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ABSTRACT

The thesis presents the theoretical study of enhancing or suppressing synchrony
and the emergence of chimera states in a network of Hindmarsh-Rose neurons,
as a nonlinear system. Different methods have been employed to enhance the
synchrony in the neural network owing to its vital role in signal transmission and
memory processing. However, the unwanted synchrony among neurons results
in several pathological conditions. Desynchrony is thought to be important for
certain functions in the brain, such as attention and perception, because it allows
different neural populations to process information independently and in a flexi-
ble manner. The coexistence of synchronised and desynchronised states is called
chimera states. It was assumed that nonlocal coupling was an essential condition
for the existence of chimera states and obtaining chimeras in globally and locally
coupled networks was considered rare. In this thesis, novel techniques like dis-
tance dependent coupling, cross coupling and self coupling in multiple variables
are introduced to induce chimera states in the Hindmarsh-Rose neuron network.

The external inputs are found to control synchrony in the network. It finds
practical application in the treatment of diseases like Parkinson’s or Alzheimer’s
disease. The distance-dependent coupling induces chimera states and reduces
synchrony in globally coupled network. Travelling chimeras are obtained on the
modification of initial conditions in locally coupled network. The system with
self and mixed electrical coupling synchronises at a lower coupling strength com-
pared to the system with cross coupling. We have obtained chimera states in the
network with self coupling in multiple variables. The three coupled differential
equations is modified to a set of four coupled equations to include the field effects.
The system shows changes in firing patterns under the influence of electromag-
netic induction. The chemical self coupling enhances synchrony and also induces
chimera states in the network whereas the cross coupling is incapable of inducing
synchrony and chimera states. The work is extended to two dimenisonal lattice
topology and the threshold for coupling strength to obtain synchrony is found to
be independent of the network size. The influence of cross coupling in the two
dimensional lattice is found to induce spatial chimeras.

This work helps in understanding the dynamics and collective behavior of a
nonlinear system under the influence of external stimuli, synaptic connections,
coupling schemes and different topologies. It provides insight into the functioning
and control of these interconnected systems. This research can be relevant for
understanding the dynamics of real neural networks.
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Preface

Nonlinear systems play a vital role in our modern world ranging from modelling
physical phenomena to engineering applications. These systems are complex and
challenging to understand, yet essential to various fields. The aim of the present
work is to analyse synchronisation behaviour of a network of nonlinear biological
oscillators and provide a comprehensive understanding of their behaviour and
properties. The results obtained from the study contribute to the development
of better methods for the design, control and analysis of these nonlinear systems.
The thesis presents the findings of our research in a clear and concise manner
and highlights the importance of nonlinear systems in various fields.

Nonlinear systems have widespread applications in various fields, including
engineering, robotics, biology, economics, finance, machine learning and environ-
mental studies. They are used to model complex systems and to design controls
that ensure stability and performance. Neural networks, which are based on
biological neurons, also use nonlinear models to comprehend data and make pre-
dictions. The nonlinearity of neuron models allows them to mimic the dynamics
of real life neurons.

This thesis presents a theoretical study of the different methods through
which a network is driven into synchrony, desynchrony and chimera states. The
thesis is organised as follows: Chapter 1 provides an overview of basic termi-
nologies used in the thesis. In chapter 2, the Hindmarsh-Rose (HR) network
with mean field coupling is analysed under the influence of external stimuli and an
exponentially decaying coupling strength. The stimuli helps to control the syn-

chrony in the network whereas the decaying coupling strength induces chimera

Xix



states. In chapter 3, the mean field coupling is given a distance dependence
governed by power law factor. The synchrony decreases with an increase in the
power law factor and chimera states are induced in the network with global, non-
local and local interactions. Chapter 4 analyses the influence of cross coupling
of state variables in the electrical mode. In-phase and anti-phase oscillations are
induced in the two coupled system under the influence of activator and inhibitor
coupling, respectively. In chapter 5, the modified HR network which incorpo-
rates electromagnetic induction with the help of memristor is analysed under the
influence of external stimuli and distance-dependent field couplings. The mem-
ristor induces changes in the firing patterns of the neurons. In chapter 6, the
memristive HR network in ring topology is analysed with chemical cross con-
nections in membrane potential and electromagnetic flux. The self and mixed
interactions induces synchrony in the network whereas cross coupling is inca-
pable of it. In chapter 7, the memrsitive HR network is analysed in 2D lattice
topology with distance-dependent coupling. The coordination number and net-
work size is varied for the analysis. In chapter 8, the study has been extended
to a network in 2D lattice with cross coupling and distance-dependent chemical
coupling. Chapter 9 summarises the findings of the thesis and describes future

prospects of the work.
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Chapter 1

Fundamental concepts

1.1 Introduction

Every process in nature that seems chaotic has a hidden order of action. A wild
and unpredictable storm with howling wind and heavy rain may seem like com-
plete chaos and disorder at first glance. But random patterns seem to emerge
on closer observation. The electric charge distribution in the case of lightning
strikes also follows random patterns. Chaotic characteristics have been proven to
exist in wind flow following the principles of fluid dynamics. The raindrops may
appear chaotic, but they always follow the laws of gravity and motion. The study
that assists in uncovering the underlying order in seemingly chaotic processes,
analysing it, controlling it and making predictions is called nonlinear dynamics.
Nonlinear systems are found in a wide range of fields including physics, engineer-
ing, economics, biology and more [1, 2]. Examples of nonlinear systems include
chaotic systems like weather, electronic oscillators, coupled physical oscillators,
robot and aircraft. Despite the practical and theoretical challenges that come
with the study of nonlinear systems, such as the difficulty in solving nonlinear
equations analytically, this field is crucial in our understanding of nature. To
overcome these challenges, numerical methods are often utilised to analyse and
control nonlinear systems. One of the most significant applications of nonlinear

systems is in the field of biological systems, such as studying neurodynamics or



modelling the cardiovascular cycle. In neuroscience, the principles of nonlinear-
ity play a crucial role in understanding the complex behaviour and dynamics
of neural networks and how they process information. Some examples of the
use of nonlinear systems in neural science include the modeling of neural activity
through nonlinear models, the study of synaptic plasticity and learning rules and
the analysis of large scale network dynamics. The neuron models are represented
by a set of nonlinear differential equations that explain the firing patterns of a

single neuron as well as the collective behaviour of a network of neurons.

1.2 Neuron models

Nonlinear models are used to study the individual and collective dynamics of
neurons|3, 4]. Neuron models are mathematical representations of the behaviour
and properties of neurons. Neurons are specialised cells that transmit signals in
the nervous system and ion channels are key to this process. When a neuron
receives a signal, it generates an electrical impulse known as action potential.
The generation of an action potential involves the movement of ions across the
neuron’s membrane. At rest, the neuron has a negative charge inside relative to
the outside, maintained by a higher concentration of potassium ions inside and
a higher concentration of sodium and calcium ions outside. When a stimulus
triggers an action potential, sodium channels open and allow sodium ions to flow
into the neuron, which depolarises the membrane potential. This depolarisation
then causes potassium channels to open, allowing potassium ions to flow out of
the neuron, which repolarises the membrane potential and brings it back to its
resting state.

Calcium ions are also involved in processes like learning and memory. They
can enter the neuron through specialised channels and trigger the release of neu-
rotransmitters, which are chemicals that carry signals between neurons. The
neurotransmitters, which get bound to specialised receptor proteins on the re-
ceiving neuron, generate a new electrical signal that can either excite or inhibit

the neuron in the chain. The electrical signals generated at the synapses are



summed up in the receiving neuron and can either reach the threshold for trig-
gering an action potential or not, depending on the strength of the inputs. This
process is repeated across many neurons to transmit signals throughout the ner-
vous system, resulting in the processing of information and the ability to respond
to stimuli in the environment [5]. They are used in computational neuroscience
to study the function and dynamics of neuronal networks. There are various
types of neuron models including Hodgkin-Huxley model [6], FitzHugh-Nagumo
model [7], Izhikevich model [8], Hindmarsh-Rose model [9] and Leaky Integrate
and Fire model [10], among others. Each model represents different aspects of

neuronal behaviour and is used to study different phenomena in brain.

1.3 Hindmarsh-Rose neuron model

The Hindmarsh-Rose (HR) neuron model has several advantages over other mod-
els, making it a popular choice in various applications. The HR model is ver-
satile, capable of reproducing multiple types of dynamic behaviours, such as
bifurcations, limit cycles and chaos, which makes it suitable for a wide range of
scenarios [9]. Its mathematical structure is relatively simple, making it easier to
understand and analyse. The HR model also incorporates biologically realistic
features, such as slow and fast variables, which accurately describe the behaviour
of real neurons [11|. Additionally, the model’s ability to capture multiple time
scales in the dynamics of a single neuron is another advantage that sets it apart
from other models [12]. The HR model has been successfully applied in various
fields, such as neuroscience, physics and engineering, demonstrating its predictive
power in a variety of contexts [13-16].

The HR model is mathematically expressed as a set of three nonlinear ordi-

nary differential equations, which are functions of the dimensionless dynamical



variables x(t), y(t) and z(t) [9]:

T =y+ax® —bx® —z+1,
y:C_dxz_ya (11)

Z=r(s(r —z) — 2).

The variable x denotes the membrane potential, y denotes the spiking variable
and z denotes the bursting variable. The y variable is influenced by the flow of
sodium and potassium ions, while the z variable is influenced by the flow of
calcium ions. The fast oscillations of x and y correspond to spikes, while the
slow oscillations of the z variable cause bursts. The qualitative behaviour of the
neurons is controlled by an external current, I [17]. The parameters a,b, ¢ and
d are used to represent the behaviour of the fast ion channels. The parameter
r is used to model the behaviour of the slow ion channels. The values of the
parameters are fixed as: a = 3,b = 1,¢ = 1,d = 5,r = 0.006,s = 4 and
x. = —1.61 [18].

