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CHAPTER 1
INTRODUCTION
1.1. Introduction

A time series is a set of observations generated sequentially in time. The
primary objective of time series modeling is to develop a sample model capable of
forecasting. Examples of time series are annual yield of crop for a particular period,
population of a country during a specified time, total iﬁdustrial production per month
of a country, monthly rainfall at a place, etc. Time series has an important place in the
field of economic and business statistics. The most important use of time series
analysis is to provide an aid to forecasting. For this the methodology developed is to
decompose a time series in to trend, seasonal, cyclical and irreguiar components. An
important feature of time series is that successive observations are usually dependent.
When successive observations are dependent, future values may be predicted from the
past observations.

A statistical phenomenon that evolves in time according to probability laws is
called stochastic process. The time series to be analyzed may be thought of as one
particular realization of the stochastic process. A stochastic model, which can be
extremely useful in the representation of certain practically occurring series, 1s the
socalled autoregressive model. In this model, the current yalue of the process is

expressed as a finite linear aggregate of previous values of the process and a shock



ey. Let us denote the values of the process at equally spaced times n, n-1, n-2,... by
Xn>Xn-1-X4-2,.... Then

Xn = X g+aX, H+.FapX, p+ey (1.1.1)
is called a p™ order autoregressive process. In particular, autoregressive processes of

first order (p = 1) and second order (p = 2) are

Xn a1Xy-1+€y
and Xn = a1Xn_1 + azxn_z +€,
are of considerable practical importance (see Box and Jenkins (1970)). Another kind

of model of great practical importance in the representation of observed time series is

the socalled finite moving average process. Here we make Xn linearly dependent on a

finite number q of previous €'s. Thus
Xn = &5 —bign-1-boeq_3—..—bgen_g (1.1.2)

is called a moving average process of order q.
To achieve grater flexibility in fitting of actual time series, it is sometimes
advantageousto include both the autoregressive and moving average terms in the
model. This leads to the mixed autoregressive-moving average fnodel

Xp = a;Xpq taXp g +otap Xy +&, —biEp g~ —bgEng (1.1.3)
In practice, it is frequently true that adequate representation of actually occurring

stationary time series can be obtained with autoregressive, moving average or mixed

models, in which p and q are not grater than two and often less than two.



The models used in classical analysis of time series are linear in nature.

Moreover the time series {X,} is assumed to be Gaussian sequence (see Box and

Jenkins (1970)). One of the linear stochastic models used in time series analysis is the

p™ order autoregressive model defined in (1.1.1) where fe,} is an innovation

sequence of independent and identically distributed random variables following
normal distribution. But there are situations where the naturally occurring series do
not fit to Gaussian models. In modeling of such non-Gaussian models, the standard
technique is to make a suitable transformation to remove the skewness of the data and
then fit a Gaussian model. But the stringent condition that the transformed sequence
must be Gaussian is very unlikely to be true in practice (see Sim (1990)). As a result,
the time series that does not fit to the Gaussian setup needs a separate treatment.
Recently a number of different models have been introduced for generating non-
Gaussian time series.

In the case of Gaussian first order autoregressive model both {X,} and {e,}
have normal distribution, which is not the case in non-Gaussian models. Identifying
the stationary distribution of X, and innovation sequence {e,} is the problem in
non-Gaussian time series model building. Some of the examples of stationary
solutions having continuous distributions are given in Dewald and Lewis (1985),
Jayakumar et al. (1995), Jayakumar (1997), Jayakumar and Pillai (1993), Lawrance

and Lewis (1980, 1985) and Sim (1986,1987, 1990).



1.2. Minification processes
The study on minification processes began with the work of Tavares (1980).
He developed a first order autoregressive exponential minification process. In his
work, the observations are generated by the equation
Xp = kmin(X,y,e,), n21 (1.2.1)
where k > 1 is a constant and {¢,} is an innovation process of independent and

identically distributed random variables chosen to ensure that {X,} is a stationary

Markov process with a given marginal distribution. Because of the structure of (1.2.1)

the process {X,} is called minification process. Sim (1986) developed a first order

autoregressive Weibull process and studied its properties. Arnold (1993) developed a
logistic process involving Markovian minimization.

Giving slight modifications to (1.2.1), several other minification models have
been constructed so far. Yeh et al. (1988) considered a first order autoregressive
minification process having Pareto marginal distribution. Pillai (1991) extended this to
obtain a first order autoregressive semi-Pareto process. Amold and Robertson (1989)
considered a minification process having logistic marginal distribution. Such

minification processes in general have the structure given by

kX, _ w.Dp.
an{ n-1 p. P

i , 0<px<l,
kmin(X,_j,e,) wp 1-p



where ‘w.p.’ stands for ‘with probability’. Pillai, Jose and Jayakumar (1995)

introduced another minification process having the form

Xp = {8“. WPP o gcp<l
kmin(X, j,e,) wp. 1-p

Jayakumar (1995c) obtained the marginal distribution of a p™ order integer valued
autoregressive process having minification structure and characterized discrete Pareto
type III distribution. Lewis and McKenzie (1991) obtained necessary and sufficient
conditions on the hazard rate of the marginal distributions for a minification process to
exist.
1.3. Integer valued processes

Statistical data which are expressed in terms of counts taken sequentially in
time and which are correlatgd arise in many settings. Examples of these processes are
the number of patients in a hospital at specific point of time or the number of persons
in a queue waiting for service at a certain moment. In each of these examples, an
element of the process at time t can be either the survival of an element of the process
at previous times or an arrival or innovation sequence, which has certain discrete
distribution.

Al-Osh and Alzaid (1987) introduced integer valued autoregressive time series
model analogous to the standard time series model in which they used the definition of

binomial thinning operator introduced by Steutel and van Harn (1979). Let X be a



non-negative integer valued random variable. Then for any a €(0,1), the binomial

thinning operator ‘@ * is defined by

X
a®X = DY (13.D)
=

where {Y;} is a sequence of independent and identically distributed random variables

independent of X such that

P(Yl-_-l) = I—P(Yl=0) = o.

The first order integer valued autoregressive process is defined as

Xp = o®X, 1+e, forn=0,+142 ... (1.3.2)

where {e,} is a sequence of independent and identically distributed random variables
and o ® X, is as in (1.3.1).

The first order integer valued autoregressive process defined above simply
states that the component of the process at time n, X, are (i) the survival of the_
element of the process at time n-1, X,,_; each with probability of survival o and (ii)
elements which entered the system in the interval (n -1, n] as innovation terme, .

Alzaid and Al-Osh (1988) developed first order integer valued autoregressive
process having geometric marginal distributions and studied its properties. Alzaid and
Al-Osh (1990) introduced a p™ order integer valued antoregressive model and studied

its structural properties. Jin Guan and Yuan (1991) developed another p™ order integer
valued autoregressive time series model. Al-Osh and Alzaid (1988) developed integer

valued moving average process and discussed its applications. They have developed



first order integer valued moving average Poisson process and studied its properties
such as regression behavior, time reversibility, conditional and partial correlations.
Also they have extended the integer valued moving average Poisson process to the q™
order case. Pillai and Jayakumar (1995) introduced first order autoregressive discrete
Mittag-Leffler process and studied its properties. Jayakumar (1995a) developed a p™
order integer valued autoregressive time series model having discrete Mittag-Leffler
marginal distribution. Jayakumar (1995b) obtained the stationary solution of a first
order integer valued autoregressive process. Jayakumar (1995¢) introduced a p™ order
integer valued autoregressive process having minification structure and characterized
discrete Pareto type III distribution. For a detailed account of the works on integer
valued models, see McKenzie (2003).

1.4. Mittag-Leffler distribution

Pillai (1990) introduced the Mittag-Leffler distribution and studied its
properties including geometric infinite divisibility and attraction to stable laws. We
say that a random variable X on (0, «) has Mittag-Leffler distribution and write X d
ML (o, o) if its distribution function is

)kl ka ka

(-1
X) = >0, 0<a<l. 1.4.1
Ga() 1221 'd+ka) © ( )

2

For a =1, (1.4.1) reduces to exponential distribution. The Laplace transform of the

ML (o, o) random variable X is



(o 0]
ox() = [e M dFy (x) = L A6>00<asl (142)
0

a
" (&]
c
For the cumulative probability plots of the Mittag-Leffler distribution, see Jayakumar
and Pillai (1993). Lin (1998) proved that the Mittag-Leffler distribution belongs to the

class of distributions with complete monotone derivative. Kozubowski (1998) showed

that the Mittag-Leffler random variable X having distribution function F  (x) admits

the representation X = ZW&/ @ where Z is standard exponential and W, is the

Sin(ar)

positive valued random variable with density f, (x)= (see

an(x* +2xCoson +1)

also Pillai (1988)). The Mittag-Leffler distribution has beén found to be useful in a
variety of situations. For example, Weron and Kotulski (1996) used the Mittag-Leffler
distribution to describe the Cole-Cole relaxation phenomena in Physics. Jayakumar
(2003) used the Mittag-Leffler distribution to model the rate of flow of water in
Kallada River, Kerala, India. For the applications of Mittag-Leffler distribution in
random summation, see Gnedenko and Korolev (1996). For various properties of
Mittag-Leffler distribution, see Jayakumar and Suresh (2003).

The cumulative probability plot of the Mittag-Leffler distribution ML (o, ) in (1.4.1)

fora=10.3, 0.5, 0.7, 0.9 and 1 (with o = 2) is presented in Figure 1.4.1 below.



—

W o

Figure 1.4.1
Cumulative distribution function of ML (0, @) for 6 =2

The probability density function of ML (o, o) for ¢ = 0.3, 0.5, 0.7, 0.9 and 1 (withc =

2) is presented in Figure 1.4.2 below.

Figure 1.4.2
Probability density function of ML (o, a) for c =2



1.5. Discrete Mittag-Leffler distribution

Pillai and Jayakumar (1995) introduced discrete Mittag-Leffler distribution and
studied 1its properties including geometric infinite divisibility, discrete self-
decomposability and attraction to stable laws. The mathematical origin of discrete

Mittag-Leffler distribution can be formulated as follows:

Consider a sequence of independent Bernoulli trials in which the k™ trial has

probability of success %,O <a<l1,k=123,.... Let N be the trial number in which

the first success occurs. Then the probability that N =r is given by

Pr =(1—a(1—%)...(1—r_g)%

(- l)r_loc(oc ~-1).(a-r+1)

r!

The probability generating function of N is given by G(z) =1-(1-2z)*.

Let X;, Xy, ..., X, be independent and identically distributed as N. Let M be geometric
with parameter p, that is, P(M =k) = qkp, k=0,1,2,...,0<p<1,q=1-p. Then X, +
X, + ... + X has generating function

1

P(Z) i} I+ c(l - z)OL

O<as<lo=3 (1.5.1)
p

10



The distribution with probability generating function (1.5.1) is called the discrete
Mittag-Leffler distribution and is denoted as DML (o, a). Note that for o =1, DML (o,
o) reduces to geometric distribution. Pillai and Jayakumar (1995) showed that the
discrete Mittag-Leffler distributions are discrete self decomposable and are normally

attracted to stable law. For other properties of discrete Mittag-Leffler distribution, see

Christoph and Schreiber (2000a, 2000b).

Pillai and Jayakumar (1995) derived an expression for calculating the

probabilities of the discrete Mittag-Leffler distribution. If py =P(X =k), where X is

the discrete Mittag-Leffler random variable, then

Do = 1 Dy = oQ
0= > P1 =
I+o (1+c)?

Pn = l—jg[(?)l)n—l —(g)l)n—z +(§)Pn-3 +---+(-1)n"l(ﬁ)r>oi|-

1.6. Symmetric Linnik distribution

and

For each o € (0,2], the function

o) = 1 {eR, o>0 (1.6.1)

1+ot]|*
is the characteristic function of a symmetric probability distribution called the
symmetric Linnik distribution (SL(c,0)) (see Linnik (1963)). A Linnik random

variable Y defined on R = (-0, o) with characteristic function (1.6.1) admits the

representation Y d Wl/aX, where X is symmetric stable with characteristic function

11



o(t) = exp{— c[tla } and W is a standard exponential random variable, independent of

X. Kozubowski (2000) suggested a method of generating Linnik random variables.
Kotz and Ostrovskii (1996) proved the following mixture representation for one
Linnik law in terms of other. If 0 < B < o < 2, there is a positive valued random

variable Z whose density is

g(x,a,B) = (gjsin(n—ﬁj K ,
T %14+ x%B 4 2xP cos(nﬁ)
o

such that Y = XZ , where X d SL(1, o) and Y d SL(1, B). Lin (1994) proved that

SL(o,a) distributions are self-decomposable and are geometrically infinitely

divisible. He obtained a characterization of the same using closure under geometric

summation and obtained an expression for the density of SL(c,a) random variables

in terms of the Meijer’s G-function (see also, Sabu George and Pillai (1987)).

Kozubowski (2001) discussed the fractional moment estimation of Linnik parameters.

Kotz et al. (2001) discussed the characterizations, stability properties, representations

and methods of generation of Linnik random variables. For thé applications of Linnik

laws in modeling financial data, quality control, astronomy, biological and
environmental sciences, see Kotz et al. (2001).

The probability density function of the symmetric Linnik distribution for a =

0.3, 1.2 and 1.9 (with ¢ = 1.5) is presented in Figure 1.6.1. In Figure 1.6.2, the

12



probability density function of the symmetric Linnik distribution for ¢ = 0.5, 1and 6

(with a = 1.4) is presented.

I
0‘[0 =5 0 5 10

Figure 1.6.1.

Probability density function of symmetric Linnik distribution for ¢ = 1.5.

Figure 1.6.2.

Probability density function of symmetric Linnik distribution for a = 1.4.
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1.7. Symmetric generalized Linnik distribution
Pakes (1998) obtained mixture representations for symmetric generalized

Linnik distribution defined by the characteristic function

B+1
o(t) = 1 , 0<ax<2 B20,6>0. (1.7.1)
1+c|t|a

We denote the random variable X defined on R = (-0, o) having characteristic

function (1.7.1) as SGL(c,a,B). If Xy g denote the random variable with

characteristic function ¢(t) and y(B) the random variable having gamma distribution

with Laplace transform then X, g d (y(B))” “S, where S, is symmetric

(1+A)P+
o .
stable with characteristic function e—Itl . Note that (y(B))l/ @ = yl/B+De yhere U

_ B+
. e X
has the density T

(2+p)

that the generalized Linnik laws belong to Paretian family. For estimation of

(see also, Devroye (1990)). Jacques et al. (1999) proved

parameters of symmetric generalized Linnik laws, see Jacques et al. (1999).
1.8. Discrete Linnik distribution
Devroye (1993) studied the properties of the class of distributions with support

onZ= {0, 1, ...} having probability generating function

B+1
P(z) = [——-—1—} , 6>0, 20, 0<a<l|4<1. (1.8.1)

1+o(1-2)*

14



He named the distribution with probability generating function (1.8.1) as discrete

Linnik distribution. Devroye (1993) showed that the distribution with probability

B+1
generating function {——a—} is distributed as Poisson with parameter
1+(1~-2)

]
(y(B))/X S« where y(f) 1s a gamma (B+1) random variable independent of S, and S, is

a positive stable random variable having characteristic function e“tawith parameter
a. Note that when =0, (1.8. 1) becomes the discrete Mittag-Leffler distribution DML
(o, @) in (1.5.1). Christoph and Schreiber (2000b) studied the properties of discrete
Linnik laws in (1.8.1). They have obtained explicit formula for probabilities of
discrete Linnik distribution. Bouzar (2002) obtained certain mixture representations
for discrete Linnik laws. He showed that the discrete Linnik distribution is a mixture
of negative binomial distribution.
1.9. Burr distribution

Burr (1942) has suggested a number of forms of cumulative distribution
functions, which are useful for fitting data (see also Burr (1968, 1973), Burr and
Cislak (1968), Rodriguez (1977) devoted special attention to one of the forms denoted

by type XII whose distribution function is given by

1

1+ox*

vy+1
Fx(x) = 1—[ } , x>0, o,0,y>0 (1.9.1)

15



where both o and 7y are shape parameters. The probability density function
corresponding to (1.9.1) is
1 1

aY+2'

fx(x) = o(y+Dax®"
6+GX

We denote the random variable X on (0, o) having distribution function (1.9.1) as
Burr (o, o, 7).

The Burr type XII distribution, which gives a wide range of values of skewness
and kurtosis, can be used to fit almost any given set of unimodal data (see
Tadikamalla (1980)). For the relationship between Burr type XII distribution and
various other distributions, namely the Lomax, the compound Weibull, the Weibull-
exponential, the logistic and the Kappa family of distributions, see Tadikamalla
(1980). The distribution function and the inverse distribution function for the Burr
type XII distribution exist in simple closed form. This fact plays an important role in
the selection of a particular family of distributions as a stochastic model in simulation
studies. Since the inverse of the Burr type XII distribution exist in simple closed form,
random samples from this distribution can be obtained by the so-called ‘direct
method’ or the ‘inverse transformation method’. For the applications of the Burr type
XII distribution, see Tadikamalla (1980). Takashi (1965) introduced a multivariate

Burr type XII distribution and studied its properties.

16



15 I T T

0 0.2 04 0.6
c=10 vy=3
Figure 1.9.1.

Density function of Burr (o, a, ) distribution for =10 and y =3

Figure 1.9.2

Density function of Burr (o, a, v) distribution for & =2 and ¢ = 10
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1.10. Random coefficient autoregressive model

Nicholls and Quinn (1982) generalized the model (1.1.1) by allowing a;’s to
be random variables to define a random coefficient autoregressive model. The
sequence §X,} is said to follow the p™ order random coefficient autoregressive model
if

P
Xo = 2(bj+Vip)Xp+eq, n=12,. (1.10.1)
i=1

The following assumptions are made on this model.

o {e,} is a sequence of independent and identically distributed random variables

with mean 0 and variance o2,

J {Zn =(Vl,n>v2,nr--vp,n)} is sequence of independent and identically

distributed random vectors with mean zero and dispersion matrix I".

o {e,}and {Z,} are statistically independent.
o b=(by,b;,..by) is a vector of real constants.

Lawrance and Lewis (1985) used the random coefficient autoregressive model
to generate exponential random variables. Liu (1990) noted that any time series model
exhibiting sharp spikes or occasional bursts of outlying observations suggest the use
of an infinite variance model. In such situations if the state of nature frequently
changes owing to some other influential factors, then it would be more plausible to

use random coefficient autoregressive models with infinite variance. Hutton (1990),

18



Liu (1990) and Basu and Das (1993) considered some situations where random
coefficient autoregressive models are useful.

