence of the nematic, and kg is the ordinary wave vector. K stands for
the elastic constant of the medium. The refractive indices parallel to the director
alignment are n and perpendicular to it are n . The different constants in the
model are taken from the material properties of the standard E7 mixture at room
temperature, which is a positive uniaxial NLC with n=1.73 and n; =1.53, and
elastic constant K'=12pN [7]. The two-dimensional Laplacian is represented by

V2¢. V(w,y) is the parabolic potential which is given by
V(z,y) = Vo(z® + ¢?), (4.4)

where Vj is the strength of parabolic potential.
The equations describing the z and y components of the electric field of the beam

are
E, = XMz B, = Yoz, (4.5)

The components of electric fields in two transverse directions are represented by
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X and Y. By substituting Equation (4.5) in Equations (4.1) - (4.3), we obtain,

0X 0°X 02
20— +

1
5s T gur gy T XS SY T sin2 £ V(e )X =0, (46)

oy 9%y  ,0%Y

2yt 5+ T — Ysin®¢ + X€1+”S’m2§ V(z,y)Y =0, (4.7)
UV2E + (|X|? — |Y[2)sin2€ + 2Re( XY et )cos2€ = 0, (4.8)
where,
n” 4K/€(2)
T VT (4.9)

Anisotropy and nonlocality are indicated in the above equation by the symbols
~v and v, respectively. A, is the amplitude of the input optical beam.

The variational method has been used to analyze the Equations (4.6) — (4.8).
The Lagrangian density of the system is obtained by

L=i(X"X, = XXI) = | X" = [X, )7 = iy(Y'Y. = YY) = [Val* — 7|V,
1 —iz
—§V|V§|2 + Re(XY*e™)sin2¢ + (| X|* — |Y]?)sin*¢
+V(,y)(IX]P = Y%, (4.10)

where the asterisk stands for complex conjugation. The subscripts x,y, and z
represent the partial derivatives with respect to x,y, and z respectively.

The trial solutions of the beam are selected as

2 —r2

X = (age *? +ig,)e", Y = (aye ™ +ig,)e’™, (4.11)

where 72 = 2?4 y?. The amplitudes of the beam are a, and a,, widths are w, and
wy, and the phases are o, and o, in the two transverse directions. In addition,

the heights of the diffractive radiation in the x and y directions, respectively, are

g, and g,.
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Including both local and nonlocal contributions, the trial function for the director

angle is [§]

£ = oce_ﬂir; + A [Ez (_ﬁ_f) —In (;—2)} . (4.12)

Here, the first term represents the local contribution, in which « represents
the amplitude and ( is the width of the director. The second and third terms
represent the nonlocal contributions, the amplitude of which is denoted by A.
The half of the thickness of the NLC cell is represented by d. Assuming L as
the thickness of the NLC, d satisfies the equation d = L/2. FEi denotes the
exponential integral function. The parameters a,, a,, Wy, Wy, 0z, Oy, G, Gy, A,
and « are functions of z.

The trial functions in Equations (4.11) and (4.12) are substituted into the
Lagrangian (4.10), which is then averaged by integrating x and y from —oo to

+00. ie,

+oo
L= / Ldxdy. (4.13)

o0

By using Equation (4.13) the averaged Lagrangian is given by

= = —(a2w? +212¢%) 0, + 2wl g.a, + da,wegow, — 2a,wrg, — a?

T T

— y(ajw} + 21

ygi)ay' + 2’yw§gyay' + dya,w,g,w," — 2’yayw§gy'

1 2 1
- 5(1 +7%)al + Baamaywiwz % cos ) — va

1, [ a2w?p? aZwS 2 Tw Twk
— LT - 2A (1 ) —In|—2
a3 {52 +w?2 B2 A4 w? * "\ "\

Y

6 Twd Vi
+ A? {ai In (%) —a2ln (16di>} + Zo(aiwf; + ajwy), (4.14)

2

where ’ represents derivative with respect to z.

Here, D and 6 are given by,

D = f*uwl + 2w + wiw}, 0= % — 0, + 0y, (4.15)
Y

83



The standard variational approach for the system is given by,

oL d (oL
_ - 4.1
op  dz (a pg) 0 (4.16)

where p; corresponds to all parameters free to vary in the ansatz. In the ansatz

used in Equations (4.11) and (4.12), p;(2) = ag, ay, Wy, Wy, 0, 0y, Gz, Gy, A, and

«. The variational equations for the beam parameters are obtained,

dw, g, 2aa,w,w’B%2g, aa,ww? 3 sind
;U :—xgg—i- z QDyf g(ﬁ—i—wi)cosﬁ—l— 2 yDﬁ
2 azw3 a2 ay
daa,w?B%2g,
—W(@wi — Pl + wiw?)coso, (4.17)
dw Lgy(14+77)  2aa,wiw,Sflg, ., 5 aazw?w, 3%sind
Y= ¥ — + g (8% 4wy )cost — z Y
dz 2vaywy a;vD ayyD
daa,w? 3 2g
aWeP lyGy 09 o p2 9 9 9o
_W(ﬁ w, — 37w, +wyw,)cost,  (4.18)
da, SaaywiB’lge o 5 o 5 o o 20a,w; 3% sind
dz = %w—%[)?(ﬁ w, — B wy + wwwy)cosﬁ — D
2ea, w2212 g,
—#(52 + w?2)cos, (4.19)
a,
da, Saa,wiflg, . o ., 5 o 2aa,w?B2sind
-y el ygy _ 0 x
7 SayuiD? (87w, — B7w, + wyw,)cost) + D
2eva,w? G212
—#(52 + w})cost, (4.20)
Y
dgs a, 200078 2.2 2.2 24
= Wi D (B wy — B 7w, + wiw,)cost + o
4 V; 2
+ A%, In (fgﬁ;) Oagwl‘, (4.21)
dg, _ (L+9%)ay,  2aa,wif® » 5 0 5 5oy 24
o= Tu? i (B w, — B w;, + wiw,)cost + ayu?
Tw Vo, w?
A%a,l y =Y 4.22
* “yn(mcﬁ)Jr g 0 U2
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do, 2 2aawiw.f ., 4A , T
= —w—% + —uD? (87 4+ w3 )cost — Zu? —A%In (_16d4)
+Vow2, (4.23)
do,  1+49%  200uwiw;s ., 44, (T
= — = 6 — —A’In [ —=%
Tdz w3 a,D? (87 + wy)eos azw? "\ 1644

And the algebraic equations are

ﬂwg 7l'w.4
P In <4d2 ) —In (ﬁ) 2 agaywiwyBicost 195
2o (TS AN AN “TD v— (2N (4.25)
g AW\ ggq1 ) — @y 1\ Tgar
azw? azw; . . .
e Y_ and f3 is determined by the thickness L of the

_ y
where A = 5+ u? _52—|—w

NLC cell, given by =

2
Y

2In100°
The method results in first-order coupled ordinary differential Equations

(4.17) - (4.24). These are the so-called modulation equations. The numerical
solutions of these modulation equations are obtained by the standard fourth-order
Runge Kutta method.

The finite difference method has been used to directly solve the system
of coupled partial differential equations included in the governing Equations
(4.6) - (4.8) numerically. In this method, a rectangular grid is imposed on the
problem and the grid planes are spaced apart by Az and Ar such that z, = kAz
and r, = nAr, respectively. By choosing AA—TZZ < 0.5, the stability requirement is
met. An initial trial function was chosen as per the variational ansatz as given in
Equations (4.11) and (4.12). The numerical results of Equations (4.6) - (4.8) are

compared with the variational results.
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4.3 Results and discussions

The analysis has been done to investigate the effect of parabolic potential on
the nematicon. The initial conditions are chosen as a,o=1.0, ay,0=1.4, w,o=12,
wyo=12, 0,0=0, 0,0=0, g,0=0, and g,0=0. The evolutions of the beam in two
transverse directions are studied for various parabolic potential strengths.

The plots presented in Figure (4.2) display the evolution of the beam in two
transverse directions with the parabolic potential strength of V5 = 0.5 V/um. The
periodic oscillatory nature of nematicon is revealed by the solutions of modulation
equations which are plotted in Figures 4.2(a) and (b). The numerical analysis of
Equations (4.6) - (4.8) using the finite difference method also gives the periodic
oscillations of the nematicon as depicted in Figures 4.2(c) and (d). Additionally,
Figures 4.2(a)-(d) illustrate that the wavelength of periodic oscillations is about
39 pm in both the x and y directions.

Figure (4.3) shows the evolutions of the amplitudes along two transverse
directions in a parabolic potential strength of 5=1.0 V/um. By using numerical
and variational methods, it is found that nematicons have a periodic oscillatory
nature. The results of the variational analysis are shown in the first row. The
second row displays the numerical results. Figures 4.3(a)-(d) show that oscillations
have a wavelength of about 24 pum. In this case, oscillation wavelength decreases
in comparison to the previous case.

From Figures (4.2) and (4.3), we found that the nematicon exists in a range
of parabolic potential and the nematicon has an oscillatory (periodic) solution.
The wavelength of oscillation decreases from 39 pm to 24 pum as the potential

strength increases from 0.5 V/pum to 1.0 V/pm.
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Figure 4.2: Evolution of beam in two transverse directions in a parabolic
potential with a strength of Vo = 0.5 V/um for an initial excitation with a,o=1.0,
ay=1.4, wyo=12, wy =12, 0,0=0, 04,0=0, g-0=0, g,0=0. Upper row represents
the amplitude variation along x and y directions from variational analysis and
lower row represents the amplitude variation from numerical analysis.

The analysis has been done for various strengths of the potentials from
0.1 V/um to 1.1 V/um. The periodic oscillatory nature of the nematicon solution
is revealed by both the variational and numerical results, and we found that the
wavelength of oscillations decreases with increasing potential strength. Table (4.1)
lists the potential strengths and their corresponding wavelengths of nematicon
oscillation.

The linear relationship between wavelength and parabolic potential is shown
in Figure (4.4). The variational results are shown in red solid line while the
numerical results are shown in green dotted line. The wavelength of the periodic

oscillations of the nematicon decreases linearly with increasing potential strength.
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Figure 4.3: Evolution of beam in two transverse directions in a parabolic
potential with a strength of Vo = 1.0 V/um for an initial excitation with a,o=1.0,
ayo=1.4, wy=12, wyo=12, 0,0=0, 0,0=0, g.0=0, g,0=0. Upper row represents
the amplitude variation along x and y directions from variational analysis and
lower row represents the amplitude variation from numerical analysis.

Figure (4.5) depicts the evolution of width and phase in a parabolic potential.
The modulation Equations (4.17) - (4.24) are solved semi-analytically, and the
dynamics of the width and phases in a parabolic potential with a strength of
Vo = 0.5 V/um are presented in Figures 4.5(a)-(d). The first raw represents
the variation of width along two transverse directions which shows it is periodic.
The evolution of phase is shown in the second raw. When Vo = 0.5 V/um,
the phase exhibits the regular periodic behavior as shown in Figures 4.5(c) and
(d). All of the parabolic potential strengths discussed above possess this regular
periodic behavior of phase. So, all the potential strengths listed in Table (4.1)

satisfy the phase-matching requirements for the generation of higher harmonics.
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Table 4.1: The strength of
parabolic potential and the Figure 4.4: Wavelength (um) of periodic
corresponding wavelength oscillations versus parabolic potential
of periodic oscillations of (V/um). Variational results: Red (solid)
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Figure 4.5: Evolutions of width and phase in two transverse directions in a
parabolic potential with a strength of Vo = 0.5 V/um for an initial excitation
with az0=1.0, ayo=1.4, wy=12, wyo=12, 0,=0, 04=0, g0=0, g,0=0.
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The fundamental frequency of the nematicon can be obtained using the
parameter v, the nonlocality given in Equation (4.9). The square of the
fundamental frequency is proportional to nonlocality, and the fundamental
frequency of nematicon is 0.13 THz, corresponding to a wavelength of 8.0 ym. So,
by varying the strength of the parabolic potential, higher harmonics of nematicons
can be generated whose wavelengths are multiples of 8.0 ym as shown in Table
(4.1). When the strength of the parabolic potential is 1.1 V/um, we get the
second harmonic with a wavelength of 16 ym. The third, fourth, and higher
harmonics are obtained by varying the strength of the parabolic potential by
1.0 V/pm, 0.8 V/pm, 0.5 V/pum, and 0.1 V/um. As illustrated above, higher
harmonics of nematicons can be generated by tuning the strength of parabolic
potential.

This work has been analyzed the generation of higher harmonics of nematicons
in an NLC with parabolic potential. The parabolic potential can be created
experimentally in NLC by doping it with a suitable dopant such as dye, carbon
nanotubes (CNTs), or nanoparticles [4, 9, 10].

4.4 Linear stability analysis

The solutions of the system has been studied in terms of the propagation constant

L
P = Xexp(—iuz), Q =Yexp(—iuz). (4.26)

The substitution of P and ) in Equations (4.6) and (4.7) give eigenvalue problem:

2@'5 + £ + 7 + Psin®*¢ + §Qem sin26 + V(x,y)P = —2uP,  (4.27)

1 —iz
2y —+ = +7 — Qsin*¢ + éPemsin%

0Q  0%Q 5 82_Q
0z  0x? 0y?

—V(2,9)Q = =217 Q. (4.28)
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Figure 4.6: The results of linear stability analysis of the system in a parabolic
potential with the strength of (a) Vo = 0.5 V/um and (b) Vo = 1.0 V/pum. The real
and imaginary parts of the perturbation eigenvalues (\) versus the propagation
constant p are shown.

