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CHAPTER I 

INTRODUCTION 

1.1. Introduction 

A time series is a set of observations generated sequentially in time. The 

primary objective of time series modeling is to develop a sample model capable of 

forecasting. Examples of time series are annual yield of crop for a particular period, 

population of a country during a specified time, total industrial production per month 

of a country, monthly rainfall at a place, etc. Time series has an important place in the 

field of economic and business statistics. The most important use of time series 

analysis is to provide an aid to forecasting. For this the methodology developed is to 

decompose a time series in to trend, seasonal, cyclical and irregular components. An 

important feature of time series is that successive observations are usually dependent. 

When successive observations are dependent, hture values may be predicted from the 

past observations. 

A statistical phenomenon that evolves in time according to probability laws is 

called stochastic process. The time series to be analyzed may be thought of as one 

particular realization of the stochastic process. A stochastic model, which can be 

extremely useful in the representation of certain practically occurring series, is the 

socalled autoregressive model. In this model, the current value of the process is 

expressed as a finite linear aggregate of previous values of the process and a shock 



E n .  Let us denote the values of the process at equally spaced times n, n-l, n-2,. . . by 

x,,xn-1yxn-2,.... Then 

X, = +...+ apXn-p +E, (1.1.1) 

is called a p" order autoregressive process. In particular, autoregressive processes of 

flrst order (p = 1) and second order (p = 2) are 

Xn = a lXn- l+~n  

and Xn = alXn-i + a2Xn-2 + En 

are of considerable practical importance (see Box and Jenkins (1970)). Another kind 

of model of great practical importance in the representation of observed time series is 

the socalled finite moving average process. Here we make X, linearly dependent on a 

frnite number q of previous E'S. Thus 

( l .  1.2) 

is called a moving average process of order q. 

To achieve grater flexibility in fitting of actual time series, it is sometimes 

advantageousto include both the autoregressive and moving average terms in the 

model. This leads to the mixed autoregressive-moving average model 

X, = alXn-l + a2X,, +...+ apX, +E. -bl~n-l - ... - b 9 E n-q (1.1.3) 

In practice, it is frequently true that adequate representation of actually occurring 

stationary time series can be obtained with autoregressive, moving average or mixed 

models, in which p and q are not grater than two and often less than two. 



The models used in classical analysis of time series are linear in nature. 

Moreover the time series {X,) is assumed to be Gaussian sequence (see Box and 

Jenkins (1970)). One of the linear stochastic models used in time series analysis is the 

p' order autoregressive model defmed in (1.1.1) where {E,} is an innovation 

sequence of independent and identically distributed random variables following 

normal distribution. But there are situations where the naturally occurring series do 

not fit to Gaussian models. In modeling of such non-Gaussian models, the standard 

technique is to make a suitable transformation to remove the skewness of the data and 

then fit a Gaussian model. But the stringent condition that the transformed sequence 

must be Gaussian is very unlikely to be true in practice (see Sim (1990)). As a result, 

the time series that does not fit to the Gaussian setup needs a separate treatment. 

Recently a number of different models have been introduced for generating non- 

Gaussian time series. 

In the case of Gaussian fust order autoregressive model both {X,) and {E,) 

have normal distribution, which is not the case in non-Gaussian models. Identifying 

the stationary distribution of X, and innovation sequence {E,) is the problem in 

non-Gaussian t h e  series model building. Some of the examples of stationary 

solutions having continuous distributions are given in Dewald and Lewis (1985), 

Jayakumar et al. (1 995), Jayakumar (1997), Jayakumar and Pillai (1 993), Lawrance 

and Lewis (1980, 1985) and Sim (1986,1987, 1990). 



1.2. Minification processes 

The study on minification processes began with the work of Tavares (1980). 

He developed a first order autoregressive exponential rninification process. In his 

work, the observations are generated by the equation 

X, = kmin(Xn-l ,~n),  n > l  ( l  -2. l )  

where k > 1 is a constant and (E,) is an innovation process of independent and 

identically distributed random variables chosen to ensure that {X,} is a stationary 

Markov process with a given marginal distribution. Because of the structure of (1.2.1) 

the process {X,} is called minification process. Sim (1986) developed a first order 

autoregressive Weibull process and studied its properties. Arnold (1993) developed a 

logistic process involving Markovian minimization. 

Giving slight modifications to (1.2. l), several other rninification models have 

been constructed so far. Yeh et al. (1988) considered a first order autoregressive 

minification process having Pareto marginal distribution. Pillai (1 99 1) extended this to 

obtain a first order autoregressive semi-Pareto process. Arnold and Robertson (1989) 

considered a minification process having logistic marginal distribution. Such 

minification processes in general have the structure given by 



where 'w.p.' stands for 'with probability'. Pillai, Jose and Jayakumar (1995) 

introduced another minification process having the form 

Jayakumar (199%) obtained the marginal distribution of a p'h order integer valued 

autoregressive process having minification structure and characterized discrete Pareto 

type I11 distribution. Lewis and McKenzie (1991) obtained necessary and sufficient 

conditions on the hazard rate of the marginal distributions for a minification process to 

exist. 

1.3. Integer valued processes 

Statistical data which are expressed in terms of counts taken sequentially in 

time and which are correlated arise in many settings. Examples of these processes are 

the number of patients in a hospital at specific point of time or the number of persons 

in a queue waiting for service at a certain moment. In each of these examples, an 

element of the process at time t can be either the survival of an element of the process 

at previous times or an arrival or innovation sequence, which has certain discrete 

distribution. 

Al-Osh and Alzaid (1987) introduced integer valued autoregressive time series 

model analogous to the standard time series model in which they used the definition of 

binomial thinning operator introduced by Steutel and van Harn (1979). Let X be a 



non-negative integer valued random variable. Then for any a do, l) , the binomial 

thinning operator ' @ ' is defined by 

where {yi) is a sequence of independent and identically distributed random variables 

independent of X such that 

P(Yi = 1) = I - P(Yi = 0) = a .  

The first order integer valued autoregressive process is defined as 

X, = a $ X n - l + ~ ,  forn=O,k1,+2 ,.... (1.3.2) 

where {E,) is a sequence of independent and identically distributed random variables 

and cx Q3 is as in (1.3.1). 

The first order integer valued autoregressive process defined above simply 

states that the component of the process at time n, X, are (i) the survival of the 

element of the process at time n-l, each with probability of survival a and (ii) 

elements which entered the system in the interval (n - 1, n] as innovation terms, . 

Alzaid and Al-Osh (1988) developed first order integer valued autoregressive 

process having geometric marginal distributions and studied its properties. Alzaid and 

Al-Osh (1990) introduced a pfi order integer valued autoregressive model and studied 

its structural properties. Jin Guan and Yuan (1991) developed another p'b order integer 

valued autoregressive time series model. AI-Osh and Alzaid (1988) developed integer 

valued moving average process and discussed its applications. They have developed 



first order integer valued moving average Poisson process and studied its properties 

such as regression behavior, time reversibility, conditional and partial correlations. 

Also they have extended the integer valued moving average Poisson process to the qth 

order case. Pillai and Jayakumar (1995) introduced first order autoregressive discrete 

Mittag-Leffler process and studied its properties. Jayakumar (1995a) developed a p" 

order integer valued autoregressive time series model having discrete Mittag-Leffler 

marginal distribution. Jayakumar (1995b) obtained the stationary solution of a first 

order integer valued autoregressive process. Jayakumar (199%) introduced a order 

integer valued autoregressive process having minification structure and characterized 

discrete Pareto type I11 distribution. For a detailed account of the works on integer 

valued models, see McKenzie (2003). 

1.4. Mittag-Leffler distribution 

Pillai (1990) introduced the Mittag-Leffler distribution and studied its 

properties including geometric infinite divisibility and attraction to stable laws. We 

say that a random variable X on (0, co) has Mittag-Leffler distribution and write X 

ML (o, a) if its distribution function is 

m (-l)k-l &kaxka  

F,,&) = C , U > O ,  O < a < l .  
k=l  r ( l  + ka) 

For a = 1, (1.4.1) reduces to exponential distribution. The Laplace transform of the 

ML (o, a) random variable X is 



For the cumulative probability plots of the Mittag-Leffler distribution, see Jayakumar 

and Pillai (1993). Lin (1998) proved that the Mittag-Leffler distribution belongs to the 

class of distributions with complete monotone derivative. Kozubowski (1998) showed 

that the Mittag-Leffler random variable X having distribution function Fl,, (X) admits 

the representation X = Z W ~ ' ~  where Z is standard exponential and W, is the 

S in (an) 
positive valued random variable with density f,(x) = (see 

m ( x a  + 2xCosan: + 1) 

also Pillai (1988)). The Mittag-Leffler distribution has been found to be useful in a 

variety of situations. For example, Weron and Kotulski (1996) used the Mittag-Leffler 

distribution to describe the Cole-Cole relaxation phenomena in Physics. Jayakumar 

(2003) used the Mittag-Leffler distribution to model the rate of flow of water in 

Kallada River, Kerala, India. For the applications of Mittag-Leffler distribution in 

random summation, see Gnedenko and Korolev (1996). For various properties of 

Mittag-Leffler distribution, see Jayakumar and Suresh (2003). 

The cumulative probability plot of the Mittag-Leffler distribution ML (G, a) in (1.4.1) 

for a = 0.3, 0.5, 0.7, 0.9 and 1 (with o = 2) is presented in Figure 1.4.1 below. 



Figure 1.4.1 

Cumulative distribution function of ML (a, a) for o = 2 

The probability density function of ML (G, a) for a = 0.3, 0.5, 0.7, 0.9 and 1 (with o = 

2) is presented in Figure 1.4.2 below. 

Figure 1.4.2 

Probability density function of ML (a, a) for a = 2 



1.5. Discrete Mittag-Leffler distribution 

Pillai and Jayakumar (1995) introduced discrete Mittag-Leffler distribution and 

studied its properties including geometric S i t e  divisibility, discrete self- 

decomposability and attraction to stable laws. The mathematical origin of discrete 

Mittag-Leffler distribution can be formulated as follows: 

Consider a sequence of independent Bernoulli trials in which the kth trial has 

a 
probability of success -,0 < a < 1, k = 1,2,3,. . .. Let N be the trial number in which 

k 

the first success occurs. Then the probability that N = r is given by 

The probability generating function of N is given by G(z) = l - (1 - z ) ~ .  

Let XI, X2, . . ., X,, be independent and identically distributed as N. Let M be geometric 

k with parameter p, that is, P(M = k ) =  q p, k = 0,1,2 ,..., 0 < p  < 1, q = l-p. Then XI + 

X2 + . . . + XM has generating function 



The distribution with probability generating function (1.5.1) is called the discrete 

Mittag-Leffler distribution and is denoted as DML (o, a). Note that for a =l,  DML (o, 

a) reduces to geometric distribution. Pillai and Jayakumar (1995) showed that the 

discrete Mittag-Leffler distributions are discrete self decomposable and are normally 

attracted to stable law. For other properties of discrete Mittag-Leffler distribution, see 

Christoph and Schreiber (2000a, 2000b). 

Pillai and Jayakumar (1995) derived an expression for calculating the 

probabilities of the discrete Mittag-Leffler distribution. If pk = P(X = k) , where X is 

the discrete Mittag-Leffler random variable, then 

P0 =l+o 3 P1 = and 
(l + 

1.6. Symmetric Linnik distribution 

For each a E (0,2], the function 

is the characteristic function of a symmetric probability distribution called the 

symmetric Linnik distribution (SL(0,a)) (see Linnik (1963)). A Linnik random 

variable Y defined on R = (-m, m) with characteristic function (1.6.1) admits the 

representation Y d - - W ""X, where X is symmetric stable with characteristic function 



$(t) = exPC altla f and W is a standard exponential random variable, independent of 

X. Kozubowski (2000) suggested a method of generating Linnik random variables. 

Kotz and Ostrovskii (1996) proved the following mixture representation for one 

Linnik law in terms of other. If 0 < P < a 5 2, there is a positive valued random 

variable Z whose density is 

such that Y = XZ , where X 4 SL(1, a) and Y 4 SL(1, P). Lin (1994) proved that 

SL(o, a )  distributions are self-decomposable and are geometrically infinitely 

divisible. He obtained a characterization of the same using closure under geometric 

summation and obtained an expression for the density of SL(o, a )  random variables 

in terms of the Meijer's G-function (see also, Sabu George and Pillai (1987)). 

Kozubowski (200 1) discussed the fractional moment estimation of Llnnik parameters. 

Kotz et al. (200 1) discussed the characterizations, stability properties, representations 

and methods of generation of Linnik random variables. For the applications of Linnik 

laws in modeling financial data, quality control, astronomy, biological and 

environmental sciences, see Kotz et al. (2001). 

The probability density function of the symmetric Linnik distribution for a = 

0.3, 1.2 and 1.9 (with o = 1.5) is presented in Figure 1.6.1. In Figure 1.6.2, the 



probability density function of the symmetric Linnik distribution for o = 0.5, 1 and 6 

(with a = 1.4) is presented. 

Figure 1.6.1. 

Probability density function of symmetric Linnik distribution for rr = 1.5. 

Figure 1.6.2. 

Probability density function of symmetric Linnik distribution for a = 1.4. 



1.7. Symmetric generalized Linnik distribution 

Pakes (1998) obtained mixture representations for symmetric generalized 

Linnik distribution defmed by the characteristic function 

We denote the random variable X defined on R = (-CO, W )  having characteristic 

function (1.7.1) as SGL(o,a,P). If denote the random variable with 

characteristic function $(t) and y(P) the random variable having gamma distribution 

with Laplace transform 
1 

then X,,P 4 (y(p))'la~, where S, is symmetric 
(l + x)P+l '  

- 

stable with characteristic function e-['la. Note that (y(p))'la = U' ' (P+')~ where U 

c. 
has the density (see also, Devroye (1990)). Jacques et al. (1999) proved 

r(2 + P) 

that the generalized Linnik laws belong to Paretian family. For estimation of 

parameters of symmetric generalized Linnik laws, see Jacques et al. (1999). 

