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Introduction

Graph theory at the outset, an intellectual endeavor confined to the academists
soon attained momentum and began to sprinkle its drops in vide vistas of both
theoretical and practical aspects. Branches of Mathematics like Number the-
ory, Algebra, Algebraic topology, Algebraic geometry, Numerical analysis, Ma-
trix theory, Probability and Representation theory flourished in consonance with
the advanced studies based on graph theory. The wide range of application of
graph theory brought benefit to Chemistry, Electrical engineering, Geography;,
Sociology and Architecture. Genetics, the branch of life science also includes.
Linguistics cannot be set apart. Revolution in the field of communication which

is enjoyed by all stratas of society is much blessed by studies in graph theory.

Graph labeling has wide range of application in communication networks,
addressing database management, circuit design, Astronomy, radar, X-ray crys-
tallographic analysis, etc. Most graph labeling methods trace their origin to one
introduced by Rosa in 1967 or one given by Graham and Sloane in 1980. A magic
graph is a graph whose edges are labeled by positive integers, so that the sum

over the edges incident with any vertex is the same, independent of the choice of
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vertex; or it is a graph that has such a labeling. A graph is vertex-magic if its
vertices can be labeled so that the sum on any edge is the same. Graph labeling

such as graceful, harmonious, prime and magic has many applications.

An overview of the thesis

The thesis introduces new types of labelings namely Neighbourhood V;-magic
labeling, Neighbourhood barycentric V,;-magic labeling and Star Vj-magic la-
beling in graphs. In this work we consider graphs that are connected, finite,
simple and undirected. The Klein 4-group, denoted by Vj, is an abelian group
of order 4. Tt has elements V; = {0,a,b,c}, where a+a =b+b=c+c =10
and a +b =c¢,b+c =a,c+a =b. For agraph G = (V(G), E(G)), a label-
ing f: V(G) — V4\{0} is said to be Neighbourhood Vj-magic if the induced
mapping N/ : V(G) — V; defined by N/ (v) = > ueN() f(u) is constant. If
such labeling f exists, we say G is a neighbourhood V;-magic graph. A labeling
f: V(G) — V4\{0} is said to be Neighbourhood barycentric V;-magic if the
induced mapping N} : V(G) — Vj defined by Nf(u) = > ven(u f(v) satisfies

the following conditions:

(i) Ny is a constant map, and

(ii) For each u € V(G), Nf (u) = deg(u) f(v,) for some vertex v, € N(u).

If such a labeling exists, we say G is a Neighbourhood barycentric V,;-magic
graph. A graph G = (V(G), E(G)), with vertex set V(G) and edge set E(G),is

said to be star Vj-magic if there exists a labeling f : V(G) — V4\{0} such that

2
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the induced mapping V;" : V(G) — Vi defined by V" (v) = 32y [*(wv),

where f*(uwv) = f(u) + f(v) is a constant map.
Through out this thesis we will use the following notations:

(a) Q, := the class of all a-neighbourhood Vj-magic graphs

(b) Qg := the class of all 0-neighbourhood Vj-magic graphs

(€) Qapo = QN Q.

(d) A, := the class of all a-neighbourhood barycentric V;-magic graphs
(e) Ap := the class of all 0-neighbourhood barycentric Vj-magic graphs
(f) W, := the class of all a-star Vj-magic graphs

(g) Yo := the class of all O-star Vj-magic graphs

(h) \Ija70 = \Ila N \Ilo.

The thesis comprises an introductory chapter and nine other chapters. In the
introductory chapter, we deal with the motivation for the study of Neighbour-
hood Vj-magic labeling, Neighbourhood barycentric V;-magic labeling and Star
Vi-magic labeling of graphs and a literature survey on it.

In Chapter One, we include preliminary definitions and theorems from
the areas of graph theory and group theory which are the pre-requisites of the
forthcoming chapters in the thesis. Chapter Two introduces the concept of
Neighbourhood Vj-magic labeling in graphs. The first section of the chapter
gives the definition of Neighbourhood V;-magic labeling in graphs and some defi-

nitions of cycle related graphs. The second section proves an important Lemma:

3
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If f:V(C,) — Vi\{0} is any labeling of C.,, then 37 _, N} (v) = 0. Then we
proved necessary and sufficient conditions for the cycle C,,, the helm graph H,
and the sunflower SF, belongs to the above said classes (a),(b) and (c). The
chapter includes admissibility of neighbourhood Vj-magic labeling of some other
graphs namely the friendship graph F,,, the corona C, ® K, and C,, ® K,,, the
wheel graph W,, and the flower graph F,,.

Chapter Three investigates Neighbourhood V;-magic labeling of star and
path related graphs. The first section contains definitions of some star and path
related graphs. Second section discusses the star graph K ,, bistar B,, ,, sub-
division graph S'(K,,), banana tree Bt(n, k), jelly fish J(m,n), the graph K7,
and the graph < K, : m > admits neighbourhood Vj-magic labeling or not.
Third section of the chapter investigates the neighbourhood Vj;-magic labeling of
path related graphs like ladders L,, L, 2, the comb C'B,, and the quadrilateral
snake ()5,,.

Chapter Four discusses the neighbourhood V;-magic labeling of some special
graphs like K, ,, P,0C,,, the crown graph C}, P,LCY, the book graph B, the
corona C,,, ® C,,, the n-gon book B(n, k), the one point union of k cycles C,,(k),
the bipyramid BP(n), the gear graph G,, and the carona on cycles C,,(C,,). A
necessary and sufficient condition for a-neighbourhood V;-magic labeling of the
complete graph K, is also discussed in the same chapter.

In Chapter Five, we provide the definitions of splitting graph of a graph,
shadow and middle graph of a graph. Continuing section discusses neighbour-
hood Vj-magic labeling of splitting graphs like S(C,,), S(P,), S(Bm,n), S(Ki ),
S(Kmn), S(Fp), S(QS,) an S(B,,) respectively. Neighbourhood Vj-magic label-
ing of shadow graphs like Sh(C,,), Sh(P,), Sh(K1,), Sh(Bpmn), Sh(W,,), Sh(H,),
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Sh(SF,), ShC,OK>), Sh(C,OK ), Sh(J(m,n)), Sh(Ly,), Sh(L,2), Sh(CB,),
Sh(Kmn), Sh(By,), Sh(G,) and middle graphs like M(C,,), M(P,), M(K1,),
M(F,,), M(B,) are discussed in the continuing sections.

Chapter Six introduces the concept of Neighbourhood barycentric V-
magic labeling of graphs. The first section of the chapter gives definition of the
concept Neighbourhood barycentric Vj-magic labeling in graphs. Second section
investigates neighbourhood barycentric V;-magic labeling of some general graphs
and some special graphs.

The first section of the Chapter Seven introduces the new concept, star
Vi-magic labeling in graphs. Next section of the chapter discusses star Vj-magic
labeling of the cycle C),, the path P,, the complete graph kK, the star K ,, the
complete graph K,, ,, the bistar B,,,, the wheel graph W,,, the helm H,,, jelly
fish J(m,n), the crown C, the flower graph Fl,, the friendship graph F, and
the book graph B,,.

Chapter Eight discusses star V,-magic labeling of fan F,, and fan related
graphs like the umbrellas U, ,,, extended umbrellas U, ,, s, the jahangir graph
Jn.m- 1t also discusses star V,-magic labeling of graphs like Bt(n, k), < Ky, : m >,
the ladder L,, the comb CB,, the gear graph G,, the web graph W (2,n), the
jewel graph J,, the corona C,, ® K,,P, ® K4 and the planar grid P,,0P,.

Chapter Nine gives a brief summary and further scope of the research.



Introduction




Chapter 1

Preliminaries

This chapter gives a brief account of the preliminary defini-
tions of graph theory and some group theory which are used in
the forthcoming chapters. For the notations and terminologies

not defined in this thesis we used to refer readers [2] and [6].

1.1 Basic Definitions

Definition 1.1.1. [2] Graph is an ordered triple G = (V(G), E(G), Ig), where
V(G) is a nonempty set, E(G) is a set disjoint from V(G), and Ig is an “inci-
dence” relation that associates with each element of E(G), an unordered pair of
elements (same or distinct) of V(G). Elements of V(G) are called the vertices
(or nodes or points) of G, and elements of E(G) are called the edges (or lines)
of G. If, for the edge e of G, Iz(e) = {u,v}, we write Iz(e) = uv.

Definition 1.1.2. If in a graph, Ig(e) = {u,v}, then we say that the vertices
u and v are adjacent or e is incident to the vertices u and v. Also u and v are

called end vertices of e.



1.1. Basic Definitions

Definition 1.1.3. If two or more edges have same end points, then such edges

are called parallel edges and an edge e with end vertices are same s called a loop.

Definition 1.1.4. A vertex v is called a neighbour of a vertex u, if v is adjacent
to u. The set of all neighbours of a vertex u is called neighbour set of u, denoted

by N(u). That is, N(u) = {v € V(G) : uwv € E(G)}.

Definition 1.1.5. [2] A graph G is called a simple graph if it has no parallel
edges or loop in it. Thus for a simple graph G, the incidence function Ig is
injection. Hence, an edge of a simple graph is identified with the pair of its ends.
A simple graph therefore may be considered as an ordered pair (V(G), E(G)),

where V(G) is a non empty set and E(G) is a set of unordered pairs of elements
of V(G).

Definition 1.1.6. In a graph G, the number of elements in V(G) and E(G) are
finite, then G is called a finite graph. A graph which is not finite is called an
infinite graph.

Definition 1.1.7. In a simple graph, if every pair of vertices are adjacent, then

such a graph is called a complete graph. A complete graph on n vertices is usually

denoted by IK,.
Definition 1.1.8. A graph with one vertex and no edges is called a trivial graph.

Definition 1.1.9. A graph G is called bipartite if its vertex set can be partitioned
into two sets Vi and Vy such that each edge in G has one end in Vi and other

end in Vs.

Definition 1.1.10. A bipartite graph G is called a complete bipartite graph if
each vertex of Vy is adjacent to all the vertices of Vo, where Vi and Vs are bipar-

tition of V. If |V1| = m and |Va| = n, then G is usually denoted by K, p.

8



1.2. Subgraphs and Supergraphs

1.2 Subgraphs and Supergraphs

Definition 1.2.1. [2] A graph H is called a subgraph of a graph G if V(H) C
V(G), E(H) C E(G), and Iy is the restriction of I to E(H). If H is a subgraph
of G, then G is said to be a supergraph of H.

Definition 1.2.2. If H is a subgraph of G with V(H) # V(G) or E(H) # E(G),
then H 1is called a proper subgraph of G.

Definition 1.2.3. The degree of a vertex v in a graph G is the number of vertices

adjacent to v in G, it is usually denoted by deg(v) or d(v) or dg(v).

Definition 1.2.4. A vertex v in a graph G is called an even vertez if deg(v) is

even and is said to be odd if deg(v) is odd.

Definition 1.2.5. A vertez v in a graph G is called a pendant vertex if deg(v) =

1. The unique edge incident to such a vertex is called a pendant edge.

Definition 1.2.6. A graph G is called a k-reqular graph if deg(v) = k for all

v € V(G). A graph is called regular if it is k-reqular for some k.

Theorem 1.2.7. [2] The sum of the degrees of the vertices of a graph is equal

to twice the number of its edges.

1.3 Walks and Connectedness

Definition 1.3.1. [6] A walk of a graph G is finite sequence of vertices and
edges W := vpejvieqvaes . .. e, vy, beginning and ending with vertices, in which
each edge is incident with two vertices immediately preceding and succeeding it.

The walk W := vgejvieqvqes . . . e, v, s sometimes called vg — v, walk.

9



1.4. Operations on Graphs

Definition 1.3.2. A walk vy — v, is called a closed walk if vg = v,,. otherwise it

18 called an open walk.

Definition 1.3.3. [6] If every edges in a walk are distinct, then it is called a

trail. Length of a walk is the number of edges involved in the walk.

Definition 1.3.4. [6] If every vertices in a walk are distinct, then it is called a

path. A path on n vertices is usually denoted by P,.

Definition 1.3.5. [2] A cycle is a closed trail in which all the vertices are

distinct. A cycle on n vertices is usually denoted by C,.

Definition 1.3.6. Two vertices u and v in a graph G are connected if there is
au— v path in G. A graph G is called connected if every pair of vertices are

connected.

Definition 1.3.7. A graph is called acyclic or forest if it has no cycle involved

in it. A connected acyclic graph is called a tree.

1.4 Operations on Graphs

Definition 1.4.1. [2| Let Gy = (V3, Ey) and Gy = (Va, Es) be two simple graphs.
Then the graph G = (V, E), where V.=V, UV, and E = E; U Ey is called the
union of graphs Gy and Gy and is denoted by G1 U Gy. If Vi N'Vy = ¢, then

G1 UGy s usually denoted by G1 + Go, called the sum of the graphs G and G.

Definition 1.4.2. [2] Let G, = (V1, E1) and Gy = (Va, E3) be two simple graphs
with ViNVy # ¢. Then the graph G = (V, E), where V. =ViNV, and E = EyNE,

is called the intersection of graphs G1 and Gg and is denoted by G1 N Gs.

10



1.5. Groups

Definition 1.4.3. [2| Let G = (V4, Ey) and Gy = (Va, Es) be two simple graphs
with Vi N Vo = ¢. Then the join, Gy V Go, of G1 and Gy s the super graph of

G1 + G5 in which each vertex of Gy 1s adjacent to every vertex of Gs.

Definition 1.4.4. [2] The Cartesian product of two simple graphs Gi and G,
commonly denoted by Gi0OGy or G1 X Gy, has the vertex set V(G1) x V(G2) and
two distinct vertices (uy,vy) and (ug, vo) of G10Gy are adjacent if either uy = us
and vivy € E(Gy) or vy = vy and ujus € E(G).

Definition 1.4.5. [2] The Composition of lexicographic product of two simple
graphs Gy and Gs, commonly denoted by G1[Gs] has the vertex set V(G1) XV (Gs)
and two distinct vertices (uy,v1) and (ug,vs) of G1[Gs] are adjacent if either uy

18 adjacent to us or uy = ug, and vy 1S adjacent to vs.

Definition 1.4.6. The Corona Gy ® Gy of two graphs G and Gy is the graph
obtained by taking one copy of G1, which has p; vertices, and p; copies of Go

and then joining the i*" vertez of G1 by an edge to every vertex in the it" copy

Of GQ.

1.5 Groups

Definition 1.5.1. Let S be a nonempty set. Then, a binary operation * on S is

a mapping from S x S into S.

Definition 1.5.2. A binary operation * on a set S is associative if (x*xy)x z =

xx(yx*z) forallx,y,z €S.

Definition 1.5.3. A binary operation x on a set S is commutative if txy = y*x

for all x,y € S.

11



1.5. Groups

Definition 1.5.4. A set S together with a binary operation x is called a binary

algebraic structure or simply binary structure, denoted by < S, * > .

Definition 1.5.5. A group < G, * > is a binary structure satisfying the following

conditions:

(i) The operation x is associative.

(ii) There exists an element e € G such that ex g = g = g=xe for all g € G.

(The element e is called the identity element)

(111) For each g € G, there is an element g~ € G such that gxg~' = e = g txg

for all g € G. (Ezistence of the inverse element)

Definition 1.5.6. A group < G, * > is called an abelian group or a commutative

group if g1 * go = g2 * g1 for all gi,9, € G.

Definition 1.5.7. The Klein-4-group V, = {0,a,b,c} is an abelian group with

wdentity 0, wherea+a=b+b=c+c=0anda+b=c,b+c=a,c+a=0>.

Remark 1.5.8. The Klein-4-group Vy is not cyclic, since every element is of

order two (except possibly the identity).

12



Chapter 2

Neighbourhood Vj-magic Labeling of

Cycle Related Graphs

The first section of this chapter introduces the concept of neigh-
bourhood Vy-magic labeling in graphs, and then defines some cycle
related graphs. The second section of this chapter discusses neigh-

bourhood Vy-magic labeling of such cycle related graphs.

2.1 Introduction

Let V; = {0, a, b, c} be the Klein-4-group with identity element 0. For any graph
G = (V(G), E(G)), a mapping f : V(G) — V4\{0} is said to be Neighbourhood

Vi-magic labeling if the induced mapping N;r : V(G) — Vj defined by

N;(”) = ZuGN(v) f(uw)

is a constant map. If this constant is p, where p is any non zero element in Vj,

IThis chapter has been published in Far East Journal of Mathematical Sciences(FJMS),
Volume 111, Number 2, 2019, Pages 263-272.

13



2.1. Introduction

we say that f is a p-neighbourhood Vj-magic labeling of G and G is said to be
a p-neighbourhood Vj-magic graph. If this constant is 0, then we say that f is a
0-neighbourhood Vj-magic labeling of G and G is said to be a 0-neighbourhood

Vi-magic graph.

b b b
®

c a a
°
a

Figure 2.1: An a-neighbourhood Vj-magic labeling of a graph G

Figure 2.2: A 0-neighbourhood Vj;-magic labeling of a graph G4

Note that the labeling function defined above is not unique. That is there
may have more than one neighbourhood V,;-magic labeling for a graph G. Figure

2.3 shows another 0-neighbourhood Vj-magic labeling of the above graph Gs.

14



2.1. Introduction

Figure 2.3: Another 0-neighbourhood V;-magic labeling of the graph Go

This chapter investigates the Neighbourhood V;-magic labeling of some cycle

related graphs that belongs to the following categories:

(i) Q, := the class of all a-neighbourhood V;-magic graphs,
(ii) Qo := the class of all 0-neighbourhood V;-magic graphs, and
(111) Qa,O = Qa N Qg.

Definition 2.1.1. [27] The friendship graph or the Dutch windmill graph, de-
noted by F, (or Dém)) is the graph obtained by taking m copies of Cs with one

vertex i common.

Definition 2.1.2. [2] The wheel graph W, is defined as W,, = C,, V K;, where

C,, forn > 3 is a cycle of length n.

Definition 2.1.3. [22] The helm H, is the graph obtained from the wheel graph

W, by attaching a pendant edge at each vertex of the cycle C,.

Definition 2.1.4. [26] The flower graph Fl,, is the graph obtained from a helm

H,, by joining each pendant vertex to the central vertex of the helm.
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2.2. Cycle related graphs

Definition 2.1.5. [16] The Sunflower SF, is obtained from a wheel W, with
the central vertex wy and cycle C,, = wiwows - --wywy and additional vertices
V1, V9, V3, ..., U, where v; is joined by edges to w; and w;y1 where i + 1 is taken

over modulo n.

2.2 Cycle related graphs
Lemma 2.2.1. If f : V(C,) — Vi\{0} is any labeling of C,, then Y, .\, N5 (v) = 0.

Proof. Let C), be the cycle with vertices vy, vy, v3,...,v, and let f be any neigh-

bourhood Vj-magic labeling on it. Then we have

N{(vi) = f(vica) + floig) for 1 <i <,

N} (1) = f(02) + F0n), N (va) = F(01) + Fvn).

Therefore,

D ONf()=2) flv)=0.

veV

This completes the proof. n

Theorem 2.2.2. C,, € Qg for alln > 3.

Proof. If we label all the vertices of C,, by a, we obtain N}"(vi) =0 for 1<i<n.

This completes the proof. n

Theorem 2.2.3. C, € Q, if and only if n = 0(mod 4).

Proof. Suppose that C,, € , with a labeling f. Then by Lemma 2.2.1, we have

16



2.2. Cycle related graphs

na = 0. Therefore n = 0(mod 2). Then either n = 0(mod 4) or n = 2(mod 4).
We prove that the case n = 2(mod 4) is impossible. For if n = 2(mod 4), then
n = 4k -+ 2 for some integer k and let vy, v9, vs3, ..., Vg, Vags1, Vakr2 be the vertices
of C,, in order. Since C,, € €,, we should have f(vy) is either b or c¢. Without
loss of generality, we assume that f(v;) = b (The case f(v1) = ¢ can be treated
similar way). If f(vy) = b, then f(v3) = ¢, f(vs) = b, f(vr) = ¢, f(vg) = b.
Proceeding like this we will get f(vsrr1) = b. Then, N]f(v4k+2) =b+b=0,a
contradiction. Therefore the case where n = 2(mod 4) is impossible. Hence n =

0(mod 4). Conversely, assume that C,, be the cycle with vertices vy, va, vs, ..., vy,

with n = 0(mod 4). Define f : V(C,) — V4\{0} as :

b if i=1,2(mod 4)
fvi) =
c if 1=0,3(mod 4)

Then obviously N]'f(vl-) =a for 1<i<n. m

Figure 2.4: An a-neighbourhood Vj-magic labeling of Cg
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2.2. Cycle related graphs

Corollary 2.2.4. C,, € Q.0 if and only if n = 0(mod 4).

Proof. Proof follows from Theorem 2.2.2 and Theorem 2.2.3. O]

Theorem 2.2.5. The friendship graph F,, ¢ Q, for any m.