Use of infinite variance model can be found in the stock market prices. The
factors influencing the stock price like the turn over of a company, its working
environment, its position relative to other competing companies etc. do not always
have the same relative impact on the stock prices. Hence the use vof fixed coefficient
model would be untenable and recourse must be taken for random coefficient
autoregressive models.

Basu and Das (1993) discussed different aspects of random coefficient

autoregressive models with infinite variance. Given n data points, the least square
estimator Bi, i=1,2,.., p of the autoregressive constants for a stationary random
coefficient autoregressive model was obtained by them, when the error g, has a
distribution attracted to a symmetric stable law with a finite first absolute moment.

The first order random coefficient autoregressive model is given by

Xp = (1 +Vip)Xy_1+e,, n=12,... (1.10.2)
We say that model (1.10.2) has a stationary solution if there exists a proper probability
distribution for {e,}. A standard technique developed is, obtaining solution of
(1.10.2) using characteristic function or Laplace transform. A general discussion on
conditions for existence of the model can be found in Dewald and Lewis (1985),

Gaver and Lewis (1980) and Sim (1986, 1990).

19



Ifb; =0, by taking V, , as V,, (1.10.2) becomes

Xp = VX g+, n=12 ... (1.10.3)

1.11. Summary of the Thesis

In the present work, we develop and study nine classes of random coefficient
autoregressive models having symmetric generalized Linnik, symmetric Linnik,
Mittag-Leffler, Burr, Pareto, generalized logistic, logistic, discrete Linnik and discrete
Mittag-Leffler marginal distributions. Applications are also discussed.

The model (1.10.3) is used to construct random coefficient first order
autoregressive symmetric generalized Linnik process. Random coefficient symmetric
Linnik and Mittag-Leffler processes are constructed using the model

Xo = ViXpg+e,). n=12, ... (L1L.1)

Random coefficient first order autoregressive Pareto process is developed using the
equation

X, = Vilmin(X,_;,,). (1.11.2)
The model

X, min(Vy X, _1,€,) (1.11.3)

is used to develop random coefficient first order autoregressive Burr process.
Logistic and generalized logistic processes are constructed using the random
coefficient first order autoregressive models

Xnp = ~InV, +min(X,_y,e,) (1.11.4)

and X5 min(-InV, +X,,_1,€,) (1.11.5)

20



respectively.
Random coefficient integer valued first order autoregressive processes with discrete
Linnik and discrete Mittag-Leffler marginal distributions are developed using the
equations

Xy, = V,®X, 1+, (1.11.6)
and Xg = Vp®Xyg+en). (1.11.7)

In Chapter II, random coefficient first order autoregressive symmetric
generalized Linnik, symmetric Linnik and Mittag-Leffler models are constructed and
their properties are studied. Random coefficient first order autoregressive moving
average process with mixed symmetric generalized Linnik distribution as marginal is
introduced. The symmetric Linnik and Mittag-Leffler processes are extended to deﬁn;
random coefficient first order autoregressive moving average processes.
Generalizations to multivariate distributions are also done.

Random coefficient first order autoregressive minification processes with Burr
and Pareto distributions as marginals are introduced in Chapter III and their properties
are studied. Extensions to multivariate distributions are also done. First order
autoregressive moving average processes with mixed Burr distribution and Pareto
distribution as marginals are also developed.

In Chapter IV, random coefficient first order autoregressive logistic and

generalized logistic processes are developed and their properties are studied. Random
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coefficient first order autoregressive moving average processes with logistic and
mixed generalized logistic distributions as marginals are also developed.

Two random coefficient first order integer valued autoregressive models, one
with discrete Linnik marginal distribution and other with discrete Mittag-Leffler
marginal distribution are introduced and studied in Chapter V. Extensions to
multivariate distributions are also done. Random coefficient first order integer valued
autoregressive processes with mixed discrete Linnik and discrete Mittag-Leffler
distribution as marginals are also developed.

In Chapter VI, the random coefficient first order autoregressive symmetric
generalized Linnik process is fitted to the total industrial production index per month
in USA and 10-month ahead forecasts are obtained.

Algorithms for generating Mittag-Leffler, symmetric Linnik, symmetric
generalized Linnik, discrete Mittag-Leffler and discrete Linnik random variables are
given in the Appendix. Also algorithms for generation of first order autoregressive
symmetric generalized Linnik, symmetric Linnik, Mittag-Leffler, Burr, Pareto,
generalized logistic, logistic, discrete Mittag-Leffler and discrete Linnik processes are
presented in the Appendix. Simulated numerical cumulative distribution function table
of the symmetric generalized Linnik distribution and the density plot of the symmetric
generalized Linnik distribution in comparison with standard normal distribution are

also given in the Appendix.
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CHAPTER 11
SYMMETRIC GENERALIZED LINNIK, SYMMETRIC LINNIK AND
MITTAG-LEFFLER PROCESSES

2.1. Introduction

Many non-Gaussian autoregressive processes were introduced and studied
during the past two decades. Lawrance (1978) developed an autoregressive process
with Laplace marginals. Dewald and Lewis (1985) developed a second order
autoregressive Laplace process. Damsleth and El-Shaarawi (1989) used autoregressive
moving average model with Laplace noise for modeling environmental time series.
Anderson and Arnold (1993) developed an autoregressive process with Linnik
marginals. They have discussed the application of Linnik distribution in the study of
stock price changes. Jayakumar et al. (1995) developed a first order autoregressive

process with Linnik marginals. Pillai (1985) introduced the semi-Linnik distribution

having the characteristic function ¢(t)=——1— where y(t) satisfies the functional

1+y(t)
equation y(t) =ay(bt), 0 <b <1, where a is the unique solutibn of ab® =1,0<a<2.

: ) : 1 .
It can be seen that the solution of the functional equation \U(t)=—\|/(pl/ %t) is
P

—27a

y(t) = |t|a h(t) where h(t) is periodic in In |t| with period (see Pillai (1985)).

This Chapter is based on Jayakumar and Thomas Mathew (2002a), Thomas Mathew
and Jayakumar (2003a).
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When h(t) 1s a constant, semi—Linnik becomes Linnik. Jayakumar (1997) developed
first order autoregressive semi-Linnik process and extende>d it to higher orders.
Jayakumar and Pillai (1993) introduced and studied first order autoregressive Mittag-
Leffler process. Pillai and Jayakumar (1994) characterized a p™ order autoregressive
Mittag-Leffler process using specialized class L property. Jayakumar (2003) studied a
first order autoregressive Mittag-Leffler process and it is fitted to weakly stream flows
of Kallada River, Kerala, India. Even though various authors constructed a number of
autoregressive processes using heavy tailed distributions, not much attention has been
devoted for the study of random coefficient autoregressive models using heavy tailed
distributions as marginals. Thomas Mathew and Jayakumar (2003a) introduced a
random coefficient autoregressive symmetric generalized Linnik model and studied its
properties. They have also studied some properties of symmetric generalized Linnik
distribution. Jayakumar and Thomas Mathew (2002a) introduced a random coefficient

autoregressive model with Mittag-Leffler marginals and studied its properties.

In this Chapter we consider the random coefficient autoregressive model
defined in (1.10.3), that is,

Xy = ViXygt+e, n=12 ... (2.1.1)

A general discussion on the condition for existence of solution of the model (2.1.1)

can be found in Paulson and Uppuluri (1972). They claimed that the model (2.1.1)

considered above arises in the study of retention of a substance in a system when the
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substance is periodically introduced in random quantities and the system periodically
eliminates a random proportion of this substance. Then one may be interested in the
behavior of the quantity of substance present in the system at the end of epoch n-1, n =
1,2,.... Suppose a quantity g, of this substance is introduced during the time interval
(n-1, n] and during the same interval a modification of the quantity X,_; to VX,
takes place. Hence the total quantity of the substance present at epoch n is
Vo X, +€,- More specific examples are described in Vervaat (1979). He considered
the following examples: Let X, denote the balance of a saving account, &, denote
the deposit made just before time n and V, the interest factor which may fluctuate
stochastically with time. In another example, €, is the quanﬁty of radioactive material
added or taken away just before time n and V,, the natural decay of radioactivity. Sim
(1986) has derived some of the properties of the model (2.1.1) and used the model in
modeling hydrological data. Now we look in to some properties of the model (2.1.1).
Consider the model (2.1.1),

X, = VX, +&, n=12 ...
EXy) = E(VaXp-1+en)
= B(Vp)E(Xp-1)+E(en)
Cov(Xp,Xn-j) = EXnXn-j)—EX4)EXn-j)

E(ann-j) = E((VaXnp-1+&n)Xn-j)
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= E(Vn )E(X n-1%n-j )+ E(Sn )E(Xn—j )

E(Va XE(X 01X n-) - EXn1JEXK -y )+
E(Va JE(Xn1 )E(Xn-j )+ E(en JE(Xn-j)-
ol X s) = BVt Xy ECV JE K K
+E(en JBXn-j )~ E(Xn JE(Xa ;)
= E(V, )Cov{Xn_1,Xn_j)+ B(Vy JE(X -1 E(Xs_;)
+E(X ) [Een)-E(X,)]
= E(V,)Cov{Xy_1,Xpn_j)+E(Vy )E(X.n—l JE(X, ;)

+E(X ;) [En) - B(Va)E(Xq1) + Een ).

Therefore,

Cov(Xy, Xn—j) = E(Vq )COV(Xn—bXn-J)

= (E(Vy)Y CovXy i, Xnej)
The correlation coefficient,
Corr(Xy,Xp-j) = pj = (EW)Y, j>o. (2.12)
The joint characteristic function of (X, X ;1) 1S
¢ann+l (tl i t2) — E(eitIXn +ito X, 1 )

- E(C (Vn+1Xn + en41)ity +it1 Xy )
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be,, (£2)] 0, (t1 +vi2)dG(V). (2.1.3)

The random coefficient autoregressive model defined in (1.11.1) can be
considered as a modification to the model (2.1.1) and may be more suitable for the
data considered in Paulson and Uppuluri (1972) because the quantity of substance ¢,
introduced during the time interval (n-1, n] is also viable to the same modification as
that is taking place for the existing quantity of substance X, ;. That is, the total
quantity of substance X, at the epoch n will be V,X,_; + V&, . The same argument
may also applicable to the examples considered in Vervaat (1979). The quantity of
radioactive material added during the time interval (n-1, n] will decay with the same
half life period as that of the existing quantity of radioactive material present there. In
this situation, the new model suggested may be more suitable than the existing one
because the half life period of a radioactive material is the time elapsed for the
material to become the half of the existing total of the radioactive material present in
the system.

Now we consider the model (1.11.1),

X, = V,(Xpq+ey). (2.1.4)

E(Vn )(E(Xn—l ) + E(Sn ))

Cov(Xy,Xn—j) = EXpXp-j)—EXy)EXp-j)

E(Xs)

E(XnXpn-j) = E(VaXp-1+€4)Xn-j)
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= E(Vy B p1Xn-j) + E€nXn-j))
= E(Vn)E(Xqa1Xaej) - B(Xn1)EXn-j))+
E(Va )EXp-)E(Xp-j) + EEnXn-j)).
= E(Vy)Cov(Xy1Xy-j)+
E(Vo)EXn-1)E(Xn-j) + E(en X n-)).
Cov(Xp,Xn-j) = E(Vp)Cov(Xy-1,Xn-j)+E(Vy)E(Xp-1)EXp-j)
+E(Vn)E(enXn-j) ~ E(Xp)E(Xp_j)
= E(Vp)Cov(Xp_1,Xn—j) +E(Vn)E(Xy_DEXp )
+E(Vy)E(£nXn-j) — (B(Va XE(X n1) + E(£ 0 )JE(Xn—j) -
Cov(Xn,Xn,j) = E(Vn)Cov(Xn_l,Xn_j).
CovXp,Xn-j) = (E(Va)P V(Xa-j).
The correlation coefficient
pj = EBW.), j>o
The joint characteristic function of (X, Xus1)
0%, X, (L1 t2) = E(eitlx"+itzx“+1)

E(e Vn+1(Xn + en41)ity +1t1Xy )

E(e (it +Vp4it2) Xy )F_(eVn+18n+1it2 )
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= [ox, (t1+vip)be_ (via WG(V). (2.1.6)

In this work, we consider V,, as power function random variable.

In Section 2, we introduce a first order autoregressive symmetric generalized
Linnik model and study some of its properties. A multivariate generalization is done.
A first order autoregressive moving average mixed symmetric generalized Linnik
model is introduced and a multivariate generalization is done. }In Section 3, first order
autoregressive symmetric Linnik process is introduced and studied. A first order
autoregressive multivariate symmetric Linnik process is developed. First order
autoregressive moving average symmetric Linnik model is introduced. A first order
autoregressive Mittag-Leffler process is introduced in Section 4. A multivariate
generalization is considered. First order autoregressive moving average process with
Mittag-Leffler marginals is introduced.

2.2. First order autoregressive symmetric generalized Linnik process

Consider the SGL(c,a,p) random variable having characteristic function,

B+1
o(t) = ! , 0<a<2, o,B>0 in (1.7.1) and SL(c,0) random
1+0Ma

variable having characteristic function

o(t) = S teR, 0<a<2,06>0in(1.6.1).

b

l+o|t|¢
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Theorem 2.2.1.

Let X, = VyXpq+eg (2.2.1)

where {V,} is a sequence of independent and identically distributed random variables
with probability density function

fy (v) = apvPlo<v<l0<ax<2,p>0 (2.2.2)
and {e,} is a sequence of independent and identically distributed random variables
independent of {V,}. Suppose {X,} is stationary. Then X, d SGL(c,a,p) if and
only if £, d SL(c,0).

Proof:
Consider X;, = V X,_j+¢g,.
In terms of characteristic functions, we have

ox, () = oy x,_, O (1)
1
= ¢, Ofbx__ (v v,
0
Since {X,,} is stationary, we get

1
ox(®) = s, Ofox(VapvPldv. (2.2.3)
0

t
Thatis,  t*Pox(t) = oape, ()|ox(2)z*dz.
0
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Ox () 0e, (© _of
bx® b O -0, 0)

Hence

ox(t)

b <t)exp{ aBj d’eﬂ() }

If {£,}is a sequence of independent and identically distributed SL(c,a) random

variables, we get

B+1
dx (1) =[ ’a} .
1+cM

Conversely, assume that {X;} is stationary SGL(c,o,B)as marginal. Then from

(2.2.3), we have

1 Jl-d)x(vt)aB vt

e, 5 ox()

B+l
1 o
J-[ 1+ O'Itl J B(D ﬁ_ldm
0

1+ oolf*

(1+o|t|°‘)ﬁ+l‘ [t* s

hPB o (l+oz)PH
Taking u= z , wWe get
l+oz
S
e, (1)

This completes the proof. |
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Theorem 2.2.2.

Let Xg =SGL(o,0,B) and for n=123,...
X, = VyXuq+ep

where {V,} is a sequence of independent and identically distributed random variables
with probability density function
fy (v) = v locy<,0<a<2, >0

and {£,} is a sequence of independent and identically distributed random variables
having SL(c,a) distribution, independent of {V,}. Then, the process {X,} is
stationary with SGL (o, ., B) marginals.
Proof:

Consider the process

Xn = Van-l +&,.

" In terms of characteristic functions, we have

ox, () = oy x,; Obe, ()

1
bs, Ofbx__, ()apv*Pldv.
0

Forn =1, we get

1 .
bx, () = b (D] 0x, ()aBvPldv.
0
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Since X d SGL(o,a,B)and {e,} is a sequence of independent and identically

distributed random variables having SL(c, o) we get

B+1
P 1 1
¢x, (1) I apvPlgy.

1+0‘|t|a 0 1+v°‘cr|t|OL
Put v¥ =u. Then

. 1 B+1
ox, () = P J[ ! ] uP~ldu.

1+ cltla' ol 1+ u0'|t|a

Take uclt]a =w. Then,

oft|”* B-1 2
ox,® = B I(w)[lj dw

1+alf® o \I+W 1+w MaBGB'
e
l+cMa
1 -
b, ® = —F [ uPla

1+olf® %P §

p
B 1 | %
1+o)® [P oPB{ 1+](°

B+l
1
1+0'|t|a

Thatis, X; d SGL(c,a,B).
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If X,_1 dSGL(c,a,B), then we get X, éSGL(G, a,B). Thus the process {X,} is

stationary with symmetric generalized Linnik marginals. O
Based on the above Theorem, we define first autoregressive symmetric
generalized Linnik process as follows:

Let X =SGL(0,a,B) and for n=1,2,3,...
Xn = Van_1+8n

where {V,} is a sequence of independent and identically distributed random variables
with probability density function

fy (v) = apv*Plo<v<l,0<a<2B>0
and {£,} is a sequence of independent and identically distributed random variables
having SL(o, o) distribution, independent of {V, }.

Now we study some properties of the stationary first order autoregressive
symmetric generalized Linnik process.

2.2.1. Properties of the first order autoregressive symmetric generalized Linnik

process

The simulated sample path of the first order autoregressive symmetric

generalized Linnik process is presented in Figure 2.2.1.
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Figure 2.2.1

Sample path behavior of first order autoregressive symmetric generalized Linnik
process
The joint characteristic function of (X,,Xp41) 1S

it X, +itp X
¢Xan+l(tl’t2) = E(C 144n T2 n+1)

p+1
1 L 1

= afv*Plgy.
L+[ty|* of 1+]ty + vta|*

This éxpression is not symmetric in t],t, and hence the process is not time reversible.
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The empirical joint distribution of (X,, X,.1) of the first order autoregressive
symmetric generalized Linnik process for a =1.8, ¢ =3 and B = 4 is presented in

Figure 2.2.2.

Figure 2.2.2.
Empirical joint probability density function of (X,,, X;,+1) of first order

autoregressive symmetric generalized Linnik process.

2.2.2. First order autoregressive multivariate symmetric generalized Linnik

Pprocess

Consider the multivariate symmetric generalized Linnik (SGL(g, c, 8) ) distribution

with characteristic function

B+1

! (2.2.4)

bx® =

l+0‘1|t1{a +C)'2|122|0c +...+Gk|tkla

where t=(t;, ty, ..., t) € Ry, 0<a<2,p>0,6>0,j=1,2, ..k,
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and multivariate symmetric Linnik (SL(g, ) distribution with characteristic function

¢ () = ! (2.2.5)

1-!-0'1|t1|OL +0‘2|t2|a +...+0‘k|tk|a .

Theorem 2.2.3.