Using Bogoliubov-De Genes (BDG) equations, the linear stability of the
stationary states of the coupled system has been investigated. Consider small

perturbations of the stationary states of the system as:

R =P+ a(r,z)exp(—ipz), S =Q+b(r,z)exp(—ipz), (4.29)

where,
a(r,z) = ai(r)exp(irz) + as(r)exp(—iX*z), (4.30)
b(r,z) = by(r)exp(irz) + ba(r)exp(—iX*z), (4.31)

where the asterisk denotes the complex conjugation. Assuming aq, as, by, and by
are very small, the pair of coupled Equations (4.27) and (4.28) are linearized after
being transformed into radial coordinates. This leads to a set of four homogeneous

equations that are fulfilled by aq, as, b1, and by, and are shown in matrix form as
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follows:

aq aq
as as
AP =] P, (4.32)
b by
b3 b3
where,
Ly +V(r) 0 %elfv sin2¢ 0
0 —Ly —V(r 0 —lei sin2
c=| | v )
%emsin% 0 Ly +V(r) 0
0 —%eﬁsm% 0 —Ly—V(r)
where,
[ d2+1d+ n*¢ + 2 (4.34)
Yo \ae T T ro '
1 [ d? 1d
Lo = — | — 7 gin? 2 . 4.35
27 2y (dr2+rdr sine+ ’W) (4.35)

To solve the system, spectral methods based on Chebyshev polynomials are
employed. To evaluate the diffraction operators, a grid is chosen that extends 40
along r [11, 12].

The perturbation eigenvalues as functions of the propagation constants have
been studied. The stability of the solution is determined by the type of eigenvalue.
For real values of A, the solution is stable. The oscillatory instability of the
solution is brought on by the complex values of X\. Figure (4.6) consists of
stability plots for two different strengths of parabolic potential. Figures 4.6(a)

and (b) illustrate that solutions are stable with purely real eigenvalues.

4.5 Conclusion

The influence of a parabolic potential on a uniaxial nematic liquid crystal

with nonlocal nonlinearity is investigated through semi-analytical and numerical

92



methods. In such a potential, the nematicon exhibits periodic oscillatory behavior.
As the potential strength increases, the oscillation wavelength shortens linearly.
Adjusting the potential’s strength can lead to the generation of higher harmonics
of nematicons. Linear stability analysis shows that nematicons are stable when
subjected to a parabolic potential.

The findings of this study have significant practical implications in optical
communications and photonics. The controlled generation and manipulation of
nematicons within a parabolic potential environment can benefit optical signal
processing. By adjusting the potential strength, engineers can produce various
oscillation patterns and wavelengths, offering the potential for tunable optical
devices. As the wavelength decreases with increased potential strength, the
propagation of light can be precisely controlled, which is useful for designing
adaptable optical waveguides in photonic systems. The ability to generate higher
harmonics of nematicons by modifying the parabolic potential opens new avenues
in nonlinear optics. These harmonics could be leveraged for frequency conversion
or for producing light with tailored properties for advanced communication
technologies. Additionally, such harmonic generation offers opportunities for
developing sophisticated nonlinear optical devices, applicable in fields like imaging
and laser technology, where precise light control is essential. Furthermore, stability
analysis using the Bogoliubov-De Gennes equations extends its relevance to
photonic systems. Gaining insight into the conditions for nematicon stability
against perturbations aids in designing durable photonic circuits, a key component
for future innovations in quantum computing and signal processing.

The next chapter extends the study of nematicons in a parabolic potential by

exploring how thermal effects influence beam propagation.
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Chapter 5

Thermal Effects on Nematicons in

Parabolic Potential

In this chapter, the thermal behavior of nematicons in a parabolic potential is
studied numerically. Single-peak nematicons can occur in the absence of thermal
response coefficients where focusing reorientational nonlinearity dominates. When
thermal response is present, the competition between focusing reorientational
and defocusing thermal nonlinearities causes single-peak nematicons to transform
into double-peak ones. The energy landscape modified by these nonlinearities
stabilizes double-peak nematicons as equilibrium states. For small thermal
response coefficients, double-peak nematicons exhibit periodic oscillations with
the oscillation wavelength increasing as the thermal response coefficient rises.
The oscillations of the double-peak nematicon are lost at large thermal response
coefficients. Stability analysis shows that single-peak and oscillating double-peak
nematicons are stable, while non-oscillating double-peak nematicons are unstable.
This study is pivotal, as the ability to manipulate nematicons using both thermal
and reorientational nonlinearities can greatly benefit advanced photonic devices.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘Thermal response of nematicons in a parabolic

potential’. Physica Scripta. 2024 May; 99(6): 065567.
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5.1 Introduction

In recent years, liquid crystals have emerged as an excellent material platform for
investigating solitons and their interactions [1-4]. In their ordered phases, like
the nematic phase, liquid crystals exhibit high birefringence, and their dielectric
properties can be modulated by external fields or light through a nonlinear
response [5]. This response is often governed by thermo-optic or reorientational
processes [6]. The thermal effects resemble those found in other dielectric materials
when absorption occurs while the reorientational response is characteristic of
liquid crystals that possess a certain degree of orientational order [7].

When an electromagnetic wave passes through a doped NLC, it experiences
a disturbance that manifests as a parabolic potential in the medium [8, 9].
Experimentally, this parabolic potential can be generated by introducing dopants
like dyes, carbon nanotubes (CNTs), or nanoparticles into the NLC [9-11]. In
many nonlinear optical systems, including NLCs, the nonlinear response of the
medium is a nonlocal function of wave intensity, meaning that the refractive index
at a certain location is influenced by the light intensity in the surrounding region
[12]. Examples of nonlocal responses in optics include the thermo-optic effect,
where absorbed light heats a material and influences its optical properties at
distant points, and the reorientational nonlinearity in liquid crystals where elastic
interactions spread the impact of local electromagnetic disturbances [13-15]. The
unique optical properties of nematic liquid crystals allow both reorientational and
thermal solitons to coexist, and their interaction can either enhance or diminish
the overall nonlinear response [14]. At high optical powers, the interaction between
focusing reorientational and defocusing thermal nonlinearities can give rise to
one and two dimensional multihumped solitary waves as well as ring shaped
waves with a volcano like profile in the plane perpendicular to the direction of
propagation [16].

The motivation behind the chapter stems from a desire to understand the
thermal behavior of nematicons within a parabolic potential. Nematicons are

primarily influenced by reorientational nonlinearity where light induced molecular
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reorientation causes a focusing effect. However, when thermal responses are
introduced, the competition between focusing reorientational nonlinearity and
defocusing thermal nonlinearity becomes significant.

The chapter focuses on how this competition affects the characteristics
of nematicons, particularly the transformation of single-peak nematicons into
double-peak structures as a result of significant defocusing thermal nonlineraity.
By analyzing the impact of thermal response coefficients on the stability and
oscillatory patterns of these light beams, the study aims to reveal the energy
dynamics and mechanisms that contribute to stabilization. Gaining insights into
these interactions is vital for improving the control and manipulation of light in
photonic devices, where the ability to adjust and stabilize light propagation
is crucial for various applications, including optical communications, signal
processing, and nonlinear optics.

This chapter investigates the thermal response of nematicons in a parabolic
potential in the nonlocal regime. Beam dynamics have been studied for various
thermal response coefficients. The chapter is organized as follows. Section 5.2
discusses the theoretical model of the system. The governing equations of the
system are numerically solved using the finite difference method. Section 5.3
presents the results and discussions. The stability of the solution under small
perturbation has been studied using linear stability analysis in section 5.4. Section

5.5 concludes the chapter.

5.2 Theoretical model

Take into consideration an optical beam traveling in the z-direction through a
positive uniaxial NLC. Figure (5.1) displays the geometry of the NLC cell. The
optic axis of the nematic is aligned along the y-axis, and its reorientation in the xy
plane is indicated by the angle £&. NLCs can be created with parabolic refractive
index variations by adding dopants or applying some external excitations. So we

can model the system by a nonlinear Schrodinger-type equation with a parabolic
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potential for the optical beam and an elliptic Poisson equation for the molecular
director.

The governing equations of the system are given by

oE, 0°E, O%E,
_l’_

] 1 iko(ny—m )z .+
0z + o0x2 ay2 +/€§6aE$sm2§+ §k(2)€aEy€ ko(nj—n_) sin2¢

Qikonj_

OE, O°E, ni0°E
2ikon) 5 L4 Yoy 1 Y

z 0 n? Oy?

1 .
— K26 By sin®E + §k§eaExe*’k0(”n L)% gin2¢

—V(z,y)E, =0, (5.2)

1 ,
KV2§+Zeoea [2(] E. > = | By [?)sin2¢ + 2ReE, Eje” M= %cos2¢] = 0.

(5.3)

E, and E, denote the x and y components of the electric fields, respectively. The
symbol & represents the director angle, and z represents the propagation distance.
The ordinary wave vector is denoted by kg, while the nematic birefringence is
denoted by €,. n) and n denote the refractive indices parallel and perpendicular
to the director alignment, respectively. V? represents the two-dimensional
Laplacian. K specifies the elastic constant of the medium, which is considered
to be the same for bend, splay, and twist deformations of the NLC molecules.

V(z,y) is the parabolic potential which is given by
Vz,y) = Vo(a* +y?), (5.4)

where V} is the strength of parabolic potential. The thermo-optic changes in
the optical properties of the NLC are produced by localized heating caused by
light absorption as the beam moves through the medium. The refractive indices
ny, ny and the elastic constant K of the medium are temperature dependent

when thermal effects on material properties are included.
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NLC Molecule

||~

Figure 5.1: The interaction geometry. The elongated NLC is represented as
a nematic liquid crystal with ellipses with long axes parallel to y. The input
light beam is depicted with a green arrow impinging normally on the molecular
director. The angle ¢ indicates the reorientation of the optic axis, n in the (z,y)
plane.

The heat equation governs heat flow in the NLC and can be expressed as [17]
2 2 1
SV*T = —al' | E |7, where, I'= S EoCTe. (5.5)

Thermal conductivity is denoted by the letter S and « stands for the thermal
absorption coefficient of the material. 7' is the temperature, €, is the permittivity
of free space, and c is the speed of light. The refractive index of the extraordinary

polarized waves, denoted by n., is given by

2,2
nin
2 _ "L

¢ nicos?¢ +nf sin*¢’

n (5.6)
Let T} represent the NLC temperature in the absence of the beam, and Ay denote
the typical temperature increase caused by optical heating. Then T = Ty + ApT,
where 7 represents the nondimensional temperature change from 7y. The heat

equation in nondimensional form is given as

SAp

2 2 2
MTVT:—|X’_’Y|> where, MTZW,

(5.7)

where pp is the nondimensional thermal diffusivity [16]. A, and W, are the

amplitude and width of the input wave packet. The equations of the x and y
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components of the electric field of the beam are
E, = Xetorz By =Y e, (5.8)

The amplitudes of electric fields in two transverse directions are represented by X
and Y. When the equations for E, and E, from Equation (5.8) are substituted
into Equations (5.1)-(5.3) and the thermal effect on material parameters is taken

into consideration, as well as nondimensionalizing Equations (5.1)-(5.3), we get

2,8_X N 0P?X N *X
Yo, T o 0y?

1 iz
+ Xsin?¢ + §Y61+"V(T> sin28 + V(x,y) X =0, (5.9)

Y 0%Y ,0%Y 1 i
—+ — - — ZXeT (@D
20y(7) 5+ 5z T () e Yisin¢ + 5 X e sin2g
—V(z,y)Y =0, (5.10)
V(PIV2E+ (| X |2 — | Y [?)sin2€ + 2Re(XY* ™0 )cos26 = 0. (5.11)

Both the nonlocality () and the anisotropy () depend on temperature. The
following equations connect them to the elastic constant K and the extra-ordinary

refractive index n, [17],

8K 2N,
= , = —
o€ AZW2sin2¢ Y V€q5in2€

(5.12)

According to experimental data, the refractive index eigenvalues for the standard
NLC mixture E7 vary nearly linearly with temperature up to about 40°C
[17]. Between 20 and 40 degrees Celsius, the refractive index n| decreases by
approximately 0.6% whereas the refractive index n increases by approximately
1.3% [7, 17]. As a result, v(7) can be expanded to second order in a Taylor
series as y(7) = 1 — y,7, where 7, is related to 2—: at T' = Ty. The dependence of
temperature on elastic constant, K is minimal [18]. Therefore, it will be ignored

in our discussions.
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The finite difference method has been employed to obtain numerical solutions
to the system of Equations (5.9)-(5.11). A rectangular grid is imposed on the
problem, and the grid planes are separated by Az and Ar, respectively, so that

£% <0.5. The

zr = kAz and r, = nAr. The stability condition is met by using
solutions to Equations (5.9) and (5.10) are chosen as [16],

—(r—m)2 —rem)27 f(rfgm)z 7(r+2m)2 A
X=a,le »2 +e wi |9, Y=a,|le “sn +e v [, (5.13)

where r? = 22 + y. The beam amplitudes are a, and a,, the widths are w, and
wy, and the phases are o, and o0, in the two transverse directions.

The solution of Equation (5.11) is chosen as [19],

£ = 046%22 + A [Ez (_5_7;2) —In (;—2)} : (5.14)

In Equation (5.14), the first term stands for the local contribution with the
amplitude «, while the second and third terms represent the nonlocal contributions
having amplitude A and width 5. « depends on the propagation distance z
through the relation [20],

2,232
_ zaxaywxwyﬁ cost

“TD v—pA

(5.15)

where,

azw? a’w?
_ P —62':_ 22. (5.16)
z Y

D = 52w2+62w3+wiw3, 0 = ﬁ—agﬁ—l—ay, A

B is given by the relation, f=L/(2In100). Assuming L is the thickness of the
NLC, d = L/2. Ei denotes the exponential integral function.

+00
E = — / e 't dt. (5.17)

z
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Amplitude

Figure 5.2: Evolution of the amplitude in two transverse directions for 7o = 7, = 0:
(a) Along the z-direction, and (b) along the y-direction.

Amplitude
Amplitude

Figure 5.3: Evolution of the amplitude in two transverse directions for
70 = 11 = 0.8: (a) Along the z-direction, and (b) along the y-direction.

Amplitude

Figure 5.4: Evolution of the amplitude in two transverse directions for
7o = 11 = 1.4: (a) Along the x-direction, and (b) along the y-direction.
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Amplitude

Figure 5.5: Evolution of the amplitude in two transverse directions for
170 = 11 = 2.0: (a) Along the z-direction, and (b) along the y-direction.

Amplitude

Figure 5.6: Evolution of the amplitude in two transverse directions for
10 = 11 = 2.4: (a) Along the z-direction, and (b) along the y-direction.