Proof. Note that F}, is the one-point union of m copies of a rooted triangle. Let
the vertices of i"" copy of Cy in F,, be w, u; and v; where w is the common
vertex of the triangles. Suppose that F),, € {2, with a labeling f. Then N;“(uz) =
N/ (vi) = a, implies that f(u;) = f(v;) = b for 1 <4 < nand f(w) = cor
flu;) = f(v;) =c for1<i<mnand f(w)="b. Ineither case N; (w) = 0. This

is a contradiction. O

Theorem 2.2.6. The friendship graph F,, € g for all m.

Proof. By Labeling all the vertices by a, we get F},, € ). O]

Corollary 2.2.7. The friendship graph F,, ¢ Qa0 for any m.

Proof. Proof directly follows from Theorem 2.2.5. [

Theorem 2.2.8. C, ® K, € Q, for n = 0(mod 4).

Proof. Let C,, be the cycle with vertices uq, us, us, . .., u, and let vy and wy, be the
vertices of k" copy of Ky. Then | V(C, ® K) |= 3n. Define f: V(C, ® K;) —
Vi\{0} as :

b if ¢1=1,2(mod 4)
flui) =
c if i=0,3(mod 4)

18



2.2. Cycle related graphs

(
c if i=1,2(mod 4)
flvi) =
b if ¢=0,3(mod 4)
(
)
¢ if =1,2(mod 4)
flwi) =
b if ¢=0,3(mod 4)
\
Then f gives an a-neighbourhood Vj;-magic labeling of C,, ® K. m

Theorem 2.2.9. C,, ® Ky € Qg for all n > 3.

Proof. Proof follows if we label all the vertices by a. m

Corollary 2.2.10. C,, ® K3 € Q40 for n = 0(mod 4).

Proof. Proof follows from Theorem 2.2.8 and Theorem 2.2.9. O

Theorem 2.2.11. C,, ® K,,, € , for alln >3 and m € N.
Proof. Let uy,us,ug, ..., u, be the rim vertices and let {w;1, w2, w3, . . ., Ui } be

the set of pendant vertices adjacent to u; for 1 < i < n. Here we consider the

following two cases:

Case 1: m is even.

Define f : V(C, ® K,,) — V4\{0} as:

fu;)) =a for 1 <i<n

boif j=1
fluig) =qc if j=2

a if 7>2
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2.2. Cycle related graphs

Case 2: m is odd.

Define f : V(C, ® K,,) — V4\{0} as:
f(u)) = f(uy;) =a for 1<i<nand1l<j<m

In either case, f is an a-neighbourhood V;-magic labeling of C,, ® K ,. [

Theorem 2.2.12. C,, ® K,,, & Qo for anyn >3 and m € N.

Proof. Tt is obvious due to the presence of pendant vertices in C,, ® K ,. O

Corollary 2.2.13. C, ® K,, ¢ Qa0 for anyn >3 and m € N.

Proof. Proof directly follows from Theorem 2.2.12. O

Theorem 2.2.14. W,, € Qg for n = 0(mod 4).

Proof. Consider the wheel W,, with vertex set V = {u,u; : 1 < i < n} where

u be the central vertex and let n = 0(mod 4). We define f : V(W,,) — V,\{0} as:

b if ¢=1,2(mod 4)

flui) =
¢ if i=0,3(mod 4)
fu) = a.
Then N/ (u) = Nf(u;) =0 for 1 <i <mn. Hence the theorem is proved. O

Theorem 2.2.15. W,, € Q, for n = 1(mod 2).

Proof. Consider the wheel W,, with vertex set V = {u,u; : 1 <i < n} where u

be the central vertex and let n = 1(mod 2). Then d(u) = n and d(u;) = 3 for
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2.2. Cycle related graphs

1 <i < n. If we label all the vertices by a, we will get N/ (u) = N (u;) = a for

1 <i < n. This completes the proof of the theorem. O

Theorem 2.2.16. W,, € Q, for n = 2(mod 4).

Proof. Consider the wheel W,, with vertex set V = {u,u; : 1 < i < n} where

u be the central vertex and let n = 2(mod 4). We define f : V/(W,,) — V4\{0} as:

b if i=1,3(mod 4)

flu) =
c if 1=0,2(mod 4)
f(u) = a.
Then N/ (u) = N/ (u;) =a for 1 <i <n. Hence W, € Q,. O

Theorem 2.2.17. H, € §, if and only if n is odd.

Proof. Suppose that H,, € €2,. Let v be central vertex, vy, vo, vs, ..., v, be the rim
vertices and wuq, us, us, . . ., u, be the pendant vertices adjacent to vy, v9,v3,...,v,
respectively in H,,. Then N (u;) = {v;} for 1 <i <mnand N(v) = {v1,v9,v3,...,0,}.
Since N/ (u;) = a for 1 <4 < n, we should have f(v;) = a for 1 <i <n. There-
fore, N}“(v) = a implying that na = a and hence n is odd. Conversely, suppose

that n is odd. We define f : V(H,) — V4\{0} as :

(
b if w=w

flw)=19a if w = v1,V9,V3,...,0U,

c if w=uy,usus,..., u,
\

Then f is an a-neighbourhood Vj;-magic labeling of H,,. Hence the theorem. [
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2.2. Cycle related graphs

Theorem 2.2.18. H,, ¢ q for any n.

Proof. Proof is obvious, since H,, has pendant vertices. O]

Corollary 2.2.19. H, ¢ Q.0 for any n.

Proof. 1t directly follows from Theorem 2.2.18. ]

Theorem 2.2.20. The flower graph Fl, € Qq for all n.

Proof. Proof is obvious by labeling all the vertices by a. O]

Theorem 2.2.21. Fl, ¢ Q, for any n.

Proof. Suppose that Fl,, € Q, for some n with a labeling f. Then > 77" | N/ (u;)+
Yoy N;_(Ui) + N}“(v) = 0. This implies that (2n + 1)a = 0. Thus a = 0, a

contradiction. Hence Fl,, ¢ ), for any n. O

Corollary 2.2.22. Fl, ¢ Q. for any n.

Proof. Proof obviously follows from Theorem 2.2.21. O

Theorem 2.2.23. The sunflower SF, € Q, if and only if n = 2(mod 4).

Proof. Consider the sunflower SF,, with vertex set V' = {wg, w;,v; : 1 < i < n}
where wy is the central vertex, wy, wo, ws, ..., w, are vertices of the cycle and v;
is the vertex joined by edges to w; and w;; where 7 + 1 is taken over modulo
n. Assume that SF,, € Q, for some n with a labeling f. Since N;“(vl) = a, we
have f(w;) = b or ¢. Suppose f(w;) = b ( The case where f(w;) = ¢ can be
treated similarly), then f(ws3) = f(ws) = f(wy) =--- =b and f(ws) = f(wy) =
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2.2. Cycle related graphs

flws) = --- = c. Since N (v,) = a, f(w,) = ¢, therefore n = 0(mod 2), implies
that either n = 0(mod 4) or n = 2(mod 4). If n = 0(mod 4), then n = 4k some
k € N. Let wy,ws, ws, ..., wy be the vertices of on C,,. Therefore N;(wo) =a
implying that 2k(b + ¢) = a and hence a = 0, a contradiction. Thus the case
n = 0(mod 4) is not possible. Hence n = 2(mod 4). Conversely, assume that

n = 2(mod 4). We define f : V(SF,) — V4\{0} as :
flwe) = f(v;)) =a for 1 <i<n,
b if i=1,3(mod 4)

S (wi) =
¢ if i=0,2(mod 4)

Clearly f is an a-neighbourhood Vj-magic labeling of SF},. This completes the

proof of the theorem. n

Theorem 2.2.24. SF,, € Qg if and only if n = 0(mod 2).

Proof. Assume that SF, € Qg for some n. Then f(w;) = a (or b or ¢) for
1 < i < n. Since Nj (wp) = 0, we have na = 0, implying that n = 0(mod 2).

Conversely, assume that n = 0(mod 2). Now define f : V(SF,) — V4\{0} as :
flwo) = f(w;)) =a for1<i<n
b if i=1,3(mod 4)

flu) =
¢ if i=0,2(mod 4)

Then Ny (u) =0 for all u € V(SF,). This completes the proof of the theorem.

]

23



2.2. Cycle related graphs

Figure 2.5: A 0-neighbourhood Vj-magic labeling of SFg

Corollary 2.2.25. SF, € Q. if and only if n = 2(mod 4).

Proof. Proof directly follows from Theorem 2.2.23 and Theorem 2.2.24.
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Chapter 3

Neighbourhood Vj-magic Labeling of

Star and Path Related Graphs

The first section of this chapter provides definitions of some
star and path related graphs. Second section of this chap-
ter discusses neighbourhood Vy-magic labeling of star related
graphs and the final section investigates the neighbourhood V-

magic labeling of some path related graphs.

3.1 Introduction

Here we consider the following definitions.

Definition 3.1.1. [2] A complete bipartite graph of the form K, is called a

star graph. A star graph K, is sometimes called an n-star.

Definition 3.1.2. [10] The Bistar B,,, is the graph obtained by joining the

IThis chapter has been published in Journal of Discrete Mathematical Sciences & Cryptog-
raphy, Volume 22, Number 6, 2019, Pages 1067-1076.

25



3.2. Star related graphs

central vertex of K, and K, by an edge.

Definition 3.1.3. The graph S'(G) obtained by subdividing each edge of G by a

vertex is called the subdivision graph of G.

Definition 3.1.4. [10] The (n, k)-Banana tree Bt(n, k) is the graph obtained by
starting with n number of k—stars and connecting one end vertex from each to

a new vertex.

Definition 3.1.5. [10] Jelly fish graph J(m,n) is obtained from a 4-cycle
wiwowswawy by joining wy and ws with an edge and appending the central vertex

of K1 to wy and appending the central vertex of K, to wy.

Definition 3.1.6. [10] Let < K;,, : m > denote the graph obtained by taking m
disjoint copies of Ki,, and joining a new vertex to the centers of the m copies

Of Kl,n-
Definition 3.1.7. The graph P;[1P, is called a Ladder. It is denoted by L,,.

Definition 3.1.8. The graph with vertex set {u;,v; : 0 < i < n+ 1} and edge

set {uuir1, vivir 1 0 <i < n}U{uw; : 1 <i<n}is called the ladder Ly .
Definition 3.1.9. The Corona P, ® K; is called the comb graph CB,,.

Definition 3.1.10. [19] A quadrilateral snake Q.S,, is the graph obtained from a
path vivaus . .. vy, by joining each pair v;, v;y1 to the new vertices u;, w; respectively

and then joining u; and w; by an edge.

3.2 Star related graphs

Theorem 3.2.1. The star K, € Q, for alln € N.
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3.2. Star related graphs

Proof. Consider the star graph with vertex set V = {v,v; : 1 <7 < n} where v

be the central vertex of K ,. Here we consider the following cases.

Case 1: n is even.

Define f: V — V4\{0} as:

b if i=1

floy=a and flv)=1q¢ if i=2

a if i>2

Case 2: n is odd.
Define f: V — V,\{0} as: f(v) = f(v;) =a for 1<i<n.
In either case, f gives an a-neighbourhood V;-magic labeling of K ,. O]

Theorem 3.2.2. K, ¢ Qqy for any n € N.

Proof. Proof is obvious, since K, has pendant vertices. O

Corollary 3.2.3. Ky, ¢ Q.0 for alln € N.

Proof. 1t directly follows from Theorem 3.2.2. O

Theorem 3.2.4. B,,,, € Q, for allm >1 and n > 1.

Proof. Consider the bistar B,,, with vertex set V = {u,v,u;,v; : 1 < i <
mand 1 < j < n} where u;(1 <i <m) and v;(1 < j <n) are pendant vertices

adjacent to u and v respectively. Here we consider the following cases.
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3.2. Star related graphs

Case 1: Both m and n are even.
Define f: V — V,\{0} as:

f(u) = f(v) = f(w;) = f(vj) =a for 1<i<m and 1<j<n.

Case 2: m is even and n is odd.
Define f: V — V;\{0} as:

(

boif j=1
flo)) =9S¢ if j=2

a if j>2

\

fu)=fw) = f(u;)) =a forl<i<m.

Case 3: m is odd and n is even.
Define f: V — V4\{0} as:

(

boif i=1
flup) =q¢ if i=2

a if i>2

\

fw)= fw) = o) =a for1<j<n

Case 4: Both m and n are odd.
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3.2. Star related graphs

Define f: V — V,\{0} as:

flu)=qc¢ if i=2

a if i>2

b oif j=1

a if 7>2
fu)=f)=a
In all the above cases, f is an a-neighbourhood Vj-magic labeling of B, ,,. [
b b
c
c
a a
a®  J a
a
a a

Figure 3.1: An a-neighbourhood Vj-magic labeling of the bistar By 5

Remark 3.2.5. B,,,, ¢ Q, for m =1 or n = 1. Because if m = 1( other case is

similar), since f(u) = f(v) = a, Nf (u) = a, implying that f(u1) = 0.

Theorem 3.2.6. B,,,, ¢ Q for any m,n € N.
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3.2. Star related graphs

Proof. The proof is obvious due to presence of pendant vertices in B,, ,,. m

Corollary 3.2.7. B,,,, ¢ Q0 for any n € N.

Proof. 1t directly follows from Theorem 3.2.6. m

Theorem 3.2.8. S'(K;,,) € Q, if and only if n is odd.

Proof. Let V- = {v,u;,v; : 1 <i < n} be the vertex set of S’(K;,) with central
vertex u and v;(1 < i < n) be the pendant vertices which are adjacent to
u;(1 < i < n) respectively. Suppose that S’(Ki,) € Q, with the labeling f.
Since N (v;) = {u;} for 1 <i < n, we should have f(u;) = a for 1 <i <n. Now
N;r(v) = a implies that na = a, hence n is odd. Conversely, suppose that n is
odd. We define f : V — V,\{0} as: f(v) =b, f(u;) =a, f(v;) =cfor1 <i<n.

Then f is an a-neighbourhood Vj;-magic labeling of S'(Kj ,,). O

Theorem 3.2.9. S'(K;,,) ¢ Qo for any n € N.

Proof. Proof is obvious due to the presence of pendant vertices in S"(K;,). O

Corollary 3.2.10. S’ (K1 ,,) ¢ Qa0 for any n € N.

Proof. It follows from Theorem 3.2.9. [

Theorem 3.2.11. The (n, k)-banana tree Bt(n, k) ¢ Q, for any n and k.

Proof. Assume that Bt(n, k) € Q, for some n and k. Let V(Bt(n, k))={u, u;, u;; :
1 <i<n,l<j<Ek}and E(Bt(n,k))={vu;, wjun, upu; - 1 < i < n,2 <
j < k}. Then | V(Bt(n,k)) |=n(k + 1)+ 1 and | E(Bt(n,k)) |[=n(k + 1).

Since Nf (u1) = a, we should have f(ui;) = a. Now N/ (u;) = a, implies
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that f(u) = 0, which is a contradiction. Therefore Bt(n, k) ¢ €, for any n and

k. This completes the proof. O

Theorem 3.2.12. Bt(n, k) ¢ Qg for any n and k.

Proof. Proof is obvious, since Bt(n, k) has pendant vertices. O

Corollary 3.2.13. Bt(n, k) ¢ Q.0 for all n and k.

Proof. Proof directly follows from Theorem 3.2.12. [

Theorem 3.2.14. The Jelly fish J(m,n) € Q, for all m and n.

Proof. Let G be the jelly fish J(m,n). Then G has (m+n+4) vertices and (m-+n+
5) edges. Let V(G) = V1 UV, where Vi = {wy, wa, w3, wa}, Vo = {u;,v;:1 <0 <
m,1 < j <n}and E(G) = E\UE,, where B = {wiws, wows, wawys, wowy, wiws},

Ey = {wou,, wavj 1 < <m,1 <5< n}. Here we consider the following cases:

Case 1: Both m and n are even.

Define f: V(G) — V4\{0} as:

flw) =a for 1<i<A4

b if i=1 b if j=1

flu)=9qc if i=2  fly)=R¢c if j=2

a if i>2 a if 7>2

Case 2: m is even and n is odd.

31
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Define f: V(G) — V4\{0} as:

b if i=1
flup) =q¢ if i=2

a if i>2

flw;) = fvj)) =a for 1<i<4, 1<j<n.
Case 3: m is odd and n is even.
Define f: V(G) — V4\{0} as:

flw;) = f(u;) =a for 1<i<4,1<j<m.

¢

b oif j=1

flo))=qc¢ if j=2

a if j>2

\

Case 4: Both m and n are odd.
Define [ : V(G) — V4\{0} as:

flw) = fu;) = flog) =a for 1<i<4,1<j<m,1<k<n.

In all the above cases, f is an a-neighbourhood Vj-magic labeling of J(m,n). [

Theorem 3.2.15. J(m,n) ¢ Qqy for any m and n.

Proof. Proof is obvious due to the presence of pendant vertices in J(m,n). [

Corollary 3.2.16. J(m,n) ¢ Q.o for any m and n.
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Proof. Proof directly follows from Theorem 3.2.15. m

Theorem 3.2.17. The graph < K, : m >€ Q, if and only if m is odd.

Proof. Let G be the graph < K, : m > and let V; = {u;,u;; : 1 < j < n} be the
vertex set of i copy of K, with apex u; and let u be the unique vertex adjacent
to the central vertices u;(1 <i <m) in G. Then V(G) = VUV, U...UV,,,U{u}.
Suppose that G € €, with a labeling f. Then N}“(uij) = a implies that f(u;) = a
for 1 <4 < m. Also Nf(u) = a implies that ma = a. Hence m is odd.

Conversely, suppose that m is odd. Here we consider the following cases:

Case 1: n=1.

In this case G is S’(K,,), which is in Q, when m is odd.

Case 2: n > 2 and n is odd.

Define f: V(G) — V4\{0} as:

boif j=1

flug)=qc¢ if j=2

a if j>2

fu) = f(u;)) =a for 1 <i<m

Case 3: n > 2 and n is even.
Define f: V(G) — V,\{0} as:
f(u) = f(u;) = f(us;) =a for 1 <i<mand 1<j<n.
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In all the above cases, f gives an a-neighbourhood Vj;-magic labeling of G. [

Theorem 3.2.18. < Ky, : m >¢ Qq for any m and n.

Proof. It is obvious, since < K, : m > has pendant vertices in it. O

Corollary 3.2.19. < K, : m >¢ Q. for any m and n.

Proof. Proof directly follows from Theorem 3.2.18. [

Definition 3.2.20. The graph obtained by attaching central vertices (or apex)of

n-copies of Ky, by a unique vertex u by n distinct edges is denoted by K7 ,,.

X
DS et
X

Figure 3.2: Graph K7,

Theorem 3.2.21. The graph K7, € €, if and only if n is odd.

Proof. Let vy, vs,vs, ..., v, be the central vertices of each of the n-copies of K ,,
let {v;; : 1 < j < n} be the set of pendant vertices adjacent to the vertex v; for
1 <i < n. Also let v be the unique vertex connecting each v; for 1 < i < n

by an edge. Assume that K{, € €, with the labeling f. Since N(v;;) = {v;}
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3.3. Path related graphs

for all 1 < ,7 < n, we should have f(v;) = a for 1 < i < n. Now N;r('u) =a
implies that na = a, hence n is odd. Conversely, assume that n is odd. For

i=1,2,3,...,n, we define f: V(K7,) — V4\{0} as:

(

boif =1
flug)=qc¢ if j=2

a if j>2

\

and f(v) = f(v;) = a for 1 < i < n. Obviously f is an a-neighbourhood

Vi-magic labeling of K7,,. This completes the proof of the theorem. O

Theorem 3.2.22. K7, ¢ Qq for any n € N.

Proof. Proof is obvious due to the presence of pendant vertices in K7 ,,. ]

Corollary 3.2.23. K7, & Qq for any n € N.

Proof. Tt follows from Theorem 3.2.22. O]

3.3 Path related graphs
Theorem 3.3.1. The Ladder L, ¢ Q, for all n > 3.

Proof. Consider L, with vertex set V = {u;,v; : 1 < ¢ < n} and edge set
E = {uuir1, 0051 : 1 <i<n—1}U{wwv; : 1 <i<n}. Assume that L, € Q,
for some n > 3 with a labeling f. Then N;(ul) = f(u2) + f(v1) = a. Therefore,

N (v3) = a implies that f(vs) = 0, a contradiction. O
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Theorem 3.3.2. L, ¢ §y for any n > 3.

Proof. Consider L, with vertex set V = {u;,v; : 1 < ¢ < n} and edge set
E = {wui, 0051 : 1 <i<n—1}U{uw; : 1 <i<n}. Suppose that L, € Q
for some n > 3 with a labeling f. Then N (u1) = f(uz) + f(v1) = 0. Also

N/ (v3) = 0 implies that f(vs) = 0, a contradiction. O

Corollary 3.3.3. L, ¢ Q.0 for any n > 3.

Proof. Proof directly follows from Theorem 3.3.1. O

Theorem 3.3.4. The Ladder Lo, = PP, € (,.

