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Chapter

Introduction

The set of all homeomorphisms on a topological space onto itself is a group
under function composition and is called the group of homeomorphisms of the
topological space. The group of homeomorphisms of a topological space (X, 7)
is a subgroup of the group S(X) of all bijections of the set X. Group of home-
omorphisms are very important in the theory of topological spaces. Analogous
to the group of homeomorphisms in topology, the group of L-fuzzy homeomor-
phisms is defined in L-fuzzy topology. The objective of the present thesis is to
study some problems related to the concept of the group of homeomorphisms
of a topological space and the group of L-fuzzy homeomorphisms of an L-fuzzy

topological space.

In the present study we use Set theoretical, Topological, Algebraic and Order

theoretical methods.



0.1. Motivation and Survey of Literature

0.1 Motivation and Survey of Literature

Several authors studied the concept of the group of homeomorphisms of a
topological space and the relation between the algebraic properties of the group of
homeomorphisms of the topological space X and the topological properties of the
space X. A topological space is said to be rigid if the group of homeomorphisms
of the space is the trivial group. De Groot, V. Kannan, Rajagopalan etc. studied

rigid spaces and have done commendable works in this area [9,10,24-26].

In 1920, the concept of homogeneity in topological spaces was introduced by
W. Sierpinski. A topological space (X, 7) is said to be homogeneous if for any
two points x1, 2 € X there exists a homeomorphism h from (X, 7) onto itself
such that h(x1) = 5. In other words a topological space (X, 7) is homogeneous
if the group of homeomorphisms of the space is a transitive permutation group
on X. Ginsburg [14] characterized the finite homogeneous topological spaces.

The various properties related to homogeneity and rigidity were studied in [43].

A topological space X is said to be completely homogeneous if the group
of homeomorphisms of the space is the symmetric group S(X). R. E. Larson
studied the concept of complete homogeneity and characterized the spaces which
are minimum and maximum with respect to a topological property [29]. He also

determined the completely homogeneous topological spaces.

In 1959, J. De Groot proved that any group is isomorphic to the group of
homeomorphisms of a topological space [10]. If two topological spaces are home-

omorphic, then the corresponding groups of homeomorphisms are isomorphic.
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But nonhomeomorphic topological spaces can have isomorphic groups of home-

omorphisms.

P. T. Ramachandran studied the problem of representing a subgroup of S(X)
as the group of homeomorphisms of a topological space (X, 7) for some topology
7 on X [34]. He proved that no nontrivial proper normal subgroups of the
symmetric group S(X) can be the group of homeomorphisms of (X, 7) for any
topology T on X [35]. He also showed that if X = {xy, 22, ..., 2}, m > 2, the
subgroup of the symmetric group S(X) generated by the cycle (1, xs, ..., )
cannot be represented as the group of homeomorphisms of (X, 7) for any topology

7 on X [34].

In 1965, L. A. Zadeh [46] introduced the theory of fuzzy set describing fuzzi-
ness mathematically for the first time. Later J. A Gougen introduced the con-
cept of L—fuzzy set where L is a semigroup, a partially ordered set, a lattice or
a boolean ring [15]. We can extend most of the mathematical theories using the
concept of a fuzzy set since fuzzy set is a generalization of the fundamental math-
ematical concept of a set. Based on the notion introduced by L. A. Zadeh [46],

C. L Chang introduced fuzzy topology and studied its properties [8].

T. P. Johnson [16] and P. T. Ramachandran [36,37] considered the problem
of representing a subgroup H of the group S(X) as the group of L- fuzzy homeo-
morphisms of some L- fuzzy topological space (X, ). In [16,17,19] T. P. Johnson
proved that the subgroups generated by a finite cycle and some proper non-trivial
normal subgroups can be represented as group of L- fuzzy homeomorphisms for

some L- fuzzy topology 6 on X, when |X| < |L|. P. T. Ramachandran proved
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that the group of permutations on a set X generated by a finite cycle and the
group generated by an arbitrary product of infinite cycles can be represented
as the group of L- fuzzy homeomorphisms for some L- fuzzy topology, if the
membership lattice L # {0, 1} [36,37]. One of our main aim is to continue this

work.

An L- fuzzy topological space (X, §) is said to be homogeneous if given any
two points x; and x5 in X, there is an L-fuzzy homeomorphism h of X onto itself
such that h(x;) = x [3]. The order of the group of L-fuzzy homeomorphisms
depends on the structure of the L-fuzzy topological space. For example, if the
L-fuzzy topological space is homogeneous, the order of the group of L-fuzzy
homeomorphisms on X is greater than or equal to the cardinality of X. An
L-fuzzy topological space (X, d) is called completely homogeneous if the group
of L-fuzzy homeomorphisms equals S(X), the set of all permutations of the set

X.

In [16] T. P. Johnson defined the concept of a completely homogeneous fuzzy
topological space analogous to complete homogeneity in topological space. In
[18] the author extended complete homogeneity to L-fuzzy topological spaces.
He generalized the result of R. E. Larson for L-fuzzy topological spaces. He
also considered the lattice of completely homogeneous fuzzy topologies also [18].
In [22] the authors studied complete homogeneity and reversibility in L-fuzzy

topological spaces.
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0.2 Organisation of the Thesis

In this thesis, we are studying the group of homeomorphisms of topological
spaces and the group of L-fuzzy homeomorphisms of L-fuzzy topological spaces.
We are also interested in L-fuzzy topological spaces whose group of L-fuzzy

homeomorphisms is the symmetric group.
The thesis consists of seven chapters besides the introduction.

The first chapter gives a brief account of preliminary definitions, theorems
and results which we used in the forthcoming chapters. Here we discuss some

basics of algebra, set theory, topology and L-fuzzy topology.

The second chapter is concerned with the study of group of homeomor-
phisms of topological spaces. We start with the definition of a t—representable
permutation group. A subgroup H of the symmetric group on a nonempty
set X is called t—representable on X if there exists a topology 7 on X such
that the group of homeomorphisms of (X, 7) equals H [39]. Some properties
of t-representable permutation groups are also discussed. Further we determine
t—representability of some permutation groups. Here we prove that the direct
sum of finite t—representable permutation groups is t—representable. Also the
t—representability of transitive permutation groups and some maximal permu-

tation groups are studied.

In the third Chapter, we continue the work carried out in chapter two. Here
we determine the t—representability of some cyclic subgroups of the symmetric

group. It can be seen that if o is a permutation on a set X which is a product
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of two disjoint cycles, then the permutation group generated by o, < o > is
not t-representable on X and whereas if ¢ is a permutation on X which is an
arbitrary product of more than two disjoint cycles having equal length n, then
the permutation group generated by o, < o > is t-representable on X. We also
determined the t—representability of groups generated by a permutation which

is a product of disjoint infinite cycles.

In the fourth chapter we study the group of L-fuzzy homeomorphisms of
an L-fuzzy topological space. Analogous to t—representability in topological
space, here we define L-representability of permutation groups. A subgroup
H of the symmetric group on a nonempty set X is called L;—representable on
X if there exists an L— fuzzy topology 0 on X such that the group of L—
fuzzy homeomorphisms on X equals H. Some properties of L;—representable

permutation groups are also studied.

We establish the L -representability of semiregular permutation groups on X
when |L| > |X]|. A necessary and sufficient condition for a dihedral group D,
to be L;—representable is provided. We also determine the L j—representability
of all subgroups of S,, when n < 4. In contrast with results in topology, it can
be seen that the group generated by a permutation which is a product of two

disjoint cycles having equal length is Ls—representable.

Chapter five is a study of completely homogeneous L-fuzzy topological
spaces. An investigation is conducted on the relation between the group of L-
fuzzy homeomorphisms of an L—fuzzy topological space and the group of home-

omorphisms of its level topologies. It is also observed that an L-fuzzy topological
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space is completely homogeneous if and only if its stratification is completely ho-
mogeneous. A characterization of completely homogeneous Alexandroff discrete
L-fuzzy topological spaces is obtained when L is a complete chain. Also we prove
that supersets of a non- zero L-fuzzy open set having the same range are L-fuzzy

open in a completely homogeneous L-fuzzy topology.

A stronger notion of completely homogeneity, called principal completely ho-
mogeneity in topology and L-fuzzy topology are introduced in the sixth chap-
ter. Let f € LX. Then the smallest completely homogeneous L-fuzzy topology
containing f is called the principal completely homogeneous L- fuzzy topology
generated by f and is denoted by CHLFT(f) [42]. A completely homogeneous
L-fuzzy topological space (X, ¢) is called principal completely homogeneous L-
fuzzy topological space if § = CHLEFT(f) for some L- fuzzy set f € LX [42].
Some properties of principal completely homogeneous L-fuzzy topological spaces
are also discussed in this chapter. Principal completely homogeneous L-fuzzy

topological spaces are studied when L = {0, %, 1} with the usual order.

The last chapter contains the conclusion and some unsolved problems. A

bibliography is also given at the end.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter we give a brief account of the preliminary concepts which are
used in the forthcoming chapters. It includes the basics of Set Theory, Group

Theory, especially Permutation Groups, Topology and L- fuzzy topology.

Through out our discussions X denote a nonempty set. If A is a given set,

we will use |A| to denote the cardinality of A.

1.2 Partially Ordered Sets

Let us start with the definition of a partial ordering.

Definition 1.2.1. [23]
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Let X be a set and < be a relation on X. Then < is called

1. reflexive if a < a for all a € X.
2. anti-symmetric if for all a, b € X, a < b and b < a implies a = b.

3. transitive if for all a,b,c € X, a < b and b < ¢ implies a < c.

A relation on X which is reflexive, anti-symmetric and transitive is called a

partial order.

A partially ordered set (or a poset) is an ordered pair (X, <) where X is a
set and < is a partial order on X. The partial order < is said to be linear (or

chain) if for all a, b € X, either a < b or b < a.

Let (X7, <1) and (X3, <) be two partially ordered sets and f : X; — X5 be
a function. Then f is said to be order-preserving if for all a,b € X, a <; b =
f(a) <o f(b). If f is a bijection and f as well as its inverse f~! are both order
preserving then f is called an order isomorphism from (X, <;) to (X, <5) [23].
That is, a bijection f from (X, <) to (Xs, <) is an order isomorphism if and
only if a <4 b <= f(a) <5 f(b) for all a,b € X;. The set of all order isomor-
phisms of a partially ordered set onto itself forms a group under composition

of functions and is called the group of order isomorphisms, which is denoted by

G(X, <)

Now we will discuss some terms related to the partial ordering.

Definition 1.2.2. [30]
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If (X, <) is a partially ordered set, A is a nonempty subset of X and a € X,

then

1. a is an upper bound for A if for all z € A, x < a.

2. A is said to be bounded above if A has atleast one upper bound.

Dually we define lower bound and bounded below.

Definition 1.2.3. [23]

Let (X, <) be a partially ordered set and A C X

1. An element a of A is said to be maximal element of A if it is not strictly

less than any element of A.
2. ais said to be mazimum (largest) element of A if for all x € A\ {a}, = < a.

3. An element a € X is said to be the join (or the least upper bound, or the
supremum) of A, denoted by VA, if a is an upper bound of A and if b is an

upper bound for A, then a < b.

If A consists of two elements a and b, write a V b for V{a, b} for convenience.

The concept of a minimal, smallest or minimum element, meet (A) or greatest

lower bound are dully defined.

Definition 1.2.4. [23]
A partial order (X, <) is said to be complete if every nonempty subset of A,

which is bounded above has a least upper bound.

10
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Definition 1.2.5. [30]
A partially ordered set (X, <) is called a well-ordered set, if for every nonempty
subset A of X, there exists ag in A such that ag < a for every a € A and the

partial order is called a well-order.

Every element in a well-ordered set other than the last element has a unique

immediate successor.

Theorem 1.2.6. /23] Well-ordering Theorem

FEvery set can be well-ordered.

This can be proved using the Axiom of choice and is equivalent to it.

One of the important facts about well-ordered sets is that we can prove things
about their elements by a process similar to mathematical induction which is

called Principle of Transfinite Induction.

Theorem 1.2.7. [1] Principle of Transfinite Induction

Let W be a well-ordered set and V' a subset of W in which, for every element

x € W, satisfies the following condition:

If every predecessor of x belongs to V', then, x belongs to V.

ThenV =W.

11
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1.3 Lattice Theory

Definition 1.3.1. [23]
Let (L, <) be a partially ordered set. Then L is called a lattice, if every two
element subset of L has both a meet and join in L and complete lattice if every

subset of L has a meet and join in L.

The smallest and largest elements of a lattice L are denoted by 0 and 1. A
lattice always be nonempty. A lattice is called trivial if it consist only one ele-
ment. In a trivial lattice the smallest element coincide with the largest element.
This kind of lattice will not be considered in our study. Thus we can assume

that a lattice contain at least two elements 0 # 1.

Definition 1.3.2. [30]
Let L be a lattice with 0 and 1. An element x € L called complement of an

element y € Lyif r Ay=0and xVy = 1.

A mapping h : L — L is called order-reversing, if for all z,y € L, v < y =

h(y) < h(x) and called an involution on L, if h o h is the identity map on L.

Definition 1.3.3. [30]
Let L be a complete Lattice. L is called completely distributive, if L satisfies the
following two conditions,
for all {{a;;: j € J;} C 2(L)\ {0}, I #0,

1. )= 0
z‘/e\l (jé/Ji i j) @e\léJi (z‘/e\la”@(’))’
el

12
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9. N — .
i\E/I ( jé\Ji @i5) (Z)e/ﬁJ,. (i\e/lal’@(l))
el

Definition 1.3.4. [30]
A completely distributive lattice L is called an F'-lattice, if L has an order

reversing involution h: L — L.

1.4 Permutation Groups

Here are some basic definitions and theorems from Group theory which we will

use in this Thesis. For more details see [12,32]

Let X be a nonempty set. A bijection of X onto itself is called a permutation
of X. The set of all permutations of X forms a group under composition of
mappings, called the symmetric group on X. We denote the symmetric group by
S(X) and S, to denote the special group S(X) when n is a positive integer and

X ={1,2,...,n}. A permutation group is a subgroup of the symmetric group.

We know that a binary operation * on a set S is a function mapping S xS into
S. More generally, for any sets A, B and C, we can view a map x: AX B — C'
as defining a multiplication of an element a € A with an element ¢ € C. The
notion group action is used in the case where X is a set, G is a group and we

have amap *x: G x X — X.

Definition 1.4.1. [13]

Let (G,.) be a group and X be a set. An action of G on X is a map

13
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* 1 G x X — X such that
1) ex = x for all x € X.
2) (9192)(z) = (g1)(g2x) for all x € X and for all g1, ¢> € X.

Under these conditions, X is called a G-set. Here x(g, x) is denoted by g(x).

When a group G acts on a set X, a typical point x is moved by some elements

of G to various other points and fixed by some elements of G.

Definition 1.4.2. [12]

Let € X. Then the orbit of x under G, ¢ is defined by

v = {g(z): g€ G}

and the stabilizer of x in G, G, is defined by

Go ={9€G:yglr) =x}

Example 1.4.3. Let X be any set and G be a permutation group on X.

Then G acts naturally on X where g(x) is the image of = under the permutation

g.

We assume that such a group action implicitly in some contexts.

A group G acting on X is said to be transitive on X if it has only one orbit

and so 2¢ = X for all # € X. That is G is transitive if given x,y € X, there

14
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exists ¢ € G such that g(z) = y. A group which is not transitive is called

intransitive.

Definition 1.4.4. Semi Regular Permutation Groups [12]
Let X be any set and H be a permutation group on X. Then H is called
semireqular if the identity permutation is the only element in H with any fixed

points.

Definition 1.4.5. Regular Permutation Groups [12]
Let X be any set and H be a permutation group on X. Then H is called reqular

if H is transitive and semiregular.

Lemma 1.4.6. [32] Any transitive abelian permutation group is regular.

Let G be a group acting on a set X, k be an integer with 1 < k£ < |X| and
X®) denote the set of all k-tuples of distinct points. Then G acts on X*) in a
natural way, namely g(z1, z1,...25) = (9(x1),g(x2),...,g(xx)) where g € G and
(21,29,...7%) € X® . If G is transitive on X*)| then we say G is k-transitive.
We say that G is highly transitive if X is infinite and G is k-transitive for all

integers k > 1.

Definition 1.4.7. [12]

Let G be a group acting transitively on a set X. A nonempty subset A of X

is called a block for G if for each g € G, either g(A) = Aor g(A)NA = (.

Every group acting transitively on X has X and the singletons {z} (x € X)

15
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as blocks and these blocks are called trivial blocks. Any other block is called

non-trivial block.

Definition 1.4.8. [12]

Let G be a group acting transitively on a set X. We say that the group G is

primitive if G has no nontrivial blocks on X. Otherwise G is called imprimitive.

Example 1.4.9.

e S, is primitive for n > 2 and A,, is primitive for n > 3.

e The cyclic group generated by the cycle (1, 2, 3, 4, 5, 6) has five nontrivial
blocks, {1,3,5}, {2,4,6}, {1,4}, {2,5}, {3, 6}. So this group is an imprim-

itive permutation group.
Definition 1.4.10. [12]

Let G be a group acting on a set X and A be a subset of X. Then the setwise

stabilizer of A in G is

Gy ={9€G: g(A) = A},

Note that Gya; is a subgroup of G.

1.4.1 Normal Subgroups of Symmetric Groups

Now we consider the normal subgroups of the symmetric groups.

16
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If X is a finite set then the alternating group A, of degree n is the collection
of all even permutations in S,. It is also a fact that A,, is the only non-trivial

proper normal subgroups of S, except when n = 4. If n = 4, S,, has another

non-trivial normal subgroup {7, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}.

Let X be an infinite set, in order to define the alternating group A(X), we

have to define what we mean by odd and even permutations.

Definition 1.4.11. [32]

Let G be a group acting on a set X and g € G. Then support of g is defined
by

supp(g) = {z € X : g(x) # z}.

Thus supp(g) is the set of all points moved by g and |supp(g)| is called the degree
of the permutation g. A permutation having finite degree is called a finitary
permutation. Let F'S(X) be the set of all elements in S(X) which have finite
support. Then F'S(X) is a primitive normal subgroup of S(X) and is a proper
subgroup when X is infinite. This group is called finitary symmetric group on
X. Let g be an element of a finitary symmetric group F.S(X). Then g can be
written as a product of finite number of transpositions. A finitary permutation
g is called even if it can be written as a product of even number of transpositions
and odd if it can be written as a product of odd number of transpositions. Then
the alternating group A(X) is defined as {g € FS(X) : giseven }. Let m

be an infinite cardinal such that Xy < m < |X|. Then we define the bounded

17
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symmetric group BS(X, m) as follows,

BS(X, m) ={g € 5(X) : [supp(g)| <m}.

We end this section by stating a theorem which gives a list of all the normal

subgroups of S(X).

Theorem 1.4.12. [6] Let X be any set with | X| > 4. Then the normal subgroups
of S(X)are precisely : {1}, A(X), S(X) and the subgroups of the form BS(X, m)

with g < m < | X|.

1.5 Topology

Now let us go through some basics of topology which will make the reading of

this Thesis easier.

Definition 1.5.1. [45]

If X and Y are topological spaces, a function f from X to Y is a homeomor-
phism if f is one-one, onto, continuous and f~! is also continuous. When such a

homeomorphism exists, X is said to be homeomorphic to Y.

If we denote X is homeomorphic with Y by X ~ Y, then ~ is an eqivalence

relation on any set of topological spaces.

Consider the collection of all homeomorphisms of a topological space onto
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1.5. Topology

itself, which is denoted by H(X, 7). Let f,g € H(X, 7). Then the composition
of f and g, fog is also a homeomorphism on X. By definition, the identity map
on X which is denoted by Ix is a homeomorphism. It is easy to prove that if h €
H(X,7), then h™' € H(X, 7). So we can define the group of homeomorphisms

of a topological space as given below.

Definition 1.5.2. [45] Group of Homeomorphisms

Let (X, 7) be any topological space and let H (X, 7) be the set of all home-
omorphisms of (X, 7) onto itself. Then H(X,7) is a group under function com-

position and it is called the group of homeomorphisms of X onto itself.

Note that the group H(X,7) of all homeomorphisms of a topological space

(X, 7) onto itself is a subgroup of the symmetric group S(X).

We define several topological properties using the group of homeomorphisms.

Following are some of them.

Definition 1.5.3. [23] Homogeneous Space

A topological space (X, 7) is said to be homogeneous if for any z,y € X |

there exists a homeomorphism A from X onto itself such that h(x) = y.

Definition 1.5.4. A topological space (X, 7) is said to be rigid if the group

of homeomorphisms, H(X, 7) = {[}.

There is a situation where the group of homeomorphisms equals the set of

all permutations on the underlying set.
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1.6. L-fuzzy Topology

Definition 1.5.5. [29] Completely Homogeneous Topological Space

A topological space (X, 1) is called completely homogeneous if the group of
homeomorphisms of X onto itself is equal to the group of all permutations of X

ie, H(X, 1) = 5(X).

The discrete topological spaces and indiscrete topological spaces are com-

pletely homogeneous space.

Definition 1.5.6. [2] Alexandroff Discrete Space

A topological space (X, 7) is called Alexandroff discrete space if arbitrary

intersections of open sets are open in X.

Any finite topological space and discrete spaces are Alexandroff discrete
space.
A topological space (X, 7) is Alexandroff discrete if and only if it has a minimal

open neighbourhood at every point in X.

1.6 L-fuzzy Topology

Here we give some preliminary results on L-fuzzy topology.

Let X be a nonempty set, L a complete lattice, then an L-fuzzy subset f of
X is a mapping from X to L. The set of all L-fuzzy subsets of X is denoted by
L, which is called an L-fuzzy space. An L- fuzzy set with constant membership

value o € L is denoted by a.
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1.6. L-fuzzy Topology

Definition 1.6.1. [30]

The L-fuzzy subset x; with x € X and [ € L,[ # 0 defined by

[ ify==x
x(y) =
0 otherwise.

is called an L-fuzzy point in X with support z and value (.

