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Chapter 1

Introduction

Graph theory, an important and interesting branch of discrete mathe-
matics, is believed to have originated in 1735 with the introduction of a solution
to the famous Konigsberg bridge problem by Leonard Euler. Due to its diverse
applications in almost all fields of real life, research has been flourishing in this
area since it’s inception.

Graph theory has numerous applications in day to day life. Applications of
graph theory are very much useful in the field of artificial intelligence, biology,
chemistry, quantum physics, computer science, operation research, economics,
sociology etc.

Internet, the word which is familiar to every one and without which every-
one’s life become strenuous and worthless, is really a virtual graph. In internet,
an individual page can be regarded as the vertex and a hyperlink between two
pages can be treated as an edge.

In this thesis, our main goal is to study the forcing numbers of some graphs



and splitting graphs. The forcing numbers which we consider in this thesis com-
prises of zero forcing number, k-forcing number, connected k-forcing number and
2-distance forcing number. Throughout the thesis, we consider only simple, con-
nected and finite graphs.

Zero forcing number. The zero forcing number of a graph G, denoted
by Z(G), was found by the AIM Minimum Rank Special Graphs Group [19].
They used this graph parameter Z(G) to bound the minimum rank for numer-
ous families of graphs. The zero forcing number has wide range of applications in
coding theory, logic circuits, in modelling the spread of diseases, power network
monitoring, information in social networks etc.

In 2012, Minerva Catral et al. studied the relationship between the maxi-
mum nullity, the zero forcing number and the path cover number of a graph G [7]
and obtained some useful results. They also included the relationship between
the zero forcing number and the maximum nullity of edge subdivision graphs in
their discussion. In 2015, Amos et al. [1] gave an upper bound of the zero forcing
number of a connected graph G in terms order n and A > 2, where A is the
maximum degree of the graph G. In 2016, Michael Gentner et al. [14] verified
this conjecture and proved that the result is true only for the graphs C,,, K,, and
Ka . Alower bound for triangle free graphs were also provided by them. More
useful studies regarding the zero forcing number were also carried out by Darren
D. Row in the paper “A technique for computing the zero forcing number of a
graph with a cut-vertex” [29]. In this paper, a technique for computing the zero
forcing number of graph with a cut-vertex was established. Darren D. Row also
focused his attention in finding graphs having very low or very high zero forcing

numbers.



k-forcing number. The k-forcing number of a graph G, denoted
by Zi(G), was introduced by D Amos, Y Caro, R Davila, and R Pepper in
2015 [1]. When k£ = 1, then this parameter is equivalent to the zero forcing
number. Therefore, k-forcing number is a generalization of the zero forcing num-
ber. Thus, the introduction of the k-forcing number of a graph raised several
questions which led to a more fruitful study of the topic in which new bounds
had been studied and analysed. As a result, upper bounds on Z(G) in terms
of order (n), maximum degree (A), minimum degree (§) and a positive integer
k > 1 were provided. Apart from this, discussion on improved upper bounds on
Zk(G) of connected graphs and upper bounds on Zx(G) of some special families
of graphs such as Hamiltonian graph, cycle-tree graph, tree graph were given. A
serious effort was also made by the authors to establish a relationship between
the k-forcing number and the connected k-domination number of a graph G. As
a conclusion of their work, they found that the sum of the zero forcing number
and the connected domination number is at most the order for connected graphs.
Connected k-forcing number. Without knowing much about the struc-
ture of a forcing set, it is difficult to study Z(G) of a graph G. This fact had
actually motivated the study of the connected zero forcing set of a graph G,
denoted by Z. and the connected k-forcing set of GG, denoted by Z.. In 2016,
Boris Brimkov and Randy Davila [4] imposed a condition on the zero forcing set
that the initially colored set of black vertices should form a connected induced
subgraph. This restriction on the zero forcing set had led to the introduction
of the concept of connected zero forcing set and thus the connected zero forcing
number Z.(G).

Connected k-forcing number Z.(G) of several families of graphs including



trees, flower snarks, hyper cubes and graphs with a single maximal clique of size
greater than two were studied and analysed. As a result of their work, the au-
thors had arrived at the conclusion that the connected zero forcing number is a
sharp upper bound to the maximum nullity, the path cover number and the leaf
number of a graph. Further studies were carried out and in 2016, Randy Davila,
Michael A. Henning, Colton Magnant, and Ryan Pepper [9] provided sharp lower
and upper bounds on the connected forcing number of a graph based on the max-
imum degree (A), minimum degree (), girth and order (n) of a graph.
2-distance forcing number. In addition to the graph parameters dis-

cussed above, we introduced a new parameter namely 2-distance forcing number
of a graph GG. This forcing number is a generalization of the zero forcing number
based on the distance in graphs. To define the 2-distance forcing number of a
graph G, we have to familiarise with the following.

2-distance vertex. Let G = (V, E) be a graph with vertex set V(G) and
edge set E(G). If a vertex v of G lies at a distance at most two from the vertex
u of G, then we say that v is a 2-distance vertex ( or 2-distance neighbor ) of w.

Color change rule. Let GG be a graph with each vertex colored either

black or white. If a black colored vertex has exactly one white colored 2-distance
neighbor, then change the color of that white vertex to black. When the color
change rule is applied to an arbitrary vertex v to change the color of the vertex
u to black, then we say that the vertex v forces the vertex u to black and we
denote it as v — wu to black.

A 2-distance forcing set of a graph G is a subset Zy, of vertices of G such
that if initially the vertices in Z,; are colored black and the remaining vertices

are colored white, the derived coloring of G is all black.



The 2-distance forcing number Z,;(G) is the minimum of | Zy | over
all 2-distance forcing sets Zyq C V(G).

In addition to the introductory chapter, the thesis is divided into seven
other chapters and chapters into sections.

Chapter One is the introduction.

Chapter Two provides a brief description of the basic definitions of graph
theory which will be very useful in the upcoming chapters.

In Chapter Three, we compute the zero forcing number of certain types
of graphs. Also, this chapter investigates the zero forcing number of the splitting
graph of a path P,, cycle (), the star graph K;, on n 4+ 1 vertices, the ladder
graph, the wheel graph, the C'P graph, the friendship graph etc. The chapter
begins with some basic definitions, elementary results, facts and terminology
which are also used in the subsequent chapters. This chapter is divided into
Five Sections. In Section 1, we deal with some basic results regarding path
and cycle. In Section 2, we provide some bounds on the zero forcing number
of the splitting graph. An attempt is also made to incorporate the zero forcing
number with its dominating number. Section 3 discusses the families of graphs
for which the equality Z[S(G)] = 2Z(G) holds. We show that the result is true
for the path P,, the cycle C),, the star graph K, on n + 1 vertices and the lad-
der graph. The zero forcing number of family of C'P graphs and their splitting
graphs are also provided in this section. Section 4 starts with an attempt to
prove the inequality Z[S(G)] < 2Z(G) for a connected graph G. We consider
the C'P graph C5P, first. This section also provides the zero forcing number of
the friendship graph and its splitting graph. We also introduce a new family

of graph, namely the ZP graph, in the last Section. ZP graph. A graph G



is said to be ZP if Z(G) = P(G), where P(G) is the path cover number of G.
The relation between the path cover number and the zero forcing number of the
splitting graph of path and star graph is also studied in this Section.

In Chapter Four, we focus mainly on determining the k-forcing number
Z(G) of some classes of graphs, especially the 2-forcing number Z,(G). This
chapter contains Four Sections. Necessary definitions are provided in Section
1 for the further development of this chapter. In Section 2 of this chapter, we
determine the 2-forcing number of graphs such as the Corona product C,, ® K7,
the square graph of a path P,, where n > 3, the cycle C,, the graph P,[1P,,,
(n,m > 2), the prism graph ( or circular ladder graph ), the wheel graph and
the square graph of a cycle. Besides these findings, we also obtain the 2-forcing
number of the splitting graph of path P,, n > 3, cycle C,,, where n > 4, ladder
graph, wheel graph and the prism graph C,[JK,. Again, an effort is taken to
compute the k-forcing number of path and cycle. In the next Section 3, namely
“Graphs for which Z(G) > 47, we consider the star graph and the generalized
friendship graph F}f. Section 4, which is the concluding section of this chapter,
describes the bounds on the 2-forcing number of a graph G. A relationship be-
tween Z(G), Z>2(G) and Z[S(G)] is also given in this Section.

It is worth mentioning that Chapter Five is the continuation of Chapter
Four. Throughout the Chapter Five, we address the problem of determin-
ing the connected k-forcing number of some graphs and splitting graphs. The
concept of connected k-forcing number can be regarded as a generalization of
the connected zero forcing number. In Section 1, we compute the connected
zero forcing number of the splitting graph of path P,, splitting graph of cycle

C,, friendship graph F},, complete bipartite graph K, ,, the Cartesian product



C,0P,, and the star graph K ,. We also compute the connected k-forcing num-
ber of the splitting graph of path and cycle in this section. Moreover, we provide
an upper bound for connected zero forcing number of the corona product of two
graphs, say G and H. Section 2 describes the connected k-forcing number of
rooted product of some graphs. In this section, we consider the rooted product of
cycle and path, cycle and cycle, ladder graph and path, the grid graph and path,
ladder graph and cycle, circular ladder graph and path, circular ladder graph
and cycle, and path and path for determining this graph parameter. In addition
to this, we also investigate the connected k-forcing number of the C'P -graph
C5P, and the circular ladder graph. In Section 3, we deal with the connected
k-forcing number of square graph of path and cycle.

A new graph parameter, namely 2-distance forcing number Zo;(G), is
introduced in Chapter Six. Section 1 provides some preliminary definitions
necessary for the further development of this chapter. In Section 2, we deter-
mine the exact value of this parameter for path, cycle, wheel graph, friendship
graph, star graph, ladder graph and the complete bipartite graph. Section 3
provides the 2-distance forcing number of graphs with diameter lying between 2
and 5. In this section, we compute the 2-distance forcing number of gear graph,
jelly fish graph, helm graph and the sunflower graph.

Chapter Seven investigates the 2-distance forcing number of some
special graphs with large diameter. In Section 1, we compute the 2-distance
forcing number of shadow graph of path, middle graph of path, S*" Necklace
graph, triangular snake graph, n-sunlet graph, comet graph, n- pan graph and
the generalized friendship graph F:. Section 2 deals with the 2-distance forcing

number of rooted product of graphs. Rooted product of path and path, path



and cycle, cycle and path, and cycle and cycle are considered for discussion. In
Section 3, we find the 2-distance forcing number of square graph of path and
cycle. The 2-distance forcing number of the splitting graph of path P,, where
n > 4, is computed in Section 4. Section 5 computes the 2-distance forcing
number of Cartesian product of graphs such as the ladder graph P,[JP,, the
grid graph P,[JP,, and the circular ladder graph C,[JK5. The final Section 6
provides the 2-distance forcing number of complement of path and cycle.

Chapter Eight provides conclusion and further scope of research.



Chapter 2

Preliminaries

This chapter provides a brief account of the preliminary definitions from
graph theory which are very useful for the upcoming chapters. For the notations

and terminologies not defined directly in the thesis, we may refer to [12] and [16].

2.1 Basic Definitions

Definition 2.1.1. [3] A graph G is an ordered triple G = (V(G), E(G),¥(G))
consisting of a non-empty set V(G) of vertices, a set E(G) of edges disjoint from
V(G) and an incidence function ¢(G) which associates with each element of

E(G), an unordered pair of vertices (not necessarily distinct) of G.

Definition 2.1.2. [3] A diagram of a graph represents the incidence relation

between two edges and vertices.

Definition 2.1.3. [3] If two vertices are incident with a common edge, then that

vertices are adjacent. Otherwise, they are non adjacent. If a vertex u is adjacent

9



2.1. Basic Definitions

to a vertex v in a graph G, we denote it as u ~ v. If two edges are incident with

a common vertex, then that edges are adjacent. Otherwise, non adjacent.

Definition 2.1.4. [3] An edge with identical end points is called a loop. An
edge with distinct end points is known as a link. Edges joining the same pair of

vertices are called multiple edges.

Definition 2.1.5. [3] A graph G is finite if both the vertex set V(G) and the

edge set E(G) are finite. Otherwise, the graph G is said to be infinite.

Definition 2.1.6. [3] The number of vertices in a graph G is known as the order

of the graph and it is denoted by O(QG).

Definition 2.1.7. [3] A graph which has no loops and multiple edges is called

a simple graph. A graph is trivial if it has only one point.

Definition 2.1.8. [3] Two graphs G and H are identical if V(G) = V(H), E(G) =
E(H) and $(G) = ¥(H).

Definition 2.1.9. [3] Two graphs G and H are said to be isomorphic if there
exists bijections 0 : V(G) — V(H) and ¢ : E(G) — E(H) such that ¥g(e) = uv
if and only if ¥y (p(e)) = 6(u)f(v). If G and H are isomorphic, we write G = H.

The pair (0, ¢) is called an isomorphism between the graphs G and H.

Definition 2.1.10. [3] A graph G is complete if every pair of distinct vertices

is joined by an edge and G is simple. A complete graph on n vertices is denoted

by K,.

Definition 2.1.11. [3] An empty graph is a graph which has no edges.

10



2.2. Subgraphs

Definition 2.1.12. [3] A graph G is called bipartite if the vertex set V(G) can
be partitioned into two subsets X and Y such that each edge of G’ has one end

in X and the other end in Y. (X,Y) is called a partition of G.

Definition 2.1.13. [3] A graph G is said to be complete bipartite if G is simple,
bipartite with bipartition (X,Y") and each vertex of X is joined to every vertex

of Y. If | X |[=m,| Y |=n, then G is denoted by K, .

Definition 2.1.14. [3] A graph G is m-partite if the vertex set can be partitioned
into m subsets X1, Xs, ..., X, such that no edge of G has both ends in any one
subset. (X1, X, ..., X,,) is called m-partition of G. Complete m-partite graph
is a simple graph and a m-partite graph such that each vertex of each subset is

joined to every vertex of other subsets.

Definition 2.1.15. [3] The complement of a simple graph G, denoted by G¢, is
a simple graph with vertex set V(G) and such that two vertices are adjacent in

G° if and only if they are non adjacent in G.

2.2 Subgraphs

Definition 2.2.1. [3] A graph H is a subgraph of G, if V(H) C V(G), E(H) C
E(G) and vy is the restriction of ¥¢ to E(H).

If H is a subgraph of G, then it is denoted by H C G. G is the super graph
of H. If H is a subgraph of G and H # G, then H is a proper subgraph of G
(H C G). H is a spanning subgraph of G if H is a subgraph and V(H) = V(G).
Let GG be a graph. By deleting all loops and for every pair of adjacent vertices all

except one link joining them, we obtain a simple spanning subgraph of G called

11



2.3. Path and Connection

the underlying simple graph of G.

Definition 2.2.2. [3] Let V! be a non-empty subset of the vertex set V of G.
The subgraph of G whose vertex set is V! and whose edge set is the set of those
edges of G that have both ends in V* is called the subgraph of G induced by V!

and is denoted by G[V']. We say G[V'!] is the induced subgraph of G.

Definition 2.2.3. [3] Let G be a graph and v be it’s vertex. Then, the degree of
v is the number of edges of GG incident with v, counting each loop as two edges.
The degree of v is denoted as deg(v). The vertex with zero degree is called an
isolated vertex. A vertex with degree one is called an end vertex or pendant
vertex.

We denote by §(G) and A(G), the minimum degree and the maximum degree of

vertices in G respectively.

Definition 2.2.4. [3] A graph G is k-regular if deg(v) = k for all v € V. A
regular graph is a graph which is k-regular for some k& > 0.
If G has vertices vy, vs, ..., v,, then the sequence deg(vy), deg(vs), ..., deg(vy,) is

called a degree sequence of G.

2.3 Path and Connection

Definition 2.3.1. [3] A walk in a graph is a finite non-null or non-empty se-
quence w = vpe1v1e09, . . . , €,V Whose terms are alternatively vertices and edges
so that for 1 < i < k, the ends of e; are v;_; and v;. We say that w is a walk
from vy to v or w is a (vy, vx) walk. v is called the origin and vy is called the

terminus of w. vy, vs,...,v,_1 are called the internal vertices. The integer k is

12



2.3. Path and Connection

called the length of w.
Definition 2.3.2. [3] A walk in which every edge is distinct is called a trial.

Definition 2.3.3. [3] A walk in which every vertex is distinct (hence edges are

distinct) is called a path.

Definition 2.3.4. [3] Two vertices u and v of G are said to be connected if
there is a (u, v) path between them. Connectedness is an equivalence relation on
the vertex set V. Thus, there is a partition vy, vg, ..., v, of V(G). The induced
subgraphs G[v1], G[vs], . .., G[v,] are called the components of G. The graph G is
connected if G has exactly one component. Otherwise, G is disconnected. w(G)

is the number of components of G.

Definition 2.3.5. [3] The distance between two vertices u and v, denoted by

d(u,v), is the length of the shortest path connecting them.

Definition 2.3.6. [3] Diameter of a graph G is the maximum distance between

the vertices of G.

Definition 2.3.7. [3] A cycle is a closed trial whose origin and internal vertices

are different. A cycle of length k is called a k-cycle and it is denoted by Cj.
Definition 2.3.8. [3] A graph is called acyclic if it has no cycles.
Definition 2.3.9. [3] A tree is a acyclic graph which is connected.

Definition 2.3.10. [3] Forest is a acyclic graph.

13



2.4. Some Operations on Graphs

2.4 Some Operations on Graphs

Definition 2.4.1. [12] Let G; = (V4, Ey) and Gy = (Va, E3) be two simple
graphs. Then, the graph G = (V| E), where V.=V, U V3 and E = E; U Ey, is
called the union of graphs G; and G5 and is denoted by G; U Gy. If Vi NV, = ¢,
then G| U G4 is usually denoted by G + G, called the sum of the graphs G,

and G2 .

Definition 2.4.2. [12] Let G; = (V4, Ey) and Gy = (Va, E2) be two simple
graphs with V; N V5 # ¢. Then the graph G = (V, E), where V' = V; NV, and
E = E; N Es, is called the intersection of graphs GG; and G5 and is denoted by

G1 NG

Definition 2.4.3. [12] Let Gy = (V4, E4) and Gy = (Va, E») be two simple graphs
with V; N V45 = ¢. Then the join, G; V G,, of G; and G is the super graph of

G171 + G5 in which each vertex of (G; is adjacent to every vertex of Gs.

Definition 2.4.4. [12] The Cartesian product of two simple graphs G; and G,
commonly denoted by G100G, or G X Gg, has the vertex set V(G1) x V(G3) and
two distinct vertices (ug,v1) and (ug,ve) of G10G, are adjacent if either u; = ug

and vivy € E(Gs) or v; = vg and wjug € E(G).

Definition 2.4.5. [12] The Composition or lexicographic product of two simple
graphs G and G, commonly denoted by G[Gs] has the vertex set V(Gy) X
V(G3) and two distinct vertices (uq,v1) and (ug,vs) of G1[Gs] are adjacent if

either u; is adjacent to us or u; = us, and vy is adjacent to vs.

Definition 2.4.6. [12] The Corona G; ® G9 of two graphs G; and Gy is the

graph obtained by taking one copy of GGi, which has p; vertices, and p; copies

14



2.4. Some Operations on Graphs

of G5 and then joining the i** vertex of G; by an edge to every vertex in the **

copy of Gj.

Definition 2.4.7. [15] Rooted Product. Let G be a connected graph with ver-
tices v1,vs,...,v, and let H be a sequence of n rooted graphs Hy, Ho, ..., H,.
The rooted product of G and H is defined as the graph obtained by identifying
the root of H;, 1 < i < n, with the i"" vertex of G for all i. This graph is denoted

by G(H) and is known as the rooted product of G by H.
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Chapter 3

On the Zero Forcing Number of Graphs and

Their Splitting Graphs

In this Chapter, we address the problem of determining the zero
forcing number of graphs and splitting graphs. First Section of this
Chapter contains basic definitions and preliminary results. In Sec-
tion 2, we give upper bounds on the zero forcing number of the
splitting graph of a graph. In Section 3, we find several classes of
graphs in which Z[S(G)] = 2Z(G). Section 4 provides classes of
graphs in which Z[S(G)] < 2Z(G). In section 5, we provide more
families of graphs with Z(G) = P(G).

3.1 Introduction

Definition 3.1.1. [32] The splitting graph of a graph G, denoted by S(G), is the

graph obtained by taking a vertex v' corresponding to each verter v € G and join

I This chapter has been published in the Journal Algebra and Discrete Mathematics, Volume
28, Number 1, 2019, Pages 29-43.
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3.1. Introduction

The graph K3 The splitting graph of K3

Figure 3.1: The graph K3 and its splitting graph S(K3).

v' to all the vertices of G adjacent to v. If G contains p vertices and q edges,

then S(G) contains 2p vertices and 3q edges. For example, See figure 3.1.

For the further development of this chapter, it is necessary to define the

following.

Definition 3.1.2. [19] (i) Color change rule : If G is a graph with each vertex
colored either black or white, u is a black vertex of G, and exactly one neighbor
v of u is white, then change the color of v to black.

(i7) Given a coloring of G, the derived coloring is the result of applying the
color change rule until no more changes are possible.

(1i1) A zero forcing set for a graph G is a subset of vertices Z of G such that if
wnatially the vertices in Z are colored black and the remaining vertices are colored

white, the derived coloring of G is all black.

The zero forcing number Z(G) of a graph G can be defined as follows:

Definition 3.1.3. [19] The zero forcing number Z(G) is the minimum of |Z|

over all zero forcing sets Z C V(Q).

17



3.1. Introduction

When the color change rule is applied to a vertex u to change the color of
a vertex v, we say that u forces v and we write this as © — v. The sequence
Uy — V1, Uy — Vg, ..., U — Vg is called a forcing sequence for the zero forcing

set Z (See[29]).

Example 3.1.4. In Figure 3.2, the vertex set {1,2} generates a minimum zero
forcing set for the house graph G. The order of applying the color change rule

to the vertices of the house graph G are 1 — 3 and 2 — 4,3 — 5.

1 2 1 2 1 2

Figure 3.2: A minimum zero forcing set for the house graph marked by the black
vertices {1,2} can been seen in the first figure. The forcing sequence 1 — 3 and
2 — 4 is shown in the second figure and the derived coloring of the house graph

after applying the forcing 3 — 5 is depicted in the third figure.

The parameter namely zero forcing number was found by the AIM Minimum
Rank Special Graphs Group (See[19]) and they used this parameter Z(G) to

bound the minimum rank for numerous families of graphs.

The zero forcing number of the splitting graph of a graph and some bounds
besides finding the exact value of this parameter are discussed in this chapter.

We prove that for any connected graph G of order n > 2, Z[S(G)] < 2Z(G).

18



3.1. Introduction

Also, many classes of graphs for which Z[S(G)] = 2Z(G) are discussed. Further,

classes of graphs in which Z[S(G)] < 2Z(G) are also shown.

We start with some preliminary results. For more definitions on graphs, we

refer to [12] and [16]. We can find the following observation in [9].

Observation 3.1.5. [9] For any connected graph G = (V, E) , Z(G) =1 if and

only if G = P, for some n > 2.

We note that if G is a connected graph with order n> 3, then S(G) contains
a cycle Cy. Therefore, by using the above observation we can determine the

following.

Theorem 3.1.6. Let G be a connected graph of ordern > 3. Then, Z|S(G)] > 2,

and this bound is sharp for the path P,, n > 3.

Proof. Since G is a connected graph with order n > 3, S(G) contains a cycle Cj.
Therefore, Z[S(G)] > 2 because Z(C,,) = 2 (See[19]). Next to prove the bound
is sharp for the path P,, n > 3.

