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ST

INTRODUCTION

We are in the computer age. For each and everything we wish we had
a computer !

It 4s said, ‘To err is human’. Well this suits the computers also.
Computers work on electricity. In an electric circuit, either current flows or
not, i.e., the ‘on’ and ‘off” positions. This is beautifully associated with the
binary system. Using the binary system one tries to express as many things
as possible. This is precisely the construction of ‘codes’.

Suppose we encode SUN as 10 and MOON as 01.While sending these
two words, assume some error occurs say, instead of sending 01, 10 is
transmitted. The MOON becomes a SUN! This in circuits mean the
following. SUN is allotted two switches, first switch must be in the ‘on’
position and the second switch in ‘off’ position. For the MOON , the
otherway. Because of a fault - error, the roles get reversed. This is quite

possible since the components in a computer are man made and subjected to
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wear and tear. Thus evolved the theory of detecting and correcting
codes.

Suppose we now encode SUN as 000 and MOON as 010, i.e., we add
one redundant digit. While transmitting SUN suppose only one error has
occurred. Then the received code will be either 100 or 010 or 001.Still
we cannot be sure that the transmitted message is SUN. Add two redundant
digits. SUN will have the encoding 0000 and MOON has 0100. Again
suppose only one error has occurred. Then the received message will have
the encoding:1000, 0100, 0010, 0001. By imposing a condition like : In the
received message look at the digits from left to right. Choose that message in
which the maximum number of digits from left to right do not change, to be
the correct message. Thus we can be sure that the transmitted message was
SUN.

Looking at this in a different way, the digits 0000 and 0100 can be
considered as vectors in R* and moreover they are orthogonal vectors. The
digits 1000 , 0100, 0010, 0001 are also an orthogonal set of vectors in R*,
Transmitting message now becomes an operator acting on R*. Original

coding is in R%. We get a mapping from R*to R*. This is the crux of the
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coding theory. By introducing some extra coordinates one tries to detect
and correct errors.

The present nomenclature to this type of study is ‘Information
Theory’. What we have discussed above has already become Classical.

In 1994, Peter Shor [Sh3] discovered a quantum algorithm which
enables to factorise an integer significantly faster than what a classical
digital analog computer can do. This discovery has paved way for the rapid
flourishing of the branch of ‘Quantum Information Theory . This is the
area of our research and is a recent upstart, more precisely an outcome of
the last decade.

Now about the thesis. The thesis has five chapters.

In chapter one we have the introductory notions. The first section
contains certain ideas from the Classical Information Theory. Even though
Quantum Information Theory is essentially different from it’s classical
counterpart, there are several features in it analogous to classical theory. We
include some basic definitions and properties from classical setting. The
second section involves mainly the characteristics , definitions and

some important theorems of the quantum information theory. It gives an
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overall picture of how quantum computation is distinguished from the
classical one. Some theorems like Knill-Laflamme Criterion, CSS code
construction are discussed here. In the last section we learn about the
uncertainty principle and Shannon entropy and how they can be fruitfully
combined.

There are three sections in Chapter Two, which is a round up on
quantum codes. The first section concerns with the CSS (Calderbank-
Steane-Shor) construction of quantum codes. The important result of this
section is constructing a more general code over a finite field.

Section two is about developing the Knill-Laflamme criterion of code
construction to symmetric and antisymmetric tensor products of Hilbert
spaces. These two spaces have great quantum relevance since they represent
particles in the two categories namely Bosons and Fermions. We use
equivalent Weyl operators as in the t-error correcting quantum code in this
situation.

The last section is on perfect codes. Laflamme et al [LMPZ] proved
that the 5-qubit code is perfect and is the minimal one compared to the 7-

qubit and 9-qubit codes. We have proved that 5-qubit code is perfect by
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using the technique of error basis of Weyl operators in the Knill-Laflamme
theorem as is given in [Pa2].

In Chapter Three. the higher spin systems are analysed. By higher
spin we mean that it is higher than the Y spin systems with a two element
basis. In his work Chau [Ch2], has constructed a 5-quantum register code
and has shown that it is optimal. By using the method given in
Parthasarathy [Pa2] we prove this result . By the same method we also
prove that the five register code is optimal. Using the same criterion we
have been able to show that the the 9-register code of Chau [Ch2] give an
error correcting code. We also develop an encoding to the case of 7-register
code.

The Fourth Chapter is on two specific applications of the Knill-
Laflamme criterion. In the first section we have discussed how a convex
state may be recovered . In particular this leads to the question of
recovering a mixed state, for which we have been able to give an
affirmative answer, of course using some conditions.. The second section
is on the recovery of a pure state not directly but through a

‘representation’ of the pure state.
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vi

We conclude our thesis by considering the uncertainty relation. Here

Shannon entropy is involved and we improve a result of Massen and

Uffink to a situation in which eigenvalues of the observable have
degeneracy.

We consider our thesis as a very very small step in making a little

contribution to a current vibrant topic. But for the time constraint, we

believe, we could have attempted some more deeper results.
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Chapter 1 Preliminaries

In this chapter we give an overview of the known ideas that we have

used in our work.
1.1 Classical Information Theory

The fundamental problem of communication or information theory is
to reproduce at one point either exactly or approximately a message selected at
another point [Sh]. There is a source containing messages and it is transmitted
to a destination through a channel or a noisy medium. The message is
encoded before sending it through the noisy medium and from the output the
receiver has to decode it and recover the message. In classical setting the
encoding is performed by using binary digits 0,1 which are ﬁsually
called bits.

1.1.1 Definitions | Va 3 : MS1]

A finite set of cardinality N is called an alphabet of N letters. We
write #A =N.

A sequence a = (aj, a,...... ,a), & € A V 1, is called a word of length n
from alphabet A. Thus a € A"

If a, b e A" the Hamming distance between a and b, denoted by d

(a, b), is definedas: d(a,b) = # {i3a=b;,1 <1< n}. Thisisinfacta
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metric on A" .For a subset C ¢ A" of cardinality M, the minimum

distance d(C) of C is defined as, d(C) = min d(a,b). If d(C)=d,

abeC ash
we say C is a code with alphabet A , length n, size M and minimum
distance d or that C is an(n, M, d )4 code. If A is {0,1} of binary
digits, we say C is a  binary code. The Hamming weight of a word a
is the number of nonzero a;’s and is denoted by  wt (a). We have d (a, b)
= wt (b - a ).For any nonnegative integer t and a € A", the Hamming sphere
ofradius t and center a, denoted by S(a, t), is defined as :
S(at)={x3xeA"d(a,x)<t}.
1.1.2 Property [ Va3.1] .

The Hamming spheres are pairwise disjoint if and only if
d > 2t+1.

1.1.3 Theorem [ MS 1.3 ]

A code with a minimum distance d can correct [(d-1)/2] errors. If d is
even it can both correct [(d-1)/2] errors and detect d/2 errors. ( Here [. ]1is
the greatest integer function ).

1.1.4  Significance of Code [ Va,MS |

Suppose we communicte letters from the alphabet A through a channel.
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If x € Aisan input letter fed into the channel we get an outputy e A.. But
y need not be the same as the input x. Now if we use a string of letters x =
XiXp...Xs € A" and transmit it successively, we obtain another string y =
Y1¥2....¥a € A" Then the number of errors is the Hamming distance d (x, y)
between the input word and the output word. If M messages are
communicated and we have at our disposal an (n,M,d), code C with d >
2t+1, then list the M messages 1, 2,...... , M in correspondence with the
codewords ¢ ¢@ .......c™. To communicate message number i, transmit
the codeword ¢®. Then the output word x lies in S(c® ,t)=S; say. By
property of the spheres, S;’s are disjoint. This will yield the decoding
procedure as : if the output sequence falls in sphere S; decide thét the

message transmitted is numbered i. Thus error free transmission is ensured

as long as d > 2t+1 or t< [54_2:1} . We say an (n,M,d), code is a

d-1 ,
5 error correcting code.

1.1.5 Some Examples.
A single error correcting code which sends two messages without any
error if the channel makes at most one error in transmitting three binary

digits successively is as follows:



We number the messages as 0, 1. Define the encoding map as

0 —— 000

1 — 111.
Suppose the channel makes at most one error in three transmissions. If
000 is transmitted , the output belongs to {000,100,010,001} = S,, say. If
111 is transmitted , the output belongs to {111,011,101,110} = S; say. S,
and S; are disjoint spheres of radius unity with centers 000 and 111
respectively. The decoding is as follows: If the output falls in Sy the message is
decoded as 0 and if the output falls in S; the message is decoded as 1.

The code described here is called the repetition code.

1.1.6 Linear Codes | MS 1]

We consider vectors and binary codes over F,.

A binary vector v € F,”, with d 1’s has Hamming weight d. The
Hamming distance dy(v,w) between two binary vectors is the Hamming weight
of v+w. AcodeC of length n is a set of binary vectors of length n called
codewords. A linear code is a code whose words are those vectors in

subspace of F,”, the n-dimensional vector space over the field F,. The

minimum distance d = d (C) of a binary code is the minimum distance

between two distinct codewords. If C is linear, the minimum distance is



the minimum Hamming weight of a nonzero codeword.

A generator matrix for a code C is an kxn matrix whose row space
consists of codewords of C. A parity check matrix for this code is an
(n-k)x n matrix H such that Hx"™ =0 for every x e C. In other words the

row space of H is the subspace of F,” perpendicular to C.

The dual code, C* of a code C is the set of vectors perpendicular to C
ie., C'={veF,”> vec=0 VYceC.

If G, H are the generator and parity check matrices of a code C, then H
and G are generator and parity check matrices of C*.

For a code C with minimum weight d, any vector in F," is 4within
Hamming distance t=[(d-1)/2] of at most one codeword. Thus a code with
minimum weight d can correct terrors in codeword. Sucha codeis a
t-error correcting code.

Similarly we can define a g-ary code if the base field is F g rather
than F,. We note that linear [mn,k,d} code, with length n, dimension k and
minimum weight d is nothing but a (n,2*,d) binary code. If the code is
q-ary, it is denoted as (n, q", d) code.

1.1.7  Perfect code and Sphere-packing Condition [ Va 3.1.6 ]

In the case when A" = S; U S,U...... U Sm, we say the (n,M,d),
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code is perfect. In general if an (n,M,d)s code is g-ary ( i.e., over a field

with q elements ), the following inequality holds.
t n ) n
M Z[i)(q—l)’ < q
i=0

If the code is perfect then equality holds here.
1.1.8  Group code and Simplex code | Va 1.4

If the alphabet A has a group structure then a subgroup C < A"is
a code called a group code.

A code in which the distance between any two codewords is a
constant is called a simplex code.
1.1.9 Finite field [ MS 4 ]

A finite field F; where q =p”, a prime power is called a finite field
or a Galois field of dimension q. We may also denote F, as F., GF (q) or
GF (p™) . The finite number of elements in the field is called the order of the
field.

We have :

GF@4) = F,?> = {00, 01, 10, 11}
GF(9) = F,* = {00, 01, 02, 10, 11, 12, 20, 21, 22}

Now consider GF(16)




It consists of 4-tuples over {0,1}. The 16 elements can also be
represented by polynomials over {0,1} :

The field operations in GF(16) can now be obtained by addition and
multiplication of the polynomials, as indicated below, modulo () (where
m(o) is a suitable irreducible polynomial over F,). We denote the field as
GF(16) or GF (2%). We note that the nonzero elements of the field form a
cyclic group of order 15 with generator o where !> =1 under multiplication.

We call a as the primitive element of GF(2%).

4-tuple Polynomial
0000 0
1000 1
0100 o
1100 | 1+at
0010 o
1010 1+a?
0001 o’

1111 Ha+o?+o’
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GF(2) is the binary field {0,1}, GF(3) is the ternary field {0,1,2}. In
general GF(p) is the p-ary field {0,1,2,...., p-1}.