1.4 Memristive HR model

The memristor is an electronic component with two terminals that operates
passively and it was first proposed by Leon Chua in 1971 [19]. It is a non-
volatile device that can remember its resistance state even after power is turned
off, making it useful in memory applications. Memristors have been proposed as
potential candidates for building next generation computing and memory devices,
as they offer several advantages such as high density, low power consumption
and fast switching times [20]. At the molecular level, the ionic current crosses
the cell membrane, leading to variations in ion concentration and resulting in
electromagnetic induction. The effect of alternating electromagnetic fields is
depicted by magnetic flux and memristors act as a bridge between the membrane
potential and magnetic flux |21, 22|. The transfer of charged ions results in

fluctuations of intracellular and extracellular charged ions causing a fluctuating



electromagnetic field. This field modulates the membrane potential of neurons
and thus allows communication between neurons even in the absence of synaptic

coupling. The modified HR neuron model is given as:

=y —ax®+bx® —z+1—kp(o),
j=c—di’—y,

Z=r(s(x—x.) — 2),

¢ = kox — k3.
¢ describes the magnetic flux across the membrane, k1p(¢)z denotes induction
current and k; is induction coefficient [21, 22|. The term p(¢) is the memory
conductance of a magnetic flux controlled memristor. This term describes the
coupling between magnetic flux and membrane potential of the neuron. The
change in magnetic flux induced by membrane potential is given by kox and the

leakage of the magnetic flux is represented by k3.

1.5 Coupling and topology

Coupling and topology are important concepts in neural networks, as they have a
significant impact on the performance and behaviour of the network. The proper
design of coupling and topology can greatly improve the ability of the network to
learn and generalise new data. [23]. Coupling refers to the connections between
neurons in a network. The strength of these connections determines how much

influence one neuron has on another [24].

1.5.1 Electrical, chemical and field coupling schemes

A synapse is a specialised junction that allows communication between neurons
or between neurons and other types of cells such as muscles or glands. Electrical
synapses are types of synapses that enable direct electrical communication be-
tween neurons. They are formed by gap junctions, which are specialised protein

channels that create a direct pathway between the cytoplasm of adjacent neu-



rons. Electrical synapses allow rapid and bidirectional transmission of electrical
signals between neurons and are found in many regions of the brain and nervous
system [25]. A chemical synapse uses neurotransmitters to transmit signals from
one neuron to another, or to other types of cells [26]. When an action poten-
tial reaches the presynaptic terminal, it triggers the release of neurotransmitters
which diffuse across the synaptic cleft and bind to receptors on the post synaptic
terminal. Chemical synapses are the most common type of synapse in the ner-
vous system and they are responsible for many important functions, including
sensory processing, motor control, learning and memory.

In mean field coupling of neurons, the activity of each neuron is influenced by
the average activity of a large population of neurons, rather than by the activity
of individual neurons. This approach is often used to model large scale neural
networks, where the number of neurons is so large that it is computationally
infeasible to simulate the activity of each individual neuron [27]. Electromagnetic
field coupling of neurons refers to the influence of electromagnetic induction
produced by the change in concentration of ions across the neuron membrane
[21, 22]. Electromagnetic fields can affect behaviour of neurons in a variety of

ways, including altering their firing rates and synchronising their activity.

1.5.2 Chain, ring and lattice topology

Topology refers to the arrangement of neurons in a network. The networks with
more layers or nodes can often learn more complex representations, while net-
works with fewer layers or nodes may be limited in their representation capacity.
The choice of topology should depend on the problem to be solved and the
amount of data available for learning. The combination of well designed cou-
plings and topology can allow neural networks to learn and generalise effectively
[28]. The choice of topology can have a significant impact on the representational
capacity of a neural network and demonstrate how different topologies can lead
to different types of representations being learned [29]. Thus, the coupling and
topology play a crucial role in the design of neural networks and the proper se-

lection of these elements can greatly impact the performance and behaviour of



the network [30, 31].

As the name suggests, a linear chain topology of neurons refers to a network
that is arranged in a linear sequence or chain with the neurons at both ends not
connected to each other [32]. If the first and last neurons are connected it forms
the ring topology [33]. A network of neurons that are arranged in a regular and
repeating pattern form a lattice, resulting in a highly structured and ordered
network [34, 35]. In all these topologies, if each neuron is connected only to
its closest neighbours, this is known as nearest neighbour or local coupling. On
the other hand, if the connections between neurons extend to a fixed number of
neurons in their vicinity, this is referred to as nonlocal coupling. Finally, if each
neuron is connected to all of the neurons in the network, this is known as global

coupling.

1.6 Distance-dependent coupling and cross inter-
actions

The distance-dependent coupling refers to the dependence of the strength of
connections on the distance between neurons. The idea is that neurons that are
farther apart have weaker connections than those that are close together [36].
This concept has been studied in both theoretical and experimental contexts and
has been shown to play a significant role in the functioning of neural networks
[37, 38].

Theoretical studies have demonstrated that distance-dependent coupling can
help to create more efficient and robust neural networks. It helps to reduce the
number of connections needed to achieve a given level of accuracy in a network
and increase the stability of the network against external perturbations [39].
Experimental studies have also provided evidence for the importance of distance-
dependent coupling in the nervous system. The studies in both invertebrates
and vertebrates have shown that the strength of synaptic connections between

neurons decreases with increasing distance [40, 41]. Additionally, imaging studies



have shown that the distribution of synapses on dendritic arbors is non-uniform
and can be influenced by factors such as the distance between neurons and the
presence of intervening barriers [42].

In a neuron model, cross coupling refers to the interaction between different
state variables that describe the behaviour of a neuron [43|. A large number of
studies have been carried out considering interactions between same variables
and ignoring the cross interactions. This cross interaction is important because
it helps to capture the complex and dynamic nature of neural behaviour and can
provide a more accurate representation of how neurons interact and communicate
with each other in the brain [44]. By including cross coupling between these
state variables, the model can better reflect the interplay between these different
factors and provide a more complete picture of neural behaviour [45].

The cross coupling can help to account for nonlinear and feedback interactions
between state variables, which are often important for capturing the complex
and dynamic behaviour of neurons [46]. The cross coupled neuron models can
provide a better insight into the mechanisms underlying various neural disorders
and diseases [44]. The cross coupling is an important aspect of neuron modelling
that helps to provide a complete and accurate representation of the behaviour of

neurons and the interactions between different factors that shape this behaviour.

1.7 Synchrony and pattern formations

Synchrony in neurons refers to the phenomenon where groups of neurons fire
action potentials in a coordinated manner, producing oscillations or waves of
activity in the brain. This synchronous activity is thought to play a crucial role
in neural coding and information processing in the brain [47]. Neuron models
have been successful in explaining various phenomena in neuroscience, including
the synchronisation of neurons in the retina, the generation of brain waves in the
cortex and the underlying mechanisms of epilepsy [48-50].

Desynchrony in neurons refers to the absence of coordinated firing of action

potentials among groups of neurons. Instead, the neurons exhibit more random



and independent patterns of activity. Desynchrony is thought to be important
for certain functions in the brain, such as attention and perception [51], because
it allows different neural populations to process information independently and
in a flexible manner. Research on desynchrony in neurons has implications for
understanding various neurological and psychiatric disorders, such as schizophre-
nia, depression and anxiety [52].

Chimera states are complex spatiotemporal patterns of synchronised and
desynchronised behaviour that arise in the networks of coupled neurons. The
occurrence of chimera states is closely associated with actual phenomena ob-
served in nature, including unihemispheric slow wave sleep in selected aquatic
animals and birds that migrate [53]. The studies have shown that chimera states
can emerge from a wide range of initial conditions [54, 55| and can exhibit a
rich variety of dynamics, including travelling waves, spiral waves and chaotic be-
haviour [35, 56-58]. Chimera states have been observed in various experimental
settings, such as in brain, chemical reactions and mechanical systems [59-61].
The study of chimera states is an active area of research in nonlinear dynamics
and neuroscience, with many open questions and avenues for future exploration.

Multichimera states refer to complex dynamical patterns where some subsets
of oscillators synchronise in different ways while other subsets remain desyn-
chronised [62]. These states are characterised by a coexistence of multiple syn-
chronous and asynchronous regions in the network. Multichimera states have
been observed in electronic circuits [63] and biological systems, particularly in
networks of neurons [64]. In the brain, multichimera states can arise due to the
complex interactions between different types of neurons and synapses. It causes
a variety of cognitive and behavioural phenomena. The multichimera states
have been suggested to play a significant role in epilepsy, where some regions of
the brain exhibit synchronous activity while others remain asynchronous. Mul-
tichimera states have also been observed in other biological systems, such as
populations of cells in microbial colonies or cardiac cells in the heart. Under-
standing the dynamics of multichimera states in biological systems is an active

area of research, with potential implications for the diagnosis and treatment of



various neurological and cardiovascular disorders.

Mixed oscillatory systems exhibit multiple types of oscillatory activities si-
multaneously, often in the form of a combination of low frequency and high fre-
quency oscillations. These types of neurons have been observed in various brain
regions and are thought to play a significant role in information processing and
communication between different brain regions. It was first discovered in neural
networks when the desynchronised neurons are interspersed among those that
are either stationary or oscillate in synchrony [65]. Later, it was also observed
in HR neurons under the influence of a controller [66].

Another type of pattern formation exhibited by neurons is clusterisation,
where a group of neurons in the network show similar dynamics [66]. These
neurons can form functional units in the brain, such as a sensory processing

module and are thought to communicate with each other to process information.

1.8 Quantifiers

1.8.1 Statistical factor of synchronisation

The complete synchronisation of coupled oscillators is quantified using various
statistical measures. One of the important quantity is statistical factor of syn-

chronisation [22].
(F?) — (F)*

T LYV [ — ()]

where F = + SV x; and ‘() represent the average of the variable over time.

R (1.3)

x; is the state variable of the ith oscillator in the network. ¢ runs from 1 to N,
N being the total number of oscillators in the network. The value of R ranges

from 0 to 1, with higher values indicating stronger synchronisation.

1.8.2 Kuramoto order parameter

Phase synchrony refers to the degree to which the phase of the ongoing oscilla-

tions of different neurons become coordinated over time. In other words, it is a
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measure of how closely the timing of the oscillations is aligned. While complete
synchrony between neurons can be important for certain functions, such as in the
synchronisation of heart cells in the heartbeat, in many cases, phase synchrony
also has its own relevance. This is because phase synchrony allows for selective
and flexible communication between neurons, as the specific timing of spikes in
each neuron can carry information about the nature and context of the neural
activity.