1.8. Discrete Linnik distribution 

Devroye (1993) studied the properties of the class of distributions with support 

on Z = (0, 1, . . . ) having probability generating function 



He named the distribution with probability generating function (1.8.1) as discrete 

Linnik distribution. Devroye (1993) showed that the distribution with probability 

l 
P+ l  

generating function is distributed as Poisson with parameter 

(y@))% Su where y(P) is a gamma @+l) random variable independent of S. and S. is 

a positive stable random variable having characteristic function eVta with parameter 

a. Note that when p = 0, (1.8. l )  becomes the discrete Mittag-Leffler distribution DML 

(o, a) in (1.5.1). Christoph and Schreiber (2000b) studied the properties of discrete 

Linnik laws in (1.8.1). They have obtained explicit formula for probabilities of 

discrete Linnik distribution. Bouzar (2002) obtained certain mixture representations 

for discrete Linnik laws. He showed that the discrete Linnik distribution is a mixture 

of negative binomial distribution. 

1.9. Burr distribution 

Burr (1942) has suggested a number of forms of cumulative distribution 

functions, which are useful for fitting data (see also Burr (1968, 1973), Burr and 

Cislak (1968), Rodriguez (1977) devoted special attention to one of the forms denoted 

by type XI1 whose distribution function is given by 



where both a and y are shape parameters. The probability density function 

corresponding to (1.9.1) is 

fX(x) = c(y + 1)ax a-l 1 

We denote the random variable X on (0, a) having distribution function (1.9.1) as 

Burr (0, cl, 7). 

The Burr type XI1 distribution, which gives a wide range of values of skewness 

and kurtosis, can be used to fit almost any given set of unimodal data (see 

Tadikamalla (1980)). For the relationship between Burr type XI1 distribution and 

various other distributions, namely the Lomax, the compound Weibull, the Weibull- 

exponential, the logistic and the Kappa family of distributions, see Tadikamalla 

(1980). The distribution function and the inverse distribution function for the Burr 

type XI1 distribution exist in simple closed form. This fact plays an important role in 

the selection of a particular family of distributions as a stochastic model in simulation 

studies. Since the inverse of the Burr type XI1 distribution exist in simple closed form, 

random samples from this distribution can be obtained by the so-called 'direct 

method' or the 'inverse transformation method'. For the applications of the Burr type 

XI1 distribution, see Tadikamalla (1 980). Takashi (1 965) introduced a multivariate 

Burr type XI1 distribution and studied its properties. 



Figure 1.9.1. 

Density function of Burr (a, a, y) distribution for a = 10 and y = 3 

a=2 o=lO 

Figure 1.9.2 

Density function of Burr (a, a, y) distribution for a = 2 and a = 10 



1.10. Random coefficient autoregressive model 

Nicholls and Quinn (1982) generalized the model (1.1.1) by allowing ai 'S to 

be random variables to define a random coefficient autoregressive model. The 

sequence {X,} is said to follow the p'h order random coefficient autoregressive model 

if 

The following assumptions are made on this model. 

{E.} is a sequence of independent and identically distributed random variables 

with mean 0 and variance u 2 .  

(2, = (VI,, , V2,, ,. . .Vp,,)} is sequence of independent and identically 

distributed random vectors with mean zero and dispersion matrix T . 

{E , } and {z, } are statistically independent. 

b = (bl , b2 .... bp)  is a vector of real constants. 

Lawrance and Lewis (1985) used the random coefficient autoregressive model 

to generate exponential random variables. Liu (1990) noted that any time series model 

exhibiting sharp splkes or occasional bursts of outlying observations suggest the use 

of an infinite variance model. In such situations if the state of nature frequently 

changes owing to some other influential factors, then it would be more plausible to 

use random coefficient autoregressive models with infinite variance. Hutton (1990). 



Liu (1990) and Basu and Das (1993) considered some situations where random 

coefficient autoregressive models are useful. 

Use of infinite variance model can be found in the stock market prices. The 

factors influencing the stock price like the turn over of a company, its working 

environment, its position relative to other competing companies etc. do not always 

have the same relative impact on the stock prices. Hence the use of fixed coefficient 

model would be untenable and recourse must be taken for random coefficient 

autoregressive models. 

Basu and Das (1993) discussed different aspects of random coefficient 

autoregressive models with infmite variance. Given n data points, the least square 

6 

estimator bi, i = 1, 2 ,..., p of the autoregressive constants for a stationary random 

coefficient autoregressive model was obtained by them, when the error E, has a 

distribution attracted to a symmetric stable law with a finite first absolute moment. 

The first order random coefficient autoregressive model is given by 

X, = (bl +Vl,n)Xn-l +E,, n =  1,2 ,... ( l .  10.2) 

We say that model (1.10.2) has a stationary solution if there exists a proper probability 

distribution for {E,}. A standard technique developed is, obtaining solution of 

(1.10.2) using characteristic function or Laplace transform. A general discussion on 

conditions for existence of the model can be found in Dewald and Lewis (1985), 

Gaver and Lewis (1980) and Sim (1986, 1990). 



( l .  10.3) 

If bl = 0, by taking V],, as V,, (1.10.2) becomes 

X, = Vl,Xn-I +E,, n = 1, 2, .... 

1.11. Summary of the Thesis 

In the present work, we develop and study nine classes of random coefficient 

autoregressive models having symmetric generalized Linnik, symmetric Linnik, 

Mittag-Leffler, B w ,  Pareto, generalized logistic, logistic, discrete Linnik and discrete 

Mittag-Leffler marginal distributions. Applications are also discussed. 

The model (1.10.3) is used to construct random coefficient first order 

autoregressive symmetric generalized Linnik process. Random coefficient symmetric 

Linnik and Mittag-Leffler processes are constructed using the model 

X, = V n ( X n - I + ~ n ) .  n = l , 2  ,.... (1.11.1) 

Random coefficient first order autoregressive Pareto process is developed using the 

equation 

X, = ~ ~ l r n i n ( x , _ ~ , E , ) .  (1.11.2) 

The model 

X, = m i n ( ~ ; ' ~ , - ~ , ~ ~ )  (1.11.3) 

is used to develop random coefficient first order autoregressive Burr process. 

C Logistic and generalized logistic processes are constructed using the random 

coefficient first order autoregressive models 

and 



respectively. 

Random coefficient integer valued first order autoregressive processes with discrete 

Linnik and discrete Mittag-Leffler marginal distributions are developed using the 

equations 

Xn = Vn +En 

and xn = vn @(Xn-, + c n )  

In Chapter 11, random coefficient first order autoregressive symmetric 

generalized Linnik, symmetric Linnik and Mittag-Leffler models are constructed and 

their properties are studied. Random coefficient first order autoregressive moving 

average process with mixed symmetric generalized Linnik distribution as marginal is 

introduced. The symmetric Linnik and Mittag-Leffler processes are extended to define 

random coefficient f ~ s t  order autoregressive moving average processes. 

Generalizations to multivariate distributions are also done. 

Random coefficient first order autoregressive minification processes with Burr 

and Pareto distributions as marginals are introduced in Chapter I11 and their properties 

are studied. Extensions to multivariate distributions are also done. First order 

autoregressi~e moving average processes with mixed Burr distribution and Pareto 

distribution as marginals are also developed. 

In Chapter IV, random coefficient first order autoregressive logistic and 

generalized logistic processes are developed and their properties are studied. Random 



coefficient first order autoregressive moving average processes with logistic and 

mixed generalized logistic distributions as marginals are also developed. 

Two random coefficient first order integer valued autoregressive models, one 

with discrete Linnik marginal distribution and other with discrete Mittag-Leffler 

marginal distribution are introduced and studied in Chapter V. Extensions to 

multivariate distributions are also done. Random coefficient first order integer valued 

autoregressive processes with mixed discrete Linnik and discrete Mittag-Leffler 

distribution as marginals are also developed. 

In Chapter VI, the random coefficient first order autoregressive symmetric 

generalized Linnik process is fitted to the total industrial production index per month 

in USA and 10-month ahead forecasts are obtained. 

Algorithms for generating Mittag-Leffler, symmetric Linnik, symmetric 

generalized Linnik, discrete Mittag-Leffler and discrete Linnik random variables are 

given in the Appendix. Also algorithms for generation of first order autoregressive 

symmetric generalized Linnik, symmetric Linnik, Mittag-Leffler, Burr, Pareto, 

generalized logistic, logistic, discrete Mittag-Leffler and discrete Linnik processes are 

presented in the Appendix. Simulated numerical cumulative distribution fimction table 

of the symmetric generalized Linnik distribution and the density plot of the symmetric 

generalized Linnik distribution in comparison with standard normal distribution are 

also given in the Appendix. 
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CHAPTER I1 

SYMMETRIC GENERALIZED LINNIK, SYMMETRIC LINNIK AND 

MITTAGLEFFLER PROCESSES 

2.1. Introduction 

Many non-Gaussian autoregressive processes were introduced and studied 

during the past two decades. Lawrance (1978) developed an autoregressive process 

with Laplace marginals. Dewald and Lewis (1985) developed a second order 

autoregressive Laplace process. Damsleth and El-Shaarawi (1989) used autoregressive 

moving average model with Laplace noise for modeling environmental time series. 

Anderson and Arnold (1993) developed an autoregressive process with Linnik 

marginals. They have discussed the application of Linnik distribution in the study of 

stock price changes. Jayakurnar et al. (1995) developed a first order autoregressive 

process with Linnik marginals. Pillai (1985) introduced the semi-Linnik distribution 

having the characteristic function $(t) = where ~ ( t )  satisfies the functional 
1 + v(t> 

equation ~ ( t )  = ay(bt), 0 < b < 1, where a is the unique solution of a ba  = l, 0 <a < 2. 

1 
It can be seen that the solution of the functional equation yr(t) = --v(pl'at) is 

P 

- 2na 
~ ( t )  = ltla h(t) where h(t) is periodic in ln it1 with period - (see Pillai (1985)). 

lnp 

Thls Chapter is based on Jayakumar and Thomas Mathew (2002a), Thomas Mathew 
and Jayakumar (2003a). 



When h(t) is a constant, semi-Linnik becomes Linnik. Jayakumar (1997) developed 

frrst order autoregressive semi-Linnik process and extended it to lugher orders. 

Jayakumar and Pillai (1993) introduced and studied frrst order autoregressive Mittag- 

Leffler process. Pillai and J a y h a r  (1994) characterized a pth order autoregressive 

Mittag-Leffler process using specialized class L property. Jayakumar (2003) studied a 

first order autoregressive Mittag-Leffler process and it is fitted to weakly stream flows 

of Kallada River, Kerala, India. Even though various authors constructed a number of 

autoregressive processes using heavy tailed distributions, not much attention has been 

devoted for the study of random coefficient autoregressive models using heavy tailed 

distributions as marginals. Thomas Mathew and Jayakumar (2003a) introduced a 

random coefficient autoregressive symmetric generalized Linnik model and studied its 

properties. They have also studied some properties of symmetric generalized Linnik 

distribution. Jayakumar and Thomas Mathew (2002a) introduced a random coefficient 

autoregressive model with Mittag-Leffler marginals and studied its properties. 

In this Chapter we consider the random coefficient autoregressive model 

defined in (1.10.3), that is, 

X, = VnXn-, +E, n = l ,  2, .... (2. l .  l)  

A general discussion on the condition for existence of solution of the model (2.1.1) 

can be found in Paulson and Uppuluri (1972). They claimed that the model (2.1.1) 

considered above arises in the study of retention of a substance in a system when the 



substance is periodically introduced in randorn quantities and the system periodically 

eliminates a random proportion of this substance. Then one may be interested in the 

behavior of the quantity of substance present in the system at the end of epoch n-I, n = 

1,2,. . .. Suppose a quantity E, of this substance is introduced during the time interval 

(n-l, n] and during the same interval a modification of the quantity to V,Xn-l 

takes place. Hence the total quantity of the substance present at epoch n is 

V,X,-* + E,. More specific examples are described in Vervaat (1979). He considered 

the following examples: Let X, denote the balance of a saving account, E, denote 

the deposit made just before time n and V, the interest factor which may fluctuate 

stochastically with time. In another example, E, is the quantity of radioactive material 

added or taken away just before time n and V, the natural decay of radioactivity. Sim 

(1986) has derived some of the properties of the model (2. l .  l )  and used the model in 

modeling hydrological data. Now we look in to some properties of the model (2.1.1). 

Consider the model (2.1. l), 

Xn = VnXn-1 + E n  n =  l ,  2, .... 

) = W n x n - I  + ~n ) 

= E 0 6  )E(&-1 ) + ) 

Cov(Xn = E(XnXp-j) -E(Xn )E@,-,) 

E(XnXn-j = E((VnXn-I +&,)X,-j) 



+ ~ ( x n - ~ ) [ ~ ( ~ n  ) - ) ~ ( x n - 1  ) + ))I 

Therefore, 

C O V ( X ~ , X ~ - ~ )  = E ( v ~ ) c o v ( x ~ - ~ , x ~ - ~ )  

= (E(v,))J C O ~ ( X  n-j, 

The correlation coefficient, 

Corr(xn ,X,-,) = p, = ( E V ~ ) ) ,  j > 0. 

The joint characteristic function of (Xn, is 

( itlX, +itZXn+l 
4xnxn+,(t1.t2) = E e  ) 

(V X + cn+i)it2 +itlXn = E(e "+l n 



The random coefficient autoregressive model defied in (1.11.1) can be 

considered as a modification to the model (2.1.1) and may be more suitable for the 

data considered in Paulson and Uppuluri (1972) because the quantity of substance E, 

introduced during the time interval (n-l, n] is also viable to the same modification as 

that is taking place for the existing quantity of substance That is, the total 

quantity of substance X, at the epoch n will be VnXn-I + Vns,. The same argument 

may also applicable to the examples considered in Vervaat (1979). The quantity of 

radioactive material added during the time interval (n-l, n] will decay with the same 

half life period as that of the existing quantity of radioactive material present there. IP 

this situation, the new model suggested may be more suitable than the existing one 

because the half life period of a radioactive material is the time elapsed for the 

material to become the half of the existing total of the radioactive material present in 

the system. 

Now we consider the model (1.1 1. l), 

= Vn(Xn-l +E,). 

~ ( x n  ) = ~ ( v n  X~(xn-1) + 1) 
C O V ( X ~ , X ~ - ~ )  = E(XnXn-j)-E(Xn)E(Xn-j) 



C0v(Xn,Xn-j) = ( E ( V ~ ) ) J V ( X ~ - ~ )  - 

The correlation coefficient 

Pj = (E(vn))j, j > 0. 