As in the case of GF(2%, in general GF(p™) is constructed using a

polynomial 7(x) which is irreducible over GF(p).
1.2 Quantum Information Theory

Quantum information theory is the quantum counterpart of classical
information theory. In an error correcting quantum code information is
stored in set of qubits , quantum binary digits, in such a way that information
can be extracted even after a subset of this set has changed in an unknown
way. The important distinguishing features of quantum information theory
over the classical theory are the following. In quantum discussion the
beginning point is a Hilbert space which is not present in classical theory.
Here instead of the bits we have qubits , which are essentially different from
classical case and are more powerful. There are also certain vulnerability to
quantum communication like the ‘no cloning principle’, ‘decoherence’ etc.
Quantum error correction coding has two distinct parts.

(i) How to apply error correction in a physical situation

(ii) To find good error correcting codes



1.2.1 Error correction |Pi}:

While we transmit a message through a medium , noise in it will
damage the information conveyed. The task is to reconstruct the original
message by some means.

In classical coding theory it is manipulated in the following manner.

Initially we enco__de the given message and send it through the medium
where the errors creep in and something else is conveyed instead of the original
thing. Then we decode this received data and make an estimate of the original
input to it’s best level.

In quantum setting this cannot be performed arbitrarily , primarily
due to the ‘no-cloning’ property and the ‘decoherence’. Anyhow' some
error correcting codes viz. 9-qubit ,7-qubit and S-qubit error correcting
quantum codes have been constructed , which can overpower the two afore
mentioned drawbacks.

By error correcting quantum code we mean an appropriate subspace C of
a suitable Hilbert space H , such that the input state vectors ( or input
density matrices ) can be recovered by means of a suitable collection of

recovery operators subsequently acting upon the error operators on the input

vectors.
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The fundamental error operators are the Pauli matrices namely,

01 0 -i 1 0 1 0
c,)(= ° Gy= . 2 GZZ 2 I=
b0 o () el S )

The strategy adopted in the above error correcting quantum code is to
use an ancillary space , say H(anc), and error operaiors are performed on
H ® H(anc) to itself . Subsequently we make measurements on the ancillary
space and based on these measurements we obtain the corrective mappings.

A quantum error correcting code is a way of encoding quantum states
into qubits (two state quantum systems) so that error or decoherence in a small
number of individual qubits has little or no effect on the encoded data.

1.2.2  Basics in Quantum Information Theory [Di,Pa2]:

Quantum Information Theory or communication through a quantum
channel should satisfy three basic conditions:

(1) Messages are encoded as states of a quantum system with

finite number of levels.
Example:

A single particle spin system with two levels, spin up and spin down

are labeled as 0,1. A bunch of n such independent systems are combined to

form a quantum system with 2" levels, each level labeled by a word of
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length n, from the binary alphabet {0,1}.
(ii) Encoded states are the inputs of the quantum channel and they
are to be transmitted.
But due to the presence of ‘noise’ or ‘decoherence’ in the channel
the output differs.

(iii) A collection of ‘good” states are those input states which when
transmitted lead to output states from which input states can
be reconstructed without any error or with a small error.

Thus ‘good’ states can be used to encode the message for transmission through
a channel. In the Theory of quantum error correcting codes proper
identification of the ‘good’ states are made and also suitable algorithm for an
almost error free reconstruction of the input state are worked out.

A quantum system with n-levels is given by an n-dimensional

complex vector space of coloumn vectors of the form

lu)= : , wherezje CV j ,is called a ket vector.

To such a ket vector is associated a bra vector (ul = |u) =

(2,,2;mnz,)  the conjugate transpose of | u) .
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For two ket vectors |u) and |v) their inner product is given by
llvy=@lv).
The set of ket vectors C" is an n-dimensional Hilbert space is denoted
by H. Also lu) as a function of u on {1,2....,n} isgiven by u(i)=1z

for 1=1,2,.....,n
If vi)=t ,I=12,.....,n then (ulv) = Z":u—(f)v(i) = Z}—t
i=1 i=1

Here {1,2,....n} is the alphabet.
1.2.3 States and Observable |Di]:

An nxn matrix over C, defines a linear transformation T on the Hilbert
space by |u) — T). The space My(C) of all n x n matrices is an
algebra with involution T — T', the conjugate transpose of T.

We call T hermitian if T=T' and T is positive semidefinite
denoted by T=2>0, if (u|T|lu) >0 V u Tiscalleda projection if
T=T?=T .The trace of T, denoted by TrT,is the sum of the eigenvalues
of T or the sum of its diagonal elements.

A positive semidefinite matrix p ite.,p > 0 with unit trace is
called a state or a density matrix.

A hermitian matrix is an observable for any state p if the scalar
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Tr(pT) is the expectation of T in the state p.
1.2.4 Theorem( Spectral Theorem) [Co]:

If Tis an observable (or a Hermitian matrix) then
T = > ALE, N
where A, Ay,...., A are the distinct real scalars and EE,,....., Ex are the

k
projections suchthat > E =I, EE; =0,if i=j.The set {A;, A2,...., A} iS

i=]
called the spectrum of T, the scalars A; are the eigenvalues of T and E; are

the spectral projections or eigen spaces of T and (1) is called the
spectral resolution of T.

Remark :

Since every projection E can be represented as

E =‘2 o Y |

where Iui) ,i=1,2...,d} isany orthonormal basis for the subspace
{lwylEluy=]u)} of all ket vectors fixed by E, it follows that any

state p can be expressed as

p=3 pilvi)wl @)

i=1
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where { p1, p2,--..... , Pn} is the probability distribution on {1,2,........ ,n}
and {|v),i=1,2...,n} is an orthonormal basis for the Hilbert space
C".ie, (vilv)y =8; Vi,j=12..,n
In the state p, the probability that the observable T assumes the
value A; is given by
Pr(T=%) = TrpkE vV i=1,2..,k

and the expectation of T is

> MTrpE = Tipd AR

P =
= Tr pT.

If Iu) is any unit vectorin C", then |u) (u' is a one dimensional
projection and is a state called a pure state. By (2) every state p can be
expressed as a linear combination of states which are one dimensional
projections | v; N (vil , then p is called a mixed state . So every state is a
convex combination or a mixture of pure states .

We call (H, p) as the quantum probability space.

1.2.5 Completely positive map [Da]:
Let A = BH) and B= B(K) and ¢ :A — B be a linear map. Then we

can define @, : My(A) > My(B) as o4(a;) = (¢(ai)). The map ¢ is
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positive if it maps positive elements of A into positive elements of B and ¢ is
completely positive if every o, is positive.

1.2.6  Tensor product of Hilbert spaces [Ka,Pal]:

Let H;, 1< i < k be Hilbert spaces . Forany y;e H;, 1 < 1 <k the

k -
multilinear functional ®u;: H,xH,x.....xHy — C is defined as

k k
® u (Vi,v2,--%) = ] (viw).

i=1

This collection of functionals generate a manifold M such that
U ®...0u,® (v Ouiy D...Q ux =ay®...... Q@ u + By V..Q
U1 ®Vvi®ui ®..Qu,, extended by sesquilinearity to a pre-Hilbert

space. Then it’s completion is a Hilbert space called the tensor product of the

Hilbert spaces , denoted as éH,

Let {ej,j=1,2,....} be an orthnormal basis of H;, 1 = 1,2,....k. Then

the set {e,, ®e,, ®...Qe, .j1=12. 2= 12,..5...5c= 12,.} is an

k
orthonormal basis for QH,

IfdimH; = m;< o then diméHi = myMy....M



1.2.7 Combination of Quantum States [Pa 2]:
A combination of quantum systems can be represented by a tensor product
of quantum states. The tensor product of the operators A; , which is

equivalent to n; xn; matrices , is defined as the product linear operator

AIRAR......... ®Ax on H,QH-R......... ®H; as
A1®A2® ...... ®Ak | Ug,Uo,.. ..,llk> = ‘A]U],AQUQ, ....... Akuk >
With this definition we have:

(AIRA®....RA,) (B;®B,R...8B) = (A;B;®AB,R......0AB),
(A®A®....RA) = (A®A®......®AN),
A®AR...Q (AAHPB) ®.... QA =
Ai®AR.. . ®A 1 BARA iv...0A))

+ ( BAIQAR....RA | 1®B,®A 1 ®....Q0A ).

k
Tr (A1®A2® ...... ®Ak) = H Tr Ai.

i=1
If p; isa state on H; then p;®p.R...... ®px represents a state on

H® H,®....® Hy such that the expectation of the observable

AQAR.... QA in the product state p1RPR....... ®px is

Tr (P1®p2®.....0p0) (AI®AR. .....0A))

= Trp1A1®p2A2®. .- ®pkAk



k
=[] TrpiA; , the product of individual expectations.

i1
1.2.8 High Level Systems [Pal]:

We combine several systems into a single system. Suppose
H;=C W wherej=12,...... k are the Hilbert spaces describing k quantum
systems numbered 1,2,...... ,k respectively. By means of tensor Product
of spaces H; we combine them into a single system.

If |uj) e H; is given by

Zp W

ij
Iuj)= : ,where 1<j <k andzeC,

| Zin; |
then the tensor product |u)) ®lu)®....®|w) (also denoted as |
u1)| W) ....|.uk) or |y w ...ty ) of the y’s defined as the coloumn

vector

U W...... uk) = Zj ’ i= 1112 lk (3)




where 2 = ZyZyy e z, 1<k <n , r=12,..... k

and the multiindex i ranges through in the lexicographic order.

Similarly we have (u us....... w! = @lml..... (uy |

The Inner product between two product vectors

k
luus....w)  and|vivs......... vioo is ] (w.vi).

i=1

All product vectors of the form (3) span the Hilbert space C™"™
and is denoted by H,® H,®....® H,
Example:

For the 2-level quantum system of dimension 2, the Hilbert space

is H =C32

We write  [|0) = [(1)] and

-

as an orthonormal basis for C? and the levels are called spin up

and spin down respectively of the two level spin system.
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If aj,ay,....,ax is a binary sequence i.e., each a; is either 0 or 1

we write
laj2y....a0 = |ap) | ay)..... |a) = |a) ®|ay) @....®| a0 4)
As all words a;a,.....ax of length k runs through the binary alphabet

{0,1} , the equation (3) runs through an orthonormal basis

for H®H®.....Q H = H%

A state in C? is called a one qubit state and a state in H® is
called a k-qubit state.

A state of a quantum mechanical particle with spin q corresponds to
a 1-dimensional subspace of the Hilbert space H = C *®*! and is represented by

a vector in that subspace.

1.2.10 Quantum  Noisy Channels [NC]:

inpu; channel | output,

T noise
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Let T be a linear operator on H such that for each ‘signal’ or
input state p on H there is an output state Tp. In our context we choose

the linear transformation to be ‘affine linear’ i.c.,

T(pp1+qp2) = pTp1 +qTIp, for any two states p;, p, on H and
nonnegative scalars p,q satisfying ptq=1
Example [Pa2]:

Suppose U is a unitary operator such that Tp = UpU'. Here T is
reversible transformation and the inverseis T' p =U'pU. Such a T
transforms pure states into pure states.

