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ABSTRACT

Queueing theory is a field dedicated to the modelling and analysis of queues or waiting
lines. It provides mathematical tools to optimise various processes in service systems to
enhance overall system performance. Most of the real-world service systems operate under
time-varying conditions, such as fluctuating arrival and service processes. Analysing the
transient behaviour of such time-varying queueing systems is significantly more challenging
than steady-state analysis. This research focuses on the transient analysis of time-varying
queues, which have practical applications in real-life service systems. The study investi-
gates the transient distributional law that links the virtual workload to customer waiting
times in a non-stationary general single-server queueing system. Additionally, a simulation
study is conducted to validate the transient measure alongside other performance measures.
The research also introduces a general algorithmic framework to derive transient perfor-
mance measures in a k-station Markovian tandem network, supported by numerical studies
that analyse the transient behaviour of these performance measures. Furthermore, a com-
parative study is presented on a Markovian non-stationary two-station tandem network
with finite queue capacity, examining different blocking mechanisms. The study provides
explicit expressions for transient performance measures under both BAS and BBS blocking
mechanisms. Another significant contribution of this research is the exploration of time-
varying approximations for performance measures in a feed-forward open queueing network
comprising single-server queues with time-varying arrival rates. An algorithm is developed
to compute time-varying approximations for performance measures in feed-forward open
queueing networks of G /G /1 queues. The thesis concludes by emphasizing the critical role
of time-varying queues in real-life service systems and offers actionable recommendations
for future research directions.

Keywords: Time-varying queues, Tandem queueing networks, Transient performance

measures, Blocking, General queueing networks.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Queueing theory explores the dynamics of queues or waiting lines, focusing on sce-
narios where the demand for service exceeds the capacity to provide the service
immediately. This field studies systems where entities (such as customers, calls, or
patients) requiring service arrive at a facility, wait in line if service is not instantly
available, and depart after being served. Queueing theory has widespread appli-
cations in diverse fields, including telecommunications, traffic engineering, and the
operations of manufacturing and service industries to optimise performance and ef-
ficiency. The progress and evolution of queueing theory continue to advance, both
in its methodologies and applications. Innovative analytical approaches are being
developed to enhance its theoretical foundations, while new areas of application are
constantly emerging. This study aims to contribute to this vast and dynamic field
by enhancing the existing body of knowledge.

When the queue, a fundamental component of a queueing system, becomes exces-

sively long, impatient entities may abandon the system. This behaviour negatively
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impacts the overall efficiency of the queueing system. A lengthy queue is, therefore,
a clear indicator of congestion in the system and the main motivation of studies in
queueing theory is to control this congestion. This congestion in the system is pri-
marily measured using two key metrics, that are the number of entities in the queue
and the time an entity spends waiting in the queue before receiving service. In cer-
tain cases, the mathematical formulation of these metrics can become complex. This
presents a significant challenge in queueing theory, requiring sophisticated analytical
and computational approaches to address effectively.

In many cases, a single queue and its corresponding service mechanism may
not be sufficient to meet the diverse requirements of the entities. Consequently,
interconnected queues or a queueing network may be necessary to address vary-
ing needs. In these models, entities receive service from queues sequentially based
on their requirements. Queueing networks are more practically applicable in many
real-world scenarios because they effectively model complex systems where entities
require multiple stages of service. A typical example of a queueing network in a
healthcare system involves multiple interacting service points, such as the registra-
tion or admission desk, outpatient departments for consultations with specialists,
laboratories and diagnostic centres for tests like blood work, X-rays or MRIs, and
pharmacies for dispensing prescribed medications. These interconnected queues form
a network through which patients navigate to fulfil their needs. The overall perfor-
mance of a queueing network depends on the efficiency of all its service centres.
The primary goal of queueing theory studies is to effectively model such service sys-
tems using queueing networks and develop mathematical formulations to minimise
waiting times. In the present research, some queueing networks where conventional
theories are not applicable are considered. Therefore, advanced methodologies such

as approximation methods and simulation techniques are applied. These approaches
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complement traditional methodologies and enhance the understanding of complex

queueing networks.

1.1.1 Background of the Study

Queueing systems with constant parameters, such as fixed arrival rates, service rates,
and number of servers, dominate the literature due to their mathematical tractabil-
ity. These stationary models assume time-invariant behaviour, simplifying analysis
and solution methods. However, this assumption often fails to represent the dy-
namic nature of real-world service systems, where arrival and service rates vary over
time. For instance, call arrivals in customer service centres, traffic at toll plazas, and
patient flows in hospitals exhibit significant fluctuations in arrival and service rates.
The non-stationary queueing models provide a more realistic framework but intro-
duce additional analytical challenges. In such models, transient analysis is more
effective than steady-state analysis because it captures the dynamic behaviour of
the system. Transient analysis provides detailed insights into the state of a system
at specific times which enables the identification of peak congestion periods. The
general purpose of this thesis is to explore on transient analysis on non-stationary
queueing systems. |Bertsimas and Mourtzinou (1997) and [Fralix and Riano (2010)
developed the transient version of Little’s Law, which is the foundational result in
queueing theory, explaining powerful relationship between average waiting time and
queue length, that is E[L] = A\ E[W] where A is the arrival rate, E[L] is the average
queue length, and E[WW] is the average waiting time. Another important relation-
ship, which connects the mean workload to the mean waiting time, is presented by
Brumelle| (1971) is, E[Z] = pE[W]+ pE[V?] /21 where E[Z] is the average workload,
E[W] is the average waiting time, p is the traffic intensity, V' is the service time,

and g is the mean service time. The main idea of this thesis is initiated from these
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works. This thesis attempts to derive a transient version of Brumelle’s formula for
a single-server queueing system and for tandem queueing networks.

Relaxing the Markovian assumptions of arrival and service processes in time-
varying queueing models further complicates the analysis, as traditional memory-
less property can no longer be applied. The resulting mathematical complexity in
analysing general non-stationary queueing systems can be addressed using approx-
imation methods. |[Whitt and Youl (2022) developed an approximation algorithm,
the robust queueing network analyser (RQNA), to evaluate the steady-state per-
formance in a network of non-Markovian stationary queues. The present research
introduces a time-varying approximation algorithm for a network of non-Markovian
non-stationary queues, building upon the results in \Whitt and You (2019).

In many real-world service systems, waiting areas have a physical limit on the
number of entities they can accommodate. This finite buffer causes excessive wait-
ing times, which can degrade overall system performance. To model such systems, a
queueing system with finite buffers is required. Analysing these systems is challeng-
ing because the time a customer spends in the system does not follow the Markovian
property. This complexity increases when the system parameters vary over time.
This study aims to advance the understanding of such systems by addressing these
challenges, using an outpatient system with finite capacity queues as a reference.
Choosing an appropriate blocking mechanism is crucial to maintaining the system’s
efficiency. This study seeks to provide insights that are both rigorous and applicable

to real-world scenarios.

1.1.2 Research Objectives

The objectives of this research are as follows:

e To advance the understanding and analysis of queueing networks, particularly
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in non-stationary contexts.

e To develop a theoretical framework to support the analysis of non-Markovian
queueing systems, addressing the complexities associated with time-varying

parameters.

e To study on various aspects of queueing systems, including those with time-

varying parameters and restricted queue capacities.

e To address analytical challenges in queueing theory using programming lan-

guages and computational tools.

e To explore inferential methods for estimating the time-varying parameters of

queueing models.

e To examine the practical applicability of non-stationary queueing systems

across various real-world scenarios.

1.1.3 Significance of the Study

In queueing theory, the average workload represents the total amount of unfinished
work in a system and it plays a crucial role in analysing and understanding the
performance and behaviour of queueing systems. In the case of a non-stationary
queueing system, the virtual workload is critical, as it captures the dynamic nature
of the system. The virtual workload represents the total remaining service time in
the system, including the work for all currently waiting and in-service customers,
at the instant a hypothetical new customer arrives. Virtual workload provides in-
sights into system congestion and helps evaluate how a queue evolves over time. In
this study, an explicit integral formula for a time-varying non-Markovian system is

derived. In time-varying systems, virtual workload aids in understanding transient
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behaviour, making it crucial for systems with fluctuating arrival or service rates. A
stochastically useful and widely applicable queueing model is the tandem queueing
network. This study also extends the theoretical explanation of transient measures,
such as queue length and virtual workload, to tandem queueing networks.

Most real-world service systems have restricted queue capacity. Therefore, imple-
menting finite buffers in a time-varying tandem queueing network not only increases
its practical applicability but also raises its computational complexity. Blocking
mechanisms define how a system handles incoming entities when there are queue ca-
pacity restrictions. This study compares different blocking mechanisms within the
context of an outpatient clinic.

When considering a general open Jackson queueing network with time-varying
arrival rates, the analysis becomes extremely difficult because it does not possess the
product-form property. In such cases, approximation methods are more appropriate.
The time-varying approximation algorithm presented in this study provides time-
dependent approximations for performance measures such as queue length, waiting
time, and sojourn time.

In non-stationary queueing systems, time-varying arrival rates are not constant
but are instead a function of time. This time-dependent arrival rate function, known
as the intensity function, plays a critical role in the modelling and analysis of such
systems. However, in real-world service systems, estimating this function can be
challenging due to the fluctuations in arrival patterns over time. This study addresses
the challenge by exploring an existing estimation method, through a simulation and
a real-case study, with the help of advanced computational tools to improve accuracy
and efficiency.

Queueing theory has a wide range of applications, and this study considers two

different practical areas: healthcare systems and telecommunications systems. The
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present study examines a two-node tandem queueing network with finite buffers,
using the outpatient clinic case to compare different blocking mechanisms. A simu-
lation of call centre data is also conducted, along with detailed analysis. Additionally,
real bus arrival time data is utilised to study the inferential aspects of the intensity

function.

1.2 Queueing Theory- Basic Concepts

The basic characteristics of a queueing system are essential for modelling and pre-
dicting queue behaviour, enabling a better understanding of how queues operate and
are analysed. A queueing system is typically defined by its arrival process, service
process, queue discipline, number of servers, and queue capacity. These character-
istics influence how entities move through the system, the time they spend waiting,
and the efficiency with which they are served. The key characteristics of a queueing

system are as follows:

® Arrival Process (Input Pattern): This describes how entities arrive to the

system. The arrival process determines the rate of arrival of entities to the service
facility and it is represented by the distribution of the inter-arrival times (the
time between successive arrivals). The most commonly used notations for arrival

patterns include:

— M - Poisson arrivals or Exponentially distributed inter-arrival times. M indi-

cates the Markovian property.

— D - Deterministic arrivals. Arrivals are scheduled or occur at exactly known
times. This arrival pattern is characterised by a constant time interval between

successive arrivals.
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— G - General or arbitrary inter-arrival distribution, allowing greater flexibility

in modelling various real-world scenarios.

— Ey - Erlang Arrivals, that is, arrivals are less variable than those described by
the Poisson process. Here inter-arrival distribution is Erlang(a special case of

the gamma distribution) of order k.

— Hy - Hyper-Exponential arrival processes where the inter-arrival times are

described by a mixture of exponential distributions.

— MAP - Markovian arrival process. This pattern allows for arrivals to be de-
pendent on previous events. This is useful for more complex systems where

arrivals are not completely independent.

® Service Process (Service Mechanism): This refers to the manner in which

how entities are served once they have reached the front of the queue. It com-
prises the service rate (the rate at which the server can process entities) and
the distribution of service times. Some of the most commonly used service time

distributions are as follows:

— Exponential(M) - It is often used due to its memory-less property, that is,
the probability of service completion in the future is independent of the amount

of service time they spent in the past.

— Deterministic(D) - This is the scenario where service times of the entities
are fixed and known in advance. Unlike random service time distributions,

deterministic service times do not vary and are the same for all entities.

— General(G) - The process allows service time to follow any distribution so it
can be applied to a wide range of real-world scenarios where service times vary

in a non-specific manner.
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€ Number of Servers: This refers to the number of serving units available in a

queueing system to provide service for entities in the waiting line. This can be

either one or more than one.

Single Server - Only one server is available for serving customers.

Multiple Servers - A number of servers are available, which can operate in
parallel to serve multiple customers at the same time. It may be possible to
have a single queue for all the servers, or to have a separate queue for each

server.

€ Queue Capacity: This refers to the maximum number of entities the queue can

permit. The capacity of some systems may be infinite, which means there is no

limit to the number of entities that can wait in the queue, while others may have

a finite capacity, which limits the number of entities that can wait in queue.

€ Queue or Service Discipline: This is the criteria by which entities are selected

for service from the queue. The most common queue disciplines are:

First-come-first-served (FCFS) - It is a fundamental service discipline

where entities are served in the order of their arrival.

Last-come-first-served (LCFS) - In this discipline, entities are served in
the reverse order of their arrivals. In other words, the last-arriving customer

in the queue will be served first.

Priority - Customers are served based on priority criteria, without considering
the order of their arrival, that is, the high-priority customers are treated ahead

of the lower-priority customers.

Random Selection - Customers are served at random, irrespective of the

order of their arrivals. Thus, there is an equal chance of selection for each
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customer in the queue.

Kendall’s Notation

A queueing system can be described using a simple shorthand method called Kendall’s
notation, introduced by |[Kendall| (1953) in 1953. The standard format of Kendall’s
notation is A/B/C/X/Y, where A describes the arrival process or inter-arrival dis-
tribution, B the service time distribution or service pattern, C represents the number
of servers available in the system, X indicates capacity of the system and Y specifies
the queue discipline. For example, M /G /1/00/FCF'S represents a queueing system
with Poisson arrivals, general service time distribution, a single server, infinite queue
capacity and FCFS queue discipline. A common simplification of Kendall’s notation
exclude the queue capacity and service discipline leading to the notation A/B/C.
This model assumes infinite queue capacity and a FCFS service discipline by default.

This notation has been extensively used to represent a wide range of queue types.

1.3 Performance Measures

Performance measures are considered as quantitative descriptions of the performance
of a queueing system. These indicators are essential for evaluating and understanding
the behaviour of the system. Input specifications that describe a queue include the
information on the arrival process, the service process at servers, the number of
servers, capacity of the queue and queue discipline. These parameters need to be
provided to model a system and that lead to the derivation of performance measures
which helps to examine the performance of the system. Waiting time plays a crucial
role in the theory of queueing systems. Waiting time in a queueing system are of

two types, the time an entity spends in the waiting line or queue and the total time
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spends in the system(including service time), which is also called sojourn time or
response time. The waiting time depends on factors such as the number of entities
in the system, the number of servers available, the service discipline, and the service
rate. Similarly, there are two counting measures as well, the number of entities
waiting in the queue and the total number of entities in the system. The latter
measure is significant when there are more servers and only one queue in the system.
Another important metric is the workload, which represents the total amount of
unfinished work in the system from the server’s perspective. It accounts for the
cumulative service time needed to complete all tasks for entities currently in service
and those waiting in the queue. An idle time in a queueing system is the time during
which the server is not busy. The percentage of time through which any particular
server is idle or the entire system is idle is referred to as the idle-service measures.
These quantitative descriptions of a queueing system differ depending on whether

the system is in a steady-state or a transient state.

1.3.1 Steady-State Behaviour

A queueing system is considered to be in a steady-state or equilibrium state when
the probability of the system being in a particular state is not time-dependent.
Steady-state performance measures are used to examine the long-term behaviour of
a queueing system when it reaches a stable condition after a sufficiently long period
of operation. The equilibrium state is achieved when the arrival rate of entities to
the system is equal to the departure rate of entities over time. Steady-state measures
are particularly useful for analysing average or typical queueing performance under
constant circumstances. For example, L and W are the long-term average number
of entities in the system and long-term average time an entity spends in the system,

respectively. Similarly, average number of entities waiting in the queue for service
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and the amount of time they wait in the queue are described by the measures Lg
and Wy, respectively. There is a fundamental relationship between these measures,
developed by Little| (1961)) called Little’s Law. Little related the steady-state average
number of entities to the average waiting time in the system as follows, L = AW.
For the measures in the queue, this becomes, Ly = AW, with mean arrival rate to

the system .

1.3.2 Transient Behaviour

In most of the real life service systems, the study of transient behaviour is more
meaningful since it deals with the operating behaviour of the system for a finite
amount of time. In other words, transient performance measures focus on the be-
haviour of a queueing system over a specific period before it reaches stationary state
with changes in the input conditions of the system. These measures are essential for
understanding how a system responds to time fluctuations and the analysis can be
challenging due to the time-dependent nature of the performance measures. Most
queueing models are treated under stationary conditions, assuming constant arrival
and service rates, with the system operating in a stabilized state. However, in real-
world service systems, these parameters often vary over time, making the system
time-dependent and requiring performance measures that capture its transient be-
haviour. Some key transient performance measures include time-dependent queue
length, which represents the number of entities in the system at a specific time;
waiting time, which is the amount of time an entity spends in the queue after ar-
riving at a specific time; and virtual workload, which refers to the total remaining
service time in the system at a given moment, including both waiting and in-service
entities. These measures are essential for understanding and analysing the dynamic

behaviour of time-varying queueing systems.
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Even though the stationary or equilibrium distribution of a queueing system
exists and can be obtained, there is a possibility that several stochastic processes
to have same stationary distribution. Whitt| (1983) identified the risk of using the
stationary distribution alone and discussed the necessity to examine the transient

performance measures.

1.4 Queueing Networks

Queueing networks are systems in which queues are interconnected, allowing entities
to move between different service stations according to their needs. Most of the real-
world systems such as computer networks, manufacturing systems, transportation,
and telecommunication systems can be modelled and analysed by using queueing
networks. In addition to the key characteristics of a queueing system discussed in
Section 1.1, nodes and routing are also essential components for queueing networks.
Each node in a queueing network represents a service station. Each station may have
one or more servers to provide service to arriving entities. Routing is the direction
of entities through the network. This may be probabilistic or deterministic. After
being served at a node, if the entities are routed to other nodes according to a set
of probabilities, then it is called probabilistic or random routing. Mathematical
representation of the probabilities is called routing matrix, typically denoted by P.
Deterministic routing uses predetermined paths for entities through the network. A
queueing network can be visualised as a system where each node and its associated
queue, is interconnected by directed lines, representing the flow of entities between
the nodes. The growing interest in the network of queues in recent years provides
the main impetus and further motivation for studying the performance measures of

typically complex stochastic models.
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A network of queues can be described as a collection of k nodes, where each node
1, © = 1,2, ...,k represents a service facility with ¢; servers. The routing matrix P
is a square matrix where each element p;; represents the probability for moving an
entity from node ¢ to node j after completing the service at node . The order of
the matrix depends on the number of nodes in the network, that is, for a network
with k nodes the routing matrix will be of order k. A routing matrix is always
a sub-stochastic matrix, each row of the matrix sums up to 1, reflecting the total

probability of an entity leaving a node to either another node or exiting the network.

1.4.1 Classification of Queueing Networks

Queueing networks can be fundamentally classified based on their network topology
into three main categories: open, closed and mixed queueing networks. Henceforth,
for the ease of understanding, the major component of a network, entities are as-

sumed to be customers.

% Open Queueing Network

In open queueing networks, customers enter the network from external sources,
receive service from one or more nodes, and eventually depart from the network
after their service requirements are fulfilled. Networks of this type are typical
in many real-world applications where customers are continuously entering and
exiting. Jackson Queueing Network is a specific type of open queueing network

model that is widely used to analyse Markovian systems.

% Closed Queueing Network

Closed queueing networks consist of a fixed number of customers that circulate
between the nodes, there being no additional external arrivals or departures from

the system. Once a customer completes the service at a node, they are routed
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to another node and continue to circulate through the network. This model
is especially useful in environments where the total number of jobs or items is
conserved, such as computer networks or manufacturing systems. The closed
Markovian network is also called the Gordon-Newell network. If in a closed
network, nodes are connected in series and the customers rejoin the first node

after completing service at the last node, such networks are called cyclic networks.

Mixed Queueing Network

Mixed networks combine the features of both open and closed queueing net-
works. In these networks, some fixed customers may circulate within the network
indefinitely (as in closed networks), while others enter and exit the network and
traverse it (as in open networks). This type is less common but can be seen in

more intricate systems where different types of transaction occur simultaneously.

1.4.2 Network Operations

Queueing network operations involve various mechanisms to manage customer flow

and service within the network. Splitting, superposition and feedback are the basic

network operations, see Whitt| (1983). These are integral for addressing the depen-

dency on customer flow within the network and can be applied to perform analytical

and approximation methods based on parametric decomposition.

Q

Splitting (Thinning) - Splitting occurs when a queue of customers after re-
ceiving service from a particular node is divided into multiple sub-queues, which

then proceed independently through the network.
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Figure 1.1: Splitting

Q Superposition (Merging) - Superposition in queueing networks refers to the
merging of customers from different nodes into a single queue for receiving service

from a particular node.

Figure 1.2: Superposition

Q Departure - Departure is the flow of customers from a node after service. This
can be arrivals to other nodes. For a series or tandem queueing network, a

departure process is again an arrival process to the next node.

O—

Figure 1.3: Departure

i

|

U Feedback - Customer feedback refers to a mechanism whereby customers return
to a node and join the queue that they have previously visited. A feedback can
be of two types, namely immediate feedback and delayed feedback (after visiting

some other nodes).
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Figure 1.4: Feedback

Q Blocking - Customer blocking occurs when a customer cannot enter a queue
or proceed to the next node in the network due to capacity constraints or other
limitations. There are different types of blocking mechanisms, including blocking-
after-service(BAS) and blocking-before-service(BBS). Figure 1.5 demonstrates

BBS blocking mechanism which is most common in communication systems.