The joint characteristic function of (X,, X,+1) 

( itlX, +it2Xn+] 4xn,xn+, (tlJ2) = E ) 
= E(evn+l(xn+ ~ n + 1 ) ~ ~ 2  +itlXn 

= ~ ( e  (it] +Vn+~it,)Xn )E(evn+~"n+~it, ) 



In this work, we consider V, as power function random variable. 

In Section 2, we introduce a first order autoregressive symmetric generalized 

Linnik model and study some of its properties. A multivariate generalization is done. 

A first order autoregressive moving average mixed symmetric generalized Linnrk 

model is introduced and a multivariate generalization is done. In Section 3, first order 

autoregressive symmetric Linnik process is introduced and studied. A first order 

autoregressive multivariate symmetric Linnik process is developed. First order 

autoregressive moving average symmetric L i d  model is introduced. A first order 

autoregressive Mittag-Leffler process is introduced in Section 4. A multivariate 

generalization is considered. First order autoregressive moving average process with 

Mittag-Leffler marginals is introduced. 

2.2. First order autoregressive symmetric generalized Linnik process 

Consider the SGL(o, a ,  P) random variable having characteristic function, 

, 0 < a 1 2 ,  o,p > 0 in (1.7. l )  and SL(o,a) random 

variable having characteristic fiaction 



Theorem 2.2.1. 

Let Xn = VnXn-* +En (2.2.1) 

where (V,) is a sequence of independent and identically distributed random variables 

with probability density function 

and {E,) is a sequence of independent and identically distributed random variables 

independent of {V,}. Suppose (X,) is stationary. Then X, P SGL(o, a ,  P) if and 

only if E, d SL(o, a )  . - 

Proof: 

Consider X, = VnXn-l +E,. 

In terms of characteristic functions, we have 

Since {X,} is stationary, we get 

t 

That is, (t) = aj3$&, (t)Jex (z)zap-'dz 
0 



Hence 

If (E )is a sequence of independent and identically distributed SL(o, a )  random 

variables, we get 

Conversely, assume that {X,) is stationary SGL(o, a, P) as marginal. Then from 

(2.2.3), we have 

L Taking u = - , we get 
l + o z  

This completes the proof. 



Theorem 2.2.2. 

Let X. = SGL(o, a, P) and for n= 1,2,3,. . . 

Xn = VnXnVl +En 

where {V,,) is a sequence of independent and identically distributed random variables 

with probability density function 

and (E,) is a sequence of independent and identically distributed random variables 

having SL(o,a) distribution, independent of (V,). Then, the process {X,} is 

stationav with SGL(o, a, P) marginals. 

Proof: 

Consider the process 

X, = VnXn-l+En. 

In terms of characteristic functions, we have 

For n = 1, we get 



Since X. - d - SGL(o,a,P)and {E,) is a sequence of independent and identically 

distributed random variables having SL(o, a )  we get 

Put v" = U .  Then 

Take uoltla = W . Then, 

That is, Xl d - - SGL(o, a, P). 



If X,-] SGL(o, a, P), then we get X, 3 SGL(o, a ,  P) . Thus the process {X, ) is - 

stationary with symmetric generalized Linnik marginals. U 

Based on the above Theorem, we define first autoregressive symmetric 

generalized Linnik process as follows: 

Let X. =SGL(o,a,P) andfor n= 1,2,3 ,... 

Xn = VnXn-l+En 

where {V,,) is a sequence of independent and identically distributed random variables 

with probability density function 

fv (v) = asvap-',o < v < 1, o < a < 2, p > o 

and (E,) is a sequence of independent and identically distributed random variables 

having SL(o, a )  distribution, independent of {V, ) . 

Now we study some properties of the stationary fxst order autoregressive 

symmetric generalized Linnik process. 

2.2.1. Properties of the first order autoregressive symmetric generalized Linnik 

process 

The simulated sample path of the first order autoregressive symmetric 

generalized Linnik process is presented in Figure 2.2.1. 



Figure 2.2.la. Figure 2.2.1 b. 

P = 2 cc. = 0.9 o = 0.3 P = 2  a = 1 . 9  0=0.3 

Figure 2.2.1~.  Figure 2.2. l d. 

Figure 2.2.1 

Sample path behavior of first order autoregressive symmetric generalized Linnik 

process 

The joint characteristic function of (X,, X,+1) is 

This expression is not symmetric in t17 t2 and hence the process is not time reversible. 



The empirical joint distribution of (X,, of the first order autoregressive 

symmetric generalized Linnik process for a =1.8, 0 =3 and P = 4 is presented in 

Figure 2.2.2. 

Figure 2.2.2. 

Empirical joint probability density function of (X,, of first order 

autoregressive symmetric generalized Linnik process. 

2.2.2. First order autoregressive multivariate symmetric generalized Linnik 

process 

Consider the multivariate symmetric generalized Lirinik ( SGL(_o, a, P) ) distribution 

with characteristic function 



and multivariate symmetric Linnik (SLk, a)) distribution with characteristic fmction 

1 
6, -n (t) = (2.2.5) 

I + ~ ~ l t ~ l ~  +021t21a + . . . + r ~ ~ l t ~ l ~  

Theorem 2.2.3. 

Consider the process (X,) be defined by 

- Xn - VnZSn-l +gn,  n =  l, 2, ... (2.2.6) 

where (V,) is sequence of independent and identically distributed random variables 

having distribution function 

F~ , (V)  = vap ,ap>0 ,  o < v < ~ ,  0 < a ~ 2 ,  P > O  

and h,) is a sequence of independent and identically distributed random vectors on 

Rk. Suppose the process (X,) is stationary. Then 21, multivariate SGL(g, a, P) i'f 

and only if 6, 4 multivariate SL(_o, a). 

Proof: 

Equation (2.2.6) in terms of characteristic function is 

1 

Ox, - (l) = Osn (-')SOxn-, (v-') fv. (v)dv 
0 

That is, 

If the process is stationary, then 



That is, 

Taking z, = 6,"'~ for j = 1, 2 ,.., k, we get 

I where 5 = ( 0 ~ 6 ~  ,02ti2 ,..., 0 k 6 ~ )  . 

If tv = U, then 

Differentiating with respect to t, gives 

That is, 

Since E, has the multivariate SL@, a) distribution with characteristic function (2.2.5), 

we get 



That is, 

Conversely, suppose {X.) has stationary multivariate SGL(g, a, p). Then from (2.2.7) 

That is, $,n (l) = 
1 

l + _s ltl" 

Therefore, 

2.2.3. First order autoregressive moving average mixed symmetric generalized 

Linnik model 

Consider the process {X,} defmed by 



where {cn) is a sequence of independent and identically distributed SL(o, a) random 

variables. {Kn)'s are i.i.d Bernoulli random variables such that P(Kn = 0) = 0 = l-P(Kn 

= l), {V,} and {U,) are two independent sequences of independent and identically 

distributed random variables defined on the interval (0,l) with distribution functions 

Fvn (v) = v a p ,  F~~ (w)=wap,  o < v , w  < l, 0 < a < 2 , p > 0  and 

Y d SGL(o, a ,  P) then {X, ) is distributed as mixed symmetric generalized Linnik. n =  

We have from (2.2.8), 

1 
ap-1 That is, +xn (t) = [Q + (1 - (~)]J$Y,,_, (vt)apv dv 

Put vt = U. Then 



Thus {X,) has mixed SGL(o, a, P) distribution. C] 

Now we shall study some properties of the first order autoregressive moving 

average mixed symmetric generalized Linnik model. 

Figure 2.2.3. 

Sample path behavior of first order autoregressive moving average mixed 

symmetric generalized Linnik process 

2.2.4. First order autoregressive moving average multivariate mixed symmetric 

generalized Linnik model 

Consider the process {X,) defined by 



where {G} is sequence of independent and identically distributed multivariate SL(_o, 

a) randorn vectors, {Kn)'s are independent and identically distributed Bernoulli 

random variables such that P(Kn = 0) = 8 = l-P(Kn = l), {V,) and {U,} are two 

independent sequences of independent and identically distributed random variables 

defined on the interval (0,l) with distribution functions Fv (v) = vap , Fwn (W) = w 

0 < v, W < 1, 0 < a I 2, p > 0 then X, d Multivariate mixed symmetric generalized 

Linnik. 

We have from (2.2.9), 

That is, 

It can be easily shown that 

That is, 



Thus {X,) has multivariate mixed symmetric generalized Linnik distribution. 

2.3. First order autoregressive symmetric Linnik process 

Now we consider the model (2.1.4). 

Theorem 2.3.1. 

Let the process {X,) be defmed as 

X O  = & l  and 
for n = 1,2, ... 

x n  = V n ( X n - l + ~ n )  

where {V,] and {&,]are two independent sequences of independent and identically 

distributed random variables such that v, has the distribution function 

Fvn (V) = va , 0 < a I 2, 0 < v < 1. Then the process {X, ) is stationary if and only if 

c l  d - SL(o, a). - 

Proof: 

Denoting the characteristic function of X, and E, by oxn(t)  and OEn (t) 

respectively, (2.3.1) in terms of characteristic functions is 



where f v  (v) is the probability density function of V,. 

Since Fv (v) = va ,  0 < a 5 2, 0 < v < l ,  (2.3.2) becomes 

For n = 1, 

Since X. d E I ,  we have 

(t) = I+: (tv)ava-ldv . 
0 

0 

Assume that the process {X,) is stationary. Then 

Taking tv = z and on simplification, we get 

Hence E*  - d SL(o, a). - 

Conversely, assume that - d SL(o, a) . 



From (2.3.2), we have 

Since X. &land (vn}has the power function distribution with probability density 

function fvn(v)=ava-l,  0 < a < 2 ,  O<v<l ,  f o rn=  1, weget 

Assuming X,-l 4 SL(o, a ) ,  it can be shown that X d SL(a, a ) .  Hence the process n = 

(X,] is stationary. This completes the proof. 

Based on Theorem 2.3.1, we define frrst order autoregressive symmetric Linnik 

process as follows: 

Let XO = E] and 

forn =1,2 ,... X, = Vn(Xn-l +E,)' 

where (V,] and (&,]are two independent sequences of independent and identically 

distributed random variables with FV (v) = va, 0 <a  < 2, 0 < v  < 1 and is 

distributed as symmetric Linnik SL(o, a). 



2.3.1. Properties of the first order autoregressive symmetric Linnik process 

Simulated sample path using 80 observations generated from first order 

autoregressive symmetric Linnik process with o = .2 and a = 1.9 and 0.9 are 

presented in Figure 2.3.1. 

Figure 2.3.1. 

Sample path behavior of first order autoregressive symmetric Linnik process 

The joint distribution of (X,, X,+I) for first order autoregressive symmetric Linnik 

model is obtained with the use of characteristic function as 

Thus like the first order autoregressive a-Laplace process of Jayakumar et a1.(1995), 

the first order autoregressive symmetric Linnik process is not time reversible. 



The graph of the empirical joint distribution of (Xn,Xn+I) is presented in 

Figure 2.3.2 below using simulated series of 10000 observations from the first order 

autoregressive symmetric Linnik process. 

Figure 2.3.2. 

Empirical joint distribution of (X,, of first order autoregressive symmetric Linnik 

process 

2.3.2. First order autoregressive moving average symmetric Linnik process 

The first order moving average symmetric Linnik process is built using a 

sequence {E,) of independent and identically distributed symmetric Linnik random 

variables in the following manner: 

Xn = W n ( ~ n + & n - ~ )  (2.3.3) 

where {W, } is a sequence of independent and identically distributed random variables 

independent of {E,} with distribution function Fw (W) = W a, 0 < W I l, 0 < a 5 2 .  

Combining (2.3.1) and (2.3.3) and using Theorem 2.3.1 we get. 



Theorem 2.3.2. 

Let the process {X,) be defined by 

x n  = W, (En + Yn-11, 

Yn = Vn(yn- l+zn)  

where {z, } and {sn) are two independent sequences of independent and identically 

distributed random variables and {W,) and {V,) are also two independent sequences 

of independent and identically distributed random variables with distribution function 

(w)=wa,O<w <l ,  O < a s 2 ,  F v n ( v ) = v a , 0 < v ~ l , ~ < a ~ 2  with 

E I  - d - Yo - d ZI . Then the process {X,) is stationary if and only if E d SL(q a ) .  - l =  

Proof: 

Proof follows easily using the arguments similar to those in Theorem 2.3.1. 

2.3.3. Properties of the first order autoregressive moving average symmetric 

Linnik process 

The simulated sample path using 80 observations generated from fxst order 

autoregressive moving average symmetric Linnik process is presented in Figure 2.3.3. 

I ' I '  I I )  

Figure 2.3.3. 

Sample path behavior of first order autoregressive moving average symmetric 
Linnik process 



The empirical joint distribution of (X,, X,+*) of the first order autoregressive 

moving average symmetric Lmmk process is presented in Figure 2.3.4. 

Figure 2.3.4. 

Empirical joint distribution of (Xn, of first order autoregressive moving 

average symmetric Linnik process 

2.3.4. First order autoregressive multivariate symmetric Linnik process 

We consider the multivariate symmetric Linnlk distribution with characteristic 

function 

Consider the process Q,} defined by 



- X, - 5  and 

X n  = V I I ( X ~ ~ - ~ + E ~ ) ,  (2.3.5) 

where is a sequence of independent and identically distributed random vectors 

defined on Rk , {V,) is a sequence of independent and identically distributed random 

variables defined on (0,l) such that V, has distribution function, 

Equation (2.3.5) in terms of characteristic functions is 

1 

= J Ox,-, (F)k -n CWf ( v ) ~ v  
0 

If the process is stationary with X .  EI , we have - 

That is, 

1 

$(tl, t 2 ,  ..., t k )  = Jb2(tlv, t2v, ..., tkv)ava-ldv . 
0 

Take t, =6 j t  , weget 

Substituting tv = S, we get 

1 

bs - (t) = 14: (s)asa-'ds, 
- 

0 



where c@) = 62,.. .ak) . 

But Itlac(@ = ltla~(61, 62, ... , 6k) = c(Slt, 62t, ... , tjtt) 

Hence there exist 61,62,...,8k such that 

Thus, there exist a l  , a 2 ,. . ., a k such that 

If 3, d g1 and cl is multivariate symmetric Linnik, it can be seen that the process is 

stationary. 

From (2.3.5), 

I 

Therefore X1 is multivariate symmetric Linnik. By induction, we get g,) is 

multivariate symmetric Li~mik. 



Thus we have proved the foilowing Theorem. 

Tl~corem 2.3.3. 