There are two homogeneous solutions Inr and a constant for the radially
symmetric heat Equation (5.7). Due to the high thermal diffusivity pr, we assume
that the temperature within the circular peak of nematicon is constant. The

temperature decays as the homogeneous solution moves away from the axis [16].
R
T=1, 0<r<m T=7ln—, m<r<R. (5.18)
r

Also, it follows the boundary condition 7= 0 at » = R.

The thermal response of the system has been studied numerically in section

2.3.
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5.3 Results and discussions

The analysis has been done to investigate the thermal response of nematicons
in a parabolic potential employing the finite difference method. The strength
of the potential is taken as Vj = 1.2 V/um throughout the analysis. The initial
conditions are a,0=2.0, a,=2.4, wy=12, wy=12, 0,=0, and 0,=0. The
different parameters are chosen as pur = 300, v = 600, v, = 0.1, a =2, A = 0.5,
and m = 2.2.

Figure (5.2) depicts the evolution of the beam in two transverse directions in
the absence of thermal response coefficients. In the absence of thermal response,
nonlinearity is mainly driven by molecular reorientation, and the nematicons
exhibit a single-peak shape. Single-peak nematicons with periodic oscillation
have been obtained in a parabolic potential as shown in Figures 5.2(a) and (b).

When the thermal response coefficients are 75 = 7 = 0.8, the evolutions of
the beam along two transverse directions are depicted in Figure (5.3). In the
presence of thermal response, the competition between focusing reorientational
and defocusing thermal nonlinearities results in the transition of single-peak to
double-peak nematicons. In this region, the defocusing thermal nonlinearity
exceeds the focusing reorientational nonlinearity, causing the output beam profile
to split and transform into double-peak nematicons. The double-peak nematicons
are obtained and they exhibit periodic oscillation in a parabolic potential. Figures
5.3(a) and (b) show that the wavelength of periodic oscillations is around 56 pm
in both x and y directions. Figure (5.4) depicts the propagation of amplitudes
in two transverse directions for the thermal response coefficients 7p = 73 = 1.4.
Figures 5.4(a) and (b) indicate that oscillations have a wavelength of around
79 pm. The oscillation wavelength is longer than in the prior case.

The advancement of amplitudes in x and y directions for the thermal response
coefficients 79 = 71 = 2.0 is depicted in Figure (5.5). Figures 5.5(a) and (b)
show that double-peak nematicons with periodic oscillations have a wavelength
of about 115 um. The wavelength of the oscillation increases as the thermal

response coefficients increase.
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Thermal response

coefficients Wavelength 110
0.2 44 100
0.4 47

0.6 51 £ %
0.8 56 § w0
1.0 62 g
1.2 70 En
1.4 79

1.6 90 “
1.8 102 50
2.0 115

025 050 075 L00 125 150 175 2.00
thermal response coefficients

Table 5.1: Thermal response
coefficients and the corresponding

wavelength (um) of periodic Figure 5.7: The thermal response
oscillations of double-peak coefficients versus wavelength (pm) of
nematicon. periodic oscillations.

The analysis has been carried out for thermal response coefficients ranging
from 0.2 to 2.0 in a parabolic potential strength of V5 = 1.2 V/um. The periodic
oscillatory nature of the nematicon solution is revealed by numerical methods,
and we found that the wavelength of oscillations increases with increasing thermal
response coefficients.

For relatively large values of thermal response coefficients, double-peak
nematicons lose oscillations as shown in Figure (5.6) which is plotted for
10 = 11 = 2.4. Table (5.1) shows the thermal response coefficients and related
wavelengths of nematicon oscillation in a parabolic potential strength of
Vo = 1.2 V/um. The relationship between wavelength and thermal response
coefficients is depicted in Figure (5.7). The wavelength of the periodic oscillations
of the nematicon increases with increasing thermal response coefficients.

Figures (5.3)-(5.6) show the double-peak nematicons because the competing
nonlinearities modify the energy landscape experienced by the light beam within
the medium. The presence of both focusing reorientational and defocusing thermal
nonlinearities creates multiple maxima in the energy landscape, allowing for the
stabilization of double-peak nematicons as equilibrium states. The double-peak
nematicons might indicate a bistable behavior in the medium, where the optical

energy can be stably localized in two different spatial regions.
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From the above results, it is clear that the competition between focusing
reorientational and defocusing thermal nonlinearities leads to the formation
of single-peak and double-peak nematicons. Single-peak nematicons have
been found only in the absence of thermal response coefficients and exhibit
periodic oscillations in a parabolic potential. Double-peak nematicons can
exist in the presence of thermal response coefficients because the defocusing
thermal nonlinearity exceeds the focusing reorientational nonlinearity. When the
defocusing thermal nonlinearity exceeds the focusing reorientational nonlinearity,
the equilibrium state is achieved through the redistribution of energy to the
double-peak structure. Double-peak nematicons also exhibit periodic oscillations
in a parabolic potential. With increasing thermal response coefficients, the
wavelength of periodic oscillations increases. However, even in a parabolic
potential, the oscillatory nature of nematicons is lost when thermal response

coefficients are sufficiently high.

5.4 Linear stability analysis

The solutions of the system have been studied in terms of the propagation constant

L
P = Xexp(—ipz), Q =Yexp(—ipz). (5.19)
The substitution of P and @ in Equations (5.9) and (5.10) give eigenvalue problem:

oP 0°P 09°P I iz
2i— + —— + —— + Psin’€ + 5 Qe sin2g

dz  0z2  0y?
+V(z,y)P = —2uP, (5.20)
227(7)5 + D2 + ’7(7)20—3/2 — Qsin*¢ + §Pel+7<7) s1n2€

—V(z,y)Q = =217 Q. (5.21)
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Bogoliubov-de Gennes (BDG) equations have been used to study the linear
stability of system. The stationary states of the systems are slightly perturbed,

such that:
R=P+a(r,2)exp(—ipz), S =Q+Db(r,z)exp(—ipz), (5.22)
where,
a(r, 2) = a1 (r)exp(irz) + as(r)exp(—iX*z), (5.23)
b(r, z) = by (r)exp(idz) + by(r)exp(—iX"z), (5.24)

where the asterisk represents the complex conjugation. The pair of coupled
Equations (5.20) and (5.21) are linearized after being converted into radial
coordinates, assuming that aq, as, b1, and by are very small. The four homogeneous

equations are satisfied by aq, as, by, and bs, as seen in the matrix below:

aq aq
as as
Al P l=c| 7, (5.25)
by b
b5 b5

where the matrix C is given by,

Ly +V(r) 0 %elﬁvz“) sin2€ %2
%2 —L; —V(r) 0 —ielgfzﬂ sin2€
471(7) eT (M sin2¢ %2 Ly +V(r) 0
0 _471(7_)6W 5277,26 %2 —Ly — V(’f’)

(5.26)
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Figure 5.8: The results of linear stability analysis of the system for thermal
response coefficients (a) 7o =7 = 0, (b) 7o =7 = 0.8, (¢) 70 = 11 = 2.0, and
(d) 70 = 11 = 2.4. The real and imaginary parts of the perturbation eigenvalues
(A) versus the propagation constant p are shown.

1/d 14d
I — = 1 .2 29 9
! 2(d7‘2+7’d7’+8m5+‘R| * M)’ (5.27)
1 /&> 1d )

The system is solved using spectral methods based on Chebyshev polynomials. A
grid 40 along r is chosen to evaluate the diffraction operators.

The perturbation eigenvalues have been analyzed as functions of the
propagation constants. The type of eigenvalue determines the stability of the
solution. Any eigenvalue with an imaginary part will cause the perturbed solution

to grow exponentially with z, which gives rise to linearly unstable solutions. If
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all imaginary eigenvalues are equal to zero, the solutions are completely stable.

Figure (5.8) shows stability plots for single-peak and double-peak nematicons.
The strength of the potential is assumed to be V5 = 1.2 V/um. Figure 5.8(a)
depicts the stability plots for single-peak nematicons in the absence of thermal
response coefficients. The solutions are stable with purely real eigenvalues.
Figures 5.8(b)-(d) depict stability plots for double-peak nematicons with different
thermal response coefficients. Figures 5.8(b), (c¢), and (d) depict the stability
plots for 9 = 74 = 0.8, 79 = 11 = 2.0, and 79 = 71 = 2.4 respectively. The
magnitudes of imaginary eigenvalues are zero in Figures 5.8(b) and (c), showing
that the associated solutions are linearly stable. In Figure 5.8(d), the magnitudes
of imaginary eigenvalues are not zero, indicating that the corresponding solutions
are linearly unstable.

According to the linear stability analysis, single-peak and double-peak
nematicons having periodic oscillations are stable, while the double-peak

nematicons with a non-oscillatory nature are unstable.

5.5 Conclusion

The thermal response of nematicons in a parabolic potential has been studied
numerically. Single-peak nematicons are observed only when thermal response
coefficients are absent, as focusing reorientational nonlinearity dominates under
these conditions. However, when thermal effects are introduced, the interaction
between focusing reorientational and defocusing thermal nonlinearities causes
the transformation of single-peak nematicons into double-peak nematicons. In
this regime, the beam profile splits into double-peaks because the defocusing
thermal nonlinearity surpasses the focusing reorientational nonlinearity. These
competing nonlinearities modify the energy landscape encountered by the light
beam in the medium. The combination of focusing reorientational and defocusing
thermal nonlinearities creates multiple maxima in the energy landscape, stabilizing

double-peak nematicons as equilibrium states. Under a parabolic potential,
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periodic oscillations can be observed in nematicons. For low thermal response
coefficients, double-peak nematicons with periodic oscillations form. The thermal
response significantly influences the oscillation wavelength of these double-peak
nematicons, with the wavelength increasing as the thermal response coefficients
rise. When thermal response coefficients are large, double-peak nematicons cease
to oscillate. Linear stability analysis shows that both single-peak nematicons and
oscillatory double-peak nematicons are stable, while non-oscillatory double-peak
nematicons are unstable.

The findings presented in this chapter offer several practical applications,
particularly in the design and control of optical systems. The ability to
manipulate nematicons through a combination of thermal and reorientational
nonlinearities could be highly useful for creating tunable optical waveguides. By
adjusting thermal response coefficients, engineers can control whether nematicons
exhibit single or double-peak structures as well as their oscillatory behavior
which is important for fine-tuning light propagation in photonic circuits. The
insights from this study into the competition between focusing and defocusing
nonlinearities can aid in the development of optical devices requiring precise
control over beam shaping and energy distribution. For instance, double-peak
nematicons with periodic oscillations, stabilized by the interplay of nonlinear
effects could be applied to advanced signal processing systems that require
dynamic light modulation. Additionally, the dependence of oscillation wavelength
on thermal response coefficients provides a new mechanism for engineers to adjust
optical signal characteristics in real-time, enhancing the flexibility of optical
communication technologies. Moreover, the understanding of stability conditions
derived from this research could prove valuable in designing robust photonic
systems. Identifying when nematicons remain stable against perturbations allows
for the creation of stable optical structures, which are crucial for applications such
as quantum computing, laser technologies, and imaging systems where reliable

light confinement and stability are required.
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Chapter 6

Dynamics of Gap Nematicons

This chapter investigates the formation and stability of single-peak and multi-peak
gap nematicons using numerical methods. The study focuses on both stationary
and dynamic solutions within the first band gap. Single-peak and multi-peak
gap nematicons are found to exist in this region, with single-peak nematicons
observed over a broad range of propagation constants. However, multi-peak gap
nematicons are only present above a specific minimum propagation constant.
The intensity distribution across the peaks of a multi-peak gap nematicon is
strongly influenced by the input beam intensity. Stability analysis reveals that
single-peak gap nematicons are stable. Among multi-peak gap nematicons those
with equal peak amplitudes are stable, while those with unequal amplitudes are
unstable. The primary application of this study is that multi-peak gap nematicons
improve data-carrying capacity, facilitating faster data transmission in optical
communications compared to single-peak nematicons.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘The formation and stability of single-peak
and multi-peak gap nematicons in a periodic potential’. Liquid Crystals.

2024 Sep; 1-13.

115



6.1 Introduction

Due to the distinctive dispersion curves and band gaps in periodic media, studying
nonlinear wave phenomena is particularly fascinating. One notable area of research
involves gap solitons, soliton-like states that travel through periodic media [1].
Theoretically, these gap solitons can propagate at any speed from zero to the
speed of light [2]. Spatial gap solitons have potential applications in fields such as
image memory, signal processing, and communication [3-5]. Gap solitons remain
a promising topic for future technological applications such as nonlinear optical
switches, soliton lasers, pulse compressors, and optical buffers [6-8].

Understanding gap soliton behavior in nematic liquid crystals is essential for
their use in nonlinear optics, particularly in applications like optical switching and
signal processing [9, 10]. Nematic liquid crystals are commonly employed in spatial
light modulators (SLMs) which alter the phase, amplitude, or polarization of light
[11]. Gap solitons provide a means to control light propagation in these devices
enabling precise manipulation of optical signals. This capability has promising
applications in photonics such as optical communication, data processing, and
sensing [12]. For instance, gap solitons could be key to developing optical switches
and routers for high-speed data networks. Research on gap soliton formation and
dynamics in nematic liquid crystals enhances our understanding of nonlinear wave
behavior in complex media, advancing both fundamental physics and the study of
other nonlinear systems. Devices based on nematic liquid crystals are lightweight,
compact, and cost-effective compared to conventional optical components [13].
Gap solitons have the potential to improve the performance and miniaturization
of these devices, paving the way for applications in fields like telecommunications
and biomedical imaging [14].

This chapter delves into the formation and stability of gap nematicons,
localized optical structures within a periodic potential. Through numerical
analysis, it examines single-peak and multi-peak gap nematicons within the first
band gap, exploring conditions that enable their existence. A key focus is on

understanding how these structures differ in stability and formation based on
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variables like propagation constant and initial beam intensity. Additionally, the
research analyzes how the intensity is distributed among peaks in multi-peak
nematicons, influenced significantly by the initial beam strength. Using
Bogoliubov-de Gennes equations, the study further analyzes the stability
characteristics of these nematicons.