Proof. Consider Ly with vertex set V' = {uy, us, v1,v2} and edge set E = {ujus,

Ugvg, V1V, U101 }. Define f @ V(Ly) — Vi\{0} as: f(u1) = f(uz) = b, f(v1) =

f(vg) = ¢. Then f is an a-neighbourhood Vj-magic labeling of Ls. ]

Theorem 3.3.5. L, = P[P, € Q.

Proof. 1f we label all the vertices by a, we get Ly € €. n

Corollary 3.3.6. Ly = B,UP, € Q.

Proof. Proof follows from Theorem 3.3.4 and Theorem 3.3.5. ]

Theorem 3.3.7. The Ladder L,.o € ), for alln € N.

Proof. Consider the Ladder L,,s with vertex set {u;,v; : 0 < i < n+ 1} and
edge set {wu;y1, 0001 0 0 < i < n}U{uw; 0 1 <i < n}. Then degree of each

vertex is either 1 or 3. By labeling all the vertices by a, we get L,.o € Q,. O
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Theorem 3.3.8. L, ¢ Qqy for any n € N.

Proof. Proof is obvious due to the presence of pendant vertices in L, . m

Corollary 3.3.9. L2 ¢ Q.0 for any n € N.

Proof. Proof directly follows from Theorem 3.3.8. ]

Theorem 3.3.10. The Comb graph CB,, ¢ ), for any n > 2.

Proof. Let {u;,v; : 1 <1i <n} be the vertex set of CB,, where v;(1 <1i <mn) are
the pendant vertices adjacent to u;(1 < i < n). Then N(v;) = {w;} for 1 <i < n.
Suppose that C'B,, € Q, for some n > 2 with a labeling f. Then f(u;) = a for
1 <4 <mn. Also NJ(u1) = a implies that f(vi) + f(uz) = a, hence f(v;) =0, a

contradiction. Hence C'B,, ¢ ), for all n > 2. O

Theorem 3.3.11. CB,, ¢ Q) for any n € N.

Proof. 1t is obvious, since C'B,, has pendant vertices. O]

Corollary 3.3.12. CB,, ¢ Q. for any n € N.

Proof. Proof follows from Theorem 3.3.11. [

Theorem 3.3.13. The quadrilateral snake QS, & Q, for any n > 2.

Proof. Let QS,, be the quadrilateral snake obtained from the path vyvsvs . .. v, by
joining each pair v;, v;11 to the new vertices u;, w; respectively and then joining
u; and w; by an edge. Suppose that Q).S,, € €2, for some n > 2 with labeling f.
Then, Ny (u1) = f(v1) + f(w1) = a and Ny (wz) = f(ug) + f(vs) = a. Therefore
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N{(vg) = f(v1) + f(wr) + f(uz) + f(vs) = a +a = 0, a contradiction. This

completes the proof of the theorem. O

Theorem 3.3.14. QS,, € Q) for alln € N.

Proof. The degree of each vertex in @95, is either 2 or 4. If we label all the

vertices by a, we get QS,, € Q. ]

Corollary 3.3.15. QS,, ¢ Q.0 for any n > 2.

Proof. Proof follows from Theorem 3.3.13. O]
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Chapter I

Neighbourhood Vj-magic Labeling of

Some More Graphs

The first section of this chapter provides definitions of some special
graphs like Crown graph, Book graph, n-gon book of k pages and
Gear graph. The next section discusses neighbourhood Vi-magic

labeling of such graphs and some other special graphs.

4.1 Introduction

Definition 4.1.1. [30] A Crown graph C? is obtained from C,, by attaching a

pendant edge at each vertex of the cycle C,,.

Definition 4.1.2. [25] The Book graph B, is the graph S,[0P,, where S,, is the

star with n + 1 vertices and P 1s the path on 2 vertices.

Definition 4.1.3. [14] When k copies of C,, share a common edge it will form

IThis chapter has been published in Far East Journal of Mathematical Sciences(FJMS),
Volume 113, Number 1, 2019, Pages 47-64.

39



4.2. Some more graphs

the n-gon book of k pages and is denoted by B(n, k).

Definition 4.1.4. [29] A Gear graph G,, is obtained from the wheel graph W,
by adding a vertex between every pair of adjacent vertices of the cycle. G, has

2n + 1 vertices and 3n edges.

4.2 Some more graphs

Lemma 4.2.1. Let G be a graph such that all of its vertices are of even degree,

then G is 0-neighbourhood V,-magic graph.

Proof. If we label all the vertices by a, we get N;'(u) = 0. Thus G is a 0-

neighbourhood Vj-magic graph. O

Lemma 4.2.2. Let G be a graph such that all of its vertices are of odd degree,

then G is a-neighbourhood Vy-magic graph.

Proof. If we label all the vertices by a, we get N]'f(u) = a. Thus G is an a-

neighbourhood V;-magic graph. O

Theorem 4.2.3. The complete bipartite graph K, ,, € Q, for all m,n.

Proof. Let X = {uy,ug,us,...,upn}t and Y = {vy,v9,vs3,...,v,} be the biparti-

tion of K,,,. We consider the following cases:

Case 1: Both m and n are even.
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Define f: V(K,,,) — Vi\{0} as:

( (
b oif i=1 b oif j=1
flu)=qc¢ if i=2 flo))=qc if j=2
a if 1>2 a if j>2

\ \

Case 2: m is even and n is odd.

Define f: V(K,,,) — Vi\{0} as:

(
boif i=1
flu)=qc if i=2 fv;)=a for 1<j<n.
a if i>2
\

Case 3: m is odd and n is even.
Define f : V(K,,,) — Vi\{0} as:

(

b if j=1
flv))=1qc if j=2 f(u;)) =a for 1 <i<m.
a if j>2

\

Case 4: Both m and n are odd.
Define f: V(K,nn) — Vi\{0} as:

fw;)) = f(v;) =a for 1<i<m and 1<j<n.

In each case, f gives an a-neighbourhood V,-magic labeling of K, .
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Theorem 4.2.4. K,,,, € Q form >1 andn > 1.

Proof. Let X = {uy,us,us,...,uy,} and Y = {vy,vs, v,

tion of K,,,. We consider the following cases:

Case 1: Both m and n are even.
Define f: V(Kpn) — Vi\{0} as:

flu;)) = f(vj) =afor1<i<mand1l<j<n.

Case 2: m is even and n is odd.
Define f: V(K,,) — Vi\{0} as:

;

..., Uy} be the biparti-

b if j=1
flv)) =S¢ if j=2 fu;)) =a for 1 <i<m.
a it 7>2

\

Case 3: m is odd and n is even.

Define f: V(K,,,) — Vi\{0} as:

(
b if i=1
f(ui): c if 1=2 f(vj):afor 1<75<n.
a if i>2
\

Case 4: Both m and n are odd.
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4.2. Some more graphs

Define f: V(K,,,) — Vi\{0} as:

( (

b oif i=1 b oif j=1
flu)=qc¢ if i=2 flo))=qc if j=2
a if 1>2 a if j>2

\ \
In all the above cases, f gives O-neighbourhood Vj-magic labeling of K,,,. O

Corollary 4.2.5. K, , € Q.0 form >1 and n > 1.

Proof. Proof follows from Theorem 4.2.3 and Theorem 4.2.4. O]

Theorem 4.2.6. The graph P,C, € Q, for all n > 3.

Proof. Consider P,1C,, with vertex set V = {(u;,v;) : 1 <i <21 <j <n}
Then degree of each vertex is 3. Label all the vertices by a, then N JT (ui,vj) = a

forall 1 <i<2and1 < j <n. This completes the proof of the theorem. O]

Theorem 4.2.7. P,IC, € Qq if and only if n = 0(mod 3).

Proof. Consider P,JC,, with vertex set V = {u;,v; : 1 < i < n} and edge set
E = {wui,vvi1 01 <0 <n—1}U{wy; 1 1 < i < n}U{ugu,, v} If

n = 0(mod 3), we define f: V — V4 \{0} as:

(

¢ if i=0(mod 3)
fui) = f(vi) = b if i=1(mod 3)

a if i=2(mod 3)

\
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4.2. Some more graphs

Then N/ (u;) = Nf(v;) = 0 for all 1 <4 < n. Conversely, if n # 0(mod 3),

then n = 1(mod 6) or n = 2(mod 6) or n = 4(mod 6) or n = 5(mod 6).

Case 1: n = 1(mod 6)

In this case n = 6k + 1 for some k € N. If P,JC,, € Qy, then N;r(ul) =0,
consequently f(vy), f(ug) and f(ugrr1) are distinct non-zero elements in
V. Without loss of generality we assume that f(v;) = a, f(uz) = b and
flueks1) = c. Then f(vs) = ¢, f(us) = a, f(vs) = b, f(ug) = ¢, fvr) =
a,. .., f(vers1) = a. Now Nf (ugry1) = 0 implies that f(u1) = b, f(va)
¢, f(uz) = a, f(vq) = b,..., f(ver) = a. Therefore, N]T(u%) = f(ugpst1) +

f(ugr—1)+ f(ver) = c+c+a = a, which is a contradiction. Hence P,OC,, &

Q.

Case 2: n = 2(mod 6)

In this case n = 6k + 2 for some k € N. If P,JC,, € Qy, then N]T(ul) =0,
consequently f(v1), f(uz) and f(ugrr2) are distinct non-zero elements in

V4. Without loss of generality we assume that f(v;) = a, f(uz) = b and
f(uers2) = c. Then f(vs) = ¢, f(ua) = a, f(vs) = b, f(us) = ¢, f(vr) =

a,. .., f(uek) = c. Now Nf (ugry1) = 0 implies that f(very1) = 0, which is

a contradiction. Hence P,JC,, & .

Case 3: n = 4(mod 6)

In this case n = 6k 4 4 for some k € N. If P,OC,, € Q, then N;r(ul) =0,
consequently f(vy), f(ue) and f(ugrr4) are distinct non-zero elements in

Vy. Without loss of generality we assume that f(v;) = a, f(u2) = b and
f(ukra) = c¢.Then f(vs) = ¢, f(ua) = a, f(vs) = b, f(ug) = ¢ f(vr) =
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4.2. Some more graphs

a, f(us) = b, f(vg) = c..., f(verss) = c.Now N/ (verya) = O implies that

f(v1) =0, which is a contradiction. Hence P,JC,, & €.

Case 4: n = 5(mod 6)

In this case n = 6k + 5 for some k € N. If P,IC,, € Q, then N;(ul) =0,
consequently f(v1), f(uz) andf(ugris) are distinct non-zero elements in
Vy. Without loss of generality we assume that f(v;) = a, f(u2) = b and
f(ugk+s) = c. Then f(vz) = ¢, f(ua) = a, f(vs) = b, f(ug) = ¢, f(vr) =
a, f(us) = b, f(vg) = ¢, f(ur) = a,..., f(vekts) = b. Now N;(UGHL%) =0
implies that f(vexr4) = b, which again implies that f(ugry3) = a, f(vepi2) =
¢, flugryr) =0, f(ver) = a, ..., f(vy) = c. Therefore, N;(vl) = ¢, a contra-

diction. Hence P,LIC, & .

Thus in each of the above cases, we have P,JC,, & y. Completes the proof. [

Corollary 4.2.8. P,OC, € Q, if and only if n = 0(mod 3).

Proof. Proof follows from Theorem 4.2.6 and Theorem 4.2.7. O]
Theorem 4.2.9. The crown graph C}; € Q, for alln > 3.

Proof. The degree of vertices of a crown graph is either 1 or 3.

Define f: V(C¥) — V4\{0} as :

f(v) =a foreach v e V(C})

Clearly f is an a-neighbourhood Vj-magic labeling of C. m

Theorem 4.2.10. C & Qq for any n.

Proof. Proof is obvious due to the presence of pendant vertices in C7. O]
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4.2. Some more graphs

Theorem 4.2.11. C! ¢ Q, for any n.

Proof. Proof directly follows from Theorem 4.2.10. O

Theorem 4.2.12. The graph obtained by duplicating all pendant vertices in a

Crown graph C} is a-neighbourhood Vi-magic graph.

Proof. Let uy,us,us, ..., u, be the rim vertices and vy, vo, vs, ..., v, be the pen-
dant vertices in C?. Let G be the graph obtained by duplicating all the pendant
vertices in C?. Suppose wy, W, ws, . .., w, be the new vertices in G by duplicat-
ing the vertices vy, v, v3, ..., v,. Then V(G) = {u;, v;, w; : 1 < i < n}. We define

f:V(G) = Vi\{0} as :

;

a if uw=uwuy,u,us,...,u,
fu)=1qb if U= V1, V2, V3,...,0,
\c if u=w,wy,ws,...,w,
Clearly f is an a-neighbourhood V;-magic labeling of G. [

Theorem 4.2.13. The graph G obtained by duplicating all the pendant vertices

in a Crown C} is not 0-neighbourhood Vy-magic.

Proof. Proof is obvious, since G has pendant vertices. ]

Theorem 4.2.14. The graph G obtained by duplicating all the pendant vertices

in a Crown C} is not in Q.

Proof. Proof follows from Theorem 4.2.12 and Theorem 4.2.13. O

Theorem 4.2.15. The graph P,LAC? € Q, for alln > 3.
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Proof. Let Vi = {uy,us} and Vo = {v;,w; : 1 < i < n} be the vertex sets of

P, and C7 respectively, where vy, vy, vs, .

.., U, are the rim variables and ws are

pendant vertices adjacent to v; for 1 < i < n in Cf. Define f : V(ROC!) —

Vi\{0} as:

f(ui,v;) =

f(ui’wj) =

c if i=land1<j5j<n

b if i=2and1<j5j<n

c if i=land1<j<n

b if 1=2and1<j5j<n

Then N/ (u;,v;) = N (u,w;) = a for 1 <i<2and1<j <n. Thus fis an

a-neighbourhood V;-magic labeling for PLIC). Completing the proof.

/
\

"
< >

T —

Figure 4.1: Graph P,LC3

Theorem 4.2.16. P,LCY € Qy for alln > 3.

]

Proof. In P,LJC}:, the degree of each vertex is either 2 or 4. Labeling all the

vertices by a, we get N (u) = 0 for all u € V/(P,0C}).

Corollary 4.2.17. R,UC) € Q.o for alln > 3.

Proof. Tt directly follows from Theorems 4.2.15 and 4.2.16.

47

]



4.2. Some more graphs

Theorem 4.2.18. The book graph B, € Q, if and only if n is odd.

Proof. Let Vi = {u,uy,us, us, ..., u,} and Vo = {v1,v2} be the vertex sets of S,
and P, respectively, where u be the central vertex and us are pendant vertices
in S,. Then V(B,) = {(u,v;), (u;,v;) : 1 < i <n,1 <j <2} Assume that
B, € Q, for some n with a labeling f. Since N;r (u1,v1) = a, we should have
either f(u,v1) = b or f(u,vy) = c. If f(u,v1) = b, then f(uy,vy) = f(ug,vy) =
flug,v2) = --+ = f(un,v2) = ¢. Then N/ (u,v3) = a implies that b+ nc = a,
hence n is odd. If f(u,v1) = ¢, then f(uy,ve) = f(ug,ve) = f(us,ve) = -+ =
f(tpn,v2) =b. Then N;r(u, v9) = a implies that c+nb = a, hence n is odd. Thus,
in either case, n is an odd number. Conversely, assume that n is an odd number.

We define f: V(B,) — V4\{0} as:

b if j=1 b if j=land1<i<n
flu,vg) = and  f(u;,v5) =
c if j=2 c if j=2and1<i<n

Obviously, f is an a-neighbourhood V,;-magic labeling of B,,. This completes the

proof of the theorem. n

Theorem 4.2.19. B, € Qg if and only if n is odd.

Proof. Let Vi = {u,uy,us, us,...,u,} and Vo = {vy,v2} be the vertex sets of S,
and P respectively, where u be the central vertex and wu}s are pendant vertices
in S,. Then V(B,) = {(u,v;), (u;,v;) : 1 < i <n,1 < j < 2}. Assume that
B,, € Qg for some n with a labeling f. Since N]ﬁ“(ul, v1) = 0, we should have either

f(U,Ul) = f(UI;UQ> =a or f(U,’Ul) = f(ulan) = b or f(U,Ul) = f(ulva) = C.

Case 1: f(u,v1) = f(ug,vq) = a.

48



4.2. Some more graphs

Since B,, € Qo and f(u,v;) = a implies that f(u;,v9) = a for 1 < i < n.
Therefore, N (u,vy) = 0 implies that (n 4 1)a = 0. Hence n is odd.

Case 2: f(u,v1) = f(ug,vy) =b.
Since B, € Qy and f(u,v;) = b implies that f(u;,v9) = b for 1 < i < n.
Therefore, N}“(u, v9) = 0 implies that (n + 1)b = 0. Hence n is odd.

Case 3: f(u,v1) = f(ug,va) =c.

Since B,, € Qy and f(u,v;) = ¢ implies that f(u;,v9) = ¢ for 1 < i < n.

Therefore, N/ (u,v;) = 0 implies that (n 4 1)c = 0. Hence n is odd.

Conversely, assume that n is odd. Then deg(u,v,) = deg(u,vs) = n + 1 and
deg(u;,v1) = deg(u;,v9) = 2 for 1 < i < n. If we label all the vertices by a, we

will get B,, € y. This completes the proof of the theorem. n

Corollary 4.2.20. B,, € Q¢ if and only if n is odd.

Proof. Proof follows from Theorem 4.2.18 and Theorem 4.2.19. O]

Theorem 4.2.21. C,, ® C,, € Q, for n = 1(mod 2).

Proof. Consider C,, ® C,, with n = 1(mod 2). Then degree of each vertex in
C,, ® C,, is either n + 2 or 3. In either case vertices are odd. If we label all the

vertices by a, we get C,,, © C,, € (Q,. H

Theorem 4.2.22. C,,, ® C,, € Q, for m,n = 0(mod 4).

Proof. Let the vertex set of C,, be {uy, us, us, . .., u,} and vertex set of k™ copy

of C,, is {vk1, V2, Vg3, - - -, Vg } in order. Define f: V(C,, ® C,,) — V,\{0} as:
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b if i=1,2(mod 4)

f(ui) =
¢ if 1=0,3(mod 4)
a if 1=1,2(mod 4) and j=1,2(mod 4)
b if i=1,2(mod4)and j=0,3(mod 4)
fluig) =

a if i=0,3(mod 4)and j=1,2(mod 4)

¢ if 1=0,3(mod 4) and j=0,3(mod 4)

\

Then, f gives an a-neighbourhood Vj-magic labeling of (), ® C,,. Hence the

theorem is proved. O

Theorem 4.2.23. C,,, ® C,, € Qy for n = 0(mod 4).

Proof. Let the vertex set of C,, be {uy,us, us, ..., un,} and vertex set of Eth copy

of C, is {vk1, Uk, Uks, - - -, Uk} in order. Define f: V(C,, © C,) — V4\{0} as:

flu))=c for 1<i<m

a if 1<i<m and j=1,2(mod 4)
f(vi) =
b if 1<i<m and j=0,3(mod 4)

Clearly f is a 0-neighbourhood V;-magic labeling of C,, ® C,. m

Theorem 4.2.24. C,, ©® C,, € Q0 for m,n = 0(mod 4).

Proof. Proof directly follows from Theorems 4.2.22 and 4.2.23. m

Theorem 4.2.25. B(n,k) € Q, for n = 0(mod 4) and k = 1(mod 2).
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Proof. Consider the n-gon book B(n, k) with n = 0(mod 4) and k = 1(mod 2).
Let {1, o, U3, - - ., i } be the vertex set of it copy of C,, and ug gy, (1 <i < k)

are the common edges in B(n, k). We define f : V(B(n,k)) — V4\{0} as:

b if 1<i<kand j=1,2(mod 4)
f(uij) =
¢ if 1<i<kand j=0,3(mod 4)

Obviously, N;r(uij) =a for 1 <i<kandl<j<n.Completes the proof. [J

Theorem 4.2.26. B(n,k) € Qy for alln > 3 and k = 1(mod 2).

Proof. Proof is obvious if we label all the vertices by a. O]

Corollary 4.2.27. B(n, k) € Qq0 for n = 0(mod 4) and k = 1(mod 2).

Proof. Proof follows from Theorem 4.2.25 and Theorem 4.2.26. O]

Definition 4.2.28. [25] One point union of k cycles each of length n is denoted
by C, (k).

Theorem 4.2.29. C,,(k) € Q, for all n = 0(mod 4) and k = 1(mod 2).

Proof. Let {1, wio, Uss, - . ., Ui } be the vertex set of i copy of the cycle in C,, (k)
for n = 0(mod 4) and k = 1(mod 2), where uy; = ug; = us; = -+ = ug. Define

f:V(Cu(k)) — V4\{0} as:

b if 1<i<kand j=1,2(mod4)
flugg) =
c if 1<i<kand j=0,3(mod 4)
Then, f is an a-neighbourhood Vj-magic labeling of C,,(k). O
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Theorem 4.2.30. C, (k) € Qqy for all n and k.