Let the process {z, ) be defined by 

for n 2 l 
- 

3 0  - 50 and 

Xfi = V n G n - l  +gl l )  

where b,) is a sequence of independent and identically distributed random vectors defined 

on Rk, {V,) is a sequence of independent and identically distributed random variables 

defined on (0,l) such that V, has distribution function Fvn (v) = v" ,O < v l, 0 < a 5 2 .  

Then the process @,) is stationary if and only if gl is multivariate symmetric Linnik. 

2.4. First order autoregressive Mittag-LeMer process 

In Section 1.4, we have discussed the applications of the Mittag-Leffler as an 

alternative to exponential distribution. It can be used in a variety of situations where 

the exponential distribution is unrealistic. Also, for various values of a in (1.4. l), we 

get a number of distributions that are heavy tailed as compared to exponential. These 

facts are utilized by various authors for describing some real life situations with 

Mittag-Leffler distribution (see Weron and Kotulski (1996), Jayakumar (2003), Kotz 

et a1 (2001)). Here using the model (2.1.4), we introduce a new fllrst order 

autoregressive process having Mittag-Leffler distribution as marginal and study its 

properties. 



We have froin (1.4.2), the Laplace transfom of Mittag-Leffler distribution 

ML(o, a )  in (1.4.1) is 

As in Theorem 2.3.1 we get the following result, in the case of first order 

autoregressive Mittag-Leffler process. 

Theorem 2.4.1. 

Let the process {X,) be defined as 

XO = c1 and for n = 1,2,.. . 

Xn = Vn(Xn-l+&n) (2.4.1) 

where {V, ) and {c,) are two independent sequences of independent and identically 

distributed random variables such that V, has the distribution function 

Fvn (V) = va, 0 < a 5 l. 0 < v < l .  Then the process {X,} is stationary if and only 

if EI  - d ML(o, a). - 

Based on Theorem 2.4.1, we defme the first order autoregressive Mittag-Leffler 

process as follows: 

Let X. = and 

for n= 1,2, ... Xn = Vn(Xn-l+%) 

where {V, ) and {cn) are two independent sequences of independent and identically 

cc-l distributed random variables with fvn (v) = a v  , 0 < a 5 l, 0 < v < l, and 

cn d - ML(o, a) .  - 



2.4.1. Properties of the first order autoregressive Mittag-Leffler process 

The siniulated sample paths of the first order autoregressive Mittag-Leffler 

model (2.4.1) are given in Figure 2.4. l. 

Figure 2.4.1a Figure 2.4.1 b 

Figure 2.4.1. 

Sample path behavior of first order autoregressive Mittag-Leffler process 

The joint distribution of (X,,X,+I) for first order autoregressive Mittag- 

Leffler process is obtained with the use of Laplace transform as 

That is, 

l l 
= I ava-l dv. 

0 l +o(hl + v A . ~ ) ~  l + o ( ~ h ~ ) ~  

Thus like the first order autoregressive a-Laplace process of Jayakumar et a1.(1995), 

the first order autoregressive Mittag-Leffler process is not time reversible. 



The graph of the empirical joint density of (X,, X,,1) is given in Figure 2.4.2. 

below using simulated series of 10000 observations from the first order autoregressive 

Mittag-Leffler process. 

Figure 2.4.2. 

Empirical joint density of (X,,, X,,+1) of first order autoregressive Mittag-Lefiler process 

2.4.2. First order autoregressive moving average Mittag-Leffler process 

The first order autoregressive moving average Mittag-Leffler process is built using a 

sequence {E,] of independent and identically distributed Mittag-Leffler random 

variables in the following manner. 

Xn = Wn (E, + En-1 ) 

where {W, ) is a sequence of independent and identically distributed random variables 

independent of {E,] with distribution fimction Fw (W) = w a 0 < u 5 1, 0 < w 5 1. 



Combining (2.4.1) and (2.2.2) we defme the first order autoregressive moving average 

process (X, ] as follows. 

where (2,) and ( E , ~ )  are two independent sequences of independent and identically 

distributed random variables and (W,), (V,,) are two independent sequences of 

independent and identically distributed random variables such that both have the 

power function distribution with distribution functions Fw (W) = w a y  FVn (v) = va , 

Theorem 2.4.2. 

Let the process {X, ) be defined by 

where (2, ) and (E,) are two independent sequences of independent and identically 

distributed random variables and, (W,) and {V,) are also two independent 

sequences of independent and identically distributed random variables with 

distribution function Fwn (W) = W a, Fvn (v) = va O<v,w <l, O<a<I with 

d - Yo d Z1. Then the process (X,] is stationary if and only if E d ML(o, a) - - - l =  

Proof: 

Proof follows easily using the arguments similar to those in Theorem 2.3.1. 



2.4.3. First order autoregressive multivariate Mittag-Leffler process 

We consider the rnultivariate Mittag-Leffler distribution with Laplace transform 

(hl,h2 ,... h k ) ~ R : , O < a i l , o i  >O,i =1,2,3 ,.., k .  

Theorem 2.4.3. 

Let the process Q,) be defmed by 

_Xn = Vn@n- l+~ l l ) , n2  1 

where k,) is a sequence of independent and identically distributed random vectors 

defmed on R:, {V,) is a sequence of independent and identically distributed random 

variables defined on (0, 1) such that Vn has power function distribution, 

FV, (V) = v a  ,O < V < 1,0 < a 5 1, with _Xo c l .  Then the process k,) is stationary if 

and only if g1 is multivariate Mittag-Leffler. 

Proof: 

Proof follows using the arguments similar to those in Theorem 2.3.3. C 

Remark 2.4.1. 

The processes defined in this Chapter can be easily extended to higher order 

cases. 
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CHAPTER I11 

BURR AND PAWTO PROCESSES 

3.1. Introduction 

The methods used for f iding solution to autoregressive models are by using 

the generating functions such as Laplace transform and characteristic functions. If 

these generating functions do ~ io t  have a closed form expression then this method of 

finding solutions fails. But if the sunrival function of the distribution has a closed 

form expression such as Pareto, logistic, Weibull etc. then the autoregressive nature of 

the sequence {X, ) can be studied by using equation ( l  .2. l), that is, 

X, = k min(Xn-l,~,), n 21. 

Properties of this model are discussed in Alpiurn (1989), h o l d  and Hallett (1989) 

and Lewis and MiKenzie (1991). 

Yeh., et al. (1988) introduced first order autoregressive Pareto model 

{X,,  n = 0,1,2 ,...) defmed by 

XO = EI and fo rn=  1,2, ... 

where 'w.p.' stands for 'with probability', 0 < P < 1 and {E,) is a sequence of 

independent and identically distributed Pareto random variables having survival 

This Chapter is based on Jayakumar and Thomas Mathew (2002b) 
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function 

The model (3.1.1) can be written as 

XI, = min(P-Y ~11-1, U,l&,,) 

where (U,,], is a sequence of independent and identically distributed Bernoulli random 

variables with P(& = 0) = P = 1 - POT,, = 1). Pillai (1 991) extended the Pareto process of 

Yeh et al.(1988) md studied first order autoregressive semi Pareto process. Balakrishna 

(1998) discussed the estimation of the first order autoregressive semi Pareto and Pareto 

processes. Balakrishna and Jayakumar (1997) introduced bivariate semi-Pareto distribution 

and studied the properties of autoregressive rninification models for bivariate random vectors 

with bivariate semi Pareto and bivariate Pareto distributions. Alpium and Athayde (1990) 

characterized the class of stationary distributions arising out of the model 

X, = Zn ma~(x , -~ ,Y, ) ,  n 2 1 ,  (3.1.3) 

X. being any random variable and {Y,}, {zn}being any sequences of independent random 

variables also independent of each other and of X. and identically distributed with Y and Z, 

respectively. This sequence is a generalized version of 

X, = k m a ~ ( X , _ ~ ,  Yn),n 2 l ,  

where k is a real constant, 0 < k < l ,  and {Y, ) any independent and identically distributed 

random variables studied in Alpium (1 989). 



In this Chapter, we introduce and study two random coefficient autoregressive 

Iliiniflcation processes, one is with Burr type XI1 marginal distribution and the other with 

Pareto type I11 marginal distribution. 

We say that a random variable X on (0, W )  has Paxeto distribution and write 

X - d P(o, a) if it has tlie survival fur~ction - 

Even though the Burr type XI1 distribution (1.9.1) can be used to fit almost any given 

set of unimodal data, not much work has been done on time series models with Burr type XI1 

marginal distributions. Jayakumar and Thomas Mathew (2002b) introduced a random 

coefficient autoregressive process with Burr type XI1 marginal distribution and studied its 

properties. In Section 2, we introduce and study first order autoregressive Burr process. A 

multivariate generalization is also considered. First order autoregressive moving average 

mixed Burr process is developed. In Section 3, first order autoregressive Pareto process is 

introduced and studied. A multivariate generalization is done. First order autoregressive 

moving average Pareto process is also developed. 

3.2. First order autoregressive Burr process 

Theorem 3.2.1. 

Let the process {X,) be defmed as 



where (V, ) and (E,) are two independent sequences of independent and identically 

distributed random variables such that {V,) has distribution function 

FVn (v) = vay ,O < v  < l, a ,  y 0 .  Suppose the process (X,) is stationary. Then 

X d Burr(o, a ,  y) if and only if E d P(o, a) n = n = 

Proof : 

Denoting the survival function of X, and E, by FXn (X) and FEn (X) 

respectively, (3.2.1) in terms of survival functions is 

ay-l where fv  (v) = ay v , 0 < v < l, a ,  y > 0 is the probability density function 
n 

of V,, . 

That is , 

- 1 

F ~ ,  (X) = FEn (X)/ Fx n-l (xv)a y v"-'~v 

Assume that the process {X,) is stationary. Then 

By taking xv = t, we get 



Differentiating with respect to X on both sides and simplifying, we get 

Thus, 

Since E l, is Pareto, 

Conversely, if {X,} is stationary with Burr (G, a, y) distribution as the marginal, then 

{cn) is P (G, a). 

1 Fx (xv)a y v ay-l 
- - dv . 
FE n (X) o FX (X) 



y - t l  

- 
1 

wy-'dw . 

A Taking W - = z , we get 
err. 

L 
Put t = - . Thus, 

l + z  

Therefore, 

- - 1 
F,,, (4 - 

l+($ ' 



Hence E d P(a, U). This completes thz proof. * = 

Theorem 3.2.2. 

Let the process {X ,, ) be defined as 

where (V, ) and {En)  are two independent sequences of independent and identically 

distributed random variables such that V has distribution function 

FVn (v) = vay ,O < v < l, a, y > 0 .  If X. Burr(o,u, y) and E d P(o, a), then - * = 

the process {X,) is stationary with Burr(o, a, y) marginals. 

Proof: 

We have 

Putting n = l, we get 



1f va = W ,  then 

A Taking W - = z , we get 
ua 

L 
Put t = - . Thus, 

l + z  

That is, XI - - d Bw(o, a ,  y). 



If Burr(0, a, y), then we get X, = Burr(o, a, y) . Thus the process (X,) is 

stationary with Burr ~narginals. G 

Based on Theorem 3.2.2, we clefme the first order autoregressive Bun process 

{X, ) as follows: 

XO = Burr(o, a, y) and 

for n = 1,2 ,... X, = E n )  

where (V,] is a sequence of independent and identically distributed power function 

random variables with distribution function Fv (v) = vay , 0 < v < l, u, y > 0 and 
n 

(cn) is a sequence of independent and identically distributed P(o, a) random 

variables independent of (V,]. 

Now we study some properties of the stationary Burr process 3.2.2. 

3.2.1. Properties of the first order autoregressive Burr process 

The joint survival function of (X,, X,.,+1) is of the form 



The joint survival function of (X,, X',,,) of the first order autoregressive Burr 

process for a = 5, o = 1 and y = .5 is given in Figure 3.2.1 below. 

I 

Figure 3.2.1. 

Joint survival function of (X,,, X,,+1) of the first order autoregressive Burr process. 

Now consider 



Now, 

where G(.) is the distribution function of V,. 

That is, 

where F(x) is the distribution function of Burr(o, a, y) . 



where H(y) is the distribution function of P(o, a). 

Autoconelation coefficients of various orders for various values of y (for a = 2.5 and 

o = 1) are computed using simulation of equation (3.2.2) (100 runs of length 5000) 

and are presented in Table 3.2.1. From the table it can be observed that as the value of 

y increases autocorrelation increases. 

Table 3.2.1. 

Autocorrelation of various orders 'j' for various values of y ( a = 2.5 and o = 1). 

The sample path behavior of the first order autoregressive Burr process is presented in 

Figures 3.2. l. 



Figure 3.2.1a. Figure 3.2. l b. 

Figure 3.2.1~. Figure 3.2.ld. 

Figure 3.2.1. 

Sample path of the Burr process 

3.2.2. First order autoregressive multivariate Burr process 

Consider the multivariate Burr distribution with survival fbnction 

1 

Let the process k,) defined by 



where the minimum is component wise, } is a sequence of independent and 

identically distributed random vectors defined on R;, (V,) is a sequence of 

independent a ~ d  iderrtically distributed random variables defmed on (0, 1) such that 

(V,) has power function distribution FV (v) = vay ,O < v < 1, a, y > 0 .  Suppose 
n 

k, ) has multivaiate Pareto distribution with survival function 

Then, equation (3.2.4) in terms of survival functions is 

If the process is stationary, then 

That is, 



.- 
h - ( g ~ )  = F, (ex x) J ( ~ X V ) ~  V"-' dv , 

-a - 
0 

where 8 = (6tJa, 8;lU ,..., 6La)'. 

If xv = t, then 

Differentiating with respect to X gives 

That is, 

Since g, multivariate P(9, a), we get 

Suppose k,) in (3.2.4) is stationary multivariate Burr. 

Then, 



= 1+8xa. 

That is, 

Therefore 

Thus, we have proved the following theorem 

Theorem 3.2.3. 

Let the process {g., ) be defmed as 



where &,} is a sequence of independent and identically distributed random vectors 

defined on R; and (V,) is a sequence of independent and identically distributed 

univariate random variables having distribution function FVn (v) = vay, 

0 < v < 1, a ,  y > 0.  Suppose the process Q, ) is stationary. Then X d Burr(g, a ,  y) -n = 

if and only if -n E = d P(g, a )  . 