Consider the process {X,} be defined by

X, = VaX, +e,, 1n=12, ... (2.2.6)
where {V,} is sequence of independent and identically distributed random variables
having distribution function

Fy (v) = v ap>0, 0<v<l, O0O<a<2 B>0

and {gn} is a sequence of independent and identically distributed random vectors on

Ry. Suppose the process {X,} is stationary. Then X, d multivariate SGL(g, a, B) if
and only if g, d multivariate SL(g, o).
Proof:

Equation (2.2.6) in terms of characteristic function is
1
bx (O = ¢ O [ox,  vD fy, (V)dv.
0
That 1s,
1
ox (© = 05, (O [ox  (vaBv*Pldv.
0

If the process is stationary, then
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1
ox(® = g O [ox(VDoBv*Pdv.
0

That 1s,

1

-1
d)X(tl’tZ"“atk) = ¢§n(tl,tz,...,tk)j(b)_((tlv,t2V,...,th)CX.BVOLB dv.

0

Taking z; = 8,-”“2 forj=1,2,.,k, we get

1
dx @t = ¢g_ (B1) [dxBtv)apv*Pldv
0

where § = (0)5,,028,,.,0x5,) .

If tv =u, then
t
t*Pox(81) = aBés (31[oxEuuPdu.
0

Differentiating with respect to t, gives

3ox(Bt)  8og BN  op
0x@) g G 2F-6e, 60).
That 1s,
1-¢g (Bu)
0x@t) = ¢ (at)exp[ aBI—¢—(—u— ]

(2.2.7)

Since €, has the multivariate SL(c, ) distribution with characteristic function (2.2.5),

we get
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B+1
bx61) = [ 14 .
1+3]t

That 1s,

B+1
1
ox@® = : :
N |:1+0’1]t1|a +0‘2]t2la +...+Gk|tk|a}

Conversely, suppose {X,} has stationary multivariate SGL(c, o, ). Then from (2.2.7)

I } dx (v veP] ;
= = v
b © 1T ex®

p+1
1 o
— I( 1+§ltl ] OLBVO'B—ldV

0 1+§lvtla
= 1+8Jt”.
Thatis, ¢, () = —— —
IR P S
Therefore,
1
¢§n (!) = U

L+oly* +olty|* +..+ oyt

2.2.3. First order autoi‘egressive moving average mixed symmetric generalized
Linnik model

Consider the process {X,} defined by
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Xn = KnEn + VnYn-l
Yn = UnYn—l + €n

(2.2.8)

where {£,,} is a sequence of independent and identically distributed SL(o, a) random

variables. {K,}’s are i.i.d Bernoulli random variables such that P(K, = 0) = 6 = 1-P(K,
= 1), {V.} and {U,} are two independent sequences of independent and identically

distributed random variables defined on the interval (0,1) with distribution functions
Fy (v)=v°‘B, Fwn(w)zw“ﬁ, O<v,w<] O<a<2,B>0 and
Y, d SGL(o,a,pB) then {X,} is distributed as mixed symmetric generalized Linnik.
We have from (2.2.8),

b ) = Epenrn)

eE(eVnYn—1 )+ (1- 9)E(e8“+V“Y“" )

1
Thatis, ox () = [0+1-6)0s (O)fy._, (v)upv™Plav.
0

1
bx, ) = b+a-00 ®]foy, (DapvPlav.
0

Put vt = u. Then

t ap-1
b, = -y, o] [Hea O

0 u

du.
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t
L lo+a-o—! [oy,_ (Wapu™du.

P 1+aol{* | 0

1 (-6 1

S S YY) - —
(+olf™)P (1+o]f*)P*!

B g+
bx, () = { 1 } +a-m[ |

1+olf* 1+olf* |

Thus {X,} has mixed SGL(o, o, B) distribution. O

Now we shall study some properties of the first order autoregressive moving

average mixed symmetric generalized Linnik model.

T 2 T
0 Illu. 1 0
I . !
0 50 2 0 50
B=3 =09 c=03 0=05 B=3 =19 6=03 =05
Figure 2.2.3.

Sample path behavior of first order autoregressive moving average mixed
symmetric generalized Linnik process

2.2.4. First order autoregressive moving average multivariate mixed symmetric
generalized Linnik model
Consider the process {X,} defined by

X = Kpg, +VpYo g

n

Y = Uan—l +&,

n

(2.2.9)
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where {g,} 1s sequence of independent and identically distributed multivariate SL(o,
o) random vectors, {K,}’s are independent and identically distributed Bemnoulli
random variables such that P(K, = 0) = 6 = 1-P(K, = 1), {V,} and {U,} are two
independent sequences of independent and identically distributed random variables
defined on the interval (0,1) with distribution functions Fy (v)= voB, Fy, (W)= wob
O<v,w<l, 0<a<2, p>0 thenX, dMultivariate mixed symmetric generalized
Linnik.

We have from (2.2.9),

bx (O = E(e(Kngnw,,X.,_,))

- OE(e VoY )+ - e)E(eEn +Vo Y )

That is,

i

1
bx, [e +(1-0)0, (1‘)“ oy, (v)opvPldv.
0

1
bx,® [e +(1-0)g, Q)] | by, (vHapvPlay.
0

It can be easily shown that

1 1
0x,0= 86— ——+a-0)—L__
U vl sy

That is,
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p
+

1

ox (O = 9{

Lorfu[* +oalta|* +.. +oufu]*

B+1
(1-9){ ! | .

1+0'1|t1|a +0'2lt2|a +...+0‘k|tk|aJ

Thus {X,} has multivariate mixed symmetric generalized Linnik distribution. 0

2.3. First order autoregressive symmetric Linnik process
Now we consider the model (2.1.4).
Theorem 2.3.1.

Let the process {X,} be defined as

(2.3.1)

XO €1 and

forn=12, ...
Xn Vo (X1 +€5)

where {V,} and {e,}are two independent sequences of independent and identically

distributed random wvariables such that VvV, has the distribution function

0 2

Fy (v) = v°, 0<ax<2, 0<v<l. Then the process {X,} is stationary if and only if
g1 d SL(c,a).

Proof:

Denoting the characteristic function of X, and e, by ¢x () and ¢ (1)

respectively, (2.3.1) in terms of characteristic functions 1s
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]
ox,® = [ox._ b (tV)fy (Vdv, (232)
0

where fy (v)is the probability density function of V.

Since Fy (v)= v%,0<a<2, 0<v<l,(2.3.2) becomes

1
ox, (0 = [ox,_, (e, (tV)ov*ldv.
0
Forn=1,

1
[ox, (t)be, (tvyorv*av
0

ox, (1)

Since X d €, we have

1
ox, (1) = I¢§<O (tv)ov®ldv. .
0
Assume that the process {X,,} is stationary. Then
1
bx(® = [ox(av* v,
0

Taking tv = z and on simplification, we get

1

1+ol]*

ox(®) =

Hence €;d SL(c,a).

Conversely, assume that €; d SL(c, ).
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From (2.3.2), we have
1
bx,® = [ox,, e, Wiy, ()dv.
0

Since X d ejand {V, }has the power function distribution with probability density

function fv_ (v):ocv“_l, O<a<2 0O<v<l] forn=1, we get

1
ox, (1) = I dx, ()b, (tv)av a-lyy
0

1

1+olt®
Assuming X, 1 d SL(o,0), it can be shown that X, d SL(c,a). Hence the process

{X,} is stationary. This completes the proof. 0

Based on Theorem 2.3.1, we define first order autoregressive symmetric Linnik

process as follows:

Let Xo = g and
forn=12,.. X, = V,(X,_1+&,)

where {V,} and {,}are two independent sequences of independent and identically

[0

distributed random variables with Fy (v) = v°, 0<as<2, O<v<land g is

distributed as symmetric Linnik SL(o, ).
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2.3.1. Properties of the first order autoregressive symmetric Linnik process

Simulated sample path using 80 observations generated from first order

autoregressive symmetric Linnik process with ¢ = 2 and o = 1.9 and 0.9 are

presented in Figure 2.3.1.

0 0
|
- I _ |
! 0 50 10 0 50
a=19 o6=02 a=09 o=02
Figure 2.3.1.

Sample path behavior of first order autoregressive symmetric Linnik process
The joint distribution of (X,,X,,;) for first order autoregressive symmetric Linnik
model is obtained with the use of characteristic function as

0x. X, (thts) = E(eitIXn+it2Xn+1)
E(eitlxn +ity (Vp Xp +€n41) )
1

= [ox, (t1 +vto)be_, (vip)av*ldv
0

; 1 1
= I av®ldv.
01+G|t1 +Vt2|a 1+0‘|Vt2|a

Thus like the first order autoregressive o -Laplace process of Jayakumar et al.(1995),

the first order autoregressive symmetric Linnik process is not time reversible.
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The graph of the empirical joint distribution of (X,,X,,;) is presented in

Figure 2.3.2 below using simulated series of 10000 observations from the first order

autoregressive symmetric Linnik process.

o
b
-

I U A ) e N
- _»,.»--—<‘"°”“7‘*. T .
\ - . 3 A " _\- . s ~-;_\,9%\
S e N oo,

Figure 2.3.2.
Empirical joint distribution of (X,, Xn+1) of first order autoregressive symmetric Linnik
process

2.3.2. First order autoregressive moving average symmetric Linnik process
The first order moving average symmetric Linnik process is built using a

sequence {e,} of independent and identically distributed symmetric Linnik random

variables in the following manner:
Xpn = WihEp+epa) (2.3.3)

where {W,} is a sequence of independent and identically distributed random variables
independent of {,} with distribution function Fyy (w)=w®, 0<w<1,0<a<2.

Combining (2.3.1) and (2.3.3) and using Theorem 2.3.1 we get.
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Theorem 2.3.2.

Let the process {X, } be defined by

Xn = Wn(Sn + Yn—l ),
Yn = Vn(Yn—l +Zy )

where {Z,} and {,} are two independent sequences of independent and identically
distributed random variables and {W,} and {v,} are also two independent sequences

of independent and identically distributed random variables with distribution function
Fy (W)=w*,0<w<l, O<a<2, F_(v)=v*0<v<l0<a<2 with
e d Yo d Z;. Then the process {Xn} is stationary if and only if &; d SL(c,a).

Proof:

Proof follows easily using the arguments similar to those in Theorem 2.3.1. O
2.3.3. Properties of the first order autoregressive moving average symmetric
Linnik process

The simulated sample path using 80 observations generated from first order

autoregressive moving average symmetric Linnik process is presented in Figure 2.3.3.

2 T 10 T
0 I 'III'lI 0 X II. v"“ .I..II ] ‘l
- 1 _ |
29 50 10, 50
c=05 a=19 c=05 a=09
Figure 2.3.3.

Sample path behavior of first order autoregressive moving average symmetric
Linnik process
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The empirical joint distribution of (X,,,X,;) of the first order autoregressive

moving average symmetric Linnik process is presented in Figure 2.3.4.

Figure 2.3.4.
Empirical joint distribution of (X, X,.1) of first order autoregressive moving
average symmetric Linnik process

2.3.4. First order autoregressive multivariate symmetric Linnik process
We consider the multivariate symmetric Linnik distribution with characteristic
function

Bt by, ty) = 1 (2.3.4)

1400 +0)ta]* + ..+ o [t |*

(t1.t2, .- tg)eRy,0<0<2, 0;>0, i=123,. k.

Consider the process {X, } defined by
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XO = 81 and

Xn = Vn(X, +gy), nxl (2.3.5)

where {gn} is a sequence of independent and identically distributed random vectors

defined on R , {V,} is a sequence of independent and identically distributed random
variables defined on (0,1) such that V, has distribution function,
F, (V)=v*0<v<l0<a<2.

Equation (2.3.5) in terms of characteriétic functions is

bx ® = BlfaCite))

1
[ox _ (t)be () (v)dv. (2.3.6)
0

If the process is stationary with X, d €1, we have
1
ox(® = [o3EE@)dv
.
That is,

1
Otr,ta,nti) = [OX(trvitav, ., tev)ov v
. .

Take t;=5;t , we get
1

(611,828, ..,8kt) = [0 (1tv,8,tv, ..., 55 tv)arv v
0

Substituting tv = s, we get

1
d5() = [o3()as*ds,
0
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I
1+ o(8)

$5 (1)

where ¢(8) = ¢(5;,8,,.. 8y ) .

But 7c® = [%c(1,82,..,8¢) = c(Bit, 85t ..., 5xL).
Hence there exist ;,3,,...,8 such that

1

ds() = ———.
B l+[t| ()

Thus, there exist ay,a,,...,a; such that

b5(t) = ! a>0, i=12, k.

- 1+a1|t1|a +32|t2|a +..+ag Itkla

If Xy d g and g, is multivariate symmetric Linnik, it can be seen that the process is

stationary.
From (2.3.5),
1

2 o1
£ ¢)_(0 (th, tav,... tkv)a v Tdv.

d))_(l (tl, ty, ..oy tk)

! av®ldv

i
O Gy et

[1 royvty|* + vty * +...+ck]vtk|aJ

1

1+0i't1|a +02|t2|a +...+ 0k ltkla

Therefore X, is multivariate symmetric Linnik. By induction, we get {X, } is

multivariate symmetric Linnik.
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Thus we have proved the foilowing Theorem.
Theorem 2.3.3.

Let the process {X, } be defined by

Xo = g and
Xy = Vn(Xn—l’*"gn)

where {gn} is a sequence of independent and identically distributed random vectors defined

forn>1

on Ry, {V,} is a sequence of independent and identically distributed random variables

defined on (0,1) such that V, has distribution function FVn WVM)=v*0<v<l0<a<2.

Then the process {}_(n} is stationary if and only if €;is multivariate symmetric Linnik.
2.4. First order autoregressive Mittag-Leffler process

In Section 1.4, we have discussed the applications of the Mittag-Leffler as an
alternative to exponential distribution. It can be used in a variety of situations where
the exponential distribution is unrealistic. Also, for various values of a in (1.4.1), we
get a number of distributions that are heavy tailed és compared to exponential. These
facts are utilized by various authors for describing some real life situations with
Mittag-Leffler distribution (see Weron and Kotulski (1996), Jayakumar (2003), Kotz
et al (2001)). Here using the model (2.1.4), we introduce a new first order
autoregressive process having Mittag-Leffler  distribution as marginal and study its

properties.
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We have from (1.4.2), the Laplace transform of Mittag-Leffler distribution

ML(o, o) in (1.4.1) is

dx (X)) ,6>0,0<o <1

I U
1+(%)OL
As in Theorem 2.3.1 we get the following result, in the case of first order
autoregressive Mittag-Leffler process.
Theorem 2.4.1.
Let the process {X,} be defined as
Xo = g and for n =1,2,...
Xp = VaXyo1+eg) (24.1)
where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables such that V, has the distribution function
Fy (v) = v% O0<asl 0<v<l. Then the process {X,} is stationary if and only
if &1 d ML(o,0).

Bas}ed on Theorem 2.4.1, we define the first order autoregressive Mittag-Leffler
process as follows:

Let Xo = gpand
forn=1,2, ... Xnp = VpXy-1+g,)

where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables with ~ fy_ V)= ava_l, O0<a<l O<v<l and

£n d ML(o, ).
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2.4.1. Properties of the first order autoregressive Mittag-Leffler process

The simulated sample paths of the first order autoregressive Mittag-Leffler

model (2.4.1) are given in Figure 2.4.1.

0 50
a =07 c=01

Figure 2.4.1a Figure 2.4.1b
Figure 2.4.1.

Sample path behavior of first order autoregressive Mittag-Leffler process
The joint distribution of (X,,X,,) for first order autoregressive Mittag-
Leffler process is obtained with the use of Laplace transform as

¢Xn,Xn+l (A,Ap) = E(e—)\'lxﬂ_I'ZXnH )

That 1s,
\ -1
0%, X,  MA2) = Jox (M +VA2)be  (VA2)av* T dv
0
1
= J' ! av®ldv.
01+0’(7»1+V7\2) 1+o(vAp)*

Thus like the first order autoregressive o -Laplace process of Jayakumar et al.(1995),

the first order autoregressive Mittag-Leffler process is not time reversible.
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The graph of the empirical joint density of (X,,,X4) is given in Figure 2.4.2.
below using simulated series of 10000 observations from the first order autoregressive

Mittag-Leffler process.

Figure 2.4.2.

Empirical jeint density of (X, Xn+1) of first order autoregressive Mittag-Leffler process

2.4.2. First order autoregressive moving average Mittag-Leffler process
The first order autoregressive moving average Mittag-Leffler process is built using a

sequence {&,} of independent and identically distributed Mittag-Leffler random

variables in the following manner.

X, = Wy, +e4) (2.4.2)
where {W, } is a sequence of independent and identically distributed random variables

independent of {&,} with distribution function Fy (W)= w% 0<a<l, O<w<l.
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Combining (2.4.1) and (2.2.2) we define the first order autoregressive moving average
process {X,,} as follows.

Xn = Wupep+ Yy-1)
Yn Vn (Yn—l +Z n )

where {Z,} and {¢,} are two independent sequences of independent and identically
distributed random variables and {W,},{V,} are two independent sequences of
independent and identically distributed random variables such that both have the
power function distribution with distribution functions Fy (w)= w, Fy (v)= v,
O<w,v<] O<ac<l.

Theorem 2.4.2.

Let the process {X, } be defined by

Xn = Wn (en + Yn—l )
Y, = VX,.,+Z,)

n

where {Z,} and {,} are two independent sequences of independent and identically
distributed random variables and, {W,} and {v,} are also two independent

sequences of independent and identically distributed random variables with
distribution function Fy (W)=w®,  Fy (v)=v" O<v,w<l 0<a<l with
g1 d Yo d Zy. Then the process {X, } is stationary if and only if ¢, dML(c,a).

Proof:

Proof follows easily using the arguments similar to those in Theorem 2.3.1. 0O
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2.4.3. First order autoregressive multivariate Mittag-Leffler process

We consider the multivariate Mittag-Leffler distribution with Laplace transform

) ) A3

(A, Ag,..Ag)eRy,0<a<lo;>0,i=123, k.

d)(?\,l,)...z, }“l\) =

Theorem 2.4.3.

Let the process {X, } be defined by
Xp = VpXpg+ey),nxl
where {§n} is a sequence of independent and identically distributed random vectors
defined on R}, {V,} is a sequence of independent and identically distributed random

variables defined on (0, 1) such that V, has power function distribution,
Fy, (v)=v*,0<v<l,0<ac<l, with X, de. Then the process {X,} is stationary if
and only if ¢, is multivariate Mittag-Leffler.

Proof:
Proof follows using the arguments similar to those in Theorem 2.3.3. 0
Remark 2.4.1.

The processes defined in this Chapter can be easily extended to higher order

cases. O
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CHAPTER 111
BURR AND PARETO PROCESSES
3.1. Introduction
The methods used for finding solution to autoregressive models are by using
the generating functions such as L-aplacé transform and characteristic functions. If
these generating functions do not have a closed form expression then this method of
finding solutions fails. But if the survival function of the distribution has a closed
form expression such as Pareto, logistic, Weibull etc. then the autoregressive nature of
the sequen‘ce {X,, } can be studied by using equation (1.2.1), that is,
Xpn = kmin(X, ;,e,), n2l.
Properties of this model are discussed in Alpium (1989), Arnold and Hallett (1989)

and Lewis and McKenzie (1991).