Let uy,ug, ..., u, be the vertices of the path P, and u),u), ..., u], be the corre-
sponding vertices in S(P,). Assign black color to the vertices u; and u}. The
remaining vertices are assumed to be white. Then, u] — wus and u; — uj to
black. Again, u), — us and uy — uj to black. After this stage, uy — uy and
ug — u) to black and so on. Hence the set Z = {uy,u}} forms a zero forcing set
for S(P,). The cardinality of the set Z is two. We can easily see that with only
one black vertex, we cannot generate a zero forcing set for S(P,). Therefore,

Z[S(P,)] = 2. O
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3.2. Bounds on Z[S(G)]

Theorem 3.1.7. For any connected graph G = (V, E) , Z[S(G)] = 1 if and only
if G 1is the path Ps.

Proof. If G = (V, E) is the path P, then S(G) is the path P, and therefore

Z[S(G)] = 1. The converse follows from Observation 3.1.5. O

3.2 Bounds on Z[S(G)]

In this section, we prove some bounds on the zero forcing number of S(G).

Theorem 3.2.1. Let G be a connected graph of order n > 3. Then, Z[S(G)] <
27(@G).

Proof. Consider any minimum zero forcing set Z for G.
Let Z = {vy,vg, ..., v}, where 1 < k <n, be a minimum zero forcing set for G.

Now, consider the set
Z/ = {U17U27 ce 7U1€} U {Uiuvéa s 77};{} < V[S(G>]

where v}, v}, ..., v, be the copies of the vertices vy, vs, ..., v, in S(G). Color all

. . / o« . . .
vertices in Z as black and the remaining vertices as white.

We show that the set Z' forms a zero forcing set for S(G). Consider the vertices in
G which has exactly one white neighbor in GG. Let the vertices be vy, vy, ..., v, 1 <
k and v}, v}, ..., v] be the corresponding vertices of vy, v, ...,v; in S(G). Now,
we can see that in S(G), each one of N(v}), N(v}),..., N(v]) contains exactly
one white vertex. Let it be uy,us, ..., u;. Clearly, vi — uy to black, vl — us to

black, ..., v = u; to black. Again, consider the set {vy,ve,..., v} in S(G). At
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3.2. Bounds on Z[S(G)]

this time, we can see that vy — u), vo = uj, ..., v, = uj to black. Consider the
white vertices which are adjacent to uy, us,...,u; in G. Let it be wy, wo, ..., w;.
Clearly, uj — w; to black, u; — w] to black and so on, where w}, wj, ..., w; are
the corresponding vertices of wy, ws, ..., w;. Therefore, the set Z  forms a zero

forcing set for S(G). Hence the proof. O

Definition 3.2.2. [33] A subset D C V(G) is called a dominating set if every
vertex not in D is adjacent to at least one vertex in D. The size of a minimum
dominating set D is called the domination number of G and is denoted by v(G).
A dominating set which is connected is known as a connected dominating set
and the number of vertices in a minimum connected dominating set is called the

connected domination number 7.(G).

In [1], Amos et al. determined the following upper bound on the zero forcing

number.

Corollary 3.2.3. [1] For any connected graph G of order n > 2, Z(G) < n —

Ve(G).

From the Theorem 3.2.1 and the Corollary 3.2.3, we conclude the following upper
bound.

Theorem 3.2.4. For any connected graph G of order n > 2, Z[S(G)] < 2[n —

7.(G)], and this inequality is sharp.

Proof. Theorem 3.2.1 gives
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

whereas Corollary 3.2.3 implies
Z(G) < n —7(G) (3-2)

From (3.1) and (3.2), Z[S(G)] < 2[n—".(G)]. To see the bound is sharp, consider

cycles of order n > 4. O

3.3 Families of Graphs with Z[S(G)| =2Z(G)

In this Section, we provide some familiar families of graphs for which the

equality Z[S(G)] = 2Z(G) holds. We start with path and cycle.

Theorem 3.3.1. If G is the path P,, n > 3, then Z[S(G)] =2 =2Z(G).

Proof. Proof follows from the Observation 3.1.5 and the Theorem 3.1.6. ]

Theorem 3.3.2. If G is the cycle C,,, where n > 4, then Z[S(G)] =4 = 2Z(G).

Proof. Let vy, v, ..., v, be the vertices of C,, and v}, v}, ..., v/, be the corresponding
vertices of vy, v, ..., v, in S(C,,). Consider the set Z = {vy, v, v}, v4}. Color these
vertices as black and the remaining vertices as white. Now, v}, — wv3 to black,
vy — vy to black, v3 — v} to black and so on. Therefore, the set Z forms a
zero forcing set for S(G) and hence Z[S(G)] < 4. We can easily verify that
with 3 black vertices, it is not possible to change the color of all other vertices
of S(G) to black. Therefore, Z[S(G)] > 4. Hence, Z[S(G)] = 4 = 2Z(G), since
Z(G)=2. O
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

Figure 3.3: The splitting graph of C3 with Z[S(C3)] = 3.

If GG is the graph ('3, then we can choose the above 3 black vertices for the zero

forcing set of S(G) as depicted in Figure 3.3. Hence, Z[S(C3)] = 3.

Definition 3.3.3. [12] The star graph K, is a tree having n + 1 vertices with

one vertex having degree n and all other vertices have degree one.

Theorem 3.3.4. If G is the star graph K, on n+ 1 vertices, then Z[S(G)| =

2n —2=2(n—-1) =2Z(G).

Proof. Assume that we have a zero forcing set Z consisting of 2n — 3 black
vertices. Then, the number of white vertices in S(G) is 2n +2 — (2n — 3) = 5.
Consider the five white vertices in S(G). Consider the case when either two of
them will be in A part or two of them will be in B part ( See figure 3.4 ). We can
easily verify that in this case the color change rule is not possible, a contradiction
to our assumption. Therefore, we need at least 2n — 2 black vertices in any zero

forcing set for S(G) and hence
ZIS(G)] > 2n—2 (3.3)

Conversely, consider the 4 white vertices as depicted in Figure 3.4. Consider

one black vertex from A part. This black vertex forces the vertex u to black.
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

AN A s
fe—

Figure 3.4

Now, consider one black vertex from B part. This black vertex forces the vertex
w to black. Consider the vertex w. Then, the vertex w has exactly one white
neighbor. Clearly, the vertex w forces this white vertex to black. In a similar
manner, we can change the color of the white vertex in the A part to black.
Thus, with 2n — 2 black vertices, we will get a derived coloring of S(G). This
implies,

Z[S(G)] <2n—2 (3.4)
From (3.3) and (3.4), we have Z[S(G)] = 2n —2 = 2(n — 1) = 2Z(G), since
Z(G) =n—1 (See[29]). O
Theorem 3.3.5. [19] Let G be any graph. Then, Z(G) > 6(G), where §(G)

denotes the minimum degree of the graph G.

Theorem 3.3.6. Let G be a connected graph with Z(G) = k = 6(G) and let G

be the graph obtained from G by adding a single vertex v and joining the vertex

~

v to all vertices of G. Then, Z(G) = Z(G) + 1.
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

Proof. Since G is a graph with Z(G) = 6(G) and we have from the Theorem
3.3.5, 5(@) < Z(@) Let u be a vertex in G with §(G) = k. In a, 5(@) =k+1=

8(G) + 1. Therefore, 6(G) +1 < Z(G) . This implies,
Z(G)+1< Z(G) (3.5)

Color the vertex v, which is connected to all vertices of (, as black. Then,

~

Z(G) U {v} forms a zero forcing set for Z(G). This implies,
Z(G) < Z(G) + 1 (3.6)

From (3.5) and (3.6), the result follows. O

For a cycle C,,, Z(C,) = 2. By using the Theorem 3.5.6, we can easily verify

that if G is a wheel graph, then Z(G) = 3.

Theorem 3.3.7. Let G be the wheel graph with n > 5 wertices obtained by

connecting a single vertex to all vertices of the cycle C,,—y. Then, Z[S(G)] = 6.

Proof. From the above observation Z(G) = 3 and by the Theorem 3.2.1 , we can

conclude that

Z[S(G)] < 6 (3.7)

To prove the reverse part, assume that Z[S(G)] = 5. Divide the graph S(G) into

three parts as shown in Figure 3.5.

Let vy, vg,...,v,_1 be the vertices in S(G) with deg(v;) = 6,1 < i < n —1,
vy, Vh, ..., vl be the vertices in S(G) with deg(v}) = 3,1 <7 <n—1 and let v,
be the vertex which is adjacent to {vy,ve,...,v,—1} U {v], v}, ... v, _;} and v/,

be the vertex which is adjacent to {vy, v, ..., v, 1} with deg(v,) = 2n — 2 and
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Figure 3.5

deg(v)) =n — 1.

Case 1.

{vn, v} € Z. Now, S(G) — {v,, v} = S(C,). We know that from the theorem
3.3.2, Z[S(C,)] = 4. This implies that Z[S(G)] = 4+ 2 = 6 # 5, which is a
contradiction to our assumption that Z[S(G)] = 5.

Case 2.

Suppose v, € Z and v], ¢ Z. Now, we have four black vertices remain in Z.
If we use these four black vertices to begin the color change rule, then we can
observe that with these 4 black vertices we can change the color of at most two
vertices to black, not all. A contradiction to our assumption.

Case 3.

Suppose v, ¢ Z and v], € Z. Then, we have four black vertices remain in Z. If we
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

use these four black vertices to begin the color change rule, we can observe that
with these 4 vertices we can change the color of at most two vertices to black,

not all. Again, a contradiction to our assumption that Z[S(G)] = 5. Hence,
Z[S(G)] > 6 (3.8)

From (3.7) and (3.8), we have Z[S(G)] = 6. O

We prove one more family of graphs in which Z[S(G)] = 2Z(G). The follow-

ing definition can be found in [1].

Definition 3.3.8. [1] A connected graph G = (V, E) is defined as a cycle-path
graph (CP—graph) if it contains r vertex disjoint cycles that are connected by
(r — 1) edges of the path P.. Thus, a C'P-graph with n vertices contains m =

n+r —1 edges and each edge between two cycles is a cut edge.

Example 3.3.9. Let G be the graph depicted in Figure 3.6. Then, G represents
the C'P-graph with the cycle Cy and the path Ps. That is, the graph G is the

CyPs-graph.

Figure 3.6

Theorem 3.3.10. Let G be the C'P-graph with r vertex disjoint cycles. Then,

Z(G)=r+1.
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

Proof. We proceed by induction on the number of cycles r in G. Assume that
r = 1. In this case, G is a cycle. Hence, Z(G) = 2 = r + 1. Therefore, the
result is true for » = 1. Assume that the theorem is true for all C'P-graphs with
r — 1 cycles, where » > 2. Let C' be an end-cycle, that is, a cycle connected
to rest of the graph by an unique edge e = {u,v}, where u € V(G) — C and
v € C. The induced subgraph < G[V — C]| > is a C'P-graph with r — 1 < r
cycles. Therefore by our assumption, Z(< G[V —C] >) =r —1+1=r. Let
S be a minimum zero forcing set for < G[V — C| > and let w be the black a
neighbor of v on C. Consider the set Z = S U {w}. Since {u,v} is the only cut
edge between < G[V — C] > and C, therefore, we can start the color change
rule for the vertices of < G[V — C] > with the vertices of the set S. Now, the
vertex u is black. Since u is a black vertex and the only one white vertex which is
adjacent to u is v, therefore, u — v to black. In the cycle C', we can see that the
set {u,w} forms a zero forcing set for the cycle C, where u € (< G[V — C| >).
Therefore by induction hypothesis, Z(G) = Z(< G[V — C] >) + {w}| =r + 1.

Hence the proof. n

Theorem 3.3.11. Let G be the C P-graph with r vertex disjoint cycles C,,, where

n>4. Then, Z[S(G)] = 2(r +1).

Proof. We prove the result by induction on the number of cycles r on the CP-
graph. Assume that » = 1. In this case, G is a cycle. We have from the
Theorem 3.3.2, Z[S(G)] = 4 = 2(1 + 1). Therefore, the result is true for r = 1.
Assume that the result is true for all C'P-graphs with » — 1 < r cycles, where
r > 2. Let C' be an end-cycle, that is, a cycle connected to rest of the C'P-graph
by an unique edge e = {u, v}, where u € V(G)—C and v € C and let S(C) be the
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3.3. Families of Graphs with Z[S(G)] = 2Z(G)

splitting graph of the cycle C'in S(G). Now, S(C') is connected to the rest of S(G)
by three edges. Let these edges be X = {ujvy, u1vq, usvy }, where {uj, us} €<

VIS(G)] — V[S(C)] > ( ie, the subgraph induced by V[S(G)] — V[S(C)] ) and
{v1,v2} € S(C). The induced subgraph < V[S(G)] — V[S(C)] > is a C'P graph
with  — 1 cycles. Therefore by our assumption, Z{< V[S(G)] — V[S(C)] >} =
2[(r=1)+1] =2r.

Let U be the minimum zero forcing set for < V[S(G)] — V[S(C)] >. Also, let
w; be the neighbor of v; in V[S(C)] and w; be the corresponding vertex of w,
in V[S(C)]. Let w; and w| be black. Consider the set Z = U U {w;,w}}. Since
X is a cut set between S(G) — S(C) and S(C), therefore, the set U forces the
vertices v; and v, to black. The vertices w; and u/1 are in Z. Therefore, the set
{1, vy, w1, w,} forms a zero forcing set for S(C) in S(G). Therefore by induction
hypothesis, Z[S(G)] = Z{< V[S(G)] — V[S(C)] >}+ | {wi,w} |= 2r +2 =

2(r 4+ 1). Hence the proof. O
Definition 3.3.12. [12] The ladder graph L, is the graph obtained by taking the
Cartesian product of P, with P;.

In [19], it was proved that if G is the ladder graph, then Z(G) = 2. Now, we

prove one more family of graphs in which Z[S(G)] = 2Z(G).

Theorem 3.3.13. If G is the splitting graph of the ladder graph, then Z(G) = 4.

Proof. Consider the graph G depicted in Figure 3.7. Clearly, the set of left black
vertices of the graph G forms a zero forcing set for G. We can easily verify that

with three black vertices, we cannot form a zero forcing set for G. Therefore,

Z(G) = 4. O

29



3.4. Families of Graphs with Z[S(G)] < 2Z(G)

Figure 3.7: The splitting graph G of the ladder graph with Z(G) = 4.

3.4 Families of Graphs with Z[S(G)] < 2Z(G)

We start this section with a C'P-graph family in which Z[S(G)] < 2Z(G).
Consider the C'P-graph C3P,, where Cj5 is a cycle on 3 vertices and P, is the

path on r > 1 vertices.

Theorem 3.4.1. Let G be the C3P, graph. Then, Z[S(G)] =r+2 < 2(r + 1).

Proof. Represent the r copies of the cycle C3 in G by C?El), C§2), o ,C’ér), where
174 C(l) 1011
[ 3 ] - {u17u27u3}

VICP] = {(u?, u2, u2}

VIC] = {uf, uj, uj}

Let Ay = {v],vd, 01}, Ay = {v} v3 03}, ..., A, = {v],v5,v5} be the correspond-
ing vertex sets of the cycles C’él), C’éz) Yy C’ér) in S(G) respectively. Consider
the set Z = {ud, v}, v, u3 w3, ... ,ui}. Color all vertices of the set Z as black

and the remaining vertices in S(G) as white. Then, clearly the black vertex v}
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3.4. Families of Graphs with Z[S(G)] < 2Z(G)

forces the vertex u} to black, vs forces the vertex u} to black, uj forces the vertex
vi to black, v} forces the vertex u2 to black, u} forces the vertex v3 to black, v3
forces the vertex uZ to black and so on. Thus, we get a derived coloring of the

graph S(G) using the set Z. Here | Z |= 3 +r — 1 = r + 2. Therefore,
Z[5(@) <r+2 (3.9)

To prove the reverse inequality, consider S [C’él)] in S(G). To obtain the derived
coloring for S [C’él)], we need at least three black vertices. To proceed further, we
have to assign black color to at least one vertex of each of the remaining cycles

C’?Ez),Cég), ce Cg(,r) in S(G). Hence to get the derived coloring for S(G), we need

at least 3+ (r — 1) = r 4 2 black vertices. Therefore,

Z[5(G)] =z r+2 (3.10)
Hence from (3.9) and (3.10), Z[S(G)] = r + 2. Therefore, Z[S(G)] = r + 2 <
2(r+1) =2Z(G). That is, Z[S(G)] < 2Z(G). O

Definition 3.4.2. [12| The friendship graph F, can be obtained by joining n

copies of the cycle Cs with a common vertex.

Now, we compute the zero forcing number of the friendship graph F;,. The

following Lemma can be found in [29].

Lemma 3.4.3. [29] Let G = (V,E) be a graph with cut-vertex v € V(G).
Let X4, ..., X} be the vertex sets of the connected components of G — v and for

k
1<i<k, let G; =G[X;U{v}]. Then, Z(G) > > Z(G;) — k + 1.
=1

Theorem 3.4.4. For a friendship graph F,, with n copies of the cycle Cs,

Z(F,) = |p/2] + 1, where p is the order of the friendship graph F,.
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3.4. Families of Graphs with Z[S(G)] < 2Z(G)

Proof. Let vy, vs,...,v, be the vertices of F),, where v, is the common vertex.
The cycle Cs is a complete graph of order three. Therefore, Z(C3) = 2. Since v,

is a cut vertex, G — v, will have |p/2] components. Hence Lemma 3.4.3 gives

Z(F) =2 2[p/2] = p/2] + 1= [p/2] +1 (3.11)

To establish the reverse inequality, consider the following set of black vertices

Z ={v1,vs3,...,v_2} U{v,}.

Clearly, the vertices v; and v, are black, therefore, the vertex v; — vy to black.
The vertices v3 and v, are black, therefore, the vertex vs — v4 to black and so on.
Similarly, the vertices v,_o and v, are black, therefore, the vertex v,_o — v,_1
to black. Thus, we get a derived coloring of the graph F,, with the set Z. The

cardinality of the set Z is [p/2]| + 1 and hence
Z(F,) < |p/2]+1 (3.12)
Therefore from (3.11) and (3.12), Z(F),) = |p/2]| + 1. O

Lemma 3.4.5. Let S(F},) be the splitting graph of the friendship graph F,, and
let

Al = {UZ‘,’U/-,UJ'7U;-}, 1 S l S LP/QJ

7

(viv; is an edge in F, and i,j # p) be the set of vertices of S(F,) obtained by
deleting the vertices v, and v;, from S(F,). Then, at least one vertex from the

set Ay will be in any optimal zero forcing set of S(F},).

Proof. On the contrary, assume that none of them belongs to any zero forcing

set Z. That is, v;, v}, v;,v; ¢ Z. In any color change rule the vertices v, and v,

32



3.4. Families of Graphs with Z[S(G)] < 2Z(G)

will never force the vertices in A4; to black, since N(v,) and N (v;,) have two white

neighbors in A;. Therefore, at least one vertex from the set A; will be in Z. [J

Theorem 3.4.6. For a friendship graph F,, Z[S(F,)] = |p/2] + 2, where p is

the order of the friendship graph F,.

Proof. Let vy, vs,...,v, be the vertices of F;,, where v, is the common vertex.
Let vy, vy, ..., v, be the copies of the vertices vy, vy, ..., v, in S(F,). Now, con-
sider the set Z = {v,,v,,v],v3,05,...,v, o} of black vertices. The remain-

ing vertices are assumed to be white. Also, let T} be the triangle in F,, with
V(Th) = {v1, v, vp} and V(T7) = {v}, vy, v, }, where v}, vy, v, are the correspond-

ing vertices of vy, vq, v, in S(F},).

We can see that in the color change rule, the vertex v} forces the vertex vy to
black and then the vertex vy forces the vertex v; to black and then the ver-
tex v forces the vertex vy to black. Clearly, the set {v,,v,, v} forms a zero
forcing set for V(71) U V(77). In a similar manner, we can prove that the set
{p, vy, v1, v3} forms a zero forcing set for [V (Th) U V(1)U [V (T) UV (T3)] and
so on, where V(Ty) = {v3,vy,v,} and V(T3) = {v3,v},v,}. Therefore, the set

Z = {vp, v, V1, V5,05, . .., v, o} forms a zero forcing set for S(F),). Cardinality of

the set Z is |p/2] + 2. Therefore,
ZIS(Fo)] < |p/2] +2 (3.13)

To prove the reverse part, assume that there exists a zero forcing set Z consisting
of |p/2] + 1 black vertices for S(F},). Now, we consider the following cases.
Case 1.

The vertex v, ¢ Z. Now, deg(v;) = 4 for i # p and in S(F,) the vertex
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3.4. Families of Graphs with Z[S(G)] < 2Z(G)

v, is adjacent to all vertices of the friendship graph F,, except the vertex v,.
Therefore, in any color change rule to force the vertex v, we need two more black
vertices from the set A; ( Refer Lemma 3.4.5 ), a contradiction to our assumption
that there exists a zero forcing set consisting of |p/2] 4+ 1 black vertices . If we
take two more black vertices from the set A;, then we get a zero forcing set.
Therefore, it is clear from the Lemma 3.4.5 that Z[S(F},)] > |p/2] + 2.

Case 2.

The vertex v, € Z and v, is black. We have from the Lemma 3.4.5 that we
need at least one vertex from the set A; to get a zero forcing set. Without loss
of generality, assume that B = {v},v3,...,v, ,} is the set of black vertices of
S(F,). Then, B U {v,} will never force the vertex v, to black, a contradiction
to our assumption. Therefore, we need at least one more black vertex from the
set A; to get a zero forcing set for S(F),). Hence, Z[S(F,)] > |p/2] + 2. In both

cases,

ZIS(F)] > [p/2] +2 (3.14)

Therefore from (3.13) and (3.14), Z[S(F,,)] = |p/2] + 2. O

Definition 3.4.7. [12] The generalized friendship graph sz 15 the graph obtained

by joining k copies of the cycle C,, p > 4 and k > p, with a common vertez v,.

The following theorem provides the zero forcing number of the generalized

friendship graph F If.

Theorem 3.4.8. For a generalized friendship graph sz‘, where p > 4 and k > p,

with a common vertex v,, Z(F}) =k +1.
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3.4. Families of Graphs with Z[S(G)] < 2Z(G)

Proof. We know that for a cycle C,,, Z(C,,) = 2. Now, Lemma 3.4.3 gives

k
Z(E)) 2> Z(C)—k+1=2k—k+1=k+1 (3.15)

p
i=1

Conversely, consider one vertex from each cycle C),, which is adjacent to the com-

mon vertex v,. Denote the k& copies of the cycle C, in Flﬁ“ as C’I(,l), C’,(,z), e ,C’Z(,k),
where

C’I(,l) =], V3, ..., Uy

Cl(f) =V}, 05, ..., U

C;k) =k b , Up
Consider the set of black vertices Z = {v},v?,...,vf} U{v,}. The remaining

vertices in sz are assumed to be white. Now, we can see that N(v{) contains
only one white vertex vi. Therefore, v — vl to black, v3 — vi to black and so on.
Similarly, we can see that N(v?) contains only one white vertex v3. Therefore,
v? = 02 to black, v2 — v2 to black and so on. In the cycle C$F, we can see
that N(v}) contains only one white vertex vi. Therefore, vf — v4 to black,

v5 — v§ to black and so on. Thus, the set Z forms a zero forcing set for F¥. The

cardinality of the set Z is k 4+ 1. Hence,
Z(FY) <k+1 (3.16)
Therefore from (3.15) and (3.16), Z(Fy) =k + 1. O

Theorem 3.4.9. Let Flf be the generalized friendship graph with p > 4 and

k > p, with a common vertex v,. Then, Z[S(F}f)] < 2k + 2.
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3.5. Z(G) and P(G) of the Splitting Graph of a Graph.

Proof. First we note that the Theorem 3.4.8 gives Z(FF) = k + 1, and the

Theorem 3.2.1 implies Z[S(F))] < 2 Z(F}). Combining these two results, we

get
Z[S(F))] < 2k + 2.