The Kuramoto order parameter, introduced by Kuramoto, is faithfully used
to distinguish between the systems with phase synchrony, intermittent phase
synchrony and desynchrony [67]. The order parameter has been calculated using

the formula:

N
R(t)e®) = % ; e'®it), (1.4)
where R(t), 1 represent the magnitude and angle of a centroid phase vector,
respectively. ®; represents the phase of jth neuron, with j = 1, 2,..., N.

In a phase synchronised system, the value of R approaches unity and for
a desynchronised system, the value is 0. The time averaged Kuramoto order

parameter, R, has been computed as:
. T
R = limTﬁoo(l/T)/ R(t)dt. (1.5)
0

1.8.3 Coefficient of variability

The inter burst intervals (IBI) are an important aspect of neuronal activity that
provide valuable information about neuronal firing patterns and communica-
tion. The temporal and spatial characteristics of IBI have been distinguished by
studying the coefficient of variability (C'V'). Generally, variability signifies the
measure of deviations from a central value. The term CV reveals the variations
in the characteristics of IBI collectively [68]. Spatial coefficient of variability,
CVj, represents deviations in the IBIs of kth burst of every neuron, whereas, the
temporal coefficient of variability, denoted by C'V;, gives the deviations in IBIs of

each neuron, during its time evolution [69]. The low value of deviations in C'V;
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shows that the system attains phase synchrony.

The coefficients of variability, C'V; and C'V; are defined as:

(1.6)

where (I BI) is the standard deviation of the IBIs and (/BI) is the time
average taken over the IBIs of all neurons.
The spatial and temporal standard deviations are obtained using the formu-

lae:

Z (IBly.;), where,1 =1,2,.... N
- (1.7)
—Z (IBI},), where,k = 1,2, ..., knas

1.8.4 Transverse Lyapunov exponent

Lyapunov exponents provide a qualitative and quantitative characterisation of
dynamical behaviour of a chaotic system. It represents the exponentially fast
divergence or convergence of nearby orbits in phase space. If a system has one
or more positive Lyapunov exponents, it is considered chaotic, indicating a high
level of unpredictability. This concept has been applied to analyse the dynamics
of various systems [70].

The transverse Lyapunov exponent (TLE), in turn is a measure of the rate
of divergence of nearby trajectories in a dynamic system, in directions perpen-
dicular to the direction of motion [71]. It provides an idea about the condition
at which the coupled system is synchronised [72]. The maximum transverse
Lyapunov exponent (MTLE) is used as the bifurcation parameter to get the
point of transition to synchrony. The MTLE becomes negative when system is
synchronised.

The fundamental approach for determining TLE of any coupled system re-

mains the same [73-75]. Let N identical coupled oscillators be represented by
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the dynamical equations of the form:

da! 1,1 2 N 1.2 N
E:F(x,a:,...,x )+ cGxr ze, . x),

2
dr” = F%(2' 2?, . 2™) + cG(at, 22, .. 2™,
dt (1.8)
da™ Ny, 1,2 N ) N
— =FY(z 2% . a0 )+ cGa,z”, . ),

Here, the x* are oscillator coordinates such that (2%, 2%, ..., 2) € R™ and F:R"
— R" is the nonlinear vector field controlling the dynamics of a single oscillator.
The function G*: R™ —R", where m = nM, describe the coupling of the ith
oscillator to all other oscillators and c is a scalar coupling constant.

The geometry of the synchronous attractor is such that it lies on a hyperplane

determined by the n — 1 vector equalities
(z},22, . 2Y) = (3,22, .., 2d) = .. = (2}, 22, ..., ) (1.9)

The hyperplane is called the synchronisation manifold and has dimension V.
As long as the entire system’s phase space point remains on the synchronisa-
tion manifold the systems remain in synchrony. Thus all the motions that are
transverse to the synchronisation manifold should be damped out. For this, the

Jacobian matrix has been formed which has the following structure:

Ji + Gy G2 Gvi3 Gyiga oo Gy
G2, Jo + G2 G223 Grygy -+ Gyan
Gﬁ')/S,l G’.Y3,2 Js + 973,3 G’.Y3,4 e G73,n (1.10)
G’yn,l G7n72 G'Yn,S G7n74 Jn + G/yn,n

13



Where,

ort orl 9r* _9F* . OF!
oz} Ox? oz} Ox—I4 oz
or?* 9r?  9r! ort .. Ort
oz} ox? oz} Oz} oz
J = | ar® or® or®  ar® . or? 1.11
¢ Bx% 8:1:12 81:? (93:;-1 B:L’lN ( )
oFN  9FN  9FN 9N 9FN
oz} Ox? oz} Oz} oz

The terms v;; and -, ; is obtained by partially differentiating the coupling term
with respect to ]‘f\] and fﬁv , respectively, f being the state variable. The Jacobian
given by eqn. 1.10 is diagonalised in a coordinate system that isolates the stabil-
ity of the synchronisation manifold from the transverse directions. The system

attains stabilised synchrony when MTLE becomes negative.

1.8.5 Strength of incoherence and discontinuity measure

The strength of incoherence is a term used to verify the occurrence of chimera
states. For this purpose, the local standard deviation, o(m), has been evaluated
from the time series. The total number of oscillators, /N, is split into ‘M’ bins of
equal length ‘n”” = N/M and the difference dynamical variable w; = x; — ;41

has been obtained. Then the local standard deviation is defined as |76]:

U(m):<% 3 [wj—<w>]2>, (1.12)

j=n’(m—1)+1 t

where, m = 1,2,... M; (w) = %Zf\; wi(t). (...); denotes the average over

time. The term SI is defined as:

M
Sm

ST = 1—27”#1, Sm = H(e — a(m)). (1.13)

Here, H is the Heaviside step function and € is a predefined threshold. The
values of SI are 1, 0 or between 1 and 0, representing incoherent, coherent and
chimera or multichimera states, respectively. In order to distinguish chimera

from multichimera states, discontinuity measure (DM) is calculated [76], which

is defined as:
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M
DM _ Zi:l‘si"l‘l - Si|
2 )

(1.14)

where, sy;41 = s1. For chimera, DM = 1 and for multichimera 2 < DM < %

1.9 OQutline of the thesis

This thesis presents the studies on the synchronisation and the emergence of
chimera states in HR networks under the influence of external inputs, distance-
dependent coupling and cross interactions between the state variables. The
thesis is organised as follows: chapters 2, 3 and 4 analyse the HR network in
linear and ring topologies under the influence of external stimuli, as well as
distance-dependent and cross interactions. The HR network is then modified to
incorporate electromagnetic induction effects and its behaviour in the presence
of external inputs, distance-dependent coupling and cross coupling schemes are
analysed, which is presented in chapters 5 and 6. The study has been extended
to network with higher dimension and network size and is presented in chapters
7 and 8. Chapter 9 summarises the results of the thesis.

In chapter 2, the influence of spike input is analysed in HR network arranged
in linear chain topology with uniform mean field coupling. Mean field coupling
in the network is highly relevant because the neurons behave collectively. The
HR networks are also analysed under the influence of exponentially decaying
coupling strength. The synchrony is controlled by the external input, while
decaying coupling strength induces chimera states. In chapter 3, the HR network
is analysed in ring topology with global, nonlocal and local interactions. The
contribution from the neighbouring neurons is given a distance dependence by
taking the ratio of coupling strength to the distance between neurons. But the
decrease in the contribution is very steep. To avoid this, power law exponent
is introduced which produces a slower decrease in contribution from neurons
as the distance between them increases. In chapter 4, the HR neural network is
analysed with cross coupling between state variables in electrical mode. The cross

interactions are modelled using a rotation matrix, through which the self, mixed
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and cross interactions are realised by varying coupling phase. Electrical coupling
involves the connection of neurons through a gap junction and is mathematically
represented using a linear equation.

In chapter 5, the memristive network of HR neurons is analysed under the
influence of external time varying inputs in linear chain topology. The network
is further analysed under the combined effects of distance-dependent memristors
and mean field coupling. In chapter 6, the chemical cross interactions of state
variables are analysed in memristive HR neural neural network in ring topology.
In chemical coupling, the propagation of information occurs through the release
and diffusion of a chemical known as neurotransmitter, which is expressed using
a nonlinear equation.

In chapter 7, the memristive HR neurons are analysed in a 2D lattice topol-
ogy, with distance-dependent chemical coupling governed by power law exponent.
The lattice arrangement of neurons is a useful tool for modelling spatial relation-
ships between neurons which helps to understand the underlying structure of
neural networks. Chapter 8 analyses the cross coupling of state variables in
a 2D lattice with distance-dependent chemical coupling. The network exhibits
spatial chimeras, which are observed in networks with both regular and random
connectivity.

Chapter 9 summarises the main findings of the thesis and presents potential

future directions for further research in the current work.
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Chapter 2

Linear chain of mean field coupled

Hindmarsh-Rose neurons

2.1 Introduction

The basic principle behind memory and signal transmission in humans is syn-
chronised oscillations in the brain. The human brain has approximately 10!
neurons. The collective behaviour of neuronal synapses can be effectively ex-
pressed through mean field coupling [77, 78|, which is an all to all coupling that
has been studied in various systems such as FitzHugh-Nagumo and Hodgkin-
Huxley neurons [79, 80|. The existence and stability of localised solutions in a
network of quadratic integrate and fire neurons with a mean field coupling have
been analysed [81]. A large number of coordinated neurons, which is typical in
mean field models [82, 83|, exhibit a Kuramoto self synchronisation transition
with sufficient coupling strength [84, 85].

However, synchronisation is not always desirable. There have been various
methods developed to suppress synchronisation in oscillatory networks with [27]
and without feedback [86]. Neuron models can respond to different external
stimuli by altering bursting modes and neuronal activities [87, 88]. An effective
technique for controlling synchrony in a globally coupled ensemble using pre-

cisely timed pulses has been reported [89, 90|. The dependence of pathological
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conditions such as epilepsy, Parkinson’s disease (PD) and schizophrenia on the
unwanted synchronisation of independent nuclei has been demonstrated both ex-
perimentally [91, 92] and theoretically [93, 94]. This pathological synchronisation
is modelled using mean field coupling [27, 95|. Externally applied electrical im-
pulses could partially or completely control the collective behaviour of neurons,
which forms the theoretical foundation for the surgical technique known as Deep
Brain Stimulation (DBS). This has been studied successfully using the Hodgkin-
Huxley neuron model [96, 97|. Tt is hypothesised that abnormal synchronisation
of independent neurons causes PD and that DBS suppresses the tremors of PD
by desynchronising neurons [98]. The high desynchronising ability of high fre-
quency spikes with optimal amplitude and pulse width in DBS has been proven
clinically [99]. The automated adaptation of DBS treatment to the fluctuations
in disease symptoms is highly valued [100].