The L-fuzzy subset 2!, with 2 € X and [ € L,[ # 1 is defined by

[ ify==x
'(y) =
1 otherwise.
Definition 1.6.2. [30]

Let X and Y be two sets and h : X — Y be a function. Then for any L-fuzzy

set fin X, h(f) is an L-fuzzy set in Y defined by

V{f(z): 2 € X h(z) =y} h7'(y) #0
0; h=t(y) = 0.

h(f)(y) =

For an L-fuzzy set g in Y, we define h™*(g)(z) = g(h(z)) for all z € X.

Definition 1.6.3. L— fuzzy Topological Space [30]

Let X be a nonempty set, L an F-lattice, § C L*. Then ¢ is called an L-fuzzy
topology on X, and (X, 0) is called an L-fuzzy topological space if § satisfies the

following three conditions.
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1.6. L-fuzzy Topology

1. 0,1 €0;
2. fAgeforall f,g €9,

3. VA e forall AC.

Every element in ¢ is called an L-fuzzy open subset of X.

Examples 1.6.4. Let X be any set and L an F-lattice

1. Let 6 = L*. Then § is an L-fuzzy topology on X and is called discrete

L-fuzzy topology on X.

2. Let § = {0, 1} C L¥, then ¢ is an L-fuzzy topology on X and which is

called the trivial L-fuzzy topology on X.

Definition 1.6.5. [30]

Let (X, d) be an L-fuzzy topological space, 6y C d. Jy is called a base of ¢, if

§ = {Vel + o C &}

0p is called a subbase of 9, if the family

{72 : 2 € [50]~" \ {0}}

is a base, where [dg]<" denote the family of all the finite subsets of Jy.
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1.6. L-fuzzy Topology

1.6.1 L— fuzzy Homeomorphism

Let (X,d) and (Y,¢") be any two L—fuzzy topological spaces and h be a

mapping from (X, d) to (Y, ).

Definition 1.6.6. [30]
1. his said to be an L-fuzzy continuous map from X to Y, if h=1(f) € ¢ for
every f’in & where h™'(f’) means f’ o h.
2. h is said to be L-fuzzy open if it maps every L-fuzzy open subset of X as an
L—fuzzy open one in Y.
3. h is said to be an L— fuzzy homeomorphism if it is bijective, continuous and

open.

So a necessary and sufficient condition for a permutation A of a set X to be
an L-fuzzy homeomorphism of (X,d) on to itself is that f € ¢ if and only if

fohed.

Definition 1.6.7. Group of L— fuzzy homeomorphisms

The set of all L- fuzzy homeomorphisms of an L- fuzzy topological space (X §)
onto itself is a group under composition, which is a subgroup of the group of all
permutations on the set X. It is called the group of L- fuzzy homeomorphisms

of (X,6) and is denoted by LFH(X,J).
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Chapter

Group of Homeomorphisms

Here we study the group of homeomorphisms of topological spaces. We
define the t-representability of permutation groups and study some properties of
the t-representable permutation groups. We determine the t-representability of
all finite transitive permutation groups. Also we study the t-representability of

some maximal subgroups of the symmetric group.

2.1 t—representability of Permutation Groups

We start this section by defining the t—representability of permutation groups.
Some examples and non-examples of t— representable permutations groups are

given.
Definition 2.1.1. {-representable Permutation Group
A subgroup K of S(X) is called t-representable on X if there exists a topology
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2.2. Properties of t—representable Permutation Groups

7 on X such that H(X, 7) = K.

Examples and non-examples of t—representable permutation groups

1. We have the group of homeomorphisms of the discrete space on X is
the symmetric group S(X) and hence the symmetric group S(X) is a

t—representable permutation group.

. In [34,35], P. T. Ramachandran proved that no non-trivial proper normal
subgroups of the group of all permutations of a set X can be the group
of homeomorphisms of (X, 7) for any topology 7 on X. So no non-trivial

proper normal subgroup of the Symmetric group is t—representable on X.

. Let X ={ay, as, ..., a,}, n > 3, the group of permutations of X gener-
ated by the cycle (a1, ag, ..., a,) cannot be represented as the group of
homeomorphisms of (X, 7) for any topology 7 on X [34]. It follows that the
cyclic group generated by the cycle (aq, as, ..., a,) is not t—representable

on X.

2.2 Properties of t—representable Permutation

Groups

Here we derive two important properties of t—representable permutation

groups.

Definition 2.2.1. [13] Conjugate of a subgroup
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2.2. Properties of t—representable Permutation Groups

A subgroup H is conjugate to a subgroup K of a group G if there exists an

element g € G such that gHg ! = K.

Theorem 2.2.2. Let X be any set and H be a permutation group on X. Then
H is t—representable on X if and only if its conjugate is also t-representable on

X.

Proof. Let H be a t-representable permutation group on X. Then there exists a

topology 7 on X such that H(X,7) = H. It follows that

H={heS(X): h(r)=r1}.

Let g € S(X). Then g(7) = {g(U) : U € 7} is a topology on X. Now we claim
that H(X,g(r)) = gHg .

Let h € H(X, 1)

This implies that

gHg ' C H(X, g(7)) (2.1)
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2.2. Properties of t—representable Permutation Groups

For the other way inclusion, let h € H(X, g(1))

= h(g(7)) = 9(7)

= hg(1) = g(7)

=g '(hg(r)) = g 'g(7)

=g thg(r) = 7

This implies that

H(X,g(r)) S gHg™ (2.2)

From equations 4.1 and 4.2, we get H (X, g(7)) = gHg™'. Thus the conjugate of

a t-representable permutation group is t-representable on X.

Conversely assume that gHg™!

is a t-representable permutation group on X.
Then by what we have proved above, the conjugate of gH ¢~ is a t-representable

permutation group on X. So H is t-representable on X. This completes the

proof. O

Note that conjugacy is an equivalence relation on the set of all subgroups
of S(X). Thus in order to determine t—representability of permutation groups,

it suffices to consider the t-representability of conjugacy classes of subgroups of

S(X).
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2.2. Properties of t—representable Permutation Groups

Definition 2.2.3. Direct Sum

Let {X; : i € I} be an arbitrary family of mutually disjoint sets and K; be a
subgroup of S(X;) for every i € I. Then the direct sum of permutation groups
{K; : i € I} is the permutation group @ K; on X = |JX; whose elements are

el il

@ k; where k; € K; and the action of ©k; is given by @ k;(x) = ki(z) if x € X,
el el

el

1e 1.

Theorem 2.2.4. Let X be any set and Y be a nonempty subset of X. If H is a
t-representable permutation group on'Y, then the permutation group {Ix\y}® H

18 t-representable on X.

Proof. Let 1 be the topology on Y such that H(Y, 71) = H. Define
T ={(X\Y)UU:U € mn}.

If X\Y = 0, there is nothing to prove. Otherwise by using the well-ordering
Theorem, well-order the set X \ Y by the order relation <. Define a topology 7o

on X \Y as
n={X\Y}Uu{{ye X\YV:y<z}:ze X\Y}

Let

/
T=TUT.
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2.2. Properties of t—representable Permutation Groups

It is easy to see that 7 is a topology on X.

Claim: H(X, 7) = {Ix\y} & H.

Let h € {Ix\y} ® H. This gives that h = Ix\y © h; for some h; € H.
Let U € 7. If U € 1, then h(U) = U and so h(U) € 7. If U € 7/, then
U= (X\Y)uU, for some U; in 7 . Since hy is a homeomorphism on (Y, 1),
hi(Uy) € 71 and hence h(U) = (X \Y)Uhy(U;) € 7. Since U is arbitrary, h is a

homeomorphism on (X, 7). So

{Iyw}® H C H(X, 7). (2.3)

Conversely assume that h € H(X, 7). First we prove that h(x) = z for all
x € X \Y. Let zy and x; be the first and the second elements of the set X \ Y
and U ={y € X\Y :y < x}. Then U = {zp} and U € 7. Since h is a
homeomorphism, h(U) € 7 and hence h(xy) = . Let z, be any element of

X\ 'Y such that h(z) = x for all z in X \ Y such that z < z,.

If z, has an immediate successor zz in X \ Y, consider U = {x € X \ Y :

x < xg}, which is an open set and hence h(U) is open in 7. Now

h(U)={z € X\Y 2 <x,}U{h(za)}

By the definition of topology, this gives that h(U) = U and hence h(z,) = z,.

If z,, has no immediate successor, then z,, is the last element of the set X'\ Y.
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2.2. Properties of t—representable Permutation Groups

Since X \Y € m, X \Y € 7. Therefore h(X \Y) € 7 and A(X \Y) =
(X\Y)\ {za} U{h(z,)}. This implies that h(z,) = 2, and hence h(z) = =
for all z € X \ Y. Thus hix\y = Ix\y and hyy will be a homeomorphism of
(Y,71). Thus hyy € H and we get h = Ix\y ® hy where hy = hyx\y € H. So

h e {Ix\y}® H. Thus we get

H(X,T) C {Ix\y} @ H. (2.4)

From equations 2.3 and 2.4, we have H(X,7) = {Ix\y} ® H. This completes

the proof. O

Remark 2.2.5. Let H be a non-trivial permutation group on a set X. Let
Y = X\{z € X : h(x) = xforallh € H}. Define H = {hy : h € H},
which is a permutation group on Y. Note that H’' moves all the elements of
Y and H = H' ® {Ix\y}. By Theorem 2.2.4, it follows that, if H' is a t-
representable permutation group on Y, then H is t-representable on X. So if
(X, 7) is a topological space which is not rigid and H = H(X, 7) then without

loss of generality we can assume that H moves all the elements of X.

Remark 2.2.6. The intersection of two t—representable permutation groups

on X need not be t—representable on X. The following example illustrates this.

Example 2.2.7. Let X = {a, b, ¢, d} and Hy, Hy be two permutation
groups on X defined by

H, = {1, (a,b), (¢,d), (a,b)(c,d), (a,c,b,d), (a,d,b,c), (a,c)(b,d), (a,d)(b,c)}
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2.2. Properties of t—representable Permutation Groups

Hy = {I, (a,c), (b,d), (a,b)(c,d), (a,b,c,d), (a,d,c,b), (a,c)(b,d), (a,d)(b,c)}

respectively. Let 7 and 75 be two topologies on X defined by

= {0, X, {a,b}, {c,d}}

and

7 = {0, X, {a,c}, {b,d}}.

Then we have H(X, 1) = Hy and H(X, 7o) = Ho.

So H; and H, are t—representable permutation groups.

Here Hy N Hy = {1, (a,b)(c,d), (a,c)(b,d), (a,d)(b,c)} which is a normal

subgroup of S; and hence not t—representable on X.

Remark 2.2.8. The permutation group generated by the union of two

t-representable permutation groups on X need not be t-representable on X.

Example 2.2.9. Let X = {a,b,c,d} and Hy, Hy be two permutation groups
on X defined by H; = {I, (a,b)(c,d)} and Hy = {I,(a,c)(b,d)}.

Let 71 and 7 be two topologies on X defined by

T = {X7 (ba {a}v {b}> {av C}v {b> d}}

and
Ty = {Xv ®7 {a’}a {C}a {av b}> {C> d}}
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2.2. Properties of t—representable Permutation Groups

Then H(X, 1) = Hy and H(X, 7o) = Hs. Now the permutation group gener-
ated by the union of Hy and H, is {I, (a,b)(c,d), (a,c)(b,d), (a,d)(b,c)}, which

is not a t-representable permutation group on X.

2.2.1 t—representability of Direct Sum of Permutation

Groups

Now we investigate the t-representability of a direct sum of ¢-representable

permutation groups.

Theorem 2.2.10. Let {X;}icr be an arbitrary family of mutually disjoint finite
sets and K; be a t-representable subgroup of S(X;) for i € 1. Then @K, is
il

t-representable on X = & X;.
iel

Proof. For all i € I, there exists a topology 7; on X; such that H(X 7;,) = K.
By the well-ordering Theorem, we can choose a well order < on I. Let 7/ =
{(UX;)uU: Uer}foralliel. Now define

j<i

T:UTZ-/U{X}.

icl

Claim-I: 7 is a topology on X.

Clearly () and X are in 7.

Let U and V bein7. If U = XorV = X, then UNV e7. If U # X,

V#X,then U = |JX,; UU; where U; € 7; and V = |J X; UV}, where V}, € 7,

j<i j<k
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2.2. Properties of t—representable Permutation Groups

for some i and k. If i = k, then UNV = (UX;))UU;nNV;) er. Ifi<k,

j<u

unv = (UXJ)UUZ'ET. If k<i,then UNV = (UX;,)UVy) €7. Thus 7
J<i j<k

is closed under finite intersections.

Let {U, : @ € J} be an arbitrary family of sets in 7. If U, = X for some

a € J, then |JU, = X € 7. Otherwise for alla € J, U, = |J X; UU? where

acJ 71<ia

U is an open subset of X; . Consider the set A = {i,:a € J}. If Ais an

la

unbounded subset of I, then for any ¢ € I, there exists some a € J such that

i < iy. Therefore, for alli € I, X; C U, for some «. Therefore |JU, = X € T.
aeJ

Now assume that A is a bounded subset of I. Let m be the least upper bound

of Ain [I.

Case(1): m € A.
Let B = {a € J:i, = m}. Then U is an open subset of X, for all a .

Let W = (U Uf. Then Wisopenin X, and (JU, = (J X;)UW € 7.

aeB acJ j<m
Case(2): m ¢ A.

For all «, we have i, < m and consequently, |J X; € |J Xj. Also U C
71<ia j<m
Xi. € U X,. Therefore U, € |J Xj, for all @« € J. Thus U, C
j<m j<m acJ

J X,. Since m is the least upper bound of A, for all j < m, there
j<m

exists a; € J such that i,, > j. Therefore X; C U X; € Ua;. Thus

j<ia

UX; € UU,. Hence YU, = U X, €.

j<m acJ acJ j<m

From the above two cases, it follows that 7 is closed under arbitrary union. Hence

T is a topology on X.
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2.2. Properties of t—representable Permutation Groups

Claim-II: PK; = H(X, 7).

i€l

Let K = H(X, 7). Let k; € K; foralli € [ and k = ZeeBlkz Clearly k is

a bijection of X onto itself. Let U € 7. If U = X, k(X) = X and therefore
E(X)isopenin X. f U # X, U = (JX;)UU where U; is open in X;

j<i
and k(U) = k(UX;) Uk(U;) = (Uk(XJ)J) Uk(U;) = (UX;) Uk(U;). Since
<i <i <i

Ui C X, k(U;) j: k;(U;), which is o;)en in X;. Thus k(U) is] open in X . Similarly
we can prove that k~!(U) is open in X for every open set U in X. Hence k € K.

Therefore

Pk c K. (2.5)

Conversely suppose that k € K. Let iy be the smallest element of I. Assume
that k(X;,) # X, Then there exists x € X, such that k(x) ¢ X;, or there exists
x ¢ X, such that k(x) € X,. In the second case also we can see that there exists
x € X;, such that k(x) ¢ X,,, since Xj, is finite. Thus without loss of generality
we can assume that there exists x € X;, such that k(z) ¢ X;,. Since X;, is
open in (X, T), k(Xj,) is an open in X. Also we have that k(z) € k(X;,) and
k(x) ¢ Xi,. Then by the definition of the topology 7, it follows that X;, G k(Xj,).
Since X, is finite, we get | X;,| < |k(X;,)|- This is a contradiction, since k is an

injection. Thus k(X;,) = X, .

Now assume that j € [ and K(X;) = X;, foralli € [ and i < 5. To
prove that k(X;) = Xj;. Assume that k(X;) # X;. Then arguing as above

there exists © € X, such that k(z) ¢ X;. Then k(z) € X for some k > j.
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2.2. Properties of t—representable Permutation Groups

Consider |JX; which is open in X. Therefore k(|JX;) is also open in X. Now

i<j 1<j
E(UX:) = Uk(X,) UE(X;) = (UX,) UE(X;). Since z € Xj, k(z) € E(UX,)
1<j i<j i<j i<j
and X; C |JX;Uk(X;) and hence X; C k(X;). But k(z) € k(X;) and = ¢ k(Xj).
i<j

Thus |k(X;)| > |X;|, since X is finite. It is also a contradiction, since k is an

injection. Thus k(X;) = X;, foralli € I.

Then k|x, = k; is a homeomorphism of X, for all i € I. Therefore k = @k;,

el

so that k£ € @K; and hence
icl
K C (PK.. (2.6)

el

From the above two inequalities 2.5 and 2.6, we have

So @ K; is a t-representable permutation group on X = AUIXZ-. O
i€l e

The following example ensures that finiteness of X; cannot be dropped in the

proof of Theorem 2.2.10 even when [ is finite.

Example 2.2.11. Let X; be the set of all negative integers and 7 be the

topology on X7 defined by
T = {Xl,@}u{{anlz agm} . mEXl}.

Let X5 be the set of all non negative integers and 75 be the topology on X,
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2.3. t—representability of Transitive Permutation Groups

defined by

7 ={Xo,0}U{{a € Xy: a<m}: me Xy}

Here H(Xy, 1) = {Ix,} and H(Xs, 7») = {Ix,}. Let X = X; U X5, the set
of integers. Now define the topology 7 on X as in the proof of Theorem 2.2.10.
That is

T ={X,0}u{{ae X:a<m}: me X}

Now we can easily prove that H(X, 7) is the group generated by the infinite
cycle

(...,=2,-1,0,1,2,...)

which is not equal to the direct sum of H(Xy, 7) and H (X3, ).

2.3 t—representability of Transitive Permutation

Groups

In this section we consider the t—representability of transitive permutation

groups.

Recall that a topological space (X, 7) is said to be homogeneous if for any
x,y € X, there exists a homeomorphism h from (X, 7) onto itself such that
h(z) = y. From the definition of a homogeneous space, it follows that a topologi-
cal space (X, 7) is homogeneous if and only if H (X, 7) is a transitive permutation

group on X.
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If a topological space (X, 7) is homogeneous, then the order of the group
H(X,T) is greater than or equal to the cardinality of X. As the homogeneity of
a topological space increases, the number of homeomorphisms are also increase.

But the converse is not true. The following example illustrates this.

Example 2.3.1. Let X be any infinite set and zy € X. Let 7 be a topology
on X defined by

T={UCX: € U}U{D}.

Then it is easy to prove that

H(X,7) = {h e S(X) : h(z) = x0}

- S{xo}a

which is the symmetric group on X \ {z¢}. Here |H(X, 7)| = |S(X)|and (X, 7)

is not a homogeneous space..

Here we need the following result due to J. Ginsburg [14] in which he char-

acterized the finite homogeneous topological spaces.

Theorem 2.3.2. [14] A finite nonempty topological space X is homogeneous if
and only if there exist positive integers m and n such that X is homeomorphic
to D(m) x I(n) where D(k) and I(k) denote the set {1, 2, 3, ..., k} with the

discrete topology and indiscrete topology respectively.

Using Ginsburg characterization theorem on finite homogeneous space, we
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2.3. t—representability of Transitive Permutation Groups

observe the following results.

Remark 2.3.3. [39] Let (X, 7) be a finite homogeneous space, then

(a) If | X]| is a prime, then the topology 7 on X is either discrete or indiscrete.

(b) When |X| > 2, there exist at least one transposition which is a homeomor-

phism of (X, 7).

(c) There exists a partition of X using sets with equal number of elements,

which forms a base for the topology on X.

Moreover, the symmetric group is the only t-representable transitive permu-

tation group of prime degree.
Using the above remarks, one can prove the following proposition.

Proposition 2.3.4. A regular permutation group K on a finite set X is not

t-representable on X when | X| > 3.

Proof. Suppose that K is a t-representable permutation group on X. Then there
exists a topology 7 on X such that H(X, 7) = K. Since K is transitive, the
topology 7 on X is homogeneous. Since | X| > 3, then by Remark 2.3.3(b), there
exists a transposition which is a homeomorphism of (X, 7) onto itself. This
implies that K is not a regular permutation group. This is a contradiction. So a

finite regular permutation group K is not ¢t-representable on X when | X| > 3. O

Remark 2.3.5. A regular permutation group K on a finite set X is

t—representable if and only if | X| < 3.
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Example 2.3.6. Let X ={1,2,3,4,5,6} and H = {(1,2)(3,4)(5,6),
(1,6)(2,3)(4,5), (1,4)(2,5)(3,6), (1,3,5)(2,6,4), (1,5,3)(2,4,6),I}. Here H is a
regular permutation group on X and |X| = 6. Then by Proposition 2.3.4, H is

not t—representable on X.

Observe that, in Proposition 2.3.4, the condition of finiteness of X cannot be

relaxed.

Example 2.3.7. Consider Z, the set of all integers with the topology 7
consisting precisely of Z, ), and all the subset of Z of the form {x € Z : * < m}
for some m € Z. Then H(Z, ) is the group generated by the infinite cycle
(...,=2,-1,0,1,2,...). Obviously, H(Z, 7) is a regular permutation group
on Z. So there exists t-representable regular permutation group on an infinite

set X.

Remark 2.3.8. Any transitive abelian permutation group on a finite set X

is not t-representable when | X| > 3.

Proof. We have that any transitive abelian permutation group is regular by

Lemma 1.4.6. Proof follows from Proposition 2.3.4. O

Next we consider the t-representability of the dihedral group D,,. Let us start

with the following Lemma.

Lemma 2.3.9. Let X be a finite set with a partition topology T having a partition

P consisting of m sets each with n elements as a base. Then the order of the
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group of homeomorphisms of (X, ) is (m!)(n!)™

Proof. Let Z = {A1, As, As, ..., Ay} where |[A;] =nforalli = 1,2 ...m.
Then a homeomorphism A of (X, 7) onto itself maps each A; onto some A; where
i, 7€ {1, 2, ..., m}. Then the order of H(X,7) is the number of bijections
on X such that, for every i, h(A;) = A; for some j. Now elements of A; can be
permuted in n! ways for every ¢ = 1, 2, . . . , m and elements of % can be

permuted in m! ways. Thus the order of the group of homeomorphisms of (X, 7)

is (m!)(nl)™ O

For n > 3, the dihedral group D, is defined as the rigid motions of the
plane preserving a regular n-gon with the operation being composition [13]. The

order of the dihedral group D, is 2n.

