Studies on Propagation and Interaction of
Multi-solitons in Inhomogeneous Optical

Systems

Thesis submitted to the University of Calicut
wn partial fulfillment of the requirements

for the award of the degree of

Doctor of Philosophy
in

Physics

MUSAMMIL. N. M

Department of Physics
University of Calicut

Malappuram, Kerala-673 635, India.

October 2018



CERTIFICATE

Certified that the work presented in this thesis entitled ‘Studies on Prop-
agation and Interaction of Multi-solitons in Inhomogeneous Optical Systems’
is a bona fide work done by Mr. N. M. Musammil under my guidance in the
Department of Physics, University of Calicut and that this work has not been

included in any other thesis submitted previously for the award of any degree.

Farook College Dr. P. A. Subha
October 2018 (Supervising Guide)



CERTIFICATE

This is to certify that the thesis entitled ‘Studies on Propagation and
Interaction of Multi-solitons in Inhomogeneous Optical Systems’ has been
checked for plagiarism using the URKUND software, at the CHMK library,
University of Calicut. Also, the thesis has undergone all corrections suggested
by the adjudicators and there are no further errors. The contents in the hard

copy and soft copy of the thesis are same.

Farook College Dr. P. A. Subha

Date: (Supervising Guide)



DECLARATION

I hereby declare that the work presented in this thesis entitled ’Studies
on Propagation and Interaction of Multi-solitons in Inhomogeneous Optical
Systems’ is based on the original work done by me under the guidance of Dr. P.
A. Subha, Department of Physics, Farook College, University of Calicut, and
has not been included in any other thesis submitted previously for the award of

any degree.

University of Calicut
October 2018 N. M. Musammil



Dedicated to

My Beloved

Parents and Family



Acknowledgements

Your depression is connected to your insolence and refusal to praise

(Rumi)

I would like to take this opportunity to express my heartfelt gratitude to all
those who helped me to fulfill my dream, this thesis.

I express my sincere and whole hearted thanks to my esteemed research super-
visor Dr. P. A. Subha, Head of the Department of Physics, Farook College,
Kerala, for giving me an opportunity to work under her guidance. Her un-
derstanding, guidance, encouragement, patience and personal involvement have
helped me a lot to overcome all the uncertainty arises during this period. I am
highly indebted to her untiring perseverance, which helped me to present this
work in the right perspective.

I would like to express my deep sense of gratitude to Prof. K. Porsezian,
Department of Physics, Pondicherry University, who, although no longer with
us, continues to inspire by his example and dedication to the research activities
over his entire career.

I express my heart full thanks, to my friend and esteemed mentor Dr. K.
Nithyanandan, CNRS Post-Doctoral fellow, Laboratoire Interdisciplinaire de
Physique, UMR 5588 CNRS, Université Grenoble Alpes, Saint Martin de Heres,
France, for his grateful supports, motivations, valuable suggestions and fruitful

discussions. I feel honored to have worked with him, who cares to keep enthusi-

i



asm in research programmes.

I was introduced to the interesting world of solitons by none other than Dr.
R. Radhakrishnan, Department of Physics, Jamal mohammed college, Trichy,
whose extensive knowledge and expertise in the subject guided me to choose this
research area.

I express my sincere gratitude to Prof. P. P. Pradyumnan, Head of the
Department of Physics and Prof. M. M. Musthafa and Prof. Antony
Joseph, former Heads of the Department of Physics, University of Calicut for
providing me all the support and essential facilities to carry out the research. I
am deeply indebted to Dr. T. Mohamed Shahin, who is my co-guide for his
kindness and encouragements. I also thank all the faculty members, library and
office staff of the department for the help they rendered during the entire course
of my research study.

Its my pleasure to acknowledge Dr. E. P. Imbichikoya, the former principal
and Dr. K. M. Naseer, the Principal, Farook college for their support to
complete my research work. Prof. K. K. Abdullah, the former HOD, Physics
department deserves special mentioning for his interests in my research study
and suggestions to improve the thesis. I am indebted to all the faculties of
Department of Physics, Farook college for their encouragement. I owe greatly
to Amith, IISc, Bengaluru, for his great support through providing necessary
books.

I am deeply indebted to my Mom, who supported and encouraged me at
every moment of my personal and academic life. There are no words to express
my gratitude and thanks to My Beloved Father, Wife, Sisters, All Family
members, Teachers, and Friends. Their love has been the major spiritual
support in my life.

I would like to express my special thanks to the UGC, Government of India,



for the financial support through MANF without which this work would have
been impossible.

I am really thankful to all my friends I really enjoyed the company of my re-
search teams; K. Usha, T. P. Suneera, Sreepriya M.K, K. Aysha Muhsina, Remi,
Jubeer, and Dr. Sudha Shankar and I express my gratitude for their encourage-
ment and the fruitful discussions. I fondly remember the moments spent with
all other research scholars especially Sulaiman, Ahammed Raseen, Prashanth,
Shabeer, Shan, Jamshihas, Sebastian, Irshad, Nighilnadh, Najumunneesa, Sahra,
Vidya Rajan, Divya, Deepthy Maria, Nithu, Ramsiya, Jisha, Hajara, Salma,
Shabeeba, Safna hussain, Sitha Jagan, Vishnu, Anju, Sravan, Bintu, Bineesh,
Sanila.

Research life in the University campus would have been miserable without
the company of my co-researchers. We talked and argued over many topics at
the evening unofficial tea breaks. I am really grateful to them for the delightful
moments. The solitary life through the sound of forest, sound of birds and
formidable silence of nights of the University campus was really enjoyable and
unforgettable. Many time I have interrupted the deep sleep of my family, they
deserve special thanks, I also express my gratitude towards them.

Above all; I thank Almighty who made me what I am and for providing all
suitable circumstances for this achievement. As a final word, I would like to thank
each and every individual who have been a source of support and encouragement

and helped me to achieve my goal and complete my Thesis work successfully.

N. M. Musammil



List of Figures

1.1

1.2
1.3

2.1

2.2

2.3

24

Temporal soliton formation (https://en.wikipedia.org/wiki/Soliton-

Polarization mode dispersion (http://fobasics.blogspot.com

/2012/07/ polarization-mode-dispersion.html) . . . . .. .. . .. 11

(a) The dark one-soliton propagation through homogenous fiber
for parameters ky = kg = a = D(2) =1, p = 0 and § = 1.(b)
Corresponding contour plot . . . . . . . .. ... ... ... 31
Figs (a) and (b) show the dark soliton evolution. Figs (c) and
(d) shows the stable propagation of the soliton in the presence of
strong photon noise. The parameters of relevant physical quanti-
tiesare ky =kp=a=16=2,y=land p(z) =0. . . . ... ... 32
(a) The dark soliton with different values of blackness factor. (b)
Soliton energy as a function of R. (c) Blackness/intensity vari-
ation due to the parameter R. (d)Energy variation due to the
blackness/intensity factor. The parameters of relevant physical
quantities are ky = kg =a=1land p(z)=0. . . . ... ... ... 35
(a) The dark soliton with different values of blackness factor via
solution(2.16). (b) corresponding phase profiles. The parameters

of relevant physical quantities are R = D = p; =1 and p(z) =0. . 37



2.5

2.6

2.7

2.8

2.9

(a) The phase profiles via solution(2.16) with gain p = —0.1 (b)

with loss p = 0.1 (c¢) with periodic background as p = 0.1sin(z).

Other relevant physical quantities are R = D = p; = 1 and m = 0.8. 38

The dark two-soliton through homogeneous fiber with (a) same
direction of propagation for parameter ky = ko = 1, kg = a =
D(z)=1,p=0,0=0.5, ¢; =5 andpy = —5.(b) Corresponding
contour plot. (c) opposite direction of propagation for parameter
ki = =15, ko =15, kg =a=D(z) =1, p=0,d =2 and
¢1 = ¢ = 0.(d) Corresponding contour plot. . . . . ... .. ...
The resultant intensity of dark soliton before collision (solid pro-
file) and during collision (dashed profile)(a) black-black mode for
k1 = —1 and ko = 1 (b) black-gray mode for k; = —1 and ky = 0.8
(c) gray-gray mode for k; = —0.7 and ky = 0.8. Other physical
parameters are kg =a=D(z) =1, p=0,6 = 0.5 ¢; = ¢ = 5.
The resultant phase of two black soliton (a)before collision (b)at
collision (c) after collision. The relevant physical parameters are

ki=landke=1,kg=a=D(z)=1,p=0,5=05, ¢ = —1

The dispersion and nonlinearity managed dark solitons with con-
stant gain/loss (a) One-soliton gain with p = —0.01 (b) One-
soliton loss with p = 0.01 (c¢) Two-soliton gain with p = —0.01 (d)
Two-soliton loss with p = 0.01 . Other physical parameters are

D(z) =Cos(0.5z), kp=a=1land d=1. . ... ... ... ....

40

41

44



2.10

2.11

2.12

3.1

3.2

3.3

The dark solitons propagation with periodic background as p =
0.02sin(z) for (a) One-soliton (b) Two-soliton. Propagation with
exponential gain factor as p = —0.01Exp(0.12) for (c¢) One-soliton
(d) Two-soliton. The other physical quantities are ky = a =
D(z)=Tand R(z) =0.5. . . ... . .
Contour plot of nonlinear tunneling of dark one-soliton (a) Dis-
persion barrier with D(z) = 1 + hsech[z — z]?, R = 0.5 and
h = 0.5.(b) Dispersion well with h = —1.(c) Nonlinear barrier
with D(z) = 1,R = 0.5(1+hsech[z — z]?) and h = 1.(d) Nonlinear
well with A = —0.5. Other physical quantities are kg = k; =a =1
and zo=0. . . . . ..
Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of one-soliton with A = 1,k; = 1,n = 4 and
z = 2. (b)Dispersion barrier of two-soliton with A = 0.7,k; = 1.5,
ky = —1.5 m = 4 and z = 2. Other physical quantities are
D(2) = doe™™ + h Y7 sech[z — 2]*,R = Roe™"*, dy = ko = 1,
Ry=05r=—-02andp=0. . ... ... ... .. ... .....

The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5+ 0.5, D(z) =1, R =0.5,a1 = 1+ and
p = 0. (b)Corresponding contour plot. . . . ... ... ... ...
The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5 + 0.5i, D(2) = c0s(0.7z), R = 0.5,a4 =
1+iand p=0. (b)Corresponding phase . . . ... .. ... ...
The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5+ 0.5¢, D(z) = Fxp(0.32), R = 0.5,ay =

1+iand p=0. (b)Corresponding phase . . . . . ... ... ...



3.4

3.5

3.6

3.7

3.8

Nonlinear tunneling of bright one-soliton. (a) Dispersion
barrier with D(z) = 1 + hsechlz — 2|?>, R = 0.5 and
h = 1.(b)Corresponding phase, (c¢) Dispersion well with h =
—1.(d)Corresponding phase. Other physical quantities are k; =
05+05,a; =142,p=0.and 2o=0. . .. ... ... .....
Tunneling with exponential background (a) Dispersion barrier of
one-soliton with k£, = 0.5 + 0.5¢ and h = 1.(b)Corresponding
phase (c)Dispersion well of one-soliton with k& = 0.5 4+ 0.5¢
and h = —1.(d) Corresponding phase. Other physical quanti-
ties are D(z) = doe " + hsech|z — %|*,R = Roe ", dy = 1,
Ry=05r=—-022=0andp=0.. ... .............
Elastic collision between two-soliton via asymptotic expression.
(a)Before collision (b) Corresponding phase (c)after collision (d)
Corresponding phase . Where k; = 0.5+ 0.12andky = —0.5 — 0.1¢
,ap=1laa=—1,R=0b5andp=0 . .... ... ... ......
Nonlinear tunneling of Bright two-soliton. (a) Dispersion barrier
with D(z) = 1+ hsech[z — z]?, R = 0.5 and h = 1.(b) Dispersion
well with h = —1. Where k1 = 0.5 + 0.1liandky = —0.5 — 0.1i.(c)
Dispersion barrier (d) Dispersion well. Where k; = 0.5 — 0.5¢ and
ko = —0.5+0.5¢. Other physical quantities are oy = 1+14, p = 0.
and zo=0. . . . ...
Nonlinear tunneling and cascaded compression. (a) Dispersion
barrier with o = 1 and z = 3.(b) Corresponding contour plot.

Other physical quantities are D(2) = doe™"*+h 3 ", sech[z—z]?,

R=Rye ", k1 =0540.5t,0, =141, dy=1,r=—-0.2and p=0. 66



4.1

4.2

4.3

4.4

4.5

4.6

4.7

The dark one-soliton propagation through homogenous fiber for
parameters, (a) a=1 ,(b)b=2. Other physical quantities are k =
D(z)=0=1,k=—-15andp=0.................
The dark two-soliton propagation through homogenous fiber for
parameters , (a) a=1 ,(b)b=2. Other physical quantities are k =
D(z)=0=1,k=—-15ks=15andp=0 ... .........
The dark three-soliton propagation through homogenous fiber for
parameters , (a)a=1 ,(b)b=2. Other physical quantities are k =
D(z)=0=1,k =2,k =25k3=—2andp=0. ........
The periodically varying dark solitons, (a)One-soliton with a=1
and k1 = 1.5 (b)two-soliton with a=1, k; = 1.5 , and ky = —1.5
(c¢)Three-soliton with a=1, ky = 2, ky = 2.5 and k3 = —2. Other
physical quantities are k =6 =1, D(z) = C0s(0.3z) and p = 0.
The pulse compression of vector dark solitons, (a)One-soliton with
a=1and k; = 1.5 (b)two-soliton with a=1, ky = 1.5 and ky = —1.5
, (¢)Three-soliton with a=1, k; = 2, ks = 2.5 and k3 = —2. Other
physical quantities are k =6 =1, D(z) = Fxp(0.5z)and p = 0.
The vector dark solitons propagation with gain, (a)One-soliton
with a=1 and k; = 1.5 (b)two-soliton with a=1, k; = 1.5 , and

ks = —1.5 (¢)Three-soliton with a=1, k; = 2, ky = 2.5 and k3 =

38

89

—2 . Other physical quantities are k = 6 = D(z) = 1 and p = —0.05. 90

The vector dark solitons propagation with gain (a)One-soliton
with a=1 and k; = 1.5 (b)two-soliton with a=1, k = 1.5 |
and ko = —1.5 (c¢)Three-soliton with a=1, k; = 2, ko = 2.5 and

ks = —2. Other physical quantities are k = 6 = D(z) = 1 and



4.8

4.9

4.10

4.11

(Color online) Contour plot of nonlinear tunneling of vector dark
one-soliton. (a) Dispersion barrier with D(z) = 1+ hsech|z — z]?,
R = 0.5 and h = 1.(b) Dispersion well with h = —1.(c) Nonlinear
barrier with D(z) = 1,R = 0.5(1 + hsech[z — 2]*) and h = 0.5.(d)
Nonlinear well with h = —0.5. Other physical quantities are k =
kih=a=1and 20=0. . ... .. ... . ... ... . ...,
Contour plot of nonlinear tunneling of vector dark two-soliton. (a)
Dispersion barrier with D(z) = 1 + hsech[z — 29]?, R = 0.5 and
h = 1.(b) Dispersion well with h = —1.(c) Nonlinear barrier with
D(z) = 1,R = 0.5(1 + hsech|z — z]?) and h = 0.5.(d) Nonlinear
well with h = —0.5. Other physical quantities are k = a = 1
ki1 =—=15k=15and 2o=0. . . ... ... ... ... .....
Contour plot of nonlinear tunneling of vector dark two-soliton. (a)
Dispersion barrier with D(z) = 1+hsech|[z—z)]?, R = 0.5 and h =
0.5.(b) Dispersion well with h = —0.5.(c) Nonlinear barrier with
D(z) = 1,R = 0.5(1 + hsech|z — 2)*) and h = 0.3.(d) Nonlinear
well with h = —0.3. Other physical quantities are k = a = 1
k1 =2,ke=25,ks=—-25and zp=0. . ... ... ... .. ...
Contour plot of nonlinear tunneling with exponential background.
(a) Dispersion barrier of one soliton with ¢ = 1 and A = 0.9.
(b)Dispersion well of one soliton with @ = 1 and h = —0.9. Other
physical quantities are D(z) = doe™"*+ hsech[z — z]?,R = Roe "%,
dy=ki =1, Ry=05r=-02,2p=0andp=0. ... ......

93

94



4.12

4.13

5.1

5.2

2.3

5.4

Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of two-soliton with @ = 1 and h = 0.5.
(b)Dispersion well of two-soliton with @ = 1 and h = —0.9. Other
physical quantities are D(z) = doe™"*+ hsech|z — z]?,R = Roe™"?,
do=1,k =15k = 1.5, Ry = 0.5, = —0.2,29 = 0 and p = 0.

Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of three-soliton with @ = 1 and h = 0.5. (b)
Dispersion well of three-soliton with a = 1 and h = —0.5. Other

TZ

physical quantities are D(z) = dpe™"* +hsech|z — z]?,R = Roe™"?,

95

d() = ]_, ]{?1 = 2,]{?2 = 2.5,]@’: - 2, RO = 0.577” = —0.2,20 =0 and P = 0. 96

The bright soliton propagation through a constant fiber medium
for parameters (a) ky =144, oy =1+, f1 =2 —1, D(z) =1,
R(z) =0.5 and p = 0. (b)Corresponding phase profile. . . . . . .
The dark soliton propagation through homogenous fiber for pa-
rameters , (a) k; = 1 (b)Corresponding phase profile. (¢) k; = —1
(d)Corresponding phase profile. Other physical quantities are
a=b=1=ko=D(z)=0=1. . ... ... .. ... ... .
The black and gray soliton with different values of blackness factor
(a) k; = 1 and R = 0.125, 0.2, 0.25 (b)Corresponding phase
profile. (¢) k4 = —1 and R = 0.125, 0.15, 0.2 (d)Corresponding
phase profile. Other physical quantities are a = b =1 = kg =
D(z)=1. . .
The propagation of bright soliton along the fiber. The left panel

represents the evolution of the bright soliton pulse and the influ-

ence of noise, while the panel right portrays the contour evolution.

108

110



2.5

2.6

5.7

2.8

The propagation of dark soliton along the fiber. The left panel
represents the evolution of the dark soliton pulse and the influence
of noise, while the panel right portrays the contour evolution.
The bright two-soliton propagation through homogenous fiber for
parameters, (a)ay = 140.5¢, ap = 1—-0.5i (b) 51 = 1, 5o = 14+0.5¢
with by = 2 — 4, ks = 2 —2i, ¢ = —5 and ¢ = 5 (c) Energy
sharing collision with a; = 1, ap = 1(d) 81 =1, By = 2+
with k1 = 2 4 0.5¢, ko = 2 — 0.5¢.  Other physical quantities are
D(z)=1,R(z)=05,andp=0. .. ... ... ..........
The dark two-soliton propagation through homogenous fiber for
parameters , (a)Same direction of propagation with k; = ko = 1.5,
¢1 = —b and ¢y = 5 (b)soliton interaction with k; = —1.5, ky =

1.5. Other physical quantities are a =b =k = D(z) =6 = 1, and

The bright two-soliton energy sharing collision via the asymptotic
expression. (a)Before collision S;~+S;~ (b) Corresponding phase
with ¢~ +¢?~ (c) after collision S{* 4 S?* (d) Corresponding
phase with ¢;* +1?*.  Other physical quantities are a; = 1,
ag =1,k =2+40.5i, kg =2—0.5i, D(z) = 1, R(z) = 0.5, and

111



2.9

5.10

5.11

The resultant intensity and phase of two dark soliton via the
asymptotic expressions for before and after collision (a) same di-

rection of propagation with k; = 1.5 and ky = 1.5, ¢ = 5

and ¢o = —5.(b) Corresponding phase (c) before collision with
k?l = —1.5 and ]{72 = ]_5, le = 5 and gbg = 5. (d) Corre-
sponding phase (e)at collision with k& = —1.5 and ky = 1.5,

¢1 = ¢o = 0.(f)Corresponding phase. (g) after collision with
ki1 = 1.5 and ky = —1.5, ¢; = 5 and ¢ = 5. (h)Corresponding
phase. Other relevant physical parameters are kg = a = D(z) = 1
y,p=0and R=0.5 .. .. .. ...
The bright soliton propagation with varying GVD parameter,
where D(z) = Co0s(0.7z). (a)One soliton with ky = 144, ag = 144,
f1=2—1, R(z) = 0.5 and p = 0. (b)Corresponding phase. (c)
Two-soliton with ay = 1, as =1, k4 = 2+ 0.5, ky = 2 — 0.51,
R(z) = 0.5, and p = 0. (d)Corresponding phase. . . . . ... ...
The dark vector soliton propagation through inhomogeneous fiber
for parameters, (a)pulse amplification (gain) with p = —0.02
(b)Corresponding phase.  (c)Pulse absorption (loss) with p =
0.02. (d)Corresponding phase. (e) periodic background as p =
0.05sin(z). (f)Corresponding phase.Other physical quantities are
k=D() =1, R=05 . .

123



5.12

5.13

5.14

The dark two-soliton phase via the asymptotic expressions (a)
gain of two-soliton with same direction of propagation. (b) gain
of two-soliton with opposite direction of propagation. (c) Loss
of two-soliton with same direction of propagation. (d) Loss of
two-soliton with opposite direction of propagation. (e) Periodic
background in two-solitons for the same direction of propagation.
(f)Periodic background in two-solitons for the opposite direction
of propagation. Where same direction of propagation studied with
parameter k; = 1.5 and kg = 1.5, for the interactive mode k; =
—1.5 and ks = 1.5. Other relevant physical quantities are ky =
a=D(z)=1land R=05 . . .. ... .. ... .. ........
The bright vector soliton tunneling for parameters, (a)Dispersion
barrier with D(2) = 1+hsech|z—z)]? and h = 1. (b)Corresponding
phase.(c) Dispersion well with h = —1. (d)Corresponding phase.
Other relevant physical quantities are ky = 1 4+ 14, ay = 1 + 1,
f1=2—1i,R(z)=05,2=0and p=0. . ... ... .......
The dark vector soliton tunneling for parameters, (a)Dispersion
barrier with D(z) = 1 + hsech[z — 2], and h = 1.(b) Dispersion
well with h = —1. Other physical quantities are kg = k1 = a = 1,
R(z)=05and zo=0. . . . ... .. ... ... ...

130



5.15 The phase change of dark two-soliton and tunneling effect for pa-

6.1

6.2

6.3

6.4

6.5

rameter D(z) = 1+ hsech|z — z)]? (a) Dispersion barrier in same
direction mode with h = 0.7.(a) Dispersion barrier in opposite
direction mode with h = 0.7.(c) Dispersion well in same direc-
tion mode with h = —1.(d) Dispersion well in opposite direction
mode with h = —1. Where same direction of propagation studied
with parameter k; = 1.5 and ky = 1.5, for the opposite mode
ki = —1.5 and ko = 1.5. Other physical quantities are kg = a =1,
R(z)=05and zg=0. ... ... ... . ... ...

The dark one-soliton propagation through homogenous fiber for
parameters ky = 1.5, k =ap=D({) =1, p=0,R = 0.25 (a)with
S = 0.1 (b)with different values of S as 0,0.1and0.2 . . . .. ..
The dark soliton energy (a) as a function of R and (b) as a function
of S using Eq.(6.8). The parameters of other relevant physical
quantities are ky = 1.5, k=aqy=D()=1landp=0 .. ... ..
Figs (a) and (b) show the dark soliton evolution and the formation
of shcok wave. Figs (¢) and (d) shows the stable propagation of
the soliton and the shock wave formation in the presence of strong
photon noise. The parameters of relevant physical quantities are
ki=k=ay=10=2,y=1land p({)=0. . ... ... ... ...
The dark two-soliton propagation through homogenous fiber for
parameters ky = —1.5, ks = 1.5, k=apy=D(&)=1,p=0,0=1
and v =0.2. . . ...
The dispersion and nonlinearity managed dark solitons, (a) One-
soliton (b) Two-soliton. Other physical quantities are k = ag =

1,D()=Co0s(0.38),p=0,0=2andy=1. . . .. ... ... ..

147



6.6

6.7

6.8

6.9

6.10

6.11

The pulse compression of dark solitons, (a) One-soliton (b) Two-
soliton. Other physical quantities are k = ag = 1,D(§) =
Exp(0.3§)p=0,0=2andy=1.. ... ... ... ... ......
The boomerang like dark solitons, (a) One-soliton, (b) Two-
soliton. Other physical quantities are k = a9 = 1,D(§) =
034058, p=00=2andy=1. ... ... ... ... .. ....
The dark solitons propagation with gain, (a) One-soliton, (b) Two-
soliton. The other parameters are k = ap = D(§) = 1, p = —0.05,
d = 2 and v = 0.2. The dark solitons propagation with loss, (c)
One-soliton (d) Two-soliton with p =+0.05. . . . . ... .. ...
Energy variation with gain/loss via the solution (6.2). (a) Gain
with p = —o, (b) Loss with p = +0. The other relevant physical
quantities are k =ag =0 = D(§) = 1,k; =1.5and y=0.1. . . . .
The dark solitons propagation with periodic background, (a) One-
soliton, (b) Two-soliton. The other physical quantities are k =
ap=D(§) =1, p=0.1sin(0.7€), R(§) = 1 and S(§) = 0.5.
Contour plot of nonlinear tunneling of dark one-soliton. (a) Dis-
persion barrier with D(£) = 1+ hsech[é —&)?, R =1, S = 0.2 and
h = 0.5.(b) Dispersion well with ~ = —0.9.(c) Nonlinear barrier
with D(§) = 1,R = 1 + hsech[§ — &]?,S = 0.2(1 + hsech[€ — &)?)
and h = 1.(d) Nonlinear well with h = —0.5. Other physical

quantities are ky =ag=1and & =0. . . . . . .. ... ... ...

150

151

. 151



6.12 Contour plot of nonlinear tunneling of dark two-soliton. (a) Dis-
persion barrier with D(§) = 1+ hsech[¢ —&]?, R = 1,5 = 0.2 and
h = 0.7.(b) Dispersion well with ~ = —0.9.(c) Nonlinear barrier
with D() = 1,R = 1+ hsech[é — &]?,S = 0.2(1 + hsech[€ — &)?)
and h = 1.(d) Nonlinear well with h = —0.5. Other physical
quantities are ky = —1.5, ks = 1.5, a9 =1and §, =0. . . . . . .. 154
6.13 Contour plot of nonlinear tunneling with exponential background.
Dispersion barrier of (a) One soliton, (b) Two soliton, with D(§) =
doe™" + hsechlé — &) R = Roe™™,.S = Spe "¢ and h = 0.7.
Dispersion well of (¢) One soliton, (d) Two soliton, with the same
as for (a-b) except that h = —0.9. Other physical quantities are
do=Ro=18=027=—03k —=—15 ky—=15and & =0. . . 155



List of Tables

2.1

4.1

4.2

6.1

Physical quantities of solitons S7 and S5 before and after the col-

Lsion. . . . . . s

Physical quantities of solitons S; and S, before and after the col-
lision. . . . . . ..
Physical quantities of solitons 57,55 andSs before and after the

collision. . . . . . . .o

Physical quantities of solitons S; and S, before and after the col-

Lision. . . . . .