—[s} 1H )——

Figure 1.5: Blocking

1.4.3 Classification of Customers

In queueing networks, customers are often categorised into different classes based
on their service requirements, priorities, and routing behaviours. This classification
improves the accuracy of the model, particularly in complex service systems that
offer multiple types of services, such as those in telecommunications, healthcare, and
computer systems. The network may have two classes of customers, with one class
receiving priority over the other. For example, in healthcare systems, emergency
services are prioritized over non-emergency patients. Customers can also be classi-
fied according to the type of service or service rate they require. Another common

classification is based on the route they follow, that is, different classes may follow
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distinct paths within the network. A mixed queueing network can also be defined
in situations with multiple job classes within the system, incorporating both open
and closed systems. [Rosti et al| (1997) examined closed-queue product form net-
works with two classes of customers and two single-server fixed-rate stations. Kelly
(1976)) studied the equilibrium behaviour of queueing networks with different types

of customers.

1.4.4 Prominent Types of Queueing Networks

Queueing networks are most commonly classified as open, closed, or mixed depend-
ing on whether customers are allowed to enter and leave the system, whether a fixed
number of customers circulate within it, or a combination of both. Another impor-
tant criterion for classifying queueing networks is based on the Markovian property.
Queueing networks can be categorized as Markovian or non-Markovian, depending
on the distributional assumptions for arrival and service processes. |Cox (1955) was
the pioneer in the analysis of non-Markovian process. Filipowicz and [Filipowicz
and Kwiecieri| (2008) reviewed most popular queueing networks which are used for
the performance analysis of various systems including computer, communications,
transportation networks and manufacturing. In the 1950s, Jackson introduced fun-
damental models in queueing theory, including the Jackson Open Queueing Network
(OQN) and tandem queues. In 1967,|Gordon| (1967) introduced the concept of closed
queueing networks. In 1968, |Mandelbaum and Avi-Itzhak (1968) introduced a new
class of queueing systems involving the splitting and merging of queues, later termed
Fork-Join systems. By 1975, multi-class queueing networks gained attention, partic-
ularly Baskett et al.| (1975) developed BCMP networks. This section explores these
key types of queueing networks that are widely used to model real-world service

systems.
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Tandem Network(Series Queues)

A series queue or tandem queue is a type of open queue network in which customers
enter the system from outside at node 1, flow always in one direction, and leave after
receiving services from required nodes. Customers visit each station sequentially, one
after another, in a predefined manner. The servers at each node can be either single
or multiple.

Consider a simple series of Markovian queues as an example. There is no restric-
tion on waiting space, and customers are not allowed to revisit previously visited
nodes (feed-forward). Customers arrive at the first node according to a Poisson pro-
cess, and the service time at each node follows an exponential distribution. Bruke’s
theorem (Burke| (1956))) states that, for a queueing system in which the input process
15 Poisson, the service process is exponential, and there is no capacity restriction on
the queues, the output distribution is the same as the input distribution. Therefore,
in a tandem queueing system with Markovian queues, the departure time distribu-
tion is equally as important as the arrival time distribution, since the departure time
from one node is identical to the arrival time at the next node. Burke’s theorem en-
ables the decomposition of queues, facilitating the analysis of each queue separately
when multi-server queues are connected in series with feedback restrictions. Some
examples of tandem queues include a registration process where a registrant visits
multiple desks sequentially to complete the process, a physical examination where
patients undergo a series of tests, and an assembly line in manufacturing where a

product moves through various stages, such as machining, inspection, and packaging

Shortle et al.| (2018).

Open Jackson Network

Jackson| (1957) introduced the mathematical framework for open Jackson networks
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to analyse systems of interconnected queues. This was the pioneering study on net-
works of queues under the Markovian assumption. These networks are widely ap-
plied in various service systems with multiple service stations. In an open Jackson
network, customers arrive from outside the system according to a Poisson process,
receive service at one or more stations in the order of arrival (FIFO), and eventu-
ally leave the system. The service times at each station are mutually independent,
exponentially distributed, and independent of the arrival processes. The flow of cus-
tomers through the network follows Markovian routing. That is, after completing
service at station 4, customers move to station j with probability p;;, independent of
the system’s state. Each queue in the network can be modelled as an independent
M/M/c/FIFO/oco, queue, where ¢ is the number of servers.

A remarkable feature of the Jackson OQN is that the steady-state joint proba-
bility distribution of the number of customers at each station has a product-form
solution, as described by Jackson’s theorem. It states that, the joint distribution of
states across all queues can be expressed as the product of the marginal distribu-
tion of individual queues. Product-form networks are those with simple closed form
expressions for the steady-state distribution, which makes it possible to evaluate
average performance measures. Another implication of Jackson’s theorem is that
once the flow rates are determined, the queues can be considered independently.
Melamed| (1979) extended Bruke’s theorem in open Jackson networks and demon-
strated that the departures from internal nodes and the sum of departures follow
a Poisson distribution. A detailed study of the Jackson open queueing network is

presented in the next chapter.
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Closed Jackson Network(Gordon-Newell Network)

A Gordon-Newell network is a closed network of Markovian queues where customers
do not enter or leave the system. In this type of closed network, a fixed number of
customers circulate through the network, following probabilistic routing. Customers
are served based on an exponential service time distribution and follow a First-Come-
First-Served (FCFS) service discipline. As a closed system, the external arrival rate
is zero. The probability of a customer moving from node i to node j, denoted as
pij, is independent of the state of the nodes. The sum of the transition probabilities
from a given node to itself and all other nodes is equal to unity, making the routing
matrix P stochastic in nature.

In a network with k nodes, the system states are represented by nq, ns, ns.....ng,
where the total number of customers is fixed, ny + ny +n3 + ..... +ny, = M. Similar
to the open Jackson network, the closed Gordon-Newell network also exhibits the
product-form property. This means that the joint probability distribution of the
states at each node can be expressed as the product of the state distributions at
each node. The Gordon-Newell network is widely used to model closed systems with
fixed populations, such as manufacturing lines, computer systems, communication

networks for performance analysis, and resource optimization.

BCMP Network

A BCMP network is a general closed queueing network with multiple classes, in-
troduced by [Baskett et al.| (1975). In this network, a fixed number of customers
(or jobs), categorized into different classes, circulate through the nodes. The tran-
sition probability p;. ;s denotes the probability that a customer of class r at node i
moves to node j and changes to class s. The service rate for a customer i in class

r is denoted by p;.. Depending on service discipline, service time distribution, and
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customer classes, nodes can be divided into four types.

Q Type 1: Service centres with multiple servers and exponentially distributed ser-
vice times, all classes of customers serve identically and according to FCFS service

discipline.

Q Type 2: Service centres with single server, different classes of customers have a dis-
tinct service time distribution and follow processor sharing(PS) service discipline.

The service time distribution is general and has rational Laplace transforms.

O Type 3: Service centres with a sufficient number of servers such that customers do
not need to wait before service(infinite servers), and different classes of customers
have a distinct service time distribution. The service time distribution is general

and has rational Laplace transforms.

O Type 4: Service centres with single-server different classes of customers have a
distinct service time distribution and follow LCFS service discipline. The service

time distribution is general and has rational Laplace transforms.

BCMP networks are widely applicable for modelling service systems with multi-
ple classes of customers interacting with various service stations, such as computer
systems, transportation networks, and manufacturing units (Balsamo et al.| (2015)),
Iglesias et al. (2019)), [Mizuno et al.| (2024)). For example, the chemotherapy unit
in an oncology hospital can be modelled using a BCMP network, as it is typically
administered in several treatment sessions, with rest periods between sessions. The

modelling aspects of a chemotherapy unit are discussed in |Filipowicz and Kwiecien

(2008).
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Fork-Join Network

A Fork-Join Queueing Network is a specialized type of queueing system that is
used to model parallel processing systems. In such networks, customers or jobs are
initially decomposed into multiple independent queues and processed separately at
different service stations. After completion of service at all service stations, cus-
tomers or jobs join together to form a single queue. The process of splitting jobs or
customers is called the forking process, and reassembly of customers after the service
is complete is called the joining process. Joining occurs only when all forked tasks
have completed their service at the parallel nodes. Thus, the joining time equals
the maximum of the arrival times from the parallel service stations. Fork-join net-
works are queueing systems without feedback. The key elements of these networks
are queues, forks, and joins. Parallel nodes typically consist of single-server systems
with unlimited waiting space, operating under a first-come, first-served (FCFS) ser-
vice discipline. Konstantopoulos and Walrand| (1989)) discussed the stationarity and
stability of fork-join networks, while |Varki and Dowdy] (1996) studied the properties
of balanced fork-join queues.

Based on whether synchronization is required after service completion at paral-
lel nodes, fork-join systems can be divided into two types: fork-join systems with
synchronised queues and fork-join systems without synchronized queues. In a fork-
join system with synchronised queues, each parallel node has an associated queue
that serves as a waiting space for customers who have completed their service at
the node. This ensures that the parallel nodes remain available for subsequent cus-
tomers. Conversely, if a synchronisation queue is absent, customers who complete
service at the parallel nodes are forced to wait at the same node, this will block the
next customers from being served (see, |Bose| (2013)). Fork-join queues are widely

used to model systems that involve parallel processing, such as cloud computing,
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telecommunication networks, and manufacturing systems.

1.5 Organisation of the Chapters

Queueing networks are commonly used to model large-scale service systems. In most
real-world scenarios, service systems exhibit time-varying arrival and / or service
rates, which typically fluctuate throughout the day. Time-varying queueing systems
offer a more realistic framework for analysing systems where parameters are not
constant but change over time. This study focuses primarily on time-varying queues
and their performance measures. The thesis is organised into eight chapters.

Chapter 1 serves as the introductory chapter and provides a foundational frame-
work for the study. It presents an overview of the basic concepts and ideas of
queueing systems and queueing networks.

Chapter 2 addresses analytical issues related to complex queueing networks. It
provides a detailed discussion on non-product form queueing networks and the an-
alytical techniques used to study them. In addition, this chapter also includes a
literature survey and explores various applications of queueing networks.

Chapter 3 introduces time-varying queueing systems and examines the inferential
aspects of the intensity function in a non-homogeneous Poisson process. The chapter
includes both simulation study and real data analysis to address and validate the
estimation problem.

Chapter 4 explores transient performance measures in time-varying single-server
queues. It includes the derivation of an explicit integral formula for virtual workloads
in such queues, accompanied by a simulation study to demonstrate its application.

Chapter 5 presents the formulation of transient performance measures in tandem

queueing networks, such as the number of customers in the system and virtual
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workload, along with numerical illustrations.

Chapter 6 examines the impact of queue capacity constraints, which can lead to
blockage of entities in service systems. It investigates the comparative time-varying
performance of the blocking-after-service (BAS) and blocking-before-service (BBS)
mechanisms by modelling a hospital emergency department using a tandem queueing
network with finite capacity queues.

Chapter 7 focuses on an open single-server general queueing network with time-
varying arrival rates. It presents a general framework for an algorithm to obtain
time-varying approximations of performance measures.

The final chapter provides concluding remarks and offers a brief overview of
potential directions for future research. In the end, a comprehensive list of references

used in the study is included.






CHAPTER 2

SOME ANALYTICAL ISSUES ON QUEUEING

NETWORKS

2.1 Introduction

Queueing networks were developed to model and predict the behaviour of systems
with interconnected queues that provide service for randomly arising demands. The
earliest problems studied were related to telephone congestion in 1909. Since then,
researchers have tackled many practical challenges by building strong foundations
for queueing networks, focusing on assumptions and techniques for analysis. How-
ever, queueing networks, especially those with complex configurations often present
significant analytical challenges. Key issues include non-Markovian assumptions,
interdependence between queues, finite queue capacity or blocking, multi-class sys-
tems, feedback or routing dependencies, and non-stationary systems.

Traditional queueing models assume that inter-arrival and service times follow ex-
ponential distributions, based on Markovian assumptions. When these assumptions

are relaxed, that is when inter-arrival or service times follow general or deterministic

27
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distributions, the analytical complexity increases significantly. Queueing networks
have extensive practical applications in telecommunications and manufacturing sys-
tems. A major challenge in such queueing systems is the presence of limited buffer
capacities, which can lead to the blocking of entities. Handling such systems is
analytically challenging.

As the number of service stations in a queueing network increases, exact analysis
becomes cumbersome. Decomposing such large-scale networks into smaller subnet-
works can simplify the analysis. While traditional models assume common service
discipline such as FCFS, more complex systems may employ various service dis-
ciplines such as processor sharing, priority queues, or Last-Come-First-Serve with
preemption. These diverse service disciplines require specialised methods for per-
formance analysis. Feedback of entities and state-dependent routing are common in
healthcare scenarios, further complicating the analysis. Another significant source
of analytical complexity arises from non-stationary or time-varying characteristics of
systems. Analysing these systems often requires time-dependent models or approxi-
mation methods. To effectively model and analyse the performance of such networks,
a combination of approximation techniques and simulation approaches may be nec-
essary. This chapter discusses these analytical challenges in detail and describes the
analytical and approximation techniques, as well as simulation methods, that can
be applied to study complex queueing networks. Additionally, it explores practical

applications of queueing networks.

2.2 Literature Review

The foremost queueing problems were based on telephone traffic congestion, which

was investigated by the Danish mathematician Erlang (1909). Erlang published
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"The theory of Probabilities and Telephone Conversations’ in 1909, which laid the
bedrock for Poisson distribution in queueing theory. Erlang introduced some of the
most eminent concepts and techniques which are fundamental in the study of queue-
ing systems. The Erlang loss models and flow balance equations (later called the
Chapman-Kolmogorov equations) are such contributions. The investigation of the
theory of telephone communication continued after Erlang. The practical problem
of congestion was the main motivation behind the works in the twenties and thirties
done by Erlang and others. |Molina (1927) and |Fry| (1928)) provided extensions to
Erlang’s contributions. Over the next two decades, several statisticians became at-
tracted to these problems and developed general models that can be applied to more
complex systems. In the early 1930s, Pollaczek did some significant works on single-
server queue with Poisson input and general service-time distributions and estab-
lished a well-known formula, see |Pollaczek| (1930). Two years later Khintchine modi-
fied the formula in probabilistic terms, and then it is known as Pollaczek—Khintchine
formula. Other researchers who have made significant contributions include Palm
(1937); [Palm, (1938)); |[Palm, (1947)), Crommelin| (1932)); Crommelin| (1934) and |Feller
(1949)).

Most of the basic queueing theory models have been extensively studied during
the 1950s and 1960s. Some notable works are done by Kendall (1951); Kendall
(1953), Syski et al. (1960), Saaty (1961), and Bhat| (1968). In equilibrium state,
since the flow balance equations are simple, it is relatively easy to derive a lim-
iting distribution for the queue size. But to study the time-dependent behaviour
of a system, there is a need for advanced mathematical techniques. Bailey]| (1954))
addressed this problem, utilised generating functions and Laplace transforms to de-
rive the time-dependent differential equations. Study of more general queueing sys-

tems like M/G/1 and G/M/c systems has been initiated by introducing imbedded
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Markov chains. |Lindley| (1952)) derived integral equations for waiting time distri-
butions in general single-server queue, GI/G/1. |Cox| (1955) proposed analysis of
non-Markovian process by adding a supplementary variable.

Some pioneering works in queueing networks were carried out by |Jackson| (1957,
1963)), who studied open queueing networks under the Markovian assumption. This
network model later became known as the open Jackson network. In subsequent
work, Jackson generalized his results and performance measures for open queueing
networks under specific assumptions. Kingman| (1969) provided significant theoreti-
cal insights into systems modelled using Markovian frameworks, aiding in the analy-
sis of complex queueing networks. [Halfin and Whitt| (1981) investigated systems with
many servers under heavy traffic conditions, which are common in large-scale systems
such as hospitals and cloud computing. Ward Whitt made substantial contributions
to queueing networks, focusing on the performance analysis of stochastic systems
and their applications in telecommunications, healthcare, and service systems. The
Queueing Network Analyzer (QNA), developed by [Whitt| (1983), is a computational
tool that analyses queueing network performance using decomposition techniques.
Disney and Konig| (1985) reviewed random processes in queueing networks, includ-
ing queue length processes, sojourn times, and flow processes, presenting results for
continuous-time and embedded processes. Sigman (1990) proved that, to achieve
stability in open queueing networks, it is sufficient to assume that service time
distributions have finite first moments. In the literature on non-stationary queue-
ing models, Pointwise Stationary Approximation (PSA) has been widely used as a
method for analysing time-varying systems. (Green and Kolesar| (1991)) and |Whitt
(1991) addressed the approach of PSA to approximate non-stationary performance
measures by using a stationary model with a constant arrival rate.

Major developments in queueing networks during the first decade of the 21st
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century include extensions to non-Markovian models, heavy traffic approximations,
and fluid models. Whitt provided a comprehensive guide to applying stochastic
process limits in queueing theory, focusing on scaling and approximations in 'Whitt
(2002). Bramson and Dai (2001) proved heavy traffic limit theorems for various
families of multi-class queueing networks, including single-server systems and re-
entrant queues operating under different service disciplines. Bolch et al.| (2006])
provided both theoretical foundations and practical methods for the performance
analysis of systems modelled using queueing networks and Markov chains. Meyn
(2008) addressed the stability and control of queueing networks, particularly using
fluid models, and offered an in-depth treatment of Lyapunov stability theory and
optimization. Boucherie and Van Dijk (2010) focused on exact analytical results for
queueing networks. They also discussed fluid limits for analysing system stability
and diffusion approximations for multi-server systems. Queueing network modelling
of patient flow in hospitals can significantly enhance performance. |Armony et al.
(2015) conducted an exploratory data analysis (EDA) on a large hospital dataset,
revealing critical features that are not readily explained by existing models. By the
end of the second decade, time-varying queues gained considerable attention in the
queueing literature, see (Whitt| (2015); Whitt| (2018]); (Whitt and You| (2019); [Pender
(2017); [Schwarz et al.| (2016)). Recent trends in queueing theory literature include
the implementation of machine learning techniques for the performance analysis of
queueing systems. Kyritsis and Deriaz (2019) presented a machine learning approach
for predicting waiting times in queueing scenarios, using bank queues as an example.
To build an accurate simulation model, [Pan et al.| (2021) proposed a novel two-level
routing component for queueing network models and utilized machine learning tools
to calibrate the routing components. A detailed review of an approach combining

traditional methods of queueing theory with various machine learning algorithms
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is presented in Vishnevsky and Gorbunoval (2022). They concluded that the ap-
plication of machine learning methods is highly effective and promising for further
research. [Efrosinin et al. (2024) explored supervised machine learning, particularly
artificial neural networks, to estimate queue lengths when only a small number of
tagged customers is observable. They addressed this problem in the context of ve-

hicle queues at traffic lights.

2.3 Jackson Queueing Network

A Jackson Queueing Network is a foundational model in queueing theory, widely
used to analyse complex service systems comprising interconnected service centres.
An open Jackson network represents a specific type of network where customers can
enter the system from outside, move through various interconnected service nodes,
and eventually leave the system. The following assumptions define the conditions
under which a queueing network qualifies as a Jackson queueing network. Consider

an open queueing network with & nodes, where the i node has ¢; servers.

Q Customers arrive from outside at any node according to Poisson process. Let the

arrival rate be v;, fort=1,2,..., k.

O Service times at each node follows exponential distribution with rate p; and mean

1/(p;), fori =1,2, ..., k.

Q Customers after receiving service at node 7, proceed to the node j with probability

pij. Customers depart from the network through node ¢ with probability, 1 —
k
Zj:l Dij-

Q Let A; be the total average rate of customer arrivals to node 7. This can be written

as the sum of external Poisson arrival rate to the node ¢ and the arrival rate of
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customers from other nodes to node 1, Z§:1 pjiAj, that is

k
A=+ pak, i=12,.k (2.3.1)
j=1

These equations are known as traffic rate equations, flow balance equations or
conservation equations. The existence of the preceding equations is necessary

for the existence of steady-state distribution in a Jackson queueing network, see

Medhil (2003).

Q The network contains only one class of customers.

Jackson’s Theorem provides a fundamental result for obtaining the steady-state
distribution in open Jackson networks. For the state (ny,no, ....,ng), where n; rep-
resents the number of customers at node ii (including both those in the queue and
those being served), the theorem states that the joint probability distribution in the

equilibrium state is given by:

p(n1, na, ..., ni) = pr(na)pa(ng)....pr(nk) (2.3.2)

where p;(n;) denotes the marginal probability that there are n; customers at node

i. For an M /M /c; queue with ¢; servers at node ii, the marginal probability p;(n) is

given by:
pZ(O)(’\Q—’f)n forn=0,1,2,..., ¢
pi(n) = (2.3.3)
pl(O)% forn=c¢;+1,...

Here assume that the network is stable with traffic intensity,

pz:)\z/,uz <1, i:1,2,...,]€
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Once the average flow rates are determined, the queues in a Jackson network can
be analysed independently, even in the presence of feedback within the network.
The states of the individual queues behave as if they are independent, which means
the joint probability of the system’s states can be expressed as the product of the
state probabilities of the individual queues. Additionally, although the flows entering
individual queues may not be strictly Poisson due to feedback paths, they behave as
if they are Poisson. These are the most significant implications of Jackson’s theorem,
see Bose, (2013)).

The steady-state balance equations in ([2.3.2)) are generally referred to as the
product-form solution. Since the product form property allows independent exami-
nation of the queues, they are feasible to exact analytical methods and are easy to
analyse. Due to this useful theory, Jackson network has been extensively studied and
applied to several service systems such as vehicle routing, cloud computing system,

healthcare related systems, etc.

2.3.1 Product-Form Networks

Product-Form Queueing Networks are a class of queueing models in which the
steady-state joint probability distribution of the network state can be expressed
as the product of the marginal probabilities of individual nodes. A queueing net-
work is said to be of product form if its joint probability distribution is represented

as,

k
pna,na, ..ong) = [ [ pi(ny)
j=1

For a queueing network to exhibit product-form property, it must satisfy the follow-

ing conditions (see Sahner et al. (1996])).
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@ Markovian routing: The routing of customers (or jobs) between service centres

must be Markovian.

O Queueing disciplines: The network can employ specific queueing disciplines, such
as FCFS, Last-Come-First-Served Preemptive-Resume (LCFSPR) and processor

sharing.