This chapter analyses the phase synchrony and its control by an external
input, in a network of mean field coupled HR neurons. The influence of the
coupling strength, which exponentially decays with distance, is also analysed.
The chapter is organised as follows: The mean field coupled model is described
in section 2.2. Section 2.2.1 studies the phase synchrony in the network using
bursting phase. The synchronisation pattern is analysed using the coefficient
of variability and the Kuramoto order parameter in section 2.2.2 and 2.2.3, re-
spectively. The capability of spike input, in controlling phase synchrony, in the
excitatory mean field coupled HR neurons is presented in section 2.3. The sys-
tem with intermittent phase synchrony under the influence of the external input
is presented in section 2.3.1. The effect of the input on the well synchronised
system is presented in section 2.3.2. The system with coupling strength that de-
cays with distance is analysed in section 2.4. The synchronisation scenario and
the emergence of chimeras are analysed in sections 2.4.1 and 2.4.2, respectively.

Section 2.5 presents the results of the chapter.
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2.2 Phase synchrony

The mean field coupling assumes that each neuron is globally (all to all) coupled
to other neurons, which is typical for a neural population [101].

The modified HR model with spike input has the form:

G =y + ax? — bad — 2+ T+ gI™ + I°P,

ji = ¢ —dai —y;, (2.1)

G=r(s(ri—a) - =), i=12..N.

x;, y; and z; represent the membrane potential, spiking variable and bursting
variable of ith neuron, respectively. w; is constituted by the flow of Na™ and
K™ ions and the flow of Ca™ ions constitute the z; term. The fast oscillations of
x; and y; correspond to spikes, whereas, the slow oscillations of the z; variable
cause burst. The external current, I, controls the qualitative behaviour of the
neurons [17].

In a network of mean field coupled neurons, each neuron is driven by the
force, gI;" ! [27]. ¢ is the coupling strength and I;" ! is the mean field term.
It represents the average of contributions from the membrane potentials of all
neurons and is directly proportional to the synaptic current which is given as:
() = Y

) = g 2 et (2.2)

j=1
i

Indices i and j denote the postsynaptic and presynaptic neuron, respectively.
N is the total number of neurons. z; is the membrane potential of the jth
neuron. In mean field approach, the potential, z;, is influenced by the average
of potentials, z;, where, j = 1,2,3,..., N; j # ¢. The matrix element, ¢;;, can
take values, 0,1 or —1, if the presynaptic neuron j is disconnected, excitatory or
inhibitory, respectively, with respect to postsynaptic neuron, i. Fig. 2.1 shows
the mean field coupling topology in which the first neuron is coupled to the mean
potential of neurons 2 to N.

The term I*? represents the external input [96], which has the form:
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Figure 2.1: Schematic diagram of the coupling strategy in the mean field
approach. The combined effect of potentials of neurons, from 2 to N, influences
the potential of the first neuron. The value of ¢;; decides the nature of coupling
viz. disconnected, excitatory or inhibitory.

o)l o

where A, p and D represent the amplitude, interval and pulse width of spike
input, respectively. H is the bi-valued Heaviside step function, whose value is
zero for negative arguments and one for positive arguments.

The variation of 1.ST with increasing g have been studied for a single neuron
in a mean field coupled HR network, given by Eq. (2.1), with I*» = 0. The
parameters of the network are fixed asa = 3.0, b = 1.0, c =1, d = 5, r = 0.006,
s = 4.0 and z, = —1.61 [18]. The initial conditions are chosen randomly between
0 and 1 and the external current, I, is taken as 3.1. The study shows that the
inhibitory mode has no influence on individual neuron dynamics, whereas the
excitatory mode induces dynamical change in each neuron under coupling. The
IS1-g diagram of a single neuron in an excitatory mean field coupled network
is shown in fig. 2.2. The scattered points near g = 0 represent the irregular
bursting dynamics of the system. With an increase in value upto g ~ 0.2,

regular bursting character is observed, which is visible as the clustering of points
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Figure 2.2: Inter Spike Interval (ISI) of a single neuron in the excitatory mean
field coupled HR network with N = 100. The behaviour represented for single
neuron is consistent for every neuron in the network.

into two categories. The region, from g ~ 0.2 to g &~ 1.2, shows spreading of
points, which represents the irregularity induced in bursting. The accumulation
of points, from g ~ 1.2 to 1.7, into two sections substantiates the dynamical
change to regular bursting, with two spikes per burst. For g > 1.7, the character
of the system is changed to tonic spiking represented by single bifurcation line.
Above the value g = 2.2, the system rests to a stable state and no oscillations
are produced. So, the studies are focused to the excitatory mean field network,

with 0 $ g < 0.2, for which the system shows regular bursting.

2.2.1 The bursting phase

The bursting dynamics of HR neurons are periodic in nature and this periodicity
is used to calculate the bursting phase of the neurons [102|. The bursting phase
description is made simple by considering that, a burst begins at phase, & = 0
and evolves until & = 27. The points in between evolve as:

t—tr;

(I)z<t> = 2wk; + 2w s (tk <t< tk+1>, (24)

Tet1,i — Tk
where t,; is the time at which the kth burst of the ith neuron gets initiated.

Fig. 2.3(a) depicts time series of variables = (blue) and z (red). It is evident
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Figure 2.3: Time series and bursting phase of a single HR neuron. (a) Time
series of single HR neuron, exhibiting regular bursting. The blue and red lines
represent x and z variable, respectively. The black dashed lines corresponds
to the beginning of three consecutive bursts, represented as t;_1, t, tg+1. (b)
Bursting phase, @, of the system.

from fig. 2.3(a) that the minima of the z variable coincides temporally with the
beginning of each burst in x variable, as shown by the black dashed lines. The
bursting phase of a single system has been calculated using Eq. (2.4) and is
shown in fig. 2.3(b). The linearly increasing phase proves the regularity in Inter
Burst Intervals (IBIs). The slight change in IBI is evident in the bending of the
phase line after ¢ ~ 800.

The phase synchronisation in the network of mean field coupled HR neurons,
given by Eq. (2.1), with I*? = 0, has been studied numerically using the burst-
ing phase. The analysis has been carried out for three coupling schemes, viz.,
disconnected, excitatory and inhibitory, by assigning values 0, +1 and —1, for
€5, respectively, in Eq. (2.1). The bursting phase lines of neurons with these
coupling schemes are shown in fig. 2.4.

The bursting phase lines of disconnected, excitatory and inhibitory neurons
are presented in fig. 2.4. The average phases of 20 neurons with error bars
are plotted in the figure. The error bar signifies the separation of each phase
line from the average. The low value of error bar depicts the phase synchrony
in the system with excitatory coupling, whereas the high error bar values of
disconnected and inhibitory connected neurons represent the desynchrony in the

system. From the studies, it is found that complete phase synchrony is observed
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Figure 2.4: Average of bursting phase lines of N = 20 neurons, with error

bars, in disconnected (e;; = 0, g = 0), excitatory (e;; = +1, g = 0.2) and
inhibitory (e;; = -1, g = 0.2) connections.

in the excitatory mean field network. The synchronisation behaviour has been

analysed using the coefficient of variability and the Kuramoto order parameter.

2.2.2 The coefficient of variability

The temporal and spatial characteristics of IBI have been distinguished by study-
ing the coefficient of variability (C'V'). Generally, variability signifies the measure
of deviations from a central value. The term CV reveals the variations in the
characteristics of IBI collectively [68]. The spatial coefficient of variability, C'V,
represents deviations in the IBIs of kth burst of every neuron, whereas the tem-
poral coefficient of variability, C'V;, gives the deviations in IBIs of each neuron
during its time evolution [69]. The low value of deviations in C'V;/; shows that
the system attains phase synchrony.

The coefficients of variability, C'V, and C'V;, are calculated using the formulae
given in Eq. (1.6)

The variation of C'V; (blue) and CV; (red) with increasing g are presented in
fig. 2.5. The high values of C'V,;, at g = 0 specify the deviations in the firing
times of neurons in an uncoupled system. As g increases, C'V;, decreases, which
implies that neurons possess same firing times. For values, 0 < g 5 0.1, the value
of C'V; is small compared to C'V;, signifying that regularity in bursting across

neurons trails behind the regularity of bursting in each neuron. When g > 0.1,
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Figure 2.5: Variation of the C'V;,, with coupling strength (g), plotted on the
Y-axis and X-axis, respectively.

CV become low, representing that the system has attained phase synchrony.

2.2.3 The Kuramoto order parameter

The Kuramoto order parameter is calculated using the Eq. (1.4). The variation
of averaged Kuramoto order parameter, R, with coupling strength, ¢, of an
excitatory mean field coupled system represented by Eq. (2.1), with N = 100
and I°P = 0, have been studied, using the formula given in Eq. (1.5). As shown
in fig. 2.6, R increases as ¢ increases. The system attains an intermittent phase
synchrony, R = 0.52, at ¢ = 0.022 and a well synchronised state with R = 0.94,
at g = 0.15 [103].

2.3 Controlling phase synchrony using external
input

The effects of spike input on the excitatory mean field coupled system with phase
synchrony have been analysed in this section. The bursting phase, coefficient of
variability and Kuramoto order parameter have been studied by varying the

amplitude, A, pulse width, D and interval, p, of the input.
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Figure 2.6: Variation of the averaged Kuramoto order parameter (R) with the
increase in coupling strength (g9), plotted on the Y-axis and X-axis, respectively.
R ~ 1 and R = 0 denotes synchrony and desychrony, respectively. The value

of g corresponding to the intermittent synchrony, R = 0.52, is displayed along
with the well synchronised system with R = 0.94.