Xviil



Contents

Preface xxiii
List of Acronyms XxXVi
List of Publications xxVvii
1 Basic Concepts and Thesis Outline 1
1.1 Introduction . . . . .. . ... 1

1.2 Soliton . . . . . .. 2
1.2.1  Optical solitons . . . . . . . ... ... ... ... 3

1.3  Group Velocity dispersion . . . . ... .. .. ... ... ..... 3
1.4 Nonlinear phenomena in optical fiber . . . . . . . .. .. ... .. 4
1.4.1  Self-phase modulation. . . . . . . ... ... ... ... 5)

1.5 Nonlinear Schrédinger Equation . . . . . . . ... ... ... ... 6
1.5.1  Bright and dark Solitons . . . . . .. ... ... ... .. 8

1.6 Birefringent fiber and soliton models . . . . . .. ... ... ... 9
1.6.1 Cross-phase modulation . . . ... ... ... ....... 11

1.7 Self-steepening effect . . . . . . ..o 11

1.8  Soliton propagation in inhomogeneous fiber . . . . . . . .. . .. 12

1.9 Methods of Analysis . . . . . ... .. ... oL 13
1.9.1 Hirota’s bilinearization method . . . . . . .. .. .. ... 13

1.9.2  Ansatz method for Soliton solution . . . . .. ... ... 18

Xix



1.10 Outline of the thesis . . . . . . . . . . . . . . . . ... ... ... 20

Black and gray soliton interactions and cascade compression in

the Vc-NLS equation 27
2.1 Imtroduction . . . . . . . .. Lo 27
2.2 Dark soliton solutions by Hirota method . . . . .. ... ... .. 29
2.3 One-soliton solution . . . . . . . ... ... ... 30
2.3.1 Direct numerical simulation . . . .. ... ... ... ... 33
2.3.2 Parametric region for Black and gray soliton . . . . . . .. 34
2.3.3 Phase profile of dark soliton . . . . .. .. ... ... ... 34
2.4 Two-soliton solutions . . . . . . .. .. ... ... L. 38
2.4.1 Two-soliton collision . . . . . ... .. ... ... ..... 39
2.5 Results and discussions . . . . . .. ..o 0oL 42
2.5.1 Nonlinear tunneling and cascade compression . . . . . . . 45
2.6 Conclusion . . . .. .. ... 49
Bright solitons dynamics in the Vc-NLS equation 53
3.1 Introduction . . . . . . .. ... 53
3.2 Bright soliton solutions . . . . . .. .. ... . oo 54
3.2.1 Bright one-soliton solutions . . . . . ... ... ... ... 55
3.2.2  Phase of bright soliton . . . . . ... ... ... ... ... 57
3.2.3 Bright two-soliton solutions . . . . . . ... .. ... ... 58
3.2.4 Bright soliton collision . . . . . ... ... ... .. ... 61
3.3 Results and discussions . . . . .. ... Lo 62
3.3.1 Nonlinear tunneling effect . . . . . . ... ... ... ... 63
3.3.2 Nonlinear tunneling without exponential background . . . 64
3.3.3 Nonlinear tunneling with exponential background . . . . . 65

3.3.4 Cascade compression . . . . . . .. .. ... ... ... .. 66



3.4 Conclusion . . . . . . . .

Dynamics of vector dark solitons propagation and tunneling ef-

fect in the Vc-CNLS equation
4.1 Introduction . . . . . . . .. ..
4.2 Dark soliton solutions by Hirota method . . . . . .. . ... ...
4.3 One-soliton solutions . . . . . . ... ... ...
4.3.1 Physical quantities of dark solitons . . . . . . .. ... ..
4.4 Two-soliton solutions . . . . . . . . . . ... L
4.4.1 Two-soliton collision . . . . ... ... ... ... .....
4.5 Three-soliton solutions . . . . . .. .. .. ... . L.
4.5.1 Three-soliton collisions . . . . . . . ... ... .. ... ..
4.6 Results and discussions . . . . . .. ... o000
4.6.1 Periodically varying dispersion and nonlinearity . . . . . .
4.6.2 Pulse compression . . . . . . ...
4.6.3 Gain/loss . . . ..o
4.7 Nonlinear tunneling effect . . . . .. ... .. ... ... ...
4.7.1 Nonlinear tunneling without exponential background
4.7.2 Nonlinear tunneling with exponential background . . . . .

4.8 Conclusion . . . . . . . s,

Phase dynamics of inhomogeneous Manakov vector solitons

5.1 Introduction . . . . . . .. ..o

5.2 Exact soliton solutions by HB method . . . . . . ... ... ...
5.2.1 Bright one-soliton solutions . . . . . . .. ... ... ...
5.2.2  Dark one-soliton solutions . . . . . . ... ... ... ...
5.2.3 Direct Numerical Simulation . . . . . ... ... ... ...

5.3 Phase dynamics of Manakov soliton . . . . . .. .. ... .. ...

70
70
73
76
7
78
80
82
84
86
86
88
39
90
91
96
97



5.4 Two-soliton solutions . . . . . . . . . . . .. 117

5.4.1 Asymptotic analysis and two-soliton phase . . . . . . . .. 121
5.5 Results and discussions . . . . . .. ..o 128
5.5.1 Nonlinear tunneling and soliton phase. . . . . . . ... .. 131
5.6 Conclusion . . . . . . . ... Lo 134

6 Ultrashort dark solitons interactions and nonlinear tunneling in

the Vc-MNLS equation 139
6.1 Introduction . . . . . . . . ... 139
6.2 Exact dark soliton solutions by Hirota method . . . . . . . . . .. 141
6.3 One-soliton solutions . . . . . . .. .. ... . ... ... 142
6.3.1 Direct numerical simulation . . . . . ... ... ... ... 144

6.4 Two-soliton solutions . . . . . .. .. ... .. oL 146
6.4.1 Two-soliton interactions . . . . .. .. .. ... ... ... 147

6.5 Results and discussions . . . . . .. ..o 148
6.5.1 Periodically varying dispersion and nonlinearity . . . . . . 151
6.5.2 Pulse Compression . . . . . ... ... ... ... ..., 153
6.5.3 Boomerang Soliton . . . . ... ... ... 153
6.5.4 Gain/Loss . . . . . . .. 153

6.6 Nonlinear tunneling effect . . . . . ... ... ... ... ... .. 155
6.6.1 Nonlinear tunneling with exponential background . . . . . 157

6.7 Conclusion . . . . . . ... 158
7 Results and conclusions 161
7.1 Summary of Results . . . . . ... .. ... . 161
7.2 Future prospective . . . . . . ... ... 165

Appendix 166



Preface

Soliton is a localized wave which can propagate through nonlinear media without
any considerable change of its form and preserve its identity even after collisions
with each other. The solitons exhibit particle like properties due to its energy
confinement to a limited region of space. The most significant technical appli-
cation of the soliton is as a carrier of digital information along an optical fibre.
The optical soliton formation is the outcome of exact balance between the group
velocity dispersion (GVD) and the self-phase modulation (SPM).

The nonlinear Schrodinger equation (NLSE) is the governing model of soli-
ton dynamics in single mode optical fibre. Based on the different signs of dis-
persion parameter, the NLSE admits temporal bright and dark optical solitons
in fiber. Nevertheless, in many real situations, there exist two different polar-
izations in single-mode fibers, which split the injected soliton into two separate
beams. The coupling of these bimodal propagation of pulses result in many fas-
cinating phenomena, one such is the vector soliton. The coupled NLS equation
(CNLSE) provides a quantitative description of such co-propagating solitons via
the cross-phase modulation (XPM) mechanism. Several experiments on optical
soliton propagation in fibres have shown that the output pulse has been found
to be asymmetric due to the self-steepening(SS) effect. The modified nonlinear
Schrodinger equation (MNLSE) is the governing model of the soliton propaga-
tion with SS effect. The SS results from the intensity dependence of the group
velocity. This leads to an asymmetry in the SPM-broadened spectra of ultrashort
pulses.

Recently, the NLSE with variable coefficients has been widely used for the

xxiii



investigations of soliton propagation in real optical system. As a result of non-
uniformities, influenced by the spatial variations of the fiber parameters, the re-
alistic optical fiber medium exhibits inhomogeneous behavior. The conventional
form of NLSE equations are inadequate in describing the various inhomogeneous
behavior of fiber such as pulse amplification/absorption, periodic varying disper-
sion and nonlinearity, nonlinear tunneling, etc,. Thus to model a realistic fiber
system, we have considered the variable coefficient NLSE (Vc-NLSE) governing
the propagation of optical beam in an inhomogeneous fiber.

In this thesis, we have comprehensively studied the propagation and interac-
tion of multi-solitons in inhomogeneous optical fiber system. We have studied
the dark multi-solitons dynamics and corresponding phase evolution in Ve-NLSE
model. The bright soliton intensity and the spatial dependent phase profiles in
Ve-NLSE models has been investigated. The studies have been extended to
Vc-CNLSE model which enable the vector dark soliton propagation in birefrin-
gent fiber systems. The bright and dark vector soliton propagation and phase
dynamics of multi-solitons interactions in inhomogeneous Manakov model has
been studied. Finally, the ultrashort dark soliton propagation with SS effect are
deliberately studied by means of Ve-MNLSE model. The exact soliton solutions
for these inhomogeneous models have been derived by Hirota bilinear method.
The soliton phase dynamics has been investigated by an ansatz method. Numer-
ically, the stability of the obtained solutions have been discussed. The obtained
results are presented in appropriate chapters. The structure of the thesis is
organized as follows:

In chapter 1, we describe a basic introduction to solitons, optical solitons,
GVD, SPM, NLS equation, bright and dark temporal solitons in NLSE. Bire-
fringent fiber, XPM, SS and soliton propagation in inhomogeneous fiber system.
Moreover, a detailed explanations for analytical tools have been described in sec-
tion methodology and the structure of dissertation is also presented with a brief
highlight of each chapter. Chapter 2 deals with the dark soliton dynamics in the
Ve-NLSE with distributed dispersion, SPM and linear gain/loss. The one and



two dark soliton solutions have been derived by using Hirota’s bilinear method.
Numerically, we have studied the dark soliton propagation in the continuous
wave background, and the simulations confirm that the soliton solution is stable
and robust against perturbations. We have derived exact solution for the phase
of dark solitons and studied the effect of blackness parameter and gain/loss co-
efficient on soliton phase profiles. Black and gray soliton interactions and elastic
collision between dark solitons are exclusively studied via the asymptotic analy-
sis. The studies on nonlinear tunneling of dark soliton through barrier/well, has
been verified that the intensity of the tunneling soliton either forms a peak or
valley and retains its shape after tunneling through barrier /well. In chapter 3,
we investigate bright solitons dynamics in the Ve-NLSE model. Many fascinat-
ing results underlying spatial dependent bright soliton phase, which gives more
insight for well-known inhomogeneous phenomena, such as dispersion managed
system, pulse compression and especially nonlinear tunneling effect, have been
studied. By connecting an ansatz method with Hirota bilinear technique, we
have introduced an explicit form of bright soliton phase. In chapter 4, we
extend the studies to the dynamics of vector soliton propagation in inhomoge-
neous fibres which has been modeled by Ve-CNLSE (inhomogeneous Manakov
system). The dark soliton solutions in Ve-CNLSE have been derived by Hirota’s
bilinear method. Chapter 5 deals with the phase dynamics of Manakov bright
and dark vector soliton in inhomogeneous fibers by employing two component
Vc-CNLS model. We have applied a general ansatz method to study the phase
dynamics of the system, which enabled explicit analytical expressions for inten-
sity as well as phase of the soliton. In chapter 6, we study the dynamics of
ultrashort pulse propagation in the inhomogeneous fibre systems by means of
Ve-MNLS model with distributed dispersion, SPM, SS and linear gain/loss. The
effect of self-steepening such as shock wave formation during the propagation,
has been confirmed through direct numerical simulation. Chapter 7 summarizes

the findings of the thesis and describes future prospects of this work.
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Chapter 1

Basic Concepts and Thesis

Outline

1.1 Introduction

Nonlinearity is an ubiquitous behavior of nature in our day to day life. Non-
linear dynamics (NLD) provides mathematical implications of such mysterious,
drastic and unpredictable phenomena of the real physical world. The terms
chaos and solitons are the most commonly referred nomenclature in NLD, but
their fundamental characteristics in nonlinear systems are completely different.
Chaotic systems are unpredictable owing to great sensitivity to initial inputs,
while soliton systems exhibit highly predictable behavior during the evolutions.
In fact, most of the nonlinear systems are non-integrable but admit self-trapped
solutions known as solitary waves.

A physical system which is driven by a nonlinear force and whose dynamics is
described by nonlinear differential equation is referred to as a nonlinear dynam-
ical system. In view of their important technological applications, soliton driven
nonlinear systems have been focused throughout this thesis. Nowadays, solitons
are observed in a large number of physical systems, but here we limit our focus to

nonlinear optical systems especially to optical fibers. This introductory chapter



is intended to provide an overview of common behavior of solitons and their for-
mation in optical systems. The review given here will play an indispensable role
to understand the soliton dynamics discussed in later chapters. The objectives
and the methodology of this thesis have been addressed. The structure of thesis
is also presented with a brief highlight of each chapter.

1.2 Soliton

In the past few decades or so, the concept of soliton has created an enchanting
areas of research across different fields of science and technology. Different types
of solitons with approximately one hundred different mathematical models of
nonlinear partial differential equations(NLPDE)have been reported in almost all
diverse fields of science. Based on its behavior and the mathematical formulation
of integrability, the commonly accepted description of the soliton can be defined
as the ’solitons are localized waves which can propagate through nonlinear media
without any considerable change of its form and preserve its identity even after
collisions with each other’ [1-5]. The solitons exhibit particle like properties due
to its instantaneous energy confinement to a limited region of space.
Historically, the first documented observation of a solitary wave was made
by a Scottish engineer, John Scott Russell in 1834. He observed a solitary wave
evolution as, a rounded, smooth and well-defined heap of water propagating
along the canal apparently without any change of its speed and shape over long
distance[3]. He named it as the 'wave of Translation’. Later, Kortweg and de
Vries considered the wave phenomenon underlying the observations of J S Rus-
sel and introduced the well-known KdV equation for the fluid dynamics. In
this model, velocity is a function of wave amplitude, hence the higher amplitude
wave travel faster than lower amplitude one. The word ’soliton’ was first used by
Zabusky and Kruskal in 1964. The shape preserving collision between solitary
waves have been reported in their studies[3]. In recent trend, soliton-bearing
systems get much attention from researchers, because of its presence are con-

firmed in various models such as nonlinear optics [1], Bose-Einstein Condensates



[6], hydrodynamics [3, 7], plasma [8] and waveguide arrays [9]. In this thesis, we

have studied optical soliton propagation in the laser induced fiber systems.

1.2.1 Optical solitons

Nonlinear optics (NLO) describes the features of light-matter interaction in non-
linear media. Courtesy to the invention of lasers, by taking advantage of the
high optical power to change the optical properties of materials, the nonlinear
fiber optics finds important role in data transmission systems such as optical
communication, switching, pulse reshaping, amplifiers, pulse compression, etc.
The most significant technical application of the soliton is as a carrier of digital
information along an optical fibre. In 1973, Akira Hasegawa was the first to
suggest that solitons could exist in fibers and he also suggested the idea of a
soliton-based transmission system to increases the bit rate of optical telecommu-
nications [10]. The balancing between dispersion and nonlinearity is the reason
to the formation of optical soliton in fiber [1, 10, 11]. That is, when high intense
pulse propagate though a medium which usually gets broadening due to chro-
matic dispersion or diffraction. However the nonlinearity of the medium acts
against this chirp and produce self-trapped light beams. These localized beams
are called optical solitons. Based on its nature of confinement in time or in
space, optical solitons are mainly classified into two types such as temporal and
spatial optical solitons. In this thesis, we have focused on the temporal soliton
dynamics in optical fiber media. The symbolic representation of temporal soliton

is depicted in figure(1.1).

1.3 Group Velocity dispersion

When an optical pulse is propagated through dielectric waveguide, it suffers
pulse broadening due to dispersion. An envelop of electromagnetic waves has
many Fourier components which travel with different velocities in dispersive
media. The measure of frequency dependent group velocity is referred to as

Group Velocity dispersion(GVD) or chromatic dispersion [1, 4]. GVD is the



Temporal soliton A ._..,'.- .

Figure 1.1: Temporal soliton formation (https://en.wikipedia.org/wiki/Soliton-
(optics))

derivative of the inverse group velocity with respect to the angular frequency
(GVD = a%%). As we know, the refractive index of optical system is a function
of frequency (n(w)), the various Fourier components of the pulse will experience
different indices of refraction in a dielectric medium. Change in refractive in-
dex with frequency may be increase or decrease, correspondingly two different
kinds of pulse broadening occurs. The positive and the negative sign of the GVD
is generally referred to as anomalous dispersion and normal dispersion regimes
respectively. In the anomalous(normal) dispersion regime, the high frequency
components travel faster(slower) than the low frequency components. In order
to account the dispersion-induced broadening of a Gaussian pulse or hyperbolic
secant pulse inside a fiber a parameter is important called dispersion length. It is

defined as Lp = é—‘j' Where Tj is the pulse width and S5 is the GVD parameter

1].

1.4 Nonlinear phenomena in optical fiber

When an intense optical beam propagate through a dielectric medium, the bound
electrons undergo anharmonic oscillation which produce nonlinear response in

medium. As a result, higher order susceptibilities are inevitable and the total



induced polarization P by applied electric field satisfy the relation as
P =e(x\V.E+ Y? EE + \® EEE + .. ] (1.1)

where € is the permittivity of vacuum, x)(j = 1,2,...) is the j* order sus-
ceptibility. The x") represents linear effect and x, y®, ... are the nonlinear
parts of higher order susceptibilities. In centrosymmetric materials, like silica
the Y@ effect become zero due to the inversion symmetry of crystal. In silica
fibers, the cubic nonlinearity (x®)) is responsible for various phenomena such as

Kerr-effect, four-wave mixing, third harmonic generation, etc [1, 2, 5].

1.4.1 Self-phase modulation.

The Kerr effect is the phenomenon in which the refractive index of a material
changes proportional to the square of the applied electric field. As a result, a
intensity dependent nonlinear phase shift is happen along the fiber length. That

is, the refractive index obeys the relation[1, 2, 4, 5]:
n = ng+ nsl,

where I = |E|? is the intensity of laser beam, ng is the linear index of refraction
and ns represent the Kerr nonlinearity. This implies that the phase velocity
also becomes intensity dependent leading to broadening of the optical spectrum.
This phenomenon is referred to as Self-phase modulation (SPM). That is, the
self-induced phase shift due to its own intensity is called SPM [1].

The optical soliton formation is the outcome of exact balance between the
group velocity dispersion (GVD) and the self-phase modulation (SPM). It was
proposed by Hasegawa and Tappert [10] and experimentally reported later by
Mollenauer et al.[11].



1.5 Nonlinear Schrodinger Equation

Nonlinear Schrodinger equation(NLSE) is an elegant basic model equation de-
scribing envelope wave propagation in optical media. In addition to that the
NLSE is an example of a universal nonlinear model that describes many physical
nonlinear systems such as hydrodynamics, nonlinear optics, nonlinear acoustics,
quantum condensates, heat pulses in solids and various other nonlinear instabil-
ity phenomena. The derivation of NLSE is described as follows;

The propagation of electromagnetic(EM) wave through a dielectric waveguide
can be described by using Maxwells equations. The Maxwell’s equation governing

the propagation of EM wave through a dielectric medium is given by [1, 2, 4]:

1PE(r,t) 1 &P(rt)

V2E — =
2 Ot? ec: Otz

(1.2)

where F is the electric field, ¢ is the speed of light in free space, and ¢, is the
dielectric permittivity of the free space. The induced polarization P includes

linear and nonlinear contributions:

P(r,t) = Py(r,t) + Pxi(r, 1), (1.3)
&mw:%/ym@—wﬂnwﬁ,
Pyi(r,t) = 60///X(3)(t — 1) (t —to)(t — t3)E(r,t1) E(r, to) E(r, t3)dt dtydts.

Here y9) are the susceptibility tensors of corresponding orders. The time-

dependent nature of the envelop of the pulse is written as:
E(r,t) = A(Z,t)F(z,y)e™?, (1.4)

in which ( is the propagation constant and F'(x,y) is the transverse field dis-
tribution of the fundamental mode in a single-mode fiber. A(Z,t) is the time-
dependent amplitude which implies that each spectral component of the pulse

moves with different speed inside the fiber owing to the chromatic dispersion.



Hence the refractive index varies with the frequency w which is expressed as:

i = n(w) + ng| B (1.5)
The analysis is carried out in Fourier domain to incorporate the chromatic dis-
persion. The nonlinearity is treated as a perturbation. The Fourier transform of

A(Z,t) is represented by A(Z,t) which obeys the equation:

DA(Z,1)

o7 = ilBW) + A8 — B A(Z,0) (1.6)

Here f(w) = kon(w). The nonlinear part AS satisfies the relation:

f f \4dzvdy

AB = kong| A? 1.7
The Taylor expansion of f(w) around wy is written as:

ﬁ(w) = ﬁo + (w — WQ)B]_ + (w — wO)zﬁg + ..., (18)
where 3; = —5 Taking inverse Fourier transform of equation 1.6 after substi-
tuting for S(w), A(Z,t) is obtained as:

0 2A , 9

51 + 252 = iv|A"A, (1.9)
where (w — wp) ~ % in inverse Fourier transform, 5; and [, are the first order

dispersion effect vi and the group velocity dispersion parameter i—é respectively.
g

The nonlinear parameter ~ i cfff‘;f, being the intensity dependent
refractive index with the effective mode area A.r; = %.

Transforming equation 1.9 by introducing new coordinates to a reference

t— 2
frame moving with the pulse such that 7 = ( ng), z = %, and u = \/yLpA,

the NLSE for the optical field is obtained as:

ﬁga’u, 2
za t S e + Blul*u = 0. (1.10)



where 5 represents GVD and the third term S represent the SPM.

1.5.1 Bright and dark Solitons

As in any medium, the dispersion varies with wavelength and the optical fiber
is no way exceptional. One of the characteristic features of silica glass fiber is
the so-called zero dispersion wavelength (ZDW). It is the wavelength at which
the GVD becomes zero, and with reference to the ZDW, there exist two regimes
of dispersion based on the sign of the dispersion coefficient. Based on the differ-
ent signs of dispersion parameter, the NLSE admits temporal bright and dark
solitons. The temporal bright soliton exist in the case of anomalous dispersion
while normal dispersion leads to dark soliton. In similar way, the spatial bright
(dark) optical solitons are observed due to the balancing between diffraction
and self-focusing (self-defocusing) nonlinearity of medium. The simple form of

well-known bright and dark solitons in NLSE model are obtained as follows [1, 2]
u(z,t) = sech(t) ea:p(i%) (1.11)

u(z,t) = tanh(t) exp(iz) (1.12)

Here, the Eq. (1.11) and (1.12)respectively represent the bright and dark tem-
poral solitons and its intensity profile is depicted in figure (1.2)

Figure 1.2: (a) bright soliton (b)dark soliton.



1.6 Birefringent fiber and soliton models

In real single-mode fibers, perfectly cylindrical core of uniform diameter is impos-
sible due to anisotropic stress which produce considerable variation in the shape
of their core along the fiber length [2]. This asymmetry of the core accounts for
the emergence of birefringence in fiber. The effect of birefringence in single-mode
optical fibers is an important consideration for soliton propagation because of
a single injected soliton being split into two solitons of different polarizations
[1]. These two modes may have different group velocities. That is, birefringence
causes one polarization mode to travel faster than the other, resulting in a dif-
ference in the propagation time called the differential group delay(DGD), which
results pulse broadening along the fiber. This phenomenon is called polarization-
mode dispersion (PMD)[2]. A PMD is depicted in figure (1.3). The governing

equations for bimodal propagation in a birefringent optical fiber are[l]

. . 1
1q1, + 101 + 56]1& + M(\Q1\2 + B\Q2’2)Q1 =0 (1.13)
. . 1
1G9, + 10qo; + §Q2tt + N(|C]2|2 + B\(]ﬂz)% =0 (1.14)

where B is the cross-phase modulation coupling parameter and ¢ governs the
group-velocity mismatch between the two polarization components (walk-off ef-
fect).

In high birefringence fibers, the group-velocity mismatch between the fast
and slow components of the input pulse cannot be neglected(§ # 0). But, in
the case of low birefringence fibers, the difference between group velocities can
typically be ignored (§ ~ 0). The group-velocity mismatch can be neglected, if
wave guide exhibit nearly constant birefringence along their entire length. This
kind of birefringence is called linear birefringence. In practice, optical fibers
exhibit randomly varying birefringence, over a length scale 10m unless special
precautions are taken [1]. Generally, the walk-off term cannot be neglected in

random birefringence model. It means that co-propagation of pulse (vector soli-



ton) can observe in fiber under the consideration of small length where the fiber
is assumed to have linear birefringence. In polarization-maintaining fibers, the
built-in birefringence is made much larger than random changes occurring due
to stress and core-shape variations. As a result, polarization-maintaining fibers
exhibit nearly constant birefringence along their entire length [1].

The walk-off effect plays an important role in the description of the nonlinear
phenomena involving two or more closely spaced optical pulses. It arises due to
the group-velocity mismatch of pulses. But, under certain conditions the two
orthogonally polarized solitons move with a common group velocity in spite of
their different modal indices or PMD. This phenomenon is called soliton trapping
[1] . The phenomenon of soliton trapping suggests that the coupled NLS equa-
tions (CNLSE) may possess exact solitary-wave solutions with the property that
the orthogonally polarized components propagate in a birefringent fiber without
change in shape. Such solitary waves are referred to as vector solitons [1]. In
this thesis, we have focused such kind of vector soliton propagation in the two
component CNLSE with the specific value of parameter B = 1 (so-called Man-
akov model) in fiber system. It does not contain walk off term under certain
mathematical and physical assumptions. The existence of these solitons model
can be employed under specific conditions that involves severe constraints on the
nonlinearity coefficient. From a physical view point, these constraints impose the
condition that the ratio between the SPM and XPM in the coupling constants
must be equal to unity and the SPM coefficients need to be equal for the two

polarizations. Thus, the Manakov model can be written as [12-18];

, 1
e + 50w+ plar* + 1) = 0 (1.15)
, 1
1q2. + o2t + 1(l@? + lq1|*) g2 = 0 (1.16)
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Figure 1.3:  Polarization mode dispersion (http://fobasics.blogspot.com
/2012/07/ polarization-mode-dispersion.html)

1.6.1 Cross-phase modulation

Cross-phase modulation refers to the the nonlinear phase shift of an optical
field induced by another field having a different mode of polarization, different
wavelength or direction usually referred to as Cross-phase modulation (XPM)
[1]. When considering multiple signals in same fiber with different wavelengths,
one wavelength of light can affect the phase of another wavelength through the
XPM mechanism. It acts between multiple signals rather than within a single
signal. It also deals the coupling phenomenon between the two orthogonally

polarized components in birefringent fibers [1, 2].

1.7 Self-steepening effect

Self-steepening (SS) results from the intensity dependence of the group velocity.
This leads to an asymmetry in the SPM-broadened spectra of ultrashort pulses.
In several experiments on optical soliton propagation in fibers, the output pulse
has been found to be asymmetric due to the SS effect[1]. This is found to be
crucial in optical communication system, especially in the ultrashort pulse prop-
agation in long distance optical fibers system. Self-steepening creates an optical
shock on the trailing edge of the pulse in the absence of the GVD effects. This
phenomenon is due to the intensity dependence of the group velocity that results

in the peak of the pulse moving slower than the wings[1]. The modified nonlin-
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ear Schrodinger equation (MNLSE) is governing model of the soliton propagation
with SS effect [19-24]

. 1 .
ig + 5 + 1(qlgl®) +is(qlg)*)e = 0 (1.17)

where the coefficient s represent the SS effect.

1.8 Soliton propagation in inhomogeneous

fiber

Signal degradation in optical fibers mainly occurs due to attenuation and disper-
sion. The attenuation is a measure of power loss of beams that occurs as signal
propagates through the length of fiber. The optical signal will be weaker as it
propagates down the fiber because impurities in the glass can absorb light. As a
result its power gradually decreases with distance. By considering the mode of
fiber, the signal distortion mechanism due to dispersion effect can be classified
into two types such as modal dispersion and chromatic dispersion. In multi-mode
fibers, velocity of the optical signal is not the same for all modes which usually
referred to as modal dispersion. Here, we have restricted our discussion to single-
mode fibers, which are the commonly used fibers for long distance communication
systems. In single-mode fibers, chromatic dispersion is inevitable which occurs
by the different spectral components of a pulse that travel at different velocities.

In fact, in order to transmit signals over long distances it is necessary to re-
generate optical pulses which have been distorted by dispersion and attenuation
within the fiber. To compensate the power loss by amplification, one way is to
use Raman gain of the fiber itself. The inventions of Erbium Doped Fiber Am-
plifier (EDFA) have augmented the concept of all-optical transmission systems
to more realistic levels. It helps to overcome fiber loss. However, due to consid-
erable chromatic dispersion it does not retain the amplified signal to its original
state. Dispersion-management(DM) schemes attempt to compensate this disper-

sion problem so that the input signal can be restored back to its original shape.
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Recently, DM fiber is realized for high-speed long-distance optical communica-
tion. In this thesis, we have also explained gain/loss and DM soliton in optical
fiber systems by means of inhomogeneous NLS equations.

In all the earlier investigations, the NLSE considered was for the ideal optical
fiber with constant coefficients. However, as a result of non-uniformities, influ-
enced by the spatial variations of the fiber parameters, the realistic optical fiber
medium exhibits inhomogeneous behavior. The variable coefficient NLS (Ve-
NLSE) model may serve as a practical model for describing the soliton dynamics

in inhomogeneous systems [25-31].
: 1 :
iq; + §D(Z)Qtt + R(2)(qlq|?) + ip(z)g =0 (1.18)

where, the dispersion, Kerr nonlinearity and amplification/absorption effects are

related to the respective coefficient functions D(z), R(z) and p(z).

1.9 Methods of Analysis

Nowadays, different analytical methods are available to find out explicit form of
soliton solutions for NLPDE model such as Bcklund transformation, Inverse scat-
tering transform (IST) method, Lax pair, Hirota’s bilinearization method, etc.
Out of which we particularly focused on Hirota’s approach which is a versatile
analytical method capable of rendering exact soliton solution for many nonlinear

evolution equations, including NLS, K-dV and sine-Gordon equation.

