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Preface

The question of the possible states of matter leads us to the world of el-

ementary constituents and their interactions. The strongly interacting quarks

and gluons in the limit of high temperatures and/or baryon densities form the

quark-gluon plasma. The study of quark-gluon plasma and its thermodynamics

is significant in understanding the small and large scale structure of the universe.

This thesis focuses on theoretical tools which can be used in the framework

of cluster expansion method to tackle the physics of the quark gluon plasma. We

examine the equation of state of quark-gluon plasma, quarkonium dissociation

studies, transport coefficients of quark-gluon plasma and the phase transition

studies under the background of cluster expansion method.

The structure of the thesis is as follows. First Chapter describes a basic

introduction to quark-gluon plasma, signature of quark-gluon plasma, experi-

mental investigations, lattice QCD works and the history of theoretical models

on quark-gluon plasma.

In Chapter 2, a study of quarkonium dissociation and multi-strange particle

enhancement are carried out on the footing of the Mayer’s cluster expansion

method, which have been pointed out a possible signature for the occurrence of

quark-gluon plasma in relativistic heavy ions collisions. An equation of state is

derived, which is applicable for different species of quark system and we inves-

tigated the criterion for the temperature, where heavy quarkonium like charmo-

nium (J/ψ(c, c̄)) and bottomonium (Υ(b, b̄)) suppression occurs. This equation

of state has been studied by using Cornell potential with the effect of screen-

ing. We have obtained equation of state in terms of number density and studied

multi-strange hadronisation process.

The prime focus of Chapter 3 is the phase transition studies of quark-gluon

plasma, using the mathematical formalism of cluster expansion method which

is extended by Ushcats in the case of condensation studies. Cluster expansion

equation of state for finite size system (fEoS) and equation of state in the thermo-

dynamic limit (CEEoS) for modified Cornell potential are plotted. The critical
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point where the system converges has been obtained for different temperatures

and number of particles. A comparative study between Mayer’s equation of

state and Ushcats equation of state has been investigated with modified Cornell

potential.

Chapter 4 describes the effects of transport coefficients such as, the ratio of

shear viscosity to entropy density and bulk viscosity to entropy density in the

relativistic heavy-ion collisions, in particular near the transition region. Mayer’s

theory of plasma is used to derive a compact expression for the equation of

state of quark-gluon plasma. We have used modified Cornell potential to take

into account the interaction between partons in the quark-gluon plasma. To

calculate the transport coefficients, we have used the Chapman-Enskog method.

The Chapman-Enskog approximation relates the transport cross section with the

interaction potential.

In Chapter 5, we derived a semi-classical equation of state for quark-gluon

plasma, including the quantum aspects in the strongly coupled regime. Here we

have used the quantum cluster expansion which takes into account the contribu-

tion of binary bound states of quarks and gluons near the critical temperature Tc,

we obtain a better fit with lattice QCD results. Here we investigated pressure,

energy density and velocity of sound of quark-gluon plasma using the modified

equation of state. We extend our work upto 1000 Tc range. Finally a compara-

tive study of our modified equation of state with the earlier study using Mayer’s

theory of plasma is presented.

Chapter 6 summarizes the findings of the thesis and describes future prospects

of this work. The key element of our approach is to develop an exact equation

of state and transport coefficients for the quark-gluon plasma in the framework

of cluster expansion. The theory of quark-gluon plasma is rapidly developing,

both on classical and quantum level and eventually leading to help the complete

description of the Universe.
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Chapter 1

The Physics of the Quark-Gluon

Plasma

1.1 Introduction

The scientific discoveries of the fundamental constituents of matter and their

interactions help to frame a language about the early Universe. The study of

matter is very important to understand the nature in the smallest and the largest

space and time scales. We cannot return space-time to the initial configuration

to address the philosophical as well as scientific quest of the early universe, but

we can effectively turn back the clock by doing the experiments at high energy

scale. The Quark-Gluon Plasma (QGP) is a primordial form of quantum chro-

modynamics (QCD) matter at high temperature and/or baryon number density.

The characteristic values at which the transition from hadrons to QGP hap-

pens correspond to Tc ≈ 1012K and ρc ≈ 1015g/cm3. Study of QGP in the

laboratory provides vital information about the phase transitions which might

have occurred in the early universe. The universe was filled with QGP phase

during the first 10µs after the Big Bang evolution, which is understood to be a

dilute gas of weakly coupled quarks and gluons. Due to expansion of the uni-

verse, the temperature decreased and the QGP turned into neutrons and protons,

which further formed the atomic nuclei. QGP may occur naturally under high

baryon number density and relatively low temperature, in astrophysical compact
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objects like neutron stars. Broad research programs of the heavy-ion collision

experiments like the Relativistic Heavy Ion Collider (RHIC) at the Brookhaven

National Laboratory (BNL) and the Large Hadron Collider (LHC) at European

Center for Particle Physics (CERN) are still going on to produce the QGP in

the terrestrial laboratory conditions.

1.2 The Phases of QCD

The phase transition from the hadronic matter to QGP can be represented on

the phase diagram of QCD. We are engaged in a exploration of the QCD phase

diagram as a function of temperature T and baryon number chemical poten-

tial µ (Fig.1.1). Because of asymptotic freedom, at high temperature and/or

high baryon density, the phase of QCD is described in terms of quarks and glu-

ons degrees of freedom, rather than hadrons. At sufficiently high temperature

T >> ΛQCD (ΛQCD is the QCD scaling factor), the system is made up of weakly

interacting quarks and gluons. Most of the information in such a system is

based on the descriptions of perturbation theory. To study the transition region,

where the hadronic description is no longer valid and perturbation theory is not

yet feasible due to the large QCD coupling, one needs to take into account the

non-perturbative nature of QCD.

The early Universe extremely expanded and cooled down and matter un-

derwent a series of symmetry-breaking phase transitions. The study of phase

transition from QGP to hadrons in the early Universe has a long history. The

color deconfined QGP cools down below critical temperature Tc and comes to a

color confined hadron system.
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Figure 1.1: QCD Phase Diagram

1.3 Asymptotic Freedom and Confinement in

QCD

QCD is the field theory of quarks and gluons. In QCD, hadrons are composed

of elementary quarks and gluons, which are confined by the strong force. While

comparing with other three fundamental interactions it is the strongest as the

name suggests. Quarks, also called flavors, carry a non-Abelian color charge

which is a three dimensional vector. Strong interaction among quarks is mediated

by gluons.

Asymptotic freedom in QCD states that, the interaction strength αs between

quarks becomes smaller at short distance scale. In these condition the quarks and

gluons interact weakly and they are almost free. The asymptotic freedom was

first proposed by Gross and Wilczek, and Politzer [1, 2], which was recognised

with the award of Nobel prize in 2004.

We can explain asymptotic freedom by recalling force between two elec-

tric charges in quantum electrodynamics (QED). Consider that the two electric
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charges are screened by electric charge present in the vicinity (submerged in a

medium with dieletric constant ε > 1). In the quantum field theory (QFT),

vacuum is understood as the lowest energy state of a field system and is filled

with negative energies. When a photon passes through the vacuum, induced

transitions of an electron from negative to positive energy states occurs, forming

a virtual electron-positron pair, known as vacuum fluctuation, shown in the first

diagram of Fig.1.4. The force between two electrons in vacuum is in the form,

F =
αe(r)

r2
, (1.1)

where αe is the effective fine structure constant. It depends on the momentum

transfer q ≈ 1/r. In the limit r → ∞, q → 0, the coupling strength become

αe(q = 0) = 1/137. In QED, the dependence of the fine structure constant on

the momentum transfer can be express as,

µ
dα(µ)

dµ
= β(α(µ)), (1.2)

where the momentum scale µ corresponds to 1/r. The β function at the lowest

order is,

β(αe) =
2α2

e

3π
. (1.3)

The solution is,

αe(µ) =
αe(µ0)

1− β ln(µ
2

µ2
0
)
. (1.4)

From the above relation it is clear that, interaction strength of the two electrons

gets stronger as the distance between them become smaller. i.e, QED becomes

a strongly-coupled theory at very short distance scale.

QCD also takes the above differential equation Eq.(1.2) for the strong cou-
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Figure 1.2: The QCD coupling constant as a function of temperature.

pling constant, but the β function has a different form as given below,

β(αs) = − β0

6π
α2
s − ... (1.5)

After solving the differential equation (1.2), the coupling constant to lowest order

is given by [3],

αs(µ) =
12π

(33− 2nf ) ln( µ2

Λ2
QCD

)
, (1.6)

where nf is the number of active quark flavor and ΛQCD is the QCD scale param-

eter. αs goes to zero as the momentum scale µ → ∞ (the distance approaches

zero), called asymptotic freedom. This behaviour of the strong coupling constant

αs is shown in Fig.1.2.

At large momentum transfer strongly interacting systems can be studied us-

ing perturbation theory. At finite temperatures or at equivalent high energies,

strength of the interaction decreases sufficiently to allow the constituents to be-

have as free particles. The partons (color charges) are not confined in this regime

and act similar to an electric charge. This justifies the usage of theoretical mod-

els. QCD is a well understood and tested theory in the high energy regime,
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Figure 1.3: Self-interactions of gluons, three and four gluon self-interactions.

Figure 1.4: Screening and anti-screening in QCD.

but in the low energy regime and in the transition to the low energy regime, one

has to use non-perturbative approaches like phenomenological models and lattice

QCD. The QCD scale parameter sets the scale at which the coupling constant

becomes large and the physics becomes non-perturbative.

No free quarks are seen in nature, they interact with each other through the

gauge potentials and carry energy and momentum themselves. The interactions

of eight gluons do not come in as a simple repetition of the photon interaction in

QED. They have the property of gluon self-interactions, as shown Fig.1.3. The

second diagram in Fig.1.4 represents the interaction among gluons leading to

anti-screening effect, which makes the coupling stronger at large distances. The

self-interactions of colored gluons provide insight into the differences between

QCD and QED and it is responsible for many of the salient features of QCD.

The strongly interacting system at zero temperature is a color singlet at

distance scale larger than 1/ΛQCD. Hence, the isolated free quarks cannot exist

in nature. This effect is called quark confinement. The color confinement of

QCD is a theoretical idea which is consistent with experimental results. The

interaction between quark-antiquark pair gets stronger as the distance between
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Figure 1.5: The nuclear collision in laboratory and QGP expansion (Source:
Paul Sorensen - BNL).

them increases. The concept of confinement can be explained using the analogy

of stretched spring, which when stretched beyond the elastic limit, breaks and

produces two springs. In the case of the quark-antiquark pair, a part of the

stretching energy goes into the creation of the new quark-antiquark pair when it

is pulled beyond a certain distance. Hence one cannot see a free quark.

1.4 Experiments at BNL and CERN

The experiments at the CERN and BNL have been exploring the existence of

QGP by colliding nuclei at relativistic energies. A pictorial depiction of the

nuclear collision and QGP expansion is given in Fig. 1.5.

A summary of different heavy-ion collision experiments with different beam

energies is given in Table 1.1, which probe different regions of the QCD phase

diagram.

The first experimental verification of the deconfinement phase transition was

reported in SPS1, CERN, having center of mass energy
√
sNN = 17GeV for

Pb+Pb collisions, with the chemical potential, µB ≈ 250MeV . Here, the freeze-

1SPS- Super Proton Synchrotron is a particle accelerator at CERN
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Table 1.1: Energy of nuclear collision experiments with center of mass energies

Accelerator Laboratory Colliding Ions
√
SNN(GeV/A) started Year

AGS BNL New York Si28 + Au197 5 1986
SPS CERN Geneva S32 + Pb208 19 1986
AGS BNL New York Au197 + Au197 5 1992
SPS CERN Geneva Pb208 + Pb208 17 1994
RHIC BNL New York Au197 + Au197 200 2000
LHC CERN Geneva Pb208 + Pb208 5500 2008

out temperature is about Tc ≈ 170MeV , it compares fairly well with the critical

temperature predicted by the lattice QCD calculations. The SPS experiments

reported several important signatures of the phase tranisition, like strangeness

enhancement, charmonia suppression etc., which can be explained as due to the

formation of QGP.

In 2005, RHIC at BNL announced [4] an important discovery of deconfined

state of matter, i.e, the strongly interacting QGP (sQGP), and that it behaves

like a ‘perfect liquid’. Hence these results from RHIC differ significantly from

the theoretical predictions of QGP which consider QGP as an ‘ideal gas’. The

key signatures attributed to the existence of QGP at RHIC energies is the jet

quenching in head-on Au+Au collisions. The observation of larger elliptic flow

at RHIC energies, suggestive of the existence of partonic degrees of freedom in

the created medium.

1.5 Lattice QCD

Lattice QCD (lQCD) is a non-perturbative approach to QCD. Lattice gauge

theory was proposed by G. Wilson in 1974 [5]. Through this approach, we can

study the strongly coupled system. Here the field degrees of freedom are dis-

cretized on a four-dimensional space-time lattice grid. Inorder to explain QGP

equilibrium phases and the phase transitions, we need to study the framework of

non-perturbative treatment of QCD on discrete lattice of space-time coordinates.
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Figure 1.6: Lattice QCD.

