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Chapter

Introduction

This thesis mainly deals with the study of Cayley fuzzy graphs and digraph
structures induced by some algebraic structures. This thesis mainly focus on
the study of Cayley fuzzy graphs, Cayley bipolar fuzzy graphs and Cayley in-
tuitionistic fuzzy graphs induced by loops. Moreover, we study Cayley fuzzy
digraph structure and Cayley bipolar fuzzy digraph structure induced by groups

and loops.

In our day to day life, we have to deal with many problems, of which most
of them are imprecise or vague concepts. If we represent such problems using
the idea of classical set theory, the solution obtained may be far away from the
reality. This reveals the importance of a set theory which can help fix this.
Zadeh, in 1965, introduced the concept of a fuzzy set [14]. In his paper, a fuzzy
set is defined as a class of objects with a continuium of grades of memberships.
To each object a grade of membership ranging between zero and one is assigned
by a membership function. Such set can completely be characterised by this
membership function. The membership function coincides with the characteristic
function in case of an ordinary set, where an object may belong to this set with
membership value one or may not belong to this set with membership value zero.

Hence we can view fuzzy sets as generalisation of ordinary sets.

vi

Neethu K T. A study on cayley fuzzy graphs and cayley fuzzy graph structures. Thesis. Department of Mathematics,
University of Calicut, 2022.



As most of real life problems deals with vague or imprecise concepts, this
theory of fuzzy sets has a wider application. A few among the real world problems
where this theory has application are pattern recognition, information processing,

increasing the efficiency of a system and multivalued decision processing.

As we already mentioned, the fuzzy set is a generalisation of fundamental
mathematical concept of a set. Most of the mathematical theories can be ex-
tended using the concepts of a fuzzy set and fuzzy logic. Thus fuzzy mathematics

has wider application than that of classical theories.

Rosenfeld first introduced the fuzzy graph theory as a generalisation of Euler’s
graph theory [1]. The fuzzy relation between fuzzy sets were first considered by
him and also he developed the structure of fuzzy graphs obtaining analogs of

several graph theoretical concepts.

The concepts of Cayley fuzzy graphs were first introduced and studied by
Namboothiri et. al. [15]. A natural question is: Does weaker algebraic structure

induce fuzzy Cayley graphs?

This thesis comprises six chapters. The first chapter contains the prelimi-
nary definitions and results that were used in the remaining chapters. There
are five sections in this chapter. The first section contains the preliminaries of
graphs, second section includes that of fuzzy graphs, third of groups, fourth and
fiftth comprises respectively the preliminaries of Cayley graphs and Cayley Fuzzy
graphs.

In second chapter, we introduced the concept of Cayley fuzzy graphs induced
by loops and studied graph theoretic properties in terms of algebraic properties.
In the first section of this chapter we defined Cayley fuzzy graphs induced by
loops and proved that they are vertex transitive and also in-regular and out-
regular. We also investigate the necessary and sufficient condition for Cayley
fuzzy graphs to be symmetric, reflexive, transitive, complete, linear order, a

Hasse diagram, etc.

vil



In second section we discussed different types of connectedness including
weakly connectedness, semi-connectedness etc., by investigating necessary and

sufficient condition for these connectedness.

In the next section we discussed strength of connectedness and necessary and

sufficient condition for different types of a- connectedness.

In the third chapter we introduced Cayley bipolar fuzzy graphs induced by
loops and studied many basic properties. In this chapter we extend the results
carried out in chapter 1. Here we have four sections, were we discussed ba-
sic results analogous to that of second chapter, connectedness and strength of

connectedness.

In fourth chapter Cayley intuitionistic fuzzy graph is defined. The four sec-
tions of this chapter deals with many of the basic properties and connectedness

of Cayley intuitionistic fuzzy graphs induced by loops.

In the next two chapters, fifth and sixth, we extend our studies to digraph

structures induced by groups and also to those induced by loops.

Cayley fuzzy digraph structure induced by groups and loops are defined in
the fifth chapter and its properties are studied in the two sections of this chapter.

In the sixth chapter we defined Cayley bipolar fuzzy digraph structure in-
duced by groups and loops and studied its properties and we obtained results

analogues to that in fifth chapter.

viil



Chapter 1

Preliminaries

In this chapter we list the basic definitions and results used in the upcoming
chapters. There are five sections in this chapter. Definitions of basic terminolo-
gies related to graph is included in section one. The second section deals with
fuzzy graphs. We follow [12] for standard terminology and notations in fuzzy
set theory. The third section is devoted to Cayley graphs. In the fourth section
we discuss Cayley fuzzy graphs. In the last section of this chapter group and its

weaker structure viz; loops are discussed.

1.1 Graphs

A graph G = (V(G), E(Q)) is an ordered pair, where V(G) is a non-empty set
and F(G) is a binary relation on V(G). The elements of V (G) are called vertices
and elements of F(G) are called edges. If there is no ambiguity we simply write
G = (V, E) or just G instead of G = (V(G), E(G)) and if e = {u, v}, wheree € E
and u,v € V| we simply write e = uv. An edge of the form (x,z) € V(G) x V(G)

is called a loop.

If e = wv is an edge of GG then the two vertices u and v are said to be adjacent

to each other and the edge e is said to incident with (incident to or incident at)

1
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1.2. Fuzzy Graphs

w and v |13]. The vertices u and v are called the end vertices of the edge e.

The indegree ind(u) of a vertex u in G is the number of arcs with head wu;

the outdegree outd(u) of u is the number of arcs with tail u.

A walk in G is a finite non-null sequence W = v,e1v1€20s . .. €40, Whose
terms are alternately vertices and edges, such that, for 1 < ¢ < k, the end of ¢;
are v;_1 and v;. We say that W is a walk from vy to vy or a (v, vx) — walk [11].
The vertices vy and vy are called the origin and terminals of W, respectively, and

vy, Vs, ...,V 1, its internal vertices. The integer k is the length of W.

If the edges ey, e, ..., e, of a walk W are distinct, W is called a trail [11].
If, in addition, the vertices vy, v1, ..., v, are distinct, W is called a path. A walk
is closed if it has positive length and its origin and terminals are the same. A

closed trail whose origin and internal vertices are distinct is a cycle.

A simple graph in which each pair of distinct vertices is joined by an edge is
called a complete graph [11]. Two vertices u and v of G are said to be connected
if there is a (u,v) — path in G. A graph G is said to be connected if two vertices
of G are linked by a path in G. Otherwise, it is a disconnected graph [2§].

1.2 Fuzzy Graphs

A fuzzy subset A of any set X is a function A : X — [0, 1]. For a fuzzy subset
Aof X and for a € [0,1], {z : A(z) > a} is called a-cut of A and {z: A(zx) > a}
is called the strong a-cut of A. They are, respectively, denoted by A, and A7.
For a fuzzy subset A of X, the support of Ais theset {x € X : A(z) > 0} and is
denoted by supp(A). It can be noted that supp(A) = AF. Let S and T be two sets
and let ; and v be fuzzy subsets of S and T, respectively. Then a fuzzy relation p
from p to v is a fuzzy subset of S x T such that p(x,y) < p(x)Av(y) forall x € S
andyeT . If S =T and pu(z) =v(zr) =1 for all x € X, then p is said to be a

fuzzy relation on S. Let p be a fuzzy relation from a fuzzy subset p of S into a



1.2. Fuzzy Graphs

fuzzy subset v of T . Then p? is defined by p?(x, z) = V{p(z,y) Aw(y, 2) : y € S}
forall x € S.

Let p be a fuzzy relation on a fuzzy subset p of S. Then p is said to be
reflexive if p(z,z) = p(x) for all x € S; symmetric if p(x,y) = p(y,x) for all
x,y € S; antisymmetric if p(x,y) = p(y,x) if and only if = y; transitive if
p? < p; fuzzy partial order if it is reflexive, antisymmetric and transitive; a fuzzy
equivalence relation if it is reflexive, symmetric and transitive; fuzzy linear order

if it is a partial order and (pV p~')(z,y) > 0 for all z,y € S.

A fuzzy directed graph (fuzzy digraph) G is a triplet (V) u, p), where V is a
non-empty set, p is a fuzzy subset of V' and p is a fuzzy relation on y. In case
it = Xv, where xy is the characteristic function on V', then the fuzzy digraph
(V, i, p) is simply denoted by G = (V, p). Furthermore, G is said to be a fuzzy
graph if the fuzzy relation is symmetric. In this paper, we consider fuzzy digraphs
of the form G = (V, p). Let G = (V,p) and G’ = (V',p’) be two fuzzy digraphs.
Then G is said to be isomorphic to G’ if there is a bijection f : V' — V' such
that for all u,v € V, p(u,v) = p'(f(u), f(v)). The function f is called an
isomorphism from G into G’. An isomorphism from a digraph G into itself is
called an automorphism. Observe that, if (V| x) is a group and v is a fuzzy subset
of V, then R:V x V — [0, 1] defined by R(z,y) = v(z'y) for all z,y € V is a
fuzzy relation on V.

Let G = (V, p) be a fuzzy digraph. If u € V, then the in-degree of u, denoted by
ind(u), is defined by ind(u) = z;/p(v, u). Similarly, the out-degree of u, denoted
ve

by outd(u), is defined by outd(u) = > p(u,v).

veV

A fuzzy digraph in which each vertex has same out-degree r is called an out-
reqular digraph with index of out-regularity r. In-regular digraphs are similarly
defined. Let G = (V, R) be a fuzzy digraph. Let k and &’ be two positive numbers.
Then G is said to be (k, k')-regular if ind(u) = k and outd(u) = k' for all u € V.
A fuzzy digraph is said to be regular if it is (k, k)-reqular for some positive

number k. Let G = (V, R) be a fuzzy digraph. Then a path (directed path) of
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length n in G from a vertex x to a vertex y is a sequence of distinct vertices
T = Zo,X1,...,T, =y such that R(x;_1,z;) > 0 for 1 <i < n. A fuzzy digraph
G = (V,R) is said to be: (i)connected (strongly connected) if for all z,y € V|
there is a directed path from z to y, (ii)weakly connected if G' = (V, RV R™') is
connected, (iii)semi-connected if for all x,y € V, there is a directed path from x
to y or a directed path from y to x in G, (iv)locally connected, if for any x,y € V|
there is a directed path from = to y whenever there is a directed path from y to
x in G, (v)quasi-connected (strongly quasi-connected ) if for every pair x,y € V|
there is some z € V such that there is a directed path from z to x and there is
a directed path from z to y, (vi)Hasse diagram, if G is connected and for any
path z,xy,...,2,, n > 2 from z, to z, in G, R(z,,x,) = 0 and (vii)complete
if R(z,y) =1 for all distinct x,y € V. A vertex = in G is said to be a source in
G if there is a directed path from z to every other vertex in G. Let G = (V, R)
be a fuzzy graph. The distance between two points u and v in G, d(u,v), is the
length of the shortest path from u to v. If there is no path from u to v, then
we define d(u,v) = oo. The diameter of a fuzzy graph G = (V, R), denoted by
diam(G), is defined as diam(G) = sup{d(u,v) : u,v € V'}. Observe that a finite

digraph has a source if and only if it is quasi-connected [13].

1.2.1 Bipolar fuzzy graphs

Let V be a nonempty set. A bipolar fuzzy set B in V' is an object of the form B =
{(z, ph(z), uy(x)) : x € V}, where ub and pf are respectively the functions,
ph o Vo— [0,1] and pfy : V — [-1,0] [30]. A bipolar fuzzy relation R =
(ph(z,y), uX(x,y)) in a universe X x Y is a bipolar fuzzy set of the form R =
(), 1), 1) £ () € X XV}, where i s X x Y = [0, 1] and g
X xY — [-1,0] [30]. A bipolar fuzzy digraph of a digraph (V, E) is a pair (A, B)
where A = (pf;, YY) is a bipolar fuzzy set in V and B = (uk, %) is a bipolar
fuzzy relation on E C V xV such that puh(z,y) < min(pk(z), ufi(v)), ph(z,y) >
max(uy (x), i (y)) for all z,y € V [17].



1.3. Group

1.2.2 Intuitionistic fuzzy graphs

An intuitionistic fuzzy set (IFS, for short) on a universe X is an object of the
form A = {(z, pa(z),va(x)) : @ € V}, where pa(x) € [0,1] is called degree of
membership of z in A and v4(x) € [0, 1] is called degree of nonmembership of x
in A, and 4, va satisfies the following condition for all x € X, pa(z) +va(z) <
1 [19]. Let X be an intuitionistic fuzzy set. For any subset A and for any
a € [0,1], {pa(z) > a,va(x) < a} is called a-cut of A. It is denoted by
As. And {pa(z) > a,va < a} is called strong a-cut of A. It is denoted by
Al An intuitionistic fuzzy relation R = (ug,vg) in X x X is an intuitionistic
fuzzy set of the form R(z,y) = {{(z,v), pr(z,v), vr(z,y)) : (z,y) € X}, where
pr : X x X — [0,1] and vg : X x X — [0,1] [19]. The intuitionistic fuzzy
relation R satisfies pg(z,y)+vr(x,y) < 1forall z,y € X. An intuitionistic fuzzy
relation R on X is called an intuitionistic fuzzy equivalence relation on X if it is
(a) reflexive, i.e.,R(z,z) = (1,0), (b) symmetric, i.e., R(x,y) = R(y,x), and (c)
transitive, i.e., R(z,y) > Z;/X(R(x, 2) A R(z,y)), for all z,y € X. R is called an
intuitionistic fuzzy partial order relation if it is (a) reflexive, (b) antisymmetric,
i.e., for all distinct z,y € X R(x,y) # R(y,x), and (c) transitive. R is called
an intuitionistic fuzzy linear order relation if it is an intuitionistic partial order
relation and for all x,y € X, (RV R ) (z,y) > 0. An intuitionistic fuzzy digraph
of adigraph (V, E) is a pair G = (A, B), where A = (V| 4, v4) is an intuitionistic
fuzzy set in V and B = (V X V, up,vp) is an intuitionistic fuzzy relation on
V' such that pp(z,y) < min(pa(z), pa(y)) and vp(z,y) < max(va(z),va(y)),
0 <up(x,y)+vp(r,y) <1forall z,y € V [19].

1.3 Group

A groupoid V is called a quasigroup, if for every a,b € V, the equations, ax = b
and ya = b are uniquely solvable in V' [7]. This implies both left and right

cancelation laws. A quasigroup with an identity element is called a loop [7].



1.4. Cayley Graphs

Let G be a set together with a binary operation (usually called multiplication)
that assigns to each ordered pair (a,b) of elements of G an element in G denoted
by ab. We say G is a group under this operation if the following three properties
are satisfied [10].

1. The operation is associative; that is, (ab)c = a(bc) for all a,b,c € G.

2. There is an element e (called the identity) in G such that ae = ea = a for

all a € G.

3. For each element a € G, there is an element b € G (called an inverse of a)

such that ab = ba = e.
If a subset H of a group G is itself a group under the operation of G, we say
that H is a subgroup of G [10].

Example 1.3.1. Under ordinary addition, the set of integers, the set of rationals

and the set of real numbers are all groups.

Example 1.3.2. The set Z,, = {0,1,...,n — 1} for n > 1 is a group under

addition modulo n.

1.4 Cayley Graphs

Let V be a group and A be any subset of V. The Cayley graph Cay(V, A) is the
digraph with vertex set V', and the vertex z is adjacent to the vertex y if and
only if 271y € A. Cayley graph Cay(V, A) has as its vertex-set and edge-set,
respectively, V and R = {(z,y) : 7'y € A} [15].

Example 1.4.1. Let us consider the group Zs and let A = {3,4}. Then
R = {(07 3)7 (07 4)7 (17 0)7 (174)7 (27 O)? (27 1)7 (37 1)7 (37 2)7 (47 2)7 (47 3)}

A diagramatic representation of Cay(Zs,{3,4}) is shown in Figure 1.1



1.5. Cayley Fuzzy Graphs

Figure 1.1: The Cayley graph Cay(Zs,{3,4})

1.5 Cayley Fuzzy Graphs

Let V' be a group and v be a fuzzy subset of V. Then the fuzzy relation R defined
on V by R(z,y) = v(z™'y) for all z,y € V induces a fuzzy graph G = (V, R)
called the Cayley fuzzy graph induced by the pair (V,v) [15].

Example 1.5.1. Let us consider the group Z3 = 0,1,2 and take V = Zg.
Define v : V' — [0,1] by v(0) = 1,v(1) = 3,v(2) = 0. Then the Cayley fuzzy
graph (V, R) induced by (Zs,v) is given by the following table and figure [1.5.1]

a olo|of1]1|1|2]|2]|2
b o|1|2(0(1|2|0|1]|2
a0 1|2[2]0|1|1|2]|0
v o) [ 1| 500 1|5]5]0]1

Let (V, %) be a group and let A = (uf, 1Y) be a bipolar fuzzy subset of V.
Then the bipolar fuzzy relation R on V' defined by

R(z,y) = {(ph(@"y),ud (z7'y)) Yo,y eV}

induces a bipolar fuzzy digraph G = (V, R), called the Cayley bipolar fuzzy graph
induced by the triplet (V, %, A) [24].