O Service time distributions: Service time distributions must be differentiable. For
FCEFS centres, the service time distribution must specifically be exponential with

the same mean for all customer types.

Q Mixed networks: The network can be a mix of open and closed networks. The

external arrivals to open networks must be Poisson.

Jackson| (1963) introduced the concept of the product-form property in open
Jackson queueing networks to derive simple closed-form solutions for the steady-
state probability distribution. Consequently, open product-form queueing networks
are often referred to as Jackson networks. The extension of product-form solutions
to closed queueing networks was first explored by |Gordon! (1967). They proposed a
set of assumptions on the model’s characteristics and provided closed-form expres-
sions for the steady-state distribution and average performance measures. Baskett
et al. (1975) contributed a significant result in queueing theory with the BCMP the-
orem, which generalises product-form solutions to BCMP queueing networks. These
networks are characterised by open or closed models, various service disciplines,
general service time distributions, and multiple customer classes. In the case of
closed networks, the steady-state probability distribution in product-form solutions
is expressed with a normalising constant.

Product-form networks exhibit several useful properties. The most important of

these is the arrival theorem, which states that a customer arriving at a queue in
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an open network observes the stationary state distribution of the network. In con-
trast, a customer arriving at a queue in a closed network sees the stationary state
distribution with one less customer than the overall network state. Another notable
property is insensitivity, which states that the steady-state distribution and aver-
age performance measures depend on the service time requirements only through
their mean. Similarly, the performance measures depend on customer routing only
through the average visit ratio to each service centre. Another important property is
that the aggregation method produces exact results. The aggregation theorem, first
introduced by |Chandy et al.| (1975), allows for the substitution of a single-server sub-
network. The aggregated network maintains the same performance characteristics,
ensuring that the overall behaviour remains consistent (see Balsamo (2000))).
Product-form queueing network models are a very useful class of models for as-
sessing system performance. In contrast, Non-Product-Form Queueing Networks
are those where the steady-state joint probability distribution of the number of cus-
tomers across nodes cannot be expressed as the product of the marginal probabilities
at individual nodes. These networks typically involve complexities or interactions
that violate the assumptions necessary for product-form solutions. Examples of non-
product-form networks include those with general distributional assumptions, finite

buffers, priority service disciplines, or state-dependent routing probabilities.

2.3.2 Generalized Jackson Queueing Network

When the Markovian assumptions on inter-arrival and service times are relaxed,
Jackson networks extend to Generalized Jackson Queueing Networks (GJQNs). There-
fore this can be refer to extensions or generalisation of the classic Jackson queueing
network. In a standard Jackson network, each queue is typically modelled as an

M/M/c queue, where arrivals follow a Poisson process, service times are exponen-
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tially distributed. In this generalized version, service times or inter-arrival times
are not necessarily follow exponential distribution. GJQNs can be seen as an open
network generalisation of the GI/GI/c queue, where both inter-arrival and service
times follow general distributions. This can be Phase-type, hyper-exponential or
deterministic. However, the routing policy remains Markovian with a sub-stochastic
routing matrix. So the arrival times(mean of renewal process), service times of cus-
tomers and routing mechanism together are enough to fully describe the evolution
of the queueing network. In GJQNs, multiple classes of customers can be handled.
Each class may have its own queueing discipline, service rate, and priority.

GJQNs are useful for modelling more realistic service systems as they incorporate
a wider range of system characteristics and complexities. Their flexibility in handling
general arrival and service times, multi-class customer flows, and feedback loops
makes them highly applicable in real-world scenarios such as telecommunication
networks, manufacturing systems, healthcare systems, transportation systems, and
more. Unlike Jackson networks, the steady-state distribution of a GJQN typically
does not have an explicit analytical form, as they do not satisfy the product-form
property. Therefore, approximation methods and simulation techniques are often
employed for effective analysis. Some works in this area include contributions by

Chen and Yao| (2001)), Wein| (1989), and Blanchet and Chen| (2019).

2.4 Blocking and Methods for Analysis

Most real-world service systems operate with limited queue capacities. Blocking oc-
curs when a customer or job cannot proceed to the next queue due to these capacity
constraints. In other words, if there is insufficient space in the target queue, the

customer will encounter blocking and cannot proceed further. This phenomenon is



38 Chapter 2

crucial for understanding real-world systems with finite resources, such as manufac-
turing lines, computer networks, or call centres. A blocking mechanism defines the
rules that determine when a node becomes blocked, what happens during the block-
ing period, and the conditions under which the node is unblocked. Various blocking
mechanisms, categorized based on their behaviour, are discussed in the literature
and given below.

Blocking-After-Service(BAS): Suppose a customer, after completing service
at node 7, attempts to enter the next node j, but the queue capacity at the des-
tination node is full. In this case, the customer, after receiving service at node 1,
is forced to wait before joining the queue at the destination node. In this blocking
mechanism, the customer becomes unblocked only when a departure occurs from the
destination node or when the number of customers at the destination drops below its
maximum capacity. This mechanism is also referred to as manufacturing blocking
or production blocking in the literature.

Blocking-Before-Service(BBS): Suppose a customer declares their destina-
tion node, 7, before receiving service at the source node i. If the customer finds that
the destination node j is full, the service at the source node ¢ does not start, and
the customer becomes blocked at the source node until space becomes available in
the queue of the destination node. The service at node 7 becomes unblocked as soon
as a departure occurs at the destination node j. The BBS blocking mechanism can
be further divided into two subcategories based on server space utilization during
the blocking period: BBS-SO (Server Occupied) and BBS-SNO (Server Not Occu-
pied). In BBS-SO, the service space is used to hold the blocked customer, while
in BBS-SNO, the server space cannot be used to hold the blocked customer. The
BBS blocking mechanism has been widely used to model telecommunication and

computer systems. It is also referred to as service blocking or immediate blocking
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in the literature.

Repetitive-Service-Blocking(RS): Suppose a customer completes service at
the source node 7 and finds that the queue at the destination node, j is full. In this
case, the customer at node ¢ starts receiving a new and independent service based
on the service discipline. The RS blocking mechanism can be further classified
into two categories based on how a blocked customer chooses the new destination
node: RS-RD (Random Destination) and RS-FD (Fixed Destination). In RS-RD,
after completing service at node 7, the customer randomly selects a new destination.
In RS-FD, the blocked customer declares their destination before service starts at
node 7. The RS blocking mechanism is primarily used to model telecommunication
systems. Since the customer is rejected by the destination node due to its maximum
capacity being reached, this mechanism is also referred to as rejection blocking in
the literature.

Exact analysis of queueing networks with finite capacities and blocking can be
achieved by modelling the system as a stochastic Markov process, specifically as a
continuous-time Markov chain. This analysis enables the evaluation of various aver-
age performance measures, such as the joint queue length distribution at arbitrary
times or arrival times, as well as passage time and cycle time distributions. In cer-
tain special cases, queueing networks with blocking admit a product-form solution,
provided specific constraints on network parameters and blocking types are satisfied.
Detailed discussions on product-form solutions for networks with blocking, as well
as equivalence properties among different blocking models, can be found in |Balsamo
and Personeé (1994), Perros| (1994)) and [Simonetta Balsamol| (2001)). The Convolution
Algorithm and Mean Value Analysis (MVA), widely used for analysing product-form
closed networks, can also be effectively applied to closed networks with blocking.

Since general queueing networks with blocking do not exhibit product-form solu-
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tions, they are typically analysed using approximate analytical methods or simula-
tion techniques. Various approximation methods have been proposed for both open
and closed queueing networks with finite-capacity queues to derive average perfor-
mance measures and queue length distributions(see Perros| (1994)). For closed queue-
ing networks with finite capacities, notable approximation methods are Throughput
Approximation (TA) (Onvural and Perros (1989)), Network Decomposition (ND)
(Frein and Dallery| (1989))), Approximate MVA (AMVA) (Akyildiz| (1988)), and
Maximum Entropy Algorithm (ME) (Kouvatsos and Awan (1998))). Approxima-
tion techniques to handle open queueing networks of finite capacity queues with
various blocking mechanisms include Tandem Exponential Network Decomposition
(TED) (Dallery and Frein (1993)), Tandem Phase-Type Network Decomposition
(TPD) (Perros and Altiok (1986)), Acyclic Network Decomposition (AND) (Lee
et al.| (1998)) and Maximum Entropy Algorithm for Open networks (ME-O) (Kou-
vatsos and Xenios (1989)). For a comprehensive discussion of analytical methods
for queueing networks with finite-capacity queues, see Simonetta Balsamol| (2001]),

Balsamo| (2011]), and |Bose (2013]).

2.5 The Concept of Feedback Flows

In queueing networks, feedback occurs when entities that have completed service at
a node are routed back to the same node for additional processing. This mecha-
nism is particularly useful for modelling real-world scenarios where repeated service
is required. For example, in telecommunications, data packets may need to be re-
transmitted due to errors; in manufacturing, defective products are returned to the
assembly line for rework; and in hospitals, patients revisit healthcare profession-

als for follow-up consultations. Immediate feedback and delayed feedback are two
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types of feedback mechanisms commonly used to model such scenarios. Immediate
feedback occurs when an entity, after completing service at a node, is routed back
to the same node immediately (without any delay) for additional processing. This
mechanism is often used to model systems with real-time error detection, such as in
manufacturing or telecommunications. Delayed feedback, on the other hand, occurs
when there is a time lag between the completion of service and the entity’s return to
the system for further processing. This mechanism is applicable in scenarios where
external factors influence actions, such as follow-up consultations in healthcare sys-
tems. For a feedback queue, the sojourn time (or response time) refers to the total
time an entity spends in the system, from its arrival until it finally departs.

The concept of feedback was initially introduced by [Finch! (1959). According to
Finch, there are two types of customer feedback in a cyclic queueing system: terminal
feedback and single-server feedback, distinguished by whether or not the customer
leaves the system after service. Takacs (1963); Takacs| (1977) presented analyses for
both types of feedback systems: immediate and delayed. They employed the gener-
ating function method to analyse two-dimensional Markov models of a single-server
queueing system with an unlimited queue and infinite orbit volume. |D’Avignon and
Disney| (1977), Dudin et al| (2005)), and Melikov et al. (2016b)) focused on queueing
models with immediate feedback. Delayed feedback was considered by [Foley and
Disney| (1983)), |Pekoz and Joglekar (2002), and [Van Do, (2010). Meanwhile, studies
by Melikov et al.| (2016a) and |Melikov and Aliyeval (2019)) analysed queueing models
with both types of feedback. In these studies, hierarchical phase integration algo-
rithms were developed to compute the stationary distribution of the corresponding
multidimensional Markov chains. Nazarov et al.| (2021]) used asymptotic analysis to

study queueing systems with both types of feedback.
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2.6 Analytical and Approximation Techniques in
Queueing Networks

There are a wide range of mathematical techniques to analyse queueing systems
with non-Markovian distributional assumptions. In such systems, since exact an-
alytical solutions are intractable, advanced approximation and analytical methods
have been employed. There are some approximation methods to be discussed in
this section, including decomposition approximation, heavy-traffic approximation,
sequential bottleneck approximation and Robust queueing approximation.

The decomposition technique is one of the most commonly used approximation
methods for analysing non-product-form queueing networks. It involves studying
individual queues separately and then combining the results to compute the overall
network performance. In queueing networks, this method reduces the complexity of
the network by breaking it down into subsystems and analysing each subsystem inde-
pendently. The technique is motivated by the product-form property of Markovian
queueing networks. Decomposition techniques are particularly useful for networks
with general arrival and service processes, networks with blocking, and large-scale
networks. Networks with non-exponential distributions or state-dependent param-
eters do not adhere to the Markovian assumptions of exponential inter-arrival and
service times, making exact analysis more challenging. The decomposition method
simplifies this complexity by analysing each node in isolation while approximating
the interactions between them. Unlike infinite-capacity queues, where customers can
always enter the system, finite-capacity queues with blocked or rerouted customers
introduce complexities that impact the flow of customers between nodes. Decom-
position helps approximate such networks by identifying the blocking mechanisms

involved and incorporating blocking probabilities and effective arrival rates. For
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large-scale networks with many interconnected nodes, exact analysis becomes im-
practical. In decomposition approximation, breaking down the network into smaller,
more manageable sub-networks simplifies the evaluation of performance measures.

Kuehn (1979)) introduced the decomposition approximation method for analysing
general open queueing networks. This approach involves decomposing the over-
all network into subsystems, such as single-server general queues (GI/G/1), and
analysing the subsystems individually. In this method, all related processes are con-
sidered only with respect to their first two moments. While decomposition approxi-
mation performs well, it can face challenges due to the interdependence of customer
arrivals at different nodes. To address this issue, Whitt| (1983) developed the Queue-
ing Network Analyser (QNA) software, which approximately characterise the arrival
processes by first two moments(mean and squared coefficient of variation) and then
analyse the individual nodes separately. QNA can be considered a decomposition
method or an extended-product-form solution, as it attempts to capture the depen-
dencies among nodes. In addition to Whitt’s work, several other researchers have
contributed to decomposition approximation techniques for open general queueing
networks. [Pujolle and Ai (1986), Whitt| (1994)), and |Marie| (1979) have presented
decomposition methods for both single-server and multi-server queues. [Frein and
Dallery| (1989) focused on decomposition methods applicable to tandem queueing
networks with exponential service times and blocking-after-service. Other contrib-
utors, such as Takahashi et al. (1980), |Altiok and Perros (1987), and [Perros and
Snyder| (1989), have developed decomposition approximation methods for analyzing
open exponential queueing networks with capacity restrictions.

Heavy traffic limit approximation is another approach that can be applied to
analyse entire queueing networks. [Iglehart and Whitt (1970alb) and Harrison| (1973))

established heavy traffic limits for feedback-restricted open queueing networks, while
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Reiman| (1984)) extended these results to general open queueing networks. A rela-
tively tractable method for approximating open queueing networks is the use of the
Reflected Brownian Motion (RBM) process. Harrison and Nguyen! (1990) developed
a software package called QNET for performance analysis of queueing networks, mo-
tivated by heavy traffic theory. In QNET, the original network is approximated by a
multidimensional RBM model, and its steady-state mean queue length is determined
by calculating the stationary distribution of the multidimensional RBM. Harrison
and Nguyen| (1990) also introduced a simpler approach called IINET, which uses
a product-form or decomposition approximation for the stationary distribution of
the Brownian system model. Harrison and Reiman (1981), Harrison and Williams
(1987) and Dai and Harrison| (1992)) studied the theoretical and numerical aspects
of steady-state distribution of multidimensional RBM.

To overcome the computational complexity of the QNET algorithm in analysing
large networks, Dai et al. (1994) developed a hybrid method called Sequential Bot-
tleneck Decomposition (SBD), which combines decomposition approximation with
heavy-traffic theory. This method generally outperforms other approximation tech-
niques, including QNA and QNET. In SBD, the network is first partitioned into
several ordered bottleneck sub-networks such that their traffic intensities are approx-
imately equal. These sub-networks are then sequentially analysed using heavy-traffic
theory. The analysis of a sub-network with k stations involves formulating a corre-
sponding k-dimensional RBM and determining its steady-state distribution. Reiman
(1990) proposed an alternative approach called Individual Bottleneck Decomposition
(IBD) for general queueing networks. In IBD, the partitioned sub-networks consist
of a single station. The main motivation behind this approach is that a single-station
sub-network can be approximated by a one-dimensional RBM, which has a known

stationary (exponential) distribution.
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An alternative approach for analysing the performance of generalized queueing
networks with multiple server queues, based on robust optimization, is the Robust
Queueing (RQ) approximation, proposed by Bandi et al. (2015). The robust op-
timization approach provides closed-form solutions for system time in multi-server
queues, even when dealing with potentially heavy-tailed arrival and service pro-
cesses. The basic idea behind RQ is to model uncertainty in arrivals and services
using a suitable uncertainty set and to analyse the worst-case performance. Even
though the RQ is simple and useful, it remains challenging to identify suitable un-
certainty sets and connect them with the original queueing system. Whitt and You
(2018b) addressed this issue by proposing a new non-parametric formulation for ap-
proximating the continuous-time workload process in a single-server queue based on
indices of dispersion. They exploited the powerful relation between the arrival index
of dispersion(IDC) and the normalized workload in a single-server queue discussed
by |[Fendick and Whitt| (1989). This approach involves decomposing the network
into individual general single-server queues, where arrival and service processes are
partially characterized by their rates and IDCs. The analysis also incorporates three
essential network operations superposition, splitting, and departure to evaluate the

overall network performance.

2.7 Numerical Methods and Simulation

Numerical studies provide essential insights into performance of the queueing sys-
tem, particularly when exact analytic solutions are complex or difficult to derive. In
queueing theory, Markov chains and Laplace transforms are useful tools to obtain
analytical solutions. Markov chains capture the dependencies within the processes

involved in the queueing system, while Laplace transforms provide a convenient ap-
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proach for solving differential equations. When considering time-dependent queueing
systems which are modelled using first-order difference-differential equations, tran-
sient states may be difficult to analyse. In these cases, numerical methods can
be more practical and efficient solution. Numerical methods are advantageous be-
cause they allow easy estimation of errors due to truncation of higher-order terms.
Ashour and Jha| (1973)) examined transient solutions to non-homogeneous Markov
processes, where parameters change over time. Two well-known numerical methods,
the Runge-Kutta and Hamming techniques, are applied for solving these processes.

A major disadvantage of numerical techniques is that all system parameters are
required to be specified numerically before the answers can be obtained. This will
make the calculations to be redone when the values of the parameters are changed.
Accordingly, a powerful technique to analyse complex queueing systems is to use
computer simulation. But when a numerical solution is possible, it is typically much
more cost-effective than using simulation.(Shortle et al.| (2018)))

Simulation is a powerful tool for studying complex queueing systems. It is an
experiment which mimics the characteristics of a system to study the system em-
pirically. In simulation, we produce the synthetic data related to the system rather
than taking the real-world events to study the dynamic behaviour of the system.
Since the basic idea behind simulation is conceptually simple to understand, it is
accessible to a wide range of users. Conventional numerical methods solve specific
systems of equations structured to each expectation type, while simulation provides
a flexible approach to compute expectations of various system functionals without
changing the basic approach, see |Glynn and Iglehart| (1988)). Discrete event simula-
tion is a method used to simulate systems where events occur at distinct points in

time.
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2.7.1 Discrete Event Simulation

Discrete event simulation(DES) is the most common form of simulation which quan-
titatively represents a queueing system, simulates the dynamics of the system by
discrete events such as arrivals, services and departures, that involves the perfor-
mance of the system. DES is particularly useful for the systems with unpredictable
events and when the dependency in the interactions makes the analysis compli-
cated. The main components of DES are entities(customers, calls, patients,vehicle
etc), events(arrival, completion of service, departures) which make changes in the
system’s state, simulation time, servers and queues. Setting up and executing a DES
involves several systematic steps, which are initialisation, simulation loop, data col-
lection and termination.

Consider an example of implementing DES on a bank service desk with a single
server. Primarily, set the initial condition such as empty queue and an idle service
desk. Process the events by adjusting the simulation time and system states. Gener-
ate a new event(service start of the new customer) based on the current event(service
end of the previous customer). Throughout the simulation, collect data on queue
length and waiting times. Finally end the simulation based on the simulation time
or any other criteria set on the number of customers. Obtained data can be used to
asses the necessity of adding another server in the service desk. ‘SimPy’ is a library

commonly used to implement DES in python.

2.8 Non-Stationary Queueing Systems

In most real-world service systems, customer demand is non-stationary or time-
varying. There are several time-varying characteristics or system parameters, such

as arrival rate, service rate, number of servers, and routing probabilities, that change
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dynamically over time. Therefore, it is difficult to imagine real service systems with
stationary characteristics. However, most of the theoretical queueing models assume
stationary system parameters, since the mathematics of time-varying stochastic pro-
cesses is highly complex. Time-varying queueing systems have been extensively used
to model various service systems, including communication and transportation sys-
tems. As a result, the evaluation of queue behaviour in such systems is significant
for practical problems. Some notable pioneering works include those by Koopman
(1972), Kolesar et al.| (1975)), and Newell| (1968]).

Green et al.| (1991) examined some effects of non-stationarity on the performance
of multi-server queueing systems. Most common scenario is when the arrival process
exhibits strong non-stationarity which needs to deal with an explicit analysis. There
are several approaches to be employed. One approach is to focus on the period of
peak arrivals and perform a separate (stationary) analysis, using an average arrival
rate from the peak period. Another method is to divide the entire time period
into segments, estimate average arrival rates for each segment, and apply a series
of independent (stationary) analyses. A third approach is to explicitly capture the
non-stationarity of the process using a simulation model. The choice among these
approaches depends on understanding how non-stationarity impacts the accuracy of
stationary approximations.

In general, the analysis of time-varying queueing systems is computationally
complex, and it is difficult to produce closed-form expressions. Steady-state analysis
is often insufficient for such systems, as it fails to capture their dynamic nature.
Transient analysis, approximation techniques, and simulation methods are frequently
employed to address this challenge. The remainder of this thesis mainly focuses on

the study of time-varying queues.
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2.9 Some Applications of Queueing Networks

Queueing networks has a wide range of well-known, but non-trivial, applications
across various industries and fields. Since queueing theory is originally introduced
to optimise telephone traffic operations in early 1900s, it is considered as the first
area of application. Numerous other applications discovered since then.

Real-world telecommunication networks are characterised by large-scale dimen-
sions and their ability to provide a wide variety of services with heterogeneous traffic.
These systems can be effectively modelled mathematically using queueing networks.
Queueing models also play a crucial role in predicting and managing network conges-
tion by analysing the arrival rates of data packets and the service times at routers.
Some notable studies on the applications of queueing theory in telecommunication
systems include [Palm| (1988), (Giambene (2014), |Lakatos et al. (2013), and |Afolalu
et al.| (2021)). When it comes to the modelling of call centres, queueing theory helps
to solve traffic congestion problems, minimise the count of dropped calls and min-
imising waiting times. By analysing customer arrival patterns, service times, and
resource availability, queueing models help to predict call blocking probabilities and
improve overall service efficiency. Key contributions in this area include the works
of Koole and Mandelbaum| (2002), Mandelbaum and Zeltyn (2007)), and Kim and
Whitt) (2013b).