In weakly interacting system, the coupling constant is small and perturbation

theory become reliable. When the coupling constant is of order unity or at region

of small momentum transfer, perturbative methods become failure, in this do-

main lattice QCD provides a non-perturbative tool from first principles. Lattice

QCD also addresses the issues like the quark confinement [6], chiral symmetry

breaking [7] and the equilibrium properties of QCD at finite temperature [8].

In lattice QCD [9], Euclidean space-time is discretised (lattice regularized

QCD), usually on a hyper-cubic lattice with lattice spacing a. The quark fields

are placed on sites and gauge fields on the links between sites as shown in Fig.1.6.

We take the limit of vanishing lattice spacing and treat QCD as a continuum

theory. Actually it is a tuning of bare coupling constant to zero according to

the renormalization group. Lattice QCD allows non-perturbative calculations

by numerical evaluation of the path integral that defines the proposed theory.

Practical Lattice QCD results come with the use of available computational

resources and the efficient algorithms.
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Table 1.2: Quark mass evaluation range of the Particle Data Group (2012) [14]

Quarks Symbol Mass evaluation range
Up u 2.3 ± 0.7 MeV
Down d 4.8 ± 0.5 MeV
Strange s 95 ± 5 MeV
Charm c 1275 ± 25 MeV
Bottom b 4180 ± 30 MeV
Top t 173210 ± 510 MeV

1.6 The QGP Signatures

The evidence for QGP generation in heavy-ion collisions has appeared to be

difficult to comprehend. The mixture of Quarks and gluons coexisting in the

QGP state cannot be measured directly. The signals of QGP are mixed with the

particles produced by final state hadronisation. A description of the concept, that

are sensitive to the properties of plasma, needed to find the promising signature

of QGP.

1.6.1 Quarkonium Dissociation Studies

Quarkonium is a bound state of a heavy quark Q and its anti-quark Q̄ pair.

The heavy masses of the charm (c) and bottom (b) quarks compared to the

light (u, d, s) quarks (see table 1.2), provide heavy quarkonia with properties

that differ significantly from those of the light mesons. The charmonium is the

bound state of charm and anti-charm (cc̄) quark pair, corresponding bottom and

anti-bottom (bb̄) quark pair is known as bottomonium. The top (t) quark decays

via the weak interaction on a time scale below that associated with quarkonium

formation, so that quarkonia composed of top anti-top (tt̄) quark pairs have not

seen [10].

Quarkonia are considered as the fingerprint in the formation of QGP. The J/ψ

and Υ(1S) states of charmonium and bottomonium, respectively, dissociates at

high temperature, whereas the resonance state of charmonium (χc, ψ(2S)) and

those of bottomonium (χb, Υ(2S) and Υ(3S)) dissociates at low temperature.
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Figure 1.7: Debye screening length for different quarkonia states as a function
of T/Tc.

The quarkonium production in heavy-ion collisions has already been addressed

by the RHIC and LHC experiments. The screening effect of quark and antiquark

will lead to the suppression of quarkonia, which has been suggested as a signature

for QGP [11]. In the QGP phase the interaction potential would be screened

beyond a Debye screening length, λD. The interactions between quarks and

antiquarks get weakened exponentially beyond Debye screening length. When

the quarkonium dimension becomes larger than λD , dissociation of quark and

antiquark pairs take place, as shown in Fig.1.7.

The experimental evidences of the NA50 Collaboration [12] also shows the

anomalous J/ψ suppression in Pb+Pb collisions. The phenomenon of anomalous

J/ψ suppression has been subject to a detailed investigation by M. Nardi et al

in [13].

1.6.2 Strangeness Enhancement Studies

The strangeness content is enhanced to a greater extent in a hadron to quark-

gluon plasma phase transition. Due to the restoration of chiral symmetry, the

probability for the production of multi-strange hyperons will also be greatly

enhanced [12]. The WA97 Collaboration [13] observed the enhanced production
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Figure 1.8: Strangeness enhancement (Source: Johann Rafelski, lecture se-
ries).

of multi-strange hyperons, in particular production of Ω− and Ω̄+ in Pb + Pb

collisions at 158AGeV .

Multi-strange hyperons, formed by the collision of the produced pions with

nucleons, leads to the enhancement of kaons and Λ particles. The secondary

collisions of kaons in the medium with a Λ particle can raise the strangeness of the

hyperon. These collisions increase with increase in the size of the colliding nuclei.

The discrepancies in the yields of the Ω hyperons with the theoretical relativistic

quantum molecular dynamics model (RQMD cascade model) calculations [17]

may be an additional evidence for the production of the quark-gluon plasma in

Pb+Pb collisions.

The abundance of strange quarks gradually leads to the formation of a chain

of rescattering processes. The high density of strangeness at the time of QGP

hadronization is a natural source of multi-strange hadrons.

In the QGP, production of strange quarks and their antiparticles predomi-

nantly occur through,

1) Collision of light quarks u and d and its antiquarks

q + q̄ → s+ s̄. (1.7)

22



2) Fusion of two gluons

g + ḡ → s+ s̄. (1.8)

1.6.3 Direct Photon Production

When matter undergoes a phase transition from QGP to the hadron system,

photons will arise from the electromagnetic interaction of the constituents of the

plasma. It will provide vital information on the properties of the QGP at the

time of their emission, because photons are hardly absorbed by the medium. E.

Shuryak et al., [18, 19] explain how photons in high-energy heavy-ion collisions

become an evidence for the production of QGP. The main source of production

of direct photons in the QGP medium are,

(1) Annihilation Process

q + q̄ → γ + g. (1.9)

(2) QCD Compton scattering

g + q → γ + q. (1.10)

g + q̄ → γ + q̄. (1.11)

The measurement of direct photons from electromagnetic interaction of the

constituents of the QGP is a laborious task, because an abundance of photons are

produced during the decay of π0 and µ0 in heavy ion collision. Many meaningful

literature have been developed [20] for the subtraction of photons from the π0

and µ0 background to obtain direct photons, as shown in Fig. 1.9.

Photon transverse momentum pT must be greater than 2GeV/c to minimize

the contributions of photon from the hadron phase. In the hot QGP, photons

have pT in the range of 2 − 3GeV/c [21]. Photons in this region of transverse

momenta are also produced by the collision of constituents of the projectile
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Figure 1.9: The spectrum of direct photons [20, 22].

nucleons with constituents of the target nucleons. In order to infer the net

photons from the QGP, the contribution from other sources must be subtracted.

1.6.4 Di-lepton Production

In QGP, the quark and antiquark annihilate to create virtual photons which

decay into lepton pairs L+L− (e+e, µ+µ), termed as dilepton, as shown in Fig.

(1.10(a)). The dilepton production can also take place via Drell- Yan process

Fig. 1.10(b) as well as by decays of hadron resonances Fig. 1.10(c).

After creation, dilepton pass through the collision region to the particle de-

tectors without any further collisions, thus providing undamaged information

about the interiors of the fireball. The effects of medium will change the quark

dispersion relation in QGP in such a way that sharp gaps arise in the produc-

tion rate of low mass dileptons. This is the unique signature for the presence of

deconfinement. The dilepton invariant mass is,

M2 = (P+
L + P−L )2, (1.12)
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Figure 1.10: Reaction mechanisms for the production of dilepton.

where P+
L and P−L are the four-momenta of the dilepton. The dilepton’s trans-

verse momentum is,

pT = (p+
L)T + (p−L)T , (1.13)

where (p+
L)T and (p−L)T are the transverse momenta of the dilepton.

1.6.5 Jet Quenching

The relativistic heavy ion collision of partons in the colliding hadrons produces

various other partons with very high transverse momenta, which fly off to all

possible directions and finally fragment into narrow cones of hadrons called jets.

When the jet partons propagate through the hot and dense medium, they interact

with the particles of the medium, undergoing multiple scattering and loose energy

and momenta before hadronizing. The resulting attenuation of the jet parton

due to energy loss in the dense medium is called ‘jet quenching’. This loss is

observed through the nuclear modification factor, RAA, given by,

RAA(pT , b) =

dNAA

d2pT dy

TAA(b)
[

dσpp
d2pT dy

] . (1.14)

The numerator of this modification factor is a single particle transverse mo-

mentum distribution of a jet parton, produced in nucleus-nucleus collision and

traveling through thermal medium. The denominator part has single particle
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Figure 1.11: Radial flow and elliptical flow.

distribution of the jet parton, produced in proton-proton collision. TAA(b) is the

nuclear thickness function, which is a proton to nucleus scaling factor and is a

function of impact parameter b. This idea was fist proposed by Bjorken [23].

It shows that jet particle traveling inside a bulk partonic matter must loose a

significant part of its energy before hadronizing. If the ratio tends to be less

than unity, it is the definite measure for jet suppression in the medium [24] -

[26]. It was one of the first proposed signatures of QGP formation in relativistic

heavy-ion collisions.

1.6.6 Anisotropic Flow

Anisotropic flow is an important observable in relativistic heavy-ion collisions,

because it provides information about the thermodynamics and collective prop-

erties of the hot and dense environment formed in the early universe. Anisotropic

particle distributions were first proposed as a signal of collective flow in ultra-

relativistic heavy-ion collisions. For the non-central heavy ion collisions, the

azimuthal momentum anisotropy can be explained in terms of the fourier expan-

sion given by,

E
d3N

d3p
=

d2N

2πpTdpTdy

[
1 +

∞∑
n=1

2vn cos [n(φ− ψ)]

]
, (1.15)

where vn is the Fourier or flow coefficients, φ is the azimuthal angle of the particle

and ψ is the azimuthal angle of the reaction plane in the laboratory frame.
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Figure 1.12: η/s and ζ/s for various temperature range (Source:
http://arxiv.org/abs/1512.06315v1).

The first Fourier coefficient, v1 =< cos(φ) > corresponds to the strength

of the directed flow and the second coefficient v2 =< cos(2φ) > quantifies the

strength of the elliptic flow. These two flows illustrated in Fig. 1.11. The

magnitude of v2 is sensitive to the initial conditions and equation of state of the

hot and dense fireball. The higher order flow coefficients such as v3 , v4 , v5 etc.

are the parameters for studying initial state fluctuations and to obtain ratio of

shear viscosity to entropy density (η/s) of the hot fluid produced in a collision.

1.7 Transport Coefficients of QGP

Elliptic flow is one of the important evidences for the existence of QGP.

After initial stage of heavy ion collisions, interacting system reaches a local

thermal equilibrium, and the pressure gradients arise. The pressure gradients

are steeper along the direction of impact parameter and lead to azimuthal

momentum space anisotropy of particle emission, which is defined as elliptic flow.

The shear viscosity and bulk viscosity in heavy ion collisions have significantly

affected the elliptic flow ‘v2’ and higher order Fourier coefficients. Shear viscosity

acts as resistance against the deformation of a fluid element, whereas the bulk

viscosity acts against the expansion or compression of the fluid.

27



Various theoretical results suggest that, near the QCD critical temperature

Tc, the behaviour of transport coefficients such as ratio of shear viscosity to

entropy density (η/s) is suppressed and the ratio of bulk viscosity to entropy

density (ζ/s) is strongly enhanced, as shown in Fig. (1.12). The η/s has an in-

fluential role in the dynamical flow behaviour of the medium, hence on the elliptic

flow parameter v2 after freezeout. Experimental measurements of this parameter

suggest a value of η/s of the order of 0.12 at RHIC and 0.2 at LHC energies

[27]. Even at larger couplings found in LHC than those found at RHIC the limit

of 1/4π ≈ 0.08 from AdS/CFT might actually be reachable. The systematic

uncertainties caused by the known magnetic field effects or large fluctuations

in the initial state may vary the measurements of the value η/s. To find con-

sistency between experiment and theoretical results, one also needs predictions

from AdS/CFT (1/4π ≈ 0.08) with finite coupling corrections.

1.8 A Brief History of Theoretical Models on

QGP

The study about the characteristics of QGP is mainly based on: (1) QCD calcula-

tions on the lattice (lQCD), (2) the perturbative regime (pQCD), (3) theoretical

and phenomenological models.