This chapter is organized as follows. Section 6.2 describes the theoretical
model for beam propagation in a nematic liquid crystal with a periodic potential
in the nonlocal regime. Section 6.3 describes the band gap spectrum produced
by the periodic potential. The stationary solutions are also discussed in section
6.3. The propagation dynamics of gap nematicons are described in section 6.4.
Section 6.5 contains the results and discussions. In section 6.6, the stability of the
nematicon against small perturbations has been investigated using linear stability

analysis. Section 6.7 concludes the chapter.

6.2 Theoretical model

Consider an optical beam moving in the z-direction through a positive uniaxial
NLC. Figure (6.1) depicts the geometry of the NLC cell. The optic axis of
the nematic is aligned along the y-direction and its reorientation in the xy
plane is indicated by the angle £. A nonlinear Schrodinger-type equation with
periodic potential models the optical beam and an elliptic Poisson equation for

the molecular director. The governing equations of the system are given by

(15, 16]

0E, O0°E, O°F, 1 :
Qikonl 82 + 81‘2 + 8y2 +kz€aEI37:n2£+§k(2)€aEy6”€0(nH_nL)zSin2§

V(2 y)E, =0,  (6.1)

oE, 0*E, nio’E,
+ L
y2

. - 1 —tko(n—n -
2ikon| 8zy + 527 2D —k:geaEysanS—i-gk’geaEcce ko(n L)zsm%

—V(z,y)E, =0, (6.2)
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NLC Molecule

Figure 6.1: The interaction geometry. A nematic liquid crystal with ellipses with
long axes parallel to y is used to represent the elongated NLC. The green arrow
indicates the input light beam impinging normally to the molecular director on
the sample. The reorientation of the optic axis, n in the (z,y) plane is described
by the angle &.

1 ‘
KV?¢ + €06 2B, — |E,|*)sin2¢ + 2Re E, e~ D%cos2¢]| = 0.

(6.3)

E, and E, refer to the x and y components of the electric fields with kq being the
ordinary wave vector. The director angle is denoted by &. 2z be the propagation
distance. ¢, represents the birefringence of the nematic. The elastic constant K
of the medium is assumed to be a constant for all types of deformations such
as bend, splay, and twist. The refractive indices parallel and perpendicular to
the director alignment are represented by nj and n, respectively. The different
constants in the model are taken from the material properties of the standard E7
mixture at room temperature, which is a positive uniaxial NLC with n=1.73
and n; =1.53, and elastic constant K'=12pN [17]. The two-dimensional Laplacian
is represented by V(. V(z,y)= V cos? (M) V(x,y) is the periodic
potential of period 7 and a strength of V.

The equations describing the x and y components of the electric field of the

beam are
E, = Xetkoniz, E, = Yekomiz, (6.4)
The components of electric fields in two transverse directions are represented
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by X and Y. By substituting Equation (6.4) in Equations (6.1) - (6.3), we obtain,

28_X+82X 92X
Yoz T o2 T ay?

1
+ Xsin?¢ + Yelﬂ sin2é + V(z,y) X =0, (6.5)

)% 62Y 0*Y

2, g T g T Vet Xelﬂsm% Vie,y)Y =0, (6.6)

UV2E + (| X2 — [Y]?)sin2€ + 2Re(XY " eTH )cos2€ = 0, (6.7)
where,
n” 4Kkg
_ M _ _ 6.8

The symbols v and v in the above equations represent anisotropy and nonlocality,

respectively. The amplitude of the input optical beam is denoted by A,.

6.3 Band gap spectrum and stationary solutions

6.3.1 Band gap spectrum

Assuming solutions of Equations (6.5) - (6.7) in terms of the propagation constant

1,
X(z,y,2) =Pz,y)e ™,  Y(z,y,2) =Q(z,y)e **, (6.9)

yield steady-state equations,

82P 0*P

5a7 + g T s+ 3 Qew sin2€ +V(x,y)P = ~2uP, (6.10)
0?Q  0%Q i 1. —iz _
F + 3_y2 — Qsin“€ + §Pe +151n28 — V(z,y)Q = —2uyQ, (6.11)
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vV + ([P — |Q|?)sin2€ + 2Re(PQ*e%)0032§ =0. (6.12)
Since the potential is periodic, the system supports Bloch waves of the form

P(z,y) = Pylz,y)e=+m) Q(z,y) = Qu(w,y)e ), (6.13)

where k represents the Bloch momentum with the periodicity condition

Pu(x 4+ m,y) = Pe(x,y), Qr(z,y+7m) = Qr(z,y). (6.14)

The Bloch solutions satisfy the equation:

0*P, 0*P , 1 e
ax?k —+ ay; — 2k2Pk + Pksm2§ + §Qk€1+7 Sln2€
+V(2,y) P = —2u P, (6.15)
0 A |
afgk + 85; — (147" )K*Qx — Qusin®€ + 5 PreT sin2g
~V(2,9)Qr = —2u7Qx, (6.16)
vV + (|P]? — |Qxl?)sin28 + 2R6(PkQ,:e%)cos2£ = 0. (6.17)

This work focuses on radially symmetric solutions, hence Equations (6.15) - (6.17)

are expressed in radial coordinates as

d2P 1 dP 1 1z
L == 2k2Py + Pusin®€ + SQpet sin2€

dr?2  r dr 2

+V(r) Py = —2ub, (6.18)
d2Qk 1 ko 9192 9 1 iz
dr2 + rdr (L + )k Qr — Qrsin™§ + §Pk61+’v sin2€

—V(r)Qr = —2uQx, (6.19)

&% vdg

v o (B = [Qul?)sin2€ + 2Re(PuQje™ )eos26 = 0. (6.20)
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Figure 6.2: Band gap spectrum and the stationary states. First row: (a) Band gap
spectrum - The eigenvalue y versus Bloch momentum k, with the first band in red
(dashed) line, the second band in blue (dotted) line, and the third band in green
(solid) line; (b) single-peak gap nematicons for a,0=1.7, a,0=2.0; (c) two peak
gap nematicons for azo=4.1, a,0=4.8. Second row for three peak gap nematicons:
(d) azo=4.1, ay0=4.9; (e) az0=4.5, a,0=>5.3; (f) a,0=4.8, a,0=5.6. Third row for
four peak gap nematicons: (g) a,0=8.3, a,0=9.0; (h) a,0=8.8, a,0=9.5; (i) a;x=9.6,
a,0=10.3. In all three rows, the strength of periodic potential is V{, = 1.7. P blue
(dashed) and @ red (solid) in Figures 6.2(b)-(i).

The periodic potential in radial coordinates is given by V(r) = V; cos?r, where
Vp represents the strength of the periodic potential. The eigenvalues are computed
for Bloch momentum £ for the strength of the periodic potential Vy = 1.7. Figure
6.2(a) depicts a band gap spectrum with three bands. The first band is shown in
red (dashed) line, the second in blue (dotted) line, and the third in green (solid)
line. The first finite band gap covers an interval of 1.1999 <u< 2.55, and the

second band gap spans an interval of 3.45 <u< 8.2.
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6.3.2 Stationary solutions

Consider uniaxial NLC has a cylindrical symmetry. A rotational symmetry about

the propagation direction z is also assumed for the system. Then, 2% + y?= r?

and V2 =12 —|—§—;. The stationary differential Equations (6.10)-(6.12) becomes

ror
2P 1dP 1 e
3 + ~ 3 + Psin“¢ + 5@6 +78in2& + V(r)P = —2uP, (6.21)
d?Q 1dQ BTV BN
TF g~ Qsint + SPer sin2e —V(1)Q = —2mQ. (622)
d? d iz
yd—rg ;d—i + (|P|* — |Q|*)sin2€ + 2Re(PQ*e™ )cos2¢ = 0. (6.23)

Equations (6.21) - (6.23) have been numerically analyzed, and the stationary
solutions P and () for different values of propagation constants in the first band
gap are shown in Figures 6.2(b)-(i).

Figure 6.2(b) shows that the single-peak gap nematicons are obtained for a
propagation constant of y = 1.25. Multi-peak gap nematicons can exist only
above a certain minimum value of propagation constant. The effects of input
beam intensities on various peaks in a multi-peak gap nematicon have been
investigated. When the propagation constant p = 1.9, two peak gap nematicons
can be found, as depicted in Figure 6.2(c). Three peak gap nematicons can be
found when the propagation constant p = 2.2, as shown in the second row. As
depicted in Figure 6.2(e), the amplitudes of the multiple peaks in the three peak
gap nematicon are the same for the input wave amplitudes a,0=4.5, a,0=>5.3.
The amplitudes of various peaks in the three peak gap nematicon vary as the
amplitudes of the input wave decrease or increase, as shown in Figures 6.2(d)
and (f). Four peak gap nematicons can be found when the propagation constant
is u = 2.45, as in the third row. As shown in Figure 6.2(h), the amplitudes of the
four-peak gap nematicon are the same for the input wave amplitudes a,,=8.8,

a,0=9.5. The amplitudes of multiple peaks in a four-peak gap nematicon vary as
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the amplitude or intensity of the input wave changes, as shown in Figures 6.2(g)

and (i).

6.4 Propagation dynamics of gap nematicons

The dynamic solution of the Equations (6.5) - (6.7) are studied in terms of the

propagation constant u as
X(z,y,2) = R(z,y,z)e ", Y(z,y,2) =S(x,y, z)e’i“z. (6.24)

The substitution of X and Y in Equations (6.5) - (6.7) give the nonlinear eigenvalue

problem as
2 2 ]_ iz
0 01t a_R + PR L Rein?e + Lot sinae + Vie,y)R = =2uR,  (6.25)
0z 0z  Oy? 2
2 2
2 72_5 + g_S + g—g — Ssin®*€ + = ReHW sin2 —V(z,y)S = —2uyS,  (6.26)
V2 + (|RI? — |S[?)sin2€ + 2Re(RS* ™ )cos2E = 0. (6:27)

For radial symmetry, the Equations (6.25) - (6.27) becomes

2
1
o aaR gr—lj + —%R- + Rsin®¢ + 5 Sew sin2§ +V(r)R=—2uR, (6.28)

2SS  9*S 108

2276— + 02 + - Ssin’é 4+ = Rel+v sin2& — V(r)S = —2u~vS, (6.29)
2 —iz
V% + ;% + (IR = [SI*)sin2¢ + 2Re(RS* e T )cos2E = 0. (6.30)

R, S and ¢ satisfy the equations [18],

R= (axewr%> el S = (ayew%> ey, (6.31)
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Figure 6.3: Evolution of beam for an initial excitation with a,y=1.7, a,,=2.0,
We0=12, wyo=12, 0,=0, 0,0=0 with propagation constant ;=1.25 for a periodic
potential strength of V5 = 1.7. (a) Evolution of R; (b) Evolution of S.

Amplitude
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Figure 6.4: Evolution of beam for an initial excitation with a,o=4.1, a,0=4.8,
We0=12, wy=12, 0,0=0, 0, =0 with propagation constant u=1.9 for a periodic
potential strength of V5 = 1.7. (a) Evolution of R; (b) Evolution of S.

and

2 2 2
In Equation (6.32), r* = 2% + y* and « depends on the propagation distance z

through the relation [19],

2,232
2 apaywiwy cost)

“TD v—pA

(6.33)
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where,

z
1+~

D = 2w + [Pw. + wiw?, 0= — 0, + 0y (6.34)
The amplitudes of the beam are a, and a,, widths are w, and w,, and the phases
are 0, and o, in the two transverse directions. The first term in Equation (6.32)
denotes the local contribution of the director in which « be the amplitude and S
be the width, while the second and third terms denote the nonlocal contributions
of the director with amplitude A. § is given by the relation, f=L/(21n100). The
thickness of the NLC cell is denoted by L. d stands for half the thickness of the
NLC cell. Ei represents the exponential integral function, F; = — fj;o et ldt.

The finite difference method has been implemented to solve the system of
coupled partial differential Equations (6.28) - (6.30). This method imposes a
rectangular grid on the problem with the grid planes separated by Az and Ar, so
that z,, = mAz and r,, = nAr, respectively. By selecting AA—TZQ < 0.5, the stability
requirement is met.

In this work, the nematicon solutions are studied in the first band gap. The
propagation of the beam is investigated in the presence of a periodic potential
and the numerical results of Equations (6.28) - (6.30) are presented graphically

in section 6.5.

6.5 Results and discussions

The analysis has been done to investigate the formation and stability of
single-peak and multi-peak gap nematicons. The numerical solutions of
Equations (6.28) - (6.30) are investigated in the first band gap of the spectrum,

where the propagation constant values range between 1.1999 <u< 2.55.
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Figure 6.5: Evolution of beam for an initial excitation with wgy=12, w,0=12,
0x0=0, 0=0 with propagation constant y=2.2. First column: evolution of R;
second column: evolution of S. First row for a,0=4.1, a,,=4.9; second row for
az0=4.5, a,0=5.3; third row for a,o=4.8, a,=>5.6. In all three rows, the strength

of periodic potential is Vy = 1.7.

126



6.5.1 Single-peak gap nematicons

Figure (6.3) shows the formation of single-peak gap nematicons when the input
wave amplitudes are a,0=1.7 and a,=2.0. Figures 6.3(a) and (b) depict the
evolution of the dynamic solutions R and S of Equations (6.28) - (6.30) for a
potential strength of V; = 1.7 and propagation constant p = 1.25.

The analysis has been carried out for various propagation constant values
ranging from 1.2 to 1.8. Even when the amplitudes of the input waves are
varied, only a single-peak gap nematicon can be found for all of these propagation

constant values.

6.5.2 Multi-peak gap nematicons

The study has been carried out for u=1.9 by varying the amplitude of the input
beam in the numerical analysis of Equations (6.28) - (6.30) using the finite
difference method. The results are shown in Figure (6.4), which depicts the
formation of two peak gap nematicons when the input wave amplitudes are
azo=4.1 and a,0=4.8. Figures 6.4(a) and (b) show the evolution of the amplitudes
R and S of two peak gap nematicons when Vj = 1.7.