Hospitals and outpatient clinics utilise queueing operations to manage patient
flow and improve system performance. Effective queue management enhances pa-
tient satisfaction, reduces waiting times, and optimises the utilization of facilities.
Queueing networks are also employed to model emergency departments, including
ambulances and emergency medical teams, to minimise waiting times and optimise

service levels. Several studies, including those by [Yom-Tov and Mandelbaum) (2014]),
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Shi et al.| (2016)), and |Dai and Shi (2017), have explored the applications of queueing
networks in healthcare systems.

Another interesting application of queueing theory is in transportation systems.
Queueing networks can be used to analyse and manage the flow of aircraft by pre-
dicting and minimising delays caused by congestion. They are also employed to
optimise operations such as baggage handling, check-in counters, security lines, and
gate assignments by reducing waiting times. Some notable works include, |Galliher
and Wheeler| (1958)) and Ebert et al.| (2019). Queueing models are further utilised in
public transportation systems, including buses, trains, and metro systems, to man-
age flow of passengers at stations, as explored by Newell| (1965)), Kurzhanskiy and
Varaiyal (2010), and Ran and Boyce (2012). Queueing networks are also applied in
vehicle management on roads to model and optimise traffic flow, reduce congestion,
and improve overall efficiency.

In addition, there is a wide range of applications, most of them are well docu-
mented in the literature. Some of the most important of these are computer net-
works (Robertazzi (2000)), banking and financial services (Olu| (2019), Xiao and
Zhang| (2010))), toll booths (Wang (2017)), cloud computing (Jafarnejad Ghomi et al.
(2019)) etc.

2.10 Summary of the Chapter

In this chapter, various analytical issues related to queueing networks have been
considered. A review of the literature on queueing networks is presented, along
with an extensive discussion of the concept of Jackson queueing networks and their
generalisations. The importance of product form queueing networks, which is a

prominent class of queueing networks with significant properties, is also discussed.
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The two main operations in queueing networks, blocking and feedback, along with
related literature, have described in detail.

Exact solutions for complex queueing networks are often intractable. This high-
lighting the necessity of approximation methods and simulation techniques. Accord-
ingly, existing analytical approximation methods and simulation techniques have re-
viewed, followed by a discussion of some practical applications of queueing networks.
Another significant challenge in queueing network analysis is the non-stationarity of
queueing systems, which complicates the analytical process. The remainder of the

thesis focuses on queueing systems with non-stationary characteristics.






CHAPTER 3

ASPECTS OF TIME-VARYING QUEUES

3.1 Introduction

Stationary queueing models assume that the key parameters governing the system,
such as arrival rates, service rates, and system capacity, remain constant over time.
These models are widely used due to their mathematical tractability and the sim-
plicity they offer in analysing queueing systems. The majority of queueing systems
discussed in the literature focus on stationary or constant model parameters, with
notable contributions from Odoni and Roth| (1983)), Brandt et al. (1990), Baccelli
and Brémaud| (2012)), and others.

Stationary models are effective in scenarios where system conditions do not fluc-
tuate significantly, providing valuable insights into steady-state performance mea-
sures such as average waiting time, queue length, and system utilization. However,
most large-scale service systems in real life are subject to time-varying conditions, in-
cluding fluctuating arrival rates, service rates, and other factors that influence system
performance. Stationary queueing models do not adequately represent real-world

service systems that change over time. This limitation makes stationary queueing

23
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models less suitable for applications involving highly dynamic environments where
parameters change over time. To effectively represent such systems, non-stationary
queueing models are necessary, as they can accommodate the time-varying nature
inherent in real-world scenarios.

Emergency departments (EDs) in hospitals are classic examples of non-stationary
queueing systems due to fluctuating patient arrival rates throughout the day. For
instance, EDs often see higher patient inflows during evenings and weekends, when
primary care facilities are closed. Notable studies on non-stationary queueing models
in EDs include Flottemesch et al.| (2007)), McCarthy et al.| (2008), and |[Defraeye
and Nieuwenhuyse| (2011)). Non-stationary queueing models play a critical role in
optimising ED operations, reducing patient waiting times, and ensuring timely care
for critical cases. In outpatient clinics, the number of patient arrivals fluctuates
throughout the day, with greater flow observed in the morning and evening compared
to mid-day or late evening.

To effectively analyse such time-varying service systems, it is essential to capture
the variations in arrival and service patterns over time. The rest of this thesis is
dedicated to the study of time-varying queues, emphasising their importance and

applicability in modelling real-life service systems.

3.2 Related Literature

Earlier works in stochastic systems with time-varying queues have done by Rothkopf
and Oren (1979), Massey| (1985), Newell (1982). Time-varying queues have been
widely used to model complex service systems such as communication (Neely et al.
(2003), Leung et al.| (1994)), Shakkottai et al. (2004)), (Newell (1965)), Kurzhanskiy
and Varaiya| (2010)), Ran and Boyce (2012)), healthcare (Yom-Tov and Mandelbaum
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(2014), |Shi et al| (2016)), |Dai and Shi (2017))) etc. Comprehensive surveys of the
literature on time-varying queues have been provided by Defraeye and Nieuwenhuyse
(2011)), Defraeye and Van Nieuwenhuyse (2016), Schwarz et al. (2016) and Whitt
(2018)).

Various approaches have been proposed in the literature to approximate non-
stationary queues by using related stationary queueing models. One of the simplest
and most straightforward methods is the Simple Stationary Approximation (SSA)
introduced by Green et al.| (1991). This approach involves ignoring the time-varying
nature of the arrival process and using the average arrival rate over the entire time
period as an input parameter for a single stationary model. Another widely used
method is the Pointwise Stationary Approximation (PSA), proposed by (Green and
Kolesar| (1991)) and [Whitt| (1991). In PSA, steady-state performance measures are
calculated for each moment in time by using the instantaneous arrival rate at that
moment within a stationary model. This method is particularly suitable for queues
with a finite number of servers. A notable refinement of PSA is the Modified Offered
Load (MOL) approximation, originally developed by |Jagerman (1975) and later
advanced by Massey and Whitt| (1994). The MOL method operates similarly to
PSA but replaces the actual arrival rate with the MOL arrival rate, which provides
a more accurate representation of the offered load in non-stationary systems. MOL
is significantly more precise than PSA for systems with longer service times, while
it reduces to PSA when service times are shorter. The primary advantage of using
stationary model approaches is their simplicity and computational efficiency, as these
models are generally quick and straightforward to implement. However, because
they rely on approximations, they do not always perform well. In certain scenarios,
stationary models fail to capture the changes in the system over time, making it

necessary to use methods that explicitly account for the time-varying nature of the
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system for better accuracy.

Steady-state analysis of time-varying general queueing systems in the literature
mainly focuses on analytical approximation methods and simulation methods, since
exact mathematical analysis of such systems is intractable. Transient analysis of
general queueing models is considered challenging and becomes much more complex
when we account for the arrival and/or service rates changing over time. Little’s
law, established by John D. C. |[Little (1961) became the fundamental theorem in
queueing theory due to its theoretical and practical importance. Bertsimas and
Mourtzinou (1997)) derived the transient version of Little’s Law. They developed
the concept of time-varying Little’s law to establish a distributional relationship
between the number of customers present in a queueing system at time ¢ and the
waiting time of all customers that arrive in the system until the time ¢. [Fralix and
Riano (2010)) extended the time-varying generalisation of Little’s Law by using Palm
measures and discussed higher order moment expressions. [Kim and Whitt| (2013a)
utilised time-varying Little’s Law to estimate the average waiting time in an infinite
server queueing system and reduce the bias in the estimator.

Some research has focused on non-homogeneous Poisson process since it is ad-
vantageous to model arrival processes when the arrival rate varies over time. |Li et al.
(2019) proposed a method for estimating the model parameters of computer systems
with job arrivals following a NHPP by using CPU utilization data. Kim et al.| (2015))
applied statistical tests to arrival data from an endocrinology clinic, where arrivals
are consistent with an NHPP within each day. Queues with periodic arrival rate
functions have been studied extensively in the literature due to their applicability
in real-world systems where the arrival of jobs, customers, or data follows a pre-
dictable cycle, such as daily, weekly, or seasonal patterns. Early works of the periodic

M,/GI/1 model was done by Hasofer (1964), Harrison and Lemoine, (1977)), Lemoine
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(1981). Recently |Whitt (2014) established conventional heavy-traffic limits for the
number of customers in a G;/GI/1 queue with a periodic arrival process. Xiong
et al.| (2015)) developed algorithms for the perfect sampling of time-varying queues
with periodic Poisson arrivals under the first come first served (FCFS) discipline. In
their assumptions, service duration followed periodic and time-dependent exponen-
tial or homogeneous distributions. Whitt and You| (2019) developed a time-varying
robust queueing algorithm for the continuous-time workload in a single-server queue
with a periodic arrival-rate function.

Over the last few decades, tandem queueing networks have gained attention
due to their practical applications in communication networks, manufacturing, toll-
booths, supply chains etc. Recent research on applications of tandem queueing
networks includes the works of |(Gerum and Baykal-Giirsoy| (2022)), |Gangadhar and
Kadambi| (2022), [Sinu Lal et al.| (2020)) and others. The transient behaviour of a sin-
gle server two-station tandem network is investigated in Prabhu| (1967) and transient
analysis of k-node tandem queueing model with load dependent service rates is dis-
cussed in Rama Murthy M. et al.|(2018)). Zychlinski et al.| (2018a) analysed tandem
networks with general time-varying arrival rate and blocking, using time-varying

fluid models.

3.3 Key Notations

Time-varying queues refer to queueing systems in which one or more parameters
vary over time. In contrast to stationary queueing models, where parameters remain
constant, time-varying queues account for fluctuations in key components such as
arrival rates, service rates, and the number of servers. This section covers various

notations and concepts associated with time-varying queueing systems.
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1. According to Kendall’s notation discussed in the first chapter, standard format
to denote a time-varying queueing system is adding the component of time with
the inter-arrival and service distributions. For example, M,;/M;/s/oco, where ar-
rivals are according to non-stationary Markov process and service process is non-

stationary and exponentially distributed.

2. The time-varying arrival process is denoted by {A;, ¢ > 0}. The associated arrival
rate function, A(t), represents the instantaneous rate, i.e., the expected number
of arrivals per unit time at time ¢. The most commonly studied arrival process is
non-homogeneous Poisson arrivals with intensity function A(¢). In the following

section, this will be discussed in detail.

The cumulative arrival rate is denoted as,

At) = /Ot)\(u)du, (3.3.1)

this represents the expected total number of arrivals to the system during the

time interval [0, ¢].

3. The time-varying service process is denoted by, {S;, ¢ > 0} with service rate

function p(t). The cumulative service rate is given by,

M(t):/o p(u)du, (3.3.2)

where M (t) is the maximum total amount of service that can be provided in the

time interval [0, t].

4. Instantaneous traffic intensity p(¢) can be written as,

p(t) = A(t)/u(t) =0, (3.3.3)
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indicating the load on the system at time ¢ and time-varying traffic intensity can

be expressed as,

p*(t) = sup {A(u)/M(u)}, (3.3.4)

0<u<t
see Massey| (1985)). The heavy traffic behaviour can be described as, if p*(t) > 1,
overloaded; if p*(¢) < 1, under-loaded; and if p*(¢) = 1, balanced |Whitt| (2018]).

3.4 Non-Homogeneous Poisson arrivals

When modelling a real-world service system, it is crucial to capture its realistic
features. A key aspect of them is the time variability of parameters, especially the
arrival rate since it is the initial component of every system. A most important
counting process for modelling the arrivals into a system is NHPP, as it relaxes the
stationary increments assumption in a Poisson process. It allows the arrival rate to
vary over time instead of being constant. The NHPP is a generalisation of Poisson
process, which is also called non-stationary Poisson process. For a classical Poisson
process, the arrival rate, A is assumed to be constant, does not vary over time. An
NHPP occurs when the arrival rate is allowed to depend on time, i.e., A is a function
of t.

A counting process, {N(t),t > 0} is said to be an NHPP with intensity function
A(t), t >0, if

(a) N(0) = 0.

(b) {N(t),t > 0} has independent increments, i.e., for ty < t; < ty < ....., the
random variables N (t;)—N(to), N(t2)—N(t1), ...... are independent. It does not
have stationary increments, unlike the homogeneous Poisson process, because
the distribution of the number of events in an interval depends on the location

of the interval, not just its length.
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(¢) P{N(t+h) — N(t) > 2} = o(h).
(d) P{N(t+h) — N(t) = 1} = A(t) h + o(h).(Medhi (2003), Ross| (2014)).

The mean value function, m(t) of the NHPP is defined by,

which is same as the cumulative rate of events during the interval [0, ¢].

From a modelling point of view, the major weakness of the Poisson process is
its assumption that events are just as likely to occur in all intervals of equal size.
A generalisation, which relaxes this assumption, leads to the non-homogeneous or
non-stationary process, see Ross| (2022]).

When using mathematical and statistical models to analyse data, it is com-
mon to deal with unknown parameters that need to be estimated. For a homoge-
neous Poisson process, the unknown parameter is a real-valued number. Several
methods exist for estimating this parameter, including the method of moments, the
method of least squares, and the method of maximum likelihood (see Dudewicz and
Mishral (1988))). In the case of a non-homogeneous Poisson process, the process is
parametrised by its intensity function, A(¢), which adds complexity to the modelling
process. Several studies have explored different methods for estimating the intensity
function in NHPP. These include maximum likelihood estimation (Zhao and Xie
(1996)), Drazek (2013))), Bayesian inference (Jensen II (2022)), and non-parametric
approaches (Bigot et al. (2013), Slimacek and Lindqvist| (2016])). The following sec-
tion focuses on the maximum likelihood estimation of the intensity function, A(t),

in a non-homogeneous Poisson process.
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3.4.1 ML Estimation of Intensity Function

For a real world dynamic system, arrivals occur according to a time-dependent arrival
rate function. When we collect data from such systems, it would be difficult to find
an arrival pattern or appropriate arrival rate function. In such cases, we need to
estimate the arrival rate function according to the observed data. Markovian non-
stationary queueing models assume that arrivals are governed by an NHPP. In other
words, an NHPP with intensity function A(¢) is a Poisson process which is obtained
by allowing the arrival rate at time t to be a function of t. Here we consider Maximum
likelihood estimation of intensity function A(t) discussed by Drazek| (2013) to obtain
the arrival rate function to the system. The same method has been applied to model
NHPP in many disciplines, e.g, credit card fraud detection (Izotova and Valiullin
(2021))), monitoring the quality of service in hospital emergency departments (Das
et al.| (2019)) and in the modelling of seasonal rainfall events (Ngailo et al.| (2016)).

Drazek| (2013) developed an estimation method for the intensity function by
using the principle of maximum likelihood estimation(MLE). Suppose we have a
sample of size n, tq,t9,t3,.....,t,. Let A = fOT A(t)dt be the cumulative of arrivals

over [0,7], for the intensity function A : [0,7] — Rs. Since we look at the

e—A

Poisson process, probability of observing n points is

of a single observation is ’\(Ki). Since the observations are independent, the joint

A The probability density

n:

probability distribution of the sample is the product of the probability density of

single observations, so the probability density of n observations becomes [, ’\(/'ii).

Then the likelihood of the sample is the product of these two terms,

e M n )\(fl)
n! A

=1

L(/\;tl,tg,t:g,....,tn) = (341)
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If the sample is ordered, then the likelihood of the ordered sample can be obtained

by multiplying (3.4.1]) with n!. i.e.,

L\ = e A f[ A ) pa f[ () (3.4.2)

n! A
=1

Log-likelihood function corresponding to (3.4.1)) is

log(L(\)) = — /0 ' A(t) dt + Z log A(t:) (3.4.3)

As the principle of MLE, our aim is to find a function A\(¢) which maximises the

log-likelihood, log(L(A)).

3.4.2 Simulation Study

Considering simulated data from a call centre in which calls arrive according to
NHPP, indicates the time-dependent arrival rate of calls. The call centre provides
24/7 service. In order to conduct the study, the data of a single day is generated,
which processed 1433 call arrivals over this period. Over the course of the day, the
arrival rate is not stationary, but it appears to be high during the middle part of the
day. Assume that the arrival rate function is unknown, and the goal is to estimate
this function using the available data. Since the arrivals are time-dependent, the
problem is to find the intensity function corresponding to the non-homogeneous
Poisson arrivals. In this study, Python 3.10.9 is the programming language of choice.

The data contains 1433 data values over a single day period. The first step is
to visually present the data in a meaningful way. For that, partition the data into
time periods of equal length and count the number of events within each interval.
Here the length of each partition is one hour. Assume that the number of arrivals

in each partition follows homogeneous Poisson process. For each partition, estimate
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the parameter of Poisson distribution, together with the upper and lower limits of
confidence intervals. The value of the estimates depends on the length of the time
period of the partition.

For each partition, parameters are estimated and they are illustrated with its 95%
confidence intervals in Figure [3.1. Based on the figure, it appears to be a positive
half cycle of a periodic function. Now using the principle of Maximum likelihood to
fit a best intensity function A(¢) for the data. Among the four classes of functions
discussed by Drazek| (2013), consider using the exponential Fourier series function

since it will ensure that the intensity function to be non-negative.

2.00 T ® estimate

T

T T T T T
0 5 10 15 20
Time (Hours)

Estimate and its confidence intarvals

|

Figure 3.1: Estimates and their 95% confidence intervals with one hour grouping.

Let the exponential Fourier series function be,

- omtf; < 27t f
A(t) = exp <ao + Z b; sin WTf] + Z c;j Cos WTfj) (3.4.4)
J=1 j=1

Now the exponential Fourier model is to be fitted to the entire dataset and super-
impose the fitted intensity curve with the estimates in Figure [3.1] If the fitted curve

closely corresponds with the data, it will be considered a good fit. The parameter m
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represents the number of frequency components in the Fourier series expansion. For
m = 0, the fitted intensity function will be a constant, i.e., homogeneous Poisson
process with A\(¢) = exp(ap). This is a horizontal line that passes through the centre
of the estimates as an overall average. For m = 1, the exponential Fourier model

becomes,

-+ ¢y cos

2 2
A(t) = exp (ao + by sin Tty Tty )

Figure [3.2] displays the fitted intensity function and the actual intensity function
superimposed on the data, showing how closely the fitted model aligns with the
data.

The fitted parameters of the exponential Fourier model for m = 0 and m =1

are included in Table B.1l

m Qo b1 C1

0 | -0.005

1 1-0.065 0.053 -0.493

Table 3.1: Fitted parameters for the exponential Fourier model.
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Figure 3.2: The fitted model superimposed on estimates and their 95% confidence
intervals.

3.4.3 Real Case Study

This section examines a real dataset of bus arrival times in Kandy, the largest city

in central Sri Lanka (Ratneswaran and Thayasivam| (2023alb))). As part of the

Strategic Cities Development Project (SCDP) by Ministry of Urban Development
of Sri Lanka, GPS devices were installed on buses to collect raw GPS data aimed
at addressing traffic issues within the Kandy city area. Data was collected over a
five-month period, from October 1, 2021, to February 28, 2022, for the bus routes
between Kandy and Digana. In this study, the data of the month January 2022 is
specifically considered for the analysis. There are mainly two directions: Direction
1 is from Kandy(Terminal 1) to Digana(Terminal 2), while Direction 2 is the reverse
route, from Digana(Terminal 2) to Kandy(Terminal 1). The main focus of this
study is the "end time" in the dataset, which records the arrival times of buses at

the successive bus terminals.
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There are 1203 bus arrivals in the terminal 2(direction 1) and 1209 bus arrivals in
terminal 1(direction 2). In January 2022, bus arrival times at Terminal 1 range from
5:00 AM to 7:00 PM, while at Terminal 2, they range from 6:00 AM to 10:00 PM.
However, these time ranges vary across different days. First, partition the dataset
into equal one-hour intervals and count the bus arrivals within each interval. As
in the previous simulation study, assume that the number of bus arrivals in each
interval follows a homogeneous Poisson process. Next step is to estimate the arrival
rate and its confidence intervals in each partition. The arrival rates are estimated
together with its 95% confidence intervals for both directions and illustrated in
Figure [3.3] There are a number of peak periods during the month, as well as inter-
peak periods (intermediate peak periods). There is no linear trend evident in the
monthly estimates of arrival rates, and it is also difficult to identify any other pattern
present in Figure For simplicity, consider each day of the month separately
when partitioning the data into one-hour intervals and counting the bus arrivals.
Among the 31 days in January 2022, focus only on the days that show stronger
evidence of periodicity, in two groups, Direction 1 (Kandy to Digana) and Direction
2 (Digana to Kandy). For Direction 1, the estimated arrival rates appear more
periodic on 10/01,/2022, 12/01,/2022, 18/01/2022, and 25/01/2022. In Direction 2,
the days showing a periodic pattern in the estimated arrival rates are 05/01/2022,
15/01,/2022, 25/01/2022, and 26/01/2022. Since the intensity function is assumed
to be non-negative, the exponential Fourier series function is the best fit to the
data. The parameter m in equation represents the number of harmonics in
the Fourier series expansion. As shown in Figure [3.3] a simple periodic pattern is
observed, characterized by a single cycle of peaks and troughs repeating over the
period. Therefore, the parameter m is set to be 1.

Let the expression for exponential Fourier series function, A(x) with periodicity,
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m=1 be,

2rt 2rt
A(t) = exp (ao + by sin WTfl Tty >

+ c; cos T

To fit the model, the parameters, ag, b; and ¢; in the expression are estimated using
MLE. The exponential Fourier model is fitted to the full dataset of a single day, and
the fitted intensity curve is superimposed on the hourly estimates of arrival rates and
their corresponding confidence intervals. Figures[3.4)and [3.5]illustrate how the fitted
exponential Fourier function is superimposed on the data of two groups(direction 1
and direction 2). These figures help to assess how well the model fits the observed
data. It is considered a good fit when the fitted curve closely follows the data points
and falls within the confidence intervals.