1.8.1 MIT Bag Model

The first idea of the bag model appeared in 1967 [28]. This model framed of three

massless quarks in a vacuum cavity of radius R with square well potential. In

I974, a group of scientists from the Massachussets Institute of Technology (MIT)

modified the Bag model [29]. Now it is termed as MIT Bag model. In this

model, quarks are treated as massless particles inside a bag of finite dimension

and infinitely massive, outside the bag. Confinement in the model is the result

of balance of the inward bag pressure B, and the stress arising from the quark
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Figure 1.13: Bag model.

kinetic energy. The parameter B is the bag pressure which take into account the

nonperturbative effects of QCD (B ≈ 200MeV/fm3). A pictorial representation

of the Bag model is given in Fig.1.13. In the MIT model, partons move freely

inside the ‘Bag’ and the phase transition can be formed by compressing the bags

against each other. Under high baryon number and energy densities, the quarks

and gluons are free to move through large spatial regions. The pressure in terms

of Bag constant is,

P =
37π2

90
T 4 −B(T ). (1.16)

The energy density,

ε =
37π2

30
T 4 +B(T ). (1.17)

The Bag pictures in QGP and hadron gas separately can throw some light

on the phase transition and its critical parameters. But it is unrealistic, because

in this model the QGP contained in a big bag with a bag pressure B, hence

one cannot construct a first order phase transition. Similarly in a hot and dense

hadron gas, the interactions are intense and strong in magnitude.
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1.8.2 The Strongly Interacting Quark-Gluon Plasma

Model (sQGP)

The present theoretical developments predict the strongly interacting behaviour

of the QGP produced at RHIC. The experiments and lattice simulations show

different properties at temperatures of the order of a few times the critical tem-

perature Tc, ranging from 1 to 3Tc, in this range QGP displays strong interaction

between the constituents. In sQGP model [30] a theory was developed to address

the properties of a large number of binary bound states at T > Tc, consisting of

both colorless (hadronlike) and colored (exotic) bound pairs of gq, qq, and gg.

The binding energies and zero-binding lines on the phase diagram were evaluated

and their contribution to pressure was estimated.

1.8.3 The Strongly Coupled Quark-Gluon Plasma Model

(SCQGP)

The QGP near transition temperature Tc is called the strongly coupled system

[4]. At high temperature QGP is a quasi colour neutral gas of charged and

neutral particles which exhibits collective behaviour as in the QED plasma. In

QGP, collective effects of colour neutral objects like hadrons and glue balls must

be negligibly small in number. In QED the recombination and ionization are

possible at the same rate. The same is not possible in deconfined state such as

QGP.

In strongly coupled plasma (SCP), at high temperature, the system is in ion-

ized state and there is a negligibly small amount of neutral atoms. Similarly in

SCQGP, there may be negligibly small hadrons due to Coulomb binding interac-

tions, but there are no confinement interactions. In the phenomenological model

for SCQGP, the author [31] derived a modified equation for energy density by

including relativistic and quantum effects as,

ε = (2.7 + Uex(Γ))nT. (1.18)
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Taking n = 1.1afT
3 and εs = 3afT

4 for ideal EoS for massless relativistic gas.

The plasma parameter Γ defined as the ratio of average potential energy to

average kinetic energy of the particles for SCQGP and is given by

Γ =
< P.E >

< K.E >
=

(
4.4πaf

3

)1/3
gc
2
αs(T ). (1.19)

In SCP gc = 1 and in SCQGP it is different for gluon plasma and flavoured QGP.

af is a constant which depends on degrees of freedom and is given by,

af = (16 +
21nf

2
)
π2

90
. (1.20)

The coupling constant αs = 1/137 in SCP, but for SCQGP by inclusion of

quantum effects αs for single loop order becomes,

αs(T ) =
12π

(33− 2nf ) ln( T
ΛT

)
, (1.21)

where nf is the number of flavours and Λ is the QCD scale parameter.

The pressure P for SCQGP can be derived using the relation ε = T ∂P
∂T
− P .

In SCQGP phenomenological model, QGP near and above T = Tc is treated

as a strongly coupled system. Thus an equation of state can be obtained via

appropriate modifications of QED to take into account the colour and flavour

degrees of freedom and quantum effects.

1.8.4 The Quasi-particle QGP Model (qQGP)

The qQGP is a phenomenological model, which treats the interacting massless

quarks and gluons as non-interacting massive particles. To describe the non-ideal

behaviour of QGP from lattice gauge theory (LGT) simulation of QCD [32], Satz

et al.[33] and Peshier et al.[34] independently proposed quasiparticle picture of

QGP. In the work of Peshier et al. on gluon plasma all thermodynamic quantities
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were derived from the partition function,

PV

T
= −

∞∑
k=0

ln(1− e−βεk) (1.22)

The single particle energy εk of quasi-gluon in terms of temperature dependent

mass is,

εk =
√
k2 +m2(T ), (1.23)

where k is the momentum and m(T ) is the temperature dependent mass. β is

defined as 1/T . The expression for pressure can be denoted as Pid, similar to

that of ideal gas with temperature dependent mass.

The thermodynamic inconsistency of the proposed quasiparticle model was

identified in [35, 36] and remedied by introducing a temperature dependent vac-

uum energy. The idea was taken from the bag model of hadron spectroscopy and

introduced the bag pressure term B(T ) in the expression for pressure,

P = Pid −B(T ). (1.24)

The corresponding energy density is,

ε = εid +B(T ). (1.25)

In the above mentioned literature different authors have exploited B(T ) in

terms of temperature dependent bag pressure, vacuum pressure, residual inter-

action energy, etc and have derived the thermodynamic consistent relation for

pressure and energy density. Different versions of quasi-particle models claim

to explain lattice results either by adjusting free parameters in the model or by

taking lattice results of the thermodynamic quantities and predicting all other

thermodynamics.

There are quasiparticle models which do not involve extra terms like B(T ).
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V. M. Bannur has been demonstrated that the thermodynamically consistent

formulation of quasi-particle models is possible without the need for extra terms

like B(T ) [37]. It has been shown that, all thermodynamic quantities can be

derived in a consistent manner, starting with the expressions for energy density

and number density, without any need for reformulation of statistical mechanics.

In these models, it has been maintained that, the whole thermal energy is used

to excite the quasiparticles [38, 39]. Such models have been able to obtain very

good results in good agreement with the lattice data.

1.8.5 The Cornell Potential Model

The effective potential between a heavy quark and antiquark can be taken as

the Coulomb-plus-linear potential, known as the Cornell potential. In the con-

text of meson spectroscopy which is used to describe systems of quark and anti-

quark bound states, the Cornell potential model shows considerable success. The

Cornell potential includes short distance color Coulombic interaction of quarks,

which is mediated by a single gluon exchange, and the large distance confinement

that arises from the color field flux tube between the quarks, via the linear term

in a simple form. Cornell potential is expressed as,

V (r) = σr − α

r
, (1.26)

where α, σ are the strong coupling constant and string tension respectively. The

first term which is analogous to the Coulomb potential in the QED is associated

with scattering of the quark-antiquark pair inside the meson. The linear con-

finement comes from the strong-coupling expansion of the Wilson loop in lattice

gauge theory with static quarks.

In [40], the Cornell potential model was used to derive EoS for QGP based on

Mayer’s theory of plasma [41]. The results were compared with the lattice QCD

results of the gluon plasma. Later the EoS was extended to quark-antiquark

plasma by Udayanandan et al. [42] and the results were compared with 2-flavour
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and 3-flavour lattice QCD results. Here the cluster integral takes into account the

interaction between the quarks and gluons, i.e, Cornell potential. This Cornell

potential model has been successful in describing the spectra for both charmonia

and bottomonia [43]. Sheikholeslami-Sabzevari [44] has obtained an EoS and

found analytically the temperature at which the quarkonia suppression takes

place using the modified Cornell potential. Furthermore, the screened potential

models have been applied to calculate the heavy quarkonium spectrum [45], as

well as the spectra of light hadrons [46]. In [47] the extended Simpson’s rule

has been used to solve the Schrodinger equation in momentum space with the

screened Cornell potential. In this thesis we employ Cornell potential as the

interaction potential between the partons under the mathematical framework of

cluster expansion method.

In this thesis we studied quarkonia suppression and strangeness enhancement

in QGP with Cornell potential, based on Mayer’s cluster expansion method. The

phase transition from QGP to Hadron system is investigated by considering the

high density limitation of the Mayer’s method of cluster expansion. The work

has been extended by considering the modified Cornell potential and calculating

the transport coefficients such as shear viscosity to entropy density ratio η/s and

bulk viscosity to entropy density ratio ζ/s. We adopted the cluster expansion

theory of plasma with proper modifications and compared this result with the

results of lattice QCD. Finally we revisited the Cornell potential model and

derived a modified EoS of QGP using CE method. Quantum effects near the

transition temperature was included by considering bound states of light quarks

and gluons in the strongly coupled regime. Good fit with the lattice QCD results

was observed.
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Chapter 2

Studies of Quarkonium

Dissociation and Multi-strange

Hadronisation using Cluster

Expansion Method

2.1 Introduction

The study of quarkonium dissociation has been considered as a possible signa-

ture for the occurrence of QGP in relativistic heavy ions collisions [1, 2]. On

the footing of the Mayer’s cluster expansion method [3, 4], a study has been

performed and the criterion obtained for the temperature, where heavy quarko-

nium ( J/ψ(c, c̄) and Υ(b, b̄)) suppression has already been obtained [5]. This

finding, however, was based on grand canonical partition function of the system

which ignored the limitations of the restrictive summation,
∑N

l=1 lml = N . The

present study is based on canonical partition function of the system and helps

to eliminate such deficiencies.

We intend to obtain an equation of state at which a non-ideal quark-antiquark

plasma condenses into cluster of quarks, based on Mayer’s cluster expansion

method [3]. The EoS of quarkonia like charmonium (J/ψ(c, c̄)) and bottomo-

nium (Υ(b, b̄)) has been studied and the criterion for quarkonium dissociation

38



near the transition temperature Tc has been discussed. Strangeness enhance-

ment is one of the important signatures of QGP [12, 13]. The collision of light

quark and fusion of gluons are the natural source of strange particles. The

clustering of these strange quarks in the phase transition region and hence the

multi-strange hadronisation can be investigated via cluster expansion method.

We have obtained EoS for Φ(ss̄) and Ω−(sss) etc., and studied muti-strange

hadronisation process. In order to calculate third cluster integral, we have made

use of the bipolar coordinate integral [6]. The EoS has been studied using Cornell

potential with the effect of screening [7, 8].

V.M.Bannur et al. had obtained an equation of state (EoS) for QGP using

Cornell potential based on Mayer’s theory of plasma [14, 15]. In the present

work plasma is assumed to be homogeneous. We only consider the contribution

of quarks and anti-quarks, since here the gluons are massless and interaction free.

The equation of state is classical and non- relativistic, i.e. we consider the quarks

to have mass equal to or greater than that of the strange quarks, so that the

non- relativistic approximation can be applied. We should realize that, higher

the temperature and mass, the smaller the thermal wavelength λT =
√

2π
MT

and

we enter more and more the range of classical statistical mechanics [16].

2.2 Mayer’s Cluster Expansion Method

Mayer and his collaborators introduced a method of expansions, in the case of real

gases obeying classical statistics [3, 4]. In statistical physics, Cluster expansion

method provides a systematic way of computing power series for thermodynamic

potentials. Partition function includes the cluster of particles and the interaction

within the clusters is governed by the short-range and pairwise additive potential,

U =
∑N

i<j u(rij), (shown in Fig 2.1), where rij is the distance between particle i

and j. Then the partition function of the system is,

QN(V, T ) =
1

N !λ3N

∫
exp

[
−(

1

kBT
)

N∑
i<j

U(rij)

]
d3r1...d

3rN =
1

N !λ3N
ZN(V, T ),
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Figure 2.1: Mayer cluster expansion method.

(2.1)

where λ is the thermal wavelength of the particles, while ZN(V, T ) stands for the

configuration integral.

Mayer introduced a two particle function fij called Mayer f -function,

fij = f(rij) = e
−

U(rij)

kBT − 1 (2.2)

Mayer function in the case of Cornell potential and screened Cornell potential is

depicted in Fig.2.2. The integrand exponent of the configuration integral can be

expanded in the form,

N∏
i<j

(1+fij) = 1+
∑
i<j

fij+
∑
i<j<k

fijfik+
∑

i<j,k<m

fijfkm+
∑
i<j<k

fijfikfjk+ ... (2.3)

All independent integrals in the sum, for a group of N particles, can be

collected into the Cluster integral bl.

bl(V, T ) =
1

l!λ3(l−1)V

∫ ∑ ∏
i,j∈{l}

fij

 dr(l), (2.4)

where the summation goes over all possible products of Mayer’s function, that

connect the constituents of the cluster. The first order cluster consists of a single
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Mayer function with Cornell Potential
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Figure 2.2: Mayer function for Cornell potential (Solid blue line) and Screened
Cornell potential (Solid red line).

particle that is not connected with other particles, and the corresponding cluster

integral b1 = 1. b2 = 1
2λ3V

∫
fijdridrj and b3 = 1

6λ6V

∫
(fijfik + fijfjk + fikfjk +

fijfikfjk)dridrjdrk are the second order and third order cluster integrals respec-

tively. Therefore, the configuration integral and hence the partition function can

be expressed in terms of the cluster integrals.

After the pioneering work of Mayer in classical systems, Kahn and Uhlenbeck

started to develop a mathematical treatment for quantum-mechanical systems.

There were inherent difficulties in this analysis, which were removed by Lee and

Yang, later by M.V.Ushcats[18, 19].