When the propagation constant u=2.2, three peak gap nematicons can be
found, as shown in Figure (6.5). The first row shows the evolution of amplitudes
for a,o=4.1 and a,=4.9, while the second row shows the evolution of amplitudes
for ay,0=4.5 and a,,=5.3. When the amplitudes of the input waves are a,o=4.8
and a,0=>5.6, the amplitude evolution of three peak gap nematicons is depicted
in the third row of Figure (6.5). We can obtain different types of three peak gap
nematicon profiles by varying the amplitudes of the input waves for a particular
value of the propagation constant (u=2.2). The amplitudes of the multiple peaks
in the three peak gap nematicon are the same for the input wave amplitudes
az0=4.5 and a,=>5.3, as shown in the second row. The amplitudes of various
peaks in the three peak gap nematicon vary as the amplitudes of the input wave

decrease or increase, as shown in the first and third rows.
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Figure 6.6: Evolution of beam for an initial excitation with wgy=12, w,0=12,
0,0=0, 0,0=0 with propagation constant y=2.45. First column: evolution of R;
second column: evolution of S. First row for a,0=8.3, a,,=9.0; second row for
az0=8.8, a,0=9.5; third row for a,,=9.6, a,0=10.3. In all three rows, the strength

of periodic potential is Vy = 1.7.
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Four peak gap nematicons can be found when the propagation constant is
p=2.45, as shown in Figure (6.6). The first row depicts the evolution of the
amplitudes of four peak gap nematicons for a,0==8.3 and a,=9.0. The second
row shows the evolution of amplitudes for a,,=8.8 and a,0=9.5. The third row
shows the amplitude evolution for input wave amplitudes of a,0=9.6, a,0=10.3.
We can obtain various types of four-peak gap nematicons for different input wave
amplitudes. As shown in the second row, the amplitudes of the four-peak gap
nematicon are the same for the input wave amplitudes a,0=8.8 and a,,=9.5. The
amplitudes of multiple peaks in a four-peak gap nematicon vary as the amplitude
or the intensity of the input wave changes, as shown in the first and third rows.

The above results show that the single-peak gap nematicons can be found
for a wide range of propagation constants ranging from 1.2 to 1.8. Even when
the amplitudes of the input waves change in these propagation constant ranges,
multi-peak gap nematicons do not exist. The multi-peak gap nematicons exist only
above a certain minimum value of the propagation constant. If the propagation
constant is greater than a minimum value, then the variation of input wave
amplitudes yields various profiles of multi-peak gap nematicons.

As the input beam intensity varies, the nonlocal response of the material can
cause the redistribution of light energy among different peaks in the multi-peak
gap nematicon. The nonlinear response of the nematic liquid crystal to the input
beam intensity plays a significant role. At certain input intensities, nonlinear
effects such as self-focusing can lead to the concentration of light energy into
specific peaks, resulting in unequal peak amplitudes. However, at other intensities,
the nonlinear response may favor a more uniform distribution of light energy
among the peaks, resulting in equal peak amplitudes.

Both the single-peak and multi-peak gap nematicons offer a wide range of
applications in areas such as optical communication, signal processing, imaging,
and computing. Multi-peak gap nematicons inherently have more localized
intensity peaks compared to single-peak gap nematicons. FEach peak in a

multi-peak gap nematicon can potentially carry independent information channels,
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thereby increasing the overall data-carrying capacity.

6.6 Linear stability analysis

The linear stability of the stationary states of the coupled system has been
investigated using Bogoliubov-de Gennes (BDG) equations. For radial symmetry,

consider small perturbations of the stationary states of the system in the form
X =R+a(r,z)e ", Y =8 +b(r,z)e " (6.35)
where the perturbations are given by [20, 21]

a(r, z) = ay(r)e™ + ay(r)e 7, (6.36)

b(r,z) = by(r)e™ + by(r)e 7, (6.37)

the asterisk indicates the complex conjugation. The pair of coupled Equations
(6.28) and (6.29) are linearized, assuming a;, as, b, and by are very small. This
results in a set of four homogeneous equations that are satisfied by aq, as, by, and

bs and are shown in matrix form below:

ai ai
as as
Al 2= 7, (6.38)
by by
b b
where,
Ly +V(r) 0 ze i sin2¢ %2
RZ 1 —iz
=5 —L, = V(r 0 —zet¥vsin2
C= 2 b (r) . : . (6.39)
%emsm% s Ly+V(r) 0
0 —%eﬁsin% %2 —Ly =V (r)
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Figure 6.7: The results of linear stability analysis of the system in a periodic
potential with the strength of Vj = 1.7. (a) Stability analysis of single-peak gap
nematicons for a,o=1.7, a,0=2.0. (b) Stability analysis of two peak gap nematicons
for ay0=4.1, a,yo=4.8. The real and imaginary parts of the perturbation eigenvalues
(A) versus the propagation constant p are shown.
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Figure 6.8: The results of linear stability analysis of the system in a periodic
potential with the strength of V5 = 1.7. (a) Stability analysis of three peak
gap nematicons for a,0=4.5, a,=>5.3. (b) Stability analysis of four peak gap
nematicons for a,0=8.8, a,0=9.5. The real and imaginary parts of the perturbation
eigenvalues (\) versus the propagation constant p are shown.

1/d> 1d
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Lo — Z = gin? 2.9 ) A1
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The system is solved using spectral methods based on Chebyshev polynomials. A
grid that extends 40 along r is chosen to evaluate the diffraction operators.

The perturbation eigenvalues as functions of the propagation constants have
been analyzed. The nature of the eigenvalue determines the stability of the
solution. If all imaginary eigenvalues are equal to zero, the solutions are completely
stable. That is when the system has only real eigenvalues of \.

Figure (6.7) consists of stability plots for a periodic potential strength of
Vo = 1.7 for single-peak and two peak gap nematicons. Figure 6.7(a) depicts the
stability analysis of single-peak gap nematicon, while Figure 6.7(b) depicts the
stability analysis of two peak gap nematicon. Figure 6.7(a) illustrates that the
magnitudes of imaginary eigenvalues are zero for a,y=1.7, a,0=2.0, and hence the
corresponding solutions are linearly stable. Figure 6.7(b) shows that solutions
are stable with purely real eigenvalues for a,0=4.1, a,0=4.8. This implies that
the single-peak and two peak gap nematicons are stable.

Figure (6.8) shows stability plots for three and four-peak gap nematicons
having the same amplitude peaks in a periodic potential strength of Vy = 1.7.
Figure 6.8(a) shows that for three peak gap nematicons with a,=4.5 and
a,0=>5.3, the magnitudes of imaginary eigenvalues are zero, indicating that the
corresponding solutions are linearly stable. Solutions with purely real eigenvalues
are stable for four peak gap nematicons with a,0=8.8, a,,=9.5, as shown in Figure
6.8(b). This implies that the three and four-peak gap nematicons having all peaks
with the same amplitudes are stable.

Stability plots for multi-peak gap nematicons in a periodic potential strength
of Vo = 1.7 are shown in Figure (6.9). The first row shows the stability plot for
three peak gap nematicons, while the second shows the stability plots for four
peak gap nematicons. The stability plots for the three peak gap nematicon with
azo=4.1 and a,y=4.9 are shown in Figure 6.9(a), and those for the three peak gap
nematicon with a,0=4.8 and a,=>5.6 are shown in Figure 6.9(b). In Figures 6.9(c)
and (d), the stability plots for four peak gap nematicons with a,0==8.3, a,0=9.0

and a,0=9.6, a,0=10.3 are respectively plotted. The magnitudes of imaginary
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Figure 6.9: The results of linear stability analysis of the system in a periodic
potential with the strength of Vj = 1.7. Stability analysis of three peak gap
nematicons for (a) azo=4.1, a,=4.9; (b) a,0=4.8, a,0=5.6. Stability analysis
of four peak gap nematicons for (c¢) a,0=8.3, a,0=9.0; (d) a;0=9.6, a,,=10.3.
The real and imaginary parts of the perturbation eigenvalues (\) versus the
propagation constant p are shown.

eigenvalues are not zero in Figures 6.9(a)-(d), implying that the corresponding
solutions are linearly unstable. This indicates that the multi-peak gap nematicons
with unequal amplitudes among peaks are unstable.

According to linear stability analysis, single-peak gap nematicons are stable
in the first band gap whereas multi-peak gap nematicons are only stable for a
specific value of input wave amplitudes. Multi-peak gap nematicons with the same
amplitudes among the peaks are stable, whereas those with unequal amplitudes

among the peaks are unstable.
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6.7 Conclusion

The formation and stability of single-peak and multi-peak gap nematicons have
been numerically studied. Both the stationary and dynamic solutions of the
system have been analyzed. Single-peak and multi-peak gap nematicons are
observed in the first band gap. Single-peak gap nematicons are supported over
a broad range of propagation constants, while multi-peak gap nematicons are
only found above a specific threshold of the propagation constant. Once the
propagation constant exceeds this threshold, varying the input wave amplitudes
can yield different multi-peak gap nematicon profiles. A linear stability analysis
has been employed to assess the stability of the stationary solutions under small
perturbations. Single-peak gap nematicons are found to be stable. The multi-peak
gap nematicons with equal peak amplitudes are stable, but those with unequal
amplitudes are unstable.

The ability to generate and stabilize single-peak and multi-peak gap
nematicons can be crucial for enhancing light propagation in optical fibers and
waveguides. Single-peak nematicons, which are stable over a broad range of
propagation constants, may be particularly useful for transmitting signals without
distortion. Multi-peak gap nematicons with their dependence on input beam
intensity, offer the potential for tunable signal transmission. Photonic crystals
which rely on band gap engineering to control light, could benefit from the stable
single-peak and multi-peak gap nematicons. These nematicons can enhance
the performance of photonic devices by providing stable light confinement and
guidance which is critical in developing highly efficient optical switches, filters,
and sensors. The ability to control the intensity distribution in multi-peak
gap nematicons suggests potential applications in laser systems where beam
profile shaping is required. This could lead to improved laser beam control in
applications such as precision machining, medical devices, or optical trapping.
The stability and controllability of gap nematicons could also be relevant in
the development of quantum communication and computing systems, where

stable, controlled light propagation is crucial for maintaining coherence and
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reducing noise in quantum channels. In multi-peak gap nematicons, each peak
represent a bit and so multi-peak structures helps to increase data carrying
capacity. Multi-peak nematicons provide more the amount of data that can be
sent in optical communications as compared to single-peak nematicons. That is,
multi-peak nematicons have more data-carrying capacity, resulting in faster data
transmission.

Building on the analysis of nematicons in a periodic potential, the next chapter
investigates the combined effects of thermal response and diffractive radiation on

beam propagation within this potential.
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Chapter 7

Multi-Peak Gap Nematicons:
Effects of Thermal Response and

Diffractive Radiation

This chapter explores the influence of thermal response and diffractive radiation on
multi-peak gap nematicons by employing numerical simulations. Both stationary
and dynamic solutions are analyzed. The study shows that thermal response alone
generates two-peak gap nematicons in the first band gap, with the peak separation
increasing nonlinearly in a parabolic fashion as thermal response coefficients
rise. When diffractive radiation is considered, three-peak and four-peak gap
nematicons also emerge with energy dynamically redistributing among peaks
based on the varying heights of the diffractive radiation shelf. The stability of these
multi-peak structures under small perturbations is investigated. This research
offers significant potential for applications in advanced photonic technologies,
such as optical switching, beam shaping, and temperature sensing.

The results of this chapter are published as:

e N. M. Sajitha, T. P. Suneera, ‘Unveiling the dynamics of multi-peak gap
nematicons: Effects of thermal response and diffractive radiation’. Chaos.

2025 Mar; 35(3): 033149.
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7.1 Introduction

Solitons in periodic media are a vibrant research topic in both science and
engineering, recognized for their unique properties and diverse applications. A
prominent example is gap solitons, which are localized structures formed in
nonlinear media characterized by periodic variations in properties like refractive
index, density, or potential. These solitons emerge from the interaction between
nonlinearity and the band gap structure of the medium, residing spectrally
within regions where linear wave propagation is prohibited [1]. Although they
are extensively studied in optical systems, gap solitons are also found in other
physical settings, such as Bose-Einstein condensates in optical lattices and acoustic
waves in layered media [2, 3]. Their distinctive dynamics and adaptability offer
exciting potential for advancements in photonic technologies and other fields.
The previous chapter focused on the behavior and stability of multi-peak gap
nematicons. In this chapter, we explore how multi-peak gap nematicons are
affected by the combined influences of thermal response and diffractive radiation
within a periodic potential. The interplay between thermal effects and diffractive
radiation in shaping multi-peak gap nematicons is a relatively unexplored area
with significant implications for optical solitons and photonics applications.
This chapter explores the impact of thermal response and diffractive radiation
on multi-peak gap nematicons in the nonlocal regime. Numerical simulations are
performed to analyze beam dynamics for varying thermal response coefficients
and diffractive radiation shelf heights. The chapter is organized as follows:
Section 7.2 introduces the modeling of beam dynamics in nematic liquid crystals
with periodic potential and nonlocal nonlinearity. Section 7.3 delves into the
band gap spectrum generated by the periodic potential for different thermal
response coefficients and discusses stationary solutions. Section 7.4 addresses the
propagation characteristics of multi-peak gap nematicons. Results and discussions
are presented in section 7.5. This section analyzes beam behavior under two
scenarios: one where the dynamics are influenced only by thermal response, and

another where thermal response and diffractive radiation are considered together.
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Section 7.6 provides a linear stability analysis to assess the stability of multi-peak
gap nematicons under small perturbations. Finally, section 7.7 concludes the

chapter.

7.2 Theoretical model

Consider a positive uniaxial NLC with its optic axis along the y-direction. When
an optical beam propagates through the system along z - direction, the optic axis
reorients in the x — y plane. The angle £ denotes the reorientation of the optic
axis. The entire geometry is illustrated in Figure (7.1). The medium is modified
such that the beam experiences periodic refractive index variations.

As the beam propagates through the medium absorption occurs, thereby
localized heating. This causes thermo-optic changes in the optical properties of
the NLC. The refractive indices n and n, which are parallel and perpendicular to
the director alignment respectively, as well as the elastic constant K of the medium,
become temperature-dependent when thermal effects on material properties are
considered.