2.3.1 Intermittent phase synchrony

The influence of spike input on an excitatory mean field coupled system with
intermittent phase synchrony has been analysed by studying the phase of bursts,

coefficient of variability and Kuramoto order parameter.
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Figure 2.7: Average of bursting phase lines of N = 20 neurons with the
error bar, in excitatory mean field coupled HR neurons with intermittent phase
synchrony (g = 0.022), under the influence of spike input (A = 3, D = 0.6, p
= 3).

The intermittent phase synchrony at g = 0.022 and the control of synchrony

by the external stimulus are shown in fig. 2.7. The low value of the error bar
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Figure 2.8: Variation of the coefficient of variability (CV;,;) and the Ku-

ramoto order parameter (R) for mean field coupled HR neurons with intermit-

tent phase synchrony (N = 100, g = 0.022, ¢;; = +1) under the influence of

spike input. Figures on the left panel represent variation of C'V;. (a) D =

0.6,p=3,(b) A=3,p=3,(c) A= 3, D= 0.6. Figures in the right panel

represent the variation of R. (d) D = 0.6, p =3, (e) A=3,p =3, (f) A =3,

D = 0.6.
in the system without input represents the similarities in burst phase lines. The
suppression of intermittent phase synchrony under the influence of spike input
is visible from the high valued error bars. The increase in the average value
of phases in the presence of external stimuli is due to the additional bursts
introduced by the input.

The variation of CV,;, with amplitude of the input is shown in fig. 2.8(a).
When A = 0, the system shows intermittent phase synchrony. As A increases,
CV;, increases, which shows the capability of the input to desynchronise and
cause changes in the firing times of each neuron. At higher values of A, the term

OV remains constant, showing its desynchronising ability. The correspondence

between values of CV;/, implies that an excitatory mean field coupled system
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loses synchrony in the temporal and spatial characteristics of IBls, identically,
in the presence of the input. The variation of C'Vy,, with respect to change in
pulse width of the input are shown in fig. 2.8(b). The variation of C'V;,, shows
that greater desynchronising ability is visible for values, D > 0.3. The variation
in C'V;, with the interval of the input is shown in fig. 2.8(c). The CV/; shows
a high value, signifying phase desynchrony and irregularities in bursts, for low p
values (i.e., high frequency).

The capability of the spike input to desynchronise the mean field coupled
system is quantified by studying the variation of R with A, D and p. The
variation of R with the change in parameter, A, is shown in fig. 2.8(d). The
capability of high frequency input to suppress the synchrony is found to be at
A > 3, compared to the low amplitudes. The variation of R, with change in D
is as shown in fig. 2.8(e). The control of synchrony is higher at values of D >
0.3. The change in desynchronising ability of the input with change in interval
is presented in fig. 2.8(f). Input with low interval, i.e., high frequency, is found
to have higher desynchronising ability. From the above studies, it is clear that a
spike input with high amplitude, high pulse width and low interval has greater
ability to desynchronise the coupled system and the variation of C'V;; is found
to be opposite to those of R.

The parameter space diagram A-p, presented in fig. 2.9, reveals the richer
dynamics of the excitatory mean field coupled system with intermittent phase
synchrony in the presence of input. Input with high interval (low frequency) is
found to have less desynchronising capability. A high number of blue points,
signifying desynchrony, is visible for inputs with high amplitude and low interval

(high frequency).

2.3.2 Phase synchronised system

The study is extended to the analysis of the influence of spike input on an
excitatory mean field coupled system, represented by Eq. (2.1), exhibiting phase
synchrony, at g = 0.15.

The phase synchrony, at ¢ = 0.15 and its control by the external stimulus

27



Interval

0 1 2 3 4 =
Amplitude

Figure 2.9: Parameter space showing the synchrony pattern for mean field
coupled HR neurons with intermittent phase synchrony under the influence of
the external spike input. A is plotted along X-axis and p along Y-axis. Here,
D = 0.6 and g = 0.022. Yellow and blue colours represent synchrony and
desynchrony, respectively.
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Figure 2.10: Average of bursting phase lines of N = 20 neurons, with the
error bars in excitatory mean field system with phase synchrony (¢ = 0.15),
under the influence of spike input (4 = 3, D = 0.6, p = 3).
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Figure 2.11: Variation of the coefficient of variability (CV/;) and the Ku-

ramoto order parameter (R) for mean field coupled HR neurons with phase
synchrony (N = 100, g = 0.15, €;; = +1) under the influence of spike input.
Figures on the left panel represent variation of CV; . (a) D = 0.6, p = 3, (b)
A=3,p=3,(c) A=3, D = 0.6. Figures in right panel represent the variation
of R. (d) D =06,p=3,(c) A=3,p=3,(f) A=3,D =06
are shown in fig. 2.10. The low valued error bars represent the phase synchrony
in the coupled neurons and the high valued error bars represent the reduction in
phase synchrony by the external stimulus. The introduction of additional bursts
by the external stimulus is visible from the increase in the value of the average
bursting phase.

The irregularities induced by the spike input are studied using C'V;, and R,
with change in A, D and p, as shown in fig. 2.11. The variation of CV,,, with
A confirm that high amplitude inputs have better ability to bring irregularity in
bursting, as shown in fig. 2.11(a). The variation of C'V;, with D is presented
in fig.2.11(b). A high value of C'V, is found for values, D > 0.2. The higher
desynchronising ability of high frequency input is presented in fig. 2.11(c). The

desynchronising ability of the spike input is quantified using R. The variation of
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R with A is shown in fig. 2.11(d). The higher the amplitude of the input, the
better the desynchronising ability, represented by the low values of R. The low
value of R for input is visible, with values D > 0.3, indicating high desynchro-
nising ability, as shown in fig. 2.11(e). The better desynchronising ability for
inputs with a low interval is shown in fig. 2.11(f).

The studies on the influence of spike input on an excitatory mean field coupled
system with intermittent synchrony is consistent with the results of the well
synchronised system as well. It is found that high frequency input with optimum
amplitude and pulse width has a better desynchronising ability.

The studies on the effect of spike input have been extended by analysing
the parameter space g-A for low and high frequency inputs. Fig. 2.12(a) shows
the parameter space diagram g-A for low frequency input. The lower number
points representing desynchrony (blue points) in the figure show the inability of
input to desynchronise the system. The system shows phase synchrony for strong
coupling (0.1 < ¢ < 0.6). Fig. 2.12(b) shows the parameter space diagram g-A
for high frequency input. The abundance of blue points over yellow points proves
the higher desynchronising ability of high frequency input. For low amplitudes,

the input is unable to desynchronise the system, even if the frequency is high.

2.4 Influence of decaying coupling strength

Chimera states are complex and interesting spatiotemporal patterns in which
coherent and incoherent states coexist. Even though chimera states are abundant
in synaptically coupled neural network with nonlocal coupling, their emergence
in non-synaptically coupled and globally coupled network is of great interest
nowadays [104]. The decaying of coupling strength with distance is relevant
in many real world systems like electromagnetic force, gravitational interaction,
radioactive decay, etc.

In this section, the coupling strength is considered in a varying form, which
decreases exponentially with distance between the neurons. The dynamic equa-

tion with decaying coupling strength is given by [9, 27|:
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Figure 2.12: Parameter space showing the synchrony pattern for excitatory
mean field coupled HR neurons under the influence of the external spike input.
g is plotted along X-axis and A along Y-axis. (a) D = 0.6 and p = 20 (low
frequency), (b) D = 0.6 and p = 3 (high frequency). Yellow and blue colours
represent synchrony and desynchrony, respectively.
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Figure 2.13: Variation of the statistical factor of synchronisation (R) with
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The coupling term is given as g; ; = go+exp(—A|i—j|), where gy is a constant,
A is the decay constant and |i — j| gives the weight factor, which indicates the

distance between the neurons.

2.4.1 Synchronisation scenario

The synchronisation scenario of a linear chain of HR neurons in the presence of
decaying coupling constant is analysed in this section. The amount of synchrony
is quantified using the statistical factor of synchronisation, R, given by the Eq.
(1.3)

The total number of neurons in the network, NV, is fixed at 135. The variation
of R with go for different values of A is presented in fig. 2.13. At low values of
go, synchrony is found to decrease with an increase in the value of A\, up to a

particular value of A. Beyond that value, A\ has no effect on the synchrony. But
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Figure 2.14: Emergence of chimera states under the influence of decaying
coupling strength. (a) go = 0.2, (b) go =1, (¢) go = 1.5. Here, A = 0.15.

at higher values of gy, the synchrony is unaltered by the value of \.

2.4.2 Emergence of chimera states

This section exhibits the different patterns induced in the network by the decay-
ing coupling strength. The incoherence, chimera and coherent patterns obtained
for different values of g is shown in fig. 2.14. The value of X is fixed at 0.15.
At go = 0.2, the system exhibits incoherent state, as shown in fig. 2.14(a). At
go = 1, chimera state is obtained and is presented in 2.14(b). The system exhibits
complete coherence at gy = 1.5, which is shown in 2.14(c).

The emergence of chimera in the network due to the distance-dependent
coupling is analysed with the help of a quantitative measure called strength
of incoherence (SI) given in Eq. (1.13).

The variation of SI for different values of A are presented in fig. 2.15. At
low value of A, the system exhibits chimeras at low values of gy, as shown in fig.
2.15(a). At higher values of gy, the system is at coherence. With the increase
in value of A, the probability of obtaining chimeras is also high, as shown in fig.
2.15(b). The chimera and coherent states obtained for A = 0.09 are shown in
fig. 2.15(c). At high values of A, the system exhibits incoherent, chimera and
coherent states which are shown in fig. 2.15(d). It is found that the probability

of obtaining chimera states is high at moderate values of \.
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Figure 2.15: Variation of the strength of incoherence (SI) with coupling
constant (g) for different values of decay constant (\).