1.5. Cayley Fuzzy Graphs

Figure 1.2: Ex{1.5.1]

The Cayley intuitionistic fuzzy graph G = (V,R) in [19] introduced by M.
Akram et al. is an intuitionistic fuzzy graph with the vertex set V and A =
(f1a,v4) be an intuitionistic fuzzy subset of V. The intuitionistic fuzzy relation

on V is defined by

R(z,y) = {(pa(z™'y),valz™'y)) s 2,y € V and z~'y € S}.



Chapter 2

Cayley Fuzzy Graphs Induced by

Loops

In this chapter we introduce Cayley fuzzy graphs induced by loops
and prove that all Cayley fuzzy graphs induced by loops are vertex-
transitive and hence reqular. We prove that a bigger class of Cayley
fuzzy graphs could be induced by loops, a weaker algebraic structure
than a group. Contents of this chapter is published in Far Fast

Journal of Mathematical Sciences [20).
2.1 Cayley fuzzy graphs

Madhavan Namboothiri N.M. et al. [15] in 2013 introduced a class of Cayley
fuzzy graphs induced by groups and studied the properties of Cayley fuzzy graph
in terms of algebraic properties. We generalise the results of Madhavan Nam-

boothiri N.M. et al. to loops, a weaker algebraic structure than groups.

Definition 2.1.1. Let V be a loop and A be any subset of V. Then the Cayley
graph Cay(V, A) is the graph with vertex set V' and edge set R = {(x,y) : y/x €

A}, where y/x denotes the solution of the equation y = zz.

Definition 2.1.2. Let V' be a loop. A fuzzy subset v on'V is called a scaled fuzzy

9
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2.1. Cayley fuzzy graphs

subset of V if v(y/x) = v(zy/zx), for all x,y,z € V.

Definition 2.1.3. Let V be a loop, v be a scaled fuzzy subset of V. Define a
fuzzy relation FR on'V by FR(z,y) = v(y/x). Then G = (V,FR) is a fuzzy
digraph called Cayley fuzzy graph induced by the loop V. This graph is denoted
by CayF (V,v).

Definition 2.1.4. Let V' be a loop and A be a subset of V. Then A s called a
right associative subset of V', if (xy)A = x(yA) for all z,y € V. This means, if
z,y €V and a € A, then (zy)a = x(ya’) for some a’ € A.

Lemma 2.1.5. Let v be a scaled fuzzy subset of a loop V. Then supp(v) = v

1s a right associative subset of V.

Proof. Let z,y € V, and z € v. We have (zy)z = z(yz’), for some 2’ € V.
Observe that

zevi s viz)>
& v((zy)z/zy) >0
& v(x(yz')/zy) > 0
< vy /y) >0
e v() >

s ey
Therefore, (zy)z = x(yz') for some 2’ € vi. This implies that v is right
associative. ]
Theorem 2.1.6. CayF(V,v) is vertex transitive.
Proof. Let a,b € V and b = z.a, for some z, € V. Define ¥ : V — V by

(x) = zox. Clearly, 1 is one-to-one and onto. Also, 1(a) = z,a = b.
Furthermore, we have, for each z,y € V, FR(Y(x),¢¥(y)) = FR(2x,z0y) =

v(20y/20x) = v(y/z) = FR(2,y).

10



2.1. Cayley fuzzy graphs

This implies that for a,b € V, ¢ is an automorphism on G such that ¢ (a) = b.
This implies that CayF(V,v) is vertex-transitive. O

Theorem 2.1.7. CayF(V,v) is in-reqular and out-reqular.

Proof. Let uj,us € V. Since CayF(V,v) is vertex transitive, there exist an
automorphism ¢ on V such that 1 (u;) = us.
Then,

ind(uy) = ZFR(U, uy)

veV

= ZFR(Q,D(U), Y (uy)) (since vertex transitive)

veV

— 3" FRO(v),u)

P(v)eV

= ZFR(U, Usg)

ueV

= ind(usg).

Similar proof holds for out-regularity ]

Theorem 2.1.8. CayF(V,v) is symmetric if and only if v(z) = v(1/z), for all
reV.

Proof. Suppose that F'R is symmetric. Then, FR(z,y) = FR(y,x), for all z,y €
V. Therefore, v(z) = FR(1,z) = FR(z,1) = v(1/x).

Conversely, suppose that v(z) = v(1/z) for all z € V. Let z,y € V and
y = xt,, for some t, € V. Then, FR(z,y) = v(y/z) = v(t.) = v(1/t,) =
v(z/xte) = v(z/y) = FR(y,x).

This implies that F'R is symmetric. [

Theorem 2.1.9. CayF(V,v) is reflexive if and only if v(1) = 1.

11



2.1. Cayley fuzzy graphs

Proof. First suppose that FR is reflexive. Then FR(z,z) = u(z) = 1, since
{ = Xo. Also by definition, FR(z,z) = v(z/z) = v(1). Therefore, v(1) = 1.

Now, let v(1) = 1. Then, FR(z,z) = v(z/z) = v(1) = 1, for all x € V.
Therefore, FR(z,z) = 1 = p(z), since pt = x,. This implies that F'R is reflexive.
Hence the proof. O

Theorem 2.1.10. CayF(V,v) is antisymmetric if and only if

{o:v(x) = v(1/2)} = {1},

Proof. First suppose that F'R is antisymmetric. Let x € {z : v(x) = v(1/x)}.
Then v(z) = v(1/x), which implies FR(1,z) = FR(x,1) and thus x = 1. Hence,
{z:v(z) =v(1/x)} = {1}. Conversely, suppose that {z : v(z) =v(1/z)} = {1}.
Then, for any z,y € V,

FR(z,y) = FR(y,z) < v(y/z) = v(z/y)
& v(at,/z) = v(z/ots), where y = at,
& ul(ts) = v(1/t,)
< t, =1 (by assumption)

Sy=u1.

Therefore, F'R is antisymmetric. This completes the proof. O

Definition 2.1.11. Let V' be a loop. Let A be a fuzzy subset of V.. Then A is
said to be a fuzzy sub quasigroup of V' if, for all a,b € V, A(ab) > A(a) N A(D).

Theorem 2.1.12. CayF(V,v) is transitive if and only if v is a fuzzy sub quasi-
group of V.

Proof. First assume that F'R is transitive. We have,

viz) ANv(y) < V{v(z) Av(zy/z) : z € V}

12



2.1. Cayley fuzzy graphs

=V{FR(1,2) NFR(z,zy): z €V}
= FR*(1,2y) < FR(1,2y) = v(zy).

Therefore, v(z) A v(y) < v(zy), which implies that v is a fuzzy sub quasigroup
of V.

Conversely, let v(z) A v(y) < v(zy), for all z,y € V. For any z,y € V,
choose an arbitrary z € V. Then there exist unique t¢,,t;,¢ € V such that
z = aty, Yy = 2t1, Yy = xt.

Then,

FR(x,y) = v(y/x)
= v((@to)tr /)

v(z(tot))/x)for some t) € V

lot

I
N

v

toty/to)

(
v(w(tot;)/zto)

(

(

I
<

v

v(
(
(
(tot1)
> v(t,) A v(t))(by assumption)
(
(
( (xto)ty/xts)
(

=V

That is, FR(z,y) > v(z/x) Av(y/z) for any z € V. Therefore, FR(z,y) >
V{v(z/x) Nv(y/z) : z € V}, which implies that FR(x,y) > V{FR(z,z) A
FR(z,y): 2z €V} = FR*,y). Hence FR is transitive. O

Theorem 2.1.13. The fuzzy relation F'R is a partial order if and only if v is a
fuzzy sub quasigroup of V' satisfying :

(1) v(1)=1, and
(id) {w : v(w) = v(1/2)} = {1}.

13



2.1. Cayley fuzzy graphs

Theorem 2.1.14. The fuzzy relation F'R is a linear order if and only if v is a
fuzzy sub quasigroup of V' satisfying :

(17) {x:v(x)=v(l/x)} ={1}, and
(1ii) {x :v(x) Vr(l/z) >0} = V.

Proof. Suppose that F'R is a linear order. Then by Theorem [2.1.13| () and (i)
are satisfied. Also, (FRV FR™')(z,y) > 0 for #,3y € V. Then, for z € V,

v(iz)Vv(l/x) = FR(1,z)V FR(z,1)
= FR(1,2) VvV FR'(1,z)
= (FRV FR Y (1,2) > 0.

This implies that x € {z : v(z) Vv(1/x) > 0}. Therefore, V C {x : v(z) V
v(1/z) > 0}. Also, we have {z : v(z) Vv(l/z) > 0} C V. Hence {z : v(z) V
v(l/z) >0} =V.

Conversely, suppose that the conditions (i), (ii) and (iii) hold. Then, for z,y € V,

FRV FR Y(z,y) = FR(z,y) V FR™(x,y)

=v(y/z) vV v(z/y)
=v(at/z) V v(x/xt), wheret = y/x

(1) Vv u(1/t)

> 0, by assumption(ii).

That is, FRV FR™'(z,y) > 0. Hence F'R is a linear order. O

Theorem 2.1.15. The fuzzy relation FR is an equivalence relation if and only

if v is a fuzzy sub quasigroup of V' satisfying :
(1) v(1) =1 and

14



2.1. Cayley fuzzy graphs

(1i) v(x) =v(1/x) for all x € V.
Theorem 2.1.16. The Cayley fuzzy graph CayF(V,v) is regular.

Proof. Observe that, for u € V

ind(u) = ZFR(v,u)

veV

= Zu(u/v)

veV

= Z v(z,),  where,z, =u/v

2y €V

= Zu(z)

zeV

— Z v(z,),  wherez, =v/u

ZEV

= Zu(v/u)

veV

= ZFR(U, v)

veV

= outd(u).

This completes the proof, since CayF(V,v) are in-regular and out-regular.  [J

Theorem 2.1.17. CayF(V,v) is complete if and only if v > xv_q1}, where
Xv—{1} 18 the characteristic function of V — {1}.

Proof. Suppose CayF(V,v) is complete. Then for any two distinct z,y € V,
FR(z,y) =1. For any z € V — {1}, there exist some z,y € V such that y = zz.
Therefore, since FR(z,y) =1, v(z) = v(y/z) = FR(z,y) = 1. Thatis, v(z) =1
for every z € V' — {1}, which implies that v > xy_13.

Conversely, suppose that v > xy_gy. Then, v(z) =1 for every z € V — {1}.
Also, for any two distinct x,y € V there exist some ¢t € V — {1} such that

15
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y = xt. Therefore, FR(z,y) = v(y/x) = v(t) = 1, since v > xy_g3. That is,
FR(z,y) =1 for any two distinct =,y € V. Hence CayF(V,v) is complete. [J

Theorem 2.1.18. CayF(V,v) is a Hasse diagram if and only if it is connected
and v ((...((z122)x3) .. .)xn) = 0 for any collection x1,xs, ..., x, of vertices in

V withn > 2 and v(z;) >0 fori=1,2,...,n.

Proof. Suppose CayF(V,v) is a Hasse diagram and let zy, xo, ..., x, be vertices
in V with n > 2 and v(z;) >0 fori=1,2,...,n. Then, fori=1,2,...,n
FR((...((z1x2)xs) .. )iz, (... ((x122)23) . . .)2;) = v(2;) > 0. Thus,

1z, 2129, ..., (.. ((z122)x3) .. )20 18 @ path from 1 to (... ((z122)x3) .. .)Ty.
Since CayF(V,v) is a Hasse diagram, FR (1, (... ((x129)23)...)x,) = 0. This
implies that v ((... ((x122)z3)...)x,) = 0. Also, since CayF(V,v) is a Hasse
diagram, CayF(V,v) is connected.

Conversely, let CayF(V,v) is connected and for any collection zy, x5, .
.., T of vertices in V' with n > 2 and v(x;) > 0 for i = 1,2,...,n, we have
v((...((x129)x3) .. )x,) = 0. Let xo,21,...,2, be a path in CayF(V,v) from
T, to z, with n > 2. Then, FR(x;_1,2;) > 0 for i = 1,2,...,n. Therefore,

v(z;/z;—1) > 0for i = 1,2,...,n. Let 1 = xoty, xo = T1to, ..., Ty = Ty_1ty.
Then, v(t;) = v(z;/xi—1) >0 fori=1,2,...,n. We have,
Ty = Tty = (Xpotn_1)tn ... = (.. ((zot1)te) .. Yty = (.. (o(t1th)) .. V... =

To(. .. ((t1th)ty) .. )t,). Therefore,

FR(zo,2,) = v(zp/xo) = v ((... ((t1t5)t5) .. ). (2.1)
We have,
v(ty) > 0 and v(t) = v(tith/t1) = v (z.(t1th) /xot1) = v((xoty)ta/Toty) = v(ta) >
0. . . . In general, v(t)) = v(t;) > 0 for i = 2,3,...,n. Therefore, since

t,t; € Vii=23,....,n,n > 2 and v(t;) > 0,v(t)) > 0, fori =2,3,...,n, we
have, v (... ((t1t5)ty) .. .)t)) = 0. Therefore, (2.1)) implies that FR(z.,z,) = 0.
Hence CayF(V,v) is a Hasse diagram. O
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Theorem 2.1.19. Let CayF(V,v) be finite and connected. Then diam(G) is

the least positive integer n such that for any x € V', there exist x1,x9,..., 2, € V

with v(z;) > 0 fori=1,2,.,n and

r=(...((r122)x3) .. .)Tp.

Proof. Suppose n be the least positive integer such that for any x € V there
exist elements x1,zy,...,2, € V with v(z;) > 0 for i = 1,2,...,n and = =
(...((x122)x3) ... )z, Note that, for any z,y € V, we have z € V such that
y = xz. Then, by assumption there exist x, zo, ..., 2, € V with v(x;) > 0fori =
1,2,...,nand z = (... ((x122)x3) .. .)x,. Therefore, y = x((... (z122)...)x,) =

Also,

v(xg) = v(x1me /1)

v((zxy)ry/xa)

(
v(w(2122)/727)

(

(

v(xl).

Therefore, we have v(x5) > 0. And

v(z3) = v((z129) T3/ 1209)

v(z((z129)23) /2(2172))

(

(
v((w(e12)) w3/ (2(2172)))

(

v

Therefore, v(x%) > 0. In general, v(z}) = v(z;) > 0 for i = 2,3,...,n. Also,

v(x1) > 0. Therefore, we have, y = (... ((zz1)x}) .. .)z), and v(zq) > 0, v(x;) >

17
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0, :=1,2,...,n. Therefore,

FR((...((xz1)xh) .. )2y, (.. ((zxy)2h) .. )2h) = v(x)) > 0.

Hence, x, zxy, (zx1)xh, ..., (... ((zz1)xh) .. .)x) is a path from z to y of length n.

Since x and y are arbitrary,

diam(G) < n. (2.2)

Since n is the least positive integer such that for any x € V., dz1,25,...,2, € V

with v(x;) > 0fori=1,2,...,nand z = (... (z122)x3)...)x,. Thus, there exists

an x € V such that for any collection of n — 1 elements, say xy, xs,...,T,_1 with
v(z;) >0fori=1,2,...,n— 1, we have

x# (. ((z122)x3) .. ) Tpe. (2.3)

Suppose that diam(G) < n — 1. Then, there is a path 1,z zs,...,z,, from
1 to = of length m, where m < n — 1. Then, FR(xz;_1,z;) > 0 for i =
1,2,...,m. Let my = x1ty, x3 = at3,..., Ty = Ty_1ty,. Therefore, v(t;) =
vizi/xi1) = FR(zi_1,2;) > 0 and 2 = 2, = Ty1tm = (Tpotm1)tm =
(... ((z1t2)ts) . . . tm—1)tm. Therefore,

T = ( .. (((:L'ltg)tg) .. )tm)thrl .. .)tnfl, where thrl = tm+2 = ... = tn,1 = 1,

which is a contradiction to (2.3)). Thus,
diam(G) > n — 1. (2.4)

Hence (2.2)) and (2.4)) gives diam(G) = n. O

Definition 2.1.20. Let V' be a loop and let v be a fuzzy subset of V. Then the
fuzzy sub quasigroup generated by v is the smallest fuzzy sub quasigroup of V

which contains v and is denoted by (v).

Remark 2.1.21. Let V' be a loop and let v be a fuzzy subset of V. Then the

fuzzy sub quasigroup generated by v is the meet of all fuzzy sub quasigroups of V

18
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which contains v.

Theorem 2.1.22. Let V' be a loop and v be a fuzzy subset of V. Then the fuzzy
subset (V) is precisely given by (v)(x) = V{v(z1) Av(z) A ... Av(x,) @z =
(...((x122)x3) .. ), x; €vi,n €N fori=1,2,...,n} for any x € V.