Yeh, et al. (1988) introduced first order autoregressive Pareto model

{X,,n=0,2,.} defined by

Xo = g and forn=1.2,...
rX P

X, :{B n-1 wp. B G.1L1)
min(B7' X1, €5) wp. 1-P

where ‘w.p.’ stands for ‘with probability’, 0<p<1 and {e,} is a sequence of

independent and identically distributed Pareto random variables having survival

This Chapter is based on Jayakumar and Thomas Mathew (2002b)
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function

an(x) S N c,y>0,x>0. (3.1.2)

1+ (g)l/v
The model (3.1.1) can be written as
Xy = min(B7'X .1, Uue,)
where {U,}, is a sequence of independent and identically distributed Bernoulli random
variables with P(U, =0) = B = 1-P(U,=1). Pillai (1991) extended the Pareto process of
Yeh et al.(1988) and studied first order autoregressive semi Pareto process. Balakrishna
(1998) discussed the estimation of the first order autoregressive semi Pareto and Pareto
processes. Balakrishna and Jayakumar (1997) introduced bivariate semi-Pareto distribution
and studied the properties of autoregressive minification models for bivariate random vectors

with bivariate semi Pareto and bivariate Pareto distributions. Alpium and Athayde (1990)

characterized the class of stationary distributions arising out of the model

Xn = Zymax(X,_1,Yy), n21, (3.1.3)
X being any random variable and {Yn }, {Zn }being any sequences of independent random
variables also independent of each other and of Xy and identically distributed with Y and Z,
respectively. This sequence is a generalized version of

Xp = kmax(X;,Y,),n21,
where k is a real constant, 0 <k < I, and {Yn} any independent and identically distributed

random variables studied in Alpium (1989).
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In this Chapter, we introduce and study two random coefficient autoregressive
minification processes, one is with Burr type XII marginal distribution and the other with
Pareto type I1I marginal distribution.

We say that a random variable X on (0, «) has Pareto distribution and write

X d P(o,a) ifit has the survival function

PX>x) = Fx(x) = —i—, a>00>0. (3.1.4)

\Q

1+(3)

c

Even though the Burr type XII distribution (1.9.1) can be used to fit almost any given
set of unimodal data, not much work has been done on time series models with Burr type XII
marginal distributions. Jayakumar and Thomas Mathew (2002b) introduced a random
coefficient autoregressive process with Burr type XII marginal distribution and studied its
properties. In Section 2, we introduce and study first order autoregressive Burr process. A
multivariate generalization is also considered. First order autoregressive moving average
mixed Burr process is developed. In Section 3, first order autoregressive Pareto process is
introduced and studied. A multivariate generalization is done. First order autoregressive

moving average Pareto process is also developed.

3.2. First order autoregressive Burr process
Theorem 3.2.1.

Let the process {X,} be defined as

X, = mn(Vi'X_  i,e,), n=12 .. (3.2.1)
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where {V,} and {&,} are two independent sequences of independent and identically

distributed random variables such that {v,} has distribution function
Fy (v) = v*™,0<v<l, a,y>0. Suppose the process {X,} is stationary. Then
Xy d Burr(o, 0, v) if and only if £, d P(c, ).

Proof:

Denoting the survival function of X, and e, by Fx (x) and F; (x)

respectively, (3.2.1) in terms of survival functions is
— — 1 —
Fx,(®) = F (0)[Fx,_ )iy, (V)dv,
0

where fy (v) = oy v* 1 0<v<l @,y>0is the probability density function

1
Fx (x) = F (%) I Fx_, (xv)oy v gy,
0

Assume that the process {X,,} is stationary. Then
— — 1 —
Fx(x) = Fg (X)J Fy (xv)oy v dv .
0

By taking xv = t, we get
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xR () = arF,, (Of Bt dt.
0

Differentiating with respect to x on both sides and simplifying, we get

Fex) _ Fe,®
Fx (x) an (x)

- -9:—} (1 - an (x))

Thus,

_ x1-F, (u)
Fx(x) = an (x)exp| —~ay j u“ —_ duJ .
0

Sincee,, is Pareto,

Fx(x) =

Conversely, if {X,} is stationary with Burr (o, c,y) distribution as the marginal, then

k) isP (o, ).

1
Fx, () = F ()] Fx, , (xv)fy, (V)dv.
0

1 1

1 _ _[ Fx (xv)ay v¥~

— = o~ dv.
E O, &M
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If v* =w, then

v+l
IO
= - J .
x(l
Taking w —=z, we get
o

Ll @ e

———dz
Fe (x) %)ay g 1+ Z)y+1
fut ¢ —~_ . Thus
1+z

Therefore,
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Hence €, d P(0,a). This completes the proof. N

Theorem 3.2.2.

Let the process {X,, } be defined as
X = min(Vy'Xyg,8q), n=12, ...
where {V,} and {¢,} are two independent sequences of independent and identically
distributed random variables such that {V,} has distribution function
Fy (v) = v¥,0<v<l, a,v>0. If XgdBur(s,a,y) and &, d P(c,a), then
the process {X,, } is stationary with Burr(o,o,y) marginals.

Proof:

We have
— — 1 —
Fx (x) = F (%) j Fx  (xv)ay v lgy
0
Putting n = 1, we get
1

Fy, (0 = F, (x)[Fx, (xv)oy v dv.

v+l

Fy, () = ay v lay
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v+
X (x) = - I oy Vv V.

If v* =w, then

M [ua}

a

Taking W——=z, We get

&

By (x) ( z )y—l( 1 )2 dz '
! H_(G)"- 1+z 1+z (%)GY
Put t = L.Thus,

e
W

= 1 -
Fx,(x) = I yt¥ Lat

e

(H(%)a)yﬂ :

Thatis, X gBurr(c,a,y).
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If X,_jdBurr(o,0,y), then we get X, =Burr(c,a,y). Thus the process {Xn} is

stationary with Burr marginals. G
Based on Theorem 3.2.2, we define the first order autoregressive Burr process
{X,} as follows:

Xo = Bur(o,aq,y) and

g (3.2.2)
forn=12,... X;, = min(V, X;_1,84)

where {V,} is a sequence of independent and identically distributed power function

random variables with distribution function Fy (v) = v¥, 0<v<l a,y>0 and

{n) is a sequence of independent and identically distributed P(o,o) random
variables independent of {V,}.

Now we study some properties of the stationary Burr process 3.2.2.
3.2.1. Properties of the first order autoregressive Burr process

The joint survival function of (X, X,.;) is of the form

FXn,Xnﬂ xy) = P(Xn >X%, Xn+1 >Y)-

= X, >xmin(V X, e0) >Y)

n+l

Sl ~1
= P(Xn > X, Vn+1Xn > Vs€n41 > Y)

1
= Pleye >y)J.P(Xn > X, Xy >Vy)ocyvay'1dv
0

1
= Plegy >y)J‘P(Xn > max(X, vy))ayvay_ldv.
0
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1+(-§-)a 0 1+ma>{(§)a"’a(§)aJ

The joint survival function of (X,, X,.1) of the first order autoregressive Burr

1 ~
oy v¥ldy.

!
) —

FX—n,XnH xy) = y+1

process for a =5, =1 and y = .5 is given in Figure 3.2.1 below.

Figure 3.2.1.

Joint survival function of (X,,, X;+1) of the first order autoregressive Burr process.

Now consider

-1
PXp+1>Xp) = P(nun(Vn+1Xn,sn+1) > Xn)

1
_[P(Xn > VX oyv® ! Plegag > Xy v
0

IP(3n+1 >x /Xy =x)f(x)dx

X

i
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P(ens1 > X)f (x)dx

1 (HDOL(C,)OL i
1(; (H(c)a)wz

_ ]"W“)“(c)a s (1+2)
0 (”(a)a)m (v+2)

y+l
y+2'

O §

I
O = §

Now,

E(XnHXn) ( min( n+1X €n+1)Xn )

= jE(min(v_an . 8n+])Xn ) dG(V)

v

where G(.) is the distribution function of V.

That is,

E(Xn+an) = IE(nﬁn(V_IXn’SnH)Xn)iG(V)

- | ;( (1%, e ) < HE GG ()

where F(x) is the distribution function of Burr(o, o, v) .

= [ [{{minfyx,y) x fHMFGOEG )

vVXy
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where H(y) is the distribution function of P(c, ).

Autocorrelation coefficients of various orders for various values of y (for o = 2.5 and
c = 1) are computed using simulation of equation (3.2.2) (100 runs of length 5000)
and are presented in Table 3.2.1. From the table it can be observed that as the value of

y increases autocorrelation increases.

10 11 12 13 14

(93]
0
w
[+
~
[+
o

iy 1 2

1 44 67 76 B2 8 8 8 91 92 92 92 93 94 94
2 25 46 58 66 72 77 80 8 84 8 8 87 88 .8
3 A1 29 44 54 61 67 M35 7779 80 82 83 84
4 04 18 32 43 52 59 64 67 0 73 75 76 1819
5 02 12 25 36 45 52 57 61 65 67 70 72 78 15
6 .01 08 19 29 38 45 51 55 59 62 65 67 69 T
7 .01 05 15 24 33 40 45 50 54 57 60 .62 65 .67
8 .01 04 1 20 28 35 40 45 49 52 55 58 60 .63
9 0 03 08 16 23 30 36 41 45 48 51 54 56 59
10 0 02 06 13 20 26 32 36 41 44 47 .5 53 .55
11 0 .01 04 10 16 22 28 32 36 40 43 46 49 52
12 0 0 03 07 13 19 24 29 33 36 40 43 46 48
13 0 0 02 05 10 16 .21 25 29 33 36 39 42 45
14 0 0 0 03 08 13 17 21 26 29 33 36 39 42

15 0 0 0 .02 06 10 14 18 22 26 3 33 36 39

Table 3.2.1.

Autocorrelation of various orders ¢j’ for various values of y (¢ =2.5 and 6 =1).
The sample path behavior of the first order autoregressive Burr process is presented in

Figures 3.2.1.
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Figure 3.2.1.

Sample path of the Burr process

3.2.2. First order autoregressive multivariate Burr process

Consider the multivariate Burr distribution with survival function

P(Xl >X1,X2 >X2,...Xk >Xk)=

b

o N\ v+l
2| 4 .+(—L)
Sk

(xl,xz,...xk)eRI, oi,a,y>0,i=12,. k.

Let the process {X,, } defined by

X

n

= min(Vy X, 1,8,).0>1,

100

(3.2.3)

(3.2.4)



where the minimum is component wise, {gn} is a sequence of independent and

identically distributed random vectors defined on R, {V,} is a sequence of
independent and ideuntically distributed random variables defined on (0, 1) such that
{v,} has power function distribution Fy (v) = v¥,0<v<l, a,y>0. Suppose
{gn} has multivariate Pareto distribution with survival function
F, (x 1 .
=n x 08 x [0} e Q
1+(~’—) +(——l) +...+(—1\—)
o1 o2 Ok

Then, equation (3.2.4) in terms of survival functions is

Fx (x) = P(min(VHI_Xn-l,gnbz),ée(xl,XL---Xk)'GRf:-

1
- F ® [Fx_, G W)dv.
0
If the process is stationary, then
— — 1 —
Fx@ = F, & [Fx@)fmv.
0

That is,

1
= = = 1
Fx(x1,Xg, ..»xg) = Fg (x1,%, ...,xk)'fF)_((xlv,xzv, LX)y v Ty
0

Taking | =8}/°° x, forj=1,2, ..k weget

Sj
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1
Fx@®) = F, @) [Fx@wlayvidv,
0
where  §=(87%,85%,...57%).
If xv=t, then

X
x* By (8) = oy Fg, (&%) [Fx@)t*dt.
0

Differentiating with respect to x gives

That 1s,

u

X(1-F; (8
f)_( ®x) = 1_3§n (6x) exp[— oy I [——‘“—(—B—)-] du].
0

Since g, d multivariate P(g, o), we get

1

O T

(& @)

Suppose Xn} in (3.2.4) is stationary multivariate Burr.

Then,
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1
Fx(® = F_ ) [FExEv)fvdv.
0

1 }F_)_((EV)OW v
E® o K®
1 o y+1
= I[_—_11+S); “J ayvow—ldv.
o\1+v™8x
= 1+8x%.
That 1s,
F. (&x) = !
& 1+8x%
Therefore
= 1
an (5) =

Thus, we have proved the following theorem

Theorem 3.2.3.

Let the process {X_n} be defined as

X, = min(Vi'X, j,8,), n=12, ...
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where {gn} is a sequence of independent and identically distributed random vectors
defined on R; and {V,} is a sequence of independent and identically distributed

univariate random variables having distribution function Fy (v) = v%7,
0<v<l, a,y>0. Suppose the process Xn} is stationary. Then X, d Burr(g,a,7)
ifand only if g, d P(g, ). 0

Based on this result, we define the first order autoregressive multivariate Burr
process as follows:

Xo = Burr(g,a,7) and

forn=12,... X & = min(VD—IXn_l,gn)

n

where {V,} is a sequence of independent and identically distributed power function

random variables with distribution function Fy (v) = v¥, 0<v<l a,y>0 and
{gn} 1s a sequence of independent and identically distributed P(c,o) random

variables.
3.2.3. First order autoregressive moving average mixed Burr model

Consider the process {X,}, n=1,2,3, ... defined by

: -1
X, = mn(K,e,,V, Yoo1) (3.2.5)
Yy

-]
= mln(Un Yn—1> En)
where {e,, } is a sequences of independent and identically distributed P(c, o) random

variables, {K,}is a sequence of independent and identically distributed Bernoulli
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random variables such that P(K, = 0) =0 =1 - P(K,, = 1), {V,} and {U,} are two

independent sequences of independent and identically distributed random variables

defined on the interval (0, 1) with distribution function Fy (v) = v®,0<v<],
FUn (u) = ¥’ 0<u<l, a,y>0and Y, d Burr(o,0,7).
We have from (3.2.5),

Fx, (x) = P@min(KpZy, Vg Yp_1)>%).

1
= [B+0-0)P(Zy > %)) [P(¥pg >xv)ory v v,
0

If xv=t, then

P(Y,g > oyt
x*

dt.

Fx, () b+1-8)PzZ, >x)ﬁ
0

X
—é—— e+(1—6)—1—— jP(Yn_l > t)oy t* "Lt
x (1+(§)a) 0

P S 1

BN

Thus {X,} has mixed Burr distribution.

Il

The sample path behavior of mixed Burr(o, a,y) process is given in Figure 3.2.2.
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Figure 3.2.2e. Figure 3.2.2f.
Figure 3.2.2.

Sample path behavior of the first order autoregressive moving average mixed Burr

process
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3.3. First order autoregressive Pareto process

Here we develop a first order autoregressive Pareto process and study its
properties.
Theorem 3.3.1.

Let the process {X,} be defined as
Xo = g and
forn=12, ... X, = Vy'min(X,,¢,) (3.3.1)
where {V,} and {&,} are two independent sequences of independent and identically

distributed random variables such that V, has the distribution function

[0

Fy (v) = v*, a>0, O<v<l. Then the process {X,} is stationary if and only if
g1 dP(o,a).

Proof:

Denoting the survival function of X;, and €, by FXH (x)and Fen (x) respectively,
(3.3.1) in terms of survival function is

FXn x) = _lfxn_l (xv) an (xv) fy_ (v)dv (3.3.2)

[ s L

where fy_ (v) is the probability density function of Vj,.

Since Fy (v)= v*,a>0,0<v<l,(3.3.2) becomes
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Fx,(x) = [Fx_v)F, (v)av*dv

o!.—,»-

Assume that the process {X,, } is stationary. Then

1
Fx (x) J' % (xv) F, (o v*ldy.
0

Since X d€;, we have

Fy(x) = (xv) o v* ldv.

O Gy i
X

That 1s,

x*Fx(x) = [F®ot*ldt.

O ey 4

Differentiating both sides with respect to x and rearranging the terms, we get

X X(X) - (3.3.3)
o F (x) Fx (x)
Writing Fx(x) = ]”11( ) h(x) is monotone increasing with h(0) = 0 and h(e) =
X
o, we get
h'x) _ o
h(x) X
and hence h(x) = cx", ¢ > 0.
= 1 _ 1
Therefore Fx(x) = - . Takec= —.
1+cx® c?
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Hence ¢ dP(c,a).
Conversely, assume that €; d P(c,a) . Using the method of induction, we can see that
the process {X, } is stationary.

From (3.3.2), we have
Fx,® = [Fx, ) F ) fy, (v |
0

Since X dejand {V,} has the Power function distribution with probability density

function fy (v)=«a v* a>0,0<v<], forn=1 we get

1
Fg,(x) = J‘?Xo (xv) F81 (xv) o v&ldv
0

If Xo d ¢p,then

(1+v°‘(—§)a)2

1+l)a.

Assuming X,_; d P(c,a), it can be shown that X, d P(c, o) . Hence the process {X }

_ 1
Fx,(x) = j av®ldy
0

is stationary. This completes the proof. O

Based on Theorem 3.3.1, we define the first order autoregressive Pareto process

as follows:
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XO = 81 and
forn=1,2, ... . (3.3.4)
Xp = Vy min(Xp 1,85 )

where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables with Fy (v) = vY, 0<v<l, a>0

b

and

gn dP(c,a).

3.3.1. Properties of the first order autoregressive Pareto process

The sample path behavior of the first order autoregressive Pareto process with

and a =10, o =1 presented in Figure 3.3.1.

kiRl |

Figure 3.3.1.

2

Ul Il

100

=10 0'—1

Sample path behavior of first order autoregressive Pareto process

From (3.3.4), The joint survival function of (X,, X,.;) of the first order

autoregressive Pareto process is

B x,,, %) = PX;>xXp>y).

= P(X >X,minV, +1(Xn,en+1)>y)

= P(X > X, Vn+1X >y, Vi sn+1>y)
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1
IP(SHH >vy)P(X, > x,X, > Vy)ava_ldv
0

1
= IP(an >V}')P(Xn > max(x,vy)av“'ldv.
0

1 a-1
= o v dv
FXanH (X’Y) .[
0

The joint survival function of (X,, Xu+1) of the first order autoregressive Pareto

process for a =8, o = 1 is presented in Figure 3.3.2. below.

Figure 3.3.2.
Joint survival function of (X,,Xp+1) of the first order autoregressive Pareto

process.
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Consider

P(Xp41 > Xp) =P(V 11 min(Xp,eq41) > Xy )

= IP(V—I min(Xp,ep41) > Xp ) dG(v)

=J'P(V—1Xn >Xn7v_18n+1 >Xn)dG(V)

A\’

- IP(V—ISnH > Xn)dG(V)

= J' I P(epsg >XV) dG(v)dF(x)

XV
where G(v) and F(x) are the distribution functions of V.1 and €, respectively.