Theorem 2.3.10. The dihedral group D,, is not t-representable for n > 5

Proof. The generators of the dihedral group D, on X = {1, 2,3, ..., n} are

the cycle (1, 2, 3, ..., n) and
1 2 3 4 5 ) ... n—1 n
Hence D,, is a
1l nn—-1n-2n—-3 ... n+2—1 ... 3 2

transitive permutation group on X. If D, is t-representable on X, there ex-
ists a topology 7 on X such that H(X, 7) = D,. Since D, is transitive, (X, 7)

is a homogeneous topological space. Consider the following cases.

Case(1): n is a prime number.

In this case, by Remark 2.3.3(a), (X, 7) is discrete or indiscrete and the
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group of homeomorphisms of (X, 7) is S(X), which is not possible. Thus

D,, is not t-representable on X.

Case(2): n is not a prime number.
Then by Lemma 2.3.9, the order of H(X, 7) is of the form k!(m!)* for some
positive integers £ and m such that n = km. Clearly k£ > 2 and m > 2,
since (X, 7) is neither discrete nor indiscrete. But when n > 5, k > 2 or

m > 2. Then the order of D,

o(D,) = k!(m!)*

= mk(k — 1)!m* 1 ((m — 1))H)*.

This implies that the order of (D,) is greater than 2n. This is a con-
tradiction, since order of D, is 2n. Hence D, is not t-representable for

n > b.

Remark 2.3.11. The Theorem 2.3.10 is not true for n < 5.

Proof. Consider X = {1, 2, 3, 4} and 7 = {X, 0, {1, 3}, {2, 4}}. Then
H(X, ) = {1, (1, 2, 3, 4), (1, 3)(2, 4), (1, 4, 3, 2), (1, 2)(3, 4),(1, 4)(2, 3),
(1, 3), (2, 4} = Dy4. Hence Dy is t-representable on X. Since D3 = S3, D3 is
also t-representable on a set with 3 elements.

Thus the dihedral group D, is t-representable for n < 5. O
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As an immediate consequence, we have the following remark.

Remark 2.3.12. The dihedral group D,, is t—representable on X if and

only if n < 4.

Now we consider the t—representability of finite primitive permutation groups.

First we recall the definition of minimal open sets.

Definition 2.3.13. [33] Minimal open set
Let (X, 7) be a topological space. Then a minimal open set in (X, 7) is a

nonempty open set having no proper nonempty open subset.

Theorem 2.3.14. Let X be a finite set and H be a primitive permutation group

on X. Then H is t—representable on X if and only if H = S(X).

Proof. If H = S(X), then clearly H is t-representable on X. Conversely assume
that H is t—representable on X. Then there exist a topology 7 on X such that
H(X, 1) = H. Let U be a minimal open set in X. Now any homeomorphism
on X maps minimal open set to minimal open set. So h(U) is also a minimal
open set for all h € H. Then either h(U) = U or h(U)NU = (. Otherwise U
is not a minimal open set. Thus U is a block for H. But H is a primitive group.
So H has no proper non-trivial block on X and hence either U is a singleton or
U = X. This implies that either 7 is discrete or indiscrete topology and hence

H = S(X). O

Now we characterize t—representable imprimitive permutation group on a
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finite set X.

Theorem 2.3.15. Let H be an imprimitive permutation group on a finite set
X. Then H is t—representable on X if and only if H is the stabilizer of some

partition of X into parts of equal size k where 1 < k < |X]|.

Proof. Let H be a t—representable permutation group on X. Since H is transi-
tive, the corresponding topology 7 on X is homogeneous. Hence by Remark 2.3.3
(c), B = {A1, As, As, ..., A, } form a base for 7 where |4;| = k, 1 <k < |X|
foralli=1,2,...,m and ,QAZ‘ = X. So

H(X, 1) ={heS(X):h(A)=A4,,i,j=1,2,...m}.

YRS

Since H is an imprimitive permutation group, |4;| = k, 1 < k < |X]| for all
1 =1,2,...,m. Hence H is the stabilizer of some partition of X into parts of

equal size k where 1 < k < |X].

Conversely assume that H is the stabilizer of some partition of X into equal

parts of size k. Then clearly H is t—representable on X. O

Example 2.3.16. Let X = {1,2,3,4,5,6} and H = {I,(1, 2, 3, 4, 5, 6),
(1,3, 5)(2, 4, 6), (1, 4)(2, 5)(3, 6), (1, 5, 3)(2, 6, 4), (1, 6, 5, 4, 3, 2)}. Here H is

an imprimitive group, but not t—representable on X

From Theorems 2.3.14 and 2.3.15, we conclude the following Remark.

Remark 2.3.17. Let H be a transitive subgroup of S,,. Then H is t¢-
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representable on X if and only if H is one of the following.

1. H=205,

2. H is the stabilizer of some partition of X into equal parts of size k where

1< k<n.

This follows that a transitive subgroup of S, is t-representable on X if and
only if H is the stabilizer of some partition of X into equal parts of size k where

1<k <n.

2.4 t—representability of Maximal Subgroups of

the Symmetric Groups

By a maximal subgroup, we mean a maximal element of the collection of all
proper subgroups of the symmetric group S(X). In this section our main aim
is to determine the t—representability of maximal subgroups of the symmetric
group.

First we consider the t—representability of maximal subgroups of S(X) when

X is a finite set.
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2.4.1 t—representability of Maximal Subgroups of the Fi-

nite Symmetric Groups

The maximal subgroups M of S, are the following [12].

1. M is the set stabilizer of some set V' with |V| =m, 1 < m < %, which is

an intransitive permutation group.

2. M is the stabilizer of some partition of X into m equal parts of size k& with

1 <m<n.

3. M = A, or any proper primitive group.

Now we characterize t—representable maximal permutation groups on a finite

set.

Theorem 2.4.1. Let X be any finite set and H be a maximal subgroup of S(X).
Then H 1is not t—representable on X if and only if H is a proper primitive

permutation group on X.

Proof. Let H be a maximal subgroup of S(X). By Theorem 2.3.14, the maximal
subgroups of the form A,, or any proper primitive group are not t—representable

on X.

Now assume that H is maximal and not a primitive permutation group on
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Case 1: H is the stabilizer of a subset A of X.
Here we have H = {h € S(X): h(A) = A}

Now define 7 on X as

r={0}u{UCX: ACU}.

Then clearly 7 is a topology on X and it follows that H(X,T) = H. So

H is a t—representable permutation group on X.

Case 2: H is the stabilizer of some partition of X into m equal parts of size k
with 1 < k < |X].
Let & = {Ay, As, ..., A} be the partition of X and 7 be the topology
having base # where |A;] = k for all i = 1,2, ... m and mk = |X|.
Then H (X, 7) consisting of all permutations which preserve the partition.

So H is a t—representable permutation group on X.

So the only finite maximal subgroup of S(X) which are not t—representable

are of the form A, or any proper primitive subgroup of S(X).
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2.4.2 t—representability of Maximal Subgroups of the In-

finite Symmetric Groups

If X is an infinite set, we cannot list all maximal subgroup of S(X) as in the
case of finite symmetric groups. But Ball, Richman, Neumann, Macpherson etc.
found some classes of maximal subgroups of infinite symmetric group [5,7,31,38].

Now we study the t—representability of these maximal subgroups.

Theorem 2.4.2. [31] If A is a nonempty finite subset of X then Siay is a
maximal subgroup of S(X). Any mazimal subgroup of S(X) which is not of
the form Sgay for some nonempty subset A of X contains F'S(X) and therefore

highly transitive.

Obviously any maximal subgroup of S(X) of the form Sy is t—representable

on X by defining a topology 7 on X as 7 ={U C X : A C U} U{0}.

Remark 2.4.3. [12]

1. If X is an infinite set, then the symmetric group S(X) has no imprimitive

maximal subgroups.

2. If Aand X \ A are infinite sets, then the stabilizer of A is not a maximal
subgroup of S(X). But the stabilizer of A is a t—representable permutation

group on X.

If .7 is a filter on a nonempty set X, then we define the stabilizer [31] of .F
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by

Sizy = {heS(X): h(A) e F & Aec F for every A C X}

We also define

Sz ={heSX): {reX: hMz)=2}ec T}

Obviously Sz) is a subgroup of Sz [31].

Proposition 2.4.4. The stabilizer of a filter on a set X is a t—representable

permutation group on X.

Proof. If Z is a filter, then clearly .% U {0} is a topology 7 on X. It is easy to

prove that H(X, 7) = Si#. This completes the proof. O

Definition 2.4.5. [45] Ultrafilter

A filter .# is an ultrafilter if there is no filter ¢ strictly finer than .%.

In [31], H. D. Macpherson and P. M. Neumann proved the following Theorem.

Theorem 2.4.6. [31] Let .F is an ultrafilter on an infinite set X. Then Sz

is a mazimal subgroup of S(X). Furthermore Syzy = S(#).

Using the above Theorem we can easily prove the following Theorem.

Theorem 2.4.7. Let X be an infinite set with |X| = k. Then there are 2%

mazximal permutation groups on X which are t-representable.

48



2.4. t—representability of Maximal Subgroups of the Symmetric Groups

Proof. We have the cardinality of the set of all ultrafilters on an infinite set X
is 22", By Theorem 2.4.6, the stabilizer of an ultrafilter .%Z on an infinite set
is a maximal subgroup of S(X). We also have S{z, = S(#) by Theorem 2.4.6.
It follows that distinct ultrafilters have distinct stabilizers. Thus there are 22

maximal subgroups in S(X) which are t-representable on X. O

We know that the cardinality of the set of all topologies on an infinite set
X is 22", So from Theorem 2.4.7, it follows that the number of ¢-representable
maximal subgroups of S(X) are as many as the number of topologies on X when

X is an infinite set.

Definition 2.4.8. [12] Almost Stabilizer

Let X be an infinite set and Y be a nonempty subset of X with |Y| =\ < | X].

Then the almost stabilizer of Y is defined by

AStab(Y) = {g € S(X) : [YAg(Y)] < A}

where A denotes the symmetric difference of Y and g(Y').

Theorem 2.4.9. [5] IfY is a nonempty subset of an infinite set X with |Y| =
A < |X|. Then the almost stabilizer of Y, AStab(Y) ={g € S(X): [YAg(Y)| <

A} is a mazimal subgroup of S(X).

Now we investigate the t—representability of the almost stabilizer of a subset

of X.
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Proposition 2.4.10. Let Y be a nonempty subset of an infinite set X with

Y| =\ < |X|. Then AStab(Y') is a t—representable permutation group on X.

Proof. Let Y be a finite set, then AStab(Y) = Syyy, which is a t—representable

permutation group on X by defining a topology 7 on X as
T={0u{UCX:Y CU}
Let Y be an infinite subset of X with |Y| < |X]|. Define
T={0Uu{UCX:|UNY| <A}

where U’ denotes the complement of U in X.
Claim I: 7 is a topology on X.

Clearly ) and X are in 7.

Let Uy, Us,...U,arein Tt and U = Uy NU,y...NU,. We have

uny =U,ul,u...uU0)NY

= U NY)YUU,NY)U...U (U, NY).

Since |U/NY| < Aforall i =1,2,...n, it follows that |U' NY| < .
Let {U; : i € I} be an arbitrary collection in 7 and U = 'UIUi' Then
1€
uny = (‘UIUZ-)’ ny
S
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= (NU)NY

el

QU{ﬁonralliEI.

This implies that [U' NY| < A. So 7 is a topology on X.

Claim II: H(X, 7) = AStab(Y).

Let h € H(X, 7). Since Y'NY = (), we have Y € 7 and hence h(Y") is open

in (X, 7). This implies that |A(Y)' NY| < A. So

YV \ A(Y)| < A (2.7)

Similarly we have h~'(Y) is in 7. This implies that |h~(Y)'NY| < X and hence
Y\ A 1(Y)| < A\. Now we have [h(Y) \ h(h"2(Y)] € h(Y \ h"1(Y)) and so

IW(Y)\ Y] < [h(Y \ h=Y(Y))] = [Y \ A1 (Y)| < A. This follows that

IW(Y)\ Y] < A (2.8)

From inequalities 2.7 and 2.8, it follows that |[YAA(Y)| < A and hence h €

AStab(Y).

Conversely assume that h € AStab(Y). Now we claim that h is a homeo-
morphism on (X, 7). Let U € 7. Then |[Y \ U] = |U' NY| < X and hence

Ih(Y)\ R(U)| < MY \U)| = [Y\U| < A Since h € AStab(Y), we have
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Y\ h(Y)| < A. Now

YARU) = [(Y\NAY)\ AU U Y\ AY)) N (YY) \AU))]-

Since A is an infinite cardinal, |Y \ A(U)| < A and hence h(U) € 7. Similarly we

get [Y\h~Y(U)] < X\. So h is a homeomorphism on (X, 7). Hence the claim. O

A topological space (X, 7) is said to be hereditarily homogeneous [27] if every
subspace of (X, 7) is homogeneous. In [27], V. Kannan and P. T. Ramachandran
proved that (X, 7) is hereditary homogeneous space if and only if every permuta-
tion of X which moves only a finite number of elements of X is a homeomorphism
of (X, 7) onto itself. That is, (X, 7) is a hereditarily homogeneous space if and

only if the finitary symmetric group F'S(X) is contained in H (X, 7).

Remark 2.4.11. Let M be a highly transitive maximal subgroup of S(X).
Then by Theorem 2.4.2; the finitary symmetric group F'S(X) is contained in M
and M # S(X). If M is t—representable on X, then by Lemma 1.2.3 in [34], the

corresponding topology 7 on X satisfy the following.

(a) Supersets of nonempty open sets of (X, 7) are open.

(b) Every finite subset of (X, 7) is closed.

(c) Intersection of nonempty open sets of (X, 7) is non- empty.
(d) There exist no non- empty finite open set.

(e) (X, 7) is a T} hereditarily homogeneous space.
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Now we can show that there exists topological space (X, 7) which satisfies all
the above conditions but the group of homeomorphisms H (X, 7) is not maximal

in S(X).

The following example illustrates this

Example 2.4.12. Let X be any infinite set and X = A; U Ay where A

and A, are disjoint subsets of X such that |A;| = |X| = |As|. Define

F={UCX:|(X\U)NA|<|X|}u{o}

By using similar arguments as in the Proposition 2.4.10, one can easily verify

that 7 is a topology on X and H (X, 7) = {h € S(X): |h(A)AA| < |X|}.

Note that H (X, 7) satisfies all the properties in Remark 2.4.11. Here H(X, 7)

is not a maximal subgroup of S(X) since H(X, 7) C AStab?” where

AStab?? = {g € S(X) : for all i there exist j such that |g(A;)AA;| <|X|}

and g@ = {Al, AQ}
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Chapter

t—representability of Cyclic

Group of Permutations

In this Chapter, we continue the work carried out in second chapter. Here
we determine the t—representability of some cyclic subgroups of the symmetric

group S(X) using an order theoretic method.

If o is a permutation on a set X, then the subgroup of S(X) generated by o

is denoted by < o >.

3.1 Preliminaries

Definition 3.1.1. [23] Preorder

A reflexive transitive relation < on a set X is called a preorder on X. The

ordered pair (X, <) is called a preordered set.
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3.1. Preliminaries

S. J. Andima and W. J. Thron [2] associated with each topology T on a
set X with a preorder relation ‘<’ on X defined by a < b if and only if every
open set containing b contains a. Then any homeomorphisms of (X, 7) onto
itself is also an order isomorphism of (X, <). Also we have that the group of
homeomorphisms of the topological space (X, 7) is equal to the group of order

isomorphisms of the preordered set (X, <) if X is finite.

Definition 3.1.2. [45] T; Space

A topological space (X, 7) is said to be a Ty space if given any two distinct
points in X, there exists an open set which contains one of them but not the

other.

From the definition of a Tj space, it follows that a topological space (X, T)

is a Ty space if and only if (X, <) is a partially ordered set.

If X is a finite nonempty set, then the partially ordered set (X, <) has
both maximal and minimal elements. Also an order isomorphism of (X, <)
maps maximal elements to maximal elements and minimal elements to minimal

elements.

Remark 3.1.3. Let X be a finite set. Then there is a one-to-one correspon-
dence between the set of all T; topologies on X and the set of all partial orders

on X [2].
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3.2. Groups Generated by a Product of Disjoint Cycles Having Equal Length

3.2 Groups Generated by a Product of Disjoint

Cycles Having Equal Length

We investigate the t—representability of cyclic subgroups of S(X) generated

by a product of disjoint cycles having equal length.

Theorem 3.2.1. [39] Let X be any set. Then every subgroup K of S(X) of

order two is t-representable on X.

So cyclic subgroups of S(X) generated by a product of disjoint cycles having

length 2 (transpositions) are t-representable on X.

Now we determine the t—representability of permutation group generated by
a permutation which is a product of two disjoint cycles that have equal length n

where n > 3.

Theorem 3.2.2. Let X be any set such that | X| = 2n, where n > 3 and o be a
permutation on X which is a product of two disjoint cycles having equal length

n, then the group generated by o is not t—representable on X .

Proof. Let X = {ay,a9,as,...,a,,b1,bs,...,b,} and

o = (a1, ag, ..., a,)(by, ba, ..., by).

Let K be the group generated by o. Decompose X as X; U Xy where

X1 = {CLl, as, ... an} and X2 = {b17 bQ, e bn}
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Assume that K is t—representable permutation group on X. Then there ex-
ists a topology 7 on X such that the group of homeomorphisms on X, H(X, 7) =
K. Since there exist no transposition on X which is a homeomorphism of (X, 7),
the space (X, 7) must be Tj. Let (X, <) be the corresponding partially ordered
set. Since X is a finite set, (X, <) has both maximal and minimal elements. If
an element is both minimal and maximal, then all the elements are minimal and
maximal and hence G(X, <) = S(X). This implies that the topology is discrete
and H (X, 7) = S(X), which is not possible. So a minimal element can not be a
maximal element and conversely. Then either X; or X5 is the set of all minimal

elements.

Assume that X; is the set of all minimal elements. Then X, is the set
of all maximal elements. Thus the elements of X, are incomparable to each
other for i = 1, 2. So there exists at least one a; € X; and b, € X, such
that b; succeeds a;. Otherwise all elements of X are minimal and maximal,
which is a contradiction. Since G(X, <) = K, if b; succeeds a;, then o"(b;)
succeeds 0" (a;) for b = 1,2, ...,n— 1 and this gives a;jen-1) < big(n—_1) Where
@ denotes addition modulo n. So without loss of generality we can assume that
b at least succeeds a;. If by succeeds only a;, then each b; succeeds only a;
for j = 1,2,...,n. In this case (a1, a;)(b1, b;), where i = 2,3, ... n are order

isomorphisms, which is not possible.

Now assume that b; succeeds k elements in X; namely ay, as, ..., a; where

1 < k < n. Then each b; € X, exactly succeeds k elements in X; namely
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iy Wil - - -5 Qig(k—1)- Lhen

B = {{a'i}7 {aia i1y - -y Qik—1, bl}a 1= ]-7 27 ceey ’I’L}

form a base for T
If k =n, then H(X,T) = S(X;) ®S(Xs), which is not possible. So assume that

l<k<n

For j =1,2,...n, define h : X — X as

Gjgn—(i-1) fr=a;,1<i<n

h(z) =
bjon—(kri2) if =101 <1< n.

Now we claim that h is a is a homeomorphism on (X, 7) onto itself. For let
U € %. Then either U is a singleton or U = {a;, aig1,- . ., Gig(k—1), b}, where

1 <1< n.IfU is asingleton, then h(U) € Z. Now let

U= {al, aipts - - - ,al@(k,l), bl}

Then

MU) = {ajen—a-1); Gjon-1, Gjan—@+1), - - -
Qjon—(I+k—2)> Djon—(+k—2) }

= {tjom-1+1), Gon—i, Giom—1)-1), - - - ;
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A (n—(1+k)+2)> Dje(n—(1+k)+2) }
= {Gen—(11h)+2> Gon—(11k) 35 - - -
Aj@n—(1+k)+ks Gidn—(+k)+(k+1)s Djen—(1+k)+2) }
= {ap, Qpo1, pe2, - - - Apa(k—1), Op )

where p=j@n—(I+k)+ 2.

Thus h(U) € . Observe that h is the disjoint product of transpositions and
hence h~! = h. Consequently, we have h=!(U) € 2. This is true for all U € 4.
So h is a homeomorphism on (X, 7), which is a contradiction to the fact that

H(X, ) = K. This completes the proof. O

The following example illustrates the Theorem 3.2.2.

Example 3.2.3. Let X = {ay, as, a3, by, by, b3} and

0 = (a1,a2,a3)(bl,b2,b3)-

Then the cyclic group generated by o is,

<o >= {I, (a1, as,a3)(b1, bs, bs), (a1, as,as)(by, bs, ba)}.

Suppose < o > is a t—representable permutation group on X, then there
exists a topology 7 on X such that H(X, 7) =< ¢ >. Consider (X, <), then ar-

guing as in the proof of Theorem 3.2.2 either X; = {a, as, az} or Xo = {by, by, b3}
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is the set of all minimal elements. Without loss of generality we can assume that
X is the set of all minimal elements. So the possible partial orders on X are

essentially as in the following figure.

b4 bo bg b4 bo bs
aq as ag 21 22 as aq az ag
(X, <1) (X, <9) (X, <3)

Then

G(X,<1) = {1, (a1,a2)(b1, b2), (ar, a3) (b1, b3), (a2, as)(bs, bs),
(a1, as,as3)(by, b, bs), (ay,as,as)(by,bs, b)},

G(X,<2) = {1, (a1,a2)(by,b3), (a1,a3)(b2, bs), (az, as)(bs, b2),
(a1, a9, a3)(by, by, b3), (a1, as,as)(b,bs, b))},

and G(X, <) = S(X1) @ S(Xs).