Proof. Labeling all the vertices by a, we get C, (k) € Q. ]

Corollary 4.2.31. C,(k) € Q. for alln = 0(mod 4) and k = 1(mod 2).

Proof. Proof follows from Theorem 4.2.29 and Theorem 4.2.30. [

Definition 4.2.32. Let Ny = {vy,v2} be the disconnected graph of order two.
Then for any graph G, the graph BP(G) = G V Ny is called the bipyramid based
on G. The graph C, V Ny is called the bipyramid based on C,, and is denoted by

BP(n).

Figure 4.2: The Bipyramid BP(6)

Theorem 4.2.33. BP(n) € Q, for n = 1(mod 2).

Proof. Consider BP(n) with vertex set V' = {uy, us, us, ..., u,, v1,v9} where u}s
are vertices on C,. We define f : V. — V,\{0} as: f(v1) = b, f(v2) = ¢ and
f(u;) = a for 1 <1i < n. Then f gives an a-neighbourhood V;-magic labeling of

BP(n). This completes the proof of the theorem. H

Theorem 4.2.34. BP(n) € Q, for n = 2(mod 4).
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Proof. Consider BP(n) with vertex set V' = {uy, us, us, ..., u,, v1,ve} where u,s

are vertices on C,,. We define f: V — V,\{0} as:

f(v1) =0, f(v2) =c and

b if i=1,3(mod 4)
fui) =
¢ if 1=0,2(mod 4)

Then, f is an a-neighbourhood Vj-magic labeling of BP(n). O

Theorem 4.2.35. BP(n) € Q for n = 0(mod 2).

Proof. Proof is obvious if we label all the vertices by a. O

Corollary 4.2.36. BP(n) € Q, for n = 2(mod 4).

Proof. Proof follows from Theorem 4.2.34 and Theorem 4.2.35. O

Theorem 4.2.37. The complete graph K,, € Q, if and only if n = 0(mod 2).

Proof. 1f n = 0(mod 2), then degree of each vertex in K, is odd. By labeling
all the vertices by a, we get K,, € Q,. If n # 0(mod 2), then n = 1(mod 2). If
possible K, € €, then N;“(u) =a for allu € V(K,). Then }_ ., N}“(u) = na,
implies that 0 = na, implying that a = 0, a contradiction. Therefore, K,, & €),.

Hence the theorem is proved. O

Theorem 4.2.38. K,, € Q for n = 1(mod 2).

Proof. If we label all the vertices by a, we get N; (u) = 0 for all u € V(K,,). O
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Theorem 4.2.39. Let G be a k—regular graph. Then G admits a-neighbourhood

Vi-magic labeling for k = 1(mod 2).

Proof. Proof is obvious if we label all the vertices by a. O]

Theorem 4.2.40. Let G be a k—reqular graph. Then G admits 0-neighbourhood

Vi-magic labeling for k = 0(mod 2).

Proof. Proof is obvious if we label all the vertices by a. O

Theorem 4.2.41. G,, € € for n = 0(mod 2).

Proof. Consider the gear graph with vertex set V(G,) = {u,u; : 1 < i < 2n}
and edge set F(G,) = {uugi—1 : 1 < i <n}U{wuiy : 1 <i<2n—1}U{ugug}.

Define f: V(G,) — Vi\{0} as:
f(u) =a and

(

b if i=0(mod 4)
a if i=1(mod 4)

¢ if i=2(mod 4)

a if i=3(mod 4)

\

Then, f gives a 0-neighbourhood Vj-magic labeling of G,,. This completes the

proof of the theorem. O

Theorem 4.2.42. G,, € Q, for n = 2(mod 4).

Proof. Consider the gear graph with vertex set V(G,) = {u,u; : 1 < i < 2n}

and edge set F(G,) = {uug—1 : 1 <i<n}pU{wuiy : 1 <i<2n—1}U{uguq}.
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Define f: V(G,) — V4\{0} as:

f(u) =a and

a if i=0(mod 4)

b if i=1(mod 4)
fui) =
a if i=2(mod 4)

¢ if ¢ =3(mod 4)

Then f gives an a-neighbourhood Vj-magic labeling of GG,,. This completes the

proof of the theorem. n
Figure 4.3: The gear graph Gy

Corollary 4.2.43. G,, € Q. for n = 2(mod 4).

Proof. Proof follows from Theorem 4.2.41 and Theorem 4.2.42. O]

Definition 4.2.44. [12] Consider a cycle C,, on n wvertices, call it the prime

cycle and attach n cycles, each of length m, called the auziliary cycles, at each
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4.2. Some more graphs

vertex of the prime cycle. This new graph is called Carona on cycle, denoted by

Cn(Cy) (read as C, on C,,).

Theorem 4.2.45. C,,(C,,) € Q, for allm > 3 and n > 3.

Proof. If we label all the vertices by a, we get C,,,(C,,) € Q. O

Theorem 4.2.46. If C,,(C,)admits a-neighbourhood V,-magic labeling. Then

either n = 0(mod 2) or m = 0(mod 2) or both.

Proof. Assume that C,,(C,) admits a-neighbourhood V;-magic labeling. Since
[V (Cn(Chr))| = nm, we should have nm.a = 0 implies that nm = 0(mod 2).

Hence n = 0(mod 2) or m = 0(mod 2) or both. O

Theorem 4.2.47. C,,(C,,)admits a-neighbourhood Vy-magic labeling for m =

1(mod 4) and n = 0(mod 4).

Proof. Consider C,,(C,) with vertex set V' = {u;; : 1 < i <n, 1 <j <
m} where {u1,us1,us1,- .., U1} be the vertex set of the prime cycle C,, and

{Up1, Upa, Ups, - - -, Upm } be the vertex set of k™ copy of the auxiliary cycle C,, in

order. Define f: V — V;\{0} as:

b if i=1,2(mod 4) and 7 = 1,2(mod 4)

¢ if i=1,2(mod 4) and j = 0,3(mod 4)

fuig) =
¢ if 1=0,3(mod 4) and j = 1,2(mod 4)
\b if i=0,3(mod 4) and j = 0,3(mod 4)
Then, N;r(uij) =aforalll1 <i<mnandl<j<m. Hence the theorem. O
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Theorem 4.2.48. C,,(C,)admits a-neighbourhood Vi-magic labeling for m
3(mod 4) and n = 0(mod 4).

Proof. Consider C,,(C,) with vertex set V = {u;; : 1

IN

i <nl <7<
m}, where {ui,us1,us1, ..., u,} be the vertex set of the prime cycle C, and

{up1, Upa, Ups, - - -, Upm } be the vertex set of k™ copy of the auxiliary cycle C,, in

order. Define f: V — V4\{0} as:

b if i=1,2(mod 4) and 7 =0, 1(mod 4)

¢ if i=1,2(mod 4) and j = 2,3(mod 4)
S (uij) =
¢ if 1=0,3(mod 4) and j =0, 1(mod 4)

b if i=0,3(mod 4) and j = 2,3(mod 4)

Clearly, N/ (u;;) = a for all 1 <7 <nand 1 < j <m. Hence Cp,(Cp) € Q. O
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Chapter

Neighbourhood Vj-magic Labeling of

Splitting, Shadow and Middle of Graphs

This chapter studies neighbourhood Vi-magic labeling of splitting,
shadow and middle of some graphs. The first section gives an in-
troduction to the above said graphs. The Second section investigates
netghbourhood Vy-magic labeling of splitting graph of some graphs.
Third section studies neighbourhood Vi-magic labeling in shadow
graph of some graphs and the final section discusses neighbourhood

Vi-magic labeling of some middle graphs.

5.1 Introduction

The Splitting graph S(G) of a connected graph G is obtained by adding to each

vertex u in GG, a new vertex u’ such that u' is adjacent to the neighbours of u

!The second section of this chapter has been published in International Journal of Research
in Advent Technology, Volume 7, Number 1, January 2019, Pages 530-535.

2The third section of this chapter has been published in International Journal of Mathe-
matical Combinatorics, Volume 2, 2019, Pages 86-98.
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5.2. Splitting graphs

in G [21]. The shadow graph Sh(G) of a connected graph G is constructed by
taking two copies of G say (G; and (5, join each vertex u in (G1; to the neighbours
of the corresponding vertex v in Go. The middle graph of a graph GG, denoted by
M (G), is the graph obtained from G by inserting a new vertex into every edge
of G' and by joining those pairs of these new vertices with edges which lie on

adjacent edges of G [1].

5.2 Splitting graphs
Theorem 5.2.1. The graph S(C,,) € Q, if and only if n = 0(mod 4).

Proof. Consider the splitting graph S(C,,), let uy, us, us, ..., u, be the vertices
of C,, and let ), ub,uf, ..., u, be the new vertices in S(C,,). Assume that n #
O(mod 4). Then either n = 1(mod 4) or n = 2(mod 4) or n = 3(mod 4). We

show that in each of these cases S(C,,) ¢ Q.

Case 1: n = 1(mod 4)

In this case n = 4k + 1 for some k € N. Then V(S(C,,)) = {w;,u} : 1 <i <

4k + 1}. If possible let S(C,) € Q, with a labeling f. Then N/ (u)

a

implies that f(u;) + f(us) = a, which implies that either f(u;) = b or
f(uy) = c. Without loss of generality assume that f(u;) = b. Then f(u3) =
¢, flus) = b, f(ug) = ¢, f(ug) = b, f(u11) = ¢, f(urz) = b. Proceeding like
this, we get f(uqrs1) = b. Also N}F(u’l) = a and f(uqs1) = b implies
that f(uz) = ¢, f(us) = b, f(ug) = ¢, fus) = b, f(uw) = ¢ fluz) = b.

Proceeding like this we get f(uar) = b. Therefore, N/ (uj,,,) =b+b=0,
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5.2. Splitting graphs

a contradiction. Thus if n = 1(mod 4), we have S(C,,) ¢ Q,.

Case 2: n =2(mod 4)

In this case n = 4k + 2 for some k € N. Then V(S(C,,)) = {us,u; : 1 <i <
4k + 2}. If possible let S(C,) € Q, with a labeling f. Then N/ (up) = a
implies that f(u;) + f(us) = a, which implies that either f(u;) = b or
f(uy1) = c. Without loss of generality assume that f(u;) = b. Then f(u3) =
¢, flus) = b, f(ur) = ¢, f(ug) = b, f(u11) = ¢, f(u13) = b. Proceeding like
this, we get f(uai1) = b. Now N (u)y.,) = f(ur) + f(uarsr) =b+b=0,

a contradiction. Thus if n = 2(mod 4), we have S(C,,) ¢ Q,.

Case 3: n = 3(mod 4)

In this case n = 4k + 3 for some k € N. Then V(S(C,,)) = {w;,u} : 1 <i <

4k + 3}. If possible let S(C,) € Q, with a labeling f. Then N/ (up) = a
implies that f(u;) + f(u3) = a, which implies that either f(u;) = b or
f(uy) = c. Without loss of generality assume that f(u;) = b. Then f(u3) =
¢, flus) = b, f(ug) = ¢, f(ug) = b, f(u1) = ¢, f(urz) = b. Proceeding like
this, we get f(ugry3) = c. Now NJZF (u}) = a implies that f(us) =0, f(us) =
¢, flug) = b, f(us) = ¢, f(uro) = b, f(ua) = c. Proceeding like this, we
get f(uary2) = b. Therefore Ny (uly 3) = f(ur) + f(uari2) =b+0=0, a

contradiction. Thus if n = 3(mod 4), we also have S(C,,) ¢ €.

Hence if n # 0(mod 4), S(C,,) ¢ Q,. Conversely assume that n = 0(mod 4).
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5.2. Splitting graphs

Define f: V(S(C,,)) — V4\{0} as:

b if ¢=1,2(mod 4)
flu;) = fw))=a for 1<i<n.

¢ if 1=0,3(mod 4)

Then f is an a-neighbourhood V;— magic labeling for S(C,,). This completes the

proof of the theorem. O

Theorem 5.2.2. S(C,,) € Qq for alln > 3.

Proof. The degree of each vertex in S(C,,) is either 2 or 4. By labeling all the

vertices by a, we get N/ (u) = 0 for all u € V(S(Cy)). O

Figure 5.1: An a-neighbourhood Vj-magic labeling of S(Cy).

Corollary 5.2.3. S(C,,) € Q4 if and only if n = 0(mod 4).

Proof. 1t obviously follows from Theorem 5.2.1 and Theorem 5.2.2. m
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5.2. Splitting graphs

Theorem 5.2.4. The graph S(P,) & Qo for any n > 2.

Proof. Proof is obvious due to the presence of pendant vertices in S(F,). O

Theorem 5.2.5. S(P,) € Q, for any n > 2.

Proof. Consider the splitting graph S(P,), let uy, ug, us, ..., u, be the vertices of
P, and let u), u), u}, ..., ul, be the new vertices in S(P,). Suppose that S(P,) €
Q, for some n > 2 with a labeling f. Then N; (u}) = a implies that f(uy) = a.
Also Ny (uy) = a gives f(uz) + f(uy) = a, which implies that f(up) = 0, a

contradiction. This completes the proof of the theorem. O

Corollary 5.2.6. S(P,) & Qa0 forn > 2.

Proof. Proof directly follows from Theorems 5.2.4 and 5.2.5. O

Theorem 5.2.7. S(B,,,) € Q4 for anym > 1 and n > 1.

Proof. Consider the bistar B,,, with vertex set V = {u,v,u;,v; : 1 < i <
m, 1 <j <n} where u;(1 <i < m) and v;(1 < j < n) are pendant vertices
adjacent to u and v respectively. Let V' = {u/, v, uj,v;: 1 <i<m, 1 <j<n}
be the corresponding set of new vertices in S(B,,,). Then V(S(By,n)) = VUV
Suppose that S(By,.) € €, for some m > 1 and n > 1 with a labeling f. Then
N7 (v}) = a implies that f(v) = a. Now N (v1) = a gives f(v) + f(v') = a,
which implies that f(v') = 0, a contradiction. This completes the proof of the

theorem. []

Theorem 5.2.8. S(By,,) € o for anym > 1 and n > 1.

Proof. Proof is obvious, since S(B,,,) has pendant vertices. O
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5.2. Splitting graphs

Corollary 5.2.9. S(Byn) & Qo for anym >1 and n > 1.

Proof. Proof directly follows from Theorem 5.2.7. [

Theorem 5.2.10. S(K,,) & Q, for any n € N.

Proof. Consider K, with vertex set V = {u,u; : 1 < i < n} and let V' =

{u', v

:1 <i < n} be the corresponding set of new vertices in S(K;,,). Assume
that S(K,,) € Q, for some n € N with a labeling f. Now N/ (uj) = a gives
f(u) = a. Also N{ (uy) = a implies that f(u) + f(u') = a, which implies that

f(u') =0, a contradiction. Hence the theorem is proved. O

Theorem 5.2.11. S(K,,) & Qo for any n € N.

Proof. Proof is obvious due to the presence of pendant vertices in S(K;,). O

Corollary 5.2.12. S(K,,) & Qo for any n € N.

Proof. 1t follows from Theorem 5.2.10. O]

Theorem 5.2.13. S(K,,,) € Q, for allm >1 and n > 1.

Proof. Consider K,,, with m > 1 and n > 1. Let X = {uy,us,us, ..., u,} and
Y = {v1,vq,0s,...,0,} be the bipartition of K, ,,. Also let X' = {u), ufy, uf, ..., ul,}
and Y’ = {v], v, v}, ..., v} be the corresponding sets of new vertices in S(K,..)-

Then V(S(Kpn)) = X UY UX' UY’. We consider the following cases:

Case 1: Both m and n are even.
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5.2. Splitting graphs

Define f : V(S(Kmn)) — Va\{0} as:

( 4
b oif i=1 boif =1
flu)=<c if i=2 flo))=9c if j=2
a if 1>2 a if j7>2
N \
fluj) =afor1<i<m fj) =afor1<j<n

Case 2: m is even and n is odd.

( r
boif =1 boif =1
flu)=9c¢ if i=2 floj))=qc it j=2
o if i>2 o i j>2
fu) =afor1<i<m f(v;) =aforl1<j<n.

Case 3: m is odd and n is even.

( (
boif i=1 boif j=1
flu) =qc if i=2 flo))=9c¢ if j=2
o i i>2 o i j>2
flu;))=afor1 <i<m f))=afor 1 <j<n.

Case 4: Both m and n are odd.
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( (
boif i=1 boit j=1
flu)=<c if i=2 floj))=qc it j=2
o if i>2 o i j>2
fu;)) =aforl1<i<m f(v;)) =afor1<j<n.

In each of the above cases, f gives a-neighbourhood Vj-magic labeling of S(K,, ).

This completes the proof of the theorem. n

Theorem 5.2.14. S(K,,,) € Qy for allm > 1 and n > 1.

Proof. Consider K,,, with m > 1 and n > 1. Let X = {uy,us,us, ..., u,} and
Y = {v1,v2,05,...,0,} be the bipartition of K, ,,. Also let X’ = {uf, uy, uf, ... ul,}
and Y’ = {v], vy, v}, ..., v} be the corresponding sets of new vertices in S(K,.,).

Then V(S(Kpn)) = X UY UX' UY’. We consider the following cases:

Case 1: Both m and n are even.
Define f: V(S(Kpn)) — Vi\{0} as:
flu) = f(u)) =a if i=1,2,3,....m

fw))=f))=a if j=1,2,3,....n

Case 2: m is even and n is odd.
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5.2. Splitting graphs

(biszl (biszl
flo))=qc if j=2 floj))=qc it j=2
o i j>2 o i j>2
flu;)) =aforl1<i<m fui) =afor1<i<m,

Case 3: m is odd and n is even.

e (
b if 1=1 b if 1=1
flu)=qe¢ it i=2 flu)=qe if i=2
L@ if i>2 L@ it ¢>2
fvj)=afor1<j<n f(v;):aforlgjgn.

Case 4: Both m and n are odd.

4 (
b if 1=1 b if i=1
flui) =S¢ if i=2 flw)=<S¢ if i=2
a if i>2 a if i>2

\ \

4 4
boif j=1 b oif j=1
floj)=qc if j=2 flop)=1c¢ if j=2
a if j>2 a if j>2

\ \

In each of the above cases, f gives 0-neighbourhood V,-magic labeling of S(K,, ).

This completes the proof of the theorem. n
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Corollary 5.2.15. S(K,,) € Qup for allm >1 and n > 1.

Proof. Proof directly follows from Theorems 5.2.13 and 5.2.14. m

Theorem 5.2.16. S(F,,,) € Qg for allm € N.

Proof. If we label all the vertices of S(F,,) by a, we get S(F},,) € €. O

Theorem 5.2.17. S(F,,,) € Q, for any m € N.

Proof. Consider the friendship graph F),. Let the vertices of i copy of Cs in
F,, be w, u; and v; where w is the common vertex of the triangles and let
/

{w', u, v

[ S )

: 1 < i < m} be the corresponding set of vertices in S(F,,). Assume
that S(F,) € Q, for some m € N with a labeling f. Since N/ (u}) = a, either
f(w) = bor f(w) = c. Without loss of generality assume that f(w) = b. If
fw) =0, f(u;) = f(v;) = ¢ for all 1 <7 < m. Therefore, N; (w') = 2me =0, a

contradiction. Hence S(F},,) € €2, for all m € N. O

Corollary 5.2.18. S(F,,) & Qa0 for any m € N.

Proof. Proof directly follows from Theorem 5.2.16. O

Theorem 5.2.19. S(QS,) € Qqy for alln € N.

Proof. By labeling all the vertices of S(QS,) by a, we get S(QS,) € Q. O

Theorem 5.2.20. S(QS,) & Q, for any n > 2.

Proof. Let Q.S, be the quadrilateral snake obtained from the path v,v9v3 ... v, by

joining each pair v;,v;11 to the new vertices u;, w; respectively and then joining
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! !
i Wi

u; and w; by an edge. Now consider S(Q5S,). Let v w, be the new vertices

corresponding to v;, u;, w;. Suppose S(QS,) € €, for some n > 2 with a labeling
f. Then, NJ?L(u’l) = a gives f(v1) + f(wy) = a. Also N;“(wg) = a implies that
fug) + f(vs) = a, Therefore, N/ (v5) = f(v1) + f(wr) + f(ug) + f(vs) = 0, a

contradiction. Hence, S(QS,,) € €2, for all n > 2. O

Corollary 5.2.21. S(QS,,) & Qa0 for all n > 2.

Proof. Proof directly follows from Theorem 5.2.20. [

Theorem 5.2.22. S(B,,) € Q, if and only if n is odd.