To strengthen the validation, we additionally applied the Pearson’s Chi-Square
Goodness-of-Fit Test. The observed and expected arrival counts in the partitioned
one-hour intervals were compared. The test resulted in a p-value greater than 0.05,
which confirms that the fitted model adequately captures the arrival process and

aligns well with the observed data.
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(a) Estimated rate of bus arrivals with 95% confidence intervals at Terminal 2 (Direc-

tion 1).
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(b) Estimated rate of bus arrivals with 95% confidence intervals at Terminal 2 (Di-

rection 1).

Figure 3.3: Hourly estimates with 95% confidence intervals for January 2022.
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(a) Fitted exponential Fourier
series for bus arrivals on
10/01/2022, with coefficients
ap = —3.042, by = 0.3 and
c1 = —0.054.

(b) Fitted exponential Fourier
series for bus arrivals on
12/01/2022, with coefficients
ao = —3.162, by = —0.256 and
c; = —0.02.

(c) Fitted exponential Fourier
series for bus arrivals on
18/01/2022, with coefficients
ap = —3.151, by = 0.524 and
c1 = 0.252.

(d) Fitted exponential Fourier
series for bus arrivals on
25/01/2022, with coefficients
ap = —3.129, by = —0.115 and
cp = —0.162.

Figure 3.4: Estimates and confidence intervals for bus arrivals at Terminal 2 (Direc-
tion 1), with fitted intensity functions, illustrating arrival patterns.
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Figure 3.5: Estimates and confidence intervals for bus arrivals at Terminal 1 (Direc-
tion 2), with fitted intensity functions, illustrating arrival patterns.
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3.5 Challenges in Analysing Time-Varying Queues.

Although time-varying queueing models provide a more nuanced understanding of
system performance under non-stationary conditions, they are not usually math-
ematically tractable. The computational methods and approximation techniques
used in time-varying queueing problems have long been considered challenging. The
analysis of such systems requires advanced mathematical techniques such as fluid ap-
proximations, numerical algorithms, and simulations in order to capture the dynamic
behaviour accurately. Transient behaviour of a time-varying queueing model can
differ significantly from the transient behaviour of a stationary model. Continuous-
time Markov chains (CTMCs) can be used to study the transient behaviour in time-
varying queues. This is achieved by allowing the transition rate matrix to depend on
time and using the Kolmogorov forward and backward differential equations. Many
algorithms have been developed to compute the transient performance of a station-
ary model for general initial conditions. These algorithms can be applied to calculate
the time-varying performance of a time-varying model if we approximate the time-
varying arrival-rate function by a piece-wise constant arrival rate function. Then we
can recursively compute the time-varying performance on each interval by letting
the initial distribution on each interval be specified by the terminal distribution on
the previous interval. Another approach is using fluid models with time-varying
parameters. The implementation of fluid models has been successful in modelling
a variety of non-stationary service systems. When the deterministic variability in
the arrival rate and departure rate becomes more significant than the stochastic
variability involved in the rates, it may be reasonable to ignore the stochastic com-
ponent of the model altogether. Additionally, if the number of customers or jobs in

the system fluctuates over a wide range, the discrete nature of individual entities
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might also be ignored. This leads to continuous deterministic fluid models being
used as alternatives or approximations for discrete stochastic time-varying queue-
ing models (see, Whitt (2018)). Addressing the challenges posed by the complexity
and dynamism of time-varying queueing systems requires advanced statistical meth-
ods such as CTMC and fluid models. Additionally, simulation techniques such as
discrete event simulation and adaptive algorithms play a crucial role in efficiently

managing and analysing these dynamic systems.

3.6 Summary of the Chapter

This chapter provided a comprehensive discussion on time-varying queueing systems.
A literature survey on time-varying queueing systems is included, covering existing
analytical methods for modelling such systems. The chapter explored the concept of
the non-homogeneous Poisson process and its inferential aspects, with a particular
focus on the maximum likelihood method for estimating the intensity function.

A customer care call centre dataset is simulated, where arrivals followed a peri-
odic function. The intensity function is estimated from the data and compared with
the actual intensity function. The estimated intensity curve was closely aligned with
the actual intensity function, suggesting a good fit. In addition, a real-world case
study of bus arrival times at two terminals in Sri Lanka is conducted by estimating
the intensity function. The fitted curve closely followed the hourly estimates of the
data points. The chapter concluded by addressing some challenges associated with

time-varying queueing systems.



CHAPTER 4

TRANSIENT PERFORMANCE MEASURES FOR

TIME-VARYING SINGLE-SERVER QUEUES

4.1 Introduction

Traditional queueing models assume constant parameters, whereas time-varying
queues take into account fluctuations in arrivals or service rates, making them more
suitable for modelling real-world scenarios. The arrival rate of the entities varies
depending on factors such as rush hours, seasonal demand, or service spikes. Sim-
ilarly, service rates change based on server efficiency, resource utility, or staffing
constraints. Since the system is not stationary, transient analysis is more important
to study how queue lengths, waiting times, and other performance measures evolve
over time.

The literature on time-varying single-server queues is extensive and it can be
categorised into three main areas: (i) structural results, as illustrated by |[Harrison
and Lemoine (1977)), [Heyman and Whitt| (1984) and [Rolski| (1989); (ii) numerical

algorithms, discussed by (Choudhury et al.| (1997)), |[Kolesar et al.| (1975) and |[Koopman
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(1972); and (iii) asymptotic methods and approximations, explored by Keller (1982),
Massey| ((1985)), Mandelbaum and Massey| (1995)) and [Whitt and You/ (2019).

Simulation is a powerful tool for analysing transient behaviour of non-stationary
complex queueing systems. In simulation, a method for representing the time-
dependent behaviour of queueing systems is to numerically integrate the time differ-
ential difference equations related to the system state probabilities. [Taafte and Gor-
don| (1982) presented surrogate distribution approximation approach to reduce the
number of differential difference equations numerically integrated to represent such
systems. Taaffe and Ong] (1984) explained the same approach for approximating the
time-dependent distribution of queue size for queueing models with non-stationary
phase type distributions. Using Volterra integral equations, Zhang and Coyle| (1991))
studied the transient solution of a single server queue with non-stationary arrival
and service rates. Knessl and Yang| (2002) considered a single-server queueing sys-
tem with time dependent arrival rate and service rate, obtained an explicit analytic
expression for the probability distribution function. [Whitt| (2015) considered a class
of general GG;/G;/1 single-server queues, including Markovian queues, with unlim-
ited waiting space, time-varying arrival rate and the service rate at each time is
subject to control. They introduced rate-matching control, which makes the service
rate proportional to the arrival rate with a fixed traffic intensity, thereby discussed
the stabilization of the queue length distribution and virtual waiting time. Ma and
Whitt| (2019) modified the concept of rate-matching control in order to minimize
the maximum expected waiting time.

Bertsimas and Mourtzinou| (1997) developed the transient version of Little’s Law
(Little, (1961))), which is one of the fundamental principles of queueing theory. A
time-varying version of Little’s law was developed to establish a relationship between

the number of customers present in a queue at a particular time and the waiting time
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for all customers who arrive in the queue until that moment. Similar to Little’s Law,
Brumelle| (1971) developed a useful formula, which relates average work in the sys-
tem, service time and waiting time of a customer in a system with stationary inputs.
In this chapter, a transient distributional law that relates the virtual workload in the
system to the waiting times of customers is derived for a non-stationary single-server
queueing system. This formula is shown to subsume Brumelle’s formula when relax
the time-varying assumptions and go on with the stationary regime. In addition, a

simulation study is conducted in order to validate the transient distributional law.

4.2 Model Description

Considering a single-server non-Markovian queueing model, G;/G;/1 with time-

varying arrivals and service processing. A; is the arrival process with arrival rate

A(t). V; is the service requirement of a customer who arrive at time t with service

rate p(t). There is an unlimited waiting space in the queue and rendering service in
A()

the order of their arrival (FCFS service discipline). p(t) = o 1s the instantaneous

traffic intensity at time t.

4.3 Performance Measures

Transient performance measures in queueing systems provide insights into how a
queueing system behaves over time before it reaches a steady-state. In this section,
explicit integral formula related to some important transient performance measures

are discussed.
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4.3.1 Number of Customers

In a queueing system, the queue length, or the number of customers waiting in the
line before receiving service, is critically important. As the arrival rate fluctuates
over time, the number of customers in the queue can vary dynamically. Let L(t) be
the number of customers in the system at time ¢, t > 0 and let W (s) be the waiting
time of the customer who arrive at time s, 0 < s < ¢t. Then the expected number
of time-varying number of customers in the system or transient generalisation of

Little’s Law in Bertsimas and Mourtzinou (1997) is,

BE(L(t)) = /0 FE(t — $)A(s)ds, (4.3.1)

where Fi(z) = P{W(t) < z|A;}, © > 0is the cumulative distribution function of the
waiting time for a customer who arrive at time t and Ff(z) = P{W(t) > z|A:}, = >

0. A, is the number of arrivals at time t.

4.3.2 Virtual Workload

The virtual workload in time-varying queues is the amount of work remaining in the
system, i.e., the amount of time required to clear all customers currently waiting
in the queue for service. The virtual workload captures the dynamic nature of
the system’s load in a time-varying queue, where arrival and service rates change
over time. In queueing theory, service requirement and service time are related
but distinct concepts. Service requirement V' is the total amount of service that
a customer requires. While service time S refers to the actual time a customer
spends receiving service at a server. The virtual workload process is denoted by,
Z = {Z(t),t > 0}, the amount of work remaining in the system at time t. For a

single server queue, it is same as the amount of time a customer, who arrived at
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time t has to wait until service. i.e., the virtual waiting time.

Theorem 4.3.1. Let Z(t) be the virtual workload in the system at time t and V; be
the service requirement of the customer who arrive at time s. Then expected virtual

workload at time t is,

E(Z(t)) :/0 F;(t—s)p(s)ds+/0 E(;/SQ))\(S)ds. (4.3.2)

Proof. Consider the interval [0,¢]. Starting with a reverse-time construction. Let
T_k(t) be the k™ arrival before time t. ie., T pyn)(t) < T_4(t) <t,Vn >k > 1.
Let W_i(t) = W(T_x(t)) be the waiting time of a customer who arrived at time

T_1(t). Then the workload in the system at time t can be expressed as,

00 2

u Vi)

Z (W (O)>t—T )} V1 (1) + — (4.3.3)
k=1

L i W(T_k(t) >t — T (1))
where Iy )>—-1 (1)) = . The first term in

0  otherwise
(4.3.3) gives the service time of a customer who arrived at T, (¢) and waiting for

2
Vi e

service at time t. 5

is the remaining service time of the customer in the server,
seen by a customer who arrived at T_x(t). If the server is idle then this term becomes

Zero.

(4.3.3]) can be written as,

t L/2
2(t) = / (wisea Vi + ) dA,
0
t ‘/2
= / I (sy>t—sy Vs dAs + 7 dA, (4.3.4)
0 0

By using Campbell-Mecke formula in |Fralix and Riano| (2010)) for taking expectations
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of stochastic integrals,

E(Z(t)) = /0 P{W(s) >t —s)}E(V:)A(s)ds —I—/O E(;/S >/\(s)ds
For F¢(x) = P{W(s) > x|As}, x > 0 and p(s) = 253
E(Z(t)) :/0 Fi(t — s)p(s)ds+/0 %)\(s)d&

(4.3.5)

By the definition of squared coefficient of variation of service time, this can be written

as

E(Z(1)) :/OtFﬁ(t—S)p(S)d”/ot 2

= [ Ea—sonts+ [ S5 pisyas

]

Remark 4.3.1. If the time-varying conditions are relaxed, it can be seen that the

well-known Brumelle’s formula in |Brumelle (1971) immediately follows from this

result. i.e., assuming Z = {Z(t);t > 0} to be stationary, then

E(Z(0)) = / P,(W(s) > —s)p ds +/ 652—; 1p ds

—00 —00

0 0 2
- 1
— p/ Py(W(0) > —s) ds +/ 682; p ds

—0o0 —0o0

B2(0) = pEOT(0) + 925
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4.3.3 Other Analytical Results

There are explicit formulations designed for general single-server time-varying queues.
This section explores some of the analytical results provided in [Whitt| (2015).

An alternative way to represent the queue length process is

where A(t) denotes the total number of arrivals during the interval [0,¢] and D(t)
represents the total number of departures in the same interval. The departure pro-

cess, D(t), can be explicitly expressed as,

D(t) = N(/Ot(I{L(S)>0},u(s) ds).

Here, the indicator function I{;(s)>0y equals 1 when L(s) > 0 and 0 otherwise, and
(s) represents the service rate at time s.

Let {Vj;k > 1} denote the sequence of service requirements, and {Si;k > 1}
represent the sequence of actual service times for the customer k, respectively. As-
suming the system starts empty, let Ay, By and Dj denote the times at which the

k' customer arrives, begins service, and departs, respectively. Then,
Do = 0, Bl = A17 Bk = max{Dk,l,Ak}, Dk = Bk + Sk

Therefore, Vj is defined as,

By+Sk
Vi = / p(s)ds.

By,

The service time of customer k can then be expressed as, Sy = Vj/u(By), where



80

w(By) is the service rate at the time when the k' customer begins service.

4.4 Simulation Study

In this section, simulated customer care call centre data is considered. An analysis
is conducted using the data, in which the arrival rate of calls is characterised by
an NHPP. The call centre provides 24/7 service. This study is based on 1433 call
arrivals during a single day, processed over a period of 24 hours. The arrival rate
function follows a periodic function, 1+ 05 sin(7t/1440 — 7/2) and constant service
rate as pu = 2.

Figure [£.1) shows the number of calls waiting in the system including the one in
service as a new call arrives. Y-axis denotes the the number of customers and X-axis
denotes time in minutes. Here it can be seen that there is a peak in the middle of
the day and almost same for starting and ending of the day. An arriving call finds

maximum number of customers in the system at 10:33 AM.

Number of Customers in System

T T T T T T T T
0 200 400 600 800 1000 1200 1400
Arrival Time (Minutes)

Figure 4.1: Number of customers in the system at the time of arrivals.
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Figure 4.2: Hourly average arrivals throughout the day.

Figure [1.2] shows the overall average and hourly averages of arrival rates over the
day. It exhibits the non-stationary nature of arrivals. Overall average of arrivals
is 60 customers. The hourly averages of waiting times and sojourn times are also
plotted in Figure 4.3 It shows that the hourly averages of the waiting time and

sojourn time is high in the interval [8,15].

(a) Average waiting time by hour. (b) Average sojourn time by hour.

Figure 4.3: Step function of average waiting time and sojourn time.

The box-plots in Figure illustrate the variation in service and waiting times
throughout the day. There is noticeable variation in median values across different
hours, suggesting fluctuations in waiting times and sojourn times throughout the

day. In both plots, high median value observed between 9th hour and 15th hour of



82

the day. During off-peak hours, the waiting time plot contains more outliers than the
sojourn time plot. It indicates extreme cases where waiting times were exceptionally

high. Figure shows the scatter-plot of total time spent by the arrivals.
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(a) waiting time variation throughout the day. (b) sojourn time variation throughout the day.

Figure 4.4: Box-plots of waiting time and sojourn time over the day.
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Figure 4.5: Sojourn time of customers throughout the day.

From all the above figures, it is clear that there is a busy period of 8 hour interval
[8,15]. The distribution of waiting times in [8,15] follows an exponential distribution
with parameter 69.30. Now it can be applied on equation and virtual workload,

Z(t) is obtained.
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Virtual workload during the time period is illustrated in Figure ie., an
arriving customer during the interval finds that the server is busy and the time
required the server to be idle is demonstrated here. It is same as the amount of time

a customer who enter the system at time t, has to spent in the system.
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Figure 4.6: Virtual workload over the interval [8,15]

4.5 Summary of the Chapter

In this chapter, some significant transient performance measures for a time-varying
single-server queueing system are discussed. These measures refer to the evaluation
of queue behaviour over time, particularly when the characteristics of the system
are not static. First discussed the transient generalisation of Little’s Law, which can
be used to evaluate time-dependent queue length. Another most important concept
is virtual workload. The virtual workload at a specific time t is the total service
time required to serve all the customers waiting in the system at time t. In this

chapter an explicit integral formula to obtain virtual workload is presented. This
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can be viewed as a time-varying generalisation of well-known Brumelle’s formula.
This measure is particularly useful in managing congestion and improving overall
system performance. A detailed analysis on a simulated data of a 24/7 working call

centre is presented.



CHAPTER 5

TRANSIENT PERFORMANCE MEASURES FOR
TIME-VARYING TANDEM QUEUEING

NETWORKS

5.1 Introduction

Tandem queueing networks refer to a type of open queueing network where entities
or tasks move through a series of service stations or nodes arranged linearly. The
output of one node serves as the input to the next, creating a sequential flow. These
networks are particularly useful for modelling systems that involve multiple stages
of service, such as manufacturing, healthcare systems, or logistics operations. By
analysing tandem queues, it becomes possible to balance workloads across service
stations, thereby reducing delays and improving efficiency. For example, airports
have sequential processes that passengers must go through, such as security checks,
immigration control, and boarding. Passengers navigate through each station and
proceed in an order, reflecting a tandem queueing network. Similarly, in hospitals

or outpatient clinics, patients move through the nodes such as registration, consul-
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tation, diagnostic tests, and pharmacy, from one to the next based on their needs.
Jackson| (1954) was the pioneer to propose queues in series as a queueing system
for the overhaul of aircraft engines, in which successive operations include stripping,
inspecting, repairing, assembling, and testing component parts. These models are
widely used in various real-world systems such as manufacturing, computer network-
ing, and service operations to analyse and optimize the flow of tasks, see, |Veatch
and Wein| (1994), [Sun et al.| (2022), Higasa et al. (2023). Some recent research
include, Sinu Lal et al,| (2020), Gerum and Baykal-Giirsoy (2022)), |Gangadhar and
Kadambi| (2022)) etc. To alleviate the complexity in modelling traffic flow within
time-varying tandem queues, the idea of network decomposition in Queueing Net-
work Analyser(QNA) developed by Whitt (1983) can be used. The decomposition
method allows each node to be treated individually and analysed independently to
reduce computational effort. Time-dependent performance analysis is crucial in un-
derstanding the dynamic behaviour of queueing systems, especially in non-stationary
environments. (Gerhardt and Nelson| (2009)) provided an algorithm for approximating
a tandem queueing network where the external arrival process is a non-stationary
MAP,. Nasr and Taaffe (2013)) considered tandem queues with time-dependent
Markovian (M) service distributions, multiple servers, and time-dependent phase-
type (Phy) arrival distributions and presented an algorithm to numerically solve the
first two moments of the time-dependent departure count process. Pender| (2015))
proposed a method for approximating the time-varying dynamics of a two dimen-
sional tandem queue with coupled processors in which the external arrival process
is assumed to be a non-homogeneous Poisson process. |Badrinath and Balakrishnan
(2017) proposed an optimal control methodology to control a non-stationary tandem
queue in order to mitigate surface congestion at large airports. Rama Murthy M.

et al.| (2018]) conducted a transient analysis of K-node series and parallel queueing
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model with load dependent service rates. Zychlinski et al.| (2018a) analysed tandem
networks with general time-varying arrival rate and blocking, using time-varying
fluid models. Rao and Aparajithal (2019) considered a tandem queueing model with
non-homogeneous Poisson service process and analysed the system performance by
deriving the performance measure such as, queue size, average waiting time of a
customer in the queue and in the system, the throughput of transmitters, and the
variance of the number of customers in the system.

Throughout this chapter, the waiting space before each service node is assumed
to be sufficiently large to accommodate any number of waiting entities. Transient
performance measures such as the number of customers in the system and virtual
workload are formulated for a two-station non-stationary Markovian tandem queue-
ing network, and this formulation is extended to a k-station tandem queueing net-
work. Then a general framework of algorithm to obtain the transient performance
measures is also presented. Finally, numerical studies are conducted on three-station
and five-station tandem network models, analysing the transient behaviour of their

performance measures.

5.2 Tandem Network of Two Stations

In this section, considering a model of queueing network with two stations in tandem
and unlimited waiting capacity at each queue, as illustrated in Figure Arrival
and service processes in each queue in the system are time-dependant and we restrict
the distributional assumptions associated with the system to Markovian(M;/M;/1)

framework.
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> ueue — ueue —_—
[Quee () [Queue > ()

Figure 5.1: A two station tandem queueing network model

5.2.1 Model Description

The model is characterised by the following parameters;

1. {A;;,t > 0} is the arrival process with E(A;;) = \i(t); where X;(¢) is the arrival

rate of station i at time t, for i =1, 2.

2. V;(t) is the service requirement of a customer who arrive at time t with service

rate p;(t)(mean=1/p;(t)), i =1,2.

3. Transition from station 1 to station 2 occurs with probability p, 0 < p < 1 and

customer departs from station 1 with probability 1 — p.
4. Number of servers, N; = 1,7 =1,2.
5. W;(t) is the waiting time of a customer who arrive at time t, i = 1,2,
6. Z;(t) is the virtual workload in the i*" station at time t.

7. The counting process L; = {L;(t),t > 0}, the number of customers present in

station i waiting for service, i1 = 1, 2.

