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ABSTRACT

Fractional calculus is a branch of Mathematics that studies the derivatives and in-
tegrals of non-integer orders. Studying generalized fractional differential equations
is significant as it allows broader exploration of mathematical models, incorporating
various kernels in the y— Caputo and y— Hilfer fractional differential equations.
This versatility leads to the formulation of diverse fractional differential equations in-
volving classical operators, offering a more comprehensive understanding of complex
phenomena in diverse fields. We investigated the existence and uniqueness of neu-
tral fractional differential equation, Impulsive fractional neutral functional differential
equation and k-system of fractional neutral differential equation involving y—Caputo
fractional operator, the existence of Hybrid fractional differential equations with both
initial and boundary conditions involving y—Hilfer fractional derivative. Also inves-
tigated the existence, uniqueness, Ulam Hyers, generalized Ulam Hyers, Ulam Hyers
Rassias and generalized Ulam Hyers stabilities for y— Caputo neutral functional dif-
ferential equation and y— Hilfer fractional neutral functional differential equations.

Examples illustrating the results and graphs are given.
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Introduction

Literature review

Fractional calculus is a branch of mathematics that studies the derivatives and integrals
of non-integer orders. The concept of fractional derivative appeared for the first time
in a famous correspondence between G.A de L'Hospital and G.W. Leibniz, in 1695
[1]. It has its roots in the work of Leibniz and Euler in the 17" and 18" centuries,
but it was not until the late 20" century that it gained widespread recognition as a
useful tool for modelling various phenomena in fields such as engineering, physics,
and biology [2, 3]. Fractional calculus has several advantages over classical calculus.
One of the main advantages is its ability to model phenomena that involve memory
or history dependence, such as the viscoelastic behaviour of materials and the spread
of diseases [4]. It also has applications in the study of anomalous diffusion processes
and the dynamics of complex systems [5]. Using fractional derivatives, Niels Abel
gave the first application of fractional calculus in 1823, by solving the Tautochrone
problem - the problem of determining the shape of the curve such that the time of

descent of an object sliding down that curve under uniform gravity is independent of
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the object’s starting point [6, 7]. Furthermore, between 1832 and 1837, Joseph Liou-
ville published a series of papers in which he presented fractional operators. Riemann
independently constructed a theory of fractional operators. Both Liouville and Rie-
mann defined fractional derivatives using an integral approach that is now known as

Riemann-Liouville fractional derivative.

Furthermore, Grunwald and Letnikov defined a fractional derivative using the con-
cept of differ-integral. This approach is a generalization of the integer-order derivative
definition as the limit of the difference quotient. The Grunwald and Letnikov interpre-
tation is significant since it is algorithmic and thus particularly useful in computations
involving fractional derivatives. Michele Caputo presented an alternative formulation
of fractional derivative from the perspective of practical applications in 1967. The
initial value problems (IVPs) involving Riemann-Liouville (R-L) fractional derivative
require initial conditions in terms of fractional derivatives. Since the physical inter-
pretation is unclear, the usage of R-L derivatives in practical applications is limited.
In contrast, Caputo derivative needs initial conditions in terms of ordinary derivatives,
making them more useful for practical applications. Hence, Caputo derivative has

received serious attention in recent past.

For more than two centuries this subject was relevant only in pure Mathematics and
L. Euler, J. P. J. Fourier, N. H. Abel, J. Liouville, B. Riemann, J. Hadamard, among
others, have studied fractional operators, by presenting new definitions and study-
ing their most important properties [8, 9, 10]. There are several different approaches
to fractional calculus, each with its own benefits and limitations. The most com-
monly used approaches are the Riemann-Liouville and Caputo fractional derivatives,

which are defined in terms of the classical derivatives of integer order [11]. However,
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there are also other approaches, such as the Griinwald-Letnikov and Weyl fractional
derivatives, which have their own unique properties [1]. Viscoelasticity, electrical cir-
cuits, electro magnetism, sound propagation, fluid mechanics, edge detection, lateral
and longitudinal control, cardiac tissue electrode interface, earth system dynamics are

some of them [12, 13, 14].

Motivation

Although the concept of fractional calculus originated as a purely mathematical one, it
has recently become widely used in a variety of other scientific disciplines, including
physics, mechanics, and biotechnology [15, 16]. Various phenomina of relaxation vi-
brations, viscoelasticity, electrochemistry, diffusion procedures, etc., are successfully
described by fractional differential equations [17, 18, 19, 20, 21]. Because of the large
number of definitions that exist for fractional derivatives, one simple way to deal with
such a variety is to combine those concepts to a single one by considering fractional

derivatives of function with respect to another function [11].

Motivated by the paper of Ricardo Almeida [22, 23, 24] and [25], we started study-
ing about fractional differential equation of a function with respect to another function,
y—Caputo fractional differential equations. Ricardo Almeida has many works on the
topic fractional derivative of a function with respect to another function, which will
be very useful in applied mathematics. One who interested in the study of Fractional
calculus may confuse to select operators. Using general definition, from which dif-
ferent operators can be derived will be a solution to some extend. Recently Sousa

and Oliveira [26] proposed a new general fractional derivative, which is named as
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y—Hilfer fractional derivative. They derived around 22 types of existing fractional
derivatives and integrals from y—Hilfer operator. Many works have done on the frac-
tional equations involving w—Hilfer fractional operator [26, 27, 28, 29, 30, 31]. For
the last few decades, many researchers are attracted towards the study of fractional
calculus motivated by it’s wide application both in pure and applied mathematics

[1,5,6,8,9], [12]-[21], [32].

Special types of FDEs

This thesis updates the following special cases of fractional differential equations.

Impulsive fractional Differential equations

The study of impulsive differential equations is relevant to their applicability in mod-
elling processes and phenomena that experience short-term perturbations during their
evolution. The perturbations are carried out in a discrete manner, and their duration
is insignificant in relation to the whole duration of the processes and occurrences. In
recent years, impulsive differential equations have been a popular research topic due
to their extensive applicability to issues in mechanics, medicine, biology, ecology,

electrical engineering, and other fields of science.

Numerous systems in physics and biology exhibit impulsive dynamical behaviour
as a result of rapid jumps at certain instants in the evolution process. Impulsive dif-
ferential problems are appropriate models for describing process which at certain mo-
ments change their state rapidly and which cannot be described using the classical

differential problems. Many physical phenomena in evolution processes are modelled

4
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as impulsive fractional differential equations and existence results for such equations
[33]. Furthermore, the state of many phenomena and processes considered in biology,
biotechnologies, optimal control theory, etc. are frequently subject to instantaneous
perturbation and sudden changes (impulses) at specific moments of time. The dura-
tion of these variations is relatively short and insignificant in comparison to the whole
duration of the action under consideration. Such processes and phenomena with short-
term external impacts can be modelled using an impulsive differential equation. The
impulsive differential equations based on real-world situations can be used to describe
the dynamics of processes in which sudden, discontinuous jumps occurs. Many re-
searchers have been established the solvability of impulsive differential equations

due to their importance [3, 5, 34, 35, 36, 37, 38, 39].

Neutral differential equation

The study of fractional neutral functional differential equations is a branch of mathe-
matical analysis that combines the concepts of fractional calculus, functional differen-
tial equations, and neutral equations. These equations model dynamic systems where
the evolution of a quantity depends not only on its current state but also on its past val-
ues, incorporating delays and fractional order derivatives. An example of a fractional

neutral functional differential equation is given by

D%x(t) = f(t,x;, X (¢), x;,x"(¢),- ), where D* represents the fractional derivative
of order o, x(t) is the state function and f is a given function involving current and

past values of x and it’s derivatives.

This type of equation finds applications in various fields such as biology, control

systems, and population dynamics, where delays and memory effects play a significant
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role in the system behavior. Many authors have discussed about neutral differential
equations, as it have importance in many areas in applied mathematics [25, 34, 42, 43,

44].

Hybrid differential equations

For studying about the dynamical systems described by non-linear differential and
integral equations, the perturbation techniques are very useful. The perturbed differ-
ential equations are categorized into various types. Quadratic perturbations of nonlin-
ear fractional differential equations, which is an important type of these perturbations
(hybrid differential equations) have achieved a great deal of interest and attention of
several researchers. Dhange and Lakshmikantham [45, 46] and Dhange and Jadhav
[47] have discussed the existence and uniqueness theorems of the solution to the or-
dinary first order hybrid differential equations with perturbation of first and second
kind respectively. Much work has done in this theory and we refer the readers to the

articles [40, 48, 49, 50, 51, 52]

Tools and Methods

Mittag - Leffler function [53]
The Mittag - Leffler function is a generalization of the exponential function e*. It takes
two forms;

a one parameter form defined by,
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and a two parameter form defined by,

Zk

Eugz2) =) ——.
a.p k;) [(ok+B)
We know that e° is important in the solution of integer-order differential equations.
By extension, the Mittag-Leffler function takes a similar role in fractional calculus. In

particular, the second form is very useful in fractional calculus in the various transform

methods and also in numerical methods.

Fixed point method is used to prove the existence and uniqueness theorems for
different fractional differential systems. The Krasnoselskii’s fixed point theorem and
the Banach fixed point theorem are used to investigate the existence and uniqueness
of solutions of different w—Caputo fractional differential equations. Also, Dhange’s
fixed point theorems are used to establish a sufficient condition for the existence of
solutions of hybrid fractional differential equations. Monch’s fixed point theorem is
used to prove the existence of solutions of various types of fractional differential equa-
tions. The non-compactness measure is also can be used to analyse the existence of
solution. Generalization of Leibnitz rule is applied to find the series solution. Gen-
eralized Gronwall’s inequality is used for stability analysis. For plotting the graphs,

Python programming is used.

Thesis Outline

In chapter I, we provide some basic definitions and lemmas regarding the y—Caputo

and y—Hilfer fractional operators.

In chapter II, we investigate the existence and uniqueness of solutions for y—Caputo

fractional impulsive neutral functional differential equation. Under certain assump-

7
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tions, the existence is proved using Krasnoselskii’s fixed point theorem and unique-

ness is proved using Banach fixed point theorem.

In chapter III, we study the existence and uniqueness of the k—dimensional sys-
tem of y— Caputo fractional neutral functional differential equations. Under the given
assumptions the existence of the solution is proved by Krasnoselskii’s fixed point the-
orem and uniqueness is proved using Banach fixed point theorem. An example is

given to justify the results.

In chapter IV, we investigate the existence, uniqueness and stabilities of the y—
Caputo fractional neutral differential equation. The existence and uniqueness of the
solution is obtained using Krasnoselskii’s fixed point theorem and Banach fixed point
theorem respectively. We prove the two types of stabilities of the solutions using

generalized Gronwall’s identity.

Chapter V is devoted to the study of the existence of y—Hilfer hybrid fractional
differential equations of first and second types. The existence results are proved by
Dhange’s fixed point theorem. Some examples with graphical representations are

given.

In chapter VI, the y—Hilfer hybrid fractional differential equations with boundary
conditions is studied. Under certain assumptions, and using Dhange’s fixed point

theorem, we prove the existence of the solution.

Chapter VII refers to the study of non-linear y—Hilfer fractional differential equa-
tions. To prove the existence and uniqueness, measure of non-compactness and Ba-

nach contraction principle are used respectively.



Chapter 1

Preliminaries

1.1 Basic definitions

This chapter will go through the basic definitions and principles of fractional dif-
ferential and integral operators, specifically the classical operators: Riemann- Liou-
ville fractional operators, Caputo fractional operators and the generalised operators:
w—Caputo fractional operators, y—Hilfer fractional operators. Fixed point theorems
and results which are used to investigate the existence, uniqueness and stability of

solutions of different fractional differential equations are also included.

1.1.1 Riemann-Liouville fractional operator

Definition 1.1.1. [9] Let A = [a, D], (—e < a < b < ) be a finite interval on the real
axis R. For a function f, the Riemann-Liouville fractional integrals of order o € R

with lower limit a and upper limit b is defined as following.



1.1. Basic definitions

Left-sided fractional integral is given by:

(L f)(n) = F(loc) /a’? C f(ss))l_ads, n>a, a>0.

and right-sided fractional integral is given by:

b s
(- f)(n) = F(la)/n C f(s))lads, n<b, o>0.

Definition 1.1.2. [9, 25] Let A = [a,b], (—o0 < a < b < o) be a finite interval on the
real axis R, for the function f : [a,b] — R, Riemann-Liouville derivatives of order o

with lower limit a and upper limit b for a function f are defined by:

1 dar [m f(s
(D(ax+ )(Tl)zr( /a (n—S() +17na’s, n>a n—1<a<n.

n—o)dn”"
o _ 1 d /b f(s _
(Db’f)(n)_l“(n—(x)dn" i P ands, n<b, n—1<a<n.

1.1.2 Caputo fractional operator

Definition 1.1.3. [9, 25] Let A = [a,b], (—o0 < a < b < ) be a finite interval on the
real axis R, for the functionf : [a,b] — R, Caputo fractional derivatives of order o

with lower limit a and upper limit b for a function are defined by:

(n) (g
(CD3+ )(n):r(n_a) /a’? (nis)c(le—nds=(12’;°‘ (n))(r,),n>a, n—1l<a<n.

)
o pm = [T T e e,

n (S— n)(x+lfn

n<bn—-1l<a<n.

Obviously, Caputo derivative of a constant is equal to zero.

10



1.1. Basic definitions

Remark 1.1.4. /9, 25]

Relation between Riemann-Liouville and Caputo fractional derivative of order o

is given by the following equations

Dg,£)(m) = (Dzu

(“Dy_f)(n) = (D(bx

n—1 f(k)(b)
f(n)—kZ()r(kH)(b—n)kD (n).

1.1.3 Fractional derivatives and fractional integrals with respect

to another function

Definition 1.1.5. [9, 22] Let A = [a,b], (—e0 < a < b < o) be a finite interval on the
real axis, f an integrable function defined on A and w € C'(I) an increasing function
such that y'(n) # 0,Yn € A. Fractional integrals of a function f with respect to

another function  are defined as:

TP = Fgs [ 6 W)~ y) )

and

oy 1 b / a—1
(4,2 f) () = () /n v () [w(s) —w(m)I™ " f(s)ds.

Fractional derivatives of a function f with respect to another function y are defined

as:




1.1. Basic definitions

b
- I'n—a) [_ yﬂén) %] /11 v (s) [w(s) — ‘l’(”)]nia*l f(s)ds,

where n = [a] + 1.

1.1.4 y—Caputo fractional differential operator

Definition 1.1.6. [22] Let A = [a,b], (—e < a < b < o) be a finite interval on the
real axis, f,y € C"(A), two functions such that  is an increasing function such that
v'(n) #0,Yn € A. The left w—Caputo fractional derivative of f of order « is given
by

DY ) = 1= | s

and the right fractional derivative of f by

copm =i |

where n = [a]+ 1 for o ¢ N and n = a for oo € N.

To simplify the notation, we are using the abbreviated symbol

L d
v'(n)dn

flf(m) = [ ]nﬂn)-

From the definition it is clear that, given « =k € N, DIV f(n) = flgf] (n).

and if a ¢ N, then

1

DY) = g VO W) v 5

12



1.1. Basic definitions

and

DY f(n) =

I'n—a)
In particular, if 0 < o < 1

DY) = g ) — v s,

and
DY) =~ g, W)~ vl s

Theorem 1.1.7. [22, 23, 24] (Relation between y—Caputo fractional derivative and
fractional derivative with respect to another function.)

Given a function f € C"[a,b| and a. > 0, we have

DY () = DY

n—1 [m] a
fm-=Y fy @) [w(n) - w(a)]’"]

o m!
and
o - n-1(_1)m [m]
DY fm) =D, | f(n) -}, ()m—f,“'(a)[w(b) —y(m)]"
m=0 :
where n = [a] + 1.
= Ay (@)

L0 =f0-Y
In particular, if 0 < o0 < 1, we have

Iy CDEY () = f(t) — f(a).