3.5 Z(G) and P(G) of the Splitting Graph of a

Graph.

Definition 3.5.1. [22] A path cover of a graph G is a set of vertex disjoint paths
of G containing all the vertices of G. The minimum number of paths in any path

cover of G is called the path cover number of G and is denoted by P(QG).
Theorem 3.5.2. [22] For any connected graph G, P(G) < Z(G).

Theorem 3.5.3. If G is the splitting graph of the path P, on n > 3 wvertices,
then Z(G) =2 = P(G).

Proof. The proof is obvious. ]
Theorem 3.5.4. If G is the splitting graph of the star graph K, then Z(G) =

2n —2 = P(G).

Proof. Let G be the splitting graph of the star graph K;,. By Theorem 3.3.4,
we have Z(G) = 2n—2. Now, we prove P(G) = 2n—2. We consider the following

three cases.

36



3.5. Z(G) and P(G) of the Splitting Graph of a Graph.

Case 1.

Suppose, if we take two vertex disjoint paths of length 1 (that is the complete
graph K5) to cover the graph G, then it must include the vertices u and w (Re-
fer figure 3.4). If we include u and w in these vertex disjoint paths, then there
remains 2n — 2 uncovered vertices. To count these vertices in the path covering,
we have to choose each of them as independent paths. In this case, the total
number of paths we need to cover the entire vertices in G is 2n — 2 + 2 = 2n.
Case 2.

Suppose, if we take two vertex disjoint paths of length 2 ( i.e the graph P; ) to
cover the graph G, take two vertices from part A and the vertex u as the path
Py. Similarly, take any two vertices from part B and the vertex w as the path
P, (Refer figure 3.4). As in Case 1, the total number of paths we need to cover
the entire vertices in Gis 2n+2 -6+ 2 = 2n — 2.

Case 3.

Suppose, if we consider a path of length 3 ( i.e the path Py ) as a path to cover
the graph G, then it is not possible to choose another path of length 2 or 3 as
a path to cover the vertices. Now as in Case 1, the total number of paths we
need to cover the entire vertices in G is 2n +2 —4 + 1 = 2n — 1. From the
above three cases, we can conclude that the minimum number of vertex disjoint
paths possible to cover the vertices in GG is occurred in Case 2 and it is 2n — 2.
Therefore, P(G) = 2n — 2.

This completes the proof.
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Chapter 4

k-Forcing Number of Some Graphs and Their

Splitting Graphs

In the first Section of this Chapter, we introduce the concept of k-
forcing number Zy(G) of a graph G. We investigate the 2-forcing
number Zy(G) of some graphs in Section 2. In this Section, we find
some simple graphs for which 1 < Zy(G) < 4. Then, we consider
some more graph classes for which Zy(G) > 4 in Section 3. In

Section 4, we provide some bounds on Zs(G).

4.1 Introduction

Definition 4.1.1. [1] A k-forcing set of a graph G is a subset Zy, of vertices
of G such that if initially the vertices in Zy are colored black and the vertices in
V(G) — Zy are colored white, the whole graph G is colored black by applying the

k-color change rule. The k-forcing number Z,(G) is the minimum of | Zj |

I This chapter has been published in International Journal of Scientific Research in Math-

ematical and Statistical Sciences, Volume 6, Issue 3, 2019, Pages 121-127.
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4.2. Graphs for which 1 < Z5(G) < 4

over all k-forcing sets Z, C V(G).
When k = 1, this is equivalent to the zero forcing number, denoted by Z(G)
(See[19]). When k = 2, this is known as the 2-forcing number and is denoted by

Z5(G).

Definition 4.1.2. k-Color change rule. [1] Let G be a graph with each vertex
colored either black or white. If a black colored vertex has at most k white colored

netghbors, then change the color of k white neighbors to black.

When the k-color change rule is applied to an arbitrary vertex v to change the
color of some vertices wy, wo, ..., w, to black, then we say that the vertex v “k-
forces” the vertices wy, wa, ..., w, and we denote it as v — wy, v — wa, ..., v —
wyg. If it is zero forcing, then we say that the vertex v forces w.

The following definitions are necessary for the further development of this

chapter.

Definition 4.1.3. [34] Three vertices u,v and w in a graph G are said to be

3-consecutive if uv and vw are edges in G.

Definition 4.1.4. [27] The square of a graph G, represented by G, is the graph
with the vertex set same as that of the vertex set of G (ie,V(G)) and such that

two vertices are adjacent in G if their distance in G is either 1 or 2.

4.2 Graphs for which 1 < Z5(G) <4

In this section, we obtain some simple graphs for which 1 < Z,(G) < 4. We

start with path and cycle. The following theorems are easy to observe.

39



4.2. Graphs for which 1 < Z5(G) < 4

Theorem 4.2.1. Let G be a connected graph. If A(G) <2, then Z3(G) = 1.

Theorem 4.2.2. If G is a connected graph with minimum degree § > 3, then

Zy(G) > 2.

Next we consider some classes of graphs for which Z»(G) = 1.

Theorem 4.2.3. Let G be the corona product C,, ® K of a cycle C,, with the

graph Ky. Then, Z5(G) = 1.

Proof. Color any pendant vertex of G as black. Then, clearly this black vertex

generates a 2-forcing set for G. This completes the proof. ]

Theorem 4.2.4. Let G be the square graph of a path P,, where n > 3. Then,

Z5(G) = 1.

Proof. Let vy, vq,...,v, be the vertices of the graph G. We generate a 2-forcing
set for G as follows. Color the vertex v; as black. The remaining vertices are
assumed to be white. Clearly, the vertex v; is adjacent to the vertices vy and vs.
So the black vertex v; 2-forces the vertices v, and vs to black. Again, consider
the black vertex vy. The vertex vy is adjacent to the vertices vy, v3 and vy of
which the vertices v; and wvs are already black. Therefore, the vertex v, forces
the vertex vy to black and the process continues till we get a derived coloring for
G. Hence the set Zy = {v;} forms a 2-forcing set for G. The cardinality of the

set Zy is 1. Therefore, Z5(G) = 1. O

Theorem 4.2.5. Let G be the graph C, ® Ky. Let G1,Gs,...,G,m > n, be
the m copies of G and let G* be the graph obtained by identifying a pendant

vertex of Gy with a pendant vertex of G, a pendant vertex of Gy with a pendant
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4.2. Graphs for which 1 < Z5(G) < 4

vertex of G etc, a pendant vertex of G,_1 with a pendant vertexr of G,,. Then,

Zy(G*) = 1.

Proof. Color any pendant vertex of (G; as black. Then, clearly this black vertex

gives a derived coloring for the graph G*. Hence, Z5(G*) = 1. O

Definition 4.2.6. [20] The prism graph or the circular ladder graph is the graph
obtained by taking the Cartesian product of a cycle C, with the complete graph

Ky. The circular ladder graph can be denoted as C,L0K,.

Theorem 4.2.7. Let G be the prism graph C,[JKy and vy, vs, ..., v, be the ver-

tices of the cycle C,,. Let vy, vy, ... v, be the vertices corresponding to vy, vy, ..., vy,

/
n

in C, K5, Let H be the graph obtained by sub dividing the edges v1v}], vavy, . .., vV
in C,0K, exactly once. Then, Zy(H) = 1.

Proof. Let w be the vertex which subdivides the edge v1v] of G exactly once.
Color the vertex w as black and the remaining vertices as white. Then, the black
vertex w 2-forces the vertices v; and v} to black. Again, the black vertex v] 2-
forces the vertices v, and v], to black, the black vertex v; 2-forces the vertices v,
and v,, to black and so on. Thus, the set Zy = {w} forms a 2-forcing set for H.

Hence, Z3(H) = 1. O

Theorem 4.2.8. Let G be the graph P,00P,,, where P, and P,, are two paths,

n>2 and m > 2. Then, Zy(G) = 1.

Proof. Consider the vertex u of G with §(u) = 2. Assign black color to the vertex
u. Then, we can easily observe that the set Zy = {u} generates a 2-forcing set

for G. Therefore, Z5(G) = 1. O
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4.2. Graphs for which 1 < Z5(G) < 4

Now we consider some splitting graphs.

Theorem 4.2.9. Let G be a path, where n > 3 and 2 < k < A be a positive
integer. Then, the 2-forcing number of the splitting graph of G is 1. That is,
Z5[S(G)]=1.

Proof. Let vy, vs, ..., v, be the vertices of G and v}, v}, ..., v] be the correspond-
ing neighbors of the vertices vy, va, ..., v, in S(G). Consider the set Zy = {v}}.
Color the vertex v} as black and all other vertices as white. Clearly, the vertex
vy is adjacent to only two white vertices v; and vs. Therefore, the black vertex
vy 2-forces the vertices vy and vs to black. Then, the black vertex v; forces the
vertex vy to black. Now, the vertex vy 2-forces the vertices v; and v; to black
and the process continues till we get the derived coloring for the graph G. Thus,
the set Zo = {v}} forms a 2-forcing set for S(G). Hence, Z5[S(G)] = 1. We can

easily verify that if £ > 2, then Z;[S(G)] = 1. O

Next we consider the splitting graph of a cycle C),

Theorem 4.2.10. Let G be the cycle C,,, where n > 4. Then, Z,[S(G)] = 2.

Moreover, Zy[S(G)] =1, If 3 < k < 4.

Proof. Let A = {uy,us,...,u,} be the vertex set of the cycle C, in S(G) and
B = {u},ul,...,ul} be the set of corresponding vertices of A = {uy,ug, ..., u,}
in S(G). We observe that the degree of each vertex in A is 4 and the degree
of each vertex in B is 2 in S(G). Assume that there exists a 2-forcing set with
cardinality one. Let v € S(G) be the black vertex.

Case 1.

Assume v € B. Clearly, the vertex v is black and all other vertices in S(G) are
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4.2. Graphs for which 1 < Z5(G) < 4

white. Now, the vertex v can 2-forces two more white vertices to black, not all
because each vertex of B is adjacent to two vertices in A and each vertex in A is
of degree 4. A contradiction to our assumption that there exists a 2-forcing set
with cardinality one.

Case 2.

Assume v € A. We can easily observe that the color change rule is not possible,

since all the vertices in A have degree 4. Therefore,

Z[S(G)] > 2 (4.1)

To prove the reverse part, we proceed as follows.

Let Zy = {uy,u}}. Color uy, u) as black and all other vertices as white. Clearly,
the black vertex u} 2-forces the vertices u, and u, to black. Now, the vertex wu
2-forces the vertices u5 and u;, to black. Consider the black vertex uy. The vertex
ug is adjacent to uy, u}, us, uy and the vertices uy, v} are already colored black. So
the vertex ug 2-forces the vertices us and uj to black, and the process continues
till we obtain the derived coloring for S(G). Therefore, the set Zy = {uy,u}}

forms a 2-forcing set for S(G). Hence,
Zy[S(G)] <2 (4.2)

Therefore from (4.1) and (4.2), Z3[S(G)] = 2.
Case 3.
If 3 <k < 4, then any black vertex forms a 2-forcing set for S(G). Hence,

ZK[S(G)] = 1. O

Corollary 4.2.11. If G is the cycle Cs, then Z3[S(G)] = 1.

Proof. Let uy,us,us be the vertices of G and uf,u), us be the corresponding
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4.2. Graphs for which 1 < Z5(G) < 4

vertices of uy, ug, ug in S(G). Color the vertex u) as black and the other vertices
as white. Clearly, the vertex ) 2-forces the vertices uy and us to black. Then,
the vertex ug 2-forces the vertices u; and u} to black, the vertex us forces u), to
black. Thus, the set Zy = {u}} generates a 2-forcing set for S(G). Therefore,
Z5[S(G)] = 1. O

Theorem 4.2.12. Let G be the ladder graph P,L1P,. Then, the 2-forcing number

of the splitting graph of G is 2. That is, Z5[S(G)] = 2.

Proof. Let A = {uy,us,...,u,} and B = {v1,vs,...,v,} be the vertex sets
of the copies of the path P, in S(G). Then, C' = {uj,ub,...,u,} and D =
{vy, v, ..., v} be the sets of the corresponding vertices of the copies A and B
of the path P, in S(G) respectively. We can easily assert that it is not possible

to obtain a 2- forcing set for S(G) with only one black vertex. Therefore,

Z,[S(Q)] > 2 (4.3)

We generate a derived coloring for S(G) by taking 2 black vertices and all other
vertices are colored as white. Let Zy = {uy, u]} be a set of black vertices in S(G).
Since u) is adjacent to vy and ug, therefore, the vertex u} 2-forces the vertices
vy and ugy to black. Now, the vertex u; is adjacent to the vertices us, u), v; and
v]. The vertices v; and uy are already colored black. Therefore, the vertex wu;
2-forces the vertices v| and wu}, to black. Apply the color change rule iteratively,

all the remaining white vertices in S(G) will be colored as black. Thus, the set

Zs generates a 2-forcing set for S(G). The cardinality of the set Z, is 2. Hence,
Z3[5(G)] < 2 (4.4)

From the above two inequalities, we have Z5[S(G)] = 2. O
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4.2. Graphs for which 1 < Z5(G) < 4

Theorem 4.2.13. Let G be the prism graph C,0Ks. Then, Zy(G) = 2.

Proof. Let V(G) = {uy,us, ..., up,v1,02,...,0,} be the vertex set of G, where
Uy, Us, . . ., Uy, are the vertices of the inner cycle. We construct a 2-forcing set for
G as follows. Without loss of generality, take two vertices u; and us. Assign them
the black color. The remaining vertices are considered to be white. Clearly, the
black vertex u; 2- forces the vertices v; and u, to black. Also, the black vertex
uy 2- forces the vertices v, and wus to black. Now, the vertex wus 2-forces the
vertices v3 and uy4 to black. Repeatedly apply these steps, we can see that the
set Zo = {uy,us} generates a 2-forcing set for G. Here the cardinality of the set

ZQ is 2.

Therefore,

Zy(G) < 2 (4.5)

On the other hand, it is clear that we cannot form a 2-forcing set for G with only

one black vertex. Therefore,

Zy(G) > 2 (4.6)
The above two inequalities conclude the result.

Definition 4.2.14. The graph C 00K, is known as the 3-reqular cube Q3.

Theorem 4.2.15. Let G be the 3-reqular cube graph C,O0K5. Then, Z5(G) = 2.

Proof. Proof is obvious by the Theorem 4.2.13. O

We recall the following Theorem from [1] to prove the next result.

Theorem 4.2.16. [1] For any connected graph G with minimum degree 6, Z>(G) >
§— 1.
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4.2. Graphs for which 1 < Z5(G) < 4

Theorem 4.2.17. Let G be the wheel graph onn > 5 vertices. Then, Zs(G) = 2.

Proof. Since the minimum degree 6 = 3 in a wheel graph, we have from the
Theorem 4.2.16,
Zy(G) > 2 (4.7)

Conversely, let w,uq,us,...,u,—1 be the vertices of G, where u is the central
vertex. Consider two adjacent vertices, say u; and usy, on the outer cycle C,,_; of
the wheel graph G and color these vertices as black. Let Zy = {uy,us}. Clearly,

the set Zy forms a 2-forcing set for the graph G and therefore

Zy(G) <2 (4.8)

From (4.7) and (4.8), Z2(G) = 2. O

Next Theorem deals with a particular class of graph for which Z5[S(G)] = 3.

Theorem 4.2.18. For a wheel graph G on n > 5 vertices, Zs[S(G)] = 3.

Proof. In S(G), it is clear that with 2 black vertices we can 2-force the maximum

of two more vertices to black, not all. Therefore,
Z5[5(G)] =3 (4.9)

Let vy, vs,...,v,_1 be the vertices on the cycle C,,_; and v,, be the central vertex
of the wheel graph. Also, let vy, v},...,v,_; be the corresponding vertices of
V1, V2, ..., 0,1 in S(G) and v/, be the vertex corresponds to the vertex v, in
S(G). Consider the set Zy = {v], v}, v,} of black vertices in S(G) and assume
that the remaining vertices are white. Clearly, the vertex v} — {ve,v,—1} to

black and v§ — {v;,v3} to black. Now, in N(v;), we have exactly two white
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4.2. Graphs for which 1 < Z5(G) < 4

neighbors v/, | and v/,. Therefore, v; — {v],_;,v/} to black. The remaining
white vertices forms a splitting graph of the cycle and hence we can force all the

vertices as black. Since the cardinality of the set Z5 is 3,
Z5[S(G)] <3 (4.10)

Hence, the result follows from (4.9) and (4.10). O

Next Theorem deals with another class of graph G for which Z,(G) = 3.

Theorem 4.2.19. Let G be the cycle C,,, where n > 5. Then, Z,[G?)] = 3.

Proof. Clearly, the graph G? is a 4 regular graph. Therefore, A[G?)] = §[G?)] =

4. So by using the Theorem 4.2.16, we have
Zo[GP]>4-1=3 (4.11)

Conversely, let the vertices of G be vy, vs, ..., v,_1,v,. Color the vertices vy, v, v3
as black and the remaining vertices as white. Clearly, the vertex v; 2-forces the
vertices v,, and v,_; to black. Now, vy — v4 as black, v3 — v5 to black and so
on. Hence the set Zy = {v1,vs,v3} forms a 2-forcing set for G®. The cardinality
of the set Z, is 3. Therefore,

Z,[GP] < 3 (4.12)
Therefore from the above two inequalities, we have Z,[G?)] = 3. O

Theorem 4.2.20. Let G be the prism graph C,L1K,, where n > 4. Then,

Z[8(G)] = 4.

Proof. Clearly, with two black vertices we can force the maximum of two more

vertices to black in S(G). Therefore, color change rule is not applicable with
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4.2. Graphs for which 1 < Z5(G) < 4

two black vertices. This implies that Z5[S(G)] # 2. Assume that Z[S(G)] = 3.
Since the vertices in S(G) are of degree 3 or 6, we have the following cases.
Suppose that u, v, w are the three black vertices in S(G). The remaining vertices
in S(G) are assumed to be white.

Case 1.

Suppose u, v and w are mutually non adjacent. Now, | N(u) |= 3 or 6, |
N(v) |= 3 or 6 and | N(w) |= 3 or 6. Since N(u), N(v) and N(w) contain 3
or 6 white vertices, the color change rule is not applicable. This implies that
there exists at least two adjacent black vertices in the 2- forcing set. Therefore,
deg(u) = deg(v) = deg(w) = 3 is not possible, since the vertices with degree
three are independent.

Case 2.

Suppose that deg(u) = deg(v) = deg(w) = 6. The number of white vertices
adjacent to u, v or w is at least 4. Therefore, these black vertices will never force
any of the other vertices, a contradiction to our assumption that Z[S(G)] = 3.
Case 3.

Suppose that deg(u) = deg(v) = 6 and deg(w) = 3. In this case, at least two
vertices must be adjacent by Case 1. Assume that u ~ v and deg(w) = 3. We
observe that to force any other vertex, the vertices u, v and w must form a path
of length 2. That is, they must form 3-consecutive vertices. Since the graph
is triangle free, therefore in this case, we can force the maximum of two more
vertices to black, a contradiction to our assumption.

Case 4.

deg(u) = deg(v) = 3 and deg(w) = 6. Since deg(u) = deg(v) = 3, this implies

that u is not adjacent to v. Now, we have the following two Subcases.
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4.2. Graphs for which 1 < Z5(G) < 4

Subcase 1.

Assume that u is adjacent to w and v is not adjacent to w. Then, the vertex u
will force two white vertices of degree 6 to black and these two vertices will have
at least 4 white vertices adjacent to it. Therefore, further forcing is not possible,
a contradiction to our assumption that Z»[S(G)] = 3.

Subcase 2.

Assume that w ~ u and w ~ v. In this case u and v together can force a
maximum of 4 more vertices to black, not all. By considering the above cases,

we can conclude that

ZS(G)] > 4 (4.13)

To prove the reverse inequality, consider the graph depicted in Figure 4.1. In

Figure 4.1: The splitting graph of the prism graph C,[JK,
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4.3. Graphs with Z(G) > 4

this figure, the orange vertices represent the white vertices. Consider the set
of black vertices {1,2,3,4}. The vertices 6 and 10 are 2-forced to black by the
vertex 1. Consider the vertex 2. Since the vertex 6 and 10 are black and they
are in the open neighborhood of the vertex 2, therefore, the vertices 5 and 9
are 2-forced to black by the vertex 2. Since there are two white neighbors in the
open neighborhood of the vertex 4, therefore, the vertices 7 and 11 are 2-forced to
black by the vertex 4. Now, if we consider the vertex 3, it can 2-forces the vertices
8 and 12 to black. If we color the vertex set {5,6,7,8} or {9, 10,11, 12} as black,
then also we can force the remaining vertices to black. The same argument is
true for the splitting graph of the prism graph, where n > 5. The cardinality of

the set {1,2,3,4} is 4. Hence,
ZIS(G) < 4 (4.14)

Therefore from (4.13) and (4.14), Z,[S(G)] = 4. O

4.3 Graphs with Z5(G) > 4

In this section, we consider some more graph classes in which Z5(G) > 4. We

start with the splitting graph of the star graph.

Theorem 4.3.1. Let G be the star graph Ky, on n + 1 vertices, where n > 5.
Then, Z5[S(G)] = 2n — 4.

Proof. Assume that we have a 2- forcing set consisting of 2n — 5 black vertices.
Then, the number of white vertices in S(G) is 7 , that is, 2n+2 — (2n — 5) = 7.

We divide the vertex set of S(G) into four sets A = {u'}, B = {uy, ua, ..., u,},
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4.3. Graphs with Z(G) > 4

C ={u} and D = {u},uh,...,u,} as depicted in Figure 4.2.

Case 1.

Assume that the vertices in A and C' are white. Consider the remaining 5 white
vertices in S(G). Then, we have the following Subcases.

Subcase 1.

Assume that 3 of them will be in B and 2 of them will be in D or vice versa. We
can see that the color change rule is not applicable in this case, because three
vertices will remain as white either in B or in D.

Subcase 2.

Assume that 4 of them will be in B and 1 will be in D or vice versa. In this
case the color change rule is not possible, since four vertices will remain as white
either in B or in D.

Subcase 3.

Assume that there exists no white vertex in the set B and all 5 white vertices
are in the set D or vice versa. Here also we cannot apply the color change rule.
Case 2.

Assume that the vertices in A and C' are black. The remaining 7 white vertices

can be distributed in the sets B and D as follows.

B|D
710
6 |1
o | 2
413
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4.3. Graphs with Z(G) > 4

We note that the number of vertices in B and D can also be interchanged. From
the above partition we can observe that in each case, at least 3 white vertices
will be either in B or in D. Therefore, the color change rule is not possible.
Case 3.

Assume that the vertex u’ € A is black or the vertex u € C is black. Consider

the following distribution of the 7 white vertices among the sets A, B,C and D.

B|D|AandC
6|0 1
0|6 1
115 1
5 |1 1
412 1
2 14 1
313 1

From the above partition, we can see that at least 3 white vertices will be there
in B or in D. Therefore, the color change rule is not possible in this case. From
the above cases we conclude that with 2n — 5 black vertices, we cannot obtain a

derived coloring for S(G). Therefore,

Z5[S(G)] > 2n — 4 (4.15)

On the other hand, let A = {v'}, B = {uy,ug,...,up_1,u,},C = {u}, D =

/

{uy,ub, ... ;ul,_y,u,}. Consider the 6 white vertices as w,u', up, uy—1,u

/ /
n? un—l‘

Consider one black vertex, say u;, in B. Clearly, the vertex u; 2-forces the

vertices u and u’ to black. Consider the vertex u’. Then, the black vertex u’
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Figure 4.2: The splitting graph of the graph K,

2-forces the vertices u,_; and w, to black. Again, the vertex u 2-forces the
vertices u/, and w],_; to black. Therefore, the set Zy = {uj,us, ..., upo} U
{uf,uy, ... ul,_5} of black vertices forms a 2-forcing set for the graph S(G).
Thus, we will get a derived coloring for S(G) with all vertices colored black.