So there exists no partial order on X such that the group of order isomorphisms
is the group generated o. Then by Remark 3.1.3, there exists no topology 7 on

X such that H(X,7) =< o >. Hence < o > is not t—representable on X.
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Now we consider the t—representability of the cyclic group generated by a
permutation on X which is an arbitrary product of more than two disjoint cycles
having equal lengths n where n > 2 . Here we prove that such cyclic subgroups

of the symmetric group S(X) are t—representable on X.

Theorem 3.2.4. Let X be any set and o be a permutation on X which is an
arbitrary product of more than two disjoint cycles having equal length n where

n > 2, then the group generated by o, < o > is t—representable on X.

Proof. Let

O':HCZ

iel
where {C; : i € I} be an indexed family of disjoint cycles having equal length
n where n > 2 and |I| > 2. Let C; = (a;1,a;2,...,a;,) for every i € I. By
Theorem 2.2.4 without loss of generality we can assume that X = igIXi where
X; ={a;1,a;9,...,Gin}.
By the well-ordering Theorem, well-order the set I by the order relation <.
We can use the ordinals to index the members of I. Let ig be the first element

of I and i; denote the first element of the set I \ {io}. In general i, denote the

first element of the set I\ {i, : a <~} provided I\ {i, : a <~} # 0.

Define a base £ by

%:{Aza]’lael,jzl,Q,777,}U{A]j:1,277n}
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where

{aiyj < ip<ia} if iy, < iy
iaj

{arj i<in} Uiy jom-1} if i <ia.

and

Aj={ai; - i € I} U{aijom1}

Here @ denotes addition modulo n. Now 7 be the topology on X having the
base Z. Since A is a collection of subsets of X such that for each x € X there
is a minimal set M (z) € 2 containing z, 7 is an Alexandroff discrete topology

on X.

It can be verify that o is a homeomorphism of (X, 7). Then all powers of o

are homeomorphisms of (X, 7). Hence <o >C H(X, )

Conversely let h € H(X, 7). We have to prove that h is of the form o™
for some m such that 1 < m < n. Since h is a homeomorphism on (X, 7),
h(A; 1) = Aj m for some m, 1 < m < n. Thus h(a;,1) = aiym.- Now consider
the minimal open set A;,; containing a;, 1. Then h(A;,1) is a minimal open set
containing h(a;, 1) and which contains a;, ,,. It follows that h(a;, 1) = @i, m. Next
we consider the minimal open set A1 = {ai, 1, @i, 1, Giy1, Gign}- Now h(A;; 1)
is a minimal open set containing h(a;,;) and which contains a;,,, and a;, ,,,. This

implies that h(A;;1) = Ai,m and hence h(aiyn) = Gigmanm-1)-

Assume that h(a;, 1) = a;,m for all a < ~. If i, has an immediate succes-

sor i in I, consider A;;1 = {ai 1, @1, .-, @1} U{aign}. Then h(A;,) =
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{Gigms Giyms -y M@, m)} UA{igmem—1)}. Here h(A;;1) is a minimal open set

containing h(a;, 1) and A; ,, C h(Aj1). So h(Ai1) = Aigm and h(a;, 1) = @i m-

If 7, has no immediate successor, then i, is the last element of I. Now A is
the minimal open set containing a;, ; and h(A;) = A; 1 U h(a,,1). This implies

that h(a;, 1) = a;,» and hence h(a;1) = a;p, for alli € I.

Now let h(ai,2) = a;,p. Then arguing as above, we get h(a;2) = a;, for all
i € I and h(aiy20m-1)) = QGiypom-1)- That is h(a,1) = @i pom-1). By the fact
that h(a; 1) = aiym we have that m = p@® (n—1). This implies that p = m® 1.

So h(a;2) = ajman for alli € I.

Now assume that h(a;,,) = @i, for some ¢ and r. Then h(a;,) = a;,
for all i € I and h(aiyqam-1)) = Gigram-1)- Now let h(ai,qe1) = @ips. Then
h(a;, go10(n—1)) = Gigso(n—1), Which implies that h(a;,4) = diyso@m-1). Thus we
obtain that r = s @ (n—1) and so s = @ 1. Consequently we get h(a; 1) =
a;ire1 for all i € I and so h(a;r) = Gigem-—1) for all i € I and 1 < k < n. Hence
h(a;x) = 0™ (a;y) for all i € I and 1 < k < n. This follows that h = ¢™. Thus

he<o>. So H(X, ) C< o >. This completes the proof. O

The following Theorem is used to prove our next result.

Theorem 3.2.5. [35] Let X = {ay,a9,...a,}, n > 3 and H be the group
of permutations on X generated by the cycle (ai,as,...a,). Then H is not

t—representable on X.

Here we characterize t-representable cyclic groups generated by a permutation
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which is a product of disjoint cycles having equal length.

Theorem 3.2.6. Let X be any set and H be the group on X generated by o =
_HICZ- where where {C;,i € 1} be an indexed family of disjoint cycles having equal
1€

length n. Then

1. H is t—representable if |I| > 2 orn < 3.

2. H is not t—representable if |I| <2 and n > 3.

Proof. In Theorem 3.2.1, it is proved that every permutation group of order two
is t—representable on X. So if the length of each cycle of the permutation o is
less than three, then < o > is t—representable on X. Thus H is t—representable
if n < 3. Now H is t—representable if [ > 2 by Theorem 3.2.4 and H is not
t—representable if |I| < 2 and n > 3 by Theorems 3.2.1 and 3.2.2. Hence the

theorem. O

Remark 3.2.7. Let

H, = {—7, (ala a2, ag)(a4, a5, aﬁ)v (a'la as, aQ)(a4, Qg, a5)} and

Hy = {I, (al, az, ag)(a4, as, aﬁ)(a% ag, a9)> (al, as, a2)(a4, Gg, a5)(a7, Qyg, as)}-

Observe that H; and H, are isomorphic permutation groups. Here H; is not
a t—representable permutation group by Theorem 3.2.2. In the case of H,,

by using the proof of Theorem 3.2.4, we can define a topology 7 on X =
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{a1, as, as, a4, as, ag, ay, as, ag} having the base

B = {{a’l}v {a’Q}v {a’3}7 {a’lv a’4}7 {a’Qv a’5}7 {a?n aﬁ}a {ala Gy, a7, a’3}7

{a27 Gs, Ay, a’l}a {(1,3, Qg, Ay, GQ}}-

So Hs is a t-representable permutation group on X.

3.3 Groups Generated by a Product of Two
Disjoint Cycles Having Finite Length

In this section we investigate the t—representability of cyclic groups generated
by a permutation which is a product of two disjoint cycles. The main result in
this section is, if o is a permutation on a set X which is a product of two disjoint
cycles having finite length, then the cyclic group generated by o, < ¢ > is not
t—representable on X provided the length of at least one of them is greater than

two.

Theorem 3.3.1. Let X be any set such that | X| = my + my and o be a per-
mutation on X which is a product of two disjoint cycles having lengths my and
my respectively where (my, my) = 1, then the cyclic group generated by o is not

t—representable on X.

Proof. Let 01 = (a1, ag, ..., ap,) and o9 = (b1, by, ..., by,) and 0 = 0109.
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Since (my, mg) = 1, we have

<o>=<o0; >D <0y >

Let X = X;UXs where Xj is the set of all elements in the cycle g; for ¢ = 1, 2.
Assume that < o > is a t-representable permutation group on X and 7 be the

corresponding topology.

Now we have two possible cases.

Case 1: my, mgy > 2
If my, my > 2, the topology on X is Ty and so consider the partially
ordered set (X, <). If an element in X is both minimal and maximal, then
all the elements of X are minimal and maximal and hence H (X, 7) = S(X),
which is not possible. So a minimal element can not be a maximal element.
Then either X; or X5 is the set of all minimal elements. Assume that X;
is the set of all minimal elements. Then there exists at least one a; € X
and b; € X, such that a; precedes b;. Now a; < b; gives p(a;) < p(b;) for
all p e< o >. Since < 0 >=< 0, > & < 0y >, any p €< ¢ > is of the

form p = p; @ ps where p; €< 0y > and py €< g5 >. Therefore

a; < bj = (Ix, ®p2)(ai) < (Ix, ®p2)(b;) for all p, e< oy >
= a; < pa(b;) for all py €< 0y >

= aq; < b, for k=1,2,...my
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So a; precedes all the elements of X5 and hence every element in X; precedes
all the elements of X5. Thus we get G(X, <) = S(X;) ® S(Xa), this is

not possible.

Case 2: mjormg = 2
Let m; = 2. Assume that X; = {aj, ax} and o0y = (a, az). Since
<o >=< 01, > ® < gy >, 01 is a homeomorphism on X and so the
space (X,T) need not be Ty. If the space is Ty, then arguing as above,
we can prove that < ¢ > is not t-representable on X. Assume that the
space is not Ty. Since the transposition (ai, ag) is a homeomorphism on
the space (X, 7), the subspace (X, 7/x,) has either the discrete topology

or indiscrete topology.

Now if the subspace (X1, 7/x,) has the discrete topology, then there exist
open sets of the form U = U;U{a;} and V' = V;U{ay} where U; and V; are
subsets of X5. Since (X, 7) is not Ty, there exist two distinct points « and
y such that every open set in (X, 7) contains both x and y or else contain
neither of them. Since the topology on (Xi,7/x,) is discrete, we have at
least one of x, y does not belongs to X;. Hence we get a transposition
(x,y) other than (aq,as), which is a homeomorphism on X. This is not

possible since H (X, 7) =< o >.

If the subspace (X, 7/x,) has the indiscrete topology, then every open set
in (X, 7) contains both a; and as or else contain neither of them. Now

consider the subspace (Xs, 7/x,). Since < 0o >C H(Xs, 7/x,), (X2, T/x,)
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is a homogeneous space and hence there exists a partition % of X5 consist-
ing sets with equal number of elements, which forms a base for (X,, 7/x,).
Also there exists a transposition p which is a homeomorphism on (X5, 7/x,).
Now any base element of (X, 7) is of the form B or BU X; where B € A.
Suppose there exist a B in % such that B is a base element for (X, 7), then
since H(X, 7) =< 0 >, each B € # is also a base element for (X, 7). Sim-
ilarly if B U X is a base element for (X, 7), then for each B € £, BU X;
is also a base element for (X, 7). Hence p is also a homeomorphism on
(X, 7), which is a contradiction. Thus in both cases we get < o > is not a

t-representable permutation group on X.

Theorem 3.3.1 can be extended to a cyclic group generated by a permutation,

which is a product of more than two cycles by similar arguments.

Corollary 3.3.2. Let X be any set such that |X| = mq + ms + ...m, and
o be a permutation on X which is a product of disjoint cycles having lengths
my, Mo, ..., My such that ged of any two of them is one, then the cyclic group

generated by o is not t—representable on X.

Proof. Proof is obvious since we have

<o>=<01>P<0s>D... <0, >.
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O

Theorem 3.3.3. Let X be a set such that | X| = mi+msy and o be a permutation
on X which is a product of two disjoint cycles having different lengths my and
my respectively where (my, my) = d > 1, then the cyclic group generated by o

s not t—representable on X.

Proof. Let m; < mgy. We have (my, my) = d > 1 and hence m; = Id and

mo = kd, where [ and k are positive integers. Assume that

g = (CLl, ags, ..., aml)<b1, bg, Cey bmp bm1+17 Ce me)

and < o > be the cyclic group generated by 0. Suppose < ¢ > is a t-representable

permutation group on X. Then the corresponding topology 7 on X is Ty and

by a similar argument as in Theorem 3.3.1, we get (a;, tigd, - - -, Gip@-1)a), | =
1,2 ...my and (b;, bjed, - - - Djok-1)a), J = 1,2, ... my are homeomorphisms on
X, which is a contradiction to the fact that < o >= H(X, 7). O

Combining previous results, we get the following theorem.

Theorem 3.3.4. Let X be any set such that | X| = my + ma, o be a permuta-
tion on X which is a product of two disjoint cycles having lengths my and ms
respectively and H be the cyclic group generated by o. Then the group H 1is

t-representable on X if and only if order H is less than three.

Proof. This follows directly from the Theorems 3.2.1, 3.2.5, 3.3.1 and 3.3.3. [
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3.4 Groups Generated by a Product of Disjoint

Infinite Cycles

We now turn our attention to the t—representability of infinite cyclic sub-
groups of symmetric groups. Here we prove that if X is an infinite set and o
is a permutation on X which can be written as an arbitrary product of disjoint
infinite cycles, then the cyclic group generated by o, < o > is t—representable

on X.

Let X be the infinite set {...,a_s,a_1,a9,a1,as,...} and o be the infinite
cycle (...,a_9,a_1,a9,a1,as,...) on X. Then the group generated by o is t-
representable on X by defining a topology 7 = {0, X} U {{a; : j <i}: i€ Z}

where Z is the set of integers [37].

First we consider the t—representability of cyclic group generated by a per-
mutation which is a product of two disjoint infinite cycles. In contrast with
result in finite case, here we can prove that the subgroup of S(X) generated by a
permutation which is a product of two disjoint infinite cycles is t—representable

on X.

Theorem 3.4.1. Let X be an infinite set and o be a permutation on X which
can be written as a product of two disjoint infinite cycles. Then the cyclic group

generated by o, < o > is t—representable on X.
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Proof. Let 0 = 0105 where
o1 = (...,(l_l, Qp, g, ) and 09 = (, b_l, bo, bl, )

By Theorem 2.2.4, without loss of generality we can assume that X = X; U Xy,

where X7 = {a; :i € Z} and Xy = {b; : i € Z}. Now define a base %4 by
B={UCX:UNnX;=A,and (UNXy=0or UN X, = B;) for some i € Z}

where

A;j={a; € X, :j<i}and B; = {b; € Xy:j < i}

and 7 be the topology having base 4. Here 4 is a collection of its subsets such
that for each € X, there is a minimal set M (x) in & containing x. So (X, 7)

is an Alexandroff discrete space. We prove that H(X,7) =< o >.

Let V be an open set. Then V' can be written as the union of some members
of B, say, V = ‘UIBi where [ is an index set and B; € £ for all + € I. We have
1€
a(V) = AUIU(BZ-). So if we show that 0(%) = % and 01 (%) = B, then o is a
1€

homeomorphism on (X, 7).

Let U € . Recall that UNX; = A;and UNXy =0 or B;. HUN X, = A
and U N Xy = 0, then o(U) = A;y1 and 071 (U) = A;_1. So o(U) and o 1(U)
belongs to %. Now consider the next case, UNX; = A; and U N X, = B; # (.

We have 0(A;) = A;1 and 0(B;) = B;41 and hence o(U) = A; 11 U B;41, which

71



3.4. Groups Generated by a Product of Disjoint Infinite Cycles

implies that o(U) € 4. Similarly o~ }(U) = A;_; UB;_; € %. So in both cases
o€ H(X, ). Hence

<o>C H(X, 7). (3.1)

Let h € H(X, 7). First we prove that h maps X; to X; for i = 1,2. Suppose

that h(X:) # X;. Then either X; & h(X1) or h(X;) & X1

If X, ; h(X7), then there exists an a; in X; such that h(a;) € X5. Let
h(a;) = by, for some k and U = A;. Then U is a minimal open set containing a;.
This implies that A(U) is a minimal open set containing b;. This follows that
h(U) = Ay U Bg. Let V.= A;;4. Since V' is a minimal open set containing a;1,
h(V) = A U By U h(a;y1) is also a minimal open set. This implies that By = (),

which leads to a contradiction.

Now consider the case h(X;) ; Xi. Then there exists a; € X; such that
h~(a;) € X,. Since h is a homeomorphism on X, ™! is also a homeomorphism

on X. So in this case also we get a contradiction. Thus h(X;) = X, fori =1, 2.

Let h(ag) = a; for some j. Now consider the minimal open set Ay containing
ag. Then h(Ay) = A;. This implies that h(A;) = A;+; and hence h(ay) = a;41.
Now assume that h(a,) = a,, for some n and m. Then we can easily show that

h(an41) = amy1. Thus get h(a;) = a;1; for all i € Z.

Consider by € Xs. Now h(Ag U By) = h(Ay) U h(By) = A; U h(By), which

belongs to #. This implies that h(By) = B;. Also h(by) = b;. Since h(a1) = a1,
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we get h(by) = b;j11 and so on. Hence h = o7 for some j € Z . So
H(X,7) C<o>. (3.2)

From equations 3.1 and 3.2, we get H(X,7) =< ¢ >. This completes the

proof. O

If o0 is a permutation on X which is a product of more than two disjoint
infinite cycles, we can define a topology 7 on X such that H (X, 7) is the group

generated by o.

Theorem 3.4.2. If 0 is a permutation on X which is a product of more than
two disjoint infinite cycles, then the cyclic group generated by o, < o > 1is

t—representable on X.

Proof. Let o = HIC'Z- where [ be an indexed set, |I| > 2 and
1€
Ci= ( ey Ap—2, Ay -1, A0, Aj1, G52, - - )

which is an infinite cycle. Let X; be the set which consists of all the elements of
the cycle C;. In view of Theorem 2.2.4 without loss of generality we can assume
that X = ingi' By the well-ordering Theorem, well-order the set I by an order
relation <. We can use the ordinals to index the members of I. Let iy be the
first element of I and i; denote the first element of the set I\ {ip}. In general iz

denote the first element of the set '\ {i, : a < 8} provided I'\{i, : a < 8} # 0.
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Define a base # by

@:{Bivjil.’yej,jGZ}U{BjijGZ}

where

{aij in<ir } if iy <o
iy J -

{aijiin<ir } Ufai -t if i <y

and

Bj = {aij - i€ I} U{ai -1}

Let 7 be the topology having base A. It is straight forward to check that o is a
homeomorphism on (X, 7) and hence all powers of ¢ are also homeomorphisms.
So

<o >CH(X,7). (3.3)

For the other way inclusion, let h € H(X, 7). Since h is a homeomorphism
on (X, 7), h(B;;1) = Bj, m for some m € Z. Thus h(a;,1) = @i,m. Now consider
the minimal open set B;,; containing a;, ;. Then h(B;,1) is a minimal open set
containing h(a;, 1) and which contains a;, ,,,. It follows that h(a;, 1) = a;; m. Next
we consider the minimal open set B;,1 = {a,1, @i, 1, Qiy1, QGigo}- Now h(B;,1) is
a minimal open set containing h(a;,;) and which contains a;,,, and a;, ,,. This

implies that h(B;,1) = Bj,m and hence h(a;,0) = igm—1)-

Assume that h(a;, 1) = a;,n for all @ < ~. If i, has an immediate successor i;
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in I, consider Bj;1 = {ai 1, @i, 1, -, @i, 1} U{aio}. Here h(B;;1) is a minimal
open set containing h(a; 1) and B; ., C h(Bj;1). So h(Bj,1) = Bim and

h(az‘7 1) = Aiym-

If 4, has no immediate successor, then ¢, is the last element of /. Then
h(B:1) = h({a;1 : © € I} U{ai0}) = Bi,m Uh(a;,1). So the only possibility is

h(B:) = By, and hence h(a;, 1) = a;, . Thus we get h(a;1) = a;p, for all i € I.

Now let h(a;,2) = ai,p,- Then arguing as above, we get h(a;2) = a;, for
all i € I and h(a; 1)) = aiyp—1- By the fact that h(a,1) = ai,m We have that

m = p — 1. This implies that p = m + 1. So h(a;2) = a; i1 for all i € 1.

Now assume that h(a;,,) = a;,, for some ¢ and r. Then h(a;,) = a;, for
all i € I and h(a;yq—1) = Gigr—1. Now let h(a;,g+1) = @iys- Then h(a; g11-1) =
@, s—1, which implies that h(a;,,) = aiys—1 and we obtain that » = s — 1 and
so s = r + 1. Consequently we get h(aiz41) = a;r41 for all i € I and so
h(a;x) = @igrm for all i € I and k € Z. Hence h(a;)) = 0™ (a;y) for all i € I and

k € Z. This follows that h = ™! for some m € Z and hence h €< ¢ >. Thus

<o>C H(X,1). (3.4)

From equations 3.3 and 3.4, we get < ¢ >= H(X,7). Hence < ¢ > is a

t—representable permutation group on X. O

We conclude this section by the following theorem.
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Theorem 3.4.3. Let X be an infinite set and o be a permutation on X which
can be written as an arbitrary product of disjoint infinite cycles. Then the cyclic

group generated by o, < o > is t—representable on X .

Proof. Proof follows from Theorems 3.4.1 and 3.4.2 O
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Chapter

Group of L-fuzzy

Homeomorphisms

In this chapter we study the problem of representing a subgroup of the sym-
metric group S(X) as the group of homeomorphisms of an L-fuzzy topological

space (X, 9).

Similar to the definition of a ¢-representable permutation group, here we
define an Lg-representable permutation group. Properties of Lg-representable
permutation groups are discussed. Further we investigate the L j-representability
of semiregular permutation group, dihedral group, alternating group etc. L-

representability of some cyclic subgroup of the symmetric group.

The simplest F-lattice other than L = {0, 1} is L = {0, a, 1} with the order
0 < a < 1. Also note that any F-lattice other than {0, 1} contains a sublattice

isomorphic to L = {0,a, 1}.
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4.1. Ljy—representability of Permutation Groups

4.1 Ly—representability of Permutation Groups

Analogous to t—representability in topology, here we define L ;— representabil-

ity of permutation groups.

Definition 4.1.1. Lj;—representable permutation Groups

A subgroup K of the group S(X) of all permutations of a set X is called
L ;—representable on X if there exists an L-fuzzy topology 6 on X such that the

group of L-fuzzy homeomorphisms of (X,0) = K.