1.1.5 y—Hilfer fractional differential operator

Definition 1.1.8. [26] Letn—1 < a < nwithn € N, A= [a,b] is the interval such that

—o0<a<b<ooand f, y € C"([a,b],R) be two functions such that  is increasing

13



1.1. Basic definitions

and y'(x) # 0,Vx € A. The w—Hilfer fractional derivative (left-sided and right-sided)
HID)Z‘J’P;W of a function of order @ and type 0 < B < 1, are defined by:
Hpo By Pl—ayy (1 d)(lﬁnaw
D, f (— I f
( ) a+ W’(T]) dn a+ ( )
and

. —a)- 1 d\" 1-B\n—a)
H]Da,ﬁ,l// —If(n a)y (_ ) I(l B)(n—a):y .
b () =l v (n)dn) f(n)

Lemma 1.1.9. [26] If f € C"[a,b],0 < ot < 1 and 0 < B < 1, then

GY HyoBsy ooy v (W) = w(@)"™* nkl (1) (n—a):y
Lo "D O =10 = X TR Ty e e fla). (D

HREPVIEY £() = £(1). (1.2)

Lemma 1.1.11. [22] Let o > 0 and & > 0. If f(t) = (w(t) — w(a))®~", then

10 = gy (V0 — W@ o 13)

Lemma 1.1.12. [26] Let y € C'([a,b],R) be a function such that s is increasing and
y'(t) A0Vt € [a,b]. Ify=0a+B(1—a), where 0 < a < 1 and 0 < B < 1, then
W —Riemann-Liouville fractional integral operator Ig jr]‘l/ is bounded from Ci_y.y|a,b]
1o C1_y.yla,b).

I'(y)
I'y+a)

where M is the bound of a function (W(t) — y(a))' ~Yh(2).

(w(1) = y(a)%,

1125 R, yap) <M

1.1.6 Fixed point theorems

Theorem 1.1.13. (Kranoselskii’s fixed point theorem) [62]

Let X be a Banach space, E be a bounded closed convex subset of X and S, U be maps

14



1.1. Basic definitions

of E into X such that S + U € E for every pair {,n € E. If S is a contraction and

U is completely continuous, Then the equation S§ + U = £ has a solution on E.

Theorem 1.1.14. (Banach contraction principle) [31]

For a non-empty complete metric space (E,d), let 0 < K < 1 and let the mapping

A : E — F satisfy the inequality
d(Ax,Ay) < Kd(x,y) forevery x,y€E.

Then, A has a uniquely determined fixed point x*. Furthermore, for any xy € E, the

sequence (A’ (xo));f’zl converges to this fixed point x*.

Theorem 1.1.15. (Dhange’s fixed point theorem) [45]
Let S be a non empty, closed, convex and bounded subset of the Banach algebra X,

andletA: X — X and B : S — X be two operators such that,

(a) A is Lipschitzian with a Lipschitz constant o
(b) B is completely continuous
(¢) x=AxBy = x€ Sforallye§

(d) ME(r) < r,where M = ||B(S)|| = sup{||B(x)|| : x € S}.

Then, the operator equation Ax Bx = x has a solution in S.

Theorem 1.1.16. (Dhange’s fixed point theorem) [45]
Let S be a closed convex and bounded subset of the Banach space X and let A :

X =X and B : S — X be two operators such that,

(a) A is a nonlinear contraction

15



1.1. Basic definitions

(b) B is continuous and compact

(c) x=Ax+ByforallyecS — xS

Then, the operator equation Ax+ By = x has a solution in S.

Theorem 1.1.17. (Arzeld-Ascoli theorem) [54]

Let X be a compact metric space and ¥ is a compact subspace of C(X) if and

only if F is closed, uniformly bounded and equicontinuous.

Theorem 1.1.18. (Lebesgue dominated convergence theorem) [54]

Let || f,,} be a sequence of measurable functions on E. Suppose there is a function g
that is integrable over E and dominates { f,} on E in the sense that |f,| < g on E for all

n. If {fu} — f pointwise a.e on E, then f is integrable over E and lim,,_,e. [ frn = |1 f-
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Chapter 2

v —Caputo Fractional Impulsive Neutral

Functional Differential Equation

2.1 Introduction

In this chapter, the initial value problem is discussed for a class of fractional im-
pulsive neutral functional differential equation of a function with respect to another
function. The criteria on existence and uniqueness are obtained using Krasnoselskii’s

fixed point theorem and Banach fixed point theorem respectively.

Consider the fractional impulsive neutral functional differential equation involv-

ing the Caputo fractional derivative of a function x with respect to another function y.
(

DIV (x(1) — g(t,%)) = F(t,x), 1€ (10,0), 10> 0,1 #1

Ax(tk) :Ik(x(tk—)) (2.1)

Xt():q)

where D%V is the w—Caputo fractional derivative of order 0 < o < 1 with respect

17



2.2. Preliminaries

to another function y. Consider f,g : ([to, «0) x C([—r, 0], R")) — R" are given
functions satisfying certain assumptions, which will be specified later. a > 0 and
¢ € C([—r, 0], R"). If x € C([to — 1, 1o +a], R"), and for t € [ty ,tp + al, define x; by
x(0) = x(t 4 6) for 6 € [—r, 0]. Let y € C'[ty, =) be a continuous increasing func-
tion such that y'(x) # 0,Vx € [fg, o). Let Iy : R" — R", Ax(r) = x(1;") — x(7;) with
x(t;) = limy_ygex(te + ), x(t) = limy,_o-x(txy —h), k=1,2,--- ;mforty <1} <1, <

< by

Through this chapter we are discussing the initial value problem for a class of
w—Caputo fractional neutral functional differential equations with bounded delay. In
the preliminary section we present essential results. Then based on many assumptions
and Krasnoselskii’s fixed point theorem, we prove that IVP (2.1) has at least one
solution, by deducing IVP (2.1) into equivalent volterra integral equation. Moreover

we prove the uniqueness of the solution.

2.2 Preliminaries

Note that
x@)Zxo—f%EiLaW%@(WOO—WVQDa”K@ds
+Fé1[w%ﬂw@—wwﬂ”h®w

solves the Cauchy Problems:

CD*¥x(t) =h(t), t€J=10,T],T >0
(2.2)

€0) =50~ g 1 VO W@~ )™ his)ds

One can obtain the following result immediately.

18



2.3. Existence results

Lemma 2.2.1. Let o € (0,1) and h: J — R be continuous. A function x € C(J,R) is

a solution of the fractional integral equation

x(t) = xo—%a) [ o) w@ = ws) his)as

1 t
—l——/ $)(w(t) —w(s)* 'h(s)ds
Na) Jo v (s)(w(t) —w(s)* h(s)
if and only if x is a solution of the following fractional Cauchy problems,

CDOW’x(t) =h(t), teJ (2.3)

2.3 Existence results

Letly = [l‘o,t() + 5],

A(S,y) ={xeC(lto—rto+ 8], R")|x, =9, sup [|x(t)—¢(0)] <7},

19<t<to+0
where 8,7 are positive constants. Before starting and proving the main results, we

introduce the following hypotheses.

(H1) f(z,¢) is measurable with respect to ¢ on I.
(H2) f(z,¢) is continuous with respect to ¢ on C([—r,0],R").

1
(H3) There exist o € (0, ) and a real valued function m(t) € L* (I) such that for

fort € Iy.
0)

any x € A8, 7). (1, 3)] < mle), M =|m]|
(H4) For any x EA(57Y)7 g(tvxl‘) = gl(tu-xl) +g2(t7xl‘)'

(H5) g is continuous and for any x’,x" € A(8,7), t € I,

191(6,) — g1(1,)] < [][x' — "], where [ € (0,1).
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2.3. Existence results

(H6) g, is completely continuous and for any bounded set A in A(J, ),

the set {r — g2(#,x;) : x € A} is equicontinuous in C(p,R").

(H7) The functions [ : R” — R” are continuous and there exist a constant 0 < L < 1

L —_—
such that ||Iy(x) — L(y)|| < £||x—y|[,x,y eR" ,m>0,k=1,2,--- ,m.

Lemma 2.3.1. If there exist 0 € (0,a) and y € (0,00) such that (H1) — (H3) are

satisfied, then fort € (to,to+ 8], IVP (2.1) is equivalent to the following equation.

x(t) =
¢(O)_g(l07¢)+g(t7xl)+Itg7wf(t7xl)7 fOI’ re [t()all]
9(0) —g(t0,9) +8(t,x) + I (x(t1 =)+ " (1, 30), for 1&(n,n]

$(0) —g(to,0) +g(t.x) + I (x(t1 =) + h(x(,=)) + 1y Y f(t.x;),  for t€ (t2,13]

0(0) —g(t0,¢) +g(t,x) + Yay<rn Li(x(ti—)) +Izg’wf(f,xt)7 for t € (tm,to+ 0]

\

(2.4)

-x[0:¢

Proof. Assume x satisfies IVP (2.1).
If ¢ € [to, 1], then DY (x(t) — g(t,x,)) = f(t,x:), 1 € (to,11].
Integrating from f to ¢, by virtue of Definition (1.1.5) and Theorem (1.1.7) we can

obtain:
x(t) = ¢(0> _g(t()aq)) +g(t7xf) +It(§7wf(t7xt)'
Ift € (t1,12],

then “Dp Y (x(t) — g(t,x,)) = f(t.x;), with x(t;+) = x(ty—) + I (u(t:—)).
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2.3. Existence results

By Lemma (2.2.1), one obtain

(0) = 3(01) = gltn53) + 80050~ g [ W W)~ w(9)* S sx)ds
+10Y £t x,)
= x(01=)+Da(0-) = sl0130) g [V OW0) —y(0)* s )ds
+10Y f(t,x)

x(1) = 9(0) — g(t0,9) +g(t,xe) + 1 (x(t1 =) + IV f(1,x1).

If t € (t2,13], then

x(1) = x(t2+) — 8(t2,31,) + g(t,3) — %a) W (5) (W) — w(s)% ! £ (s, )ds
+It(())c7wf(t’xt)
—x(t-) + B(x(2-)) — glt2,31) — ﬁ A W) (wlt2) — wis)® Fls,x)ds

"‘It?wf(taxt)~
Which implies,

x(1) = 9(0) — g(t0,9) +&(t,x) + 1 (x(1 =) + L (x(t2 =) + 1y £(2,3).

If t € (tm, 20+ O], then again by Lemma (2.2.1), we get

x(1) = 9(0) — g(t0, 9) +8(t, %) + TP Lix(ti—) + Ly ¥ f (1, x1).

Conversely, assume that x satisfies equation (2.4).

If ¢ € (to, 1], we get “Dp Y (x(t) — g(t,x) = f(t,x1).

If t € (t,txr1], k=1,2,--- ,m and using the fact of y— Caputo fractional derivative
of a constant is equal to zero, we obtain:

DY (x() — 8(t,31)) = f(t,31), 1 € (1—1,14] and
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2.3. Existence results

u(tk+) — Lt(tk—) = Ik(u(tk—)), k= 1,2, cee M.

This completes the proof. 0

Theorem 2.3.2. Assume that there exist § € (0,a) and y € (0,c0) such that (H1) —

(H7) are satisfied, then IVP(2.1) has at least one solution

x(t) = ¢(0) —g(t0,9) +g(t,x:) +Zt0<tk<t1k(x(lk_))

o VO W) = w(s)] % fs,x5)ds (2)

X, =
\l‘o (p

on [ty,to + M| for some positive number 1.

Proof. According to (H4), equation (2.4) is equivalent to the following equation

x(t) =¢(0) — g1(t0, @) — g2(t0,9) + 81 (t,%) + 82.(t,%:) + Loy << lie(x(15—))
e [ VOO~ v s cely
Xtp = 0.

Let ¢ € A(8,7) be defined as

0 =0, $(to+1)=9(0) vrel0,3].

Let x be a solution of the IVP(2.1) and x(tg +t) = ¢ (tg +1) + y(t), t € [-r,6].

Then we have, x4 = @yyis + 1, ¢ € [0,8]. Thus

() =
—g1(t0,9) — g2(10,9) + g1 (t0 1,31 + Py) + 82(t0 + 1,31 + Pug-i1) + Zig <<l (x(15—))
+ ﬁ /0 t W (s+10) [w(t+10) — w(s+10)]% " fto+5,y5+ Gy 15)ds, t € [0,8].

(2.6)
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2.3. Existence results

Since g1, g are continuous and x; is continuous in t, there exist 6’ > 0 such that for

0<t<d,

g1 (to+ 1,1 + Prge) — 81(t0, )| < (2.7)

Y

(2.8)

IR IR

\g2(to+1,y:+ q;zoth) —g2(t0,0)| <

o s s (@t DY

Define E(n,7) as follows

Y

choose

E(,7) = {v € PC([=rm, R")/3(5) =0 fors € [-1,0] and ||y]| < r}.

Then E(n,7) is a closed bounded and convex subset of PC([—r, 1], R").

On E(n,7), we define the operators S and U as follows:

0 ift € [-r,0]
Sy(t) =
—g1(t0,0) +g1(to +1, 51 + Py 14) ifr € [0,7]
(
0 ifr € [-r,0]

—82(t0,9) +g2(to +1,y: + qsto+z) + X<t <t I (x(tx—))
Uy(t) = (2.10)

+ﬁ f(; IV/(S—f—t()) (W(t+t0) - I,U(S—l—l’()))a_lf(to +Says + 6510+S)ds

ift €[0,7m].

\

It is easy to see that the operator equation
y=3S8y+Uy (2.11)

has a solution y € E(n,7) if and only if y is a solution of (2.6).

Thus x(tg +1) = y(t) + ¢ (tg +1) is a solution of (2.1) on [0, n]. Therefore the existence
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2.3. Existence results

of a solution of the IVP (2.1) is equivalent that equation (2.11) has a fixed point in

E(M,7).
Now we show that S+ U has a fixed point in E (7, ¥). The proof is divided in to three

steps.
Step I: Sz+Uy € E(n,v) for every pair z, y € E(1,7).

In fact, for every pair z,y € E(1,7), Sz+ Uy € PC([—r,n|,R"). Also it is obvious
that (Sz+Uy)(t) =0, € [-1,0].

Moreover, for t € [0,1], by (2.7),(2.8),(2.9) and the condition (H3) and if

(y(t+10) — y(to)) < 8, we have:

1Sz(t) = Uy(t)| <|— g1 (t0,9) + g1(to + 1,2 + Pry11) |

+|—g2(10,9) +g2(to+1,51 + Qo) |+ Y, (x(t—))]|

to<tp<t

i ﬁ /ot W/ (s +10) [W(t +10) = Ws+10)] %" flto+ 5,75+ Gios)|ds

IN

* oy W 0) —¥(0)* + Ly

M ey
et

IN

Y
2
Y
2

IN
s{

Therefore, |[Sz+ Uy|| = sup;cjo 5 [(S2)(r) + (Uy)(r)| < v, which means that

Sz+Uy € E(n,y), forany z,y € E(1,7).

Step II: S is a contraction on E(1,7).

Foranyy',y" € EM,7), ¥+ @11, ¥ + Pyt €A(8,7). Also by (H5), we get that

1Sy (1) = Sy" (1) = |g1(to + 1,31 + Byt) — 81 (10 + 1,57 + Bore )| < LY ="
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2.3. Existence results

Which implies that

15y = Sy"Il < 1lly" = "I
In view of 0 < < 1, S is a contraction on E(1,7).

Step I1I: Now we show that U is a completely continuous operator.

Consider,

0 t € [-n0],
Ury(t) =
—22(t0,0) + g2(to+ 1,y + Pry4e) 1 €[0,7).

And

Upy(1) =
0 t € [—r0]

Y L(x(n—))

to<tp <t

+ a7 Jo W (s +10) [W(t +10) = W(s+10)] %7 flt0+ 5,75+ Gigees)dls

t€10,m].

\

Clearly U = U; + U,.

Now we have g; is completely continuous, U is continuous and {U;y:y € E(1,7)}
is uniformly bounded. Hence from the condition that the set {t — g2(7,x;) : x € A}
be equicontinuous for any bounded set A in A(8,7), we can conclude that U is a

completely continuous operator.