Now suppose there is a collection of unitary operators U;,Us,...,Uy

with probabilities py,ps,.....px and applied toa state p.

k
Then Tp = Z ijijjT.

j=1
Such a T is not reversible and it transforms a pure state into a mixed

state.More generally we consider maps of the form

Tp =i LipLy’ where i L',=1

J= Jj=1
We note that if each p is a positive semidefinite matrix, so is each Lijj'r
and so is their sum. Thus Tp is again a state. Further this gives a

characterization of a completely positive map.
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The matrices L; are said to corrupt the input state p and are called

error operators. A noise in the channel is a class A of matrices
operating as lnear operators on H of the quantum system and A is
called the errorspace.
1.2.11  Error Correcting Quantum Codes [Pi]:

The input state is reconstructed from the received output state
by decoding.We seek a ‘recovery operator’ or ‘superoperator’ R

which when applied to the output state will reproduce the input

k
state ie., R} LipLj") = p. Such an R will also be a completely

j=1
bositive map. The R need not exist generally but when the nput states

are restricted to aclass of ‘good’ operators i.e., to a particular subspace

of H it works.
1.2.12 Definition [Pal]:

Let CcH be a subspace. A state p is said to have its support
in C if TrpP=1 ,where P is the projection on C. The orthogonal

complement Cl={Iv) |ulv)=0 V |u)eC} of C,is a subspace of

H.
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1.2.13 Definition [Pa2]:

Let A be the space of error operators of a quantum channel whose input
and output states are defined on the  Hilbertspace H of dimension N.
A subspace Cc H iscalled an A correcting quantum code if there exist
matrices M;, M,,...... » M, (acting as linear operators on H) and

satisfying:

@ ¥ MM =I

i=1

(b) If k is any positive integer, L L,,........ JLx€ A satisfy

k
> L';=1 and p is any input state with support in C

J=1

then 35 MiLipLiHMi" = p.

Py
Remark:

Thus a state p with it’s support in an A-correcting quantum
code Cis a good state ie., if such a p is transmitted through

a channel, the output is

~ k k
p =Y LpLy' where LieA and Y LI =L

Jj=1

If the recovery operator R is defined by
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Rp = i MipM;’

P
then we canrecover the input state p.

In the case of abstract error correcting code the measurements and
corrective actions are modeled by ‘Recovery operators’ as given below.

If {A.} , {R;} are the collections of error operators and recovery

operators respectively and if | ko) is an input state vector ,what we desire for is

lko) = RAJlky) forevery a.

More generally if p; is any density matrix defined by states in C such

that p; = > p, | koXko| then the condition becomes
%o

a(@p)pi = S(ApiAs) =Y RAMALR foreach a, where
S is the superoperator defined on densities p as S(p) =3 R,pR/,

and afa,p;) is a positive constant and p; is any C density.
The recovery superoperator S is a completely positive map.There
is a nice criterion due to Knill and Lafflamme , a necessary and sufficient
condition for a subspace to be an error correcting quantum code.
1.2.14 Theorem ( Knill-Lafflamme Criterion) [KL]:

For a subspace C of a Hilbert space H to be an A correcting quantum
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code, a necessary and sufficient condition is that C has an orthonormal
basis { |y, lwa),....... , | wa)} such that for error operators A,, A, in the
errorspace A :

B wilA ANy =0 if Q=]

(i) (wi IASAply;) is a scalar independent of i =1,2,.....,d
1.2.15  t-error correcting quantum codes| Pa2):

We consider the input states and output states in the tensor
product H® of the Hilbert space H. The corresponding operator in this
case has the form A;® A, ®...QA, and if at most t-errors occur,

except t of the operators A;, 1 <i <n ,the others are equal to the

identity operator.
If A; denotes a linear span of such product operators then the A, -error
correcting quantum code C is called a t-error correcting quantum code.
1.2.16 Group representation as a tool in error correcting codes [Pa2]:

Let A bea finite additive abelian group with null element 0. Let
r be the smallest positive integer with the property rx=0 V x. Let
® = exp 2ni/r be the primitive r th root of unity. Then {1, ®, ®>,..., ®"'},

the set of all r th roots of unity is an abelian group under multiplication.



Let o :A— {1,0,0%...,0""} be a map satisfying a(@)a (b) = a(a+b)
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Va,beA Then o is called a character of A and let A denotes the

multiplicative group of characters .

On the Hilbert space H = L*(A) of complex valued functions on A ,

define the unitary operators,
Us,, acA and V,,aeA by
(Uf)x) = f{xta) V xeA,f eH
(Vof)(x) = a)fx).
We have the Weyl commutation relations,
UUb=U a4p, VaVp=Ves ,  UVo=a(a)VoU,.
The correspondence (a,0) — U,V,

representation of A x A.

Now consider H®*". The Weyl operators generalizes to
v = U,. = U 8®U ®..8U,
Vo = Ve w = V, 0 8...8

where A is the encoding space such that (a,a) € A"x A™.
Then the Weyl commutation relations are

UaUp=Uatpb , Va Vp= Vag and

is an irreducibile unitary
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Vo U, = [Ja(a,) Ua Ve
i=1

Here (a,0) is said to have weight t ,if #{i |(a,aj) = (0,1),1 <isn}=t
and it isdenotedas w(a,a) =t
1.2.17 Proposition |Pa2]:

The set { U, Vo Iw(a, o) <t } is a basis of unitary operators for the

error space A,

Remark:The following theorem gives an important connection between error
correcting quantum codes and the Weyl operators.

1.2.18 Theorem [Pa2}:

For a subspace C c H® is a t-error correcting quantum code , a

necessary and sufficient condition is that : C has an orthonormal basis

{ IWI > s i= 132’-"k} Where IWI > = Z Wi(alaaZ)-“aaﬂ) | a19a23---aan>

ay,a; a,€A

(isequalto > ;@) |a))and V (a,o ) € AA™ ( Here A is the additive

acA”

group encoding the Hilbert space H and A is the multiplicative group of the

characters of A) with weight w(a ,a) < 2t one has

® > a@yixta)y=0 if i =]

xeA”

(ii) > ax) y;i (x+a) yi(x) is independentof i=12,....k

xeA”
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n

with a(x) = [ ou(xy).

i=1

1.2.19 CSS CODE (Calderbank-steane-shor code)(CS ,St1,2]

In this method the scheme of classical error correcting codes are
implemented in the general quantum error correcting quantum codes .The idea
behind is to use two classical codes ,one to correct oy errors and the other to
correct G, errors in such a manner that the corrections of one type of error will
not effect the corrections of the other type of error.

Let E = linspan {U,V, |acA,aeA}. We define the E-corrrcting
quantum code by subgroups C; c C, cA. Let S be the cross section for C,/C,

such that C,= UCl +a , the coset decomposition of C;, by C; cosets.

acs

1.2.20 Theorem|[CS,St1,2,Pa3]:

The lin.span {\y,laeS} is an E-correcting quantum code of dimension

ZS’Z where ,(x) = (#Cy) "1 c,+(X), aeS , 1 is the indicator function.

1

1.3 Uncertainty and Entropy

In this section we consider some results pertaining to uncertainty and

entropy and how they are interrelated.
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1.3.1 Uncertainty Principle [Is]:
The Heisenberg uncertainty relation in wave mechanics is
AyxAyp 2 Vi([x,p] = 1)
which expresses indeterminacy of position and momentum in terms of the
second moments of the corresponding distributions.

If A and B are two observable whose probability distributions cannot be
both arbitrarily peaked and they are noncommuting then the uncertainty
principle is given by the Robertson relation [Ro],

AAAB = %|(ABDI,
whereA, A and A,B denote the standard deviations of the distributions:

(AyAY’

(A=A’
(AB)’ = (B)y—((B))
In general there is an irreducible lower bound on the uncertainty
in the result of a simultaneous measurement of noncommuting observables or
equivalently there is an upper bound on the accuracy with which values of
noncommuting observables can be simultaneously prepared.
The right hand side of the relation depends on the state y and so it has

no fixed lower bound.
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1.3.2 Shannon entropy [NC]:

Shannon [Sh] introduced the concept of entropy of a probability
distribution ( already it was there in thermodynamics ) asa measure of
information gained in a communication . The amount of information gained
after an experiment is same as the amount of uncertainty prevailed before the

experiment This is the crux of the connection between Shannon Entropy and

Uncertainty principle.

1.3.3 Definition:

For every probability distribution P = (p;,p,.....,.Pn) With p;> 0 and

n

> pi=1, the Shannon entropy is defined as

i=1l

HP)=->" pjlog p;
j=1

1.3.4 Properties:
(i) H(P) is invariant under permutation since it depends only on the
probabilities.
(i) HP)>0
(iii) H(P) is a concave function ie., if P and Q are two distributions ,
HOP+(1-A)P)> A HP)+(1-\)H(Q) for 0<Aa<1

(iv) If P,Q are two distributions then PxQ is also a distribution and



HPPxQ) = -3 pigjlog pig;.

Then H(PxQ) = H(P)+H(Q)
(v) H(P) =0 if and only if P is a Dirac distribution
ie., when p;=0 or p=1

i.e., when the distribution is deterministic.

(vi) H(P) is maximum for a fixed n if and only if p; = p,=.

30
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Chapter 2 On Quantum Codes

In the first section of this chapter we have a generalization of the CSS
code from F,’ to F_ " and in the second section we discuss that the
5-qubit code is a perfect code whereas the 7-qubit and 9-qubit codes are

not. In the last section we get the Knill-Laflamme criterion in the case of

symmetric and antisymmetric tensor product spaces.

2.1 Genaralisation of the Calderbank-Steane-Shor Quantum
Error Correcting Code

The Calderbank - Steane - Shor (CSS) quantum code is obtained the
by Calderbank and Shor and independently by Steane. The seven qubit code

was developed by Steane by considering the elements over the finite
field F, and the encoding has been done as elements of F,’= Z°.

In this section we work out a genaralisation of this to the case of
F ", over any finite field F,, where we assume that ¢ =p”, an integer
power of a prime p. In terms of the entries of F " we construct a table

whose (1i,j) thentry isthe usual innerproduct of these entries over Fg
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Let C be the set of all row vectors from the table leaving the first
coloumn. We , in Theorem 2.1 get a (q™1, q*, q"—q ™) simplex code

[1.1.8] .We will quantize this by applying theorem [1.2.19] and get

¥y = =3 %, ¥y = = 1%
0) W; _> 1> "'/E 5eC+(I;L»---J) >

I b g > = 1 I X)a """ ?
® r{/& Eec-p.(m;ﬂ)m..,m)

vy = — Y o

1 sccrwrimitwr

is an orthonormal basis for the error correcting quantum code of dimension
q and it can correct [(q"—q™'-1)/2] errors [1.2.20,1.1.4] with
F,= {0,1,0,0°,... L 0T2) .

We start with an example as given in [Pa2] which gives a method to
construct quantum codes from classical codes.
2.1.1 Proposition:

Consider triples in F,’ (=2Z, ) over the finite field F,. Then there

exists an error correcting quantum code of dimension 2.
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Proof.
We construct the following table .On the entries of F,’, we use the usual

inner product as the composition. ie. abc . xyz = ax+by+cz ( mod 2 ) where

the entries in the table are over F» - Z »

000 001 010 011 100 101 110 111

000 O 0 0 0 0o 0 0 O
001 O 1 0 1 0 1 0 1
010 O 0 1 1 0 o0 1 1
011 0 1 1 0 0 1 1 0
100 O 0 0 0 1 1 1 1
101 O 1 0 1 1 0 1 0
110 0 0 1 1 1 1 0 0
111 0 1 1 0 1 0 © 1

Then the portion inside the boxis the (7,8,4) = [7,3,4]
simplex code [1.1.8] and it’s row vectors form a vector space over F,
Let C be the set of all row vectors inside the box.

Define

0) 232 J_‘EZCIQ % 242 ;_;ec+(1,xz,1,!,)_c1,?,l)
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Then {|Wo), |'¥;)}is an orthonormal basis [1.2.20] for the error
correcting quantum code of dimension 2 and since d = 4, it can correct
one error [1.1.4].
We use this method and construct some more quantum codes over
other finite fields.
2.1.2 Proposition:

Consider two tuples of elements in F,*> (= Z,* ) over the finite field

F;. Then there exists a 2 error correcting quantum code of dimension 3.

Proof:
We construct the table as follows .On the entries of F,” over F;, we

apply the standard inner product as ab.xy = ax+by (mod 3) so that

the entries of the table are over F; = Z;

00 01 02 10 11 12 20 21
o0 00 0 0 0 0 O O O
0r 601 2 0 1 2 O 1 2
62 0} 2 1 0 2 1 0 2 1
o o0 o 1 1 1 2 2 2
1T o}1 2 1 2 0 2 0 1
12 02 1 1 0 2 2 1 0
20 00 0 2 2 2 1 1 1
21 0{1 2 2 O0 1 1 2 O
22 o2 1 2 1 0 1 0 2
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The row vectors inside the box form a vector space over F; and

this portion inside the box isan (8,9,6) = [8,2,6] simplex code
[1.1.8].