1.9.1 Hirota’s bilinearization method

Ryogo Hirota invented this method in 1971 which was one of the milestones in
the history of solitons solution. He published an article giving a new method
called the Hirota direct method to find the exact solution of the KdV equation
for multiple collisions of solitons [8]. In his successive articles, he dealt also
with many other nonlinear evolution equations such as the modified Korteweg-
de Vries (mKdV) , sine-Gordon (sG) , nonlinear Schrédinger(NLS) and Toda

lattice (TL) equations. Hirota bilinear method is the one of the most famous
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method to construct multi-soliton solutions. Single soliton solutions can be found
easily by using the travelling wave ansatz f = f(x - vt), but explicit N-soliton
solutions can only be found for integrable equations. Although several analytical
techniques continue to evolve over the years, arguably the Hirota bilinear method
remain as the most reliable method for N-soliton solutions. It is important to
realize that PDE’s appearing in a given physical problem is not usually in the
best form for the subsequent mathematical analysis. Hirota noticed that the
best dependent variables for constructing soliton solutions are those in which
the solution appears as a finite sum of exponentials [32].

The first step of this method is to make suitable transformations for NLPDE
which provide a set of equations in quadratic form. This new form is called
'bilinear form’. To find such a transformation is not easy for some equations
and sometimes it requires the introduction of new dependent and sometimes
even independent variables. As a second step we introduce a special differential
operator called Hirota D-operator which is used to write the bilinear form of
the equation as a polynomial of D-operator which we call the Hirota bilinear
form. The last step of the Hirota method is using the perturbation expansion,
which becomes finite as we will see, in the Hirota bilinear form and analyzing
the coefficients of the perturbation parameter and its powers separately. At that
point the information we gained makes us to reach to multi-soliton solutions if
the equation is integrable. The Hirota direct method has taken an important
role in the study of integrable systems. Hirotas method requires: a clever change
of dependent variable, the introduction of a novel differential operator and a

perturbation expansion to solve the resulting bilinear equation.
Properties of Hirotas Bilinear Operators

Here, we give some insights of properties of the Hirota derivative operators,

D., D, that defined by [32]

0 0 o 0

DI'Di(g.f) = (& - %)m(a - g)n X g(2, ) f(2,t) |zt
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There are some first few derivatives of above equation are given explicitly as

follows:

D.(g.f)=9'f—gf
Dig.f)=4"f—2f'g +gf"

and so on..
From this definitions, one can find the relations between D-operators and

partial differential operators as follows;

DI = ()" ]

DT (f.9) = (=1)"DI(f.9)
D(f.f) =0 (for odd m)

D.Dy(f.f) = 2D.(f.f)
of

D.(fg.h) = (§)gh + f(D.(f.9))
ﬁ(f) _ DZ(f-Q)
0z g 92
& fy_Dif9) I D)
82’2 q 92 g 92

and so on...
The Hirotas perturbation method and the multi-soliton solutions.

In fact, Hirota introduced this new technique to find exact soliton solution of
NLPDE. As in the standard perturbation method, we can expand g and f as
a power series in a small parameter €. Substituting the expansion series into
bilinear equation and collecting terms of each order of £ we obtain some relations.
This procedure may look as a common practice of perturbation method, but the
effect of D-operator will be quite different from normal derivative in the collected
terms of each order. If the series is truncated at particular level (say N) then
we can choose the next term of perturbation expansion (N+1) equal to zero. It
would not be possible in normal derivative. This shows that the expansion of

g and f may be truncated as the finite sum. When substituting all the terms
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back into the expansion of the original fields, the perturbation parameter € can
be absorbed into the phase constant of exponential function. i.e. its effect
will not be presented in final solution. In this context, the phenomenon of re-
enforcing of small parameter will not happen in full solution. It is the procedure
of Hirota bilinearization method. Thus, the final form gives an exact solution of
the bilinear equation. Here, the perturbation method is used for finding exact
solution [32-38].

Consider the nonlinear partial differential equation Flu] = 0 whose Hirota
bilinear form is in the form P(D)g.f = 0 and we give some steps to finding
exact solutions of Flu] = 0 by using its Hirota bilinear form. We can use the
perturbation series, For this purpose, let us write f = 14+l f; +2fo +3f3+ ...
and g = 1+¢e'gy +e%go +e%g3 + ... where f; and g; (j = 1,2,..) are functions of

z,t,. and so on. ¢ is called the perturbation parameter. Then,

P(D)(g.f) = P(D)(L.1) + & P(D)(g1-1 +1.f1)+

82 P(D)(921+glf1+1f2)+ ........ =0

Let u = T[f(z,t)] be a bilinearizing transformation of a given equation F[u| = 0,
which can be written in the Hirota bilinear form P(D)(g.f) = 0. To satisfy this
equation we make the coefficients €’ trivially zero. By equating the the coefficient

of small parameter ¢/ given us,

e’ = P(D)(1.1)
'=P(D)(g1-1+1.f1)

€2 P(D)(g21+g1f1 + 1f2)

™
|

One-Soliton solution

To construct one-soliton solution F'lu] = 0 we can take lowest order of expansion
series as f = 1 +&e'f; and g = 1 4+ elg;. Where f; = g = €% with 6, =
kiz + wit + 5. Then the coefficients of €° is, P(D)(1.1) = 0. Similarly the
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coefficients of ! obtained as
P(D)(g1.1+1.f1) = 2P(0)e™ =0

Here we obtain a dispersion relation P(kj,w;) = 0. Then, take the coefficients
of €%

P(D)(g2-1+g1-fi+1.f2) =0

this satisfy the condition that

P(D)(g2-1+41.f2) = =P(D)(g1.f1)

P(D)(e".e") = P(py — p1)e*”* =0

we get fo = go = 0. This is an important difference between bilinear and normal
differential equations. That is, we can choose the second term of perturbation
expansion fs equal to zero. After absorbing £ (we may set ¢ = 1), the exact

one-soliton solution of F[u] = 0 can be written as
u=T[f(z,t)] = T[1+e"]

Two-Soliton solution

To construct two-soliton solution Flu] = 0 we can take the expansion series
as f = 1+e'fi+e%fo and g = 1 + elgy + €2go, where f; = g1 = €' + €2,
01 = kix + wit + 091 and Oy = ko + wat + 0po. Similar to the one-soliton case,

the coefficients of €° is, P(D)(1.1) = 0. The coefficients of €' turns out to be
P(D)(g1.1+ 1.f1) =2P(9)(e" +¢”) =0

by taking the coefficients of €2, we have
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P(D)(g2.1+ g1.fi + 1.f2) = 2P(9) fo + 2P(D)[(e".€”).(e" )]

= 2P(0)fy + 2P(p1 — pa2)(e"192) =0

Thus, f> should be in this form fo = Ay 2792, From the above equation, we

get
P(p1 — p2)

Ay — —
2 P(p1 + p2)

The coefficient of €3 becomes,

P(D)(gs1+ge.fi+gi.fo+1.f35)=0

Here, we can choose the third term of perturbation expansion f3 = g3 equal to

zero. Then,

PD)(g2-f + g1.f2) = AwlP(D)((" +€%).e" %) 4 P(D)(e 02 (e + %))
= Ap[P(D)((€")-(e" %)) + PD)((”).(e" + ™))

= Ap[P(py)e®" 02 4 P(py)e?1+202]
Thus, the two-soliton solution of F[u] = 0 can be written as
w=T(f(w,8)] = T[4+ " + e + Apy %

By the same procedures of Hirotas biliniarization method one can find out the ex-

act solution for N-solitons level. These are the fundamental steps of HB method.

1.9.2 Ansatz method for Soliton solution

A basic form of NLS equation for the anomalous regime can be written as [1];

1
ig: + au +qlgl” = 0 (1.19)

18



The corresponding fundamental bright soliton can be obtained by solving

Eq. (1.19) directly, with assuming a solution of the form[4]
4(2,) = /o D= (1.20)

Substituting this expression into Eq. (1.19) and separating the real and imaginary

parts, we obtain[4]

0
26 =0 1.21
Pzt 5. (01 (1.21)
1, 1 1,
p+ 82 Tl 5% —¢==0 (1.22)

The stationary condition for |q|? gives p, = 0. By using Eq. (1.21), we obtain
o= cﬁdzﬁ + Qz, where Q = %, c; and A(z) are integration constants. Hence,

the expression for phase can be written as

6= %dt + Q2 (1.23)

by using this expression in (1.22), we obtain the following ordinary differential

equation for p(t)

(%)

) = —4p® + 8Qp* — cap — 4cF (1.24)

In the case of bright envelop, we can take ¢; = ¢ = 0 [4]. Then Eq.(1.24)can be

reduce as

dp

()" =—40°(p = ps) (1.25)

where p; = 2Q). By integrating Eq.(1.25), we obtain the bright soliton solution
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as follows

4(2,1) = VpaSechly/pat] -0 (1.26)

Similarly, NLS equation for the normal dispersion regime can be written as;

1
ig: = Sau +qlgl* =0 (1.27)

by assuming a solution of the form as given in Eq. (1.20), we get

d
(d—f)2 = 40% + 8Qp + cop — 4 (1.28)

for the dark soliton, Eq.(1.28)can be cast into the following form

dp

(57)" = 4(p = po)*(p = ps) (1.29)

By integrating Eq.(1.29), we obtain the dark soliton solution as follows[4]

q(z,t) = \/po[l — a2Sech?[\/pot] €= (1.30)
These are the basic form of bright and dark soliton.

1.10 Outline of the thesis

This thesis presents a comprehensive theoretical study on the propagation and in-
teraction of multi-solitons in inhomogeneous optical systems. The exact one and
multi soliton solutions of the NLS model is derived by Hirota bilinear method.
Solitons phase are studied by using direct ansatz method. Soliton interactions
are investigated by the asymptotic analysis.

In Chapter 2, we present the theoretical study of dark soliton dynamics
in inhomogeneous fiber system by means of a variable coefficient nonlinear
Schrodinger equation (Ve-NLSE). The dark soliton interaction in the dispersion-

managed system with gain/loss and cascaded compression of solitons by the
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nonlinear tunneling phenomena are studied in detail. Numerically, we study the
dark soliton propagation in the continuous wave background, and the soliton so-
lution is found to be robust against perturbations. The elastic collision behavior
of the dark solitons are observed by means of asymptotic analysis. For better
insight, we study the impact of the blackness factor in the phase profile and
also on the interaction dynamics of the different dark soliton settings, such as
black and gray soliton. Additionally, we extend the study to the investigation of
tunneling of the dark soliton across the barrier/well with a particular emphasize
on the role of blackness parameter in the nonlinear tunneling phenomena, and
demonstrated a cascaded compression of soliton in the inhomogeneous system.

In Chapter 3, we have investigated the bright solitons dynamics in the Vc-
NLS equation. Many fascinating results underlying spatial dependent bright soli-
ton phase, which gives more insights for wellknown inhomogeneous phenomenons,
such as dispersion managed system, pulse compression and especially nonlinear
tunneling effect, have been reported. By connecting an ansatz method with Hi-
rota bilinear technique, we have introduced an explicit form of bright soliton
phase. Exact bright two-soliton solution has also been derived by using the Hi-
rota bilinear method. The elastic collision behavior of the bright solitons are
observed by means of asymptotic analysis. Two-soliton phase are studied by
the asymptotic expression which gives the description of individual solitons that
existing before and after collision. Moreover, with a particular interest, we have
been investigated the tunneling effect through the dispersion barrier or well.
Soliton intensity either forms a peak or valley and regain its shape after the
tunneling through the barrier/well. For the case of exponential background, the
soliton tends to compress after tunneling. Corresponding phase evolutions are
illustrated in detail. For better insight, we have studied the cascade compression
of solitons with multiple successive dispersion barriers.

In Chapter 4, we have extended the studies to the dynamics of vector soliton
propagation in inhomogeneous fibres which have been modeled by Vc-CNLSE

(inhomogeneous Manakov system). The dark soliton solutions in Ve-CNLSE
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have been derived by Hirota’s bilinear method. Through the analytical soliton
solutions and detailed graphical illustration, the propagation dynamics and col-
lision behaviors of the dark soliton pulses in inhomogeneous fibers have been
discussed. Especially, we have studied the almost all dynamical related physical
quantities up to the level of three-dark solitons interactions. The inhomoge-
neous effects on the evolution and interaction between dark solitons have also
been considered. The shapes and velocities of the dark solitons can be controlled
by modulating dispersion and gain/loss terms. The gain or loss term affects
the amplitude and energy. The results obtained in this paper will be of good
scientific value to the studies related to the propagation of dark solitons in the
dispersion and nonlinear managed fiber systems. Finally, we have investigated
the nonlinear tunneling effect of optical dark solitons with and without exponen-
tial background. It has been reported that tunneling of the soliton depends on
a condition related to the height of the barrier and the soliton amplitude. The
intensity of the tunneling soliton either forms a peak or valley and retains its
shape after tunneling through barrier/well. We also identified the tunneling of
dark soliton with exponential background tends to compress the pulse.

In Chapter 5, we report the exact phase of Manakov bright and dark vector
solitons in inhomogeneous optical systems by means of Vc-CNLS equation. To
investigate the phase dynamics, we have modified Manakov system with a re-
lation between two modes of propagation, that obtained by the Hirota bilinear
method. The importance of phase study in soliton interactions are revealed by
asymptotic analysis of two-soliton solutions. In contrast with Manakov bright
soliton, the time dependent dark vector soliton exhibit a gradual phase shift due
to the blackness factor. The various inhomogeneous effects on the soliton phase
are investigated, with a particular emphasize on nonlinear tunneling. The in-
tensity and corresponding phase of the tunneling soliton either forms a peak or
valley and retains its shape after the tunneling. Unlike the bright counterpart,
the gain or loss term significantly affects on the phase of dark soliton. Apart

from the study of soliton intensity, the phase profile of bright and dark vector
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solitons and its dynamical importance are explored.

In Chapter 6, we present the study of the dark soliton dynamics in an inho-
mogeneous fiber by means of a variable coefficient modified nonlinear Schrdinger
equation (Ve-MNLSE) with distributed dispersion, self-phase modulation, self-
steepening and linear gain/loss. The ultrashort dark soliton pulse evolution and
interaction is studied by using the Hirota bilinear (HB) method. In particular,
we give much insight into the effect of self-steepening (SS) on the dark soli-
ton dynamics. The study reveals a shock wave formation, as a major effect of
SS. Numerically, we study the dark soliton propagation in the continuous wave
background, and the stability of the soliton solution has been analysed in the
presence of photon noise. The elastic collision behaviors of the dark solitons are
discussed by the asymptotic analysis. On the other hand, considering the non-
linear tunneling of dark soliton through barrier /well, we find that the tunneling
of the dark soliton depends on the height of the barrier and the amplitude of the
soliton. The intensity of the tunneling soliton either forms a peak or valley and
retains its shape after the tunneling. For the case of exponential background,
the soliton tends to compress after tunneling through the barrier/well.

Chapter 7 summarizes the findings of the thesis and describes future prospects

of this work.

23



Bibliography

1]
2]

[10]

G.P. Agrawal, Nonlinear Fiber Optics, Academic, New York, 2013.

G.P. Agrawal , Fiber-Optic Communication Systems, John Wiley and
Sons, 2002

M.Lakshmanan and S.Rajashekar, Nonlinear dynamics Integrability chaos

and patterns (Springer 2002)

A .Hasegawa and M.Matsumoto, Optical Solitons in Fibers,Springer-Verlag
Berlin Heidelberg, 2003

N. N. Akhmediev and A. A. Ankiewicz. Solitons Nonlinear Pulses and
Beams. Chapman and Hall, London, 1997.

T. Tsurumi and M. Wadati,Soliton Propagation in a Bose-Einstein Conden-

sate, J.Phys. Soc. Jpn. 67 (1998)2294-2299 .

A. Chabchoub, O. Kimmoun, H. Branger, N. Hoffmann, D. Proment, M.
Omnorato, and N. Akhmediev, Phys. Rev. Lett. 110 124101(2013)1-4

Tao Xu, Bo Tian, Li-Li Li, Xing L, and Cheng Zhang, Phys. Plasmas 15
102307(2008)1-6

D. Mandelik, R. Morandotti, J. S. Aitchison, and Y. Silberberg Phys. Rev.
Lett. 92 093904(2004)1-4

A. Hasegawa and F.D. Tappert, Appl. Phys. Lett. 23 (1973) 142144.

24



[11] L.F. Mollenauer, R.H. Stolen, and J.P. Gordon, Phys. Rev. Lett. 45 (1980)
10951098.

[12] S.V. Manakov, Sov. Phys. JETP 38,248 (1974).
[13] G. Agrawal, Phys. Rev. Lett. 59, 880 (1987).
[14] C. R. Menyuk, IEEE J. Quantum Electron, QE-25, 2674(1989).

[15] J. U. Kang, G. I. Stegeman, J. S. Aitchison, and N. Akhmediev, Phys. Rev.
Lett. 76, 3699 (1996).

[16] B. Frisquet, B. Kibler, J. Fatome, P. Morin, F. Baronio, M. Conforti, G.
Millot and S. Wabnitz , Phys. Rev. A 92,053854(2015).

[17] B. Crosignani and P. Di Porto, Opt. Lett. 6, 329 (1981).
[18] D. J. Kaup and B.A. Malomed, Phys. Rev. A 48,599 (1993).

[19] F. De Martini, C. H. Townes, T. K. Gustafsson, and P. L. Kelley, Self-
Steepening of Light Pulses,Phys. Rev. 164(1967)312-323 .

[20] D. Anderson and M. Lisak, Phys. Rev. A 27(1983)1393-1398 .
[21] J. R. de Oliveira and M. A. Moura, Phys. Rev. E 57(1998) 4751-4756 .

[22] Jeffrey Moses, Boris A. Malomed and Frank W. Wisel, Phys. Rev. A 76
021802(R)(2007)1-4 .

[23] Seung-Ho Han and Q-Han Park, Phys. Rev. E 83 066601(2011)1-6 .

[24] Yu Yu, Jia Wei-Guo, Yan Qing,Menke Neimule and Zhang Jun-Ping, Chin.
Phys. 24(8) 084210(2015) 1-7.

[25] V.N. Serkin, A. Hasegawa, Phys. Rev. Lett. 85 (2000) 45024505.
[26] 1. Gabitov, E.G. Shapiro, S.K. Turitsyn, Phys. Rev. E 55 (1997) 3624

[27] Lakoba T I and Kaup D J, Phys. Rev. E 58 (1998)6728

25



[28] V.I. Kruglov, A.C. Peacock, J.D. Harvey, Phys. Rev. Lett. 90 (2003) 113902.
[29] S.H. Chen, L. Yi, Phys. Rev. E 71(2005)016606
[30] W.J. Liu, B. Tian, H.Q. Zhang, Phys. Rev. E 78(2008) 066613 .

[31] Rongcao Yang, Lu. Ruiyu Hao, Xiaojuan Shi Li, Zhonghao Li, Guosheng
Zhou, Opt. Commun. 253 (2005) 177185.

[32] R. Hirota, The Direct Method in Soliton Theory Cambridge University
Press, Cambridge, 2004.

[33] T. Kanna, M. Lakshmanan, Phys. Rev. Lett. 86(2001)5043-5046

[34) W.J. Liu, B. Tian, H.Q. Zhang, L.L. Li, Y.S. Xue, Phys.Rev. E 77
(2008)066605

[35] R.Radhakrishnan and M.Lakshmanan, J.Phys.A:Math.Gen.28 (1995)2683-
2692.

[36] K. Porsezian, K. Nakkeeran, Phys. Rev. Lett. 76 (1996)3955 .
[37] Liu W J, B Tian, H Q Zhang, T Xu and H Li, Phys. Rev. A 79(2009) 063810

[38] N. M. Musammil, K. Porsezian, P. A. Subha3, and K. Nithyanandan, Chaos
27, 023113 (2017)1-12

26



Chapter 2

Black and gray soliton
interactions and cascade
compression in the Vc-NLS

equation

2.1 Introduction

The stable propagation of localized bright and dark optical pulse were verified in
many different theoretical and experimental settings. Unlike the bright soliton
on a zero-intensity background, the dark soliton appears as rapid intensity dips
on a continuous wave background. Compared to the bright, the dark solitons
are said to exhibit better stability and robustness against the various fiber noises
and perturbation effects. Although there are certain similarities between the
two soliton types, conceptually they are different and therefore, naturally both
exhibit distinct properties and applications [1-9].

Recently, the NLSE with variable coefficients has been widely used for the
investigations of soliton propagation in real optical system. The conventional

form of NLSE equations are inadequate in describing the various inhomogeneous
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behavior of fiber such as pulse amplification/absorption, periodically varying
dispersion and nonlinearity etc., and therefore, realizing complex phenomena
like nonlinear tunneling remain far-fetched. Thus to model a realistic fiber sys-
tem, we consider the following variable coefficient NLSE(Vce-NLSE) governing

the propagation of optical beam in an inhomogeneous fiber [10-17]:

0. = 5 D()e+ B alal?) + ip(2)g = 0 2.1)

where ¢(z,t) is the complex amplitude of the pulse envelope, the variables z and
t represent the normalized spatial and temporal coordinates. The dispersion,
Kerr nonlinearity and amplification/absorption effects are related to the respec-
tive coefficient functions D(z), R(z) and p(z). To construct the dark soliton
solutions for the model (2.1), we use Hirota’s bilinear method, which can pro-
vide an explicit analytical expressions for the soliton pulses [18-26]. Through
this approach, we report a more general form of dark soliton solutions for the
Ve-NLSE.

Of late, the dark solitons have been investigated in different physical systems
such as optical fiber, fiber lasers, plasmas, Bose-Einstein condensates, etc. As
reported in many theoretical and experimental works, the dark solitons have
further been classified into black and gray soliton based on its intensity profiles
[27-32]. Very recently, the black and gray solitons in water tank and surface
gravity waves have been observed by Chochab et al. [32]. All these leading works
have shown that the study of temporal /spatial black and gray mode propagation
of dark solitons are very important due to its existing background media. In this
work, the possibilities of the black and gray mode of dark soliton and their
dependence on other dynamical variables, especially the energy variations due
to the blackness factor of solitons are revealed.

The Ve-NLSE for the bright solitons propagation with various inhomogeneous
effects have been studied comprehensively in many literature [10-15]. However,

there have not been enough attention towards the investigation of dark soliton
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dynamics in the view of exploring the elastic collision nature and NL tunneling
effect. In this chapter, we will study the dark multi-soliton propagation and
its elastic collision behavior in the context of Vc-NLSE. As in many interest-
ing research works for the bright solitons [33-39], we investigated the cascade
compression of dark solitons induced by the multiple NL barriers, for the first
time to the best of our knowledge. Unlike the bright soliton, we observed that
the height of the barrier/well in NL tunneling is related to the blackness factor
of dark soliton solution. The NL tunneling phenomena of soliton is one of the
fascinating area of research, particularly in the context of optical switching and
logic circuits.

After the detailed explanation of one soliton dynamics, we have extended our
analytical approach to the study the multi-soliton propagation, where the elastic
collision behavior of dark solitons are discussed in detail. The possibilities of
black and gray mode interactions of dark solitons in the NLSE are numerically
studied in [27]. The first experimental study of the interaction between black
and gray solitons in an optical fiber were reported in [28]. Here, via the two-
soliton solutions of Ve-NLSE, we analytically demonstrate the elastic collision
between the two-dark solitons with its possible pair of black and gray mode. The
interaction of dark solitons and its relevant physical quantities are reported by
the asymptotic analysis.

The organization of the chapter is as follows. Following a detailed introduc-
tion, Sec. 2 presents the exact dark soliton solutions by Hirota’s method. Sec
3 and 4 describes the dynamics of one and two soliton solutions respectively.
Asymptotic analysis to study the collision behavior is also presented in Sec. 4.
A brief discussion about the cascaded compression of dark soliton features Sec.

5, and the chapter concludes with a summary of results in Sec. 6.

2.2 Dark soliton solutions by Hirota method

In this section, we use Hirota’s bilinear (HB) method to investigate the analytical

dark soliton solution for Eq. (2.1). To derive the dark soliton solutions, we apply
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the following bilinear transformation [23-26];

q(z,1) = Q(Z)g (2.2)

where G is a complex function and F is a real function. By substituting Eq. (2.2)

into Eq. (2.1), we get the following bilinear equations

iD. — %D(z)Df FA(GF) =0 (2.3)
S|G? + DX(F.F) = 225;) P2 (2.4)

with the condition g,(z) + g(z)p(z) = 0. Here, the D} represents the Hirota
bilinear operator, A(z) is an analytic function to be determined. To solve the
above set of equations (2.3)-(2.4), we introduce the power series expansion with

¢ as the formal expansion parameter of G and F as,

G = g+ (= t)] (2.5)
F = 1+i6”fn(z,t) (2.6)

2.3 One-soliton solution

The dark one-soltion solution can be derived from the truncated power series of
G and F'in € as follows, G = go(1 + ¢1) and F' = 1 + f;. Then, back to bilinear
equations (2.3)-(2.4), we obtain

Go=ac®,  g(z) = e~ P
g1 = aleel, fi= e

1/1 = l{iot — WO/D(Z>dZ, 81 = k’lt — wl/D(z)dz + ¢1
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1
A= §5a2D(z), wp = —

2(4.)1 + 2k0k1 + Zk% k’l
- o £ 1/20a% — k2
T o 1 2ok — k2 T2 7 (72ko £ 4/200% — k)

Then, the final form of dark one-soliton solution is obtained as,

a[(1+ a1) + (ag — 1)tanh (71)]
e p(2)dz o —itp

q(z,t) = (2.7)

The a and v are real functions representing the amplitudes and phase of the
background wave. To get the real value of wy, k; should satisfy the condition
—V26a% < ky < v/28a2. Here § can be introduced as, 0 = 2R D6 € ) =2 [P(2)dz  From
the Eq. (2.7), one can analyze the dynamics of dark one-soliton pulse in inho-
mogeneous fibers. The propagation of dark one-solitons through homogeneous

fiber is depicted in the Fig. 2.1.

lal?

Figure 2.1: (a) The dark one-soliton propagation through homogenous fiber for
parameters k; = kg = a = D(z) =1, p=0and § = 1.(b) Corresponding contour
plot

To explore the dynamics of dark soliton propagation given by Eq. (2.7),
some of the physical quantities such as velocity (V = %D(z)), amplitude

2¢) p(z)dz

(A |5 };‘j;d)z |> and blackness factor ( = | Aen-l) |> are important. It is inter-
esting to note that, p(z) affects the soliton amplitude and D(z) affects the soliton

velocity. The energy E and power P, in terms of the background amplitude a,
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can be written as E = [*_ Pdt and P(z,t) = a® — |q|?, respectively. Here, the
instantaneous power is obtained as a difference between the total power and the
corresponding value for the background [40]. The energy, in terms of blackness

factor, can be written as

- 2—a; —af 4B?
— 2 2 _ 1 1 _
E= /_oo(a | g |7)at a—2e2/p@dzfp o2 [p(2)dz ), (2.8)

The above Eq. (2.8) indicates that blackness factor is directly proportional to
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Figure 2.2: Figs (a) and (b) show the dark soliton evolution. Figs (c¢) and (d)
shows the stable propagation of the soliton in the presence of strong photon
noise. The parameters of relevant physical quantities are k; = kg =a =109 = 2,
v = land p(z) = 0.
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2.3.1 Direct numerical simulation

The essential aspect of the soliton concept is its stability against perturbation
over long propagation distance. To validate the signature of soliton, such as sta-
ble propagation over appreciable distance, and the stability against perturbation,
we perform numerical simulation using split-step Fourier method. As a represen-
tative case, we consider the one soliton solution given by Eq. (2.7), and perform
the stability analysis in two parts, (i) numerical simulation of soliton propaga-
tion using Vc-NLSE, and (ii) the propagation subject to perturbation such as
the photon noise. Fig. 2.2 shows the numerical simulation of stable propagation
of the dark soliton in the continuous back ground. Fig. 2.2(a) show the stable
propagation of soliton pulse given by Eq. (2.7). It can be more clearly noticed
from the contour map shown in Fig. 2.2(b), the soliton propagates without any
intensity fluctuation or deformation of pulse profile.

So far, the propagation of soliton pulse has been considered in an ideal en-
vironment. However, there are numerous effects can contribute to instability in
the soliton propagation. Therefore, it becomes essential to investigate the stabil-
ity of the soliton in an environment subject to external noise or perturbations.
For our purpose, we assumed a photon noise, which corresponds to 0.40% of
the continuous background. This is indeed an appreciable noise level, which can
potentially perturb any propagation dynamics, as evident from the smooth pulse
shown in Fig. 2.2(b) and the noisy pulse depicted in Fig. 2.2(d). So, the initial
condition for the simulation is the soliton profile with strong perturbation. Fig.
2.2(c) shows the simulation results of the perturbed soliton propagation for the
same set of parameters. It is very evident that the dark soliton show remarkable
stability against strong perturbation, which can be clearly noticed from the con-
tour map shown in the Fig. 2.2(d). Thus, the soliton solution constructed in the
current system is very robust and show excellent stability even against strong

perturbation.
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2.3.2 Parametric region for Black and gray soliton

Here, we classify the dark solitons into the black and gray mode based on the
amplitude (A) or blackness (B) of the obtained soliton solution. The parameters
A, B and background wave amplitude (a) are connected by a simple relation
A% + B? = @? [5]. Generally, the dark soliton with zero intensity at its center
is referred as black soliton (B? = a?), otherwise (B? < a?) as gray solitons. In
Fig. 2.3(a), we have plotted the black soliton for B> = 1 and gray solitons for
B? = 0.5 and 0.25.