Proof. Let V' be the fuzzy subset of V' defined by v/(z) = V{v(x; Av(z) AL A
v(z,) :x = (... ((;132)xs) .. ), z; € v,n € Nfori=1,2,...,n} for any
x € V. If y € V, by definition of ¢/, it is clear that v/(y) > v(y). Thus, we have
v < V. Let z,y € V.If v(z) = 0 or v(y) = 0, then v(x) A v(y) = 0. Then,
V' (zy) > v(z) Av(y). Again, if v(x) # 0 and v(y) # 0, then by definition of v/,
we have v/(xy) > v(z) Av(y). Hence V' is a fuzzy sub quasigroup of V' containing
v. Now let A be any fuzzy sub quasigroup of V containing v. Then, for any
reVwithae=(...((x122)x3)...)xn, 7; €V ,neNfori=1,2,...,n, we have
A(x) > A(z1) NA(x2) Ao o AN A(zy) > v(zn) Av(ze) A. .. Av(zy,), which implies
that A(z) > V{v(x) Av(z) Ao Av(x,) @ o = (.. ((z1x2)xs) .. )Ty, o €
vi,n € Nfori=1,2,...,n} for any x € V. Therefore, A(x) > v/'(z) for all
x € V. Thus, v = (v). That is, (v)(z) = V{v(z:) Av(xze) A... Av(zy,) : o =
(...((x122)xs) .. )xp, i €vi,neNfori=1,2,...,n} forany z € V. O

Theorem 2.1.23. Let V be a loop and v be a fuzzy subset of V.. Then, for

any a € [0,1], (Vo) = (V)a and (V1) = ()T, where (v,) denotes the fuzzy sub

o

quasigroup generated by v, and (V) denotes the fuzzy sub quasigroup generated

by v.
Proof. Observe that

€ (Vo) & 1,29, , Ty EVy 22 = (... (T122) ...)Tp
& Jxy, 20, .,y € Voov(r) > a, foralli=1,2, ... n
and z = (... ((z129)z3) .. )2p
& (V)(z) >«

Sz € (V).
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2.2. Connectedness in Cayley fuzzy graphs induced by loops

Therefore, (v,) = (V),. Similarly, we can prove that (v}) = (v)1. O

Remark 2.1.24. If a« = 0, theorem implies that (v = (V). That is,
(supp(v)) = supp({v)).

2.2 Connectedness in Cayley fuzzy graphs in-
duced by loops

Theorem 2.2.1. G = CayF(V,v) is connected if and only if V—{1} C supp(v).

Proof. Suppose G is connected and let x € V — {1}. Since G is connected, there

exist a path from 1 to z, say, 1,21, 2, ..., 2z, = x. This implies that, there exist

t1,ta, ..., t, € supp(v) such that x = x, = zp_1tn, Tno1 = Tpotn_1,..., T3
1t;. Therefore, x = x,, = T, 1t = (Tp_oty_1)tn = ... = (... (t1t2)t3) .. )ty t; €
supp(v), i = 1,2,...,n, which implies that = € (supp(v)). Therefore, V — {1} C
(supp(v)) = supp(v).

Conversely, let V' — {1} C supp(v). Let z,y be two distinct elements in V.
Then, there exist z # 1 € V such that y = xz. Since z # 1, z € V — {1} C

(supp(v)). Then, there exist z1,2,..., 2, € supp(v) such that z = 21259 .. 2.
Clearly, 1,21,2122,...,(...((2122)23)...)zm = z is a path from 1 to z. Then
x,x21,2(2122), x((2122)23), - -, 2((- .. ((2122)23) ...)2m) = xz = y is a path from
x to y, since supp(v) is right associative. Therefore, G is connected. ]

Theorem 2.2.2. G = CayF(V,v) is weakly connected if and only if V — {1} C
supp({(v V vg)) where v(x) = v(1/x).

Proof. Suppose that G is weakly connected. Then CayF(V, vV v;) is connected.
Thus by Theorem [2.2.1} we have V' — {1} C supp({v V v,)). This completes the
proof. [
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2.2. Connectedness in Cayley fuzzy graphs induced by loops

Theorem 2.2.3. G = CayF(V,v) is semi-connected if and only if

supp((v) V (v)e) =V — {1}.

Proof. First assume that G is semi-connected. Let z € V —{1}. Since G is semi-

connected, there exist a path from x to 1 or a path from 1 to x. Suppose there

exist a path 1,2y, 29,...,2,, 2 from 1 to x. Then, there exist t,ts,...,t,11 €
supp(v) such that zy = 1ty, xe = z1ta,...,x = Tut,1. Then, v = x,t,q =
(Tp_atn)tnir = .. = (.. ((tat2)ts) .. oy, t; € supp(v), i = 1,2,...,n+ 1,

which implies that x € (supp(v)). Or suppose there exist a path z, y1, Y2, . . ., Ym, 1
from = to 1. Then, there exist k; € supp(v) for i = 0,1,...,m such that

Yy = %ko, Yo = y1/€1, ceey 1= ymkm

Then,
1=(..((xko)k1) .. )km
Here, ki € supp(v), for i = 0,1,...,m, since supp(v) is right associative. This

implies 1 = xk, where k = (... ((kok)ES) .. )k, € (supp(v)). Hence z €

(supp(v)),. Therefore, G is semi-connected implies

(supp(v)) U (supp(v))e =V — {1}.

Conversely, assume that (supp(v)) U (supp(v)), = V — {1}. Let z,y € G.
Then y = xz for some z € G. Then, z € (supp(v)) U (supp(v)),.
If z € (supp(v)), 3ti,ta,...,t, € supp(v) such that z = (... ((t1t2)ts) ... )ts.
Clearly 1,ty,t1to, ..., (... ((t1t2)ts)...)t, = z is a path from 1 to z. Then,
xyxty, .., x((o. ((trt2)ts) .. )t,) is a path from z to y. If 2 € (supp(v)), 1 =
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zt for some t € (supp(v)), which implies there exist py,pa,...,pm € supp(v)

such that ¢ = (... (pip2) .. )pm. Then, 1 = zt = 2((...((p1p2)p3) - - . )Pm) =
(z...((pip2)ps) - - )P = .. = (.. ((zp1)Dh) - . )DL, pi € supp(v), since supp(v)
is right associative and p; € supp(v). Let ky = zpy. ko = kiph, ks = kaph, ... kyy =
km—1pl,. Then, k,, = kn_1p,, = ... = (...((zp1)ph)...)p,, = 1. Clearly,
2z, k1, ko, ...,k = 11is a path from z to 1. Then, xz, 2k, zks,... ,xk,, = @
is a path from y to . Thus, for any x,y € V there exist a path from x to y or
a path from y to x, which implies that G is semi-connected. This completes the

proof. O

Theorem 2.2.4. G = CayF(V,v) is locally connected if and only if supp{v) =
Supp(v)e.

Proof. First suppose that G is locally connected. Let x € (supp(v)). Then, there
exist x1, %9, ...,x, € supp(v) such that x = (...((z122)z3) ...)z,. Therefore
1L,zq, 2129, ..., (... ((z122)x3) . . .)z, is a path from 1 to z. Then, since G is locally
connected, there exist a path from x to 1. Let z, 21, 22, ..., 2,_1 be a path from x
to 1 which implies there exist ay, as, ..., a, € supp(v) such that z; = za;, 2o =
2009, oy Zno1 = Zn—2Gn-1, 1 = Zy_1a,. Then, 1 = 2z, 1a, = (zp_2a,_1)a, =
.= (... ((xay)az) ...)an. Then, we have, 1 = (... (x(a1d}))...)a, = ... =
z(...((arah)ahy) .. .)al, a, € supp(v). That is, 1 = xt, t € (supp(v)), implies

x € (supp(v))e. Thus,
(supp(v)) S (supp(v))e. (2.5)

Let 2, € (supp(v));, which implies there exist an x € (supp(v)) such that
1 = xpx. Then, 1,21, 129, ..., (... ((x122)23) . . )2y, is & path from 1 to z. Thus,

since G is locally connected, there exist a path from x to 1. We have,
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= (... ((zez1)2y) .. .)xr —m' z1 € supp(v),

and here z; € supp(v), i = 1,2,...,m, since supp(v) is right associative. Now,
let t; = xpxy, to = t1ahy, ..., 1 =t = ty,q2). Then, zy,ty,to,. .. tp1,tm =1
is a path from x, to 1. This implies that there exist a path from 1 to xy, since G
is locally connected. Let 1, kq, ko, ..., k. = xy, be a path from 1 to x,. Then, there
exist p; € supp(v), i = 1,2,... rsuchthat ky = L.py, ko = kypa, ..., kr = ke1py.
Thus, z, = k. = k,—1pr = (kr—opr—1)pr = ... = (... ((p1p2)ps) - . .)pr, which
implies that x, € (supp(v)). Hence,

(supp(v))e € (supp(v)). (2.6)

Therefore, from equations (6) and (7) we get (supp(v)) = (supp(v)),. That is
supp(v) = supp(v)s.

Conversely, suppose supp(v) = supp(v)e. Let z,y € V and there exist a

path from x to y say z,xy,29,...,2,_1,y. Then, there exist a; € supp(v) for
1=1,2,...,n such that x1 = zay, ro = r109,...,0p_1 = Tp_20n_1, Y = Tp_10p.
Thus, y = xp_ 16, = (Tpoay_1a, = ... = (...((xay)ag)...)a,. Therefore,

y = z((...((ardy)a}) .. .)al), where a; € supp(v), since supp(v) is right asso-

ciative, which implies y/x € (supp(v)). Then, z/y € (supp(v)),. Now, since
k= a/y € (supp(v))e and (supp(v)) = (supp(v))e, k = x/y € (supp(v)).
Then, there exist ki, ko, ..., k, € supp(v) such that k = (... ((kik2)ks)...)kp.
Clearly, 1, ki, kika, ..., (... ((kik2)ks)...)k, = k is a path from 1 to k. Then,
v, yk1, y(kika), ..., y((... ((k1k2)ks) .. .)k,) = yk = x is a path from y to x. Hence
G is locally connected. This completes the proof. ]

Theorem 2.2.5. Let V' be a finite loop then, G = CayF(V,v) is quasi-connected

if and only if it is connected.

Proof. Every connected graphs are quasi-connected. Therefore, if GG is connected
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then G is quasi-connected. Now, suppose that G is quasi-connected. Note that G
is finite. Since we have a result stating a finite digraph has a source if and only if
it is quasi-connected, G has a source, say z. Then for any x € V with x # z, there
is a directed path from z to x. Let z, 21, 29, ..., z,, © be a path from z to x. Then,
there exist k; € supp(v) for i = 0,1,...n such that 2y = zk,, 20 = z1k1, ..., 2, =
Zn—1kn—1, * = zyk,. Then, = = (... ((zko)k1) .. )k, = (... (2(kok))) .. )k, =
oo =2((. .. (koK) ... )k.). Here, k} € supp(v), for i = 0,1,...,n, since supp(v)
is right associative. Therefore, z/z = (... (kok})...)k!) € (supp(v)). Thus it
is clear that z/z € (supp(v)) = supp(v) for every x € V with x # 2. Hence
supp(v) 2 V — {1}. Hence, by Theorem 2.2.1] G is connected. O

2.3 Strength of connectedness in Cayley fuzzy
graphs induced by loops

Definition 2.3.1. Let P = (xo, 21, ...,x,) be a path in a fuzzy graph G = (V, p).
Then the strength of the path P in CayF(V,v), denoted strength(P), is defined

as
strength(P) = /i?p(:vi_l,:ri).

Definition 2.3.2. Let G = (V,p) be a fuzzy graph and let a € (0,1]. Then
CayF(V,v) is said to be: (i) a-connected if for every pair of vertices z,y € G,
there is a path P from x toy such that strength(P) > «, (ii) weakly a-connected
if the fuzzy graph (V, FRV FR™') is a-connected, (i1i) semi a-connected if for
every x,y € V, there is a path of strength greater than or equal to o from x
toy or from y to x in CayF(V,v) (iv) locally a-connected if for every pair of
vertices x and y, there is a path P of strength greater than or equal to o from x
to y whenever there is a path P’ of strength greater than or equal to « from y to

x, (v) quasi a-connected if for every pair x,y € V, there is some z € V' such
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that there is a directed path from z to x of strength greater than or equal to «

and there is a directed path from z to y of strength greater than or equal to «.

Observe that if o, 5 € (0,1], @ < f and CayF(V,v) is S-connected, then
CayF(V,v) is also a-connected. Thus, a finite graph CayF(V,v) is connected
if it is a-connected for some o € (0,1]. But for infinite fuzzy graphs, this is
not true. For example, consider the graph G = (N, R), where R(m,n) = 1/n if
n—m=1, R(m,n)=1if m =n and R(m,n) = 0 otherwise and N is the set of
all natural numbers. Then CayF(V,v) is not a-connected for any a € (0, 1] but
it is connected. A fuzzy graph G = (V| R) is said to be a-complete if R(z,y) > «
for all x,y € V. Observe that any complete fuzzy graph is a-complete for all
a € [0,1].

Definition 2.3.3. Let G = (V, p) be a fuzzy graph and let x,y € V. Let Pg(x,y)
denote the set of all paths in CayF(V,v) from x to y. Then the strength of
connectedness between x and y, denoted CON Ng(x,y), is defined as

CONNg(x,y) = PGP\G/(I y)strength(P).

We define the strength connectivity of CayF(V,v) as

SC(G)= A CONNg(x,y).

z,yeV

2.3.1 Different types of a-connectedness in Cayley fuzzy
graphs

In this subsection, we prove the following theorems based on different types

of a-connectedness.

Theorem 2.3.4. CayF (V,v) is a-connected if and only if (V) 2V — {1}.

Proof. Suppose G is « - connected and let x € V — {1}. Since G is «a -

connected, there exist a path P from 1 to z, say, 1,x1,29,...,2, = x. with
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strength(P) > « . This implies that, there exist t1,ts,...,t, € (V) such that
r=1x, =Ty 1ln, Tn_1 = Tp_otn_1,..., 1 = 1t;. Therefore, r = x,, = x,,_1t,, =
(Tp—otn_1)tn = ... = (... ((t1t2)ts) .. )tn, t; € (Va), i = 1,2,...,n, which implies
that € (v,). Therefore, V — {1} C (v,) = (V)a-

Conversely, let V — {1} C (v),. Let x,y be two distinct elements in V. Then,
there exist z # 1 € V such that y = xzz. Since z # 1, z € V — {1} C (V) =

(Vo). Then, there exist z1, 22, ...,2m € (Vo) such that z = z29... 2,,. Clearly,
1,21,2z129, .., (... ((2122)23) . . .) 2 = 2 is a path from 1 to z with strength greater
than «. Then x,x21,2(2122), 2((2122)23), .-, 2((- .. ((2122)23) .. )zm) = 22 =

y is a path from = to y, with strength greater than «. Therefore, G is « -

connected. H

Theorem 2.3.5. CayF(V,v) is weakly a-connected if and only if
(VV e 2V —{1}.

Proof. Suppose that CayF(V,v) is weakly a- connected. Then the fuzzy graph
(V, FRVFR™) is a-connected. Hence by theorem[2.3.4 (vviy), 2 V—{1}. O

Theorem 2.3.6. CayF(V,v) is semi a-connected if and only if
()aU@)ae 2V —{1}.

Proof. CayF(V,v) is semi a-connected if for every z,y € V| there is a path of
strength greater than or equal to o from z to y or from y to = in CayF(V,v).
The definition of semi « - connectedness together with the theorem [2.3.4] makes

it clear that CayF(V,v) is semi a-connected if and only if
(Vo UW)ar 2V —{1}.

[
Theorem 2.3.7. CayF (V,v) is locally a-connected if and only if (V)o = (V) ae.
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Proof. CayF(V,v) is locally a-connected if and only if (V, F'R,,) is locally con-
nected. That is if and only if (v,) = (Vae), that is if and only if (1), = (V)ae. U

Theorem 2.3.8. If CayF(V,v) is finite then it is quasi a-connected if and only

if it is a- connected.

Proof. The proof is similar to that of Theorem [2.3.7 [

Theorem 2.3.9. Let x and y be any two wvertices of the Cayley fuzzy graph
CayF(V,v). Then CONNg(z,y) = (v)(y/x).

Proof. Let a € (0,1]. Suppose that CONNg(z,y) = «. Then for any € >
0, there exist a path, say P = (x,21,29,...,2,,y) from x to y such that

strength(P) > a — e. This implies that
FR(zi_1,z;) >a—¢€ foralli=1,2,...,n+1,

where ©, = x, x,41 = y. This implies that v(x;/x;—1) > a — € for all i =
1,2,...,n+ 1. Let o; = x;_1t;. Therefore, v(z;/x;_1) = v(t;) > a — €. That is,
Ty = Toly, To = X1to, ..., Tp = Tp_1ln, Tpi1 = Tplni1, Which gives, y =z, =
Tptns1 = (Tpo1tn)tngr .. = (o ((@otr)le) oo Nty = (o (@o(tath)) .. V... =
vl () - )

Thus, y/z = (... ((tity)t5) .. )t 1. Since v is a scaled fuzzy subset of V', v(t;)
v(t;). Therefore, v(t;/) > o —e >0, for i = 1,2,...,n+ 1. Thus, (v)(y/z) >

v(t) Av(ty) A ... Av(th ) > o — e Since € is arbitrary,

(v)(y/x) > a = CONNg(z,y). (2.7)

Now, since y/x =€ V| by Lemma [2.1.22] there exist z1, 22, ..., 2, € V such
that y/z = (... (2122) .. .)zm and (V) (y/x) = v(z1) Av(z2) A...Av(zy). Consider
the sequence, yo = x, y1 = x21, y3 = (v21)22, .., Ym = (.. ((z21)22) .. ) 2.