Let C denote the set of all row vectors inside the box.

Define
Wo =13 Ix , Wy =1 3 Ix,
3 e 3 xeCHLLLLLLY
1
vy =~ 3 Ix)

3 secr@222222)

Then { |Wo), |'Wy), |'¥,) }isan orthonormal basis [1.2.20 ] for
the error correcting quantum code of dimension 3 and since d = 6, it
can correct 2 errors [1.1.4].

2.1.3 Proposition:
Consider all the tuples of elements in F,” ( = Z,” ) over the finite

field F4. Then a quantum code of dimension 4 exists.
Proof:

We construct the following table. Apply the usual inner product on
the entries of F,” as the composition. Then ab.xy = ax+by (mod 4)

over the field Fs=2Z,4
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The row vectors inside the box form a vector space over F, and they
forma (15,16,12) = [15,4,12] simplex code [1.1.8].
Let C denote the set of all row vectors inside the box.

Define

v =% 1o L lwy= 7 ¥ o,

xec xeC+(11,..,1)

| w2 =-} > lxy , lwsy = | x)

1
ecriom. 4 v, ot
Then { |\p0), |\|;1), |\|12), |\|/3) } is an orthonormal basis[1.2.20] for the
five error correcting four dimensional quantum code(1.1.4].
2.1 Theorem (The general case F " ):

Consider the elements of F_ " which are the n-ary vectors over the
finite field F; .Then there exists an error correcting quantum code of
dimension (q*-1,q", °~q™') which can correct [(q"—q ™*'-1)/2] errors.
Proof:

We identify F, with {0,1,0,.. .,0%7%} where o is the q th root of unity.
We consider the usual inner product namely

a;a,....3,; . bjba...b, = a;btab,t...+ab, (modq )
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Under this composition we geta table whose entries will make a

n n .
q x q matrix over Fg.

000....0 000....01 000...00 w0 o
000...0 0 0 0 0 0 0
00....01 -0
000....00 0
0o o 0

Consider the row vectors inside the box .Their entries are from
{0,1,0,.....0%%} .
Claim 1:

These row vectors forma vector space over F.
Proof:

A multiplication of any of these rows by an element of F, gives
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again a row inside the box. Consider the rows corresponding to a,0t,....,0
and By, Ba,...... , Bnwhere a;’s and ;s are in F.These rows are given by
taking the inner product of a;, o, ....... ,oun and By, Ba,...... , Bn withthen
tuples appearing at the top of the table. Hence the sum of these two rows is
given by taking the inner product of oy, aty,....... , 0n+ Bi, Boseeeens , Bn with

the n tuple appearing at the top of the table. But

Olpy O2seeenne. , O TB1, Boye-enn , Bn 1s again of the form yy, 7s,....... , Yn Where
11 € Fq and corresponding to v, v2....... , ¥ n We have a row inside the box.
This implies that the sum of rows corresponding to o, o,....... , O, and By,

B2s.-.... , Ba lies inside the box. Hence the claim.
Claim 2:
The number of 0’s in each nonzerorowis q™' .
We use the following theorem to prove this claim:
Theorem [Hu]:
An if and only if condition for the congruence a;xjt+ax;+.....+aXy+b
=0 (mod m) to have a solution (X,Xs,....,Xy) is that g.c.d (a;,ay,.....,a,m) |b.
If this condition is satisfied then the number of incongruent (mod m)

solutions is m™'(ap,ay,.....,an, M)
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Proof:

If an entry inside the box is zero implies that it is the composition of
Some o, 0L,....... , 0y and By, Bo,...... , Ba such that a3 +oBot...... +a B
=0(mod q) or ayfitaBat...... +a,fn= tq
By Theorem [Hul, it happens if and only if g.c.d (o, O,....... , n,q) =110,
which is true since q = p™,p is a prime. Hence the number of incongruent
solutions (mod q)is equal to q *1.1=q ™'

If we consider any element of F " we ’have shown that there exists
exactly q =1 elements of F .~ such that the inner product o, 0,....... , oL, With
these q ™' elements is zero, which implies the distance between any two row
vectors inside the box is q"—q ™"

Hence the row vectors inside the box is a vector space over Fy and
they forma (q"-1,q",q"—q™') = [q"~1,n, ¢"—q™'] simplex code

[1.1.8] ie., an p-dimensional (or it has q" rows) , q™' long vectors with a

minimum distance q"—q ™' so that it can correct [(q"-q ™' -1)/2] errors

[1.2.20,1.1.4]

Now let C denote the set of row vectors inside the box .
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Define

K7 o, vy = < 1)
0 = \/—é X) Y 2fq fecm;l,..n.l) X

v,y = - |%),......
(D> W .§€C+(m§,:m.....,m) _>’ ’

[¥.¥) = — %
¢ '{/E ’_‘E(-‘+(m"",mz,"_2 ~~~~~~~ @??) -

Then { |Wo), [Py ,....... , |¥ o¥?) } is an orthonormal basis
[1.1.20] for the g- dimensional quantum code that can correct [(q"-q ™'-1)/2 ]
errors [1.1.4]. |

We conclude this section by asking the following simple yet important
question: In quantum studies since unpredictable things happen, is it
necessary to consider the usual or standard inner product always ? In the
following result we show that by changing the ‘product’ we can still obtain a
quantum code.

2.2 Theorem:
Consider the triples in F ,> over the finite field F,.Then under the

‘product’ abc . xyz = ax + by (mod2) ,there exists a single error correcting



quantum code of dimension 2.

Proof:

Wehave F )’ =

Z,;

With the ‘product’ defined as abc . xyz = ax + by (mod2),

we obtain the following table.

000
001
010
011
100
101
110
111

Choose C as the four

000 001 010 O11 100 101 110 111

0

O O O O © O O

0

o O O © O © O

6 o0 o0 o0 o0 o0

et e O O = = O
et et D O = = O
ea e T T T < T e S e ]
— e = O O O

O O e e e ek O
O O ek ek e = O

nonrepeated rows inside the box.

o O o O

—_—0 = O
—_— 0 s O
—— O O
—_——— O O
O = = O
O = = O

42
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Over F,, the row vectors in C form a vector space .Hence the rows of
Cgivesa (7,4,4) = [7,2,4] simplex code [1.1.8].

Now define

lwoy = %Z Xy, lw) = % 3 Ix).

xeC xeC+(1.L......, 1)

Then { |wo), |yi)} is an orthonormal basis [1.1.20] for the error
correcting quantum code of dimension 2 and it can correct one error{1.1.4].

2.3 Theorem:
Consider triples in F ,> over the finite field F,.Then under the

‘product’ abc . xyz = by + cz (mod2).there exists an error correcting
quantum code of dimension 2.

Proof:

Wehave F,) = Z)

and the scalar product as abc . xyz =by + cz (mod2)

We obtain the following table.
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000 001 010 011 100 101 110 111

000 O 0 0 0 0 0 0 0
001 O 1 0 1 0 1 0 1
010 0 0 1 1 0 0 1 1
011 O 1 1 0 0 1 1 0
100 O 0 0 0 0 0 0 0
101 0 1 0 1 0 1 0 1
110 0 0 1 1 0 0 1 1
111 0 1 1 0 0 1 1 0
Choose C as
0 00 0 OO0O
1 01t 01.0 1
C =
0110011
1 1 00110

Itgivesa (7,4,4) = [7,2,4] simplex code[1.1.8].

Define

l\lfo>= %z h_() ) I\Vl):% > |7_‘>

2eCH(LL,...1)

Then { | o), I\lll) } is an orthonormal basis [1.1.20] for the error

correcting code of dimension 2 and it can correct one error [1.1.4].
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Remark:
So the above results show that it is possible to change the scalar
product and still obtain quantum codes . However we note that with these

products we may have to work with a smaller vector space or in other words

to work with a lesser number of code words.

2.2 The 5-qubit code is perfect

In determining quantum single error correcting codes the three
major breakthroughs are by the 9-qubit case of Shor [Sh2], 7-qubit case of
Calderbank, Steane, Shor [CS,St1,2] and the 5-qubit case of Laﬂammé et al
[LMPZ]. The 5- qubit code has some nice features over the other two codes.
It required a smaller number of qubits in encoding. Indeed it is the
minimum bound in terms of the number of qubits.

For a single quantum quantum error correcting code usingn qubits
means one can make n-1 measurements and so there are 2" error
patterns. .But in terms of Pauli matrices the number of error patterns is

3n+1. In general the inequality 3n+1 <2"" holds .
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In the 9-qubit and 7-qubit cases this inequality is very well satisfied
and the equality itself holds in the 5-qubit case. Moreover for no n<5 the
inequality does hold. Thus it is the least n where equality holds. When the
equality holds, the code is called a perfect code. In fact we can prove that
apart from the 5-qubit case the 7-qubit and 9-qubit cases are not perfect.
Remark:

An error correcting quantum code C is a subspace of the Hilbert space
H. Roughly speaking, the error operators will cause error by mapping this
subspace onto subspaces of H. If the code is perfect then these subspaces
will make up the whole Hilbert space H. If the code is not perfect then the
sum of these subspaces will not give us the whole H.

2.2.1 Theorem:

The error space of the single error correcting 5-qubit code with an

orthonormal basis { |\yo) N y1) } given by

| o = ¥4{ 1 00000y +[|11000)+ |01100) + | 00110) + | 00011)]
— 1101010y + | 00101) + | 10010) + | 01001}
~ [l11110)+ J01111)y + | 10111) + | 11011)]

lyy= %l 11111y + [|oo111y+ 10011y + | 11001) + | 11100)]
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— 110101y + | 11010y + | 01101y + | 10110Y]

~[100001) + | 10000y + | 01000y + |00100)]  (**)

(Laflamme’s encoding) has dimension equal to 16.

Proof:

We know the error space A, of the t-error correcting code has the
basis { U.Val w(a,a) <t} where a =aja.....a;, and o = o QL. ...a, With
UV, = UV, ®,_V,®..QU,V, and w(@a) =t means
t=# {i| (a,00) = (0,Dfor 1<i<n} [1.2.17]

Thus except for t terms in the tensor product all the rest are identity.

In our 5-qubit single error correcting code
UV,=U,V,®U,V, ®...8U,V,
#(i| (a;,0;) #(0,Dfor 1<i<5} = 1
Here the possible choices of (aj,c;) are (0,-1),(1,1) and (1,-1) since
A ={0,1} and A = {1,-1}. Thus in the tensor product of 5 factors we make

errors but we cannot make errors in more than one factor. In other words

except for one factor the remaining factors are identity. Hence the possible
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choices of entries in the basis of the error space are {U, V,®I®IRIR],
I®U, V ®I®IQI, IRI®U,V, ®IQL IQRI®RI®U,V, &I,
IQIRIRI®U, V, } where (a,0;) € {(0,-1),(1,1),(1,-1) } 1
The Laflamme’s 5-qubit single error correcting 2 dimensional

quantum code has the orthonormal basis {I\yo) wi)} as given in (*%)

above.