2.3 Equation of State using Mayer’s Cluster

Expansion Method

Here, we inspect Mayer’s cluster expansion method by taking Canonical partition

function of the system [4]. From (2.1) we get,

QN(V, T ) =
′∑
{ml}

[
N∏
l=1

(
blV

λ3l

)ml 1

ml!

]
, (2.5)
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where λ is the mean thermal wavelength and bl is the cluster integral. The

evaluation of the primed sum in (2.5) is complicated by the restrictive condition

N∑
l=1

lml = N. (2.6)

This condition must be obeyed by every set {ml}, where ml = 0, 1, 2, 3, ...., N

is the number of clusters. In QN(V, T ) we take the term with the maximum or

equilibrium value of ml,

ml =

(
blV

λ3l

)
Z l, (2.7)

where Z is the Lagrange’s undetermined multiplier. It is seen from the above

equation that the lth term, lvbl
λ3l Z

l, of this sum is the fraction of the material in

clusters of size l at equilibrium (where v = V
N

). Substituting equation (2.7) in

equation (2.6), we get

N∑
l=1

lbl
λ3l

Z l =
N

V
= n. (2.8)

Then the equation for QN(V, T ) is

lnQN(V, T ) =
N∑
l=1

(
blV

λ3l

)
Z l −N lnZ. (2.9)

By means of Helmholtz free energy of the system and usual thermodynamic

relations, the other thermodynamic properties of the system can be derived. The

quantity Z has the dimension of fugacity. If natural system of units is selected

the universal constants are normalized to unity. Then the EoS of the system is

PV = {
N∑
l=1

ml}T. (2.10)

Hence, the initial non-ideal quark-antiquark plasma has been phase transformed

to an ideal system of clusters. A similar equation has been presented within the
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frame work of the statistical bootstrap model for an ideal gas [17]. From (2.6)

we get m1 = N,m2 = N/2 and m3 = N/3, as the number of clusters.

From Eq.(2.8), we get the equation of clustering of l quarks and/or anti-

quarks with equal mass,

nl = lbl

(
MT

2π

)3l/2

exp

(
µl

T

)
, (2.11)

where M is the mass of the quarks, µ is the chemical potential and nl is the

number density of the l-particle cluster formed just at the moment, when the

clustering takes place. We can write the density of clusters immediately after

the phase transition is completed as nquarkcluster = nl

l
. We take l=2 for two

particle cluster and l=3 for three particle cluster.

Here we take chemical potential µ equal to zero, because after the phase

transition the Mesons and Baryons are considered as droplets of quarks and

antiquarks, hence no change in the particle number of the quarks and antiquarks

takes place.

2.4 Cornell Potential

The well-known Cornell potential also known as the funnel potential [7] is of the

form,

V = −α
r

+ σr (2.12)

This potential contains the perturbative expectation plus an additional linear

term. σ is the string tension, and α = 4αs

3
, αs is the strong coupling constant of

the color-Coulomb potential. Here the modified Cornell potential is considered,
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Figure 2.3: Cornell potential and Screened Cornell potential.

V = VY + VL (2.13)

where VY is the screened Coulomb potential (Yukawa potential), VL is the

screened confinement potential [8, 9].

V (r, T ) = −α
r
e(−mDr) +

σ

mD

[
1− e(−mDr)

]
, (2.14)

where mD(T ) =
[
1 +

Nf

6

]1/2

g(T )T is the Debye mass and is temperature depen-

dent. When the temperature rises, σ decreases. Above the critical temperature

Tc the string breaks and the quarks are deconfined. The Cornell potential and

screened Cornell potential are shown in Fig.2.3. We can see that there is a cer-

tain duality by defining the heavy quark potential [5]. The term with ±α
r

of the

quark potential is the result of gluon exchange between quark-quark or quark-

antquark pairs. Thus the potential attain a general form by fixing vertices for

particles and antiparticles having reversed signs.
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2.5 Equation of State with Screened Cornell

Potential

We consider the transition of homogeneous plasma into 2-particle clusters. From

Eq.(2.11), the particle density for two quark cluster l = 2 at zero chemical

potential is,

n[di-quark cluster] = b2

(
M2T

2π

)3

. (2.15)

The 2-particle cluster integral b2 is

b2 =
2π

λ3

∫ ∞
0

f12d
3r12. (2.16)

Using screened Cornell potential, we get

b2(T ) =
2π

3

[
1

m3
D

+
3

eT

(
5σ

m4
D

+
2α

m2
D

)]
. (2.17)

When temperature is increased (above Tc), mD(T ) will increase according to

the temperature dependence of the color charge density in statistical QCD

and the bounded clusters get deconfined into quark anti-quark sea. In the

non-relativistic quark model, the charmonium and bottomonium are described

as the cc̄ and bb̄ bound states.

For the 3-quark clustering (l = 3) process, the Eq.(2.11) at µ=0 becomes,

n[tri-quark cluster] = b3

(
M3T

2π

)9/2

. (2.18)

The third cluster integral is,

b3 = 2b2
2 +

1

6
C3, (2.19)
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where

C3 =

∫ ∞
0

∫ ∞
0

f12f13f23d
3r12d

3r13. (2.20)

We try to numerically evaluate C3 based on bipolar coordinate integration

[6][Appendix-A], by fixing the positions of the particle 1 and 2 whereas par-

ticle 3 takes all possible positions. In addition, we use the technique of Jacobian

transformation.

C3(T ) = 8π2

∫ ∞
r=0

r2
12f(r12)

∫ ∞
r=0

r2
13f(r13)

∫ 1

r=−1

f(
√
r2

12 + r2
13 − 2r12r13µ)dµdr12dr13,

(2.21)

Where µ = cos(θ), θ is the angle between r12 and r13.

The generalised EoS for the cluster system, containing different quarks having

different mass is obtained from Eq.(2.11) is of the form,

nl = lbl

l∏
i=1

(
MiTi
2π

)(3l)/2

,

where Mi and Ti are the mass and critical temperature respectively.

2.6 Results and Discussion

Mayer cluster expansion method in the case of deconfined matter have been

analysed. Based on this model we have examined the properties of a thermalized

quark-antiquark plasma and investigated the dissociation of heavier hadrons in

QGP. The main advantage of the above mentioned method is that we can apply

the classical particle picture to the quarks and investigate clustering of quarks

in a QGP.

We have obtained EoS that relate particle number density (n) at various tem-

peratures (T) for the quarkonium states, such as J/ψ meson (charmonium cc̄)

(Fig.2.4) and Υ meson (bottomonium bb̄) (Fig.2.5). We have observed a sudden
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Figure 2.4: Plot of n as a function of T for the dissociation of charmonium in
QGP (cc̄←→ J/Ψ).
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Figure 2.5: Plot of n as a function of T for the dissociation of bottomonium
in QGP (bb̄←→ Υ).
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Figure 2.6: Plot of number density (n) as a function of temperature T using
Cornell potential for the clustering of two strange quarks in QGP.
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Figure 2.7: Plot of n as a function of T using Cornell potential for the clus-
tering of three strange quarks in QGP.
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Table 2.1: Multi-Strange Hadronization using Screened Cornell Potential

Quarks ss̄ sss ssc scc cs̄ ssb
Symbol φ Ω− Ω0

c Ω+
cc D+

s Ω−b
n[fm−3] 2.10−2 3.10−3 1.10−1 2 5.10−1 5

peak at the heavy quark clustering region, i.e, near the transition temperature.

The statistical bootstrap model observed a pronounced maximum for the num-

ber density close to the critical temperature. Theoretical results and Lattice

calculations show the existence of heavy bound state above Tc, up to 2.5Tc

Fig.2.6 and Fig.2.7 shows the enhancement of strange droplets near the tran-

sition temperature Tc. Here we have plotted the number density of Φ(ss̄) meson

and Ω−(sss) baryon system for various temperature range. The number density

of the different strange particle near the transition region,Tc are tabulated in

Table: 2.1.
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Chapter 3

Phase Transition Studies in

Quark-Gluon Plasma

3.1 Introduction

The study of the fundamental theory of strong interactions, QCD, under extreme

conditions of temperature and density has been one of the most challenging prob-

lems in physics. A primary goal of relativistic nuclear collisions is the observation

of a phase transition of confined, hadronic matter to a deconfined quark-gluon

plasma [1, 2]. The phase transition plays a significant role in statistical mechanics

as well as other fields including QFT at finite temperature.

Figure 3.1: Transition from Confined state to deconfined state.
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The most important approach to derive the Virial Equation of State (VEoS)

was given by Mayer [3, 4] and his collaborators. Using cluster expansion method,

Mayer was able to express the partition function as a series of expansion in powers

of density. The first limitation of this method is that the density should be small

so as to satisfy the convergence condition. In addition to this there exists a

strong limitation that restricts density more strictly, given by,

∑
k≥1

kβkρ
k < 1. (3.1)

This limitation on density is related to the radius of convergence and makes

it impossible to predict the region of condensation. So, the phenomena of phase

transition cannot be proved using classical statistical mechanics. Ushcats, using

analytical complex calculation, [5, 6] have shows that, it is possible to neglect the

forbidden region in Mayer’s equation of state, where the equation of state cannot

be defined. The equation, as derived by Ushcats, clearly demonstrates the pro-

cess of condensation at high density region. A modified generating function for

the canonical partition function has been derived [7]. Using this generating func-

tion, the author analysed again Mayer’s theory of classical cluster expansion and

studied Mayer’s theory of virial expansion and condensation at thermodynamic

limit.

The main purpose of this work is to produce an equation of state for QGP,

using the mathematical formalism of Ushcats [6]. Here, we use the interacting

potential as modified Cornell potential [9], in which the Cornell potential [11,

12] is modified by including a screening effect. Earlier calculation of EoS for

QCD phase transition mainly focused on finite temperature and zero chemical

potential, but here we inspect the phase transition using modified version Mayer’s

condensation method which is extended in high density regime. The volume is

varied keeping temperature fixed and the corresponding pressure is calculated.

The same can be done by changing the density ρ, as done by Ushcats [5, 6] using

the Lennard-Jones potential.
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3.2 EoS in terms of Irreducible Cluster Inte-

grals

Mayer improved the Cluster expansion method by restructuring the cluster in-

tegrals. They introduced the irreducible cluster integral as one that cannot be

further reduced into products. The second order cluster integral b2 cannot be

split to simpler integrals and should be considered as the first order irreducible

cluster integral β1 as,

b2 =
1

2

∫
rij

fijdrij =
1

2
β1,

where

β1 =

∫
∞
fijdrij.

Here integration over the real phase-space of the jth particle relative to the

position of the ith particle is replaced by the integration over infinite volume.

Similarly the third order cluster integral can express in terms of first order and

second order irreducible cluster integral as given below,

b3 =
1

2
β2

1 +
1

3
β2,

where,

β2 =
1

2!

∫
∞
fijfikfjkdrijdrik.

Generally, the cluster integral bl can be expressed as a sum of terms with

irreducible cluster integral βk’s.

bl =
1

l2

′∑
{nk}

∏
k

(lβk)
nk

nk!
(3.2)

54



Figure 3.2: Irreducible two, three, four and particle graphs. The number
represents the multiplicity of a graph.

where the restricted summation goes over all the sets {nk} with the condition

∑
k

knk = l − 1 (3.3)

The diagrammatic representation of βk’s are expressed in Fig.3.2. The virial

coefficient Bk+1’s are related to the corresponding irreducible cluster integral

βk’s.

Bk+1 = − k

k + 1
βk.

Using complex combinatorial methods, Mayer derived the Virial expansion for

pressure. The maximum term in QN is found and equating to logarithm of

density and activity results in,

ln
(QN

N !

)
= N

[
1 +

∑
k≥1

1

k + 1
βkρ

k + ln(ρ)
]
. (3.4)

From the above relation the thermodynamic properties of the imperfect gas can

be derived. The equation of state (EoS) obtained from the above relation has
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the form,

PV

NkBT
= 1−

∑
k≥1

k

k + 1
βkρ

k, (3.5)

Here all irreducible integrals are replaced by finite one. In fact, the βl of the same

order belonging to various bl must differ, but, due to the simplification they

become identical. This simplification is adequate only for low density region.

For high density regime, the irreducible cluster integrals βk may considerably

differ from the similar cluster integrals bl and this issue is specially discussed by

Ushcats [5, 6].

The first limitation of Mayer’s method is that the density ρ should be small,

which signifies the convergence condition. There exists a volume νf below which

the bl’s are volume independent. This volume corresponds to the volume of the

condensed phase. Another critical volume denoted as νs called volume of the

saturated vapour exists [3] for which
(
∂P
∂V

)
T

= 0. Between these two critical

volumes the system undergoes a change of phase known as condensation.

Differentiating the equation of state Eq.3.5 with respect to the volume V and

at
(
∂P
∂V

)
T

= 0, there exists a density ρs = 1
νs

, where the value of ρs is obtained

as the positive roots of the equation,

∑
k≥1

kβkρ
k
s = 1,

where ρs is the critical density at which the system undergoes a change of phase.