Fig. 2.3(b) shows the variation of energy as a function of SPM parameter R.
Similarly, we have demonstrated the blackness and intensity variation as a func-
tion of R in Fig. 2.3(c). It is evident that, the energy (E) and blackness (B?)
of the pulse is maximum for least value of R and decreases gradually with in-
crease in R. But the intensity (A?) increases gradually with increase in R. It
shows that black mode solitons have maximum energy with zero intensity in a
continuous wave background. The relations between E, B? and A? are depicted

in Fig. 2.3(d).

2.3.3 Phase profile of dark soliton

In order to study the phase of dark soliton, we introduce the solution ¢ of the

form [30]

q(z,t) = \/p(z, )= (2.9)

Substituting this expression into Eq. (2.1) and separating the real and imaginary

parts, we obtain

e = D)2 (o) + 2p(2)p = 0 (2.10)
R(z)p + Z;)p? D42 pu + Déz)w,? —4h, =0 (2.11)
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Figure 2.3: (a) The dark soliton with different values of blackness factor. (b)
Soliton energy as a function of R. (c) Blackness/intensity variation due to the
parameter R. (d)Energy variation due to the blackness/intensity factor. The
parameters of relevant physical quantities are k1 = kg = a = 1 and p(z) = 0.

The stationary condition for |g|* gives us an expression p. + 2p(z)p = 0, from
which one can deduce p = ppe~2/ P4 Further, by using Eq. (2.10), we obtain

Y= Clp—(oz)dt + A(z), where ¢;(2) and A(z) are integration constants. Assuming,

% as a constant €2, the expression for phase can be written as

_ c1(2) 5
¢_/ o dt +Q (2.12)

Substituting this expression into (2.11), we obtain the following equation for

po(t)

dp 82
(d_to)2 = dvyp — Wﬂg — Copp — 4ci (2.13)
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R(

where v = Tz))e_” P(z)dz  The above expression can be cast into the form

(%)2 = 4v(po — p1)*(po — p2) (2.14)

Here, p; and p, correspond to the double root and the single root of (2.14),
respectively. By integrating Eq.(2.14), we have

po = p1(1 — m*sech?(\/ypimt) (2.15)

Hence, from (2.9) the intensity profile of dark one-soliton solution for Ve-NLSE

can be written as

= p = pre PO —mPsech?(\Apimt)) (2.16)

where we set m? = #oP2 By equating (2.14) and (2.13), we get the following

set of equations

Y
Q = §P1(3 - mQ)D(Z)a C? = ’Y,O?(l - m2)7 Co = —4’)’(,0% + 2P1P2) (2~17)

Applying the expressions (2.15) and (2.17) into (2.12), we obtain the phase of

dark soliton as

¥ =\t = m)t+ tan [PLIOPI,) 5 ) D)z (219

1—m

It is worth mentioning that the Eq. (2.16) is almost same with dark one-soliton
solution (2.7) that derived by HB method. The intensity of dark soliton via

Eq.(2.7) can be written as

— — z)az B2 k
lg|? = poe 2/ PR — 2g-2 (] _ gsecm(%)) (2.19)
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where a? = p; | ezfp(z)dzf—j = m?, —v20a? < k; < V26a? and v = g(Refer

Sec.3). By using the expression (2.19), we obtain the phase as

m tanh(%-t)

2m./
= \[rpi (L = m2)t+ TV P —
—m

v 2
" ]+§p1(3—m )D(z)z (2.20)

Here, we observed that the given expressions for intensity (Egs. (2.16) and (2.19))
and for phase (Egs. (2.18) and (2.20)) of dark solitons are exactly same with
conditions k; = v/4vp; and m = 1.

Its interesting to note that the phase of the dark soliton changes across the
width, which is in accordance with the results of the ref.[31]. Fig. 2.4 shows the
intensity and corresponding phase profiles for different values of blackness factor
m. It is evident that the phase of dark soliton changes with a total phase shift of
2sin~'(m). For a black soliton (m = 1), a phase shift of 7 occurs exactly at the
center of the dip. For the gray solitons (m < 1), phase varies gradually between
0 — m. Fig. 2.5 depicts the influence of gain/loss coefficient p(z) on phase profile
of dark soliton and it is quite evident that gain/loss significantly influences the

soliton phase.

1.0

1.5F :
0.8} 1.0} L ——
0_6 r 05’ ,"_,———----'é
s, 2 0o At —
' | E——— = —m=1
0.2t _107—_——" —_—-—m=0.8
=—==m=0.5

0.0t - 15} "

Figure 2.4: (a) The dark soliton with different values of blackness factor via
solution(2.16). (b) corresponding phase profiles. The parameters of relevant
physical quantities are R = D = p; = 1 and p(z) = 0.
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Figure 2.5: (a) The phase profiles via solution(2.16) with gain p = —0.1 (b)
with loss p = 0.1 (c) with periodic background as p = 0.1sin(z). Other relevant
physical quantities are R =D = p; = 1 and m = 0.8.

2.4 Two-soliton solutions

The dark two-soliton solution can be derived from the truncated power series

expansions of G and F as follows, G = go(1+¢1+¢2) and F = 1+ f;+ f5. Then,
back to bilinear Eqs. (2.3)-(2.4), we get

90
A

g1

92

ae™

Lo,
—da”D(z)

2

o e+ a2692

Algoél (6) 601 +02

kot — wo/D(z)dz
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fr = e 4 e
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where 1 = 1, 2.

_ Qi(()él — Oég)((,uQ — W — k‘ok‘l + kokz) — (061 + Oég)(/ﬁ — /{32>2
2Z(1 — 041062)(0.)1 + wo + kokl + /{70/{72) — (041062 + 1)(/{71 + k2>2

A12 =

The two-soliton solution can be written as,

_ _—[p(2) 290(1+ g1 + go)
q(z,t) = e /P21 e (2.21)

Using Eq. (2.21), the propagation of two-soliton through homogeneous fiber is
depicted in the Fig. 2.6. The collision between the solitons can be achieved by
launching the solitons in opposite direction or in same direction with different
velocities. Fig. 2.6(a) represents the two solitons propagation in same direction
without any interactions. Fig. 2.6(c) depicts the propagation of dark solitons in
opposite direction. The interaction between black and gray mode dark solitons
are studied with different values of blackness factor. The resultant intensity
profiles during the collision appears to reach zero only at a single time for lower
blackness parameter, while for larger value of blackness the intensity drops twice
to zero [27] as shown in Fig. 2.7. By using the obtained two-soliton solution, one
can investigate many inhomogeneous behavior of dark soliton with its interactive
or non-interactive propagation mode. In the section of results and discussions,
we have studied the soliton dynamics with the assumption of same direction of

propagation.

2.4.1 Two-soliton collision

The elastic collision between dark solitons can be analyzed by the asymptotic
states of soliton solution. The asymptotic analysis of two-dark soliton solution

are conducted as follows:
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Figure 2.6: The dark two-soliton through homogeneous fiber with (a) same di-
rection of propagation for parameter ky = ko = 1, kg =a = D(z) =1, p=0
0 =05, ¢; =5 andpy = —5.(b) Corresponding contour plot. (c) opposite
direction of propagation for parameter ky = —1.5, ks = 1.5, kg = a = D(2) = 1,
p=0,d=2and ¢; = ¢ = 0.(d) Corresponding contour plot.

1) Before collision
(a)Sf(Gl ~ 0,62 — —OO)
ae™r

q(z,t) = S = W[(l +aq) + (g — 1)tanh(%)] (2.22)
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Figure 2.7: The resultant intensity of dark soliton before collision (solid profile)
and during collision (dashed profile)(a) black-black mode for k&; = —1 and ky = 1
(b) black-gray mode for k; = —1 and ky = 0.8 (c¢) gray-gray mode for k; = —0.7
and ko = 0.8. Other physical parameters are kg =a=D(z) =1,p=0,0 =0.5
¢1 =2 = 5.

(b)S{(QQ ~ 07 01 — OO)

ao ez

q(z,t) = S5 = W[(l + as) + (g — 1)tcmh(% +In(v/ApR))] (2.23)

2)After collision
(a)Sf(Gl ~ 0, 62 — OO)

ot
acpeti

q(z,t) — S = W[(l + o) + (g — 1)tcmh(% +1In(/AR))] (2.24)
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(b)S;(QQ ~ 0,91 — —OO)

ot
ae'¥z

S l(1+a2) + (a2 = 1)tanh(%)] (2.25)

q(z,t) = S5 =

By comparing the asymptotic expressions before collision (2.22)- (2.23) and after
collision (2.24)- (2.25), we can observe the particle like behavior through the
elastic collision of dark solitons S and Sy with the condition |a;| = 1(2 = 1, 2).
The intensity profiles of black-black interactions are depicted in Fig. 2.7(a). The

corresponding phase can be derived as

B o2my/ypr. . m tanh(t + @)
Yy = clt+k—1tan | \/1_277”2 |+ Q2 (2.26)
2 tanh (%2t In(v/A
i = e 2Py tenh(EE ée t IVAR) o g o
ka 1 —m?
2m/7p1 tanh(%t + ¢1 + In(v/A
G = et 2L ymtenh(GE o IVAR), o g 9
1 1 —m?
2 tanh(%t +
vy = C1t+wtan_1[m anh(3 ¢2)]—I—Qz (2.29)
ko 1—m?

By using above set of above relations, we have studied the phase profile of two-
soliton interaction between two oppositely moving black solitons as shown in
the Fig.2.8. Fig. 2.8(a) represents the phase profile before the collision while,
Fig. 2.8(c) depicts the recovered phase after collision. It is evident that the
solitons recover the phase after collision and maintains a phase shift of =. The
resultant phase profile during the collision is given by —v + v, and it is quite
evident that the phase of the solitons cancel each other as shown in the Fig.

2.8(b).

2.5 Results and discussions

As an attempt to make the discussion self-explanatory, we first consider the
propagation dynamics of dark soliton pulse in the absence of varying coefficients.
In such system, the coefficient corresponding to dispersion and nonlinearity

remains constant. Using Hirota Bilinear method, the analytical dark soliton
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Figure 2.8: The resultant phase of two black soliton (a)before collision (b)at
collision (c) after collision. The relevant physical parameters are k; = 1 and
kgzl,koza:D(Z):l ,p:0,5:0.57¢1:—1 andgbg:l.

Table 2.1: Physical quantities of solitons S; and S, before and after the collision.
Solitons  Velocities(V) Amplitudes(A) Energies(E) Blackness(B)

- wi a(l+ai) a*(2—a1—aj) a(e1—1)

81 k1 D('Z) | zefp(z)dz | k,le2fp(z)dz |26fp(z)dz |
s ﬂD(Z) | aa1(1+A12a2) | (12(2—612—013) | a\/Alg(ag—l) |
2 ko efp(z)dz(l+A12) k.2€2fp(z)dz (A12+1)6fp(z)dz
st “1 D (z) | aaz(1+A12a1) | a?(2—a1—aj) | av/Aiz(a1-1)

1 k1 el P(®dz(14 Ay5) kye2 /) p(z)dz (A1a+1)ef p(2)dz
+ wa a(l+asz) a’(2—az—a3) a(az—1)
S2 ko D(Z) ‘ 2¢) p(z)dz koe2 ) p(z)dz ’ 2¢) p(2)d= ’

solution corresponding to one- and two-solitons are presented in Egs. (2.7)
and (2.21) and graphically in Figs. 2.1 and 2.6, respectively. It is found that
the dark soliton propagates without deformation in such homogeneous system
whose amplitude and velocity remain constant. In the following section, we will
consider the variable coefficients for inhomogeneous fiber and intended to study

the dynamical evolutions of dark soliton for different physical effects.

To investigate the propagation of soliton in inhomogeneous fiber described
by the model (2.1), we consider the GVD parameter D(z) and nonlinearity pa-
rameters R(z) as a trigonometric periodic function. In this case, the solitons are
exhibiting oscillatory nature without any energy variation. But in the presence
of medium with gain( or loss), the pulse undergoes the amplifications (or absorp-

tion). In such a way the medium with gain increases the energy while the loss
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Figure 2.9: The dispersion and nonlinearity managed dark solitons with constant
gain/loss (a) One-soliton gain with p = —0.01 (b) One-soliton loss with p = 0.01
(¢) Two-soliton gain with p = —0.01 (d) Two-soliton loss with p = 0.01 . Other
physical parameters are D(z) = C0s(0.5z), ko =a =1 and § = 1.

decreases the same. Fig. 2.9 represent the one and two periodically varying dark
soliton in the presence of linear gain (loss).

The pulse background variation due to the influence of gain/loss coefficient
p(z) are depicted in Fig. 2.10. As reported in Refs. [41, 42], different type of
background profiles are possible in inhomogeneous medium. Here, the periodic
oscillation of background are portrayed in the Figs. 2.10(a) and 2.10(b) for the
one- and two- solitons, respectively. Similarly, intensity variation with exponen-
tially increasing background are studied in the Figs. 2.10(c) and 2.10(d). It is
evident that the gain/loss coefficient p(z) directly influences the shape of the
background.
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Figure 2.10: The dark solitons propagation with periodic background as p =
0.02sin(z) for (a) One-soliton (b) Two-soliton. Propagation with exponential
gain factor as p = —0.01Ezp(0.12) for (¢) One-soliton (d) Two-soliton. The
other physical quantities are kg = a = D(2) = 1 and R(z) = 0.5.

2.5.1 Nonlinear tunneling and cascade compression

Recently, the nonlinear (NL) tunneling effect of solitons in different physical
systems have been investigated in many pioneering research works [33-35, 37—
39]. The first experimental observation of soliton tunneling phenomena through
a potential barrier has been reported in Ref. [36]. All these theoretical and ex-
perimental works have shown that the soliton can pass through the barrier/well
without any considerable power attenuation under a special conditions which
depends on the ratio between the height of the barrier and the amplitude of the
soliton. To investigate the NL tunneling phenomena of dark soliton through the
dispersion barrier (DB) or well (DW), we choose the dispersion and nonlinear

parameter as follows [35]:
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Figure 2.11: Contour plot of nonlinear tunneling of dark one-soliton (a) Disper-
sion barrier with D(z) = 1 + hsech[z — 2y]?, R = 0.5 and h = 0.5.(b) Dispersion
well with h = —1.(c) Nonlinear barrier with D(z) = 1,R = 0.5(1+ hsech[z — z]?)
and h = 1.(d) Nonlinear well with h = —0.5. Other physical quantities are
ko=ki=a=1and z,=0.

D(z) = Doexp|—rz] £ h Z sech®[c(z — j20)] R(z) = Ropexp(—rz) (2.30)

j=1

In the above expressions, h indicates the height of the barrier, c is related to
its width, zy represents the location of the DB/DW, r represent a decaying
parameter, n is a integer indicating the number of the barrier, Dy and R, are
constant parameters. Here the positive (negative) sign of +h denotes the barrier
(well).

Here, we first consider the NL tunneling without exponential background
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Figure 2.12: Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of one-soliton with h = 1,k = 1,;n = 4 and z = 2.
(b)Dispersion barrier of two-soliton with A = 0.7,k; = 1.5, ko = —1.5 ;n = 4 and
z = 2. Other physical quantities are D(z) = doe™"* + h Y "_; sech[z — 2|*,R =
Roe™*, dy=ko=1, Ry =0.5,r =—-0.2 and p = 0.

(r = 0). It shows that, when the dark soliton pass through DB, the blackness
of the soliton grows and forms a peak at z = zy. After passing through the DB,
the pulse regains its original form as shown in Fig. 2.11(a). Similarly, when dark
solitons pass through DW the blackness of the solitons vanishes and a valley is
formed at z = 2p; and restored to its original shape after passing through DW as
shown in Fig. 2.11(b). In similar lines, the NL tunneling effect of corresponding
to two-solitons are shown in the Figs. 2.11(c) and 2.11(d).

Then, we consider the NL tunneling effect with exponential background (r #

0). When a dark soliton passes through the DB with exponential decay, the
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blackness of the soliton increases at z = 2y, and after tunneling through the DB,
the width of the soliton gradually decreases during propagation. It is evident
that, tunneling of soliton through the exponential background generally exhibits
pulse compression. Figs. 2.12(a) and 2.12(c) clearly show that soliton undergoes
compression when it propagate through DB.

Finally, we report the so called cascaded compression resulting from the prop-
agation of soliton through number of successive potential barrier. The compres-
sion of the pulse gradually increases with the number of barriers along the prop-
agation distance. Generally, this process is called cascades compression. Here, z
stands for the spacing between two consecutive barriers. To observe the cascade
compression in one and two soliton solutions, we have considered four successive
dispersion barrier (n = 4) with separation value zy = 2. As a result, the pulse
keep compressing whenever it crosses a barrier, and the height of the barriers
are gradually decreased along the propagation distance. The above behavior is
illustrated in the Figs. 2.12(b) and 2.12(d).

The cascaded compression of soliton can also be studied with the nonlinear
barrier (NB) or well (NW). In this case, the dispersion and nonlinear parameter

can be choose as follows:

D(z) = Dyexp[—rz] R(z) = Roexp(—rz)+h Z sech®[c(z — jz0)] (2.31)

j=1

Here, the soliton grows and forms a peak when it is passing through NW
and a valley is formed when it crosses NB, just opposite to the case of soliton
propagation in DB and DW.

The height of the barrier (h) exhibits a relation with blackness parameter (B)
such that, h > 0 indicates the DB/NB, and —1 < h < 0 represents the DW/NW.
We arrive at this suitable choice of h by the existing region of dark soliton with
Bas 0 < B? < a?. Similar type of restriction on value of h for the NL similariton
tunneling are reported in Ref.[38]. Here, due to the dependence between h and
B, the study of tunneling through DB/NW is possible only in the case of gray
soliton solutions, however the propagation through DW/NB can be studied in
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the both cases of black and gray mode of dark soliton solutions.

2.6 Conclusion

In this chapter, we have investigated the dark soliton dynamics in the Ve-NLSE
with distributed dispersion, SPM and linear gain/loss. The one and two dark
soliton solutions have been derived using Hirota’s bilinear method. Through the
derived soliton expressions and graphical illustration, the dispersion managed
pulse with amplification/absorption and the influence of gain/loss coefficient on
the shape of the background have been discussed. Numerically, we have stud-
ied the dark soliton propagation in the continuous wave background, and our
simulations confirm that the obtained soliton solution is very stable and robust
against perturbations. We have derived an exact solution for the phase of dark
soliton and reported the effect of blackness parameter and gain/loss coefficient
on soliton phase profiles.

Black and gray soliton interactions and elastic collision between dark solitons
are exclusively studied via the asymptotic analysis. We have also studied the
nonlinear tunneling of dark soliton through barrier/well. It has been found
that the intensity of the tunneling soliton either forms a peak or valley and
retains its shape after tunneling through barrier/well. We also identified that
the tunneling of dark soliton with exponential background tends to compress the
pulse. Moreover, a cascaded compression of dark soliton has been investigated
by considering a soliton passing through multiple nonlinear tunneling barrier.
The most conventional studies on HB method for constructing soliton solution
focuses primarily on the intensity part and the stability of the solution. In
contrast, here we have added a new insight and extended the capability of HB
method in understanding the phase profile of the obtained solutions. As it is
known, the phase profile plays a vital role in multi-soliton solutions, especially
in the bound state solution, where relative phase plays a very deterministic role

in explaining the nature of interaction, such as attractive or repulsive.
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Chapter 3

Bright solitons dynamics in the

Vc-NLS equation

3.1 Introduction

In this chapter, we focus on the following variable coefficient model for the
anomalous dispersion regime, which governs the bright soliton pulse propaga-
tion in an inhomogeneous fiber with the distributed dispersion, kerr nonlinearity

and linear gain/loss [1-8]:

g + 5 D(:)au + RE)alal) + ip()a = 0 (3.1)

where, ¢(z,1) is the complex amplitude of the pulse envelope, the variables z and
t represent the normalized spatial and temporal coordinates. The group velocity
dispersion, kerr nonlinearity and amplification/absorption effects are related to
the respective coefficient functions D(z), R(z) and p(z).

To construct the exact bright soliton solution for the model (3.1), we have
used Hirota’s bilinear method. The important physical quantities and interaction
behaviors can be well understood with the use of this method [9-12]. By using
this approach, we report an exact form of bright soliton solutions for Vc-NLSE

model.
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Here, in addition to the intensity based explanations, we have been investi-
gated the phase dynamics of bright soliton for the first time to the best of our
knowledge. The influence of inhomogeneity, such as varying GVD, pulse com-
pression and medium gain/loss, on soliton intensity and corresponding phase
change of bright solitons are presented in this chapter. Moreover, with a par-
ticular interest of nonlinear tunneling in the context of optical switching, we
exclusively investigated the bright soliton tunneling and corresponding phase
change when it pass through dispersion barrier or well. Recently, many leading
works are extensively reported the tunneling effect of soliton in different nonlin-
ear media [13-16]. In this work, we also investigate the nonlinear(NL)tunneling
of the bright with exponential background via Hirota bilinear method. Addi-
tionally, we have reported the cascaded compression of bright solitons with two
successive dispersion barrier.

The organization of the chapter is as follows. Sec.1 features an introduction
about bright soliton and Vc-NLSE. Sec. 2 presents the bright soliton solutions
by Hirota’s method. The dark one-soliton, two-soliton, and the collision behavior
of solitons via asymptotic analysis is also presented in Sec. 2. A brief discussion
about the NL tunneling of soliton through barrier/well is presented in Sec. 3,

and the paper concludes with a summary of results in Sec. 4.

3.2 Bright soliton solutions

In this section, we use Hirota’s bilinear method to investigate the analytical
bright soliton solutions of equation (3.1). Here, we use the transformation as
followed in Refs. [10, 11] and is set to give a exact form of bright soliton solution.
In order to construct the bright soliton solutions, we apply the following form of

Hirota bilinear transformation;

q(z,t) = g(Z)% (3.2)
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where G is a complex functions and F is a real function. By substituting this

transformation into Eq. (3.1), the following bilinear equations can be obtained,

9:(2) + 9(2)p(2) = 0 (3.3a)
[iD, + %D(z)D?](G.F) =0 (3.3b)
D:(F.F) = 6|GJ? (3.3¢)

where D) represent the hirota bilinear operator, the 6 can be introduced as 6 =

2R(z)

0] g(2)? The Bright multi-soliton solutions of equation (3.1) can be generated

by solving the above set of equations (3.3) with the power series expansions of

G and F as

G=clg+3g3+%g3+ ...

F=1+4+ef+e* fi+efs+ ...

with ¢ as the formal expansion parameter.

3.2.1 Bright one-soliton solutions

In order to get the bright one-soliton solution, the power series expansions for G
and F' are truncated series of lowest order in € as follows, G = g; and F' = 1+ f5.
Then, back to bilinear equations (3.3), we get

g(z) — e_fp(z)dz

g1 = oqeel
fo = 016”0

(5|Oél|2

%= 5o+ P
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The one-soliton solution can be written as,

— [ p(z)dz ' 1
e a1 i no
q(z,t) = TN Lo~ sech(6p + 5 L) (3.4)

From the Eq. (3.4) , we can study the bright one-soliton pulse propagation

through constant or inhomogeneous fibers.

Figure 3.1: The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5 4 0.5, D(z) = 1, R = 0.5,a; = 1+ i and p = 0.
(b)Corresponding contour plot.

Figure 3.2: The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5 + 0.5, D(z) = c0s(0.7z), R=0.5,a0; = 1+1i and p = 0.
(b)Corresponding phase
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Figure 3.3: The bright one-soliton propagation through homogenous fiber for
parameters, (a)k; = 0.5+ 0.5i, D(z) = Fxp(0.3z), R = 0.5,y = 1 +i and p = 0.
(b)Corresponding phase

3.2.2 Phase of bright soliton

To obtain the exact phase of bright soliton, we introduce an ansatz method.

Thus, we can assume the solution ¢ of the form [17]
q(z,t) = p(z, ) (3.5)

Substituting this expression into Eq. (3.1) and separating the real and imaginary

parts, we obtain

p=+p(2)p+ D(z)pete + D£Z>¢tt =0 (3.6)
2R(2)p” + D(2)pu — D(2)pyi — 2pt. = 0 (3.7)

Here, p, + 2p(z)p = 0 is the stationary condition for |g|> from which one can
assume the form p = poe~2/P()4=  Further, by using Eq. (3.6), we obtain the

expression for phase as

_[a@) g
w_/ o dt + Q (3.8)
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dA

where ) = £,
z

c1(z) and A(z) are integration constants. Substituting the ex-

pression (3.8) into (3.7), we obtain the following equation for intensity Io = |po|*

as
dly ., 80
—)? = 2003 + —— 15 + 4Ky — 4c} 3.9
(dt) 0+D(z)0+ 0 G (3.9)
where § = 25((;)) e~2/P()d= and K is an integration constant. For the bright soliton

the ¢; and K can be considered as zero. Hence the above expression can be cast

into the form

dl
()" = =2015(Jo = ps) (3.10)
where p, = #?Z). By integrating Eq.(3.10), we obtain the final form

intensity(I = Ipe=2/7(*)9) for the Ve-NLSE model as follows

I = pse_pr(z)dZSeclf(\/ gps t) (3.11)

comparing with exact bright soliton intensity Eq.(3.4) that obtained by the

HB method, we have p; = EF. Therefore, the phase for bright soliton with this

condition can be written as;

_ Sl D)

v 1601

(3.12)

It is evident that, the phase of bright soliton is a time independent physical
quantity which exhibit a constant phase along the spatial co-ordinate for the
homogeneous systems. In the variable coefficient models, the GVD parameter
D(z) plays an important role on phase evolution which gives the idea of dispersion

managed phase of soliton.

3.2.3 Bright two-soliton solutions

In order to get the bright two-soliton solution, the power series expansions of G

and F' can be truncated as follows, G = g1 + g3 and F' = 1+ f5 + f4. Then, back
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Figure 3.4: Nonlinear tunneling of bright one-soliton. (a) Dispersion barrier
with D(z) = 1 + hsech|z — z]?, R = 0.5 and h = 1.(b)Corresponding phase, (c)
Dispersion well with h = —1.(d)Corresponding phase. Other physical quantities
are ky = 0.5+ 05,00 =141, p=0. and 2z = 0.

to bilinear equations (3.3), we obtain

g1 = 041691 + 042692
g3 = 616914-61‘-1-02 + B2692+0§+01

fo = 01" + 00?110 4 g0 4 g P2t

fy = pgelitoiT0a+0;

29



Figure 3.5: Tunneling with exponential background (a) Dispersion barrier of
one-soliton with k; = 0.5+ 0.5¢ and h = 1.(b)Corresponding phase (c)Dispersion
well of one-soliton with k1 = 0.5 + 0.5¢ and h = —1.(d) Corresponding phase.
Other physical quantities are D(z) = doe™"* + hsech|z — zy]*,R = Rpe™"*, dy = 1,
Ry=057r=-0.2,20=0and p=0.

Oy = kot + ikg/D(z)dz

doaf
O 9k + k)2
doad
27 5k + k3)?
daan
%= 90kt + ko)?
danas
O Sk + K32
103 Q201
b=k _kQ)(kl + kO k2+k;)
By = (kl _ kg)( 104 Q202 )

ki + K ko + k3
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oy [Paa|?|ky — Kol

A(ky + k7) (ko + k3)| k1 + kao|*

05 =

_ = [p(2)dz (gl + 93)
q(z,t)=e T+t fy (3.13)

3.2.4 Bright soliton collision

The collision behaviors between bright solitons in fibers can be revealed by
analyzing the asymptotic states of soliton solution. Based on the two-soliton
solution, we discussed the elastic collision between dark solitons in inhomoge-
neous fibers. The asymptotic analysis of two- soliton solution (3.13) has been

studied as follows.
1) Before collision

(a)Sf(@l + QT ~ 0, 92 + 9; — —OO)

— [ p(z)dz '
q(z,t) — S| = ue’w”sech(ﬁm +

2/01

In 0q

) (3.14)

(b)Sy (62 + 05 ~ 0,0, + 67 — o0)

e~ fp(z)dzﬁl

) 1
e gech(fon + = In 3.15
N (Oar (05/01)) (3.15)

2)After collision

(a)S] (0, + 07 ~ 0,0, + 05 — o0)

e~ I Pz g,

2\/01+/05

In o5 —111@4) (

e "isech(Oyp + 3.16)
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— [ p(z)dz '
q(z,t) — S = ue_w”sech(@m +

2./01

In 94)

(3.17)

Similar way to the construct one-soliton phase with HB method, here, the indi-

vidual soliton phase for the before and after collision can be written as

P = %j@z (3.18)
oo _ OB D(z)
1+ _ 0Bs|*D(2)
Y= WZ (3.20)
P = %Z(z)z (3.21)

3.3 Results and discussions

In the presented work, firstly, we have investigated the constant mode of propa-
gation. In such systems, the coefficient corresponding to GVD and nonlinearity
taken as constant. The bright soliton propagation and corresponding phase evo-
lution through homogeneous fiber is depicted in Fig. 3.1, where, the soliton ampli-
tude, velocity and phase remains constant along the spatial dimension. By taking
the varying GVD parameter as D(z) = Co0s(0.7z) the snaking phenomenon of
dispersion managed solitons can be observed [18-21]. The corresponding phase
are exhibiting an oscillating nature along the spatial axis as shown in Fig. 3.2.