Now U, V,_ |x) = oy(X;) | x+a;) since the actions of the two unitary
operators U, and V, are given by

Ulxy=|x+a) and Va|xy=a@]x)

Now to prove that the 5 qubit code is perfect it is sufficient if we prove
Span {U,Ve | wo) | w(a,a) < 13 + Span {U,Ve |y | w@,e) <1} = H®,
the whole 32- dimensional Hilbert space.
This will mean that the S-qubit code is perfect since the (code Hp)" ={0}

We have this following table associating A and A ,
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Except for identity , the options of (aj,a;) are (0,-1), (1,1), (1,-1).With

this choice of (a;,a;), (1) gives 243 unitary operators.
Further we have :
(1) UgVy|xy=|x) ie.,
UoVi10y=10y and UpV,|1y=]1)
) UgVa | =-1x)|x ie.,
UoV.4|0y= 10y and UpV,|1)=-|1)
3) UViIx) = |x+1) e,
UViloy=1[1) and UVi|1)=]0)
@) UVi|x=-1x)|x+1) ie.,

Uvaloy=11y  and UV,I1)=-]0)

The 243 unitary operators carry the orthonormal set{ |\y0) , | Y1)} to

an orthonormal set of H. Out of this collection, we can pick out 32, which

will form a basis of H®®. In other words the action of merely 16 of these

operators can give an orthonormal basis for H®®,

2.2.2 Corollary :

The five qubit error correcting quantum code is perfect.
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Proof:
By theorem {2.2.1] only 16 operators are needed to span the
errorspace so that they will make a decomposition of the Hilbert space as the
union of these subspaces. This property proves that the 5-qubit quantum

code is perfect.
Remark:

On the other hand in the case of 7-qubit code we have to check the
action of a total 2187 unitary operators and in the case of 9-qubit code the
action of a total 19683 unitary operators .But in both cases what we
conclude is that even after ignoring the multiplicities in the resulting vectors,
there are vectors left out so as' to make up the orthonormal basis for H¥’
and H® with respective dimensions 128 and 512.

2.2.3 Corollary :

The seven qubit and the nine qubit quantum codes are not perfect.

Even if we make use of all the 2187 (19683) error operators and get

subspaces , they will not combine to form the whole H®’ (H®®) spaces.
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2.3 Symmetric and Antisymmetric Tensor product
(Regarding Bosons and Fermions)

If H is a Hilbert space we denote by H®" H*”, H” as the n th

tensor, symimetric tensor, antisymmetric tensor products respectively.

Example:

If {e;,e;} isa basis for H then H®? has dimension 4 with basis
{e1®e,, €,®e;, e:Pe;, e,Re; }, HY has dimension 3 with basis {e;Re;,
e.Re,, 6,Qe+e,®e} and H has dimension 1 with basis {e;®e,— e,Qe,;}
2.3.1 Definition [Pa 1]:

Let S, be the group of permutations of the set {1,2,...,n} and UH ®")
be the unitary group of H®".

For ¢ € S,, define the map Uzon UH®") as

Us 31®uR....0u, = 1L ®uo_,(2)®....®uc_,(n),

where o ! is the inverse of 5. The map o — Uy is a map from the finite

group S, into UH®").

The .subspaces H” ,H" of H® are given by
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H" = {ue H® | Usu=u VoeS,} and
H" = {ue H® | Usu =g(o)u VoeS,}, where g(c) = %1 according
as o is even or odd.

These are the n-fold symmetric and antisymmetric tensor products
of H.
Remark:

If the Hilbert space H has dimension N then the dimensions of

dmH® = N* dimH"=(N+n—l) and

n

4 (N) if n<N

n

0 ,if n>N

) -
respectively.

Let A be the additive abelian group of order N with identity 0 and
let A be the multiplicative group of its characters with unit element 1.
By assuming that there are no repetitions , we encode the orthonormal

basis for H®™ with the entries of A as {|aja,....a,) ,a,€A,1<i<n.}
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We note that (a,a) > U,V, is a unitary representation of A x A and the
dimension of B(H) = N?
Similarly (a,a) - U,V, is a unitary representation of A°xA" and
the dimension of B(H ®®) = N™

N+n-1
n

Knowing that dim H* = ( ) and dim H = (N

n

)we look for

the appropriate Weyl unitary representations for H* and H* .

We first consider a simple case.
Let dim(H)=3 N=3 ,n=2 thendimH * =@= 6.

If the orthonormal basis for H is {e;,es,es} ,then the orthonormal
basis for H *'is
{ lerer), | exen), leses), [ ereayt L eser), | eresy L ese), | eresyt | eser))
Encode the basis of H by A= {a},aja3} and A = {a;,0,03}.
Then the orthonormal basis of H ** encoded by the alphabet of A is
{laia), | aza), | asas), | aianp+ | asar), | asash+ | asas), | ajasy+ | asay))
Let o0, =(@0,9.), ¢,.,0, €A

Then we define ¢~ = (¢p_,p_)=¢ @, ifi=j and
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0" = > |q>‘,?},,- ), (where @) = ((pai ,(paj) and P varies
PEP(3)

over all permutations of 1,2,3 taken two at a time ), otherwise.

With this notation for denoting entries of H*' where H is encoded by
A, we now define operators U, and V, on H*' as

U, | X) = I x+a) and V, | x)=o(X) | X)

where a=aja;+ aia; X = XX+ xX; are in A“and a=oyo; in A*'. Then
X+a = (x+a)(xiHay) + (X+a;) (x+a;) € A* and a(X) = ai(xi)a;(x;) By A~
A7 we mean terms from A" and A" which are symmetric in nature).

Thus {U,Ve|a € A” ,ac A"} is a basis for the t-error correcting
quantum code if w(a, a)<t. [1.2.17]

We observe that dim B(H ') =6 > = 36.

In the general case ,

Let o9, . = ((pml 0, ,.7...,(pa") where 0, eA

Define ¢ '=(p_,p_ ,.....0,) = ¢ 9, . ,ifall¢_are equal and

Peg(n)

o= > I(Pgo",l,,a,,..,a,% where 07, . .= (@, ,(Paz‘,.....,(paﬂ) and
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summation is taken over all permutations P of N indices taken n at a
time, otherwise.
With this notation of denoting entries of H ** where H is encoded by A, we
now define operators U, and Vo on H* as
Ul X) = | x+a) and Vg, | X)= o(X) | x) over all symmetric terms x, a in
A" and a in A™ which we denote as A " and A * respectively. Then
{U.Vo| a € A", ae A"} is a basis for the t-error correcting quantum code
if w@a, o)<t [1.217]

By making such a selection of the error space we can equivalently
state the version of Knill-Laflamme criterion [1.2.18] for a symmetric
tensor product of Hilbert spaces.

2.3.2 Theorem:
A subspace Cc H “(H “)is a t-error correcting quantum code , a

necessary and sufficient condition is that if C has an orthonormal basis

{hi), I=12,.X%) where lyi)= Y wi(@aaz....a0) | aj,az,...,3, ) (is

ay,a; a,€A

equalto > y;(a) la)) and V(a,a)eA‘"xA’"(A“"xA“")v(HereA

"
acA’

is the additive group encoding the Hilbert space H , A is the multiplicative




56
group of thecharacters of A and by A ¥, A ¥ we mean terms of symmetric
nature from A", A". A parellel structure may be used for antisymmetric

case.) with weight w(a ,a ) < 2t one has,

@) Y ax) yi(x+a)yi(x)=0 ‘if i #j

x€A"

(i) Y a(x)y;(x+a)yix) is independentof i=1,.2,....k

xeA”

n

with a(x) = J] ai(x)).

i=1

Proof :
We have proved the theorem in the case of symmetric product.
Now we have to prove the theorem for an antisymmetric product.

Consider the example discussed above.
If dimH=N=3 ,n=2. Then dim H* = @ =3
The orthonormal basis of H ¢ encoded by the alphabet of A is

{la1a0) | azar), | asas) — | azar), | azasy — | asaz)}

I_)et (p f121),‘11' - ((pa, ’('paj) ’ ('pa, > (paj EA
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Then we define ¢”= Y e@)lo @, ): where ¢ & = ©,.9,) and

Pij
Pep(3)
summation is taken over all permutations P of three indices 1,2,3 taken

two at a time and &(p) ==l according where i # j
With this notation for denoting entries of H® where H is encoded by A,
we now define operators U,and V, on H® as:
Define operators U, and V,, as
Ux)=|x+a)  and Vulxy= a@®|x)

where a = a;a~ ;3; | X = Xxj— X;X; are in A“ and a=oya; in A . Then
x+a = (X+a)(x+a) — (x+a) (x+a)e A” and a(x) = oi(x)oy(x;) (By A<,
A” we mean terms from A" and A" which are antisymmetric in nature).

Thus {U.Vy|aecA“, ae A”}is a basis for the t-error correcting
quantum code if w(a, a) <t.
We observe thatdimB(H <)=32=09.

In the general case ,

Let (pfz?uz,..,a,, =((pa ’(pa a-----,(Pa ) where (piEA
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Define ¢ = 3} s(p)l(pf,:'j,hama") where %), = ((pal Py P, ),

Pégin)
summation is taken over all permutations P of N indices taken n at a time
and g(p) = +1 according as the permutation is even or odd .

With this notation of denoting entries of H ¢, we now define
operators U, and Vo, on H“ as
U | X) = | x+a) and V, l x) = ou(X) l x) over all antisymmetric terms
x,a in A" and a in A" which we denote as A “and A
respectively. Then {U.Val acA”, ae A7} is a basis for the t-error
correcting quantum code if w(a,a)<t. [1.2.17]

Hence the theorem.
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Chapter 3 Error Correcting Quantum Codes in

Higher Spin Systems

Normally error correcting quantum codes are discussed in a
framework where quantum particles have two possible eigenstates,
otherwise termed as spin-1/2 particles. Here we consider a construction of
error correcting quantum codes for a higher spin system i.e., spin greater
than %2 .Such codes were considered by Chau [Ch2].He had constructed five
register and nine register error correcting quantum codes for a higher spin
system. His codes are described for a quantum particle with N possible
eigen states or the particle has an (N-1)/2 spin.

In his work Chau has used the direct version of the Knill-Laflamme
theorem. In our work we use [1.2.18] which is the modified version of the
Knill-Laflamme criterion done by K.R.Parthasarathy [Pa2]. Moreover in the
last part we make use of this criterion again to check that the five register
quantum code is optimal or equivalently that there does not exist a four
register quantum code. We have applied a similar method to verify the

9-qubit quantum code. We also construct a seven qubit code following the

method discussed by Chau [Chl].
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Chau’s theorem says,
3.1 Theorem [Ch 2]:

Consider a quantum particle with N eigen states. Suppose the N
mutually orthogonal eigen states that are used to construct the five quantum
register code are given by IO) N D, o, IN-1) .Then the encoding

scheme that can correct at most one quantum error occurring in one of the

quantum registers is

Iy - k)

= Ifw;(;nqw)ﬂfr Ip+q+k> Ip—l—r) I q+r) Ip) I q)

p.q.,r=0

N-
= le ;(P+q+r)+Pr Ip_|_q+k , p_',_r’ q+r, p, q >

p.q,r=0
for k=0,1,.....,.N-1, where additions in the state kets are modulo N and
oy is the primitive Nth root of unity. ( Here |k;) stands for encoded | k))

Now we have the following version of the Knill-Laflamme

criterion [1.2.18] for a t-error error correcting quantum code.

3.2 Theorem:

Suppose H is a Hilbert space of spin (N-1)/2 i.e., H has dimension N.
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Let C be a subspace of H®® consisting of all vectors of the form
x = | p+q+k, p*r, qtr, p, @) withp, g, r, k=0,1,2....,N-1. Let A=Zy, A
it's group of characters. For |x) = |p+q+k, pt+r, gtr, p, Q@ , set

widX) = o' and |y = A (x)|x) for k =0,1,...,N-1. Then this

xeA®
collection is an orthonormal set. Let C be the span of this collection.
Then for all (a,a) in A’xA> with w(a,x) < 2, C is a single error
correcting quantum code if the following hold :

O > a@yxGFa)ye(®)=0 if k =k

xeA"

() 3 ax)yy(x+a)yx) is independent of k=0, 1,2,...., N-1

xcA"

with a(x) = f'[ oi(x) -

P
Remark:

By Khnill-Laflamme criterion [1.2.18] the subspace C as given in
the above theorem will be a single error correcting quantum code.
Proof :

The collection |y) an orthonormal set in C [ Ch2].