Based on this result, we define the first order autoregressive multivariate Burr 

process as follows: 

xo = B ~ ( E , ~ , Y )  and 

forn=1,2 ,... X, = m i n ( ~ ~ ' ~ , - ~ , g , )  

where {V,) is a sequence of independent and identically distributed power function 

random variables with distribution function Fv (v) = vay , 0 < v < l, a, y > 0 and 
n 

&,} is a sequence of independent and identically distributed P@, a )  random 

variables. 

3.2.3. First order autoregressive moving average mixed Burr model 

Consider the process (X,), n= 1,2,3, . . . defined by 

where {E,} is a sequences of independent and identically distributed P(o, a) random 

variables,  is a sequence of independent and identically distributed Bernoulli 



random variables such that P(K, = 0) = 8 = 1 - P(K, = l), {V,) and {U,) are two 

independent sequences of independent and identically distributed random variables 

defined on the interval (0, l )  with distribution function Fv (v) = vay ,O < V < 1, 
n 

Fun (U) = U ay ,O < U < l, a ,  y > 0 and Yn P Burr(o, a ,  y) . 

We have fiom (3.2.5), 

- 
Fxn(x) = P ( ~ ~ ~ ( K , Z , , V ~ ~ Y ~ - ~ ) > X ) .  

If xv = t, then 

Thus {X,) has mixed Burr distribution. 

The sample path behavior of rnixedBurr(o, a, y) process is given in Figure 3.2.2. 



Figure 3.2.2a. Figure 3.2.213. 

Figure 3.2.2~. Figure 3.2.2d. 

Figure 3.2.2e. Figure 3.2.2f. 

Figure 3.2.2. 

Sample path behavior of the first order autoregressive moving average mixed Burr 

process 



3.3. First order autoregressive Pareto process 

Here we develop a first order autoregressive Pareto process and study its 

properties. 

Theorem 3.3.1. 

Let the process {X,) be defmed as 

XO = &l and 

where {V, ) and {E,,) are two independent sequences of independent and identically 

distributed random variables such that V, has the distribution function 

Fvn (v) = v a ,  a > 0, 0 < V < l . Then the process {X,) is stationary if and only if 

Proof: 

Denoting the survival function of Xn and E. by Fx (X) and (X) respectively, 

(3.3.1) in terms of survival function is 

where f v  (v) is the probability density function of V,. 

Since Fv (v) = va, a > 0,0 < V < l ,  (3.3.2) becomes 



- 
FX, (X) = IFX n-l (xv)F ( x v ) ~  va-ldv 

En 
0 

Assume that the process {X,} is stationary. Then 

Since X. d ~ 1 ,  we have - 

That is, 

Differentiating both sides with respect to X and rearranging the terms, we get 

Writing Fx(x) = 
1 

, h(x) is monotone increasing with h(0) = 0 and h(co) = 
1 + h(x) 

co, we get 

and hence h(x) = c X", c > 0. 

- 
Therefore 1 1 

Fx(x) = . Take c = - . 
l + c x a  oCL 



Hence d_ P(o, a )  

Conversely, assume that ~1 d P(o,a) . Using the method of induction, we can see that - 

the process (X,) is stationary. 

From (3.3.2), we have 

Since X. s l  and (V,) has the Power function distribution with probability density 

function fvn ( v ) = a  va- ' ,u>0,0<v<l ,  f o rn=  1 we get 

Assuming d - P(o, a ) ,  it can be shown that X d P(o, a )  . Hence the process {X,} n = 

is stationary. This completes the proof. 17 

Based on Theorem 3.3.1, we define the first order autoregressive Pareto process 

as follows: 



XO = &l  and 
for n = 1,2, .. . 1 (3.3.4) xn = v; min(xn-l,~n ) 

where (V,) and ( E ~ )  are two independent sequences of independent and identically 

distributed random variables with FV (v) = va,  0 < v  < l, a > 0 
n 

and 

3.3.1. Properties of the first order autoregressive Pareto process 

The sample path behavior of the first order autoregressive Pareto process with 

and a=10, o = 1 presented in Figure 3.3.1. 

Figure 3.3.1. 

Sample path behavior of first order autoregressive Pareto process 

From (3.3.4), The joint survival function of (X,, X,+*) of the fnst order 

autoregressive Pareto process is 

- 
F ~ n ~ n + ~  (X, Y) = ~ ( x n  > X, Xn+l > Y). 



1 
a-l = J ~ ( ~ ~ + ~ > ~ ) ~ ( x ~ > m a x ( x , v y ) a v  dv. 

0 

The joint survival function of (X,, X,,,) of the first order autoregressive Pareto 

process for a = 8, o = 1 is presented in Figure 3.3.2. below. 

Figure 3.3.2. 

Joint survival function of (Xn,Xn+l) of the first order autoregressive Pareto 

process. 



Consider 

where G(v) and F(x) are the distribution fbnctions of and &,+l respectively. 

Thus, 

dx.  

Numerical evaluation of the integral gives the result that P(Xn+I > X,) converges to 0.645 

for all values of a and a . 



E ( x n + ~ ~ n  ) = E(v,il min(Xn, &n+l )Xn 

That is, 

where F(x) and H Q  are the distribution functions of X, and &,+l respectively. 

That is, 

a-l 
1 a(:) - (3 

E(x,+Ixn) = E(vi:l)ll(min(x7 y)x) 2 d x d ~  
x y  (l+k~)' (l+(:)") 

Autocorrelation coefficient p of various orders for different values of a, are computed using 

10000 simulated observations from first order autoregressive Pareto process and is presented 

in Table 3.3.1. 



Table 3.3.1. 

AutocorreIations p. = C~rr(x,,X,,+~) for j = 1 to 15 for different values of a and for a = 1 
J 

3.3.2. First order autoregressive moving average Pareto process 

The first order moving average Pareto process is built using a sequence (E,) of 

independent and identically distributed Pareto random variables in the following 

manner. 

where {W,) is a sequence of independent and identically distributed random variables 

independent of {E,) with distribution function Fwn (v) = w a, 0 < v < 1, a > 0 . 

Combining (3.3.1) and (3.3.5) we defme the first order autoregressive moving average 

process (X,) as follows: 



where (z,] and {cn] are two independent sequences of independent and identically 

distributed random variables. {W,) and {V,) are two independent sequences of 

independent and identically distributed random variables distribution function 

Theorem 3.3.2. 

Let the process (X,) be defmed as 

1 X, = W, rnin(s,, ) 

Y, = V;' min(Y,-i, Zn ) 

where (z, ] and { E ~ )  are two independent sequences of independent and identically 

distributed random variables and, (W,] and (V,] are two independent sequences of 

independent and identically distributed random variables with distribution function 

Fw,,(w) = w a ,  Fvn(v) = va, O<w,v<l,a>O with EI  - - dYo - dZ1.  Then the 

process (X,] is stationary if and only if EI P(o, a )  . 

Proof: 

Follows easily using the arguments similar to those in Theorem 3.3.1. 0 

The sample path behavior of (3.3.6) is presented in Figure 3.3.3 for a =2, a =l0 

(with o = l). 



Figure 3.3.3a. Figure 3.3.3b. 

Figure 3.3.3. 

Simulated sample path of the first order autoregressive moving average Pareto 

process for a = 2 and 10 with o = 1 

3.3.4. The first order autoregressive multivariate Pareto process 

We consider the multivariate Pareto distribution with survival function 

(xl,x2 ,... x ~ ) E R ; , ~ > o , ~ ~  >O,i=1,2,3,..k. 

Consider the process k,) defined by 

- 1 Xn = V ( ) n > o  (3.3.7) 

where the minimum is component wise, } is a sequence of independent and 

identically distributed random vectors defined on R;, {V,) is a sequence of 



independent and identically distributed random variables defined on (0, 1) such that 

Vn has Power function distribution, Fvn (v) = va,  0 < v < 1, a > 0 .  

Equation (3.3.7) in terms of survival function is 

- + 
= p(v [ lmin (~~- l ,B~)>Z) ,  = ( x l , x 2 , . . . x k ) ~ ~ n .  

If the process is stationary with zo cl ,we have 

That is, 

Take xj = 6,x ,we get 

Putting xv = t, 



Hence 

Differentiating with respect to X, (3.3.8) becomes 

Writing 
1 

F&) = we get 
l+ l lg (x) '  

qs(x) - = xac@) where c@)= ~ ( 6 ~ , 6 2 ,  ...,8k). 

That is, 

But Xac(g) = ~ ~ c ( g l , 6 ~  ,..., g k ) =  c ( ~ ~ x ,  6 2 ~  ,..., 6kx) 

Hence there exist 6  6  2 , .  . . , 6  such that 

Thus there exist a l ,  a2 ,..., a k  such that 

If X. d g1 and g1 is multivariate Pareto, it can be seen that the process is stationary. 



From (3.3.7), 

Therefore XI is Pareto. By induction we get $,) is Pareto. 

Thus we have proved the following Theorem. 

Theorem 3.3.3. 

Let the process k,) be defined by 

1 X, = v; in(x,-,,En ), n > l  

where k n )  is a sequence of independent and identically distributed random vectors 

defined on R:, {V,) is a sequence of independent and identically distributed random 

variables defined on (0, 1) such that V,, has distribution function, Fvn (V) = v a ,  

0 < v < 1, a > 0, with _Xo - - d gl. Then the process $,) is stationary if and only if is 

multivariate Pareto. 



Based on Theorem 3.3.3, we defme the first order autoregressive multivariate 

Pareto process as follows. 

- xo - -I E and 
for n = 1,2, . .. 1 Zn = . v; min(Xn-1,sn ) 

where {V,) is a sequences of independent and identically distributed random variables 

with distribution function FV (v) = va , 0 < v < l, a > 0 and &, } is a sequence 
n 

of independent and identically distributed random vectors defmed on R; and 

E dP(g ,a ) .  -n = 
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CHAPTER IV 

GENERALIZED LOGISTIC AND LOGISTIC PROCESSES 

4.1. Introduction 

Logistic distribution has attracted the attention of many researchers due to the 

application of this distribution in various fields. Balakrishnan (1992) discussed the 

application of logistic distribution in population growth, medical diagnosis and public 

health. He also discussed the analysis of bio availability data when successive samples 

are from logistic distribution. Arnold and Robertson (1989) studied first order 

autoregressive logistic process. Arnold (1993) constructed a logistic process using 

Markovian minimization. Sim (1993) have developed additive autoregressive models 

with logistic marginals. Voorn (1987) obtained characterizations of logistic 

distribution using maximum stability. For the properties of logistic distribution, see 

Balakrishnan (1992) and Johnson et al. (1995). Even though logistic distribution has 

many applications in real life situations not much work has been done on 

autoregressive processes with logistic marginals. 

Similar to the models studied in Chapter 111, we introduce and study the 

following two models 

X, =min(Xn-l -lnVn,&,) and 



This is actually a minification version of the models proposed by Helland and Nilsen 

(1976) to describe the water density in a sill fjord as well as other phenomenon such 

as, for instance, the utility of certain industrial equipments. 

Definition 4.1.1. 

We say that a random variable X on (-CO, CO) has logistic distribution and write 

X - d L(o, a) if it has the survival function 

0 

Definition 4.1.2. 

We say that a random variable X on (-CO, CO) has generalised logistic 

distribution and write X - - d GL(o, a, y) if it has the survival function 

In Section 2, a random coefficient first order autoregressive process with generalised 

logistic marginal distribution is introduced and its properties are studied. A fust order 

autoregressive moving average process with generalised logistic marginals is 

developed. A random coefficient first order autoregressive process with logistic 



marginals is introduced and studied in Section 3 and it is extended to define first order 

autoregressive moving average logistic process. 

4.2. First order autoregressive generalized logistic process 

Theorem 4.2.1. 

Let the process {X,} be defined as 

X I 1  = min(Xl l - l - InV, l ,~ , , ) ,  n=1,2 ,  ... 

where {V,} and {E,] are two independent sequences of independent and identically 

distributed random variables such that V, has distribution function 

FVn (v) = vaU, a,y > 0, 0  < v  < l .  Suppose the process (X,) is stationary. Then 

X d GL(o, a, y )  if and only if E, L(o, a ) .  " = 

Proof: 

Denoting the survival function of X, and E, by FXn (X) and FEn (X) 

respectively, (4.2.1) in terms of survival functions is 

ay-l where fvn ( V )  = ay v  , U> y > 0, o < V < l is the probability density function of 

Vn. 

That is, 



- 1 
ay- l  

FXn(xj = ~ & , ( x ) ~ F X  n-1 ( x + l n v ) a y v  dv .  
0 

Assume that the process {X,] is stationary. Then 

By taking X + In v = t, we get 

Differentiating with respect to X on both sides and simplifjling, we get 

Thus, 

i X 

(X) = FEn (X) exp - a y  J (l - FEn (u))du . 1 
Since E L(G, a), we get 

Conversely, let {X,] is stationary and X n = d GL(o, a ,  y) 

Then from (4.2.3), we have 



Hence E n = d L(o, a ) .  This completes the proof. 

Theorem 4.2.2. 

Let the process (X,) be defmed as 

X, = min(Xn-l - lnVn,~n) ,  n=1 ,2  ,... 

where (V,) and (E,) are two independent sequences of independent and identically 

distributed random variables such that (V,) has distribution function 

Fv,(v) = vap,O<v<l, a , P > o .  If Xo_dGL(o,a,y) and E n = d L(o,a) ,  thenthe 

process (X,] is stationary with GL(q a, y) marginals. 

Proof: 

From (4.2.2), we have 



That is, XI 6 GL(o, a ,  y). - 

If 6 - GL(0, a ,  y) , then we get X, = GL(o, a ,  y) . Thus the process {X,} is 

stationary with generalized logistic marginals. 0 

Based on Theorem 4.2.2, we define the fust order autoregressive generalized 

logistic process {X,}, n = 0,1,2,. . .as follows: 

Xo = GL(o,a,y) and 
forn=1,2 ,... X, = min(Xn-l-InVn,~n) 

where {V,] is a sequence of independent and identically distributed power function random 

variables with distribution hnction FV, (V) = vay ,O < V < l, a, y > 0 and (E,) is a 

sequence of independent and identically distributed L(o, a )  random variables independent 

of (vn 1. 
4.2.1. Properties of first order autoregressive generalized logistic process 

Now we study some properties of the fllrst order autoregressive generalized logistic 

process. 