Thus,

1
Q=

ool 1 a(o
P(Xp >X,) = av® Idvdx

QO ey
QO Ly
+
<
P
+
4 *
~F
N~
N

© aln(1+ a)
dx.

e

Numerical evaluation of the integral gives the result that P(X ;1 > X, ) converges to 0.645

for all values of 6 and o .
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E(Xn+1Xn) = E(V—l min(Xn,SnH)Xn)

n+l

That is,

= ( n+1)3(mm(xn,€n+l)xn)

E(v;{l)j E(min(x, £, 41 )x )dF(x)

X

E(vV:L, [ minGx, y)x)dFGOdH(y)

Xy

il

= E(VnH)J' [x*dFx)dH(y) + [xydF(x)dH(y) | .

X\ X<y x>y

where F(x) and H(y) are the distribution functions of X, and €, respectively.

That is,

E(Xp+1Xn)= E (n+1)ﬂ(mm(xy)x A" 1%2 a(z)“‘limy
Xy (1+(c)a) ( ( ) )

Autocorrelation coefficient p of various orders for different values of a, are computed using
10000 simulated observations from first order autoregressive Pareto process and is presented

in Table 3.3.1.
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& 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

3 | 0.26 0.13 0.05 0.03 0.02 0.01-0.02-0.01 0.00 -0.01 0.00-0.01 0.00-0.01 -0.01
5 |0.38 0.20 0.09 0.05 0.02 0.01-0.01-0.01-0.01 -0.01 0.00-0.01 -0.01 -0.01 -0.01
7 {043 0.22 0.11 0.06 0.03 0.01-0.01 -0.01 -0.01 -0.01 0.00 -0.01 -0.01 -0.02 -0.01
10 | 0.46 0.24 0.13 0.07 0.03 0.01-0.01-0.01 -0.01 0.00 0.00 -0.01 -0.01 -0.02 -0.01
15 | 0.48 0.26 0.14 0.08 0.03 0.02 0.00-0.01-0.01 0.00 0.00-0.01 -0.01-0.02-0.02
20 | 0.48 0.27 0.14 0.08 0.03 0.02 0.00-0.01-0.01 0.00 0.00-0.01-0.01-0.02-0.02
30 { 0.50 0.27 0.15 0.09 0.03 0.02 0.00-0.01 -0.01 0.00 0.00-0.01-0.01-0.02-0.02
50 | 0.50 0.28 0.15 0.09 0.04 0.02 0.00-0.01-0.01 0.00 0.00-0.01-0.01-0.02-0.02

70 | 0.51 0.28 0.16 0.09 0.04 0.02 0.00-0.01-0.01 0.00 0.00-0.01-0.01-0.02-0.02

Table 3.3.1.

Autocorreiations p;= Corr(Xn,Xu+;) for j =1 to 15 for different values of o and for 6 =1

3.3.2. First order autoregressive moving average Pareto process

The first order moving average Pareto process is built using a sequence {&,} of
independent and identically distributed Pareto random variables in the following

manner.
X, = W;lmin(ey,enq) (3.3.5)

where {W, } is a sequence of independent and identically distributed random variables

independent of {e, } with distribution function Fy (v) = w*, 0<v<l, a>0.

Combining (3.3.1) and (3.3.5) we define the first order autoregressive moving average

process {X,, } as follows:
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-1 .
Xn = W, min(e,, Ypq)

. (3.3.6)
Y, = Vp mn(Y,;,Z,)

where {Z,} and {&,} are two independent sequences of independent and identically
distributed random variables. {W,} and {V,} are two independent sequences of
independent and identically distributed random variables distribution  function
Fy (W) = w* B (v) = v%, 0<w,v<l, a>0.

Theorem 3.3.2.

Let the process {X,,} be defined as

X, = Wylmin(e,, Yp_1)
Yo = Vx—l‘l min(Yp1,Zp )

where {Z,} and {,} are two independent sequences of independent and identically
distributed random variables and, {W,} and {V,} are two independent sequences of

independent and identically distributed random variables with distribution function

Fy (W) = w%, F (v) = v 0<wv<Loa>0 with g5dYodZ;. Then the
process {X,} is stationary if and only if €, dP(c,a).

Proof:
Follows easily using the arguments similar to those in Theorem 3.3.1. 0
The sample path behavior of (3.3.6) is presented in Figure 3.3.3 for a =2, a =10

(with a=1).
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a =10

Figure 3.3.3a. Figure 3.3.3b.

Figure 3.3.3.
Simulated sample path of the first order autoregressive moving average Pareto
process for o =2 and 10 witho =1

3.3.4. The first order autoregressive multivariate Pareto process

We consider the multivariate Pareto distribution with survival function

1
P(Xl >X1,X2 >X2,...,Xk >xk) = - . _,
1+ 2L Z2 ) Xk
C1 G2 Gk

(x1,%2,..xk)eR},a>0,0;>0,i=123, k.

Consider the process {X,} defined by
X, = V;l min(X, 4,€, ), n>0

(3.3.7)

where the minimum is component wise, {gn} is a sequence of independent and

identically distributed random vectors defined on R}, {V,} is a sequence of
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independent and identically distributed random variables defined on (0, 1) such that
V., has Power function distribution, F, (v) = v¥, 0<v<loa>0.
Equation (3.3.7) in terms of survival function is

Fx, (x) = P(inlmin(>_<n~1,§n)>§), x = (x1,x5,.xg)eRy.

1
= IP()—(H—I > §V)P(§n > EV)f(V)dV .
0

If the process is stationary with X, d g, ,we have

Fx() = [Favf(v)dv.

Oty bt

That 1s,
= _ 52 ‘ o1
F(x1,x5,.Xg) = IF (x1v, XV, X V) v dv.

Take x; = §x ,we get

F(8,x,5,%,..8xkx) = [F2(5yxv,8,%v,..8;xv)av* dv .

O ey

Putting xv=t,

X
F(8;x,8,%,..8xx) = —17IF(Slt,82t,...8kt)at°‘_ldt.
X" 9.

Take F(8;x,8,x,..8kx) = Fs(x) forall §eR}.
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Hence

x*Fs(x) = [B(t)ot*dt . (3.3.8)
0

Differentiating with respect to x, (3.3.8) becomes

Writing Fs(x)

we get

ng(x) = x%c(@) where c(8)=c(81,8,...5¢).

That is,

1

F(;x,8,x, ..8kx) = Fs(x) = ——.
B 1+x%c(d)

But x%c(8) =x%c(81,89,...,8) ) = c(81%,87X,..., 8 X)
Hence there exist 8;,8,,...,8 such that

1

F(x) = VRN
- 1+x7¢c(d)
Thus there exist aj,a,,...,a; such that

Fy(x) = ! 5>0, i=12, .. k

>

o, O o
I+a1x) +azx, +..+agxy

If X, dg; and g, is multivariate Pareto, it can be seen that the process is stationary.
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From (3.3.7),

Py G1x2mi) = [F2Gav gy, oo dy

O ey =

X * X * X o«
1+(—l) +(——2—J +...+(—kJ
C1 ) Ok
Therefore X; is Pareto. By induction we get {X_, } is Pareto.

Thus we have proved the following Theorem.
Theorem 3.3.3.

Let the process {X,,} be defined by
X, = Vo min(X, g, ) n>1
where @n} is a sequence of independent and identically distributed random vectors
defined on R}, {V,} is a sequence of independent and identically distributed random
variables defined on (0, 1) such that V, has distribution function, F, (v) = v,
O<v<lo>0, with X, deg;. Then the process {)_(n} is stationary if and only if g 1s

multivariate Pareto.
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Based on Theorem 3.3.3, we define the first order autoregressive multivariate
Pareto process as follows.

XO = g and

forn=1,2, ... (3.3.4)

Xy = Vo minX, g, )
where {V,} is a sequences of independent and identically distributed random variables
with distribution function Fy (v) = v¥, 0<v<l, o>0 and {gn} is a sequence
of independent and identically distributed random vectors defined on R;(’ and

g, dP(o,@).
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CHAPTER 1V
GENERALIZED LOGISTIC AND LOGISTIC PROCESSES
4.1. Introduction
Logistic distribution has attracted the attention of many researchers due to the

application of this distribution in various fields. Balakrishnan (1992) discussed the
application of logistic distribution in population growth, medical diagnosis and public
health. He also discussed the analysis of bio availability data when successive samples
are from logistic distribution. Arnold and Robertson (1989) studied first order
autoregressive logistic process. Arnold (1993) constructed a logistic process using
Markovian minimization. Sim (1993) have developed additive autoregressive models
with logistic marginals. Voorn (1987) obtained characterizations of logistic
distribution using maximum stability. For the properties of logistic distribution, see
Balakrishnan (1992) and Johnson et al. (1995). Even though logistic distribution has
many applications in real life situations not much work has been done on
autoregressive processes with logistic marginals.

Similar to the models studied in Chapter III, we introduce and study the
following two models

X, =min(X, ;-InV,,e,) and

Xn =min(Xn_1,an)—1nVn.
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This is actually a minification version of the models proposed by Helland and Nilsen
(1976) to describe the water density in a sill fjord as well as other phenomenon such
as, for instance, the utility of certain industrial equipments.
Definition 4.1.1.

We say that a random variable X on (-0, o) has logistic distribution and write

X d L(o, o) if it has the survival function

Fx (x)=P(X>x)= ,6>0,0>0. (4.1.1)

l+ce%*

Definition 4.1.2.

We say that a random variable X on (-0, o) has generalised logistic

distribution and write X d GL(c,a,v) if it has the survival function

1

Fx(x) = [ e a,0,y>0. - (412)
[l+ce°‘x]y

U
In Section 2, a random coefficient first order autoregressive process with generalised
logistic marginal distribution is introduced and its properties are studied. A first order
autoregressive moving average process with generalised logistic marginals is

developed. A random coefficient first order autoregressive process with logistic
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marginals is introduced and studied in Section 3 and it is extehded to define first order
autoregressive moving average logistic process.

4.2. First order autoregressive generalized logistic process

Theorem 4.2.1.

Let the process {X,, } be defined as
Xp = min(X,;-InV,,g,), n=12, ... (4.2.1)
where {V,} and {&,} are two independent sequences of independent and identically

distributed random variables such that V, has distribution function
Fy (v = v, ay>0, 0<v<l. Suppose the process {X,} is stationary. Then
Xy d GL(o,a,y) ifand only if &, d L(c,0).
Proof:

Denoting the survival function of X, and &, by FXn (x) and an (x)

respectively, (4.2.1) in terms of survival functions is
pu— —_— l —
Fx, ® = F (0[Fx,  x+hvfy (v)dv,
0

oyv¥ 1 o y>0, 0<v<l is the probability density function of

where fy (v)

Vi

That is,
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1
F-Xn x) = an (x)J.I_*‘Xn_1 (x+Inv)ay v lgy (4.2.2)
0
Assume that the process {X,, } is stationary. Then
— — 1 —
Fx(x) = Fe (x)j Fx (x +Inv)ay v gy, (4.2.3)
0

By taking x+Inv =t, we get

X
e Fx(x) = ay Fe, (x) .[FX (t) e*"tdt.
—00
Differentiating with respect to x on both sides and simplifying, we get
Fx O
Fx (x) F

- o y(l - En (x)).

Thus,

—_— —_— X ——

Fx(x) = F_ (x)exp| oy j (1 —Fe_ (u)}lu :

—00
Since € d L(o,a), we get
1
+1°

(l + ce“x)y

Conversely, let {X,, } is stationary and X, d GL(o,a,Y).

Fx (x)

Then from (4.2.3), we have

1 B L Fyx (x +Inv)oy v

— = — dv
F._(x) Fx (%)

O ey
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L 14oe™ v
= I oy v¥ldy
o1+ 0_eor.(x+lnv)

1/

4

= 1+ce%*.

v+l
1+ce™® -
— ayv® lav.
\1+ovZe™®

Hence e, d L(c, ). This completes the proof. 0
Theorem 4.2.2.
Let the process {X } be defined as
X, = mnX,;~-InV,,e,), n=12, ..
where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables such that {V,} has distribution function
Fy (v) = v o<v<l o p>0.If Xo d GL(o,a,y) and en 4 L(o,0), then the

process {X,} is stationary with GL(o,a,y) marginals.

Proof:
From (4.2.2), we have

1
Fxl (x) = Fel (x)j._l*:xo (x +Inv)ay vrlgy
0

1

1 1 y+1
— ow—ld
1+ ce®* g(l + gex+Inv) ] o Y
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1 1 s )
_ oy
1+ce™* £(1+0'v°‘eax) v

1

(1 +oge%* )erl |

Thatis, X;dGL(o,a,Y).

If X,-1dGL(0,0,7), then we get X, =GL(c,a,y). Thus the process Xa} is

stationary with generalized logistic marginals. 0

Based on Theorem 4.2.2, we define the first order autoregressive generalized

logistic process {Xn }, n=0,1,2,...as follows:

Xo = GL(o,a,y) and
forn=12,.. X;, = min(X,;-InV,,s,)

(4.24)
where {V, } is a sequence of independent and identically distributed power function random

variables with distribution function Fy_ v) = v¥,0<v<l, o,v>0 and {,} is a

sequence of independent and identically distributed L(o, o) random variables independent
of {V,}.
4.2.1. Properties of first order autoregressive generalized logistic process

Now we study some properties of the first order autoregressive generalized logistic

process.

Fx x,,(6Y) = P(Xp>xXp>y).
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= P(Xy >x,min(Xy =1nVp,1,8441) >y)

= P(Xy >xXy =InVp,1 >.8441 > )

1
= Pleps >y)_fP(Xn >x, X, >y+lnv)owvay"ldv
0
1
= Plepy) > y)j P(Xn >max(x,y +In v))ocyvay—ldv.
0
- 1 l 1 ay-1
Fx x &y = I oYV dv.

04
1+ce™ 0(1+max(cemx,vo‘creo‘y))y
The joint survival function of (X,, X,.1) of the first order autoregressive generalized

logistic process is presented in Figure 4.2.1 below.

H

g

BN
3 LA
Buartond

037" A
% X
o T
/ h Nk
0.4 [' Tk
0.2‘*;1 gun o . .
N g
\}='o.4 a=14 o=2

Figure 4.2.1

Joint survival function of (X, Xp+1) of the first order autoregressive generalised

logistic process
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Consider

PXpt1>Xy) = P(min(Xn —ann+l,3n+1)>Xn)

1
= [P(X, >X, +Inv)oyv® ! P(ey g > X, )dv
0

= IP(SHH >x/ X, =x)f (x)dx

X

¥+t
y+2'

Now

E(XpaiXn) = Elmin(Xy ~InV,,p,eni1)Xn)

= IE(min(Xn “'lnvsgllﬁl )Xn) dG(v)

v

where G(.) is the distribution function of V..

We have,

E(XnHXn) = IE(min(Xn"]nV:gnH)Xn)dG(V)

v

”min(x ~Inv, e, 1) xdF(x)dG(v)

vX

where F(x) is the distribution function of GL(o, o, Y) .

= [[[min(x - Inv,y) xdH(y)dF(x)dG(v)

vVXy
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where H(y) is the distribution function of. L(c, o).
10000 observations are simulated from the first order autoregressive
generalized logistic process for o = 1.4 and ¢ = 2, and autocorrelation of lag up to 20

for various values of y is calculated. This is presented in Table 4.2.1 given below.

_V 1 2 3 4 5 6 8 10 14 20 24 30 50 80
j

t |0566 0729 0817 0855 0882 0902 0925 0943 0959 0969 0975 0980 0989 0.993
2 |0318 0532 0668 0728 0778 0812 0855 0888 0920 0940 0950 0961 0977 0.985
3 Jo188 0389 0548 0619 0686 0732 0791 0836 0882 0911 0926 0942 0966 0978
4 10105 0280 0447 0523 0603 0659 0730 0787 0845 0.883 0902 0924 0955 0971
5 [0045 0197 0359 0439 0529 0592 0673 0742 0809 0.856 0.879 0906 0944 0963
6 |0016 0140 0286 0.364 0462 0531 0620 0697 0774 0829 0856 0888 0934 0956
7 0000 0098 0231 0299 0405 0477 0571 0655 0741 0803 0833 0870 0923 0.949
8 loo014 0070 0185 0240 0355 0428 0527 0616 0709 0778 0.811 0853 0913 0942
9 |oo01t 0051 0150 0194 0313 0.385 0487 0580 0679 0755 0790 0.837 0802 0935
10 | 0003 0044 0124 0.159 0278 0346 0451 0546 0651 0732 0769 0820 0892 0928
11 |0003 0037 0103 0130 0247 0312 0418 0514 0623 0703 0748 0804 0882 0921
12 0001 0028 0084 0107 0218 0281 0387 0484 0596 0688 0729 0789 0872 0914
13 |0.003 0026 0073 0091 0197 0255 0360 0457 0571 0667 0710 0774 0.862 0.907
14 | 0011 0017 0058 0076 0176 0231 0335 0431 0547 0648 0692 0759 0853 0.900
15 | 0023 0012 0049 0068 0.162 0211 0313 0408 0524 0629 0675 0745 0843 0.894
16 ]0017 0018 0045 0064 0148 0196 0293 0387 0503 0611 0658 0731 0834 0887
17 | 0007 0028 0048 0064 0.139 0.184 0275 0368 0483 0593 0642 0718 0.825 0.880
18 | 0004 0035 0045 0064 0130 0472 0258 0350 0463 0577 0626 0704 0816 0873
19 | 0007 0033 0040 0061 0120 0160 0241 0332 0445 0561 0611 0691 0806 0.867
20 |oo11 0029 0033 0059 0110 0146 0225 0314 0426 0545 0596 0678 0.797 0.860

Table 4.2.1

Autocorrelation (p;) of lag up to 20 for various values of yfora=1.4and oc=2
The simulated sample path behaviour of the first order autoregressive

generalized logistic process is presented in Figure 4.2.2.
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4.2.2. First order autoregressive moving average mixed generalized logistic
process
Theorem 4.2.3.
Let
Xp = min(K,Z,, Y, 1-InV,)

. 4.2.5)
Yy, = min(Yy~InU,, Z,)

where {Z,} are independent and identically distributed L(o, o) random variables,
K, ’s are independent and identically distributed Bernoulli random variables such that
PK,=0)=08=1-PK,=1), {Vy} and {U,} are two independent sequences of
independent and identically distributed random variables with distribution function
Fv)=v®, Fu)=u®, a,y>0, 0<v,u<land Y, d GL(c, o, y). Then the process

{X.} 1s stationary with mixed generalized logistic distribution.