2.5 Results and conclusions

In this chapter, the mean field coupled HR network is analysed under the influ-
ence of a uniform and distance-dependent coupling scheme. The phase synchrony
in a network of HR neurons with uniform mean field coupling and the capability
of the external input to control the synchrony have been analysed. The [51-g
diagram has been analysed to study the change in the dynamics of each neuron
in the mean field network. In inhibitory mode, the mean field coupling has no
influence on individual neuron dynamics, whereas in excitatory mode, the sys-
tem shows regular bursting, irregular bursting, tonic spiking and eventually a
stable state condition with an increase in coupling strength. The average phase
lines with low valued error bars show that excitatory mean field coupling induces
phase synchrony in the system, whereas inhibitory coupling induces desynchrony.
The change in firing times of each neuron under mean field coupling has been
studied using the coefficient of variability in spatial and temporal domains. The
excitatory mean field coupling makes the neurons fire at the same time. The

phase synchrony attained by the system has been quantified using the Kuramoto
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order parameter. The system shows intermittent phase synchrony at weak cou-
pling strength. The system shows well synchronised state for strong coupling.
The capability of the input in controlling the synchrony of the excitatory mean
field coupled system with phase synchrony is studied by varying amplitude, pulse
width and interval. It is found that high frequency spike input with optimum
amplitude and pulse width has a better capability to induce desynchrony in the
system. The parameter space analysis substantiates the result. This study may
find application in programming of the stimulator used in DBS treatment by
focusing on three parameters (amplitude, frequency and pulse width), to deliver
maximum efficacy and safety.

The network is studied under the influence of a coupling constant that decays
exponentially with distance. The synchrony is found to decrease with an increase
in the decay constant. However, the distance-dependent interactions are found
to induce chimera states in the network. The probability of obtaining chimera
states is found to be high at optimum values of the decay constant. At lower
values of the decay constant, the system tends to be more in coherent states and
chimera states are also observed. On the other hand, the system with a high

decay constant exhibits incoherent, coherent and chimera states.
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Chapter 3

Chimera states in HR network with

ring topology

3.1 Introduction

Global coupling finds relevance in oscillators which acts back on themselves. In
real life systems, neurons are connected by an enormous number of synapses and
global coupling is the most suitable coupling scheme to represent them. The
dynamics of globally coupled oscillators have attracted large attention recently
[77, 78]. The synchronisation scenario of uniform mean field coupled neural
network has been studied [105]. The symmetric coupling between identical os-
cillators leads to multistable states in which the synchronised and incoherently
oscillating groups coexist [106-108]. Kuramoto and Battogtokh discovered the
existence of these interesting spatiotemporal patterns in a ring network of sym-
metrically coupled phase oscillators [109] and named them chimera states. The
coupling function always plays an important role in the studies on chimera.
Earlier, the chimera patterns were limited to non-neural systems like phase os-
cillators. But in recent years, the existence of chimeras in neural networks has
become a vastly studied research area. Many brain diseases such as Parkin-
son’s disease, epilepsy, Alzheimer’s disease, schizophrenia and brain tumours are

related with chimera states in neural systems [110, 111].
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Initially, it was assumed that nonlocal coupling was an essential condition for
the existence of chimera states. This demand was reasonable because in nonlocal
coupling, regions with different dynamics can coexist. The coupling range and
coupling strength are the two control parameters to induce chimera states in the
nonlocal coupling. But later, chimera states in oscillators with all to all coupling
that emerged from the breaking of symmetry were discovered [112, 113]. Chimera
like states were observed by Mishra et al. in globally coupled oscillators with
attractive and repulsive mean field feedback [114]. The emergence of chimera
states was demonstrated both theoretically and experimentally in an ensemble
of Stuart-Landau oscillators under nonlinear global coupling [115]. Omelchenko
et al. have observed the presence of multichimera states in nonlocally coupled
Van der Pol oscillators by increasing nonlinearity in the local dynamics [116].
Chimera states were also observed in a network with purely local coupling [117].

The decaying of coupling strength with the distance between two oscillators
is a more general and universal scheme that is relevant to real world systems.
However, this coupling scheme was not widely studied in the context of chimeras
and neural networks. But recently, chimera states were induced in ecological
systems with global, nonlocal and local interactions, which were realised by power
law exponent [118]. Long range interactions obeying a power law have also been
taken into account in the synchronisation of ferromagnetic spin models [119],
biological networks [120], hydrodynamic interactions of active particles [121, 122],
coupled map lattices [123] and phase oscillators [124].

The phase transition of a one dimensional ring of coupled nonlinear phase
oscillators from synchrony to complete desynchrony was induced by decreasing
the range of interactions [125]. The control of connections in animal brains by
a long range interaction with an algebraic scale has been studied [126]. The
synchronisation properties of neural networks with distance-dependent coupling
governed by a power law exponent have been analysed recently and are a newly
emerging field of interest [37, 127|. Chimera states were also induced in systems
for certain class of initial conditions [128-131]. The emergence of chimera states

in a chemically coupled ring network with global, nonlocal and local interactions
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and modified initial conditions were studied [64].

In this chapter, we have analysed the methods by which chimera states are
induced in a network of mean field coupled HR neurons. The ring structure
with global, nonlocal and local interactions is modified by introducing a power
law exponent that reduces the contribution of neurons involved in coupling as
the distance increases. The model and connection architecture are explained in
section 3.2. The emergence of chimera pattern and synchronisation behaviour
with power law exponent in a network with global interaction is numerically
studied in section 3.3. Section 3.4 deals with the synchrony pattern and chimera
states in nonlocally coupled network. The chimera states are induced in the
system with local coupling by modifying the initial conditions and are presented

in section 3.5. Section 3.6 summarises the results of the chapter.

3.2 The model and connection architecture

The collective dynamics of the mean field coupled HR neural network in ring
topology with global, nonlocal and local interactions have been analysed in this
section. These interactions are realised by controlling the number of neurons
taking part in the coupling. The advantage of using this scheme is that we
clearly get the number of interacting neurons, which is very important in mean
field coupling. In addition to it, we have also given a distance gradient effect to
the coupling using power law exponent. The value of power law exponent is so
adjusted that even the farthest neuron in the coupling has a contribution. The

model has the form [37]:

P
rizymax?—bx?—zﬁprizm

2p = J*
Y =C— dl’? — Yi, (3.1)
2 =r(s(x; — xe) — 2), =12, N

38



Where N represents the total number of neurons in the network. The vari-
ables z;, y; and z;, represent the membrane potential, spiking variable and burst-
ing variable of ith neuron, respectively. y; is constituted by the flow of Na™ and
K™ ions and the flow of Ca™ ions constitutes the z; term [132]. The constant pa-
rameters a, b, ¢ and d model the working of the fast ion channel and r represents
the slow ion channel. s and z. are other constant parameters of the system. [ is
the external current that controls the qualitative behaviour of the neurons and g
is the mean field coupling strength. p is the number of neighbours to which each
neuron is coupled in either direction of the ring and helps to limit the number of
neurons in the coupling. So the coupling circle with radius, r = £ contains 2p
neurons. « is the power law exponent, which gives the distance gradient effect in
the structure. The power law exponent ensures that the nearest neighbour has
a greater contribution to the coupling term.

The collective dynamics of mean field coupled HR neural network with global,
nonlocal and local interactions and distance gradient effect have been studied by
analysing Eq. (3.1). The values of the parameters are chosen as a = 3, b = 1, ¢
=1,d=5,r=0.006, s =4, xz, = —1.61 and I = 3.1 [18, 133]|. Neurons from
1 to N are placed in a ring structure. A periodic boundary condition xg = zy,
x_1 = xn-1 and x4 = 27 is considered to realise the ring configuration. The
synchronisation scenario of the network is quantified with the statistical factor

of synchronisation (R) and synchronisation error (E). The collective pattern for-

mations are distinguished by the strength of incoherence (SI) and discontinuity

measure (DM).

3.3 Global interaction

The network of HR neurons in ring topology with distance gradient effect induced

by power law exponent has been analysed. The number of oscillators considered

is 135. We have taken p = &1 in Eq. (3.1) to realise global interaction. The

collective dynamics and pattern formations are studied in this section.

The error in the network is another indicator of synchrony in the network.
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Figure 3.1: Variation of the statistical factor of synchronisation (R) and
synchronisation error (E) with coupling strength (g) for different values of
power law exponent («). The variation of R with g for a = 0 is shown in the
inset.

The synchronisation error is obtained as [134]:

E = <—N1_12:;\/(IEj_$1>2+(yj_$1)2+(zj_x1)2> (3:2)

t

A zero value of synchronisation error suggests that all neurons follow the
same trajectory and corresponds to complete synchrony. The variation of R and
FE with coupling strength, g has been analysed for different values of o, as shown
in fig. 3.1. The plot in the inset shows the statistical factor of synchronisation
for a« = 0. It shows that without distance gradient effect, the system acquires
complete synchrony at ¢ = 2. But as the values of « increases the value of
coupling strength at which the system attains synchrony also increases. For
higher values of «, the synchrony is unattainable. The variation of R, presented
on the left side of the Y-axis, shows that complete synchrony is unattainable for
high values of a. This result is substantiated by the variation of E on the right
Y-axis. We have studied the system for different values of o and it is inferred
that for a > 0.5, the global interaction transforms to nonlocal coupling. So, we
have analysed the system for a < 0.5.

The non-existence of chimeras in the mean field coupled HR neurons with
global interaction, for o = 0, has been analysed in fig. 3.2. The left panel
of the figure depicts the snapshots of the network and the right panel shows
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Figure 3.2: Non-existence of chimera states in the network with global in-
teraction. Left panel shows the snapshots of membrane potential with o = 0,
for various values of coupling strength (g). (a) desynchrony at ¢ = 0.1, (c)
imperfect synchrony at g = 1.1, (e) synchrony at g = 2.3. The right panel ((b),
(d) and (f)) shows the corresponding spatiotemporal patterns. The colourbar
in the right panel represents the membrane potential, z.

the corresponding spatiotemporal patterns. Fig. 3.2(a) presents the incoherent
system. The corresponding spatiotemporal pattern is presented in fig. 3.2(b)
shows that the dynamics is chaotic bursting. The imperfect synchronised system
is shown in fig. 3.2(c) and the dynamics of the network is chaotic spiking as
presented in fig. 3.2(d). The coherent system is presented in fig. 3.2(e). Fig.
3.2(f) shows that the dynamics is amplitude death for coherent state.