- 
Fxn,x,+I (X, Y) = p(xn > X, X,+l > Y) 



The joint survival function of (X,, X,+1) of the first order autoregressive generalized 

logistic process is presented in Figure 4.2.1 below. 

Figure 4.2.1 

Joint survival function of (X,, of the first order autoregressive generalised 

logistic process 



Consider 

1 
ay- l  = J P ( x ~ > X ~ + ~ ~ V ) ~ ~ V  ~ ( & ~ + ~ > ~ n ) d v  

0 

Now 

where G(.) is the distribution function of 

We have, 

where F(x) is the distribution function of GL(o, a, y) . 

= I l l min (X - ln v, y) xdH( y)dF(x)dG(v) 

V X Y  



where H(jl) is the distribution function of L(o, a) . 

10000 observations are simulated fiom the first order autoregressive 

generalized logistic process for a = 1.4 and rr = 2, and autocorrelation of lag up to 20 

for various values of y is calculated. This is presented iri Table 4.2.1 given below. 

Table 4.2.1 

Autocorrelation (pj) of lag up to 20 for various values of y for a = 1.4 and a = 2 

The simulated sample path behaviour of the first order autoregressive 

generalized logistic process is presented in Figure 4.2.2. 



Figure 4.2.2a Figure 4.2.2b 

a=1.4 y = 9  a=0.1 

Figure 4 .2 .2~ Figure 4.2.2d 

Figure 4.2.2e Figure 4.2.2f 

Figure 4.2.2. 

Sample path behavior of the generalized logistic process 



4.2.2. First order autoregressive moving average mixed generalized logistic 

process 

Theorem 4.2.3. 

Let 

Xn = min(KnZn,Yn-l-ln'irn) 

Yn = miil(Yn-l - In U,, Z , )  

where (z,) are independent and identically distributed L(o, a) random variables, 

K, 'S are independent and identically distributed Bernoulli random variables such that 

P(K. = 0) = 0 = 1 - P(K, = l), {vn] and {U,) are two-independent sequences of 

independent and identically distributed random variables with distribution function 

F(v) = var , F(u) = u ay, a, y > 0, 0 < v, u < l and Y, d GL(o , a, y). Then the process 

{X,} is stationay with mixed generalized logistic distribution. 

Proof: 

The equation X, = min(Yn-l - In V,, K ,Zn) in terms of survival functions 

If X + In v = t, then 

- X P(Yn-I > t ) a  y e 
FX(x) = [0+(l-B)P(Z, >X)] d t 

eCL*lx 
-a 



4.3. First order autoregressive logistic process 

Theorem 4.3.1. 

Let XO = E I  and 

andforn=1,2 ,... Xn = m i n ( ~ ~ - ~ - h ( V ~ ) , ~ ~ - l n ( ~ ~ ) ) ,  

where {V,) and {cn) are two independent sequences of independent and identically 

distributed random variables such that V, has the distribution function 

FVn (V) = va ,  a > 0, 0 < v < 1. Then the process {X,) is stationary if and only if 

E1 d - L@, a )  

Proof 

Consider 

Denoting the survival function of X, and E, by Fx, (X) and FEn(x) respectively, 

(4.3.1) in terms of survival function is 

where fv  (v) is the probability density function of V,. 

a Since Fvn (v) = v , a > 0,O < v < l ,  we get 



Assume that the process {X,} is stationary. Then 

Since & 4 E I ,  we have 

X 

That is, eaXFx (X) = IF$ ( t ) a  eatdt . 

Differentiating both sides with respect to X and rearranging the terms, we get 

Writing Fx (X) = 
1 , h(x) is monotone increasing with h(-m) = - m  and 

1 + h(x) 

h(m) = a ,  we get 

and hence h(x) = ceaX , c> 0 is a constant. 

Therefore. FX (X) = 
1 

l + c e a x  

Taking c = o,,we get X d L(a, a). - 



Conversely, assume that c1 Ljo, a ) .  Using the method of induction, we show that the - 

process {X, ) is stationary. 

Since X. d E I ,  Gom (4.3.2) we get 

- - 1 

1 + oeax 
Assuming XnF1 - L(o, a ) ,  it can be shown that X d L(o, a ) .  Hence the process (X,) " = 

is stationary. This completes the proof. • 

Based on theorem 4.3.1, the first order autoregressive logistic process is 

defined as 

XO = ~1 and 
for n = 1,2,. . . 

X, = min(~ , -~  - ln(V,), E - l n ( ~ ,  )) ' 

where {V,) and {E,} are two independent sequences of independent and identically 

distributed random variables such that V, has the distribution function 

F~,(V)  = va, a>O, O < v < l  and E I  iL(o ,a ) .  



4.3.1. Properties of first order autoregressive logistic process 

Simulated sample path behavior of 80 observations from the first order 

autoregressive logistic process is presented in Figures 4.3.1. 

Figure 4.3.la. Figure 4.3.1 b. 

Figure 4.3.1~. Figure 4.3.ld. 

Figure 4.3.1. 

The simu!ated sample path behavior of the first order autoregressive Logistic process 

The joint survival function of (X,, X,,,) is 



The joint survival function of (X,, of the first order autoregressive logistic 

process for a = 8, o = 1 is given in Figure 4.3.2. below. 

Figure 4.3.2. 

Joint survival function of (X,,XH1) of first order autoregressive logistic process 

Consider, 

P(Xn+l >X,) = ~ ( m i n ( ~ n , ~ n + l ) - h v n + ~  > x n )  



=JJP(Enll > x + I ~ v )  dG(v)dF(x). 
x v  

where G(v) and F(x) are the distribution hnctions of and E, +l respectively. 

CO l 1 m e a x  
p ( X p + ~ > X n )  = J I  ava-l dvdx 

-CC o 1+vamaX (1+oea~)2 

4.3.2. First order autoregressive moving average logistic process 

The first order autoregressive moving average logistic process is built using a 

sequence {E,} of independent and identically distributed logistic random variables in 

the following manner: 

X, = min(s, -In W,, ~ ~ - 1  -In W,) (4.3.4) 

where {W,) is a sequence of independent and identically distributed random variables 

independent of {c, ) with distribution function Fw (W) = w a, a > 0,O < W < 1 . 



Combining (4.3.1) and (4.3.4) we defme the first order autoregressive moving average 

logistic process (X,) as follows: 

X, = n ~ i n ( ~ ~ ~  -In W,, , Yn-l -In W,) 

Y, = min(Yn~l-InVn,Zn-InVn) 

where (2,) and {cn) are two independent sequences of independent and identically 

distributed random variables and {V,), {W,) are two independent sequences of 

independent and identically distributed random variables such that both have the 

power function distribution Fw (W) = W", Fv (v) = va,  0  < v, W < 1, a > 0 

Theorem 4.3.2. 

Let the process {X,) be defmed by 

where (2,) and {E,) are two independent sequences of independent and identically 

distributed random variables and, {W,) and {V,) are also two independent sequences 

of independent and identically distributed random variables with distribution function 

FWn(w)=wa,  FVn(v)=va,  O<v ,w<l ,  a > O  withal P Y o  4 Z l .  Thentheprocess 

{X,) is stationary if and only if a1 4 L(G, a). 

Proof: 

Proof follows using the arguments similar to those in Theorem 4. 3.1. 



The sample path behavior of the first order autoregressive moving average 

logistic process is given in Figures 4.3.3. 

Figure 4.3.3a. Figure 4.3.313. 

Figure 4.3.3. 

Sample path behavior of the first order autoregressive moving average logistic 

process 



STUDY ON AUTOREGRESSIVE MODELS 

. .. Thesis submitted 

to the University of Calicut 

for the degree of 

DOCTOR OF PHILOSOPHY 

Under the Faculty of Science 

BY 

THOMAS MATHEW 

DEPARTMENT OF STATISTICS 

UNIVERSITY OF CALICUT 

KERALA, INDIA 

Pin. 673 635 

MAY, 2004 



CHAPTER v 

DISCRETE LllNNIK AND DISCRETE MITTAC-LEFFLER PROCESSES 

5.1. Introductiorl 

One of the assumptions underlying linear stochastic difference equation models 

of time series is that the noise process generating the observed series is composed of 

independent and identically distributed random shocks which are usually, for 

statistical convenience, taken to be nonnally distributed (see Al-Osh and Alzaid 

(1988)). It is well known that a linear combination of normal random variables is also 

normal. However, observed time series often differ considerably from the familiar 

Gaussian realizations, especially when the observations are discrete. In recent years 

there has been growing interest in non-Gaussian processes having discrete marginal 

distributions. 

Discrete variate time series occur in many contexts, often as counts of events, 

objects or individuals in consecutive intervals or at consecutive points of time. Some 

simple examples are the numbers of accidents in a manufacturing plant each month, 

the numbers of patients treated in a hospitals emergency unit each hour, the number of 

fish caught in a particular area of sea each week, the number of busy lines in a 

telephone network noted every tlmty minutes and the number of lifts in a tall office 

building which are fully operational at the start of business each day. Such data may 

This Chapter is based on Thomas Mathew and Jayakumar (2003b), Jayakumar and 
Thomas Mathew (2004). 



also be arise fi-om the discretization of contiriuous variate time series. An example of 

this is the reduction of daily ramfall volumes to a bil~ary series of ones and zeros, that 

is, wet and dry days. See for example, Phatarfod and Srikanthan (198 1). 

Construction of discrete time series models with Markovian dependence 

structure gained importance with the work of A-Osh and &aid (1987). Based on the 

concept of discrete self-decomposability, they introduced the first order integer valued 

autoregressive model defined in (1.3.2). They studied the distributional properties of 

the model and discussed methods of estimation of the parameters of the model. Alzaid 

and Al-Osh (1990) and Jin Guan and Yuan (1991) extended the first order integer 

valued autoregressive model to p" order case and studied the properties of the model. 

Pillai and Jayakumar (1995) introduced the first order autoregressive discrete 

Wttag-Leffler distribution. They defined the first order autoregressive discrete 

Mittag-Leffler process as follows: 

Let Xo B &I 

and for n = 1,2,3, . . . 

where p O X  is defined (in distribution) by its probability generating function 

P(1 -p+ pz)and {E,} is a sequence of independent and identically distributed 

discrete Mittag-Leffler random variables. Thomas Mathew and Jayakumar (2003b) 

introduced the concept of random coefficient integer valued autoregressive processes 



and developed a random coefficient first order autoregressive discrete Mittag-Leffler 

process. Jayakumar and Thomas Mathew (2004.) constructed a random coefficient first 

order autoregressive discrete Linnik model and studied its properties. 

In the present study, we consider a generalization of the first order integer 

valued autoregressive model (1.3.2). Here we replace a in (1.3.2) by a random 

variable. In practical situations, we can see that it is reasonable to replace a in (1.3.2) 

by a non-degenerate random variable. 

For a non-degenerate random variable V defmed on (0,1), the operator O 

defined in (1.3.1) is as follows: Let X be a non-negative integer valued random 

variable. Then, for any given V, the binomial thmning operator ' @ ' is defined by 

X 
v e x  = CY, 

i=l 
where (Y,) is a sequence of independent and identically distributed random variables 

independent of X such that 

Let PX(z) = E(ZX) is the probability generating function of the non- 

negative integer valued random variable X. Then the probability generating function 

X 
of V O X  = C Y i  is 

i =l 



X 
But V CB X = Yi is binomial random variable with n = X and p = V. 

i =l 

where 

Therefore, 



Definition 5.1.1. 

The generalized integer valued first order autoregressive model 

(X,, , n = 0,+l,i2 ,... } is defined as 

X, = V,,OXn-l+r,, n = 1 , 2  ,... (5.1.1) 

where {V, } is a sequence of independent and identically distributed random variables 

defined on (0, l) and {&,)is another sequence of independent and identically 

distributed non negative integer valued random variables. 3 

Similar to Al-Osh and Alzaid (1987), the properties of this model can be 

studied. 

where Z is binomial random variable with parameters X and V. 





That is, 

Hence, 

Proceeding like this, we get 

The joint probability generating function of (Xnd1, X,) is 



Next we consider the generalized integer-valued first order autoregressive 

model {X, ,n  = 0,&1,+2 ,...) defined by 

where {V,) is a sequence of independent and identically distributed random variables 

defined on (0, 1) and {E,} is a sequence of independent and identically distributed 

non-negative integer valued random variables. 

E(Xn ) = ~(vn @ (Xn -1 + ~n 1) 

= )(E(x~-I ) + ~ ( & n  )) 



= E(V,)~ar(x,-~). 

The joint probability generating function of X,) is 



In Section 2, we introduce and study a first order integer valued autoregressive 

model with discrete Linnrk marginals. A first order integer valued autoregressive 

multivariate discrete Linnik model is developed. First order integer valued 

autoregressive moving average mixed discrete Linnik process is introduced. In 

Section 3, a first order integer valued autoregressive process with discrete Mittag- 

Leffler marginals is developed and extended it to define a first order integer valued 

autoregressive moving average discrete Mittag-Leffler process. A first order integer 

valued autoregressive multivariate discrete Mittag-Leffler process is introduced. 

5.2. First order autoregressive discrete Linnik process 

Consider the DL(o, a, P) random variable having probability generating function 

DML(o, a) random variable having probability generating function 

Theorem 5.2.1. 

Let X, = Vn + sn 



where (V,, ] is a sequence of independent and identically distributed random variables 

with probability density function 

fVn(v) = a p v a p - l , ~ < v < l , ~ < a < l , p > o  

and {E,] is a sequence of independent and identically distributed non negative integer 

valued random variables independent of {V,). Suppose {X,] is stationary. Then X, 

4 DL(o, a ,  P) if and only if E n = d DML(o, a ) .  

Proof: 

Denoting the probability generating function of X, and En by PX n (z) and 

P, (z) respectively, (5.2.1) in terms of probability generating function is 
n 

1 

Px n (z) = PE n ( z ) ~ P ~  n-l (l-v+vz)fV n ( v ) ~ v .  
0 

Writing h(z) = P(l- z), we get 

1 
hxn (z)  = hEn (z) Jhx n-I (vz)apvap -'dv. 

0 

The result now follows using the arguments similar to those in Theorem 2.2.1. 0 

Theorem 5.2.2. 

Let X. = DL(o,a,P) and 

for n= 1,2,3, ... X, = V, + E, 

where {V,} is a sequence of independent and identically distributed random 

variables with probability density function. 



and (E,} is a sequence of independent and identically distributed random variables 

having DML(o, a )  distribution, independent of (V,). Then, the process {X,} is 

stationary with DL(o, a, P) marginals. 