Proof:
The equation X, = min(Y,;-InV,, K, Z,) in terms of survival functions
1s
1

F,(x) = [B+(1-0)P(Z, >x)”P(Y 1 >x+Inv)oy v ldy.
0

Ifx +1Inv=t, then

X tov
Fx@) = [B+1-0)PE, > )] [ Za1Z0eve Y

—00

dt

e X

1

oYX

1 T oyt
— | [P(Yyy >aye Mt
(1+oe™™ ):l “w

(v

{eﬁu(l-e)
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= O+ (-0) -

+1
(l+c>'e°°x)y (1+ce°°x)y

4.3. First order autoregressive logistic process

Theorem 4.3.1.

Let Xo = g and

andforn=12... X, min(X,_; ~In(V,), e, ~In(V,)) ,

where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables such that V, has the distribution function
Fy (v) = v¥, a>0, O0<v<l. Then the process {X,} is stationary if and only if
g1 dL(c,).

Proof:

Consider

Xy = min(Xp g ~In(Vy), e, ~In(Vy)) 43.1)
Denoting the survival function of X, and g, by —I:‘Xn (x)and ?en(x) respectively,

(4.3.1) in terms of survival function is

FXH x) = ?Xn_l (x+1nv) Fen (x+hnv)f A (V)dv

(= L

where fy_ (v) is the probability density function of V,,.

Since Fy_(v) = v* a>00<v<l1, we get
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1
Fx, (x) = [Fx,_ (x+Inv) F, (x+Inv)ov*dy (4.3.2)
0
Assume that the process {X,,} is stationary. Then
p— 1 — —
Fx(0) = [Fx(x+h)F, (x+lhv)av*ldv.
0
Since Xy d ¢;, we have
— l ——
Fx(x) = J'F)% (x+Inv)av*ldv.
0
—_— x—
That is, e**Fx(x) = IF)Z( (t)a e*dt.
Differentiating both sides with respect to x and rearranging the terms, we get
TRE , 1 (4.3.3)
o F2(x) Fx (x)
Writing Fy(x) = I——h , h(x) is monotone increasing with h(-0) = -« and
+h(x

h(ew) = o, we get

h'(x)
h(x)
and hence h(x) = ce®*,c>0isa constant.
Therefore Fx (x) 1
erefore. X = —
1+ce®®

Taking c= o,,weget XdL(o,0).
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Conversely, assume that ¢, d L{o,a). Using the method of induction, we show that the

process {X,,} is stationary.

Since X deg, from (4.3.2) we get

1
?Xl (x) = I_FXO (x+Inv) Fal (x+Inv) o v*ldv
0

If Xo d #p,then

1
F,® = | 1 o v*idy
0

N
0(1+v°‘cse°‘x)2
1

1+oge**

Assuming X, d L(c,a), it can be shown that X, d L(c,«). Hence the process X,
1s stationary. This completes the proof. O
Based on theorem 4.3.1, the first order autoregressive logistic process is

defined as

Xo = g1 and

forn=12,... . R
X, min(X,_; =In(V,), e, —In(V,))

where {V,} and {&,} are two independent sequences of independent and identically

distributed random variables such that V, has the distribution function

Fy, (v) = v, a>0, 0<v<land g dL(c,0).
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4.3.1. Properties of first order autoregressive logistic process
Simulated sample path behavior of 80 observations from the first order

autoregressive logistic process is presented in Figures 4.3.1.

:]E
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Figure 4.3.1a. Figure 4.3.1b.
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, | - 1
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a=14 o=1 a=19 o=1
Figure 4.3.1c. Figure 4.3.1d.
Figure 4.3.1. |

The simulated sample path behavior of the first order autoregressive Logistic process

The joint survival function of (X, X,+) is

P(Xn > X, Xn4 >Y)

Fx, X, (6 )

P(Xp >x,min(Xp,en41) —In Vi >y)
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= P(Xn >x,Xp >y+InV, 600 >y+1nVn+1)

1
IP(8n+l >y+1IlV)P(Xn >x, X, >y+1thVa_ldV
0
1
= J‘P(8n+1 >y+1nV)P(Xn >max(X,y+lnv)av°“1dv.
0
— 1
FXan+1 (X’Y) = _[ '
0 [1"' max (Geax ,v¥oe® )][1 + Gv“eax]

o v&lay

- The joint survival function of (X,, X,.1) of the first order autoregressive logistic

process for a =8, o =1 is given in Figure 4.3.2. below.

Figure 4.3.2.

Joint survival function of (X;,,Xp+1) of first order autoregressive logistic process

Consider,

PXp41>Xy) = P(mjn(Xn,anH)—annH >Xn)
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= [P(min(Xy,e041) ~Inv > X, ) dG(v)

v

=J'P(Xn —Inv>Xp,e5. ~Inv>X,)dG(v)

v

= [P(ep+1 —~Inv>X, ) dG(v)

\%

= [[P(en+1 >x +Inv) dG(v) dF(x).

Xv

where G(v) and F(x) are the distribution functions of V. and €, .1 respectively.

oo 1] oax
1 aoe
P >Xn) = []

— av“_ldvdx
—wpltVv ce (1+ce°‘x)2

dx.

_ OJ? aln(l+0'eax)
—o (1+cse°‘x)2

4.3.2. First order autoregressive moving average logistic process
The first order autoregressive moving average logistic process 1s built using a

sequence {&,} of independent and identically distributed logistic random variables in

the following manner:

X, = min(e; -InWp, e 1 —InWy) (4.3.4)
where {W,} is a sequence of independent and identically distributed random variables

independent of {¢,,} with distribution function Fy (w)=w®,a>0,0<w<lI.
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Combining (4.3.1) and (4.3.4) we define the first order autoregressive moving average
logistic process {X,} as follows:

Xp = min(e, -InW,, Y, ;-InW,)
Yo, = min(Y,1-InV,,Z,-InVy)

where {Z,} and {&,} are two independent sequences of independent and identically
distributed random variables and {V,},{W,} are two independent sequences of

independent and identically distributed random variables such that both have the
power function distribution Fyy (w)=w%, Fy (v)=v%, 0<v,w<l, a>0.

Theorem 4.3.2.
Let the process {X,} be defined by

Xy, = min(e,-InW,, Y, ;1 -InW,)
Yo, = min(Y,-InV,,Z,-InVy)

(4.3.5)
where {Z,} and {¢,} are two independent sequences of independent and identically
distributed random variables and, {W,} and {V,} are also two independent sequences
of independent and identically distributed random variables with distribution function
Fy_ (W)= w?, Fy (V)= v*, 0<v,w<l a>0 withe, d Yo d Z, . Then the process

{X, } is stationary if and only if&; d L(o, o).

Proof:

Proof follows using the arguments similar to those in Theorem 4. 3.1. O
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The sample path behavior of the first order autoregressive moving average

logistic process is given in Figures 4.3.3.

10

a=04 o=1 a=19 o=1

Figure 4.3.3a. Figure 4.3.3b.
Figure 4.3.3.
Sample path behavior of the first order autoregressive moving average logistic

process
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CHAPTER V
DISCRETE LINNIK AND DISCRETE MITTAG-LEFFLER PROCESSES
5.1. Introduction

One of the assumptions underlying linear stochastic difference equation models
of time series 1s that the noise process generating the observed series is composed of
independent and identically distributed random shocks which are usually, for
statistical convenience, taken to be normally distributed (see Al-Osh and Alzaid
(1988)). It is well known that a linear combination of normal random variables is also
normal. However, observed time series often differ considerably from the familiar
Gaussian realizations, especially when the observations are discrete. In recent years
there has been growing interest in non-Gaussian processes having discrete marginal
distributions.

Discrete variate time series occur in many contexts, often as counts of events,
objects or individuals in consecutive intervals or at consecutive points of time. Some
simple examples are the numbers of accidents in a manufacturing plant each month,
the numbers of patients treated in a hospitals emergency unit each hour, the number of
fish caught in a particular area of sea each week, the number of busy lines mn a
telephone network noted every thirty minutes and the number of lifts in a tall office

building which are fully operational at the start of business each day. Such data may

This Chapter is based on Thomas Mathew and Jayakumar (2003b), Jayakumar and
Thomas Mathew (2004).
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also be arise from the discretization of continuous variate time series. An example of
this is the reduction of daily rainfall volumes to a binary series of ones and zeros, that
is, wet and dry days. See for example, Phatarfod and Srikanthan (1981).

Construction of discrete time series models with Markovian dependence
structure gained importance with the work of Al-Osh and Alzaid (1987). Based on the
concept of discrete self-decomposability, they introduced the first order integer valued
autoregressive model defined in (1.3.2). They studied the distributional properties of
the model and discussed methods of estimation of the parameters of the model. Alzaid
and Al-Osh (1990) and Jin Guan and Yuan (1991) extended the first order integer
valued autoregressive model to p™ order case and studied the properties of the model.

Pillai and Jayakumar (1995) introduced the first order autoregressive discrete
Mittag-Leffler distribution. They defined the first order autoregressive discrete

Mittag-Leffler process as follows:

Let Xo d &
and forn=123, ...
_ {p ®X ;4 wp. p~
POXy1 +Ey wp. 1-p®

where p@®X is defined (in distribution) by its probability generating function
P(1-p +pz)and {sn} is a sequence of independent and identically distributed

discrete Mittag-Leffler random variables. Thomas Mathew and Jayakumar (2003b)

introduced the concept of random coefficient integer valued autoregressive processes

111



and developed a random coefficient first order autoregressive discrete Mittag-Leffler
process. Jayakumar and Thomas Mathew (2004) constructed a random coefficient first
order autoregressive discrete Linnik model and studied its properties.

In the present study, we consider a generalization of the first order integer
valued autoregressive model (1.3.2). Here we replace o in (1.3.2) by a random
variable. In practical situations, we can see that it is reasonable to replace a in (1.3.2)
by a non-degenerate random variable.

For a non-degenerate random variable V defined on (0,1), the operator @
defined i (1.3.1) 1s as follows: Let X be a non-negative integer valued random

variable. Then, for any given V, the binomial thinning operator ‘@’ is defined by
X
VeX = >'Y;
where {Y;} is a sequence of inde;)zelndent and identically distributed random variables
independent of X such that
P(Yi=1) = 1-P(Y;=0) = V.

Let Px(z) = E(ZX) is the probability generating function of the non-

negative integer valued random variable X. Then the probability generating function

X
of VOX = Y'Y is
i=1

Pyox(2) = | E(zVEBX )dG(v)

v
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Y,
= [E/zi® |dG(v).

\Y
\

X
But V&X = >'Y; is binomial random variable withn=Xandp=V.
i=1

X ')Z(:Yi X
Pyex(2) = [| XE|z7 _ZlYi =y £(y) [dG(v)
y=0 1=

A%

X
where f(y)=( )Vy(l—V)X_y,y=0,1,2,....,X.
y

Therefore,

X
Poox @ = | ZE(zy)f(y) dG(v)

viy=0

| (E[ % zY f(y)]] dG(v)
v y=0

{ E(E(ZY ))dG(v)

it

J E((l -v+ Vz)X )dG(V)

A%

= IPX(I—v+vz)dG(v).

v
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Definition 5.1.1.
The' generalized integer valued first order autoregressive model
{Xn,n = O,il,iz,...} 1s defined as
X, = V,®X,+e,, n=12,... (5.1.1)
where {V, } is a sequence of independent and identically distributed random variables
defined on (0, 1) and {e,}is another sequence of independent and identically
distributed non negative integer valued random variables. O
Similar to Al-Osh and Alzaid (1987), the properties of this model can be

studied.

1 (X

EVeX) = IE( SVeX/veX= z)f(z)}iG(v),
0 \z=0

where Z is binomial random variable with parameters X and V.

1 (X
EVeX) = j E(sz(z)}iG(v)
0

z=0

1
[E(B(Z)NG(v)
0

1
JE(XVHG(v)
0

}E(X)vdG(v) |

0
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= E(V)E(X).

1
| (E(v ®X)? - (E(v® X))? )dG(v)

0

Var(V & X)

17 X )
=] ZE((VEBX)Z/V@XH)f(Z)*(VF(X)) jdG(V)
0

\z=0

)
E[%(z%f(z)]—(vE<X>)2)dG<v>

\ \z=0

]
QO Ly =

= }(E(E(Zz ))— (VE(X))? )dG(V)

0

= }(E(X(X —Dv? + XV)— (VE(X))? )dG(V)
0

= }(VZVar(X) +v(l- V)E(X))dG(V)

0

= E(V2 )Var(x) +E(V(1 - V))E(X).
E(Xn) = E(Vo ®Xp1+ep)
= E(V)E(Xp-1)+E(en).
Var(X,) = E(V2Var(X, 1)+ E(V(I- V)E(Xp-1) + Var(ey).

E(Xn—lxn) = E(Xn—l (Vn DXp1 +eg ))
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1
= J.E(Xn-l(v ® Xn—l)'*'Xn—lgn )dG(V)
0
1
= [(BXp-1(v®Xy-1))+E(Xy_180))dG(v).
0

1
COV(Xn—l »Xn ) = J‘(E(Xn—-l (V ® Xn-1 ))" E(Xn-1 )E(V ® Xp-1 ) +
0 ‘

E(Xn—lsn ) - E(Xn—-l )E(Sn ) +
E(Xp-1 )E(V ®Xp-1 ) + E(Xn -1 )E(Sn ) -

E(Xp-1)E(X;))dG(v)

(Cov(Xn_l ,ZWVOX, ) + Cov(Xn_l - )) dG(v)

vVar(X,_1)dG(v).

O ey = O ey =

That is,

Cov(Xy1,Xn) = E(V)Var(X,).
Hence,

Corr(Xy-1.Xn) = p1 = E(V).
Proceeding like this, we get
Con(Xp-1,Xn) = pj = (ECV).

The joint probability generating function of (X,,_1, Xy ) is
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X, (z1,22) = JE((Z f(""' Xz;@x“"‘ e ))dG(v)

v

J‘E((z;" )(zf(“"l z;@xn“l D dG(v)

Px

n-~1»

= Jo{(s (5 - oo

Pe_ (22)|Px__, (z1(1=V +vz2))dG(v).

Next we consider the generalized integer-valued first order autoregressive
model {X,,n=0,%+1,42, .} defined by
Xp = Vp®Xyg+ep), n=12,... (5.1.2)
where {V,} is a sequence of independent and identically distributed random variables
defined on (0, 1) and {e,} is a sequence of independent and identically distributed
non-negative integer valued random variables.
E(Xn) = E(Vn ®Xp-1+en))

= E(Va(E(Xq-1) +E(ep)).

i

Var(Xy) = E(V2Nar(Xy_1)+ElVy (- Vi) EGKa_)

+ E(VI% )Var(an )+ E(vn 1-V, ))E(sn ).

E(Xn—IXn) = E(Xn—l (Vn O Xpq+Vy Ogy ))
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|
= JE(Xn—l (" ® Xn—l)‘l~ Xp-1 (V Dey )) dG(v)
0

1

= [EXn-1(v®Xg-1))+E(Xn-1(v®2,))dG(v).
0

1
COV(Xn—l >Xn) = I(E(Xn—l (V ®Xp-1 ))_ E(Xn—l)E(V ® Xn—l)"‘
0

E(Xn—l (V De, )) - E(Xn—l )E(V De, )
E(Xn—l)E(V ® Xn—l ) + E(Xn—l )E(V ® €n )_
E(Xy1)E(Xy))IGE)

1

= _[(Cov(Xn_l VO X, 1)+ Cov(Xy_1,vDey )AG() .
0

= E(Vn )Var (Xn—l )

The joint probability generating function of (X,_;,X 1) is

PXn—l’Xn (z1, ZZ) = j E((zf(n_l )(z;’@xn_ﬁv@an )) dG(V)
v

= [5{(2% |12, ) Jaow)

= IE(((I—v+vzz)8“ Zf(“"l(l—VﬂLVZz)X“‘lDdG(V)
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- .[Psn (1-v+vzy)Px (211 -V +vz3))dG(v).

v

In Section 2, we introduce and study a first order integer valued autoregressive
model with discrete Linnik marginals. A first order integer valued autoregressive
multivariate discrete Linnik model is developed. First order integer valued
autoregressive moving average mixed discrete Linnik process is introduced. In
Section 3, a first order integer valued autoregressive process with discrete Mittag-
Leffler marginals is developed and extended it to define a first order integer valued
autoregressive moving average discrete Mittag-Leffler process. A first order integer
valued autoregressive multivariate discrete Mittag-Leffler process is introduced.
5.2. First order autoregressive discrete Linnik process

Consider the DL(c,a,B) random variable having probability generating function

p+1
P(z) = _ , |4<L,0<a<l, ¢>0,B20 in (181) and
1+o(l - Z)a

DML(c,0) random variable having probability  generating  function

1 :
Pz) = ——, |4<1, 0<a<l, 6>0in(1.5.1).
1+o(1-2)*
Theorem 5.2.1.
Let Xy = Vpi®X,)+e, (5.2.1)
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where {V,,} is a sequence of independent and identically distributed random variables
with probability density function
af-1

an(v) = ofv O0<v<l0<a<,B>0

and {&,} is a sequence of independent and identically distributed non negative integer
valued random variables independent of {V, }. Suppose {X, } is stationary. Then X,

d DL(o,0,p) ifand only if ¢, d DML(c, ).

Proof:

Denoting the probability generating function of X, and & by Px (z) and

Pe_ (z) respectively, (5.2.1) in terms of probability generating function 1s

1
Px. () = P (2)[Px_,(1-v+va)fy (V)dv.
0

Writing h(z) =P(1-z), we get

1
hx (z) = hg (2)[hx_ (v2)apv®® ldv. (5.2.2)
0
The result now follows using the arguments similar to those in Theorem 2.2.1. O
Theorem 5.2.2.
Let Xo = DL(o,0,pB) and

for n=123,... X, = V,®X,+¢e;,
where {V,} is a sequence of independent and identically distributed random

variables with probability density function.

120



of-1

an(V) = afv 0<v<],0<a<,B>0

and {e,} is a sequence of independent and identically distributed random variables
having DML(c,a) distribution, independent of {V,}. Then, the process {X,} is
stationary with DL(c, a,8) marginals.
Proof: |
Proof follows using the arguments similar to those in Theorem 2.2.2. 0
Based on the above Theorem, we define the first autoregressive discrete Linnik
process {X,},n=0, 1, 2, .. as follows:
Xo = DL(o,0,p) and for n=1,2,3, ...
Xy = Vpa®X,1+¢g,
where {V,} is a sequence of independent and identically distributed random variables
with probability density function

fy (v) = opv*®Pl0<v<10<as<Lp>0

and {e,} is a sequence of independent and identically distributed random variables
having DML(c,a) distribution.