This leads to another restriction of Mayer’s method, which limits the density

more strictly.

∑
k≥1

kβkρ
k < 1,

A critical temperature Tc exists, above which there is no condensation range.

A second characteristic temperature Tm exists which is lower than Tc. At the

critical temperature Tc,
∑
kβkρ

k = 1 and (∂P
∂V

) = 0. Below the critical temper-
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ature Tc, the maximum value of
∑
kβkρ

k > 1 and the roots are positive. At

temperature above the critical temperature Tc,
∑
kβkρ

k < 1 and (∂P
∂V

) is nega-

tive at all volumes. The phenomena associated with condensation appears only

below Tm. In this region
∑
kβkρ

k < 1, which is one of the strong limitations in

Mayer’s theory of condensation.

3.3 High Density EoS and the Theory of Con-

densation.

Ushcats made an EoS for the finite number of particles that showed significant

differences in comparison with the virial expansion at high densities [5]. The

key element of this approach is the exact generating function for the partition

function in the form of Mayer’s cluster expansion. The configuration integral

(ZN) obtained by Mayer is the coefficient in the power series expansion of density

and fugacity. Using a quite similar approach it is possible to express the partition

function (QN/V
NN !) as the coefficient at yN in the power expansion of the

function given by,

F (y) =

(
1−

∑
k≥1

kβky
k

)
exp

(
N

[
y

ρ

(
1−

∑
k≥1

k

k + 1
βky

k

)
+
∑
k≥1

βky
k

])
.

The N th coefficient in the Taylor series expansion of this function gives the

configuration integral,

ZN = V NqN ,

where

qN =
(∂NF (y)

∂yN

)
y=0

.
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Evaluating qN we get,

qN = MN −
N∑
k=1

N !

(N − k)!
k
βkρ

k

Nk
MN−k. (3.6)

Here the values of Mk are defined by the recurance relation,

Mk = Mk−1 +
k∑
i=1

iβiρ
i

N i−1

(k − 1)!

(k − i)!

[
Mk−i −

(k − i)
N

Mk−1−i

]
, (3.7)

with M0 = 1 and Mk<0 = 0.

The free energy can be calculated after knowing the partition function of system

using the relation, A = −kBT ln(QN). We can derive the Cluster expansion EoS

for finite size system (fEoS) using the relation, P = − ∂A
∂V

, as,

P

T
=
qN−1 −

∑N−1
k=1

k
k+1

βkqN−k−1

qN
. (3.8)

The relation Eq.(3.5) is the simplification of Eq.(3.8) in the thermodynamic limit

and (N−1)!
(N−1−k)!

→ Nk.

For large N values, i e., system with large number of particles, the density

ρ ≥ ρ0, where ρ0 is the minimum density that violates the condition,

∑
k≥1

kβkρ
k
0 = 1. (3.9)

We want to eliminate the dependence on N from Eq.(3.8) at the thermo-

dynamic limit and reconstruct an equation of state that is valid at very small

and very large values simultaneously. The recursive relation in the Taylor series

represented by Mk can be considered as a function of Z(ρ), where it is defined

as the ratio given by

Zk =
Mk

Mk−1

= 1 +
k∑
i=1

iβiρ
i

N i−1

(k − 1)!

(k − i)!

[Mk−i

Mk−1

− (k − i)
N

Mk−1−i

Mk−1

]
.

For large value of N, we can assume that ZN−1 ≈ ZN ≈ Z. The above equation
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can be rewritten as,

Z = 1 + (Z − 1)
∑
k≥1

kβkρ
k

Zk
.

Clearly one of the roots of the equation is Z = 1, and the other roots are given

by the relation

∑
k≥1

kβk

( ρ
Z

)k
= 1. (3.10)

Thus the EoS in Eq.(3.8) can be written in terms of Z as,

PV

NkBT
=

1−
∑

k≥1
k
k+1

βk(
ρ
Z

)k

Z
. (3.11)

At the temperature below the critical temperature the irreducible cluster inte-

grals at low density are such that, they satisfy the condition Eq.(3.10) and Z = 1.

At higher density ρ > ρ0 the condition is violated. In this region the Mk values

are such that it forms an increasing pattern and Z > 1. So the range of values

for Z can be defined as,

Z(ρ) =

1; ρ ≤ ρ0

ρ
ρ0

; ρ > ρ0.

(3.12)

Applying Eq.(3.12) in Eq.(3.11), the cluster expansion EoS (CEEoS) acquires

the following piecewise form in the thermodynamic limit,

P

kBT
=


ρ
(

1−
∑

k≥1
k
k+1

βkρ
k
)

; ρ ≤ ρ0

ρ0

(
1−

∑
k≥1

k
k+1

βkρ
k
0

)
; ρ > ρ0.

(3.13)

where ρ0 is the minimum real positive root of Eq.(3.9). At high density region,

ρ > ρ0, the above equation (Eq.3.13) is valid and gives a clear description of con-

59



densation. For a system of interacting particles, this EoS has provided the strong

analytical relation instead of the conventional activity series, which diverges at

high-density regimes. The inherent limitation of the present EoS is that, beyond

the condensation point, the CEEOS pressure stays constant even at ρ→∞.

3.4 Condensation in Modified Cornell Potential

The Cornell potential model has been used earlier to obtain the EoS and com-

pared with the lattice QCD results of the QGP [10, 11]. Sheikholeslami-Sabzevari

[12] had obtained an EoS for hot QGP transition to hadrons with full QCD po-

tential analytically. In this work we obtain the exact EoS for QGP using the

modified Cornell potential which is also valid in high density regime. In order to

study the statistical mechanics of phase transition in modified Cornell potential,

the first step is to evaluate the irreducible cluster integrals.

Here the system consists of sea of quarks, which condenses into two particle

and three particle clusters having irreducible cluster integral β1 and β2 respec-

tively. One of the main difficulties is the calculation of irreducible cluster integral.

For small k values i.e., up to k = 2, we can easily calculate the value of βk. The

first irreducible cluster integral β1 is calculated using the relation,

β1 =
−4π

λ3

∫ ∞
0

[
1− exp

(−U(r)

kBT

)]
r2dr. (3.14)

where λ is the thermal wavelength and U(r), the interacting potential.

The second order irreducible cluster integral has been approximately evalu-

ated in [8]. The same method is adopted for numerically evaluating the second

order irreducible cluster integral β2.

Here the interaction potential is modified Cornell potential [9, 12], which is

given by,

U(T ) = σrD(1− e−
r

rD )− αs
r
e
− r

rD . (3.15)
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Figure 3.3: Isotherm for different temperatures using modified Cornell potential. V
in GeV −3 and P in GeV 4.

We consider a system with Charm quarks having the following parameters.

The running coupling constant αs = 0.471 and σ = 0.192 GeV 2. The Debye

screening length rD = 2.13 GeV −1 (Inverse of the screening mass mD) with the

bare mass of about 1.32 GeV .

To calculate the EoS Eq.(3.8), one need to solve q1, q2, q3, M1, M2 and

M3 [See appendix -B]. Knowing the values of β1 and β2, using the equation of

state and Virial equation of state is calculated by varying volume. From the

numerically plotted isotherm, we can see the variation of pressure for different

number of particles. The point at which the equations of state corresponding

to lower and higher density (total density of charm quarks) regions coincide is

the point ρ0 where the condition is violated. This can easily be understood

from the Eq.(3.13). So we can establish the equation of state where the Virial

expansion is not applicable. The behaviour of these equations specifies the phase

transition. The constant pressure indicates that, the point where the curves meet

corresponds to the saturated vapour density.
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Figure 3.4: Isotherms for temperature T = 0.17 GeV, for modified Cornell potential
for the volume, ranging from 1× 1011 → 3× 1012 GeV −3.

Figure 3.5: Isotherms for temperature T = 0.17 GeV, for modified Cornell potential
for the volume, ranging from 3× 1012 → 1× 1013 GeV −3.
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Figure 3.6: A comparison of the Mayer’s relation and Ushcats relation for modified
Cornell potential, T = 0.17GeV.

3.5 Results and Discussion

Using the classical statistical method of condensation by Mayer, which was mod-

ified by Ushcats, an equation of state is derived which is applicable to the region

where it was forbidden. Using this method, it is possible to find the region of

condensation for QGP. A satisfactory result is obtained for the modified Cornell

potential, which is in agreement with other theoretical results.

Fig. 3.3 gives the EoS for different temperature range for the modified Cornell

Potential. The critical point where the system converge will be different for

different temperature. As the temperature increases, the system will evolve to

the QGP state. This region is shown in the figure (temperature is within 0.16

GeV - 0.19 GeV ), which clearly express the critical point of phase transition.

Similar argument were proposed by Lattice QCD.

Fig. 3.4 and Fig. 3.5 gives the equation of state for different number of

quarks. As the number of particles increases, the region where the system con-

denses changes, so that the critical point will be different for different number of
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particles. When the number of particle N increases, this high density interval of

isotherms becomes more flat. The region of convergence can be understood for

different number of particles. The same system in a different range of volume

have a quite similar result.

Using the Ushcats method of cluster expansion, it is possible to explain the

phenomena of phase transition and the region of condensation. A comparison of

the two numerical results obtained using Mayer’s relation Eq.(3.5) and Ushcats

relation Eq.(3.13) is made for modified Cornell potential, and is plotted in Fig.

3.6 at various densities. We can see that, the two curves clearly get crossed over

one another after a particular value of density and the CEEoS Eq.(3.13) is valid

in all density region.
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Chapter 4

Transport Coefficients of

Quark-Gluon Plasma

4.1 Introduction

The experimental findings of RHIC at the BNL [1] and ALICE detector at the

CERN Large Hadron Collider [2], confirm the ‘almost perfect fluidity’ of the

strongly coupled quark-gluon plasma. The analysis of elliptic flow based on vis-

cous hydrodynamic model showed that, the QGP has a very small value of specific

viscosity η/s 0.08 - 0.24 [4, 5, 6, 7], quite close to the conjectured lower-bound

limit η/s ≥ 1/(4π) within the anti-de Sitter/conformal field theory (AdS/CFT)

correspondence [8, 9]. This suggests that, hot QCD matter could be a nearly

perfect fluid, i.e, η/s reaches a minimum at near the critical temperature and

increases thereafter in the deconfined phase [10, 11]. The lattice calculations

[11, 12, 13] of QCD plasma do support the current estimates.

The role of bulk viscosity of QGP has achieved considerable attention in the

late stage of relativistic heavy-ion collisions. The bulk viscosity in the context of

the violation of scale invariance in QCD [16, 17] is reported. It was found that

the bulk viscous coefficient ζ has a prominent peak around the critical region.

The effect of bulk viscosity in freeze-out [18, 19] and in hadronic phase have

been reported in [20]. Several calculations of the bulk viscosity in the context

of cosmology [21], strange quark matter [22], and neutron stars [23] have been

performed.

We focus on the effects of shear viscosity and bulk viscosity in the relativistic

heavy-ion collisions, in particular near the transition region. Earlier calculations

of the ratio of shear viscosity to the entropy density η/s in the deconfined phase
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were done in [25]. Mattiello et al., calculated the QCD equation of state using the

virial expansion approach [26]. For an application of this formalism to QGP, the

interaction between quarks has to include nonperturbative effects from dimension

two gluon condensates that describe the free energy of quenched QCD. Instead

of virial series expansion, we consider cluster expansion method [23, 24]. Mayer’s

theory of plasma described by Balescu [29] is used to derive a compact expression

for the equation of state of QGP. We use modified Cornell potential [36, 37] to

take into account the interaction between partons in QGP.

An imperfection of Mayer’s cluster expansion method [23] is that the density

should be small so as to satisfy the convergence condition. An equation is derived

by Ushcats [30, 31] which establish the process of condensation in high density

regions and find an equation of state (EoS) for real gas using the Lennard-Jones

potential. QGP phase transition was studied and an EoS derived using the

same in [32], where a satisfactory result was obtained for the phase transition

and region of condensation of QGP with the modified Cornell potential. A

modified generating function for the canonical partition function has been derived

[33]. Using this generating function, the author studied the Mayer’s theory of

virial expansion and condensation at thermodynamic limit. Mayer’s theory of

plasma is described in [29], where one sums a certain set of infinite diagrams.

Going beyond, a generalization of the cluster expansion method was developed in

[25, 35] to calculate the QCD equation of state. Here we use the cluster expansion

method to take into account and present a detailed derivation of the equation

of state and hence the entropy density of the QGP at vanishing µq. Instead of

phenomenological models like quasi-particle models [4, 5], the cluster integral

in the cluster expansion method includes the interaction potential between the

partons. The interaction between the partons is described by modified Cornell

potential [36, 37] which incorporates the screened color-Coulomb potential and

the screened linear potential [38].