On the other hand for any ¢ € [0, 1], we have:

Uyl < ) Milx(ti-)))|

to<ty<t

" % /0’ W/ (s +10) [W(t +10) — W(s+10)]% " f(to+ 5,5+ Bryes)lds
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2.3. Existence results

M
< — a__ T
a M

Hence {U»(y) :y € E(n,7)} is uniformly bounded.
Now we will prove that {U,y : y € E(n,7)} is equicontinuous.
Forany 0 <1 <t <mandy€ E(n,Y),

and if |y (x) —y(y)| < N||x—y||, 0 <N < 1, Vx,y € [0,1] we get that:

[Uay(t2) — Uay(th)] <

1 2

T(a) Jo W (s +10) [(W(t2 +10) — W(s+10)* 1] f(to+5,ys + 1) lds

1

" T(a)

1w/ 0) (Wl +10) = wls-+10)]% Fltg 5,35+ G s

+ Y Lx(n-))

to<ty<tr—t

< gy (e +10) = Wi00) (vl )~y + L hGeo)

which converges to zero as t; — f;.

Hence {U,y :y € E(1n,7)} is equicontinuous. Moreover, it is clear that U, is con-
tinuous. So, U, is completely continuous operator. Then U = U; + U, is a completely

continuous operator.

Therefore, Krasnoselskii’s fixed point theorem shows that S+ U has a fixed point
on E(n,7v) and hence the IVP (2.1) has a solution x(z) = ¢(0) + y(t — 1) for all ¢ €

[to,t0 + M]. This completes the proof. O

In the case where g; = 0, we get the following result.

Corollary 2.3.3. [25] Assume that there exist 6 € (0,a) and y € (0,00) such that
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2.4. Uniqueness result

(H1) — (H3) hold and (H5)' g is continuous and for any X', X" € A(3,y),t € Iy
lg(t,x1) — g(t,.x)| < 1[|x" x|, 1 € (0,1).

Then IVP (2.1) has at least one solution on [ty, to + 1| for some positive number 1.

In the case where go = 0, we have the following result.

Corollary 2.3.4. [25] Assume that there exist 6 € (0, a) and y € (0, o) such that
(H1) — (H3) hold and (H6)' g is completely continuous and for any bounded set A in
A(6, ), the set {t — g(t, x;) : x € A} is equicontinuous on C(Ip, R"). Then IVP (2.1)

has at least one solution on [ty, ty + N| for some positive number 1.

2.4 Uniqueness result

Theorem 2.4.1. Assume that the function f is Lipschitz continuous with respect to
the second variable. i.e, there exist a positive constant Ly such that ||f(t,x),) —
ft,x2,)|| < Li||x1 —x2||Vr € [a,b],x1,x2 € C([to — r,to +a)) with H5 and H'T, then
there is a constant h € R™ such that there exist a unique solution to the IVP(1) on the

interval [to,to +h] C [a,b] if (st oc+1 (w(to+h)—w(ty))*+L+1) < 1.

Proof. Define the function F(x,t) by

F(x,t) = 9(0) —g(to,9) +g(t.x) + Y Lix(ti=))+ 4y " f(t,x).
to<t<ty
LetU ={x € C([to—nty+a],R"): CD%"”x(t) exists and is continuous in [ty, o + h]}.

It is enough to prove that F : U — U is a contraction. Let us see that F is well defined.

ie,F(U)CU.
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2.5. Conclusion

Given the function x € U, we see that DZ’W(F(x) (t) —g(t,x;)) = f(t,x) is contin-
uous and
o,y
F(x)(t) = $(0) +g(to, ¢) +g(t, ) + ), Li(x(ti=)) +1Ly " f(t,x),
to<t<ty
which satisfies the required conditions.

Now let x1,x; € U be arbitrary, then by assumptions, we have:

HF(Xl,l‘) —F(XZ,Z)H

<l Y (f o) = fe )|+ Y EG (=) = LG 6-))]]

fo<t<ty
+g(t,x1,) — g(t,x2,)

a1y Wl +m) = wlo)* + L1 |lxi —xl|.

which proves that F is a contraction. Using the Banach fixed point theorem, IV P(2.1)

has a unique solution. [

2.5 Conclusion

The generalised fractional impulsive neutral functional differential equation involving
w—Caputo fractional derivative is considered. Under certain assumptions the criteria
on existence and uniqueness of the solution are obtained using Krasnoselskii’s fixed

point theorem and Banach fixed point theorem respectively.
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Chapter 3

A k- Dimensional System of Fractional

Neutral Functional Differential
Equations Involving w—Caputo

Fractional Derivative.

3.1 Introduction

This Chapter is devoted to the study of the initial value problem for a class of k—
dimensional system of fractional neutral functional differential equations involving
generalised fractional derivative namely Caputo-type fractional derivative with respect
to another function. Existence and uniqueness results for the problem are established

by means of Krasnoselskii’s and Banach fixed point theorems respectively.

The aim of this chapter is to investigate the existence of solutions for a class of k—
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3.1. Introduction

dimensional system of fractional neutral functional differential equation with bounded
delay involving the Caputo-type fractional derivative of a function x with respect to

another function y.
.

Dy (x1(t) = g1(t,x)) - = filt,x)

DY (xa(t) — ga(t,x)) = folt,xe) o

\Cng’W(xk(t) —&(t,x)) = filt,x:)

xllo = ¢17 x2t0 = ¢2 “ e xkto = (pk

where #9 > 0,a > 0 and r > 0 are constants 7 € (fg,o),0 < o; < 1, fori=1,2---k.
CDgi ¥ is the Caputo-type fractional derivative of a function x; with respect to another
function y. fi, gi: ([to, o) X C(|—r, 0], R") x C([—r, 0],R") x --- x C([—r, 0], R")) —
R";i=1,2---kare given functions satisfying certain assumptions, which will be spec-
ified later. a > 0, x;y = (xy,, X2,, -~ -xx,) and ¢; € C([—r, O,R") for i = 1,2---k. If
xi € C([to—r, to+a], R"), then for any ¢ € [y, fo + a], define x;; by x;;(0) = x;(t + 6)
for 6 € [—r, 0]. Let y € C"[tp, ) be a continuous increasing function such that

W' (x) £ 0, Vx € [fo, ).

Through this chapter, we are discussing the initial value problem for a class of
k— dimensional system of fractional neutral functional differential equations with
bounded delay of a function with respect to another function. In the second section we
present essential definitions and results and in the third section, we prove the existence
and uniqueness of the IVP (3.1). Using Krasnoselskii’s fixed point theorem, we prove
that IVP (3.1) has at least one solution, by deducing in to equivalent integral equation.

To prove uniqueness, we adopt Banach fixed point theorem.
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Let I be an interval in R and X = C(I,R") with the norm ||x|| = sup;cs|x(t)| where

| -| denotes a suitable complete norm on R”.

Consider the product Banach space (X* =X x X x---x X, || -||.) with the norm

[|Cersa - -x) [ | = mane{[ e |, [ea [, -+« e}

3.2 Existence results

Consider the Initial Value Problem (3.1). Let é and 7y be the positive constants,

Iy = [to, 10 + 6] and define:

A8, y) ={(x1,x2 ;i) 1 xi, =i, sup  [xi(t) —9i(0)[ <y Vi=1,2---k} (3.2)

1o<t<tg+96
where x; € C([to — r,10+ 6], R").
Before starting and proving the main results, we introduce the following hypotheses:
(H1) fi(t,¢1,¢>--- ¢) is measurable with respect to 7 on Iy, Vi =1,2,3---k.
(H2) fi(t, 01,02 ¢) is continuous with respect to ¢; on C([—r,0], R"), Vi, j=1,2---k.

1
(H3) There exist @;, € (0, ;) and a real valued function m;(t) € L*1 (Iy) such that for

any (x1,x2---x;) €A(8,7),i=1,2---k
fi(t,x)] <my(t), t €. (3.3)
(H4) For any (x1,x2---x;) € A(S,7), &i(t,x) = gi (t,x:) + i, (t,%).
(HS) g, is continuous and

|gi1(t7xt)_gi1(tayl)| Slz||X—y||* (34)
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where [; € (0,1), Vx = (x1,x2---xk), y = (y1,y2---yk) €A(8,7),t €Iy
fori=1,2---k.

(H6) g;, is completely continuous and for any bounded set A in A(J,7),
the set {t — g, (¢,x1) : (x1,Xx2---x%) € A} is equicontinuous on

C(Io,R") x C(Ip,R") x -+ x C(Ip,R"), Vi = 1,2+ -k.

[\ 4

k

(H7) y € C'(Jty,]) is a continuous increasing function with

lw(t) —y(s)| < N|t—s|,N € (0,1) and |y/(s)| < K, K be any positive integer.
Lemma 3.2.1. If there exist 6 € (0,a) and v € (0,00) such that (H1) — (H3) are
satisfied, then fort € (to,to+ O8], IVP (3.1) is equivalent to the following equation.
xi(t) = ¢i(0) —gi(to, P1, 02+ i) +gi(t,x)

o W) W) — w1 fisx)ds, 1 ely 3

\xi’O - (Pi

fori=1,2---kandt € I.

Proof. From the conditions (H1) and (H2), it is obvious that f;(r,x;) is Lebesgue

measurable on . A direct calculation using (H7) gives that

(r(5) o) — w()]% ) € L™ ()1 € B,

In the light of Holder’s inequality and (H3),
we obtain that <l///(s) (y(r) — l;/(s)]a_l> fi(s,xs) is Lebesgue integrable with respect

tos € [to,t], Vt € In,i=1,2--- ;kand (x1,x2---x¢) € A(S,7)

and
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[ (o) o)~ w1 ) s )ds <

To

w7 (s) [w(e) = wis)] ||

Pl = ( frora)”,

for any p integrable function F : J — R.

lmill o (36)
(Io)

where

According to the definition of fractional integral of function with respect to another
function ¥ and y—Caputo derivative of order ¢, it is easy to see that if x; is a solution
of the IVP (3.1), then x; is a solution of equation (3.5).

On the other hand, if equation (3.5) is satisfied then V¢ € (19,7 + J], we have:

DY (xir) — gilt,x)) =

“p¥ (¢i(0) —8i(10: 91,92+ O) + ﬁ wi(s) [w(t) — w(s) %! fi(s,xs)ds)

t

=Cpp¥ (%a) VL) - y(s) %! fi(s,xs)dS)

DY (xi(t) — gi(t,x)) = DRV LY fit, x;)

—1 704, xt H
1Y fir ) — Z A w ) ) (W(f)—ll/(lo))k]

— Dgivw

[0y [K]
AR e ;“ﬂl;“) (v~ i) )

(w() —w(to) "™

= filtox) = YAl 2y = gy

since [I%VY fi(t,x)],_, =0.

=1y
Hence, we get “D"Y (xi(1) — gi(t,x:)) = fi(t,x), t € (to,to+ 5]

And this completes the proof. 0
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Theorem 3.2.2. Assume that there exist § € (0,a) and y € (0,c0) such that (H1) —
(H7) are satisfied, then IVP(3.1) has at least one solution on |ty,to + 1| for some

positive number 1.

Proof:

According to (H4), equation (3.5) is equivalent to the following equation

.

xi(t) = 0i(0) —gi (to, 1,02+ - Px) — 8i (10, 01, P2+~ Or) + &iy (,x0) + 83 (£,%1)

i W) W) — w1 % fils.x)ds, 1€l

kxi’O :¢i i:1,2-~-k

Let (¢1,¢2--- ) € A(8,7) be defined as
‘131‘10 =0, @i(to+1)=¢:(0) Vt€[0,8],i=1,2---k.

If x = (x1,x2---x¢) is a solution of the IVP (3.1), let x;(tg +1) = §i(to +1) +yi(t),
t€[-ndl,i=12-k.

Then we have, x; , = ¢;it0+t +vi,t€0,8],i=1,2---k.
Thus,
yi(t) = —&i <t07¢17¢2 T ¢k) —g,-z(t(),gb],q)z NN ¢k)

+gl] (tO +t7y1t + (51;0+[7y2[ + (52[04,4 t yk; + 6k[0+r)

+glz (to +t’ylr _|_ 61[0+r7y2[ + $2[0+r o .yk[ + ékf0+l>

" ﬁ/ot W/ (s+10) [w(t +10) — w(s+10)] %"

filto+5, 31,4 @1, Y2, + o Vi T B ), (3.7

te0,8],i=1,2-k.
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Since, gi,, gi, are continuous and Xx;, is continuous in ¢ for all i = 1,2 - -k, there exist

6’ > 0 such that

181, (f0+1, y1, + s Y2, + By ooV + Bty ) — &i (0, 1,02, B )| < %/ (3.8)
180 (f0+ 1,91, + @1, oy, + 02, Vb By 1) — 8ia (10, 915 B2, i) < %/ (3.9)
forO0<t< &8 andi=1,2---k.
Choose .
n= min{a, 5, (YF(“")gEfI"{)(I%)> e } (3.10)

where 3; = logx,»ll €(—1,0) and M; = ||m,-||Lﬁ(1)7 i=1,2-k
0

Define E(n,7) as follows:

E(Mm,y) =

{()’1»}’2"')%) :yi € C([=rn],R")|yi(s) = Ofors € [=r,0] and [|yi]| < r,i= 1,2 -k}.

Then E(n,7) is a closed, bounded and convex subset of C([—r,n],R") x C([—r,n],R") x
X ([, RY).

On E(n,7), we define the operators S and U by:

St(vi,y2- ) (t)

Sy(y1,y2 -
Si,y2--yi)(t) = 2 yz‘ 7)) :

Sk(y1y2 i) ()
and
Ur(yi,y2---y)(t)

Us(y1,y2---
Ulyt,yz-- ) (1) = 2, y2 - i) (t)

Uc(y1,y2-- ) (t)
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(

0, t € [—n0]

Sivi,y2e -y () = —gj, (t0, 61,02 O

\+gi1 (tO +t7 yl; + (5110+[7 )’Zt + (52,0+t o ')’k, + (ﬁkto+t>7 t E [0711]

and

0, t € [-n0]
—8ir (10, 91,02+~ Pr)

Uilyt,y2 )0 = +giy (to+1, 31, + 1,0 32, + o Vi + By r)

i SOV s+ 10) (Wt 4-10) — wls +10) %!

| filto+ 5, 31,4 B va, + OV B )ds, 1 €(0,m)
fori=1,2---k.

It is easy to see that the operator equation y = Sy+ Uy has a solution y = (y1,y2 -+ yx) €

E(n,7) if and only if y; is a solution of (3.7), Vi=1,2---k.

Thus, x;(tg +1) = y;(t) + ¢;(to +1) is a solution of equation (3.1) on [0,n]. Therefore
the existence of a solution of the IVP (3.1) is equivalent to the existence of a fixed
point for the operator S+ U on E(7n,7). Hence, it is sufficient to show that S+ U has

a fixed point in E(n,7).
The proof is divided into three steps.

Step I: Sz+Uy € E(n,7), for every pair z = (z1, 22 2), y = V1, Y2+ Yx) €
E(M,7).

In fact, for every pairz, y € E(n, v), Siz+ Uy € C([—-r, n], R"),i=1,2---k. Also

it is obvious that (Sz+Uy)(t) =0, Vt € [—r, 0].
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Also, we have:

|Siz(t) = Uiy (1)| <
| —giy (10, @1, $2- - 9k) + 81y (0 +1, 21, + P1, s 22, + 2 oo 5 2+ Bry )|
+ | _giz(t07 (pl? ¢2' . (Pk) +gi2(t0+t7 yl; +4;110+f’ )’2, +$2[0+z7' o 7ykt +(5k,0+,«)|

1 Awwx&+mﬂw0+mf—w®+mﬂmlx

" (o)

ﬁ(to + 5, Vi + é1t0+x7 Y2, + é2t0+g7 s Vi =+ ék,0+x)‘ds

l 1 1—ay,
237/ F(txl-) </0 W/ (s+10) [W(t+10) — W(s+10)]% | ds)

(/:ﬂ(mi( 5)) ai"ds> o,

2,}/ MiKN(Xi—l n(l-l-ﬁi)(l—ail)
=3 T(o) (1+B)%

<vy,Vtel[0,n]andi=1,2,---k.