Proof: 

Proof follows using the arguments similar to those in Theorem 2.2.2. 

Based on the above Theorem, we define the first autoregressive discrete Linnik 

process {X,), n = 0, 1, 2, .. as follows: 

X. = DL(o,a,P) and for n =  l ,  2, 3, ... 

X, = V, CD + En 

where {V,) is a sequence of independent and identically distributed random variables 

with probability density function 

and (E,} is a sequence of independent and identically distributed random variables 

having DML(o, a) distribution. 

5.2.1. Properties of the first order autoregressive discrete Linnik process 

The simulated sample path behavior of the first order autoregressive discrete 

Linnik process is presented in Figure 5.2.1. 



Figure 5.2.la. Figure 5.2.1 b. 

Figure 5.2.1~.  Figure 5.2.ld. 

Figure 5.2.1. 

Sample path behavior of the first order autoregressive discrete Linnik process 

The joint probability generating. function of ( ~ ~ - 1 ,  Xn ) is 



5.2.2. First order autoregressive multivariate discrete Linnik process 

Consider the multivariate DL(o, - a ,  P) distribution with probability generating 

function 

Theorem 5.2.3. 

Let the process {&,) be defined as 

I(n = V B ,  + ,  n = l,  2, ... 

where {V,) is a sequence of independent and identically distributed random variables 

having distribution function 

Fvn(v) = vap, o < v < l ,  O < a < l ,  P > O ,  

{L) is a sequence of independent and identically distributed random vectors. Suppose 

the process {X,) is stationary. Then X, multivariate DL(2, a ,  P) if and only if g, 4 

multivariate DML(9, a )  . 

Proof follows from the arguments used in Theorem 2.2.3. 

Based on the above Theorem, we define fclrst autoregressive multivariate 

discrete Linnik process { _Xn, n=O, 1,2,. . . ) as follows: 



where {V,} is a sequence of independent and identically distributed random variables 

with probability density function 

fVn(v) = a p v a p - l , ~ < v < l , ~ < a ~ l , p > o  

and $,) is a sequence of independent and identically distributed random vectors 

having multivariate DML@, a )  distribution, independent of {V, 1. 

5.2.3. First order autoregressive moving average mixed discrete Linnik model 

Consider the process {X,,) defined by 

where {E, , }  and {Z,) are two independent sequences of independent and identically 

distributed DML(a, a) random variables, {K,) is sequence of independent and 

identically distributed Bernoulli random variables such that P(Kn = 0) = 0 = 1 - P(K. = 

l), {V,,) and {Un) are two independent sequences of independent and identically 

distributed random variables defined on the interval (0,l) with distribution function 

, 
\. Fvn (v )=vUP ,  Fu (u)=uap,  O<v,u<l ,  O < a S l ,  p>O and Yn cJDL(o,a,P). 

n 

We have from (5.2.4), 



That is, 

1 

Pxn (z) = [ 0 + ( 1 - 8 ) ~ , ~  ( z ) ] I P ~ ~ - ,  (l-v+vz)apvaP-ldv 
0 

Taking P(l- z) = h(z) , 

Put zv = t. Then 

Thus {X,) has mixed DL(o, a, P) distribution. 

Simulated sample path behavior of the first order autoregressive moving 

average mixed discrete Linnik process is presented in Figure 5.2.2. 



Figure 5.2.2a. Figure 5.2.213. 

Figure 5.2.2~. Figure 5.2.2d. 

Figure 5.2.2. 

Sample path behavior of the first order autoregressive moving average mixed 

discrete Linnik Process 

5.3. First order autoregressive discrete Mittag-Leffler process 

Consider the generalized integer valued first order autoregressive process defmed 

Let {xn,n = 0,f 1 , s  ,...}is defmed as 



where {E,  ) is a sequence of independent and identically distributed non negative 

integer valued random variables and {V,) is a sequence of independent and identically 

distributed random variable defined in (0, 1). Note that when V, is a degenerate 

random variable, which degenerate at a, the generalized integer valued first order 

autoregressive model reduces to first order integer valued autoregressive model. We 

can see that it is more appropriate to take V, as a non-degenerate random variable. 

Theorem 5.3.1. 

Let the process { X, ) be defined as 

X. = E l  and 

for n = 1, 2, . . . xn = Vn @(Xn-, +E,) (5.3.2) 

where {E,) is a sequence of independent and identically distributed non negative 

integer valued random variables and {V,) is a sequence of independent and identically 

distributed random variable defmed in (0, 1) such that {V, ) has power function 

distribution FV (v) = 
n 

va ,  O<a11, O < v < l .  Then the process {X, )  is 

stationary if and only if E n = d DML(o, a). 

Proof: 

Let PX (z) and P, (z) be the probability generating fimction of X, and E, 
n n 

respectively. We have, 

E(zxn ) = E ( z O h @ x n - I + v n ~  ~ n )  



1 
= n-l ( ~ - v + v z ) P ~ ~ ( ~ - v + v z ) ~ ( v ) ~ v  

0 

That is, 

1 
PXn(z) = JpX n-l ( l -v+vz)P,  n ( l - v + ~ z ) a v ~ - ~ d v .  (5.3.3) 

0 

For n = 1, we get 

1 .  

Px, (z) = 1 px0 (1 - v + vz) PSI (l - v + vz)ava-l dv 
0 

If { X, ) is stationary, then 

1 
2 

Px (z) = PX (1 - v + vz) a v  "-l dv 
0 

Let Px(l-z) = hx(z),  

1 
Then hX(z)  = Jhi(vz)ava-'dv. 

0 

Proof now follows using the arguments similar to those in Theorem 2.3.1. 

Based on Theorem 5.3.1, we define the first order autoregressive discrete 

Mittag-Leffler process as follows 

X. = and 



where { v, ) and { E, ) are two independent sequences of independent and identically 

distributed random variables with V, having distribution function Fvn (v) = va,  

0 < v < l, 0 < a 5 1 and E I  distributed as DML(o, a). 

5.3.1. Properties of the first order autoregressive discrete Mittag-Leffler process 

The simulated sample path behavior of the first order autoregressive discrete 

Mittag-Leffler process is given in Figure 5.3.1. 

Figure 5.3.la. Figure 5.3. l b. 

Figure 5.3.1~. Figure 5.3.ld. 

Figure 5.3.1. 

Sample path behavior of the first order autoregressive discrete Mittag-Leffler 
process 



The joint probability generating function of ( ~ ~ - 1 ,  X,) is 

= ~ P & ~ ( ~ - V + V Z ~ ) P ~  n-l ( ~ ~ ( 1 - v + v z 2 ) ) d G ( v ) .  
v 

1 1 1 
= I a v  dv. 

(J l + c ~ ~ ( l - z ~ ) ~  ~ + ~ ( ~ - Z ~ ( ~ - V + V Z ~ ) ) ~  

5.3.2. First order autoregressive moving average discrete Mittag-LeMer process 

The first order autoregressive moving average discrete Mittag-Leffler process 

is built using a sequence {E,) of independent and identically distributed discrete 

Mittag-Leffler random variables in the following manner: 

x n  = wn Q ( ~ n  + (5.3.4) 

where { W, ) is a sequence of independent and identically distributed random variables 

with distribution functions FW (W) = 
n w a , 0 < a 5 1 ,  O < w < l .  

Combining (5.3.2) and (5.3.4) we define frrst order autoregressive moving average 

discrete Mittag-Leffler process { X, ) as follows: 

where {Z, ) and { E, ) are two independent sequences of independent and identically 

distributed non negative integer valued random variables and {W, ), {v, ) are also 



two independent sequences of independent and identically distributed random 

variables with distribution function a a 
Fwn(w) = W  , Fvn (v) = v  , 

Theorem 5.3.2. 

Let the process { X, ) be defined by 

where { 2, ) and { E, ) are two independent sequences of independent and identically 

distributed non negative integer valued random variables and {W, ), {v,) are also 

two independent sequences of independent and identically distributed random 

variables with distribution function FW (W) = w a y  FVn (v) = va , 0 < W, v < 1, 
n 

0 <a  5 l with EI - - d Yo d - Z1. Then the process { X, ) is stationary if and only if - 

Proof: 

Proof follows easily using arguments similar those in Theorem 5.3.1. 0 

5.3.3. First order autoregressive multivariate discrete Mittag-Leffler process 

Consider the multivariate discrete Mittag-Leffler distribution with probability 

generating function 



Define 
1 

~ x _ ( z I , z ~ , . . . , z ~ )  = a a a , where 
1 + GIZl + G2Z2  + ... + Gkzk 

hx(z) = Px(!-g), _z=(z1,z2, ..zk),l zj1<1,j=1,2,..kand!=(1,1 ,..., 1)' 

Consider the process { &, ) defined by 

- 
X0 E and 

= v n @ ( X n - l f ~ n ) ,  n > l  (5.3.7) 

where {gn ) is a sequence of independent and identically distributed random vectors 

defined on 2; , { Vn ) is a sequence of independent and identically distributed random 

variables defined on (0, 1) such that {V,) has power function distribution 

Representing the probability generating function of { X, ) and { 5, ) by PXn - (g) and 

P, (z) respectively, equation (5.3.7) in terms of probability generating function is 
-n 

1 

PXn - (g) = 14( ((1 - v)j + vg) P, ((l - v)! + vz)ava-'dv . 
-n-l -n 

(5.3.8) 
0 

As in Theorem 5.3.1, we get the following result. 

Theorem 5.3.3. 

Let the process { _X, ) be defined by 

- zo - E l  and 
, n ? l  

X n  = Vn @(Xn-, + c n )  



where { 5 ,  ) is a sequence of independent and identically distributed random vectors 

defined on z;, { V,, ) is a sequence of independent and identically distributed random 

variables defmed on (0, 1) such that V, has power function distribution 

Fvn (v) = va, 0 < v < 1,O < a S 1. Then the process { x, ) is stationary if and only if 

is multivariate discrete Mittag-Leffler. - 
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CHAPTER V1 

APPLICATIONS 

6.1. Introduction 

Forecasting is vely important in many type of organizations since prediction of 

future events must be incorporated in to the decision making process. The government 

of a country must be able to forecast such things as air quality, water quality, 

unemployment rate, inflation rate and welfare payments in order to formulate its 

policy. University must be able to forecast students enrolment in order to make 

decisions concerning the faculty resources and housing availability. Business f m s  in 

particular require forecast of many events and conditions in the phase of their 

operation. In marketing departments, reliable forecast of demand must be available so 

that sales strategies can be planned. In finance, interest rate must be predicted so that 

new capital acquisitions must be planned and financed. In personal management, 

forecasting of number of workers needed in different job categories are required in 

order to plan job recruiting and training programmes. In production scheduling 

prediction of demand for each product line are needed. Production process control 

requires forecast of future behavior of the process. Strategic management requires 

forecast of general economic conditions such as price and cost changes, technological 

change, market growth, etc. 

In forecasting events that will occur in future, a forecaster must relay on 

information concerning events that have occurred in the past. That is, in order to 



prepare a forecast, the forecaster must analyze past data and must base the forecast on 

the result of this analysis. Forecasters use past data in the following way: First the 

forecaster analyses the data in order to identify a pattern that can be used to describe 

it. Then this pattern is extrapolated or extended in to future in order to prepare a 

forecast. A forecasting technique cannot be expected to give good predictions unless 

this assumption is valid. If the data pattern that has been identified does not persist in 

future, the forecasting technique being used is likely to produce inaccurate 

predictions. A forecaster should not be surprised by such situations, but must try to 

anticipate when such a change in pattern will take place so that appropriate changes in 

the forecasting system can be made before the prediction become too inaccurate. 

Lawrance and Lewis (1985) used nonlinear time series models in exponential 

variables for modeling wind velocity data. Sirn (1987) fitted a first order 

autoregressive moving average mixed gamma process to monthly stream flows of the 

Perak River in Malaysia. Sim (1994) developed a model building approach that 

consists of model identification, estimation, diagnostic checking and forecasting and 

used the same for modeling some non-normal time series. 

The time series data are often examined in hopes of discovering a historical 

pattern that can be exploited in the preparation of a forecast. It is often convenient to 

think of a time series consisting of several components, trend, cyclical variation, 

seasonal variation and irregular fluctuations. Trend refers to upward or down ward 



movements that characterize a time series. Thus trend reflects the long run growth or 

decline in time series. Cycle refers to recurring up and down movements around trend 

levels. These fluctuations can have a duration of anywhere from two to ten years or 

even longer measured from peak to peak or trough-to-trough. Cyclical fluctuations 

especially in agricultural field might reflect changes in weather cycle, which repeat 

yearly. Irregular fluctuations are erotic movements in a time series that follows no 

recognizable regular pattern. Such movements represent what is left over in the time 

sires after eliminating trend, cyclical and seasonal variations. It may also be caused by 

the errors on the part of time series analyst. If the data considered is a time series data 

the time ordered fluctuations might be autocorrelated. In such cases we shall remedy 

the problem by modeling the autocorrelated error terms using autoregressive 

processes. 

In Section 2, the total industrial production index in USA is considered and it is 

fitted'to random coefficient first order autoregressive symmetric generalized Linnik 

process developed in Chapter I1 and forecasting is done for the next 10 months. 

6.2. Industrial production index in USA 

We consider total industrial production index per month, in USA (Data is taken 

from the web sight www.economagic.com). The data consist of 1022 observations 

from January 1919 to March 2004. Time series plot of the data ({A,)) is provided in 

Figure 6.2.1 below. From the graph it can be seen that the production per month 



increases very slowly then a little fast and then faster. Thus we can notice an upward 

trend in the time series data. 

Figure 6.2.1. 
Time series of the total industrial production per month in USA 

The non stationary historical series is made stationary by taking the first order 

difference of the historical data {A,) under consideration and denote it by {B,). A 

time series plot of the fjrst order difference of the historical data is given in Figure 

6.2.2. 

Figure 6.2.2. 

Time series of the first order difference of the total industrial production per 

month in USA 

The average of the data is found to be 0.106 and the standard deviation 0.402. By 

subtracting the mean and dividing by standard deviation, we standardize the data. The 

plot of the standardized data ({X,)) is given in Figure 6.2.3. 



Figure 6.2.3. 