The distance gradient effect induces chimera patterns in the network. The
interesting patterns in mean field coupled HR neurons for different values of
g and « are analysed. The system passes through incoherent, multichimera,
chimera and coherent states as the value of g is increased, which is shown in the
left panel of fig. 3.3. The incoherent system is presented in fig. 3.3(a) and the
corresponding spatiotemporal pattern in fig. 3.3(b) indicates that the dynamics
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Figure 3.3: Emergence of chimera states under the influence of power law
exponent in the network with global interaction. Left panel shows the snapshots
of membrane potential with a = 0.2, for various values of coupling strength
(g9). (a) incoherence at g = 0.5, (c) chimera at g = 1.3, (¢) multichimera at g
= 2.2, (g) coherence at g = 2.5. The right panel ((b), (d), (f) and (h)) shows
the corresponding spatiotemporal patterns. The colourbar in the right panel
represents the membrane potential, x.

is chaotic bursting. The chimera state obtained for g = 1.3 is presented in fig.
3.3(c). The dynamics is chaotic bursting as presented in the fig. 3.3(d). The
multichimera state obtained is presented in fig. 3.3(e). The dynamics is chaotic
bursting as represented in the fig. 3.3(f). The coherent system is presented in
fig. 3.3(g) and the dynamics is chaotic spiking which is presented in fig. 3.3(h).

The existence of incoherent, chimera, multichimera and coherent states in a
mean field coupled HR neural network with distance gradient effect is studied
using Eqgs. (1.13) and (1.14), respectively, by varying « and g, as shown in fig.
3.4. The values of other parameters are chosen as follows: M = 15 and € = 0.01.
For a@ = 0, the unattainability of chimera states is justified, as shown in figs.

3.4(a) and 3.4(b). The variation of SI with g for different values of « is shown
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Figure 3.4: Strength of incoherence (SI) and discontinuity measure (DM) are
plotted against coupling strength (g). The left panel shows SI at (a) a = 0, (c)
a = 0.2 and (e) @ = 0.5. The right panel ((b), (d) and (e)) shows the DM for
the corresponding values. Here N = 135, M = 15 and ¢ = 0.01.

in figs. 3.4(c) and 3.4(e) and the corresponding plots for DM are shown in figs.
3.4(d) and 3.4(f). The emergence of chimera and multichimera states with the
introduction of power law exponent in network with global interaction are well
visible from them. The state of coherence is unattainable at high values of a.
This is in complete agreement with the results of synchronisation analysis.

The analysis of mean field coupled HR neurons with the distance gradient
effect in ring topology with global interaction shows that the power law exponent

reduces the synchrony and induces chimera states in the network.

3.4 Nonlocal coupling

The nonlocal interaction in the neural network of HR neurons is realised by
limiting the number of neurons with the help of p. a induces the distance gradient
effect in the network. The synchrony pattern is quantified with statistical factor
of synchronisation and error analysis. The existence of chimera and multichimera

patterns are also analysed, for various values of & and p. The maximum value
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Figure 3.5: Variation of the statistical factor of synchronisation (R) and the
synchronisation error (E) with the coupling strength (g) in the network with
nonlocal interactions. Here ao = 0.1.
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Figure 3.6: Variation of the statistical factor of synchronisation (R) and
the synchronisation error (E) with coupling strength (g) in the network with
nonlocal interaction. Here, o = 0.5.

of o is chosen as 0.5, so that the farthest neuron on the coupling circle marks its
contribution towards the coupling term.

The variation of the statistical factor of synchronisation and the synchroni-
sation error for low value of « is presented in fig. 3.5. The number of coupling
neurons is taken as p = 54 (i.e., r = 0.4) and p = 27 (i.e., r = 0.2). From
the figure, it is clear that the sychrony is independent of the number of neurons
taking part in the coupling. The system shows complete synchrony or coherence
state, for low values of a.

The variation of synchrony level with ¢ for a high value of « is shown in fig.
3.6. This study verifies that the synchrony level is independent of the number of

neurons in the coupling circle. The synchrony is low in the system with a high
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Figure 3.7: Emergence of chimera and multichimera states induced by the
interplay of nonlocal coupling and power exponent law. Left panel shows the
snapshots of membrane potential. (a) chimera at p = 57, a = 0, g = 0.8,
(¢) multichimera at p = 60, « = 0.1, g = 1.4, (e) chimera at p = 54, a =
0.2, g = 1.7, (g) multichimera p = 27, & = 0.1, g = 2.2. The right panel
shows the corresponding spatiotemporal patterns. The colourbar represents
the membrane potential, x.

power law exponent.

The existence of chimera or multichimera patterns in the mean field coupled
neural network for different values of p and « is shown in fig. 3.7. It is observed
that system exhibits chimera states by limiting the number of neurons in the
coupling circle alone, i.e., for & = 0, as shown in fig. 3.7(a). The corresponding
spatiotemporal pattern in fig. 3.7(b) shows that the dynamics is chaotic bursting.
The multichimera state is presented in fig. 3.7(c) and the corresponding dynamics
is spiking as shown in fig. 3.7(d). Fig. 3.7(e) presents the chimera state and the
corresponding chaotic bursting character is shown in fig. 3.7(f). Fig. 3.7(g) again

shows the multichimera state and the dynamics is chaotic bursting as shown in
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Figure 3.8: Strength of incoherence (SI) and discontinuity measure (DM) are
plotted against the coupling strength (g). The left panel shows SI for (a) p =
54 and (c) p = 27. The right panel (b) and (d) shows DM for the corresponding
values. Here, a = 0.1.

fig. 3.7(h).

The variation of SI and DM with g for different values of @ and p has been
analysed. The left panel of fig. 3.8 represents the variation of SI with ¢ for a
low value of o and the right panel shows the corresponding variation of DM.
The chimera and multichimera states for the network with high values of o are
presented in fig. 3.9. The variation of SI with ¢ is plotted in the left panel
and that for DM is shown in the right panel. It is found that for fixed value
of p, the power law exponent enhances the possibility of obtaining chimera or

multichimera states in the network.

3.5 Nearest neighbour coupling

The network of HR neurons with local (nearest neighbour) interaction is analysed
in this section by fixing p = 1 in Eq. (3.1). The statistical factor of synchroni-
sation and synchronisation error have been studied by varying, g, as shown in
fig. 3.10. The synchronisation pattern on the left Y-axis shows a step like func-
tion and error analysis on the right Y-axis of the plot substantiates the result.
This marks the abrupt transition of the system from desynchrony to complete

synchrony.

46



0.8
. =

=

0.6 a

SI

0.4
0.2

.
L o 4N ow A oo

(d)
0.8 ¢ .

=
06 A
04
02

SI

Lo - v ow Ao

Figure 3.9: Strength of incoherence (SI) and discontinuity measure (DM) are
plotted against coupling strength (g). The left panel shows the SI at (a) p = 54
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Figure 3.10: Variation of the statistical factor of synchronisation and the
synchronisation error with the coupling strength for local coupling in mean
field coupled HR neurons in ring topology.
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Figure 3.11: Strength of incoherence (SI) of mean field coupled HR neurons
with local coupling without modifications in initial conditions.

On studying the SI for local coupling, it is found that the system is incapable
of attaining chimera or multichimera states, as shown in fig. 3.11. The complete
incoherence upto g < 2.3 and coherence for g > 2.3 are in good agreement with
the synchrony analysis.

Since the nearest neighbour coupling is incapable of inducing chimera or
multichimera states, we have analysed the system by modifying the initial condi-
tions as follows: @0 = 0.01(i — &51), yio = 0.02(i — £51), 29 = 0.03(i — 252) for
i=1,2,.., %L and z0 = 0.1(52 —4), yio = 0.12(552 — i), 20 = 0.21(5H2 — )
fori =2+ +1,.., N [64].

The snapshot of the chimera state is presented in fig. 3.12(a). The spa-
tiotemporal pattern shown in fig. 3.12(b) suggests that the chimeras observed
are travelling chimera, i.e, it has a propagating nature over space and time. At
a particular time, a sub population of neurons show desynchronised state and
others show synchronised state. As time changes, the states also change. The
fig. 3.12(c) shows the multichimera state and the fig. 3.12(d) shows that the
multichimera state is travelling in nature.

The variation of SI and DM with ¢ is presented in figs. 3.13(a) and 3.13(b),
respectively. This analysis supports the emergence of chimera and multichimera

states as a result of modified initial conditions.
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Figure 3.12: Emergence of the chimera states by modified initial conditions in
the network with local coupling. Left panel shows the snapshots of membrane
potential. (a) multichimera at g = 2.19, (c) chimera at g = 2.21. Right panel
(b) and (d) shows the spatiotemporal patterns for corresponding values. The
colourbar represents the membrane potential, z.
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Figure 3.13: Variation of (a) strength of incoherence (SI) and (b) disconti-
nuity measure (DM) for different values of mean field coupling strength (g) for
locally coupled Hindmarsh-Rose neurons with modified initial conditions. Here
N =135, M = 15 and € = 0.01.
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3.6 Results and conclusions

The techniques for inducing chimera states in neural networks with non-synaptic
coupling are presented in this chapter. Global, nonlocal and local interactions
are realised in the mean field coupled HR neurons with ring topology by limiting
the number of neurons involved in the coupling. In addition, the contribution
from the neurons is given a slow gradient effect using the power law exponent.
The synchrony level is quantified using the statistical factor of synchronisation
and the synchronisation error. The existence of chimera states is verified using
strength of incoherence. The discontinuity measure distinguishes the chimera
from multichimera states. In global interaction, it is found that power law ex-
ponent reduces synchrony in the network and also induces chimera states. In
nonlocal coupling, the synchrony level is found to be independent of the number
of neurons contributing to the coupling term, whereas the distance gradient effect
reduces synchrony in the network. The chimera states are induced by limiting
the number of neurons in the coupling. The power law exponent enhances the
possibility of chimera states in the network. In the nearest neighbour or local
coupling, chimera and multichimera states are induced by modifications in initial
conditions of the network.