Therefore

1Siz+ Uiyl = sup [(Siz)(#) + (Uiy)(#)| < v, Vi=1,2,--k.
t€[0,n]

Which means that Sz+ Uy € E(n,7y), forany z, y € E(1, 7).

Step II: S is a contraction on E(1, 7).
Letyl - (y/17y/27 7y;<)7y” - (yllla ylzla : ay;cl) S E("?J’)-Then,
((y,][ +¢51[0+f7 y/2, + (2;2;04_;7 e ’y;ft + ¢~)k;0+t)7 (ylllt + $1t0+[7 y/2/t + ¢~)210+t7 e 7y;c,, + (ﬁktoth))

is an element of A(J,y). Also by (HS), we get that

’Slyl(t) - Sly//(t)l - ‘gll (to +t’y/1;f + {5110#»!7 y/2, + 62[04»[’ ) y;(t + (5kto+t)

_gil (to_l—tay/l/t +(5110+t7y,2/,+(]§2[0+t7“. ’y;Clt +‘13k,0+,)‘ S li‘|yl_y/,’|*'

37



3.2. Existence results

Which implies that ||Sy — Sy ||. <I|[y' —y"||« where | = max{l;, L,---, I} }.

In view of 0 </ < 1, S is a contraction on E(1,7).

Step I11: Now, we show that U is a completely continuous operator.

Ui] ()’1 3 Y2, 7)’k>(t) =
p

0, t € [-n0],

_giz(t(), ¢17 ¢27', S¢k)

| T80 (0 +1, y1, 1 V2 B Ve B )s 1€ 10,M)].

and

Uiz(y17)’2>"' 7yk)(t) =
r

0, S [—F,O]

1
['(0;)

1

/ot v (s+10) [W(t +10) — w(s+10)] %~

\fi(tO‘f'S»)’h +¢51’0+5’ yz,;+q;2,0+.;7"' 7yk_y +$k[0+s)ds7 re [07n]

fori=1,2,---, k.

U +Un
U1 + U
Clearly U=
U1 +Urz
Since g;, is completely continuous for all i =1,2,--- ,k; U; is continuous and also

{Ui(y) :y € E(n,7)} is uniformly bounded. By using the condition (H6), it is easy

to check that {U;;(y) : y € E(n,7)} is a completely continuous operator.
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On the other hand
1 t
U] < gy ) ¥+ 0) W 0) = wls 0))
filto+s, 31,4 @1, oy, + B Vi B )l
1 ! / o;—1 ﬁ =
< e ([ W6+ w0~ w1 750

(f ontonas)

1 n(1+ﬁi)(1*06i1)MiKNai—1
T () (1+B) 7% T(a)

Veelo,n], i=1,2,-- k.

Hence {U;,(y) : y € E(1,7)} is uniformly bounded.
Now we will prove that {U;,y : y € E(1,7)} is equicontinuous.

Forany 0 <1 <t <nmandy€ E(n,Yy), we get

Ui, y(t2) — Ui y(t1)|

1 n - i
S—F(OC')/O |‘I/(S+t0) [(‘l/(tz-l-lo)—‘l/(s—i-to))a, 1_(1//([1+t0)_1//(s+t0))a, 1]
fi(lO—FSa)’ls"‘q;l,()H)ay2s+¢~)2to+“... 7yks+q;k[0+x)|ds
5}
! t n) — a;—1
+F(O¢,~) s W (s+10) [yt +10) —y(s+1)]
ﬁ(t0+S,yls +‘§1;O+s»y23 +§52[0+N... Vi, +$k;0+s)’ds
M;KN%—! 1 a1 MKNG-1 . -
< t—s)P — (1, —5)Pid l—/t—ﬁid
2MZ-KN051‘—1

_ N\ (IHB)(1—04,)
= Fon) (B 1o 271 Y

which means that {Upy : y € E(n,7)} is equicontinuous. Moreover, it is clear that
U, is continuous. So U, is completely continuous operator. Then U = U; + U, is a

completely continuous operator.

Therefore, Krasnoselskii’s fixed point theorem shows that S+ U has a fixed point
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on E(n,7y) and hence the IVP (3.1) has a solution x = (xy, xp,-- -, x¢) where x;(t) =

0;(0) +yi(t —to) forall r € [tg,t0+ 7], i=1,2, -, k.
This completes the proof.

In the case where g;;, =0,Vi=1, 2, ---, k, we get the following result.

Corollary 3.2.3. Assume that there exist 6 € (0,a) and y € (0,0) such that (H1) —

(H3) hold, g; is continuous foralli=1,2, ---  k and

|gi<t7-xl‘) _gl(tvyl‘))l S li||x—)’||*>VX: (xlax27"' axk)ay: (y17y27 7}’k) GA(57}/>

and t € Iy where I; € (0,1) is a constant for alli=1,2,--- k. Then IVP (3.1) has at

least one solution on [ty,ty + M| for some positive number 1.

In the case where g;, = 0, we have the following result.

Corollary 3.2.4. Assume that there exist 6 € (0, a) and y € (0, o) such that (H1) —
(H3) hold, g; is completely continuous for all i = 1,2, --- , k and the family {t —
gi(t,x;) s (x1,x2,- - xx) € A} is equicontinuous on C(Iy, R") x C(Iy, R") x - -- x C(Ip, R")
for all bounded set Ain A(8,y). Then IVP (3.1) has at least one solution on (to, to+1)

for some positive number 1.

3.3 Uniqueness result

Theorem 3.3.1. Assume that the functions f and g are Lipschitz continuous with re-
spect to the second variable, that is, there exist positive constants L;i and Ly such

that
| fi(t,xie) — fi(t,xi2¢) || < Liy and || gi(t,xit) — &i(t,xi2¢)|| < Lio.
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Then there is a constant h € RY such that there exists a unique solution to the IVP

(3.1) on the interval [ty,to + h] C [a,b] if (%(l]/(m +h) — (1)) +Li2> <1.
Proof. Fort € Iy, define the function F by:

Fi(x,t) = ¢:(0) — gi1(t0, 01, 2, .., O) — &ix(t0, 01, P2, ..., O) +&i1 (£, %) + g2 (¢, %)

| VO ) =y s s

LetU = {x; € C([to —r,to +a],R"): CDgi "Yxi(t) exists and is continuous in [tg, 70+ /] }.
It is enough to prove that F; : U — U 1is a contraction.

Let us see that F; is well defined, i.e., F;(U) C U.

Given the function x; € U, we can see that CD%“”’(F,-(x,-)(t) —gi(xir)) = fit,xit) is

continuous and F;(x;)(¢) = I,g”l”ﬁ(t,xi,) +gi(t,xir).
Now let x;1,x;2 € U be arbitrary, then by assumptions (H, ), (H), we have

15 (xin) — Fi(xaa) || < oY (fi (2, xine) — £t xi0)) || + 11832, xi1e) — it xie) |

Lj

_ @ ) e
F((Xi-i-l) (W(t0+h) W(to)), +Lp szl xl2||7

which proves that F; is a contraction. By the Banach fixed point theorem, we get the

result of the theorem. O]
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3.4 Example

Here, we give an example to demonstrate our results. Consider the 3-dimensional

system of y—Caputo neutral fractional differential equations,

1 3t . :
D2~ (xl (1) — IZELI.W(SIHJQ (1) +cosxp(t) + sinx3 (t)))

r;) Psin ) o (a0)?
1,‘ (t+3)3 fﬁ(le(r))\ X Ton ()

Ly B . xa (1)) b3 (1)]
D1 (xz(t) 127360012 (Cosx1(l) + 2+|2)62(t)\ + 4+|3Xs(f)\>>

3 3\ cos®(x1 (1))
- F(%) (t+ 2) s 1-|—sin4(X3(t))+(x2(’))2
1, o cos? x 25|x
D3 (x3(t) — ( 18 4 104‘—|32€2(2|)\>
r(3) Sl b1 (1)
T?r(t +1)2 +(x](t);2+6\x2(f)|5
forr € (0,1)
Xiy =1, = 172737t € [_170]
Define the maps
TR, gy St =) (n—1)
St m,) = G ) T T T - DF
M), 3 cfm-1)
t,x , X2, X = — t—'— —) 8 .
Sa(t,x1,x2,3) F(%)( >) 1+sm4(x3(t—1))+(X2(t—1))2)
e, o @)l
— _ 67 1
f3(t,x1,x2,x3) NG (t+1)2 L+ (x1 (1)) +6[xa (1)

(sinxy (1) +cosxp (1) +sinx3(t))

[,X y X2, X3 ) = ————F/—
g1(t,x1,22,%3) = 6400 + 14
1 |XQ(I)| |X3(l‘>| )
1,X1,X2,%3) = ————=| COSX1(f) + *
g2(t,x1,%2,X3) 12 3600+t2< (1) 24 |xa(t)] - 4+|xs(t)]
e COSZX1 (1) 25|x(2)]

t =T
g3(t,x1,%2,x3) 18 + 9 10+ [x2(7)|

with o = o =} = 4 (o) =
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T(3)

~

N

3 _ (3 _
For,ml(t):%(t+3)73,m2(t) (?(H) cmay(r) = D+ 1)7 s

easy to check that |fi(t,x,,, Xz, x5)(£)| < my(t), | f2(t, X1, Xty Xs3)

|f3(t7x1‘17 xt27x1‘3)(t)| S m3(t)'

Aa

)] <my(t), and

Also g1 (t, x¢,, Xty Xty ), 82(8, X¢y, Xuy, Xe, ) (1) and g3(2, Xy, , X1, X13 ) (¢) satisfy Lipschitz

condition with /| = ﬁ, L= 240 and I3 = 8 respectively.

Thus, all conditions of Theorem (3.2.2) hold and so this system of y— Caputo

fractional functional differential equation has a solution.

3.5 Conclusion

Different phenomena can be interpreted with the help of systems of equations more
effectively than with single equation. In this chapter we have worked on generalized
fractional differential operators in k—systems and proved the existence and uniqueness
of solutions of a k—systems of y—Caputo fractional neutral functional differential
equations under the specified conditions using Krasnoselskii’s fixed point theorem
and Banach’s fixed point theorem respectively. Also, we have given an example to

llustrate our results.
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Chapter I

A Study on the Solutions of y—Caputo
Fractional Neutral Functional

Differential Equation

4.1 Introduction

This chapter is devoted to the study of the existence and uniqueness of solutions for
fractional neutral functional differential equation involving the y-Caputo type frac-
tional derivative of a function with respect to another function. Further we prove two
different types of Ulam stability results of solution for the given initial value problem.
Krasnoselskii’s and Banach fixed point theorems and generalized Gronwall inequality

are used to obtain the results.

Let us consider the following fractional neutral functional differential equation in-

volving the Caputo fractional derivative of a function { with respect to another func-
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tion y.

CD;37W<C(I)_V(I7 Cl‘)) :I/t<t, Cl)7 t€<t07°°)t020
(4.1)

Gip = ¢
where € D%V is the standard Caputo fractional derivative of order 0 < & < 1 with re-
spect to another function y. Let u, v: [fy, o) X C([—r,0], R") — R”" be given functions
satisfying certain assumptions, which will be specified later. Let » € R, n > 0 and
¢ € C([—n0], R"). If § € C([to —r,t0 + 7], R"), then for any 7 € [ty, o + 1], define
&by §(0)=C(t+0) for 6 € [—r, 0]. Let y € C'[tg, =) be a continuous increasing
function such that y/() £ 0, V¢ € [tg, o).

Through this chapter, we are discussing the initial value problem for a class of
fractional neutral functional differential equations with bounded delay of a function
with respect to another function. Based on many assumptions and Krasnoselskii’s
fixed point theorem, we prove that IVP (4.1) has at least one solution. To prove the
uniqueness, we used Banach fixed point theorem and generalized Gronwall inequality

for proving Ulam Hyers and generalized Ulam Hyers stabilities.

4.2 Preliminaries

Lemma 4.2.1. (Generalized Gronwall’s Inequality)[63]

Let £, 0 be two integrable functions and & continuous with domain [a,). Let
v € C!([a,),R) increasing function such that y'(t) # 0,Vt € [a,). Assume that

£,V are non-negative and o is non-negative and non-decreasing. If

C(r) <o)+ G(t)/ot W (s)(w(r) = w(s)) " {(s)ds,
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then, for all t € [ty,o0), we have

‘& lo(nT(a)) e
Ct) <o)+ A ];lwll/(s)(ll/(l)—‘l’(s)) 1o (s)ds.

Remark 4.2.2. Consider ¥, a nondecreasing function on |a,), and under the as-

sumptions of Lemma (4.2.1), then

§(1) < B () Ea(o(T(a)(y(t) — w(a))),

where Eq(-) is the Mttag-Leffler function defined by

o Gk

Ea() :k;)r(kaﬂ)'

4.3 Existence results

Let Iy = [fo,t0+ 6]

A(8,7) ={C eC(lto—r1w+8],R") /&y = ¢, sup [5()—¢(0)[ <7},

10<t<tp+0
where 0,y are positive constants. Before proving the main results, we introduce the

following hypotheses.

(H1) u(z,¢) is measurable with respect to ¢ on I.

(H2) u(t,9) is continuous with respect to ¢ on C([—r,0],R") and there exists T €

(0,00) such that [|u(r, &) —u(r, &) | < T(|&"— /|-

1
(H3) There exist o € (0, ) and a real valued function m(t) € L* (I) such that for

any § € A(n,7y),|u(t,§)| < m(t) fort € Iy.

(H4) Forany { € A(n,v),v(t, &) =vi(t, &) +va(t,&).
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(H5) v is continuous and for any {’, £ € A(n, v), t € Iy,
vi(t, &) —wile, &I <118 = 8", where I € (0,1),
v, &) —v(t, &I < LIG — &I, L € (0,0).

(H6) v, is completely continuous and for any bounded set A in A(7, ),

the set {t — vy (¢, &) : £ € A} is equicontinuous in C(Iy, R").

(H7) y € C'(Jty, ], R) is a continuous increasing function with

lw(t) —y(s)| < N|t—s|, N € (0,1) and |y/(s)| < K, K be any positive integer.

Lemma 4.3.1. If there exist 0 € (0,a) and y € (0,00) such that (H1) — (H3) are

satisfied, then fort € (to,to+ O8], IVP (4.1) is equivalent to the following equation.

E(1) = $(0) = (1o, 8) +v(1, &) + sy Ji W) [W(t) = w(s)] " s, &)ds, 1 € 0o

(4.2)

Proof. From the conditions (H1) and (H2), it is obvious that f(¢,{;) is Lebesgue

measurable on . A direct calculation using (H7) gives that
1
(VW) - ws)* ) €L (t0.1]) € ko,

Holder’s inequality and (H3) implies that (l//’(s) [w(t) — l//(s)]afl) f(s, &) is Lebesgue

integrable with respect to s € [fo,], Vr €Iy, { € A(J,7) and

[ (W) ) = w1 s, L < [9/6) o) = v |

LT 1)L (1)

where

Il = ( [ 146 |pdr),
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for any p integrable function F : J — R.
According to the definition of fractional integral of function with respect to another
function ¥ and Caputo derivative of order «, it is easy to see that if { is a solution of

the IVP (4.1), then { is a solution of equation (4.2).

On the other hand, if equation (4.2) is satisfied then Vr € (9,%9 + 0], we have
DY (§(6) —v(t,6))
=D (9(0)~v(000) + o [ VIO W)~ W)™ s Loas)
=0 (s [ WO )~ s s )
Also
DY (S (6) = v(t,6)) = DV Vu(t, &)

n—1 17, u f k]
V(g - Y 6] %%w@—w%nﬂ

!
=0 k!

€AV i, 2 rva(e, 61 (1) w
B o (w(t)—w()™*
= (e G = 1 Yult, 8y ==y g = (. L)

Since [1%Vu(t, &)],—,, =0, we get CD%’W(C(t) —v(t,§)) =u(t,§), t € (to,t0+ M.

And this completes the proof. U

Theorem 4.3.2. If there exist § € (0,a) and y € (0,00) such that (H1) — (H7) are
satisfied, then IVP (4.1) has at least one solution on [ty,to + 1| for some positive

number 1.