If we take L as the lattice containing only two elements 0 and 1, then in
view point of lattice theory L¥X is isomorphic to the power set of X and hence
topologies and topological spaces become special cases of L-fuzzy topologies and
L-fuzzy topological spaces. So every t—representable permutation group on a set
X is also Ly— representable on X. But an L -representable permutation group

need not be t-representable on X.

4.2 Properties of L;—representable Permutation

Groups

In this section, some properties of L;— representable permutation groups are

discussed.

The following theorem plays a major role in proving results related to L -
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representability of permutation groups.

Theorem 4.2.1. [36] Let L and L' be complete and distributive lattices such that
L is isomorphic to a sublattice of L'. Then if H is a subgroup of S(X) which can
be represented as the group of homeomorphisms of an L-fuzzy topological space
(X,9) for some L-fuzzy topology 6 on X, then H can also be represented as the
group of L'-fuzzy homeomorphisms of the L'-fuzzy topological space (X, &) for

some L'-fuzzy topology &' on X .

Using the above Theorem we have the following Remark.

Remark 4.2.2. Let L and L' be two F-lattices such that L is isomorphic
to a sub lattice of L'. Then if a permutation group H is Ls—representable on an

arbitrary set X, then H is also L'f—representable on X.

So if we prove a permutation group H is Ly-representable on a set X by
taking L = {0, a, 1} with the usual order, then H is L-representable on X for
any F-lattice L # {0, 1}.

As in the case of t-representable permutation groups, here we prove that

conjugate of an Ly— representable permutation group is Ly— representable.

Theorem 4.2.3. Let X be any set and H be a subgroup of the symmetric group
S(X). Then H is Ly—representable on X if and only if its conjugate is also

L s—representable on X.

Proof. Let H be a L-representable permutation group on X. Then there exists
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an L-fuzzy topology 6 on X such that LFH(X,0) = H. It follows that

H=1{heS(X): doh = d}.

Let g € S(X). Thendog = {fog: f €0} is an L-fuzzy topology on X. Now
we claim that LFH(X,509) =gHg™".

Let h € LFH(X, 6)

=doh =90
=dogg 'th =96

= (Jog)ogth =16

= (Jog)ogthg = dog

=g 'hge LFH(X, 60g).

This implies that

ginggLFH(X, dog) (4.1)

For the other way inclusion,

let he LFH(X,00g9)

=Jdogoh =dog
= doghg ' =6

= ghg '€ LFH(X,0) = H
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4.2. Properties of Lj—representable Permutation Groups

= hcg'Hg.

This implies that

LHH(X,00g9)Cg 'Hg (4.2)
From equations 4.1 and 4.2, we get LFH(X, §og) = g~'Hg. Thus the conjugate
of an L-representable permutation group is L-representable on X.

Conversely assume that g~'Hg is Ls-representable on X. Then by what we
have proved above, the conjugate of g~'Hg is Ly-representable on X. So H is

L -representable on X. This completes the proof.

O

Remark 4.2.4. So it suffices to determine the conjugacy classes of sub-

groups of S(X) which are Lj—representable on X.

Our next Theorem is a generalization Theorem 2 of [36].

Theorem 4.2.5. Let X be any set and Y C X. Let H be a permutation group
onY. If H is Ly-representable on'Y', then the permutation group H @ {Ix\y} is

Lg-representable on X where Ix\y is the identity permutation on X \'Y.

Proof. Let § be the L-fuzzy topology on Y such that LEH(Y, §) = H. Now for
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4.2. Properties of Lj—representable Permutation Groups

any f €9, let f': X — L defined by

1 ifre X\Y
f'(w) =
flx) ifzeY.

By the well-ordering Theorem, well-order the set X \ Y with the order relation

‘<. Now for a € X \ Y, define f,: X — L as

lifze X\Yandz <a
falz) =

0 otherwise.

Let

={f:fedtand b ={f,: ae X\Y}

Using 9; and 0, we define an L- fuzzy topology ¢’ on X as follows.

5/ - 51U52

Now we claim that LFH(X, 0') = H ® {Ix\y}.

Let h® Ix\y € H® {Ix\y} and g € §'. If g = f, for some a € X \ 'Y, then

(h@ Ix\yy) ' (fa) = fao (h® Ix\y). Now

falx ifre X\Y
(he Lny)  (fa) () = o \
fa(h(z)) ifzxeY.
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4.2. Properties of Lj—representable Permutation Groups

(

fo(z) ifze X\Y

0 ifzecY.

\
p

1l fzeX\Yandz<a

\ 0 otherwise

= fa(x)

Thus if g = f,, then (h ® Ix\y) *(g9) = g, which belongs to ¢".
If g=f', then (h® Ix\y) ' (f') = f'o(h® Ix\y) and
(foh)(z)ifzxeY

(h @ Lxy) ' f'(2) =
lifze X\Y.

= (foh)(a)

Observe that f € d and h € H. So foh € § and hence (h & Ix\y) *(f') =
(foh) €d. So (h@Ix\y) '(g)€d forall ged. Thus h @ Ix\y is an L-fuzzy
continuous map on X onto itself. Similarly we can prove that (h® Ix\y)(f") € ¢
for all f € ¢’ and hence (h @ Ix\y)~ ! is also an L-fuzzy continuous map on X.

Thus h @ Ix\y is an L-fuzzy homeomorphism on (X, ¢') for all h € H. So

He& {Ixyy} C LFHT(X, ). (4.3)

Conversely let h be an L-fuzzy homeomorphism on (X, d’) onto itself. Let

xo be the first element of the set X \ Y and z; be the first element of the set
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4.2. Properties of Lj—representable Permutation Groups

(X \Y)\ {zo}. Now consider h~*(f,,), which takes the value 1 at exactly one
point h~1(zg) and 0 elsewhere. Since f,, € &', h™(f,,) € &. This implies that
h=Y(f.,) = f., and so h(zg) = xo. Let z, be any element of X \ Y such that
h(z) = z forall zin X \ Y, 2 < z,. Now we claim that h(z,) = z,. If 2, has
no immediate successor in X \ Y, 2, be the last element of the set X \ Y. Since

f=0¢€d, f': X — L defined by

) OifzeY
f(x) =
lifz e X\Y

belongs to ¢'. So

h=(f) (@) = (f o h)(z)
1 for all z € X \ 'Y such that » < z, and h™'(x,)
0 otherwise
and h=1(f’) € &. This implies that h=!(f") = f" and hence h(x,) = x,.

If z, has an immediate successor zz in X \ Y, then consider fz in §’. We

have that h='(fs) € &’ and

h=!(fs)(x) = (f5 0 h)(x)
1 for all z < z, and h™*(z,)

0 otherwise
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4.2. Properties of Lj—representable Permutation Groups

This gives that h='(f3) = f5 and hence h(z,) = z,. It follows that h(z) = z
for all z € X \ Y and h(Y) =Y. So hjy is a homeomorphism on (Y, 6). Hence

h € H® Ix\y. Since h is arbitrary, we have

LFH(X,0") C H® {Ix\y}. (4.4)

From equations 4.3 and 4.4, we get LFH(X,¢") = H® {Ix\v} O

Remark 4.2.6. Let H be a non-trivial permutation group on a set X. Let
Y = X\{zr € X : h(x) = xforallh € H}. Define H" = {hy : h € H},
which is a permutation group on Y. Note that H' moves all the elements of Y and
H = H @ {Ix\y}. By Theorem 4.2.5, it follows that, if H" is L;-representable
on Y, then H is Ly-representable on X. So if (X, ) is an L-fuzzy topological
space which is not rigid and H = H(X, J) then without loss of generality we

can assume that H moves all the elements of X.

4.2.1 Ljy—representability of Direct Sum of L ;—representable

Permutation Groups

Now we turn our attention to the L;—representability of direct sum of finite
L y—representable subgroups of symmetric groups. In chapter two it is proved
that the direct sum of finite t—representable permutation groups is t— repre-
sentable. Here we prove analogues result in the case of L- fuzzy topological

spaces.
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4.2. Properties of Lj—representable Permutation Groups

Theorem 4.2.7. Let {X;}ier be an arbitrary family of mutually disjoint finite
sets and K; be a Ly-representable subgroup of S(X;) fori € I. Then @K, is
iel
L—representable on X = |JX;.
el
Proof. Since K; is Ly— representable on X; for all i € I, there exists an L-
fuzzy topology 9; on X; such that the group of L- fuzzy homeomorphisms,
LFH(X;,6;) = K;. By the well-ordering Theorem, we can choose a well-order <
on I. For each f € §;, i € I define f': X — L as follows
1<

f@) =9 f2) itzweX,

0 otherwise
\

and let

Using this §’, we can define § on X as follows.
o /
o={1} U igzéi'

Then § is an L- fuzzy topology on X. We claim that LFH(X,) = K where

el

Let k; € K; for all © € I and k = @ k;. Clearly k is a bijection of X onto
iel

itself. Let f € 6. If f =1, then k= *(f) = fok = f. Suppose f # 1, then f = f!
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4.2. Properties of Lj—representable Permutation Groups

for some i € I. consider k~1(f).

Now

1<t

= filk(x)) ifk(z) € X;

0 otherwise

1<t

=N (fiok)(z)) ifzelX;

0 otherwise

\

= (fio k) (x).

Since f; € ¢; and k; € K;, we have that f; o k; € 6; and hence (f; o k;)’ € §. This
implies that &~'(f!) belongs to §. Similarly we can prove that f/ o k™' € 4. So

K C LFH(X,0)

Conversely suppose that k € LFH(X,¢). Let ig be the smallest element of

I. Since 1 € §;,, Consider f; defined by

209

1 if[L‘EXZ'O

0 otherwise
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which takes the value 1 at exactly |X;, | points and belongs to §. Since k €

LFH(X,6), k(f;,) €. Also we have that

k(i) (@) = (fi, o k~1)(@)

Lif k7 Y(x) € X,

20

\ 0 otherwise

(

\ 0 otherwise.

Note that k(f’) takes the value 1 at | X,| points and hence the only possibility

is k(f{ ) = fi,- Thus we get k(X;,) = Xj,.

Now assume that j € [ and k(X;) = X forall j € [ and j < i. We prove that
k(X;) = X;. Suppose k(X;) # X;, then there exists z in X; such that k(x) ¢ X;
or there exists z ¢ X, such that k(z) € X;. In the second case also we can see
that, there exists z € X; such that k(x) ¢ X;, since X is finite. Thus without
loss of generality, we can assume that there exists z in X; such that k(z) ¢ X;.

Then k(z) € X}, for some k > i. Consider f = f! where

1 lfl‘ € UX]
fila) = =

0 otherwise

which is an L-fuzzy open set in 6. Therefore k(f) is also an L-fuzzy open set in

X.
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Let x € X. Then

J<i

0 otherwise

J<i

0 otherwise

1 ifz e UX;UKX,)

_ 1<t

0 otherwise.

This is true for all z € X. Since k(z) € X}, for some z € X; and k(f) € 0, we get
|k(X;)| > |X;|, which is a contradiction. Hence k(X;) = X; for all j € I. Thus

k|x, = k; is an L-fuzzy homeomorphism of X; for all j € I and k = @ k;. So

el
ke K = @K;. Thus LFH(X,§) = K and hence K; is an L;—representable
i€l iel
permutation group on X. ]

4.3 L;—representability of Semiregular Permu-

tation Groups

In this section we prove that semiregular permutation groups on a nonempty

set X are L-representable on X provided |X| < L.
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Recall that a permutation group H on a nonempty set X is called semiregular

if the identity permutation is the only element in H with any fixed points.

Theorem 4.3.1. Let X be any set and L be an F'—lattice such that | X| < |L|.
Let H be a semiregular permutation group on X. Then H is Ly— representable

on X.

Proof. Let f: X — L be an L- fuzzy set such that f is one-one and f takes the
value 0 and 1. We can define such a one-one function since |X| < |L|. By the
well-ordering Theorem, well-order the group H with order relation <. Define
S={fi=foh; : hy € H}. Let ¢ be the L-fuzzy topology generated by S.
Then any element of § is of the form i\e/l(j é\Ji f;) where I is an index set and J; is
finite for each i € [.

Claim: LFH(X,0) = H

Let h€ H and f; € S. Then h™!(f;) = fioh = (foh;)oh = fo(h;oh). Since
H is a group and h, hy € H, h;ohisin H. Let h; o h = hy for some k. Then it

follows that h=*(f;) = fohy = fr. Hence h='(f;) is in §. By similar arguments

we can prove that A(f;) € §. So h is an L-fuzzy homeomorphism on X.

HC LFH(X, §) (4.5)

Conversely assume that h € LFH(X, §). Then h='(f) € §. Now h™(f) =
foh = ‘\/I( '/\J fj). Note that f takes the value 0 and hence f o h also takes the
el jed;

value 0 at some x € X. It follows that for all 7 € I, there exists a j; € J; such
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that f;,(z) = 0. Now f takes the value 1 implies that there exists some y € X
such that f o h(y) = 1. This implies that there exists some iy € I such that

‘ /} fi(y) = 1. It follows that |J;)| = 1 and hence j; = k for all i € I.
JE€Jig

Fol= YA
= [ieli/{io}(jé]ifj)] Vv (je@mfj)
= vV (A fi)V Sy

i€l\{io} jE€J;

— V(A FARIV

i€N\{io} jei\{k}
= f

:fohk

Thus we get h = h;, and hence h € H. So

LFH(X,8) CH (4.6)

From Equations 4.5 and 4.6, it follows that H is Lj-representable on X. O

A permutation group is regular if and only if it is both semiregular and

transitive.
Corollary 4.3.2. Let X be any set and L-be any F-lattice such that | X| < |L|.

Then every reqular permutation group on X is Ly—representable.

Proof. We have a regular permutation group is semiregular. Proof follows from
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Theorem 4.3.1. O

Let X be any set on X such that | X| < |L|. Then any transitive abelian

permutation group on a finite set X is regular and hence L ¢-representable on X.

4.4 Ls—representability of Cyclic Group of Per-

mutations

Now we investigate the Ly—representability of the cyclic permutation groups.

We need the following theorem taken from [36]

Theorem 4.4.1. [36] Let X be any set and L be any complete distributive lat-
tice containing more than two elements. Then the group of permutations of X
generated by any finite cycle on X can be represented as the group of homeo-
morphisms of the L-fuzzy topological space (X, §) for some L-fuzzy topology 6 on

X.

Now using Theorems 4.2.5, 4.2.7 and 4.4.1, we can easily prove the following

Corollary.

Corollary 4.4.2. Let X be any set and L be an F'-lattice containing more than
two elements. If o is any permutation on X, which is a product of n disjoint
cycles having lengths my, mo, ..., m, where (m;, m;) =1 fori,j=1,2,....n

and i # j, then the permutation group generated by o is Ly—representable on X
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Proof. Let 0 = 0105 ...0,,, where o; is a cycle of length m; where 1 <7 < n.

Since (m;, m;) = 1ford, j=1,2,..., n and ¢ # j, we have that

<o>=<01>D0<02>D... <oy, >

By Remark 4.2.6, without loss of generality we can assume that X = X; U X, U
... U X, where X; is the set of all elements of the cycle o; for 1 <7 < n. Then
by theorem 4.4.1, < 0; > is Ly—representable on X; for all 7, 1 < ¢ < n when
L # {0, 1}. So from Theorem 4.2.7, it follows that < o > is Ly—represenable

on X. [l

In Chapter 2, it is proved that the above group is not t—representable on X.

Corollary 4.4.3. If X is any set and o is any permutation on X, which is a
product of n disjoint cycles having lengths my, ma, ..., m, where (m;, m;) = 1
fori, 7 =1,2...,n and i # j. Then the permutation group generated by o is

Ly—representable on X if and only if L # {0,1}.

Proof. Proof follows from Corollaries 3.3.2 and 4.4.2. O

In Theorem 3.2.2, we proved that the permutation group generated by a
permutation which is a product of two disjoint cycles having equal length n, n >
3 is not t—representable. Here we prove such groups are L ;—representable on X

when |L| # 2.
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Theorem 4.4.4. Let X be any set and L = {0, 1,1}. Let o be a permutation

on X such that o can be written as a product of two disjoint cycles having equal

length n. Then the permutation group generated by o is Ly- representable on X .

Proof. Let 0 = 0109 where

01 = ($117$127---,5L’1n)7 09 = (3721737227---,55211)

and L = {1,.5,0} with the usual order. By Remark 4.2.6, without loss of gener-
ality we assume that X = X; U X, where X; is the elements in the cycle o; for

i=1,2.

Define 6 = {f € L* : f(zije1) > fl(xi;) — .5 for every j = 1,2,...,n and
i = 1,2 and if f(x9;) = 1, then f(zy;) = 1 for all j = 1,2,...n}, where &

denote addition modulo n. Then ¢ is an L-fuzzy topology on X.

The constant functions 0 and 1 belongs to d. Let fi, fo € 6. Then

(f1V f2)(Tijer) = fi(zijer) V fo(@ijer)
> (fi(zij) —5) V (falwiz) —.5)
> (f1V fo)(xiy) =5

and (f1 V fo)(z2j) = 1 gives fi(ze;) = 1 or fa(xe;) = 1. If fi(z9;) = 1, then

fi(xy;) = 1. Similarly if fo(zg;) = 1, then fo(zy;) = 1. Thusif (f1V fo)(xe;) =1
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then (f1 V f2)(z1;) = 1. Now

(fi A fo)(@ijer) = fi(Tijer) A fa(Tijer)
> (fi(wiz) — 5) A (fa(wij) —.5)
> (fi A fo)(xij) — 5

NOW (fl/\fg)(.TQj) =1 gives f1<$lf2j> = 1and f2<.§lf2j) =1. ThU_S (fl/\fg)(l‘lj) = 1.

So d is an L-fuzzy topology on X.

Now we prove that ¢ is an L-fuzzy homeomorphism on X. Let f € §. Then

o7 (f)= foo and for every i = 1, 2

foo(rije) = f(%ijere1)
> f(Tijer) — .5

= f OO'(.TiJ) —.5

and

foo(ry;) =1
= f(r2j01) =1
= f(T1je1) =1

= fOO'(l‘Lj) =1.
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Hence f oo € ¢. Similarly o(f) = foo ! € 6. Hence o is an L- fuzzy
homeomorphism on (X, §) and consequently all the powers of o are also L-fuzzy

homeomorphisms on X. Thus

K C LFH(X,5). (4.7)

Conversely let h € LEFH(X,0). Fori=1,2and j =1,2,...n,

Define f;; : X — L as follows

(

1 ife=umx,, k<1

fij(x) = D ifx= Tre1, k<1

\ 0 otherwise.

Then fj; € 0 foralli =1,2and j =1, 2, ..., n. Since h is an L-fuzzy homeo-
morphism, h(f;;) = fijoh ™t €dforalli=12and j=1,2, ..., n. Consider
h(fi1). We have fi;0h~!(z) = 1 for an unique element of X namely i(x;;). Then
h(x11) = xy for some k. Now f1; o h™ (xy) = 1 gives fi1 0 h™Hxikg) = 5
and f1; o h™'(z) = 0 for all other values of X. Thus fi; o h™! = fi;. Also

f110h71(371k@1) = fir(z1re1) = .5 and hence hfl(xlk@l) =z 0r h(x12) = T1pa1-

Now we prove that if h(x1,) = 215 for some a and /3, then h(z1061) = T1501-
Note that h(fia) = fiaoh™t € 8. Now fi, 0o h7l(z15) = 1 and this gives
fla (¢] h_1<l’15@1) = 05 SO h_l(ﬂfl[g@l) = Tiam1 OT h(ﬂfla@l) = 1’15@1 . ThU_S

h(z1;) = Tijep—1 for all j = 1,2,...,n. So h(zy;) = 0" !(z1;) and h maps
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(11, T12, - - ., T1,) On to itself cyclically.

Let h(xg;) = x2,. We claim that p = i@ (k—1). Suppose p # i@ (k—1). Now
fa2i 0 b (29,) = fai(wa;) = 1 and this gives fo; 0 h™1(z1,) = 1. Now h1(zy,) =
T1p0(n—k)o1 and 50, f2i(T1pen—ke1) = 1, which is a contradiction to the fact that
foi € 6. So p=1i® (k—1) and hence h(zy) = Toww—1) = 0" *(z2) and it

follows that h = ¢*~!. Thus

LFH(X,8) C K. (4.8)

From equations 4.7 and 4.8 we get LF'H(X,0) = K. This completes the proof.

O

So if X is any set and L be any F-lattice containing more than two elements,
then the group generated by a permutation which is a product of two disjoint

cycles having equal length is L;—representable on X.

Theorem 4.4.5. Let X be any set and o be a permutation on X such that o
can be written as a product of two disjoint cycles having equal length n where

n > 3. Then the group generated by o is Ly- representable on X if and only if

L #{0,1}.
Proof. Proof follows from Theorems 4.2.2, 3.2.2 and 4.4.4. O

If 0 is a permutation on X which is an arbitrary product of more than two

disjoint cycles having equal length n, then the cyclic group generated by o, < o >
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is t—representable on X by the Theorem 3.2.4. So by using Theorem 4.4.4, we

conclude the following Theorem.

Theorem 4.4.6. If X is any infinite set and if o is any permutation on X,
which s an arbitrary product of disjoint cycles having equal lengths. Then the

permutation group generated by < o > is Ly—representable on X.

Proof. Proof follows from Theorems 3.2.4 and 4.4.4. U

Corollary 4.4.7. Let X be any set. Then every permutation group of prime

order is Ly—representable on X .

Proof. Let H be a permutation group on X having order p where p is a prime
number. By Remark 4.2.6, without loss of generality we can assume that H
moves all the elements of X. Since H is of order p, H is a cyclic group generated
by a permutation ¢ which is of order p. This implies that o is a product of disjoint
cycles having equal length p. So by Theorem 4.4.6, H is L;—representable on

X. O

4.5 Ly—representability of Dihedral Groups

In chapter two, we determined the t-representability of dihedral group D,.

We proved that D, is not t-representable if and only if n > 5.