5.2.1. Properties of the first order autoregressive discrete Linnik process

The simulated sample path behavior of the first order autoregressive discrete

Linnik process is presented in Figure 5.2.1.
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Sample path behavior of the first order autoregressive discrete Linnik process

The joint probability generating function of (Xp-1s X, ) is

Py, 1%, (21:22) = IE(( Koo r@ % Jagv)

P, (z7)[Px__ (21(1-V+vz3))dG(V)

B+1
1 1 1 -1
= fl— V| By,
1+0_(1_22)a0 1+0((1—21(I—V+V22))a)
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5.2.2. First order autoregressive multivariate discrete Linnik process

Consider the multivariate DL(g, o, ) distribution with probability generating
function

B+l
1

Py(@) = . _ _ (523)
1+0’1(1'—Zl) +0'2(1—Z2) +...+0’k(l—Zk)

where z = (z), z,, ...,zk)/, 0<ax<1,p>0,0;>0,

zj|<1,j=1,2,..k

Theorem 5.2.3.
Let the process {X,} be defined as

X, = V,®X,;+g,, n=12 ..

n

where {V,} is a sequence of independent and identically distributed random variables
having distribution function
Fy, v = v, 0<v<l 0<a<1 B>0,

{&.} 1s a sequence of independent and identically distributed random vectors. Suppose
the process {X,} is stationary. Then X, d multivariate DL(c, o, 3) if and only if g, d
multivariate DML(c, ). |
Proof follows from the arguments used in Theorem 2.2.3. 0

Based on the above Theorem, we define first autoregressive multivariate

discrete Linnik process { X, n=0,1,2,...} as follows:

Xo = DL(c,0,B) andfor n=1,23,...

e
I

Vn ® }_(n—l + €n
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where {V,} is a sequence of independent and identically distributed random variables
with probability density function

an v) = anaB—1,0<v<l,O<ocSI,B>0
and {gn} is a sequence of independent and identically distributed random vectors
having multivariate DML(g, o) distribution, independent of {V, }.

5.2.3. First order autoregressive moving average mixed discrete Linnik model
Consider the process {X,} defined by

X, = Kugy+V,®Y,

(5.2.4)
Y, = U,®Y,_1+Z,

where {e,} and {Z,} are two independent sequences of independent and identically
distributed DML(o, o) random variables, {K,} is sequence of independent and
identically distributed Bernoulli random variables such that P(K, = 0)=0=1-PK,=
1), {V.} and {U,} are two independent sequences of independent and identically

distributed random variables defined on the interval (0,1) with distribution function
Fy, (v)=vaB, Fu, (u)=uaB, 0<v,u<l, 0<a <1 B>0and Y, d DL(c,0,pB).
We have from (5.2.4),

Px (2) = E(Z(Knsn +Vn®Yn—1))

_ GE(ZVRGBYH‘I ) - G)E(an +V, OY, )
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That is,
Py (z) = b+a—qw%(mﬁpn4afv+v@amﬂﬁmm
0
Taking P(1-z)=h(z),
hx (@) = [6+(1-O)h,, (z)]}hyn_l (vz)oBv®Bldv.
0

Put zv =t. Then

ap-1
(Hapt it

hy () = [0+1-O)h, ()]j Ynl -
z
= ———!—|:9+(1—9) 1 ]}hy (t)aBtaB_ldt.
2°P 1+0z% ] ) n-l
1 1
= 0—————+(1-0)————.
(1+o'z°L)[3 + )(1+0'z°‘)l3+1
B p+
P, @ = e{—L—} +(1—e){——1——} |
1+o(l-2)% 1+o(1-2)%

Thus {X,} has mixed DL(c, 0, ) distribution.

Simulated sample path behavior of the first order autoregressive moving

average mixed discrete Linnik process is presented in Figure 5.2.2.
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Figure 5.2.2a. Figure 5.2.2b.
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Figure 5.2.2. '

Sample path behavior of the first order autoregressive moving average mixed
discrete Linnik Process
5.3. First order autoregressive discrete Mittag-Leffler process
Consider the generalized integer valued first order autoregressive process defined
in (5.1.2).
Let {Xn ,h = O,il,ﬁ,...}is defined as

X, = Vy®Xyq+&q) (5.3.1)
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where {&,} is a sequence of independent and identically distributed non negative

integer valued random variables and {V,} is a sequence of independent and identically

distributed random variable defined in (0, 1). Note that when V, is a degenerate

random variable, which degenerate at o, the generalized integer valued first order
autoregressive model reduces to first order integer valued autoregressive model. We

can see that it is more appropriate to take V, as a non-degenerate random variable.
Theorem 5.3.1.
Let the process { X,, } be defined as
Xo = g and
forn=1,2, .. Xg = Vp®Xyg+eq) (5.3.2)

where {€,} is a sequence of independent and identically distributed non negative

integer valued random variables and {V,} is a sequence of independent and identically
distributed random variable defined in (0, 1) such that {V,} has power function

distribution Fy (v) = v®, 0<a<l, 0<v<l. Then the process {X,} is

stationary if and only if &, d DML(c,a).

Proof:

Let Px_(z) and Pg_ (z) be the probability generating function of X, and €,

respectively. We have,

E(ZXn) _ E(Z(vn@xn_ﬁvnea en))
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1 :
= JPXn—l (A-v+vz)P (1-v+ vz)f(v)dv.
0

That 1s,

1
Px (z) = I Px (-v+vz)P (I-v+ vz)owa_ldv.
0

(5.3.3)
Forn=1, we get
| .
Px, (z2) = IPXO (I-v+vz)P (1-v+ vz)ocvc"—1 dv
0
If {X, } is stationary, then
1
Px(z) = J'PDZ( (1=-v+vz) av®ldv.
0
Let Px(1-z) = hx(z). |
1
Then hx(z) = _[h%( (vz)ocvm_1 dv.
0
Proof now follows using the arguments similar to those in Theorem 2.3.1. 0

Based on Theorem 5.3.1, we define the first order autoregressive discrete

Mittag-Leffler process as follows
XO = g and

forn=1,2, ... Xop = Vpi®X,y-1+en)
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where {V,} and {¢,} are two independent sequences of independent and identically

distributed random variables with V, having distribution function Fy (v) = v%,

0<v<l,0<a<1 and g, distributed as DML(oc, o).

5.3.1. Properties of the first order autoregressive discrete Mittag-Leffler process
The simulated sample path behavior of the first order autoregressive discrete

Mittag-Leffler process is given in Figure 5.3.1.

0 -1

20— h

l . I||I.| III.L i by Iml.. .
50

=04 o=12 "a=09 oc=12

Figure 5.3.1a. : Figure 5.3.1b.

‘ il Ll \IM
0 50

a=04 o0=22 a=09 o=22

Figure 5.3.1c¢. Figure 5.3.1d.
Figure 5.3.1.

Sample path behavior of the first order autoregressive discrete Mittag-Leffler
’ process
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The joint probability generating function of (Xp_1, X, ) is

Px. 1.X, (1.22) IE(( n-1 )( YOXp-1+vey ))dG(v)

[P (1=v+vzy)Px_ (z1(1-V +vz2))dG(V).

A\
1 B+1
1 -1
I av®dv.
l+0'va(l z7)* \1+o(l-z(1- v+vzy))®

5.3.2. First order autoregressive moving average discrete Mittag-Leffler process

The first order autoregressive moving average discrete Mittag-Leffler process
is built using a sequence {¢,} of independent and identically distributed discrete
Mittag-Leffler random variables in the following manner:

Xp = W, 0(E,+¢,4) (5.3.4)
where {W, } is a sequence of independent and identically distributed random variables
with distribution functions FWn (w) = w® 0<a<l, O<w<l.

Combining (5.3.2) and (5.3.4) we define first order autoregressive moving average
discrete Mittag-Leffler process { X, } as follows:

Xp = Wp®(en+Yy-1)

- (5.3.5)
Yo = Vi €B(Yn—l"'zn)

where {Z, } and {e,} are two independent sequences of independent and identically

distributed non negative integer valued random variables and {W, }, {V,} are also
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two independent sequences of independent and identically distributed random
variables  with  distribution  function Fy (W) = we, Fy, (v)= vY,
O<w,v<l,0<ac<l.

Theorem 5.3.2.

Let the process { X, } be defined by

Xy = W, ®(ep+Yo)
Y, = V, ®Yp+Zy)

where {Z,} and {¢,} are two independent sequences of independent and identically

distributed non negative integer valued random variables and {W,_ }, {V,} are also

two independent sequences of independent and identically distributed random

a

variables with distribution function Fy (w) =w,Fy (v) = v, 0O<w,v<],

O<a<l with €,dYgdZ;. Then the process {X,} is stationary if and onmly if
g d DML(c, ).

Proof:
Proof follows easily using arguments similar those in Theorem 5.3.1. O
5.3.3. First order autoregressive multivariate discrete Mittag-Leffler process
Consider the multivariate discrete Mittag-Leffler distribution with probability
generating function

1
1+0;(1-2))% +6y(1-2)* +.. 40, (1-2)*

PX(ZI’ZZ’”"Zn)= (536)

131



|z|$1, 0'j>0,j=1,2, .k O0<a<l,

1
Define hX(Zl,Zz,---,Zk) =

- " " , Where

hx(@ = Px(1-2), z=(z1,23,.2k) [zj|<1j=12,.k and 1=(@L...1)
Consider the process { X } defined by

A g1 and

X = Vne(Xn—l+§n)> n>1

(53.7)
where {g, } is a sequence of independent and identically distributed random vectors

defined on Z; , { V } is a sequence of independent and identically distributed random
variables defined on (0, 1) such that {V,} has power function distribution
Fy (v) = v, 0<v<]0<as<l,
Representing the probability generating function of { X } and {g, } by P)_(n (z) and

Pz_;n (z) respectively, equation (5.3.7) in terms of probability generating function is

1
P)—<n (Z) = J‘Pz_(n—l ((l - V)l + VZ) P§n ((l - V)l + Vg)ava_ldv .
0

1 (5.3.8)
As in Theorem 5.3.1, we get the following result.

Theorem 5.3.3.
Let the process { X, } be defined by

Xo = g  and
, n>1
Xn = Vn ®()_(n—l +§n)
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where {¢_} is a sequence of independent and identically distributed random vectors

defined on Z;, {V,} is a sequence of independent and identically distributed random
variables defined on (0, 1) such that Vv, has power function distribution
Fy (v) = v, 0<v<l0<ax<l. Then the process {X, } is stationary if and only if

g is multivariate discrete Mittag-Leffler. 0
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CHAPTER VI
APPLICATIONS

6.1. Introduction

Forecasting is very important in many type of organizations since prediction of
future events must be incorporated in to the decision making process. The government
of a country must be able to forecast such things as air quality, water quality,
unemployment rate, inflation réte and welfare payments in order to formulate its
policy. University must be able to forecast students enrolment in order to make
decisions concerning the faculty resources and housing availability. Business firms in
particular require forecast of many events and conditions in the phase of their
operation. In marketing departments, reliable forecast of demand must be available so
that sales strategies can be planned. In finance, interest rate must be predicted so that
new capital acquisitions must be planned and financed. In personal management,
férecasting of number of workers needed in different job categories are required in
order to plan job recruiting and training programmes. In production scheduling
prediction of demand for each product line are needed. Production process control
requires forecast of future behavior of the process. Strategic management requires
forecast of general economic conditions such as price and cost changes, technological
change, market growth, etc.

In forecasting events that will occur in future, a forecaster must relay on

information concerning events that have occurred in the past. That is, in order to
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prepare a forecast, the forecaster must analyze past data and must base the forecast on
the result of this analysis. Forecasters use past data in the following way: First the
forecaster analyses the data in order to identify a pattern that can be used to describe
it. Then this pattern is extrapolated or extended in to future in order to prepare a
forecast. A forecasting technique cannot be expected to give good predictions unless
this assumption is valid. If the data pattern that has been identified does not persist in
future, the forecasting technique being used is likely to produce inaccurate
predictions. A forecaster should not be surprised by such situations, but must try to
anticipate when such a change in pattern will take place so that appropriate changes in
the forecasting system can be made before the prediction become too inaccurate.
Lawrance and Lewis (1985) used nonlinear time series models in exponential
variables for modeling wind velocity data. Sim (1987) fitted a first order
autoregressive moving average mixed gamma process to monthly stream flows of the
Perak River in Malaysia. Sim (1994) developed a model building approach that
consists of model identification, estimation, diagnostic checking and forecasting and
used the same for modeling some non-normal time series.

The time series data are often examined in hopes of discovering a historical
pattern that can be exploited in the preparation of a forecast. It is often convenient to
think of a time series consisting of several components, trend, cyclical variation,

seasonal variation and irregular fluctuations. Trend refers to upward or down ward
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movements that characterize a time series. Thus trend reflects the long run growth or
decline in time series. Cycle refers to recurring up and down movements around trend
levels. These fluctuations can have a duration of anywhere from two to ten years or
even longer measured from peak to peak or trough-to-trough. Cyclical fluctuations
especially in agricultural field might reflect changes in weather cycle, which repeat
yearly. Irregular fluctuations are erotic movements in a time series that follows no
recognizable regular pattern.‘ Such movements represent what is left over in the time
sires after eliminating trend, cyclical and seasonal variations. It may also be caused by
the errors on the part of time series analyst. If the data considered is a time series data
the time ordered fluctuations might be autocorrelated. In such cases we shall remedy
the problem by modeling the autocorrelated error terms using autoregressive
processes.

In Section 2, the total industrial production index in USA is considered and it is
fitted"to random coefficient first order autoregressive symmetric generalized Linnik
process developed in Chapter II and forecasting is done for the next 10 months.

6.2. Industrial production index in USA

We consider total industrial production index per month, in USA (Data is taken
from the web sight www.economagic.com). The data consist of 1022 observations
from January 1919 to March 2004. Time series plot of the data ({A,}) is provided in

Figure 6.2.1 below. From the graph it can be seen that the production per month
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increases very slowly then a little fast and then faster. Thus we can notice an upward

trend in the time series data.

2:00 4:00 6:00 8:00 l(;OO
Figure 6.2.1.
Time series of the total industrial production per month in USA
The non stationary historical series is made stationary by taking the first order
difference of the historical data {A,} under consideration and denote it by {B,}. A
time series plot of the first order difference of the historical data is given in Figure
6.2.2,

Figure 6.2.2.

Time series of the first order difference of the total industrial production per
month in USA
The average of the data is found to be 0.106 and the standard deviation 0.402. By

subtracting the mean and dividing by standard deviation, we standardize the data. The

plot of the standardized data ({X,}) is given in Figure 6.2.3.

137
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Figure 6.2.3.
Time series plot of the standardized data

We can see that at the initial stage the fluctuations are small but as time
increases larger fluctuations are observed. It indicates the growth of the series and
consecutively the growth in fluctuations. One more thing that can be observed is the
occasional large fluctuations and often very small fluctuations, which indicate heavy
tail characteristic. Therefore we can conclude that the data can be modeled by a heavy
tailed distribution. The autocorrelation structure of the sequence {X,} indicates that an
autoregressive process can model the data. Next we shall examine whether the data
can be modeled by a heavy tailed distribution. For that we construct the histogram of
the data and is given in Figure 6.2.4a and the cumulative frequency curve in Figure
6.2.4b. Now we consider the random coefficient first order autoregressive generalized

Linnik process in Chapter I1.
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Figure 6.2.4.
Histogram and empirical cumulative distribution of the standardized historical
data {X,}

We propose a method for fitting the process and it is as follows: The value of a,
o and f are estimated from the data using the procedure suggested in Jacques et al.

(1999) and 1s obtained as a = 1.99, ¢ = 0.65 and B = 0.34. The correctness of the

procedure can be examined as follows:
Our symmetric generalized Linnik model is

Xo = SGL(o,q,B) and

Xn = VpXpo1te,,n=1273, ... (6.2.1)
where {V,} 1s a sequence of independent and identically distributed power function
random variables with probability density function fy (W =apv® ! 0<v<1, 0<

a <2 and B > 0 and {g,} is a sequence of independent and identically distributed

symmetric Linnik SL(o,a) random variables independent of V.
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If we consider the standardized sequence as {X,}, then its distribution should
be symmetric generalized Linnik. If the distribution of X, is symmetric generalized
Linnik then by Theorem 2.2.1 the distribution of &, should be symmetric Linnik. From

{Xoh}, {€n} can be obtained as e, =X, — V,X,,_;. If we prove that the distribution of
g, 15 symmetric Linnik then by Theorem 2.2.1 the distribution of X, is symmetric

generalized Linnik. Therefore for fitting the first order autoregressive symmetric
generalized Linnik process it is enough to prove that the distribution of €, is
symmetric Linnik.

1020 power function random variables with parameter off are generated.
Sequences {e,} of 1020 random variables are generated using the equation
€y =Xpn — VnX;,-1- A time series plot of the {¢,} is given in Figure 6.2.5. Histogram

of €, 1s constructed in Figure 6.2.6a.

0 127.5 255 382.5 510 637.5 765 892.5 1020
Figure 6.2.5.
Time series plot of the error sequence {g;}

The parameters of the proposed symmetric Linnik distribution are estimated by
the methods suggested in Jacques et al.(2000) and are obtained as o = 1.99, ¢ = 0.65.

The histogram of the {€,} is constructed in Figure 6.2.6a with the symmetric Linnik
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distribution having the estimated parameters is embedded on it. The Q Q Plot, P P Plot

and distribution function plots are also presented in Figures 6.2.6b, 6.2.6¢ and 6.2.6d

respectively.
T I -
021 ~ '
0.05 [~ 2o .
%
0‘3 -0 3 0 0‘ O.IOS
Figure 6.2.6a. Figure 6.2.6b.
1 I 1 T I
0.5~ - 0.5 1~ —
0 :( ()"5 ) 1 0 -2 l0 ’ I2
Figure 6.2.6c. Figure 6.2.6d.
Figure 6.2.6.

Histogram, QQ plot, PP plot and distribution function plot of the error sequence {&n}
From the figures it is very clear that the error sequence &, is distributed as symmetric
Linnik. Hence by Theorem 2.2.1, the sequence {X,} is distributed as symmetric
generalized Linnik with parameters a = 1.99, 6 = 0.65 and § = 0.34.

By Theorem 2.2.2 if Xo = SGL(o,0,B) and {&,} is a sequence of
independent and identically distributed SL(c,a) then X, = VX, j+eg, 1s

SGL(o,,B). Using this result we can generate dependent random variables from
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SGL(o,a,B) and verify that the sequence {X,} is SGL(c,,B). Histogram of the
{X.,} 1s drawn in Figure 6.2.7a with the generated SGL(o, o, B) distribution embedded
on it. The Q Q Plot, P P Plot and distribution function plots are also presented in

Figures 6.2.7b, 6.2.7¢ and 6.2.7d.