Then, /\_"fFR(yi_l, yi) = v(z1) Av(ze) Ao Av(2m) = (V) (y/z) # 0. This implies
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that P’ = (Yo, Y1, - - -,Ym) is a path from z to y. Note that

CONNg(z,y) = VvV strength(P) > strength(P') = (v)(y/x). (2.8)
PePg(z,y)
Therefore, and gives CON Ng(z,y) = (v)(y/x). O

Theorem 2.3.10. CayF(V,v) is a-complete if and only if v, 2V — {1}.

Proof. Suppose that CayF(V,v) is a-complete. Then, for every x,y € V with
r # vy, FR(z,y) > «. In particular, v(z) = FR(1,x) > « for all  # 1. This
implies that x € v, for all x # 1. Therefore, since x is arbitrary, v, 2 V — {1}.

Conversely, suppose that v, 2 V — {1}. Then, for each distinct =,y €
V, y/x € V. This implies that y/x € v, for x # y. That is, FR(z,y) =
v(y/z) > a for all x # y. Hence, CayF(V,v) is a-complete. O

Theorem 2.3.11. If SC(G) = a, then (v)o 2 V — {1}, that is,

(V)sc 2V — {1}

Proof. Assume that o # 0. From the definition of SC(G), it is obvious that
CONNg(x,y) > « for all z,y € V. In particular, CONNg(1,2) > « for all
x € V. This implies that there exists a path, say P from 1 to x such that
strength(P) > «. Then it can be easily verified that for = # 1, (v)(z) > a.
This implies that = € (v), for all but = 1. Consequently, (v), 2V —{1}. O

Theorem 2.3.12. For any Cayley fuzzy graph G(V, R) induced by loop,

SC(G)= A {a:(v)ag TV}

a€l0,1]

Proof. Let o € [0,1]. If (v), 2 V, then there exist z,y € V such that every
path from z to y has strength less than «. This implies that CON Ng(z,y) < .
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Consequently, SC(G) < a. Hence

IN

SC(G) A {a: (V) #V}.

a€l0,1]

Suppose that there is a § such that SC(G) < < A {a: (V)s # V}. This

a€0,1]
implies that (v)g =V,

(VY(x) > B forall z €V, (2.9)

Let x and y be two elements in V. Then, by equation ({2.9)), we have (v)(y/x) > 5.
This implies that there exists a path from x to y of strength greater than or equal
to 8. That is, CONNg(z,y) > ( for all z,y € V. In other words, SC(G) > £.

This contradiction completes the proof. O

Theorem 2.3.13. If v is a sub-loop and «, 5 € [0,1] such that CayF(V,v) is
a-complete and not B-complete, then either o < SC(G) < [ ora < SC(G) < 5.

Proof. Since CayF (V,v) is a-complete and not S-complete, it is clear that o < 5.
Now v is a sub-loop implies that v = (v). Then, by Theorem [2.3.12]

SC@) = A i), SV —{1}

= A : cCVv-1{1
A ev—{y

= A {v:Gisnoty— complete}.
v€[0,1]

Thus, since CayF(V,v) is not S-complete, we have SC(G) < . Also, note
that since CayF(V,v) is a-complete, CON Ng(x,y) > « for all z,y € V. Hence
SC(G) > a.

From these arguments, it is clear that either o < SC(G) < fora < SC(G) <
B. This completes the proof. O]
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Chapter 3

Cayley Bipolar Fuzzy Graphs

Induced by Loops

In this chapter, we define Cayley bipolar fuzzy graphs induced by loops and study
its properties in terms of algebraic properties. First section is about basic defi-
nitions and some basic results. The second and third sections discuss about the
connectedness in Cayley bipolar fuzzy graphs induced by loops Contents of this
chapter is published in Global Journal of Pure and Applied Mathematics [21).

3.1 Cayley bipolar fuzzy graphs

In [24] N. O. Alshehri and M. Akram introduced Cayley bipolar fuzzy graphs

induced by groups and discussed its properties in terms of algebraic properties.

In this section we introduce a class of Cayley Bipolar Fuzzy graphs induced

by Loops and discuss some of its basic properties.

Definition 3.1.1. Let (V,*) be a loop and let A = (ufi, uY) be a bipolar fuzzy
subset of V satisfying the condition, pX(y/z) = ph(ay/azx) and pf(y/z) =
Y (ay/ax), for all a,xz,y € V, where y/x denote the solution of y = xt in
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3.1. Cayley bipolar fuzzy graphs

V. Then this bipolar fuzzy subset of V is called scaled bipolar fuzzy subset of the
loop (V).

Definition 3.1.2. Let (V) be a loop and let A = (uk, u¥) be a scaled bipolar
fuzzy subset of V. Define a bipolar fuzzy relation R = (pg,,u%) by R(x,y) =
{(uh(y/2), 1 (y/x)) , ¥ 2,y € VY. That is, pp(x,y) = ph(y/x) and py(r,y) =
uN(y/x). Then G = (V,R) is called the Cayley bipolar fuzzy graph induced by
the loop (V,*) and is denoted by CayFg(V, A).

Definition 3.1.3. Let (V,*) be a loop and let o € [0,1]. For any bipolar fuzzy
subset A = (pli, pX) of V, {z : pfi(x) > a, and pf (z) < a} is called a-cut of A
and {z : pf(x) > o, and p¥ (x) < a} is called strong a-cut of A and are denoted

respectively by A, and A}.

Theorem 3.1.4. CayFg(V, A) is vertex transitive.

Proof. Let a,b € V and b = z,a, z, € V. Define ¥ : V — V by ¥(x) = z.x.
Clearly, V¥ is a bijective map. For each z,y € V,

U(z), U(y)), g (¥(z), U(y)))
(2o, 201))

, 1 (20y/20))
y/x), ) (y/))

—~ o~ o~ o~
N
o
<
~
N
(e}
8
~
=

Therefore, R(V(x),¥(y)) = R(z,y). Hence V¥ is an automorphism on CayFg(V, A).
Also ¥(a) = b. Hence CayFp(V, A) is vertex transitive. O

Theorem 3.1.5. CayFg(V, A) is regular.

Proof. Every vertex transitive bipolar fuzzy graphs are regular and CayFg(V, A)

is vertex transitive. Hence CayFp(V, A) is regular. O
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3.1.1 Basic Results

Theorem 3.1.6. CayFg(V, A) is reflexive if and only if

pa(l) =1 and py (1) = 1.

Proof. R isreflexive if and only if R(x,z) = (1,—1) forallz € V. Now, R(z,z) =

(i (z/z), pl (x/2)) = (pi(1), Y (1)) . Therefore, R is reflexive implies /(1)
1 and pfY (1) = —1. Hence R is reflexive if and only if /(1) = 1 and pf (1)
—1.

O

Theorem 3.1.7. CayFg(V, A) is symmetric if and only if

(i (), 1 (2 ) = (Wa(1/2), ph (1/x)), for all z € V.

Proof. Suppose that CayFp(V, A) is symmetric. Then for any z € V|

(h (@), pi () = (uh(@?/2), pl} (a? /)
= R(z,2?)
= R(z% x)

= (ph(1/x), pi (1/x)).

Conversely, suppose that (pf(z), 1 () = (15(1/z), 1 (1/2)) for allz € V.
Then,

R(z,y) = (ui(y/x), 1wy (y/2))
= (ui(at/x), py (at/x))
= (a(t), 13 (1))

= (i (1/), i (1/1))

= (uh(a/xt), pj (x/xt))
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= (uh(x/y), py (z/y))
= R(y,x).

Hence CayFp(V, A) is symmetric. O
Theorem 3.1.8. CayFg(V,A) is antisymmetric if and only if
{z: (Wh(2), 1 (@) = (is(1/2), i (1/2)) } = {1}.

Proof. First, assume that R is antisymmetric.

Let o € {a: (u5(e), 1} (@) = (uh(1/w), 1 (1/2))}. Then ufla) = ufi(1/2)
and pf (z) = pY (1/z). Therefore, R(1,z) = R(z, 1) which implies = 1. Hence,

{2 (ph(x), 1y () = (ph(1/2), piy (1/2))} = {1}.

Conversely, let {z : (p!i(z), p (z)) = (p4(1/z), Y (1/z))} = {1}. Then,

R(z,y) = ) & (ka(y/z), pi (y/x)) = (wa(@/y), wi (2/y))
< (ph( xt/x ph (wt)z)) = (ph(z/zt), pl (z/2t)) , t =y/x
& (WM. 15(0) = (/0. WY /)
St=1
Sy ==z
Therefore, R is antisymmetric. Hence the proof. O

Definition 3.1.9. Let (V,x) be a loop. Let A = (uk, u¥) be a bipolar fuzzy
subset of V.. Then A is said to be a bipolar fuzzy sub quasigroup of V' if for all

v,y €V, pi(zy) > pi(@) A pi(y) and p (zy) < pl (@) V i (y).

Theorem 3.1.10. CayFg(V, A) is transitive if and only if A is a bipolar fuzzy
sub quasigroup of V.

Proof. Suppose R is transitive and let z,y € V. Then R? < R. That is ugz < ph
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and ugg > ,ug .

Now,
ph () A pdi(y) < V{pk () A pdi(zy/z) -2 € VY
V(L) A (o) 2 € V)
= ppe (1, zy)
< pp(1, zy)
=y (zy)
and

it () Vi (y) > Ml (2) V it (wy/2) 2 2 € V)
= Mpg(L,2) Apg(z,ay) 2 €V}
= ppe(1,2y)
> pg(1,2y)

= ) (zy).

Therefore, p)(zy) > ply () A pli(y) and p (zy) < p () Vv pi (y). Hence Ais a

bipolar fuzzy sub quasigroup of (V, x).

Conversely, suppose that A is a bipolar fuzzy sub quasigroup of (V,x). For
x,y € V, choose an arbitrary z € V. Then there exist some t,t,,t; € V such
that y = «t, 2 = xt,,y = zt;. Then,

y/x)
(to)t1 /)
tot))

pr(,y) = wh(
(
(
(to) A ()
(
(

v

2/@) A g (bt /o)

P
A
P
A
P
A
P
A
P
A
4(z/2) A (o)t fato)

i
"
W
Ju
W
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= ph(z/z) A i (y/2).

Therefore, ukb(x,y) > uh(z/x) A pk(y/z2), for any z € V. That is,

pr(e,y) > V{ph(z/2) A pi(y/z) - 2 € V}
= V{pg(z.z) A pp(zy) 2 €V}

= :ug2(x?y)'

Therefore, phy(z,y) < ph(z,y). Similarly, phe(z,y) > i (z,y). Hence R =

(ph, u¥) is transitive. O

Theorem 3.1.11. R is a partial order if and only if A = (uk, uY) is a bipolar
fuzzy sub quasigroup of (V,*) satisfying:

(i) pa(1) =1 and pi(1) = —1,
(i1) { + (ua (@), pia (2)) = (g (1/w), 3 (1/2)) } = {1}.

Theorem 3.1.12. R is a linear order if and only if (uk, u¥) is a bipolar fuzzy

sub quasigroup of (V, %) satisfying:

(i) pa(1) =1 and pi(1) = —1,
(i1) {z: (i), pi (2)) = (pa(1/2), i (1/2)) } = {1}, and
(i1d) {2+ pj(x) V pix(1/@) > 0, pi(z) Apy(1/z) <0} = V.

Proof. First, suppose that R is a linear order. Then the conditions (i) and
(ii) are satisfied and (uf, YY) is a bipolar fuzzy sub quasigroup of (V). For
zeV, (phVph)(1,z) > 0and (uf Apk-,)(1,z) <0, which implies, ph(1, z)V
ph(z,1) > 0, and pl(1,2) A p(x,1) < 0. Then pf(z) vV pf(1/z) > 0 and
W () A (1) < 0. That is o € {x : j5(2) v pb(1/2) > 0, (@) Al (1)) <

0}. Hence, condition (#i) is satisfied.

Conversely, suppose that the conditions (i), (i), (4i7) hold and (u%, pulY) is a
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bipolar fuzzy sub quasigroup of (V,*). Then, (uf, ) is a bipolar fuzzy sub
quasigroup and the conditions (i) and (i7) together implies that R is a partial
order. For z,y € V, t = y/x € V. Then by assumption (ii7), pk(t)V pk(1/t) >
0 and plY(t) A Y (1/t) < 0. But we have, pk(1/t) = pli(x/xt) = uf(z/y).
Therefore, p%(y/x) = ph(z/y) > 0 and p (y/z) A ph (z/y) < 0, which implies,
p(@,y)Vig(y, ©) > 0 and pg (2, y) Apg (y, ) < 0. Thatis, (upVf-)(2,y) > 0
and (uy A p-,)(z,y) < 0. Thus, R is a linear order.

Hence the proof. n

Theorem 3.1.13. R is an equivalence relation if and only if (%, uy) is a bipolar

fuzzy sub quasigroup of (V,*) satisfying:

(i) pl(1) =1, pi(1) = —1, and
(i) (i (), i (2)) = (s (1/2), 3 (1/)) for all z € V.

Theorem 3.1.14. CayFp(V, A) is a Hasse diagram if and only if it is connected
and for any collection x1,xs,...,x, of vertices in V with n > 2 and p%(z;) >
0, pu(x;) < 0, fori = 1,2,....,n we have, pk ((++- (z122)-+)z,) = 0 and
i (o (zam2) - - )ag) = 0.

Proof. Suppose CayFp(V, A) is a Hasse diagram and let zy,xs,..., 2, be ver-
tices in V with n > 2 and pf(x;) > 0, pulY(z;) <0, for i = 1,2,...,n. Then
R((-- (z1@9) -+ )wima) = (uh (), pY (x:)) , implies

1,21, 2129, ..., ( .. (x1$2) .. )xn

is a path from 1 to (---(z122)---)x,. Since CayFgp(V,A) is a Hasse diagram,
we have, R (1, (- -+ (zy22) -+ - )x,) = 0. Therefore, pl; ((-- - (z123) -+ )z,) = 0 and
pa (o (1a2) -+ )ag) = 0.

Conversely, suppose that CayFp(V, A) is connected and for any collection

T1,Ta, ..., T, of vertices in V with n > 2 and pu%(z;) > 0, pf(z;) <0, for i =
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1,2,...,n we have, ul; ((++- (z123) -+ )z,) = 0 and pf ((--- (z122) -+ )x,) = 0.
Let (o, x1,...,x,) be a path in CayFp(V, A) from x, to x,, with n > 2. Then,
ph(z;) > 0and pf (z;) <O0fori=1,2,...,n. Let x; = 2oty, o = T1ty, ..., Ty =
Tp_1tn. Then, ph(t;) = ph(xi/rim1) >0 fori=1,2,...,n.

We have, z, = z,_1t, = ... = (- ((wot1)t2) - )ty = (- (@o(tath) ) tn =
(e () ).

Therefore, puh (o, ) = pki (2, /x0) = Pl ((- -+ ((E1th)th) - - - )t),). We have, p{(t1) >
0 and pi(ty) = pis(tity/t) = pi(zo(tity)/zots) = pli((weti)ta/aots) = pi(ta) >
0.

In general, pf{(t)) = ph(t;) > 0 for i = 2,3,...,n. Therefore, since t,t; €
Vii=23,....,n,n > 2and ph(t) > 0,ul(t) > 0, for i = 2,3,...,n, we
have, b (o, z,) = ph((-+- ((tith)ts) -+ )t,) = 0. Similarly, we can prove that
N (2o, ) = p ((- -+ ((tith)ty) - - - )t,) = 0, both together gives R(z.,x,) = 0.
Hence CayFp(V, A) is a Hasse diagram. ]

Definition 3.1.15. Let (V, %) be a loop and let A = (u%, i) be a bipolar fuzzy
subset induced by V. Then the sub-loop generated by A is the meeting of all
bipolar fuzzy sub-loops of V' which contains A. It is denoted by (A).

Theorem 3.1.16. Let (V, *) be a loop and A = (uk;, p) be a bipolar fuzzy subset
of V. Then the fuzzy subset (A) is precisely given by (uf)(z) = V{u4(x1) A
phi(xo) Ao A ph(zn) + 2= (- ((x122)3) -+ )T with a finite positive integer
n, x; €V and pf(z;) >0 fori=1,2,...,n}, () (x) = A{pY (z1) V pul (z2) V
oV () rx = (- ((mw2)3) - - - ), with a finite positive integer n, x; € V

and p¥ (x;) >0 fori=1,2,...,n} for anyxz €V.