To observe the pulse compression of bright soliton , we choose the dispersion
and nonlinearity parameters are taken in the form of exp(0.32)[22]. It is observed
that the soliton gets compressed during the propagation of the pulse down the
fiber and corresponding phase also exhibiting an exponentially increasing nature
as shown in Fig. 3.3 . It is evident that, unlike the concept of constant phase
of bright soliton in NLSE [23], the D(z) plays a important role on the evolution
dynamics of soliton phase in the Ve-NLSE models.
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Figure 3.6: Elastic collision between two-soliton via asymptotic expression.
(a)Before collision (b) Corresponding phase (c)after collision (d) Correspond-
ing phase . Where k; = 0.5+ 0.1zandky = —0.5—-0.12 , a; = l,ap = —1,R = 0.5
and p =0

It is interesting to note that, the resultant phase of two-soliton remains con-
stant during the time elastic collisions, see Fig. 3.6. That is, the phase study of
two-soliton does not give any much more insight on evolution dynamics, therefor
we have investigated the effect of inhomogeneity only on one-soliton cases. But

the intensity based observation are conducted up to two-soliton level.

3.3.1 Nonlinear tunneling effect

We investigate the Nonlinear tunneling(NLT) effect of bright solitons through
dispersion barrier. Recently, many leading research works have been investigated

the tunneling effect of solitons in different physical systems [13-16]. All such
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Figure 3.7: Nonlinear tunneling of Bright two-soliton. (a) Dispersion barrier
with D(z) = 1+ hsech[z — %]?, R = 0.5 and h = 1.(b) Dispersion well with
h = —1. Where k; = 0.5 4 0.1liandks = —0.5 — 0.14.(c) Dispersion barrier (d)
Dispersion well. Where k; = 0.5 — 0.5 and ky = —0.5 4+ 0.5¢. Other physical
quantities are o1 =141, p=0. and z5 = 0.

pioneering work has shown that the soliton can pass through the barrier without

any loss

3.3.2 Nonlinear tunneling without exponential back-
ground

To investigate the NLT of Vc-NLS bright soliton propagating through the dis-
persion barrier or well, we choose the dispersion and nonlinear parameter as

follows:
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D(z) = ro £ hsech®(c(z — 2p))

R(Z) = RO

In the above expression h indicates the height of the barrier. The parameter ¢
is related to its width and z; represents the longitudinal co-ordinate indicating
the location of the dispersion barrier or dispersion well, and Dy, Ry and Sy are
constant parameters. Here the positive (negative) sign of +h denotes the barrier
(well).

When the soliton is passing through the dispersion barrier, the intensity of
the soliton grows and forms a peak at the location z = z,. After passing through
the barrier, the pulse will maintains its original shape . Similarly, when solitons
pass through the dispersion well the amplitudes of solitons diminishes and a
valley is formed at z = zp; after the tunneling, solitons are regained to their
original shapes as shown in Fig. 3.4. Similarly, the two-solitons tunneling are

reported in Fig. 3.7

3.3.3 Nonlinear tunneling with exponential background

When pulse passing through the tunnel with exponential background, pulse com-
pression is occur. To investigate dispersion barrier or well with exponential decay,

we choose the dispersion and nonlinear parameter as shown below:

D(z) = Doexp(—rz) + hsech*(c(z — z))

R(z) = Roexp(—rz)

Here, r represent the decaying parameter. From the above expressions with
suitable parameter, we can conclude that when a bright soliton passes through
the dispersion barrier/well with exponential decay the soliton will get compressed
as shown in Fig. 3.5 It clearly shows that when solitons propagate through the

dispersion barrier/well, after emerging from the well, the width of the soliton
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gradually decreases along the propagation. From this result, the input pulse
can be compressed to a desired extent in a controllable manner by the choice of

barrier or well parameters of special form.

Figure 3.8: Nonlinear tunneling and cascaded compression. (a) Dispersion bar-
rier with h = 1 and z = 3.(b) Corresponding contour plot. Other physical quan-
tities are D(2) = doe™"* +h )y 7, sech[z — z]*, R = Roe™"*, k1 = 0.5+ 0.5i,01 =
1+i,dy=1,r=—-0.2and p=0.

3.3.4 Cascade compression

Based on the property of compression caused by pulse propagation through tun-
neling barrier or well with exponential background, we have studied the cascade
compression through two successive potential barrier as shown in Fig. 3.8. To
examine the cascaded compression of bright soliton, dispersion and nonlinear

parameter are considered as follows;

D(z) = Doexp(—rz) + hsech?(c(z — z))
R(z) = Roexp(—rz)

3.4 Conclusion

we have investigated the dynamics of bright soliton in the variable coefficient non-
linear Schrodinger (Ve-NLS)equation. Many fascinating results underlying spa-

tial dependent bright soliton phase, which provides important insights into well-
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known inhomogeneous phenomena, such as dispersion managed system, pulse
compression and especially nonlinear tunneling effect, have been reported. By
connecting an ansatz method with Hirota bilinear technique, we have introduced
an explicit form of bright soliton phase. Exact bright two-soliton solution has
also been derived by using the Hirota bilinear method. The elastic collision
behavior of the bright solitons are observed by means of asymptotic analysis.
Two-soliton phase are studied by the asymptotic expression which gives the de-
scription of individual solitons that exist before and after collision. Moreover,
with a particular interest, we have investigated the tunneling effect through the
dispersion barrier or well. Soliton intensity either forms a peak or valley and
regains its shape after the tunneling through the barrier/well. For the case of
exponential background, the soliton tends to compress after tunneling. Corre-
sponding phase evolutions are illustrated in detail. For better insight, we have
reported the cascade compression of solitons with multiple successive dispersion
barriers. Overall, a comprehensive study of bright soliton dynamics and its phase

evolution in Vc-NLS equation is presented.
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Chapter 4

Dynamics of vector dark solitons

propagation and tunneling effect

in the Vc-CNLS equation

4.1 Introduction

The robust propagation of bright and dark solitons and its interaction behavior
in multi-component optical fibers has been verified in a number of elegant experi-
ments. In comparison to the bright soliton, the dark solitons have better stability
against the influence of noise and fiber loss. Eversince the first investigation of
the optical soliton propagation in the multimode fibers, coupled NLS equation
(CNLSE) takes the lead role to describe the co-propagation of two or more opti-
cal fields via the cross-phase modulation (XPM) mechanism. In the birefringent
fibers, which have two principal transmission axes within the fiber known as the
fast and slow axes, solitons can co-propagate as one unit without splitting due to
the phenomenon of soliton trapping. [1, 2] The unsplit two-component soliton by
the soliton trapping mechanism are generally referred to as vector solitons. The
different kind of vector soliton pair are possible in nonlinear fiber, which may have

multiple distinct polarization components. The generalized CNLS equations are
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widely used to describe the propagation of the bright vector solitons, dark-bright
vector solitons and dark vector solitons. Recently, the Manakov vector-soliton
received much attention from researchers because it was observed experimentally
in different nonlinear mediums. [2-8|

In all the earlier investigations, the CNLS considered was for the ideal opti-
cal fiber with constant coefficients. However, in the realistic optical fiber under
practical condition, the medium exhibits inhomogeneous behavior, which is in-
evitable. The generalized CNLS equations with variable coefficient (Vc-CNLSE)
serves as the practical model to describe the vector soliton dynamics in an in-
homogeneous systems. In this work, we focus on the following inhomogeneous
Manakov model with distributed dispersion and nonlinearity, which governs the
vector dark soliton propagation in the generalized 2-coupled NLS equations with

varying coefficients [9-12]:

. 1 .
141, — §D<Z)tht + R(Z)(|Q1\2 + |Q2|2)CI1 +ip(2)g1 =0 (4.1a)
. 1 .
g2 = 5D (2) 4o + R(2)(|g2]* + |q1*) g2 + ip(2)g2 = 0 (4.1b)

where, ¢1(z,t) and ¢u(z,t) are the slowly varying envelopes for the two polar-
ization components in the electric fields. The variables z and ¢ represent the
normalized spatial and temporal coordinates. The group velocity dispersion,
Kerr nonlinearity and amplification/absorption effects are related to the respec-

tive coefficient functions D(z), R(z) and p(z).

Many mathematical techniques have been proposed to study the dynamics
of the pulse evolution in nonlinear optical fibers. Here, we used Hirota’s bilinear
(HB) method. Compared with the numerical method, HB method involves per-
turbation technique to get the soliton solution and it provides explicit analytical
expressions for the soliton pulses [13-18]. By using this approach, we report a
more general form of vector dark soliton solutions for Vc-CNLSE. To the best

of our knowledge, the dark soliton solutions of the model (4.1) have not been
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reported before. In addition to that, we studied the vector dark solitons ener-
gies and its dependance with some important physical parameters. Moreover,
collision dynamics of the dark vector solitons of Eq.(4.1)have been studied up to
three soliton level, with various possible inhomogeneous effect, which also have
not been reported so far, in the context of Vc-CNLSE.

In this chapter, we theoretically reveal the possible influence of inho-
mogeneity on the dynamical properties of vector dark solitons. Based on
Eq.(4.1), one can investigate many inhomogeneous behaviors such as, pulse
amplification/absorption, compression/broadening, dispersion-managed trans-
mission systems and nonlinear tunneling. In many leading research works, they
investigated the NL tunneling effect of solitons in different physical systems
[19-22]. Recently, NL of bright and dark soliton in the nonlinear Schréodinger
equation (NLSE) with variable coefficients and an external harmonic potential
was reported in [23]. NL effects of rogue wave has been investigated in [24, 25].
Tunneling of bright and dark similariton in the birefringent fiber was reported in
[12]. The wave-particle duality nature of soliton was revealed through tunneling
of potential barrier/well in [26]. Tunneling of bright soliton in inhomogeneous
CNLS equation with higher order effects was considered in [27, 28]. The NL
tunneling of the higher-order breathers and rogue waves have been studied by
the variable-coefficient derivative nonlinear Schrédinger (Ve-DNLS) equation in
[29]. For the better insight, we also discussed the nonlinear tunneling of vec-

tor dark soliton in Ve-CNLS model for the first time to the best of our knowledge.

The organization of the chapter is as follows. Sec.1 features a detailed in-
troduction to Ve-CNLSE. Sec. 2 presents the exact dark soliton solutions by
Hirota’s method. Sec 3 - 5 describe the dynamics of one, two and three soli-
ton solutions respectively. Asymptotic analysis to study the collision behavior
is also presented in Sec.4 and 5. A brief discussion about the various physical
effects in the dynamics of dark soliton propagation through inhomogenous fiber

is presented in Sec. 6. The NL tunneling of dark soliton through barrier/well is

72



presented in Sec. 7, and the paper concludes with a summary of results in Sec.

8.

4.2 Dark soliton solutions by Hirota method

We employ the Hirota’s bilinear (HB) method to investigate the exact analyti-
cal dark soliton solutions of Eq. (4.1). We follow the transformation as used in
the Refs. [16-18], which is expected to give an exact form of dark soliton solu-
tions. Such study has not been discussed in the context of Ve-CNLSE. By using
this transformation, one can transform the nonlinear differential equations into
bilinear differential equations. Then, with the different levels of perturbation
expansions, one can derive the exact form of dark soliton solutions up to the
corresponding order through this bilinear equations.

To construct the vector dark soliton solutions, we apply the following form of

Hirota bilinear transformations;

= Q

0(z 1) = g(2) (4.2a)

|

@z, 1) = g(2)—= (4.2b)

where, G and H are complex functions and F is a real function. By substitut-

ing this transformation into Eq. (4.1), the following bilinear equations can be

obtained,
[iD, — %D(Z)Df +A2)(G.F) =0 (4.3a)
iD. — %D(z)Df A (H.F) =0 (4.3b)
(G +|H?) + D} (F.F) = %f))zﬂ (4.3c)
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bilinear differential operators [13] defined by

- 0 9.0 0,
DID(g.) = (5 = 52)"(5; = 59 DS ()i

By solving the above set of Eqgs. (4.3) , we take the power series expansion of G,

H and F as,

G=gll+) c"gulz1)]
n=1

H = holl + f: "D (2, 1)]

n=1

F=1+ Zgnfn(zat)
n=1

with € as the formal expansion parameter. In regular perturbation expansion,
the effect of the small amplitude parameter ¢ is small. For all sufficiently small
e (e < 1) and the coefficients g,, h, and f, are independent of . Substituting
this expansion series (G, H and F) into Egs. (4.3) and collecting terms of each

order of ¢, we obtain

S [iD, — %D(z)Df +A(2)](go.1) = 0,

iD. — 5D()D} + A()](ho1) =

2X(2)

Dz -

5(gogs + hohy) + DF(1.1) =
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£ iD= — 5 D)} + A=) (gogr 1+ 1) =0
D, — %D(Z)Df )] (hohid + 1.f1) = 0

0(9090(91 + 1) + hohg(hy + RY))
2X(2)

+ DX1.f1+ f1.1) = D)

(fi+ f)

In the same way, we can find out the coefficient of 2,3 etc. One of the solu-
tion of Eqgs. (4.3) are exponential function. Hence,while applying Hirota Direct

method,we assume g¢,,h, and f, as,

go(ho) = a(b )GXP[W]

In = Z Ajija.in H @, ) exp Ze
Jn>. J2>Jl J1=1

hy, = Z A i H B;.) exp Ze
Jn>..J2>]1 n=1

fn = Z Ajrjoja €XP ZH
]n> J2>Jl

Where,

(n)
Ajr g =TT 4

Ji<jk
Here, (n) indicates the product of all possible combinations of n elements with
(ji < jr). Note that A; =1 for m=1,2,...n.

By the unique properties of D-operator, the perturbation expansions may be
truncated as finite sums while solving the bilinear Eqgs. (4.3). Such a truncated
series will provide an exact analytical solution for the Ve-CNLSE. It would not
be possible by a normal derivative [13]. Thus, while we are constructing n-
soliton solution for the Eq. (4.1) we will assume that gy = hy = fy = 0 for all
N > n + 1. In this way, the G,H and F' can be written as finite series for each

level of soliton solutions. further details are discussed in the following sections.
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4.3 One-soliton solutions

One can obtain the dark one-soltion solution by truncating the power series
expansion for G, H and F to the first order in € as follows, G = go(1 + eg1),
H = ho(1 +€hy) and F' = 1 + ¢f;. Where the higher order terms in ¢ can be

neglected. Then we assume,

go = ae’ ho = be™

g1 = e’ hy = 51691

fi=e" g(z) = e~ /P

=kt — w/D(z)dz 0 = kit —w /D(z)dz

Then, back to bilinear Egs. (4.3), we obtain some associated parameters related

to one- soliton solution as

A= %5(a2 +b%)D(z) w=—

. 2(,4)1 + 2k‘]{31 + Zl{i%
T 2wy + 2kky — ik?

k
wn = -2k & \/26(a2 +12) — k)

(631 ap = [

After absorbing e, the final form of Eqn. (4.2) for the one-soliton solutions can

be written as,

a[(1+ aq) + (ar — 1)tanh(&)]
2€fp(z)dz€7i1/)

q(z,t) = (4.4a)

{1+ B1) + (B — D)tanh(%))
(1) = 2] Pz g iv

(4.4D)
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Where, a, b and ¢ are real functions denoting the amplitudes and phase of
the background wave. From the Eq. (4.4), one can analyze the dynamics of
vector dark one-soliton pulse in inhomogeneous fibers. The propagation of dark
one-solitons through homogenous fiber is depicted in the Fig. 4.1.

In order to get the suitable parametric region of soliton solution, we consider
the real dispersion relation for the dark soliton solution. Thus, the frequency w;
is real, if the k; satisfies the condition —\/m <k < \/m with
20(a? +b*) > 0. which are the basic conditions to ensure the existence of soliton

solution.

Figure 4.1: The dark one-soliton propagation through homogenous fiber for pa-
rameters, (a) a=1 ,(b)b=2. Other physical quantities are k = D(z) =6 =1,
ky=—15and p=20

4.3.1 Physical quantities of dark solitons

To study the dynamics of dark soliton and to characterize the impact of inho-
mogeneous features of propagating optical dark soliton, some of the physical
quantities such as velocity, width, amplitude and energy are important. Such

quantities can be defined as follows,

V="1D(), W=—

K1 K1
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a(l+ aq) b(1 + 1)

|2fp B =5 |

The energy E and power P, in terms of the background amplitudes a and b can
be expressed as E; = [*°_ P,dt with Py(z,t) = a* — |q|* and Py(z,t) = b* — |ga?,
respectively. Here, the instantaneous power is obtained as a difference between
the total power and the corresponding value for the background [30]. The energy,

corresponding to the one-soliton solution as given by Eq. (4.4), can be written

as
By [ (= |t = 2000 (4.50)
1 e el a—262fp(z)dzk1 ’
> 2— 01— By
_ 2 2 _ 1
E2 - /Oo(b |QQ| )dt - b_2€2fp(z)dzk1 (45b)

From the above set of equations, one can analyze the effect of inhomogeneity on
the physical quantities of dark soliton. It is interesting to note that, p(z) affects
the soliton amplitude and energy, D(z) affects the soliton velocity. The width of

solitons are related to the wave number k.

4.4 Two-soliton solutions

To construct the dark two-soliton solutions, the power series expansions for G,
H and F are truncated as follows, G = go(1 + g1 + g2), H = ho(1 + hy + hy) and
F =1+ fi + fo. Then, from bilinear equations Eq.(4.3), we obtain
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go = ae™ ho = be'

Vv =kt — w/D(z)dz, g(z) = e [ p(2)dz

1 A k2
A= =6(a®> +b)D = — - —
g1 = ar e + age®”, hy = B e + Bae®
g2 = Apagag e 2 hy = A1pf1 2 170
f1 = 691 + 602 f2 = A12601+92

Ql = k?lt — W1 /D(Z)dZ

Oy = kot — wQ/D(z)dz
2wy + 2kky + ik?

= = T ok — ik
o —ﬁ - 20L)2+2kk2+2k5
2T Quy + 2kky — k2
k
o = 5 (~2k & \/26(a? + 12) — k)

k
wr = -2k & \/26(a? + 12) — k3)

_ Qi(()él — Oég)((,uQ — W — k‘k‘l + ka) — (oq + Oég)(]{?l — ]{?2)2
2Z(1 — 041062)(0.)1 + wo + kkl + /{7/{72) — (041062 + 1)(l€1 + k2>2

A12 =

Then, the final form of two-soliton solutions can be written as,

_ 1+ g1+ g2)
5 = o= Jp(2)dz 9ol 4.6
alzt) =e (1+ fi+f2) (4.6a)

_ e*fp(z)dz ho(l + hl + h2)

0% h+h) (4.6b)

q2(z, 1)

Using Egs. (4.6), the propagation of dark two-solitons through homogenous
fiber is depicted in the Fig. 4.2.
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Figure 4.2: The dark two-soliton propagation through homogenous fiber for pa-
rameters , (a) a=1 ,(b)b=2. Other physical quantities are k = D(z) = § = 1,
k’l = —15, ]{?2 = 1.5 and p= 0

4.4.1 Two-soliton collision

The collision behavior between dark solitons in fibers can be studied by analyz-
ing the asymptotic states of soliton solution. Based on the two-soliton solutions,
we discussed the elastic collision between dark solitons in inhomogeneous fibers.
The asymptotic analysis of two-dark soliton solutions given by Eq. (4.6) are
conducted as follows.

1) Before collision

(a)Sl_(Ql ~ 0, 62 — —OO)

L 1 Dianh(2) (a7

q1 — 1 W[( -+ Oél) + (Oél — ) an (5)] ( . a)
— 8- = —be“l’ 14 61) + (B — 1)tanh —91 4.7b

42 2 zefp(z)dz[( 1) + (B Jtan (2 )] (4.7Db)

(b)SQi(QQ ~0,60; — OO)

ac e’

Bt )
9e) p(z)dz [(1+ a) + (o2 — 1)tanh(5 +1Iny/Ap)] (4.8a)

q1 _>S]._:
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bﬁle'

% fp [(1 + ﬁQ) (52 - 1 tanh + lnv A12 4 8b

q — 527

2)After collision
(a)SH(Ql ~ 0, 92 — OO)

it
@ — ST = %[(1 +o)+ (g —1) t(mh —|— Iny/Ao)] (4.9a)

bﬂQ@A

2ol P& 1+ 5) + (B —1) tcmh + In\/As2))] (4.9b)

qo — Sl+

(b)82+(92 ~ 0,91 — —OO)

- —ae“p 1+ + -1 h —02 4.10

Q1 5ol Pz [( asg) + (ay Ytanh( 5 )] (4.10a)
—>S2+——ﬂ 14 62)+ (B2 —1 h@ 4.10b

q]~ 2 2€fp(z)dz [( 2) ( 2 )tan ( 2 )] ( : )

By comparing the asymptotic expressions (4.7)-(4.8) with (4.9)-(4.10), one
can infer the particle like behavior of solitons during the time of collisions between
dark solitons S; and S;. The above expressions, also illustrate that the collision
between the two-dark solitons are elastic for the condition |o;| = |5;| = 1(1 =
1,2). The exchange of energy in the dark solitons collision provides a useful way
on how to manipulate and utilize dark soliton in optical communication systems.
The relevant physical quantities of solitons S; and S, before and after collisions

are mentioned in Table 1.
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Table 4.1: Physical quantities of solitons S; and Sy before and after the collision.
Solitons  Velocities Widths  Amplitudes Energies

1— wi 1 a(l+aq) aZ(2—a1—aj)
81 % D(z) T ’ 2ol p(=)dz ’ fyc2 T p()dz
1- wi 1 b(1+61) b2 (2—B1—B7)
82 k1 D(Z) k1 | 2¢) p(2)dz | kye2 [ p(z)dz
2— wa 1 aaq (1+A12a02) a?(2—az—a3)
81 ko D(Z) ko |efp(z)dz 1+A12) | k262fp(z)dz
2— wa 1 bB1(1+A1282) b?(2—B2—PB5)
82 ko D(Z) ko ’e[p(z dz 1+A12) ’ k262 [ p(z)dz
1+ w1 1 aaz(1+A1201) a2(2—a1—a’{)
Sl k D(z) k1 |ej p(z) dz 1+A12) | k‘1€2 [ p(z)dz
1+ wy 1 bB2(1+A12061) b?(2—B1-87)
82 k1 D(Z) k1 |€fp(z)dz(1+A12) | k162fp(z)dz
S2+ w2 (Z) 1 | a(l4+oaz) | a?(2—az—aj)
1 ko ko 2€fp(z)dz k262fp(z)dz
g2+ w2 D7) 1 | b(1+82) | b*(2—B2—B3)
2 ko ko 2¢e) P(z)dz kzlep(z)dz

4.5 Three-soliton solutions

The three-soliton solutions can be obtained by truncating G, H and F' as follows,
G:G0(1+g1+92+93),G: G0(1+h1+h2+h3) and F' = 1+f1+f2+f3

Then, back to bilinear equations (4.3), we obtain

go = ae™ ho = be™
= k1 — /D g(z) = e~ Jp(x)dz
A k?
A= 5 b)) D(z -
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g1 = e+ e + Q3 e

hi = B e + Bae’” + B3 e

fi=e" 4 ef2 4 efs

g2 = Apanan e 4 Ajzaiase” T + Agzanagze® s
ho = A12B1Bs €M% + A3 81 B3 7% + Agy By 33710

01-+0: 01+6 0240
f2 =A126 1+02 —|—A13€ 1+03 +A23€ 2+03

g3 = Ajazaagarze? 020

hs = Aja3[31 B 33”1 02103

f3 — A123661 +02+03
with

o = ;
2w; + 2kk; — ik?

k.
= 2 2\ _ 1.2
i = (=2 o 3 20(a? + 82) — k)

where ¢ = 1, 2and 3

2i(041 — a2)(w2 — w1 — kk1 + kkﬁg) — (041 + Oég)(kl — k2)2

Ajg = —
12 2i<1 — ajag)(wy + we + kk1 + kko) — (041042 + 1)<k1 + k2)2
Ain — — 2i(a1 - O@)(&Jg — w1 — kk1 + k/ﬁg) - (061 + Oég)(kl — k3)2
1 2i(1 — aro3) (w1 + wy + kky + kk3) — (g + 1) (k1 + k3)?
Ags = 2i(o — a3) (w3 — wp — kkg + kk3) — (a2 + a3) (ko — k3)?

_Qi(l — agag)(wg + w3 + kko + kkg) — (042043 + 1)(]{52 + k3)2

A123 = A12A13A23
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The three-soliton solutions can be written as,

_ e—fp(z)dzgo(l + g1+ g2 + g3)

I+ fi+ fo+ f3) (4.11a)

ql(za t)

_ e—fp(z)dz ho(l + hl + h2 + hg)

0+t htfy) (4.11b)

q2(z, 1)

Using Egs.(4.11), the propagation of dark three-solitons through homogenous
fiber is illustrated in the Fig. 4.3.

Figure 4.3: The dark three-soliton propagation through homogenous fiber for
parameters , (a)a=1 ,(b)b=2. Other physical quantities are k = D(z) =6 = 1,
kl :2, k2 :25, ]{33 = -2 andp:().

4.5.1 Three-soliton collisions

The asymptotic analysis of three-dark solitons Sy,.S, and S3 before and after
collision are elucidated as follows.

1) Before collision

(a) Sl_(91 ~ 0,92 — —00793 — —OO)

. ae’? 0,
q — Sl = W[(l + 041) + (051 — 1)tanh(5)] (412&)
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be'¥

1-
q2 — S2 - QQfP(Z)dZ

(14 82) + (B~ Dtanh()] - (4.120)

(b) 52_<92 ~ 0,91 — 00,93 — —OO)

i
q— S = %[(1 +ag) + (ag — 1) tanh —|— Iny/As2)] (4.13a)
e z)az

bﬁl €iw

2—
q2 — 52 - QQfP(Z)dZ

[(1 + 62) (ﬁQ — 1 tanh + ln\/ A12 4 13b

(C) 53_<93 ~ 0,91 — 00,62 — OO)

i) 9
a1 — S%_ = %[(1 + 043) + (Oég — 1)tanh(53 + lTL\/ A13A23)]
(4.14a)
bﬁlﬁzew

03
qo — Sg_ = W[(l + 53) (63 — l)tanh( + ln\/ A13A23)] (414b)
2)After collision

(a)SH(@l ~ 0, Oy — o0, 03 — OO)

acsaze? 0
q — ST = m[(l +o1) + (g — l)tomh(E1 +Iny/A12A13)]

(4.15a)

g — SIt = Zﬁjffjdz (14 81) + (8 — 1)mh(6 Iny/ApAr)] (4.15b)

(b)52+(92 ~ 0,91 — —00,03 — OO)

G — Sit = ————[(14+as) + (g — 1) tanh + In\/As3)] (4.16a)
e
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g — S;Jr = e—[(l + 52) (ﬁg - 1 tcmh + ln\/ A23 4 16b

B S = 2 (1 + ag) + (as — Dtanh(Z)] (@17a)

! L7 9l p(z)dz 3 3 2 '

3= (14 B) + (B — tanh()] (417)
0 2 el P()dz 3 3 9 :

It is evident from the above expressions (4.15)-(4.17), and in comparison with
two-soliton case as given by (4.12)-(4.14), the collision between three-dark soli-
tons also exhibits elastic interaction behavior. The relevant physical quantities

of solitons S7, S, and S3 before and after collisions are listed in Table 2.

4.6 Results and discussions

In our present work, we first consider the propagation dynamics of vector dark
soliton pulse in the absence of varying coefficients. In this case, the dispersion
and nonlinear coefficients remain constant. In such system, the dark soliton prop-
agates without deformation and its amplitude and velocity remains unchanged
during the propagation. Figs. 4.1, 4.2 and 4.3 depict the evolution plot of one,
two and three dark soliton pulses propagation in homogeneous fibers, via the
solutions (4.4), (4.6) and (4.11), respectively. From the above set of equations,
we can observe that ¢, satisfies the relation with ¢; as ¢ = gql. Thus we plotted

only ¢; field in the following sections.