Proof. According to (H4), equation (4.2) is equivalent to the following equation
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C(t) =0(0)—vi(to,d) —va(to,9) +vi(t, &) +va(t, &)
+%a)f{, W' (s) [w(t) —w(s)|* uls, &)ds, el

Let ¢ € A(8,7) be defined as
0 =9, O(to+1)=9(0), Vre[0,9].

If { is a solution of the IVP(4.1), let { (o +1) = @ (to +1) + O (t),t € [-r,7].
Then we have, Ct()-i-t (])to_H + 7.9;, te [O, T]] . Thus
(1) = —vi(to,§) —valto,®) +vi(to +1, S + Pyte) +v2(to+1, O + Prytr)
1 ~ .
ey YOO W) = s ) o5, 6+ Gy s
€ [0,7). (4.4)

Since vy,v; are continuous and {; is continuous in t, when 0 < ¢t < 1, there exist

N’ > 0 such that

it +8, 8+ Gs) ~vi10,0)] < 7 @3)
va(to+1, % + Pryre) — va(t0, 9)| %/ (4.6)
1 o (1+B)( 1 ay)
Choose 7 = min{r[, n', (YP( 3M1N—|‘;B1K ) }, 4.7
where 8 = ﬁ (—1,0) and M = ||m|| et

()’
Define E(7,7) as follows

E(t,y) = {19 € C([~r,7],R") /9 (s) = 0 for s € [-1,0] and || 8] < y}.

Then E(7,7) is a closed, bounded and convex subset of C([—r, ], R").

On E(7,7), we define the operators S and U as follows:
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0 ift € [-r,0]
SH(t) =
—vi(to,®) +vi(to+1,% + @)  ift€[0,7].
Ud(t) =
(
0, ift € [-r,0]

—va(to, @) +valto+1,9 + $t0+t)+

ey Jo W' (s +10) (Wt +10) = (s +10)* " ulto +s5, 05+ Piyrs)ds,

ift € [0, 7).

It is easy to see that the operator equation
U =8S0+4+UY (4.8)

has a solution ¥ € E(t,7) if and only if ¥ is a solution of (4.4).

Thus & (tg+1) = V() + @ (to+1) is a solution of (4.1) on [0, 7]. Therefore the existence
of a solution of the IVP (4.1) is equivalent that equation (4.8) has a fixed point in
E(1,7).

Now we show that S+ U has a fixed point in E(7,7).

The proof is divided in to three steps.
Step I: Sz+ Uy € E(t,7) for every pair z,y € E(t,7).

In fact, for every pair z,y € E(7,7), Sz+ Uy € C([-r,7],R").
Also it is obvious that (Sz+Uy)(t) =0, € [—r,0].
Moreover, for ¢t € [0, 7], by (4.5),(4.6),(4.7) and the condition (H3) and (H7), we

have:
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1Sz(t) +US(2)| < | —vi(t0,0) +vi(to+1,2 + Pryis)|
+ | - VZ(t()?(P) +V2(t0 +taﬁt+élo+[)‘

+ﬁ/o [/ (s+10) [W(t +10) = s +10)) ulto 5,0y + Gy 1)l ds

2’)/ 1 t , a1 % 1—a1
<y /0W’(S+to)[ll’(f+to)—‘l/(s+f0)] |7 ds

-3 I'a)
([ e ias)”

2y MEN%—1 T(H—ﬁ)(l—a])
<5t =7
30 D(e) (1+p)-=

Therefore

1S24+UD|[ = sup [(Sz)(1) +(UD) ()| <,

t€[0,7]

which means that Sz+U® € E(t,7), for any z, % € E(7,7).
Step II: S is a contraction on E(1,7).

For any ©',8" € E(,7), O/ + diy41, O + G- €A(M,7).
Also by (H5), we get that

[S9/(1) = SO" (1) = i (o + 1,8 + Brgea) — vi(to +1, 0" + Gy) | < 1| = 0.

Which implies that
159" = 59"|] < 1]|5" —0"|].

In view of 0 </ < 1, S is a contraction on E(7,7).
Step I1I: Now we show that U is a completely continuous operator.

0 ift e [—r, 0],
U]ﬁ(l‘) =

—va(to, @) +v2(to +1, ﬁt*“ﬁmﬂ) ifr €0, 7).
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And Up (1)
(o ift € [-r,0],
ﬁ/ot W (s+10) [wlt +10) — (s +10)]*" ulto+s, O+ Gyrs)ds
ift € 0, 7].

Clearly U = U; + Us.

Since v, is completely continuous, U is continuous and {U;9 : © € E(7,7)} is uni-
formly bounded. From the condition that the set {t — v,(#,&;) : { € A} be equicon-
tinuous for any bounded set A in A(7,¥), we can conclude that U] is a completely
continuous operator.

On the other hand for any ¢ € [0, 7, we have:

029 (1)]
s—) W 0) [l +10) = Wls )% g+ 5,85+ Gyl
1 1—oy
< i ([ W0 vte+0) w17

([ mtoias)

T(H»ﬁ)(lfa])MKNOCfl
<
T (1+p)e Na)

Hence {U,(®9) : ¥ € E(t,7)} is uniformly bounded.
Now we will prove that {U,® : ¥ € E(7,7)} is equicontinuous.

Forany 0 <1 <t <tand ® € E(1,7), we get that:

|U219(t2) — Uzﬁ(l‘l)‘ <

1 g -
m/o (W' (s +10)ulto + 5,05 + Gy i)

a—1

x (Wt +10) = w(s+10))* " = (Wt +10) — w(s+10))* '] ds
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1 5] _ ~
e /| W/ (s+10) [W(t2 +10) — W(s+10)]* " ulto + 5, 05+ Byss)|dls
1

I'a)
2MEKN®!

< _ ) AEB)(1—0)
= Teprnra ="

Hence we can conclude that, {U,9 : © € E(t,7)} is equicontinuous. Moreover,
it is clear that U, is continuous. So U; is completely continuous operator. Then
U = U, + U, is a completely continuous operator.

Therefore, Krasnoselskii’s fixed point theorem shows that S+ U has a fixed point
on E(7,y) and hence the IVP (4.1) has a solution { (1) = ¢(0) + ¥(t — 1) for all

t € [to,to+ 7).

This completes the proof. 0

In the case where v; = 0, we get the following result:

Corollary 4.3.3. Assume that there exist 1 € (0,a) and 7y € (0,00) such that (H1) —
(H3) and (H7) hold and (H5)' : v is continuous and for any §',{" € A(n,y),t € Iy,
(e, &) —v(t, &) <1|&"—E"||,1 € (0,1). Then IVP (4.1) has at least one solution

on [ty, to + | for some positive number .

In the case where v, = 0, we have the following result:

Corollary 4.3.4. Assume that there exist | € (0, a) and y € (0, o) such that (H1) —
(H3),(H7) hold and (H6)': v is completely continuous and for any bounded set A in
A(n,y), the set {t = v(t, &) : { € A} is equicontinuous on C(Iy, R"). Then IVP (4.1)

has at least one solution on [ty, ty + | for some positive number 7.
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4.4 Uniqueness result

Theorem 4.4.1. Assume that the assumptions (H,) and (Hs) are satisfied and if T <
1 I'lo+1) la . .
v y(to) + (o —1o |, then the IVP(4.1) has unique solution on the

subinterval [ty,ty + 7).

Proof. Fort € Iy, define the operator F as follows:

V/ w(s))* uls, §)ds
4.9)

(FE)(t) = ¢(0) —v(10,0) +v(t, &) + (

For each t € [19,t0+1]; §, " € C([to — 1,10 + 7], R"), we have:

1FE () —FE' (@)l

< (e, &) —v(t. &)l + W) — y()* (s &) — uls, ) s

1
m Iy
<TG +ﬁ / W) W) — wis)® 16— ¢ lds

(w(t) — w(1)*
Fla+1)

<(T+D)I& =&l

Hence,

/ (w(to+7) — w(n))”
IFE(t) = FE' @) < (T+L)I&— &/l Tlo+ 1) :

1
Also, since T < (l//l [l]/(to) + (F(ﬁ—:Ll)> /a} - to> , we have

IFE@) —FL M) <oll&—-,0<0 <1,

where, 0 = %[W(fo +17) — ()%

This shows that F is a contraction mapping. Hence, by using Banach fixed point

theorem, there exist a local unique solution § € C([tg —r, 1o + 7], R"). O
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4.5 Stability analysis

Definition 4.5.1. [60] The problem (4.1) is UH stable if there exist a real number
Ay > 0 such that for every € > 0 and for each solution C € C([1o,R"]) of the following
inequality

DY (E () —v(t, &) —u(r,§)]| < e, (4.10)

there exists a solution § € C([ly,R"]) satisfying the IVP (4.1) with

1E() = £l < A, 1 € Do,

Definition 4.5.2. [60] The problem (4.1) GUH stable if there exists T, € C(RT,R™)
with T,(ty) = 0 such that for each € > 0 and for each solution & € C([Iy,R"]) of the

inequality (4.10) there exists a solution § € C([lp,R"]) of the problem (4.1) with

16(1) =Sl < Tu(e), 1 € lo.

Definition 4.5.3. [60] The problem (4.1) is UHR stable with respect to T € C(Ip,R),
if there exists a real number 0, 1 > 0 such that for each € > 0 and for each solution

¢ e C([Ip,R")) of the inequality

1D Y (1) —v(t, &) —u(t,§)|| < e(t), 1 € I, (4.11)

there exists a solution § € C([lp,R"]) of the problem (4.1) such that

16() = L) < oucen(r), 1 € Io.

Definition 4.5.4. [60] The problem (4.1) is GUHR stable with respect to T € C(Ip,R),
if there exists a real number 0, 1 > 0 such that for each € > 0 and for each solution

¢ e C([Io,R")) of the inequality

DY (1) —v(t,8)) —u(t,§)|| < T(t), 1 € I, (4.12)
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there exists a solution § € C([lp,R"]) of the problem (4.1) such that

1E() = Sl < Gurt(t), 1 € fo.

Remark 4.5.5. [60] A function C € C ([lo,R™)) is a solution of the inequality (4.10) if
and only if there exist a function w € C([ly,R"]), where w depends on the solution of

C:' such that:

@) [wr)l| <e,vr el

(i) DY (E() —v(t,§)) = u(t, &) +w(t).

Remark 4.5.6. [60] A function { € C([ly,R"]) is a solution of the inequality (4.11) if
and only if there exist two functions w € C([Iy,R"]) and © € C([I,R]), w depends on

solution Q: such that

@) [|w)| < et(t), Ve € I,

(i) DY (E(e) —v(t,8)) = u(t, &) +w().

Theorem 4.5.7. Under the assumptions (Hy) — (Hs) and if the inequality (4.10) is

satisfied, then the problem (4.1) is UH stable in C (I, R").

Proof. Let &€ > 0 and let { € C([ly,R"]) be a function which satisfies the inequality
and let § € C([lp,R"]) be a local unique solution of the problem (4.1).

In view of the Lemma (4.2), we have

) 1

1E(1) — $(0) = v(to,8) —v(r, &) W) — ()™ (s &)ds]

_m fo
| ﬁ A W) W) — () w(s)ds|

[y (to+0) —w(tn)]*
- Or(a+1) Te
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From our assumptions, we obtain:

1ORI{0]
= 12(0) = 0(0) = v(10,0) (1, &)~ 1= /w<><w<>—w<s>>“1u<s,cs>dsu
<0 = 9(0) ~00.0) =v(t.8) = | oW 6wl ~ w1 ulo. L]
HlIvle, &) = vl 8l + s /w) (0= w61 (s, &) = u(s. &)
v (’°§(2+1><°)] e+L||cz—ct||

ot | VOO -1~ glas

Hence, we have

1&-¢l <
W(ﬂto_f)r(_al’l(?;] ”(1-Kr<a> W)~y G~ Gl

Using Gronwall’s inequality,

[w(t+96) — w(t)]

I e s e ri
A ki <1MkL)k Vs~ v o S s
[ Y v (s)(u/(r)—ws>>ak—1ds]
S[gﬁgnaiﬁ]s1+23uM;[(m325f$mw]
S(é?tghafg)SE“L7LWWU+®—wmmﬂ.

For

5 - (Wl +9) —y(n))*
“ (1-L)C(a+1)

B {2 (w00 3) - wiw)? e €
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we get | — &l <e.

Hence the problem is UH stable. U
We consider the following hypothesis:
(H8) There exist an increasing function T € C(Ip,R) and there exist A; > 0 such that

Vtelo, ()<7LT()

Lemma 4.5.8. Ler C € C(Ip,R") is a solution of the inequality (4.11), the € is a
solution of the following integral inequality

= 1

1€(2) = 9(0) —v(t0,$) —v(1, &) — T(a) /tot W () (w(e) = w(s)® us, &)dsl|

< eArT(1).

Proof. By Remark (4.5.6), we have that

D (1) —v(t,8)) = ult, &) +w(r), 1 € Do,

In view of Theorem (4.4.1) and using Remark (4.5.6), we have

2(0) = 0(0)-+v(10:0) +v(1.8)+ g [ W)W = w(s)" s B
+ ﬁ V()W) - w(s)* w(s)ds.
1) = 9(0)=v(10.0) =v(r. &) = o | W/ (w(0) = (o). B
< ﬁ IO’vﬂ<s><w<r>—w<s>>“—l||w<s>||ds
< iy | VOO * e(0)s
< eAT(r).
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Theorem 4.5.9. Assume that (Hy) — (Hs) hold, if (4.11) satisfies and L+ TA; # 1,

then the problem (4.1) is UHR and UGHR stable.

Proof. Let € > 0 and if £ € C(Iy,R") is a function which satisfies inequality (4.11).
Also consider § € C(Ip,R") is a local unique solution of the problem (4.1). Using

Theorem (4.4.1), we have

£10) = 0(0)-++(10.0) +v(1.6)+ g | W)W () = w(s) us. )
I1E0) =@l
<180~ 0(0) = vlt0,0) (0. 6) = oo [ VS W0 —y(s) ™ uls. L]

+Hv(r,é)—v(ng)u+L/tw’s W)~ () s, &) — uls, ) ds
< et +LIG =Gl + g [ VOO~ v) ™ IE - s

Hence

I20) £l < FEphen()+ =5y | YOWO =)™ &~ Lds

By Lemma (4.2.1), Remark (4.2.2) and (Hs), we obtain

180)~ 0
1 L)LTT( )
t Tk 1 ) e e
+/to L e ¥ OO v T A s

£ et + [ff} L VO~ o) )

err [! 1
1-L L)2T(2a

W) - w<s>>2“r<s>ds+~-]

€ T : T \? 54
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£ € T T 2
< ATt + Ao [ ——Aet(r) + (—LM) TOESS

€ - T k
<
= 1—L)'TT(I>,§6<1—LM)
< AT
“1-L-TA;

e1(t).
Then, for 0, ; = ]_L7L+mr, we conclude that

16() =S < oucet(r), 1 € I,
Hence the problem (4.1) is stable.

Further by putting € = 1, we can easily find that

1E() = S0l < Gurt(e).1 € Io.

4.6 Example

Here we give an example which establishes our results.

Example 4.6.1. Consider fort € [1,),

Dy (C (1) - F(j/;) lnl|C(t+3/2)|) - 8%“%” Poos®(§(1+3/2))8(1+3/2),

Clzov

1
o= g,l//(t) = Int,

I'(5/6)
N
1

u(t, ) = ﬁ1m1/3 cos?(E(r+3/2) (1 +3/2).

VO?CI) =

Inz|C(t43/2)],
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_
243
I'(5/6
(6 =l 0l < T
. _I'(5/6)
i.e.,.L = N
rs/6
ke

1/3
Ta7) In(1+e)'3~04<1.

Hence by the Theorem (4.4.1), the problem has a unique solution with T = e.

Further, as shown in the Theorem (4.5.7), for € > 0 and lff € C([1,e],R") satisfies

HCD}f’lm(é:(t) —v(t,&)—u(t,§))| < 1 and there exist a unique solution § such that

18() = §@)I| < 3 where

_ (4¢P e -
oy = (1 _ 2(5—/56)) F(4/3>E1/3 [243(2\/5) —F(5/6)] ~14>0.

Hence the problem is UH stable.