8. D,; denotes the departure of customers from station 1 to station 2, therefore D, ;
is merely the pattern of arrivals to the station 2(A;2). D; o denote the departures

from station 2 and D, 3 denote the departures from station 1 to out of the network.
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5.2.2 Performance Measures
1) = [ Uwoe-on
E(Li(t)) = /Ot(P{Wl(s) >t—3s)}) M(s) ds
_ /Ot Fe(t — ) M(s) ds. (5.2.1)
alt) = [ Uome-oy dDan
Ba(0) = [ (Ps) > £= 5))) Xals) ds

::AH@@—@pumﬂd& (5.2.2)

where I, (s)>1—s)} represents the number of customers entered at station ¢ at time
s and waiting for service at time t, 0 < s < tand Ff(t —s) = 1— Fi(t —s) =
P(W;(s) > t—s)). In equation (5.2.2)) the arrival rate at station 2, A\s(t) is replaced

by p pu(s). ,

t t V
Zi(t) :/0 Iiw, (s)>t—s)y Va1 dAs +/0 ;’1 dA,

E(Z\(t)) = /0 Fe(t — s) 218 ds + /0 012“ :ll((;))2ds. (5.2.3)

Similarly, for the second station,

2

t t V
210 _/0 Tiwy(s)>t—s)) V2 dDs +/0 ;’2 dD,,

E(Zg(t))Z/O F5(t—s) 228 ds+/0 Gl Al

t t 2
1
:p(/ F;(t—s) NI(S) dS+/ CZJ[_ Ml(s
0 0

pi2(s)
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2

where c;, 1 = 1,2 is the coefficient of variation of service process in station i.

5.3 Tandem Network of k Stations

In this section, extending the two station non-stationary Markovian tandem model
to a k station tandem network model, as illustrated in Figure 5.2l The transition
probability p; 41 denotes the probability that a customer transfer from station 7 to
station 7 + 1 after service, i = 1,2,3,.....k — 1. Let {A;;,t > 0} and {D;;,t > 0}
t=1,2,3,...,2k — 1 be the arrival and departure processes respectively. Here D, ;
fori=1,3,5,....,2k — 3 are departure processes as well as arrival processes and D; ;

for e = 2,4,6....,2k — 2 and 2k — 1 are departures from the network.

Piz Pa3 Pk-2 k-1 Pk-1k
S OBEDO% BED O EDO 2
D1 Rrg Retueine mamiaacmieiie ¥ Dais Dages Dagy
1 Pu‘LD—‘ 1- pealn‘ L- s z«\LD"""'

Figure 5.2: A k station tandem queueing network model

E(Ly(t)) = /0 Fe(t— 5) A(s) ds.

B(L(0) = [ Felt =) piss pica(s) s

E(Lk(t)) :/0 F,g(t — 8) Pk—1k [Lk_l(S) ds. (531)
E(Z,(t)) = /0 Ff(t—s) :18 ds + /0 01;1 :llg))zds

E(Z;(t)) :pz‘—u(/t Ff(t—s) piza(s) ds + /t G+ 1 pals) ds).

0 1i(s) 2ui(s)  pa(s)
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_ " g f—1(s) o P+l pia(s) .
B0 = pea( [ FiCt-9) G Btk [Fo5 B ). (632)

where ¢ i = 1,2, ...., k is the coefficient of variation of service process in station i

5.4 Algorithm

A general framework of algorithm to obtain transient performance measures such
as number of customers and average virtual workload for k-station non-stationary
tandem network model is presented in this section. Initially discussing some prereq-

uisites for developing the algorithm.

@ The principle of rate-matching control, as discussed in |Whitt| (2015), is applied
to determine the service rate function. In rate-matching control, the service rate
is chosen to be proportional to the arrival rate, for a constant traffic intensity, p.

ie., for a given traffic intensity p;, the service rate becomes,

wi(t) = N()/ps, i=1,2,3, ...k, t>0. (5.4.1)

Q For an M,/M;/1 model, distribution of the waiting time W (u), i.e., the probability

that the waiting time of a customer who arrive at u, is larger than z is,
P(W(u) > z) = pe~1=Phe/e, (5.4.2)

where A¢(u) = A(t+u)—A(u), A(.) is the cumulative arrival rate function defined

as,

and A;(u) need to be strictly increasing and continuous, see Whitt| (2015). There-

fore, the expected waiting time, E(W(t)) in the M;/M,;/1 model is
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E(W(t)) = /OOO P(W(u)>z) = p/ooo e~ (=pAe(w)/p, (5.4.3)

Q Probability that, the waiting time of a customer who arrived at time s to be t — s
is,

P(W(s) >t —s) = pe”(=PA(s)/p

, where Ay(s) = A(t) — A(s). Here for station i, A¢;(s) = A;(t) — Ai(s) and

P(Wi(s) >t —s) = pe(UmpdheilD/oi =1 9.3 k.

Q The term squared coefficient of variation of service time(c?) is involved in (5.3.2)).
Since the model considered here is non-stationary and Markovian, ¢? can be

assumed to be 1.

Algorithm 1

Require: External arrival rate A;(¢), transition probabilities p; ;, 1 =1,2,3, ...,k —
1, 7=2,3, ...,k and traffic intensity, p = {p1, p2, -.--, P& }
Ensure: Transient performance measures, E(L;(t)) and FE(Z;(t)) for i =
1,2,3,..... k.
1: Compute \;(u) = p;—1; Ao =123 .k

Pi—1
Compute p;(u) = M i = 1,2,3, vy k
Compute A;(t, s) fo Ai(w)du — [ Ni(w)du. i=1,2,3, ...k

Compute P(W( )>t—s) = pie—((l—Pi)At,i(S))/Pi i=1,2,3,....k
Apply the formulas in (5.3.1) and (5.3.2]) to obtain expected number of customers
and virtual workload at each station.

5.5 Numerical Study

This section discusses two examples of tandem networks. The algorithm developed

in the previous section is used to compute performance measures and analyse the



Transient Behaviour of Time-varying Tandem Queueing Networks 93

transient behaviour of the models. Specifically, the effects of traffic intensity on the

transient performance measures are analysed.

5.5.1 A Three-Station Example

A three-station tandem network of non-stationary Markovian M,;/M;/1 queues with

the following characteristics is considered.

Q Let the external arrival rate to station 1, A;(¢) be the identity function, ¢, ¢ > 0.

)\z<t) = pi—l,iﬂi—l(t>7 1= 2, 3, (551)

where p;(t), i = 1,2,3 is the service rate function obtained from ([5.4.1) and
pi—1, is the transition probability from station ¢ to ¢ + 1, ¢ = 1,2. In this study,

pi—1; = p = 0.75 is taken, ie., equal probability for all transitions.

Q In this study, four cases, A, B, C, and D are considered by taking arbitrary values
for traffic intensities, as shown in Table 5.1} Stations with traffic intensities close
to 1 are considered bottleneck stations. Case D is more challenging because of two

bottleneck stations, whereas all the other cases have only one bottleneck station.

Case | p1 P2 P3

0.45 0.60 0.90

B ]10.60 0.90 0.45
C 1090 0.60 0.45
D 090 0.60 0.87

Table 5.1: Four cases of traffic intensities for three stations.

Figure presents the time-varying number of customers in each station in the

three station tandem network. As can be seen from the figure, stations with high
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Average number of customers

8k

! ! ! L time
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Average number of customers
8
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Average number of customers

8F
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L L L time
10 15 20

(d) case D

Figure 5.3: Average number of customers at time t for four different cases considered

in this study

traffic intensity have a large number of customers in the queue. Figure shows

the average virtual workload in each station. The workload is heavy for bottleneck

stations when compared to other stations. If the bottleneck station is located in the

first position, the workload becomes heavier than if it is located in the second or

third position.
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Figure 5.4: Average workload at time t for different cases. Here blue, red and green
figures represent station 1, station 2 and station 3 respectively.



96 Chapter 5

5.5.2 A Five-Station Example

Another example of a five-station tandem network model with similar external arrival
rate and transition probability is considered. The following table, Table sum-
marises four different cases of traffic intensity for each station. As in the previous
example, Figure |5.5|illustrates the time-varying number of customers and Figure|5.6

presents the average virtual workload in the five-station tandem queueing network.

case | p1 P2 P3 P4 Ps
A 1045 050 0.75 0.60 0.90
B 1060 045 090 0.50 0.75
C 1090 075 0.60 0.50 0.45
D |090 0.45 0.85 0.60 0.90

Table 5.2: Four cases of traffic intensities for five stations.

Average number of customers Average number of customers

8
— Station 1 . — Station 1
—— Station 2 —— Station 2
—— Station 3 4 —— Station 3
—— Station 4 —— Station 4
—— Station 5 2 —— Station 5
time . time
20 0 5 10 15 20
(b) case B
Average number of customers Average number of customers
8 8
. — Station 1 . — Station 1
—— Station 2 — Station 2
4 —— Station 3 4 —— Station 3
— Station 4 — Station 4
2 — Station 5 2 — Station 5
n n L time " " = fime
0 5 10 15 20 0 10 15 20
(c) case C (d) case D

Figure 5.5: Average number of customers at time t for four different cases considered

in this study
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Figure 5.6: Average workload at time t for different cases. Here blue, red, green,

brown and purple figures represent stations 1, 2, 3, 4 and 5 respectively.



98 Chapter 5

The results from the numerical study provide insight into the relation between
location of bottleneck stations and transient performance measures. It is evident in
this example that if the bottleneck station is located first, the workload in both the
first station and the next stations will be heavy. As a result, customers will have to
spend more time in the system. Interestingly, when the bottleneck station is at the
end of the series, there is no effect on the average workload in the previous stations
and hence, the customers will be able to obtain the service without experiencing any
delay. Whereas, the average workload was found to be consistently high when there
are multiple bottleneck stations within the system. The results are illustrated by

implementing algorithm 1 in Wolfram Mathematica 12.3.

5.6 Summary of the Chapter

In this chapter, transient distributional laws that characterise the performance of a
time-varying tandem queueing network are discussed. To derive the virtual workload
in the system, we initially considered a general single server queueing system with
unlimited waiting capacity. Subsequently, extended the model from single server
queue to tandem queueing network of k servers and formulated transient performance
measures such as, number of customers and average virtual workload in stations.
Further introduced an algorithm that provides a general framework for obtaining
transient performance measures in a k station tandem network, and implemented the
algorithm through numerical study. The results exhibited the relationship between

performance measures and traffic intensities.



CHAPTER 6

TIME-VARYING TANDEM QUEUEING

NETWORK WITH BLOCKING

6.1 Introduction

In queueing theory, capacity restriction on waiting line is a crucial aspect to study
and it is common for real-world service systems to have queues of finite capacity.
In such systems, the flow of customers from the source node will be blocked if
the waiting room at the destination node is full. There are mainly two blocking
mechanisms, i.e., blocking-after-service(BAS) and blocking-before-service(BBS) that
describe different scenarios when there are restrictions on waiting rooms. BAS occurs
when an entity after service from a node finds the waiting room of the next station
is full(saturated). So, they are being blocked before entering the waiting room of
the next node. They must have to wait until the space becomes available. In BBS
system, before starting service at current node, entities are blocked if there is no
available space in the waiting room of next station. Once the space is available at

the destination node, the blocked entity resumes service at the source node.

99
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Tandem queueing networks with finite capacity are useful for modelling health-
care, communication, and manufacturing systems de Bruin et al. (2007)); [Seo et al.
(2008)); Seo and Lee (2011)); Meerkov and Yan| (2016). A BAS mechanism is also
known as manufacturing blocking. In manufacturing and production lines, items
move through the workstations which can only process a limited number of items
at a time. If the next workstation is full, it is not possible to move the items
that have been processed from the current workstation, leading to a blockage. A
steady-state analysis under the BAS mechanism with two single-server queues con-
nected in tandem was conducted in Avi-Itzhak and Yadin (1965)). In |Avi-Itzhak
(1965)), the same model is extended to a k-station tandem network with general
arrival times, deterministic service times and finite waiting room between stations.
Transient behaviour of a two station tandem network with no restriction on first
station and no queue allowed for second station was investigated in [Prabhu, (1967)).
Zychlinski et al. (2018a)) developed time-varying fluid models for tandem network
with a general time-varying arrival rate, a finite waiting room before first station
and no intermediate waiting room. The BBS mechanism, which is also known as
communication blocking, is commonly used in telecommunication networks Suri and
Diehl| (1984)); |[Frein and Dallery| (1989). A detailed description of the different types
of BBS mechanisms is presented in |Simonetta Balsamo| (2001)). In communication
networks, data packets move through a series of nodes/router, where each node pro-
cesses the packets and forward it to the next node. If the buffer of the next node is
full, the current node cannot forward the packet causing the packet to be blocked
before the current node. Healthcare systems can also use the BBS mechanism in
short medical procedures, such as cataract surgery, laparoscopic surgery and cardiac
catheterization. These procedures can only begin when the room is available in the

recovery area. Avi-Itzhak and Levy| (1995)) introduced a k-stage blocking scheme as
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a generalisation of the results presented in |Avi-Itzhak and Yadin| (1965)); Avi-Itzhak
(1965). In|Avi-Itzhak and Halfin| (1993)), they analysed the steady-state performance
measures of a k-station single-server network with no intermediate queue and an un-
limited buffer prior to the first station under both BAS and BBS mechanisms. Fluid
limits for tandem model of time-varying multi-server queues with finite buffers be-
fore the first station and between stations under BBS mechanism is considered in
Zychlinski et al.| (2018b). To facilitate comparison, they also developed steady-state
closed-form expressions for system performance measures under the BAS and BBS
mechanisms.

There has been extensive research conducted on tandem networks with finite
capacity queues. However there is limited research on time-varying tandem queues
with blocking. In this study, we provide an analytical comparison between BBS and
BAS in time-varying tandem queues, with special reference to a case of healthcare
system. We develop a stochastic model for a two station finite capacity tandem net-
work under different blocking mechanisms. In the second section, explicit expres-
sions for transient performance measures such as number of patients and average
virtual workload at time ¢t under BAS and BBS mechanisms are discussed. We also
conducted a numerical study with the blocking mechanisms under different traffic

intensity and queue capacity.

6.2 Model Description

We consider a health care system, such as a hospital emergency department with a
triage system where patients arrive according to a non-homogeneous Poisson pro-
cess. The model considered here is a tandem network with two stations. Patients

are first assessed by a triage nurse to determine their level of need for medical assis-
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tance. Subsequently the patients are sent to the consultation room, where medical
professionals provide the necessary treatment. There is an unlimited waiting room
for triage and finite waiting room for treatment. Suppose that only a limited number
of patients can wait in the treatment area due to space and resource constraints.
In the above situation, there are two ways to manage heavy traffic of patients. In
BAS, if the waiting space of treatment room is full (saturated), patients cannot join
the queue for treatment after the triage process, causing a blockage. In BBS, even
though the triage nurse is present, the treatment waiting room is full (saturated),
preventing patients from being triaged and causing them to be blocked. In this
section, we establish transient performance measures for the two-station tandem

queueing network model, under the two blocking mechanisms.

6.2.1 Blocking After Service(BAS)

Initially, we model a healthcare system with a two-station tandem queueing network
with finite queue capacity in second station. In the first-come-first-served (FCFS)
model illustrated in the Figure patients arrive according to non-homogeneous
Poisson process and the time-dependent service time following an exponential dis-
tribution, i.e., triage node is M;/M;/1/oco and treatment node is M;/M;/1/K. Fol-

lowing are the parameters that characterise the model.

. >@"_, >@_.

1-p

Figure 6.1: A BAS two station tandem queueing network model

1. {A;1,t > 0} is the external arrival process to the triage node with arrival rate

A (b).
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2. V, is the service requirement of the patient, i.e., the total amount of service
(in terms of time) that a patient requires. V;; is the service requirement of a
patient arriving at the triage at time ¢. Similarly, V; 5 is the service requirement
of a patient arriving at the treatment area at time ¢. y;(t), ¢ = 1,2 is the service

processing rate at time ¢.

3. After triage process, patients move to the treatment area with probability p

and leave the system with probability 1 — p and at a rate of (1 — p)uy(t).

4. A;o denote the arrival of patients to the treatment area after triage process.

Therefore, the arrival rate is \o(t) = puq (t).

The instantaneous traffic intensity at the triage node, p;(t) is defined as,

p1(t) = A (t)/pa(t).

Thus, the two arrival rate functions are related as \y(t) = p A1(t)/p1(t).

5. In this study, the instantaneous traffic intensity, p(t) = \(¢)/u(t), which mea-
sures the utilisation of a service system is chosen to be invariant of time. This
adaptation is made to choose service rate function properly in order to adjust

with the arrival rate and traffic intensity.

We use the principle of rate-matching control, as discussed in Whitt| (2015), to
determine the service rate function. In rate-matching control, the service rate
is set to be proportional to the arrival rate for a fixed traffic intensity p. Thus,
for a constant traffic intensity p;, the time-dependent service rate function,

1;(t) can be written as,

wi(t)y = N(t)/pi;, i=1,2 t>0. (6.2.1)
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6. There is an infinite waiting room at the triage node and a finite waiting room
at the treatment node with a maximum capacity of K. If the finite buffer at
treatment node is full, patients will be blocked. When the capacity of the
waiting room of treatment node is K — 1, blocked patients will join the queue

for consultation.

The following are the formulations of some transient performance measures associ-

ated with the model under consideration.

1. {Wi(t),t > 0} is the waiting time of a patient who arrives at triage node at
time t. An explicit expression for the probability distribution of waiting time
W (t) for M;/M;/1/cc is derived by Whitt| (2015). If a patient who arrives at
time s is still waiting for service in the queue at time ¢, then we can express
the probability that the waiting time of the patient who arrives at time s, is

larger than t — s, for 0 < s <'t as,
PWi(s) >t—s) = pre” ((A=PA1() o1 (6.2.2)

where A;1(s) = Ai(t) — Ai(s), A(.) is the cumulative arrival rate function
defined as,
As(u) = / M) dr, 1> 0 (6.2.3)
0

and A;;(u) need to be strictly increasing and continuous, see |Whitt (2015)).

2. {Ws(t),t > 0} is the waiting time of a patient who joins the queue of treatment
area at time ¢. Since the queue capacity is finite, i.e., M;/M,;/1/K, here we

derive a closed form expression for probability distribution of waiting time.

Let P, be the probability that there are n patients in the queue in front of
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treatment area, see Shortle et al.| (2018]).

p — (1—p2) py
T

where p, and K are the traffic intensity and queue capacity of the treatment
area. Let @), be the probability of the arrival point, that is, the probability
that there are n patients in the queue at the time of arrival, for n < K. This

is derived in Shortle et al. (2018) using Baye’s theorem.

b,

. — 6.2.4
Qn =17 P (6.2.4)

Then the probability distribution of waiting time for the stationary M/M/1/K
system can be obtained by reducing the expression for multi-server system to

single server, i.e.,

n—1

K-1 ,ut e
PV =Y @3 M
n=1 1=0

—put

K-1 n—1

@n

n=1 =0

At/p —(At/p)

(6.2.5)

The parameter p is replaced by A/p. "From this, the waiting time distribution
for a non-stationary system can be derived using Corollary 5.1 from Whitt
(2015)). Specifically, under the assumptions of a non-stationary system, At in

equation becomes the cumulative arrival rate function A(t).

For the non-stationary system M;/M;/1/K, let P(Ws(s) >t — s) denote the
probability that the waiting time of a patient joining the queue of the treatment

node at time s exceeds t — s, for 0 < s < ¢,
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K-1 n—1 At,2(5))i (At;f;s))

PWals) > t—5) =3 Qu > L Zf | (6.2.6)

n=1 =0

The cumulative rate function A;s(s) = As(t) — Ag(s) with
Ao(u) = / Xo(1) dr, r > 0. (6.2.7)
0

This gives the waiting time distribution for an M;/M;/1/K system under con-

stant traffic intensity.

To account for the effects of blocking, we incorporate a blocking probability
into the formulation of transient performance measures, i.e., the probability
that a patient arriving at time s is blocked after triage at time ¢. In other
words, probability that the blocking time of a patient who arrive at time s is

greater than t-s, P{B(s) >t — s}.

. Ly(t) represents the number of patients present at the triage node. These

patients arrived during the interval [0,%] and have not yet completed their

service.

t
Ll(t) = / ([{W1(s)>t—s}) dAs,b
0

where I, (s)>t—s)} denotes the number of patients who entered the queue in
front of the triage node at time s and are still waiting for service at time ¢,

0<s<t.

By using Campbell-Mecke formula in Fralix and Riano| (2010) for taking expec-

tations of stochastic integrals, we get the average number of patients present
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at the triage node at time t, i.e.,

E(Ly(t)) :/0 (P{W1(s) >t — s}) \(s) ds, (6.2.8)

where E(Liw,(s)>t—sy) = P{Wi(s) >t — s} and E(dA,;) = Ai(s) ds.

5. Lo(t) denotes the number of patients at treatment area, including those in
the blocking space. These patients completed their service at triage node and
moved to treatment area during the interval [0,¢]. They are either waiting to
join the queue in front of the treatment area or already in the queue. This

corresponds to the arrivals {455, 0 <s <t} ie.,
t
Ly(t) = / (Liwa(s)>t—st + L(B(s)>t—s}) dAs2,
0

where I{w,(s)>t—s)} represents the number of patients who entered the queue
of the treatment area at time s and are still waiting for service at time t,
0 < s < t. Similarly, I{p(s)>t—s} denotes the number of patients who entered
the blocking space in front of the treatment area at time s and are still waiting

to join the queue of treatment area at time t.

While applying expectations on both sides, Campbell-Mecke formula together
with additive property of expectation we get E(Iyw,(s)>t—s} + I{B(s)>t—s}) =
P{Wy(s) >t — s} + P{B(s) >t — s}. Therefore,

E(Ly(t)) = /0 (P{Ws(s) >t — s} + P{B(s) > t — s}) p pu(s) ds. (6.2.9)

This represents the average number of patients present in both the blocking

space and the queue of the treatment area at time ¢.
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6. Zi(t) represents the time required to triage all patients who arrived at first

node up to time ¢, i.e.,

2

t ¢ V
Zi(t) :/o Liw, (s)>t—sy Vs dAgq +/O ;’1 dA,;.