Assume w(a ,a) < 2
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Corresponding to |p+qtk , ptr, g+, p, q ) we have

1

v (pratk, ptr, gir, p, q) = N

® AI;,(p+q+r)+pr

So for an arbitrary |x;,%»,X3,X4,Xs } we have

k=x1-p—q = X1—X4Xs

I'=X—-p=X3q

. X, — X

ie, r=¢?%* "
X3 — X5

_ Gy xg —xg)lx +xs +(x, —x)]+ X, (x, - x,)
Hlence, k(p+q+r)+pr {(xl =%, —x5)[x, + x5+ (x5 —x)]+x,(x, —x5) (1)

1 © (X =2y ~x5 [ X4 +x5+(Xy =2 )+ X4 (X3 —%4)
N
(X1, X0, X3,XaXs) ={ N
Vi (X1,X2,X3,X4,X5

o (3= ~%5 )%y +3+5(¥y —25)+2 (x3-%5)
N

Since w(a,a ) <2, we need to consider only two cases, when
w@,t) =1 and wa,a) =2

Now the sum ) oX)yy (x+a)ye(x) reduces to

xcA"
—= Doy )
N® p.a.r=0 v
where

P-P.= [k(p+q+r) +pr] — [ K'e (Petqetre) + pefe ] 3)
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where the second term is consequent to error.

We discuss all possibilities, since there is no uniformity.
Case 1: (whenw(a,a) =1)

Weight w(a ,o) =1 implies #{il(azo) = (0,1),1< i< 5 } = 1.Then
except for one term in the five tuple (a;,ayas,a4,as) the rest are zeroes. It’s

corresponding character is the only one different from one out of all the

five characters.

We have the following subcases.
Subcase (i)

If the error is in the first register, then (X, Xz, X3, X4, ‘x5) -
(x1+ay, X, X3, X4, Xs)

So k=x;—x4—Xs +a,

from (1) we get k(ptqtr)+pr =(k+a;) (p+q+r)+pr
Using this in (3) we get P-P. = [k(ptq+r) +pr ][ (k'+a;) (prqtr)+pr]

= (k-k)(ptqtr) — ai(p+rqtr)

Thus sum in (2) reduces to o(X)okk
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Subcase (ii)
If the erroris in the second register then (X, X, X3, X4, X5) —>
(X1, Xa+ap, X3, X4, X5)
Sok=x1—X4—X5

X, —-Xx, +a
rz{z 4 2

X3 — X5
k(p+q+r)+pr
k(p+q+r)+p(r+a,)
Hence (ptqtr)+pr =
k(p+gq+r+a,)+pr
k(p+q+r+a,)+p(r+a,)

(k-kYp+qg+r)
(k-kYp+q+r)-pa,
(k=k'Yp+q+r)—ka,

(k-k'Xp+q+r)—ka, - pa,

Thus P-P' =

Again from (3) the sum in (2) reduces to o(X2)dx
Subcase (iii )
If the error is in the third register then (X;, Xp, X3, X4, X5) —>

(X1, X2, X323, X4, Xs)

Sok=x;—%x4—Xs

X, —X
r={ 2 "M
X, —Xs+a,
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k(p+qg+r)+pr

k(p+q+r)+ p(r+a,)
H k(ptgtr) +pr = }
ence  k(p+q) +pr k(p+q+r+a,)+pr

k(p+q+r+a)+ p(r+a,)

(k=k'Yp+q+r)
Thus PP = (k—k')p+q+r)- pa,
(k—k"Yp+q+r)—ka,
(k-k'Y(p+q+r)-ka, - pa,

Again sum in (2) reduces to a3(X3)oxk
Subcase (iv)
If the error is in the fourth register then (xi, X5, X3, X4, X5) —>

(X1, X2, X3, X4, X5)

So k=xX;—X4—Xs—24

{xz_x4'a4
r=
X3 — X5
(k-—a,Xp+q+r)+pr
(k-a)p+q+r)+plr-a,)
+1) +pr =
Kpratn) pr (k—a)(p+q+r-a,)+ pr
(k_a4)(p+q+r'—a4)+p(r—a4)

k-k)Yp+q+r)+a,(ptq+r)

PP = (k-k'Yp+q+r)+a,(p+q+r)+pa,
k-k'Yp+qg+r)+a,(p+q+r-a,)
(k-k'Xp+gq+r)+a,(p+q+r—a,)+ pa,

This again gives ou(X4) S on substitution in (2).
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Subcase (v)
If the erroris in the fifth register then ( X, X2, X3, X4, Xstas) —>
(X1, X2, X3, X4, X57as)

So k = x;— X4 — X5 —as
— X, =X,
X3 = X5 —dy

(k—a,Xp+q+r)y+pr
(k—a)p+q+r)+ plr-as)
(k—a)(p+q+r—a;)+pr

(k—a,)(p+q+r—as)+ p(r-ag)

Hence k(ptqtr)+pr =

(k-k)Yp+g+r)+as(p+q+r)
and P-p = (k-k),(p+q+r)+as(p+q+r)+pas
(k-kYp+q+r)+a(p+q+r-a;)
(k-kYp+qg+r)+a(p+q+r—as)+ pas
We again get os(Xs)0xx in (2).
Case (ii)

In this case w(a,o) =2. It implies #{i|(a,0) = (0,1),1< i< 5} =2.
Then except for two terms in the five tuple (a;,a,,a3,as,as) the rest are

zeroes and the corresponding two characters are only those different from 1.

Here also we have the following subcases.



Subcase (1)
The two errors are in the first and second registers. Then
(X], X2, X3, X4, X5) - ( x1+a19 x2+a2a X3, X4, XS)

So k =x;— x4 — x5 +a;

(k+a))p+q+r)y+pr
(k+a)Xp+q+r)+p(r+a,)
(k+a)p+q+r+a,)+pr

(k+a)p+gq+r+a,)+ p(r+a,)

Hence, k(p+q+r) tpr =

(k-kYp+qg+r)-a(p+q+r)
p.p.= | k-KXp+g+r-alp+g+r)-pa,
€ (k-k'Xp+qg+r)-a(p+q+r+a,)
(k-k'Yp+q+r)-a(p+q+r+a,)- pa,

and

which gives o;(X1)o2(X2)8kx In (2).

Subcase (ii)
The two errors are in the second and third registers. Then
(X], X2, X3, X4, XS) - (Xla Xptay, X3tas, Xy, XS)

So k = x;— X4 — X5

= {xz -x, +a,
X, — X5 +a,

67
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(k(p+g+r+a)+p(r+a,)
k(p+q+r+a,)+ p(r+a,)
k(p+q+r+a)+p(r+a,)
\k(p+q+r+a)+ p(r+a;)

Hence k(ptqtr)+pr = w

((k—k'Xp+q+r)-k'a, - pa,
al’ld P'Pe:: <(k_.'k:)(l)“'bq-'-r)_k:aZ_pa3
(k-k'Yp+q+r)-ka, - pa,
((k-k'Yp+q+r)-ka, - pa,

(2) reduces to a(X)a3(X3)Okk
Subcase (iii )
The two errors are in the third and fourth registers. Then
(X1, X2, X3, Xay X5) = (X1, X, Xg+3, XqHag, Xs)

So k=x—X4— X5 —4

(k-a)Xp+q+r+a)+p(r+a,)

(k-a)p+q+r+a)+p(r—a,)
: + =
Hence k(p+qtr) +pr (k-a)p+q+r—a)+pr+a,)

(k-a)p+q+r-a)+pr+a)



(k-k'Xp+g+r)—Fk'a, +a,(p+q+r+a,)-pa,
P-P,= (k-k'p+g+r)—Ka, +a,(p+q+r+a;)+ pa,
k-kYp+g+r)+ka,+a,(p+q+r-a,)- pa,
k-kYp+q+r)+ka, +a(p+q+r—-a,)- pa,

This gives as(X3)ou(Xe)8xx In (2).
Subcase (iv)
The two errors are in the fourth and fifth registers. Then
(X1, X2, X3, X4, Xs)  —> (X1, Xp, X3, XgT2s, Xstas)

So k =Xx;— X4 — X5 —a4 —as
r= X, =X, —a,
X, — X5 —d

(k—a4 —a,)(p+q+r—a4)+p(r—a4)

(k-a,-a;)(p+q+r—a,)+ p(r—ay)

Hence k +r) +pr = 4 4 >
Prarn) +p (k—a,-a)p+q+r-as)+p(r-a,)
(k-a,-a)(p+q+r—a,)+ plr-ay)

(k-kYp+qg+r)+ka)+(a, +a,(p+qg+r—a,)+ pa,

P.p. = (k-KYp+q+ry+kla,+(a, +a;(p+q+r—a,)+ pa,
¢ k-kYp+q+r)+ka;+(a, +a,)(p+qg+r—a)+ pa,
(k-KYp+q+r)+ka;+(a, +a)(p+q+r—a,)+ pas

Substituting gives ou(Xg)os(Xs)de M (2).

Subcase (v)

69
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The two errors are in the first and fifth registers. Then
(X1, X2, X3, X4, Xs) —>  (Xg21, X, X3, X4, Xs+2s)

So k =Xx;— x4 — Xs +a; —as
X, =X
r= 2 4
Xy — X5 — 4

(k+a,—a)(p+q+r)+pr
(k +a _as)(P+q+r)+p(r‘as)
(k+a,—a;)(p+qg+r—a;)+pr
(k+al "ras)(p"'q'*'r_as)'*'p(r—as)

Hence k(p+qtr) +pr =

(k_k')(P+q+r)—(a1 —as)(p+q+r)
(k—kYp+qg+r)—(a, —as)(p+q+r)+ pa;
(k-kYp+q+r)+ka;—(a, —a;X(p+q+r-a;)
(k-k')p+q+r)+ka;—(a,—a;X(p+q+r—as)+ pas

and P-P.=

which again gives ou(Xi)as(xs)oxx in (2).

The following theorem shows that five quantum register code is optimal.

Theorem :
The five quantum register code is optimal i.e., at least five register

encoding is needed for error correction.

Proof:

We prove that the five quantum code is optimal or equivalently
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a four quantum register code is insufficient for single error correction. If

possible suppose the encoding is

N-1
lky > 1k = > o Ipars) and

p.q.r=0 qu

N-1
lky> Ik = Y 8 Ipars)l
par=0 P4qrs

k k'
Define p , =>aa, ad p ~=>F B 4)
pgpg M P'q'rq Z pamT

Now we use the two conditions of error correction by Knill-Laflamme in
[1.2.18] under the following assumptions.
Case (i)

Assume the two errors occur in the last two registers and using

condition (1) in [1.2.18] we get

Z ﬁpq(r+l)(s+m)a pars = () Slmllarly Za pa(r+IXsm) qurs = () (5)
P.g e

Now assume the two errors occurred in first two registers and

applying condition (ii) in [1.2.18] we get

X ﬂ(p+l')(q+m')rs ﬁpqm = Za(p+l’)(q+m’)rsa pgrs (6)
r,s r,s
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Now we consider the following,

[ Za(p+l')(q+m')(r+l)(:+m) Zapq(r+l)(s+m) qurs ﬁ(p+l')(q+m')m ] (7)
r,s pP.gq

In terms of (4) expression (7) is pypw. Then pyp =0 since the middle
part is zero by (5)

On the other hand by putting B = o in (7) gives pxp =1, which is
a contradiction.
3.4 Theorem:

Consider H as in Theorem [3.2]. Let C be the subspace of H®®
consisting of all vectors of the form | pppqqqrr) such that p, g, r
varies over 0,1,..., N-1. Let A = Zy and A be it’s group of characters. For

|x) = | pppagqrt) , set yi(x) = 047 and |y =Sy, ®)|x ) for

xed’

k =0,1,.., N - 1. Then this collection is an orthonormal set. Then for all
(a,o) in A°A° with w(a,a) < 2,Cisa single error correcting quantum

code if it satisfies,

@ > a®yxxta)ye=0 if k = kK

xcA®

(i) > o) yy(xt+a)yx) is independent of k=0, 1,2,...,N-1

x€A”

n

with a(x) = J] ai(x) -

i=1
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Proof :
The nine quantum register code in Higher Spin system was

developed by Chau [Chl]. He gave an encoding that can correct error in

atmost one register as the following.