To calculate the transport coefficients, we use the relativistic extension of

the Chapman-Enskog method [43, 44]. The Chapman-Enskog approximation

features the transport cross section and hence the interaction. A quantitative

comparison between the results of shear viscosities from the Chapman-Enskog

and relaxation time methods for selected test cases is performed [45]. This leads

to the calculation of transport coefficients in the case of the QGP. From the

modified Cornell potential, we have directly extracted the effective coupling αV

to be employed for the determination of the transport cross section which enters
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the transport coefficients η and ζ.

4.2 EoS using Cluster Expansion Theory of

Plasma

Mayer’s theory of plasma is described in [29]. The pressure is given by,

P

T
=

N∑
i=1

ni +D −
N∑
i≥1

ni
∂D

∂ni
(4.1)

in natural units. For gluons let the number density ni be represented by ng, for

quarks and the antiquarks nq, nq̄ respectively. D is the sum over all clusters.

D =
1

4π2

∫ ∞
0

l2dl

[
(−κ2Vl)

2

2
+

(−κ2Vl)
3

3
+ ....

]
(4.2)

The inverse Debye length squared varies as,

κ2 =
ng
T
, (4.3)

for gluon plasma and

κ2 =
nq + nq̄
T

, (4.4)

for quark-antiquark plasma.

Thus the EoS (4.1) for gluon plasma and quark-antiquark plasma has the

same appearance with different values for κ2,

P

T
= κ2T +D − κ2 ∂D

∂κ2
. (4.5)

For gluon plasma,

ng ≈
gI
π2
T 3

∞∑
l=1

1

l3
= gIT

3 ζ(3)

π2
, (4.6)

where gI=16 is the internal degrees of freedom for gluons and ζ(3)=1.202 is the

Riemann-zeta function.
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For quark-antiquark plasma,

nq + nq̄ ≈
12nf
π2

T 3

∞∑
l=1

(−1)l−1

l3
=

12nf
π2

T 3 3

4
ζ(3). (4.7)

Where nf is the number of flavours of the quark anti-quark plasma.

Taking Eq.(4.2) and differentiating with respect to κ2, we get,

∂D

∂κ2
=

κ2

4π2

∫ ∞
0

l2dl
κ2Vl

1 + κ2Vl
, (4.8)

where Vl is the interaction potential in momentum space.

Here the interaction potential between the constituents described by modified

Cornell potential,

V̀ (rij) =

(
α

rij
− σrij

)
exp (−mDrij) (4.9)

contains the coulomb plus an additional linear term. The contribution of screen-

ing effect is coming via the exponential term in the potential. α = 4αs

3
for

quark-antiquark plasma and α = 3αs for gluon plasma, where αs is the strong

coupling constant of the color Coulomb potential and σ is the string tension. The

Casimir scaling (C = 9/4) has been included in the potential of gluon plasma

for obtaining an exact EoS of QGP [39, 40]. The interaction potential in plasma

is generally defined as, V (r, T ) = zizjV́ (rij), where zi = 1 or zi = −1 if the par-

ticle is quark or antiquark respectively. The Cornell potential does not depend

on the nature of the particles. By taking Fourier transform of modified Cornell

potential Eq.(4.9), we get

Vl =
16παs

3(m2
D + l2)

+
8πσ

(m2
D + l2)2

− 32πm2
D

(m2
D + l2)3

. (4.10)

where mD(T ) =
[
1 +

Nf

6

]1/2

g(T )T is the Debye mass.

Substituting Eq.(4.10) in Eq.(4.8) and integrating over l gives ∂D
∂κ2 . D is

obtained by integrating over κ2. Substituting the above in Eq.(4.5), gives the

pressure as function of temperature. By substituting Eq.(4.3) and Eq.(4.4) in

Eq.(4.5) gives the equation of state of state of quark-anti quark plasma and

gluon plasma respectively. We obtain the QGP equation of state by adding

these separate contributions,
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P

T 4
=
Pqq̄
T 4

+
Pg
T 4
. (4.11)

The other thermodynamic quantities can be calculated from the pressure P using

thermodynamic relations, in particular, the entropy density, s(T ) = ∂P
∂T

. The

pressure P (T ) and total entropy density s(T ) of QGP are plotted in Fig.4.1 and

Fig 4.2 respectively.

4.3 Transport Coefficients of QGP

The general expression for the transport coefficient like shear viscosity η, bulk

viscosity ζ are taken from the Chapman-Enskog approximation [45].

η =
Tψ2

10a
(4.12)

ζ =
Tφ2

b
, (4.13)

where ψ and φ are temperature dependent and interaction independent functions

respectively.

ψ = −10
K3(z)

K2(z)
, (4.14)

φ =
3

2

(
zh

(
Cp
Cv
− 5

3

)
+
Cp
Cv

)
, (4.15)

where K2(z), K3(z) are the modified Bessel function of the second kind of order

two and three respectively. It depends on a dimensionless quantity z = m
T

, where

m is the particle mass and T is the temperature.

The parameters a and b in Eq.(4.12) and Eq.(4.13) are combinations of inte-

grals depending on the particle interaction,

a = 16

(
ω

(2)
2 − z−1ω

(2)
1 +

1

3
z−2ω

(2)
0

)
, (4.16)

b = 2ω
(2)
0 , (4.17)

Here omega function is defined as,
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ω
(s)
i (z) =

2πz3

K2
2(z)

∫ ∞
0

sinh7(u) coshi(u)Kj

(2zcosh(u)du
∫∞

0
sin θ dσ(u,θ)

dΩ
(1− coss θ)dθ(4.18)

where j = 5
2

+ 1
2
(−1)i. The particle interaction is encoded in the differential cross

section dσ(u,θ)
dΩ

. The integration variable u is connected to the relative momentum

p = m sinhu and total momentum P = 2m coshu of the two colliding particles

and θ denotes the scattering angle in the center of momentum frame. Performing

integration by putting x = coshu in Eq.(4.18) and connecting with transport

cross section σt =
∫

dσ
dΩ

sin2 θdΩ, we get,

ω
(2)
i (z) =

σtz
3

K2
2(z)

∫ ∞
1

(x2 − 1)3xiKj(2zx)dx (4.19)

Using Eq.(4.14)-Eq.(4.19) and the Bessel function K2(z) and K3(z), we can write

the transport coefficients as

η =
4T

5σt

(
1 +

z2

20
+O

(
z4 ln z

))
, (4.20)

ζ =
mz3

108σt

(
1 +O

(
z5 ln z

))
, (4.21)

where the transport cross section σt [46] is,

σt(k̃) =

∫
dt
dσel
dt

4t

k̃

(
1− t

k̃

)
. (4.22)

The elastic gluon scattering matrix elements in deconfined systems are mod-

eled by a Debye-screened form [47]

dσel
dt

= σ0(k̃)

(
1 +

µ2

k̃

)
µ2

(t+ µ2)2
, (4.23)

where,

σ0(k̃) =
9παv2(k̃)

2µ2
. (4.24)
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Figure 4.1: Pressure as a function of T/Tc, using Cluster expansion Theory (triangle)
and lattice results (dots) for pure gauge (lower curve), two-flavor (middle curve), and
three-flavor (upper curve) QGP.

it denotes the total cross section. Where αv = αv(T ) is the effective coupling

constant and µ is the screening mass. Then the (4.22) becomes,

σt(k̃) = σ0(k̃)4z̃(1 + z̃)[(2z̃ + 1) ln(1 +
1

z̃
)− 2]. (4.25)

We assume σ0(k̃) to be energy independent and neglect its weak logarithmic

dependence on k̃ in the energy range relevant at RHIC. We use the value of mean

partonic Mandelstam variable k̃ ≈ 17T 2[48]. z̃ = µ2

k̃
, is a monotonic function of

screening mass µ and has maximum value in the isotropic (µ→∞) case. From

perturbation theory one can obtain the dependence of coupling constant αv and

the screening mass µ, varies as µ2 ≈ 4παvT
2 for gluon system.

EoS of QGP and transport cross section should come within the same frame-

work. The entropy density that we use was obtained by considering the modified

Cornell potential as the interaction. The calculation of transport cross section

can be made consistent with this by extracting the αv in Eq.(4.24) from the same
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Figure 4.2: Entropy density as a function of temperature T , using Cluster expansion
(CE) theory (solid red line), lattice results (black dots) [3] and SB limit(solid blue
line)

interaction potential. The most convenient method of doing this is to find the

QCD force,i.e. dV (r)
dr

[49] to obtain the running coupling αqq,

αqq(r, T ) ≡ 3

4
r2dV (r)

dr
(4.26)

The running coupling αqq(r, T ) becomes maximum at a certain distance de-

noted by rmax. We fix the temperature dependent coupling constant, αv(T ) ≡
αqq(rmax, T ). For numerical estimates a specific form for αv(T ) has to be cho-

sen. The choice of coupling constant in 2-flavor QCD and pure gauge theory are

discussed [49, 50].
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Figure 4.3: The ratio η/s in QGP for various temperature T . The red solid line
represent the estimation of the η/s in QGP done in this paper, Green dotted line
obtained rescaling g(T), Blue triangle line is QP model[4] and Black dotted line is
AdS/CFT result from [9]. Symbols: full squares (Red) is lattice data 1[12], full circles
(Black) is lattice data 2 [14] and full circles(Blue) is lattice data 3[11].

4.4 Results and Discussion

The ratio of the shear viscosity to the entropy density η/s and bulk viscosity

to entropy density ζ/s has been calculated using Eqns. (4.11),(4.20),(4.21) and

(4.25).

η

s
=

4T

5σts
, (4.27)

and

ζ

s
=

mz3

108σts
. (4.28)
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Figure 4.4: The ratio ζ/s as a function of temperature T , Red line represent the
cluster expansion (CE) theory, full circles (Black) are lattice data[24].

We have plotted the pressure P (Fig.4.1) and entropy density s (Fig.4.2) us-

ing cluster expansion method and compared with LQCD results [3]. The shear

viscosity to entropy density ratio η/s for the QGP at zero baryon chemical po-

tential is presented in Fig. 4.3 (solid red line), blue triangle line is the result

for the QP model [4], the symbols are different lattice QCD results [12, 14, 11]

and the black dotted line indicates the Ads/CFT result [9]. The ratio η/s has a

minimum value near the phase transition. This is expected because asymptotic

freedom dictates that η/s increases with T in the deconfined phase since in this

case the coupling between the quarks and the gluons (and the transport cross

section) decreases logarithmically. The bulk viscosity to entropy density ratio

ζ/s for QGP is plotted in Fig. 4.4, and it is compared with the lattice QCD

results [24](Black full circle). It is the universal feature that the bulk viscosity

coefficient has a prominent peak around the critical region.

We constrain the transport coefficients η/s and ζ/s by comparing theoretical

predictions with the lattice data. In order to calculate the entropy density s, we

have made an EoS, where the Mayer cluster expansion method was used with

modified Cornell potential as the interaction among partons. Within QGP, this

potential is color screened. We see that EoS gives a good fit with that of the

lattice results. We try to clarify the detailed behaviour of the ratio η/s at the
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transition (crossover) between hadron and quark-gluon phases. We find η/s ≈
0.128 at Tc which is very close to the theoretical lower bound. Furthermore, for

temperatures T ≤ 1.8Tc the ratio η/s is in the range of the present experimental

results at RHIC. The small η/s supports the success of the hydrodynamical

description for QGP. When compared with η/s, the ζ/s decrease with increasing

temperature for T ≥ Tc. Together with experimental and phenomenological

studies, the cluster expansion approach will enrich our understanding of the new

state of matter.
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Chapter 5

Semi-classical Equation of State

of Quark-Gluon Plasma

5.1 Introduction

The experiments for creating the quark-gluon plasma (QGP) in Relativistic

Heavy-Ion Collider (RHIC) at the BNL [1] and CERN Large Hadron Collider

[2], conceived many properties of that state of matter. Many theoretical models

have been formed to explore thermodynamics of QGP. In strongly interacting

quark-gluon plasma model (sQGP) [3] the effects of the colored and colorless

bound states hadron resonances are taken into account. In the quasi-particle

QGP (qQGP) model [4, 5, 6], it is assumed that QGP is made up of quasi-

particles with a temperature depended mass. The strongly coupled quark-gluon

plasma model (SCQGP) [7, 8] considered that QGP is strongly coupled near

the transition temperature Tc and used the equation of state (EoS) of strongly

coupled quantum electrodynamic plasma (QED) with proper modifications for

QCD.

The Cornell potential model for QGP based on Mayer’s theory of plasma

[9, 10] is also proposed in the same sense as in classical electrodynamical plasma.

The CE method in plasma was taken into account and a detailed derivation of the

equation of state and hence the transport coefficients of the QGP was calculated

[23]. In this investigation, the Cornell potential between the partons in the
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deconfined phase plays a crucial role to reproduce the EoS of the quark-gluon

plasma. Mayer’s cluster expansion method [18] is studied and the low-density

limitation is considered in [29, 30] and finally an equation of state has been

derived on the basis of the rigorous statistical approach in the high-density region

for lattice gas in [31]. Quark-gluon plasma phase transition was studied using

the cluster expansion method in [24], where a satisfactory result was obtained

for the phase transition and region of condensation of QGP with the modified

Cornell potential. In this paper we obtain the complete EoS for QGP using

Cornell potential model and compare it with the lattice results [11],lattice6.