Proof. Let A" = (1, u") be the bipolar fuzzy subset of V defined by u (z) =
V{pd (z Apk () A Apk(z,) s 2 = (- ((x129)23) - - - ), With a finite positive
integer n, z; € V and ph(x;) > 0 for i = 1,2,...,n}, u (z) = A{p(z1) Vv
N (o) VooV N () t 2 = (- ((z122)23) - -+ )T, With a finite positive integer
n, r; € V and p(z;) > 0 for i = 1,2,...,n} forany x € V. If y € V, by
definition of pf and ph', it is clear that pf (y) > ph(y) and p (y) < uf (y).
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3.2. Connectedness in Cayley bipolar fuzzy graphs induced by loops

Thus, we have py < pff and @Y > Y. Let 2,y € V. If pki(z) = 0 or pf;(y) =0,
py(@) A ply(y) = 0 and if pff (x) = 0 or pi(y) = 0, pfy (x) V pif (y) = 0. Then,
pht (zy) > phi(2) A pfi(y) and @Y (zy) < pl (@) A pd) (y). Again, if pff(2) # 0 and
ph(y) # 0, then by definition of 4, we have p4 (zy) > pf(z) A ph(y) and if
gy () # 0 and 1Y (y) # 0, by definition of Y, we have Y (zy) < plY () ApY (y).
Hence A’ is a bipolar fuzzy sub-loop of V' containing A.

Now let L be any fuzzy sub-loop of V' containing A. Then, for any x € V with
r= (- ((x122)23) - - - )1, With a finite positive integer n, x; € V and pk(x;) >
0, p (z;) <O0fori=1,2,...,n,wehave uf (x) > pf (x)Apl () A Apk (x,) >

gy (@n) Ay (o) A A MA(%) and pff (x) < pg(z1) V pg (29) VooV g () <

N () VY () VeVl (z,) , which implies that pf (z) > v{puk (21) Apk (22) A
Al () T ( : ((wlxg)xg) -+ )x,with a finite positive integer n, x; € Vand
phi(x;) >0 for i = —ooontand g () < ALl () Vol (2e) V-V ol ()
x=(-- ((:1:1:1:2)353) . )xn with a finite positive integer n, x; € V and pf (z;) > 0
for i =1,2,...,n} for any x € V. Therefore, pt(x) > pk (z) and pf (z) < pl’
for all z € V. That is, (uf)(z) = V{pl(x1) A pli(xa) Ao A phi(z,) @z =
(- ((x129)x3) - - - )1, With a finite positive integer n, z; € V and u4(x;) > 0
for i = 1,2,...,n} and (u)(z) = A{pd (z1) vV i (z2) V-V i (2,) @ @ =
(- ((z1m2)3) - - - ), With a finite positive integer n, x; € V and ¥ (z;) > 0 for
i=1,2,...,n} forany x € V. Thus, A" = (uf, u') = ((uf, u)) = (A). Hence
the proof. O

3.2 Connectedness in Cayley bipolar fuzzy graphs
induced by loops

Theorem 3.2.1. Let (V,*) be a loop and A = (X, ulY) be a bipolar fuzzy subset
of V.. Then, for any a € [—1,1],
(hia)s D) = ((h)as (1X)a) and (ko) (W 2)) = ((h)d (uh)d), where
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Chapter I

Cayley Intuitionistic Fuzzy

Graphs Induced by Loops

In this chapter we introduce Cayley intuitionistic fuzzy graphs induced by
loops and study some of its properties in terms of algebraic properties. We also
discuss connectedness and a-connectedness in these graphs. These graphs can be
considered as generalisation of those in [19].Contents of this chapter is published

in Far East Journal of Mathematical Sciences [22].

4.1 Cayley Intuitionistic Fuzzy Graphs Induced
by Loops

Definition 4.1.1. Let (V,x) be a loop and let A = (j1a,v4) be an intuitionistic
fuzzy subset of V' satisfying the condition, pa(y/x) = pa(ay/ax) and va(y/x) =
valay/azx), for all x,y,a € V, where y/x denote the solution of y = xt. Then
this intuitionistic fuzzy subset of V is called scaled intuitionistic fuzzy subset of

the loop (V, %).
45
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4.1. Cayley Intuitionistic Fuzzy Graphs Induced by Loops

Definition 4.1.2. Let (V, %) be a loop and let A = (pa,va) be a scaled intuition-
istic fuzzy subset of V. Let the intuitionistic fuzzy relation R = (ur,vg) on V
be defined by R(z,y) = (ua(y/x),va(y/x)). Then the intuitionistic fuzzy graph
G = (V, R) induced by the triplet (V,*, A) is called the Cayley intuitionistic fuzzy
graph induced by the loop V' and is denoted as CayF(V, A).

Let (V,*) be a loop. Let A = (ua,v4) be an intuitionistic fuzzy subset of

V. Then A is said to be an intuitionistic fuzzy sub quasigroup of V if for all

2,y €V pa(ry) = min(pa(z), paly)) and va(zy) < maz(va(z), vay)).

4.1.1 Basic Results

Theorem 4.1.3. CayF;(V, A) is vertex transitive.

Proof. Let a,b € V and b = z,a, zo € V. Define ¥ : V — V by ¥(z) = z.x.
Clearly, W is a bijective map and it can be easily varified that R(V(z), U(y)) =
R(z,y). Hence ¥ is an automorphism on CayF;(V, A). Also ¥(a) = b. Hence G

is vertex transitive. O

Theorem 4.1.4. [19] Every vertex transitive intuitionistic fuzzy graphs are

reqular.

Remark 4.1.5.

(a) By Theorems[{.1.5, we have, CayF(V, A) is in-regular and out-regular.
(b) Also it can be easily seen that CayF(V, A) is reqular.

Theorem 4.1.6. The intuitionistic fuzzy relation R defined above is :
(1) reflexive if and only if R(1,1) = (1,0),

(11) symmetric if and only if A(x) = (pa(z),v(z)) = (na(l/z),va(l/z) = A(1/z),
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4.1. Cayley Intuitionistic Fuzzy Graphs Induced by Loops

(111) antisymmetric if and only if

{z: (pa(e),va(2)) = (pa(l/z), va(l/z))} = 1,

(v) transitive if and only if A = (ua,va) is an intuitionistic fuzzy subloop of

(V, %).

Theorem 4.1.7. R is a partial order if and only if A = (pua,va) is an intuition-

istic fuzzy subloop of (V,*) satisfying
(1) pa(l) =1 and va(l) =0,

(ii) {x: (pa(r),va(z)) = (na(l/2),va(1/2))} = {1}.

Theorem 4.1.8. R is a linear order if and only if A = (pa,v4) s an intuition-

istic fuzzy subloop of (V,*) satisfying
(1) pa(l) =1 and v4(1) =0,
(ii) {z : (pa(z),va(@)) = (pa(l/z),va(l/z))} = {1},

(iii) R? < R, that is, pr(z,y) > pre(x,y) and vr(z,y) < vee(z,y), for all
r,y eV,

(1) {z:pa(x)Vpa(l/x) > 0,va(x) ANva(l/z) <0} =V.

Theorem 4.1.9. R is an equivalence relation if and only if A = (ua,va) is an

intuitionistic fuzzy subloop of (V. %) satisfying
(1) pa(l) =1 and va(l) =0,

(it) (pa(z),va(@)) = (pa(l/z),va(l/x)) for allz € V.

Definition 4.1.10. Let (V,*) be a loop and let A = (pua,va) be an intuitionistic
fuzzy subset induced by V. Then the sub-loop generated by A is the meeting of
all intuitionistic fuzzy subloops of V' which contains A. It is denoted by (A).
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4.1. Cayley Intuitionistic Fuzzy Graphs Induced by Loops

Theorem 4.1.11. Let (V,*) be a loop and A = (ua,va) be a intuitionistic
fuzzy subset of V.. Then the fuzzy subset (A) is precisely given by (ua)(x) =
V{pa(z)Apa(x) Ao Apalxy,) s x = (... ((z122) 3) .. .) T, with a finite positive
integer n, x; € V oand pa(x;) > 0 fori =1,2,...,n}, (va)(x) = NMva(z,) V
va(ze) V... Vvalz,) : x = (... ((z122)23) .. .)x, With a finite positive integer

n, r; €V and va(x;) >0 fori=1,2,...,n} foranyx € V.

Proof. Let A" = (u/y,v),) be the intuitionistic fuzzy subset of V' defined by
wa(z) = V{palxy A palxe) Ao Apa(x,) » @ = (.. ((x129)23) ... )T, With a
finite positive integer n, z; € V and pa(x;) > 0 for i = 1,2,...,n}, v4(x) =
MNMra(zr) Vva(z) V... Va(z,) = (... ((z122)x3) .. .)z, with a finite pos-
itive integer n, x; € V and va(z;) > 0 for i = 1,2,...,n} for any =z € V.
If y € V, by definition of y/y and v/, it is clear that u/,(y) > pa(y) and
Vi(y) < va(y). Thus, we have pus < p/y and vq > V). Let z,y € V. If
pa(z) = 0or pa(y) = 0, pa(z) A paly) = 0 and if va(z) = 0 or va(y) = 0,
va(z) Vvaly) = 0. Then, py(zy) = pa(@) A pa(y) and viy(zy) < va(z) Aval(y).
Again, if pa(z) # 0 and pa(y) # 0, then by definition of 1y, we have p/,(zy) >
pa(x) A pa(y) and if va(z) # 0 and va(y) # 0, by definition of v/;, we have
Vii(zy) < va(x) Ava(y). Hence A’ is a intuitionistic fuzzy sub-loop of V' con-
taining A. Now let L be any intuitionistic fuzzy sub-loop of V containing A.
Then, for any = € V with = = (... ((x1x2)x3)...)x, with a finite positive in-
teger n, z; € V and pa(z;) > 0, va(z;) < 0 for ¢ = 1,2,...,n, we have
un(x) > ) A (@) A Az () > pale)Aua(E)A. . Apa(z,) and vy (z) <
vi(x) Vp(ae) V... Vup(z,) < va(xy) Vva(zs) V...V wva(z,) , which implies
that pur(z) > V{ua(x) Apalza) Ao Apa(zy,) cx = (.. ((z122)23) .. .) 2, with
a finite positive integer n, x; € Vand pa(z;) > 0 for i = 1,2,...,n} and
va(x) < Mwa(zy) Vva(ze) V... Vva(e,) :z = (.. ((x1m)x3) .. )z, with a
finite positive integer n, x; € V and va(x;) > 0 for i« = 1,2,...,n} for any
x € V. Therefore, pr(z) > p/s(x) and vi(z) < v/ for all z € V. That is,
(pa)(z) = V{palx1) A palxe) Ao Apale,) » o = (.. ((x129)23) . . )2, With
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4.2. Connectedness in Cayley Intuitionistic Fuzzy Graphs Induced by Loops

a finite positive integer n, x; € V and pa(x;) > 0 for i = 1,2,...,n} and
(va)(x) = NMva(xr) Vvalze) V... Voa(z,) = (... ((z122)23) .. )2, With a
finite positive integer n, x; € V and va(x;) > 0fori =1,2,... ,n} foranyz € V.
Thus, A" = (¢4, V) = ((pa,va)) = (A). Hence the proof. O

4.2 Connectedness in Cayley Intuitionistic Fuzzy

Graphs Induced by Loops

Theorem 4.2.1. Let (V%) be a loop and A = (pua,va) be an intuitionistic fuzzy
subset of V. Then, for any a € [0, 1],

((Haa), Waa)) = ((Ba)a, (Va)a) and ((pay), (vag)) = ((pa)a, (va)a), where
((ftan)s (Van)) and ({ua),(va)) denotes respectively the intuitionistic fuzzy sub-

loop generated by (pa,,Vaa) and (pa,va).

Proof. Observe that

T € ((pag)s (Vaa)) € Fx1, 20, .. .,x in Ay 22 = (.. (T122) .. )Ty
< 3 xe, .., x, in Voo pa(zy) > a,va(z)
<avi=1,2,...,nand z = (... (x122) .. .)xy
& (pa(z)) = o, (va(@)) < «

= (,uA>a,x € <VA>a~
Therefore, ((t1aq); (Vaa)) = ((fa)a; (Va)a)-
Similarly, we can prove that ({(ual), (val)) = ((pa)t, (va)l). O

Remark 4.2.2. Let (V,*) be a loop and A = (%, uY) be an intuitionistic fuzzy
subset of V.. Then by Theorem we have (supp(A)) = supp((A)).

Theorem 4.2.3. CayF(V, A) is connected if and only if supp(A) DV — {1}.

Proof. Suppose CayF;(V, A) is connected. Let x € V—{1}. Since CayF(V, A) is
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connected, there exist a path from 1 to z, say, 1,x1, s, ..., x, = x. This implies
that, there exist tq,ts,...,t, € supp(A) such that r = x, = x,_1t,, T, 1 =
Tpotn_1,...,Ty = x1ty, x1 = 1.t1. Therefore, x = x, = x,,_1t, = (xy_ot,_1)t, =

= (. ((tit)ts) .. Jtn, ti € supp(A), ¢ = 1,2,...,n, which implies that
x € (supp(A)). Therefore, V — {1} C (supp(A)) = supp(A).

Conversely, let V' — {1} C supp(A). Let z,y be two distinct elements in V.
Then, there exist z # 1 € V such that y = xz. Since z # 1, z € V — {1} C
(supp(A)). Then, there exist z1, 29, ..., 2z, € supp(A) such that z = 2129 .. 2.

Clearly, 1,21,2122,...,(...((2122)23) ...)2m = z is a path from 1 to z. Then
xr,x21,2(2122), x((2122)23), - -, 2((- .. ((2122)23) ...) 2m) = xz = y is a path from
x to y. Therefore, CayF(V, A) is connected. O

Theorem 4.2.4. CayF;(V, A) is weakly connected if and only if supp({AVAs)) 2
V — {1} where Ay(zy) = A(z), 1 = x4z,

Proof. Suppose that CayF;(V, A) is weakly connected.
Then CayF;(V, AV Ay) is connected. Thus by Theorem we have V —{1} C
supp({AV Ay)). This completes the proof. O

Theorem 4.2.5. CayF;(V, A) is semi-connected if and only if

(supp(A)) U (supp(A))e 2V — {1}.

Proof. First assume that CayFr(V,A) is semi-connected. Let x € V — {1}.
Since CayF;(V, A) is semi-connected, there exist a path from x to 1 or a path
from 1 to . Suppose there exist a path 1,zq,2s,...,2,,2x from 1 to x. Then,
there exist tq,t9,...,t,41 € supp(A) such that 1 = 1t1, g = x1ts,..., 2 =
Tptnyr. Then, © = z,t, 01 = (Tpatn)tnr = . = (.. ((G1t2)t3) .. a1, ti €
supp(A), i = 1,2,...,n + 1, which implies that = € (supp(A)). Or suppose
there exist a path x,y1,¥s,...,Ym, 1 from = to 1. Then, there exist k; € supp(A)
for ¢ = 0,1,...,m such that y; = zk,, yo = y1k1,..., 1 = ypk,. Then, 1 =
(oo ((zho)kr) o Dhm = (- (x(koky)) o Vb = ... = z((. .. (koK) .. )EL). Here,
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k! € supp(A), for i = 0,1,...,m, since supp(A) is right associative. This implies
1 = xk, where k = (... ((kok})KS) .. )k, € (supp(A)). Hence x € (supp(A))y.
Therefore, CayF;(V, A) is semi-connected implies (supp(A)) U(supp(A))y 2V —
{1}.

Conversely, assume that (supp(A)) U (supp(A)), 2 V — {1}. Let z,y €
CayF(V,A) be two distinct elements. Then y = zz for some z € CayF;(V, A).
Then, z € (supp(A)) U (supp(A)),.

If z € (supp(A)), then there exist tq,ts,...,t, € supp(A) such that z =
(... ((tita)ts) .. )tn. Clearly 1,ty,t1to, ..., (... ((t1t2)ts) .. .)t,, = 2z is a path from
1 to z. Then, z,aty,...,z((...((t1t2)t3)...)t,) is a path from x to y. Or else,
if z € (supp(A))s, 1 = =t for some t € (supp(A)), which implies there exist

P1, P2 - - - s Pm € supp(A) such that t = pips ... pp.
Then,

1==zt
=2((... ((p1p2)p3) - - - )Pm)

= (z...((p1p2)p3) - - )Ph,

= (... ((zp)ps) - - )Prs P
€ supp(A), since supp(A) is right associative and p; € supp(A).

Let k1 = zp1, ko = kiph, ks = kaplh, ..., km = km—10),. Then, k,, = ky,_1p), =
o= (.. ((zp1)phy) .. )P, = 1. Clearly, z,ki,ks,...,ky, = 11is a path from z

to 1. Then, xz,xky, xko,...,zk,, = x is a path from y to x. Thus, for any

x,y € V there exist a path from x to y or a path from y to x, which implies that

CayF(V, A) is semi-connected.

This completes the proof. O
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Theorem 4.2.6. CayF;(V, A) is locally connected if and only if

supp(A) = supp(A),.