Proof. Consider B, with vertex set {u,v,u;,v; : 1 < i < n} and edge set

{uv, vu;, vog, uv; © 1 < i < n}. Let {u/, v u},v] : 1 < i < n} be the set of

Y Y1) Y — —

new vertices in S(B,,). Assume that S(B,,) € Q, for some n € N with a labeling
f. Since NJ?L (u}) = a, we have f(u) = bor f(u) = c¢. Without loss of generality we
assume that f(u) = b. Then f(v;) = c for all i = 1,2,3,...,n. Now N/ (v') = a
implies that f(u)+ >, , f(v;) = b+nc = a. Hence n is odd. Conversely, assume
that n is odd. Define a label f: V(S(B,)) — V4\{0} as:

flu)=flw)=0b if i=1,2,3,...,n

fo)=f(v;)=c if 1=1,23,...,n
fW)=fu)=a if i=1,2,3,...,n
fw)=fW)=a if i=1,2,3,...,n

Then, f is an a-neighbourhood Vj-magic labeling of S(B,). This completes the
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5.3. Shadow graphs

proof of the theorem. O

Theorem 5.2.23. S(B,,) € Qo if and only if n is odd.

Proof. Consider B, with vertex set {u,v,u;,v; : 1 < i < n} and edge set
{uv, vu;, vog, uv; © 1 < i < n}. Let {u/, v ul,v] : 1 < i < n} be the set of
new vertices in S(B,). Assume that S(B,) € Qo for some n € N with a la-
beling f. Since N (u}) = 0, we should have f(u) = f(v1) = a or f(u) =
f(v1) = bor f(u) = f(v1) = c¢. Without loss of generality we assume that
fu) = f(v1) = a. Then f(v;) = a for all i = 1,2,3,...,n. Now Nf(v') =0
implies that f(u) + >, f(v;) = a4+ na = 0. Hence n is odd. Conversely, as-
sume that n is odd. We define f : V(S(B,)) — Vi\{0} as: f(w) = a for all

w € V(S(B,)). Then, f is a 0-neighbourhood Vj-magic labeling of S(B,). O

Corollary 5.2.24. S(B,) € Qq0 if and only if n is odd.

Proof. Tt directly follows from Theorems 5.2.22 and 5.2.23. O]

5.3 Shadow graphs
Theorem 5.3.1. The graph Sh(C,) € Q, if and only if n = 0(mod 4).

Proof. Consider the shadow graph Sh(C,,), let{uy, us, us, ..., u,} be the vertex
set of first copy of C, and let {vy,vq,vs,...,v,} be the corresponding vertex
set of second copy of C,, in order. Assume that n # 0(mod 4). Then either
n = 1(mod 4) or n = 2(mod 4) or n = 3(mod 4). We show that in each of

these cases Sh(C,,) ¢ Q,.
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Case 1: n = 1(mod 4)

In this case n = 4k +1 for some k € N. Then V(Sh(C,)) = {w;,v; : 1 <1

IN

Ak + 1}. If possible let Sh(C,) € Q, with a labeling f. Then N/ (uz) = a
implies that f(u1) + f(v1) + f(us) + f(vs) = a, NJ (us) = a implies that
flug) + f(vs) + f(us) + f(vs) = a, proceeding like this, N/ (ugy) = a
implies that f(usx—1) + f(var—1) + f(2ar+1) + f(vag+1) = a. Now consider
f(u1) + f(v1), then either f(u;) + f(v1) = 0 or f(uy) + f(v1) = a or
f(u) + f(vr) =bor f(u) + fv1) =c

Subcase 1: f(u1) + f(v1) =0
If f(ur) + f(v1) = 0, then f(us)+ f(v3) = a, f(us)+ f(vs) =0, f(u7)+
f(vr) = a, implies that f(uary1) + f(vars1) = 0. Now Nf(u1) = a
implies that f(ug) + f(v2) = a, f(us) + f(vs) =0, f(us) + f(vs) = a,
proceeding like this we get f(uax)+f(var) = 0. Therefore N (ugpi1) =

flur) 4+ f(v1) + f(uag) + f(vge) = 0+ 0 = 0, a contradiction.
Subcase 2: f(u1) + f(v1) =a

If f(u1)4f(v1) = a, then proceeding as in Subcase 1, we get N (uax11)

f(ur) + f(v1) + f(uar) + f(var) = a + a = 0, a contradiction.
Subcase 3: f(u1) + f(vy) =b

If f(u1) + f(v1) = b, then f(us)+ f(vs) = c, f(us) + f(vs) =, fur) +
f(vr) = ¢, implies that f(usri1) + f(var11) = b. Now N/ (uy) = a gives
Flus) + f(va) = ¢, fug) + f(va) = b, f(uas) + f(var) = b. Therefore
N (ugrsr) = flur) + f(v1) + f(uar) + f(var) = b+ b = 0, which is a

contradiction.
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Subcase 4: f(u) + f(v1) =¢

If f(u1)+f(v1) = ¢, then proceeding as in Subcase 3, we get N]ﬁr(u4k+1) =

f(ur) + f(vr) + f(uar) + f(vg) = ¢+ ¢ =0, a contradiction.
Thus if n = 1(mod 4), we have Sh(C,,) ¢ Q.

Case 2: n =2(mod 4)

In this case n = 4k + 2 for some k € N. Then V(Sh(Cy)) = {us,v; :
1 < i < 4k + 2}. If possible let Sh(C,) € Q, with a labeling f. Consider
f(u1) + f(v1), then either f(ui) + f(vi) = 0 or f(us) + f(v1) = a or
flur) + f(v1) = bor f(ur) + f(vr) = ¢
Subcase 1: f(u1) + f(v1) =0
If f(ur) 4 f(v1) = 0, then N (up) = a, f(us) + f(vs) = a, f(us) +
f(vs) = 0, which implies that f(usrs1) + f(vagr1) = 0 Therefore,
N (uaps) = flur) + f(v1) + f(uaer) + fog) = 0+0 =0, a
contradiction.

Subcase 2: f(uy) + f(v1) =a

If f(u1)+f(v1) = a, then proceeding as in Subcase 1, we get N;“(u4k+2) =
fur) + f(v1) + f(uggs1) + f(vagy1) = a+a = 0, which is a contradic-

tion.

Subcase 3: f(u;) + f(v)) = b
If f(uy) + f(v1) = b, then N} (up) = a implies that f(us) + f(vs) =
¢, f(us) + f(vs) = b, implies that f(usgs1) + f(vagr1) = b. Therefore,
N (ugpga) = f(wr) + f(v1) + flugpsr) + f(varr) = b+b = 0, which

is a contradiction.
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Subcase 4: f(u) + f(v1) =¢

If f(u1)+f(v1) = ¢, then proceeding as in Subcase 3, we get N]ﬁr(u4k+2) =

f(ur) + f(v1) + f(uaks1) + f(vaks1) = ¢ + ¢ = 0, a contradiction.
Thus if n = 2(mod 4), Sh(C,,) ¢ Q.

Case 3: n = 3(mod 4)

In this case n = 4k + 3 for some k£ € N. Then V(Sh(C,)) = {u;,v; :
1 <i < 4k + 3}. If possible let Sh(C,,) € Q, with a labeling f. Consider
f(ur) + f(v1), then either f(ui) + f(vi) = 0 or f(ui) + f(v1) = a or
flur) + f(v1) =bor fluw)+ f(u) =c

Subcase 1: f(u1) + f(v1) =0

If f(u) + f(r) = 0, then Ni(us) = a gives f(us) + f(v5) = a,
flus) + f(vs) = 0, f(uars1) + f(vaes1) = 0, f(uapss) + fvanss) = a.
Now, N#(u) = a implies that f(uz) + f(v2) = 0, f(us) + f(u) = a,
fuaks) + f(varyo) = 0. Therefore N/ (uapyz) = flur) + f(v1) +

f(uggr2) + f(vagy2) = 04 0 = 0, which is a contradiction.
Subcase 2: f(u1) + f(v1) =a

If f(u1)+f(v1) = a, then proceeding as in Subcase 1, we get N (upy3) =

f(ur) + f(v1) + f(vapso) + f(vars2) = a+a = 0, a contradiction.
Subcase 3: f(u1) + f(v1) =0
If f(uy)+ f(vy) = b, then N}“(ug) = a implies that f(u3) + f(v3) =

c, f(us) + f(vs) = b, f(uas1) + f(Varg1) = b, f(vary3) + f(vargs) = c
Now, N/ (u1) = a implies that f(ug) + f(va) = b, f(us) + f(va) =
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¢, f(uary2) + f(vart2) = b. Therefore, Nf(u4k+3) = flu1) + f(v1) +

f(tggro) + f(vgrs2) = b+ b =0, which is a contradiction.
Subcase 4: f(u) + f(v1) =¢

If f(u1)+f(v1) = ¢, then proceeding as in Subcase 3, we get NJT (Ugpt3) =

flur) + f(v1) + fugrge) + f(vapy2) = ¢+ ¢ = 0, a contradiction.

Thus if n = 3(mod 4), we also have Sh(C,,) ¢ ,.

Therefore, n # 0(mod 4) implies that Sh(C,,) ¢ §2,. Conversely, if n = 0(mod

4),

We define f: V(Sh(C,)) — V4\{0} as:

b if i=1,2(mod 4)
flu;) = f(v;))=a for 1<i<n.

¢ if ¢=0,3(mod 4)

Then, f is an a-neighbourhood V;-magic labeling for Sh(C,,). This completes the

proof of the theorem. O

Theorem 5.3.2. Sh(C,,) € Qy for all n > 3.

Proof. The degree of each vertex in Sh(C,)is 4. By labeling all the vertices by

a, we get N7 (u) =0 for all u € V(Sh(C,)). O
f

Corollary 5.3.3. Sh(C,,) € Q0 if and only if n = 0(mod 4).

Proof. Proof is obviously follows from Theorem 5.3.1 and Theorem 5.3.2. m

Theorem 5.3.4. The graph Sh(P,) € Qq for all n > 2.
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5.3. Shadow graphs

Proof. 1f we label all the vertices by a, we get G € €. m

Theorem 5.3.5. Sh(P,) € 2, for n =0,2,3(mod 4).

Proof. Let G be the shadow graph Sh(FP,), and let {u; : 1 <i < n}and{v;: 1 <

i < n} be the vertex sets of first and second copy of P, respectively.

Case 1: n = 0(mod 4)

Define f: V(G) — V4\{0} as:

a if i=0,1(mod 4)
fug) =

b if i=2,3(mod 4)

a if 1=0,1(mod 4)
fui) =

c if 1=2,3(mod 4)

Case 2: n = 2(mod 4)

Define f: V(G) — V4\{0} as:

a if 1=0,3(mod 4)
fui) =

b if i=1,2(mod 4)

a if ¢=0,3(mod 4)
fui) =

c if i=1,2(mod 4)

Case 3: n = 3(mod 4)
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Define f: V(G) — V4\{0} as:

;

b if i=1,2(mod 4)
fui) =

a if 1=0,3(mod 4)

¢ if i=1,2(mod 4)
fo) =

a if i=0,3(mod 4)

\

In all the above cases, we have N/ (u;) = N/ (v;) = a for 1 < i < n. Therefore,

Sh(P,) € Q, for n =0,2,3(mod 4). O
[ - - P - °
s ® ® A - ®

Figure 5.2: The shadow graph Sh(Fs)
Theorem 5.3.6. Sh(P,) ¢ Q, for n = 1(mod 4).

Proof. Consider the shadow graph Sh(P,) with n = 1(mod 4). Let {u; : 1 <i <
4k + 1} and{v; : 1 <7 < 4k+1} be the vertex sets of first and second copy of P,
respectively. Assume that Sh(P,) € Q, with a labeling f. Since N} (u1) = a, we
have either f(ug) = b and f(ve) = c or f(uz) = c and f(vy) = b. Without loss of
generality assume that f(us) = b and f(vy) = ¢. Then f(uy) = f(v4r), implies

that N} (uaxs1) = 0, a contradiction. Therefore, Sh(P,) ¢ Q. O
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Corollary 5.3.7. Sh(P,) € Q40 for n =0,2,3(mod 4).

Proof. Proof directly follows from Theorems 5.3.4 and 5.3.5. ]
Theorem 5.3.8. Sh(K,,) € Q, for alln € N.
Proof. Let V' = {u;,v; : 0 < i < n} be the vertex set of Sh(K,) where {u; :

0 <i<mn}and {v; : 0 <i < n} are the vertex sets of first and second copy of

K, with apex g, vg respectively. Define f: V — V;\{0} as:

;

boif =01

flu) =
a if i=23,...,n
(
¢ it i=0,1

flvi) =
a if 1=2,3,...,n
x

Then, Ny (u;) = Nj (v;) = a for all 0 <4 < n. This completes the proof. O

Theorem 5.3.9. Sh(K,,) € Qo for alln € N.

Proof. If we label all the vertices by a, we get Sh(K7,,) € Qo. O

Corollary 5.3.10. Sh(K,) € Q40 for alln € N.

Proof. Proof obviously follows from Theorems 5.3.8 and 5.3.9. O

Theorem 5.3.11. Sh(B,,,) € y for all m and n.

Proof. Labeling all the vertices by a, we get Sh(B,,,) € € for all m and n. O

Theorem 5.3.12. Sh(B,,,,) € Q, for allm > 1 and n > 1.
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Proof. Let Vi = {u,v,uy,us, ..., Upn,v1,02,03,...,0,} be the vertex set of first

!/

copy of By, and Vo = {u/, v/, u), ub, ..., ul,, v}, vh, 05, ... vl } be the correspond-

Y m?

ing vertex set of second copy of B,, , where u;,v; are pendant vertices adjacent

to u, v respectively. Then V(Sh(By,)) = Vi U Va.

Define f : V(Sh(B,,)) = Vi\{0} as:

flu))=f(u)) =a for1<i<m

f)=fW)=a for 1<i<mn

Then, f is an a-neighbourhood labeling of Sh(B,, ). Completes the proof.

Figure 5.3: An a-neighbourhod Vj-magic labling of Sh(Bss)

Corollary 5.3.13. Sh(B,,,) € Qq0 for allm >1 and n > 1.

Proof. Proof follows from Theorems 5.3.11 and 5.3.12.
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Theorem 5.3.14. Sh(W,,) € Q for alln > 3.

Proof. Degree of vertex in Sh(W,,) is either 6 or 2n. If we label all the vertices
by a, we get N/ (u) = 0 for all u € V(Sh(W,)). O
Theorem 5.3.15. Sh(W,,) € Q, for all n = 1(mod 2).

Proof. Consider Sh(W,) with n = 1(mod 2). Let Vi = {ug, u1,usg,...,u,} be

the vertex set of first copy of W,, with central vertex ug and let V4 = {vg, v1,v9,...,0,}

be the corresponding vertex set of second copy of W,, with central vertex vy. Then,

V =V(Sh(W,)) = ViUV,

Define f: V — V,\{0} as:

flu)=0b if i=0,1,2,3,...,n

flo))=c if i=0,1,2,3,...,n

Then, N; (u;) = Ny

(i) =aforalli=0,1,2,...,n. ]

Corollary 5.3.16. Sh(W,,) € Qo for all n = 1(mod 2).

Proof. Proof directly follows from Theorems 5.3.14 and 5.3.15. O

Theorem 5.3.17. Sh(W,) € Q, for alln = 2(mod 4).

Proof. Let Vi = {ug,uy,us,...,u,} be the vertex set of first copy of W,, with
central vertex ug and let Vo = {wg, v1,v2,...,v,} be the vertex set of second copy

with central vertex vg. Then V(Sh(W,,)) = Vi U Va. Define f : V(Sh(W,)) —
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Vi\{0} as:
a if i=1,3(mod 4)
fu) =
¢ if i=0,2(mod 4)
a if i=1,3(mod 4)
fvi) =
b if i=0,2(mod 4)

\

Clearly, N/ (u;) = N (v;) = a for all i = 0,1,2,...,n. Hence Sh(W,) € Q,. O

Corollary 5.3.18. Sh(W,,) € Q0 for all n = 2(mod 4).

Proof. Proof directly follows from Theorems 5.3.14 and 5.3.17. ]

Theorem 5.3.19. Sh(H,) € Qq for alln > 3.

Proof. In Sh(H,), degree of vertices are either 2 or 8 or 2n. If we label all the

vertices by a, we get N/ (u) = 0 for all u € V(Sh(H,)). O

Theorem 5.3.20. Sh(H,,) admits a-neighbourhood V,-magic labeling for all n =

1(mod 2).

Proof. Consider the shadow graph Sh(H,) with n = 1(mod 2). Let v be cen-

tral vertex, wvy,vs,vs3,...,v, be the rim vertices and wuy,us,us,...,u, be the
pendant vertices adjacent to vy, vs,vs,...,v, in the first copy of H, and let
v v v, vs L ) u, uh, ul, . ul be the corresponding vertices in the second

copy of H,. Then V(Sh(H,)) = {v,v,v;,v},u;,u; : 1 < i < n}. We define

/
[

f:V(Sh(H,)) — V4\{0} as:

fw)=a and f(v;)=f(u;))=b for i=1,2,3,...,n
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5.3. Shadow graphs

f(W)=a and f(v))=f(u;)=c for i=1,2,3,...,n

i

Obviously, f is an a-neighbourhood Vj-magic labeling of Sh(H,,). H

Corollary 5.3.21. Sh(H,) € Q. for all n = 1(mod 2).

Proof. Proof directly follows from Theorems 5.3.19 and 5.3.20. m

Theorem 5.3.22. Sh(SF,) admits a-neighbourhood Vy-magic labeling for all

n = 2(mod 4).

Proof. Consider Sh(SF,,), let the vertex set of first copy of SF,, be V; = {w, w;, v; :
1 <i < n} where w is the central vertex, wy, ws, ws,...,w, are vertices of the
cycle and v; is the vertex joined by edges to w; and w;,1 where ¢ + 1 is taken over

vl o1 <1 < n} bethe corresponding vertex set of sec-

1) 71

modulo n. Let Vo = {w',w

ond copy of SF,,. Then V(Sh(SF,)) = V1UV,. Define f : V(Sh(SF,)) — V,\{0}

as: )
b if i=1(mod 2)
fwi) =
¢ if ¢=0(mod 2)
(
b if = 1(mod 2)
f(vi) =
¢ if i=0(mod 2)
\

flw) = f(w') = f(w)) = f(v}) = a for i = 1,2,3,...,n. Then f is an a-

neighbourhood Vj-magic labeling of Sh(SFE},). ]

Theorem 5.3.23. Sh(SF),,) admits 0-neighbourhood Vy-magic labeling for all n.
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Proof. Labeling all the vertices of Sh(SF,) by a, we get N/ (u) = 0 for all
u e V(Sh(SF,)). O

Theorem 5.3.24. Sh(SF,) € Qu 0 for all n = 2(mod 4).

Proof. Proof directly follows from Theorems 5.3.22 and 5.3.23. O

Theorem 5.3.25. Sh(C,, ® Ks) € §, for all n = 0(mod 4).

Proof. Let G bet the shadow graph Sh(C,, ® K3) with n = 0(mod 4). Let V} =
{u;, v;,w; : 1 <i < n} be the vertex set of first copy of C,, ® Ky, where us are

/ /
ir Uis

vertices of C), and v;, w; are the vertices of ' copy of K and let V3 = {u (A

1 < i < n} be the corresponding vertex set of second copy of C,, ® K5. Then

V(G) = Vi UV, Define f: V(G) — V4\{0} as:

b if i=1,2(mod 4)
¢ if i=0,3(mod 4)
¢ if i=1,2(mod 4)

b if ¢=0,3(mod 4)

c if i=1,2(mod 4)

b if i=0,3(mod 4)

\

fuh) = f(v)) = f(w)) =a fori=1,2,3,...,n. Then f is an a-neighbourhood

3 (2

Vi-magic labeling of Sh(C,, ® K5). O

Theorem 5.3.26. Sh(C,, ® Ks) € Qq for all n.
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Proof. By labeling all the vertices of Sh(C,, ® K) by a, we get N/ (u) =0. O

Corollary 5.3.27. Sh(C,, ® K3) € Qu0 for all n = 0(mod 4).

Proof. Proof directly follows from Theorem 5.3.25 and Theorem 5.3.26. O

Theorem 5.3.28. Sh(C, ® K,,) € Q, for all m and n > 3.

Proof. Let G be the shadow graph Sh(C,,® K,,). Let u1, us, us, . .., u, be the rim
vertices of first copy of C,, ® K,,, and {u1, wio, U3, - - ., Ui } be the set of pendant
vertices adjacent to u; for 1 <i <nin C, ® K,, and let u}, u}, uj, ..., u!, be the
rim vertices of second copy of C, ® K, and {uly, )y, uls, ..., u,} be the set of
pendant vertices adjacent to u} for 1 < i < n in second copy of C,, ® K,,. Here

we consider two cases.

Case 1: m=1

Define f: V(G) — V4\{0} as:

flu;)) = f(uir) =b for 1=1,23,...,n.

flui) = f(uj,) =c for i=1,2,3,...,n.

Case 2: m > 2

Define [ : V(G) — V4\{0} as:

flu;))=b for 1=1,23,...,n.

fluj))=c for i=1,2,3,... n.
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flul)=a for i=1,2,3,...,n.

tj
,

b if j=1

fluig) =qc¢ if j=2

a if 5 >2

Obviously, f is an a-neighbourhood Vj-magic labeling of Sh(C,, ® K ,). [

Theorem 5.3.29. Sh(C, ® K,,) € Qg for all m and n > 3.