Finally we consider ©(t) = (Int)'/3,

t -2/3
Illf’lm(lnt)l/3 =T ! /] <1n (£>) (lns)1/3@

3
< In(1+e)'32(r).
Thus the hypothesis (Hg) is satisfied with
_ 3 In(1+e)'*~123>0
TI(1/3) ' '
3 1/3
B A B i/3) In(1+e)
AISOG”’T_l—L—TM_1_1“(5/6)_L 3 ~1.8>0.

Zﬁ 243m1n(1+€)1/3
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4.7 Conclusion

In this chapter we have studied the y—Caputo fractional neutral functional differential
equation. Using some of the hypothesis, have we proved the existence and uniqueness
of the solution by Krasnoselskii’s fixed point theorem and Banach fixed point theo-
rem respectively. We also proved the Ulam-Hyers stability, generalized Ulam-Hyers
stability, Ulam-Hyers-Rassias stability, generalized Ulam-Hyers-Rassias stability of

solutions.
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Chapter

On Existence of y—Hilfer Hybrid

Fractional Differential Equation

5.1 Introduction

In this chapter, we derive existence results for the solutions to the hybrid fractional dif-
ferential equations with perturbation of first kind and second kind involving y—Hilfer
fractional derivative using different fixed point theorems. The result is illustrated with
an example. We consider the existences of hybrid fractional differential equations of

first and second types involving w—Hilfer fractional derivative, which are given by

HDg‘f””f(igC’()t)) =g(t,x(t)), ae t€lI=10,T]

(5.1)
o™ 705ty =0
and
H]Dg’f;w[x(t) — f(t,x(2))] =g(t,x(r)), ae.t €J = [tg,to +a 52

I x(to) — f(to,x(t)))] =0 €R

Io
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5.2. y—Hilfer fractional hybrid differential equation of the first type.

where FD%B:V s the y-Hilfer fractional derivative with0 < ax < 1,0 < B <1, a <
y=a+B—aBf <1. f€C (xR RI{0}) and g € C|_yy(J xR, R). J =
[to,t0 + a] is a bounded interval in R for some 7y and a € R. I = [ty,t9 + al, with 1o =0

anda=T.

This chapter is organized as follows: In section 5.2 we give the existence result for
v —Hilfer fractional hybrid differential equation of first type based on Dhange’s fixed
point theorem. In section 5.3 we give the existence result for y—Hilfer fractional
hybrid differential equation of second type based on fixed point theorem is given. We

also gave an example to illustrate the results and plotted graphs for different functions.

5.2 y—Hilfer fractional hybrid differential equation of

the first type.

We take X = Ci_y.y([0,T]), T > 0 throughout this section. We have the following

lemma.

Lemma 5.2.1. Any function satisfies IV P (5.1) will also satisfy the integral equation

_ —1 ) X
«(0) = Fle.0) (w(t) F(l,t;go))y ISJ:M/ {L]

B (w(t) — w(0)"! I B ol
— 1050 | o+ e [ VOO - W) el xs))as).
(5.3)
wheret € [0, T].
In addition, if the function x — ﬁ is injective, and I, _;wg(t, x(t)) is an abso-
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5.2. y—Hilfer fractional hybrid differential equation of the first type.

lutely continuous function, then the converse is true.

Proof. From Lemma (1.1.9), the proof is clear [26, 27]. O

Theorem 5.2.2. Assume the following.

(Hy) The function x — ]ﬁ is increasing in R, Vt € I.

(Ha) There exists a constant Ly > 0 such that |f(t,x) — f(t,y)| < L¢|x —y|, for all

telandx,y e R

p— —_ 71 . .
(H3) K(y(T) — y(0))>* FOEII—(O?;) + ¥@) FI(V;)O))Y |xo| < 1, then the w—Hilfer hybrid

fractional differential equation has a solution defined on I, where K is the bound

of a bounded function (y(t) — w(a))' ~7g(t).

Then IVP (5.1) has a mild solution on 1.

Proof. We define a subset S of X by S={x € X : ||x]| <N},

where,

T [(%ﬁ))w) xo + |1l e <(W(T);‘V(0>)a>]

- T—y(0)r-! T)—y(0)*) "
1—Ly <%x0> +Hh”r(1a) (Vf( ) allf( ) )

(5.4)

and Fp = Su113||f(f,0) le1_yyl0.)-
te

It is clear that S satisfies the hypotheses of Dhange’s fixed point theorem (1.1.15).

Also IVP (5.1) is equivalent to the yw—Hilfer hybrid volterra integral equation:
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5.2. y—Hilfer fractional hybrid differential equation of the first type.

Define two operators A : X — X and B: S — X by:

Ax(t) = f(t,x(1)), t € L. (5.6)

and

r—1 1 t
B(t) = ot s [ W)W W) (s, x(s)ds. 57
I'(a) Jo
Then equation (5.5) is transformed into the operator equation as
x(t) =Ax(t) Bx(t), t € I. (5.8)

We shall show that the operators A and B satisfy all the conditions of Dhange’s fixed

point theorem (1.1.15).
Claim I: A is Lipschitzian with Lipschitz constant L.

Let x,y € X, then by Hypothesis (H>)
|Ax(t) = Ay (1) = |f(t,x(2)) = f (6, 3(0))| < Lyglx(t) =y(0)| < Lyllx =y, Ve € 1.
Taking supremum over ¢, we obtain:
[Ax = Aylic, ., ixrRI{0)) < Lfllx—yl[x, y € X.

Claim II: B is continuous in S.

Let x, be a sequence in § converging to a point x € S. Then by Lebesgue dominated

convergence theorem (1.1.18),

r}glgonn(t)
i [O w1 .
= Jim | Ot oy YO0~ v (s (s)as
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5.2. y—Hilfer fractional hybrid differential equation of the first type.

—y(s))* " lim g(s,xu(s))ds.

n—soo

B ~1 t
WO VOt o [ v

Hence

lim Bx,(t) = Bx(t), Vt € I.

n—oo

Claim IlI: B is a Compact operator on S.

First, we show that B(S) is a uniformly bounded set in X. Let x € S, then by hypothesis

(H),Vtel
(w() — y(0)"" Lo o
[Bx(t)| < T e /0 Y () (W) = w(s))* " |g(s,x(s))lds
_ —1 . o
< OOV o+ (w() — wi0)) (1 - o D)
_ —1 —
< ) F(";SO))Y [xol + K (w(T) w(o))zarélr(ao;)
— [1Bx]| < PRIV x| + K ((T) — 9(0))** (i), Vx € X

This shows that B is uniformly bounded on §.

Next, we show that B(S) is an equicontinuous set on X. Let 71,7, € I, then for any

X €S,
Bx(11) ~ Bx(1) | =
[ W 5) w0 W) o)) — / V) (WD) = ()™ gls,x(5))ds
<ma | v (5% lg(s.x(s)) s
< Kr(a) (y(n) al//(fz)) _

Hence for € > 0, there exist a § > 0 such that whenever |t; — 1| < 0, then |B(x(1)) —

B(x(t2))] < €,V 1t,tp €I and ¥V x € X. This shows that B(S) is an equicontinuous
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5.2. y—Hilfer fractional hybrid differential equation of the first type.

set in X. Then by the Arzeld-Ascoli theorem (1.1.17), B is a continuous and compact

operator on S.

ClaimIV: x=AxBy — x € §,VyeS.

The hypothesis (c¢) of Dhange’s fixed point theorem (1.1.15).

Let x € X and y € S be arbitrary such that x = Ax By, then:

()] = |Ax(1)[|By(1)]

_ 1 1
<1t OIS 1 s [ YO0~ w) el

I(7)
< [Fle,x(0) ~ £(1,0))+
_ -1 t
0.0 [ IO s [ ) 00— wi) ™ el s
B 1 _
<(elat)]+ ) | IO ki) - yiop e

Thus
_ 7-1 _
() < — (M) o+ K(w(T) — w(0) | (5.9)
pS - — —. )
1 Ly (PR o) + K (y(T) — y(0) 2 s
Taking supremum over ¢ € 1,
B [(MDR0) ky(r) o) el
x| < =N. (5.10)

T—y(0))r! (1—
Ly (M 0) + K (w(T) - w(0) P
Thus, x € S and hypothesis (c¢) of Dhange’s fixed point theorem (1.1.15) is satisfied.

Finally, we have

M = [B(S)]| = sup{||Bx]| : x € 5}
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5.3. y—Hilfer fractional hybrid differential equation of second type.

and so

rl-a) y(I)- y(0)"!
ol (o) I(y)

aM < K(y(T) — y(0))** x| < 1.

Thus, all conditions of Dhange’s fixed point theorem (1.1.15) are satisfied. Hence
the operator equation Ax Bx = x has a solution in S. As a result, equation (5.1) has a

solution defined on /.

This completes the proof. 0

5.3 y—Hilfer fractional hybrid differential equation of

second type.

Consider the y—Hilfer fractional hybrid differential equation of the form:

H]D)gf;w[x(t) — f(t,x(2))] =g(t,x(r)), ae.t €J = [tg,t0 +al,
(5.11)

LY x(10) — f(t0,x(09))] =0 €R.

Lemma 5.3.1. Any function satisfies IV P (5.11) will also satisfy the integral equation

(5.12)

_ —1 t
= rtraxte) + Lo o [ ) ) — w) ™ (0

(5.13)

69



5.3. y—Hilfer fractional hybrid differential equation of second type.

t € [to,to + a.

In addition if the function x — x — f(0,x) is injective, and I, jrwg(t,x(t)) is an abso-

lutely continuous function, then the converse is true.

Proof. From Lemma (1.1.9), the proof is clear [26, 27]. O

Theorem 5.3.2. Consider the following assumptions

(1) There exists constants My > Ly > 0 such that

L —
F(12) = £9)] < ey, Ve €J and x,y €R.

(72) There exists r > 0 such that

r> L+ Fot (w(zo+a)rzylgf(to))7*1 ol + Kg(rl(;‘)x) (w(to+a) — w(to))**,

where Fy = sup,c; | f(t,0)]

(3) K is the bound of a bounded function (y(t) — y(a))'~7g(t).
Then equation (5.11) has a mild solution on J.

Proof. Let X = Ci_y.y([to,to+a]), T > 0 and define the set S C X by

S={xeX:|x|| <r}.

We prove the existence of a mild solution to problem (5.11) by discussing the solution

to the integral equation (5.13) which is equivalent to the operator equation,
Ax(t)+Bx(t) = x(t), t € J. (5.14)
where,

Ax(t) = f(t,x(1)).
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5.3. y—Hilfer fractional hybrid differential equation of second type.

1 +
Bx(1) = Fo b i [ VO W0~y el

Now we prove our existence of the solution by proving that the conditions of Dhange’s

fixed point theorem (1.1.16) are satisfied.
Step I: A is a nonlinear contraction.

Using the hypothesis (1) we get:

[Ax(r) — Ay(2)| =[f (2,x(1)) — f(2,y(2))]
Ly|x(t) —y(t)]
~ Mg+ |x(t) —y(1)]
Ly|lx—yl|
T My x =yl

Thus, the operator A is a nonlinear contraction with the function ¢ defined by

0(r) = 375

Step I1: B is continuous and compact.

We show that B is continuous in S. Let x, be a sequence in § converging to a point

x € S. Then by Lebesgue Dominated convergence theorem (1.1.18),

'}i_r}r}onn(t)
_ —1 t
= tim | OO o [ W)~ v o)
_ —1 t
— WV ot s [ VO 0~ p) ! fim gl (6))ds.
Hence

lim Bx,(t) = Bx(t), Vt € I.

n—oo
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5.3. y—Hilfer fractional hybrid differential equation of second type.

Now, to prove B is a Compact operator on S, first, we show that B(S) is a uniformly

bounded set in X.

Let x € S, then by hypothesis (743), Vt € I.

()
— -1 t
< [ o s [ WO o)~ w) ™ elo.x() s
_ -1 . o
< OO o] 1 k)~ wi0))°r(1 - o VD)
_ 1 _
< WO VON o1 4 k() - oy 2

—> ||Bx|| < YOOI 6| 1 K (y(T) — y(0)* {72, vx e X.

This shows that B is uniformly bounded on S.

Next, we show that B(S) is an equicontinuous set on X. Let 71,7, € I, then for any

x e,

Bx(ty) ~ Bx(12)| = g
[ W 5) w0 = W) o)) — / V() (W(e) — () gls.x(5))ds
sm "W () (W) — () * g (s.x(s)) ds
. KF(loc) (v(n) —a V()

Hence for € > 0, there exist a 0 > 0 such that whenever || —1,| <, then |B(x(#1)) —
B(x(t2))| < €,Vt1,tp € I and V x € X. This shows that B(S) is an equicontinuous set
in X. Then by the Arzeld-Ascoli theorem (1.1.17), B is a continuous and compact

operator on S.

72



5.4. Example

Step 111:

Let x € X be fixed and y € § be arbitrary such that x = Ax + By, then we have:

()
<|Ax(r)| +|By(1)]|,
(w() = w(t)""!
Ut + | OO
bt VOO~ W) glrts)lds
(

<|f(t,x(1)) = f(2,0)[+[f(z,0)[ +

‘( v(t) —y())"™
I'(y)

+m/ﬂ W (5) (w() — wi(s)* [g(s,x(s))lds,

(y(to+a) —w(to))" I'(l-o)
() "'* o (a)

i

§Lf+F0+‘

<r.

which proves that ||x|| < r. Therefore x € S.

(w(to+a) — w(1))**,

Thus the conditions of Dhange’s fixed point theorem (1.1.16) are satisfied. Hence

the operator equation Ax(¢) + Bx(¢) = x(¢) has a solution in S which proves the exis-

tence of a mild solution to problem (5.11) in J.

5.4 Example

Consider the example

Example 5.4.1. Consider the w—Hilfer fractional Hybrid differential equation

0.5,0:x sin(t)|x(t)]\ _ tx(¢)
Do (’“(”‘ 2+|x<r>|)‘1+|x<r>r’

1977 (x(0) — £(0,x(0))) =1, t € [0, 7).
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5.4. Example

We have,

Also |g(t,x(7))| <t.

It is clear that all hypotheses of Theorem (5.3.2) are satisfied with
Lf = 1,Mf =2T=mn,Fp=0.

We conclude that

(wlto+a)— wiw)"" | | KT(1-a)
r(y) °| " Tar(a)

Li+Fo+ (w(to+a) — y(ty))** =
1 2
1+ p + VT < 19.

For different x(¢) and « the solutions corresponding to the problem are plotted

below. In each case red colour indicated the solution of the above problem.
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5.4. Example

Figure 5.1: w—Hilfer hybrid fractional differential equation with y(r) =1.
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5.4. Example

wit)

x[th

x(t)

Figure 5.2: y—Hilfer hybrid fractional differential equation.
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5.5. Conclusion

5.5 Conclusion

In this chapter, using Dhange’s fixed point theorems we have proved the existences
of solutions of y—Hilfer hybrid fractional differential equations with perturbations of
first and second kind. We have given and example to illustrate our result. We have
concluded the chapter with an example. Graphical representation for different values
for the functions y is also given. For different kernel function, we plotted solutions of

different fractional differential equations.
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Chapter 6

On Existence of y— Hilfer Hybrid

Fractional Differential Equations with

Boundary Condition

6.1 Introduction

In this chapter, we discuss the existences of y—Hilfer hybrid fractional differential

equations of first type with boundary condition, which is given by

HREPY_ M0 — ot u(t), ae teJ=[0,T]

f(t,u(l)) (61)
1-y,w_ u(0) w)
aly, ™" 70wy O FTary = ¢

where D%V s the y-Hilfer fractional derivative with0 < ¢ < 1,0< B <1, a <
y=oa+B—af <land f €Ci_yy(J xR, R|{0}), g € Ci_y.y(J xR, R) and a,b,c
are real numbers with b(y(T) — y(0)) # 0.

By a solution of (6.1), we mean a function u € C(J,R) such that
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6.2. Preliminaries

(1) The function t — ]ﬁ is continuous for each t € R

(i1) u satisfies the equation in (6.1).