Hence, Z5[S(G)] <n —2+n —2 = 2n — 4. Therefore,
Zo[S(G)] <2n—4 (4.16)

From (4.15) and (4.16), Z2[S(G)] = 2n — 4. O

Remark 19 . If G is the star graph K o, then Z5[S(G)] = 1.

Theorem 4.3.2. Let G be the generalized friendship graph Flf, p > 6,k >np.

Then, Z5(G) =k — 1.

Proof. Represent the k cycles in F]f as CZ(DI), C’I(,Q), . ,C’;(,k), where

V[C(l)] = {,U%ﬂ ,U%a s >UP}

p

VICP] = {v},3, ... v}

p
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V[ngk)] = {vh vh v}

Consider the set of black vertices Zy = {v},v?,...,vF"'}. The remaining vertices
in G are assumed to be white. We can see that N(v{) contains only two white
vertices v, and vy. Therefore, the black vertex v] 2-forces the vertices v, and vy
to black. The vertex vl forces vi to black and so on. Similarly, we can observe
that N(v}) contains vertices v, and v3 of which v, is already black. Now, v — v3
to black, v3 — v2 to black and so on. In a similar way, vF~' — v5™! to black,
v~ — v to black and so on. Consider the cycle C’ng) in G. The vertex set
of the cycle C8¥ is {vf,v5,...,v,}. The black vertex v, is adjacent to two white
vertices v} and v;f_l. So the black vertex v, 2- forces the vertices v§ and v;f_l to
black. Now, v — v§ to black , v5 — v§ to black and so on in C}(;k). Therefore,
the set Z, forms a 2- forcing set for F¥. The cardinality of the set Z5 is (k —1).
We can easily observe that with (k — 2) black vertices it is not possible to form

a 2-forcing set for GG, because there exists at least 4 white vertices adjacent to

the vertex v,. Hence, Z5(G) =k — 1. O

4.4 Bounds on Z5(G)

In this section, we consider some bounds on Z,(G).

Theorem 4.4.1. For any connected graph G of ordern > 3, Z5[S(G)] < 27Z5(G).

Proof. Assume that Zy = {uy,us,...,un}, 1 < m < n, be a minimun 2-forcing
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set for G. Now, consider the set
Zy = {uy, ug, ..., up Y U, ub, .. ul} € VIS(G)]

where u}, ul, ..., u! be the copies of the vertices uy, ug, . .., un, in V[S(G)]. Color
all the vertices in Z, as black. We prove that the set Z, will form a 2-forcing
set for S(G). Assume that G is colored with black and white vertices and the
vertices in Z, are black. Consider the vertices in G which have exactly two
white neighbors in G. Let it be wuy,ug,...,u;, where I < m and u},us, ...,y
be the vertices corresponds to us, usg,...,u; in S(G). We see that in S(G), each
one of N(uj),N(uj),...,N(u;) contains exactly two white vertices. Let it be
Vi, Vo, ..., V;, where each one of Vi, V5, ..., V, represents the set of two white
vertices. Clearly, v} — V; to black, uy — V5 to black, ..., u; — V; to black.
Consider the set {uy, us,...,u} in S(G). At this point of time, we can see that
u; — V] to black, uy — Vi to black,. .., u; — V/ to black, where V/, VJ, ... V] are
the corresponding vertices of Vi, Vs, ..., V; . Consider the white vertices which

are adjacent to Vi, Vs, ...,V in G. Let it be wy, wy, ..., w;. Clearly, V{ — w; to

black, V; — w] to black and so on, where w}, w, ..., w] denote the corresponding
vertices of wy,ws, ..., w; respectively. Therefore, the set Z, forms a 2- forcing
set for S(G). Hence, Z5[S(G)] < 2Z5(G). O

Now, we consider the following results from [1] and [8] to prove a relationship

between Z(G), Z52(G) and Z[S(G)].

Theorem 4.4.2. [8] Let G be a connected graph of ordern > 3. Then, Z[S(G)] <
27(G).

Theorem 4.4.3. [1] Let G = (V, E) be a connected graph. Then, Z(G) > Z»(G).
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Next we prove a relationship between Z(G), Z2(G) and Z[S(G)].

Theorem 4.4.4. Let G be a connected graph of order n > 3. Then, Z3(G) +

Z[S(Q)] < 3Z(G), and the bound is sharp if G is the path Psj.

Proof. Theorem 4.4.2 and Theorem 4.4.3 imply that Z,(G) + Z[S(G)] < Z(G) +
2Z(G) = 3Z(G). This bound is sharp for Ps, since Zy(Ps) = 1, Z[S(P,)] = 2
and Z(G) = 1. O
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Chapter 5

Connected k£ -Forcing Number of Graphs and

Splitting Graphs

In this Chapter, we address the problem of determining the connected k-forcing
number Z..(G) of certain graphs. In Section 1, we find the connected zero forc-
1ng number and the connected k-forcing number of some familiar graphs and
splitting graphs. We also provide an upper bound of Z..(GOH) for the corona
product of two graphs G and H. In Section 2, we investigate the connected zero
forcing number and the connected k-forcing number of rooted product of some
graphs, the C'P-graph C3P, and the circular ladder graph. Section 3 deals with

the connected k-forcing number of square graph of path and cycle.

5.1 Introduction

Definition 5.1.1. [1] k-color change rule: Let G be a graph with each ver-

tex colored either black or white. If a black colored vertexr has at most k white

IThis chapter has been published in the Journal of Mathematical and Computational Sci-

ence, Volume 10, Number 3, 2020, Pages 656-680.
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5.1. Introduction

netghbors, then change the color of k white neighbors to black. When the k-color
change rule is applied to an arbitrary vertex v to change the color of some ver-
tices wy, wo, . .., wy to black, then we say that the vertex v “k-forces” the vertices

Wy, Wa, ..., W, and we denote it as v — wy, vV — Wa, ...,V —> Wg.

Definition 5.1.2. [1] A k-forcing set of a graph G is a subset Zy, of vertices
of G such that if initially the vertices in Zj are colored black and the vertices in
V(G) — Zy are colored white, the whole graph G is colored black by continuously
applying the k-color change rule. The k-forcing number Z,(G) is the min-
imum of | Zy | over all k-forcing sets Z, C V(G). If the subgraph induced by
the vertices in Zy, (ie, (Zy)) is connected, then Zy, is known as the connected k-

forcing set, denoted by Z.

Definition 5.1.3. The connected k-forcing number Z. . (G) is the minimum

of | Zex | over all connected k- forcing sets Z. C V(G).

When k = 1, this is known as the connected zero forcing number and is denoted
by Z.(G).
From the definitions above, we have the following Theorem.

Theorem 5.1.4. Let P, be a path, where n > 3. Then,

3ifk=1

1ifk > 2.

Proof. Case 1.

Assume that £ = 1. We can easily observe that if we color any two adjacent
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5.1. Introduction

vertices as black, it is not possible to obtain a derived coloring for S(P,). There-

fore,

Z[S(P)] > 3 (5.1)

Let uq,us,...,u, be the vertices of P, and u’l, u;, e ,u’n be the corresponding
vertices in S(P,). Color the vertices u;,us and u) as black and the remaining
vertices as white. Clearly, the vertex u; forces u, to black. Then, the vertex u,
forces us to black, the vertex u, forces u; to black and so on. Therefore, the set

Zo = {uy, ug,u)} forms a connected zero forcing set for S(P,). Therefore,
ZJ[S(P,)] <3 (5.2)

Hence from (5.1) and (5.2), Z.[S(P,)] = 3.
Case 2.
Assume that k& > 2. In this case if we color the vertex u; as black, then the black

vertex u; forms a connected zero forcing set and hence the result follows. O

Theorem 5.1.5. For any simple graph G, Z(G) < Z.4(G) for any fixed positive

integer k.
Proof. Proof is obvious. O

We consider the next Theorem from [8] to prove the result for the splitting graph

of a cycle C,.

Theorem 5.1.6. [8] If G is the cycle C,,, where n > 4, then Z[S(G)] = 4.

In the succeeding Theorem, we consider the splitting graph of a cycle C,,,n > 4.
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5.1. Introduction

Theorem 5.1.7. Let S(C,,) be the splitting graph of a cycle C,,, n > 4. Then,

(

4ifk=1

Zea[S(Co)] =43 if k=2

1ifk > 3.
\

Proof. Case 1.

Assume that £ = 1. From the Theorem 5.1.5 and the Theorem 5.1.6, we have

Z[8(C,)] > 4 (5.3)
To prove the reverse part, consider the vertices of the cycle C,, as vy, vs,...,0,
and v}, vj, ..., v, be the corresponding vertices in S(C,,). Consider the set Z, =

{v1, V], v9,v5}. Color the vertices of the set Z. as black and the remaining vertices
as white. Then, the vertex vy — v3 to black, vo — v} to black, v — vy to black,
v3 — v, to black and so on. Therefore, we can find a derived coloring for S(C,,)
with the set Z. = {v1, v}, v9,v5}. The cardinality of the set Z. is 4. Therefore,
we have

Z,[S(C)] < 4 (5.4)

Hence from (5.3) and (5.4), Z.[S(C,,)] = 4.

Case 2.

Assume that & = 2 and Z.[S(C,)] = 2. Consider a connected 2-forcing set
consisting of two black vertices. Let u and v be the two adjacent black vertices
in the connected 2-forcing set for S(C,,). Then, we have the following Subcases.
Subcase 1.

deg(u) = deg(v) = 4. Since u and v are adjacent to three white neighbors, the
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5.1. Introduction

color change rule is not applicable in this case, a contradiction to our assumption
that Z[S(Cy)] = 2.

Subcase 2.

deg(u) = 2 and deg(v) = 4. In this case, the black vertex u can force one adjacent
vertex of degree 4 to black. Therefore in this case, it is not possible to obtain a

derived coloring. Hence from the Subcases 1 and 2, we have

ZalS(C,)] 2 3 (5.5)

We can easily observe that the set Z.o = {vy,v], v} of black vertices forms a

connected 2-forcing set for S(C),) and hence
ZolS(Cn)] <3 (5.6)

Therefore from (5.5) and (5.6), Z.[S(C,)] = 3.

For k = 3, the proof is obvious. ]

Theorem 5.1.8. Let F), denotes the friendship graph with p > 2 triangles. Then,

(

p+1—§z’fkisevencmdk<A—2

Zek(Fp) = § 2243 G f e is odd and k < A —2

Lif k>A—2.

Proof. Case 1.

Assume that k is even and k < A —2. Let v be the vertex with maximum degree
A. We can observe that v should be a member of any connected k-forcing set.
Otherwise, the k- forcing set will not be connected. Therefore, assume that the
vertex v is there in any connected k-forcing set for F,. If we take one black

vertex from each of the p — g — 1 triangles, then it is not possible to obtain a
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derived coloring since deg(v) = 2p and by using the color change rule we get
2(p— g —1) = 2p— k — 2 black vertices which are adjacent to the vertex v. Now,
we have 2p — (2p — k — 2) = k + 2 white vertices remain. It is not possible to
force these k + 2 vertices to black by using the black vertex v. Therefore, we
must take one black vertex from each of the p — g triangles. Since the vertex v
is black, we have

Pl g < Z4(F) (5.7)

k

5 triangles as black. Since the vertex v is

Take one vertex from each of the p —
black, these p — % vertices will force the remaining vertices in the p — % triangles
as black. Then, we have 2(p — %) black vertices together with the black vertex
v in the connected k-forcing set. We can observe that at this stage we have
2p — (2p — k) = k white vertices adjacent to the vertex v. Now, the vertex v can

force these k-vertices as black. Therefore, we get a derived coloring with p+1— §

black vertices. Hence,

k

Therefore, Zo,(F,) =p+1— %,

Case 2.

Assume that k is odd and k£ < A —2. Let v be the vertex with maximum degree
A. We can see that v should be a member of any connected k- forcing set.
Otherwise, the k-forcing set will not be connected. Therefore, assume that the
vertex v is there in any connected k- forcing set for F},. Suppose that there exists
a k- forcing set consisting of % black vertices. Since the vertex v is black,
we can distribute the remaining w black vertices among the triangles. To

force the maximum number of vertices as black, we need to distribute one black

vertex for each of 22-°=1 triangles. Now, we have 2(25=') + 1 = 2p — k black
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5.1. Introduction

vertices and 2p + 1 — (2p — k) = k + 1 white vertices. All these white vertices
are adjacent to v. So the color change rule is not applicable since (k + 1) white
vertices are adjacent to the black vertex v. Therefore with w black vertices,

we cannot obtain a derived coloring for F),. Hence,

20—k + 3
ch(pp)>p—

> = (5.9)

We take one vertex from each of the 2;7ka+3

—1 triangles as black. Since the vertex

2”_—2k+3 — 1 black vertices will force the remaining vertices in the

v is back, these
%_TM — 1 triangles as black. At this stage, we have 2(% —1)+1=2p—k+2
black vertices remain. Therefore, the total number of white vertices remain at
this stage is 2p+ 1 — (2p — k + 2) = k — 1. All these (k — 1) white vertices are

adjacent to v. Therefore, the vertex v forces all these (k — 1) white vertices as

black. Hence,

2p—k+3
Za(Fy) < L0 (5.10)

Therefore from (5.9) and (5.10), Zu(F,) = 22
We can easily observe that if & > A — 2, then Z(F),) = 1. O

Theorem 5.1.9. Let G be a connected graph with | V(G) |= p1 and let H be
another connected graph with Z.(H) = py. Let G be the graph obtained by taking

the corona product of G and H, that is, G = G® H. Then, Z4(G) < p1(1+ p2).

Proof. Without loss of generality, assume that G is connected with | V(G) |= p1
and Z.x(H) = pe. Color all the vertices of G as black. To form the k-forcing
set for the sub graph induced by {v;} U Hy, we need a maximum of 1+ p, black
vertices. That is, Zp({({vi} U H1)) < 1+ py , where H; is the first copy of H

corresponds to the vertex vy in G. Also, Zx(({va}UHs)) < 1+4py, where Hs is the
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second copy of H corresponds to the vertex v, in G. Proceeding like this, we can
observe that Zj(({vy, }UH,,)) < 14+ps. Now, the graph G = ({v; JUH;)U({v2}U
Hy)U. . .U({v,, }UH,,). Therefore, Z;(G) < (1+p2)+ (14+p2)+---+(1+p2)-p1
times. This follows that Z,(G) < p;(1+ p2). Since each vertex in G is connected
to the vertices of all copies of H, the k-forcing set thus obtained forms a connected

k-forcing set. Therefore, Z.x(G) < p1(1 + pa). O

Theorem 5.1.10. Let G be the complete bipartite graph K,,,, where n > 2,
m > 2. Then, the connected zero forcing number of G is m +n — 2. That is,

Z(G)=m+n-—2.

Proof. Since G is a complete bipartite graph, therefore, the vertex set of G' can
be partitioned into two sets X and Y. Let uy, us, ..., u,, be the vertices in X and
v1, Vs, ..., U, be the vertices in Y. Clearly, the vertices in X are non adjacent.
The vertices in Y are also non adjacent. To start the color change rule, color any
vertex, say u1, in X as black. The remaining vertices are considered to be white.
Since each vertex in X is connected to every vertex in Y, we have to color (n—1)
vertices in Y as black. Let the only one white vertex in Y be v,,. Now, the vertex
u; — v, to black. In X, there are (m — 1) white vertices remain. Each vertex in
Y is joined to (m — 1) white vertices in X. Assign black color to (m — 2) white
vertices in X. Then, any black vertex in Y, say vy, forces the remaining white
vertex in X as black. Now, the zero forcing set consists of 1 +m —2+4+n — 1
black vertices, which are connected. Thus, with 1+m —24+n—1=m+n —2
black vertices, we can obtain a derived coloring for G. We can easily observe
that with m + n — 3 black vertices, forming a connected zero forcing set for G is

not possible. Hence the connected zero forcing number of G is m +n — 2. O]
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We use the following results from [4] and [19] to prove the next result.
Theorem 5.1.11. [4] For any connected graph G, Z(G) < Z.(G).

Theorem 5.1.12. [19] Let G be the graph obtained by taking the Cartesian

product of a cycle C,, with the path P,,. Then, Z(G) = min{n,2m}

Theorem 5.1.13. Let G be the graph obtained by taking the Cartesian product

of a cycle C,, with the path P,, and let n > 2m. Then, Z.(G) = 2m.

Proof. Let vy and vy be the two adjacent vertices in the cycle C),. Let A =
{vi,v?,...,v"} be the vertices corresponding to the vertex v; in G and let B =
{vi,v3, ..., v} be the vertices corresponding to the vertex vy in G, where v; = v}
and vy = vg. Consider the 2m vertices in the set AU B and color these vertices
as black in G. The remaining vertices are assumed to be white. Then, these 2m
black vertices in AU B forces the remaining vertices in GG as black. Clearly, these
vertices are connected in GG and thus form a connected zero forcing set for G.

Hence,

Z.(G) < 2m (5.11)

Also, by the Theorem 5.1.11 and the Theorem 5.1.12

Z.(G) > 2m (5.12)
From (5.11) and (5.12), Z.(G) = 2m. O
Theorem 5.1.14. Let G be the star graph k;, on n+ 1 vertices, n > 3. Then,

Z(G) =n. In general, if 2 < k <mn, then Z(G) =n—k+ 1.

Proof. Let v,uy,us,...,u, be the vertices of the star graph k; ,,, where v is the

vertex having degree n. Assume that the vertex v is black. We generate a
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connected zero forcing set as follows.

Since deg(v) = n, to apply the color change rule, we have to color (n—1) vertices
in G adjacent to v as black. Then, the vertex v forces the remaining white vertex
to black. Thus, with n — 1 + 1 = n black vertices, we get a derived coloring for
G and we can easily observe that with (n — 1) black vertices we cannot generate
a connected zero forcing set for G. Therefore, Z.(G) = n.

If k = 2, we can easily show that the connected 2-forcing number of G is n—2+1 =
n — 1. Again, if k = 3, then we can easily observe that the connected 3-forcing
number of G is n—3+1 = n—2. Proceeding like this, we obtain Z(G) = n—k+1

for any positive integer 2 < k < n. O

5.2 Connected k-Forcing Number of Rooted Prod-

uct of Graphs

In this section, we deal with the connected k-forcing number of rooted product
of cycle and path, cycle and cycle, ladder graph and path, grid graph and path,
ladder graph and cycle, circular ladder graph and path, circular ladder graph

and cycle, and path and path.

Theorem 5.2.1. Let G be the graph obtained by taking the rooted product of the
cycle C,, and the rooted path P, rooted with the pendant vertex of P;, wheret > 2.
Then,

nif k=1
ch<G>:

1if 2<k < A(G) = 3.
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Proof. Let uy,us, ..., u, bethe vertices of the cycle C,, in G and Pt(l), Pt(Z), ey Pt(")

be the n copies of the path P, rooted at the vertices wuq, us,. .., u, respectively.

Represent the vertex set of the paths Pt(l), Pt(2), cee Pt(") in G as follows.
174 P(l) _ 1 1 1
[ t ]_{p17p27"'7pt}

VIP®] = {p} 03, ... 07}

VIP™) = {pt,p8, ..., p}

Let u; be the vertex identified with the vertex p} in G, uy be the vertex identified
with the vertex p? in G, ..., u, be the vertex identified with the vertex p7 in G.
Case 1.

Assume that £k = 1. This case is similar to that of the connected zero forcing
number of G. Color the vertices uy, us,...,u, in G as black and the remaining

vertices are assumed to be white. We can easily infer that

Z,(G) <n (5.13)

It is worth mentioning that if we start the color change rule with the vertices
of Pt(i), where 1 < ¢ < n, other than the vertices identified with the vertices
Uy, Usg, - . ., U, of C,, we cannot obtain a connected zero forcing set with n black
vertices. Therefore, we need to consider the vertices in the cycle to force the
remaining vertices in G.

Assume that we have a connected zero forcing set consisting of (n — 1) black

vertices. From above, we can assert that these vertices must be from the cycle
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C,. Without loss of generality, assume that the vertices uq,us,...,u,_1 are
black. Clearly, the vertex us can force the vertices of the path Pt@) to black, the
vertex uz can force the vertices of the path Pt(g) to black, ..., the vertex wu, o
can force the vertices of the path Pt("_Z) to black. Since the black vertex u; is
adjacent to two white vertices u,, and pl, the vertex u; cannot force the vertices
u, and p}. Similarly, the black vertex u, ; is adjacent to two white vertices wu,,
and pj~'. Therefore, the vertex u,_; cannot force u, and p3 . This contradicts

our assumption that Z.(G) = n — 1. Therefore,

Z(G) zn (5.14)

Hence from (5.13) and (5.14), Z.(G) = n.
Case 2.
Assume that £ > 2. In this case, if we consider any pendant vertex of G as a

black vertex , then it can force the remaining white vertices of G as black. Hence,

Za(G) = 1. O

Theorem 5.2.2. Let G be the graph representing the rooted product of a cycle

C,, and the rooted cycle C,,. Then,

2nif k=1

Ze(G) =S nif k=2

lif 3<k<A(G) =4

Proof. Let uy,us ..., u, bethe vertices of the cycle C), in G and C’,%), Cr(,f), ey o)
be the n copies of the cycle (), rooted at uq,us, ..., u, respectively. Represent

the vertex set of the cycles C’S), C’T(,f),. . c™ in G by
VIO = {di,dy,....d},}
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VICP] = {d}, d3,...,d%}

V[CW) = {dp.dy,...,d%)

Assume that the vertex d} be rooted at uy, the vertex d? be rooted at us, ...,
the vertex df' be rooted at wu,,.

Case 1.

Suppose that £ = 1. This case is similar to that of the connected zero forcing
number of G. Color the vertices ui, ug, ..., un,ds, d3,...,dy as black and the
remaining vertices as white. We can easily see that these black vertices form a

connected zero forcing set for GG. Hence,
Z.(G) <2n (5.15)

We can easily observe that to form a minimum connected zero forcing set for G,
we need to color the vertices uq, uo, ..., u, as black and color at least one vertex
from each of the cycles C’T(,?, 1 <1 < n, adjacent to each u; (1 <1i < n) as black.

Otherwise, we cannot form a minimum connected zero forcing set. Clearly,

Z(G) > 2n (5.16)

Hence from (5.15) and (5.16) Z.(G) = 2n.

Case 2.

Assume that £ = 2. Color all vertices of C,, in G as black and the remaining
vertices as white. Each vertex u;,1 < ¢ < n, is adjacent to exactly two white

vertices of C’T(,?, 1 <i < n and k = 2. Therefore, these vertices form a 2-forcing
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set for G. The sub graph induced by these black vertices is connected and hence

form a connected 2-forcing set for GG. Therefore,
Zeo(G) <n (5.17)

We can easily observe that to form a minimum connected 2-forcing set for G,
we need to color the vertices uq,us, ..., u, as black, otherwise we cannot form a

minimum connected 2-forcing set. Clearly,
Zeo(G) = n (5.18)

Therefore from (5.17) and (5.18), the result follows.

Case 3.

Suppose that £ > 3. In this case, an arbitrary black vertex with degree 2 from
the cycle C’ﬁ?, 1 < i < n, will k-forces the remaining vertices in G as black.

Therefore, Z.(G) = 1. Hence the result. O

Theorem 5.2.3. Let G be the rooted product of the ladder graph P,[JP, and the

rooted path P, rooted with the pendant vertex of P;, where n > 3, t > 2. Then,

2n if k=1
ch(G) =
1 if 2<k<4=A(G).
Proof. Represent the vertices of the graph P,L0P, by uy, us, ..., u, and vy, vy,

.oy Up. Let Pt(l), Pt(z),. .. ,Pt(n) be the copies of the path P, rooted at the vertices
Uy, Us,. . . , Uy, respectively. Also, let le), Q?), e QE") be the copies of the path
P, rooted at the vertices vy, vy, ..., v, respectively. The vertex set of the paths

PP PP P and Q, QP ..., Q™ in G can be named as follows.