1 & +qg+r)k
Ik - k) = 7 o, P K | popaqar) |

p.gr=0
forallk=0,1,....,N-1 and oy is the N-th root of unity.
We verify that this indeed satisfy the criterion as in [1.2.18] . If
(x1,X2, ...,X9) represents (pppqqqrrr) then their association is
Xi=X2=X35P, X4=X5=X=q,X7=Xg = Xo=1T.
Since the code is single error correcting, the weight w(a,o) < 2.
First we consider the case that w(a,o) =1
Subcase (1)
Suppose the error occurs in the first register. Then
(X1, Xo, ...y X9) = (X1Hay, Xy, ..., Xo) .

So,

X = {ppa X2=X3=PpP,X4=X5=X=(q, X7=Xg = Xg=1.
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'IvhenP_Pe= k(p+q+r)—k(p+q+r)
Kp+q+r)y-k'(p-a, +q+r)

_ (k-kYp+q+r)
(k-kYp+q+r)+ka

Applying the criterion we get the sum to be & 0i(X;)

Cases where the errors occur in the second and third registers

follow similarly..

Subcase (ii)
If the emor occurs in the fourth register. Then
(x1, X2, X3, X4, -..,X9) —> (X, X2, X3, X412y, ...,Xo) .

TGy

Then P-P,= { k(p+q+r)-k'(p+q+r)
k(p+q+r)—k'(p+q—a, +r)

_ (k—k'Yp+qg+r1)
(k—K)Yp+q+r)+kha,

Applying the criterion we get &y yxoy(xs) for the sum.

All the subcases of one register error follow similarly.
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Case(ii)
Here we consider the case that w(a,a) =2
Subcase (i)
Error occur in the first and second registers. Then

(X1, X2, ..., X0) = (Xr+ay, Xatay, ...,Xo).

So x = { ? ,X2={ f  Xa=D,X=Xs=X=Q,%=Xg=X=T.
P-q pP-a

k(p+g+r)-k'(p+q+r)
Then P-P,= kp+q+r)-k'(p—a, +q+r)
k(p—a, +q+r)-k'(p+q+r)
k(p-a,+q+r)—-k'(p—a, +q+r)

(k-KYp+q+r)
k-k)p+q+r)+ka,

(k=k'Yp+q+r)-ka,
(k-kYp+q+r)-—ka, +ka,

Applying the criterion we get & po1(X;) aa(X;) for the sum.
Subcase (ii)
Error occur in the third and fourth registers. Then

(xlra X3, X4, .. .,Xg) - (xla- , X3ta3, Xqtay, .. .,XQ) .

So x1=p,x2=p,x3={ P ,x4={ 9 , Xs =Xg=( , X7 =Xg =Xg=TI.
p—a, q-—a,
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k(p+q+r)—-k'(p+q+r)
Then P-P, = k(p+q-a,+r)-k(p+q-a, +r)
k(p-a,+q+r)-k'(p-a; +q+r)
Mp_a3+q_a4+”_kxp_a3+q—a4+”

(k—k'Yp+q+r)
(k-kYp+q+r)y—ka, +ka,
(k—-k')Yp+q+r)—ka, +ka,

(k=Kk'Yp+qg+r)—k(a, +a,)+k'(a, +a,)

Applying the criterion we get &y oi3(x3) oa(x4) for the sum.
All the remaining subcases are either of these two types.
3.3 Theorem:
Consider H as in Theorem [3.2]. A subspace C of H¥’ with the

orthonormal  basis |y = >, (x)|x) where wix)= @®**) and

xed”
x = |prqtrik, ptrtk, gtrk, pratk, gk, p+k) isa single error correcting
quantum code.
Proof:
In this construction of the code we use the rule that

([ N if k=0 modN

. 0 if k=12,..,N-1modN
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where o, is the primitive N th root of unity.

We denote the N mutually orthogonal eigenstates in each quantum
register by | 0y, | ,....... , |N-1). We define the following encoding scheme

which can correct at most one error in the quantum registers as

N-1 kN
o -l = 5 w0, PHITORN | |

p.q,r=0

| pre+k) | gtk | pra+ky | gk | piy |

N-1 kN
= 2 3 0, P |prqirvc prvk, arek, prark, atk, p)
p.q.r=0

for k=0,1,...,N-1 and addition in the state kets and in the sum are

modulo N.
We prove that this is an encoding by applying the criterion.
Suppose (X3, Xo, X3, X4, X5, X6, X7) be any 7-tuple that represents the

(prqtrik, patk, girtk, prik, ptk, gtkrik)

Then
Xy — X5 X3 — X, X4 — X5
p= X, —X¢ s 0= 3%, — X4 , I=9Xy — X
Xy — X3 Xy — X, X; =X,

Then P = (p+q+r)kN can take the above values.
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Since the code is single error correcting the weight w(a,o) <2
Case (i)
First we consider the case that w(a,a) =1
Suppose the error occurs in the first register
Then (x5, Xa,...,X7) —> (X17a1,X,...,X7). Choosing four choices from
among the possible eight choices of P-P., then
IN[(k—k')(p+q+1)]
P-p, = KN[(k—kYp+q+7)—ak']
IN[(k-kYp+q+r)-ak' —a,k']
KN[(k - k")(p + g +r) - ak' — a,k' — a,k']
On applying the criterion we get o;(x;)8x) for the sum.
Similarly we can deal with the remaining four choices.
All the single error register cases follow similarly.
Case (ii)
We consider the case that w(a,a) =2
Suppose the error occur in the first and second registers
Then (x, Xy, ...,X7) =  (X1+ay, Xp1Hay, ...,X7)

There are a large number of choices for P- P, for



Nk-kEYp+q+r)
Nk-k'YXp+q+r)—ka,
P-Pe={Nk-k'Yp+q+r)-ka —ka,
etc.

L

On applying the criterion we get o4(X;) 0(X2)k for the sum.
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Chapter 4 Two Nice Applications of the

Knill-Laflamme Criterion

In the first section we look for the recovery of convex combination
of states but in the worst case the extreme points, namely, the pure states are
absent in the set. In the second section what is recovered after transmission

is not the input state but a ‘representation’ of the state.
4.1 Recovery of Convex States

We seek the recovery of convex states after being transmitted

through a noisy medium.

By a convex set D of states we mean that if p,, p, are in D then
aip1+ayp, alsois in D ,if aj,a, > 0 and a;+a,=1.Now if p is
any state in this convex set D of states and if p= a;p;+ayp;, then by error

correction procedure,

Z LjPLjT=Z Lj,(alplﬂlz)PLjT
=a), LpL"+a) Lplk'

= aprtapy if Y LTLi=1
J
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where Lj = R A, with A,’s as the error operators and R/’s as

the recovery operators that satisfy

S R'R=1ady ATA =1

By spectral theorem [1.2.4] every state p can be expressed as

p=> ;| uXy;| where p; > 0 and > pj=1and u, j=1,2,..is an

orthonormal set of eig;nvectors of p such that pu; = pyy; for each j. This
will imply that the extreme points [Co] of the convex set are precisely the
one dimensional projections in H. Any one dimensional projection is a pure
state.

Thus a pure state p always has the form p = |u)(u| . But in the
case of a state which is not a pure state i.e., for a mixed state [1.2.4] such
a representation is not possible.

We have to consider both the cases.

Case (i)
The extreme points of the convex set are pure states. When the input

states are pure states , they can be reconstructed by the original form of

Knill-Laflamme criterion [KL].
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Case (ii)

The extreme points are mixed states (i.e., not pure states) but they
are diagonal states. This could happen if the set of convex states has no
pure states in it.

We obtain a theorem to this effect in the case of diagonal states.
Remark:

The diagonal states or diagonal density matrices are pure states or
mixed states whose matnx representations are as diagonal matrices.

We prove the following,
4.1.1 Theorem:

Let Dy, Dy,.....Ds be a collection of orthogonal density matrices
on the Hilbert space H. Fixa |y) in H. Let C be the span D; |y,
Dalw,.....Daly). Then C is an error correcting quantum code if for the
error operators A, , A, in the errorspace A of H , the following
conditions are satisfied:

(i) <yl D'AAD; ly)=0 and

(i) (yIDAAD; hys =>" t(r,a)t(r,b), a constant independent of

density matrices D,
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Proof:

We first prove the theorem for two dimensional diagonal states.

Let El=[(1) g} and EQ=[2 ﬂ

Choose a; ,a5 ,b; b, suchthat  a;>+a,>=1 and b;” +b>=1 .

Consider the sum

=

Y (wll(biE; +b B) Ry Ay (@iEs +a2 Ey))

[(by By +by Bp) Ry A, (&:E; +a; Ex)I' )

= ¥ (vl [(byE; +b; B;) Re Ay (a1 By +2: )]

[@E; + a3 B2 ) A, /R, T (b By + bE,)] )

= [(61 E; +b; B2)[Y. ReAa (a1 Er + 2, By))

[@:E: + 22 F5) Ay TR, T1(by Ey + b,E,)] |y

= (v |[(b1 By +b, B, )[( a1 By +a2 By ((@iBs + 2 B2 )] (by Br + b2z ) [ w)
(Since by assumption diagonal states are recovered )
Now if (a;’Ei+a,°Ey) is orthogonal to (by°E;+b,’Ey) ,

ie., (a’Ei+a,’Ey) (b°E+b,°Ey) = 0 , the zero matrix, then



84

| > [(0E+bE)RA(aE+aEy)] |y) = 0 which means

(b1E1+ boEo)[R,A(a; B+ a2B,)] 1y)=0

Hence

R, A, (a; E; +a, By) |y = t(r,2)(a; E; +a, By ) L) ¢))

where t(r,a)eC

Now,
(w DA AD; [y
=Y ¢yl (aiE+aiE) AR R Ay@Br+biEs) |w)
= 3 [RAEr+aE) W) Re A(@Er+bEy) |w)
=Y ira trb) (w DD vy, by (D)

(0 L if i)

Il
A

t(r,a) t(t,b) ,if i=j where

t(r,a), t(r,b) areinC
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In general for n dimensional diagonal states we can simply extend the

above result as ,

Now consider the sum

3 (@l [(b1Ey+by By +....4+ by E) Ry A, (21E; +a, Ext......+ agEq )]

[(aE; +a; Ext......+ 2By ) AR (by By +by By +.... + by E) 1T )
On simplification this will give,
R A, (aE; +a; Ept.....+ aBy) |y)=

t(r,a) (a,E; +a; Ext...... + a,En ) | v), wheret(r,a) e C

Remark:
If p is any nondiagonal state then we may diagonalise it

as p= UDU' (This is possible since p is hermitian and every hermitian
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matrix is unitarily diagonalizable) where U is a unitary matrix. So we will
deduce the same condition as we got above.

Then, D=U'pU
If we consider arbitrary mixed states p;, P2,........ , Paq1 as an

orthonormal basis for C. Suppose the diagonalising unitary operators are

U, Us,....... ,Uq1 respectively. Then suppose,
D, =Up Uy ,D2=Usp, Uy' ... Dar1=UgipaUat
Then the criterion becomes,

Ui'ei Ui ASAD UpUyf

0 ,if 1#)

t(r,a) t(r,b) ,if i=] where

t(r,a), t(r,b) arein C

4.2 Recovery as a Representation
We look for a criterion in which if p®1 ,ie ., arepresentation of
the state p , is recovered afier the input p is transmitted through a noisy

medium. Since p ® I can be thought of as p itself, for all practical
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purposes, we will be recovering p itself.