We have the heat flow equation as follows [4]
2 2 1
SV*T =—al | E |7, where, I'= S €0CTe. (7.1)

The letter S indicates thermal conductivity and « represents the absorption
coefficient of the material. The temperature is denoted by T, ¢, represents the
permittivity of free space and ¢ denotes the speed of light. n. is the refractive

index of the extraordinariy polarized waves and is given by

2,2
9 ny

¢ nﬁcosQf + n? sin?¢’

(7.2)

n

Assume that the temperature of the NLC is Ty initially. When the optical
beam passes through the medium, the temperature is increased by A7 due to the

absorption of light. Now, the dimensionless temperature change is represented by
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NLC Molecule

= .,

Figure 7.1: The considered geometry. The NLC molecules are depicted with
ellipses and their long axes along y. The input beam is displayed in a green arrow,
hitting normally on the molecular director. The angle £ represents the director
angle [5].

T =Ty + Ap7r. The non-dimensional form of the heat equation is given as

SAp

2 2 2
NTVT:_|X|_’Y|7 where, HT:WI;QA?

(7.3)

where pp is the thermal diffusivity [6], A, and W, denote the amplitude and
width of the input wave packet.

The system is modeled using a nonlinear Schrodinger equation with a periodic
potential, with the behavior of the molecular director described by an elliptic
Poisson equation. Incorporating thermal effects on the properties of the NLC,

the governing equations for the system are given by

1 iz
+ X sin%¢ + 5YeWﬂ sin2 + V(z,y)X =0, (7.4)

oy 0*Y 0%V

1 —1z
2i7(7) 5 T aE T o Y sin?€ + 5 X e sin2g

—V(z,y)Y =0, (7.5)
v()VZE+ (| X 2 = | Y [P)sin2€ + 2Re(XY*eﬁi(ZT>)cos2§ = 0. (7.6)

Here, V(z,y)= Vj cos® (\/m), denotes the periodic potential of period 7
and a strength V. Electric field amplitudes in two transverse directions are
represented by X and Y. z denotes the propagation distance.

Both the nonlocality () and anisotropy () depend on temperature. The
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following equations relate nonlocality v to the elastic constant K and anisotropy

v to the extra-ordinary refractive index n, [4],

8K 2N, (7.7)
v = = — .
o€ AZW2sin2¢’ 7 Ve€asin2€’

where, K represents the elastic constant of the medium, which is considered to
be the same for bend, splay, and twist deformations of the NLC molecules [7].

Continuous-wave lasers in the visible to near-infrared region with power levels
typically in the milliwatt range would be suitable for the experimental realization
of this study. Our findings indicate that the beam power required to generate
two-peak, three-peak, and four-peak gap nematicons is approximately 40 mW,
55 mW, and 180 mW, respectively. A coherent and polarized Gaussian beam
is launched with a plane wavefront, having a waist of 12 um at the origin of a
planar cell of size L= 200 pum along the x-axis. The various constants used in the
model are chosen based on the material properties of the standard E7 mixture
at room temperature. This mixture is a positive uniaxial NLC with refractive
indices n)=1.73 and n,; =1.53, and an elastic constant of K=12 pN [7]. These
parameters are employed in the computational analysis to simulate the beam
dynamics and nonlinear effects in the system.

Experimental results show that the refractive index eigenvalues of the NLC
mixture E7 change almost linearly with temperature up to 40°C' [4]. Between 20
and 40 degrees Celsius, the refractive index n decreases by approximately 0.6%,
whereas the refractive index n increases by approximately 1.3% [4, 8]. Thus,
v(1) = 1 — 117, where 7 is correlated with % at T'=Ty. The dependence of
temperature on nonlocality, v is minimal [6].

The heat Equation (7.3) has two homogeneous solutions, Inr and a constant.
Because of the high thermal diffusivity pur, we suppose that the temperature
inside the circular peak of nematicon is constant. Temperature decreases as the

homogeneous solution goes away from the axis.

R
T=1, 0<r<m T=nlh—  m<r<R (7.8)
r
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Also, it follows the boundary condition 7= 0 at r = R.

In E7 NLCs, thermal response coefficient values can vary from 0 to 1.8, a range
that allows for detailed investigation of thermal effects on nematicon dynamics
and stability [4].

To study beam dynamics with thermal response and diffractive radiation in a

periodic potential, the trial functions for Equations (7.4) and (7.5) are expressed

as
[ —(r—m)? —(r4m)? .
X=la,e =% +e © +1g,| €7, (7.9)
[ 7(7'72m)2 7(r+2m)2 i )
Y=la,|e s +e 3 +ig, | e"v. (7.10)

The beam amplitudes are a, and a,, the widths are w, and w,, and the phases in
the two transverse directions are o, and o, respectively. Here, g, and g, denote
the heights of the diffractive radiation shelf along the x and y axes, respectively.

As the beam components propagate, they experience oscillations that lead
to the generation of diffractive radiation, which manifests as a radiation “shelf”
beneath the beam. These shelf terms, denoted as ig, and %g,, represent the
long-wavelength radiation produced near the beam. When ¢,=0 and g,=0, the
solution gives the thermal response of the system.

The solution of Equation (7.6) is chosen as [5, 9, 10],

§= 046%22 + A {E@ (_5—7;2) —In (;—2)} . (7.11)

In Equation (7.11), the first term corresponds to the local contribution with the
amplitude a, while the second and third terms indicate the nonlocal contributions
having amplitude A and width 8. The following relation shows how o depends

on the propagation distance z,

202 32c0s0
o %amaywxw§2Acos 7 (7.12)
I/_
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where,

z
D:52wi+52w§+w§w§, 0= 1+7—ax+ay, and
2,,,2 CL2’UJ2
&xwx Yy (713)

B is provided by the equation, f=L/(2In100). Assuming L is the thickness
of the NLC, d = L/2. Ei represents the exponential integral function.

+o0
E=— / e 't 1dt. (7.14)

z

7.3 Band gap spectrum and stationary solutions

7.3.1 Band gap spectrum

Assuming solutions of Equations (7.4) - (7.6) can be expressed in terms of the

propagation constant pu,
X(z,y,2) =P(z,y)e ™,  Y(r,y,2) =Q(z,y)e ", (7.15)

yield steady-state equations,

o*P  09*P 9 1 i
- - — 1+~(7) e
Guz gy TSI+ SQETT sin2E 4 V(a,y)P = 2P, (7.16)
8262 82Q .9 1 iz

_ — 14+~(7) — = —
Ox? + Dy QsinE + 2P€ 0 sin26 — V(z,y)Q 2py(7)Q,  (7.17)
V(T)V3E + ([P = |QP)sin2¢ + 2Re(PQ"e T )cos2€ = 0. (7.18)

Because the potential is periodic, the system can support Bloch waves, which

take the form:

P(x,y) = Pu(z,y)el®t=th)  Q(x,y) = Qulx,y)e’E=r)., (7.19)
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Figure 7.2: Band gap spectrum - The eigenvalue p versus Bloch momentum
k, with the first band in red dashed line, the second band in blue dotted line,
and the third band in green solid line. First row for Vo = 1.0: (a) 70 = 7 = 0;
(b) =7 =0.8; (¢) 7o = 1 = 1.6. Second row for V5 = 1.7: (d) 7o = 7 = 0;
(e) =71 =0.8; (f) o = 7 = 1.6. Third row for Vj = 2.4: (g) 10 = 11 = 0;
(h) 0o =7 =0.8; (i) 7o =7 = 1.6.

Let k denotes the Bloch momentum, which satisfies the periodic boundary

condition:
Pz +my) = P(z,y), Qr(r,y +m) = Qi(z,y). (7.20)

The Bloch solutions fulfill the equation:

0? P, N %P,
0x? 0y?

1 iz
— 2k? Py, + Pysin®€ + §levm sin2¢

—|—V(x,y)Pk = _2/~LPI€, (721)
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PQr | PQx . 1, ==

W + 8—y2 - (1 + ’7(7’)2)/{32Qk — QkSZTLQf + §Pkel+w(‘r) stn2€
—V(z,y)Qr = —2p(7)Qx, (7.22)

V(T)V2E + (| P2 — |Qu[?)sin2¢ + 2Re(PyQre ™0 )cos2€ = 0. (7.23)

This study concentrates on solutions with radial symmetry, and therefore,

Equations (7.21) — (7.23) are reformulated using radial coordinates as follows:

d2P ]_ dP 1 iz
F + ——k — 2]€2Pk + Pksin2§ -+ —le 1+~(7) sin2§
dr?2 7 dr 2
+V(r)Py = —2uPy, (7.24)
d2 1 d 1 —iz
dgk +o dqik — (L4 9(7)°)K*Qk — Qusin®€ + 5 Pre™ ™ sin2g

—V(r)Qr = —2puy(7)Qx, (7.25)

d25 V(7'> dé 2 2\
V(T)@ S (| Pe| B |Qr|)sin2¢
+2Re(PQLe ™™ )cos2E = 0. (7.26)

The periodic potential in radial coordinates is expressed as V(r) = V, cos®r,
where Vj denotes the strength of the periodic potential. The eigenvalues are
calculated for Bloch momentum k with varying strength of the periodic potential
and different thermal response coefficients. To analyze the stability region of
nematicons, we investigated their behavior across varying periodic potential
strengths, Vg, from 0.1 to 3.0. Our analysis reveals distinct transitions in the
band structure as V; varies.

Figure (7.2) depicts a band gap spectrum containing three bands, with the
first band shown in a red dashed line, the second in a blue dotted line, and the
third in a green solid line. The first row gives the band gap spectrum for a
potential strength of Vj = 1.0 with varying thermal response coefficients. Figures

7.2(a)-(c) shows the band gap spectrum for 7o = 74 = 0, 79 = 7, = 0.8, and
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To = 71 = 1.6 respectively. The results indicate that the bands overlap and shift
upward as the thermal response coefficients increase. When Vj varies from 0.1
to 1.3, overlapping bands dominate, indicating weak localization and potential
instability due to significant diffraction effects. This means that at lower Vj, band
overlap makes it difficult to distinguish between modes.

The second row of Figure (7.2) depicts the band gap spectrum for a potential
strength of Vj = 1.7 with different thermal response coefficients. As shown in
Figures 7.2(d)-(f), well-separated bands begin to emerge. In Figure 7.2(d), the
first finite band gap covers an interval of 1.199 <u< 2.55, and the second band
gap spans an interval of 3.45 <u< 8.2 with 75 = 7y = 0. In Figure 7.2(e), the first
finite band gap encompasses an interval of 2.39 <u< 4.55, and the second band
gap extends over an interval of 5.41 <u< 10.49 with 7o = 7 = 0.8. In Figure
7.2(f), the first finite band gap occupies an interval of 3.19 <u< 7.7, and the
second band gap ranges from 9.6 <u< 14.49 with o = 7, = 1.6. For Vj = 1.4
to Vo = 2.3, well-separated bands emerge, revealing a stable regime with better
confinement. Stable gap nematicon solutions were confirmed in this range.

The third row of Figure (7.2) shows the band gap spectrum for a potential
strength of Vj = 2.4 with different thermal response coefficients. As shown in
Figures 7.2(g)-(i), more bands flatten at this potential strength and shift to higher
1 values as the thermal response coefficients increase. Similarly, for V; ranging
from 2.4 to 3.0, the bands continue to flatten and shift upward with increasing
thermal response coefficients.

As Vj varies the characteristics of nematicons may change due to modifications
in the effective potential landscape. This study focuses on Vj; = 1.7 due to the
well-separated band structure observed at this value, which facilitates the clear
identification of stable numerical solutions. Our study primarily investigates how
the band gap at this potential strength varies with thermal effects. A detailed
investigation, including a complete stability boundary analysis for different
potential strengths considering thermal response and diffractive radiation, may

yield interesting results and will be pursued in our future work.
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Figure 7.3: Stationary states in a periodic potential with strength V, = 1.7. P
blue (solid) line and @ red (dashed) line. First row: Two-peak gap nematicon
for a,0=4.8, ay,=4.1 with ¢,=¢,=0. (a) o = 7 = 0; (b) 79 = 71 = 0.8;
(c) 7o = 1 = 1.6. Second row: Three-peak gap nematicon for a,0=5.6, a,0=4.8
with 70 = 7 = 0.8. (d) g,=9,=0.5; (e) g.=0,=1.5; (f) g.=g¢,=3.8. Third row:
Four-peak gap nematicon for a,0=9.8, a,0=9.1 with 7o = 7, = 1.6. (g) g,=g,=2.0;
(h) 92=9y=5; (1) go=g,=8.6.

7.3.2 Stationary solutions

Take into account the cylindrical symmetry of the uniaxial NLC. Furthermore,
the system is considered to have a rotational symmetry about the propagation
direction z. Then, 2% + y*= r? and V? = %%—F;—;. The stationary differential

Equations (7.16) - (7.18) becomes,
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d*P  1dP

¥l + - s + Psin®€ + Qelﬂ(ﬂ sin26 + V(r)P = —2uP, (7.27)
r

d?Q  1dQ BTV GER i

R - — T+~(7) — = —

02 + i sin“é + 2Pe 1 sin2 — V(r)Q 2uy(7)Q, (7.28)
d*¢ | v(r) )dE i pp 2y

o) s+ DD (1P QP)sinze

+2Re(PQ" elﬂ(ﬂ)cos% = 0. (7.29)

The numerical analysis of Equations (7.27) - (7.29) has been conducted
using the finite difference method, and Figure (7.3) shows the amplitudes of
the stationary solutions P and @) for various thermal response coefficient values
within the first band gap in a periodic potential with strength V5=1.7. In the
first band gap, the thermal response alone produces two-peak gap nematicons
for an initial excitation with a,0=4.8, ayy=4.1, wy=12, wy=12, 0,0=0, 0yp=0,
9-,=0, and g,=0. The impact of thermal response on the propagation of these
two-peak gap nematicons has been analyzed in detail. When thermal response
coefficients are zero and the propagation constant ;1 = 1.9, the peak separation is
102, as shown in Figure 7.3(a). As the thermal response coefficients increase to
To = 11 = 0.8, with the propagation constant p = 2.4, the peak separation widens
to 270, as depicted in Figure 7.3(b). With a further increase to 7o = 7 = 1.6 and
the propagation constant y = 3.3, the peak separation reaches 382, as seen in
Figure 7.3(c).