While applying expectations on both sides, Campbell-Mecke formula, we get,

t

E(Zi(t) = /0 P{Wy(s) > t — s} E(V,1) E(A,1) ds+

6.2.10
CB(V2) (6:2:10)
/ ’ E(Asyl)ds.
0 2
The squared coefficient of variation ¢?, can be rewritten as,
E(V?
=E(\V2) (BE(Vy)?—1= ﬁ —1 (6.2.11)

Therefore the average workload at the triage node at time t can be represented

as,

E(Z,(t)) = /0 P{Wi(s) > t — s} :8 ds + /O 012“ :11((5))2655, (6.2.12)

where ¢? is the squared coefficient of variation or relative variability in service

times at triage node.

Zo(t) denotes the time required to complete the consultation of patients who
arrived up to time t after triage, taking into account the queue and blocking

space, i.e.,

2

t t V
ZQ(t) = /0 (I{WQ(S)>t78} + [{B(s)>t75}) ‘/;,2 dAs,Q +/0 ;’2 dAs,2~
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By using campell-Mecke formula and additive property of expectation, E(Z(t))

can be written as,

B(Za(t)) = /0 (P(Wals) > t — s} + P{B(s) > t — s})E(Vao) E(Aus)ds+

'E(V)
\/0 5 E(AS,Q)dS.

Let 3 be the squared coefficient of variation of service times in treatment node

and applying equation ((6.2.11)),

E(Zy(t)) = /0 (P{Ws(s) >t — s} + P{B(s) > t — s}) 2253 ds+

t 2
/ s+ 1 )\2(8)2d5.
o 2 pa(s)

(6.2.13)

This represents the average workload at the treatment node, taking into ac-

count the patients in the blocking space and the queue at time t.

6.2.2 Blocking Before Service(BBS)

Here, we examine the application of the BBS mechanism in a hospital emergency de-
partment by modelling it with a two-station tandem queueing network. This model,
illustrated in Figure [6.2] is built under the non-stationary Markovian assumption,

and patients are served according to the FCFS discipline.

. >@"_. >@_>

1-p

Figure 6.2: A BBS two station tandem queueing network model

Similar to the BAS tandem model, {A4;;,t > 0}, = 1,2 is the arrival process
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with arrival rates A\;(t) and A2(t) = p pi(t). p represents the probability of moving
to treatment after triage, while patients leave the system with probability 1 — p.
Viist = 1,2 is the service requirement of a patient arriving at the triage node and
treatment node at time t with service processing rate at time ¢, u;(t), i = 1,2.
An infinite waiting room is available for patients at the triage node, whereas the
treatment node has a finite waiting room with a maximum capacity of K.

Before providing service from triage node, nurse checks whether the waiting room
in front of treatment area is saturated or not. If it contains less than K patients,
triage continues. If the waiting room has attained maximum K patients (saturated),
stops service at triage node until the next waiting room can accommodate a new
patient.

The following are the formulations of some transient performance measures re-

lated to the BBS tandem model considered here.

1. {Wi(t),t > 0} is the waiting time of a patient who arrives at triage node at
time t. Since the queue capacity is infinite, the probability distribution of

waiting time is defined similar to BAS system, i.e.,

P(Wi(s) >t — s) = pre” (1mpAea(&)/en

where Ay1(s) = Ai(t) — Ai(s) and A4(.) is defined in (6.2.3)).

2. {Ws(t),t > 0} is the waiting time of a patient who arrives at the queue of
treatment area at time ¢. Since the queue capacity is finite, i.e., M;/M;/1/K,
the probability that the waiting time of the patient who arrives at time s, is

larger than t — s, for 0 < s <t is,

PWals) >t—s5)=3 Qn5 —2 ,
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where A;2(s) = Ag(t) — Aa(s).

3. Li(t) represents the number of patients present at the triage node, including
those blocked before service. These patients arrived during the interval [0, ],
i.e., {451, 0<s <t} andhave not yet completed their service. They have not
completed their service at the triage node, either because they are in the queue

or are blocked due to capacity constraints at the treatment node. Therefore,
t
Ll@) = / (I{W1(5)>t—s} + I{B(s)>t—s}) dAs,ly
0

where I, (s)>t—s)} represents the number of patients who entered the queue of
the triage node at time s and are still waiting for service at time ¢, 0 < s < t.
Similarly, Itp(s)>i—s} denotes the number of patients who entered the blocking
space in front of the triage node at time s and are still waiting for triage at

time t. When taking expectations,
t
E(Ly(t)) = / (P{Wi(s) >t — s} + P{B(s) >t — s}) Mi(s) ds. (6.2.14)
0

This represents the average number of patients present at the triage node at

time ¢, including those blocked before service.

4. Ly(t) represents the number of patients present at treatment node at time t.
These patients moved after triage to treatment node during the interval [0, ¢]

and have not yet completed their service.

t
Ly(t) = / (Lgwa(s)>t—s}) dAs2,
0

where I, (s)>i—s)} represents the number of patients who entered the queue
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of the treatment area at time s and are still waiting for service at time t,
0 < s < t. Then the average number of patients present in the queue of the

treatment area at time ¢ is,
t
E(Ly(t)) = / (P{Ws(s) >t —s}) p pu(s) ds. (6.2.15)
0

Z1(t) represents the time required to triage all patients who arrived at first

node up to time t, including those blocked patients, i.e.,

t /2

t
Zl(t) = /0 (I{W1(8)>t—s} + ]{B(s)>t—s}) ‘/s,l dAs,l +A ;1 dAs,l-

Then the average workload at the triage node, taking into account the patients

in the blocking space and the queue at time t can be represented as,

_ t S — S S - S )\1(8) s
E(Z,(t)) —/O (P{Wi(s) > t = s} + P{B(s) > 1 = s}) wts) (6.2.16)

/t ERREHG ds.
0 2 (s)?

Zy(t) denotes the time required to complete the consultation of patients who

arrived up to time t after triage, i.e.,

2

t t V
Zo(t) :/ (Itwy(s)>t—sy) Va2 dAsz +/ ;’2 dAs .
0 0

Then the average workload at the treatment node at time t can be represented

as,

t 2
Aa(s) ds+/ Gl M) o 617
2 0

E(Zy(t)) = / P{Wy(s) >t — s} 2 pa(s)?

0 f12(s)
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2

where c;, 1 = 1,2 is the coefficient of variation of service process in station i.

6.3 Numerical Study

We consider a two-station tandem network with non-stationary Markovian queues,
in which first station has infinite queue capacity and second station has finite queue
capacity. We compare BAS system and BBS system by computing the transient per-
formance measures. First, we outline the prerequisites for conducting the numerical

study.

1. A more realistic choice for the arrival rate function would be a sinusoidal or
periodic function, which is useful for modelling daily or weekly fluctuations in
patient arrivals. However, for simplicity, we choose the identity function as

the external arrival rate.

Let the time-dependent arrival rate of patients to the triage node (external

arrival rate), A;(t) be the identity function, ¢, ¢ > 0.

2. Transition rate or arrival rate of patients from triage station to treatment
station, A\o(t) is,

Ao(t) = p m(t) = p Mi(t)/p (6.3.1)
where p is the transition probability from station 1 to 2. Here we take p = 0.75.

3. The squared coefficient of variation of service time (c?

<), @ = 1,2 appears in

expressions of virtual workload. Since we are considering a Markovian queueing

model, ¢? is assumed to be 1.

4. In the BAS system, blocking occurs only if a customer completes service at

the triage node and attempts to move towards treatment node, but finds the
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queue is full. Therefore, the probability depends on the queue capacity and

traffic intensity of the treatment area.

For a BAS system, the blocking probability is defined by,

1— K
P(Bpas) = %, (6.3.2)
L —py

where K is the queue capacity and ps is the traffic intensity of the treatment
area. Shortle et al.| (2018) and |Ziya| (2008)) developed formulations for blocking

probability.

Now we present an approximation for the blocking probability in the BBS
system. In the BBS system, blocking occurs before the triage starts based on
the availability of space in queue of treatment area. This means all patients
might be blocked regardless of whether they would have moved for treatment

or left the system after triage. As a result blocking probability is inflated.

Since P(Bpag) is applying only to transitioning customers, we can approxi-
mate P(Bpps) by scaling P(Bpas) with the proportion of transition, p. Here
we assume that patient’s decision to leave the system after triage or transition
is independent of the congestion in the treatment area, so it only depends
on the service at triage. P(Bpag) is already calculated on transitioned pa-
tients, while formulating P(Bpps), we need to undo this effect by dividing the

proportion of transition, i.e.,

P(Bpps) ~ P<B;A5) - (il—_p?'zfip. (6.3.3)

In this study, we have chosen a constant queue capacity and a constant traffic

intensity using the rate-matching control principle. Consequently, the param-
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eters in the above expressions are time-invariant, making them applicable to

a non-stationary model.

The Figure illustrates the relationship between the queue capacity and

traffic intensity and how their combined variation influences the blocking prob-

abilities.

(a) BAS (b) BBS

Figure 6.3: Blocking probability for queue capacity K = 0 to 10 and traffic intensity
p=0to 1.

5. In this study, we consider four cases, A, B, C, and D, by taking arbitrary
values for traffic intensities and queue capacity of the second station, as shown
in the Table [6.1 The blocking probabilities corresponding to each case are
calculated and included in the table. The stations with traffic intensity close

to 1 are considered bottleneck stations.
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Cases | py p2 K | P(Bpas) P(Bggs)

0.80 0.60 4 0.056 0.074

B 0.70 0.90 8 0.070 0.093
C 0.90 090 6 0.101 0.136
D 0.90 0.90 10 0.050 0.067

Table 6.1: Four cases of traffic intensities, queue capacity, and corresponding block-
ing probabilities.

The probability of blocking is observed to be relatively high in cases where the
traffic intensity at the second station increases significantly and the queue capacity
decreases. Among the cases considered, cases A and D exhibit the lowest blocking
probabilities. In contrast, Cases B and C show comparatively higher probabilities
of blocking due to the combination of high traffic intensity and low queue capacity.

Figure illustrates the number of patients at both nodes under the two mech-
anisms. Blocking after service occurs at the treatment node, while blocking before
service occurs at the triage node. As a result, the number of patients increases at the
corresponding nodes with time. When the traffic intensity at a node is high, it leads
to a significant increase in the number of patients. A similar trend is observed in
the average workload, as shown in Figure Bottleneck nodes exhibit a relatively
higher workload compared to others. In both cases, the treatment node experiences
a higher workload under the BAS and BBS mechanisms, as it serves as a bottleneck.

Figure illustrates the average number of patients in the system over time. In

all cases, the total number of patients is consistently higher in the BBS system.
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(g) case D (Triage node)

(h) case D (Treatment node)

Figure 6.4: Average number of patients under BAS and BBS mechanisms for cases

we considered in this study.
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Figure 6.5: Average workload under BAS and BBS mechanisms for cases we consid-
ered in this study.
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‘Average number of patients Average number of patients
251 251

20 20+
15 —— BAS 15¢ —— BAS
----- BBS ----- BBS
10 10 -
5 5
— Time . . y = Time
0 5 10 15 20 0 5 10 15 20
(a) case A (b) case B
‘Average number of patients Average number of patients
250 25
20f ,"‘ 20[
15 —— BAS 15} —— BAS
----- BBS «---- BBS
10 10
5 5
Time Time
0 5 10 15 20 0 5 10 15 20
(c) case C (d) case D

Figure 6.6: Average number of patients in the system (including both stations) for
the four cases considered in this study.

6.4 Summary of the Chapter

Finite capacity queues are a realistic and common feature of many real-world service
systems, such as hospitals, call centres, and manufacturing units, due to physical
and budgetary constraints. However, in most of the theoretical studies of queues,
infinite capacity is often assumed to simplify the analysis and results. In this study,
we examined various blocking mechanisms that can be applied in queueing systems
with capacity restrictions. Most commonly, BAS and BBS blocking mechanisms are
used in such systems. Here, we have modelled a time-dependent hospital emergency
department using a tandem network of two stations and derived transient perfor-
mance measures based on these mechanisms. These measures enable an effective
comparison of the BAS and BBS mechanisms through numerical study. The results

highlight the impact of capacity restrictions on both mechanisms, demonstrating
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how they influence the time-varying number of patients and the virtual workload in
the system. In our model, patients who do not need immediate emergency treat-
ment can leave after triage. But in the BBS system, these patients also get blocked,
causing unwanted congestion in the system. So, BAS is slightly better than BBS in
the above scenario. Generally, BAS is preferred when intermediate congestion can
be managed, whereas BBS is preferred when smooth flow of entities through the

system is more important.



CHAPTER 7

TIME-VARYING APPROXIMATION IN

GENERAL QUEUEING NETWORKS

7.1 Introduction

Networks of queues have played a crucial role in modelling and analysing complex
real-life systems for decades. The majority of queueing systems in the literature as-
sume stationary or constant parameters, whereas in reality, most queueing systems
exhibit time-varying properties. To analyse such dynamic service systems, capturing
the time-dependent nature of arrival and service patterns is essential. Traditional
queueing network models often rely on Markovian assumptions, which simplify anal-
ysis and provide closed-form solutions due to the product-form property. However,
these assumptions limit the ability to model real-world scenarios where inter-arrival
and service times follow general distributions. Such non-Markovian queueing net-
works allow more realistic modelling of service systems by incorporating renewal
processes for arrivals and non-exponential service times. In these networks, cus-

tomers can move according to different routing policies and service requirements.

121
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These features complicate the computation of performance measures, making tra-
ditional analytical methods inadequate. Simulation can provide an alternative to
analysing these systems, but it requires a lot of computational resources, especially
for optimizing complex networks. To address these challenges, numerical techniques
and analytical approximation methods have considered as powerful tools for evalu-
ating the performance of generalized queueing networks.

There is a substantial literature available on queueing network theory. |Jackson
(1957)), |Jackson| (1963), Baskett et al. (1975), Gordon| (1967) and [Kelly| (1976)) are
some breakthroughs in queueing network theory. One of the basic approaches for
the analysis of open queueing networks is the parametric decomposition method, see
Kuehn (1979), |Whitt| (1983), [Shortle et al.| (2018). Decomposition approximations
for non-Markov open queueing networks (OQN) are developed by the motivation of
product-form property of Markov OQNs. Heavy traffic limit approximation is an-
other approach to analyse performance of OQN, see |[Harrison| (1973), Reiman| (1984))
and |Whitt| (1985). |[Harrison and Nguyen| (1990) proposed an analytical algorithm
for steady-state performance analysis, called QNET which is based on Brownian ap-
proximation and heavy traffic theory. Dai et al.|(1994)) developed a hybrid method,
the Sequential Bottleneck Decomposition (SBD), which uses both decomposition
method and heavy traffic theory. Robust queueing (RQ) is another approach to solve
complexity in systems involving significant uncertainty. Bandi et al.| (2015)) devel-
oped RQ theory to analyse queueing performance in G/G/1 queues. |Whitt and You
(2018b)) addressed challenges in RQ theory and introduced a new non-parametric RQ
formulation that yields improved steady-state performance approximations. Whitt
and You| (2019)) developed time-varying robust queueing algorithm for single server
queues with time-varying arrival rate. They mainly focused on periodic steady-state

expected workload in models having periodic arrival rate function. [Whitt and You
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(2022) developed a robust queueing network analyser (RQNA) algorithm to approx-
imate the steady-state performance in network of G/G/1 queues with Markovian
routing.

The research conducted on non-stationary general queueing networks is very lim-
ited due to their computational complexity. However, these queueing networks can
be applied to various large-scale service systems and provide realistic modelling. The
purpose of this chapter is to study how these queueing networks perform over time
using a time-varying approximation algorithm. Building on the principles of the
RQNA algorithm, we develop a time-varying approximation algorithm for single-
server queues with time-dependent arrival rates in order to augment some new ideas
to the subject matter. Primarily a G;/G;/1 time-varying (time-varying) single server
queue with general arrival and service distributions is considered, where customers
enter by first come, first served (FCFS) discipline and arrival and service processes
are time-dependent. Then proposed a rather elegant method of time-varying ap-
proximation for this queueing system based on indices of dispersion through forward-
time construction of workload process. Then extended the method to provide an
algorithm to obtain time-varying approximations for performance measures in feed-
forward open queueing networks of G;/G/1 queues with Markovian routing. Some
numerical experiments are conducted to analyse the network performances with time

approximations.

7.2 Preliminaries

Whitt and You| (2019) developed a time-varying robust-queueing algorithm for the
continuous-time workload in a single-server queue with a time-varying arrival rate

function. This chapter extends that time-varying approximation algorithm to a
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general single-server queueing network with time-varying arrival rates and feedback
restrictions. It begins by discussing some prerequisites from their study, which are
essential for this generalisation. Whitt and You| (2019) utilised a reverse-time con-
struction approach for the workload process to formulate a time-varying represen-
tation of the steady-state workload. In contrast, this study employs a forward-time
construction to approximate the workload in a single-server non-homogeneous queue,
aiming to simplify subsequent network approximations.

The focus is on a general single-server queue with FCFS service discipline, un-
limited waiting space and time-varying arrival and service rates, we call the G;/G;/1
queue. Let A (t) be the number of arrivals in the interval [0,¢] with time-varying
arrival rate, A (u),0 < u < t. Let u(u) be the time-varying rate at which service
is provided. Cumulative arrival and service rates over [0, ] are denoted as A(t) and
M (t) respectively.

Let V} be the service requirement of the k& customer. Let the net-input in the

interval [0,t] can be written as,
At)
X({t)=> Vi—M(t). (7.2.1)
k=1

Here, Y (t) = Zfi’? Vj, is the cumulative work input over [0, ¢]. Then Z;, the workload

at time ¢ 1s

A(u)
fim X0 = w30 M)
0<u<t 0<u<t k=1

Then the time-varying approximation for mean workload at time t is

Z7 = sup sup X (u), (7.2.2)
XEUn 0<u<t

where Ur is the deterministic uncertainty set, i.e., the set of possible values that the
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uncertain parameter, X (u) can take.

Ur={X(u) eR: X (u) <E(X (u)+bSD(X (u), 0<u<t,

with b being a specified parameter. Z; can be rewritten as

Zf = sup E(X (u))+0b 5D (X (u)). (7.2.3)

0<u<t

Indices of Dispersion: The index of dispersion is the scaled version of variance
function by the mean function. It can be considered as a continuous-time gener-
alisation of the squared coefficient of variation since it exposes the variability over
time. Index of dispersion for counts (IDC) and index of dispersion for work (IDW)

are defined respectively as,

(7.2.4)

L, (A (u) = = — (7.2.5)

Var (Z?i? Vk>
— i

I, (A (u)) describes the variability associated with arrival process A(t) and I, (A (u))

under the assumption of mean-1 service times the IDW is

captures the cumulative variability of Y'(¢) as a function of time t. The decompo-
sition of IDW is possible by conditional variance formula. For that consider service
times Vj, are i.i.d and independent of arrival process A (t) as a special case. Therefore

equation [7.2.5] can be written as,

Ly (A (w) = I, (A (u)) + ¢ (7.2.6)
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where ¢ = Var[Vi] /E[Vi]? is the squared coefficient of variation of the service

process. For X (), the net-input process in [7.2.1]

A(u)
E(X(u)=E{Y Vi—M@u)| =A(u)—Mu) (7.2.7)
A(u)
Var (X (u) =Var | Y Vi | = A(u) I, (A (u)) (7.2.8)

By substituting (7.2.7) and (7.2.8)) in ((7.2.3]), time-varying approximation of mean

workload can be expressed as

ZF = sup A (u) — M (u) + by/A (u) I, (A (u)). (7.2.9)

0<u<t

7.3 The Time-Varying Open Queueing Network

7.3.1 Model Description

For better analytic tractability, this section considers a network of k nodes where,
at each node, service times are homogeneous in time. Each node represents G;/G/1
queue in which arrival rates are time-dependent. Probability that a customer move
from node i to node j after service is p;; , where ¢,5 =1,2,..., k, pjy =1— Z?Zl Dij
is the probability that a customer will leave from the network after service from
node i and py; is the probability that a customer from outside enters the system
through node i. Therefore P = [p;; |, 1 <14,j < k is a sub-stochastic routing matrix
of order k and we assume that the matrix (I — P’) is invertible. Here we consider
a feed-forward queueing network. i.e., no customer re-enter the node which they

already visited. This will be ensured by choosing the routing matrix P as an upper
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triangular matrix.

Let A; (t) be the time-varying cumulative arrival rate at node i, M; (t) be the
time-varying cumulative service rate at node i and pj (t) = supg<, < {As (u) /M; (u)}
be the time-varying traffic intensity at node i. Let Ay, (t), ¢ > 0 be the external
arrival process at node i with cumulative arrival rate Ag; (t) and IDC I, (A, (t)) and
A; ; (t) be the number of arrivals from node i to node j over [0,¢] with cumulative
rate A;; (t) and IDC I, (A, (t)). For each node i, assume that service process
is i.i.d and independent of arrival processes. Let S;(¢) be the number of services
during [0,¢] with cumulative rate M; (t) (mean 1/M;(t)) and IDC I, (M;(t)) =
Var (S; (t)) /E (S;(t)). Also assume that Markovian routing is independent of arrival

and service processes.

7.3.2 Time-Varying Approximation for Traffic Equations

Let A(t) = (A1 (t) , A2 (t),...., Ak (t)) be the vector of total arrival rate at time t. i.e.,
A (t) is the total mean flow rate into node i at t and let A\ (t) = (Ao (1), Aoz (1),
........ . Aok (t)) be the external arrival rate vector at time. Then a time-varying

approximation for traffic equations is

k
Ai(t) m Mo (1) + D Aja(t), 1<i<k, (7.3.1)

=1
where A; (t) = [i i (u) du AOZ( ) = Jo Ao (u)du, cumulative external arrival rate
to node i over [0, t] and Ay, (1) = [o Nji(w) du = [y pjap; (w) du = p;;M; (t), cu-

mulative arrival rate from node j to node i over [0,¢]. Here assume M; (¢) as the
cumulative service completion rate (departure rate) at node j over [0,t| and p;; is

the transition probability from node j to i.