Proof. First suppose that CayF(V, A) is locally connected. Let x € (supp(A)).
Then, there exist 1, za, ..., 2, € supp(A) such that v = (... ((z122)x3) .. .)Ty.
Therefore 1, z1, 2129, ..., (... ((z122)x3) .. .)T, is a path from 1 to z. Then, since
G is locally connected, there exist a path from = to 1. Let z, 21, 29,...,2,_1 be

a path from z to 1 which implies there exist aq,as, ..., a, € supp(A) such that

21 = Xay, 29 = 2102, ..., Zn—1 = Zn—20n_1, 1 = Zp_10y.
Then, 1 = z,_1a, = (2n—2an-1)a, = ... = (... ((xay)ag)...)a,. Then, we have,
1=(..(x(a1dy))...)an, = ... = x(...((a1ah)a}) .. .)a,, a, € supp(A). That is,

1 =uat, t € (supp(A)), implies x € (supp(A)),. Thus,

(supp(A)) C (supp(A)). (4.1)

Let z, € (supp(A)),, which implies there exist an = € (supp(A)) such that
1 = xpz. Then, 1,21, 2129,...,(... ((z122)23)...)T, is a path from 1 to z.
Thus, since CayFr(V, A) is locally connected, there exist a path from x to 1. We
have, 1 = zpx = xo((. .. ((x122)x3) .. Jam) = Te((- .. (x1(222h)) .. )am) = ... =
(... ((zez1)xhy) ... )z —m' 21 € supp(A), and here z, € supp(A), i =1,2,...,m,
since supp(A) is right associative. Now, let t; = zpxq, to = t12h, ..., 1 =t,, =
tm—12,,. Then, xp, t1,ta,... ,t;m_1,tm = 1 is a path from x, to 1. This implies
that there exist a path from 1 to x,, since CayF;(V, A) is locally connected. Let
1, k1, ko, ..., k. =z, be a path from 1 to z,. Then, there exist p; € supp(A), i =
1,2,...,r such that ky = 1.py, ko = kypo,..., k. = k._1p,. Thus, x, = k, =
kr_1pr = (kr—opr—1)pr = ... = (... ((p1p2)p3) - ..)pr, which implies that z, €
(supp(A)). Hence,

(supp(A))e C (supp(A)). (4.2)

Therefore, from equations (4.1) and (4.2) we get (supp(A)) = (supp(A)),.
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Conversely, suppose (supp(A)) = (supp(A)),. Let x,y € V and there exist
a path from x to y say x,xq,%,...,2Z,_1,y. Then, there exist a; € supp(A) for
1=1,2,...,n such that 1 = zay, ro = zr109,...,0p_1 = Tp_20p_1, Y = Tp_10p.
Thus, ¥y = zp_16, = (Tp_oan_1a, = ... = (...((xay)ag)...)a,. Therefore,
y = z((... ((ardy)ay) ...)a,), where a; € supp(A), since supp(A) is right asso-
ciative, which implies y/z € (supp(A)). Then, z/y € (supp(A)),. Now, since
k= x/y € (supp(A)), and (supp(A)) = (supp(A))e, k = z/y € (supp(A)).
Then, there exist ki, ko, ..., k, € supp(A) such that k = (... ((kik2)ks)...)kp.
Clearly, 1, k1, kika, ..., (... ((kik2)ks)...)k, = k is a path from 1 to k. Then,
v, yk1, y(kiks), ..., y((... ((k1k2)ks) .. .)k,) = yk = x is a path from y to x. Hence

G’ is locally connected. ]

Theorem 4.2.7. A finite Cayley intuitionistic fuzzy graph CayFr(V, A), where

(V, %) is a finite loop, is quasi-connected if and only if it is connected.

Proof. Every connected graphs are quasi-connected.

Therefore, if CayFr(V,A) is connected then CayF;(V, A) is quasi-connected.
Now, suppose that CayF;(V, A) is quasi-connected. Note that CayF;(V, A) is
finite. Thus, CayF(V, A) has a source, say z. Then for any x € V with z # z,
there is a directed path from z to x. Let z,21,29,...,2,,2 be a path from
z to x. Then, there exist k; € supp(A) for i = 1,2,...,n + 1 such that z; =
zky, 29 = z1koy ..., Zp = Zn_1kn, © = zpkny1. Then, z = (L. ((2k1)k2) .. ka1 =
(... (2(kiky)) .o Dknpr = .o = 2((.. (kaky) .. )k ). Here, ki € supp(A), for
i=1,2,...,n+ 1, since supp(A) is right associative.

Therefore, /2 = (... (k1k3) ... )kl .1) € (supp(A)). Thus it is clear that z/z €
(supp(A)) for every z € V with z # 2. Hence (supp(A)) 2 V — {1}. Hence, by
Theorem [4.2.3| CayF(V, A) is connected. O

93



4.3. Strength of Connectedness in Cayley Intuitionistic Fuzzy Graphs Induced
by Loops

4.3 Strength of Connectedness in Cayley Intu-
itionistic Fuzzy Graphs Induced by Loops

In this subsection, we prove the following theorems based on different types of

a-connectedness. For any « € [—1,1], let A, be the a-cut of A. Then

Ry = (pRro,VR,) = (Han,va,) = {(z,y) e V xV iy/x € A}

Definition 4.3.1. The pg-strength of a path xo,x1,...,x, in CayFr(V,A) is
defined as min(pgr(xi—1,2;)) fori = 1,2,...,n and is denoted as S(ugr). The
vr-strength of this path is defined as max(vg(z;_1,x;)) fori=1,2,...,n and is

denoted as S(vg).

Definition 4.3.2. Strength of a path P" in CayF(V, A), denoted by strength(P")
is defined to be strength(P') = (S(ur), S(vr)) and is said to be greater than or
equal to o if S(ur) > v and S(vg) < a.

Definition 4.3.3. Let G = (V,p) be an intuitionistic fuzzy graph. Then G is
said to be: (i) a-connected if for every pair of vertices x,y € G, there is a path
P from x to y such that strength(P) > «, (ii) weakly a-connected if the fuzzy
graph (V, RV R™') is a-connected, (iii) semi a-connected if for every x,y € V,
there is a path of strength greater than or equal to o from x to y or from y to x
in G and (iv) locally c-connected if for every pair of vertices x and y, there is
a path P of strength greater than or equal to o from x to y whenever there is a
path P’ of strength greater than or equal to o from y to x. (v) quasi a-connected
if for every pair x,y € V, there is some z € V' such that there is a directed path
from z to x of strength greater than or equal to o and there is a directed path
from z toy of strength greater than or equal to . (vi) a-complete if R(x,y) > «
for all z,y e V.

Theorem 4.3.4. G = CayF;(V, A) is

(1) a-connected if and only if (A)q 2V — {1}, where (A)a = ((a)a), (V4)a)-
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(11) weakly a-connected if and only if (AU Ag)e 2V — {1}.
(ii1) semi a-connected if and only if (A)q U (A)qe 2V —{1}.
(iv) locally c-connected if and only if (A)o = (A)as-

(v) is a-complete if and only if A, 2V — {1}.

Theorem 4.3.5. If CayF;(V, A) is finite then it is quasi a-connected if and only

if it is a-connected.
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Chapter 5

Cayley Fuzzy Digraph Structure

Induced by Groups and Loops

In the first section of this chapter we introduced Cayley Fuzzy Digraph Struc-
ture induced by groups and studied the properties of Cayley fuzzy digraph structure
in terms of algebraic properties. Contents of this section is published in Math-
ematical Combinatorics [25]. In second section we introduce a class of Cayley
fuzzy digraph structure induced by loops and we generalise the results and prove
that a bigger class of Cayley fuzzy digraph structure could be induced by loops, a

weaker algebraic structure than a group.

5.1 Basic definitions

Definition 5.1.1. Let V' be a non-empty set and Sy,Ss,...,S, are relations
on V' which are mutually disjoint, then G' = (V,S1,52,..., Sp) is a digraph
structure. In addition, if Si, S, ..., Sk are symmetric and irreflexive, then G' =

(V, 81,52, ...,Sk) is a graph structure [6].
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5.1. Basic definitions

Let G be a group and 57, .9, ..., S, be mutually disjoint subsets of G. Then
the Cayley digraph structure of G with respect to S1,.5,,...,5, is defined as the
graph structure X = (G; Ey, By, ..., E,), where E; = {(z,y) : x 'y € S;} [4].
In case, a digraph structure with only one connection set is the usual Cayley

digraph. So a Cayley digraph structure is a generalization of the Cayley digraph.

Definition 5.1.2. Let G' = (V,51,S5s,...,S5k) be a graph (digraph) structure
and 1, p1, p2,---, Pk be fuzzy subsets of V,S1, Sa, ..., Sk respectively such that
pi(x,y) < pw(x) Auly), foralz,y €V and i =1,2,... k.

Then G = (, p1, p2, - - -, pr) is a fuzzy graph (digraph) structure of G' [29].

Let V' be a non-empty set, u be fuzzy subset of V and Ry, Rs,..., R, be
mutually disjoint fuzzy relations on u. Then G = (pu, R1, Rs, ..., R,) is a fuzzy
digraph structure on V. In case u = xy, where yy is the characteristic function
on V', then the fuzzy digraph structure (u, Ry, Rs, ..., R,) is simply denoted by
G=(V;Ry,Rs,...,R,).

A fuzzy digraph structure G = (V; Ry, Ro, ..., R, is called (i) trivial if R; =0
for all 4, (ii) reflexive if for all € V, R;(x,z) = 1 for some ¢, (iii) symmetric
if R, = R;! for all 4, (iv) transitive if for every i and j, R; A R; < Ry, for
some k, (v) a hasse diagram if for every positive integer m > 2 and for every
X1, Ta, ..., Ty of V with R;(x;,xj41) > 0 for all j = 0,1,2,...,m — 1, implies
Ri(xo,z,,) = 0 for all 4, and (vi) complete if for any x,y € V, R;(x,y) > 0, for
some i = 1,2,...,n. A walk of length k in a digraph structure is an alternating
sequence W = xg, €, X1, . . ., €1, Tg, Where e; = (x;,x,41) and R;(e;) > 0 for
some i. A walk W is called a path if all the vertices are distinct. We use
notation xg, x1, T, ...,z for the walk W. A walk is called a circuit if its first
and last vertices are the same, but no other vertex is repeated. A weak path is a
sequence i, T, ..., I, of distinct vertices of V' such that for j =1,2,...,m—1,
R;V R ' (zj,7;41) > 0 for some i = 1,2,...,n. Distance between to vertices
x and y in G is the length of the shortest path from x to y and is denoted by
d(z,y). Diameter of the fuzzy digraph structure G, denoted by d(G), is defined
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by d(G) = maz, yeqd(x,y). A fuzzy digraph structure G = (V; Ry, Rs, ..., R,,) is
called (i) connected (strongly connected ) if y is connected to x for all z,y € V|
and (ii) weakly connected if any two vertices can be joined by a weak path, that
is, the fuzzy digraph structure G’ = (V; RV Ry, Ry V Ry, ... R, V R;!) is
connected. A weakly connected fuzzy digraph structure G = (V; Ry, Ra, ..., Ry,)

with out any circuits is called a tree.

The present work is a generalisation of the work in |15] in which Madhavan
Namboothiri N.M. et al. introduced a class of Cayley fuzzy graphs induced by

groups.

5.2 Cayley fuzzy digraph structure

Definition 5.2.1. Let V' be a group and vy, vs, ..., v, be mutually disjoint fuzzy
subsets of V. Then Cayley Fuzzy Digraph Structure with respect to vi,vs, ..., Uy
of V is defined as (V; Ry, Ry, ..., R,) where Ri(x,y) = vi(x™'y) and is denoted by
CayFp(Vivi,va,...,v,). The subsets vy, v, ..., v, are called connection fuzzy
subsets of CayFp(Vivy [vs, ..., v,). In case, a Cayley fuzzy digraph structure

with only one connection set is usual Cayley fuzzy graph.

Theorem 5.2.2. G = CayFp(V;vy, v, ...,1,) is vertex-transitive.

Proof. Let a and b be any two arbitrary elements in G.
Define ¢ : V — V by ¢(z) = ba"'z for all z € V. Clearly, ¢ is a bijection onto
itself.

Furthermore, we have, for each z,y € V,
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= Ri(x,y).

Hence the proof. O

Theorem 5.2.3. Cayley fuzzy digraph structures are reqular

Proof. Let G = CayFp(V;v,va,...,1v,) be a Cayley fuzzy digraph structure.
Let u,v € V. Since Cayley fuzzy digraph structures are vertex transitive, there
exist an automorphism say, f on G such that, f(u) = v and R;(f(x), f(y)) =
Ri(z,y) for any x,y € V and i = 1, 2,.

Then the in-degree of w, ind(u ZZR T,u) = ZiRz(f(x)vf(u)) =

rzeVi=1 zeV i=1
n

S Ri(f(a)v) = Y ZR r),0) = » > Ri(y,v) = ind(v). Similarly,

zeVi=1 f(z)evi=1 yeVi=1
we can prove that outd(u) = outd(v). Therefore, G is in-regular and out-regular.

Now to prove that G is regular we Just need to show that ind(1) = outd(1). We

have, ind(1 ZZR z,1) ZZV’ ) ZZVZ ZZRi(LiU) =

zeVi=1 zeVi=1 zeVi=1 zeVi=1
outd(1). Therefore, G is regular. O
Theorem 5.2.4. G = CayFp(V;vi,vs,...,v,) is a trivial graph if and only if
v; =0 for all i.

Proof. By definition, G is trivial if and only if R; = 0 for all 7. This implies that
v; = 0 for all 4. O

Theorem 5.2.5. G = CayFp(V;vi, v, ..., vy,) is reflexive if and only if v;(1) =

1 for some 1.

Proof. Assume that G = CayFp(V;v1,v0,...,1,) is reflexive. Then for every
x €V, Ri(x,z) =1 for some i. This implies that v;(z'z) = 1;(1) = 1 for some
1.

Conversely, let v;(1) = 1 for some i, say ¢ = k. This implies that for each

r €V, Ry(x,x) = vp(z7'z) = v4(1) = 1. That is G is reflexive. O
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5.2. Cayley fuzzy digraph structure

Theorem 5.2.6. G = CayFp(V;vy,vs,...,v,) is symmetric if and only if
vi(z) =vi(x™t) forallz €V, i=1,2,...,n.

Proof. Suppose that G is symmetric. Then for any z € V,

vi(z) = v(z7'2?) = Ri(z,2%) = R Y(x,2%) = Ri(2%,2) = y(a ') =
vi(z™1). Therefore, v;(x) = v;(z71).

Conversely, suppose that v;(z) = v;(x~!) for allz € V. Then for any z,y € V,
Ri(z,y) = vi(z7'y) = vi((z7'y)™") = v;(y'x) = Ri(y,z). This implies that, R

is symmetric. Hence the proof. O]

Theorem 5.2.7. G = CayFp(V;vy,va,...,v,) is transitive if and only if for
every i,5 and for any x,y € V,v;(z) Av;(y) < vg(zy) for some k.

Proof. First assume that G is transitive. That is, for every ¢, j, R; o R; < Ry, for
some k. For z,y € V,

vi(z) Avi(y) < VA{wi(z) Av(e 7 (zy) 2 € V}
— V{Ri(1,2) A Ry(z,2y) < 2 € V)
— Ryo Ry(1,ay)
< Ry(1,zy)

= vi(zy).

That is, v;(x) A vj(y) < vg(xy) for some k.

Now let for any =,y € V and i, j, v;(x) A vj(y) < vi(xy) for some k. Then,

(Ri o Rj)(x,y) = V{Ri(z,2) AN Rj(z,y) : z € V}
=V{v(z7'2) Avj(z7ly) 1 2 €V}
< V{n((@'2) (e y)) 1 2 € V)

= ve(z7'y) = Ri(z,y).
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Thus, R; o R; < Ry, for some k. This completes the proof. O

Theorem 5.2.8. G = CayFp(V;vy, s, ..., 1,) is complete if and only if Uv;, " =
V.

Proof. First assume that G is complete. That is UR;T = V x V. Clearly,
Uyt C V. Now let z € V. Then (1,z) € R;,* for some i. That is, R;(1,z) > 0,
which implies, v;(z) > 0. Thus, z € Uy;,*. Therefore, V' C Uy, ™. That is,
Uy, T = V.

Conversely, assume Uy;, ™ = V. Let (z,y) € VxV. Thenx,y €V = a7y €
V = a2y € Uyt = 271y € vy, T for some 4. Then, v;(z~'y) > 0. That is,
Ri(x,y) > 0 which implies (z,y) € R;,". Hence, V x V C UR;,". Therefore,
UR;T =V x V. This completes the proof. O

Let Ay be the set of all elements z € V of the form z = xyxs... 1, Where

x; € vy for some i =1,2,...,n. Then [J] is defined as [J] = U}_; A.

Let By be the set of all elements y € V' of the form y = y1y» ... yx, where
y; € (i Av;h)§ for some i =1,2,...,n. Then [[¢]] is defined as [[]] = U}_, Bs.

Theorem 5.2.9. G = CayFp(V;vy,vs,...,v,) is connected if and only if V =
[J].

Proof. First assume that G = CayFp(V; v, v, ..., 1,) is connected.