VIPY = (Lo, opt) VIRW = {dl,dh, ..l
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VIPP = {p3 02,0}, VIQY = {3 ¢, ... ¢}

VIP™) = (oo, .oy, VIQW = {qh dh, ..., )

Color the vertices uy,ug, ..., u, and vy, vy, ..., v, as black ( Refer figure 5.1).
The remaining vertices are assumed to be white. Clearly, these black vertices

form a connected zero forcing set for G and hence

Z.(G) < 2n (5.19)

Figure 5.1: Rooted product of PP, and P;.

There exists three types of minimum connected zero forcing sets with Z.(G) =

2n. Consider these three sets as follows. We denote them as A, B and C.

A= {ug,ug, ..., Uy, U1, V9. .., 0}
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_ 1,2 n
B— {u17u27”'7un7p27p27"'7p2}
_ 1 2 n
C—{U17U27--'avn7q27q27"'7q2}

We can easily observe that if we take a set of 2n vertices other than these three
sets, then it will not form a minimum connected zero forcing set. Assume that
there exists a connected zero forcing set consisting of (2n — 1) black vertices.
Consider the following cases.

Case 1.

Consider the black vertices as depicted in Figure 5.2. Assume that the black
vertices are from the set A, except the vertex u,,. Consider the vertex u, = ug as
white. The blue colored vertices represent the vertices which are forced by the
black vertices. In this case if we consider GG, then there are 3t — 2 vertices remain
as white. Therefore, we cannot obtain a derived coloring, a contradiction to our
assumption that there exists a connected zero forcing set consisting of (2n — 1)
black vertices. The case is similar if we consider u;,v; and v, = vg as white
vertices.

Case 2.

Consider the black vertices as depicted in Figure 5.1. If we choose any black
vertex other than wy,vy,u, = us,v, = vg as white, then we can observe that
there are 4t — 3 white vertices remain in G, a contradiction to our assumption

that Z.(G) = 2n — 1.

Case 3.
Consider the black vertices as depicted in Figure 5.3. Assume that the black
vertices are from the set B, except the vertex pi. Consider the vertex pi as

white. The blue colored vertices represent the vertices which are forced by the
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L
L
L
L
L
L
L
O

L ® ® ® ® ® ® O

[ { { J L L [ O

Figure 5.2: Rooted product of KLP, and P;.

black vertices. In this case if we consider the graph G, then there are 3t — 2
vertices remain as white. Therefore, we cannot obtain a derived coloring with
(2n — 1) black vertices. A contradiction to our assumption. The case is similar

if we consider the vertex p} as white.

Subcase 3.1.

Consider the black vertices as depicted in Figure 5.3. Assume that the black
vertices are from the set B, except the vertex pb, 2 < i < n — 1. Consider
the vertex py as white. In this case if we consider G, then there are 4t — 3
vertices remain as white. The color change rule is not applicable at this stage, a
contradiction to our assumption that Z.(G) = 2n — 1.

Subcase 3.2.

Assume that the black vertices are from the set B, except the vertex u;, where
1 <17 < n. In this case, we loose the connectivity of the zero forcing set. That is,

the zero forcing set is not connected. Again, a contradiction to our assumption
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Q ® ® ® ® ® ®

O O { J L L [ [

Figure 5.3: Rooted product of KLP, and P;.

that Z.(G) = 2n — 1.

Case 4.

Assume that the black vertices are from the set C, except one. This case is
similar to that of Case 3, since the sub graph induced by the connected zero

forcing sets B and C' are isomorphic. Combining the Cases 1, 2,3 and 4, we have

Z:(G) = 2n (5.20)

From (5.19) and (5.20), Z.(G) = 2n.
Case 5.
Let 2 < k < 4. If we color any one of the pendant vertices of GG as black, then

this pendant vertex forms a connected k- forcing set for G. Hence, Z,(G) =1

if2<k<A4. ]

Theorem 5.2.4. Let G be the rooted product of the grid graph P,[JP, and the
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rooted path P, rooted with the pendant vertex of P,, where t > 2. Then,
(

<n?ifk=1

Za(G)§ < nif k=2

Proof. Case 1.

Assume that £ = 1. In this case, color all vertices of the Cartesian product
P,0P, in G as black. We can easily observe that these n? black vertices form a
connected zero forcing set for G. Thus, Z.(G) < n®.

Case 2.

Assume that k£ = 2. Let uq,us,...,u, be the vertices of the path P, in P,[0P,
of G. Color these vertices as black in G. Now, we can easily verify that these
vertices form a connected 2- forcing set for G. Therefore, Z»(G) < n.

Case 3.

Assume that 3 < k < 5. Let P, be the path rooted at the vertex u; in G. Color
the pendant vertex of the path P, in G as black. Let it be the vertex v. Clearly,
we can form a derived coloring for G with this black vertex v. Thus, Z(G) = 1,

as desired. [

We strongly believe that the bounds in the above theorem are sharp.

Theorem 5.2.5. Let G be the rooted product of P,[JP and the rooted cycle C,,,

where n > 3. Then,
(

<dnif k=1
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Proof. Case 1.

Assume that £ = 1. Let uq,us, ..., u, be the vertices of the path P, in G and
let vy, v9,...,v, be the vertices corresponding to the copy of the path P, in G.
We observe that deg(u,) = deg(vy) = deg(u,) = deg(v,) = 4. The remaining
vertices in GG have degree 5. We note that any connected k-forcing set for G
must contain all the vertices of P,[JP,. Otherwise, the k- forcing set will be
disconnected. Without loss of generality, assume that we have a set consisting
of 2n connected black vertices from P,[JP, in G. The remaining vertices are
considered to be white. To force the white vertices in each cycle, we must select
a black vertex from each cycle rooted at the vertices uq, us, ..., Uy, v, Vs, ..., 0,
and each black vertex should be adjacent to the respective vertex at which each
cycle is rooted. Therefore, we need to choose 2n number of black vertices from
the 2n copies of the cycle C,,. Now, we have a set of 4n black vertices which
forces the remaining vertices of GG as black and this set of 4n black vertices is
connected. Therefore, Z.(G) < 4n.

Case 2.

Suppose that k& = 2. We can observe that the connected 2-forcing set for G
must contain all the vertices of P,[1P,. Otherwise, the zero forcing set will be
disconnected. If we take the 2n black vertices from P,[JP, in G, then these
vertices will 2-forces the remaining white vertices as black. Hence, Z.o(G) < 2n.
Case 3.

Let 3 < k < 5. Consider the cycle rooted at the vertex uy, say oM. Choose
a vertex from O of degree 2 as black. Clearly, this black vertex will give a
derived coloring for G. Hence, Z.(G) = 1.

We strongly believe that the above bounds are sharp. ]
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Theorem 5.2.6. Let G be the rooted product of the circular ladder graph C,,[JK,
and the rooted path P,, t > 2, rooted with the pendant vertex of P,. Then,

Z.(G) = 2n.

Proof. Represent the vertices of C,,[1K5 in G as uy, us, ..., Uy, V1, V2, ..., V, and
ﬂ(l),Pt(z), ceey Pt(") be the copies of the path P; rooted at vi,vq,...,v, . Let
vy =pl, vy =pi, ..., v, = pt, where pi,p3,...,p} are the pendant vertices of the

paths rooted with the vertices vy, vs, ..., v, respectively, where
1

V[Pt(Z)] = {p%7p%7 A ’th}

VIP™) = {pt, 05, 0p}

We examine the different possibilities for forming a connected zero forcing set as
follows.

Case 1.

Assume that we have a connected zero forcing set consisting of (2n — 1) black
vertices {uy, g, ..., Up, V1, Vg, ..., 0,1} for G. Then, the black vertex u, has two
white neighbors v,, and a vertex of the path rooted at u,,. So further forcing from
the black vertex u, is not possible. which is a contradiction to our assumption.
Case 2.

Suppose that Z. = {vy,va, ..., Uy, U1, Ug, ... Up_1} is & connected zero forcing set
for G. Then, we can easily observe that further forcing from the black vertex

v, is not possible, because it has two white neighbors, a contradiction to our
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assumption.

Case 3.

The case for forming a connected zero forcing set by taking (2n — 1) black pen-
dant vertices of the paths is ruled out, since the subgraph induced by these black
vertices is not connected.

Case 4.

Consider a connected zero forcing set of (2n — 1) black vertices having the fol-
lowing combinations.

Subcase 4.1.

Combination of the vertices u; and the vertices of the path Qgi), where Qﬁi) is
the path rooted at the vertex u; and i =1,2,...,n.

Subcase 4.2.

Combination of the vertices v; and the vertices of the path Pt(i), where i =
1,2,...,n.

Subcase 4.3.

Combination of the vertices u;, v; and the vertices of the path Pt(i), 1=1,2,...,n.
Subcase 4.4.

Combination of the vertices w;, v; and the vertices of the path Qgi), where
1=1,2,...,n.

Subcase 4.5.

Combination of the vertices u;, v;, the vertices of Pt(i) and the vertices of Qgi),
1=1,2,...,n.

We can observe that none of the above combinations form a connected zero

forcing set for G. Hence from the above cases, we can conclude that

Z.(G) > 2n (5.21)
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To claim Z.(G) < 2n, we proceed as follows.

Select uy, ug, ..., Uy, V1,2, ..., 0, as the 2n black vertices. The remaining vertices
are considered to be white. Then, the black vertex v; — p3 to black, the black
vertex py — pi to black, ...,p} ; — p; to black. Similarly, all the vertices
of the paths rooted at the black vertices vy, vs,...,v, will be colored as black.
The same argument holds good for the vertices of the paths rooted at the black
vertices uyj, Usg, . .., Uy,. S0 the set Z. = {uy,ug, ..., Uy, v1,0s,...,0,} generates a

connected zero forcing set for G. The cardinality of the set Z. is 2n. Hence,

Z.(G) < 2n (5.22)

From (5.21) and (5.22), Z.(G) = 2n. O

Theorem 5.2.7. Let G be the rooted product of a circular ladder graph C,,[1K,

and the rooted cycle Cy. Then, Z.(G) < 4n.

Proof. Let A = {uy,ug,...,Up,v1,0a,...,0,} be the vertex set of the circular
ladder graph C,JK5 in G, where uy,us, ..., u, are the vertices of the inner cy-
cle. Let C,il), C’,(f), ce C’,i") be the copies of the cycle C} rooted at the vertices
vy, Vs, ..., U, respectively and D,il), D,(f), e ,D,(gn) be the copies of the cycle Cj,
rooted at the vertices uy, uo, ..., u, respectively. Let the vertex set of the cycles

e .c® . c™ and DI, D@ ... D" be as follows.

VIeM = {eleb, ek

Ve = {3, &,... &)
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VICM) = {e e, ey

VD) = {d},d}, ... dL}

VDY) = (&, &3,....d%}

VDM = {dp,dy,. ... d¢}

Let vy =cl,vo=¢%,...,v, =} and uy = dj,us = d3, ..., u, = d.

We generate a connected zero forcing set for the graph G as follows. Consider
the set Z. = {v1, ¢}, v9, €3, ..., Un, €3, UL, U, - . ., Upn, ds, d3, ..., d5}. Color the ver-
tices in Z. as black and the remaining vertices as white. Then, the vertices in
Z. can force the remaining white vertices of the cycles C,gl), C’,EQ), e ,C’,(g”) and
D,(Cl), D,(f), e ,Dlin) as black by repeatedly applying the color change rule. Thus,
the set Z. = {vy,ch,va,¢3, ..., U, 8 UL, U, .. Uy, ds, d3, ..., d5} generates a
connected zero forcing set for G. The cardinality of the set Z. is 4n. Hence,

Z.(G) < 4n. O

We strongly believe that the above bound is sharp.

Theorem 5.2.8. Let G be the rooted product of a path P, and the rooted path

P, rooted with the pendant vertex of P;, where n > 3,t > 2. Then,

nif k=1
Ze(G) =

1if k> 2.
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Proof. Denote the vertices of the path P, in G by uy, us, ..., u,. Let u; = pj,

Uy = pPi,..., u, = Py, where pi,p?,...,pt are the vertices of copies of the path
P, rooted at uy,us, ..., u, respectively.
Claim.

Any set consisting of (n — 1) black vertices will never form a connected zero
forcing set for the graph G. For, consider the following cases.

Case 1.

Select the pendant vertex of each path rooted at the vertices wy,us, ..., up_1.
Clearly, they cannot form a connected zero forcing set for G.

Case 2.

Form a set of (n — 1) black vertices from the vertices of the paths rooted at
the vertices uy,us,...,u,. Then, we can easily observe that this set will not be
connected and hence will not form a connected zero forcing set for G.

Case 3.

Assume that Z, = {uy,uy,...,u,—1}. Color the vertices in the set Z. as black
and the vertices in V(G) — Z. as white. Then, we can see that the vertices
of the paths rooted at wuy,us,...,u,_o can be colored as black by applying the
color change rule. We observe that the forcing from the black vertex wu,_; is not
possible, because u,,_; has two white neighbors. Therefore, the set Z. cannot

generate a connected zero forcing set for GG. In view of the above cases, we have

Z:(G) = n (5.23)

To prove the reverse part, let Z, = {uy,us,...,u,}. Assign black color to the

vertices in the set Z.. Then, we can see that the set Z. generates a connected
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zero forcing set for G. Therefore,

Z,(G) <n (5.24)

Hence from (5.23) and (5.24), Z.(G) = n.

Case 4.

When k = 2. Let u be an arbitrary vertex of G such that deg(u)# 3. Color the
vertex u as black. Clearly, the vertex u gives a derived coloring for G. Hence,
Zcz(G ) =1

When k = 3, any black vertex of G forms a connected zero forcing set. Hence

the result follows.

Next we compute the connected zero forcing number of the C' P- graph considered

in [8].

Theorem 5.2.9. Let G be the C'P-graph C3P,. Then,

2raf k=1
Z(G) =

lif k=2,3.

Proof. Denote the cycles in G by C’él), C?EQ), o ,C’ér). Let the vertex set of the

cycles in C5P, be

Ve = {cl, e}, ci}

VIC?) = {2, 2,3}
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VIS = {c], 5, ¢}

Case 1.

Assume that & = 1. We prove the result by mathematical induction on the
number of cycles 7 in the C'P-graph. Assume that » = 1. In this case, G is the
cycle C3. Therefore, Z.(C3) = 2 and the result is true for r = 1.

Assume that the result is true for all C3P, graphs with (r — 1) cycles Cs5, where
r > 2. Let C be the end cycle connected to the rest of the C5F, graph by an
edge e = ab, where a € [V(C3P,) — V(C)] and b € V(C). Let Y = {a,b} be the
cut set where a € (V(C5P,) — V(C)) and b € V(C).

Now, the induced sub graph (V(C5P,) — V(C)) is a C3P, graph with (r — 1)
cycles. Therefore by our assumption, Z.((V(C3P,) =V (C))) =2(r—1) = 2r—2.
Let W be the minimum zero forcing set of (V(C3P,) —V(C)) with | W |= 2r —2.
Let u; and uy be two white neighbors of the vertex b in C'. Since the vertex a
is black, it forces the vertex b to black. Since the black vertex b has two white
neighbors, further forcing from the vertex b is not possible. In order to make
the zero forcing set connected, we have to include the black vertex b in the zero
forcing set. Therefore, our new connected set is W U{b}. The set W U{b} cannot
force the remaining two white vertices (u; and uy) adjacent to b. Therefore, we
need to include either u; or uy into the set W U {b}. Let it be u; and color u; as

black. Hence by induction
Z(G) =| WU {b,u} |

=2r—242=2r.

Therefore, Z.(G) = 2r, if k = 1.
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Case 2.
Assume that £ = 2,3. In this case, any black vertex of degree 2 will form a

connected k-forcing set. [

Theorem 5.2.10. [9] Let G be a graph with girth at least 4 and minimum degree
0(G) > 3. Then, Z.(G) > §(G) + 1.

Theorem 5.2.11. Let G be the circular ladder graph C,00K,, where n > 4.

Then, (
4if k=1
Zew(G) = 2if k=2
\1 if k=3=A(G).
Proof. Let uy,us, ..., uy,,v1,0s,...,v, be the vertices of the circular ladder graph
G, where uq, us, ..., u, are the vertices of the inner circle.
Case 1.

Assume that & = 1. By the Theorem 5.2.10, since A(G) = §(G) = 3 and the

girth is at least 4 ;we have
Z.(G)>3+1=4 (5.25)

To establish the reverse inequality, we proceed as follows.

Without loss of generality, choose four adjacent vertices uq, us, us and vy in G.
Color these vertices as black and assume that the remaining vertices are white.
Then, clearly the black vertex uy — v9 to black. Now, the black vertex vy — wvs
to black. Again, the black vertex us — uy4 to black, v3 — v, to black. Proceeding
like this, the black vertex u,,_; — u, to black and v,_; — v,, to black. Therefore,

the set Z. = {uy,uq, us,v1} forms a connected zero forcing set for G. Here the
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cardinality of the set Z,. is 4. Hence,
Z.(G) <4 (5.26)

Therefore from (5.25) and (5.26), Z.(G) = 4.

Case 2.

Assume that £ = 2. In this case , clearly a set consisting of any two adjacent
black vertices forms a connected 2-forcing set for G and with one black vertex,
obtaining a connected 2-forcing set is not possible. Hence, Z.(G) = 2.

Case 3.

Suppose that £ = 3. It is obvious that any black vertex gives a derived coloring

for G. Therefore, the result follows. ]

5.3 Connected k-Forcing Number of Square of

Graphs

In this section, we deal with the connected k-forcing number of square graph

of path P,,n > 3 and the cycle C},,n > 5.

Theorem 5.3.1. Let GG denotes the square graph of a path P,, where n > 3.

Then, the connected zero forcing number of G is 2.

Proof. Represent the vertices of G by uq,us, ..., u,. It is obvious that with one

black vertex, we cannot obtain a derived coloring for G. Therefore,

Z(G) > 2 (5.27)
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On the other hand, without loss of generality, color the vertices u; and us as
black and the remaining vertices as white. Then, the black vertex u; forces us
to black, the vertex us forces uy to black, the vertex ug forces us to black and
so on till all vertices of G are colored black. Thus, the set Z, = {uy, us} forms a

connected zero forcing set for G. Here | Z. |= 2. Hence,
Z.(G) <2 (5.28)
From (5.27) and (5.28), Z.(G) = 2. O

Theorem 5.3.2. The connected zero forcing number of the square graph of a

cycle C, is 4, where n > 5.

Proof. Let GG denotes the square graph of the cycle C,, n > 5. It is clear that
G is a 4-regular graph. Therefore A(G) = §(G) = 4. Since Z.(G) > Z(G) and
Z(G) > 6(G), we have

Z.(G) >4 (5.29)

In order to establish the reverse inequality, choose any four adjacent vertices of
G. Let the vertices be uq, us, us and u,. Color these four vertices as black and
the remaining vertices as white. In G, the vertices adjacent to the vertex u; are
Us, U3, Uy and u,_1, of which wus, us, u, are black. So the black vertex u; forces the
vertex u,_1 to black. Consider the black vertex us. The adjacent vertices of us
are uq, Uy, uz, and uy. Of these vertices, uq, usz, u, are already black. Therefore,
the vertex uy forces uy to black. Again, consider the black vertex us. At this
stage, the vertex uz has only one white neighbor us. Hence us forces us to black,
uy forces ug to black and so on. Finally, consider the black vertex u, 4. The

vertex u,_4 has 4 neighbours w,_s, U, _g, Un_3, Up_o of which wu,_o is the only
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white vertex. Therefore, the vertex u,_, forces u,,_o to black. The vertex w,,_s is
already colored black by the vertex w,,_5. Therefore, the set Z, = {uy, ug, uz, u,}

generates a connected zero forcing set for the graph GG. Hence we have
Z.(G) <4 (5.30)

From (5.29) and (5.30), Z.(G) = 4. O
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Chapter 6

2-Distance Forcing Number of a Graph

This Chapter introduces the notion of 2-distance forcing number
Z94(G) of a graph G. Necessary definitions for the development of
this chapter are given in Section 1. In Section 2, we find the ezxact
value of Zyg(G) of some graphs such as path, cycle, wheel graph,
Petersen graph, star graph, friendship graph, pineapple graph and
the fan graph. In Section 3, we focus on investigating the 2-distance
forcing number of some classes of graphs with diameter lies between

2 and b.

6.1 Introduction

Here we discuss a generalization of the zero forcing set based on the distance
in graphs. We use the following definitions for the further development of this

chapter.

!This chapter has been published in the Journal of Mathematical and Computational Sci-

ence, Volume 10, Number 6, 2020, Pages 2233-2248
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Definition 6.1.1. [2] Open neighborhood and closed neighborhood. The set of
all vertices adjacent to a vertex v excluding the vertex v is called the open neigh-
borhood of v and is denoted by N(v). The set of all vertices adjacent to a vertex

v including the vertex v is called the closed neighborhood of v and is denoted by

N[v]. i.e, N[v] = {v} UN(v).

Definition 6.1.2. [17] The length of a w—v path in a graph G is the number of
edges in the path uw —v. The distance between two vertices u and v in a graph G

1s the length of the shortest path between u and v.

Definition 6.1.3. The 2-distance open neighborhood of a vertex u in a graph
G is the set of all vertices which are at a distance at most two from u excluding
the vertex w and is denoted by Nog(u). The 2- distance closed neighborhood of a

vertex u is denoted as Nog[u], and is defined as Naglu] = {u} U Nog(u).

Definition 6.1.4. The 2-distance vertex or 2-distance mneighbor. Let
G = (V,E) be a graph with vertex set V(G) and edge set E(G). If a vertex v
of G lies at a distance at most two from the vertex u of G, then we say that the
vertex v is a 2-distance vertex or 2-distance neighbor of u.

For example, consider the graph G depicted in Figure 6.1. In Figure 6.1, the
vertices p,q,u,v are the 2-distance neighbors of the vertex r. Therefore, the
2-distance closed neighborhood of the vertex r is Nog[r| = {r,p,q,u,v}. Hence

| Nog[r] |= 5.

Definition 6.1.5. Color change rule. Let G be a graph with each vertex
colored either black or white. If a black colored vertex has exactly one white
colored 2-distance neighbor, then change the color of the white vertex to black.

When the color change rule is applied to an arbitrary vertex v to change the
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Figure 6.1: The graph G

color of the vertex u to black, then we say that the vertex v forces the vertex u

to black and we denote it as v — u to black.

Definition 6.1.6. A 2-distance forcing set for a graph G is a subset Zsq of
vertices of G such that if initially the vertices in Zsg are colored black and the

remaining vertices are colored white, the derived coloring of G is all black.

Definition 6.1.7. The 2-distance forcing number Zy;(G) is the minimum

of | Zaq | over all 2-distance forcing sets Zyqg C V(G).

6.2 Exact Values of Z5;(G)

In this section, we consider some simple graphs such as path, cycle, wheel
graph, friendship graph, star graph, ladder graph and the complete bipartite
graph for computing the 2-distance forcing number Zs;(G). We begin with the

path P,.

Theorem 6.2.1. The 2-distance forcing number of a path P, is 2, where n > 3.

That is, Zoa(P,) = 2.