Time series plot of the standardized data 

We can see that at the initial stage the fluctuations are small but as time 

increases larger fluctuations are observed. It indicates the growth of the series and 

consecutively the growth in fluctuations. One more thing that can be observed is the 

occasional large fluctuations and often very small fluctuations, which indicate heavy 

tail characteristic. Therefore we can conclude that the data can be modeled by a heavy 

tailed distribution. The autocorrelation structure of the sequence {X,) indicates that an 

autoregressive process can model the data. Next we shall examine whether the data 

can be modeled by a heavy tailed distribution. For that we construct the histogram of 

the data and is given in Figure 6.2.4a and the cumulative frequency curve in Figure 

6.2.4b. Now we consider the random coefficient first order autoregressive generalized 

Linnik process in Chapter 11. 



Figure 6.2.4a. Figure 6.2.4b. 

Figure 6.2.4. 

Histogram and empirical cumulative distribution of the standardized historical 

data 

We propose a method for fitting the process and it is as follows: The value of a, 

o and p are estimated from the data using the procedure suggested in Jacques et al. 

(1999) and is obtained as a = 1.99, o = 0.65 and P = 0.34. The correctness of the 

procedure can be examined as follows: 

Our symmetric generalized Linnik model is 

X. = SGL(o,a,P) and 

where {V,) is a sequence of independent and identically distributed power function 

random variables with probability density function fV (v) = apvap-l, 0 < v < l , 0< 
n 

a 5 2 and p > 0 and {E, )  is a sequence of independent and identically distributed 

symmetric Linnik SL(o, a )  random variables independent of V,. 



Jf we consider the standardized sequence as {X,), then its distribution should 

be symmetric generalized Linnik. If the distribution of X, is symmetric generalized 

Linnik then by Theorem 2.2.1 the distribution of E, should be symmetric Linnik. From 

{X,), {E,) can be obtained as E, = X, - VnXn-l. If we prove that the distribution of 

sn is symmetric Linnik then by Theorem 2.2.1 the distribution of X, is symmetric 

generalized Linnik. Therefore for fitting the first order autoregressive symmetric 

generalized Linnik process it is enough to prove that the distribution of E, is 

symmetric Linnik. 

1020 power hnction random variables with parameter ap are generated. 

Sequences {E,) of 1020 random variables are generated using the equation 

E n  =Xn  - VnXn-1. A time series plot of the {E,) is given in Figure 6.2.5. Histogram 

of sn is constructed in Figure 6.2.6a. 

Figure 6.2.5. 

Time series plot of the error sequence {E,) 

The parameters of the proposed symmetric Linnik distribution are estimated by 

the methods suggested in Jacques et al.(2000) and are obtained as a = 1.99, o = 0.65. 

The histogram of the {E,) is constructed in Figure 6.2.6a with the symmetric Linnik 



distribution having the estimated parameters is embedded on it. The Q Q Plot, P P Plot 

and distribution function plots are also presented in Figures 6.2.6b, 6 . 2 . 6 ~  and 6.2.6d 

respectively. 

Figure 6.2.6a. Figure 6.2.6b. 

Figure 6.2.6~. Figure 6.2.6d. 

Figure 6.2.6. 

Histogram, QQ plot, PP plot and distribution function plot of the error sequence {E,) 

From the figures it is very clear that the error sequence E, is distributed as symmetric 

Linnik. Hence by Theorem 2.2.1, the sequence {X,) is distributed as symmetric 

generalized Linnik with parameters a = 1.99, o = 0.65 and P = 0.34. 

By Theorem 2.2.2 if X. = SGL(o, a ,  P) and {E,) is a sequence of 

independent and identically distributed SL(o, a )  then X, = VnXn-l + E, is 

SGL(o, a, P) . Using this result we can generate dependent random variables from 



SGL(a, a, P) and verify that the sequence {X,) is SGL(0, a ,  P). Histogram of the 

{X,) is drawn in Figure 6.2.7a with the generated SGL(o, a, P) distribution embedded 

on it. The Q Q Plot, P P Plot and distribution function plots are also presented in 

Figures 6.2.7b, 6 . 2 . 7 ~  and 6.2.7d. 

Figure 6.2.7a. Figure 6.2.7b. 

Figure 6.2.7~. Figure 6.2.7d. 

Figure 6.2.7. 

Histogram, QQ plot, PP plot and distribution function plot of the sequence {X,} 

Next we shall verify whether the fitted model generate the historical sequence. 

For that generate 1022 independent and identically distributed power function random 

variables (V1,V2, ...,V1022) using the parameter aj3 = 0.677. Generate 1022 

independent and identically distributed symmetric Linnik random variables (81, 82, . . ., 



with parameters a - 1.99, o = 0.65. Generate a single symmetric generalized 

Linnik random variable X. with parameters a = 1.99, o = 0.65 and P = 0.34. Generate 

the remaining 102 1 generalized symmetric Linnik random variables by the equation 

X, = V, X,-I + E, . A tune series plot of the simulated sequence {E,) and {X,) is 

given in Figwe 6.2.8 and Figure 6.2. 9. Remove the standardization of the sequence 

{X,) by using the formula Y, = 0.106 + 0.402Xn. The series {Y,) is given in Figure 

6.2.10. Generate the trend included sequence (2,) by the formula, Zi+l = Zi + Yi , i = 

0, 1, 2, . . . , 102 1 where Zo = the first data of the historical sequence. The generated 

sequence is plotted in Figure 6.2. l l .  

Figure 6.2.8. 

Time series plot of the simulated error sequence {E,) 

Figure 6.2.9. 

Time series plot of the simulated standardized data 



Figure 6.2.10. 

Time series of the simulated first order difference of the total industrial 

production per month {Yn) in USA 

Figure 6.2.1 1. 

Time series of the simulated total industrial production per month (2,) in USA 

Here the forecast can be done very easily. Taking X. as the last observation in 

the historical data, we have generated the next 10 observations using the same 

technique adopted in simulation and the point forecast is given in Table 6.2.1. 

I Mar 041 Apr 0 4 l ~ a ~  041 Jun 041 Jul041~ug~ 041 Sep 041 Oct 041 Nov 041 Dec 041 Jan 051 

Table 6.2.1. 

Point forecast of the next 10 observations. 

Interval estimation of the next 10 forecast is done at 5% level of significance (using 

symmetric generalized Linnik distribution) and is given in Table 6.2.2. A plot of the 



5% level of confidence ir~terval is given 111 Figure 6.2.12 where U represent upper 

limit, L represent lower limit and A represent point forecast. 

I 
p - - 

I i o n t h ,  Apr 04 May 04 Jun 04 Jul04 Aug 04 Sep 04 Oct 04 Nov 04 Dec 04 Jan 051 

LL 1113.74 113.62 114.18 114.24 114.68 114.57 114.74 114.78 114.95 115.221 

Table 6.2.2. 

Interval forecast of the next 10 observations. 

I I ! 
112' ', 4 I 

6 .  8 10 12 

Figure 6.2.12. 

5% level of confidence interval for the forecast 
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APPENDIX 

Generation of Mittag-Eeffler random variable 

Generate a uniform [0, l] random variable U. 

Generate a standard exponential random variable Z, independent of U. 

Set p t a .  

Set W +- Sin(.np)Cot(npU) - Cos(np) 

1 
Set Y t Z(OW)G. 

RETURN Y. 

Generation of symmetric Linnik random variable 

Generate a random variable Z from standard Laplace distribution with location 

0 and scale 1. 

Generate a uniform [0, l]  random variable U independent of Z. 

Set p <- CC 2 

Set W <- Sin(np)Cot(npU) - Cos(.np) 

1 

Set Y t ~ ( o w ) ; .  

RETURN Y. 

Generation of symmetric generalized Linnik random variable 

Set p as integers from l . .  .n. 

Generate p number of symmetric Linnik random variables, XI,  X2,. . ., Xp . 



Set Y +-X1 + X ?  + . . . + X p .  

Retrim Y. 

4. Generation of discrete Mittag-Leffler random variable 

Let o be the scale parameter and u be the index parameter and pi = P(X = i), 

where X is the discrete Mittag-Leffler random variable. 

Set p. =A- 
l+o ' 

set P. = &[(;)Pn-1 +(;)P,-z +(:]Pn-j + +  ( - l ) n l ( ~ ) p o ] .  (For n 

= 2, 3, ...) 

Construct the distribution function F(x) , X = 0, 1, 2, . . . 

Generate a uniform random variable U. 

The random variable Y is such that F(Y) < U I F(Y + l) . 

RETURN Y. 

Generation of discrete Linnik random variable 

Set J3 as integers from l..  .n. 

Generate J3 number of discrete Mittag-Leffler random variables, XI ,  X2,. . ., Xp 

Set Y t X1 + X 2  + . . . + X p .  

RETURN Y. 



6.  Generation of first order autoregressive symmetric generalized Linnik 

process 

Generate a random variable X.  from sjmn~etric generalized Linnik 

distribution. 

Generate k independent power function random variables, V1, V2 ,. . . , Vk . 

Generate k independent sj~nmetric Linnik random variables, ~ 1 ,  ~ 2 , .  . ., ~k . 

o Set X, = VnXn-1 + E, for n - 1, 2, . . .,k. 

m RETURN X,. 

7. Generation of first order autoregressive symmetric Linnik process 

Generate k independent symmetric Linnik random variables, ~ 1 ,  E* ,. . ., ~k . 

Set XO t E] .  

Generate k independent power function random variables, Vl , V2,. . ., Vk . 

Set X, =V, (Xnv1 +E,),  for n = 1, 2, . . .,k. 

RETURN X,. 

8. Generation of first order autoregressive Mittag-Leffler process 

0 Generate k independent Mittag-Leffler random variabl.es, E 1, E 2,. . . , E k . 

m Set XO t c l .  

m Generate k independent power function random variables, Vl , V2,. . ., Vk . 



RETURN X, .  

9. Generation of first order autoregressive Burr process 

Generate a random variable X. £rom Burr distribution. 

e Generate k ir~dependent pow-er h c t i o n  random variables, Vl , V2,. . ., Vk . 

Generate k independent Parsto random variables, ~ 1 ,  E 2,. . ., ~k . 

e Set X, = r n i n ( ~ ; ~ ~ , - ~ ,  E,) for n = 1, 2, . . . ,k. 

RETURN X,. 

10. Generation of first order autoregressive Pareto process 

e Generate k independent Pareto random variables, ~ 1 ,  E 2,. . ., ~k . 

Set XO t E I .  

Generate k independent power function random variables, Vl , V2, . . . , Vk . 

Set X,, = ~ ~ ~ ~ m i n ( X , - ~ ,  ~ , ) , f o r n =  1, 2, ..., k. 

RETURN X,. 

11. Generation of first order autoregressive generalized logistic process 

Generate a random variable X. fiom generalized logistic distribution. 

e Generate k independent power function random variables, V1, V2,. . ., Vk . 

e Generate k independent logistic random variables, ~ 1 ,  E Z  ,. . ., ~k . 

Set X, = min(Xndl -1nV,, E,), for n = 1, 2, . . .,k. 



* RETUP? X,. 

12. Generation of first order autoregressive logistic process 

Generate k independent logistic random variables, &l ,  ~ 2 , .  . ., . 

Set XO t &l.  

Generate k independent power f~mction random variables, Vl , V2,. . ., Vk . 

Set X, =min(Xn-l ,~n)- lnVn,  f o rn=  l., 2, ..., k. 

RETURN X,. 

13. Generation of a discrete random variable using binomial thinning 

operator Q ,  that is, generation the random variable Y = V O X where 0 < 

V C 1  

Generate a random variable V in the interval [0, l]. 

Generate a binomial random variable Y with n = X and p = V. 

RETURN Y. 

14. Generation of first order autoregressive discrete Linnik process 

Generate a random variable X. fiom discrete Linnik distribution. 

Generate k power function random variables, V1, V2 :..., Vk . 

Generate k discrete Mittag-Leffler random variables, &l ,  ~ 2 , .  . ., ~k . 

Set X, =V, +E,  f o rn=  1, 2, ..., k. 

RETURN X,. 



15. Generation of first order autoregressive discrete Mittag-Leffler process 

e Generate k discrete Mittag-Leffler random variables, &l,  ,..., ~ k .  

Set XO t & l .  

Generate k power function random variables, Vl , V;!, . . . , Vk . 

Set X, =Vn +V, @ c n ,  for n =  1, 2, ..., k. 

FETURN X,. 

. In Table A. la, the sirniilated numerical cumulative distribution function of 

SGL (o, a, P) distribution is given for various values of a with P = 2 and o = 2. In 

Table A. lb, the simulated numerical cumulative distribution function of SGL (o, a, P) 

for various values of a, with p = 4 and G - 2 is given. 



0.XOC 1 .O(!O 
0.500 0.509 
0.559 0.554 
0.643 0.640 
0.717 0.719 
0.773 0.783 
0.819 0.832 
0.853 0.869 
0.880 0.897 
0.901 0.919 
0.917 0.936 
0.930 0.948 
0.984 0.993 
0.987 0.994 
0.989 0.995 
0.991 0.996 
0.992 0.997 
0.993 0.997 
0.994 0.998 
0.995 0.998 
0.995 0.998 
0.996 0.999 
0.996 0.999 
0.996 0.999 
0.997 0.999 
0.997 0.999 
0.997 0.999 
0.997 0.999 
0.998 0.999 
0.998 0.999 
0.998 0.999 
0.998 0.999 
0.998 0.999 
0.998 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
0.999 1.000 
1.000 1.000 
1.000 1.000 
1.000 1.000 
1.000 1.000 
1.000 1.000 
1.000 1.000 
1.000 1.000 

Table A.1 

Simulated numerical c.d.f. Table of SGL Distribution for various values of a with $ = 



Table A. l b 

Simulated numerical c.d.f. Table of SGL Distribution for various values of a with p = 

4 ,a=2  



Density plot of the symmetric generalized Linnik distribution for P = 0,1,2 with (?I = 1.5 and 

o =3 is presented in Figure A. l.  Conlpariaon of symmetric generalized Linnik distribution 

for p = 0, l ,2 (with a = l .S and o = .8) and standard normal distribution is presented in 

Figure -4.2. 
0 I 

0.1 I I l 

Figure A. 1. 

Density function of the symmetric generalized Linnik distribution for $ = 0, 1 and 2 

with a = 1.5 and a =3 

c t = l . S  ~ = 0 . 8  

Figure A.2 

Comparison of SGL(a, a, P) distribution for P = 0, 1 and 2 (a = 1.5 and o = 0.8) 

and standard normal 
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