In matrix form (7.3.1) can be expressed as A (t) = Ao (t) + (P') M (t), where
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P = [p;;] is the routing matrix and the vectors A (t) = (A1 (¢), A2 (), ..., Ak (1)),
Ao (t) = (Mo (), Noa(t), ..., Ao (t)) and M (t) = (My (t), My (t),...., Mg (1)).

7.3.3 The Time-Varying Traffic Variability Equations

Basic operations in a queueing network can be classified as (i) departure opera-
tion (i7) splitting operation and (ii7) superposition operation. Departure process is
the flow of customers from the queues after service, splitting or decomposition is
the division of flow of customers into several sub-flows and superposition or merg-
ing is combination of different customer flows into one. In this section, a system
of equations is discussed, which allows the derivation of indices of dispersion and,

consequently, the time-varying approximations for performance measures.

Departure

Let I4(M;(t)) be the IDC corresponding to the departure process from node ¢. This
can be written as the convex combination of arrival IDC I,(A;(t)) and service IDC

I(M;(t)), discussed in [Whitt and You (2022). i.e.,

Io(M;(t)) =~ w;(t) I,(Ai(t)) + (1 — w;(t)) s (M;(t)) (7.3.2)

where the weight function w; is

w*<(1 - p;*(t))QAi(t))> (7.3.3)

where 2 ; = ¢ ; + 2, p;(t) is the time-varying traffic intensity, A;(¢) is the arrival

Tr,i

rate at node i and the canonical weight function w* is

W) = (8 12t — 1)(1 - 20°(VA)) + 26(VOVE(L + 1) — 7))

2t
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w*(t) is obtained from correlation function of stationary reflected Brownian motion
(RBM) process, see Whitt and You| (2018al). Here ¢(x) and ®¢(z) = 1 — $(z) are
pdf and complimentary cdf of standard normal variable respectively. w*(t) is an

increasing function and 0 < w*(t) < 1.

Splitting

Consider an indicator function,

1 if k™ customer moves to node j from node i during [0, ¢].

0 otherwise

with E(6};(t)) = pi; and Var(6F,(t)) = pi;(1 — pi;), where k = 1,2,...., Di(t), D;(t)
is the number of departures from node ¢ in the interval|0, ¢].

Therefore, the Arrival process from i to j during [0,¢] can be written as

Ai(t) =) 65,(1) (7.3.4)

1

E(Ai () = E(Di(t)) E(5;5(t))) = (D) P

Here the expected number of departures during [0, ¢] is approximated with cumula-

tive service completion rate, M;(t) during [0, ¢].
Var(A;(t)) ~ E(Di()Var(5i;())) + (E(55(t))))*Var(Di(t))

1
= p. (1= . 2 D,
1 Pl pia) + 2, Var(Di(e)
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Therefore, IDC of arrival process from node i to node j is

Var(A;(1)  mm Pl —pig) +p3;Var(Di(t))

R = T - —

sl (L= ig)  p2,Var(Dy(t))
P piyE(Di(t))

L (Nij(t) = La(M;(t))pij + (1 — piy) (7.3.5)

where Iy(M;(t)) = Var(Di(1))/ E(D;(t))

Superposition

Consider the arrival process at node 7. We take into account of all possible arrivals
from other nodes to node 7. Here assume that all superposed customer flows are

independent. Therefore

IDC of A,(t) is

Var( 38 o Aji(t) = X8 Var(A:(1) and E( 35 Aji(t)) = Y05 Aja(t).
Therefore,
S Var(A(t)

S At

oM La(Asi(1))
Aq(t)

Ia(Ai (t))
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where I,(A;(t)) = Var(A;:(t))/A;4(t)

L) = 3 (G (5 750

J

7.3.4 System of IDC Equations

By combining (7.3.2)), (7.3.5)) and (7.3.6), we get the system of IDC equations as,

L) = SR (50 + T (i)

To(Aij(t) = La(M;(t)) pij + (1 — pijy) (7.3.7)

These equations can be solved by matrix multiplication. In the matrix form, the

IDC equations can be written as
(E — K()I(t) = H(t), (7.3.8)

where E is the identity matrix of order (2k + k?). H(t) and I(t) are (2k + k%) x 1

column vectors. K(t) = (Kpn(t)) €4 m n € {ay, ...ap, 11, ...app, dy, ...dy }.

I<t) = [[a(Al(t))7 e aIa(Ak(t)»v Ia(Al,l(t))7 R [a(Ak,k(t))a

I(Mq(t)), - - a]d(Mk(t))}T

Noi(t) Aor(2)
R

To(Aox(t)), (1 = p11), (1 = pi2),-- -,

(1= prr), (1 — wi () L(Ma (1)), -+, (1 = Wk(t))fs(Mk(t))]
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[ A (t) A (1) ]
0 0 0 0 0 o 010 0---0
Asa(t) Aga(t)
0 0 0|0 f28- 0 0 %2 0000
Ask(t) Agk(®)
0 0 00 0 ... 0 0 ...32800-.0
0 0 010 0 0 0 0 0 p 0--- 0
0 0 010 0 0 0 0 0 Pz 0---0
0 0 010 0 0 0 0 0 pp0--- 0
0 0 010 0 0 0 0 0 [0 po-- 0
0 0 010 0 0 0 0 0 [0pyy-- 0
K(t) =
0 0 010 0 0 0 0 0 [0 pop-- 0
0 0 00 0 0 0 0 000 pu
0 0 010 0 0 0 0 0 [0 0 ppo
0 0 010 0 0 0 0 0 [0 0 pk
wi(t) 0 010 o0 0 0 0 010 0---0
0 wy(t):-- 00 0 0 0 0 010 0---0
0 0 --wy(t) 0 0 0 0 0 010 0---0

The weight function w;(t) in (7.3.3) involves the term ¢

2

T,

which is the convex

combination of SCV’s of arrival and service processes. To solve (7.3.7), the SCVs
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need to be determined first, which then allows the calculation of the weight function.
For this, the approach used by Whitt and Youl (2022)) is followed.

Let t — oo in the system of IDC equations in . Consequently, the weight
function w;(t) — 1. The limiting value of the IDC corresponds to the SCV, i.e.,
I.(Agi(0)) = 2

a,0,7?

I,(Aji(0)) = 2

a7j7i ’

1,(Ai(00)) = i ; and I4(Ai(00)) = ;. Now

(7.3.7) can be written in terms of this limiting variability parameters as

A An s
2 7,52 2 0,7 2
Cai = Z < A, )Ca,j,z' + < A, >Ca,0,z'

J=1
Caig = Ca; Pig + (1= pig) (7.3.9)
C?l,i = Cg,i

In matrix form, the limiting variability equations can be written as,

(E — K(00))c? = H(c0). (7.3.10)

Theorem 7.3.1. The matriz (E— K(t)) is invertible and IDC equations in
have unique solution

I(t) = (E— K(t))""H(t) (7.3.11)

Also, the set of limiting variability equations in (7.53.1() has unique solution

¢ = (E— K(c0)) ' H(c0) (7.3.12)

This theorem can be easily proved using the Kronecker delta function. Theorem

1 in |Whitt and You| (2022) is proved in a similar manner.



134 Chapter 7

Proof 7.3.1. By substituting and (7.3.5) in (7.5.6]), we get

L) = 3 (F45) (W OLA,0) + (1= wOLOGE) 23+ (1= 1)

Ao ()
0 Io(Ao (1))

+

(7.3.13)

= 30 ()0 o L) + RGO 0) s

J=1

where §; j = 15 the Kronecker delta function. (%) 1s the propor-

1 for i=

tion of customers move from j to i in [0,t]. It always ranges from 0 to 1 and we

have 0 < w;(t) < 1. Therefore <A[{:(g)>w](t) <1 forallt>0.

As assumed in the model description, (I — P') is invertible, coefficient matriz of
I,(Ai(t)) is invertible and we get unique solution for 1,(A;(t)). Then using ,
unique solutions for I;(A;(t)) and I,(A;;(t)) can be obtained. Similarly, ¢* has

unique solution.
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7.4 Performance Measures

Little’s law provides a fundamental relationship between average number of cus-
tomers in a queueing system and waiting time of a customer in the system. This can
be used to approximate and estimate various key performance measures in queueing

systems. A time-varying approximation for Little’s law can be written as,

E(Q:) = \t)E(W,), (7.4.1)

where (); and W; are time-varying approximations for queue length and waiting time
respectively. A(t) is the time-varying arrival rate.

Brumelle (1971) derived a relationship between average workload in a general
queueing system, waiting time of a customer and expected service rate. Using
Brumelle’s formula, an approximation for time-varying workload in the system can

be written as,

. cn (Gl
B(Z) = o' (EW) +0' (0% ),
where p*(t) is the time-varying traffic intensity, p is the service rate and c? is the
SCV of service process.

By approximating E(Z;) in the above equation using Z; from (7.2.3), E(W})

becomes
Zr A+
pr(t)  2p

E(W;) ~ maxA{0, }. (7.4.2)

The time-varying approximation of queue length and waiting time for each station

can be obtained using (7.4.1]) and (7.4.2).
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7.4.1 Network Performance Measures

So far, only the approximations for the performance measures of a single queue have
been discussed. Using these approximations, the total network performance can
also be derived. Suppose that there are various routes for customers who enter the
system. Customers with similar route can be grouped in to a class. Thus, routing is
fixed for a specific class. Let m be the number of classes in a network. It is assumed
that a customer’s waiting time and service time are independent of their class.

Therefore, time-varying approximation for mean sojourn time E(S!) of customer
class [ is,

1

n
E(S}) =Y ni(E(Wy) + ;), 1=1,2,...,m, (7.4.3)
j=1 !

where né is the number of times a customer in class [ visits node j. Since the model
considered here is a feed-forward queueing network, né is always one. E(W,,) is
the time-varying approximation for waiting time at node j before the service begins
and 1/, is the mean service time at node j. And assume that the service time of

a customer does not depend on which class they belongs to.

7.5 Algorithm For Time-Varying Queueing Model

This section presents the general structure of the IDC-based algorithm for deriving
time-varying approximations of network performance measures in a feed-forward

queueing network model.
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7.5.1 Algorithm

Input: Routing matrix P, External arrival rate function A (t), Service rate function
pint=1,2,3.
Output: time-varying approximation for the system performance measures

Step 1: Obtain cumulative arrival rate (A (t)), cumulative service rate (M (t)) and
time-varying traffic intensity (p* (¢)) for each station.

Step 2: Obtain time-varying approximation for traffic equations by .

Step 3: Solve the limiting variability equations using (7.3.9).

Step 4: Obtain IDCs of total arrival processes using

Step 5: For a selected station, obtain IDW by (7.2.5)).

Step 6: Obtain time-varying approximations for mean workload in each station by
(7.2.9)).

Step 7: Obtain time-varying approximations for mean queue length and waiting
time at each station and the average sojourn time in different routes.

In step 3 using the fact that the weight function w; (t) tends to 1 as t tends to
oo to solve the limiting variability equations. Step 4 uses the SCVs obtained from
step 3 to get IDCs for the external arrival and service processes. Based on the rate

functions and IDCs, IDWs and further approximations can be computed.

7.6 Numerical Study

In this section, a three-station feed-forward queueing network model with FCFS dis-
cipline is considered. The algorithm is implemented in this model, and the network
performance is analysed using the time-varying approximations. The specific key
performance measures such as queue length and waiting time of customers in each

queue and average sojourn time in the system are analysed.
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7.6.1 A Three-station Queueing Network Model

In this example, there are three stations, and customer feedback is not allowed.
Here, after service from station 1, customers are split into two and move towards
station 2 and station 3. Superposition of customers from station 2 and station 1

occurs in queue 3.

Departure

s [0 -2 [0

Superpos

SO0

Departure

Figure 7.1: A three-station queueing network model

Let the transition probabilities be, p1o = 0.6, pa3 = 0.7, p13 = 0.4. Customer
departure from the network is possible from station 2 and station 3.
Here, we bring in the time-varying feature focusing on a sinusoidal function as

the external arrival rate function. i.e.,
Xoa(t) =1+0.8 sin(myt), vy =0.1, t > 0.
Then, the cumulative external arrival rate becomes

Aoq(t) = /Ot (1+ 0.8 sin(myu))du.

Let us take the service rate functions at each node to be constant with respect to
time, as puy = 3, o = 5 and pg = 7. Corresponding cumulative service rates become,
M, (t) = 3t, My(t) = 5t and M;(t) = 7t. Cumulative arrival rate for each station can
be obtained as A;(t) = Ag1(t), Aa(t) = Mi(t) p1a and A(t) = Mi(t) p1s+ Ma(t) pas.

Now considering four cases of this network. In each case, there is a set of values
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for SCVs of external arrival process and service processes with the cases labelled as

A, B, C, and D, as shown in Table [7.1}

2
Case Ca01 Cs1  GCs2 G

0.75 0.75 0.75 0.75

B 0.50 1.00 2.25 2.00
C 1.25 0.80 0.80 1.00
D | 200 150 2.00 0.50

Table 7.1: Variability of external arrival distribution and service distributions of four
different cases in the study.

By solving the limiting variability equations in which involves the 15x 15
matrix £ — K (00), we get the vector ¢? for 4 different cases. Then for each case,
obtain IDC, I, (A; (t)) from and hence IDW, I,, (A; (t)) using (7.2.6). The
value of b in ((7.2.9) is chosen as v/2 in order to provide a better approximation, see
Whitt and You (2019). Then the time-varying approximation for mean workload
can be obtained from ([7.2.9).

Figure illustrates time-varying approximation for mean waiting time in each
queue for the cases considered in this study. Similarly, Figure [7.3] presents time-
varying approximation for mean queue length in the stations. The mean queue
length at station 1 is periodic in nature. Since station 3 has low traffic intensity, it
has shorter mean waiting times and queue length. In stations with a higher SCV,

the waiting time and queue are longer.
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Figure 7.2: Mean waiting time for four different cases considered in this study
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Figure 7.3: Mean queue length for four different cases considered in this study

As shown in the network model, customers have three different routes to choose

from. (z) [1] — [2] — [3] (%) [1] — [2] and (4i7) [1] — [3] and the routes are
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denoted by r;, i =1, 2, 3. The average sojourn time for customers in each route is
computed separately and it is depicted in Figure[7.4, As compared to routes 1 and 2,
route 3 has the shortest sojourn time. Customers in route 1 experience the longest
sojourn time among the four cases. The algorithm is implemented and produced

figures using Wolfram Mathematica 12.3.

Average sojourn time Average sojourn time
40 A0+

a0 '30

— I —
L =¥ 20 —_—t
e f 5

0 5 10 15 20 0 5 10 15 20

(a) case A (b) case B

Awerage sojourn time Average sojourn time
40
40 |

30

—h s

|

— [ — T
a0l
r I ra

15 20 o a 10 15 a0

(¢) case C (d) case D

Figure 7.4: Sojourn time in three routes rq, ro and r3 for four different cases consid-
ered in this study

7.7 Summary of the Chapter

Queueing networks, assuming non-Markovian and non-stationary processes can be
applied to various real-world service systems. In this chapter, a time-varying ap-
proximation algorithm is formulated based on indices of dispersion, for approxi-
mating performance measures in a feed-forward non-stationary general queueing
network. The approach involves forward-time construction of workload process in

non-Markovian time-varying queues which facilitate complex network approxima-
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tions.

Decomposition approximations for OQNs can be challenging due to the interde-
pendence of the arrival process on the flow of customers through the network. By
utilizing the system of equations for the index of dispersion (variance-time function)
and considering network operations such as departure, superposition, and splitting,
the interdependence in OQNs can be addressed. Measures like mean queue length,
mean waiting time, and mean sojourn time are crucial for evaluating the performance
of a queueing system. The time-varying approximation of these measures is highly
influenced by the variability in service processes and external arrival processes. The
numerical study provides an understanding of how variability in these processes im-
pacts network performance measures. The developed algorithm effectively discerns

the time-dependent behaviour of an OQN with feedback restricted queues.



CHAPTER 8

FINAL CONCLUSIONS AND
RECOMMENDATIONS FOR FUTURE

RESEARCH

8.1 Introduction

Queueing models are essential tools for analysing and optimizing service systems
where waiting line plays a critical role. However, most large-scale service systems
in real life are influenced by time-varying conditions, such as non-stationary ar-
rival rates, service rates, and other factors that impact overall system performance.
Analysing time-dependent behaviour in such non-stationary queueing systems is
more challenging than studying their steady-state behaviour. This study mainly fo-
cused on transient behaviour of non-stationary queueing systems with time-varying
arrival and/service rates. Developed transient distributional laws related to virtual
workload in single server queues as well as tandem queueing networks with finite
and infinite capacities. When it comes to general non-stationary queueing networks

instead of tandem queueing networks, analytical and approximation methods are of-
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ten required to effectively examine the time-dependent behaviour. So time-varying
approximations for performance measures in such queueing networks are also devel-
oped in order to understand the dynamic behaviour. Python and Mathematica are

the computational tools utilised in this study.

8.2 Summary of the Thesis

Chapter 1 provided the contextualization of the study. It discussed the basic char-
acteristics of a queueing system and introduced relevant notations. The chapter
also covered the concept of a network of queues, its classifications, and network
operations. Additionally, it presented the structural outline of the study.

In Chapter 2, some analytical issues related to complex queueing networks are
discussed. It includes a discussion on non-product form networks and their analytical
complexities, as well as approximation methods and simulation techniques. Other
sources of complexity, such as blocking, feedback, and non-stationarity, are also
considered. A study of applications of queueing networks is also presented.

In Chapter 3, some basic concepts of time-varying queueing systems and the
non-homogeneous Poisson process are discussed. Inferential aspects of the intensity
function of non-homogeneous Poisson process, specifically the maximum likelihood
estimation method, are provided. Simulation and real case studies are conducted
based on the maximum likelihood estimation, and the estimates of the intensity func-
tion are illustrated. Additionally, a brief literature survey is conducted, highlighting
some analytical issues related to the analysis of time-varying queues.

In Chapter 4, the transient distributional relationship between the average work-
load and the customer’s waiting time for a single-server non-Markovian queue with

time-varying arrival and service rates is derived. Data analysis is conducted on
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simulated call centre data using Python, and presented the results.

In Chapter 5, the transient laws for single-server queues discussed in Chapter
4 are extended to a k-station tandem network. Furthermore, an algorithm for
analysing transient performance measures in a k-station tandem queueing network
is developed, and a numerical study is conducted based on the algorithm. The nu-
merical study supported the effectiveness of the algorithm, and the results provided
insights into the transient behaviour of tandem networks, specifically in bottleneck
scenarios.

Chapter 6 dealt with tandem queueing networks with capacity constraints that
influence the flow of entities through the system. It compared two blocking mech-
anisms, blocking-after-service (BAS) and blocking-before-service (BBS), based on
a two-station tandem network with finite capacity on the intermediate queue, and
developed transient performance measures for the system under both mechanisms.
Using a numerical approach, it presented how these mechanisms influence the time-
varying number of patients and virtual workload in the system. The results demon-
strated that the BAS mechanism slightly outperforms the BBS mechanism in reduc-
ing unwanted congestion.

In Chapter 7, general feed-forward open queueing networks with time-varying
arrival rates are considered, and a time-varying approximation algorithm for their
performance measures is developed. Mean queue length, mean waiting time, and
average sojourn time in a feed-forward open queueing network can be effectively ap-
proximated using the algorithm. A numerical study is performed on a three-station
feed-forward open queueing network by computing the time-varying approximation
for performance measures and investigating the influence of variability in arrival and

service processes on the time-varying approximations.
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8.3 Limitations of the Study

While this research offers important contributions to the understanding of non-
stationary queueing models, it is important to recognise its limitations. In this
study, transient analysis is limited to tandem queueing networks and single-server
systems, as analysing the transient behaviour of more complex queueing systems
significantly increases the complexity.

One limitation of this study lies in the validation of the theoretical frameworks
presented. Real data on non-stationary queueing setups, specifically arrival times,
service starting times, and service ending times, are extremely difficult to obtain.
As a result, real data could not be produced for the study. Therefore, synthetic data
were used to validate the results. Simulated data from a call centre were generated
and analysed. However, time-varying arrival data alone is relatively easier to obtain.
To study the inferential aspects, real data on bus arrival times were used.

In the case of networks of non-stationary queues, simulation techniques are chal-
lenging, since the behaviour of the system may not be predictable at each time
interval. To capture these dynamics during simulation, complex modelling and ad-
justments are required. Moreover, simulation of a non-stationary network may re-
quire running simulations over different time intervals with frequent updates, which
can result in greater computational costs and longer simulation times. As a result,
numerical studies were used in this study to validate theoretical results in tandem
queueing networks and to approximate performance measures in general queueing
networks.

In spite of these limitations, the study makes a unique contribution by explor-
ing transient measures in non-stationary queueing models, an area where limited

research exists. Identifying these limitations provides a basis for future research.



Final Conclusions and Recommendations for Future Research 147

8.4 Recommendations for Future Research

Time-varying queueing networks are convenient for modelling extensive service sys-
tems such as healthcare systems, transportation systems and telecommunication.
However, time-dependent performance analysis of queueing systems with time-varying
queues has not received due importance. This study dealt with a similar scenario
and tries to provide further directions for future research. Our primary focus is to
further explore transient performance measures in time-varying queueing systems.
This includes extending the transient distributional laws related to virtual workload
in single-server queues to multi-server queue systems. Additionally, some aspects
involve the implementation of network operations such as feedback and blocking
within the queueing models examined in this study. It has already studied the
impact of blocking on a two-station tandem network of single-server queues with ca-
pacity restriction on intermediate queue. This can be generalized to a more complex
tandem networks. Feedback operation in time-varying tandem queueing networks
is another intriguing area, offering more practical applications. Furthermore, ex-
tending the results to different queueing disciplines are some interesting avenue for
future research. In addition, the approximation algorithm for time-varying general
single-server queueing networks discussed in the sixth chapter can be extended to
multi-server queueing networks, incorporating network operations such as feedback
and blocking. Statistical inferential problems associated with these queueing models

will also form an interesting theme for future research.
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