We investigate the L;—representability of dihedral groups when |L| > 3.
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Lemma 4.5.1. Let X = {1,2,...n} and L = {0, %, 1} with the usual order.

’ 9

Then the dihedral group D, is Ly—representable for all n.

Proof. Recall that the group D,, has 2n elements generated by the cycle r =

(1,2,...n) and the permutation

1 2 3 4 1 ... n—1 n
nn—1n—-2n-3 ... n+1—12 ... 2 1
Let ¢ be the L-fuzzy topology having base B = {g; : i = 1,2,...n} U{f; :

i=1,2,...n} where g; and f; are functions from X to L defined by

5 oifi =
gi(j) =
0 otherwise
and
.
1 ifi=j
fiG)=9 5 ifj=idli®(n—1)
\ 0 otherwise.

where @ denotes addition modulo n.

Now we prove that LFH(X,d) = D,,. First we claim that the rotation r and

reflection s are homeomorphisms.
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Consider f; or and g; o r. Now

(

1 ifr(x) =1
(fior)(@)=19 5 ifr(z)=i®1,i® (n—1)

0 otherwise
\

1 ife=id(n-—1)
=94 b ifr=iid(n—2)

0 otherwise

and

boifr(x) =1
gior(z) =
0 otherwise

S5 ifr=idn-1)
0 otherwise.
Thus fior = figm-1) and g; or = gign—1), which belongs to 6. Now consider

fiosand g;os

4

1 ifs(x) =1

(fios)(@)=1q 5 ifs(x)=i®1,id(n—1)

\ 0 otherwise
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4

1 fe=mn—-i)®1
=4 b5 ife=mn—-1),n—1i)d2

0 otherwise

\

and

boif s(x) =1
gios(x) =
0 otherwise

S5 ife=m—-i)d1

0 otherwise.

Thus fijos = figmn—1) and g;0s = gien—1), Which belongs to ¢ foralli = 1,2,...n.

So r and s belongs to LFH (X, ) and hence

D, C LFH(X,5).

Let h € LEFH(X,6). Consider f;oh~! which takes the value 1 at h(1) and .5

at h(n) and h(2). Let h(1) = k. Then either h(2) = k®1 and h(n) =k® (n—1)

or h(2)=k® (n—1) and h(n) =k ® 1.

Case(1): h(2) =k@1land h(n) =kd (n —1).

Consider f, 0o h™!. Now fo 0 h~! takes the value 1 at h(2) and .5 at h(1)

and h(3), which gives fooh ™' = fre1 and hence h(3) = k@ 2. Similarly by

considering fs, fu,... fn , we get h(i) = k@ (i — 1). That is h(i) = r*71(i)
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forallz=1,2,...n.

Case(2): h(2)=k& (n—1)and h(n) =k & 1.
Then fy 0 h™! takes the value 1 at h(2) = k® (n — 1) and .5 at h(1) = k
and h(3) which implies that fo 0 A" = frgm-1) and h(3) = k& (n — 2).
Similarly by considering fs, fy, ... f, we get h(i) = k@ (n — (i — 1)). That

ish=(Lk2k-1)...(kol,n)(kd2,n—1)...=r"Fs e D,.

So in both cases h € D,, and hence

LFH(X,68) C D,. (4.10)

From equations 4.9 and 4.10, we get LFH(X,0) = D,. This completes the

proof. O

So if X is any set and L be any F-lattice containing more than two elements,
then the dihedral group D, is L;—representable on X, by Remark 4.2.2. An

immediate consequence of Theorem 2.3.10 and Lemma 4.5.1 is the following.

Theorem 4.5.2. Let X be any set such that | X| = n > 4. Then the dihedral

group D,, on X is Ly—representable on X if and only if L # {0,1}.

Proof. If L # {0, 1}, then D,, is Ls-representable by Lemma 4.5.1 and Remark
4.2.2. Now assume that L = {0, 1}, which means the crisp case. In this case D,

is not t—representable when n > 4 by Theorem 2.3.10. So the dihedral group

D,, on X is Ly—representable on X if and only if L # {0, 1}. O
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4.6. Lj;— representability of Alternating Groups

4.6 Ly— representability of Alternating Groups

Here we enquire the L;-representability of A(X) when | X| > |L].

Theorem 4.6.1. If X is any set such that |X| > 4 and |L| < |X]|, then the

alternating group A(X) is not L¢-representable on X.

Proof. Suppose that A(X) is L;—representable on X. Then A(X) = LFH (X, )

for some L- fuzzy topology 6 on X.

Now we claim that if (z,y) o h € LFH(X,0) for every transposition (x,y)
in X, then h € LFH(X,0). Let h ¢ A(X). It follows that h is not an L-
fuzzy homeomorphism on (X, 0). Then there exists at least one f € ¢ such that
fohé¢dor foh ' ¢&¢. Now since |L| < |X| and f € § implies that there exist
at least two points g, yp € X such that f(z¢) = f(yo). Suppose foh ¢ 6. Since

h is a permutation on X and zg, yo € X gives that there exist x1, y; € X such

that h(z1) = o and h(y;) = yo and hence (f o h)(x1) = (f o h)(y1).

Consider (z,yo) o h. Here we prove that f o ((xg, yo) o h) = foh.

For, if z € X, x # x4, y1,
fo((zo,y0) o h)(x) = f o (wo, yo)(h(x)) = f o h(x).
If x = x1, then

fo (1, y1) o h)(x) = f o (o, yo) © h)(21)
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4.6. Lj;— representability of Alternating Groups

= f(%)
= f(z0)
= foh(z1)
— foh(x).

Similarly if z = y; we get f o ((xo,v0) o h)(y1) = f o h(y1). Thus

fo(zo,y0) o h(x) = foh(x) for all x € X.

It follows that there is an f € ¢ such that f o (zg,y0) o h ¢ 6. So there is a

transposition (xg, yo) such that (zg,y0) o h ¢ LFH(X,0).

Similarly if fo h™! ¢ §, then we can prove that foh™ o (z9,ys) = foh™!
where zo = h™(z3) and 3y = h™'(y2). Thus in this case also there exists f € §
such that fo(h™'o(x9,99)) ¢ 8. Hence ((x2,12)00))"t ¢ LFH(X,d). Here also
there is a transposition (xs,1,) such that ((zo,y2) 0 0)™' ¢ LFH(X,d). So if
(x,y)oh € LFH(X,J) for every transposition (z,y) in X, then h € LFH(X, ),
which is a contradiction since LFFH (X, §) = A(X) and the alternating group
A(X) does not satisfy this if | X| > 3. So there exist no L- fuzzy topology § on
X such that the group of L- fuzzy homeomorphisms of (X, ¢) is the Alternating

group. U
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4.6. Lj;— representability of Alternating Groups

4.6.1 Ly-representability of Normal Subgroups of 5,

Now we investigate the L;—representability of normal subgroups of S,, when
|L| = 3. If n > 3 and n # 4, the only proper non-trivial normal subgroup
of S, is the alternating group A, and by Theorem 4.6.1 we determined L -
representability of A,. If n = 4, then S, has another normal subgroup and we

can determine the L;—representability of that subgroup.

Theorem 4.6.2. Let H be the normal subgroup of Sy given by H = {1, (1,2)(3,4),
(1,3)(2,4),(1,4)(2,3)}. Then H is Ly—representable if and only if the member-

ship lattice L # {0,1}.

Proof. Assume that L # {0,1}. Let L = {1,.5,0} and 6 be the L-fuzzy topology

having base

B = {fi, f2, f5, fu}

where

fi(1) =5, f1(2) =0, f1(3) = .5, f1(4) = 0
(1) =0, /2(2) =5, 2(3) =0, fo(4) = .5
f3(1) =1, f3(2) = 5, f3(3) = .5, f5(4) = 1
fa(1) =5, fu(2) =1, fa(3) = 1, fu(4) = 5

Now we claim that LFFH (X, ) = H. Reader can easily verify that every element

of H is an L-fuzzy homeomorphism of (X, d) onto itself. Hence H C LFH (X, ).
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4.6. Lj;— representability of Alternating Groups

Let h be an L-fuzzy homeomorphism on X. Then h~'(f) and h(f) are in &

for all f € §. Now consider h~'(f;) and h='(f,). Then either h=1(f;) = fi and

h='(f2) = f2 or h™'(f1) = fo and K™ (fa) = fi.

Case 1: h™(f1) = fi and h1(fy) = fo
That is fy o h = f; and fy o h = f5, which implies that A(1) = 1 or 3 and
h(2) =2 or 4. If h(1) = 1, then h(3) = 3. Suppose h(2) =4. So h(4) = 2.
Hence h = (2,4). Then f;oh # f3 or fy. Hence h is not an L-fuzzy
homeomorphism on X, which is a contradiction. So if h(1) = 1, then h is

the identity permutation.
Now suppose h(1) = 3, then h(3) = 1. Suppose h(2) = 2. So h(4) = 4.
Hence h = (1, 3). Then f;oh # f3 or fy. Hence h is not an L-fuzzy

homeomorphism, which is also a contradiction. So if h(1) = 3, then h =

(1, 3)(2, 4).

Case 2 : h™}(f1) = foand h™(f2) = f

In this case (1) = 2 or 4 and h(2) = 3 or 1. If h(1) = 2, then h(3) = 4.
Suppose h(2) = 3. So h(4) = 1. Hence h = (1, 2, 3, 4). Then f;0h # f5 or
fa. Hence h is not an L-fuzzy homeomorphism, which is a contradiction.
So if h(1) =2, then h = (1, 2)(3, 4).

Now suppose h(1) = 4, then h(3) = 2. Suppose h(2) = 1. So h(4) = 3.
Hence h = (1,4, 3,2). Then fyoh # f3 or f;. Hence h is not an L-

fuzzy homeomorphism, which is a contradiction. So if k(1) = 4, then
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4.7. t-representability and Lj-representability of Subgroups of S, when n <4

h=(1,4)(2 3).

So if h is an L-fuzzy homeomorphism on X, then h € H. Thus LFH(X,0) C H

Then LFH(X,5) = H.

If L = {0,1}, H cannot be represented as the group of homeomorphisms
of any topological space (X,T) for any topology 7" on X [34]. So if H is

L;—representable, then L # {0,1}. This completes the proof. O

Remark 4.6.3. T. P. Johnson [16] proved that the above group H is

L—representable if |L| > 4. Here we get H is L;—representable on X if L #

{0,1}

4.7 t-representability and L -representability of

Subgroups of 5, when n <4

Here we determine the L¢- representability of all subgroups S, when n < 4

and |L| < 4.

If n < 3, all subgroups on S, are t— representable and hence L j—representable.
If n = 3, then the only subgroup which is not t—representable on X is As,
which is Ly—representable by Theorem 4.4.1. So all subgroups of S5 are also

L j—representable.

Now we consider the case of ;. The symmetric group S, has exactly 30

subgroups and there are exactly 11 conjucacy types of subgroups of Sy.
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4.7. t-representability and Lj-representability of Subgroups of S, when n <4

1. H,={I}

2. H,={I,(1,2)}

3. Hy = {I,(1,2)(3,4)}

4. Hy={I,(1,2,3),(1,3,2)}

5. Hs = {I,(1,2),(3,4),(1,2)(3,4)}

6. He = {I,(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}

7. H; ={I,(1,2,3,4),(1,3)(2,4), (1,4,3,2)}

8. Hy={I,(1,2),(1,3),(23),(1,2,3),(1,3,2)}

9. Hy=1{1,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3), (1,2), (3,4), (1,4,2,3),(1,3,2,4)}
10. Hy=A,

11. HH: S4

First we investigate the t-representability of subgroups of Sj.

Here Hy and H; are cyclic groups generated by cycles having length 3 and
4 respectively. So they are not t-representable by Theorem 3.2.5. Now Hg and
Hjyy are normal subgroups of S; and hence not ¢t-representable on X. Thus there
are four subgroups of S; that do not arise as the group of homeomorphisms of

any topology.

Clearly H; is the group of homeomorphisms of the space

{0,{1},{1,2},{1,2,3}, X}.

108



4.7. t-representability and Lj-representability of Subgroups of S, when n <4

Let 7 be the topology defined by {X,0,{3},{3,4},{1,3,4},{2,3,4}}. Then
H(X,7) = H,. Consider the topology 7 defined by
{0,{1},{2},{1,3},{2,4},{1,2,4},{1,2,3}, X}. Then H(X, 7) = Hj. Let 7 be
the topology defined by {0, X, {1},{2},{3,4},{1,3,4},{2,3,4}.

Then H(X, 7) = Hs.

Let 7 be the topology {0,{1,4},{2,4},{3,4},{1,2,4},{2,3,4},{1,3,4}, X'}
H(X,7) = Hs.

If we define 7 = {0, X, {1, 2}, {3,4}}, then H(X,7) = Hy. Now Hy; is the group
of homeomorphisms of discrete and indiscrete space. So exactly 7 of them are

the group of homeomorphism for some topology on X.

Now we get all but one of thirty subgroups arise as the group of fuzzy home-

omorphisms for some L-fuzzy topology where |L| = 3.

In the above 11 groups, Hs and H7 are cyclic. So we can apply Theorem 4.4.1
and hence H, and H; are Ly—representable. Hg is Lg-representable on X by
Theorem 4.6.2. Our Theorem 4.6.1 applies to exclude Hyy. So the only subgroup

of Sy which is not Ly— representable is Ay when |L| = 3.
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S, when n <4

4.7. t-representability and L s-representability of Subgroups of

Table 4.1: t-representability and L ;-representability of Subgroups of Sy
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Chapter

Completely Homogeneous

L-fuzzy Topological Spaces

Larson studied the concept of complete homogeneity in topological spaces [29].
In [16] T. P. Johnson defined the concept of a completely homogeneous fuzzy
topological space in an analogous way. In [18] the author extended complete ho-
mogeneity to L-fuzzy topological spaces. He considered the lattice of completely

homogeneous fuzzy topologies also [18].

In this chapter we continue the study of completely homogeneous L-fuzzy
topological spaces. Some properties of completely homogeneous L-fuzzy topo-
logical space are discussed. We characterize Alexandroff discrete completely ho-
mogeneous L- fuzzy topological spaces when L is a complete chain. Also we study

the completely homogeneous L-fuzzy topological spaces when L = {0, a, 1}.

111



5.1. Completely Homogeneous L- fuzzy Topological Spaces

5.1 Completely Homogeneous L- fuzzy Topo-

logical Spaces

In his paper on Some problems on Lattice of L-Fuzzy Topologies [18], Johnson
T. P. introduced the concept of completely homogeneous L-fuzzy topological

spaces and is defined as below.

Definition 5.1.1. [18] Completely homogeneous L-fuzzy topological spaces
An L-fuzzy topological space (X, 0) is called a completely homogeneous if every

bijection of X onto itself is an L-fuzzy homeomorphism.

So an L-fuzzy topological space is completely homogeneous on X if and only
if the group of L- fuzzy homeomorphisms of L-fuzzy topological space onto itself

is the symmetric group S(X).

Here we are listing some examples of completely homogeneous L-fuzzy topo-

logical spaces.

Example 5.1.2. From the definition of completely homogeneous L-fuzzy
topological space we immediately see that the following are completely homoge-

neous.

1. Indiscrete space {0,1}.
2. Discrete space 2%.

3. Discrete L-fuzzy space L.
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

Notations

Throughout this chapter we use the following notations.
If (X,6) is an L-fuzzy topological space, then define
1. 0=4\{1,0}.
2. Ap ={f(z): 2z € X}.
3. As={f(x):z € X, fci}
4. A ={g: X = As}.

If L is a F-lattice, then define

1. L*={l € L: [ is comparable to each element in L}.

2. I'={leL°: ifly >l and Il > [, then [ Aly > [}.

When L is a complete chain, we have that L' = L.

5.2 Properties of Completely Homogeneous L-

fuzzy Topological Spaces

In this section we study some properties of completely homogeneous L-fuzzy

topological spaces.

First we recall the definition of level topologies of an L-fuzzy topology.
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

Definition 5.2.1. [28] Level Topology
Let X be a set and f € L*. We define for ¢ € L\ {1}, the set fig = {z € X :

f(x) > c}. Then fig is called a c- level of f.

Let 6 be an L- fuzzy topology on X. Then for each ¢ € L'\ {1}, the family

ﬂc} = {f[C} : fE(S}

is a topology on X and is called c¢— level topology of X.

The relation between the group of all L- fuzzy homeomorphisms LF H (X, §)
of an L-fuzzy topological space (X, d) and the group of homeomorphisms of its

level topologies is given in the following Theorem.

Theorem 5.2.2. Let (X,0) be an L-fuzzy topological space. Then the group of
all L- fuzzy homeomorphisms LFH(X,0) of an L-fuzzy topological space (X, 0)
is a subgroup of the group of homeomorphisms of each c-level topology where

ce L'\ {1}.

Proof. We have h € LFH(X,¢) if and only if h is a bijection and both A(f)
and h™!(f) are in ¢ for all f € 0. Let (X, Tj) be a level topology of (X, ) and

U € Tig where c € L'\ {1}. Then U = fi4 for some f in 6 and

h(U) = h(fiq)

= {h(x) : f(x) >c}
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

={recX:f(h(z))>c}
={reX:foh(z)>c}
={zre X :h(f)(z)>c}

and hence h(U) € Tjg. Similarly

={h7 () : f(z) > c}
={z e X : f(h(z)) > c}
—{zeX:foh(z)>c}
={r e X:h7(f)(x) > c}

= (e

So h is a homeomorphism on (X, Tjq). Thus the group of L- fuzzy homeomor-
phisms of an L-fuzzy topological space is a subgroup of the group of homeomor-

phisms of the level topologies. O
Remark 5.2.3. The inclusion in the Proposition 5.2.2 may proper.

Example 5.2.4. Let X = {a,b,c}, L ={1,.5,0} with usual order and ¢ be
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

the L- fuzzy topology having base

B = {f1>f27f37917927g3}

where

fila) =5, f1(b) = 0, f1(¢) = 0,
fala) = 0, f2(b) = .5, fa(e) = 0,
fa(a) =0, f3(b) = 0, fs(c) = .5,
gi(a) = 1,91(b) = .5, 91(¢c) = 0,
g2(a) = 0,92(b) = 1, ga(c) = .5,

and g3(a) = .5, g5(b) = 0,gs(c) = 1.

It is easy to verify that LEFH(X,6) = {(a,b,¢), (a,c,b), [} where [ is the identity
permutation on X and the level topologies T[%} and Tjg are the discrete topology
on X. So the group of homeomorphisms of the level topologies are the symmetric

group S(X).

Theorem 5.2.5. [42] Let (X, ) be an L-fuzzy topological space which is com-
pletely homogeneous, then all the level topologies of 0 are completely homoge-

neous.

Corollary 5.2.6. Let (X,0) be an L-fuzzy topological space and Ay C {0,c}

for every f € 0\ {1}, where ¢ is a non-zero element in L. Then the group L-
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

fuzzy homeomorphisms of an L-fuzzy topological space is equal to the group of

homeomorphisms of the level topology Tio).

Proof. We have the group of L- fuzzy homeomorphisms LFH(X,¢) of an L-
fuzzy topological space (X,0) is a subgroup of the group of homeomorphisms
H(X,Ti) of the level topology. Let h € H(X,Tjy)) and f € §. Then fio € Tjg
and consequently h(fj)) and h™'(fig)) are in Tjg. But A(fig) = (ho f)q. Since f
takes only one non zero value, h(f) € 6. Similarly we can prove that h=*(f) € 4.
Thus h is an L- fuzzy homeomorphism and so H(X,Tjy) € LFH(X,6). Hence

the theorem. O

An immediate consequence of the Theorem 5.2.5 is the following.

Remark 5.2.7. Observe that if (X, ) is an L-fuzzy topological space and
Ay C{0,c} for every f € §\ {1}, where c is a non-zero element in L, then the
L-fuzzy topological space (X,0) is completely homogeneous if and only if the

level topology Tjo is completely homogeneous.

The next definition appears in [14].

Definition 5.2.8. t—complete Subset
A subset A of L is said to be t—complete if A is closed under finite (nonempty)

meet and arbitrary join operations.

Remark 5.2.9. Using a t—complete subset of L, we can define more than

one completely homogeneous L- fuzzy topology on X. Let A be a t-complete
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

subset of L such that 1 € A. Define

.o ={felX: f(x)e Aforall z € X}.

2. 6={l:1¢€ A}

Here both §; and 9, are clearly completely homogeneous L-fuzzy topology on X.

For any t—complete subset A of L, there exist at least two completely homo-

geneous L- fuzzy topologies on X.

Remark 5.2.10. If L is a finite chain, then any subset of L containing 0 is a
t-complete subset of L. Hence we can define two more completely homogeneous

L-fuzzy topologies on X for each t-complete subset A of L such that 1 € A.

§={feL®: f(x) € A\ {0} for all z € X} U {0}.

§={felX: flx)ec A\ {1} forallz e X}U{1}.

This is not true in the case of a general lattice L. The following example illus-

trates this.

Example 5.2.11. Let L be the diamond type lattice {0,a,b, 1} where

aANb=0and aVb=1
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

Figure 5.1: Diamond-type lattice

Then 6 = {f € L : f(z) € A\ {0} forall z € X} U {0} and &' = {f € L* :
f(z) e A\ {1} for all z € X} U{1l} are not even L- fuzzy topology on X where

A is L itself.

Let 0 be an L-fuzzy topology on X. Then clearly {f(x) : 2z € X, f € §} isa
t—complete subset of L. Then by Remark 5.2.9, corresponding to each L-fuzzy
topology 0 on X, we can define at least two completely homogeneous L-fuzzy

topology on X.

Definition 5.2.12. [30] Stratification
Let(X,d) be an L-fuzzy topology on X. Then the L- fuzzy topology ¢ on X
generated by d U {a : a € L} is called the stratification of 6 and (X, d’) is called

the stratification of (X, J).