We formulate an equation of state of QGP using Mayer’s CE method, in

particular above the critical temperature Tc. Mayer’s theory of plasma was

described in [20], where one sums a certain set of infinite diagrams. A generalised

equation of state of QGP was computed in [9, 10] using Mayer’s theory of plasma.

Their classical cluster expansion method is taken based on the assumption that

for higher temperature, i.e, T ≥ 150MeV quantum effect can be neglected.

Another argument for taking classical treatment is that at higher temperature

the thermal wavelength is approximately in the range of nuclear forces. But

the results deviate from lQCD results when T approaches Tc, where QGP is a

strongly coupled system. We derive a semi-classical EoS including the quantum

aspects in the low temperature region.

In [22] the authors try to develop a description of QGP by considering it as

consisting of binary bound states, both hadronlike (colorless) and exotic (col-

ored) bound pairs. Mayer’s cluster expansion method has been employed in the

quarkonia enhancement studies [25]. In this study, we have used the quantum

cluster expansion to take into account the contribution of binary bound states

in an effort to obtain a better fit with lattice data at temperatures near Tc.
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5.2 Quantum EoS and Cluster Integral

The characteristic feature of quantum cluster expansion method [19] is to in-

troduce cluster function Ûl. In the presence of interactions, we expect that the

functions Ûl would be quite appropriate for carrying out high temperature ex-

pansions. The partition function for the N particle system is,

QN(V, T ) =
1

N !λ3N

∫ ∑̀
{ml}

[∑
p

[U1...U2][U2...U2]..

]
d3Nr, (5.1)

where the restricted summation goes over all the sets {ml} with the condition

N∑
l=1

lml = N ; ml = 0, 1, 2... (5.2)

The pressure and particle density of the non-ideal system in terms of the cluster

integral bl in the limit V →∞ is,

P

T
=

1

λ3

∞∑
l=1

bl(T )zl (5.3)

n =
1

λ3

∞∑
l=1

lbl(T )zl (5.4)

where bl(T ) ≡ limV→∞ bl(V, T ), z is the fugacity and λ =
√

2π
mT

is the thermal

wave length.

The partons only form cluster and there is no change in the particle number

of the system, hence the chemical potential of the system is taken to be zero.

Consider up to second term in the Eq.(5.3), Eq.(5.4) and combine the equations,

we get,

P

T
= n1 +

nB2

2
, (5.5)

where n1 = b1
λ3 and nB2 = 2b2

λ3 .

The cluster integral bl in the cluster expansion method includes the interac-
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tion potential between the partons, the Cornell potential. The cluster integrals

are defined in terms of the trace of the l-body cluster operator Ul,

bl(V, T ) =
1

l!λ3(l−1)V

∫
Ul(r1, r2, r3, ...., rl)d

3lr (5.6)

Let us represent cluster integral as the sum of two terms,

bl = b
(0)
l + b

(i)
l , l > 1. (5.7)

Where b
(0)
l are the cluster integral for the ideal system and b

(i)
l appear due to the

particle interaction

b1 = 1, (5.8)

b2 =
1

2λ3V

(∑
i

e(−βE(2)
i ) −

∑
i

e(−βE(0)
i )

)
, (5.9)

where E
(2)
i , E

(0)
i are the energy states of the two particle system, with and

without interaction, respectively.

By separating the different angular momenta and the possible discrete states

from the continuum states, Eq.(5.6) can be transformed into

b2 − b(0)
2 = 8(1/2)

∑
B

e−βEB +
8(1/2)

π

′∑
l

(2l + 1)∫ ∞
0

e−βh̄
2k2/m∂ηl(k)

∂k
dk (5.10)

for bound states

b2 − b(0)
2 = 8(1/2)

∑
B

e−βEB (5.11)

The value of b
(0)
2 is −1

2

(5/2)
for Fermions and +1

2

(5/2)
for Bosons.

The cluster integral bl may be related to irreducible cluster integral βl using
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Lagrange’s theorem [19] via,

βl−1 =
′∑

{mk}

(−1)
∑

k(mk−1) (l − 2 +
∑

kmk)!

(l − 1)!

∏
k

(kbk)
mk

mk!
(5.12)

where the restricted summation is with the condition,

l∑
k=2

(k − 1)mk = l − 1; mk = 0, 1, 2... (5.13)

5.3 EoS of QGP using Mayer’s Theory of CE

According to Mayer’s theory of classical plasma [20], the equation of state for

any plasma is given by

P

T
=
∑
i

ni +D −
∑
i

ni
∂D

∂ni
, (5.14)

in natural units. For gluons plasma let the number density ni be represented by

ng and for quarks-antiquarks plasma nq, nq̄ respectively. D is the sum over all

irreducible cluster integrals β(NiNj) and is defined as

D =
∑
N≥2

∑
Ni

∑
Nj

β(NiNj)n
Ni
i n

Nj

j (5.15)

where N = Ni+Nj. D can be simplified as follows after using Newton’s binomial

formula,

D =
1

4π2

∫ ∞
0

l2dl

[
(−κ2Vl)

2

2
+

(−κ2Vl)
3

3
+ ....

]
(5.16)

The Inverse Debye length squared varies as κ2 = ng

T
and κ2 = nq+nq̄

T
for gluon

plasma and quark-antiquark plasma respectively. Then Eq.(5.14) becomes,
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P

T
= κ2T +D − κ2 ∂D

∂κ2
(5.17)

Thus the EoS for both plasma has the same appearance with different values for

κ2.

Here the summation goes over any two vertices and is connected by at least

two distinct path which followed the lines in the diagrammatic approach. But

the simply connected two vertex diagrams such as β11,β20 and β02 are excluded

from the summation [20].

We want to include the quark and gluon bound states that exist in the

strongly coupled region of the QGP [22]. Hence we formulated a modified CE

(mCE) theory in plasma by combining Eq.(5.14) and second term in Eq.(5.5).

Thus we obtained a semi-classical EoS of QGP as given below,

P

T
=
∑
i

ni +
1

2

∑
i

nB2i
+D −

∑
i

ni
∂D

∂ni
(5.18)

where the number density of bound state quarks and gluons is represented by

nB2q and nB2g respectively. To get a simplified EoS, we introduced a new pa-

rameter η2 = β11

2
T

1/2
c

(
m
2π

)3/2
by considering (5.5) and (5.12). The bound state

contribution become less at high temperature regime, it is also considered in the

term η2. Then the (5.18) becomes,

P

T
= κ2T + η2T +D − κ2 ∂D

∂κ2
(5.19)

Here we made a quantum correction in the EoS of QGP by including bound

states of quarks and gluons. To evaluate the sum, we first differentiated D with

respect to κ2, we then found a geometric progression

∂D

∂κ2
=

κ2

4π2

∫ ∞
0

l2dl
κ2Vl

1 + κ2Vl
(5.20)
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where Vl is the interaction potential in momentum space. Here the interaction

potential between the constituents described by Cornell potential [10, 26, 27],

V̀ (rij) =

(
α

rij
− σrij

)
(5.21)

contains the coulomb plus an additional linear term. α = 4αs

3
for quark-antiquark

plasma and α = 3αs for gluon plasma, where αs is the strong coupling constant

of the color Coulomb potential and σ is the string tension. The Casimir scaling

(C = 9/4) has been included in the potential of gluon plasma for obtaining an

exact EoS of QGP [32, 33].

The interaction potential in plasma is generally defined as, V (r, T ) =

zizjV́ (rij), where zi = 1 or zi = −1 if the particle is quark or antiquark re-

spectively.

Take the Fourier transform of Eq.(5.21) for quark anti-quark plasma and

gluon plasma separately is given by,

Vlqq̄ =
16παs

3(l2 + k2)
+

8πσ

(l2 + k2)2
(5.22)

Vlg =
12παs

(l2 + k2)
+

18πCσ

(l2 + k2)2
(5.23)

The constant k is the convergence parameter which will take the value zero at

the end of the calculation. Substitute Eq.(5.22) and Eq.(5.23) in Eq.(5.20) and

integrating over l gives ∂D
∂κ2 and integrating ∂D

∂κ2 over κ2, we get D.

Adding number density contributions of quarks and gluon gives the equation

of state of state. For quark-antiquark plasma,

nq + nq̄ ≈
12nf
π2

T 3

∞∑
l=1

(−1)l−1

l3
=

12nf
π2

T 3 3

4
ζ(3) (5.24)

Where nf is the number of flavours of the quark anti-quark plasma.
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For gluon plasma,

ng ≈
gI
π2
T 3

∞∑
l=1

1

l3
= gIT

3 ζ(3)

π2
(5.25)

Where gI=16 is the internal degrees of freedom for gluons and ζ(3)=1.202 is the

Riemann-zeta function.

Solution of the Cornell Potential

To evaluate the nB in Eq.(5.18), we want to find the a solution of Schrodinger

equation with Cornell potential. The Cornell Potential does not admit exact

solutions to the Schrodinger equation. So we use the Nikiforov–Uvarov Method

to find an approximate solution [21, 34].

The non-relativistic radial Schrodinger equation for the quark and antiquark

system is given by,

1

r2

d

dr

[
r2dRnl(r)

dr

]
+

(
2µ [E − V (r)]− l(l + 1)

r2

)
Rnl(r) = 0. (5.26)

Where the V (r) is the Cornell potential between the partons and µ is the re-

duced mass and r is the relative coordinate. Introduced the reduced radial wave

function φnl(r) = rRnl(r) and is normalized by the condition
∫∞

0
|φnl(r)|2dr = 1.

Apply Eq.(5.21) in Eq.(5.26) and making the change of variable x = 1/r, equa-

tion becomes,

d2(φnl(r))

dx2
+

2x

x2

d(φnl(x))

dx
+

2µ

x4

[
E − σ

x
+ αx− l(l + 1)x2

2µ

]
φnl(x) = 0 (5.27)

Let us assume that there is a characteristic radius r0 of the quark anti-quark

system. An approximation scheme on σ
x

is based on the power series expansion

around r0, i.e. around δ ≡ 1
r0

.
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σ

x
=

σ

δ3

[
3δ2 − 3δx+ x2

]
(5.28)

d2(φnl(r))

dx2
+

2x

x2

d(φnl(x))

dx
+

2

x4

[
−a+ bx− cx2

]
φnl(x) = 0 (5.29)

where a = −µ
[
E − 3σ

δ

]
, b = µ

[
α + 3σ

δ2

]
and c = µ

[
l(l+1)

2µ
+ σ

δ3

]
.

Consider the differential equation [21],

u′′ +
τ̄(r)

γ(r)
u′ +

γ̄(r)

γ2(r)
u = 0 (5.30)

where τ̄ is the polynomial of first degree, γ and γ̄ are the polynomial, at most

second degree. Comparing Eq.(5.30) with Eq.(5.29), we get τ̄ = 2x, γ = x2 and

γ̄ = 2(−a+ bx− c2)

Apply Nikiforov–Uvarov method, by solving Eq.(5.29) we obtain an approx-

imate solution,

Enl =
3σ

δ
−

2µ(α + 3σ
δ2 )2[

(2n+ 1)±
√

1 + 4l(l + 1) + 8µσ
δ3

]2 (5.31)

The corresponding wave function Rnl(r),

Rnl(r) = Nnlr
−b√
2a
−1
e
√

2ar

(
−r2 d

dr

)n
r
−2n+ 2b√

2a e−2
√

2ar (5.32)

where Nnl is the normalization constant.

Apply Eq.(5.31) in to the Eq.(5.11) and we get η2. The other thermodynamic

quantities can be calculated from Eq.(5.19) using thermodynamic relations.
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Figure 5.1: The ratio P/T 4 for various temperature T is plotted. The solid lines
represent the estimation of the P/T 4 in QGP using CE method ( Red line → three
flavor QGP, Blue line → two flavor QGP and Green line → pure gauge). The black
full circles is the lQCD results [12].
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Figure 5.2: The ratio ε/T 4 for various temperature T is plotted. The solid lines
represent the estimation of the ε/T 4 in QGP using CE method. Red, Blue and Green
lines represent the three flavor QGP, two flavor QGP and pure gauge respectively.
The black full circles is the corresponding lattice data [12].
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Figure 5.3: The C2
s verses T/Tc is plotted. The solid lines represent the square of

the velocity of sound using CE method, Red, Blue and Green lines are for three flavor,
two flavor and pure gauge respectively. The Black full circles is the lQCD results for
pure gauge [16].
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Figure 5.4: The comparison of our modified CE theory with CE theory of plasma
[10]. The black full circles is the corresponding lattice data [12].
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Figure 5.5: P/T 4 upto 1000Tc is plotted (T/Tc is in ‘Mathematica’ logarithmic
scale). The black full circles is the corresponding lattice data. [17].
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Figure 5.6: ε/T 4 upto 1000Tc is plotted. The black full circles is the corresponding
lattice data [17].
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5.4 Results and Discussion

The modified EoS fits the lattice data [11]-[16] on the gluon plasma, and 2-flavor,

3-flavor QGP. In Fig.5.1 we have plotted the P/T 4 versus T/Tc for three flavor,

two-flavor, and pure gauge QGP along with lattice results. For each system, the

σ, αs and δ are adjusted, so that we get a good fit with the lattice results. Our

EoS fit with the lattice QCD results for α = 0.12, 0.1 and 0.09 and σ = 0.34

GeV 2, 0.75 GeV 2 and 0.8 GeV 2 for gluon plasma, two flavor, three flavor QGP

respectively. The parameter δ = 0.6, 0.69 and 0.84 for gluon, two and three flavor

system and the number n takes values 0,1,2, etc and is related to the principal

quantum number n̂ via n̂ = n+ l+ 1 [34]. We take critical temperature Tc = 275

MeV , 175 MeV and 155 MeV respectively for the gluon plasma, and 2-flavor,

3-flavor QGP.