Proof. Labeling all the vertices by a, we get Sh(C, ® K,,) € €. m

Corollary 5.3.30. Sh(C,, ® K,,) € Qag for all m and n > 3.

Proof. Proof directly follows from Theorems 5.3.28 and 5.3.29. O

Theorem 5.3.31. Sh(J(m,n)) € Qo for all m and n.

Proof. Labeling all the vertices by a, we get Sh(J(m,n)) € Q. ]

Theorem 5.3.32. Sh(J(m,n)) € Q, for all m and n.

Proof. Let G be the graph Sh(J(m,n)). Let Vi = {w;,uj,vp : 1 < i < 4,1 <
J<m,1 <k <n}and By = {wjws, wows, waws, wywy, wiws} U {wou; : 1 < j <
m} U {ws; : 1 < j < n} be the vertex and edge set of first copy of J(m,n). Let
Vy = {wg,ug-,vjC :1<i<4,1<j<m,1<k<n} bethe corresponding vertex
set of second copy of J(m,n). Then V(G) = V4 U Vs. Define f: V(G) — V4\{0}

as:
flw)=0b for i=1,2,34
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fw)=c for i=1,2,34

%

( (
b if 1=1 c if 1=1
flu;) = fug) =
a if 1>2 ka if i>2
( (
b if 1=1 c if 1=1
flv) = fvp) = <
a if 1>2 a if i>2
\ \
Then, f is an a-neighbourhood Vj-magic labeling of Sh(J(m,n)). O

Corollary 5.3.33. Sh(J(m,n)) € Qa0 for all m and n.

Proof. Proof directly follows from Theorems 5.3.31 and 5.3.32. O

Theorem 5.3.34. Sh(L,) € Qq for all n.

Proof. By labeling all the vertices by a, we get Sh(L,) € Qq for all n. O

Theorem 5.3.35. Sh(L,) € §, for all n = 2(mod 3).

Proof. Consider Sh(L,,) with n = 2(mod 3). Let Vi = {u;,v; : 1 <7 < n} be
the vertex set of first copy of L, with edge set Ey = {u;tit1,v;vi41,ujv; : 1 <
i<n-—11<j<n} Alsolet Vo = {u},v} : 1 < i < n} be the corresponding

set of vertices in second copy of L,. Then V = V(Sh(L,)) = Vi U V,. Define

f:V = V,\{0} as:

/

b if i=1,2(mod 6)
flui)=q¢ if i=4,5(mod 6)

a if i=0,3(mod 6)

\
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(

¢ if i=1,2(mod 6)

fwi))=19b if i=4,5(mod 6)

a if i=0,3(mod 6)

\

f(u))=a for i=1,2,3,....,n

fw)=a for i=1,2,3,...,n

Then f is an a-neighbourhood Vj-magic labeling of Sh(L,,). O

Corollary 5.3.36. Sh(L,) € Q4 for all n = 2(mod 3).

Proof. Proof directly follows from Theorem 5.3.34 and Theorem 5.3.35. [

Theorem 5.3.37. Sh(L,2) € Qq for alln € N.

Proof. By labeling all the vertices by a, we get Sh(L,2) € Qg for all n. O

Theorem 5.3.38. Sh(L,2) € Q, for alln € N.

Proof. Let G be the shadow graph Sh(L,.2). Let Vi = {u;,v; : 0 <i <n+1}
and By = {uuip1, 00541 0 0 < i <n}U{uwv; : 1 <i<n} be the vertex and edge

set of first copy of L, 1o and let Vo = {u}, v} : 0 <i < n+1} be the corresponding

1) 71

set of vertices in second copy of L, ». Define f : V(Sh(L,.2)) — V4\{0} as:

flu;)) = f(v;) =b for i=0,1,2,3,...,n+1

ful)=f(w)=c for i=0,1,2,3,....n+1

7 K3

Then, Ny (u) = a for all vertices u in Sh(Ly;2). O
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Corollary 5.3.39. Sh(L,12) € Qq0 for alln € N.

Proof. Proof directly follows from Theorem 5.3.37 and Theorem 5.3.38. [

Theorem 5.3.40. Sh(CB,) € Q, for alln > 1.

Proof. Let {u;,v; : 1 < i < n} be the vertex set of first copy of C'B, where
v; (1 < i < n) are the pendant vertices adjacent to u; (1 < i < n). Let

{uf,v] + 1 < i < n} be the corresponding set of vertices in second copy of

17 71 —

CB,.

Define f : V(Sh(CB,)) — V4\{0} as:

flup))=0 if 1<i<n fu)) =c if 1<i<n
a if i=1&n a if i=1&n
fu) = f) =
b if 1<i<n c if 1<i<n
Then f is an a-neighbourhood Vj-magic labeling of C'B,,. O

Theorem 5.3.41. Sh(CB,) € Qg for alln € N.

Proof. By labeling all the vertices by a, we get Sh(CB,,) € €. O

Corollary 5.3.42. Sh(CB,,) € Q. for all n > 1.

Proof. Proof directly follows from Theorems 5.3.40 and 5.3.41. [

Theorem 5.3.43. Sh(K,,,) € Q, for allm > 1 and n > 1.
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Proof. Let G be the shadow graph Sh(K,,,). Let X = {uy,us,us, ..., u,} and
Y = {vi,v2,05,...,0,} be the bipartition of the first copy of K,,, and let X’ =
{uf, uh,ufy, ... ul, }and Y = {v], v}, vi, ... v} be the corresponding bipartition

second copy of K, ,,.

Define f: V(G) — V4\{0} as:

/ r
boif i=1 boif j=1
flu)=9q¢ if i=2 flo))=qc¢ if j=2
0 if i>2 a if j>2

\
f(u;)=a for 1 <i<m f))=a for 1 <j<n

Then f is an a-neighbourhood Vj-magic labeling of Sh(K,,,). This completes

the proof of the theorem. O

Theorem 5.3.44. Sh(K,,,) € Qg for all m,n € N.

Proof. Labeling all the vertices by a, we get Sh(K,,,) € €. ]

Corollary 5.3.45. Sh(K,, ) € Qa0 for allm > 1 and n > 1.

Proof. Proof directly follows from Theorems 5.3.43 and 5.3.44. O

Theorem 5.3.46. Sh(B,) € §, for all n = 1(mod 2).

Proof. Let G be the shadow graph Sh(B,) with n = 1(mod 2). Let vertex
set of first copy of B, be Vi = {(u,v;), (u;,v;) : 1 < i < n,1 < j < 2},
where {uw,uy,us,us,...,u,} and {v,v9} be the vertex sets of S, and P re-

spectively, and u be the central vertex, u.s are pendant vertices in S,,. Also let
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Vo = {(u,v)), (u,v}) : 1 <i <n,1 < j <2} be the corresponding vertex set of

second copy of B,,. Then V(G) = V1 U V4.

Define f : V(G) — V4\{0} as:

b if j=1 b if j=land1<i<n
fu,v5) = and  f(ui,v5) =
c it =2 c if j=2and1<i<n

f(u’,v;):afor1§j§2 and f(ué,v}):afor 1<i<n,1<j<2

Clearly, f is an a-neighbourhood Vj-magic labeling of Sh(B,,). O

Theorem 5.3.47. Sh(B,,) € Q for alln € N.

Proof. By labeling all the vertices by a, we get Sh(B,,) € Q. O

Corollary 5.3.48. Sh(B,,) € Q0 for all n = 1(mod 2).

Proof. Proof follows from Theorems 5.3.46 and 5.3.47. [

Theorem 5.3.49. Sh(G,,) € Qq for all n.

Proof. Degree of vertices in Sh(G,,) is either 4 or 6 or 2n. If we label all the
vertices by a, we get N (u) = 0 for all u € V(Sh(G,)). O
Theorem 5.3.50. Sh(G,) € Q, for all n = 2(mod 4).

Proof. Let G be the shadow graph Sh(G,,) with n = 2(mod 4). Let Vi = {u, u; :

1 <i<2n}and Ey = {uugi—1: 1 <i<n}pU{uuy 1 <i<2n—1}U{ugu;}

be the vertex and edge set of first copy of G,,. Let Vo = {u/,u} : 1 <i < 2n} be
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the corresponding vertex set of second copy of G,,. Then V(G) = V; U Va.

Define f: V(G) — V4\{0} as:

flu;)) =a for 1<1i<2n.

a if ¢=0(mod 4)

b if ¢=1(mod 4)

f i)
a if i=2(mod 4)
G if ¢=3(mod 4)
Then f is an a-neighbourhood Vj-magic labeling for Sh(G),). O

Corollary 5.3.51. Sh(G,,) € Qu0 for all n = 2(mod 4).

Proof. Proof directly follows from Theorem 5.3.49 and Theorem 5.3.50. m

5.4 Middle graphs
Theorem 5.4.1. M(C,) € Q, if and only if n = 0(mod 2).

Proof. Consider M (C,,) with vertex set V' = {u;,v; : 1 < i < n} labeled as in
figure 5.4. Suppose that M (C,,) € €, with a labeling f. Then N;_(UQ) = a implies
that f(v1)+ f(v2) = a, which implies that either f(v;) = bor f(v;) = ¢. Without

loss of generality we can assume that f(v1) = b. Then f(vy) = ¢, f(vs) = b,
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f(va) = ¢, ete. and so on. Now Nj (u1) = a implies that f(v1) + f(v.) = a,
which again implies that f(v,) = ¢. Hence n = 0(mod 2). Conversely, assume

that n = 0(mod 2). Then define f: V — V,\{0} as:

b if i=0(mod 2)
flui) = fv) =
¢ if 7= 1(mod 2)

Obviously, f is an a-neighbourhood Vj-magic labeling of M (C,,). This completes

the proof of the theorem.

Figure 5.4: The middle graph M (C,,)

Theorem 5.4.2. M(C,,) € Qq for all n > 3.

Proof. By labeling all the vertices by a, we get M(C,,) € Q. O
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Corollary 5.4.3. M(C,,) € Q4 if and only if n = 0(mod 2).

Proof. Proof directly follows from Theorem 5.4.1 and Theorem 5.4.2. O

Theorem 5.4.4. M(P,) & Q, for any n.

Proof. Consider M (P,) with vertex set V = {u;,v; : 1 <i<n,1<j<n-1}
and edge set F = {uv; : 1 <i<n—1}U{vup; : 1 <i<n—1}U{vvg :
1 <i < n—2} Assume that M(P,) € €, for some n with a labeling f. Then
N (uy) = a implies that f(v1) = a. Now N} (up) = a implies that f(vi)+ f(vs) =

a. Hence f(vy) = 0, a contradiction. Hence the theorem is proved. O

Theorem 5.4.5. M(P,) € Qo for any n.

Proof. Proof is obvious, since M (P,) has pendant vertex in it. [

Corollary 5.4.6. M(P,) & Q.0 for any n.

Proof. 1t directly follows from Theorem 5.4.4. O

Theorem 5.4.7. M(K,,,) € Q, if and only if n = 1(mod 2).

Proof. Consider M (K7 ,) with vertex set V = {u,u;,v; : 1 < ¢ < n} and edge
set B = {uv,wv; 01 < i <npU{vyw; 01 <i,j <n,i# j} Assume that
M(K,,) € Q, with a labeling f. Then, N/ (u;) = a implies that f(v;) = a
for all 1 < ¢ < n. Consequently, N;r(u) = a gives na = a, which implies that
n = 1(mod 2). Conversely, assume that n = 1(mod 2). Define f : V' — V,\{0}

as:
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5.4. Middle graphs

fluj)=>b if i=1,2,3,...,n
flw)=a if i=1,2,3,...,n
Flu) = c
Then f is an a-neighbourhood Vj-magic labeling of M (K ,,). ]

Theorem 5.4.8. M (K ,,) & S for any n.

Proof. Proof is obvious due to the presence of pendant vertex in M (K;,). O

Corollary 5.4.9. M(K;,,) & Qa0 for any n.

Proof. Tt directly follows from Theorem 5.4.8. m

Figure 5.5: An a-neighbourhood Vj-magic labeling of M (K 5)
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Theorem 5.4.10. M(F,,) € Qq for all m.

Proof. Note that degree of each vertex in M(F,,) is even. By labeling all the

vertices by a, we get M (F,,) € Q for all m. ]

Theorem 5.4.11. M(F,,) & Q, for any m.

Proof. Consider M (F,,) with vertex set V = {w,u;, v;, w,ul, v : 1 < i < m}
labeled as in figure 5.6. Suppose that M(F,,) € Q, with a labeling f. Then
for each 1 < i < m, Nf(w;) = a = N (v;) implies that f(uj) = (vj). Hence
Nf(w) =3 f(u;) + 3 f(vj) = 0, which is a contradiction. Hence the theorem

is proved.

/
Uy wy U1

IS

SN A

Figure 5.6: The middle graph M (F},)
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Corollary 5.4.12. M (F,,) & Qo for any m.

Proof. 1t directly follows from Theorem 5.4.11. m

Theorem 5.4.13. M (B,,,) & Qo for any m and n.

Proof. Proof is obvious, since M (B,,,,) has pendant vertex in it. O

Theorem 5.4.14. M(B,,,) € Q, if and only if m and n are both even.

Proof. Consider M(B,,,) with vertex set V = {u,v,w,u;,vj,u;,v; : 1 < i <

m,1 < j <n}andedgeset B = {uu;:1<i<m}U{vv;:1 <5 <npuU{uul:
1<id,j<myi#jrU{vpw;:1<i,j<nji#jtU{uy:1<qi<m}U{o:
1<j<n}U{wuy;:1<i<mpu{w):1 <5 <npU{wu,wo}. Assume that

m and n are both even. Define f: V — V,\{0} as:
flu))=c if i=1,2,3,...,m

flu))=a if i=1,2,3,....m
flo)=b if j=1,2,3,....n

fW)=a if j=1,2,3,...,n

fu) =0
flv)=c
f(w) =a

Then, f is an a-neighbourhood Vj-magic labeling of M (B, ,,). Conversely, assume

that m and n are not both even. Without loss of generality assume that m is
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5.4. Middle graphs

odd. If M(B,,,) € €, then we have f(u}) = a for i = 1,2,3,...,m. Now
N{(u) = Y f(u;) + f(w) = a implies that na + f(w) = a, which again implies

that f(w) = 0, a contradiction. Therefore, M (B, ) & . O

Corollary 5.4.15. M(B,,,,) & Qa0 for any n.

Proof. Tt directly follows from Theorem 5.4.13. O
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Chapter 6

Neighbourhood Barycentric V-magic

Graphs

This chapter introduces the concept of Neighbourhood barycen-
tric Vy-magic labeling in Graphs. The first section gives
the definition of neighbourhood barycentric Vi-magic labeling
in graphs and the second section investigates graphs which
are a-neighbourhood barycentric Vy-magic or 0-neighbourhood

barycentric Vy-magic.

6.1 Introduction

Let V, = {0, a, b, c} be the Klein-4-group with identity element 0. For any graph
G = (V(G),E(GQ)), a mapping f : V(G) — V4\{0} is said to be Neighbourhood
barycentric V;-magic labeling if the induced mapping N;“ : V(G) — Vj defined

by Nf(u) =37, N | (v) satisfies the following conditions:

!This chapter has been published in International Journal of Research and Analytical Re-
views(IJRAR), February 2019, Volume 6, Issue 1, Pages 1350-1360.
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6.2. Neighbourhood barycentric V;-magic graphs

(a) N;r is a constant map, and

(b) For each u € V(G), N;r(u) = deg(u) f(v,) for some vertex v, € N(u)

If this constant is p, where p is any non zero element in V,, we say that f
is a p-neighbourhood barycentric Vj-magic labeling of GG, and G is said to be
a p-neighbourhood barycentric V,-magic graph. If this constant is 0, we say
that f is a O-neighbourhood barycentric Vj-magic labeling of G, and G a 0-
neighbourhood barycentric V;-magic graph. Through out this chapter we use

the following notations.

(i) A, := the class of all a-neighbourhood barycentric V-magic graphs, and

(ii) Ap := the class of all 0-neighbourhood barycentric Vj-magic graphs.

6.2 Neighbourhood barycentric V,-magic graphs
Theorem 6.2.1. The cycle C,, € Ay for all n > 3.

Proof. By labeling all the vertices of C,, by a, we get C,, € Aj. n

Theorem 6.2.2. C,, ¢ A, for any n > 3.

Proof. Consider C,, with vertex set V' = {v1,vq,v3,...,v,}. Now for any v; € V
and any u € N(v;), we have deg(v;) f(u) = 0. Thus condition(ii) of the definition
violates. Hence C,, ¢ A,. O
Theorem 6.2.3. The path P, & Ay for any n > 1.
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6.2. Neighbourhood barycentric V;-magic graphs

Proof. Let P, be any path with vertex set V' = {vy,vq,vs,...,v,}. Suppose that
P, € A for some n > 1 with a labeling f. Then N} (v;) = 0 implies that

f(ve) = 0, which is a contradiction. Hence P, & Ay for all n > 1. O

Theorem 6.2.4. P, ¢ A, for any n > 1.

Proof. Proof is obvious, since P, has vertex of degree 2. O

Theorem 6.2.5. The complete graph K,, € A, if and only if n is even.

Proof. Suppose that K, € A,. Then there exists a vertex labeling f such that for
any vertex u € V(K,), Nf (u) = a = deg(u) f(v,) for some v, € N(u). Therefore
a = (n—1)f(v,), implying that n is even. Conversely, suppose that n is even.

By labeling all the vertices by a, we get K,, € A,. O

Theorem 6.2.6. K,, € Ay if and only if n is odd.

Proof. Suppose that K,, € Ay. Then there exists a vertex labeling f such that
for any vertex u € V(K,), Nj (u) = 0 = deg(u)f(v,) for some v, € N(u).
Therefore 0 = (n — 1) f(v,). Hence n is odd. Conversely, suppose that n is odd.
By labeling all the vertices by a, we get K, € Agy. This completes the proof of

the theorem. N

Theorem 6.2.7. The graph K,,,, € A, if and only if both m and n are odd.

Proof. Let X = {uq,uz,us,...,up}t and Y = {v1,v9,0v3,...,v,} be the biparti-
tion of K, ,. Assume that K,,,, € A, with a labeling f. Then for each 1 <7 < m,
Njf(ul) = a = deg(u;) f(v;) for some 1 < j < n. Then nf(v;) = a, which implies

that 7 is odd. Similarly for each 1 < j < n, N/ (v;) = a = deg(v;) f (ux) for some
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6.2. Neighbourhood barycentric V;-magic graphs

1 < k < m, implies that m is odd. Conversely, assume that both m and n are

odd. Labeling all the vertices by a, we get K,,,, € A,. O]

Theorem 6.2.8. K,,,, € Ay if and only if both m and n are even.

Proof. Let X = {uy,us,us,...,un} and Y = {vy,v9,v3,...,v,} be the biparti-
tion of K, ,. Assume that K,,,, € Ay with a labeling f. Then for each 1 <7 < m,
N{(u;) = 0 = deg(u;) f(v;) for some 1 < j < n. Therefore, nf(v;) = 0, hence
n is even. Similarly for each 1 < j < n, Nf(v;) = 0 = deg(v;) f(ux) for some

1 < k < m, implies that m is even. Conversely, assume that both m and n are

even. Labeling all the vertices by a, we get K,,, € Ay. O]

Theorem 6.2.9. The star graph K, € A, if and only if n is odd.

Proof. 1t directly follows from Theorem 6.2.7. O

Theorem 6.2.10. K, ¢ Ay for any n € N.

Proof. 1t is obvious from Theorem 6.2.8. m

Theorem 6.2.11. The bistar B, , € A, if and only if both m and n are even.

Proof. Consider bistar By, , with vertex set V' = {u,v,u;,v; : 1 <i<mand 1 <
J < n} where u;(1 <i <m) and v;(1 < j < n) are pendant vertices adjacent to
u and v respectively. Assume that B,,, € A, with a labeling f. Then N]T (u) =
a = deg(u)f(w,) for some w, € N(u). Therefore,(m + 1)f(w,) = a, implies
that m is even. Similarly, Nf(v) = a = deg(v)f(w,) for some w, € N(v).
Therefore,(n + 1) f(w,) = a, implies that n is even. Conversely, assume that

both m and n are even. If we label all the vertices by a, we get B,,, € A,. O
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6.2. Neighbourhood barycentric V;-magic graphs

Theorem 6.2.12. B,,,, ¢ Ay for any m and n.

Proof. Proof is obvious due to the presence of pendant vertices in B,, ,,. n

Theorem 6.2.13. The friendship graph F,, € Aq for all m € N.

Proof. If we label all the vertices of F,, by a, we will get F,, € Ag. O]

Theorem 6.2.14. F,, ¢ A, for any m € N.

Proof. Proof is obvious due to the presence of even vertices in Fj,. ]

Theorem 6.2.15. C, ® Ky € Ay for any n > 3.

Proof. Degree of vertices in C,, ® K5 are either 2 or 4. By labeling all the vertices

by a, we get C,, ©® Ky € Ap. m

Theorem 6.2.16. C,, ® Ky ¢ A, for any n > 3.