Proposition 5.2.13. Let (X,0) be an L-fuzzy topological space. Then § is a
completely homogeneous L-fuzzy topology on X if and only if the stratification of

0 is a completely homogeneous L-fuzzy topology on X .
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Proof. Let (X,d") be the stratification of an L-fuzzy topological space (X, ).
Then every f € ¢' is of the form gV a or g A B where g € § and «, 8 € L. So for

any h € S(X), h(f) = h(g) V a or h(g) A B.

First assume that (X, 0) is a completely homogeneous L- fuzzy topological
space. Then h(g) and h'(g) are in § for all g € 6. So h(f) € ¢'. Similarly
we can prove that h=!(f) € §. Thus ¢ is a completely homogeneous L-fuzzy
topological space on X. Now assume that ¢’ is completely homogeneous L-fuzzy
topological space, then clearly ¢ is a completely homogeneous L-fuzzy topology

on X. O

In a completely homogeneous topological space, supersets of nonempty open
sets are open [34]. But this is not true in the case of an L- fuzzy topology. See

the following example.

Example 5.2.14. Let X = {a,b} and L = {0,1,3,3,1} with the usual

ordering and the involution ' given by I’ =1 — [ for all [ € L.

Define
113
= l.ar,bi,— —. — .
5 {Q7—7a17b17é727é7f7g}
where f and g are L- fuzzy sets of X defined by
1 3
= — b = —
fla)= 5. 1) =
3 1
d =—,9(b) ==
and g(a) = 7, 9(b) = 3
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5.2. Properties of Completely Homogeneous L-fuzzy Topological Spaces

Here 0 is a completely homogeneous L- fuzzy topology. Let h be an L- fuzzy set

defined by

Here h is a super set of ax but h ¢ 0.

Thus supersets of nonempty L-fuzzy open sets need not be L-fuzzy open in

a completely homogeneous L-fuzzy topological space.

Now we prove that super sets of L-fuzzy open sets having the same range are
open in a completely homogeneous L- fuzzy topological space as we see in the

next Theorem.

Theorem 5.2.15. Let (X, ) be a completely homogeneous L- fuzzy topological
space and f € & such that f # 0. Let g be an L- fuzzy set such that g > f and

Ay C Ay Then g € 9.

Proof. 1f g = f, there is nothing to prove. So assume that f < g. Let Y = {x €
X : f(x) < g(x)}. Now choose two points y and z such that y € Y and z € X
where f(z) = g(y). We can choose such a point z since f # 0 and range of g is
a subset of range of f. Now define f, = foh, where h, is a function from X to

X such that

z ifx=y

hy(z) = y ifr=z2

= for all z € X \ {y, z}.
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Then f, € 6 and hence f V f, € 6. Observe that

(

f(z) forall z € X \{y,z}
o) =9 fz) ifaz=y

fly) ifz=-z

\

Consequently

f(z) for all z € X \ {y, z}
(fVI)@) =9 fly)V fz) ifz=y
JRVIy) ifr=z

\

f(z) forallz e X\ {y}
gly) ifz=y.
Similarly for each y in Y, we define f, such that (f V f,) € . Since ¢ is an

L-fuzzy topology, we have \/ (fV f,) € J. Now
yey

\/(f\/f)(x): f(z) forallz e X \Y
yey ' glx) ifzxeY.

=g(x) forall z € X
Thus \ (fV f,) = ¢g and hence g € §. This completes the proof. O
yey

That is if (X, 0) is a completely homogeneous L-fuzzy topological space, then
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{geLX:g>fand A, CA;} Céforall fed.
Remark 5.2.16. Converse of the Theorem 5.2.15 is not true.

Example 5.2.17. Let X = {z, y} and L = {0, %, 1} with the usual order.

’ 92

Consider the following L-fuzzy topology

1 1

1
5 - {Q) la 57 l’%, X1, ?/57 x?

on X. Here for every element f in §\ {0}, {9 € L* : g > fand A, C
Ay} C 6. But 0 is not a completely homogeneous L-fuzzy topology on X since

LFH(X,§) = {I}.

5.3 Completely Homogeneous Alexandroff Dis-

crete L-fuzzy Topological Space

Recall that a topological space (X, 7) is an Alexandroff discrete space if
arbitrary intersection of open sets are open. Note that the only completely
homogeneous Alexandroff discrete topologies on a set X are the discrete topology

and the indiscrete topology.

In this section we study completely homogeneous Alexandroff discrete L-
fuzzy topological spaces when L is a complete chain. An L- fuzzy topological
space (X, 9) is said to be Alexandroff discrete L- fuzzy topological space if AA € §

for all A C .
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Next we give a characterization for a completely homogeneous Alexandroff

discrete L- fuzzy topological space when L is a complete chain.

Theorem 5.3.1. Let (X, ) be an Alexandroff discrete L-fuzzy topological space
where L is a complete chain. Then (X,0) is a completely homogeneous L-fuzzy

topological space on X if and only if A? C o forall f €.

Proof. Let (X,0) be a completely homogeneous Alexandroff discrete L-fuzzy
topological space where L be a complete chain and f € §. Define [y = z//\\ l

Ay
and

I y=u=

[y otherwise.
where [ € Ay and [ # 1.
We claim that z; € ¢ for all [ € Ay. Since  is a completely homogeneous
Alexandroff L-fuzzy topology on X, we have that [; € As. Here we consider two

cases.

Case(1): [; € Ay.
Since l; € Ay, there exists an element xy in X such that f(zo) = {;. For
each x € X \ {zo}, define f, = f o h, where h, is a function from X onto

itself which maps = to xg, xo to x and keeping all other elements fixed.

Then

fo(y) =19 flzo) y =m0

\ f(xz)  otherwise.
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Here f, € d for all x € X \ {zo}. Let [ € A;. Then there exists an element

z in X such that f(z) =1. Now A f. €J and

zeX\{z}
fxo) y# 2
/\ fa&(y): ’
zeX\{z} flz) y==z
B Iy y#z
I y==z
= x).

Thus we get 2] € 9.

Case(2): [; ¢ Ay.
In this case first we construct an L- fuzzy set f’ using f such that l; € Ay.
Fix some 2’ in X. Let f(z') = [. Now define f, = foh, forall z € X
where h, is a function from X onto itself which maps = to 2/, 2’ to x
and keeping all other elements fixed. Let f' = A f,. Since (X, 0) is

zeX
Alexandroff discrete, we have that f’ € § and

I y=a

[N f(z) otherwise.

Thus we get an L- fuzzy open subset of X which takes the value [;. If

[ € Ay, proceeding as in the Case (1), we can easily prove that z; € 4.
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Now suppose that [ ¢ Ap. This implies that f~!(l) is the singleton set
{z'}. Then choose a point z in X such that f(z) < f(z’). We can choose

such a point since l; ¢ Ay. Define g : X — L by

[ y==z
9ly) =
fly) otherwise.
Then g > f and A, € Ay. So by Theorem 5.2.15, it follows that g € § .

Now using the L-fuzzy set g, we can construct an L-fuzzy open set ¢’ such

that [y € Ay and [ € Ay. Now we arrive at Case 1 and hence ] € ¢.

So in both Cases x; € § for all [ € Ay. Now any f € A? can be expressed as a

join of zj. So Ay C 4§ for all f € 4.

Conversely assume that A? Coforall f€d. So fohedforall fed. Thus

0 is a completely homogeneous L- fuzzy topology on X. Hence the result. O

An L-fuzzy topological space (X, d) is said to be finite if the underlying set

X is finite.

With the characterization theorem of completely homogeneous Alexandroff
discrete L- fuzzy topological space, we list finite completely homogeneous L-
fuzzy topological spaces when the membership lattice L = {0, %, 1} with the

usual order.

Corollary 5.3.2. Let X be a finite set and L = {0,1,1}. Then the only com-

)9
pletely homogeneous L-fuzzy topology on X are the following.
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1. The indiscrete topology, {1,0}.

2. {1,0,

NI
o~

3. The discrete topology, 2.

4. {1yU{f e L*: f(z) <3 forallz e X}.
5. {0}U{feLl*: f(x) >3 foralxzec X}
6. The discrete L- fuzzy topology L.

7. {3z} U{f e {0, 1}*}.

8 {fel®: f(x) <3 forallze X}U{feLX: f(z)>3 foralzeX}

Proof. Let § be a completely homogeneous L-fuzzy topology on X. If As = 0,
then § is the indiscrete topology. Clearly As cannot be equal to {0} or {1}. If
As = {3}, then 6 is of the form (2). Let As = {0,3}. Then there exist at least
one f in § such that Ay = {0, 3} and hence {0, £}* C § by Theorem 5.3.1. In this
case § = {1}U{f € L~ : f(z) < 5 forallz € X'}. Similarly if A5 = {0, 1}, then §
is the discrete topology 2 and if A5 = {1, 1}, then 6 = {0}U{f € L* : f(z) > 3

for all z € X}.

Now assume that As; = {0, %, 1}. Suppose there exists an L- fuzzy set f

in § such that Ay = {0,%,1}. Then again by Theorem 5.3.1, {0,%,1}¥ C §

)9 )92

and hence § = L*. Otherwise there exist no f in ¢ such that Ay = {0,3,1}.

But we have As = {0,3,1}. So there exist at least two functions f; and fy
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such that either Ay = {0, %} and Ay = {1,%} or Ay, = 40,1} and Ay, = {%}
If Ay, = {0,3} and Ay, = {1,3}, we get § = {f € L* : f(z) < § for all
v e XYU{feLX: f(z) > ; for all z € X}. Now assume that Ay, = {0,1}

and Ay, = {3}. In this case 6 = {3} U{f € {0,1}*}. O

Remark 5.3.3. It is not possible to drop the chain condition on the lattice

from the hypothesis of the Theorem 5.3.1. The following example illustrates this.

Example 5.3.4. Let X = {z, y} and L be the diamond type lattice L =
{0,a,b,1}. Define

0 =1{L0, f1, fo}

where

filz) = a, fily) = b

and fo(z) = b, fo(y) = a.

Here 0 is a completely homogeneous L- fuzzy topology on X, but Ajfl Z 6.
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Chapter

Principal Completely
Homogeneous L-fuzzy

Topological Spaces

6.1 Introduction

In this Chapter, we define the principal completely homogeneous topology
generated by a set. The completely homogeneous topology generated by a sin-
gle set is called principal completely homogeneous topology. We also introduce
principal completely homogeneous L- fuzzy topology generated by an L-fuzzy set
and study some of its properties. Also we characterize the principal completely
homogeneous L-fuzzy topological space generated by an L- fuzzy set when the

membership lattice L = {0, 3,1} with the usual order. .
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6.2 Principal Completely Homogeneous Topo-

logical Space

Among the crisp topologies R. E Larson [29] characterized the completely
homogeneous topological spaces.
Theorem 6.2.1. [29] The only completely homogeneous topologies on X are

the following.

1. The indiscrete topology.
2. The discrete topology.

3. Topologies of the form T,, = {G C X : | X \ G| < m} U {0} where Xy <

m < |X]|.

Now we define the term principal completely homogeneous topology gener-

ated by a set.

Definition 6.2.2. Principal completely homogeneous topology

Let A C X. Then the smallest completely homogeneous topology containing A
is called the principal completely homogeneous topology generated by A. Here the

set A is called the generator of the principal completely homogeneous topology.

Here we investigate the principal completely homogeneous topologies on an

arbitrary set X.
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6.2. Principal Completely Homogeneous Topological Space

Obviously the indiscrete topology is generated by the whole set X and the
discrete topology is generated by any singleton. So the indiscrete topology and

discrete topology are principal completely homogeneous topologies on X.

Now we consider the completely homogeneous topologies of the form 7T, =

{GC X :|X\G| <m}U{0} where Xy <m < |X]|.

We need the following definition for proving our next theorem.

Definition 6.2.3. [11] Limit Cardinal

The successor of a cardinal m is the least cardinal greater than m. A cardinal

is said to be a limit cardinal if it is not the successor of a cardinal.

The cardinals 0, Rg, N,, etc. are limit cardinals. An uncountable cardinal R,

will be a limit cardinal if and only if v is a limit ordinal [11].

In the following theorem we characterize principal completely homogeneous

topology generated by a set.

Theorem 6.2.4. Let X be an infinite set and and T,, = {G C X : | X \ G| <
m} U{0} where Xg < m < |X|. Then T,, is a principal completely homogeneous

topology on X if and only if m is not a limit cardinal.

Proof. Assume that m is not a limit cardinal, then there exists an infinite cardinal
m’ such that m is the immediate successor of m’. Choose a subset A of X
such that |X \ A] = m/. Since T,, is completely homogeneous, it follows that

{BC X :|B|=|Aland | X\ B| = | X \ A|} C T,,. Also we have super sets of
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nonempty open sets are open in X. So T}, is a principal completely homogeneous

topology generated by A.

Conversely assume that m is a limit cardinal. Suppose that 7, is generated
by subset A of X. Then |X \ A] < m. Then there exists an infinite cardinal
number m’ such that | X \ A] < m’ <m. Then A € T,,, and hence the principal
completely homogeneous topology generated by A is contained in T,,, which is

a contradiction. This completes the proof. O

Now we list the principal completely homogeneous topologies on an infinite

set X.

Corollary 6.2.5. The only principal completely homogeneous topologies on X

are the following.

1. The indiscrete topology.

2. The discrete topology.

3. Topologies of the form T,, = {G C X : | X \ G| < m} U {0} where Xy <

m < |X| and m is not a limit cardinal.

Remark 6.2.6. If X is a finite set, we have the only completely homo-
geneous topologies on X are the discrete topology and the indiscrete topology.

Hence all completely homogeneous topologies on a finite set are principal.
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6.3 Principal Completely Homogeneous L-fuzzy
Topological Space

We have that the intersection of all completely homogeneous L- fuzzy topolo-
gies containing an L- fuzzy set f is a completely homogeneous L-fuzzy topology

don X. Then § = {foh: h € S(X)} forms a sub-base for § (see [16,18]).

Here we define a principal completely homogeneous L-fuzzy topology.

Definition 6.3.1. Principal completely homogeneous L- fuzzy topology

Let f € LX. Then the smallest completely homogeneous L- fuzzy topology
containing f is called the principal completely homogeneous L- fuzzy topology
generated by f and is denoted by CHLFT(f).

Here the L- fuzzy set f is called the generator of the principal completely homo-

geneous L- fuzzy topology.

A completely homogeneous L-fuzzy topological space (X, 9) is called principal
completely homogeneous L-fuzzy topological space if 6 = CHLFT(f) for some

L- fuzzy set f € L.

Here we list some examples of principal completely homogeneous L-fuzzy

topological spaces.

1. Indiscrete space {0,1}.

2. Discrete Crisp topology 2%.
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3. The L-fuzzy topological space generated by an L-fuzzy point.

Now we investigate the L-fuzzy discrete space LX is principal completely

homogeneous L-fuzzy topology or not.

Proposition 6.3.2. Let X be any finite set and L be an F-lattice such that
|X| > L. Then LX is a principal completely homogeneous L-fuzzy topology on

X.

Proof. Let f be an L-fuzzy set such that Ay = L and § = CHLFT(f). Since
|X| > L, such an L-fuzzy set exists. Now we claim that for each [ € L\ {0},
x; € 0. Let | € L. Since Ay = L, there exist some 2y and z in X such that
f(zo) = 0 and f(z) = [. For each x in X, let h, be a function from X onto

itself which maps = to xg, xg to x and keeping all other elements fixed. Define

fe = foh, Now

| f(y) v e X\ {z, z}.

Since X is finite, A f, € ¢ and

reX\{z}

I y==z

N Ffoly) =

zeX\{z} 0 otherwise.
= ZI.

This is true for all [ € L\ {0}. So all L-fuzzy points are in §. This completes
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the proof. O

Remark 6.3.3. If | X| < L, L need not be a principal completely homo-

geneous L-fuzzy topology.

The following examples illustrate this.

Examples 6.3.4.

1. Let X = {a,b} and L = {0,1,1} with the usual order. Let f € L¥\
{01, 3}, T Ay = {0,3}, then CHLFT(f) = {1} U{f € LX : f(x) < 1.
If Ay = {1,3}, then CHLFT(f) = {0} U{f € L* : f(z) > 3}. If
Ay = {0,1}, then CHLFT(f) is the discrete topology 2X. This follows
that there exist no L-fuzzy set f such that CHLEFT(f) = L*. So L is

not a principal completely homogeneous L-fuzzy topology on X.

2. Let X = {a,b,c} and L be the diamond type lattice. Let f : X — L be
the L-fuzzy set defined by f(a) = 0, f(b) = 4 and f(c) = lo. Here we
can show that CHLFT(f) = L. Let hy and hy be two permutations on
X defined by hi(a) = b, hi(b) = a and hi(c) = ¢ and hy(a) = ¢, ha(b) =
b and hy(c) = a. Then fohy and fohy arein CHLFT(f). Now fA(fohy) =
¢, and f A (fohg) =b,. Sox, and x;, are in CHLFT(f) for all x € X.
Now we have that a;, V a;, = a;. This follows that all the L-fuzzy points

are in CHLFT(f) and hence CHLFT(f) = L*.
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6.4 Properties of Principal Completely Homo-

geneous L-fuzzy Topological Space

We now prove two important properties of the principal completely homoge-

neous L-fuzzy topological space.

For proving the subsequent theorems, we need the following set theoretic

results.

Let P and ) be two subsets of set X and |P| = |Q)|, it does not necessarily
follow that there exists a bijection of X which maps P onto (). In order to exist
such a function, we must also have that | X \ P| = |X \ Q|. If X is an infinite
set, it is possible to choose P and ) such that PUQ = X, PNQ = () and

|P| = |X| = |Q] since for any infinite cardinal number «, we have a+a = « [44].

Theorem 6.4.1. Let X be an infinite set and f be an L-fuzzy subset of X such

that | f~1(0)] = |X|. Then CHLFT(f) is A¥ U {1}.

Proof. Let 6 = CHLFT(f), X; = f7'(0) and X, = X \ X;. Given that

|X1| = |X|. Now we consider the following cases.

Case (1) : | X5 = |X].
Here X1 UX, = X, X1NX, =0 and | X;| = |X| = |X3|. Hence there exists
a bijection h of X which maps X; onto X, and X, onto X;. Since (X, ) is
a completely homogeneous L-fuzzy topological space, h™!(f) = foh €.

Let g = fohand |l € Ay, I # 0. Then there exists zp in X, such that
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f(zo) = [. We have

So we can choose 1o in X; such that g(yo) = f(zo). Now consider the L-
fuzzy set g o h,, where h,, is a function from X onto itself which maps xg
to Yo, Yo to xg and keeping all the other elements fixed. Set f; = f and

f2=gohg,. Then

Il z=uxg
(i fo)(x) =

0 otherwise.

= l‘ol

Case(2) : | X5| < |X].
If Xy = 0, there is nothing to prove. Suppose that X, # (). In this case
we can find a subset Y7 of X such that |Xs| = |Yi|. Then | X \ X3| =
|X| = |X \ Y1|. So there exists a bijection h from X onto X such that
h(Y1) = X5 and h(X3) = Yi. Then as in the case(1), consider g = f o h.
Now (f o h)(xz) = f(h(x)) # 0 for x € Y;. Now let [ € Ay \ {0}. Then

there exists xp in Xy such that f(zy) = [. We have X, C ¢~'(0). So we
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can choose yy in Y; such that g(yo) = f(x0). Now consider the L- fuzzy

set g o h,, where h,, is the function as defined in the case (1) above. Set
fl :fa’nd f2:gohmo'

Then

Il z=uxg

0 otherwise.

= l‘ol

So in both cases, zo, € 0. Since zg is arbitrary, {z; : + € X} C §. This is true
for all I € Ay and hence 6 = A~ U {1}.

O

Theorem 6.4.2. Let (X,0) be a completely homogeneous L-fuzzy topological
space where X is an infinite set and § = CHLET(f) for some f € L such that

lF7H0)| < a, Ng < a < |X|. Then |g~*(0)] < a for all g € 5\ {0}.

Proof. Let g € 0 \ {0}. Since 6 = CHLFT(f), S ={foh:h e S(X)} forms

a sub-base for . So g can be written as ‘\/Igi where [ is an index set and for
1€

each ¢ € I, g; can be written as the meet of finitely many members of S, say

st Asy...As' where r; € N and sé €8 1< j7<r Now(siAsy...A

Ti

st.)710) = (s1)71(0) U (s5)71(0) U ... U (sL,)7'(0). We have [(s5)(0)] < a for

all 7, 1 < j < ;. Since « is an infinite cardinal, we get |(g;')(0)] < a. Now

lg71(0)| = |(<\/Igi)*1(0)| = | n (9, 1(0))| < a. Hence the theorem. O
S 1€
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Theorem 6.4.3. Let X be an infinite set. Then  is a completely homogeneous
L-fuzzy topology on X where As = {0,1}, 1 € L\ {0, 1} if and only if 6 is one of

the following.

1. {1 u{o,nx.

2. {0, 1} U{f €{0,1}* : |f7H0)] < a} where Ry < o < |X].

Proof. Clearly the above two L-fuzzy topologies are completely homogeneous.
Now assume that ¢ is a completely homogeneous L-fuzzy topological space and
As = {0,1}. Then there exist at least one f € § such that {f(z) : x € X} =
{0,1}. Let X; = f~1(0). If |X;| = | X|, then by the Theorem 6.4.1, § = {1} U
{0,7}*. Otherwise |X;| < |X|. In this case consider the level topology Tjg of
. Then Tjy is a completely homogeneous topology on X by Theorem 5.2.6 and
X\ Xjisopenin Tiy. So T = {A C X : | X\ A| < a}U{0} where Ry < o < | X]|.

Hence 6 = {0,1} U {f € {0,1}* : |f740)| < a} where Ry < a < |X]|. O
Corollary 6.4.4. Let X be an infinite set and f € L where Ay = {0,1}, 1 # 0.
Then § = CHLFT(f) if and only if 6 is one of the following.

1. {1} u{o,1}*.

2. {0, 1} U{f € {0,1}X : |F720)] < a} where Ry < a < |X| and « is not a

limit cardinal.