Proof. Represent the vertices of the path P, as wuq,us,...,u,. The pendant

vertices u; and u, have the least number of 2-distance neighbors. Note that the
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vertices up and ug are the only 2-distance neighbors of u;. We start with the
vertices u; and wus. Assign black color to the vertices u; and us. The remaining
vertices in P, are assumed to be white. Now, the vertex u; — wu3 to black.
Consider the black vertex uy. The 2-distance neighbors of uy are uq, uz and uy of
which the vertices u;, ug are already black. Hence the black vertex us — uy4 to
black and so on. Therefore, the set Zoy = {uy, us} forms a 2-distance forcing set
for the path P,. The number of vertices in the set Z5y is two. We wish to say
that with only one black vertex, obtaining a 2-distance forcing set for the path

P, is not possible. Hence, Zy4(P,) = 2. O]

Next we find the 2-distance forcing number of a cycle C,.

Theorem 6.2.2. Let G be the cycle C,, where n > 5. Then, Zyy(G) = 4.

Proof. Let the vertices of G' be denoted by wuy,us, ..., u,. Each vertex u;, where
1 =1,2,...,n, in G has four 2-distance neighbors. From the cycle C, we can
easily observe that with any three black vertices we cannot obtain a derived color-
ing for G, because each black vertex has at least two 2-distance white neighbors.

Therefore,

Z24(G) > 4 (6.1)

On the other hand, take four arbitrary adjacent vertices u,_1, u,,u; and uy of
G. Assign them the black color. The remaining vertices are considered to be
white. Consider the black vertex u;. The vertices u,_1,u,,us and us are the
2-distance neighbors of the vertex u;, of which the three vertices wu,,_1, u,, us are
already black. So the vertex u; — w3 to black. Again, the vertices u,,, u, us and

uy are at a distance at most two from the vertex wus. Since the vertices uq, u,
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and ugz are black, the black vertex us — w4 to black. Proceeding like this, we will
get a derived coloring for G. Hence the set Zoy = {u,_1, upn, u1, us} generates a

2-distance forcing set for G. Therefore,
Z9a(G) < 4 (6.2)
Therefore from (6.1) and (6.2), Zy(G) = 4. O

Definition 6.2.3. [17] The mazimum distance between any pair of vertices in a

graph G is called the diameter of G and is denoted by diam(G).

Theorem 6.2.4. Let G be a connected graph of order n > 3 with diam(G) = 2.

Then, Zsy(G) =n — 1.

Proof. Without loss of generality, assume that GG is a connected graph of order
n > 3 and diam(G) = 2. We can easily assert that in G if we color exactly one
vertex as white and the remaining vertices as black, then any black vertex will

force the white vertex to black. Therefore,

Z9a(G) <n —1 (6.3)

To prove the reverse inequality, assume that there exists a 2- distance forcing set
consisting of (n—2) black vertices. Let the black vertices be vy, va, ..., v, 2. Since
the diameter of the graph G is 2, each black vertex v;, where 1 <7 <n — 2, will
have two white vertices in it’s 2-distance open neighborhood. Therefore, derived

coloring for GG is not possible. A contradiction to our assumption. Hence,

From (6.3) and (6.4), Z24(G) =n — 1. O
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Corollary 6.2.5. The following are true.

(i) Let G be the wheel graph with n vertices. Then, Zyq(G) =n — 1.
(i1) If G is the Petersen graph with n vertices, then Zsq(G) =n — 1.
(i1i) For the star graph K ,, where n > 2, Zy(K1,) = n.

(iv) Let G be the friendship graph with n vertices. Then, Zs4(G) =n — 1.

Theorem 6.2.6. For a complete graph K, of order n > 3, Zyy(K,) =n — 1.
Proof. The proof is obvious. [

More graphs with Zs;(G) = n — 1 can be obtained as follows.

Definition 6.2.7. [10] The pineapple graph, denoted by K*

m?’

15 the graph formed
by coalescing any vertex of the complete graph K, with the star graph Ky (m >
3, k > 2). The number of vertices in KE is m + k, the number edges in KF is

W and the diameter of K* is 2.
Theorem 6.2.8. Let G be the pineapple graph KF. Then, Zoy(G) =m +k — 1.

Proof. Since the graph G is connected with order n > 3 and diam(G)=2, the

proof follows by the Theorem 6.2.4. O

Definition 6.2.9. [12| The fan graph, denoted by F,,, is the graph obtained by
the join K1V P,, where P, is a path on n vertices and Ky is the empty graph.

The order of the fan graph F,, is n+ 1 and the diam(F,,) = 2.

Theorem 6.2.10. For a fan graph F,,, the 2-distance forcing number is n.

Proof. Since the diam(F},,)=2 and the graph F,, is connected with order n > 3,

the proof follows by the Theorem 6.2.4. [
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6.3 Graphs for which 2 < diam(G) < 5

We start this section by computing the 2-distance forcing number of a graph

having diameter 3.

Theorem 6.3.1. If G is the graph obtained by appending one pendant edge to

each vertex of a complete graph K,,, where m > 3, then Zsy(G) = 2(m — 1).

Proof. Let wuq,us,...,u,, be the vertices of the complete graph K,, and let
v1,Va, ..., U, be the vertices attached to the vertices uy,us, ..., u,, respectively
in G. It suffices to construct a 2-distance forcing set for G consisting of 2(m — 1)
black vertices. Without loss of generality, take the vertex v;. Clearly, the vertex
v1 has m 2-distance neighbors uy, us, . . ., u,,. Assign black color to the vertex v;.
To start the color change rule from the vertex v;, we have to color at least (m—1)
vertices out of uy, us, ..., u,, as black. Let uy, us, ..., u,,_1 be the black vertices.

The remaining vertices are colored as white. Then, vy — u,, to black. Now,

consider the black vertex u;. The vertices vq, v3, ..., v, are the 2-distance white
neighbors of u;. Let vy, v3,...,v,,_1 be black. Then, the black vertex u; — vy,
to black. Therefore, the set Zog = {v1, us, ug, ..., Upm—1, V2,3, ..., Vym_1} forms a

2-distance forcing set for G. The cardinality of the set Zogis 1+m—14+m—2 =
2(m — 1). Moreover, we can easily observe that any set consisting of less
than 2(m — 1) black vertices will never give a derived coloring for G. Hence,

Z2a(G) =2(m —1). O

Next we find the 2-distance forcing number of some graphs G with diam(G) = 4.

Definition 6.3.2. [12] A gear graph or the bipartite wheel graph, denoted by

G, is the graph derived from the wheel graph W, by attaching a vertex between

94



6.3. Graphs for which 2 < diam(G) < 5

every pair of adjacent vertices of the n cycle. The gear graph G,, contains 2n+ 1

vertices and 3n edges.

Theorem 6.3.3. For a gear graph G, Zyq(G,) = n + 2, where n > 4.

Proof. Let V(G,) = {u,us,ug, ..., Uy, v1,0a,...,0,}, where u is the central ver-
tex, ui,us,...,u, are the vertices of the n cycle of the wheel graph W,, and
U1, Vg, ..., U, are the vertices with wv;, v;u;n; € E(G,), where i + 1 is taken

modulo n. We generate a 2-distance forcing set as follows. Consider the ver-
tices uy, U, . .., Uy, u,v; of G,. Color these vertices as black and the remaining
vertices in G, as white. Now, we can easily verify that the vertex us — v
to black, uz — w3 to black and so on. Finally, w, — v, to black. Therefore,
the set Zog = {u1,ug,...,uy,u,v1} forms a 2-distance forcing set for G, and
| Zaq |=n + 2. Hence,

Zoq(Gpn) <m+2 (6.5)

Conversely, note that each vertex v;, where ¢ = 1,2,...,n, has five 2-distance
neighbors. Therefore, we can observe that Zyy(G,) > 5. Since Zoy(G,) > 5,
we can construct a 2-distance forcing set starting with five black vertices. If we
start to construct a 2-distance forcing set consisting of five black vertices, then
two cases arise for applying the color change rule.

Case 1.

Assume that the five black vertices are distributed among the outer cycle of the
graph G,, and they are connected. We can easily verify that the central vertex u
will be forced to black. To start further forcing, we have to include at least one
black vertex from the cycle into the 2-distance forcing set. Then, we can force

a maximum of one more white vertex to black. This process continues and at
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each step we can see that we have to add at least one black vertex from the cycle
into the 2-distance forcing set. If n = 3, we can observe that we need at least 5
black vertices to form a 2-distance forcing set. If n = 4, then we need at least 6
black vertices to form a 2-distance forcing set. Similarly if n = 5, then we need
at least 7 black vertices to form a 2-distance forcing set. Therefore, we need at

least (n + 2) black vertices to form a 2-distance forcing set for G,. Hence,
Z24(Gp) > n+2 (6.6)

Case 2.

Assume that four black vertices are distributed among the outer cycle of the
graph G, and they are connected and the vertex u is black. We can easily verify
that with these five black vertices, we can force a maximum of one more vertex to
black. Now, to start further forcing, we have to include at least one black vertex
from the cycle into the 2-distance forcing set. Then, we can force a maximum of
one more white vertex to black. This process continues and at each step we can
note that we have to add at least one vertex from the cycle into the 2-distance
forcing set. If n = 3, then we can verify that we need at least 5 black vertices to
form a 2-distance forcing set. If n = 4, then we need at least 6 black vertices to
form a 2-distance forcing set. Similarly, if n = 5, then we need at least 7 black
vertices to form a 2-distance forcing set. Therefore, we need at least (n+2) black

to form a 2-distance forcing set for G,,. Hence,

Z4(Gp) > n+2 (6.7)
In both Cases,

Zoa(Gr) > 1+ 2 (6.8)
Therefore from (6.5) and (6.8), Zyq(G,) = n + 2. O
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Definition 6.3.4. [12] The jelly fish graph, denoted by J(m,n), is the graph
obtained from a 4-cycle wxyzw by joining the vertex w and the vertex y by an

edge and attaching the central vertex of Ky ,, to x and attaching the central vertex

of Ki,, to z.

Theorem 6.3.5. Let G be the jelly fish graph. Then, Zsy(G) =m +n+ 1.

Proof. Our aim is to construct a 2-distance forcing set consisting of m +n + 1
black vertices. For, we proceed as follows.

Color all the m vertices vy, v9, ..., v, of K, as black. Also, we color the ver-
tices w and y as black. The remaining vertices of G are assumed to be white.
Then, any vertex v;, where ¢ = 1,2,...,m, can force the vertex x to black.
Now, consider the black vertex x. The vertex x has only one 2-distance white

neighbor z. So x — z to black. Again, the 2-distance white neighbors of z

are ui,Us,...,Up, Where uj, ug,...,u, are the n vertices of K;,. If we color
the vertices uq,us, ..., u,_1 as black, then z — u,, to black. Therefore, the set
Zog = {v1,V, ..., U, W, Y, Uy, Us, ..., U,_1} forms a 2-distance forcing set for G.

The cardinality of the set Zsg is m + n + 1. Hence,
Zoa(G) <m+n+1 (6.9)

To establish the reverse inequality, we proceed as follows:

We can see that in any 2-distance forcing set for G, it is compulsory to include
(m — 1) black vertices from the sub graph K ,, and (n — 1) black vertices from
the sub graph K, of G. Now, we have a set from G consisting of m+n —2 black
vertices and these vertices are from the sub graphs K, ,, and K, of G. We can
choose the vertices w, x,y and z to form a 2-distance forcing set for G. We claim

that we need to choose at least 3 more vertices from w, z,y and z, otherwise we
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arrive at a contradiction as follows:

If we choose any two vertices from w, x,y and z as black, then we can observe
that each black vertex of G will have at least two 2-distance white neighbors.
Hence further forcing is not possible. Therefore, it is not possible to form a

2-distance forcing set for G with m —1+n —1+2 = m+n black vertices. Hence,

Zoa(G) >m+n+1 (6.10)

Therefore from (6.9) and (6.10), Z34(G) = m +n + 1. O

Definition 6.3.6. [12] The helm graph, denoted by H,, is the graph constructed
from the wheel graph W,, by appending a pendant edge to each vertex of the outer

n cycle.

Theorem 6.3.7. Let G be the helm graph H,, where n > 4. Then, Z5y(G) <

n+ 1.

Proof. Let u,uq,us,...,u, be the vertices of the wheel graph W,, in GG, where u
is the central vertex. Also, let vy, vs, ..., v, be the pendant vertices of the graph
G. Consider the set Zyg = {v1,v9,..., 05 2, u1,us, u,} of black vertices. The
vertices in V(G) — Zy,4 are assumed to be white. We claim that the set Zy; forms
a 2-distance forcing set for G. For, we start with the black vertex v;. Clearly,
the vertex v; — u to black. Then, the vertex vy — ug to black. Again, consider
the black vertex vs. The vertex v — w4 to black and the process continues.
Consider the black vertex v,_2. We can see that the vertex v,_s — u,_1 to
black. Now, the black vertex u,_o — v,_1 to black. Consequently, the vertex v,
will be colored as black. Thus, with the set Zs4, we can force all the vertices of G

to black. The cardinality of the set Zyq is n + 1. Therefore, Zoy(G) <n+1. O
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Definition 6.3.8. [12] The sunflower graph, denoted by SF,, is the graph ob-
tained by taking a wheel graph W, with central vertex u and the outer n cycle
Uy, Ug, . .., Uy, and additional vertices vy, vy, ..., v,, where v; is joined by edges to

Ui, U1, where 1 + 1 is taken modulo n.

Theorem 6.3.9. Let G be the sunflower graph SF,,. Then,

=n+3 if 3<n<5
Za(Q)

<n+2 if n>5.
Proof. Without loss of generality, divide the vertex set of SF), into three sets,
namely A = {u}, B = {uy,uq,...,u,} and C = {vy,vq,...,v,} , where u is the
central vertex, uy, us, ..., u, are the vertices of the outer n cycle and vy, vs, ..., v,
are the additional vertices.
Consider the following cases.
Case 1.
Assume that n = 3. Then, G is a graph with diameter 2. We have from the
Theorem 6.2.4, Z54(G) =0(G) —1=7T—1=6=n+ 3.
Case 2.
Assume that n = 4. Let A = {u, uy, ug, us, ug,v1,v2,v3,v4} be the vertex set
of the sunflower graph SFj, where u is the central vertex, uy,us, us, us are the
vertices of the outer cycle and vy, vo, v3, v4 are the additional vertices. Consider
the set Zog = {v1,v2, vy, Uy, ug, uz, us} as the set of black vertices in SF;. The
remaining vertices in SF; are considered to be the white vertices. Clearly, the
vertex v; — u to black. Then, vy — v3 to black and hence the set Zy; forms a

2-distance forcing set for SFy. Therefore,

Za(G) <T=n+3 (6.11)
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Conversely, suppose that there exists a 2-distance forcing set for SF), consisting
of 6 black vertices. Then, there will be 3 vertices remain as white colored in SFy.
At least two of these white vertices will be there in the 2-distance neighborhood of
each of the six black vertices. Since | Nog[u;] |= 9, where 1 <i < 4, | Noglu] |= 9
and | Nog[v;] |= 8, where 1 < i < 4, further forcing is not possible. Therefore
with six black vertices, obtaining a 2-distance forcing set for SF} is not possible.
Hence,

Za(G) >T=n+3 (6.12)

Hence from (6.11) and (6.12), Zo4(G) = n + 3.

Case 3.

Suppose that n = 5. Let A = {u, uq, us, us, ug, us, v1, V2, V3, V4, V5 } be the vertex
set of the sunflower graph SF5, where u is the central vertex, uy, uo, us, uy, us
are the vertices of the outer cycle and vy, v, v3, v4, v5 are the additional vertices.
Consider the set Zyy = {v1, v, vy, U5, U1, Ug, us, us } of black vertices. The remain-
ing vertices are considered to be white. Clearly, the black vertex v; — u to black.
Then, the black vertex vs — wuy to black. Consequently, the vertex vs will be
colored as black. Thus, the set Z5; generates a 2-distance forcing set for SF.

The cardinality of the set Zy4 is 8 = n + 3. Therefore,
Z9a(G) <8=n+3 (6.13)

Conversely, assume that there exists a 2-distance forcing set for SF5 consisting
of 7 black vertices. Then, we have the following Subcases.
Subcase 1.

Assume that the vertex u is black.
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Subcase 1.1.

Take five black vertices from the set B and one black vertex from the set C'. In
this case, further forcing is not possible since each black vertex has at least two
2-distance white neighbors. A contradiction to our assumption that there exists
a 2-distance forcing set for SFj with 7 black vertices.

Subcase 1.2.

Choose one black vertex from the set B and five black vertices from the set C.
Here also further forcing is not possible, a contradiction to our assumption.
Subcase 1.3.

Select four black vertices from the set B and two black vertices from the set C.
In this case, we can force a maximum of one more white vertex to black, not all.
Therefore, the color change rule is not possible. Again, a contradiction to our
assumption.

Subcase 1.4.

Select two black vertices from the set B and four black vertices from the set
C. In this case we cannot form a derived coloring for GG, a contradiction to our
assumption.

Subcase 1.5.

Select three black vertices from both the sets B and C. In this case also, we can
force one more white vertex to black, not all. A contradiction to our assumption.
Subcase 2.

Assume that the vertex u is not black. Then, we have the following Subcases.
Subcase 2.1.

Select five black vertices from the set B and two black vertices from the set C. In

this case the derived coloring is not possible, since forcing is not possible because
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each black vertex has at least two 2-distance white neighbors. A contradiction
to our assumption.

Subcase 2.2.

Choose two black vertices from the set B and five black vertices from the set C'.
In this case also further forcing is not possible, a contradiction to our assump-
tion.

Subcase 2.3.

Select four black vertices from the set B and three black vertices from the set
C. Here also the derived coloring is not possible, because in this case we can
force only one more white vertex to black, not all. Again, a contradiction to our
assumption.

Subcase 2.4.

Choose three black vertices from the set B and four black vertices from the set
C. We can easily observe that the color change rule is not applicable in this case.
A contradiction to our assumption.

Hence from the above Subcases, we can conclude that
Zoa(G) >8=n+3 (6.14)

Therefore from (6.13) and (6.14), Z24(G) = n + 3.
Case 4.

In this case, we assume that n > 5. Consider the set

ZQd = {Ul, 'LLQ, sy Up—9, Un, U17 U27 Un}

of black vertices and the remaining vertices in V(G) — Zyy are assumed to be
white. Clearly, the black vertex v; — wu to black. Then, the black vertex vy — v

to black, since vs is the only 2-distance white vertex of v,. Again, consider the
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black vertex vs. Then, v — vy to black, vy — v5 to black, vs — vg to black and
so on. Now, the black vertex v,,_4 — v,,_3 to black. The white vertex u,,_; can
be colored as black by any one of the black vertices wus, us, ..., u,_4. Then, the
black vertex v,,_3 — v,_s to black, the black vertex v,_s — v,_1 to black. Thus,
the set Zog = {uy,us, ..., Up_2,Up, V1, Vs, v, } forms a 2-distance forcing set for

G. The cardinality of the set Zyy is n + 2. Hence, Zyq(G) < n + 2. O]
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Chapter 7

Graphs with Large Diameter and Their 2-

Distance Forcing Number

Necessary definitions and some preliminary results are given in Section 1. In
Section 2, we investigate the 2-distance forcing number of the shadow graph
of path, the middle graph of path, the S™ necklace, the n-sunlet graph, the
triangular snake graph, the generalized friendship graph, the comet graph and
the n-pan graph. The 2-distance forcing number of the rooted product of some
graphs are discussed in the Section 3. Section 4 deals with the 2-distance forcing
number of the square graph of path and cycle. Section & provides the 2-distance
forcing number of the splitting graph of path. In Section 6, the ladder graph,
the grid graph P,1P,,, the circular ladder graph are taken into discussion.
The final Section deals with the 2-distance forcing number of the complement

of path and cycle.

!This chapter has been published in the Journal of Mathematical and Computational Sci-
ence, Volume 11, Number 2, 2021, Pages 1810-1837.
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7.1. Introduction
Uy Uz Uz ug U2 U3
U64 X MH >U14
Us Ug U0 Ug  Uie Uis

Figure 7.1: The graph G

7.1 Introduction

This chapter provides a generalization of the zero forcing set based on the
distance in graphs. The following definitions are essential for the further devel-

opment of this chapter.

Definition 7.1.1. Let u be an arbitrary vertex in G. The 2-distance degree of
u 18 defined as the number of vertices which are at a distance at most two from
u including the vertex w. The 2-distance degree of the vertex u is denoted by
degaq(u).

For example, consider the graph depicted in Figure 7.1. In Figure, deg,,(u1) =

6, degy,(usz) = 8, degy,(uz) =9, ete.

Definition 7.1.2. Consider the 2-distance degree of all vertices in a graph G.
The minimum among them is called the minimum 2-distance degree of the graph
G and it is denoted by 024(G). Similarly, the mazimum among them is called the
maximum 2-distance degree of the graph G. The maximum 2-distance degree of

G is denoted by Ngy(G).

We start with the following preliminary result.

Theorem 7.1.3. Let G be a connected graph of order n > 3. Then, Zyq(G) >

Goa(G) — 1.
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Proof. The proof is obvious. ]

For a connected graph G of order n > 3, any Z,, set forms a zero forcing set

Z of G. Therefore, we have the following.

Theorem 7.1.4. Let G be a connected graph of order n > 3. Then, Z(G) <

Za(Q).

Proof. The proof is obvious. O]

7.2 Certain Graph Classes and Their Z5;(G)

In this section, we first find the 2-distance forcing number of the shadow graph

of a path with large diameter.

Definition 7.2.1. [35] The shadow graph Dy(G) of a connected graph G is con-
structed by taking two copies of G, say G and Gg, and join each vertex uy in

GG1 to the neighbors of the corresponding vertex us in Gsy.

Theorem 7.2.2. The 2-distance forcing number of the shadow graph Do(P,) of

a path P, is n + 2, where n > 3.

Proof. Let G; and Gy be the two copies of the path P,. Denote the vertices
of G'1 by uy,us,...,u, and that of Gy by vy, vs,...,v,. Consider the set Zy; =
{uy,ug, ..., uy,v1,v2} of black vertices. The remaining vertices are assumed to
be white. We shall show that this set Zy; generates a 2-distance forcing set
for Dy(P,). For, consider the black vertex u;. We observe that vz is the only

2-distance white vertex of u;. So the vertex u; — v3 to black. Again, the black
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vertex us — vy to black. Also, us — vs to black, uys — vg to black, ..., u,_o — v,
to black. Hence the set Z,; generates a 2-distance forcing set for Dy(P,). The

cardinality of the set Zy; is n + 2. Therefore,
Zoa|Do(P,)] < n+2 (7.1)

To prove the reverse inequality, we assume that there exists a 2-distance forcing
set consisting of (n 4 1) black vertices and we arrive at a contradiction. We
consider the following cases.

Case 1.

Consider the set Zsy = {uy, ug, ..., u,,v1} of black vertices. The vertices in
V[Ds(P,)] — Zsq are assumed to be white. Then, further forcing is not possible
because each black vertex has at least two 2-distance white neighbors. Therefore,
the set Zyy will never form a 2-distance forcing set for Dy(P,), a contradiction
to our assumption.

Case 2.

Let Zsy = {v1,vs,...,0n,u1} be a set of (n + 1) black vertices. By applying the
same argument as in Case 1, we can easily observe that the set Z,; cannot give
a derived coloring for Dy(F,), again a contradiction to our assumption.

Case 3.

Let P, be a path on n black vertices and Zy, be it’s vertex set. The vertices in
V[Dy(P,)] — Zsq are assumed to be white. Then, each black vertex will have at
least three white neighbors in it’s 2-distance open neighborhood. If we add one
more black vertex to the set Z,; to form a 2-distance forcing set , then all the
black vertices will have at least two 2-distance white neighbors. Therefore, we

cannot start the color change rule from any one of these black vertices. Hence
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from the above cases, we can conclude

From (7.1) and (7.2), Zog[Do(Py)] = n + 2. O

Definition 7.2.3. [36] The middle graph of a graph G, denoted by M(G), is the
graph with vertex the set V(G) U E(G) and such that two vertices in M(G) are
adjacent if and only if, either they are adjacent edges in G or one is a vertex of

G and the other is an edge incident with it.