Clearly, [9] € V. Now let x € V. Then there exists a path from 1 to x
say, (1,41,¥2,---,yx = x). Then, for some i, R; (1,y1) > 0, that is, y; € ;.
Also, yj’_llyj € V;;O,for j = 2,3,..., k. This implies that = € A, since, z =

(Ly) (v 'v2) (wa 'ys) - - - (vt yk). Therefore, x € U Ay, = [9]. Hence, V = [¢].

k=1
Conversely, assume that V' = [¢].

Let x,y € V. Then z = z7'y € V, implies, z € [J] = UAk' Then z =

k=1
z129...2x. Then 1,21,2129,...,2122...2; = z is a path from 1 to z. Then
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T, X2, L2122, ...,L2122...2 = vz = y is a path from z to y, implies G is con-

nected. This completes the proof. [

Theorem 5.2.10. G = CayFp(V;vy, v, ..., 1,) is weakly connected if and only
if Vo= [[9]].

Proof. Assume G be weakly connected. Clearly, [[J]] C V. Let x € V. Then
there exist a weak path say, 1,z1,22,...,2, = = from 1 to x. Then, 1z, €
(viy Vg, attas € (v, VS, ook € (v, Vv, )g, which clearly

implies that x € U By = [[9]]. Hence, V € [[9]].

Conversely, assume that V = [[J]]. Let x,y € V, implies z = z7'y € V.
Therefore, z € [[¢)]]. Then there exist elements z; € (v, V I/Z-zl)a_, j=1,2,..k

such that z = z125. .. 2, for some k € {1,2,...,n}.

Then 1, 21, z129,...,2122... 2, = z is a weak path from 1 to z and hence

T, T2, L2122, ..., L2120 ... 2 = ¥z = 3y is a weak path from x to y. Therefore, G
is weakly connected. This completes the proof. O

Theorem 5.2.11. G = CayFp(V;v1,v0,...,v,) is partially ordered if and only
of
(i) vi(1) =1 for some i.
(i1) for every i,j and for any x,y € V,v(z) ANv;(y) < vp(zy) for some k.
(iii) {z :v(z) =v(z™")} = {1} for alli=1,2,... n.
Theorem 5.2.12. G = CayFp(V;v1, v, ...,v,) is quasi-ordered if and only if
(i) vi(1) = 1 for some i.
(1) for every i,j and for any x,y € V,v;(z) Avi(y) < vg(zy) for some k.

Theorem 5.2.13. G = CayFp(V;vi,va,...,1,) is a hasse diagram if and only
if G is connected and vg(r122...2,) = 0, k = 1,2,...,n, for any collection

T1, T, ..., Ty of vertices in V. with m > 2 and v, (x;) >0 for j =1,2,... ,m.
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Proof. Suppose G is a hasse diagram. Since vy (z;) > 0, for j = 1,2,...,m,
(1,1, 2129,...,212T2 ... T,y) is a path from 1 to z1x5...2,. Now since G is a
hasse diagram, Ry (1, z122...x,,) = 0 for all k. Therefore vy (2125 ... 2,,) = 0 for

all k=1,2,...,n.

Conversely suppose, G is connected and vg(x129...2,,) =0, k=1,2,...,n,
for any collection xy,2y,..., 2, of vertices in V' with m > 2 and v;;(2;) > 0
for j =1,2,...,m. Let (zg,x1,...,2,) be a path in G from z; to z,,, m > 2.
Then R;, (xo,z1) > 0, Ry (x1,29) > 0, ..., R; (%m_1,2m) > 0 which implies,
vi, (xtr1) > 0, viy(zy ) > 0, ... v, (x5 2m) > 0. Thus, by assumption,
ve(zg twiry ey . 2t 2m) = vk(2g ' 2m) = 0. Therefore, Ry (2o, 2,,) = 0 for all

k=1,2,...,n. Hence, G is a hasse diagram. This completes the proof. O

Theorem 5.2.14. For k = 1,2,...,n,let A be the set of all products of the
form vy v, .. v, = {xze. . oxy s xy € yz-jaL,j =1,2,...,k}. If Cayley Fuzzy
Digraph Structure of V, G = CayFp(V;vi,va,...,v,) has finite diameter, then

the diameter of G is the least positive integer m such that

¢=J A

AcAp,

Proof. Let m be the least integer such that G = U A.

A€eA,
For any z,y € G, y = xz, for some z € G. Since z € G, z € A for some A € A,,.

Then there exist z1,2,...,2n such that v, F(z;) > 0 for j = 1,2,...,m and
2 = 2129 ...2y. Then x,xz1,x2129,...,02122... 2, = y is a path of length m
from z to y.Then we have d(G) < m.

If possible, let d(G) = d < m. Since d < m, there exist an z in G such that

for any 1, @y, ..., 24 With v, 7 (2;) > 0 for j = 1,2,...,d, x # 2172 .. 74. But
since d(G) = d, there exist a path 1,z1,29,...,24 = x from 1 to . Then
Y1 = T1, Yo = Ty T, Y3 = Ty T3, ..., Yq = T34 are such that = y1y2ys . .. Y

and v, (y;) > Ofor j = 1,2,...,d. Thisis a contradiction. Hence d(G) =m. [
Definition 5.2.15. Let (S, ) be a semigroup. Let A be a fuzzy subset of S. Then
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A is said to be fuzzy sub-semigroup of S if for all a,b € S, A(ab) > A(a) N A(b)
[13].

Definition 5.2.16. Let (S, ) be a semigroup and let vy, va, ..., v, be mutually
disjoint fuzzy subsets of S. The fuzzy sub-semigroup generated by vy, vs, ..., Uy, 1S
the smallest fuzzy sub-semigroup of S which contains vy, vs, ..., v,. Let us denote

it by <V(123...n)>-

Lemma 5.2.17. Let (S, *) be a semigroup and let vy, vy, . .., v, be mutually dis-

joint fuzzy subsets of S. Then the fuzzy subset (Va3 n)) is precisely given by

<V(123_”n)>(.§(,’) = \/{le (.171) N Vi, (LUQ) VAN I/jk(ﬂfk> L =21T2... 2
with a finite positive integer k,x; € S and

vj,(x;) > 0 for some j; =1,2,...,n} for any x € S.
Proof. Let v/ be the fuzzy subset of V' defined by

V(z) = V{v,, (x1) Avj(x2) Ao AV (@) 1 & = 12985 . .. Ty, TJ; € 1/;;,

m € {1,2,3,...,n}}, for any x € V.

If y € V, by definition of v/, it is clear that /(y) > v;, (y) where j, € {1,2,...,n}
and v;, (y) > 0. Thus, we have v;, <1/ for all j;. This implies that v/ contains
Vi, Ve, ... V. Let zyy € V. If v, () = 0 or v;,(y) = 0, then v;,(x) A v, (y) =
0. Then, V'(zy) > v;,(z) A v;(y). Again, if vj,(x) # 0 and v;,(y) # 0, then
by definition of v/, we have v/'(zy) > v;,(x) A vj,(y). Hence v/ is a fuzzy sub
semigroup of V' containing v;,i € {1,2,...,n}. Now let A be any fuzzy sub
semigroup of V' containing v;,7 € {1,2,...,n}. Then, for any x € V with
T = X1X2X3...%y,, T; € I/jt_o, for i = 1,2,...,n,m € {1,2,3,...,n} we have
A(z) > A(z)NA(z) A NA(T) > vy, (1) AV, (22)A. L AY;, (T,), which implies
that A(z) > V{v, (x1) Avj,(x2)A. . AVj, () 1 T = T129T3 . .. Toy, Ty, € I/;;D,m €

{1,2,3,...,n} for j; € {1,2,...,n} for any x € V. Therefore, A(z) > /(x) for

64



5.3. Cayley Fuzzy Digraph Structure Induced by Loops

all z € V. Thus, V' = (V(123..n)). That is,

(Vazs.n)) (@) = V{v;, (x1) Avjp () Ao AV, (Tm) 0 0 = T122%5 . . . Ty,

T, Eyjf_o,me {1,2,3,...,n}} for any x € V.

5.3 Cayley Fuzzy Digraph Structure Induced
by Loops

In this section we introduce Cayley fuzzy digraph structure induced by loops

and prove that these graphs are vertex-transitive and hence regular.

Definition 5.3.1. Let V' be a loop. A fuzzy subset v on 'V is called a scaled fuzzy
subset of V if v(y/x) = v(zy/zx), where y/x denotes the solution of the equation
y =z, for all x,y,z € V [25].

Definition 5.3.2. Let V be a loop and vy, vs, ..., v, be mutually disjoint scaled
fuzzy subsets of V.. Then Cayley Fuzzy Digraph Structure of V' with respect to
V1, Vo, ..., Uy is defined as (V; Ry, Ra, ..., R,) where Ri(z,y) = vi(y/x) and is
denoted by CayFp, (Vivi,va,...,v,). The subsets vy, v, ... v, are called con-
nection fuzzy subsets of CayFp, (Vi vy v, ... v,). In case, a Cayley fuzzy di-
graph structure induced by loops with only one connection set is usual Cayley

fuzzy graph induced by loops.
Theorem 5.3.3. G = CayFp, (V;vi,va,...,1v,) is vertex-transitive.
Proof. Let a,b € V and b = z.a, zo € V. Define ¥ : V — V by ¥(z) = z.x.

Clearly, v is one-to-one and onto. Also, 1(a) = z,a = b.

Furthermore, we have, for each z,y € V,
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= v(20Y/20T)
= v(y/x)

= vi(y/x)

= Ri(z,y).

Hence the proof. O

Theorem 5.3.4. G = CayFp, (Viv1,va,...,v,) is reqular

Proof. Let u,v € V. Since G = CayFp,(V;vi,vs,...,1,) are vertex tran-
sitive, there exist an automorphism say, f on G such that, f(u) = v and
Ri(f(x), f(y)) = Ri(z,y) for any z,y € V and i = 1,2,...,n.Then the in-degree

of u, ind(u) = > > Ri(z,u) = > > R(f(x), f(u) = Y Y Ri(f(z),v) =

zeV i=1 zeVi=1 zeV i=1

Z ZRi(f(x),v) = ZZRZ'(?J’U) = ind(v). Similarly, we can prove that
flx)eVvi=1 yeVi=1
outd(u) = outd(v). Therefore, G is in-regular and out-regular. Now to prove

that G is regular we just need to show that ind(1) = outd(1). We have,

ind(1) = ZZRi(%l) = ZZVz(l/x) = ZZ%(?J) = ZZP%(L?/) =

eV i=1 zeVi=1 yeV =1 yeVi=1
outd(1). Therefore, G is regular. O

Theorem 5.3.5. G = CayFp, (V;v1,va,...,1y) is a trivial graph if and only if

v; =0 for all 1.

Proof. By definition, G is trivial if and only if R; = 0 for all 7. This implies that
v; = 0 for all 4. O

Theorem 5.3.6. G = CayFp, (V;v1,va,..., 1) is reflexive if and only if v;(1) =

1 for some i.

Proof. Assume that G = CayFp, (V;vy,vs,...,1,) is reflexive. Then for every
x €V, Ri(xz,x) =1 for some i. This implies that v;(x/x) = 1;(1) = 1 for some i.
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Conversely, let 1;(1) = 1 for some i, say ¢ = k. This implies that for each

x €V, Ri(z,x) = vg(z/x) = 1p(1) = 1. That is G is reflexive. O

Theorem 5.3.7. G = CayFp,(V;vi,va,...,1,) is symmetric if and only if
vi(x) =v;(1/z) forallz eV, i =1,2,...,n.

Proof. Suppose that G is symmetric. Then for any = € V| v(z) = R;(1,2) =
R;(xz,1) = v;(1/x). Therefore, v;(z) = v;(1/x).

Conversely, suppose that v;(z) = v;(1/z) for all x € V. Then for any z,y € V,
y =zt for some t € V. Then R;(z,y) = vi(y/z) = v;(t) = v;(1/t) = vi(z/xt) =
vi(z/y) = R;(y,x). This implies that, R is symmetric. Hence the proof. O

Theorem 5.3.8. G = CayFp, (V;vi,1a,...,1,) is transitive if and only if for
every i,§ and for any x,y € V,v;(z) Av;(y) < vg(zy) for some k.

Proof. First assume that G is transitive. That is, for every i, j, R; o R; < Ry, for
some k. For z,y € V,

n() A vyy) < VIn(2) Avy((ag)/2) 2 € V)
=V{Ri(1,2) NRj(z,zy) : z € V}
= R, o R;(1,zy)
< Ri.(1, zy)

= vi(zy).

That is, v;(x) A vj(y) < vg(xy) for some k.

Now let for any x,y € V and 1, j, vi(x) A vj(y) < vg(xy) for some k. Then,

(Rio Rj)(x,y) = V{Ri(z,2) A Rj(z,y) : 2 € V}
= V{wi(z/x) Nvj(y/z) - 2 € V}
< V{w((z/2)(y/2)) 1 2 € V}}
= vk(y/x) = Ri(z,y).

67
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Thus, R; o R; < Ry, for some k. This completes the proof. O

Theorem 5.3.9. G = CayFp, (V;vi,va,...,v,) is complete
iof and only iof
UVZ'O+ =V.

Proof. First assume that G is complete. That is UR, = V x V. Clearly,
Uyt C V. Now let z € V. Then (1,z) € R;,* for some i. That is, R;(1,z) > 0,
which implies, v;(z) > 0. Thus, z € Uy;,*. Therefore, V' C Uy, ™. That is,
Uy, T = V.

Conversely, assume Uy;,m = V. Let (z,y) € V x V. Then z,y € V =
vy eV = y/r € Uy, " = y/r € v, T for some i. Then, v;(y/z) > 0. That
is, R;(z,y) > 0 which implies (z,y) € Ri,". Hence, V x V C UR;,". Therefore,
UR;,™ =V x V. This completes the proof. ]

Let Ay be the set of all elements z € V of the form z = xyxs... 1, Where

x; € v for some i =1,2,...,n. Then [J] is defined as [J] = U Ag.
k=1

Let By be the set of all elements y € V' of the form y = 11> ... yk, Where
y; € (v AvhE for some i = 1,2,...,n, v, '(z) = v;(1/z). Then [[9]] is defined

as [[0]] = | Br.

Theorem 5.3.10. G = CayFp, (Vv vs,...,1,) is connected if and only if
V =19].

Proof. First assume that G is connected.

Clearly, [J] C V. Now let x € V. Then there exists a path from 1 to x
say, (1,y1,¥2,-..,yx = x). Then, for some i; € {1,2,...,n}, R; (1,41) > 0,
that is, y1 € v;5,. Also, there exist ¢; € V such that y;/y; 1 = t; € v}, for
Jj=23,...,k t; € {1,2,...,n}. This implies that x € A, since, x = y, =

Ye—1tk = Yp—otp_1ty = ... = yrtats... 1. Therefore, = € U Ay = [9]. Hence,
k=1
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V =1[9].
Conversely, assume that V' = [J].
Let z,y € V. Then z = y/x € V, implies, z € [J] = UAk. Then z =

k=1
z129...2;. Then 1,21,2129,...,2122...2, = 2z is a path from 1 to z. Then
Ty T2, X220, ..., L2120 ... 2, = xz = y is a path from z to y, implies G is con-

nected. This completes the proof.

]

Theorem 5.3.11. G = CayFp, (V;v1,va, ..., v,) is weakly connected if and only
if V= [[7]].

Proof. Assume G be weakly connected. Clearly, [[J]] € V. Let x € V. Then

there exist a weak path say, 1,z1,29,...,2x = x from 1 to x. Then, lz; €
(v, Vi), ma/or € (v Vg, s, o an/ae1 € (v, Vv, '), which clearly
implies that x € U By, = [[V]]. Hence, V' € [[¥]].

k

Conversely, assume that V' = [[J)]]. Let z,y € V, implies z = y/x € V. There-

fore, z € [[J]]. Then there exist elements z; € (v, V V;l)sr, j=12,...,k, such
that z = 2125 ... 2, forsome k € {1,2,... n}. Then 1,21, 2129,...,2120... 2, = 2
is a weak path from 1 to z and hence x,x21,x2122,...,22120... 2, = T2z =y is a

weak path from z to y. Therefore, G is weakly connected. This completes the

proof. ]
Theorem 5.3.12. G = CayFp, (V;v1, v, ...,v,) is partially ordered if and only
if
(i) vi(1) =1 for some i.
(i1) for every i,j and for any x,y € V,v(z) Av;(y) < vp(zy) for some k.
(iii) {x :v(z) =v(l/z)} = {1} for alli=1,2,...,n.
Theorem 5.3.13. G = CayFp, (V;vi,vs,...,1,) is quasi-ordered if and only if
(i) vi(1) =1 for some i.
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(1) for every i,j and for any x,y € V,v;(z) Avj(y) < vg(xy) for some k.

Theorem 5.3.14. G = CayFp, (V;v1,vs,...,v,) is a hasse diagram if and only
if G is connected and vg(r122...2,) = 0, k = 1,2,...,n, for any collection

T1,T,. .., Ty of vertices in V with m > 2 and v, (x;) >0 for j =1,2,...,m.