In Fig.5.2 we plot ε/T 4 versus T/Tc for all three systems along with the lattice

results. Our new EoS matches with the lattice EoS at all temperature region.

This is because we have included bound states of quark and gluons, which exist

very close to Tc. We found that the fitting is not good near T = Tc in the

previous paper [9, 10], where the QGP may be a strongly interacting plasma.

The quantum nature is needed to express the behaviour of QGP in the strongly

coupled region. Here we address the problem by deriving a semi-classical EoS

for the system and get a considerably good fit with lqcd results.

The velocity of sound plays an important role in the hydrodynamical evolu-

tion of the matter created in the heavy-ion collision, especially in the freeze-out

stage. The functional relation between pressure P and the energy density ε with

the square of the velocity of sound via C2
s = ∂P

∂ε
. The C2

s = 1/3 for an ideal

gas. In Fig.5.3 we plotted the square of the velocity of sound with T/Tc and

compared with lattice QCD results.

The energy density and pressure of gluon plasma upto 1000Tc are plotted in

Fig.5.5, Fig.5.6, using our modified version of Mayer’s theory of plasma. The

thermodynamic parameters will reach the Stefan-Boltzmann limit at high tem-

perature scale and we get good fit with lattice QCD results at all temperature
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range [17].

The comparison of our modified version of cluster expansion theory with clus-

ter expansion theory of K.M. Udayanandan et al.,[10] is plotted in Fig.5.4. We

observe the semi-classical description of EoS well fit with the lattice QCD re-

sults [12], because here we taking the light quark quantum effects in the strongly

interacting QGP.

We revisited the equation of state of QGP using Cornell potential and com-

pared theoretical results with the lattice data. In order to calculate the pressure

P and energy density ε we have made an equation of state in a semi-classical

way using Mayer’s theory of plasma. We include the behaviour of bound states

of quarks and gluon by deriving a complete equation for quark-gluon phases. We

found that the bound state of partons, i.e, qq and gg occurs in the temperatures

of the order of a few times the critical temperature T = 1–3Tc and it is evident

in the present experimental results at RHIC. We plotted P/T 4, ε/T 4 and C2
s

for varies temperature range. The fit of the EoS with lattice QCD results in

all temperature region is the success of our semi-classical description for quark-

gluon plasma EoS. Together with experimental and phenomenological studies,

the Cornell potential approach will enrich our understanding of the new state of

matter.
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Chapter 6

Conclusions and Future Plan

In this work, we have conducted a study to develop the statistical mechan-

ics and thermodynamics of QGP based on cluster expansion method. Particle

collisions in laboratories recreating the QGP reveal that, the early universe was

filled with droplets of this primordial soup. The data coming from the differ-

ent laboratories are the ballpark of what different theories predicted for QGP

existence. The prediction of different theories depends on what method they

include. Our cluster expansion method will help us to study the signature of

QGP, equation of state and the transport coefficients of QGP.

The Mayer’s method of cluster expansion helps us to develop an EoS

for non-ideal quark-antiquark plasma under non-relativistic approximation. This

approach allows us to take into account the fundamental interactions among the

quarks via Cornell potential. Study of quarkonium dissociation and strangeness

enhancement will enrich our understanding about the signature of QGP in rel-

ativistic heavy ions collisions. On the footing of the Mayer’s cluster expansion

method, a study has been performed and the criterion obtained for the temper-

ature, where heavy quarkonium like charmonium (J/ψ(c, c̄)) and bottomonium

(Υ(b, b̄)) suppression occurs. The earlier finding was based on grand canonical

partition function of the system, which ignored the limitations of the restrictive

summation
∑N

l=1 lml = N . Our present study is based on canonical partition

function of the system and helps to eliminate such deficiencies. The EoS using

screened Cornell potential shows the dissociation of heavy quarkonium J/Ψ and
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Υ at the temperature range T = 0.15 − 0.3GeV . Our EoS is applicable to dif-

ferent species of quark system. The clustering of strange quarks in the phase

transition region is considered and the multi-strange hadronisation has been in-

vestigated. We have obtained the EoS for Φ(ss̄) and Ω−(sss) etc., and studied

muti-strange hadronisation process. From the graph of different species of quark

system, it is evident that a pronounced maximum number density occurs near

the critical temperature Tc. The number density of different strange droplets are

tabulated in Chapter 2. The main advantage of the cluster expansion method is

that, we can apply the classical particle picture to the quarks.

This approach leads to exact results, when we apply it to the low

density region. If we attempt to include condensation at high density region into

our study, we encounter serious difficulties relating to the convergence of the

summation over l and volume dependence of cluster integral bl. The limitations

of Mayer’s EoS at condensation point in the high density regime is addressed by

Ushcats. He has succeeded in deriving an EoS which is applicable for all density

regions.

The study of hadron to QGP phase transition using modified Cornell

potential is presented in Chapter 3. The earlier study of QGP and phase transi-

tion using cluster expansion method mainly focused on the high temperature and

zero chemical potential. The new approach will enrich our understanding of de-

confinement under high baryon density. We have taken into account the cluster

expansion EoS for finite size system (fEoS) and EoS in the thermodynamic limit

(CEEoS), which is extended into the high density region. The interaction mod-

els like Cornell potential model, including both attraction and repulsion, have

indicated the adequacy of virial EoS in all density regions. The critical point

where the system converges has been calculated for different temperatures. The

region of convergence has been plotted for different number of particles, which

shows that as the number of particle N increases, the high density interval of

isotherms becomes more flat. A comparative study between Mayer’s EoS and

Ushcats EoS has been done for modified Cornell potential.
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The perfect fluidity of the strongly-coupled QGP has been reported at

RHIC. In these experiments we see a pronounced minimum in the value of shear

viscosity near the critical temperature Tc. In relation to this, the novel notion of

strong QGP has been put forward, and strong coupling properties of the QGP

near the transition temperature Tc have been studied. Therefore, the inclusion of

interactions between partons is mandatory to consistently describe the QGP in

the region close to Tc. The lattice QCD results of the anisotropic flow of QGP is

successfully explained QGP as a viscous fluid with η/s ≈ 0.1. Some theorists are

working to develop the theory of transport coefficient of QGP via computational

techniques using QCD to perform reliable simulations. Mattiello et al., tried to

develop the QCD EoS and hence the viscosity under the mathematical treat-

ment of virial expansion. We estimate the transport coefficient of QGP more

realistically based on cluster expansion theory of plasma.

We derived the EoS using modified Cornell potential based on Mayer

theory of plasma. To calculate the transport coefficients, we used the Chapman-

Enskog method. It provide a strong relationship between transport cross section

and the interaction potential between the partons near Tc. In Chapter 4, the ratio

of shear viscosity to entropy density (η/s) and ratio of bulk viscosity to entropy

density (ζ/s) are derived and compared with the lattice QCD results. To derive

a consistent relation, the coupling constant αs is extracted from screened Cornell

potential. We found that η/s ≈ 0.128 at Tc, which is very close to the theoretical

lower bound value of the AdS/CFT. Furthermore, for temperatures T ≤ 1.8Tc

the ratio η/s is in the range of the present experimental results at RHIC. It

confirms that QGP is a strongly coupled system near the critical temperature.

When compared with our results, lattice QCD simulations also suggest that ζ/s is

strongly enhanced near Tc, although the shear viscosity coefficient is suppressed.

Considering the fact that the fluid dynamics slows down near Tc due to the small

sound velocity Cs, the critical behaviour of η/s may play a crucial role on QGP

dynamics.

The Mayer’s theory of ionic plasma is briefly sketched in our work.
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The outline is based on the derivation of equilibrium theory of imperfect gases.

In the fifth chapter we extended this theory into QGP with proper modifications.

Based on this theory V.M.Bannnur and K.M. Udayanandan have already derived

a classical EoS for QGP. They ignored the contribution of bound states of quarks

and gluons near the phase transition region as suggested by E.V.Shuryak et al.

Moreover, the lowest order irreducible cluster integral β11 is not included in the

EoS. We want to overcome mathematical limitations of this EoS to include the

two particle bound states. We derived semi-classical EoS based on Mayer theory

of plasma and included the quantum effects of liqht quark bound states near the

transition region.

The bound state of partons occurs in the temperatures range T =

1 − 3Tc and it is evident in the present theoretical calculations. We plotted

different thermodynamic parameters such as, P/T 4, ε/T 4 and C2
s for various

temperature range using our modified EoS. The fit of the EoS with lattice QCD

results in all temperature region is the success of our semi-classical description of

EoS. The energy density and pressure of gluon plasma upto 1000Tc are plotted

using our modified version of Mayer’s theory of plasma. Here the thermodynamic

parameters reach Stefan-Boltzmann limit at high temperature scale and we get

good fit with lattice QCD results at all temperature range. The comparison of

our modified version of cluster expansion theory of QGP with cluster expansion

theory of K.M. Udayanandan et al., is plotted. We observed the semi-classical

description of EoS fits well with the lattice QCD results.
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Future Work

Cluster expansion method will open the doors to study the quarkonium

suppression using quantum cluster expansion. To calculate QGP equation of

state and to incorporate lighter quarks, we should extend our work into rela-

tivistic and quantum regime. The advanced mathematical method of Lee and

Yang will enrich the conceptual background of thermodynamics of QGP. Cluster

expansion method in conjunction with medium modified potential will enable to

arrive at the medium properties of QGP. Modification of our first work, provides

the possibility to incorporate fourth cluster integral in cluster of four particle

droplet (four-quark matter), which may provide evidence for a strange particle,

called Zc(3900) [1, 2].

The incorporation of cluster expansion method and Yukawa potential,

will lead to the mathematics of Clustering of Nuclei. Equation of state for

QGP using cluster expansion method under finite chemical potential may leads

to a complete understanding of the phase diagram. To invigorate the study

of transport coefficients of quark-gluon plasma, we can derive EoS using the

quantum cluster expansion method under finite chemical potential.
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Appendix A

Bipolar Coordinates

Evaluate C3 based on bipolar coordinate integration, by fixing the positions of
the particle 1 and 2 and particle 3 takes all possible position. Rotation of the
element of area dxdy about the x axis sweeps out d3r13 (see Fig.A.1), so that

d3r13 = 2πydxdy (A.1)

The coordinates x and y can be transformed in terms of r13 and r23 using the
Jacobian transformation, we get

dxdy =
r13r23

yr12

dr13dr23 (A.2)

d3r13 =
2πr13r23

r12

dr13dr23 (A.3)

where r2
13 = x2 + y2 and r2

23 = y2 + (r12 − x)2

Figure A.1: Bipolar coordinates for three particle cluster
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Appendix B

Value of Mk and qN

From the equation (3.7) we can calculate M1,M2 and M3,

M1 = M0 + β1ρM0. (B.1)

M2 = M1 + β1ρ[M1 −
1

N
M0] +

2β2ρ
2

N
M0. (B.2)

M3 = M2 + β1ρ[M2 −
2

N
M1] +

4β2ρ
2

N
[M1 −

1

N
M0] +

6β3ρ
3

N2
M0.

where M0 = 1 and M3 is calculated approximatelly, because we are not consid-
ering β3. So neglecting the term containing β3, we get

M3 ≈M2 + β1ρ[M2 −
2

N
M1] +

4β2ρ
2

N
[M1 −

1

N
M0]. (B.3)

The values of qN is calculated using equation (3.6) as,

q1 = M1 −
β1ρ

N
M0. (B.4)

q2 = M2 −
2β1ρ

N
M1 −

4β2ρ
2

N2
M0. (B.5)

q3 = M3 −
3β1ρ

N
M2 −

12β2ρ
2

N2
M1 −

18β3ρ
3

N3
M0. (B.6)

In the above equation the term containing β3 can be neglected so that the equa-
tion becomes

q3 = M3 −
3β1ρ

N
M2 −

12β2ρ
2

N2
M1. (B.7)
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