4.6.1 Periodically varying dispersion and nonlinearity

To study the dispersion-managed vector dark soliton by the periodical perturba-
tions, we consider a system with GVD parameter D(z) and nonlinearity param-
eters R(z) as a trigonometric periodic functions of the form of a cos(bz), where
a and b are integers. It is noted in such case, the soliton peak position and the

velocity vary periodically during the propagation without any compression or
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Table 4.2: Physical quantities of solitons 57,55 andS3 before and after the colli-

sion.
Solitons  Velocities Widths Amplitudes Energies
1- w1 1 a(l+aq) a?(2—ai1—aj)
81 k1 D(’Z) k1 | 2¢e) p(z)dz | kllep(z)dz
- o 1 b(1+61) b2(2-B1—B])
82 k1 D(Z) k1 | 2¢e) P(z)d= | kllep(z)dz
2— wa 1 aaq(1+A12a2) a2(2—a2—a§)
51 ko D(Z) ko |ef p(z)dz (14+A12) | koe2 [ p(2)dz
2— wy 1 bB1(1+A1202) b?(2—B2—P53)
82 ko D(’Z) ko |efp(z)dz(1+A12) | k.2€2fp(z)dz
3— w3 1 aaiaz(Aj2+Ar2303) a?(2—az—a3)
51 k3 D<Z) k3 ’ efp(z)dZ(A12+A123) | kgezfp(z)dz
3— w3 1 bB1B82(A12+A12353) b2 (2—B3—p3)
52 k3 D(f) k3 ’efp (=2)dz(A15+ A1a3) | kae2 I p(z)dz
1+ w1 1 aazag(Az3+Ai23ar) a?(2—a1—o3)
Sl k1 D(Z) k1 ’ e p(2)dz A23+A123 | k162 [ p(z)d=z
slt wy (Z) 1 | bB283(A23+A12381) | b2 (2—B1-87)
2 k1 k1 el p(z)dz (Aaz+A123) kie? [p(z)dz
82+ wa (Z) 1 | aaz(1+Azzan) | a2(27a27a’2‘)
1 ko ko efp(z)dz (14+Aa3) k2€2fp(z)dz
2+ w2 1 bBs(1+A23062) bz(Q*BQ*IBE)
52 ko D<Z) ko |efp( )dz 1+A23) | k262fp(z)dz
3+ w1 1 a(l4+a3) a?(2—agz—a3)
Sl k3 D(’Z) k3 | 2¢) p(2)dz | kse? [ p(z)d=z
3+ w1 1 b(1+33) b?(2—B3—B3)
82 k3 D(Z> k3 | 2¢) p(z)dz | kle2fp(z)dz

broadening. Such type of solitons are called as snaking soliton [31-35]. Similar
type of inhomogeneous behavior is observed in two and three-soliton solutions
as well. The Fig. 4.4 represents the one, two and three dark solitons pulse evo-
lutions with periodically varying effects. It shows that the amplitude, energy

and pulse width remain constants during the propagation of the pulse down the

fiber.
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Figure 4.4: The periodically varying dark solitons, (a)One-soliton with a=1 and
k1 = 1.5 (b)two-soliton with a=1, k; = 1.5 , and ky = —1.5 (¢)Three-soliton with
a=1, k; = 2, ko = 2.5 and k3 = —2. Other physical quantities are k = =1 ,
D(z) = Cos(0.3z) and p = 0.

4.6.2 Pulse compression

The pulse compression (PC) is an important technique to produce ultrashort
pulse in nonlinear fiber, which reduces the duration of the pulse along the fiber.
Techniques like soliton effect, adiabatic pulse compression, self-similar meth-
ods are few of the most populary known pulse compression techniques. Out
of the different nonlinear and dispersion profile, exponential varying dispersion
and nonlinearity is found to be a good contender for soliton compression, as it
compresses the soliton with better compression factor. In similar lines with the
earlier report, we consider the dispersion and nonlinearity parameters of the form

c exp(dz), where c is the initial peak power and d is an integer. The PC will
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occur, when the leading edge of the pulse is delayed by just the right amount
to arrive nearly with the trailing edge [36, 37]. The PC of one, two and three

solitons are shown in the Fig.4.5.

Figure 4.5: The pulse compression of vector dark solitons, (a)One-soliton with
a=1 and k; = 1.5 (b)two-soliton with a=1, k; = 1.5 and ky = —1.5 , (¢)Three-
soliton with a=1, ky = 2, ks = 2.5 and k3 = —2. Other physical quantities are
k=6=1, D(z) = Exp(0.5z)and p = 0.

4.6.3 Gain/loss

The fiber loss plays a crucial role in the long haul optical communications system,
as a result of which, the pump power depletes and the propagation soliton will
deform progressively during the propagation. The coefficient p(z) plays an im-
portant role in determining the amplification or absorption of the soliton pulse.
The coefficient p(z) = 0 corresponds to the case of zero loss and for any finite
value of o, the solution represents the propagation of soliton pulse in a medium

with constant gain or loss.
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Figs.4.6 and 4.7 represent the soliton propagation in a medium with gain and
loss, respectively. When o < 0(c > 0), the pulse undergoes the amplification
(absorption), in such a case the amplitude of the pulse increases(decreases) as
it propagates down the fiber. Thus, one can control the soliton amplification
or absorption by varying the coefficient p(z). It is obvious that the medium
with gain increases the amplitude and energy in comparison to the case of lossy

medium [32, 33] .

Figure 4.6: The vector dark solitons propagation with gain, (a)One-soliton with
a=1 and k; = 1.5 (b)two-soliton with a=1, k; = 1.5, and k; = —1.5 (c¢)Three-
soliton with a=1, k1 = 2, ks = 2.5 and k3 = —2 . Other physical quantities are
k=96=D(z)=1and p=—0.05.

4.7 Nonlinear tunneling effect

So far, we discussed the impact of various physical effects and inhomogenous
parameters in the one, two and three solitons. We now extend our study to

one of the dramatic nonlinear effects, known as the nonlinear tunneling (NL).
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Figure 4.7: The vector dark solitons propagation with gain (a)One-soliton with
a=1 and k; = 1.5 (b)two-soliton with a=1, k; = 1.5 , and ky = —1.5 (c¢)Three-
soliton with a=1, ky = 2, ks = 2.5 and k3 = —2. Other physical quantities are
k=9d=D(z)=1and p=0.05.

Recently, many leading research works have been devoted to study the tunneling
effect of solitons in different physical systems [9, 19-21, 24-29]. All pioneering
works have shown that the soliton can pass through the barrier without loss
under a special conditions which depends on the height of the barrier and the
amplitude of the soliton. The NL tunneling of soliton may create a new field of

interest and feature wide applications in all-optical switches and logic circuits.

4.7.1 Nonlinear tunneling without exponential back-
ground
To investigate the NL tunneling of Ve-CNLS dark soliton propagating through

the dispersion barrier or well, we choose the dispersion and nonlinear parameter
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Figure 4.8: (Color online) Contour plot of nonlinear tunneling of vector dark
one-soliton. (a) Dispersion barrier with D(z) = 1 + hsech[z — 29]?, R = 0.5 and
h = 1.(b) Dispersion well with A = —1.(c) Nonlinear barrier with D(z) = 1,R =
0.5(1 + hsechlz — z)?) and h = 0.5.(d) Nonlinear well with » = —0.5. Other
physical quantities are k = k; = a =1 and 2z, = 0.

as follows:

D(2) = ro & hsech®(c(z — 2))

R(Z) = Ro

In the above expression h indicates the height of the barrier. The parameter ¢
is related to its width and z; represents the longitudinal co-ordinate indicating
the location of the dispersion barrier or dispersion well, and Dy, Ry and S
are constant parameters. Here the positive or the negative sign of +h denotes

the barrier or the well. If A~ = 0 it means that soliton propagation is through
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Figure 4.9: Contour plot of nonlinear tunneling of vector dark two-soliton. (a)
Dispersion barrier with D(z) = 1 + hsech[z — 2]?, R = 0.5 and h = 1.(b)
Dispersion well with A = —1.(c) Nonlinear barrier with D(z) = 1,R = 0.5(1 +
hsech|z — 29]*) and h = 0.5.(d) Nonlinear well with 1 = —0.5. Other physical
quantities are k =a =1 ,k; = —1.5,ky = 1.5 and 2y = 0.

homogeneous fiber. To investigate the soliton propagation through the nonlinear

barrier or well, we consider the variable coefficients as follows:

D(Z) = D()
R(z) = Ro(ro £ hsech?(c(z — z)))

When the dark soliton pass through the dispersion barrier, the intensity of the
soliton grows and forms a peak at z = zy. After passing through the barrier,

the pulse will get its original shape as shown in Fig.4.8(a). Similarly, when
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Figure 4.10: Contour plot of nonlinear tunneling of vector dark two-soliton. (a)
Dispersion barrier with D(z) = 1+ hsech|z — z)?, R = 0.5 and h = 0.5.(b)
Dispersion well with A~ = —0.5.(c) Nonlinear barrier with D(z) = 1,R = 0.5(1 +
hsech|z — 29]?) and h = 0.3.(d) Nonlinear well with 4 = —0.3. Other physical
quantities are k = a =1,k = 2, ky = 2.5, k3 = —2.5 and z; = 0.

dark solitons pass through the dispersion well the amplitudes of solitons vanish
and a valley is formed at z = z,; after the tunneling, solitons are restored to
their original shapes as shown in Fig.4.8(b). If solitons pass through a nonlinear
barrier or well, the valley is formed for nonlinear barrier and peak is formed for
well as evident from the Figs. 4.8. In similar lines with one-soliton case, the NL
tunneling of two solitons are demonstrated in the Figs. 4.9 and three solitons
are demonstrated in the Figs. 4.10 | respectively.

The height of the barrier (h) and amplitude of pulse (A) exhibit a relation
in given soliton solutions. Thus we studied the tunneling effect with suitable

parametric choice of h. To investigate the dark soliton propagation through the
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Figure 4.11: Contour plot of nonlinear tunneling with exponential background.
(a) Dispersion barrier of one soliton with @ = 1 and h = 0.9. (b)Dispersion well
of one soliton with ¢ = 1 and h = —0.9. Other physical quantities are D(z) =
doe™"* + hsech|z — z)?>,R = Roe ™™, dy = k1 = 1, Ry = 0.5,r = —0.2,29 = 0 and
p=0.

Figure 4.12: Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of two-soliton with @ = 1 and A = 0.5. (b)Dispersion
well of two-soliton with a = 1 and h = —0.9. Other physical quantities are
D(z) = doe ™™ + hsech|z — 2|*,R = Rpe ™™, dy = 1, ky = 1.5ky = —1.5,
Ry =0.57r=—-0.2,2g=0and p=0.

dispersion barrier or well, we obtained a condition, where h > 0 indicates the
dispersion barrier, and —1 < h < 0 represents the dispersion well. Similarly, in
the case of nonlinear barrier or well, we also obtained a condition, where h > 0
indicates the nonlinear barrier, and —1 < h < 0 represents the nonlinear well.

We arrive at this suitable choice of h from the equation of soliton amplitude with
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-6-4-20 2 4 6
(b)

Figure 4.13: Contour plot of nonlinear tunneling with exponential background.
(a)Dispersion barrier of three-soliton with @ = 1 and A = 0.5. (b) Dispersion
well of three-soliton with @ = 1 and h = —0.5. Other physical quantities are
D(z) = doe™* + hsech|z — z)*,R = Roe ", dy = 1, k1 = 2,ky = 2.5 k_ — 2,
Ry=05r=-02,20=0and p=0.

the condition that 0 < A < a(b). where A represents the resultant amplitude of
pulse with tunneling effect (h # 0).

4.7.2 Nonlinear tunneling with exponential background

Now, we consider the case of tunneling effect with exponential background. This
case is of particular importance, because, pulse tunneling through the exponen-
tial background generally exhibits compression of the pulse. To investigate this

special case, we consider the dispersion and nonlinear parameter as follows:

D(z) = Doexp(—rz) + hsech?(c(z — z))
R(z) = Roexp(—rz)

In the above expression, the positive sign of h indicates the dispersion potential
barrier and the negative sign indicates for the dispersion well. Here, r repre-
sents a decaying parameter. To consider the exponential decay, the decaying

parameter r should not be equal to zero.
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From the above expressions with suitable parameters, one can conclude that
when a dark soliton passes through the dispersion barrier with exponential de-
cay, the amplitude of the soliton increases at z = z, and after tunneling through
the barriers, the width of the soliton decreases gradually during propagation.
Figs. 4.11(a) clearly show that when solitons propagate through the dispersion
barrier, they will naturally compress. Similarly, the amplitude of the soliton
vanishes at z = 2y and after emerging from the well, the width of the soliton
gradually decreases along the propagation. Figs. 4.11(b) represent the disper-
sion well with decay effect. Similarly, the two and three solitons are studied in
Figs. 4.12 and 4.13 respectively. From this result, one can control the compres-

sion of the input pulse by a proper choice of the barrier or well parameters.

4.8 Conclusion

In this chapter, we have investigated the dynamics of dark soliton pulse propa-
gation in inhomogeneous fibers by employing Ve-CNLS model. The dark soliton
solutions have been derived by Hirota’s bilinear method. Through the analytical
soliton solutions and detailed graphical illustration, the propagation dynamics
and collision behaviors of the dark soliton pulses in inhomogeneous fibers have
been discussed. Especially, we have studied the almost all dynamical related
physical quantities up to the level of three-dark solitons interactions. The inho-
mogeneous effects on the evolution and interaction between dark solitons have
also been considered. The shapes and velocities of the dark solitons can be con-
trolled by modulating dispersion and gain/loss terms. The gain or loss term
affects the amplitude and energy. Finally, we investigated the nonlinear tunnel-
ing effect of optical dark solitons with and without exponential background. It
has been reported that tunneling of the soliton depends on a condition related
to the height of the barrier and the soliton amplitude. The intensity of the tun-
neling soliton either forms a peak or valley and retains its shape after tunneling
through barrier/well. We also identified the tunneling of dark soliton with expo-

nential background tends to compress the pulse. Thus, in this work, we attempt
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to give detailed study about the dark soliton dynamics in the Vc-CNLS model,

by incorporating most of the physical effects.
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Chapter 5

Phase dynamics of
inhomogeneous Manakov vector

solitons

5.1 Introduction

One of the most elegant and simplest forms of integrable coupled nonlinear
Schrodinger (CNLS) equation describing the co-propagation of intense optical
beams in two-components birefringent system is the so called Manakov Model[1—-
10]. The effect of birefringence in a single-mode fiber was first considered by
Menyuk [2]. The existence of two-component vector soliton in birefringent Kerr
medium was first proposed by Manakov [11]. The utility of these theoretical
models can be employed under specific choice of nonlinear parameters, that
is, the cross-coupling coefficient must be equal to unity and the self-phase
modulation(SPM) coefficients need to be equal for the both polarizations. It is
a well-known integrable model of CNLS equation, which yields explicit forms
of stable multi-soliton solution in different fields ranging from nonlinear optics,
hydrodynamics, plasma physics and Bose-Einstein condensates. Many practical

ways to create Manakov solitons in realistic birefringence materials are known
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today [12-15]. Recently, Manakov vector-soliton has attracted renewed interest
among the researchers due to its important applications in optical fiber systems

such as optical switching and soliton dragging logic gates [16, 17].

Based on the different signs of group velocity dispersion (GVD) parame-
ter, Manakov model mainly admits two kinds of vector soliton propagation,
bright and dark, respectively. The bright (dark) vector soliton intensity, in
the anomalous (normal) dispersion regime, has been investigated in many pi-
oneering works [18, 19]. The key features of Manakov bright-bright pair un-
derlying the energy sharing collision between the components of the interacting
vector solitons. But in the case of dark-dark pair, it always exhibit elastic mode
of interactions [20, 21]. Interaction of such solitons pairs in two-component
Bose-Einstein condensates have been exclusively studied by Rajendran et al.,
[2-4]. To understand the scope of CNLS equation, the transformation of Gross-
Pitaevskii(GP)equations into the well known completely integrable Manakov
model has been presented in Appendix.

In most of the previous studies reported in the context of Manakov model,
the interaction dynamics and the discussion was primarily based on the intensity
description, only a little emphasize is paved on the phase dynamics. In the
present context, in addition to the intensity based explanations, we highlight and
discuss the phase dynamics of Manakov soliton for the first time to the best of
our knowledge. For a complete understanding of the system dynamics, it would
be interesting to reveal the distinct properties of intensity and corresponding
phase profile of Manakov bright and dark solitons. We further extend the phase
analysis to the case of multi-soliton interactions and highlight the variation of

phase for different soliton types.

In this chapter, we focus on the following inhomogeneous Manakov model for

the bright and dark vector soliton[21, 25-27]:
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. 1 .
iqr, & §D(2)qm + R(2)(a1]* + |g2*)an +ip(2)qs =0 (5.1a)

. 1 .
ig2: = 5 D(2) 420 + R(2)(|ga* + |q1*) g2 + ip(2)g2 = 0 (5.1b)

where, ¢(z,t) and ¢o(z,t) are the complex envelopes for the two polarization
components in Kerr medium. The variables z and ¢ represent the normalized
spatial and temporal coordinates. The group velocity dispersion, Kerr nonlinear-
ity and gain/absorption effects are related to the respective coefficient functions
D(z), R(z) and p(z). By using Hirota’s bilinear (HB) method, we analytically
derived exact solutions for the model (5.1), which also provides explicit form
of multi-soliton solutions. In this chapter, apart from the intensity, we reveal
the influence of inhomogeneity on the phase of manakov solitons for the first
time. The given model(5.1) has the capability to handle many inhomogeneous
behaviors in fiber such as, pulse gain/absorption, background oscillation, pulse
compression, dispersion-managed transmission systems and nonlinear tunneling.
The vector soliton phase has not been studied analytically anywhere, being
motivated by this fact, we paid particular attention on soliton propagation and
corresponding phase change with constant or varying coefficients. Unlike the
bright counter part, phase of dark vector soliton gives more intriguing results,
and the interaction scenario provides interesting features which has not been

reported so far.

The organization of the chapter is as follows. Following a detailed introduc-
tion about Manakov model(Ve-CNLSE). Sec. 2 presents the exact bright and
dark vector soliton solutions by HB method. Sec. 3 describes the phase dynamics
of Manakov one soliton solutions. Two soliton solution and soliton collision by
employing asymptotic analysis is presented in Sec. 4. A brief discussion about
the various physical effects in intensity and corresponding phase dynamics of

vector soliton propagation through inhomogeneous medium is reported in Sec.
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5. The chapter concludes with a summary of results in Sec. 6.

5.2 Exact soliton solutions by HB method

To obtain exact vector soliton solutions of model (5.1), we use the Hirota’s
bilinear (HB) method [28-31], which is expected to give an explicit form of

bright and dark multi-soliton solutions, as follows

G(z,t) = g(z)% (5.2a)
G@2(z, 1) = g(z)% (5.2b)

where, G and H are complex functions and F' is a real function. By substitut-

ing this transformation into Eq. (5.1), the following bilinear equations can be

obtained,
[iD, + %D(Z)Df +A2)(G.F) =0 (5.3a)
iD. + %D(z)Df FAG)(H.F) =0 (5.3b)

2X(z)
D(z)

With the condition g,(2) + g(z)p(z) = 0, we can choose A\(z) = 0 for the bright

S(|GI* + |H|?) ¥ D}(F.F) = F? (5.3¢c)

soliton solution. But, for the dark soliton case A(z) is an analytic function to be

determined. Where § = 2];2((5) g(2)? and D, and D; are the bilinear differential

operators [28].
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5.2.1 Bright one-soliton solutions

The Bright multi-soliton solutions of equation (5.1) can be generated by solving

the above set of equations (5.3) with the power series expansions of G and F as

G=clgg+3g5+%g3+ ...
H = 81h1 + €3h3 + €5h3 4+ .....

F=1 +€2f2 +€4f4—|—€6f6 4+ .....

with ¢ as the formal expansion parameter. In order to get the bright one-soliton
solution, the power series expansions for G, H and F' are truncated correspond-
ing to the lowest order in € as follows; G = g1, H = hjand F' = 1+ f5. Then,

back to bilinear equations (5.3), we obtain

g(z) = e 17" g1 = are”
hy = Bre?t fy = 0,0
I
(91 = ]{th — wl/D(z)dz + le w1 = _ilk%

_ O(lon]* + 161]%)
Q(kl +/€1‘)2

Thus, bright one-soliton solutions can be written as,

a —[p(x)dz 1
ol I e—e*w”sech(em + = Ql) (5.4)
42 b 2V 2

From the Eq. (5.4), we can analyze the characteristics of bright one-soliton pulse

in inhomogeneous fibers. The propagation through constant fiber is depicted in

the Fig. 5.1(a).

5.2.2 Dark one-soliton solutions

We obtain the dark one-soltion solution by truncated series of G, H and F' to

the lowes order in ¢ as follows, G = go(1+¢€¢1), H = ho(14+¢chy) and F = 1+¢f;.
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Here, we assume

go = ae'® ho = be'®

g1 = e’ hy = ve™

fi= et g(z) = e~ ook

¢ = kot — wo/D(z)dz 0, = kit —w / D(z)dz + ¢4

Then, back to bilinear Egs. (5.3), we obtain some associated parameters related

to one- soliton solutions as

A= So(a> 4 1)D(:) o = —

N 2&)1 + 2]{30]{?1 — ’Lk%

.
w1 = (= 2ho £ \/26(a? +12) — k)

251

The dark one-soliton solutions can be written as,

@\ fa) (T+p)+ (p— 1)tanh(%1) (5.5)
- b 2¢eS p(2)dz o —id )

q2

From the Eq. (5.5), one can analyze the dynamics of vector dark one-soliton
pulse in inhomogeneous fibers. The propagation of dark one-solitons through

homogenous fiber is depicted in the Fig. 5.2.
Parametric region for Black and gray soliton

Based on the amplitude (A;) or blackness (B;) parameter of the obtained so-
lution(where j = 1,2), the dark solitons can be classified into black and gray
mode of soliton. The A;, B, and background wave amplitude (a or b) are
connected by a simple relation A? + B? = a?(b?)e~2/#()4= [7, 34]. Generally,

the dark soliton with zero intensity at its center is referred to as black soli-
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10 =5 0 5 10

Figure 5.1: The bright soliton propagation through a constant fiber medium for
parameters (a) ky = 1+4, op =1+, f1 =2 —14, D(z) = 1, R(z) = 0.5 and
p=0. (b)Corresponding phase profile.

Figure 5.2: The dark soliton propagation through homogenous fiber for parame-
ters , (a) k; = 1 (b)Corresponding phase profile. (c¢) k; = —1 (d)Corresponding
phase profile. Other physical quantities are a =b=1=ky= D(z) = = 1.

ton (B? = a?(b?)e~2/P(2)4)  otherwise (B < a?(b?)e 2/ P(=)%) a5 gray solitons
[32, 33]. In Fig. 5.3, we have plotted the black and gray soliton with different

blackness parameter. To explore the dynamics of dark soliton propagation given
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by Eq. (5.5), some of the physical quantities such as velocity (V =2 (2) ),

a B a

amplitude H = |-4+m) | and blackness factor Y= |- |
2e) P(2) 2eS P(z)

AQ b BQ

are important. The dark vector soliton energy associated with blackness factor

can be written as [34]

o 4B?
By = /_OO(GQ— | qu [?)dt = m (5.6a)
B= [ 0 i = 22 b

15[ :
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—6-4-202 46 i TS
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Figure 5.3: The black and gray soliton with different values of blackness factor (a)
k1 =1and R =0.125, 0.2, 0.25 (b)Corresponding phase profile. (c) k; = —1 and
R =0.125, 0.15, 0.2 (d)Corresponding phase profile. Other physical quantities
area=b=1=ky=D(z) = 1.
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Figure 5.4: The propagation of bright soliton along the fiber. The left panel
represents the evolution of the bright soliton pulse and the influence of noise,
while the panel right portrays the contour evolution.
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Figure 5.5: The propagation of dark soliton along the fiber. The left panel
represents the evolution of the dark soliton pulse and the influence of noise,
while the panel right portrays the contour evolution.
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5.2.3 Direct Numerical Simulation

The stability of soliton solutions is of paramount importance for its application
and physical feasibility. Unlike the conventional pulses of different form, the
solitons are relatively stable, even in an environment subjected to external per-
turbations. Hence, in order to validate the signature of soliton, such as stable
propagation over appreciable distance, and the stability against perturbation, we
perform numerical simulation using split-step Fourier method. In order to check
the solution stability of our dark soliton solutions, as a representative case, we
consider the one soliton solution corresponding to both bright and dark soliton
given respectively by Eq. (5.4), and Eq. (5.5). The stability analysis is per-
formed in two parts, (i) direct numerical simulation of propagation of soliton
using Ve-CNLSE, and (ii) the propagation of soliton subjected to perturbation
such as the photon noise. Figs. (5.4) and (5.5) show the numerical simulation
of stable propagation of the bright and dark soliton propagation. Figure labeled
‘a’ on top corresponds to the propagation without noise, while the figure labeled
‘v’ is the propagation under noise perturbation. Figs. 5.4(b) and 5.5(b) are
represents the contour plot of Figs. 5.4(a) and 5.5(a) respectively.

In principle, the propagation of soliton pulse in a fiber-like media is typically
subjected to environmental fluctuations, and there are numerous effects that can
contribute to instability. Therefore, it is very informative to study the stability
of the soliton in an environment subject to external noise or perturbations. We
numerically generated a photon white noise, which corresponds to 0.035% of the
soliton/background intensity. This is indeed an appreciable noise level, which can
potentially perturb any propagation. The initial condition for the simulation is
the soliton profile given by Eq. 5.4 and 5.5 along with synthesized numerical noise.
It is very evident from the figures labeled ‘v’ that both bright and dark soliton
show remarkable stability against strong perturbation. Thus, one can draw out
a conclusion that the soliton solution constructed through the Hirota method
shows excellent stability, which has been confirmed through direct numerical

simulations.
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5.3 Phase dynamics of Manakov soliton

From the exact solutions given by the Eqs. (5.4)and(5.5) for bright and dark
soliton respectively, we arrive at a relation between two modes of propagation
as q1 = 3¢, where M and N replace a;(a) and $;(b) and the modified Eq. (5.1)

can be given as

. 1 N? .
iq, £ éD(z)qm + R(2)(1+ ”]\4—’|2)q1|q1|2 +ip(2)q1 =0 (5.7a)
. 1 | M|? 2,
1qo, :]: 5D(Z)(]2tt -+ R(Z)(]_ + W)q2|q2| + Zp(Z)qQ = 0 (57b)

To obtain the phase of Manakov soliton, first we introduce the solution as given

below
@ (z,t) = py(z, 1) =0 (5.8a)

@(z,t) = po(z, t)e2(=0 (5.8b)

Substituting this expression into Eq. (5.7) and separating the real and imaginary

parts, we obtain

D(z)

p1- + p(2)p1 £ D(2)prethre + 5 Y1 = 0 (5.9a)

p2: + p(2)p2 £ D(2)parthar + D;Z) Yoy = 0 (5.9b)
2

R()(1+ {3706 D)o F DENpth, = 2ot =0 (5.10a)
2

SR+ )5k £ D F Dt — 2ot = 0 (5.100)

The stationary condition for |¢;|* gives us an expression p;. + p(z)p; = 0, from
which one can deduce p; = py; e~ [Pz where po;j represent the amplitude

of pulse without gain or loss. Further, by using Eq. (5.9), we obtain a phase
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relation ¢; = [ C;%dt + Aj(z), where ¢;(z) and A;(z) are integration constants.
7

Assuming, % as a constant €);, the expression for phase can be written as
¢i(2) 4
’Il)j = B dt + QjZ, ] = 1,2 (511)
Poj

Substituting the expression of phase (5.11) into (5.10), we obtain the following

equation for Io; = |po,|*

dlo\* NP 80
dlo \* M s 8 o, 2
—= | =F26(1 Igo + ——1 AKolpy — 4 5.12b
(dt) F26( +|N\2)02 D(2) 02 T #2402 — 4€5 ( )
where § = %e‘” P(2)4z and K; is an integration constant. For the bright

soliton the ¢; and K; can be considered as zero. Hence the above expression can

be cast into the form

dIo \* 2
() =200+ 20 o ) (5.130)
d[()g 2 |Oél|2 2
where
40 40
Pls = L 1B12 Y’ P2s = 2 o1 |2 (514)
6D(=)(1+ 2T 5D(=)(1 + 55)

By integrating Eq.(5.13), we obtain the intensity I; = Ioje2J/ P4 ag

2
I = prge 2 PRdGecn?( épls(l + 5l ) 1) (5.15a)
2 |O(1|2
-2 [ p(z)dz 5 [0 v |2
I = pose 2/ P& Gech?( §p23(1 + E ‘2) t) (5.15b)
1
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comparing by these bright soliton intensities with the exact solutions (5.4), we

2
1 Qi . .
have e o] ﬁ. Thus, the phase for bright vector soliton can be
P2s |51’2
written as;

_ deaP + 18D

5.16
16@1 ( )

V;
this shows that the phase of bright vector soliton depends only on the spatial
co-ordinate, and the phase remains constant across the entire pulse. But in the
variable coefficient model, the GVD parameter D(z) significantly influences the
soliton phase.