The nonlinear parabolic increase in peak separation of two-peak gap
nematicons with increase in thermal response coefficients is due to heat-induced
refractive index changes in nematic liquid crystals. As the thermal response
coefficient grows, temperature variations more strongly affect molecular alignment,
amplifying refractive index modulation. This modulation broadens the optical

waveguide around the nematicon, reducing confinement and leading to greater
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separation between the peaks.

When diffractive radiation is considered along with thermal effects, three-peak
and four-peak gap nematicons can be found in the first band gap in a periodic
potential with strength Vy = 1.7. The second and third rows of Figure (7.3) show
the three-peak and four-peak gap nematicons for 7o = 7 = 0.8 and 79 = 7, = 1.6,
respectively. The second row gives the three-peak gap nematicon for an initial
excitation with a,0=>5.6, a,0=4.8, wy0=12, wy=12, 0,0=0, and 0,=0. Figures
7.3(d)-(f) depict the three-peak gap nematicons with a propagation constant
of 1 = 3.6 and diffractive radiation shelf heights g,=¢,=0.5, g,=g,=1.5, and
92=0y=3.8, respectively. The third row gives the four-peak gap nematicon for
an initial excitation with a;0=9.8, a,0=9.1, wz=12, wy =12, 0,=0, and o,,=0.
Figures 7.3(g)-(i) depict the four-peak gap nematicons with a propagation constant
of p = 6.4 and diffractive radiation shelf heights g,=g,=2.0, g,=g¢,=5.0, and
9:=0,=8.6, respectively. The second and third rows of Figure (7.3) show energy
redistribution among the peaks with varying levels of diffractive radiation shelf

heights.

7.4 Propagation dynamics of gap nematicons

The dynamic solution of the Equations (7.4) — (7.6) are analyzed in terms of the

propagation constant u as
X(z,y,2) = R(z,y,z)e ", Y(z,y,2) =S(x,y, z)e’i“z. (7.30)

Substituting X and Y in Equations (7.4) - (7.6) yields the nonlinear eigenvalue

problem as

OR 0*R  O°R 9 1, iz
225 + 2 -+ a_yz + Rsin“é + §Sel+7(7> sin2&

+V(z,y)R = —2uR, (7.31)
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Figure 7.4: Evolution of a two-peak gap nematicon for an initial excitation with
az0=4.8, ayo=4.1, wy=12, wy=12, 0,0=0, 0,=0, g,=0, and g,=0 in a periodic
potential with strength Vj = 1.7. First column [(a), (¢), (e)]: Evolution of R.
Second column [(b), (d), (f)]: Evolution of S. First raw: 70 = 7, = 0 and u = 1.9.
Second raw: 79 =7 = 0.8 and p = 2.4. Third raw: 7o =7, = 1.6 and p = 3.3.
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Thermal response 0
coefficients Separation 2
0.0 102 e
0.2 149 300
0.4 193 4
0.6 233 § %0
0.8 270 :
1.0 303 2 300
1.2 332 5
1.4 358 f 150
1.6 382 8
1.8 398 " 100
000 025 050 075 100 125 150 175
Table 7.1: Thermal response thermal response coefficients (;, s)
coefficients and the
corresponding seperation Figure 7.5: The thermal response
between peaks of two-peak coefficients versus separation between
gap nematicon. peaks of two-peak gap nematicon.
as  9*S  9*S
2iy(T )8_ + 92 +=— oy — Ssin* + = Relﬂ(ﬂ sin2&
(rv,y)S = —2uy(7)S, (7.32)
v(T)VZE + (|R|? — |S]?)sin2€ + 2Re(RS*el+77i(zf>)co<92£ = 0. (7.33)

For radial symmetry, the Equations (7.31) - (7.33) becomes

(7R PR 10R
PR JE— _ 1 'y(T
21 8z 52 + T + Rsin*¢ + = Se T+ () sin2€

V(r)R = —2uR, (7.34)

oS  9%S 198
2ir(r )8 2 + - Ssin¢ + = Relﬂ(ﬂ s1n2¢

—V(T)S = —2p7(7)S, (7.35)
o) 05+ YD L (r2 | 5pysinag
+2Re(RS" e )cos2€ = 0. (7.36)
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Figure 7.6: Evolution of a three-peak gap nematicon for an initial excitation with
az0=5.6, a,0=4.8, wy=12, wy =12, 0,0=0, and o,4=0 in a periodic potential with
strength Vy = 1.7. First column [(a), (c), (e)]: Evolution of R. Second column
[(b), (d), (f)]: Evolution of S. First row: ¢g,=g¢,=0.5. Second row: g,=g,=1.5.
Third row: g,=g¢,=3.8. In all three rows, 7o = 7, = 0.8 and p = 3.6.
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The Equations (7.34) - (7.36) are solved numerically by employing the finite
difference method. In this method, a rectangular grid is applied with a separation

of grid planes by Az and Ar such that z;, = kAz and r, = nAr. The stability

Az
Ar2

results of Equations (7.34) - (7.36).

of the method requires < 0.5. Section 7.5 graphically presents the numerical

7.5 Results and discussions

This work utilizes the finite difference method to analyze the effects of thermal
response and diffractive radiation on the dynamics of multi-peak gap nematicons.
The numerical solutions of Equations (7.34) - (7.36) are investigated under two
conditions: with thermal response only, and with both thermal response and
diffractive radiation. The strength of the potential is assumed to be V5 = 1.7
throughout the analysis. The initial conditions are w,o=12, wy =12, 0,0=0, and
0,0=0. The different variables are selected as pur = 300, v = 600, v; = 0.1, a = 2,
A=0.5,and m = 2.2.

7.5.1 Thermal response only

Figure (7.4) depicts the evolution of the two-peak gap nematicons with a,o=4.8,
ayo=4.1, 9,=0, and g,=0 for varying thermal response coefficients. Figure 7.4(a,b)
represents the evolution of the dynamic solutions R and S of Equations (7.34)
- (7.36) with the propagation constant x = 1.9 and shows that the separation
between peaks is about 102 for 7y = 7y = 0. When the thermal response coefficients
are 7p = 71 = 0.8 and the propagation constant ;. = 2.4, the evolutions of the
beam are depicted in second row of Figure (7.4). Figure 7.4(c,d) shows that the
separation between peaks is around 270.

The advancement of amplitudes R and S for 7 = 7, = 1.6 and the propagation
constant g = 3.3 is depicted in the third row of Figure (7.4). Figure 7.4(e,f)
illustrates that two-peak gap nematicons have a peak separation of about 382. As

the thermal response coefficients rise from 0 to 0.8 to 1.6, the separation between
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the peaks increases from 102 to 270 to 382. This change happens because the
increased thermal response coefficients raise the temperature near the nematicon,
enhancing the refractive index variation and widening the optical waveguide.
Consequently, the two peaks become less confined, leading to a greater separation
as the thermal response coefficients increase. The analysis has been carried out
for thermal response coefficients ranging from 0 to 1.8 in a periodic potential
strength of Vi = 1.7. Numerical methods reveal two-peak gap nematicons, and
we found that the separation between peaks increases nonlinear parabolic manner
with increasing thermal response coefficients.

Table (7.1) shows the thermal response coefficients and the corresponding
separation between peaks of two-peak gap nematicon in a periodic potential with
a strength of V; = 1.7. The relationship between thermal response coefficients
and the separation between peaks is depicted in Figure (7.5). The separation
between peaks increases in a nonlinear parabolic manner with increasing thermal
response coefficients.

From the above results, the two-peak gap nematicons can be found for a
wide range of thermal response coefficients ranging from 0 to 1.8 in a periodic
potential with a strength of Vy=1.7. As thermal response coefficients increase,
the separation between peaks increases in a nonlinear parabolic manner. The
increase in the separation between the peaks of a two-peak gap nematicon with
higher thermal response coefficients can be understood through the interplay
between thermal effects and refractive index changes in the nematic liquid crystal
medium. Physically, the thermal response coefficient reflects the degree to which
the refractive index of the medium changes in response to localized heating.
When light propagates through the medium, it induces localized heating due
to absorption. As the thermal response coefficient increases, the heating effect
becomes more pronounced, leading to a stronger alteration of the refractive index
around the nematicon. This localized change in refractive index acts like a thermal
lens, broadening the spatial extent of the light field. In the case of a two-peak

gap nematicon, the increased thermal response causes a greater divergence of the
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intensity distribution of light, pushing the two peaks farther apart. Essentially,
the increased thermal effect weakens the nonlinear self-focusing between the
peaks, allowing them to separate more as the refractive index gradient becomes
more significant. The separation continues to grow in a parabolic manner up to
a thermal response coefficient of 7y = 7 = 1.8, beyond which the two-peak gap

nematicon becomes unstable and can no longer exist.

7.5.2 Thermal response and diffractive radiation

When diffractive radiation is also taken into account along with thermal effects,
three-peak and four-peak gap nematicons can be found in the first band gap as
shown in Figures (7.6) and (7.7). Figure (7.6) represents the evolution of the
dynamic solutions R and S of Equations (7.34) - (7.36) in a periodic potential
strength 14y=1.7 and thermal response coefficients 7y = 7 = 0.8, for different
diffractive radiation shelf heights. In all three rows of Figure (7.6), the initial
beam amplitudes are a;0=5.6, a,0=4.8, and the propagation constant is u = 3.6.
The first, second, and third rows of Figure (7.6) show the evolution of three-peak
gap nematicons for g, = g, = 0.5, g, = g, = 1.5 and g, = g, = 3.8, respectively,
showing energy redistribution among peaks as diffractive radiation varies.
Figure (7.7) depicts the evolution of R and S in the same periodic potential
with thermal response coefficients 7 = 71 = 1.6, across increasing diffractive
radiation shelf heights. In all three rows of Figure (7.7), the initial beam
amplitudes are a,0=9.8, a,0=9.1, and the propagation constant is pt = 6.4. The
first, second, and third rows of Figure (7.7) show the four-peak gap nematicons
for g, = g, = 2.0, g, = g, = 5.0 and g, = g, = 8.6, respectively, with energy
redistribution adjusting dynamically among peaks at different diffractive radiation

shelf heights.
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Figure 7.7: Evolution of a four-peak gap nematicon for an initial excitation with
a20=9.8, a,0=9.1, wy=12, wy=12, 0,0=0, and 0,9=0, in a periodic potential
with strength Vj = 1.7. First column [(a), (c), (e)]: Evolution of R. Second
column [(b), (d), (f)]: Evolution of S. First row: ¢g,=g,=2. Second row: g,=g,=5.
Third row: g,=g¢,=8.6. In all three rows, 7o = 7, = 1.6 and p = 6.4.
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Experimental validation for our study is supported by previous works that
demonstrate the realization of periodic potentials in liquid crystal systems.
Specifically, prior research has shown that periodic electrode structures and
controlled electric fields can effectively induce spatially varying refractive
index profiles in LC waveguides. For instance, in [11], electrically switchable
LC waveguide structures were developed for spatial-polarization control of
light. These structures utilized spatially modulated electric fields applied to
planar-aligned LC cells, with patterned electrodes on conducting glass substrates
enabling precise control. The experimental findings confirmed the feasibility
of electrically controlled periodic potentials for tuning optical waveguiding
properties. Similarly, [12] explores electro-optical cells based on cholesteric
liquid crystals, where periodic structures emerge and transform under applied
electric fields. Polarizing optical microscopy was used to investigate the formation
and behavior of alternating over- and under-twisted defect lines. The periodicity
of these structures was voltage-dependent, demonstrating a practical approach
for achieving tunable periodic potentials in LC materials. Additionally, [13]
presents various techniques for fabricating optical waveguides with LC cores,
where molecules form periodic patterns with well-defined periods. Methods
such as microstructured electrodes and photoalignment techniques enabled
experimental realization of controlled molecular orientations, with waveguiding
properties examined through optical fiber grating effects. These studies collectively
validate our approach, demonstrating that periodic potentials in LC systems can
be achieved through electrically controlled patterned electrodes or structured

anchoring methods.

7.6 Linear stability analysis

Bogoliubov-de Gennes (BDG) equations are the most popular method in the

analysis of linear stability. Here, the stationary states of the system are perturbed
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slightly in the form
X = R+a(r, z)e ™", Y =S+ b(r,2)e” ", (7.37)
where the perturbations are given by

a(r,z) = ay(r)e™ 4 ay(r)e "7, (7.38)

b(r,z) = by(r)e™ + by(r)e = (7.39)

The pair of coupled Equations (7.34) and (7.35) are linearized, assuming a, as,

by, and by are very small. The resultant equations are given in matrix form:

aq aq
as as
Al 2= 7, (7.40)
by by
b3 b3
where,
Li+V(r) 0 %‘elﬁ(ﬂ sin2¢ %2
oo %2 —Ly —V(r) 0 —}leﬁsm%
471(7_)61‘”(*) sin2¢ %2 Ly 4+ V(r) 0
iz i 2
0 —471(T)€1+7(T> sin2€ £ — Ly —V(r)
(7.41)
1/ d? 1d
Li=-(-—5+-—+sin®+|R’+2 7.42
(=5 (G b+ RP 20 (7.42)
1 d? 1d
Ly = — + —— —sin® ¢+ |S + 2 : 7.43
= 5 (G oy — s+ ISP+ () (7.43)

Chebyshev polynomial-based spectral methods are used to solve the matrix
equation. Perturbation eigenvalues are analyzed with respect to the propagation
constant, where imaginary parts indicate linear instability and real parts signify

stability.
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Figure 7.8: The results of linear stability analysis of the system in a periodic
potential with the strength of Vj = 1.7. Stability analysis of two-peak gap
nematicons for (a) o =7 = 0; (b) 9 = 1 = 0.8; (¢) 79 = 71 = 1.6. The real
and imaginary parts of the perturbation eigenvalues (\) versus the propagation
constant p are displayed.
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Figure 7.9: The results of linear stability analysis of the system in a periodic
potential with the strength of V[; = 1.7. Stability analysis of three-peak gap
nematicons for 7y = 7 = 0.8: (a) ¢,=¢,=0.5; (b) g,=g,=1.5; (¢) g»=¢,=3.8.
The real and imaginary parts of the perturbation eigenvalues (\) versus the
propagation constant p are displayed.
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Figure 7.10: The results of linear stability analysis of the system in a periodic
potential with the strength of Vj = 1.7. Stability analysis of four-peak gap
nematicons for 7o = 7 = 1.6: (a) ¢,=¢,=2; (b) 9.=9,=5; (¢) g,=g,=8.6. The
real and imaginary parts of the perturbation eigenvalues () versus the propagation
constant p are displayed.
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Figure (7.8) consists of stability plots for two-peak gap nematicons in a
periodic potential strength of V, = 1.7 for different thermal response coefficients.
Figure 7.8(a)-(c) depicts the stability analysis of two-peak gap nematicon for
=7 =0,7=m =0.8, and 7y = 7, = 1.6 respectively. Figure 8(a)-(c) shows
that solutions are stable with purely real eigenvalues. This implies that the
two-peak gap nematicons with thermal response are stable.