In this case we define the error correcting quantum code as follows:

4.2.1 Definition:
A subspace C of the Hilbert space H is called an error correcting
quantum code , if there exists recovery operators R;, R 5,...such that for

any p with supportin C and any collection of error operators A;, A,,....

with ) A,'A, =1, we have > RA.pA R = p®1 (here the recovery

operators R, satisfy > R/R, =1)

Remark:

Here the action of R,A, and A,'R," are considered as R;A,(u®v)=
RAu and AR u = AR’ u®0). With this interpretation we have
RA,-H®K—->H and AR':H - H® Kwhere K is a Hilbert
space.

Since pis astate, p is positive semidefinite so alsois p ® I and
Tr (p ® I) = Trp.Trl = 1. Hence p ® I is also a state. Thus what we prove

is when p in H is transmitted, p ® I can be recovered in H ® K, with

suitable assumptions.
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More specifically what we have is the following theorem.

4.2.2 Theorem:

Let C be a subspace of H .Suppose in an error correction procedure
an input state p in a Hilbert Space H, with support in C, is recovered as

p ®I of a Hilbert space .H ® K after transmitting through a noisy

medium.Then C will be an error correcting quantum code if C has an
orthonormal basis llllo), |\y1), ....... , |\uk_1) such that

@ Wil ASAASA Y =0 for i)

(ii) (il Aa'AdAb Ayl ;) is a constant independent i = 0,1,...... k-1

and A,, A, are error operators corrected by the recovery |

operators R;, R,,....
We require the following results , which are consequences of
Stinespring’s dilation theorem [Sti].
4.2.3 Proposition [Pal]:
Let H,, H; be Hilbert spaces.Then an operator T : B(H,) — B(H;)

is completely positive if and only if there exist operators L;: H; —» H,,

j=12,... such that ¥ L'L; =Tand TX) =Y L'Xy; for all
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X eB(Hy).Ifdim H; = nj < o, j =1,2 then the number of L;’s is
S mn,

4.2.4 Corollary [Pal]:
Let T, {L;} be as in above proposition. Let T’ be the map from the
states in H, into the states in H, defined by TrpT(X) = Tr T'(p) X for

all Xe B(Hy) .Then T'(p) = Z LipL'

Remark:
From the above two results if X in B(H,) is mapped onto T(X)

=; ]_,jTXLj then > L; T(X) th gives X.

4.2.5 Theorem [Ral]:

Let A, B be unital C” algebras and o, be completely positive maps
from A to B such that o—f is completely positive. Now if o is a unital *-ho
momorphism from A to B then B(X) = (X)) =pDa(X) V X € A..

For a Hilbert space H, B(H) is a unital Calgebra.
4.2.6 Proposition:

Let H,K be Hilbert spaces.Consider B(H) and B(H ® K). Suppose
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T , O be completely positive maps from B(H) to BH® K) given
by ae(T) = RATA,R, and (T)=T®I then =n-o, positive and
for any state pan(p) = p ® E,, and if p ® Iis recovered out of p then
z Ea
Proof :

We make use of the theorem [4.2.5].

We have

aa(P) = RAPAR < ¥ RAPAIR, = n(p) for any state p [4.2.1].

Hence n—a, 1s completely positive and also 7 is unital.

By [4.2.5] we have 0(T) = n(T). a(I) V Te B(H).

In particular we have a,(p) = w(p). oax(l) . Taking D=0,
Wehave on(p) = 1(p).Dp =(p®@ 1) Dy .

Againby [4.2.5] Dn(p®ID =(p®@I) Dp

Now we have the following result,

4.2.7 Property [Ra2}:

If a pnxpn matrix D commutes with all matrices of the form I,®X, then D
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is of the form A® I, So, onu(p) =(p ® ) D = (p ® ) ® E,,) (since
anything that commutes with p ®1 has the form 1 ® E, by above
property),

Hence oanp) = p®E.= p®E,
Thus  aulp) = RAPAR]
Now if p ® I is recovered from p ,

PRI =3 RApAaR' = 3 0lp)

r.a

=3 P®Ea=p®(Y En)
This implies
S Ba-l
Proof of the main theorem:
Since p and p ® I can be identified, by Knill-Laflamme theorem, C
has an orthonormal basis | o), [wo),....... ,| Wi-1) |

Suppose p is a pure state where p = |cpo)((p0| with |@g) in Ho.

For any arbitrary state | ) consider the sum ,
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> | (w | AR ReAQ0) | = > v | AR R:AG | 0oXw | AR ReAG | o)
=2 v | AR RAG | 90X | ARR AL
=2 W | AJRRAL p AR RA, )
=2 Wl AR (PBER)R.A, by , by [4.2.6]
= (y I.g AJR (PBER)R,A, hyy

= (ylplyy , by [4.2.4]
= (wlooXgo v
= Ky loal?
Now if | ) is orthogonal to | @) then,
AJRIRA, [go) = 1(r,2)] o) where  t(r,a)eC

By assumption If p ® Iis recovered for the input p and hence

p®I=Y RAPAR/

Then by Proposition [4.2.4],

Y AR p®DRA, =p

r.a
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Wil Ad' Ay Asl ) = 3 (Wil ATRIRAALR,ReAs |y

= (wil A RRAMALRR Ay )

=3 ARRA ) ARRA Ny )

=y Hr,a)trb) (i |\I/j)

r

a constant(independent of i,j) , ifi= j



A More generalized Entropic
Uncertainty Relation

M.P. Sivaramakrishnan “On the study of error correcting quantum codes and
genaralized entropic uncertainty relation” Thesis. Department of Mathematics ,
University of Calicut, 2002



Chapter S A More generalized Entropic Uncertainty

Relation

Massen and Uffink [MU] have proved a conjecture of Kraus [Kr]
by providing a class of entropic uncertainty relations for a pair
of observables that do not have any common eigenvector. In particular it is
proved under the assumption that eigenvalues have no degeneracy. We
improve this result to the case that the observable have degeneracy.

Let A and B be two hermition operators representing two
observable in an N dimensional Hilbert space and let | a;) and |b;)) be
respectively the complete sets of normalized eigen vectors. For any

quantum state y , if

P = (plapZ”"'spN) and Q = (qlqus ''''' ,qN)

are the two probability distributions , then
po=Kawl®  ad g = Kblwl? M
where both cannot be arbitrarily peaked.
The uncertainty principle is expressed by the Robertson relation [Ro] :
AyA AB = %|((A,Bly| @)

where AyAand AyB are the standard deviations of the distributions in
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(l)and [A,B] = AB - BA, the commutator of the observables. The right
hand side has no fixed lower bound but depends on the state which is
a drawback of the relation. To overcome this constraint , ‘entropic’
uncertainty relations were introduced which depends on Shannon entropy
H as a measure of uncertainty.

Shannon entropy is defined for a probability distribution

N

P= (p1,p2......Pn) With p; > 0 and > p; =1

i=1

on aset of N possible outcomes as

HP) = -3 p Inp; . 3)

=

Applying this notation to the probability distributions P and Q as given in

(1), Kraus [Kr] had conjectured that the uncertainty relation is
HP)+HQ =2 -2loge 4)

where ¢ = max jx| (aj[by) |

and it was later proved by Massen and Uffink [MU].

The inequality provides nontrivial information on probability
distributions if ¢< 1 1ie., when A and B do not share any common

eigen vector. Moreover the result was proved under the assumption of
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nondegeneracy. By degeneracy it means that all the eigenvalues of the
observables are not distinct.

We prove the inequality in the case of degenaracy. i.e., when
the eigen values of the observables have multiplicities.
5.1 Theorem :

Let A B be two observables such that their eigen values have
degeneracy. SupposeA:( E;, E,,...... ,En) and B = (Fp, F,,....... , Fn) be
the spectral projections of A and B respectively. If y is any pure state on the

Hilbert space, then
H(A)+HB) > -2logc

~wherec = ngf}Xl(\VI E.F, )|

To prove this theorem we require the following theorem.

5.2 Riesz-Thorin Theorem |[RS, Ri ]

LetT = (t;) bean mxn matrix over C. Consider the p-norm

on C¥

k
Sy i< p<o
H, | %
max|x,|, p =0
1<isk



where x = (X1,Xy,.....,Xx)

Consider the operator T :C"— C™ given by
(Txy = St,x, , for i=12,...m.
J=1
1 1
ﬁn T - T —_— —=
Define |7, = sw|rd, 21

Now we state the Riesz-Thorin theorem.

Suppose for i € {0,1}, pi,qi €[l,©],

1 1 .
;i— * Z B I’HTI Po-90 = mo ’"T”Ph% < ml
Define p,q, O<t<1l by
o lia-p Lo gl
D, D Po 4, 9 9,

Then|r| <m, ~where m =m'm' V 0<t<]

Proof of the main theorem :
Let E; and F; be the projections associated with the eigenvalues
A, and p ofthe Hermitian operators A and B respectively where

i=1,2..,m and j =1,2...,n. Then by spectral theorem [Co] ,

A=2x,. E, and B=Y g F

J=1

97
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Suppose the probability that the observable A assumes the value
in the state y is p;, then

pi = Pre(A=2%,) = (ylEly) (5)
Similarly if ¢q; is the probability with regard to the observable B in the
same state y , then

g = Pre(B=p,) = wlFly) ©)
so that the two probability distributions associated with A and B are

P=(pip2.-...... ,Pbm) and Q =(qu,q;-.-.-qn)-
Choose t; = Tr[EF)lwxvll,
Let T be the linear transformation, T : C*— C™

For any x eC" we have

2 2

mn

2

i=1

n n

S ITHE,F, )] ),

i=1 | j=1

it,.jxj

J=1

I
M

2

= ii(wl EF ) )x,

i=li{j

- Z<w|E(Z X, F )’



2
<

> Wl B35

= |y

w)|?

n
ij
=

< z X jl
Jj=1
Thus T satisfies ||T||2’2 < 1
Now I, .< ¢ where ¢ = max]t, |
. ij

Using Riesz-Thorin Theorem , and substituting ,

Po=G=2,pp=q=o ,m=1, m=c

we get

I < ¢ for 0 < t <1

P19,

where =_2 = 2
P i1 X 1t
Define x; as
x = Tr(Flyxyl) = lFly) for

n

Then ()i = D 1,%

Jj=t

1 <

j <n

99
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=§ﬂ@ﬂWM¢Mﬂmw)
=§ﬁw£Wm4®MWWD
=Tr(E, )@ )| )
=(yIE; ly)

Applying (7)
Sl w7 s ¢SwlslvT vostsi ®)

m 2 It o, G+

ie., (Zp,ﬂ)T(quﬁ)_’_ < ¢ , by (5)and (6)

.. . )
Raising both sides to =

moo2 Moa o 4 5
Qpi) Qgm) ¢ ¢
= j=1
Taking logarithm, and in the limiting case as t — 0 , using L’Hospital’s rule

we get

m

D plogp, +>q,logg, < 2logc
=

i=1

where ¢ = H}*}Xl(‘l’l EF v
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5.3 Corollary:

Let A ,B be the two observables and let y be a pure state. Then

H(A) +H(B) = -2 log max |E.F,|

Proof:
From the previous theorem we have
C = lwlEF |y
= [¢yE; | EF; | Fy) , since E; ,F; are
projections.
<|eF, lEw 17w |
<|EF, |.

Then the result from the previous theorem gives

=Y plogp, -3, loggq, 2 —2log n}t}Xl(\VI E,Fjy)
i=1 j=1 >

> —2log |EF, |.

ie, H(A)+H(B) > -2 log max |E,F|



102
Remark :

The inequality holds even in the case of a mixed state.

For suppose W = Z“kl"’(k)x‘l’ml with «, >0 and ) a, =1 where I\vk)
k k

is a pure state.

Let e = 2aw®EN®YY = Yap®
k . k

:I: = Zak(W(k)lelW(k)> = Zakqj“)
k k

Put P = (D1 Dyssdy)  a0d g = (g,,9;req, )
We write 4 , B for the observable with regard to the mixed state and
A , B with regard to the pure state.

Since entropy is a concave function [NC,1.3.5]

H(A)H(B) 2 > a, [HA)+H(B)]

\%

2 In max |£.F,|.
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