Proof. Let f € LX where Ay = {0,1}, 1 # 0. By the Theorem 6.4.3 we have

that the only completely homogeneous topologies on X are the following.
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L AL u{fe{o}*}.

2. {0, 1} U{f € {0,1}* : |f720)] < a} where Xy < a < |X].

We have the L-fuzzy topology {1} U {f € {0,(}*} is generated by any L-fuzzy
point z; in L¥. Let 6 = {0,1} U{f € {0,1}* : [f7*(0)] < a} where Ry < a <
| X|. Now we claim that §, = {0,1}U{f € {0,1}* : |f~*(0)] < a} is a principal

completely homogeneous L-fuzzy topology if and only if « is not a limit cardinal.

Assume that « is not a limit cardinal. Then there exists a cardinal «; such
that « is the immediate successor of a;. Now choose an L-fuzzy set f € {0,1}*
such that |f~1(0)] = ay. Since (X, §) is completely homogeneous, it implies that
{g € {0.1}* : 1g71(0) = [f71(0)] and [¢g~() = [f7(D)]} S da. Also we have
{9 €{0,1}: g> f} C 64 Sod, is a principal completely homogeneous L-fuzzy

topology on X generated by f.

Conversely assume that « is a limit cardinal. Suppose that J, is generated
by an L-fuzzy set f of X. Then |f~!(0)] < a. Then there exists an infinite
cardinal number o such that |f~1(0)| < o/ < a. Then f € §, and hence the
principal completely homogeneous L-fuzzy topology generated by f is contained

in ./, which is a contradiction. This completes the proof.

Now we consider principal completely homogeneous L-fuzzy topology on a

finite set.
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Example 6.4.5. Let X = {a,b,c}, L ={0,1,1} and f € L* defined by

Fla) =0, (6) = 5 and f(c) = 1.

Then {foh: h € S(X)} form a sub-base for CHLFT(f). So zy and z; belongs

to CHLFT(f) for all z € X and hence CHLFT(f) = L*.

Now we observe that there exists non principal completely homogeneous L-

topology on a finite set. See the following example.

Example 6.4.6. Let L = {0,,1} with usual order and X = {a,b}. Now

define

6=1{0,1,a

N
N | —

Then ¢ is a completely homogeneous L-fuzzy topology on X. We have

1
CHLFT(ay) ={0,1,a3,by, 5},

NI

CHLFT(a?) = {0,1,a2,b2, = }.

ol — |

Here

(VI

0 = CHLFT(ay) UCHLFT(a?).

Note that (X, d) is a finite completely homogeneous L-fuzzy topological
space. But as you see here (X, d) is not a principal completely homogeneous

L-fuzzy topological space.
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Let X be any set and L = {0,a,1} with the order 0 < a < 1. Define
§ ={0,a}¥ U{a,1}¥. Tt is easy to prove that ¢ is a completely homogeneous L-
fuzzy topology on X. Any F-lattice L # {0, 1} contains a sublattice isomorphic
to L ={0,a,1}. If L # {0, 1}, there exists non principal completely homogeneous

L-fuzzy topology on X.

Remark 6.4.7. Let X be a finite set. Then every completely homogeneous

L- fuzzy topology on X is principal if and only if L = {0, 1}.

6.5 Principal Completely Homogeneous L-fuzzy
Topological Space when L = {0, %, 1}

Here we consider the principal completely homogeneous L-fuzzy topological
space generated by an L- fuzzy set when the membership lattice L = {0, %, 1}

with the usual order.

Remark 6.5.1. Let X be an infinite set and f € LX such that A; =
{0, %} Then by the Corollary 6.4.4, we have that ¢ is a principal completely
homogeneous L- fuzzy topology generated by f if and only if ¢ is one of the

following.

L {1}u{fel®: f(z) <3 forallze X}

2. {0,1}U{f €{0,5}* : [/ 71(0)] < a} where 8y < o < [X| and « is not a
limit cardinal.
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Theorem 6.5.2. Let X be an infinite set and f € L such that Ay = {1,3}.
Then ¢ 1s a principal completely homogeneous L- fuzzy topology generated by f

on X if and only if § is one of the following.

1. {0} U{f eL®: f(x) >3 forallz € X}.

2. {0y U{f e {1, 5} [/ '(3)| < a} where Ry < o < |X| and « is not a

limit cardinal.

Proof. Let X1 = f71(3), X2 = f!(1) and X; U X, = X. Now we take the

following three cases.

Case(1): | X;| =|X| = |X3].
In this case we show that § is of type (1). Since | X;| = |X| = | X3|, there
exists a bijection A from X to X such that A maps X; onto Xy and X,

onto X;. Then
1 if € X1

% if[L‘EXQ.

Now choose two points zy € Xy and yo € X; and define A’ : X — X as

follows.

xo if x =y
W(x) = Yo ifx=xg

T otherwise.

\

Consider ¢ = f ohoh'. Since 0 is a completely homogeneous L-fuzzy
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topology on X, we get g € 6 and

if v € (Xo\ {zo}) U{vo}

if v € (X1 \ {wo}) U{zo}-

N[

g(z) =

—_

Now let f,, =g A f. Then f,, € 6 and

1 ifx=ux
Joo =

otherwise.

N [—=

Thus for each z € X there is an L- fuzzy set f, in ¢ such that f takes the

value 1 at x and % at all other points in X.

Let = {f € L* : f(z) > 3}. Now we claim that ;1 C §. Consider f € p.

Let Y ={z € X : f(x) = 1}. Then f = \/Yfm and hence f € . Thus we
T

get & = p.

Case(2): |X;| =|X| and | X5 < |X]|.
Since (X, §) is completely homogeneous, by applying Theorem 5.2.15, {g €
LX: g> fand Ay CAf} C6. Soany fin L¥ such that | X;| = | X| = | X5

are in 6. So by case (1), § = p.

Case(3): | Xi| < |X] and |X;| = | X].
Since 6 = CHLFT(f), {foh :h € S(X)} is a subbase for §. So any
element ¢ in ¢ is of the form g = A\/I(?}\ilfij) where f;; = fohy;, hij € S(X).
el =

Now for each i € I, (jZ\ilfij)—l(%) = (fu)_l(%) U (fz?)_l(%) U... fljhl(§) So
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we get I(jﬁlfij) )l < Xl

Now
1 n; 1
-1 ) = .. -1 —
0 (3) = (YR F ) C)
= DA
_ U1l
= ZQI <jg1fij ( ))
and hence
1 n; 1
1ty -1/l
=10 (84 )!
n; 1
< ~H=
<10 550
< [ X4l
Thus § = {0} U{f € {1,3}* : [/ '(3)| < a} where 8y < a < |X]| and «a is

not a limit cardinal.

Conversely assume 0 is one of the form

L {0}u{feLl®: f(z)>1foralzeX},

2. {0} U{f € {1,3}* 1 |/ 7' (3)] < a} where Ry < a < |X| and « is not a

limit cardinal.

Then it is easy to verify that these are the completely homogeneous L-fuzzy
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PR

topologies on X. Hence the theorem. O

Theorem 6.5.3. Let X be an infinite set and f € L™ where Ay = {1,%,0}. Then
0 1s a principal completely homogeneous L-fuzzy topological space generated by f

on X if and only if 0 is one of the following.

1. The discrete L-fuzzy topology L.
2. {0} U{f e lX:|f7Y0)] <a}.
3. {0 Uu{f e LX[f7H0) = [f'(3)| < a}.

4 A0 U{f e LY [fHO) < [fH(E) < at,

where Rg < a < | X| and « is not a limit cardinal.

Proof. Obviously the above L-fuzzy topologies are principal completely homo-
geneous. Conversely let f € LY, X, = f71(0), X, = f7'(3) and X3 = f~(1).
If |X;| = |X]|, then by Theorem 6.4.1, it follows that 6 = L*. Otherwise

|X1| = o < |X|. In this case by Theorem 6.4.2, we have

|f71(0)| < a for every f €4\ {0} (6.1)

where Xy < o < | X]|. Since | X;| < |X|, | X2 U X3| = | X].

Case(1): | X3 = |X]| and |X3| < |X]|.

In this case, by Theorem 5.2.15, there exists an L- fuzzy set ¢ in § such
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that [¢7'(3)] = [¢7'(1)| = |X| and X = ¢~'(3)Ug~*(1). Then by Theorem

6.5.2, it follows that

(VU{feL¥: f(z) >~ forall o € X} C 6. (6.2)

\)

From Equations (6.1) and (6.2), we get § = {0} U{f € L* : |f71(0)] < a}

where Ry < o < | X| and « is not a limit cardinal.

Case(2): | Xo| < |X| and |X3] = | X].
Let |X;| < |Xo|. In this case 6 = {0} U{f € L* : [f71(0)| < [f'(3)| < a}
where Ry < o < | X|. Suppose that |X;| = |X5|. Then § = {0}U{f € L* :

|f7H0) = [f7(3)] < o} where Ry < o < |X| and « is not a limit cardinal.

If | X5| < | X3, then by Theorem 5.2.15 there exists an L-fuzzy set g in §
such that |g(0)] < |g~*(2)|. So in this case also we get § = {0} U {f €

LX | f740)| < |f‘1(%)| < a} where Xy < a < |X]|.

Thus we determined the principal completely homogeneous L- fuzzy topolo-

gies on an infinite set X when L = {0,%,1}. We conclude this section by list-

)9

ing all the principal completely homogeneous L-fuzzy topologies on X when

L={0,5,1}.

Corollary 6.5.4. Let X be an infinite set. Then the only principal completely

homogeneous L-topologies on X when L = {0, .1} are the following.

’ 90
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1. The trivial L-fuzzy topology, {0, 1}.

3. The discrete crisp topology, 2.

4. L-topologies of the form {xc : | X \ G| < a} U {0}.
5 {1}u{feLl*: f(x) <3 foralze X}

6. {0, 1} U{f €{0,5}* : [f1(0)] < a}.

7. {0y U{f e LX: f(z) >3 forallz € X}.

8. {0 U{f e {1, 5} If (3] < al.

9. The discrete L-fuzzy topology L.
10. {0} U{f e L [f7H0) = |/ (3) < a}.

11 {0} U{f € LX : [fHO)] < [f (5 < a}

where Xy < a < | X| and « is not a limit cardinal.

Proof. Proof follows from Remark 6.5.1 and Theorems 6.5.2 and 6.5.3.
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Chapter

Conclusion

In this thesis we studied the group of homeomorphisms of a topological space
and the group of L- fuzzy homeomorphisms of an L-fuzzy topological space.
One of the questions we tried to answer in this thesis is “Which permutation
groups can be represented as the group of homeomorphisms of a topological
space or the group of L-fuzzy homeomorphisms of an L-fuzzy topological space ”.
We determined the t—representability of some interesting permutation groups
and an analogous study carried out in the case of L-fuzzy topological spaces.
The properties of t-representable and L-representable permutation groups are

investigated.

Further we continued the works of T. P. Johnson on completely homogeneous
L-tuzzy topological spaces. We studied some properties of completely homo-
geneous L-fuzzy topological spaces. A characterization of completely homoge-
neous Alexandroff discrete L-fuzzy topological space is obtained. In addition to

the study of completely homogeneous L-fuzzy topological spaces, the concept of
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principal completely homogeneous L— fuzzy topological space is introduced and

investigation on the properties of these spaces are conducted.

7.1 Further Scope of Research

Here we describe some open problems that are to be solved.

Some of the problems studied in this thesis has obtained only a partial so-
lution. We have proved several results on finite permutation groups, but in
the case of infinite permutation groups analogous problems remain unsolved.
For example, we proved that the direct sum of finite t—representable permuta-
tion group is t—representable. But the condition under which the direct sum
of infinite t—representable permutation groups become t—representable is not
yet obtained. We determined the t—representability of finite transitive permu-
tation groups, but we are not able to determine the t—representability of all
infinite transitive permutation groups. We determined t-representability of some
cyclic permutation groups. Characterization of ¢-representable cyclic permuta-

tion groups is an open problem.

We studied the t-representability of transitive and maximal subgroups of
symmetric group. The L-representability of these permutation group remain

unsolved

We proved a characterization theorem of completely homogeneous Alexan-
droff discrete L-fuzzy topological spaces when L is a complete chain, but we are

not able to give a complete characterization for a completely homogeneous L-
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topological space. We characterized principal completely homogeneous L-fuzzy

1

topologies when L = {0, 5,1} and the characterization of the same in the case of

general F-lattice is still open.

151



Bibliography

1]

Abian A. : The Theory of Sets and Transfinite Arithmetic, W. B. Saunders

Company, London, (1965).

Andima S. J. and Thron W. J. : Order Induced Topological Properties,

Pacific Journal of Mathematics, Vol-75, No. 2, (1978).

Al Gour S. : Local Homogeneity in Fuzzy Topological Spaces, International

Journal of Mathematics and Mathematical Sciences, 1 — 14, (2006).

Babusundar. S. : Some Lattice Problems in Fuzzy Set Theory and Fuzzy
Topology, Thesis for Ph.D. Degree, Cochin University of Science and Tech-

nology, (1989).

Ball R. W. : Maxzimal Subgroups of Symmetric Groups, Transactions of

American Mathematical Society, 121, 393-407, (1966).

Baer R. : Die Kompositionsreihe der Gruppe aller eineindeutigen Abbildun-

gen einer unendlichen Menge auf sich, Studia Mathematica, Vol-5, No.1,

152



Bibliography

[11]

[13]

[15]

15-17, (1934).

Brazil M., Covington J., Penttila T., Praeger C. E. and Woods A. R.
. Mazimal Subgroups of Infinite Symmetric Groups, Proceedings of the

London Mathematical Soceity , Vol-68, No. 3, 77-111, (1994).

Chang C. L. : Fuzzy Topological Space, The Journal of Mathematical Anal-

ysis and Applications, Vol-24, 182-190, (1968).

De Groot J. , Wille R. J. : Rigid Continua and Topological Group Pictures,

Archiv der Mathematik, Vol-9, 441-446, (1958).

De Groot J. : Groups Represented by Homeomorphism Groups I, Mathe-

matische Annalen, Vol-138, 80-102, (1959).

Devlin K. : The Joy of Sets: Fundamentals of Contemporary Set Theory,

Springer-Verlag, New York, (1993).

Dixon J. D. ; Mortimer B. : Permutation Groups, Graduate Text in Math-

ematics, Springer-Verlag, New York, (1996).

Fraleigh J. B. : A First Course in Abstract Algebra, Fifth Edition, Addison

Wesley Longman Inc., (1994).

Ginsburg J. :A Structure Theorem in Finite Topology, Canadian Mathe-

matical Bulletin, Vol-26, No.1, 121-122, (1983).

Gouguen J. A. : L-fuzzy sets, Journal of Mathematical Analysis and Ap-

plications, Vol-18, 145-174, (1967).

153



Bibliography

[16]

[17]

[19]

[20]

[21]

[22]

Johnson T. P. : Some Problems on Lattices of Fuzzy Topologies and Re-
lated Topics , Thesis for Ph. D. Degree, Cochin University of Science and

Technology, (1990).

Johnson T. P. : The Group of Fuzzy Homeomorphisms, Fuzzy sets and

Systems, Vol-45, 355-358, (1992).

Johnson T. P. : Some Problems on Lattice of Fuzzy Topologies, Proceed-
ings of the National Seminar on Fuzzy Mathematics and Applications, De-
partment of Mathematics, Union Christian College, Alwaye, India, 85-87,

(1999).

Johnson T. P. : The Group of L-fuzzy Homeomorphisms and the Group of
Permutations on the Ground Set, Journal of Mathematical Analysis and

Applications, Vol-245, 423-429, (2000).

Jose A. and Mathew S. C. :  Strongly Homogeneous Fuzzy Topological
Spaces, International Journal of Fuzzy Mathematics and Systems, Vol-3,

263-271, (2011).

Jose V. K. : A Study on Lattice of L-topologies, Thesis for Ph. D. Degree,

Mahathma Gandhi University, (2009).

Jose V. K. and Johnson T. P. : Complete Homogeneity and Reversibility in
L-topological Spaces, Far Fast Journal of Mathematical Sciences, Vol-16,

357-362, (2005).

154



Bibliography

[23]

[24]

[25]

[28]

[29]

[30]

[31]

Joshi K. D. : Introduction to General Topology, New Age International (P)

Limited, (2003).

Kannan V. and Rajagopalan M. : Constructions and Applications of Rigid

Spaces I, Advances in Mathematics, Vol-29, No.1, 89-130, (July 1978).

Kannan V. and Rajagopalan M. : Constructions and Applications of Rigid
Spaces II, American Journal of Mathematics, Vol-100, No.6. , 1139-1172,

(Dec. 1978).

Kannan V. and Rajagopalan M. : Constructions and Applications of Rigid

Spaces 111, Canadian Journal of Mathematics, Vol-30, 926-932, (1968).

Kannan V. and Ramachandran P. T. : Heriditariy Homogeneous Spaces,
Proceedings of International Seminar on Recent Trends in Topology and

its Applications, St. Joseph’s College Irinjalakuda, 48-52, (2009).

Klein A. J.: « - Closure in Fuzzy Topology, Rocky Mountain Journal of

Mathematics, Vol- 11, 553-560, (1981).

Larson R. E. :  Minimum and Maximum Topological Spaces, Bulletin De

L’ Academie Polonaise des Sciences, Vol. XVIII, No.12, 707-710, (1970).

Liu Y. M. and Luo M. K. : Fuzzy Topology, World Scientific, Singapore,

(1997).

Macpherson H. D. and Neumann P. M. : Subgroups of Infinite Symmetric
Groups, Journal of the London Mathematical Society, Vol-42, No. 2, 64-84,

(1990).

155



Bibliography

[32]

[36]

[37]

[38]

[39]

Meenaxi B., Dugald M., Rognvaldur G. M. and Peter M.N. : Notes on

Infinite Permutation Groups, Hindusthan Book Agency, (1997).

Nakaoda F. and Oda N. : Some Applications of Minimal Open Sets, Inter-
national Journal of Mathematics and Mathematical Sciences, Vol-27, No.

8, 471-476, (2001).

Ramachandran P. T. : Some Problems in Set Topology Relating Group of
Homeomorphisms and Order, Thesis for Ph. D. Degree, Cochin University

of Science and Technology, (1985).

Ramachandran P. T. : Groups of Homeomorphisms and Normal Subgroups
of the Group of Permutations, International Journal of Mathematics and

Mathematical Sciences, Vol-14, No.3, 475-480, (1991).

Ramachandran P. T. : A Note on the Group of L- fuzzy Homeomorphisms,
Proceedings of the International Conference on Analysis and Applications,

Irinjalakkuda, 166-175(2000).

Ramachandran P.T. :  The Group of Homeomorphisms and the L-fuzzy
homeomorphisms, Proceedings of the National Conference on Mathemati-

cal Modelling, Kottayam, India,117-121 (2002).

Richman F. : Mazimal Subgroups of Infinite Symmetric Groups, Canadian

Mathematical Bulletin, Vol-10, 375-381, (1967).

Sini P. and Ramachandran P. T. : On the Group of Homeomorphisms,

Bulletin of KMA, Vol-9, No.1, 55-63, (2012).

156



Bibliography

[40] Sini P.: On Ly—representability of Permutation Groups, Proceedings of In-

ternational Conference IC-AMMN 2016, FISAT, Angamaly, 93-96, (2016).

mi P. an amachandran P. T. : On t—representability of Cyclic Sub-
41] Sini P. and R hand P.T.: O bili Cyclic Sub
groups of Symmetric Group- I, International Journal of Pure and Applied

Mathematics, Vol-106, No.3, 851-857, (2016).

[42] Sini P., Dhanya P. M. and Ramachandran P. T.:  On Completely Homoge-
neous L-topological Spaces, Annals of Fuzzy Mathematics and Informatics,

Vol. 12, No. 5, 703-718, (2016).

[43] Sreeja M. :Some Problems Related to Homogeneity in Topological Spaces,

Thesis for Ph. D Degree, University of Calicut, (2013).

[44] Stoll R. R. : Set Theory and Logic, Dover Publications Inc., New York,

(1961).
[45] Willard S. : General Topology, Dover Publications, INC. New York, (2004).

[46] Zadeh L. A. : Fuzzy sets, Information and Control, California, Vol.8, 338-

353, (1965).

157



Appendix

Appendix

List of Publications

1. Sini P. and Ramachandran P. T. : On the Group of Homeomorphisms,

Bulletin of KMA, Volume 9, No. 1, 55-63 (2012) ISSN: 0973-2721.

2. Dhanya P. M and Sini P. : On Homogeneous Generalized Topological Spaces,
Proceeding of the International Conference ICAMMN-16, FISAT, Anga-

mally (2016).

3. Sini P. : On Ly—representability of Permutation Groups, Proceedings of

International Conference IC-AMMN 2016, FISAT, Angamaly, (2016).

4. Sini P. and Ramachandran P. T. : On t—representability of Cyclic Sub-
groups of Symmetric Group- I, International Journal of Pure and Applied
Mathematics, Volume 106, No.3, 851-857 (2016) ISSN: 1311-8080(Print

version), ISSN: 1314-3395(Online version) doi: 10.12732/ijpam.v.106.13.11.

5. Kavitha T., Sini P. and Ramachandran P. T. : On the Group of Closure Iso-
morphisms, Journal of Advanced Studies in Topology, 7(3)132-136 (2016)

ISSN: 2090-8288, doi: 10.20454 /jast.2016.1061.

158



Appendix

6. Sini P., Dhanya P. M. and Ramachandran P. T. :  On Completely Ho-
mogeneous L-topological Spaces, Annals of Fuzzy Mathematics and Infor-
matics, 12(5) 703-718 (2016) ISSN: 2093-9310(Print version), ISSN: 2287-

6235(Online version).

sk s ok sk ok sk ok ok st ok sk ok sk sk st sk s sk sk ok stk stk stk s sk sk ok ok ok sk skok ok sk sk skok ok ok skok

159