Proof. Proof is obvious due to the presence of even vertices in C,, ® Ks. O

Theorem 6.2.17. C,, ® K,, € A, if and only if m is odd.

Proof. Suppose that C,, ® K, € A,. Then there exists a labeling f such that, for
each u € V(C, ® K,,), we have N{(u) = a = deg(u) f(v,) for some vertex v, €
N(u). Let {uy,usg,us,...,u,} be the vertices of C), and {wug,, Uy, Ups, - - -, Ug, }
be the vertex set of k*" copy of K,,. Then N{(u) = a = deg(uy) f(v) for some
vertex v € N(uy) implies that a = (m + 2)f(v), hence m is odd. Conversely,

suppose that m is odd. Labeling all the vertices by a, we get C, ® K,, € A,. O

Theorem 6.2.18. C, ® K,,, & Ay for any m and n.
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6.2. Neighbourhood barycentric V;-magic graphs

Proof. Proof is obvious due to the presence of pendant vertices in C,, ® K,,. O

Theorem 6.2.19. The wheel W,, € A, if and only if n is odd.

Proof. Consider the wheel graph W,, with vertex set V' = {u, uy, ug, us, ..., u,}
where u be the central vertex. Assume that W,, € A, for some n with a labeling
f. Therefore, Nj(u) = a = deg(u)f(uy) for some 1 < k < n. Implies that
nf(ug) = a, hence n is odd. Conversely, assume that n is odd. Then labeling all

the vertices by a, we get W,, € A,. This completes the proof of the theorem. []

Theorem 6.2.20. W,, ¢ Ay for any n.

Proof. Let V' = {u,uy,us,us, ..., u,} be the vertex set of W,, with central vertex
u. Assume that W,, € A, with a labeling f. Then N;(ul) =0 = deg(uy) f(v) for

some v € N(uy). Therefore f(v) = 0, a contradiction. Hence the proof. O

Theorem 6.2.21. The helm graph H, ¢ Ay for any n.

Proof. Proof is obvious due the presence pendant vertices in H,. O

Theorem 6.2.22. H, ¢ A, for any n.

Proof. Proof is obvious due the presence even degree vertices in H,. O]

Theorem 6.2.23. The flower graph Fl,, € Ay for all n.

Proof. In the flower graph Fl,,, the degree of vertices are either 2 or 4 or 2n. By

labeling all the vertices Fl,, by a, we get Fl, € Ay. O

Theorem 6.2.24. Fl, ¢ A, for any n.
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6.2. Neighbourhood barycentric V;-magic graphs

Proof. Proof is obvious due the presence even degree vertices in Fl,,. O]

Theorem 6.2.25. The sunflower graph SF, ¢ Ay for any n.

Proof. Since SF,, has odd vertices, SF, ¢ A for all n. O

Theorem 6.2.26. SF,, ¢ A, for any n.

Proof. Proof is obvious due the presence even degree vertices in SF,. O]

Theorem 6.2.27. Let G be a k-reqular graph, then G € A, if and only if k is

odd.

Proof. Let G be any k-regular graph. Suppose that G € A,. Then there exists
a vertex labeling f such that each vertex u € V(G), Nj (u) = a = deg(u) f(v.,)
for some v, € N(u). Therefore kf(v,) = a, implies that k is odd. Conversely,

suppose that k is odd. By labeling all the vertices by a, we get G € A,. O]

Theorem 6.2.28. Let G be a k-reqular graph, then G € Aqy if and only if k is

even.

Proof. Let G be any k-regular graph. Suppose that G € Ay. Then there exists a
vertex labeling f such that each vertex u € V(G), N (u) = 0 = deg(u) f(v,) for
some v, € N(u). Therefore kf(v,) = 0, implies that k is even. Conversely, sup-
pose that k is even. By labeling all the vertices by a, we get G € Ay. Completes

the proof of the theorem. n

Theorem 6.2.29. The graph J(m,n) € A, if and only if both m and n are odd.
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6.2. Neighbourhood barycentric V;-magic graphs

Proof. Let G be the graph J(m,n). Then G has (m+n-+4) vertices and (m+n+5)
edges. Also let V(G) = ViUV, where Vi = {wy, wa, w3, wy}, Vo = {u;,v;: 1 <@ <
m,1 < j <n}and E(G) = EyUFE, where E; = {wjws, wows, wawy, wywy, wiws},
Ey = {wou;, wyv; 0 1 < i <m,1 < j < n}. Assume that J(m,n) € A, with a
labeling f. Then N} (w2) = a = deg(ws) f(w) for some vertex w € N (w;). Which
implies that (m+2)f(w) = a, hence m is odd. Also N}“(w4) = a = deg(wy) f(w)
for some vertex w € N(w4). Which implies that (n+2) f(w) = a, hence n is odd.
Conversely, assume that both m and n are odd. Labeling all the vertices by a,

we get J(m,n) € A,. O

Theorem 6.2.30. J(m,n) ¢ Ay for any m and n.

Proof. Proof is obvious, since J(m,n) has pendant vertices in it. m

Theorem 6.2.31. < K, : m >€ A, if and only if m is odd and n is even.

Proof. Let G be the graph < K, : m >, let V; = {u;,u;; : 1 < j < n}
be the vertex set of i copy of K;, with apex u; and let u be the unique
vertex adjacent to the central vertices u;(1 < ¢ < m). Then V(G) = V} U
VoU...UV,, U{u}. Suppose that < K, : m >€ A, with a labeling f. Then
N{(u) = a = deg(u) f(ux) for some 1 < k < m. Therefore mf(u;) = a, implies
that m is odd. Similarly N (u;) = a = deg(u;) f(v) for some v € N(u;), implies
that (n+1)f(v) = a and hence n is even. Conversely, assume that m is odd and

n is even. Labeling all the vertices by a, we get < K1, : m >€ A,. O]

Theorem 6.2.32. < Ky, : m >¢ Ay for all m and n.

Proof. It is obvious due to the presence of pendant vertex in < Ky, :m >. O
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6.2. Neighbourhood barycentric V;-magic graphs

Theorem 6.2.33. The Ladder L, s neither a-neighbourhood barycentric V-

magic nor 0-neighbourhood barycentric Vy-magic for any n.

Proof. Proof is obvious since L, has vertices of degree 2 and 3. ]

Theorem 6.2.34. The Ladder L,.o € A, for all n.

Proof. If we label all the vertices of L, o by a, we get Lo € A,. O

Theorem 6.2.35. L, o & Ay for any n.

Proof. Proof is obvious due to the presence of pendant vertices in L, . m

Theorem 6.2.36. The quadrilateral snake S, € Ay for all n.

Proof. Note that in ().S,,, degree of each vertex is either 2 or 4. By labeling all

the vertices of )S,, by a, we get Q).S,, € Ay for all n. n

Theorem 6.2.37. S, ¢ A, for any n.

Proof. Proof is obvious due to the presence of even vertices in Q).S,,. O

Theorem 6.2.38. The graph P,(1C,, € A, for all n > 3.

Proof. Consider P,0C,, with vertex set V = {(u;,v;) : 1 <i <21 <j <n}.
Then degree of each vertex is 3. Labeling all the vertices by a, we get P,LJC,, € A,
for all n > 3. O

Theorem 6.2.39. P,OC, ¢ Ay for any n > 3.

Proof. Proof is obvious, since P,JC,, has odd vertices. O
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6.2. Neighbourhood barycentric V;-magic graphs

Theorem 6.2.40. The crown graph C} € A, for alln > 3.

Proof. The degree of vertices of a crown graph are either 1 or 3. By labeling all

the vertices by a, we get C* € A,. ]

Theorem 6.2.41. C* & Ay for any n > 3.

Proof. Proof is obvious due to the presence of pendant vertices in C;. n

Theorem 6.2.42. P,LICY € Ay for all n > 3.

Proof. Consider the graph PUC?. Then degree of each vertex is either 2 or 4.

Labeling all the vertices by a, we get P,LICY € A,. m

Theorem 6.2.43. P,UOC} ¢ A, for any n > 3.

Proof. Proof directly follows since PLC? has even vertices. O

Theorem 6.2.44. B, = S,L1P, € Aq if and only if n is odd.

Proof. Let Vi = {u,uy,us,u3,...,u,} and Vo = {v1, v} be the vertex sets of S,
and P, respectively, where u be the central vertex and us are pendant vertices
in S,. Then V(B,) = {(u,v;), (u;,v;) : 1 < i <mn,1 <j <2} Assume that
B, € A, with a labeling f. Then N/ [(u,v1)] = 0 = deg|(u,v1)]f(w) for some
w € N|(u,vy)]. Therefore (n + 1)f(w) = 0, implies that n is odd. Conversely,

assume that n is odd. By labeling all the vertices by a, we get B, € A,. O]

Theorem 6.2.45. B, ¢ A, for any n.

Proof. Proof is obvious, since B,, has even vertices. m
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Theorem 6.2.46. A tree T' € A, if and only if all the vertices of T are odd.

Proof. Let T be any (p,q) tree with vertex set V' = {vy,v9,vs,...,v,} where
deg(v;) = k; for i = 1,2,3,...,p. Assume that T" € A, with a labeling f. Then
for each 1 <i < p, NJ (v;) = a = deg(v;) f(v;) for some v; € N(v;), which implies
that k; f(v;) = a. Hence k; is odd. Conversely, assume that for each 1 < i < p,

k; is odd. By labeling all the vertices of T" by a, we get T' € A,. O

Theorem 6.2.47. Let T be any (p, q) tree, then T' ¢ Ay.

Proof. Proof is obvious due to the presence of pendant vertices in 7. n

We now describe an important property of a-neighbourhood and 0-neighbour-
hood barycentric Vj-magic graphs. That is, there is no graph which belong to
both A, and Aj.

Theorem 6.2.48. The class A, and Ay are disjoint. ie, A, N Ag = .

Proof. Suppose that there is a graph G such that G € A,NAy. Since G € A,, there
exists a vertex labeling f such that for any u € V(G), N;(u) =a=deg(u)f(vy)
for some vertex v, € N(u). Again since G € Ay, there exists a vertex labeling
g such that for the same u € V(G), N (u) = 0 = deg(u)g(w,) for some vertex

wy, € N(u). Now we consider the following cases:

Case 1: deg(u) is even.

Then, N/ (u) = a = deg(u) f(v,) implies that a = 0, which is a contradic-

tion.
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6.2. Neighbourhood barycentric V;-magic graphs

Case 2: deg(u) is odd.

Nj(u) = 0 = deg(u)g(w,) implies that g(w,) = 0, which is also a contra-

diction.

Therefore, A, N Ag = . n
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Chapter 7

Star Vy-magic Labeling of Graphs

This chapter introduces a new type of labeling called star V-
magic labeling of graphs. The first section of this chapter gives
the definition of star Vy-magic labeling in graphs. The second
section investigates class of graphs which are a-star Vy-magic

or 0-star Vy-magic and both a-star and 0-star Vi-magic.

7.1 Introduction

Let V4 = {0, a,b,c} be the Klein-4-group with identity element 0. We say that,
a graph G = (V(G), E(G)), star Vy-magic if there exists a labeling f : V(G) —

Vi\{0} such that the induced mapping V;" : V/(G) — Vj defined by

Vi (0) = X en *(uv), where f*(uv) = f(u) + f(v)

is a constant map. If this constant is p, where p is any non zero element in Vj,

then we say that f is a p-star Vj-magic labeling of G and G is said to be a p-star

IThis chapter has been published in Far East Journal of Mathematical Sciences(FJMS),
Volume 113, Number 2, 2019, Pages 209-219.
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7.2. Star Vj-magic labeling of graphs

Vi-magic graph. If this constant is 0, then we say that f is a O-star Vj-magic
labeling of G and G is said to be a O-star V,-magic graph. Through out this
chapter we use the following notations:

(i) W, := the class of all a-star V;-magic graphs,

(ii) Wy := the class of all O-star V,-magic graphs, and

(ifi) Wap = ¥, N .

7.2 Star Vj-magic labeling of graphs

Lemma 7.2.1. Let G be any graph and f : V(G) — V,\{0} is any labeling of

G, then 3 o Vi (v) = 0.

veV

Proof. Let G be the graph with vertex set V = {vy,vq9,v3,...,v,} and let f :

V(G) — V,\{0} is any labeling of G. Then,
Z Vf+<vi> =2 Z deg(v;) f(vi) = 0.
i=1

This completes the proof. O

Lemma 7.2.2. Let G be any (p,q) graph, then G € V.

Proof. Let G be the graph with vertex set V = {vy,vs,v3,...,v,}. Labeling all
the vertices v; by a, we get f* = 0. Then V" (v;) = 0 for all v; € V. This completes
the proof of the Lemma. O

Theorem 7.2.3. C, € ¥, if and only if n = 0(mod 4).
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Proof. Assume that C,, € ¥, with a labeling f. Then by Lemma 7.2.1, we have
na = 0. Therefore n = 0(mod 2). Then either n = 0(mod 4) or n = 2(mod 4).
We prove that the case where n = 2(mod 4) is impossible. For if n = 2(mod 4),
then n = 4k + 2 for some positive integer k. Let vy, v9, v3, ..., Vsg, Vags1, Vakr2 be
the vertices of C,, in order. Now V;"(vy) = a implies that f(v1) + f(vs) = a,
which implies that f(v;) is either b or ¢. Without loss of generality, we assume
that f(vi) = 0. If f(v1) = b, then f(vs) = ¢, f(vs) = b, f(vr) = ¢, f(vg) =1,
f(v11) = c. Proceeding like this we get f(vary1) = b. Then, Vf+(v4k+2) = f(v) +
f(vag+1) = b+ b = 0, a contradiction. Therefore, n = 2(mod 4) is impossible.
Hence n = 0(mod 4). Conversely, assume that n = 0(mod 4). Let vy, v9, v3, ..., v,

be the vertices of C,, in order. Define f : V(C,,) — V,\{0} as :

b if i=0,3(mod 4)
fui) =
c if 1=1,2(mod 4)

Then, VJ?L (v;)) =a for 1 <i < n. This completes the proof of the theorem. [

Corollary 7.2.4. C,, € U, if and only if n = 0(mod 4).

Proof. Proof follows from Lemma 7.2.2 and Theorem 7.2.3. O]

Theorem 7.2.5. P, € ¥, if and only if n = 0(mod 2).

Proof. Let P, be a path with vertices vy, v9, vs, ..., v, in order. Assume that P, €
U, with a labeling f. Then by Lemma 7.2.1, we have > " Vf(vi) = 0, implies

that na = 0. Hence n = 0(mod 2). Conversely, assume that n = 0(mod 2). We
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7.2. Star Vj-magic labeling of graphs

define f: V(P,) — V4\{0} as:

b if 1=0,1(mod 4)
fvi) =
¢ if i=2,3(mod 4)

Then, V{ (v;) = a for all v; € V(P,). Hence the result. O

Figure 7.1: An a-star Vj-magic labeling of Pjq

Corollary 7.2.6. P, € U, if and only if n = 0(mod 2).

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 7.2.5. O

Theorem 7.2.7. The complete graph K, € ¥, if and only if n = 0(mod 2).

Proof. Suppose that K,, € ¥,. Then by Lemma 7.2.1 we have na = 0, therefore
n = 0( mod 2). Conversely, suppose that n = 0( mod 2). Let V' = {vy, va,v3,...,0,}

be the vertex set of K,,. Define f: V — V,\{0} as :

b if i=1
flvi) =

c if i>1
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Then,

(n—1)a=a for i=1
a+(n—2)0=a for i>1

Hence the proof is complete. O]

Corollary 7.2.8. K, € Y, if and only if n = 0(mod 2).

Proof. Proof follows from Lemma 7.2.2 and Theorem 7.2.7. [

Theorem 7.2.9. K, € ¥, if and only if n is odd.

Proof. Consider K, with vertex set V' = {v; : 0 <14 < n} where vy is the apex.

Suppose that K, € ¥, with a labeling f. Then by Lemma 7.2.1, we have

i Vf+ (UZ) =0
1=0

Implying that (n + 1)a = 0, hence n is odd. Conversely, suppose that n is odd.
We define f: V — V,\{0} as :

b if i=0
flvy) =
c if 1>1
Then f is an a-star Vj-magic labeling of K ,. O]

Corollary 7.2.10. K, € U, if and only if n is odd.

Proof. Proof follows from Lemma 7.2.2 and Theorem 7.2.9. O]

Theorem 7.2.11. K,,,, € ¥, if and only if m +n = 0(mod 2).
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Proof. Consider K,,, with bipartition X = {uy, ug, us, ..., un} and Y = {vy, va,
U3, U4, . . ., Uy }. Assume that K, ,, € U,, then by Lemma 7.2.1 we have (m+n)a =
0, implies that m + n = 0(mod 2). Conversely, assume that m + n = 0(mod 2).

Then both m and n are odd or m and n are even.

Case 1: m and n are odd.

Define [ : V(K,,,) — Vi\{0} as :
flu))=0b for i=1,2,3,...,m

flo))=c for i=1,2,3,...,n

Case 2: m and n are even.

Define f : V(K,,n) — Va\{0} as :

b if i=1 b if i=1
flui) = flv) =
c if i>2 c if i>2
In either case, f is an a-star Vj-magic labeling of K, ,,. O]

Corollary 7.2.12. K,,,, € VY, if and only if m +n = 0(mod 2).

Proof. Proof follows from Lemma 7.2.2 and Theorem 7.2.11. [

Theorem 7.2.13. The bistar B, ,, € U, if and only if m +n = 0(mod 2).

Proof. Consider the bistar B,,, with vertex set V = {u,v,u;,v; : 1 < i <
m and 1 < j < n}, where v;(1 < ¢ < m) and v;(1 < j < n) are pen-

dant vertices adjacent to u and v respectively. Assume that B,,, € ¥, with
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a labeling f. Therefore, V" (u) = a for all w € V. Then by Lemma 7.2.1, we
have 7 oy Vi (u) = 0. Implies that (m +n + 2)a = 0, which again implies that
m + n = 0(mod 2). Conversely, assume that m + n = 0(mod 2). Then we have
both m and n are even or m and n are odd.
Case 1: m and n are even
Define f: V — V4\{0} as :

fw)=f(u;)=0 for i=1,2,3,....,m

flu) = f(v;)) =c for i=1,2,3,...,n
Case 2: m and n are odd

Define f: V — V4\{0} as :

fu;)=f(vj) =c fori=1,23,...,mandj=1,2,3,...,n
In either case, f is an a-star Vj-magic labeling of B,,,. Hence the theorem is
proved. O

Corollary 7.2.14. B,,,, € Y, if and only if m +n = 0(mod 2).

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 7.2.13. [

Theorem 7.2.15. The wheel graph W,, € ¥, if and only if n is odd.

Proof. Assume that W,, € U,. Then by Lemma 7.2.1, we have (n + 1)a = 0.
Hence n is odd. Conversely, assume that n is odd. Let V = {u; : 0 <7 < n} be

the vertex set of W,,, where vy be the central vertex. Define f: V' — V;\{0} as:
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b if i=0
flu) =
c if i>1
Then, V" (u;) = 0 for all 4. This completes the proof. O

Corollary 7.2.16. W, € U, if and only if n is odd.

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 7.2.15. [

Theorem 7.2.17. H, & VY, for all n.

Proof. Suppose that H,, € ¥, for some n. Then by Lemma 7.2.1, we have (2n +

1).a = 0, implies that a = 0, a contradiction. Hence H,, ¢ ¥, for all n. O]

Corollary 7.2.18. H, & ¥, for all n.

Proof. 1t follows from Theorem 7.2.17. [

Theorem 7.2.19. The Jelly fish J(m,n) € VY, if and only if m+n = 0( mod 2).

Proof. Assume that J(m,n) € ¥,. Then by Lemma 7.2.1, we have (m+n+4)a =
0. Hence m 4+ n = 0(mod 2). Conversely, assume that m +n = 0(mod 2). Then
either m and n are even or m and n are odd. Let V(J(m,n)) = V; UV, where
Vi = {wy, wa, w3, wa}, Vo ={u;,v;: 1 <i<m,1 <j<n}and E(G) = £, UE,,
where By = {wjws, wows, wzwy, wawy, wyws} , By = {wau;, wyv; : 1 <i<m,1 <

Jj<n}.

Case 1: Both m and n are even.
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Define f: V(J(m,n)) — V4\{0} as:

b if i=1
fw;) =

c if i>2

flu;)) =b for 1<i<m

fvj)=0bfor 1<j<n

Case 2: Both m and n are odd

Define f : V(J(m,n)) — V,\{0} as:

¢ if i=12,3
flw;) =
b if 1=4

flu;))=b for 1<i<m
fvj)=cfor 1<j<n

In either case, f is an a-star Vj-magic labeling of J(m,n).

b ¢ c
b
b &
b
b o c

Figure 7.2: An a-star Vj-magic labeling of J(5, 3)
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Theorem 7.2.20. J(m,n) € W, if and only if m +n = 0(mod 2).