Theorem 7.2.4. Let G represents the middle graph of a path P,, n > 4. Then,

ng(G) =n.

Proof. Let V(GQ) = {v1,v2,...,0,,vf,v3, 0} |}, where vy, vs,..., v, are the ver-
tices of the path P, and v{,vl,v} | are the vertices corresponds to the edges
€1,€3,...,6,_1 of the path P, in G. Our aim is to generate a 2-distance forcing
set for GG consisting of n black vertices. For, color the vertex v; as black and the
remaining vertices as white. Then, the 2-distance white neighbors of v; are vy,
vs and vy. To begin the color change rule, assign black color to at least two of
these vertices . Let v;, vy to be black. Then, v;— v to black. Now, consider
the black vertex vy. The white colored 2-distance vertices of vy are vz and vi.
Color v3 to black. Then, vo — v} to black. Again, consider the black vertex
vs3. Color vy to black. Then, v3— v} to black and so on. Repeatedly apply this
process, consider the black vertex v,_s. Clearly, the vertex v} , is black at this
stage. The 2-distance white neighbors of v,,_s are v,_; and v}kl. Color v,,_1 to
black. Then, the vertex v, o — v! | to black, vl _;— v, to black. Thus, we will

obtain a derived coloring for G using the set Zog = {v1,v2...,v,_1,v]} of black
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vertices. The cardinality of the set Z54 is n. Hence,
Zh(G) <n (7.3)

To prove the result, it suffices to show that Z,4(G) > n. For this, we claim that
a set having (n — 1) black vertices will never form a 2-distance forcing set for
G. Consider the following cases. In each case, the vertices in V(G) — Zyy are

considered to be white.

Case 1.
Let Zyq = {v1,v2,...,u,_1} be a set of black vertices. Then, the color change
rule is not possible, since each black vertex v;, © = 1,2,...,n — 1, contains at

least two 2-distance white neighbors.

Case 2.

Suppose that Zog = {v{,vs,...,v} |} be a set of black vertices. In this case,
each black vertex has at least three 2-distance white neighbors. Therefore, fur-
ther forcing is not possible.

Case 3.

Let P,_; be a path on (n — 1) black vertices. Let Zy; be it’s vertex set. Then,
P,_1 will be of the following types.

Type 1.

Choose the path P, ; as vivj....v}

_;. In this case, it is obvious that the derived
coloring for G is not possible since each black vertex has at least three 2-distance
white neighbors.

Type 2.

Assume that n is odd. Select a path P,_; of the type

V1V vV .Uﬁ J_IUL%JUE%J. Note that we can consider only the last three black

n
2

vertices of this path for further forcing. But, forcing from these vertices is not
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possible since each black vertex has at least two 2-distance white neighbors.
Again, choose a path vivevivs, . .. ,UL%J’Ui%JUL%JJA. In this case, it is obvious that
we cannot force all the remaining vertices of G to black.

Type 3.

Suppose that n is even.

Consider the paths vjv{vavd, . .. ,UL%J,IU@J_IUL%J and vivevivs, ... ,vi%J_le%Jvﬁ%J.
We observe that neither of these paths generates a 2-distance forcing set for G.
From the above mentioned cases, we can conclude that a set consisting of (n—1)

black vertices will never generates a 2-distance forcing set for G. Therefore,
Z2a(G) = (7.4)

Hence from (7.3) and (7.4), Z24(G) = n. O

Definition 7.2.5. [10] The S Necklace graph Ny is defined as a 3-reqular graph
that can be constructed from a 3s-cycle by appending s central vertices. Fach
extra vertex is adjacent to 3-sequential cycle vertices. The order of a S Necklace

graph N is 4s and the diameter is |%].

Theorem 7.2.6. If G is the S Necklace graph Ng, then Zy(G) < s + 4.

Proof. We generate a 2-distance forcing set for GG as follows. First we color all
s vertices of G as black and the remaining vertices as white. Each s vertex will
have five 2-distance vertices. Without loss of generality, start the color change
rule from any one of the s vertices. To begin the color change rule from any one
of the s vertices, we have to color at least four 2-distance vertices of that s vertex
to black. Then, clearly these (s + 4) black vertices generate a 2-distance forcing

set for G. Hence, Z54(G) < s+ 4. O
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Definition 7.2.7. [28]. The triangular snake graph T, can be viewed as the
graph formed by replacing each edge of the path P, by a triangle Cs, thus adding

(n — 1) vertices and 2(n — 1) edges.

Theorem 7.2.8. Let G be a triangular snake graph with at least 2 triangles.

Then, Zsy(G) = k + 2, where k is the number of triangles in G.

Proof. Let uy, us, ..., u, be the vertices of the path P, in G. Represent the (n—1)
additional vertices in G by vy, ve,...,v,_1. We prove the result by induction on
the number of triangles in G.

Assume that & = 2. Represent the vertices in G by wuq,us, us, v, ve. Let
Zog = {uq,usz,u3,v1} be a set of black vertices and the remaining vertices are
white. Then, any black vertex, say wuy, forces the vertex vy to black. So the
set Zoyg forms a 2-distance forcing set for G. Here | Zy; |= 4. We can easily
observe that with 3 black vertices forming a 2-distance forcing set for G is not
possible, because each black vertex has two 2-distance black neighbor. Therefore,
Zoa(G) =4 =k + 2.

Again, assume that k = 3. Let uq, us, us, uq, v1, v2, v3 be the vertices of G. Sup-
pose that Zsy = {uy, ug, us, ug, v1} be a set of black vertices. Clearly, the vertex
uy; — v to black. Then, the vertex us — v3 to black. Thus, the set Zy; generates
a 2-distance forcing set for GG. Here the cardinality of the set Zy; is 5 and it is
clear that with 4 black vertices, we cannot form a 2-distance forcing set for G.
Hence, Z94(G) =5 =k + 2.

Assume that the result is true for the graph G with (k — 1) triangles, where
k> 5. Let A= {up,v,_1}. The induced subgraph < G[V — A] > is a triangular

snake graph with £ — 1 < k triangles. Therefore by mathematical induction,
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Zo(< GV =A]l>)=k—-1+2=Fk+ 1.
Let W be a minimum 2-distance forcing set for < G[V — A] > with | W |= k+ 1.
Color the vertex u, in A as black. Then, it is easy to observe that the vertex

v,—1 Will be colored as black. Therefore by mathematical induction, Zy(G) =

Zoa(< GV — Al >)+ | {un} =k +1+1=Fk+2. O

Definition 7.2.9. [31]. The n-sunlet graph S,, is the graph on 2n vertices got
by attaching n pendant edges to a cycle C,,. Sunlet graphs are also called Crown

graphs. The diameter of a sunlet graph is | §]+2.

Theorem 7.2.10. Let G denotes the sunlet Graph S,. Then,

4 1 =
ZaalC) = if n=3

n if n>4.

Proof. Case 1.

Assume that n = 3. Let uy, ug, us, vy, v9, v3 be the vertices of the sunlet graph G,
where vy, v9, v3 are the vertices joined to wy, us, us of the cycle C5 respectively.
Let Zog = {u1,ug,v1,v2} be a set of black vertices. The vertices in V(G) — Zyg
are considered to be white. Then, clearly the black vertex vy — w3 to black.
Now, the vertex us — vz to black. Thus, the set Zy4 forms a 2-distance forcing
set for G. Here | Zyq |= 4. Also, we can easily observe that with three black
vertices the derived coloring is not possible because in this case we can force a

maximum of one more vertex to black. Hence, Z5,(G) = 4.

Case 2.
Assume that n > 4. Let V(G) = {uy, ug, ..., uy, 1,09 ..., 0, }, where ug, ug, . .., uy,
are the vertices of the cycle C, and vy,vy...,v, are the vertices joined to
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Uy, Us. . . ., u, respectively. We show that the set Zoy = {uy, wy,, v1,v9, ..., 0,2} of
black vertices generates a 2-distance forcing set for G. The vertices in V(G) — Zag
are assumed to be white. The pendant vertex v; has three 2-distance vertices u,
u, and us, of which u; and w, are black. So the black vertex v;— us to black.
Consider the black vertex v,. The 2-distance vertices of vy are uq, us and wus.
Hence v9 — wug to black, since u; and us are black. Again, consider the black
vertex vs. Then, v3— uy to black, since uy is the only 2-distance white neighbor
of v3. Proceeding like this, consider the black vertex v,_s. Clearly, the vertex
Up_o— Up_1 to black. Also, u,_s— v,_1 to black, u, — v, to black. Hence we

obtain a derived coloring for G with the set Zy;. Here | Zoy |= n. Therefore,
Zy(G) <n (7.5)

In order to prove the reverse part, we assert that any set Zsy containing (n — 1)
black vertices will not form a 2-distance forcing set for the graph . For this, we
consider the following cases. In each case, the vertices in V(G) — Zy; are white.
Case 1.

Let Zsg = {v1,v9,...,v,_1} be a set of (n — 1) black vertices. Then further
forcing is not possible, since each black vertex will have three 2-distance white
neighbors.

Case 2.

Let P,_; be a path on (n — 1) black vertices. Let Zs; be the vertex set of P,_; .
Then, the path P, _; will be of the following types.

Assume that n is even.

Type 1.

Consider the path ujus ... u,_1. Then, further forcing is not possible since each

black vertex has at least three 2-distance white neighbors.
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Type 2.

Select a path wjus ... u,_3u, 2v, 9. Then, only one forcing is possible from the
vertex v,_s because all other black vertices have at least two 2-distance white
neighbors. So in this case, the derived coloring for G is not possible.

Type 3.

Choose a path viujus . . . Uy_gU,_3u,_o. Clearly, only one forcing from the vertex
vy is possible because all other black vertices have at least two white neighbors
in their 2-distance open neighborhood. Hence we cannot generate a 2-distance
forcing set for G.

We can also observe that a set of (n — 1) black vertices constructed in any way
other than what we mentioned above will never form a 2-distance forcing set for
G. We also note that the cases are the same when n is odd.

Therefore from the above cases, we can conclude that a set of (n — 1) black

vertices cannot form a 2-distance forcing set for G. Hence,

Z5a(G) = n (7.6)

From (7.5) and (7.6), Z24(G) = n. O

Definition 7.2.11. [28] A comet graph is the graph obtained by appending m
pendant edges to one end of a path P,, where n > 3. The order of a comet graph

1s m -+ n and the diameter is n.

Theorem 7.2.12. Let G be a comet graph. Then, Zyq(G) =m + 1.

Proof. Let uy,us,...,u, be the vertices of the path P,. Also, let vy, vs, ... v, be
the m vertices appended to the vertex u, of the path P, in G. By coloring the

vertices u; and us as black, we can color the remaining vertices of the path P, as
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black. Since all the m pendant vertices are the 2-distance vertices of w,, or u,_1,
by coloring (m — 1) of these vertices, say vy, vo, ..., v,_1, as black we can obtain
a derived coloring for G. Thus, with the set Zsy = {uy, ug,v1,v9,...,Up_1} of
black vertices, we can generate a 2-distance forcing set for G and the cardinality

of the set Zy, is m + 1. Therefore,
Zoa(G) <m+1 (7.7)

Conversely, we claim that with m black vertices we cannot generate a 2-distance
forcing set for GG. For, we consider the following cases.

Case 1.

Start the coloring process with any one of the vertices v;, where 1 < i < m.
Without loss of generality, color the vertex v; as black and the remaining vertices
as white. Since the vertex v; has m —142 = (m+1) 2-distance white neighbors,
to apply the color change rule we have to assign black color to at least m of these
2-distance white vertices. So we must have at least (m + 1) black vertices to
start forcing from the vertex v;. Therefore, we cannot form a 2-distance forcing
set for G with m black vertices if we start from any one of the vertices v;, where
1<i<m.

Case 2.

Consider the vertices wuy, us. ..., uy_o, where Nog(u;) = 4,1 = 3,4,...,n — 2.
Consider the vertex us. Color the vertex us as black. To proceed further, we
have to color the vertices u,us and u4 as black. Then, the black vertex us — us
to black. Now, the black vertex uy — ug to black, us — w7, ..., Up_3 — Up_1,
Up_o — U, to black. Then, to start the color change rule from the vertex wu,,
we have to color at least (m — 1) pendant vertices, say vy, Vs, ..., Um_1, as black.

Thus, we have a set Zog = {uy, us, ug, g, v1, V2, ..., vym_1} of black vertices. The
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cardinality of the set Zy; is m + 3.

Case 3.

We observe that the color change rule is not possible with m black vertices if we
start the forcing process either from w, 1 or from u,, since Nog(u,_1) = m + 3
and Nog(u,) = m + 2.

From the above three cases, we can conclude that the minimum number of black

vertices required to obtain a derived coloring for G is m + 1. Hence,
Z5(G) > m+1 (7.8)
Therefore from (7.7) and (7.8), Z3q(G) = m + 1. O

Definition 7.2.13. [27]. The n-pan graph is the graph formed by joining the
cycle C,, to a singleton graph K with a bridge. The order of the n-pan graph is

n+ 1 and the diameter is |5 | + 1.

Theorem 7.2.14. Let G be a n-pan graph, where n > 6. Then, Zsy(G) = 4.

Proof. Represent the vertices of the cycle C), in G by uy,us, ..., u,, n > 6, and
the singleton graph K; by u. Let u be joined to the vertex u; of C), in G. Color
any four adjacent vertices of (), as black, except the vertex u;. Clearly, these
four vertices give a derived coloring for the cycle C, in GG. Consequently, the
singleton graph K ( that is, the vertex u ) will be colored as black. Also, we
observe that any set of three black vertices never give a derived coloring for G,
because in this case each black vertex has at least two 2-distance white vertices.

Therefore, Z54(G) = 4. Hence the proof. O

Theorem 7.2.15. Let G be a connected graph with mazimum degree A(G) = 2

and order n > 5. Then, Z4(G) = 2 or 4.
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Proof. Suppose that the maximum degree of GG is 2. Then, G is either a path P,
or a cycle C,. Now, we have from [26] that if G is a path P,, then Zy,(G) = 2

and if G is a cycle C,,, then Z5;(G) = 4. This completes the proof. ]

Theorem 7.2.16. Let G be the generalized friendship graph sz, p> 5 and k > p.

Then, Zsy(G) = 3k.

Proof. Represent the k copies of the cycle C), in sz as C’I(,l), C](F), e ,C’,()k), where

V[C’(l)] = {v%, v%, Ce L Up)

p

VICP] = {v},23, ... v}

V[C’(k)] = {v’f, v'Q“, Ce, Ut

p

We have the 2-distance forcing number of a cycle C,, is 4, where n > 5 (See[26]).
Consider the cycle C’I(,l) in G. Let A = {uvp,,v{,v3,v3} be a set of four adjacent
black vertices of the cycle C’,gl). Clearly, the set A generates a 2-distance forcing
set for CS). Therefore, ng[C’,gl)] = 4. We observe that the vertex v, is also a
black vertex of the cycle C’,(,Q). Assume that B = {v,, v?,v3,v3} is a set of four ad-
jacent black vertices of the cycle 01(72). Then, the set B forms a 2-distance forcing
set for the cycle O, Again, suppose C' = {vy, v, v3,v3} be a set of four adjacent
black vertices of the cycle C}(,3). Clearly, the set C' generates a 2-distance forcing
set for the cycle 01(73). The case is similar for other cycles C]§4), CI({:’) e C’ngfl).
Hence to get the derived coloring for the cycles 0152), C]§3), e ngkfl), we need in

total 3(k — 2) black vertices. Now, consider the cycle C’,(,k). Also, consider the
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vertex v} in ngk) which is adjacent to the vertex v,. Color the vertex vf as black.
Then, the vertex v{ in C}gl) forces the vertex v%_; in C,(,k) to black. Hence we
need one more black vertex vi in (J;’“) to get the derived coloring for the cycle
C’ng). Thus, with 4+ 3(k —2) +2 = 3k black vertices, we can force all the vertices
of GG to black. Therefore,

Z2(G) < 3k (7.9)

To prove the converse, claim that with (3k — 1) black vertices we cannot obtain
a derived coloring for GG. For, assume that we have a 2-distance forcing set for G
consisting of (3k — 1) black vertices. Since the vertex v, will be colored as black
after getting the derived coloring for the cycle C,S” using four adjacent black
vertices and the vertex v, is common for all cycles, we need at least 3 adjacent
black vertices ( These black vertices together with the vertex v, should form four
adjacent black vertices ) for each of the cycles C;(,z), C’ISB), NN C}(,k_l) to get the
derived coloring for them. So in total, we need at least 3(k — 2) = 3k — 6 black
vertices to form the derived coloring for the cycles C’f), C’I(,g), cee C’I(,k_l). Now, we
have used 4+ 3k —6 = 3k — 2 black vertices to obtain the derived coloring for the
cycles C’,gl), Cz(f), O,S‘””, . ,C},kil). Then, there remains [(3k — 1) — (3k —2)] =1
black vertex in the 2-distance forcing set. Using this black vertex together with
the black vertex v,, we cannot form a derived coloring for the cycle C’,(,k), a

contradiction to our assumption. Therefore,
Z5a(G) = 3k (7.10)

Hence from (7.9) and (7.10), Z24(G) = 3k. O
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7.3 2-Distance Forcing Number of Rooted Prod-

uct of Graphs

In this section, we deal with the 2-distance forcing number of rooted product

of some graphs.

Theorem 7.3.1. Let G be the rooted product P,(P,,) of a path P, and the rooted
path P,, rooted with the pendant vertexr of P,,, where n > 2, m > 4. Then,

Zoa(G) < 2(n — 1).

Proof. Let uy,us,...,u, be the vertices of the path P, and anl), anm,. . P be
the n copies of the path P,, rooted at the vertices uy, us,. . ., u, in G respectively.

Denote the vertex set of the paths Prg), Py(nQ), cee pr) in GG as follows.

VPO = {p1,pb, - Ph}

VPP = {p},p3,.... P2}

V[P = {pt, Dy, ... D}

Root the vertex p} of the path PV at uy, the vertex p? of the path P2 at us,
..., the vertex p? of the path P™ at w,. That is, pl=uy,p? = us, ..., P = Uy
We generate a 2-distance forcing set for the graph G as follows.

Let Ay = {pL ., oL}, Ao ={p%_,, 02}, ..., Auor = {p"7, p 1} Suppose that
Zog = AU Ay U ... U A, 1. Assign black color to the vertices of the set Zy.

The vertices in V(G) — Zyq are considered to be white. Since Zyq(P;) = 2 for a
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path P;, t > 3 ( See [26] ), clearly the set A; generates a 2-distance forcing set
for the path PV In a similar manner, the set Ay forms a 2-distance forcing set
for the path P2 Proceeding like this, the set A, _; forms a 2-distance forcing
set for the path P" Y. Consider the black vertex py~ ! of the path P We
can easily see that the vertex pj ' forces the vertex u, to black. Then, the black
vertex u,_; forces the vertex pj of the path P,%" ) to black. Now, the set {u,, p5}
of black vertices generates a 2-distance forcing set for the path P, Thus, the
set Zs4 generates a 2-distance forcing set for the graph . Since the cardinality of

the set Zyg is 2(n—1), we have Zy3(G) < 2(n—1). This completes the proof. [

We strongly believe that the above bound is sharp.

Theorem 7.3.2. Let G denotes the rooted product P,(C,,) of a path P, and the

rooted cycle C,,, where n > 2,m > 5. Then, Zs(G) < 3n.

Proof. Represent the vertices of the path P, by uq,us, ..., u,. Let Cq(ﬁ), 07(73),. .

°

O™ be the n copies of the cycle (), rooted at the vertices ui,us,...,u, in
G respectively. Denote the vertex set of the cycles C’r(,%), C’T(f), cee ol in G as
follows.

VICD] = {ol ... 0}

m

VICE] = {vf 0], o}

m

VICR] = {of 05, o).

m

Let the vertex v] of the cycle OV be rooted at the vertex uy of P,, the vertex

v? of the cycle C? be rooted at the vertex uy of P,, ..., the vertex v} of the

120



7.3. 2-Distance Forcing Number of Rooted Product of Graphs

cycle C,(,?) be rooted at the vertex u, of P,. That is, u; = v},ug = v, ... u, =
o7, Let Ay = {ug,vd,v) 01} Ay = {0303, 05} Ay = {v3 03 03}, AL =
{wd o oY A, = {ug,v8}. Also, let Zyg = Ay U A, U ... U A,. Color all
vertices of the set Zy,; as black and the remaining vertices as white. Then, we
claim that the set Z,; generates a 2-distance forcing set for G.

For, Since Z54(C,,) = 4 for n > 5 (See[26]), clearly the set A; generates a 2-
distance forcing set for the cycle oV in G. Then, the black vertex v}, of the
cycle OV forces the vertex uy of the path P, to black, since us is the only 2-
distance white neighbor of v! . Since us, is also a black vertex of the cycle C’T(r%),
we can observe that the set A, together with the black vertex uy, forms a 2-
distance forcing set for the cycle c? in G. Then, the black vertex v2, of o
forces the vertex uz of the path P,, to black, because ug is the only 2-distance
white neighbor of the vertex v?. Consider the cycle C¥ in G. Since ug is
also a black vertex of the cycle Cr(,f), we can see that the set As together with
the black vertex wus generates a 2-distance forcing set for the cycle ¢ in G
Proceeding like this, Consider the cycle S _1), the vertex w,_; is
already colored as black by the vertex v 2 of the cycle o2, Therefore, the
set A,y = {vi vt v} together with the black vertex u,_; will form a
2-distance forcing set for the cycle oY in G. Finally, consider the cycle cim
in G. Clearly, the vertex u, of the path P will be forced to black by the black
vertex vfn_l of the cycle CQ(T? -, Then, the black vertex u,_; forces the vertex
vy of the cycle C to black because the vertices u, and vy are black vertices
in C', Now, We can easily observe that the set A, together with the black
vertices u, and v generates a 2-distance forcing set for the cycle cim, Thus,

the set Z,; generates a 2-distance forcing set for G. The cardinality of the set Zs,
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is 4 + 3(n — 2) + 2 = 3n. Therefore, we have Zs;(G) < 3n. Hence the proof. [

We strongly believe that the above bound is sharp.

Theorem 7.3.3. Let G be a graph representing the rooted product C,(P;) of
a cycle C,, and the rooted path P; rooted with the pendant vertex of P, where

n,t > 4. Then, Zy(G) < 2n — 4.

Proof. Let Pt(l), Pt(2), cee Pt(") be the n copies of the path P, rooted at the vertices
Uy, Usg, - . . , Uy of the cycle C), in G respectively. Denote the vertex set of the paths

PP pP® . P™ in G as follows.
Vv P(l) — 1 .1 1
[ t ] {p17p27“-7pt}

VIP? = {203, ... p7}

VIP™] = {pt,py, ..., P

Let the vertex pi of the path Pt(l) be rooted at the vertex uy, p? of the path Pt(z)
at uy, ..., the vertex p} of the path P™ at u,. That is, pl = uy, p? =uy, ...,
PY = un. Let Ay = {p},pi 1}, Ao = {pf, 071}, - Anca = {0F %, 0177} Also,
let Zog = A; UAs U ... UA,_5. Color all vertices of the set Zy; as black. The
remaining vertices are treated as white. Then, we assert that the set Z,; forms
a 2-distance forcing set for G.

For, consider the path Pt(l) rooted at the vertex w;. Since Zy(P,) =2 (n > 3)
(See[26]), clearly the set A; generates a 2-distance forcing set for the path rY.