6.2 Preliminaries

For the weighed function Ci_y.y/[a,b],

(i) The map ¢t — g(¢,u) is measurable for each u € R, and
(ii) The map u — g(t,u) is continuous for each 7 € [a, b];

(iii) For each g € Ci_y.ya,b], g(t,u(t)) is y—integrable.

6.3 Existence results

We take X = C_y.,y([0,T]), T > 0 throughout this section. In this section, we prove
the existence results for the boundary value problems for generalised Hilfer hybrid
differential equation with 0 < ¢ < 1,0< B <1, a <y=a+ B — af < 1 under
mixed Lipschitz and Carathéodory conditions on the nonlinearities involved in it.

We define the multiplication in X by

We make the following assumptions:

(Hp) The function t — Jﬁ is increasing in R almost everywhere for ¢ € J.
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6.3. Existence results

(H;) There exists a constant L > 0 such that
|f(2;u) = f(2,v)] < Llu—v|
forallt € J and u,v € R.
(H,) There exist a function 4 € L!(J,R) such that

lg(t,u)| < h(t) a.et e J.

In the following lemma we are finding the volterra integral equation equivalent to the

given y—Hilfer hybrid differential equation with boundary condition.

Lemma 6.3.1. Assume that hypothesis (Hy) holds and a,b,c are real constants with
b(w(T)—w(0)) #0. Then for any h € L' (J,R), the function u € C(J,R) is a solution

of the boundary value problem

Hp@BY w0 _py qe t€J=10,T]

0+  f(t,ut)) 6.2)
aly Y Fiatoy ey =€
if and only if u satisfies the hybrid integral equation
) =f0.0)) | s [0 w0 - <>>“—1h<s>>ds]
(w(t) —w(0)" -1
— flo.ul0) [bwm—w( () v - v hoas—c )]
(6.3)

Proof. Assume that u is a solution of problem (6.3). By definition W is continu-
ous. Applying the w—Hilfer fractional operator, we obtain the first equation in (6.2).

Again substituting t =0 and ¢t = T in (6.3), we have

T e
u(T) e _

D) T 7 0.4(0))

80



6.3. Existence results

1
et (e [ Y OWD v sas—c) |

Conversely, by applying Lemma (1.1.9) for equation (6.2), we have
u(t) O -y iy o]

Feu(®) Ty % |7(0,u(0))
“Ear ) YO0 v hds (64
Now,
T
DT (T))
(W(T) = w(0)"" 1y [ u(0)
PRy e [f(O,um)J
Lp /T /() (W(T) — w(0)% ' h(s)ds 6.5)
Ha) Joy YOWI -y : :
Thus,
a 1-yy ”(O) M(T) _
o™ F0.u(0) TP FTa(T))
,w(T _W(O))yllly;w{ u(0) }
Iy 0+ | 7(0,u(0))
b LMy T 0N* 'h(s)d =
Foprgy f YOWD) ) hwas =
Hence,
v u(0) _
0+ 7(0,u(0))
I'(y) 1T o
T { ~ YO~ y0)" his)as

Consequently,

u(t) =F (e, u(t)) [m [ verwo- w<s>>“1h<s>>ds]



6.3. Existence results

B —1
~taln) | IO (s [ VO v nsias—c) |.
(6.6)
]

Lemma 6.3.2. By Lemma (6.3.1) u € C(J,R) is a solution of the boundary value

problem

DY s = gt ulr), ae 1€]=[0.T]

(6.7)
alo, ™ Tutoy + bty = ¢
if and only if u satisfies the hybrid integral equation
() =F0.00)) | s [ W00 v >>“1g<s,u<s>>>ds}
0))
- o) | bif,(&)) O (i [ VO~ o) stoutspas—c) |.
(6.8)

Theorem 6.3.3. Assume that hypotheses (Hy) — (H) hold and a,b,c are real con-
stants with b(y(T) — y(0)) # 0.
Further, if (ﬁ(w(T) —y(0)*(1+1b]) + W) < 1, then the y—Hilfer Hybrid

differential equation (6.7) has a solution defined on J.

Proof. We define a subset Sof X by S = {u € X : ||u|| < N}

where,

(ot (w(r) — (@) [Ibl + (1+ [bel 5] )

o (1= L iy (w(T) = (o) | ]+ 1+ [bel Wm

(6.9)

andFO—Su?Hf(t O)“C[ yq/OT]
te

It is clear that S satisfies the hypotheses of Dhange’s fixed point theorem (1.1.15).
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6.3. Existence results

Also, we have the y—Hilfer hybrid volterra integral equation:

u(t) =
0 | e [ VOO - W) elsas)as
T
—b((m) _"'Vg‘gg;)y_l (et [ﬁ | v )~ wls) gt uts)ds | 1€ 0,71,
(6.10)
Define two operators A : X — X and B: S — X by
Au(t) = f(t,u(t)), t € I. (6.11)
and
Bu(t) =
1 ! / o—1
Fag Jp ¥ O =) gl u(s))ds (6:12)
s [ V)~ wis) elsatsds e
Then equation 6.10 is transformed into the operator equation as
u(t) = Au(t)Bu(t), t € 1. (6.13)

We shall show that the operators A and B satisfy all the conditions of Dhange’s fixed

point theorem (1.1.15).

Claim I: A is Lipschitzian with Lipschitz constant L.

Let u,v € X, then by hypothesis (H)
|Au(t) —Av(t)| = |f(t,u(t)) — £ (t,v(2))| < Llu(t) =v(t)] < Lllu—v], Vi €1
Taking supremum over ¢, we obtain

[Au—Av|c, ., ixrr) < Llju—v|,
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6.3. Existence results

where u,v € X.

Claim II: B is continuous in S.

Let u, be a sequence in S converging to a point u € S. Then by Lebesgue dominated

convergence theorem (1.1.18),

lim Buy,(t) =

n—oo
1

fim o [ W0 - we) ™ glsums)ds

(y(r) - W(O)

— lim

lim Bu,(t) = Bu(t), Vt € I.

n—oo
Claim III: B is a Compact operator on S.

First, we show that B(S) is a uniformly bounded set in X. Let u € S, then by hypothesis

(Hs), Vi €1,
Bur) <
e b YOI = w0 el as
O | WO~ o) st
[ vm—von "l
< v v o () (e
t € [0,T]
Thus
] < e P (W) = w01 4 0]) 5 € X.
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6.3. Existence results

This shows that B is uniformly bounded on S.

Next, we show that B(S) is an equicontinuous set on X.

Let t,t, € I, then for any u € S,

|Bu(t1) — Bu(tz)| <

15)

W) w0 — ) glsx()ds— [ W)Wl — w(s) " gls.x(s))ds| +

T)

:
| / )W)~ s etsals)las] [(wla) = w0 = (i)~ w0
sf—— W) 0(e) — (), x(5) s+

| / V)W)~ wls) % g | ()~ 0D = ()~ w(0)"
< <;ﬁnkwm wmwuwémawm—wmwﬂ—wwo—meﬂ-

Hence, for € > 0, there exist a 6 > 0 such that:
whenever |t; —tp| < 8, then |B(u(t;)) —B(u(t2))| < €,V t1,t, € I and V u € X. This
shows that B(S) is an equicontinuous set in X. Then by the Arzeld-Ascoli theorem, B

is a continuous and compact operator on S.
ClaimIV:u=AuBy — ueS,Yes

The hypothesis (c) of Dhange’s fixed point theorem is satisfied.

Let u € X and v € § be arbitrary such that u = AuByv, then
()] = Au(e) B ()
<|f(t,u(t))]x
{ﬁ W0 = ws) el uts)lds

_ —1
a |bTZ/EE)T) ll/ %;y—l r(la) /OT v () (w(T) — w(s)® g(s,u(s))|ds + |c|}
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6.3. Existence results

< ([F(e.x(0)) — (,0)] + | (1,0)]) x
{# W) (W) — () g(s,uls)|ds

I OC) 0 v
_!b%f N IT(a / v'(s )% 1|g(S>M(S))|ds+|c|}
_ Y—a—1
s<L|u<r>|+Fo>r(ffg§|b,<w<r>—w<o>>°‘ |b|+(%) (141 G ) |

and hence,

MU one () —w(0) \ " ! T(y+a)
|u<r>|<1 L)~y [+ (OZEE) T (1 )

)

M+ a) W(T)— w(0) M)
MI(y) o () — w(0) \ " ! [(y+a)
= <F°r<y+a>|b|<"’(” v i+ (yim—w) (Vi) )

Thus,

_ y—o—1
(F°F<v+c(xy>)|bl("’<’) —vor {lbl () (1 leel i >D

O .
(1~ Lty wo I+ () (1 el i) |

(6 14)
Taking supremum over ¢ € I,
Forgyrans (W) = w(0))* |[B] + (1+[bel 57
] < (Fortiaf ol ( 7)) =N. (6.15)

Lo )y 1= (1 e 3

Thus u € S and hypothesis (c¢) of Dhange’s fixed point theorem is satisfied.

Finally, we have
M = ||B(S)[| = sup{||Bul| : u € S}
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6.4. Conclusion

MT () o c]
< W(‘I’(T) —y(0)*(1+1p]) +m-
And so
MT(7) a ]
aM < |b|F(y+a)(W(T)_W(O)) (1+|b’)+m <l

Thus all conditions of Dhange’s fixed point theorem are satisfied and hence the oper-
ator equation Au Bu = u has a solution in S. As a result, equation (6.1) has a solution

defined on 1.

This completes the proof. ]

6.4 Conclusion

In this chapter we have proved the existences of Hybrid fractional differential equation
involving y—Hilfer fractional derivative with boundary conditions using Dhange’s

fixed point theorem.
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Chapter 7

Existence, Uniqueness and Stability
Results on y-Hilfer Fractional

Differential Equations

7.1 Introduction

This chapter addresses the fractional-order system in terms of y-Hilfer fractional dif-
ferential equations. The Banach contraction principle and the non-compactness mea-

sure are used to analyse the existence and uniqueness of the mild solution.
In our study, we consider,

HDEPY p(u) = q(u, p(w)), ae ueJ=lag, T, (7.1)

plao) = ¢o
where #D%B:V i the y-Hilfer fractional derivative with0 < ¢ < 1,0< B <1, a <

y=a+p—af <land g e Ci_yy(J xR,R). I = [ag,ap +a] is a bounded interval
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7.2. Preliminaries

in R for some ay.

Non-compactness measure and Banach contraction principle have been used to check
the existence and uniqueness of solution respectively. This chapter is set up as fol-
lows: section 7.2 presents several fundamental lemmas and definitions. Additionally,
it contains a few findings that are necessary to support our main findings. In section
7.3 we analyse the existence and uniqueness of the mild solution for the given y—

Hilfer fractional differential equation (7.1), with initial condition.

7.2 Preliminaries

Definition 7.2.1. [27] For the class of all bounded subsets ./ of the metric space U,
amap W : My — [0,0) is called a measure of non-compactness on U, if the following

properties are satisfied for My,M, € 4.

€1 : u(M) =0 if and only if M is pre compact.

¢ u(M) = p(M).
€3 (M1 UMz) = max{p (M), u(M>)}.
Lemma 7.2.2. [31] Let (a,b] with —eo < a < b < oo an interval in real line, a0 > 0

and y(u) a monotone growing and positive function in [a,b], whose derivative is

continuous in (a,b). Thus,

o - (¢ (y(u) — y(a)***
£ = X () Y e

and the left fractional integral of a two-function product is given by:

I;iy/(l’f)(u) = i <_ka>p(k)(u)lg:k;v/

k=0
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where p(k)(u) is the k— th derivative of the entire order and u > a.

Theorem 7.2.3. (Banach contraction principle) [31]

For a non-empty complete metric space (E,d), let 0 < K < 1 and let the mapping

A : E — F satisfy the inequality

d(Ax,Ay) < Kd(x,y) forevery x,y€E.

Then, A has a uniquely determined fixed point x*. Furthermore, for any xy € E, the

sequence (A’ (x0))%-y converges to this fixed point x*.

Theorem 7.2.4. (Monch’s fixed point theorem)[31]

Let Y be a bounded, closed and convex subset of a Banach space X such that

which contains 0 and let A be a continuous mapping of Y into itself. If the implication

E = convA(E) or E=A(E)U{0} = Eis compact

holds for every subset E of Y, then A has a fixed point.

7.3 Existence and Uniqueness results

Lemma 7.3.1. Any function satisfies the IV P given by

HDEPY p(u) = g(u, p(u), a.e ueJ=ao,T),
p(uo) = o

is equivalent to the equation

() = 00+ 5o [ VO = w(s) ™ gl pls))ds.

90

(7.2)
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Proof. Let us assume to have the y—Hilfer fractional differential equation (7.1) and
prove that p(u) € C([ao,T],E) satisfies the volterra integral equation (7.2). By prop-

erties of y—Hilfer fractional derivative, we have
Hp®B:Y () = [BU=@W DYV p () = [T %Y DYV p(u) (7.3)
where y = a + (n — a). Using equation (7.3), we have
DAY p(u) = g(u, p(u)).

which implies

1"~ %YDYY p(u) = q(u, p(u)).

Applying 1%V on both sides of the above equation
VTSV DY () — 1%V g, ).

— ™YD" p(u) = 1%Vq(u, p(u)).

Hence
(0= (o) = e [ W(5) () = ()" gl )
p(u) = do+ ﬁ V() (W) — w(s))* " (s, p(s))ds.

Now let us assume that p(u) € C([ap,T],E) satisfies the volterra integral equation
(7.2) and prove that the y— Hilfer fractional differential equation holds. By applying

Hp®B:¥ to both sides of the equation (7.2), we can obtain

B () =1 DYy BB [ [ s) () w6 gl p(9)as]
D1y | [ ) ()= v (s p(o)as

v L AN aemoeww [ ) (w1 (s, ) ds

oo (e ) 1Py [ [ ) (w0 - o) gt pls)as]
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7.3. Existence and Uniqueness results

awl 1 AN Brras.
=0 “"”(l,,,(u) 5) I BBV g, p(u)).

Hence, we obtain
HDa’B;Wp(M) _ I’}’—(X;‘I/D)’_Oﬁwq(u’p(u)) = q(u,p(u))

]

Definition 7.3.2. A function p(u) € C([ao,T],E) is said to be a mild solution of the
system

HDS;E—;WP(”) =q(u,p(u)), ae ueclJ=]layT],

p(uo) = 9o

if it satisfies the equation

u

() =0+ g [ W) (w0 = () o).

u € [aop, T].

Theorem 7.3.3. Under the assumptions:

(H,) For the Banach space X (real or complex), p : I x X — X, the function u —

q(u, p(u)) is measurable on 1,¥p € X and the function p — q(u,p(u)) is con-

tinuous on X for a.e u € [ag, T].

(H,) There exist K > 0 such that

lq(u,p1) —q(u,p2)|| < K||p1 — pa||, Yu € [ag,T], Vp1,p2 € X,

then the IVP (7.1) has a unique mild solution on |ay, T], provided K < ()

y(T)-o

Proof. Consider the operator T : Cy_q(J,X) — Ci_q(J,X) on [ag, T| by

(Fp)(u) = w(@)® ' p(uo) +1*¥q(u, p(u))du.

92



7.3. Existence and Uniqueness results

Choose M} = sup ||g(uo,p(uo))|| and y(ap) = 0.
u€lag,T]

Miy(t
Let B, = {p € Ci_a(J,X), ||plla < r} where, r>?2 [W - r((lxli( 1))} '

Then we first need to show that F(%,) C %,.

u 11— u
)Pl < ool + L [ w00 - w6) gt pio)as
1-o u
< ool Y [ W00 = w6) ™ (s p(6)  als,0) |+ (s, o) ] s
w(r) My (7)

< |¢o| + WHC](&P(S)) —q(s,90) [« +

Miy(T)  y(T)'¢
Mo+l Ta) 2

INo+1)

< |do| +

()" ST

which proves that F(%,) C %,.

Now take py,ps € Cy_q(; x), then we obtain

1 u

[(Fp1) () = (Fp2)(w)]| = () Jug W () (W) = w(s)* lg(s, pi(s)) —q(s, p2(s)) | ds.