Figure (7.9) presents stability plots for three-peak gap nematicon within a
periodic potential of strength Vj = 1.7, for different diffractive radiation shelf
heights. Here, both 7y and 7 are set to 0.8. Figures 7.9(a)-(c) depict the stability
analysis of three-peak gap nematicon for g,=g¢,=0.5, g,=¢,=1.5, and ¢g,=g,=3.8
respectively. In Figures 7.9(a) and (b), the presence of non-zero imaginary
eigenvalues indicates linear instability in the solutions. Figure 7.9(c) shows that
solutions are stable with purely real eigenvalues. This implies that the three-peak
gap nematicon with thermal response is stable for diffractive radiation shelf
heights g,=g,=3.8, with energy nearly evenly distributed across the peaks.

Figure (7.10) shows the stability plots for four-peak gap nematicon in a
periodic potential strength of Vj = 1.7 for different diffractive radiation shelf
heights. Here, both 75 and 7, are set to 1.6. Figures 7.10(a)-(c) depict the stability
analysis of four-peak gap nematicon for ¢,=g,=2, g,=¢,=5, and ¢,=g,=8.6
respectively. In Figures 7.10(a)-(c), the presence of imaginary eigenvalues indicates
instability in the solutions. This implies that the four-peak gap nematicon with
thermal response is unstable. At high thermal response (7o=7;=1.6), even evenly
distributed peaks in four-peak gap nematicon become unstable due to intensified
thermal gradients, which create stronger refractive index modulations that disrupt
peak confinement. This intensified modulation causes peaks to shift out of phase,

leading to instability regardless of peak symmetry.
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7.7 Conclusion

This chapter explores the effects of thermal response and diffractive radiation on
multi-peak gap nematicons by employing numerical simulations. The analysis
covers both stationary and dynamic solutions. It reveals that thermal response
alone generates two-peak gap nematicons in the first band gap. As the thermal
response coefficient increases, the separation between peaks grows in a nonlinear,
parabolic manner, driven by the interaction between thermal effects and refractive
index modulation in the nematic liquid crystal medium. Incorporating diffractive
radiation allows the formation of three-peak and four-peak gap nematicons, with
dynamic energy redistribution among the peaks depending on the diffractive
radiation shelf height. Stability analysis of these multi-peak structures is
conducted by studying small perturbations using the Bogoliubov—de Gennes
equations.

This research has numerous potential applications in advanced photonic
technologies, including optical switching, beam shaping, and temperature sensing.
The thermal tunability of two-peak gap nematicons is particularly valuable for
photonic devices. In optical switching, the ability to adjust the separation between
peaks enables transitions between distinct light states, making these structures
well-suited for high-speed data processing. In optical fibers or waveguides,
thermal effects allow dynamic control of light beams, enhancing signal clarity
by managing interference. Additionally, their sensitivity to temperature makes
nematicons ideal for thermal sensing, with peak separation providing accurate
real-time temperature monitoring. Incorporating diffractive radiation enables
energy redistribution, making gap nematicons useful for applications such as
optical modulation and laser beam shaping, which are critical in fields like
materials processing and medical treatments. By controlling the thermal response
and diffractive radiation shelf heights, these systems offer versatile solutions for
designing advanced photonic devices.

A promising avenue for future research involves investigating the

breather-like excitations within this system. Beyond gap nematicons, nonlinear
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Schrodinger-type equations are known to support oscillatory solutions, including
breathers. The combined effects of nonlinearity, periodic potential, and diffractive
radiation in nematic liquid crystals may create favorable conditions for such
excitations. Exploring whether gap nematicons display internal oscillations or
periodic energy transfer could offer a deeper understanding of the nonlinear

behavior, warranting further investigation.
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Chapter 8

Results and Recommendations

This chapter presents a summary of the key findings of the thesis and offers
suggestions for future research inspired by the results. The study of optical beam
propagation in uniaxial nematic liquid crystal in the nonlocal regime is the basis of
the research carried out in this thesis. Nonlinear waves and liquid crystals are both
thriving topics with numerous scientific and technological applications. The thesis,
“Studies on Nonlinear Beam Dynamics in Uniaxial Nematic Liquid Crystals Under
the Influence of Temperature, Diffractive Radiation, and Potentials” is highly
relevant to advancing the understanding of nonlinear beam dynamics in nematic
liquid crystals, a material with significant potential for reconfigurable optical
applications. It provides insights into the interplay of the potentials, thermal
effects, and diffractive radiation, enabling the design of robust waveguides, optical
switches, and beam-steering technologies. Section 8.1 outlines the key results,

while section 8.2 provides the recommendations for future research.
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8.1 Results

o The interplay between diffractive radiation shed and the damping coefficient
in a nematic liquid crystal with nonlocal nonlinearity has been studied.
The system is analyzed using semi-analytical and numerical methods.
When the damping profile is a constant or a periodic function of the
propagation distance, nematicon propagation is only possible for high
diffractive radiation shelf height. However, a very small value of diffractive
radiation shelf height can counterbalance the effect of hyperbolic damping

of the beam, resulting in nematicon propagation through the medium.

o The studies have been extended to the thermal response of single-peak and
double-peak solitons in a nematic liquid crystal. Single-peak nematicons
have been found for low values of thermal response coefficients. This regime
is characterized by focusing reorientational nonlinearity. For fairly large
values of thermal response coefficients, the defocusing thermal nonlinearity is
greater than the focusing reorientational nonlinearity. As a result, the beam
broadens, flattens, and eventually separates into double-peak nematicons.
Linear stability analysis reveals that single-peak nematicons are stable
regardless of thermal response coefficient values, whereas double-peak

nematicons are stable only for large values of thermal response coefficients.

e The behavior of nonlocal spatial optical solitons in a uniaxial nematic liquid
crystal subjected to a parabolic potential has been further explored. The
governing equations of the system were solved using both semi-analytic and
numerical approaches. Our results show that nematicons can form within
the parabolic potential, where they exhibit periodic oscillations. It was
observed that the wavelength of these oscillations decreases linearly as the
strength of the potential increases. By adjusting the potential strength, it
is possible to generate higher harmonics of the nematicons. Additionally,
linear stability analysis indicates that nematicons remain stable within the

parabolic potential.
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e The study then focuses on the thermal response of nematicons in a parabolic
potential. In the absence of thermal response, single-peak nematicons
exist due to the dominance of focusing reorientational nonlinearity.
However, when thermal response is introduced, the interaction between
the focusing reorientational and defocusing thermal nonlinearities leads
to the transformation of single-peak nematicons into double-peak ones.
In this scenario, the beam profile splits into two peaks as the defocusing
thermal nonlinearity outweighs the focusing reorientational nonlinearity.
This competition between the nonlinearities alters the energy landscape
experienced by the light beam within the medium. The combined
effect of focusing reorientational and defocusing thermal nonlinearities
creates multiple maxima in the energy landscape, stabilizing double-peak
nematicons as equilibrium states. When parabolic potential is present,
periodic oscillations emerge in the nematicon. For small thermal response
coefficients, double-peak nematicons with periodic oscillations are observed.
The thermal response coefficients significantly influence the wavelength
of these oscillations, with the wavelength increasing as the thermal
response coefficients rise. For larger thermal response coefficients, the
double-peak nematicon becomes non-oscillatory. Linear stability analysis
shows that single-peak nematicons and double-peak nematicons with
periodic oscillations are stable, whereas double-peak nematicons without

oscillations are unstable.

e The study has further investigated the formation and stability of single-peak
and multi-peak gap nematicons using numerical methods. Single-peak and
multi-peak gap nematicons can be found in the first band gap. Single-peak
gap nematicons can be formed for a broad range of propagation constants.
Multi-peak gap nematicons, however, can only exist above a certain
minimum propagation constant. The intensity distribution among the peaks
in a multi-peak gap nematicon is highly sensitive to the intensity of the input

beam. To analyze stability, we utilized the Bogoliubov-De-Gennes equations
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to assess the response of the stationary solution to small perturbations.
Our findings show that single-peak gap nematicons are stable. Multi-peak
gap nematicons with equal peak amplitudes are stable, while those with

unequal peak amplitudes are unstable.

The impact of thermal response and diffractive radiation on multi-peak gap
nematicons is then studied using numerical simulations. Both stationary
and dynamic solutions are explored, revealing that thermal response alone
induces the formation of two-peak gap nematicons in the first band gap.
As the thermal response coefficients increase, the separation between the
peaks grows in a nonlinear, parabolic manner. This peak separation results
from the interaction of thermal effects and changes in the refractive index
of the nematic liquid crystal medium. Upon incorporating diffractive
radiation, three-peak and four-peak gap nematicons can also observed, with
energy redistribution occurring dynamically among the peaks as the shelf
height of the diffractive radiation varies. Linear stability analysis indicates
that two-peak gap nematicons with thermal response are stable. The
three-peak gap nematicons remain stable for comparatively large diffractive
radiation shelf heights with energy almost evenly distributed across the
peaks. However, at high thermal response even evenly distributed peaks in
a four-peak gap nematicon become unstable. This instability arises due to
intensified thermal gradients, which enhance refractive index modulations
and disrupt peak confinement. These stronger modulations cause the peaks
to shift out of phase, leading to instability, regardless of the symmetry of
the peaks.

This research has broad potential applications in advanced photonic systems,
particularly in optical switching, beam shaping, and temperature sensing.
The thermal tunability of two-peak gap nematicons holds promise for
photonic devices, as it enables control over the peak separation, facilitating
transitions between different light states for high-speed data processing. In

optical fibers or waveguides, thermal effects offer dynamic manipulation
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of light beams, enhancing signal clarity by adjusting interference effects.
Additionally, the temperature sensitivity of nematicons makes them ideal
for precise real-time thermal monitoring in temperature sensing applications.
When combined with diffractive radiation, nematicons enable energy
redistribution, which can be applied to optical modulation and laser
beam shaping, particularly in fields like material processing and medical
treatments. By controlling the thermal response and diffractive radiation
shelf heights, a versatile functionality is achieved for the design of advanced

photonic systems.

8.2 Recommendations

The study of nematicon propagation under various conditions, including diffractive
radiation, damping effects, parabolic and periodic potentials, and thermal
responses, is explored in this thesis. It provides significant insights into nonlinear
light-matter interactions in nematic liquid crystals. However, there are several
avenues for further exploration that can deepen our understanding of these
phenomena and broaden their potential applications. Future research in diffractive
radiation could focus on exploring its effects on nematicons in various complex
media, including anisotropic and gradient-index materials. Investigating the
interaction between diffractive radiation and different beam profiles, such as
Laguerre and Hermite-Gaussian beams, could lead to enhanced control over beam
propagation and manipulation. Additionally, the role of diffractive radiation in
multi-peak and multi-dimensional soliton formation could be studied to enable
more versatile applications in optical communication and beam steering. Future
studies might also delve into optimizing diffractive radiation in systems with
higher-order nonlinearities, enabling more efficient energy transfer and dynamic
control for advanced photonic technologies. There are several potential future
research directions that involve the investigation of two or more interacting beams

traveling through NLC. Investigating the interaction of nematicons with other
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types of solitons or multiple nematicon beams could unveil new forms of soliton
behavior. Studying such multicomponent systems might enable the development
of novel optical devices that utilize the interaction between different types of
light beams for more advanced functionalities. The effect of parabolic potentials
on the generation of higher harmonics of nematicons has opened up possibilities
for extending this work to other types of nonlinear interactions. Investigating
different potentials such as anharmonic, periodic, or even stochastic potentials
could lead to the discovery of novel harmonic generation processes. Moreover,
extending the research to higher-dimensional potentials could provide new ways to
manipulate nematicon behavior for advanced photonic applications. A potential
continuation of this work would be to investigate responses of nematicons with
other optical beam types, such as elliptical, Hermite polynomial type, Laguree
polynomial type, and so on. There are numerous opportunities to broaden the
study of nonlocal nonlinear media to encompass diverse forms of nonlinearities,
higher-order diffraction terms, etc. Investigating the effects of more intricate
potentials beyond the parabolic and periodic forms, such as anharmonic or
time-varying potentials, could lead to new insights into the controllability of
nematicons. Tailoring the potential could provide a means of finely tuning the
propagation characteristics, opening the door to more sophisticated applications
in optical communication or material processing.

The theoretical insights gained from this thesis provide a strong foundation
for experimental investigations. Future research could focus on experimental
validation of the predicted phenomena, especially in novel liquid crystal materials
with enhanced nonlinear and thermal properties. Additionally, the integration
of nematicons into photonic devices, such as optical switches, modulators, or
filters, remains a promising area for further development. By fine tuning the
properties of the material and potentials, nematicons could be harnessed for a wide
range of applications in optical communications and photonic circuitry. Similar
research can be conducted on the optical vortex, dark nematicons, soliplasmons

(solitons+surface plasmons), and so on. By addressing these areas in future
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research, the understanding of nematicon dynamics can be significantly advanced,
leading to new theoretical insights and practical applications in photonics and

beyond.
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