We observe that after getting the derived coloring for the path Pt(l), the color of
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the vertex u; is forced to black. Similarly, the set As forms a 2-distance forcing
set for the path Pt(z) rooted at the vertex uy. Then, the black vertex p} of the path
Pt(l) forces the vertex u,, of the cycle C), to black. Again, the set A3 generates a
2-distance forcing set for the path Pt(s) rooted at the vertex us. Proceeding like
this, consider the path Pt(n_Q) rooted at the vertex u,_o. We can observe that
the set A,_» will form a 2-distance forcing set for the path Pt("72). Now, the
black vertex p3~? of the path Pt("_2) forces the vertex u,_; to black. Then, the
black vertex u,_, forces the vertex pi~! of the path Pt(n_l) to black, the black
vertex u; forces the vertex pj of the path Pt(") to black. Now, we can see that the
remaining white vertices of the paths 2" and P™ will be colored as black.
Thus, the set Zy4 generates a 2-distance forcing set for G. Here | Zy; |= 2n — 4.

Therefore, Z54(G) < 2n — 4, as we desired. O

We strongly believe that the above bound is sharp.

Theorem 7.3.4. Let G be the rooted product C,(Cy,) of a cycle C, and the
rooted cycle C,,, where m,n > 5. Then, Zs4(G) < 3n. We strongly believe that

this bound is sharp.

Proof. Denote the vertices of the cycle C), in G by uy, us, . .., u, and the n copies

of the cycle C,, in G by C%),C’,(,f), e ,C’T(,?), where
VIO = {1, 03, v}

m

VICH] = {vf 0], ... o}

m
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VICW) = {vf vy, v}

Let the vertex v; of the cycle C be rooted at the vertex uy, the vertex v} of

the cycle C'? be rooted at the vertex Ug, ..., the vertex v of the cycle O™ be
rooted at the vertex wu,. That is, u; = vi,us = v?,... u, = v¥. Suppose that

Ap = {uy, vy, vz, 01} Ay = {ug, 03,03, vi}, As = {03, 03,0]}, Ag = {v3, 03,03},
As = {wd 03,00}, Any = {032 08 2 02, Ay = oy o), A, =
{vf, 08} Also, let Zoy = Ay U A U...UA,,. Assign black color to all vertices of
the set Zyy. The vertices in V(G) — Zy; are considered to be white. We claim
that the set Z,; forms a 2-distance forcing set for the graph G.

For, consider the set A;. Clearly, the set A; generates a 2-distance forcing set for
the cycle OV rooted at the vertex uy. Similarly, the set As generates a 2-distance
forcing set for the cycle O rooted at the vertex . Now, since u, is the only
2-distance white neighbor of the vertex vi of the cycle CY, the black vertex va
forces the vertex u, to black. In a similar way, the black vertex v3 of the cycle
O forces the vertex ug to black. Again, consider the set Az. Clearly, the set
Aj together with the black vertex us generates a 2-distance forcing set for the
cycle C%) tooted at the vertex uz. Proceeding like this, consider the cycle cln=2
rooted at the vertex u,_o. We observe that at this stage the vertex u,,_» is forced
to black by the vertex vy ® of the cycle o=, Now, we can see that the set
A,,_s together with the vertex u,,_o generates a 2-distance forcing set for the cycle
C’éf 2 rooted at the vertex Un_o. In the cycle Cr(r? _1), clearly, the vertex u,_1

is forced to black by the vertex vj 2 of the cycle o2, Then, the vertex u,_»

forces the vertex v%~! of the cycle i to black, the vertex u; forces the vertex
vy of the cycle O™ to black. Now, the set A,_1 together with the black vertices

u,_1 and v forms a 2-distance forcing set for the cycle ol Similarly, the
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set A, together with the black vertices u,, and v)! generates a 2-distance forcing
set for the cycle cim. Thus, the set Zy; generates a 2-distance forcing set for the
graph G. The cardinality of the set Zogis4+4+3(n—4) +2+ 2 = 3n.

Hence, Zyq(G) < 3n. This completes our proof. ]

7.4 2-Distance Forcing Number of Square Graph

of a Graph

In this section, we consider the square of path and cycle.

Theorem 7.4.1. Let G denotes the square graph of a path P,, where n > 5.

Then, Zsy(G) = 4.

Proof. In G, §24(G) = 5. So by the Theorem 7.1.3, we have
Z2d(G) > 4 (7.11)

To establish the reverse inequality, we proceed as follows.

Let Zog = {u1,us,us, us} be a set of black vertices. The remaining vertices are
colored as white. We observe that us is the only 2-distance white neighbor of the
vertex u;. So the black vertex u; — us to black. Now, consider the black vertex
us. The 2-distance neighbors of the vertex us are wuq,us, uyg, us and ug, out of
which wug is the only white vertex. Therefore, the vertex us — ug to black. Again,
consider the black vertex uz. The 2-distance neighbors of us are wuy, us, wg, us, ug
and uy, of which wuy is the only white vertex. Hence, the vertex us— u7 to black.
Continue this process, we can obtain a forcing sequence u; — us, us — ug,

U3 —> Ug,. .., Up_5 —> Up_1, Un—qa — U,. Thus, all vertices of G will be colored
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as black using the set Zs;. Therefore, the set Zoy = {uq,us,us, us} forms a

2-distance forcing set for G. Here the cardinality of the set Zy4 is 4. Therefore,

Z2(G) < 4 (7.12)
From the above two inequalities, Z4(G) = 4. O
Theorem 7.4.2. Let G represents the square graph of a cycle C,, n > 9. Then,

ng(G) == 8

Proof. We observe that G is a 4-regular graph. Denote the vertices of the
cycle C, in G by wuy,us,...,u,. Each vertex u;, where ¢ = 1,2,3,...,n, has

eight vertices in it’s 2-distance open neighborhood. The 2-distance vertices of

Uy, U, U3, Uyg,. - . ,U,_1, Uy, are displayed in the following table.
Vertex 2-distance vertices
Uy U2, U3, Ug, Us, Upn, Up—1, Un—2, Un—3
Ug U, U3, Ug, Us, Ue, Up, Un—1, Up—2
us Uy, U2, Uq, U5, Us, UT, Uy, Up—1
Uy Uy, U2, Uz, Us, U, U7, U, Up,
Up—1 Up, U2, U3, Up, Up—2, Up—3, Up—q, Up—5

Un U, U2, U3, Ugy Up—1, Up—2, Up—3, Upn—4

Since d24(G) = 9 in G, by the Theorem 7.1.3, we have
Z5(G) > 8 (7.13)
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To prove the reverse inequality, we proceed as follows.

Start the color change rule by coloring the vertex u; as black and the remaining
vertices as white. Since the vertex u; has eight 2-distance white neighbors, to pro-
ceed further, we have to color at least seven of these white vertices as black. Let
the black vertices be wu,,_3, U,—_2, Up_1, Uy, Uz, uy and us. Then, u; — us to black.
Now, consider the black vertex us. The vertices wuq, us, ug, s, Ug, Up, Up_1, Up_2
are the 2-distance vertices of the vertex us. Out of these vertices, uy, t,, U,_1,
Up_o, U3, Uy, us are already black. So the vertex us — ug to black. Then, the
vertex ug — u7 to black, since the other 2-distance vertices wy, uo, Un, Un_1, Ug,
us and ug of the vertex ug are already black. In a similar manner, the black
vertex uy forces the vertex ug to black. Proceeding like this, the black vertex
u,_g forces the vertex u,_4 to black. We observe that the vertices u,,_3, u,_o,
Up_1, U, are already coloured black. Hence with the black vertices uq, us, uy,
Us, Uy, Up_1, Un_2, Uy_3, We can force all vertices of the graph G to black. Thus,
the set Zog = {1, ug, ug, Us, Up, Up—1, Un—2, Un—3 } Of black vertices is a 2-distance

forcing set for the graph G. The cardinality of the set Zy; is 8. Therefore,
Z5(G) <8 (7.14)

Hence from the above two inequalities, Z4(G) = 8. O

7.5 2-Distance Forcing Number of Splitting Graph

In this section, we consider the splitting graph of a path.

Theorem 7.5.1. Let G be the splitting graph of a path P,, where n > 4. Then,

ng(G) =n.
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7.5. 2-Distance Forcing Number of Splitting Graph

Proof. Denote the vertices of the path P, in G by uy, us, ..., u,. Represent the
corresponding vertices of uy, ug, ..., u, in G by u},u),...u). In this graph, the
vertices v} and u/, have the least number of 2-distance vertices and the number
of such 2-distance vertices is 4.

We form a 2-distance forcing set for GG as follows.

Begin with the vertex w). Assign black color to u}. The vertex u} has four
2-distance neighbors uy, us, us and uj. To begin the color change rule, color at
least three of these 2-distance neighbors as black. Let the black vertices be wuq,
u9, uz and the remaining vertices are treated as white vertices.. Then, the black
vertex uj forces the vertex uj to black. Consequently, the black vertex u, forces
uh to black. Now, the black vertex us has only two 2-distance white neighbors uy
and uj. Assign black color to the vertex us. Then, the vertex ) is forced to black
by the vertex uy. Similarly, the black vertex uz has two 2-distance white vertices
us and uf. Color the vertex uz to black. Then, the black vertex ug forces the
vertex uy to black. Now, consider the vertex uy. The vertices ug and ug are the
2-distance white neighbors of uy. By assigning black color to the vertex ug, we

can force the vertex ug to black by the vertex us. Proceeding like this, consider

/
n—1

the black vertex u]_, (we observe that the vertex u,_; is forced to black by the
vertex u,_3). Now, the black vertex u/,_; has only one 2-distance white neighbor
Up. S0 ul,_, forces u, to black. Then, the black vertex u,_; forces the vertex u!,
to black. Thus, the set Zoy = {u), w1, us, us, uy, us, ..., u,—1} forms a 2-distance

forcing set for G. Clearly, the cardinality of the set Zy; is n. Therefore,
Z5(G) <n (7.15)

To prove the converse, we claim that no set with (n — 1) black vertices generates

a 2-distance forcing set for G. For, we consider the following cases.
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Case 1.

Let Zsy = {uq,us,...,u,—1} be a set of (n — 1) black vertices. The remaining
vertices are assumed to be white. Then, we can observe that further forcing is not
possible because each black vertex has at least three 2-distance white neighbors.
Case 2.

Assume that Zoy = {uf,u),...,ul,_;} be a set of black vertices. The vertices
in V(G) — Zy4 are assumed to be white. Here also the color change rule is not
possible since each black vertex has at least three 2-distance white neighbors.
Case 3.

Let P,_; be a path on (n — 1) black vertices and the set Zy; be the vertex set of
P,_1. The vertices in V(G) — Zy4 are treated as white. Then, we consider the
following Subcases.

Subcase 1.

Assume that n is odd.

/
n—1-

Let P,_; be the path wjubugu)...u), _su,_ou Then, further forcing is not
possible since each black vertex has at least two 2-distance white neighbors.
Subcase 2.

Consider the path wjusufuy...tu,_sul, _su,_1. Here also the derived coloring is
not possible because each black vertex has at least two white vertices in it’s 2-
distance open neighborhood.

Subcase 3.

Suppose that n is even.

!/

: / / !/ / / /
Consider the paths wjususwy... up—su;, _ou,—1 and wjususy.. U, _gUy_ou, 4.

In this case also color change rule is not possible, because each black vertex has

at least two 2-distance white neighbors.
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It is worth mentioning that a set of (n — 1) black vertices generated in any way
other than what we mentioned above cannot form a 2-distance forcing set for G.

Therefore from the above cases, we can observe that
Z9a(G) > n (7.16)

Hence from (7.15) and (7.16), we get Zay(G) = n. O

7.6 2-Distance Forcing Number of Cartesian Prod-

uct of Graphs

This section investigates the 2-distance forcing number of Cartesian product
such as the ladder graph P,[1P,, the grid graph P,[1P,, and the circular ladder

graph C,[JK,. We start with the ladder graph P,[]P,.

Theorem 7.6.1. Let G be the ladder graph P,[0P,, where n > 3. Then,
Zsq(G) = 4.

Proof. Let wuy,us,...,u, and vy, vq,...,v, be the vertices of the graph G =
P,0P,. Here 024(G) = 5. Since Zoy(G) > 624(G) — 1 ( See Theorem 7.1.3 ),
we have

Z2a(G) > 4 (7.17)

In order to prove the reverse inequality, consider the set Zoy = {uy, us, v1,vs}.
Assign black color to the vertices of the set Z,; and white color to the remaining
vertices. Take the black vertex v;. Since v3 is the only 2-distance white neighbor

of vy, the black vertex v; — v3 to black. Clearly, u; — us to black. Repeatedly
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apply the color change rule, we get the forcing sequence vy — v4, us — Uy,
U3 —> Us, U3 —> Us ,.vvy Up_g —> Up_1, Up_3 —> Up_1, Up_2 —> Up, Upn_o —> Uy
to black. Thus, all vertices of G will be colored as black. Therefore, the set
Zoq = {u1,us,v1,v2} generates a 2-distance forcing set for G. The cardinality of
the set Zyy is 4. Hence,

Z2(G) < 4 (7.18)
From (7.17) and (7.18), Z2(G) = 4. O

Theorem 7.6.2. Let G be the Cartesian product P,[1P,, of a path P, and a

path P, m > 5, where n > m. Then, Zyy(G) = 2m.

Proof. Denote the vertices of the graph G by

1 1 1
plap2a"'>pn
2 2 2
p17p27 s 7pn
3 .3 3
p17p27 tee 7pn
mo,m m
pl ’p2 7"'apn

We can easily infer that the vertices pi, pL, p!* and p™ have the least number of
2-distance vertices and the number of such vertices is 5. We generate a 2-distance
forcing set for G as follows.

Consider the set Zoq = {p},pd, p2, p2, 03, p3, pt, 08, ..., oL, p =t p, pi} of 2m
black vertices and all other vertices are colored as white. Then, clearly the black

vertex pj forces the vertex pi to black, since pi is the only 2-distance white
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neighbor of the vertex pi. Similarly, the black vertex p? forces the vertex p3 to
black because p3 is the only 2-distance white neighbor of the vertex p?. Continue
like this, we can see that the vertex p? forces pj to black, p} forces pj to black,. . .,
p" forces the vertex pT* to black. Again, the black vertex pi forces the vertex p}
to black, p2 forces the vertex p? to black,. .., p§* forces the vertex pj* to black.
Apply this process step by step, finally the black vertex p. , forces the vertex
pl to black, p?_, forces the vertex p? to black,..., p™ , forces the vertex p™ to
black. Thus, the set Zy; generates a 2-distance forcing set for G. Clearly, the

cardinality of the set Zy; is 2m. Hence,
Z5(G) < 2m (7.19)

To establish the reverse inequality, we proceed as follows.

Case 1.

Omit the black vertex p} (or p*) from the set Zy4. Then after possible forcings,

there exists only 2 + W black vertices in the graph G. So in this case, the

derived coloring is not possible for G.

Case 2.

Delete the black vertex p? (or p/*~') from the 2-distance forcing set Zpy. In this

case, after possible number of forcings, there exists only 4 + w black ver-

tices in the graph G. Therefore, the set Z,; will never form a 2-distance forcing

set for G.

Case 3.

If we exclude the vertex pi (or p7') from the set Z,4, then after possible forcings
(m+1)

there exists only ™= black vertices in the graph G. Hence, the set Z5q will

not form a 2-distance forcing set for G.
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Case 4.

If we omit the vertex p3 (or py'') from the set Zs4, then clearly there are only
2 + m black vertices in G. In this case also, the set Z,; cannot form a
2-distance forcing set for G.

Case 5.

Delete the black vertex p{, 7 =3,4,...,m — 2, from the set Z5;. Then, we can
easily assert that obtaining a derived coloring for G is impossible.

Case 6.

Remove the black vertex pé, 7 =3,4,...,m—2, from the set Zy4. Then, we can
observe that we cannot change the color of all vertices of G to black.

Hence from the above cases, we can conclude that a set with (2m — 1) black

vertices will not form a 2-distance forcing set for G. Therefore,
Z2(G) > 2m (7.20)

Hence from (7.19) and (7.20), Z4(G) = 2m.
]

Theorem 7.6.3. [26] Let G be a connected graph of order n > 3 with diam(G) =

2. Then, Zs(G) =n — 1.

Theorem 7.6.4. Let G represents the circular ladder graph C,[1Ky. Then,

5 if n=3
6 if n=4
ng(G):
7 if n=5
| 8 if n>6
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Proof. We consider the following cases.

Case 1.

Assume that n = 3. Let {uy,us, uz,v1,ve,v3} be the vertex set of G, where
U1, Ug, uz are the vertices of the inner cycle. In this case since the diameter of G
is 2, Z54(G) = O(G) —1 =6 — 1 =5, by the Theorem 7.6.3.

Case 2.

Assume that n = 4. Represent the vertex set of G by {uy, us, ug, ug, v1, v2, v3, v4},
where uy, us, ug, uy are the vertices of the inner cycle. Here, Agy(G) = d2q(G) = 7.

By the Theorem 7.1.3, we have
Z2(G) = 6 (7.21)

On the other hand, consider the set Zoy = {1, va, v3, vy, u1, us} of black vertices.
The remaining vertices are assumed to be white. Then, clearly the vertex v; — uy
to black, since uy is the only 2-distance white neighbor of the black vertex v;.
Consequently, the vertex us will be colored as black. Therefore, the set Z,; forms

a 2-distance forcing set for G. The cardinality of the set Zs; is 6. Hence we have,
Z5(G) <6 (7.22)

Therefore from (7.21) and (7.22), Zy4(G) = 6.

Case 3.

Assume that n = 5. Denote the vertex set of G by

{uy,ug, ..., us,v1,vs,...,0s5}, where uy, us, us, uy, us are the vertices of the inner

cycle. In G, Agy(G) = 024(G) = 8. Therefore by the Theorem 7.1.3, we have
Z5(G) > 7 (7.23)

Conversely, Let Zyy = {v1, v, v3,v5,u1,us, us} be a set of seven black vertices.

Then, we can easily see that the black vertex vy — v4 to black. Now, the vertex

134



7.6. 2-Distance Forcing Number of Cartesian Product of Graphs

vs — uy to black. Consequently, the vertex us will be colored as black. Thus,
the set Zy4 generates a 2-distance forcing set for G. The cardinality of the set
Zog is 7. Therefore,

Z5(G) <7 (7.24)

Hence from (7.23) and (7.24), Z24(G) = 7.

Case 4.
Assume that n > 6. Let {uy,ug, ..., Uy, v1,09,...,0,} be the vertex set of the
circular ladder graph G, where uy, us, ..., u, are the vertices of the inner cycle.

We construct a 2-distance forcing set for GG as follows.

Clearly, 62¢(G) = 8 in G. Since Z3q(G) > 024(G) — 1 for a connected graph G, we
have Z4(G) > 7. But it is obvious that with 7 black vertices we cannot form a
2-distance forcing set for G, because with 7 black vertices the maximum number

of further forcing possible is only one. Hence we can conclude that

Z5(G) > 8 (7.25)

To claim the reverse part, we proceed as follows.

Let Zog = {uq, ug, tp, Up_1,v1, V2,0, vy—1} be a set of black vertices and all the
remaining vertices are assumed to be white. Then, the black vertex u; — us
to black, since wus is the only 2-distance white vertex of w;. Similarly, the black
vertex v; — v3 to black, since v3 is the only 2-distance white vertex of v;. Then,
clearly uy — uy to black, vo— v4 to black and so on. Proceeding like this, we
get the forcing sequence u; — us, v1 — vz, uz — us, V3 — Vs, Uy —> Ug, Vg — Vg,
ey Up_g —> Up_9, Up_g — Un_s to black. Thus, we get a derived coloring for GG

using the set Zy;. Therefore, the set Zy; forms a 2-distance forcing set for G.
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Here | Zyq |= 8. Hence,

Z5(G) <8 (7.26)
Therefore from the above two inequalities, Zo4(G) = 8. [
Theorem 7.6.5. Let G be the complete bipartite graph K,,,, where m,n > 2.

Then, Zsy(G) =m+n — 1.

Proof. Since the complete bipartite graph K,,, is a graph with diam(K,,,) = 2

and having more than two vertices, the proof follows by the Theorem 7.6.3. [

7.7 2-Distance Forcing Number of Complement

of Graphs

In this section, we compute the 2-distance forcing number of complement of

path and cycle.

Theorem 7.7.1. Let G denotes the complement of a path P,, where n > 5.

Then, Zsy(G) =n — 1.

Proof. Since the graph G is connected with n > 3 and diam(G) = 2, the proof

follows by the Theorem 7.6.3. [

Theorem 7.7.2. Let G represents the complement of a cycle C,,, where n > 5.

Then, Zu(G) =n — 1.

Proof. Here the graph G is connected with n > 3 and having diam(G) = 2.

Therefore, the proof follows by the Theorem 7.6.3. ]
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Chapter 8

Conclusion and Further Scope of Research

8.1 Summary of the Thesis

First Chapter is the Introductory Chapter.

In the Second Chapter, we provided the basic definitions from the graph theory
which are very useful in the forthcoming chapters.

In the Third Chapter, we addressed the problem of determining the zero forcing
number of graphs and their splitting graphs. In Section 2, we gave upper bounds
on the zero forcing number of splitting graph of a graph. In Section 3, we found
several classes of graphs in which Z[S(G)] = 2Z(G). Section 4 provided classes
of graphs in which Z[S(G)] < 2Z(G). In section 5, we provided more families of
graphs with Z(G) = P(G).

In the Fourth Chapter, we dealt with the characterization of graphs G for which
1 < Z5(G) < 4. Also, we determined the k-forcing number of splitting graph of
some graphs. In fact there are many graph classes for which 1 < Z,(G) < 4.

In the Fifth Chapter, we addressed the problem of determining the connected
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k-forcing number of certain graphs. In Section 1, we found the exact value
of connected zero forcing number of some classes of graphs. In Section 2, we
investigated the value of the connected k-forcing number of rooted product of
some graphs. Section 3 dealt with the connected k-forcing number of square
graph of path and cycle.

In Chapter Six, we introduced the notion of 2-distance forcing number Z54(G)
of a graph G. In Section 2, we found the exact value of Zy4(G) of path, cycle,
wheel graph, Petersen graph, star graph, friendship graph, pineapple graph and
the fan graph. Also, we proved that if G is a connected graph of order n > 3 and
diam(G) = 2, then Zy(G) = n — 1. In Section 3, we focused on some classes of
graphs with diameter lies between 2 and 5 and their 2-distance forcing number
was determined. Finding an exact value of the 2-distance forcing number of helm
graph and the sunflower graph is open.

Chapter Seven provided the 2-distance forcing number of some special graphs
with large diameter. In Section 1, we computed the 2-distance forcing number
of some graphs. The upper bound for the 2-distance forcing number of rooted
product of some graphs was provided in Section 2. Section 3 studied the 2-
distance forcing number of square graph of path and cycle. The 2-distance forcing
number of splitting graph of path was found in Section 4. Section 5 introduced
the 2-distance forcing number of the Cartesian product of some graphs. The
2-distance forcing number of complement of path and cycle was discussed in the

Section 6.
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8.2 Further Scope of Research

(vii)

(viii)

Characterize the graphs G for which 27(G) = Z[S(G)].
Characterize the graphs G with P[S(G)] = Z[S(G)].

Find the families of graphs G for which Z(G) = n — .(G).
Examine some more families of graphs G in which Z(G) = P(G).

Investigate the zero forcing number of splitting graph of some more graphs.

Characterize S(G) and G for which Z5[S(G)] = 1, Z3(G) = 1, Z,[S(G)] =
2, Zy(GQ) =2, Z3[S(G)] = 3, Z2(G) = 3, Z3[S(G)] = 4 and Z»(G) = 4.

Characterize graph G for which Z»(G) + Z[S(G)] = 3Z(G).

Investigate the exact value of the 2-distance forcing number for the rooted
product of path and path, path and cycle, cycle and path, cycle and cycle,

and some more graphs.

Compute the 2-distance forcing number of some more families of splitting

graphs.
Determine the 2-distance forcing number of some other graph products.
Find the 2-distance forcing number of square graph of some more graphs.

Investigate the 2-distance forcing number of more classes of graphs with

large diameter.
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