Proof. Suppose G is a hasse diagram. Since vy (z;) > 0, for j = 1,2,...,m,
(1,21, 2129, ..., 212 ... Xyy) is a path from 1 to z125...2,,. Now since G is a
hasse diagram, Ry (1, 2125 ...x,,) = 0 for all k. Therefore vy (z125 ... 2,,) = 0 for

all k=1,2,...,n.

Conversely suppose, G is connected and vg(xizs...25) =0, k=1,2,...,n,
for any collection xy,2s,. ..,y of vertices in V' with m > 2 and v;;(x;) > 0
for j =1,2,...,m. Let (zg,x1,...,2,) be a path in G from z; to z,,, m > 2.
Then R;, (xo,21) > 0, Ri,(v1,29) > 0, ..., R; (Tm_1,2) > 0 which implies,
vi,(x1/20) > 0, viy(xa/21) > 0, ... v, (Tm/Tm—1) > 0. Let 21 = xoty, a9 =
Tity, ... T = Tp_1ly. Then, v (t;) = vy (z;/2-1) >0 for j =1,2,...,m. We
have, ,, = Tpm_1tm = (Tmotm—1)tm .. = (.. (Tot1)t2) .. Nt = (... (o(t1h))

)t o= 2o (o () ts) .. )t ). Therefore, for k € {1,2,...,n},

Ri(%o, xm) = vg(xm/x0) = vk (.. (B1E5)t5) .. )E) (5.1)
We have, v;, (1) > 0 and

Vi, (tlg) = Vi, (tltIQ/tl)
= v, (o (t1th)/Tot1)
= v, ((wot1)ta/xot1)

= Vi, (tg) > 0.

In general, v; (1)) = v;,(t;) > 0 for j =2,3,...,m.

Therefore, since t,t; € V,j = 2,3,...,m,m > 2 and v (t;) > 0,v;,(t}) >
0, for j = 2,3,...,m, we have, v ((...((t1t5)t5)...)t.,) = 0. Therefore, (5.1)
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implies that Ry (z.,x,,) = 0. Hence, G is a hasse diagram. This completes the

proof. [

Theorem 5.3.15. For k = 1,2,...,n,let A, be the set of all products of the
form viyviy . ovy = {vzy .y xy € vyl i = 1,2, k) If the Cayley fuzzy
digraph structure induced by the loop V., G = CayFp, (V;v1,vs, ..., vy,) has finite

diameter, then the diameter of G is the least positive integer m such that

¢=J A

AcAm

Proof. The proof of this theorem is analogous to that of theorem [5.2.14 ]
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Chapter 6

Cayley Bipolar Fuzzy Digraph

Structure Induced by Groups
and Loops

This chapter comprises of two main sections. In the first section we introduced
Cayley bipolar fuzzy digraph structure induced by groups and a study in terms
of algebraic properties is carried out. In the second section we introduced and
studied Cayley bipolar fuzzy digraph structure induced by loops. This can be
considered as a generalisation of the work done in chapter three and in [24)], by

N. O. Alshehri and M. Akram.

6.1 Definitions

Definition 6.1.1. Let V' be a non-empty set and Si,Ss,..., Sy are relations
on V. which are mutually disjoint, then G' = (V,S51,Ss,..., Sy) is a digraph
structure. In addition, if S1, S, ..., Sk are symmetric and irreflexive, then G' =

(V,S1,S2,...,Sk) is a graph structure [0].

Definition 6.1.2. Let G' = (V,51,S5s,...,S5k) be a graph (digraph) structure
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6.2. Cayley Bipolar Fuzzy Digraph Structure

and 1, p1, P2, - -, Pk be fuzzy subsets of V,S1, Sa, ..., S, respectively such that
pi(x,y) < (@) Auly), forallz,y €V and i =1,2,... k.
Then G = (i, p1, p2, - - -, pr) 1s a fuzzy graph (digraph) structure of G' [29].

Definition 6.1.3. Fgp = (M, Ry, Ry, ..., R,) is called a bipolar fuzzy graph
structure of a graph structure G' = (V,S1,Ss,...,Sn) if M = (ub, py) is a
bipolar fuzzy set on V' and for each 1 = 1,2,...,n, R; = (,ugi,,u%i) 15 a bipolar
fuzzy set on S; such that pg (v,y) < pip(e) Ay (y), 1k, (,y) > i (@) V gy (y).-
While V' and S;, (i = 1,2,...,n) are called underlying vertex set and underlying
i-edge sets of Fgp, respectively [25)].

In case M = (xv, —xv), where yy is the characteristic function on V, then
the bipolar fuzzy digraph structure (M, Ry, Ry, ..., R,) is simply denoted by
FBD = (V, Rl,Rg, <oy Rn)

6.2 Cayley Bipolar Fuzzy Digraph Structure

Definition 6.2.1. Let V' be a group and Aq, Ao, ..., A, be bipolar fuzzy sets
on V. Then the bipolar fuzzy digraph structure (V; Ry, Rs, ..., R,) defined by

Ri(z,y) = (g, (2, y), uig, (,9)) = (i, (@7 "y), 1, (27 1y)) for allz,y € V, i =
1,2,...,n s called the Cayley Bipolar Fuzzy Digraph Structure and is denoted
by CayFpp(V; A1, Az, ..., Ay).

Theorem 6.2.2. CayFpp(V; Ay, As, ..., Ay) is vertex transitive.

Proof. Let a and b be any two arbitrary elements in V. Define ¢y : V' — V by
YP(z) = ba'z for all z € V. Clearly, 1 is a bijection onto itself and 1)(a) = b.

Furthermore, we have, for each z,y € V, i =1,2,...,n

Ri(¢ (), ¥(y)) = Ri(ba™ , ba"y)
= (pp,( R, (ba™ $,ba_1y),ugi(ba_1x, ba"'y))
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6.2. Cayley Bipolar Fuzzy Digraph Structure

= (ph ((ba™'2) " (ba™y)), ) ((ba~ )"  (ba"y)))
= (. (x7y), pl. (27 )
= Ri(z,y).
Hence the proof. n

Theorem 6.2.3. Every vertex transitive bipolar fuzzy digraph structure is in-

reqular and out-regular.

Proof. Let G = (V; R;, R;, ..., R,) be a vertex transitive bipolar fuzzy digraph
structure. Let u,v € Vandi € I = {1,2,...,n}. Then there is an automorphism

f on G such that f(u) =wv. Then,

ind(u ZZR x,u)

i€l xeV

= DN (et (), i ()

i€l xeV

ZZZ (), 1, (f(2), f(w)))
:ZZ ,UR MR(f()W)

iel f(z)eV

- ZZ (Mgi (y,v), Mgi(,% U))

i€l yeV

Hence G is in-regular.

Similarly it can be proved that G is out-regular. O

Theorem 6.2.4. G = CayFpp(V; A1, Ag, ..., Ay) is regular.

Proof. From theorems (6.2.2) and (6.2.3]) it can easily be seen that G is regular.
]
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6.2. Cayley Bipolar Fuzzy Digraph Structure

Theorem 6.2.5. G = CayFpp(V; Ay, As, ..., A,) is reflezive if and only if
A;(1) = (1,-1) for somei=1,2,...,n.

Proof. G is reflexive if and only if for every x € V' R;(z,z) = (1, —1) for some ¢

say, k. Then

Ap(1) = (p, (1), 3, (1))
= (ph, (a7 "2), i), (2 ')
R (U RCEINTRERD)
— Ry(e, )

Hence A;(1) = (1,—1) for some i =1,2,... n.

Conversely let A;(1) = (1, —1) for some i, say i = k.
Then for any x € V,

Ry(x, ) = (ug, (2, 2), pgy, (2, 7))
= (p,(z70), iy, (27 1))
= (u, (1), 1, (1))
= Ai(1) = (1,-1)

That is, for every x € V', R;(z,z) = (1,—1) for some i = 1,2,...,n.
Hence the proof. ]

Theorem 6.2.6. G = CayFpp(V; Ay, As, ..., Ay) is symmetric if and only if

Proof. G is symmetric if and only if for every x € V' R;(x,y) = R;(y, z). Then
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: (since symmetric)

= (i (2

= Ai(z'y)

= A ((=7'y)™)

= (uh, (v "), ph, (y ')
= (1, (y, @), iy, (y, @)

= Ri(y, v)

Hence the proof. O
Theorem 6.2.7. G = CayFpp(V; Ay, Aa, ..., A,) is antisymmetric if and only
if {x: Ai(z) = Ay(z71)} = {1}.

Proof. First assume that G is antisymmetric. Then,

Ai(z) = Aa™) & (u (2), gl (2)) = (u,
g (Mgi(Lx v:ugi(lax)) = (:Ugi(xv 1)?“%(937 1))
< Ri(1,z) = Ri(x, 1)

®
L
~
=
=2
—
8
L
=

& o = 1. (Since antisymmetric)

76



6.2. Cayley Bipolar Fuzzy Digraph Structure

Therefore, {z : A;(x) = A;(x™)} = {1}.

Conversely let {z : A;(x) = A;(x~1)} = {1}. Then,

(

( ,
& (uh ()l (M) = (Wl (v '), i) (y~ ')

Hence the proof. ]
Theorem 6.2.8. G = CayFpp(V; A1, Ag, ..., Ay,) is transitive if and only if for
anyi,j € 1={1,2,....n} and for any .y € V, uh, (@) A (9) < i, (a) and
iy (@) vV i (y) > g, (wvy) for some k € I.

Proof. Assume that G is transitive. Then for any i,j € I = {1,2,...,n} and for
any z,y € V, R;o R;(z,y) < Ry, for some k € I. Then,

uh (@) A () < V{2 A (M ay)) 2 e V)
<V {uk (.2) At (o) < 2 € V'
< g, © g, (1, 7y)
< pig, (1, )
< piy, (zy)

Similarly we obtain pf (z) V ugj (y) > plY (zy).

Conversely let for any i,7 € I ={1,2,...,n} and for any z,y € V, ,uii(:v) A
ph (y) < ply, (ey) and p (2) v p (y) > p (zy) for some k € 1. Then,

(uﬁi o uﬁj) (,y) =V {uﬁi(w&) A (2,y) 2 € V}
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=V {,ui(x_lz) A ,uij (z7ly):z € V}

In a similar way we can obtain the inequality related to the negative membership
degree.

Hence the proof. O

6.3 Cayley Bipolar Fuzzy Digraph Structure In-
duced by Loops

Definition 6.3.1. Let V' be a group and Ay, As, ..., A, be scaled bipolar fuzzy
sets on V. Then the bipolar fuzzy digraph structure (V; Ry, Ra, ..., R,) defined
by Ri(x,y) = (ug, (2, y), u, (,9)) = ((h, (y/2), i, (y/2)) for allx,y € V, i =
1,2,...,n s called the Cayley Bipolar Fuzzy Digraph Structure induced by loops
and is denoted by CayFpp, (V; A1, Aay ..o Ay).

Theorem 6.3.2. CayFgp, (V; Ay, Ag, ..., Ay,) is vertex transitive.

Proof. Let a and b be any two arbitrary elements in V and b = z,a, 2z, € V.
Define ¢ : V. — V by ¢(x) = z,z for all z € V. Clearly, ¢ is a bijection onto
itself and ¢ (a) = b.

Furthermore, we have, for each z,y € V, 1 =1,2,...,n,

:u’ i(ZOI, Zoy)v M% (ZOIE, Zoy>)
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Hence the proof. ]

Theorem 6.3.3. Every vertex transitive bipolar fuzzy digraph structure is in-

reqular and out-regular.

Proof. Let G = (V;R;, R;, ..., R,) be a vertex transitive bipolar fuzzy digraph
structure. Let u,v € Vandi € I = {1,2,...,n}. Then there is an automorphism

f on G such that f(u) =wv. Then,

ind(u ZZR (z,u)

i€l xeV

i€l :vEV

=575 (b (f(@), Flw)). b (f(2), f(u))

i€l xeV

=Y > (ur,(f(@),0), uy,(f(2),0)

€l f(z)eV

= ZZ ,uRl, Y,v ;NRi(yaU))

i€l yeV

= ZZRZ(ya U)

icl yev

= ind(v)

Hence G is in-regular.

Similarly it can be proved that GG is out-regular. ]

Theorem 6.3.4. G = CayFpp, (V; Ay, Aa, ..., Ay) is reqular.

Proof. From theorems ((6.3.2)) and (6.3.3)) it can easily be seen that G is regular.
[

Theorem 6.3.5. G = CayFgpp, (V; A1, Ag, ..., Ay) is reflexive if and only if
Ai(1) = (1,-1) for somei=1,2,...,n.
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Proof. G is reflexive if and only if for every z € V' R;(z,z) = (1, —1) for some i
say, k. Then

Hence A;(1) = (1,—1) for some i = 1,2,..., n.
Conversely let A;(1) = (1, —1) for some i, say i = k.
Then for any x € V,

That is, for every x € V', R;(z,z) = (1,—1) for some i = 1,2,...,n.
Hence the proof. O

Theorem 6.3.6. G = CayFgp, (V; A1, As, ..., Ay) is symmetric if and only if

Proof. G is symmetric if and only if for every x € V' R;(z,y) = R;(y,z). Then
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Ri(z, )

Ri(a?, ), (since symmetric)
= (ph (w/a), i, (w/2%))

= (pa, (1)), i, (1/))

Ai(1/z).

Conversely let A;(z) = A;(1/z). Then,

Hence the proof. n

Theorem 6.3.7. G = CayFpp, (V; A1, As, ..., A,) is antisymmetric if and only
if {x: Aij(x) = A;(1/2)} = {1}.

Proof. First assume that G is antisymmetric. Then,

Sr=1 (Since antisymmetric)

Therefore, {z : A;(x) = A;(1/z)} = {1}.
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Conversely let {z : A;(z) = A;(1/2)} = {1}. Then,

Ri(z,y) = Ri(y,x) & (g, (2,9), 1w, (2, 9)) = (g, (Y, ©), i, (v, )
< (uh, (y/2), 1, (y/2)) = (uh, (x/y), 1, (x/y))
& Ai(y/z) = Ai(z/y)
& Ai(y/z) = Ai(1/(y/z))
sylr=1

&S x=y.

Hence the proof. n

Theorem 6.3.8. G = CayFpp, (V; A1, As, ..., A,) is transitive if and only if

for any i,j € I={1,2,...,n} and for any w,y € V. i (2) A i () < uF, ()
and i () V i, (v) 2 3, (ry) for some k € I

Proof. Assume that G is transitive. Then for any i,j € I = {1,2,...,n} and for
any x,y € V, R;o R;(z,y) < Ry, for some k € I. Then,

ply, () A iy (y)

IN

V{ih () A () /2) 2 € V]

P
A
{Hh.(L2) A (o) sz e V)

IN
<

IN

o pig (1,zy)

J

P
R;
P
A

IN
= T

IN

(zy).

Similarly we obtain pf (z) V ugj (y) > plY (zy).

Conversely let for any i,j7 € I ={1,2,...,n} and for any z,y € V, ,uii(:v) A
pa,(y) < iy, (vy) and pff, () V pd (y) > pdy, (vy) for some & € 1. Then,
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In a similar way we can obtain the inequality related to the negative membership
degree.

Hence the proof. n
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|Chapter 7

Conclusion and Further Scope of

Research

7.1 Summary of the Thesis

In 2013, Madhavan Namboothiri N.M. et al.introduced a class of Cayley fuzzy
graphs induced by groups and studied the properties of the Cayley fuzzy graphs
in terms of algebraic properties. In the second chapter, We generalise the results
of Madhavan Namboothiri N.M. et al. and prove that a bigger class of Fuzzy
Cayley graphs could be induced by loops, weaker algebraic structure than groups.

Moreover, we studied various graph properties in terms of algebraic properties.

Noura O. Alshehri and Muhammad Akram generalised the results of Mad-
havan Namboothiri N.M. et al. and introduced bipolar fuzzy Cayley graphs and
derived graph properties in terms of algebraic properties. They also discussed
connectedness in Cayley bipolar fuzzy graph. In the third chapter, we general-
ized the results of Noura O. Alshehriland Muhammad Akram and investigated

bipolar Cayley Fuzzy graphs induced by loops and analogous results are derived.

In the fourth chapter, we introduced the concept of Cayley Intuitionistic
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7.2. Further Scope of Research

Fuzzy Graphs induced by loops and derived many results.

A graph structure is a powerful tool for solving combinatorial problems in
different areas of computer science and computational intelligence systems. In
2012, Anil Kumar V and Parameswarn Ashok Nair introduced the concept of
Cayley digraph structures induced by groups and derived many interesting re-
sults. In chapter 5, we introduced the concept Cayley Fuzzy Digraph structure
induced by groups and loops and also investigated several results in terms of
algebraic properties. These results can be considered as a generalisation of those
obtained in [15] and [20]. The last chapter is the generalisation of the work car-
ried out in chapter 3 and the results obtained in “Cayley bipolar fuzzy graphs”,
the Scientific World Journal (2013).

7.2 Further Scope of Research

(i) We will study Cayley fuzzy graphs induced by a more weaker structure,

called quasigroups in terms of algebraic properties.
(ii) Study Cayley bipolar fuzzy graphs induced by quasigroups.

(iii) Study Cayley intuitionistic fuzzy graphs induced by quasigroups.
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