Now applying y(u)!~% on both sides,

() I(Fp1)(u) — (Fp2)(u)|

v e [ VO = v gle.p1(5) ~glo.pa(s) s

IN

K l—ay,,

Which implies F is a contraction mapping. Hence by Banach fixed point theorem, F

has a unique fixed point, which is given by the mild solution to the IVP (7.1). [

Theorem 7.3.4. The IVP (7.1) has at least one mild solution defined on I, under the

assumptions
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7.3. Existence and Uniqueness results

(e/1) For the Banach space X (real or complex), p :J x X — X, the function u —
q(u, p(u)) is measurable on J,N'p € X and the function p — q(u,p(u)) is con-

tinuous on X for a.e u € [ag,T].

(%) There exist a function | € L*(I) such that

lg(u, p())[| < L()(1+ |[ul]); Vuel; and peX.
(3) u(p(u,B)) <m(u)u(B); VBCX.

() The function y(n) is uniformly continuous and y(ap) =0

_ py(M)*
holdandk—TF(aH)m <1

Proof. Let us transform the IVP (7.1) into a fixed point theorem.

Consider the operator F : BC — BC on [ag, T| defined by,

1

Fu)(n) =+ o " W (5)[w(n) — w(s)]% q(s,u(s))ds.

(et D)l doll+T1y(T)*

r
Let T > O such that T > Ly (T

Consider the ball Z; = $(ap,t) ={u € BC: ||u—aopl|pc < 1},

for any A andt € J

1 1 / oa—1
[(Fu)(m)]| < H¢0H+m/ao v ()y() =)™ llgls, uls))llds

S [ v e - v tas
< ool + T <

< [l¢oll +

Thus, ||(Fu)(n)||sc < T, which proves that F transforms the ball % into itself.

Now we will demonstrate that the operator F : #; — %; complies with the Monch’s
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7.3. Existence and Uniqueness results

theorem’s assumptions. So, the succeeding three steps need to be proven.

Step (1) : F : #B; — A is continuous.
Let { &y }men be a sequence such that §,, — £ as m — oo in H;.
Then Vn € J, we’ll obtain

1

I(F Gm)(m) = (FE)(M)] = (o) a: W (s)[w(m) = ()] als, Gn(s) —g(s. () l1ds.

Since §,, — § as m — o in %, and ¢ is continuous, then by the Lebesgue domi-
nated convergence theorem (1.1.18), ||[(F&,)(n) — (F&)(n)|lc — 0 as m — oo.

Then, F : %; — %; is continuous.
Step (2) : F(%:) is bounded and equicontinuous.
F(%:) bounded and F (%) C A, implies that F (A;) is bounded.

Letn,x€landletx <1, { € %, Then,

y(m)' T I(FS) ()~ (FO) )|

_ X 1-a X

=) =) ool + B g - w1 ot Lo las
w0l

< v = vl ool + DS ) -y

< v = v ool + L=,

Since, y(n) is uniformly continuous implies that the right hand side of the above
inequality converges to zero, as ) — X.
Similarly, the case n,x € I,11 < x can be proved. Which implies that F (%) is equi-

continuous.

Step (3) : The implication E = convF (E) or E=F(E)U{0} = E is compact

holds.
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7.4. Stability analysis

Let E be a subset of B; such that E C F(E) U{0}. From step (2), it is clear that E is
bounded and equicontinuous, hence u — e(u) = u(E(u)) is continuous on J.

Using the properties of measure u, for each u € J, we obtain:

where, k = Trl’g((;z?)m* < 1.
Now, |le|le =0 — e(s) = u(E(u)) =0,Vu € J.
Hence, E(s) is relatively compact X and E is relatively compact in %, by Ascoli-

Arzela theorem, E is relatively compact in Z.

Hence in view of Monch’s fixed point theorem, we conclude that F has a fixed point

which is a mild solution of our I[VP(7.1). O

7.4 Stability analysis

In this section, we study Ey—Ulam Hyers, generalized Ey—Ulam Hyers, Eq— Ulam
Hyers Rassias, and generalized Ey—Ulam Hyers Rassias stability for the solutions of

y—Hilfer fractional differential equations.

Definition 7.4.1. [61]IVP (7.1) is Eq,—Ulam Hyers stable if there exists a real number
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7.4. Stability analysis

A > 0 such that, for each € > 0 and for each solution p € C(J,R) of the inequality
MDY plu) — gl )| < € e, (7.4)
there exists a solution p € C(J,R) of (7.1) with
|(u) — p(u)| < AeEq(Lp(y(u) — y(ao))*), u€J (7.5)

Definition 7.4.2. [61] IVP (7.1) is generalized Ey,—Ulam Hyers stable if there exists
f € C(R+,R+) with f(0) = 0 such that, for each € > 0 and for each solution p €

C(J,R) of the inequality (7.4), there exists a solution p € C(J,R) of (7.1) with

|(u) = p(u)| < f(€)Ea(Lp(y(u) — w(ao))*), u €t (7.6)

Definition 7.4.3. [61] IVP (7.1) is Eq—Ulam Hyers Rassias stable with respect to X
if there exists a real number A, > 0 such that, for each € > 0 and for each solution

p € C(J,R) of inequality
LBV (1) — qlu, plu))| < ex(u), ue J, (7.7)
there exists a solution p € C(J,R) of (7.1) with
|5(u) — p(u)] < Ay (w)Ea(Lp(w () — w(a))®), u € J. (7.8)

Definition 7.4.4. [61] IVP (7.1) is generalized Ey—Ulam Hyers Rassias stable with
respect to X if there exists a real number Ay > 0 such that, for each solution p €

C(J,R) of inequality
DGEY pu) = q(u, )| < (), u e J. (7.9)
there exists a solution p € C(J,R) of (7.1) with

|5(u) = p(u)| < Ay xt () Eq(Lp(y(u) — w(ao))®), u € J. (7.10)
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Remark 7.4.5. [61] A function p € C(J,R) is a solution of the inequality (7.4) if and

only if there exists a function r € C(J,R) such that

() [r(u) <& uel.
i) IDEPY () = qu, pu)) + r(u), u € J.

Remark 7.4.6. [61] A function p € C(J,R) is a solution of the inequality (7.7) if and

only if there exists a function r € C(J,R) such that

) |r(u)| <ex(u),ucl.
i) IDEPY () = qu, pu)) + r(u), u € J.

Theorem 7.4.7. Assume that (Hy) and (Hy) hold. Then the IVP (7.1) is Eq—Ulam

Hyers stable on J and as a result IVP (7.1) is generalized Eq—Ulam Hyers stable.

Proof. Let p € C(J,R) be a function and € > 0, which satisfies the inequality (7.4)

and let p € C(J,R) the unique solution of the following problem

HDZ;E;WP(”) =q(u, p(u)), ae ueclJ=]ap,T],

(7.11)
p(uo) = o

By Lemma (7.3.1) we have

p(u) = ¢o+ ﬁ /a: W (s)(w(u) — w(s)* q(s, B(s)) +r(s))ds. (7.12)

On the other hand, we have, for each u € J,

90— Pl < [ WO W)~ w(s) r(s)lds

I OC) ap II//
*ﬁ/ V() () — (s)* " [q(s, 5(s)) — a(s, p(s))lds
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7.4. Stability analysis

SF% [ v =yl as
Eat o VO =) 15(6) - p(o)ds
(v - yla)® | K "

IN

Tlat 1) () Jug

y(t) Tlatl) =
- K
z(t) = )’
)= pl] < YO e (K (w) ~ wla)ue s 213
Choosing A = { (?(;Z(laf)) , We have

Hence the problem (7.1) is Eq—Ulam Hyers stable.

Further, if we set f(€) = Ag, f(0) = 0, then the problem is generalized Ey—Ulam

Hyers stable.

This completes the proof. ]

Theorem 7.4.8. Assume that the hypothesis (Hy) and Hy hold and if there exists an

increasing function § € C(J,R+) and there exists t, > 0 such that for any t € J

IEY(0) < T2 (o).

Then, the IVP (7.1) is Eq,—Ulam Hyers Rassias stable and hence generalized Eq—Ulam

Hyers Rassias stable.
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Proof. Let p € C(J,R) be a function and € > 0, which satisfies the inequality (7.7)

and let p € C(J,R) the unique solution of the following problem

DGRV p(u) = q(u, p(w), ae welJ=ag, T],
(7.14)
p(uo) = ¢o
By Lemma (7.3.1) we have
=+ g7 [ VO () qls.p(s)ds. (1.15)
Also by Remark (7.4.6)
DGR pu) = q(u, p(u)) +r(w), ae ueJ=lao,T],
(7.16)
p(uo) = ¢o
Again by Lemma (7.3.1) we have,
1 u
pu) = o+ () /. W' () (w(u) — w(s)* ' q(s, p(s)) +r(s))ds. (7.17)
On the other hand, for each u € J
~ < 1 " / o—1 d
|p(u) — p(u)] _m/ao v (s)(w(u) —y(s)™ " [r(s)|ds
+ = l// — ()% (s, p(s)) —q(s, p(s))lds

F()

Hence by using Remark (7.4.6) and (H), we can obtain
00— pla)| s [ VS0 — ) (s
e | VW =)™ 15) — plo) s

ao

<o)+ g [ WO =)™ () ple)lds

ao

Applying the Gronwall inequality to the above inequality with



7.5. Examples

(1) = ey x(u),

(1) = %.
|5(u) — p(u)| < ety x (u)Ea(K(y(u) — y(ao))*)u € J. (7.18)
Now by choosing
Ay = Ty,
then equation (7.18) becomes
|(u) — p(u)| < €Ay ()Ea(K(y(u) — y(ao))*)u € J. (7.19)

Then the IVP (7.1) is Eq,—Ulam Hyers Rassias stable.

Further if we set € = 1, then the IVP (7.1) is generalized E,—Ulam Hyers Rassias

stable.

This completes the proof. ]

7.5 Examples

In this section, we give some examples Consider the following fractional differential

equation:
Example 7.5.1.
HDgf;w p(u) = e+%p¢@, u€|0,1]
plag) =0.
where q : J Xx R — R is given by

cosp(u)

el +eH

q(u,p(u)) =e+ uel, p(u)eC(,R).

101



7.5. Examples

It is clear that q is continuous and which satisfies

Hence the condition (H,) holds for K = ;

The exact solution to this equation is

p(u)

1 u

() Jag

lq(u, p1) —q(u, p2)| <

W (5) (W) — w(s)* " <e+

1

1_i_elpl—pzl,

M) ds.

es+es

For different w(u) and p(u), the solutions are plotted below

Figure 7.1: w—Hilfer differential equation with g(u, p) = (e - cospls) ) , plu) = &

p(u)
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7.5. Examples

Figure 7.2: y—Hilfer fractional differential equation with ¢(u, p) = (e—l— w),

et+u—s
— u
plu) =e .
254 — a=0.1
— a=0.3 3.0 A
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© y(u) =Inu, p(u) =e™*,a0 =1

Example 7.5.2.

MDEPY pl) = gt Ju S w0

where q : J Xx R — R is given by

5 _ 5 5
Q(M,P(M)):ge 4u—§+§”+

sin p(u)
10

uel, p(u)eC(,R).
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It is clear that q is continuous and which satisfies

1
lg(u,p1) —q(u,p2)| < 1—0|p1 —p2l,

Hence the condition (Hy) holds for K = %)

The exact solution to this equation is

1 u

p(u) ()

V() (W) — w(s)* ! (ge—‘“— 23t %”) ds

For different w(u) and p(u), the solutions are plotted below

Figure 7.3: y—Hilfer differential equation with g(u, p(u)) = %e“‘“ — % + %u 4 Sinp(u)
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7.6. Conclusion

7.6 Conclusion

Using Monch'’s fixed point theorem and Banach contraction principle, we have inves-
tigated the existence and uniqueness of the mild solution for the y— Hilfer fractional
differential equation. E,—Ulam Hyers, generalized E,—Ulam Hyers, Ey4— Ulam
Hyers Rassias, and generalized E,—Ulam Hyers Rassias stability for the solutions
of y—Hilfer fractional differential equations were studied. Examples illustrating the

results was given.
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Chapter

Conclusion

Applications for generalised fractional differential equations (GFDEs) can be found
in a wide range of scientific and technical fields. GFDEs help represent viscoelastic
materials in materials science and mechanics by capturing the complex interaction
between strain and deformation history. GFDEs provide an appropriate description of
electrochemical processes, which are essential in energy systems such as batteries and
fuel cells. They take into account memory in dynamic responses as well as non-local
effects. The versatility of GFDEs in characterising system dynamics with memory
is advantageous to control systems, particularly in robotics and aerospace, since it

improves the accuracy of predictive modelling and control techniques.

GFDE:s are used in signal processing, which extends beyond physics and engineer-
ing. They help with non-stationary signal analysis and make it easier to create filters
with memory. These formulas are useful in biomedical engineering modelling physio-
logical processes, including medication distribution in pharmacokinetics, where frac-
tional derivatives precisely capture the intricate dynamics. Furthermore, long-range

relationships in time series data are captured by GFDEs, which is useful for economic
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and financial modelling and leads to better forecasts and risk assessments. Whether
used in the study of chaos in dynamical systems, fluid mechanics, environmental sci-
ence, or heat transport in materials, GFDEs are an effective mathematical tool that
offer a more nuanced understanding of complicated processes by including fractional

derivatives.

The y—Caputo and y—Hilfer fractional derivatives are substitute methods for
characterising non-local and memory-dependent behaviour in mathematical models.
These fractional operators have certain disadvantages in addition to their benefits.
Compared to the classical Riemann-Liouville fractional derivatives, the y—Caputo
and y—Hilfer fractional derivatives are less well-studied, have fewer known features,
and less analytical tools. Because of this, solving analytically and doing mathematical

analyses for equations incorporating these derivatives can be difficult.

Compared to the Riemann-Liouville fractional derivatives, the y—Caputo and y—
Hilfer fractional derivative formulas are more complicated. This complexity could
make it harder to understand and apply, especially for users who are more accustomed

to using the conventional fractional calculus operators.

It can be computationally hard to solve equations with y—Caputo and y— Hil-
fer derivatives numerically. The absence of well-proven numerical techniques and
algorithms designed especially for these derivatives could lead to higher computing
expenses and difficulties in finding precise solutions. In the scientific and techni-
cal fields, the y—Caputo and y— Hilfer derivatives are not as extensively used as
the standard fractional derivatives. Researchers and practitioners working with these
derivatives may find themselves lacking in literature, resources, and expertise as a

result of this limited acceptance. Consistency and compatibility problems between
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results achieved using y—Caputo and y— Hilfer derivatives and accepted theories
and applications could arise. Because of this, it could be challenging to smoothly

incorporate these variants into current frameworks and models.

On the following topics, the author developed some significant inferences:

1. Existence and uniqueness results for the y—Caputo fractional impulsive neutral

functional differential equation.

2. Existence and uniqueness results for the k—dimensional system of y—Caputo

fractional impulsive neutral functional differential equation.

3. Existence and uniqueness and stability results for the y—Caputo fractional neu-

tral functional differential equation.

4. Existence result for the y—Hilfer hybrid fractional differential equations of first

and second kind with initial conditions.

5. Existence result for the y—Hilfer hybrid fractional differential equations with

boundary conditions.

6. Existence, uniqueness and stabiity results for y—Hilfer fractional differential

equation.
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Chapter

Recommendations

Future research on the following topics is suggested in light of the study’s findings

* In our work we have studied the existence of solutions of generalized fractional
differential equations for 0 < o < 1. Future research could extend study for

other values of «.

* Future research could further examine existence, uniqueness and stability re-
sults for generalized stochastic, nonlocal differential and integro differential
equations. Also can be extended to the equations involving resolvant, secto-

rial operators.

* Study could further extended for equations involving (k, y)Hilfer fractional op-

erator or y—Hilfer generalized propotional fractional operators.

* A generalized fractional operator could have been developed, from which the
fractional operators like Atangana Baleanu, Caputo Fabrizio and Conformal dif-

ferential operators and the study can be further extended.
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* A numerical method could be developed for generalized fractional differential

equations.

* Generalized operators and studies could be used to model real-world scenarios

for greater acceptability.
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