0.05

Figure 6.2.7a.

05

Figure 6.2.7c. Figure 6.2.7d.
Figure 6.2.7.
Histogram, QQ plot, PP plot and distribution function plot of the sequence {X,}

Next we shall verify whether the fitted model generate the historical sequence.
For that generate 1022 independent and identically distributed power function random
variables (V,Va, ...,Vip2) using the parameter off = 0.677. Generate 1022

independent and identically distributed symmetric Linnik random variables (g, &, ...,
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€1022) With parameters a = 1.99, ¢ = 0.65. Generate a single symmetric generalized
Linnik random variable X, with parameters a = 1.99, ¢ = 0.65 and § = 0.34. Generate
the remaining 1021 generalized symmetric Linnik random variables by the equation
X, = VpX,.1+¢&,. A time series plot of the simulated sequence {e,} and {X,} is
given in Figure 6.2.8 and Figure 6.2. 9. Remove the standardization of the sequence

{X.} by using the formula Y, =0.106 +0.402X, . The series {Y,} is given in Figure
6.2.10. Generate the trend included sequence {Z,} by the formula, Z;,; =Z; + Y;, 1=

0, 1, 2, ..., 1021 where Z, = the first data of the historical sequence. The generated

2 >

sequence is plotted in Figure 6.2.11.

0 200 400 600 . 800 1000
Figure 6.2.8.

Time series plot of the simulated error sequence {g,}

| | T | |
|

07 200 400 600 . ) 800 1000

Figure 6.2.9.

Time series plot of the simulated standardized data
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Figure 6.2.10.
Time series of the simulated first order difference of the total industrial

production per month {Y,} in USA

150

200 400 . 600 860 1000
Figure 6.2.11.

Time series of the simulated total industrial production per month {Z,} in USA

Here the forecast can be done very easily. Taking X, as the last observation in
the historical data, we have generated the next 10 observations using the same

technique adopted in simulation and the point forecast is given in Table 6.2.1.

Mar 04| Apr 04|May 04| Jun 04| Jul 04| Aug 04| Sep 04| Oct 04| Nov 04| Dec 04| Jan 05

114.52| 114.6| 114.48 115.04| 115.1] 115.54) 115.43] 115.6| 115.64| 115.81| 116.07
Table 6.2.1.

Point forecast of the next 10 observations.
Interval estimation of the next 10 forecast is done at 5% level of significance (using

symmetric generalized Linnik distribution) and is given in Table 6.2.2. A plot of the
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5% level of confidence interval is given in Figure 6.2.12 where U represent upper

limit, L represent lower limit and A represent point forecast.

Month | Apr 04 May 04 Jun 04 Jul 04 Aug 04 Sep 04 Oct 04 Nov 04 Dec 04 Jan 05

U |115.67 115.55 116.11 116.17 116.61 116.5 116.67 116.71 116.88 117.14

A 114.6 114.48 115.04 115.1 115.54 11543 115.6 115.64 115.81 116.07

L [113.74 113.62 114.18 114.24 114.68 114.57 114.74 114.78 114.95 115.22

Table 6.2.2.

Interval forecast of the next 10 observations.

4

1z 4 6 . 8 10 12
Figure 6.2.12.

5% level of confidence interval for the forecast
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APPENDIX
Generation of Mittag-Leffler random variable
Generate a uniform [0, 1] random variable U.
Generate a standard exponential random variable Z, independent of U.

Set pea.

Set W « Sin(np)Cot(npU) — Cos(np) .

Set Y « Z(cW)a.

RETURN Y.

Generation of symmetric Linnik random variable

Generate a random variable Z from standard Laplace distribution with location

0 and scale 1.

Generate a uniform [0, 1] random variable U independent of Z.
Set p % .

Set W « Sin(np)Cot(npU) — Cos(np) .

Set Y « Z(cW)é.

RETURN Y.

Generation of symmetric generalized Linnik random variable
Set B as integers from 1...n.

Generate B number of symmetric Linnik random variables, X1,X5,.. "XB'
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Set Y < X +X, +..+Xg.

Return Y.
Generation of discrete Mittag-Leffler random variable
Let o be the scale parameter and a be the index parameter and p; =P(X =i),

where X is the discrete Mittag-Leffler random variable.

Set P, =L

l+o
Setp, = (1:::)2
Set p, = ﬁ[(?)pn_l +(Z)pn_2 +((;jpn_3 +...+(—1)n"1(ZJpOJ‘ (Forn
=2,3,...)

Construct the distribution function F(x),x=0, 1,2, ...

Generate a uniform random variable U.

The random variable Y is such that F(Y)<U<F(Y +1).

RETURN Y.

Generation of discrete Linnik random variable
Set B as integers from 1...n.

Generate B number of discrete Mittag-Leffler random variables, X;,X» s X B -
Set Y « Xl +X2 +...+XB.

RETURN Y.
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. Generation of first order autoregressive symmetric generalized Linnik

process

Generate a random variable X from symmetric generalized Linnik
distribution.

» Ge.nerate k independent power function random variables, Vi, V,,..., Vi.
o Generate k independent syinmetric Linnik random variébles, €1,€2,.,Ek -
o Set X, =V, X,1+e, forn=1,2, ..k

e RETURN X, .

Generation of first order autoregressive symmetric Linnik process

e Generate k independent symmetric Linnik random variables, €1,€7,...,€k -
o Set Xg < ¢gj.

o Generate k independent power function random variables, V},Vs,..., Vi.

o Set X, =V, (X,1+e,),forn=1,2, ..k

e RETURN X,,.

Generation of first order autoregressive Mittag-Leffler process

o Generate k independent Mittag-Leffler random vanables, €1,¢5,...,€k .

o Set XO < €.

e Generate k independent power function random variables, Vi, V;,..., Vi.

e Set X, =V, X1 +&y), forn=1,2, ..k
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10.

11.

RETURN X, .

Generation of first order autoregressive Burr process

Generate a random variable X from Burr distribution.
Generate k independent power function random variables, V;,V;,..., V.

Generate k independent Pareto random variables, €;,€5,...,€ .

Set X, =min(V;'X,_1,e,) forn=1,2, .. k.
RETURN X,,.

Generation of first order autoregressive Pareto process

Generate k independent Pareto random variables, €1,¢e5,..., €.
Set X <—¢€7.

Generate k independent power function random variables, Vi, V,,..., Vi.

Set X, =V, !'min(X,_},&,), forn=1,2, ..k
RETURN X,,.

Generation of first order autoregressive generalized logistic process

Generate a random variable Xy from generalized logistic distribution.
Generate k independent power function random variables, V;,V,,..., Vi.
Generate k independent logistic random variables, €1,¢€5,...,€x .

Set X, =min(X,_1-InV,,¢e,),forn=1,2, ..k
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12.

13.

14.

RETURN X, .

Generation of first order autoregressive logistic process

Generate k independent logistic random variables, €;,¢5,...,&) .

Set X «—¢;.

Generate k independent power function random variables, Vi, Vs,..., Vj.
Set X, =min(X,_;,€,)-InV,,forn=1,2, ... k

RETURN X, .

Generation of a discrete random variable using binomial thinning
operator @, that is, generation the random variable Y=V @& X where 0 <
V<1

Generate a random variable V in the interval [0, 1].

Generate a binomial random variable Y withn=Xandp=V.

RETURN Y.

Generation of first order autoregressive discrete Linnik process

Generate a random variable X from discrete Linnik distribution.
Generate k power function random variables, V;,V,...., Vi.
Generate k discrete Mittag-Leffler random variables, €1,¢€7,...,€) .
Set X, =V, ®X,_1+¢g, forn=1,2, ..k

RETURN X, .
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15. Generation of first order autoregressive discrete Mittag-Leffler process

o Generate k discrete Mittag-Leffler random variables, €1,¢€5,..., € .

o Set Xg <¢j.

o Generate k power function random variables, V|, V>,..., V.

o Set X, =V, ®X,_1+V,®e,,forn=1,2,.. k

« RETURN X, .

. In Table A.la, the simulated numerical cumulative distribution function of

SGL (o, o, P) distribution is given for various values of o with p =2 and 6 = 2. In
Table A.1b, the simulated numerical cumulative distribution function of SGL (o, «, B)

for various values of a, with p =4 and ¢ = 2 is given.
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(G.200 0406 0.600  0.80C 1000 1200 1400 1600 1LBOO 2,000
0.500  0.500 0500  0.506 0500 0.500 0500 0.500 0.500 0.500
0.607 0.585 0.569 0.559 0.554 0.551 0.549 0.547 0.546 0.545
0.649 0.651 0648 0643 0.640 0.638 0.636 0.634 0.633 0633
0.675 0.699 0711 0717 0719 0720 0721 0721 0721 0721
0695 0.736 0760 0773 0783 0789  0.792 0.794 0796  0.79%
0710 0765 0798  0.819 0.832 0841 0.847 0.851 0.854 0.856
0723 0788 0828 0.853 0.869 0.880 0.887 0.893 0.898 0.901
0.734 0807 0.852 0.880 0897 0.909 0918 0924 0929 0932
0743  0.824 0872 0901 0919 0931 0.940 0.946 0951 0.954
0752 0.837 0888 0917 0936 0948 0956 0.962 0966 0.970
0.759 0.849 0901 0930 0.948 0960 0968 0973 0977 0.980
0.813 0.920 0965  0.984 0993 0997 0998 0999 1.000 1.000

.':)’g\ooo-qa\u..p.wro—-cg

24 0.818 0926 0.969 0987 0994 0.997 0999 0999 1.000 1.000
26 0.823 0931 0973 0989 0995 0998 0999 1.000 1.00¢ 1.000
28 0.828 0936 0976 0.991 099 0998 0999 1.000 1.000 1.000
30 0.832 0940 0978 0992 0997 0.999 0999 1.000 1.000 1.000
32 0.836 0943 0980 0993 0997 0999 1000 1000 1.000 1.000
34 0.839 0946 0982 0994 0998 0999 1.000 1006 1.000 1.000
36 0.842 0949 0983 0995 0998 0999 1000 1.000 1.000 1.000
38 0.846 0951 0984 0995 0998 0999 1.000 1000 1.000 1.000
40 0849 09354 098 0996 0999 0.999 1.000 1.000 1.000 1.000
42 0852 0956 0987 099 0999 1.000 1.000 1.000 1.000 1.000

44 0854 0958 0988 099 0999 1000 1000 1.000 1.000 1.000
46 0.857 0959 0988 0997 0999 1000 1000 1.000 1.000 1.000

48 0.859 0961 098 0997 0999 1000 1.000 1.000 1.000 1.000
50 0.861 0962 0990 0.997 0999 1.000 1000 1000 1.000 1.000
52 0.864 0.964 0991 0997 0999 1.000 1000 1000 1.000 1.000
54 0866 0965 0991 0998 0.999 1.000 1000 1.000 1.000 1.000
56 0868 0966 0992 0998 0999 1.000 1.000 1.000 1.000 1.00¢
58 0.869 0.967 0.992 0998 0999 1.000 1.000 1.000 1.000 1.000
60 0.871 0968 0.992 0998 0999 1.000 1.000 1.000 1.000 1.000
62 0873 0969 0993 0998 0999 1000 1.000 1000 1.000 1.000
64 0.874 0970 0993 0998 1.000 1.000 1.000 1.000 1.000 1.000
66 0876 0971 0993 0999 1.000 1.000 1.000 1.000 1.000 1.000
68 0877 0972 0994 0999 1.000 1.000 1.000 1000 1.000 1.000
70 0879 0573 0994 0999 1.000 1.000 1.000 1.000 1.000 1.000
72 0.880 0973 0994 0999 1.000 1.000 1.000 1000 1.000 1.000
74 0881 0974 0995 0999 1.000 1.000 1.000 1000 1.000 1.000
76 0.883 0975 0995 0999 1.000 1.000 1.000 1000 1.000 1.000
78 0884 0975 0995 0999 1.000 1.000 1000 1000 1.000 1.000
80 0885 0976 0995 0999 1.000 1.000 1.000 1000 1000 1.000
82 0.88 0976 0995 0999 1.000 1.000 1.000 1.000 1.000 1.000
84 0.887 0977 099 0999 1.000 1000 1.000 1.000 1.000 1.000
86 0.888 0.977 099 0999 1.000 1.000 1000 1.000 1.000 1.000
88 0839 09578 0996 0999 1.000 1.000 1.000 1.000 1.000 1.000

500 0948 099 1.000 1000 1000 1000 1000 1000 1.000 1.000
1000 0.962 0998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5000 0983 1.000 1.000 1000 1.000 1.000 1.000 1.000 1.000 1.000
10000 0982 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400000 0998 1.0600 1.000 1000 1000 1.000 1.000 1000 1.000 1.000
900000 0999 1.000 1.000 1000 1.000 1.000 1.000 1.000 1000 1.000
90000000 1.000 1.000 1.000 1000 1000 1.000 1000 1000 1.000 1.000

Table A.1a
Simulated numerical c.d.f. Table of SGL Distribution for various values of a with g =

2,6=2
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Xia 6.200 0400 0600 0.800 1.000 1.200 1.400 1.600 1.800  2.000
0 0500 0500 0.5¢0 0.5C0 0.500 0.500 0.500 0.500 0.500 0.500
1 0.517 0507 0503 0502 0502 0.501 0.501 0.501  0.501 0.501
2 0.535 0525 0.519 0515 0513 0512 0.511 051¢ 0510 0.510
3 0.542 0549 0545 0.541 0538 0536 0.535 0.534 0.533  0.533
4 0562 0375 0577 0576 0575 0574 0.573 0573 0572 0.571
5 0.574 0599 0611 0.617 0.619 0.621 0.621 0.621 0622 0.622
6 0.585 0.623 0.645 0.658 0.665 0670 0.672 0674 0676 0.677
7 0.595 0.645 0677 0697 0709 0718 0.723 0.727 0.731 0.733
8 0.604 0665 0706 0.733 0750 0.762 0770 0.776  0.781 0.784
9 0.612 0683 0733 0.765 0.787 0.801 0812 0819 0.825 0.829
10 0619 0700 0.757 6794 0.819 0.835 0.847 0.856 0863 0.868
22 0.681 0.825 0907 0950 0972 0984 0990 0994 099  0.99%
24 0.688 0.837 0919 0959 0978 0988 0993 0996 0998  0.999
26 0.694 0.847 0928 0.966 0.983 0991 0996 0998 0999  0.999
28 0.700 0.857 093¢ 0971 0.987 0994 0997 0998 0999 1.000
30 0.706 0866 0942 0975 0989 0995 0998 0.999 1.000 1.000
32 0711 0.873 0948 0979 0991 0996 0998  0.999 1.000 1.000
34 0.717 088 0953 0981 0993 0997 0999 0.999 1.000 1.000
36 0721 088 0957 0984 0994 0998 0.99% 1.000 1.000 1.000
38 0726 0892 0961 098 0995 0998 0999 1.000 1.000 1.000
40 0.730 0897 0964 0988 09% 0998 0999 1.000 1.000 1.000
42 0734 0901 0967 0989 099 0999 0999 1.000 1.000 1.000
44 0.738 0905 0969 0990 0997 0999 1.000 1.000 1.000 1.000
46 0.742 0909 0971 0991 0997 0999 1.000  1.000 1.000 1.000
48 0745 0913 0973 0992 0997 0999 1.000 1.000 1.000 1.000
50 0.749 0917 0975 0993 0998 0599 1.000 1.000  1.000 1.000
52 0752 0920 0977 0993 0998 0999 1.000  1.000 1.000 1.000
54 0.755 0923 0978 0994 0998 0999 1.000 1.000 1.000 1.000
56 0758 0926 0980 0994 0998 0999 1.000 1.000 1.000 1.000
58 0.761 0928 0981 0995 0998 1.000 1.000 1.000 1.000 1.000
60 0764 0930 0982 0995 0999 1.000 1.000  1.000  1.000 1.000
62 0766 0932 0983 09% 0999 1.000 1.000 1.000 1.000 1.000
64 0.769 0935 0984 099 0999 1.000 1.000  1.000 1.000 1.000
66 0771 0937 0985 099 0999 1.000 1.000 1.000  1.000 1.000
68 0774 0939 0985 099 0999 1.000 1.000  1.000 1.000 1.000
70 0776 0940 0986 0997 0.999 1.000 1.000  1.000 1.000 1.000
72 0.778 0942 098 0997 0.999 1.000 1.000 1.000 1.000 1.000
74 0780 0943 0987 0997 0999 1.000 1.000  1.000 1.000 1.000
76 0.782 0945 0988 0997 0999 1.000 1000 1.000 1.000 1.000
78 0.784 0946 0988 0997 0999 1.000 1.000 1000 1.000 1.000
80 078 0947 098 0998 0.999 1.000 1.000 1.000 1.000 1.000
82 0788 0949 0989 0998 0.999 1.000 1.000 1.000 1.000 1.000
84 0790 0950 0.9% 0998 0999 1.000 1.060  1.000 1.000 1.000
86 0792 0951 0990 0998 1.000 1.000 1.000  1.000 1.000 1.000

88 0.793 0952 0990 0998 1.000 1.000 1000 1.000 1.000 1.000
500 0.899 0992 0999 1000 1.000 1.000 1.000 1.000 1.000 1.000
1000 0926 099 1.000 1000 1000 1.000 1.000 1.000 1.000 1.000
5000 0965 0999  1.000 1.000  1.000 1.000 1.000 1.000 1.000 1.000
10000 0975  1.000  1.000 1.000  1.000 1.000 1.000 1.000 1.000 1.000
400000 0996 1.000 1.000 1000 1.000 1000 1.000 1000 1.000 1.000
900000 0997 1000 1.000 1000 1.000 1.000 1.000 1.000  1.000 1.000
90000000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Table A.1b
Simulated numerical c.d.f. Table of SGL Distribution for various values of a with f§ =

4,06=2
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Density piot of the symmetric generalized Linnik distribution for f=0,1,2 with a = 1.5 and
o =3 1s presented in Figure A.1. Comparison of symmetric generalized Linnik distribution
for B=10,1,2 (with o = 1.5 and ¢ = .8) and standard normal distribution is presented in

Figure A.2.

0.1 T T T T T

0.05 [~

0
=30

Figure A.1.
Density function of the symmetric generalized Linnik distribution for § =0, 1 and 2

with a = 1.5 and ¢ =3

0.2 T T T : T I

Q.15

0.1

0.05

a=15 o©=038
Figure A.2

Comparison of SGL(o, a, B) distribution for f =0, 1 and 2 (a = 1.5 and ¢ = 0.8)

and standard normal
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