For the dark vector soliton the Eq.(5.12) can be cast into the form

dlos \? |bf? 2
W = 2(5(1 + W)(I(n - pla) (]01 - plb) (517&)
d]OQ 2 |CL 2

(_dt ) = 2(5(1 + _|b|2 )([01 — ,02(1)2([02 — sz) (517b)

Here, pj, and pj, correspond to the double root and the single root of (5.12),
respectively. By integrating Eq.(5.12), the intensity profile of dark one-soliton
solution for Ve-CNLSE can be written as

_ ) b2

1> = I = prae 2fp(z)dZ(1 — m2sech?( 5(1 + ’|a|‘2)p1am1t)) (5.18a)
_ ) al?

o] = I = poge™2/PP)42(1 — m2sech?( 5(1 + ’b|‘2)p2am2t)) (5.18b)

where m} = #2-E2. By equating (5.17) and (5.12), we get the following set of
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relations

) b|?
m—4u+ugmw—mﬂma (5.19)
9) _9 1 Jal® 3—m2)D 5.20
J |b]?
2 3 2
= 1(1 + W)pla(l —mj) (5.21)
1) al?
= 0+ )k - md (5.2)
K—§(1+E)(2 +2 ) (5.23)
1= 4 |CL|2 pla plaplb .
K _0 1 @ 2 42 5.24
2= 4( + ’b’2)(p2a+ P2aP2b) ( . )

with these expressions, the phase of dark soliton via Eq.(5.11) can be written as

0 b|?
m:¢gu¢$m—m%mt

1[m1 tanh(y/S(1 + %)pla mlt)]

\/1—m%

+ tan—

+ Q12 (5.25)

5 2
Py = \/2(1 + ||Z|‘2)(1 —m3)paa t

+ tan”

ma tcmh(\/g(l + %)pga mat)
|+ Qo2 (5.26)
V1—m3

Its interesting to note that the Eq. (5.18) is almost same with the dark vector
one-soliton solution (5.5) that derived by HB method. The intensity of dark

soliton via Eq.(5.5) can be written as

B? k
lq1]? = a2e_2fp(z)dz(1 — —2162fp(z)dz sechQ(El)) (5.27a)
a
2 2 -2 [p(z)dz B22 2 [ p(2)dz 2 ky
lga|” = b%e (1-— 72 ¢ sech (7)) (5.27Db)
Here, by equating the parameters a®> = pig, b* = pog, S—Ee”p(z)dz
m2, f—ge” p)dz — m2 we observed that the given expressions for intensity
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(Egs. (5.18) and (5.27)) of dark solitons are exactly same with conditions
ki = 1/20(a® +b%)m?. Tt is worth mentioning that, unlike the bright vector
soliton, the soliton intensity affects on the time-dependent phase of dark vector
soliton. The intensity and corresponding phase profiles for different values of
blackness factor m; are depicted in Fig. 5.3. It is evident that the phase of dark
soliton changes across the width, with a total phase shift of 2sin~!(m;). For a
black soliton (m; = 1), a phase shift of 7 occurs exactly at the center of the dip.

For the gray solitons (m; < 1), phase varies gradually between 0 — 7.

Figure 5.6: The bright two-soliton propagation through homogenous fiber for
parameters, (a)a; = 14+ 0.5, ap =1 —0.51 (b) /4 =1, B = 14+ 0.5¢ with
ki =2—1id, ke =2—2i, ¢ = =5 and ¢ = 5 (c¢) Energy sharing collision with
=1, as=1(d) f1=1, B =2+i withk =2+0.5 ks =2 —0.5. Other
physical quantities are D(z) =1, R(z) = 0.5, and p = 0.

5.4 Two-soliton solutions

In order to get the bright vector two-soliton solution, the power series expan-

sions for G and F are truncated as follows; G = ¢; + ¢93,G = hy + hs and
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Figure 5.7: The dark two-soliton propagation through homogenous fiber for pa-
rameters , (a)Same direction of propagation with k; = ks = 1.5, ¢; = —5 and
®2 = 5 (b)soliton interaction with k;y = —1.5, ks = 1.5. Other physical quantities
areca=b=k=D(z)=d=1,andp=0

F =1+ fy+ f1. Then, back to bilinear equations (5.3), we obtain;

go(z) = e~

g1 = e’ + age®

g3 = 01601+9;‘+92 + 02692+9§+91
0 0.

hy = pre”™ + Bre™

hy = §1691+9T+02 + §2602+9§+91

0140% 01463 02 +6% 02+0%
fo = 01€"7 4 026" T2 4 gt 4 gy
fi= Q5691+91+92+(92

91 = klt — W1 /D(z)dz + ¢1

92 = kgt — CUQ/D(Z>dZ + ¢2
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d(arai + B1y)

O ok + k)2
oy = d(ara + B153)
27 2(ky + k)2
05 = d(ajos + B1:)
3 2kt + ks)?
01 = 5(0‘20@ + 5255)
4 2(ky + k)2
103 Qo1
— (k1 — k _
o=k 2)(k1+k{ k2+k:{)
0] 0]
- (k1 B k’g)( 1P4 202 )

ki + k3 ko4 k3

5103 52%71
1= (b 2)(k1+k1‘ k2+k’1‘)

51P4 /3202
= (ks — k _
@ = (b= k) — )
oy = S(Jar|?|aal® 4+ 8121 B2*) | k1 — ka|*
b A(ky + kD) (ks + k)| + ko

The final form of bright two-soliton solutions can be written as,

(91 + 93)

_ —[p(2)dz

a(z,t) =e T At (5.284)
e ()

Ga(z,t) =€ P —(1 oy (5.28b)

To construct the pair of dark two-soliton solutions, the power series expansions
for G, H and F are truncated as follows, G = go(1+ g1+ 92), H = ho(1+hq1+hs)
and F' =1+ f; + fo. Then, from bilinear equations Eq. (5.3), we obtain

go = ae™ ho = be'
g1 = €M + poe®, hy = vy € + vpe®

01405 01402
7

g2 = Arapapz e hy = A€

fi=e"+e” fo = Agpe
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¢ = kot — wo/D(z)dz7 9(2) — e*fp(z)dz

1
A= 55(a2 + b*)D(2), Wy = —

2wy + 2kky + ik}
T 2wy + 2kky — ik
2wy + 2kky +ik3
2wy + 2kky — ik3’

91 = klt — W1 /D(Z)dZ + ¢1

o

(8%

02 = l{igt — WQ/.D(Z)dZ + ¢2

k
wn = o (~2k & V/28(a2 +12) — 1)

k
wr = -2k + V28(a2 +12) — 13)

B 2i(041 — Oég)(wg — w1 — kk1 + kkg) — (041 + Oég)(kl — k2)2
2i<1 — ajag)(wy + we + kk1 + kko) — (041042 + 1)<k1 + k‘2)2

A =

Then, the final form of dark vector two-soliton solutions can be written as,

ffp(z)dzgo(l to1+ 92>
1+ fi+ /o)

q(z,t)=e (5.29a)

_ e—fp(z)dz ho(l + h]_ + h2)

(L+ fi+ fo) (5.290)

QQ(Z,t)

By using Egs. (5.28) and (5.29), we can investigate the same direction of prop-
agation or oppositely moving vector solitons in homogeneous or inhomogeneous
fiber system. Figs. 5.6 and 5.7 represent two-soliton solution in homogeneous
systems. Comparing with the dark pulse, Manakov bright solitons have an addi-
tional feature, which exhibit the well-known energy exchange collision [20]. The

energy sharing collision of bright soliton are depicted in Figs. 5.6(c) and 5.6(d).
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Figure 5.8: The bright two-soliton energy sharing collision via the asymptotic
expression. (a)Before collision S;~ 457~ (b) Corresponding phase with ¢y~ 42~
(c) after collision S;™ 4 S#* (d) Corresponding phase with 11" + 2. Other
physical quantities are a1 = 1, ag =1, ky =2+ 0.5¢, ks = 2 — 0.54, D(z) = 1,
R(z) = 0.5, and p = 0.

5.4.1 Asymptotic analysis and two-soliton phase

The behavior of head-on collision between the two-vector solitons in fibers
can be analyzed by the asymptotic states of soliton solution. Based on the
two-soliton solution, we can observe the elastic collision between bright and
dark vector solitons. The asymptotic states of bright vector two- soliton solution
Eq. (5.28) are introduced as follows.

1) Before collision
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Figure 5.9: The resultant intensity and phase of two dark soliton via the asymp-
totic expressions for before and after collision (a) same direction of propaga-
tion with &y = 1.5 and ky = 1.5, ¢ = 5 and ¢ = —5.(b) Correspond-
ing phase (c) before collision with k; = —1.5 and ky = 1.5, ¢ = 5 and
¢o = 5. (d) Corresponding phase (e)at collision with k; = —1.5 and ky = 1.5,
¢1 = ¢o = 0.(f)Corresponding phase. (g) after collision with k; = 1.5 and
ko = —1.5, ¢y = 5 and ¢ = 5. (h)Corresponding phase. Other relevant physical
parameters are kg =a=D(z)=1,p=0and R=0.5
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Figure 5.10: The bright soliton propagation with varying GVD parameter, where
D(z) = Cos(0.7z). (a)One soliton with k1 = 14+4, oy = 1+14, 51 = 2 — 1,
R(z) = 0.5 and p = 0. (b)Corresponding phase. (c¢) Two-soliton with oy = 1,
ag =1,k =2+0.5i, ks =2 —0.5i, R(z) = 0.5, and p = 0. (d)Corresponding
phase.

(a)Sl’(Ql + QT ~ 0, 0y + 9; — —OO)

St o}
q1 1 1 effp(z)dz ity (g In 01 = 30
— = 2—\/@6 sec ( 1R + 9 ) ( . )

¢ Sy B
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Figure 5.11: The dark vector soliton propagation through inhomogeneous fiber
for parameters, (a)pulse amplification (gain) with p = —0.02 (b)Corresponding
phase. (c)Pulse absorption (loss) with p = 0.02. (d)Corresponding phase. (e)
periodic background as p = 0.05sin(z). (f)Corresponding phase.Other physical
quantities are k = D(z) =1, R=0.5
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(b)S2_(92 + 9; ~ 0, 0, + QI — OO)

S7 o
0 1 1 o= [ p(2)dz 0 - 1 | 5 31
_ —ifar _ .
— N (O2r + 5 n(os/01)) (5.31)
P S5~ 51
2)After collision
(a) S (01 4 0 ~ 0,0, + 05 — 00)
Sl+ o
1 1 2 o= [ p(2)dz 0 " 1 | 5 99
— —wir — .
N N e “sech(bir + 5 n(os/04)) (5.32)
72 Sy 52

(b)52+(¢92 + 9; ~ O, 91 + (9; — —OO)

S a
0 1 2 e~ I p(z)dz st o (0 In o4 5 33
— = 2—@6 sec ( oR T+ T) ( . )
1 S5t B2
Corresponding phase can be written as
= 6(Jeu? +18[*)D(2)
1- — 5.34
Y o (531)
~_ (|oa* + a[*)D(2)
2= z 5.35
w] 160105 ( )
d(lo2]” +[2|*) D(2)
I+ z 5.36
% 160405 ( )
~_ 6ol +182[*)D(2)
1- — 5.37
Y o (531)

The asymptotic analysis of dark vector two-soliton solutions given by Eq. (5.29)
are conducted as follows.

1) Before collision
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(2)S'= (61 ~ 0,0, — —00)

Si= a
q1 1 ot

2€f p(z)dz
72 Sy~ b

<L+ ) + o~ Dtann ()

(b)S* (62 ~ 0,6, — 00)

2_

o5l ST a -
frne’
2€fp(z)dz

q2 5227 b

< [0+ 1) + (2 — Dtann( 2

2)After collision

(2)S'* (61 ~ 0,0, — o)

1+

Q1 Sh a -
piae™

2€f p(2)dz

q2 521 * b

X[(14pm)+ (= 1) tfmh
(b)S** (6 ~ 0,60, — —o0)

Q1 S%+ a

q2 522+ b

—|— Iny/Ais)]

+ Iny/Ais)]

< (Lt ) + (i — Dtanh(2)
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with the condition k; =, /2d(a? + bQ)mi, corresponding phase can be written as

o =2 - )

mjl-_ tanh(y/ 3 (a2 + b2) m}_t + %)

+ tan ™[
1-— (m}_)2
e
+——F—d + 7z (542)
2m;
=S ) - (m2 )
m?i tanh( g(a2 + b?) m?ft + % + Iny/Aj9)
+ tan™ Y ]
1-— (m§7)2
) .
+ f(¢2 + ln[Alg]) + Qj z (5.43)

Qmj

[m]” tanh(y/3(a? + 02) mitt+ & + Iny/Apy)
+ tan
1— (mjl-Jr)2
S, .
+ (91 +nfA]) + Q572 (5.44)
2mj
02 =202+ )1 - (m2t)2) ¢
i T\ 9 a m;
2 ) 2

B L R L 1)

L (m2)2)

1—(m7+)?)
N 2m?t
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(m{f)Q _ (3{2) o2/ p(2)dz (mg*)2 _ (Bé ) 2 [ p(2)dz
a ’ b
j+12 I+

(m{'+)2 _ (3{2 ) 2 [ p(z)d= (mjé+)2 (Bé ) e? [ p(2)dz
a ’ b

B%_ _ a | (,ul - 1) | B%_ _ a |M1(M2 - 1),
B%* b 2¢e) p(2)dz B%* b 92¢) p()dz
Bty _ (e |M2(M1 - 1)‘ BT\ _ [a | (2 — 1) |
B%Jr b 92¢f p(z)dz B%+ b 9¢) p(2)dz

From the above asymptotic expressions of before and after collision, we can iden-
tify that total energy of each of the solitons is conserved during the interaction
process. The resultant intensity of bright vector soliton due to energy sharing
collisions and corresponding phase are depicted in Fig. 5.8. It is obvious that the
resultant phase of bright solitons remains unchanged during collision. But in the
case of dark soliton, the phase behaves markedly different from the bright soliton
case. Here, we have studied the phase profile of two gray vector solitons as shown
in the Fig. 5.9. When both soliton travel in same direction, the resultant phase
produce a net phase shift equal to the sum of individual phase shift as shown
in Fig. 5.9(b). Fig. 5.9(d) represents the phase profile of two oppositely moving
gray soliton before the collision while, Fig. 5.9(h) depicts the recovered phase
after collision. It is evident that the solitons recover the phase after collision and
maintains its phase shift [4]. At the collision point the phase profiles of the two

solitons cancel each other as shown in the Fig. 5.9(f).

5.5 Results and discussions

In previous sections, the Manakov model and its pair of vector soliton with
constant mode of propagation has been discussed in detail. Especially, the corre-
sponding phase profile of vector solitons have been emphasized explicitly for the

first time to best of our knowledge. Recently, the intensity of Manakov vector
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Figure 5.12: The dark two-soliton phase via the asymptotic expressions (a) gain
of two-soliton with same direction of propagation. (b) gain of two-soliton with
opposite direction of propagation. (c¢) Loss of two-soliton with same direction
of propagation. (d) Loss of two-soliton with opposite direction of propagation.
(e) Periodic background in two-solitons for the same direction of propagation.
(f)Periodic background in two-solitons for the opposite direction of propagation.
Where same direction of propagation studied with parameter k; = 1.5 and ky =
1.5, for the interactive mode k; = —1.5 and ky = 1.5. Other relevant physical
quantities are kg = a = D(z) =1 and R = 0.5
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Figure 5.13: The bright vector soliton tunneling for parameters, (a)Dispersion
barrier with D(z) = 1 + hsech[z — z]? and h = 1. (b)Corresponding phase.(c)
Dispersion well with h = —1. (d)Corresponding phase. Other relevant physical
quantities are ky = 1+4, oy = 1+, /1 =2 —14, R(z) = 0.5, z0 =0 and p = 0.

soliton with varying coefficients is studied [21, 26]. But the actual phase profile
of bright and dark vector solitons in the CNLSE or Vc-CNLSE models are not
addressed yet. Here, we report the inhomogeneous effects on soliton intensity
and corresponding phase of Manakov bright and dark vector solitons.

When considering a periodically varying GVD parameter [35, 36], solitons
exhibit oscillating phase variation along the spatial axis, while the amplitude
and width of vector solitons remain constants. The effect of GVD parameter
(D(z) = Cos(0.7z)) in one and two bright solitons dynamics are depicted in
Fig. 5.10. In contrast to the concept of constant phase of bright soliton in NLSE
[1], the D(z) plays a significant role on the evolution dynamics of soliton phase
in varying coefficients models.

In the presence of medium gain or loss, soliton intensity undergoes amplifi-
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cation or absorption. When p(z) is a constant value as p = —0.02 (p = 0.02),
medium exhibit constant gain(loss). The effect of gain(loss) on dark solitons
phase are depicted in Fig. 5.11. It is quite evident that dark soliton phase
gradually decreases(increases) with respect to the medium gain(loss). This is
attributed to the fact that the soliton intensity varies inversely with the actual
phase of dark soliton. During the time of amplification(absorption), soliton inten-
sity increases(decreases) correspondingly, which reduces(raises) the total phase
shift of dark soliton spatially as shown in Figs. 5.11(b) and 5.11(d). The phase
evolution due to influence of background oscillation (p = 0.05sin(z)) is depicted
in Fig. 5.11(f).

In similar lines with the dark one-soliton situations, we extended the phase
dynamics of the two-soliton solutions as shown in Fig. 5.12. Unlike the bright
two-soliton which has same resultant phase before and after collision, dark soliton
exhibit different form of resultant phase shift due to the mode of two-soliton
propagation. The medium inhomogeneity and corresponding phase change on
the same direction of propagation is depicted in Figs. 5.12(a), 5.12(c) and 5.12(e).
The phase variation of dark soliton due to the interactions between two-solitons

are depicted (with same inhomogeneity) in Figs. 5.12(b), 5.12(d) and 5.12(f).

5.5.1 Nonlinear tunneling and soliton phase

In recent past, the nonlinear tunneling phenomenon of solitons have been ex-
plored in many leading research works [21, 37—40]. The first experimental
achievement of tunneling phenomena through a potential barrier was reported
in Ref. [41]. To investigate nonlinear tunneling effect of Manakov vector soli-
ton through the dispersion barrier or well, we choose the parameter as follows

31, 37]:

D(z) = ro £ hsech?®(c(z — 2y))

R(Z) = Ro
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Figure 5.14: The dark vector soliton tunneling for parameters, (a)Dispersion
barrier with D(z) = 1 + hsech[z — 2], and h = 1.(b) Dispersion well with
h = —1. Other physical quantities are kg = k; = a =1, R(z) = 0.5 and 2z, = 0.

where +h indicates the height of the barrier/well. The parameter ¢ is related
to its width and zy indicates the location of the dispersion barrier/well and Ry
is a constant parameter. When bright (dark) soliton propagate through the
dispersion barrier, the intensity (blackness) of the pulse grows and forms a peak
at the barrier location and retains its shape after crossing the barrier. Similarly,
when bright (dark) soliton propagate through the dispersion well the intensity
(blackness) of pulse diminishes and a valley is formed at z = zy and restore its
shape after crossing the well. In this work, apart from the intensity or blackness
of tunneling soliton, we exclusively studied the corresponding phase change of
vector soliton when it pass through the dispersion barrier and well.

The Manakov bright soliton propagation through dispersion barrier and cor-

responding phase change are illustrated in Figs.5.13(a) and 5.13(b) respectively.
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Figure 5.15: The phase change of dark two-soliton and tunneling effect for pa-
rameter D(z) = 1+ hsech[z — z]* (a) Dispersion barrier in same direction mode
with h = 0.7.(a) Dispersion barrier in opposite direction mode with h = 0.7.(c)
Dispersion well in same direction mode with h = —1.(d) Dispersion well in oppo-
site direction mode with h = —1. Where same direction of propagation studied
with parameter k&, = 1.5 and ko = 1.5, for the opposite mode k; = —1.5 and
ko = 1.5. Other physical quantities are kg = a =1, R(z) = 0.5 and zy = 0.

Similarly, the soliton passing through dispersion well and corresponding phase
change are respectively depicted in Figs.5.13(c) and 5.13(d). It is evident that, at
the region of barrier, the phase becomes more steeper and maintains its original
phase. But in the case of dispersion well, the phase vanishes at well and retains
its actual phase after crossing the given well.

The dark soliton propagation through dispersion barrier and corresponding
phase change are portrayed in Figs. 5.14(a) and 5.14(b), respectively. When
dark soliton pass through the dispersion barrier, the maximum phase shift takes
place at the region of barrier then it retains original form. Similarly, dark soli-
ton propagation through dispersion well and corresponding phase change are

respectively depicted in Figs.5.14(c) and 5.14(d). In the case of well, phase van-
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ish at the region of well and retains its original shape after passing through it.
For better insight, nonlinear tunneling effect on Manakov dark two-solitons is
shown in Fig.5.15, where same direction and interactive mode of propagation of

two-soliton are considered.

5.6 Conclusion

In this chapter, we have investigated the phase dynamics of Manakov bright
and dark vector solitons in inhomogeneous fibers by employing two component
Ve-CNLS model. The exact one and two soliton solutions have been derived
by Hirota’s bilinear method. To study the phase dynamics of the system, we
have applied a general ansatz method which enabled explicit analytical expres-
sions for intensity as well as phase of the soliton. By equating the unknown
parameters of this ansatz with the exact solutions of well-known HB method,
we have obtained exact phase of Manakov soliton. By using the asymptotic
analysis of two-soliton solutions, the phase of the individual solitons have been
explored. Unlike the bright vector soliton which has constant phase in homoge-
neous medium, the time dependent phase of dark soliton exhibits a gradual phase
change. The influence of varying coefficients such as periodically varying GVD,
medium gain/loss and background oscillations on the dynamics of phase evolu-
tion have also been discussed in detail, up to the two-soliton level. Moreover,
we have studied nonlinear tunneling effect of Manakov soliton in the context of
dispersion barrier /well. When solitons pass through the dispersion barrier(well),
the maximum (minimum) phase change takes place at the region of barrier(well)
and the phase retains its original form after crossing the given barrier(well).

In contrast to conventional way of intensity based soliton description, we have
presented a comprehensive analysis on the phase dynamics of the soliton in a self-
explanatory way. Unlike the common usage of HB method for soliton intensity,
we have extended the capability of HB method in understanding the phase profile
of the multi-soliton solutions. As it is known, the phase profile has significant role

in multi-soliton solutions, especially in the bound state soliton system, where the
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relative phase plays a significant role in explaining the nature of vector soliton
interaction, such as attractive or repulsive. We believe the aforementioned results
in this chapter can serve as a potential reference for many future studies related

to the phase dynamics of much complex systems.
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Chapter 6

Ultrashort dark solitons

interactions and nonlinear
tunneling in the Vc-MNLS

equation

6.1 Introduction

In several experiments on optical soliton propagation in fibers, the output pulse
has been found to be asymmetric due to the self-steepening (SS) effect. SS is
found to be crucial in optical communication system, especially in the ultrashort
pulse propagation in long distance optical fibers system. The modified nonlin-
ear Schrodinger equation (MNLSE) describing the soliton propagation with SS
effect has been under considerable interest over a long time [1-7]. To study the
MNLSE, many mathematical techniques have been demonstrated and a large
class of analytical solutions have been discussed in literature[8]. All those inves-
tigations focused on the MNLSE model with constant coefficient, considering an
ideal optical fiber transmission system. However, as a result of non-uniformities,

influenced by the spatial variations of the fiber parameters, the realistic optical
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fiber medium exhibits inhomogeneous behavior. In this chapter, we consider the
following variable coefficient MNLS equation (Ve-MNLSE), which governs the ul-
trashort dark soliton propagation in an inhomogeneous fiber with the distributed

dispersion, nonlinearity, SS and linear gain/loss [9, 10];

it~ 5 D(E)aer + RIE)alal?) +iS©alal), +ip(€)a = 0 (61

where, ¢(&,7) is the complex amplitude of the pulse envelope, the variables £
and 7 represent the normalized spatial and temporal coordinates. The GVD,
Kerr nonlinearity, SS and amplification/absorption effects are related to the

coefficients D(), R(&), S(&) and p(§), respectively.

The bright-soliton propagation and the variation of bright soliton energy due
to self phase modulation (SPM) and SS in Vc-MNLSE has been studied in [9].
The dark and anti-dark solitons propagation have been discussed in [10]. In this
chapter, we report a more general form of dark soliton solutions for Ve-MNLSE
with the conventional form of bilinear transformation as in Refs.  [11-15].
Such study has not been discussed in the context of Ve-MNLSE. By using
this approach, we exclusively studied the ultrashort dark soliton dynamics
with various inhomogeneous effects, such as pulse amplification/absorption,
compression, boomerang soliton, dispersion-managed transmission systems and
nonlinear tunneling. In addition to that, we have studied the impact of SPM
and SS effect on the pulse energy, and by using asymptotic analysis we observed
the energy conservation of dark soliton during an elastic collision. Moreover, by
the direct numerical simulation, we studied the shock formation of pulse under

the influence of SS effect.
Here, we have also paved much attention on nonlinear (NL) tunneling effect.

We study the NL tunneling of ultrashort dark soliton for the first time to be

best of our knowledge.
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The remaining of the chapter is organized as follows. Sec.2 presents the
exact dark soliton solutions by the Hirota’s bilinear method. In Sec. 3, the
one soliton solution and the influence of SS in the soliton dynamics have been
presented. Sec.4 presents the two solitons solution and asymptotic analysis to
study the collision behavior. A brief discussion about the various physical effects
involved in the dynamics of dark soliton propagation through inhomogenous
fiber is presented in Sec. 5. The tunneling of dark soliton through barrier/well

is discussed in Sec.6, followed by a brief summary and conclusion in Sec.7.

6.2 Exact dark soliton solutions by Hirota
method

In this section, we use Hirota’s bilinear method to investigate the analytical
dark soliton solutions of Eq. (6.1). Here, we use the transformation as followed
in Refs. [11-15], which is expected to give an exact form of dark soliton
solutions. By using this transformation, the nonlinear differential equations can
be transformed into bilinear differential equations. Then, with the different
levels of perturbation expansion, the exact form of dark soliton solutions can be

derived.

In order to construct the dark soliton solutions, we apply the following form

of Hirota bilinear transformation;

6.7 = 9(0) % (62

where, G is a complex function and F is a real function. By substituting this

transformation into Eq. (6.1), the following bilinear equations can be obtained,

iDe — 5 D(E)D? + XO)(G.F) =0 (6.3)
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. . G* _20(9)
§|G|? + D2(F.F) + iy(D,(G*.G) + 3= D-(G.F)) = WFQ (6.4)

with the condition g¢(&) 4+ g(§)p(§) = 0. Here, A(€) is an analytic function to be
determined, ¢ and « can be introduced as, § = %9(5)2» V= %9(5)2. Dy

and D, are the bilinear differential operators [11] defined by

0 0 o 0

DD} (g-f) = (5 = 50" (57 = 5 9 S (2 )omsrms

By solving the above set of equations (6.3)-(6.4), we consider the power series

expansion of G and F as,

G=goll+) c"gn(&,7)] (6.5)
F=1+> " ful&T) (6.6)

with ¢ as the formal expansion parameter. While applying Hirota Direct method,

we assume ¢g, ¢, and f as polynomials of exponential functions.

6.3 Omne-soliton solutions

In order to get the dark one-soliton solution, the power series expansions for
G and F are truncated corresponding to the lowest order in € as follows; G =

go(1+g1) and F' = 1+ f;. Then, back to bilinear equations (6.3)-(6.4), we obtain

go = age™, g1 = one™, fr=e"
g(é) — e*fp(ﬁ)df, w = kT — w/D(f)df, 91 = le - Wl/D<€)d€
a2 A k2 2wy + 2kky + ik}

= — — D = —-— = — —
A= =KD, w D) 2 N o + 2k, — ik

1

S — Y 2k (—12k% — 3ikky + k2

w1

—(RR(AkS 4 403k (ky — 25 + Biyky) — va3(30K2y — 24k + 30ikrks +7k2))))
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The one-soliton solution can be written as,

~apl(1+ay) + (an — 1)75@”]1(%1)]
q(&;7) = 2] PEE it

(6.7)

Here, age™ represents the background wave solution. ag and 1 are real functions
denoting the amplitude and phase of the background wave. Using Eq. (6.7)
with Relw], the propagation of dark one-soliton through homogenous fiber is
depicted in the Fig.6.1(a). From the Eq. (6.7), we can analyze the dynamics of
dark soliton pulse in inhomogeneous fibers. The variation of pulse intensity due

to SS effect is depicted in the Fig.6.1(b).

In order to study the dynamics of dark soliton and to characterize the in-
homogeneous features of propagating optical dark soliton, some of the physical
quantities such as velocity, width, amplitude and energy are important. Such

quantities can be defined as follows,

_wl . 1 . a0(1+a1)
V—R—lD(f), W—K—l, A—\w\

The energy E and power P, in terms of the background amplitude ay can be
expressed as E = [7 Pdr and P(,7) = af — |q|?, respectively. Here, the
instantaneous power is obtained as a difference between the total power and the
corresponding value for the background [16]. The energy, corresponding to the
one-soliton solution as given by the Eq. (6.7), can be written as

E= [ (@-1a P = 2o g (69

oo aaQlep(ﬁ)dﬁkl

From the above set of equations, we can analyze the effect of inhomogeneity on
the physical quantities of dark soliton. It is interesting to note that, p(§) affects
the soliton amplitude and energy, D(§) affects the soliton velocity. The soliton

width is related to the wave number k;. The Fig.6.2(a) shows the variation
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of energy as a function of R for some representative values of S. On contrast,
Fig.6.2(b) portrays the energy for different values of R as a function of S. As
seen there, the energies of dark soliton decay with the increasing of the value of

SS parameter(S) or SPM parameter(R).

lql?