Proof. Proof is obvious from Lemma 7.2.2 and Theorem 7.2.19. [
Theorem 7.2.21. The crown C} € ¥, for alln > 3.
Proof. Let uy,us,us, ..., u, be the rim vertices and vy, vy, v3, ..., v, be the pen-
dant vertices adjacent to wj,us,us,...,u, respectively in C*. We define f :
V(Cx) — V,\{0} as :

flu;)) =0 for i=1,2,3,...,n

fv))=c for i=1,2,3,....n
Then, Vf+(ui) = Ver(vZ-) =a for i=1,2,3,...,n. This completes the proof. []
Corollary 7.2.22. C; € W, for alln > 3.
Proof. Proof obviously follows from Lemma 7.2.2 and Theorem 7.2.21. m
Theorem 7.2.23. The flower graph Fl,, ¢ V, for all n.
Proof. Suppose that Fl, € U,. Then by Lemma 7.2.1, we have (2n + 1)a = 0.
Implies that a = 0, a contradiction. Hence Fl,, &€ ¥, for all n. O
Corollary 7.2.24. Fl,, € ¥, for all n.
Proof. Proof is obvious from Theorem 7.2.23. O

Theorem 7.2.25. The friendship graph F,, & VU, for all m.
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Proof. Suppose that F,, € ¥,. Then by Lemma 7.2.1, we have (2m + 1)a = 0.

Implies that a = 0, a contradiction. Hence F;, € ¥, for all m. O

Corollary 7.2.26. F,, & U, for all m.

Proof. Proof follows from Theorem 7.2.25. O]

Theorem 7.2.27. The book graph B, € ¥, for all n.

Proof. Let Vi = {u,uy,us, us,...,u,} and Vo = {vy,v9} be the vertex sets of S,
and P respectively, where u be the central vertex and wu}s are pendant vertices
in S,. Then V(B,) = {(u,v;), (uw,v;) : 1 < i < n,1 < j <2} We define
f:V(B,) — V,\{0} as :

flu,vj) = f(u;,v;) =b for 1<i<n andj=1

f(u,v;) = f(uj,v5) =c¢ for 1<i<n andj=2
Then, Vf+ = a. Hence the proof. O

Corollary 7.2.28. B, € ¥V, for all n.

Proof. Proof follows from Lemma 7.2.2 and Theorem 7.2.27. O
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Chapter 8

Star Vi-magic Labeling of Some Special

Graphs

This chapter investigates star Vy-magic labeling of fan related
graphs and some more graphs. The first section provides defi-
nitions of fan, fan related graphs and some other graphs. Sec-
ond section discusses star Vi-magic labeling of fan and fan
related graphs. The last section of the chapter investigates

star Vi-magic labeling of few more graphs.

8.1 Introduction

The graph F,, = P, V K; is called a fan where P, : ujus...u, be a path and
V(K1) = u. The Umbrella U, ,,(m > 1) is obtained from a fan F,, by appending
a path P, : v1vy...v,, to the central vertex of the fan F, [17]. An extended
umbrella graph U, ,, 1 is a graph obtained by identifying the pendant vertex of

the umbrella U, ,,, with the apex of the star K. The Jahangir graph J,, ,, for
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m > 3 is a graph consisting of a cycle C,,,, with one additional vertex called
the central vertex which is adjacent to m vertices of C,,, at distance n to each
other on C,,, [15]. The web graph W (2,n) is the graph obtained by joining
the pendant vertices of a helm H, to form a cycle and then adding a single
pendant edge to each vertex of the outer cycle [8]. The Jewel Graph J, is a
graph with vertex set V(J,) = {u,z,v,y,v; : 1 < i < n} and the edge set

E(J,) = {uz,vx, uy, vy, xy, uv;, vv; : 1 < i < n} [20].

Figure 8.1: Fan graph [

8.2 Fan related graphs
Theorem 8.2.1. The fan F,, € V, if and only if n = 1(mod 2).

Proof. Assume that F,, € ¥, with a labeling f. Then by Lemma 7.2.1, we have
(n + 1).a = 0, which implies that n = 1(mod 2). Conversely, assume that

n = 1(mod 2). Let F,, be the fan with apex wy and wuy,us, us,...,u, be the

vertices of the path P, in order. Define f : V(F,,) — V,\{0} as:
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b if j=0
fluy) =
c if j>1
Then, Vf+(uj) = q for all j. This completes the proof of the theorem. O

Corollary 8.2.2. F,, € U, if and only if n = 1(mod 2).

Proof. Proof follows from Lemma 7.2.2 and Theorem 8.2.1 O

Theorem 8.2.3. The umbrella U, ,, € Y, if and only if (n + m) = 0(mod 2).

Proof. Suppose that U,,, € ¥, with a labeling f. Then by Lemma 7.2.1, we
have (n + m).a = 0. Hence (n +m) = 0(mod 2). Conversely, suppose that
(n4+m) = 0(mod 2). Let the vertex set of U, ,, be V = {uy,ug, us, ..., up, up =
U1, V2, U3, ..., Un} and edge set E = {uou; 1 1 < i < n}fU{wuy 1 1 < i <

n—1}U{vvi 0 1 <i<m—1}. We consider the following cases:

Case 1: n =0(mod 2) and m = 0(mod 2).

Define f: V — V4\{0} as:

b if 1=0
f(uz) =

c if 1>1

b if 1=0,1(mod 4)
f(vi) =

¢ if i=2,3(mod 4)
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Case 2: n = 1(mod 2) and m = 1(mod 2).

Define f: V — V4\{0} as:

b if i=0
flw) =
c if i>1
b if i=1,2(mod 4)
fvg) =
¢ if i=0,3(mod 4)
In either case, we have VfJr = a, completes the proof. O

Corollary 8.2.4. U, ,, € Y, if and only if (n +m) = 0(mod 2).

Proof. Proof is obvious from Lemma 7.2.2 and Theorem 8.2.3. [

Theorem 8.2.5. The graph U, ;i € U, if and only if (n+m+ k) = 0(mod 2).

Proof. Let the vertex set of Uy, be V = {ug, ug, ..., Upn, ug = V1, V2, . .., Uy, W1,
wa,...,wr} and edge set be £ = {uou; : 1 < i < n}U{wuyy @ 1 < i <
n—1}U{vvip1 11 <i<m—1}U{v,w; : 1 <i <k}. Assume that U, x € Y,
with a labeling f. Then by Lemma 7.2.1, we have (n+m+k).a = 0, which implies
that (n+m+k) = 0(mod 2). Conversely, assume that (n+m+k) = 0(mod 2).

We consider the following cases:

Case 1: n =0(mod 2), m = 0(mod 2) and k£ = 0(mod 2).

Subcase 1: n = 0(mod 2), m = 0(mod 4) and k = 0(mod 2).

Define f: V — V4\{0} as:
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b if i=0
flu) =

c if i>1

b if i=0,1(mod 4)
f(Uz) =

c if i =2,3(mod 4)

flw;)) =c¢ forall 1<i<k.

Subcase 2: n = 0(mod 2), m = 2(mod 4) and k = 0(mod 2).

Define f: V — V4\{0} as:

b if i1=0
fuw) =

c if i>1

b if i=0,1(mod 4)
f(vi) =

¢ if i=2,3(mod 4)

flw) =0 foral 1<i<Ek.

Case 2: n = 1(mod 2), m = 1(mod 2) and k = 0(mod 2).

Subcase 1: n = 1(mod 2), m = 1(mod 4) and k = 0(mod 2).

Define f: V — V4\{0} as:

b if i=0
c if 1>1
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b if i=1,2(mod 4)
fvi) =
c if 1=0,3(mod 4)

fw;)=c foral 1<i<Ek.

Subcase 2: n = 1(mod 2), m = 3(mod 4) and k = 0(mod 2).

Define f: V — V,\{0} as:

b if 1=0
.f(uz) =

c if 1>1

b if i=1,2(mod 4)
f(Ui) =

¢ if i =0,3(mod 4)

flw) =0 foral 1<i<Ek.

Case 3: n = 1(mod 2), m = 0(mod 2) and k£ = 1(mod 2).

Subcase 1: n = 1(mod 2), m = 0(mod 4) and k£ = 1(mod 2).

Define f: V — V4\{0} as:

b if +=0
fui) =

c if i>1

b if i=1,2(mod 4)
fu) =

¢ if i=0,3(mod 4)
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flw) =0 foral 1<i<Ek.

Subcase 2: n = 1(mod 2), m = 2(mod 4) and k£ = 1(mod 2).

Define f: V — V4\{0} as:

b if i=0
flu) =

c if i1>1

b if i=1,2(mod 4)
f(vi) =

c if 1=0,3(mod 4)

fw)=c foral 1<i<Ek.

Case 4: n =0(mod 2), m = 1(mod 2) and k = 1(mod 2).

Subcase 1: n = 0(mod 2), m = 1(mod 4) and k = 1(mod 2).

Define f: V — V,\{0} as:

b if 1=0
flu) =

c if i>1

b if i=0,1(mod 4)
f(vi) =

c if i =2,3(mod 4)

flw;)) =c¢ forall 1<i<k.

Subcase 2: n = 0(mod 2), m = 3(mod 4) and k = 1(mod 2).
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Define f: V — V4\{0} as:

b if i=0
fuwi) =

c if i>1

b if i=0,1(mod 4)
f(vi) =

c if i =2,3(mod 4)

flw) =0 foral 1<i<Ek.

In each of the above cases, f gives a-star Vj-magic labeling of Uy, ,, 1.

Corollary 8.2.6. The graph U, i € Voo if and only if (n+m+k) = 0( mod 2).

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 8.2.5.

8.3 Some more graphs

Theorem 8.3.1. The Jahangir graph J, ., € ¥, if and only if n = 1(mod 2)

and m = 1(mod 2).

Proof. Consider the Jahangir graph J, ,, with vertex set V = {w, w;, w;; :
i <m,1 <j<n-—1} and edge set £ = {ww; : 1 < i < m}U{w; w; 1 :
1 <i<ml<j<n-2}H{ww,;: @ 1<i<mpHw, w1 <i<
m — 1}U{wy, 1w }. Assume that J,,,, € ¥,. Then by Lemma 7.2.1, we have
(nm + 1).a = 0, implies that nm = 1(mod 2), which again implies that n =

1(mod 2) and m = 1(mod 2). Conversely, assume that n = 1(mod 2) and m =

1(mod 2). Here we consider the following two cases:
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Case 1: n = 1(mod 4) and m = 1(mod 2)

Define f: V — V4\{0} as:

flw)=b

flw)=c for i=1,2,3,....m

¢ if 7=0,1(mod 4)
fwij) =
b if j=2,3(mod 4)

Case 2: n = 3(mod 4) and m = 1(mod 2)

Define f: V — V4\{0} as:

flw) =0

flw)=c for i=1,2,3,....m

b if j=1,2(mod 4)
fwiz) =
¢ if j=0,3(mod 4)

In either case, f gives an a-star Vj-magic labeling of J,, ,,. O

Corollary 8.3.2. J,,, € VY, if and only if n = 1(mod 2) and m = 1(mod 2).

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 8.3.1. m

Theorem 8.3.3. The graph Bt(n,k) € WV, if and only if n = 1(mod 2) and
k = 0(mod 2).
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Proof. Assume that Bt(n,k) € ¥,. Then by Lemma 7.2.1, we have (nk + n +
1).a = 0, implies that n(k + 1) is odd, which again implies that n = 1(mod 2)
and k = 0(mod 2). Conversely, assume that n = 1(mod 2) and k& = 0(mod 2).
Let V. = {u,u;,u;; : 1 < i <n ,1 < j <k} be the vertex set and £ =
{wui, wiwig, upu;; 1 < i < n,2 < j < k} edge set of Bt(n,k). We define

f:V = V\{0} as:

Flw) =

fu;))=c for i=1,23,....,n

c if j=1and 1<i<n
fui) =

b otherwise
Clearly, f is an a-star Vj-magic labeling of Bt(n, k). Completes the proof. m

Corollary 8.3.4. The graph Bt(n,k) € Y, if and only if n = 1(mod 2) and

k = 0(mod 2).

Proof. Tt directly follows from Lemma 7.2.2 and Theorem 8.3.3. m

Theorem 8.3.5. The graph < K, : m > V, if and only if n = 0(mod 2) and

m = 1(mod 2).

Proof. Let G be the graph < K7, : m > and let V; = {u;,u;; : 1 < j < n} be the
vertex set of i copy of K, with apex u; and let u be the unique vertex adjacent
to the central vertices u;(1 <i <m) in G. Then V(G) = VUV, U...UV,,,U{u}.
Assume that G € ¥,. Then by Lemma 7.2.1, we have (mn+m+1).a = 0. Hence

n = 0(mod 2) and m = 1(mod 2). Conversely, assume that n = 0(mod 2) and
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m = 1(mod 2). Then f: V(G) — V4\{0} defined by:

flu;))=c¢ for i=1,2,3,...,m

fu) = f(u;;) =b for 1=1,23,...,m and j=1,23,...,n.
gives an a-star Vj-magic labeling of G. Hence the theorem is proved. O

Corollary 8.3.6. The graph < K;, : m >€ U, if and only if n = 0(mod 2)

and m = 1(mod 2).

Proof. Proof is obvious from Lemma 7.2.2 and Theorem 8.3.5. ]

Theorem 8.3.7. The ladder L, € V, for all n.

Proof. Consider the ladder L, with vertex set V' = {u;,v; : 1 < i < n} and
edge set £ = {wv; : 1 < i < npU{uuirg,viviq 0 1 < i < n— 1}. For each

i=1,2,3,...,n, defining f(u;) = b and f(v;) = ¢, we get L, € U,,. O

Corollary 8.3.8. L, € ¥, for all n.

Proof. Proof directly follows from Lemma 7.2.2 and Theorem 8.3.7. m

Theorem 8.3.9. The comb CB,, € V, for all n.

Proof. Consider the comb C'B,, with vertex set V' = {u;,v; : 1 <1i < n} and edge
set B ={uw; 1 <i<npUH{uuq:1<i<n-—1}. Foreachi=1,23, ... n,
defining f(u;) = b and f(v;) = ¢, we get CB,, € V,. O
Corollary 8.3.10. CB,, € ¥, for all n.
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Proof. Proof directly follows from Lemma 7.2.2 and Theorem 8.3.9. m

Theorem 8.3.11. The gear graph G,, ¢ V, for any n.

Proof. Suppose that G,, € ¥,. Then by Lemma 7.2.1, we have (2n + 1)a = 0,

which implies that a = 0, a contradiction. O

Corollary 8.3.12. G,, & Y, for any n.

Theorem 8.3.13. The web graph W (2,n) € ¥, if and only if n = 1(mod 2).

Proof. Assume that W (2,n) € ¥,. Then by Lemma 7.2.1, we have (3n+1)a = 0,
implies that n = 1(mod 2). Conversely, assume that n = 1(mod 2). Let u be
the central vertex, let wq, us, us, ..., u, be vertices of inner circle, vy, v9,vs3,...,v,
be the vertices of outer circle and wy, wy,ws, ..., w, be the pendant vertices
adjacent to vy, ve, vs, ..., v, respectively in W(2,n). We define f : V(W (2,n)) —

Vi\{0} by:

flu) =0

flu;))=c¢ for i=1,2,3,...,n
flo)=c for i=1,23,....n
flw))=b for 1=1,2,3,....n

Clearly, f is an a-star Vj-magic labeling of W (2, n). Hence the theorem is proved.
]
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Figure 8.2: An a-star Vj-magic labeling of W(2,5)

Corollary 8.3.14. W(2,n) € ¥, if and only if n = 1(mod 2).

Theorem 8.3.15. The Jewel graph J, € ¥, if and only if n = 0(mod 2).

Proof. Consider the jewel graph J,, with vertex V(J,,) = {u, z,v,y,v; : 1 <i <
n} and the edge set E(J,) = {ux, vz, uy, vy, vy, uv;,vv; : 1 < i < n}. Suppose
that J,, € W,. Then by Lemma 7.2.1, we have (n+4)a = 0, hence n = 0( mod 2).

Conversely, suppose that n = 0(mod 2). Define f : V(J,)) — V4\{0} as:

b if i=1
flv) =
c if i>1
Obviously, f is an a-star Vj-magic labeling of J,,. m
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Corollary 8.3.16. J, € U, if and only if n = 0(mod 2).

Theorem 8.3.17. C,, ® Ky admits a-star Vy-magic labeling for n = 0(mod 4).

Proof. Let C,, be the cycle with vertices wuq, us, us, ..., u, and let vy and w, be

the vertices of k' copy of Ky. Define f : V(C, ® K3) — V4\{0} as :

b if i=1,2(mod 4)
Sui) =
¢ if i=0,3(mod 4)
\
)
¢ if i=1,2(mod 4)
fvi) =
b if i=0,3(mod 4)
\
c if i=1,2(mod 4)
flw;) =
b if i=0,3(mod 4)
Then, V" (u;) = V" (v;) = V" (w;) = a. This completes the proof. O

Corollary 8.3.18. C,, ©® Ky € ¥, for n = 0(mod 4).

Theorem 8.3.19. P, ® K, € ¥, if and only if n = 0(mod 2).

Proof. Let P, be the cycle with vertices uy, us, us, ..., u, and let v, and w; be
the vertices of k™ copy of K,. Assume that P, ® K, € U,. Then by Lemma 7.2.2,
we have 3na = 0, hence n = 0(mod 2). Conversely, assume that n = 0(mod 2).

We define f: V(C, ® K3) — V,\{0} as :

b if i=2,3(mod 4)
fui) =
¢ if 1=0,1(mod 4)
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8.3. Some more graphs

¢ if i=2,3(mod 4)
f(vi) =
b if 1=0,1(mod 4)
\
¢ if i=2,3(mod 4)
flwi) =
b if i=0,1(mod 4)
Clearly, f is an a-star Vj-magic labeling of P, ® K. O]

Corollary 8.3.20. P, ® K, € W, if an only if n = 0(mod 2).

Theorem 8.3.21. The planar grid P,[OP, € V, if and only if mn = 0(mod 2).

Proof. Let {uy,us,us,...,uy,} and {vy,ve,vs3,...,v,} be the vertex sets of P,
and P, respectively. Assume that P,(0P, € V¥,. Then by Lemma 7.2.1, we
have mna = 0, which implies that mn = 0(mod 2). Conversely, assume that

mn = 0(mod 2). We consider the following cases:

Case 1: m = 0(mod 2) and n = 0(mod 2)

Define f: V(P,0P,) — V,\{0} as:

b if j=0,1(mod 4)
f(ui>vj> =
¢ if j=2,3(mod 4)

Case 2: m = 0(mod 2) and n = 1(mod 2)
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8.3. Some more graphs

Define f: V(P,0P,) — V,\{0} as:

b if ¢=0,1(mod 4)

¢ if i=2,3(mod 4)

Case 3: m = 1(mod 2) and n = 0(mod 2)

Define f: V(P,0P,) — V,\{0} as:

b if j=0,1(mod 4)
fus, Uj) -
c if j=2,3(mod 4)

In each of the above cases f is an a-star Vj-magic labeling of P,,l1P,.

Figure 8.3: The Planar grid PP

Corollary 8.3.22. P,0P, € U, if and only if mn = 0(mod 2).
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Chapter 9

Conclusion and Further Scope of

Research

This chapter includes a summary of the thesis and some di-

rections in which one can go for further research in this area.

9.1 Summary of the thesis

In this thesis, new types of labelings such as Neighbourhood Vj-magic label-
ing, Neighbourhood barycentric V;-magic labeling and Star Vj-magic labeling
were introduced. As a first stage, we studied Neighbourhood Vj-magic label-
ing of cycle, star and path related graphs. Further, Neighbourhood Vj-magic
labeling of complete bipartite graphs and regular graphs are discussed, followed
by Neighbourhood V;-magic labeling of splitting, shadow and middle of some
special graphs are discussed. The thesis introduced Neighbourhood barycentric
Vi-magic labeling of some special graphs like cycle, path, the complete graph

K,, the complete bipartite graph K,,,, wheel graph, book graph, trees and
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9.2. Further scope of research

some more graphs.

The Star Vj-magic labeling of graphs such as cycle, path, complete bipartite
graph, wheel graph, jellyfish graph are studied. Star V,-magic labeling of special

graph like fan graph, umbrella graph and Jewel graph are discussed.

9.2 Further scope of research

(i) Examine Necessary and Sufficient conditions of Neighbourhood Vj-magic

labeling of some more graphs.

(ii) Examine Necessary and Sufficient conditions of Neighbourhood Vj-magic

labeling of Cartesian product and Lexico graphical product of graphs.

(iii) Investigate Neighbourhood V;-magic labeling of middle graph of some more

graphs.
(iv) Identify Neighbourhood barycentric V-magic labeling of some more graphs.

(v) Examine Necessary and Sufficient conditions of Star V;-magic labeling of

some more graphs.

(vi) Find Necessary and Sufficient conditions of Star V;-magic labeling of Carte-

sian product and Lexico graphical product of graphs.
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