Figure 6.1: The dark one-soliton propagation through homogenous fiber for pa-
rameters k; = 1.5, k =ap = D(§) =1, p=0,R = 0.25 (a)with S = 0.1 (b)with
different values of S as 0,0.1and0.2

Figure 6.2: The dark soliton energy (a) as a function of R and (b) as a function

of S using Eq.(6.8). The parameters of other relevant physical quantities are
ki=15k=ap=D()=1andp=0

6.3.1 Direct numerical simulation

One of the essential aspect of a solitary wave is its stability on propagation. Un-
like the conventional pulses of different form, the solitons are relatively stable,
even in an environment subjected to external perturbations. Hence, in order
to validate the signature of soliton, such as stable propagation over appreciable

distance, and the stability against perturbation, we perform numerical simula-
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Figure 6.3: Figs (a) and (b) show the dark soliton evolution and the formation of
shcok wave. Figs (c) and (d) shows the stable propagation of the soliton and the
shock wave formation in the presence of strong photon noise. The parameters of

relevant physical quantities are ky =k =ap =1 = 2, v = land p(§) = 0.

tion using split-step Fourier method. In order to check the solution stability of
our dark soliton solutions, as a representative case, we consider the one soliton
solution given by Eq. (6.7), and perform the stability analysis in two parts,
(i) direct numerical simulation of propagation of soliton using Ve-MNLSE, and
(ii) the propagation of soliton subject to perturbation such as the photon noise.
Fig.6.3 shows the numerical simulation of stable propagation of the dark soliton
in the continuous back ground. Fig.6.3(a) shows the stable propagation of soli-
ton pulse, and followed the shock wave formation as a consequence of SS due to
the intensity dependent group velocity [6]. As of now, the propagation of soliton

pulses have been considered in an ideal environment. However, there are numer-
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ous effects can contribute to instability in the soliton propagation. Therefore, it
is very informative to study the stability of the soliton in an environment subject
to external noise or perturbations. To this end, we generated a photon noise,
which corresponds to 0.35% of the continuous background. This is indeed an ap-
preciable noise level, which can potentially perturb any propagation, as evident
from the smooth pulse shown in Fig. 6.3(a) and the noisy pulse depicted in Fig.
6.3(c). So, the initial condition for the simulation is the soliton profile with strong
perturbation. Fig. 6.3(c) shows the simulation results for the same parameters
as chosen earlier. It is very evident that the dark soliton show remarkable sta-
bility against strong perturbation. The formation of the shock wave can also be
clearly observed in the simulation. Thus, one can draw out a conclusion that
the dark soliton solution constructed through the Hirota method shows excellent

stability, which has been confirmed through direct numerical simulations.

6.4 Two-soliton solutions

To get the dark two-soliton solution, the power series expansions for G and F
are truncated as follows, G = Go(1 + g1 + g2) and F' = 1+ fi + fo. Then, back
to bilinear Eqgs. (6.3)-(6.4), we obtain

2 2
go = aoeikT_iwa(g)d§7 A= @[5 - ’Yk]D(€>7 W= _L - k_

0 0 0 0 0140 0140
g =are + e, fi=e"+e”, gy =Apagar e fo = A

2w; + 2kk; — ik}

05 = kit —w, / D(&)de, o
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where 1 = 1, 2.

1
- 12kvad — 4k?

—\/ (—k3(4k} + 4a3k? (ky — 26 + 3ivk1) — va3(39k%y — 24kd + 30ikvk1 + vk?))))

w1 (4kk3 + yadki (—12k? — 3ikky + k3)

1

= (4 3 2 —19 2 g 2
12’6”7&% — 4]@%( kkl + 7a0k1( k 3Zkk51 =+ ]{:1)

w2

/(KRS + 4023 (y — 26 + Biryky) — a3 (30K%y — 246 + 30ikky + kD))

_ 2i(0[1 — 012)(0.)2 — W1 — k/’kl + kkg) — (Oél + OéQ)(k]_ — k2)2
Q’i(l — alag)(wl + wsy + kkl + k‘k‘g) — (alag + 1)(]61 + k2)2

A12 =

The two-soliton solution can be written as,

_Iaede 901 + 91+ 92)
Q(f,T) e~ JP (1+f1+f2) (6'9)

Using Eq. (6.9), the propagation of dark two-soliton through homogenous fiber
is depicted in the Fig. 6.4.

Figure 6.4: The dark two-soliton propagation through homogenous fiber for pa-
rameters ky = —1.5, ko =15, k=ay=D(&)=1,p=0, =1 and 7= 0.2.

6.4.1 Two-soliton interactions

The interaction behaviors between two solitons in fibers can be revealed by the

asymptotic states of soliton solution. Based on the two-soliton solution, we dis-
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cuss the collision between dark solitons in inhomogeneous fibers. The asymptotic

analysis of two soliton solutions are constructed as follows:

1) Before collision

(a)Sl_(Ql ~ 0,62 — —OO)

) 0
a(E:7) = ST = (1 +a) + (a1 — tanh(3)] (6.10)
(b)S; (92 ~ 0,0 — OO)
i 0
A7) = Sy = gL+ ) + (a2 = Dtanh(3 +In(v/Ap)]  (6.1)
2)After collision
(a)Sf(@l ~ 0, 92 — OO)
i) 0
a(6.m) = 5F = ol @) + (on = Dtanh(5 +In(v/Ap)] - (6.12)
(b)S;(eg ~ 0,0 — —OO)
5= 2 g Dtanh(2 6.13
q(& 1) = z—m[( +az) + (a2 — L)tanh()] (6.13)

From the asymptotic expressions before collision (6.10)- (6.11) and after collision
(6.12)- (6.13), one can infer the elastic interaction and particle like behavior of
solitons during the time of collisions between S; and S5. The relevant physical
quantities of solitons S; and Sy before and after collisions are mentioned in Table

1.

6.5 Results and discussions

In the presented analytical work, we first investigated the constant propagation
of dark soliton pulse in the homogeneous medium. In such system, the coefficient
corresponding to dispersion and nonlinearity remains constant. Using Hirota Bi-

linear method, the analytical dark soliton solution corresponding to one and two
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Table 6.1: Physical quantities of solitons S; and Sy before and after the collision.
Solitons  Velocities Widths  Amplitudes Energies

TRDO L SR ek
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Figure 6.5: The dispersion and nonlinearity managed dark solitons, (a) One-
soliton (b) Two-soliton. Other physical quantities are k = a9 = 1,D(§) =
Co0s(0.3¢),p=0,0=2and v = 1.

Figure 6.6: The pulse compression of dark solitons, (a) One-soliton (b)
soliton. Other physical quantities are k = ag = 1,D(§) = Exp(0.3§),p
0=2and y=1.
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Figure 6.7: The boomerang like dark solitons, (a) One-soliton, (b) Two-soliton.
Other physical quantities are k = ag = 1,D(§) = 0.3+ 0.5, p = 0,0 = 2 and
v=1.

Figure 6.8: The dark solitons propagation with gain, (a) One-soliton, (b) Two-
soliton. The other parameters are k = ag = D(§) = 1, p = —0.05, § = 2 and
v = 0.2. The dark solitons propagation with loss, (¢) One-soliton (d) T'wo-soliton
with p = 40.05.
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are presented graphically in Figs. 6.1 and 6.4 via Egs. (6.7)and (6.9) respec-
tively. It is found that the dark soliton propagates without deformation in such
homogeneous system, and its amplitude and velocity remains constant. In the
following section, we examine the dynamical evolution of dark soliton for differ-
ent physical effects in inhomogenous fibers with variable coefficients, dispersion

and nonlinearity.
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Figure 6.9: Energy variation with gain/loss via the solution (6.2). (a) Gain
with p = —o, (b) Loss with p = 4. The other relevant physical quantities are
k=ay=0=D() =1k =15and y=0.1.

Figure 6.10: The dark solitons propagation with periodic background, (a) One-
soliton, (b) Two-soliton. The other physical quantities are k = ag = D(§) = 1,
p = 0.1sin(0.7€), R(§) =1 and S(§) = 0.5.

6.5.1 Periodically varying dispersion and nonlinearity

Here, the dispersion-managed dark solitons are investigated by periodic pertur-

bations. Since the GVD parameter D(¢) and nonlinearity parameters R(£) and
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S(€) are taken in the form of trigonometric periodic function as a cos(b€), where
a and b are integers. In this case, the solitons are exhibiting oscillating behav-
ior and the pulse peak position and velocity vary periodically during the time
of propagation. The amplitude, energy and width of pulse remains constants
[17-20]. Fig. 6.5 represents the one and two soliton pulse propagation with
periodically varying effects.

lql? lql?

10r

210 -5 0 5 10 210 -5 0 5 10

Figure 6.11: Contour plot of nonlinear tunneling of dark one-soliton. (a) Dis-
persion barrier with D(£) = 1 + hsech[§ — &)?, R =1, S = 0.2 and h = 0.5.(b)
Dispersion well with h = —0.9.(c) Nonlinear barrier with D(§) = 1,R =
1 + hsech[¢ — &]%,S = 0.2(1 + hsech[¢ — &]?) and h = 1.(d) Nonlinear well
with h = —0.5. Other physical quantities are k; = ap = 1 and & = 0.

152



6.5.2 Pulse Compression

Pulse compression (PC) is an widely used technique to shortening the duration of
the pulse in nonlinear fiber. Generally, exponential dispersion and nonlinearity
is preferred, as it found to compress soliton with a better a compression factor
[21, 22]. In this case, the dispersion and nonlinearity parameters are taken in the
form of cexp(d€), where c¢ is the initial peak power and d is an integer. The PC
occurs, when the leading edge of the pulse is delayed by just the right amount
to arrive nearly with the trailing edge. The PC of one and two solitons are
depicted in the Fig. 6.6. It is observed that the soliton gets compressed during
the propagation of the pulse down the fiber.

6.5.3 Boomerang Soliton

To study the parabolic profile of dark soliton, we choose the dispersion and
nonlinearity parameters as e + f&, where e and f are integers. During the
propagation, the soliton exhibits parabolic bending, and after the bending, the
width of the soliton decreases gradually. Such type of soliton is commonly known
as Boomerang soliton [18, 19]. For the above choices the one and two-soliton

solutions are shown in the Fig. 6.7.

6.5.4 Gain/Loss

In the long distance optical fiber transmission system, the optical soliton will
deform progressively as a result of fiber loss. In Eq. (6.1) coefficient p(§) plays
an important role in determining the amplification or absorption of the soliton
pulse. The coefficient p(§) = 0 corresponds to the case of fibers without any
loss or gain. When p(§) is a constant value, say o, the solution represents the

propagation of soliton pulse in a medium with constant gain or loss.
Fig. 6.8 illustrate the propagation of one and two solitons in a medium with

gain/loss. When o < 0(c > 0), the pulse undergoes the amplification (absorp-

tion), and their amplitude of the pulse increases (decreases) as it propagates down
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Figure 6.12: Contour plot of nonlinear tunneling of dark two-soliton. (a) Disper-
sion barrier with D(§) = 1+ hsech[¢ — &]?, R = 1,5 = 0.2 and h = 0.7.(b)
Dispersion well with h = —0.9.(c) Nonlinear barrier with D(§) = 1,R =
1 + hsechlé — &]2,S = 0.2(1 + hsechlé — &]?) and h = 1.(d) Nonlinear well
with A = —0.5. Other physical quantities are k; = —1.5, ks = 1.5, a9 = 1 and
§o=0.

the fiber. By varying the coefficient p(§), the soliton amplification or absorption
can be controlled. Fig.6.9, represents the variation of dark soliton energy for
some representative values of gain (Fig. 6.9(a)) and loss (Fig. 6.9(b)). It is quite
evident that the energy exponentially increases (decreases) with gain (loss).
The gain/loss coefficient p(€) can significantly influences the shape of the
pulse background, in many recent works, different type of background profiles
were considered [23]. Here, we have demonstrated that the background undergoes

a periodic oscillation. Fig. 6.10 shows the evolution of one- and two- solitons in
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a periodic background with p(§) = gsin(h¢), where g and h are integers.

ll?

Figure 6.13: Contour plot of nonlinear tunneling with exponential background.
Dispersion barrier of (a) One soliton, (b) Two soliton, with D(§) = dpe ™ +
hsechl¢ — &%, R = Roe "¢,S = Spe "¢ and h = 0.7. Dispersion well of (¢) One
soliton, (d) Two soliton, with the same as for (a-b) except that h = —0.9. Other
physical quantities are dg = Ry =1 5y = 0.2,r = —0.3 k; = —1.5, ks = 1.5 and
o = 0.

6.6 Nonlinear tunneling effect

In the previous sections, we have discussed about the impact of various physical
effects and inhomogenous parameters. Now, we intent to investigate the nonlin-
ear tunneling (NL)effect in the one and two dark solitons. It may create a new
field of interest and feature wide applications in all-optical switches and logic
circuits. Recently, tunneling effect has been investigated in many pioneering

works as in Refs.[24, 25]. All research works have shown that the soliton can
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pass through the barrier/well without considerable attenuation under a certain
conditions, which depends on the ratio between the height of the barrier and the

amplitude of the soliton.
Nonlinear tunneling without exponential background

To study the tunneling effect of Ve-MNLS dark soliton through the dispersion

barrier or well, we choose the dispersion and nonlinear parameters as follows:

D(&) = ro £ hsech®(c(€ — &)

In the above set of expressions, h and ¢ represent the height and width of the
barrier. &y represents the longitudinal co-ordinate indicating the location of
the dispersion barrier/well. Dy, Ry and Sy are constant parameters. Here the
positive or the negative sign of +h denotes the barrier or the well. If h = 0, the

soliton is said to propagate through a homogenous fiber.

To investigate the soliton propagation through the nonlinear barrier or well,

we consider the dispersion and nonlinear parameters as follows:

R(§) = Ro(ro £ hsech®(c(& — &))
So(ro £ h sech?(c(§ — &))

N
—
i
S—

Il

When the dark soliton is passing through the dispersion barrier, the ampli-
tude of the soliton grows and forms a peak at & = &;. After passing through the
barrier, the pulse restored to its original shape as illustrated in Fig. 6.11(a). For
the case of dispersion well, the amplitude of the soliton vanishes and a valley is

formed at & = &; after the tunneling, solitons are retained their original shape
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as shown in Fig. 6.11(b). On the other hand for nonlinear barrier/well, a valley
is formed for nonlinear barrier and a peak is formed for well as evident from the
Figs. 6.11(c) and 6.11(d), respectively. In similar lines with one-soliton case, the
NL tunneling of two solitons is demonstrated in the Fig. 6.12.

Due to the existing region of dark soliton (0 < A < ag), we can found that
the height of the barrier (h) and amplitude of pulse (A) have a mutual relation in
given soliton solutions. Thus we have studied the tunneling effect with suitable
parametric choice of h. To investigate the dark soliton propagation through the
dispersion barrier or well, we obtained a condition, where h > 0 indicates the
dispersion barrier, and —1 < h < 0 represents the dispersion well. Similarly, in
the case of nonlinear barrier or well, we also obtained a condition, where h > 0

indicates the nonlinear barrier, and —1 < h < 0 represents the nonlinear well.

6.6.1 Nonlinear tunneling with exponential background

Now, we consider the tunneling effect with exponential background. This case
is of particular importance, because, pulse tunneling through the exponential
background generally results in the compression of the pulse. To investigate this

special case, we consider the dispersion and nonlinear parameter as follows:

D(§) = Doexp(—r€) + h360h2(0(5 —&0))
R(§) = Roexp(—rf)
S(&) = Soexp(—r¢)

Here, r in the above expression represents the decaying parameter, which ac-
counts for the exponential decay. Figs. 6.13(a) and 6.13(b), represents the dark
one and two solitons tunneling through dispersion barrier with exponential de-
cay. It is observed that the amplitude of the soliton increases at & = &, and
after tunneling through the barriers, the width of the soliton decreases gradu-
ally during propagation. Similarly, Figs. 6.13(c) and 6.13(d) illustrates the dark
soliton tunneling through dispersion well with exponential background for the

case of one and two solitons. As it is evident that the amplitude of the soliton
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vanishes at £ = &, and after emerging from the well, the soliton width com-
presses. From this result, one can infer that the input pulse can be compressed
to a desired extent in a controllable manner by the proper choice of barrier or

well parameters.

6.7 Conclusion

In this chapter, we have investigated Vc-MNLS model with distributed disper-
sion, SPM, SS and linear gain/loss, which describe the dynamics of ultrashort
pulse propagation in the inhomogeneous fiber systems. Using Hirota’s bilinear
method, we have analytically derived the exact one and two dark soliton solu-
tions. We illustrated the effect of self-steepening such as shock wave formation
during the propagation, which has been confirmed through direct numerical sim-
ulation. In order to validate the stability of the soliton solution, we numerically
perform the stability analysis in the presence of photon noise, and our simulation
illustrates the stable propagation of the dark soliton pulse. The elastic interac-
tion behaviors of the dark soliton pulses in inhomogeneous fibers have also been
discussed through asymptotic analysis. For better insight about the effect of in-
homogeneity, we have exclusively studied the dynamical behavior of dark soliton
with different physical effects up to the level of two-dark soliton interactions. In
particular, we focused on the nonlinear tunneling of dark soliton through bar-
rier/well. It has been found that the intensity of the tunneling soliton either
forms a peak or valley and retains its shape after tunneling through barrier /well.
We also observed the pulse compression of dark soliton via NL tunneling with
exponential background. We believe, the given detailed study on dark solitons in
the Vc-MNLSE, incorporating most of the physical effects, may serve as a good

reference for many future studies related to ultrashort dark soliton.
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Chapter 7

Results and conclusions

The propagations and interactions bright and dark solitons in realistic fiber sys-
tems have been investigated in this thesis. Many intriguing results are reported,
and its mathematical implications are successfully achieved. Different forms of
nonlinear Schrodinger equations have been considered and the obtained results

are summarized as follows

7.1 Summary of Results

e We have investigated the dark soliton dynamics in the Ve-NLSE with dis-
tributed dispersion, SPM and linear gain/loss. The one and two dark soli-
ton solutions have been derived by using Hirota’s bilinear method. Through
the derived soliton expressions and graphical illustration, the dispersion
managed pulse with amplification/absorption and the influence of gain/loss
coefficient on the shape of the background have been discussed. Numeri-
cally, we have studied the dark soliton propagation in the continuous wave
background, and our simulations confirm that the obtained soliton solu-
tion is very stable and robust against perturbations. We derived exact
solution for the phase of dark solitons and reported the effect of blackness
parameter and gain/loss coefficient on soliton phase profiles. Black and
gray soliton interactions and elastic collision between dark solitons are ex-

clusively studied via the asymptotic analysis. We have also studied the
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nonlinear tunneling of dark soliton through barrier/well, it has been found
that the intensity of the tunneling soliton either forms a peak or valley and
retains its shape after tunneling through barrier/well. We also identified
the tunneling of dark soliton with exponential background tends to com-
press the pulse. Moreover, a cascaded compression of dark soliton have
been investigated by soliton passing through multiple nonlinear tunneling
barrier. Unlike, the most conventional studies on HB method for construct-
ing soliton solution, where the focus was primarily on the intensity part
and the stability of the solution. Here, we have added new insight and
extended the capability of HB method in understanding the phase profile
of the obtained solutions. As it is known, the phase profile plays a vital
role in multi-soliton solutions, especially in the bound state solution, where
relative phase plays a very deterministic role in explaining the nature of

interaction, such as attractive or repulsive.

We have also investigated the bright solitons dynamics in the variable co-
efficient nonlinear Schrodinger (Ve-NLS)equation. Many fascinating re-
sults underlying spatial dependent bright soliton phase, which gives more
insights for well-known inhomogeneous phenomenons, such as dispersion
managed system, pulse compression and especially nonlinear tunneling ef-
fect, has been reported. By connecting an ansatz method with Hirota
bilinear technique, we have introduced an explicit form of bright soliton
phase. Exact bright two-soliton solution has also been derived by using
the Hirota bilinear method. The elastic collision behavior of the bright
solitons are observed by means of asymptotic analysis. Two-soliton phase
are studied by the asymptotic expression which gives the description of
individual solitons that existing before and after collision. Moreover, with
a particular interest, we has been investigated the tunneling effect through
the dispersion barrier or well. Soliton intensity either forms a peak or val-
ley and regain its shape after the tunneling through the barrier /well. For

the case of exponential background, the soliton tends to compress after

162



tunneling. Corresponding phase evolutions are illustrated in detail. For
better insight, we reported the cascade compression of solitons with multi-
ple successive dispersion barriers. Overall, a comprehensive study of bright

soliton dynamics and its phase evolution in Vc-NLS equation is studied.

We have investigated the dynamics of dark soliton pulse propagation in
inhomogeneous fibers by employing Vc-CNLS model. The dark soliton
solutions have been derived by Hirota’s bilinear method. Through the
analytical soliton solutions and detailed graphical illustration, the propa-
gation dynamics and collision behaviors of the dark soliton pulses in in-
homogeneous fibers have been discussed. Especially, we have studied the
almost all dynamical related physical quantities up to the level of three-
dark solitons interactions. The inhomogeneous effects on the evolution and
interaction between dark solitons have also been considered. The shapes
and velocities of the dark solitons can be controlled by modulating disper-
sion and gain/loss terms. The gain or loss term affects the amplitude and
energy. The results obtained in this paper will be of good scientific value
to the studies related to the propagation of dark solitons in the dispersion
and nonlinear managed fiber system. Finally, we investigated the nonlin-
ear tunneling effect of optical dark solitons with and without exponential
background. It has been reported that tunneling of the soliton depends on
a condition related to the height of the barrier and the soliton amplitude.
The intensity of the tunneling soliton either forms a peak or valley and re-
tains its shape after tunneling through barrier /well. We also identified the
tunneling of dark soliton with exponential background tends to compress

the pulse.

We have investigated the phase dynamics of Manakov bright and dark vec-
tor soliton in inhomogeneous fibers by employing two component Ve-CNLS
model. The exact one and two soliton solutions have been derived by Hi-

rota’s bilinear method. To study the phase dynamics of the system, we
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have applied a general ansatz method which enabled an explicit analytical
expressions for intensity as well as phase of the soliton. By equating the
unknown parameters of this ansatz with the exact solutions of well-known
HB method, we have obtained exact phase of Manakov soliton. By using
the asymptotic analysis of two-soliton solutions, the phase of the individ-
ual solitons have been explored. Unlike the bright vector soliton which
has constant phase in homogeneous medium, the time dependent phase
of dark soliton exhibit a gradual phase change. The influence of vary-
ing coefficients such as periodically varying GVD, medium gain/loss and
background oscillations on the dynamics of phase evolution have also been
discussed in detail, up to the two-solitons level. Moreover, we have studied
nonlinear tunneling effect of Manakov soliton in the context of dispersion
barrier/well. When soliton pass through the dispersion barrier(well), the
maximum (minimum) phase change takes place at the region of barrier(well)
and the phase retains its original form after crossing the given barrier(well).
In contrast to conventional way of intensity based soliton description, we
have presented a comprehensive analysis on the phase dynamics of the
soliton in a self-explanatory way. Unlike the common usage of HB method
for soliton intensity, we have extended the capability of HB method in

understanding the phase profile of the obtained multi-soliton solutions.

We have further explored Ve-MNLS model with distributed dispersion,
SPM, SS and linear gain/loss, which describes the dynamics of ultrashort
pulse propagation in the inhomogeneous fiber systems. Using Hirota’s bi-
linear method, we analytically derived the exact one and two dark soliton
solutions. We illustrated the effect of self-steepening such as shock wave
formation during the propagation, which has been confirmed through di-
rect numerical simulation. In order to validate the stability of the soliton
solution, we numerically perform the stability analysis in the presence of
photon noise, and our simulation illustrates the stable propagation of the

dark soliton pulse. The elastic interaction behaviors of the dark soliton
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pulses in inhomogeneous fibers have also been discussed through asymp-
totic analysis. For better insight about the effect of inhomogeneity, we
exclusively studied the dynamical behavior of dark soliton with different
physical effects up to the level of two-dark soliton interactions. In partic-
ular, we have focused on the nonlinear tunneling of dark soliton through
barrier /well. It has been found that the intensity of the tunneling soliton
either forms a peak or valley and retains its shape after tunneling through
barrier /well. We also observed the pulse compression of dark soliton via

NL tunneling with exponential background.

7.2 Future prospective

Soliton driven communication system through fiber medium via the variable
coefficient model gives more idea of soliton dynamics in realistic systems. We
would like extend this study to coupled model with self-steepening effect and
more higher order effect such as SRS, SBS, etc. Further more, similar studies

can be extended to PT symmetric systems.
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Appendix

In chapter 4 and 5, we have investigated the soliton dynamics in inhomoge-
neous Manakov model by the HB method. The scope of the our studies can
be extended to understand the matter wave dynamics in the Bose-Einstein con-
densates (BEC). From an experimental BEC point of view, bright solitons are
created themselves as condensates, while dark solitons exist as notches or holes
within the condensates. The dynamics of BEC at absolute zero temperature
is usually described by the mean-field Gross-Pitaevskii(GP) equation. It can
be mapped onto the standard NLS equation under suitable transformation[1-4].
The interaction of bright-bright or dark-bright solitons in two component Bose-
Einstein condensates by suitably tailoring the trap potential, atomic scattering
length and atom gain or loss have been studied by Rajendran et al.[2-4]. Based
on their studies, the coupled GP equation can be mapped onto the Manakov
model. Multi-component generalization of the soliton dynamics is natural in the
context of atomic BECs. The dimensionless form of two coupled GP equations

can be written as[2, 3]

2
it = e+ RO S gl 4 V)~ + 00wy, =12 (1)
k=1

Here V(z,t) = $Q%(t)2? is the external potential, y is the chemical potential,
R(t) is the s-wave scattering length and ~(¢) is the gain/loss term . Using the
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following transformation

Yi(z,t) = Aj(z,t)g;(X,T), j=1,2 (2)

equation (1) can be reduced to the set of two coupled nonlinear Schrédinger

equations (2CNLS) of the form

1 2

g = —5¢xx + 4> gilal’, i=1,2 (3)
k=1
Where Aj(z,t) = roy/2R (t)expli(f(z,t) + pit) + [~(@)dt], R'(t) =
R(t)expl [ ~(t)dt], 6 = —%xz + 2e172R'x — 2c3ry [ R2dt, X = 2roR'z —

2v2¢c7d [ R*dt, T = 2r2 [ R?dt. Now using the transformation (2) with suit-

able solution for ¢; as

1 — Lyertn
Y A

X T — T
ql( Y ) 1 Xen 77*
X T — —en

where ) = kX (35> —72)T, k = a+1b, p = k —ic, the dark-bright one-soliton

solution of the two coupled GP equation can be written as [2]

Yz, t) = /2R (t)q; (X, T)) expli(6(x,t) + p;t) + /V(t)dt], j=12 (4

Here, authors investigated the exact dark-bright one and two soliton solutions of
the two-component BECs with time varying parameters such as s-wave scatter-
ing length and gain/loss term. The snake-like effect of the one soliton solution
for periodically modulated trap potential with R(t) = [1 + wCos(wt + §)] has
been studied. Similar to the 2CNLS Eq.(3), the Manakov model and snaking
soliton effect for the optical systems, with suitable choice of parameters, has been
demonstrated in chapter 4 (see Fig 4.4). Also, the effect of gain/loss term in mat-
ter wave soliton has been discussed in Ref.[2]. Similar to our studies presented in

chapter 4 and 5, the amplitude of BEC soliton shows oscillatory behavior when
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we choose a periodic gain term.

The bright-bright soliton solutions of the two coupled GP equation have
been studied in Ref.[3]. With help of two soliton solutions, that derived by
the HB method, the shape changing interactions of bright-bright two soliton
with suitable choice of parameter have been investigated in Ref. [3]. In this
thesis (chapter 5), we have investigated the energy sharing collision of the optical
bright vector soliton in the 2CNLS model (see Fig. 5.4). The BEC solitons
are also exhibits similar energy sharing interactions. These studies provides
an understanding of the possible mechanism for soliton excitations in multi-
component BECs.

The exact bright and dark soliton solution with the periodic oscillating na-
ture, gain/loss effect and pulse compression ( R(t) = exp(—Qt)) in the 1D BEC
system have been investigated in Ref.[4]. Similar effects on NLS soliton have
been presented in chapter 2 and 3 of this thesis (see Figs. 2.10, 3.2 and 3.3).
These comparison studies with the work of Rajendran et. al, provides more in-
sights about the scope of this thesis, ie, the mathematical techniques used in this

thesis are widely applicable in many different physical systems.
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