The emergence of chimera states in networks with time delayed synaptic cou-
pling, non-synaptic (ephaptic) coupling, distance gradient coupling and modified
initial conditions is an area of great interest nowadays. The studies on chimera
states aim to explore the complex functions of the brain with the help of networks

of interconnected neurons.
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Chapter 4

Synchrony and pattern formations

by varying coupling phase

4.1 Introduction

The synchronisation of neural networks in numerous brain regions, including the
hippocampus, thalamus, neocortex and cerebellar cortex, is characterised by the
transition between anti-phase and in-phase oscillations in neurons [135]. When
the coupled neurons fire at the same time, then it is called in-phase oscillations.
Anti-phase oscillations arise when one neuron exhibits spiking behavior while
the other neuron is at rest [136]. The long range in-phase oscillations are con-
sidered to be beneficial for the coordination of various functions taking part in
different parts of the brain [137]. These rhythmic transitions are also crucial
for animal mobility [138]. Anti-phase oscillations were observed experimentally
in different functions such as attention task, sleeping and resting state of the
neurons [139-144]. A model consisting of two electrically coupled pacemakers
was analysed to study the in-phase and anti-phase oscillations [145]. The factors
that lead to stable anti-phase oscillations were analysed in the model of neurons
with biological applications [146, 147|. Travelling chimera were used to identify
the tumorous cells [44]. Researchers have proposed various methods to induce

these oscillations [138, 148]. Experiments on electronic neurons showed in-phase
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synchrony for positive electrical couplings and anti-phase oscillations for nega-
tive couplings. In chemical coupling, in-phase synchrony was found in excitatory
mode and anti-phase oscillations in inhibitory mode [149]. The HR network
showed interesting in-phase and anti-phase oscillations in electrical synapses for
moderate and strong couplings [150].

Chimera states and travelling waves in neural networks are of interest in
clinical studies and research, with numerically confirmed results using FitzHugh-
Nagumo (FHN) and leaky integrate and fire models [108]. Omelchenko et al.
introduced multichimera states in FHN oscillators using a rotation matrix and
cross coupling of state variables [62]. Researchers analysed the influence of ro-
tation matrix on FHN and HR neurons, fixing coupling phase [108, 151, 152].
These spatiotemporal patterns can be brought about by different means, in-
cluding distance-dependent coupling [127, 153], nonlocal interactions [154], cross
coupling or coupling through rotation matrices [152|. The formation of chimera
states can also be attributed to changes in initial conditions or network structure
[155]. Another possibility is that chimera states emerge inherently as a result of
the stabilisation effect of an incoherent subgroup on a coherent subgroup [156].
The underlying principle behind these methods is symmetry breaking [157].

The synchronisation scenario and pattern formations in the HR neural net-
work coupled by a rotation matrix, which helps to realise different coupling
schemes such as self, cross and mixed modes by varying the coupling phase are
analysed. This chapter is organised as follows: The model for two coupled HR
systems and the generation of in-phase and anti-phase oscillations are presented
in section 4.2. The synchronisation scenario and the analysis of its stability using
the Lyapunov function approach are also discussed in this section 4.2.1 and 4.2.2,
respectively. Section 4.3 is devoted to the analysis of N coupled network with self
and cross coupling of variables. The synchrony of the network is quantified and
the patterns obtained are presented. The quantifiers for incoherence, chimera,
multichimera and coherence are also calculated. Results are discussed in Section

4.4.
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4.2 In-phase and anti-phase oscillations

The influence of self, mixed and cross coupling of state variables on two coupled
HR neurons has been studied [44, 152]. The dynamical system is expressed by

the equations of the form:

@y =y — axi + b} — 2z + 1+ glbu(w; — @) + bia(y; — i) + bia(zy — 2)],
Yi = ¢ — dai — yi + glbor (w; — @) + baa(y; — vi) + bas(z5 — 2],

Z = r(s(w = we) = 2i) + glbsi (zj — x3) + bsa(y; — i) + bss(z; — 2))], by =12

(4.1)

The membrane potential of the neuron is represented by x;. The flow of
Na™ ions constitute the spiking variable, 1;, whereas, the bursting variable z;
is constituted by the flow of C'a™ ions [102]. The constant parameters a, b, ¢
and d model the working of the fast ion channel and r represents the slow ion
channel. s and z. are other constant parameters of the system [9, 158]. Constants
r and s approximate the biological behaviour of the model [159]. ¢ represents
the coupling strength and I is the external current entering the neuron. The
interaction takes place through a cross coupling scheme between the variables

x;, ¥; and z;, which has been modelled by a coupling matrix as,

b1 bz bi3
B = ba1  bag  bog
bs1 b3z bss

The system is analysed under the influence of rotational matrix of the form:

cosd sind 0

B=1|—sind cosd 0 (4.2)
0 0 0

where ¢, belonging to [—m,7), is the coupling phase. The different values of 0 give
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the coupling matrices that enable us to realise self, mixed and cross couplings,
in inhibitory and excitatory modes. For example, when § = 0, the elements of
the matrix are by; = 1,015 = 0,091 = 0 and by, = 1. These elements induce the
self coupling in x and y of Eq. (4.1). When 6 = 7/2, we have by; = 0,b5 =
1,b91 = —1 and by = 0. Here the x variable is cross coupled to y and vice versa.
Also, the cross coupling of x in y is inhibitory. Similarly, when § = 7 /4, we have
mixed interactions between the x and y variables. Thus, the coupling phase
represents how a variable is coupled to another variable of the same neuron. The
coupling matrix in Eq. (4.2) helps to simplify the representation and realisation
of these interactions by adjusting a single parameter 6. By continuously varying
the value of 9, we have analysed the bifurcation point at which the effect of cross
interaction overrides the effect of self coupling and vice versa. The parameters
are chosen as: a =1, b =3,c=1,d =5,r = 0.006, s = 4, xr, = —1.61, [ =
3.1 [18]. Initial conditions are chosen randomly to lie in the range [-0.5,0.5]. The
results presented in the entire work are consistent for any choice of initial values.

The anti-phase and in-phase bursting dynamics in the system with electrical
coupling in self, mixed and cross interactions in x and y variables is analysed
by varying 0 in Eq. (4.2) and the plots are shown in fig. 4.1. When § = —,
the self coupling is inhibitor in z and y. The system shows anti-phase bursts as
shown in fig. 4.1(a). When § = —7, the coupling is cross in = and y, that is,
activator-inhibitor mode and the system exhibits anti-phase bursting as shown
in fig. 4.1(b). In this case, the cross coupling of y variable to x is inhibitory. The
self activator synapse in x and y is realised with 6 = 0 and the system shows
in-phase burst synchrony as shown in fig. 4.1(c). When 0 = 7, the coupling is
mixed (self and cross), with activator self coupling and activator-inhibitor cross
coupling. The oscillations of the neurons are in-phase as shown in fig. 4.1(d).
The activator cross coupling of y variable in x, when § = 7, induces in-phase
synchrony, as shown in fig. 4.1(e). However, the synchrony is obtained at a
comparatively high coupling strength as the coupling of x in y is inhibitory. An
activator-activator cross coupling is realised when by; is chosen to be positive

which promotes synchronisation at a weaker coupling strength as shown in fig.
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Figure 4.1: Time series of the membrane potential of two coupled HR neurons
for different coupling phases. (a) 0 = —m, g = 0.02 (b) 6 = FF, g = 0.04,(c)
§=0,9=002(d) =2, 9=009(e) =%, g=032() § = Z, g = 0.12,
bgl =sind.
4.1(f). The system exhibits anti-phase oscillations for inhibitor coupling in the
x variable and in-phase synchrony for activator coupling, whether the coupling

is self or cross. Synchrony is obtained at a lower coupling strength when the

nature of the connection is activator-activator in cross coupling.
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Figure 4.2: Synchronisation error of two coupled HR neurons with self cou-
pling in the state variables.

4.2.1 Synchronisation scenario

The synchrony in the system is analysed with the help of normalised synchroni-

sation error given by the equation [160]:

. e2 +e2 4 e2

R T e S i i

Where e, = 23 — 21,y = Y2 — Y1, €, = 22 — z1. The synchronisation scenario of
two coupled system has been analysed for self coupling in z, y and z variables
and is shown in fig. 4.2. The blue line represents the synchronisation error
with self coupling in x alone which is realised with b;; = 1 and all the other
components are zero. The synchrony is obtained at g =~ 0.5. The self coupling in
y along with x, realised with b1; = bys = 1, helps to induce synchrony at a lower
coupling strength. The red line shows that synchrony is obtained at g ~ 0.01.
When b3 = by = b33 = 1 i.e., self coupling in x, y and z variables further
reduces the value of g at which synchrony is obtained, as represented by yellow
line. The coupling strength at which synchronisation is obtained decreases as

the number of self coupled variables increases.
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4.2.2 Stability of synchronisation

The stability of the synchrony induced under in-phase bursting dynamics is ver-
ified in this section. The coupling matrix is taken of the form as in Eq. (4.2).
This matrix is a simple way to realise self activator coupling (b11,b22) and acti-
vator—inhibitor cross coupling (b12,b21) by a single parameter 0. The choice of
cross coupling in and of z variable is discarded, because only cross coupling in x
and y exhibits bursting dynamics. We have analysed the system of HR neurons
in three different cases: (i) Self coupling in = and y, 6 = 0. (ii) mixed coupling
in z and y, § = 7. (iii) Cross coupling in z and y, § = 7.

The time derivative of the Lyapunov function is used to determine the sta-
bility of the system under the influence of different coupling phases [161]. The
complete synchronisation of the coupled system occurs when the two neurons

exhibit identical behaviour, that is,

ly2(t) — . (@)][ — 0 (4.4)

At synchronised states,

The error states e, = x9 — 1,6y = Yo — Y1,€, = 22 — 21, are defined by

introducing coordinates that are transverse to the synchronisation manifold. We
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have the error dynamics of the system without self coupling in z variable as:

€r = e, — a(zy — 23) + b(x3 — 23) — e, — 2g cos de, — 2gsin e,

€, = —d(x5 — gg%) — ey, + 2gsinde, — 2g cos de, (4.6)

€, =rse, —re,

We define a new variable U = x5 + x;. Then, 23 — 22 = Ue, and x5 — 23 =

eq(€2 +3U%)/4
On simplifying,

€, = (—0.25a(e? + 3U?) + bU — 2gcosd)e, + (1 — 2gsind)e, — e,

€y, = (2gsind — dU)e, — (1 +2gcosd)e, @

€, =rse, —re,

The Lyapunov functions are evaluated from this error dynamics. In Lyapunov

function approach, we define a continuous, positive definite Lyapunov function,

V', using the Eq. (4.7), which has the form:

1
Ve ey e2) = 5lez + ¢, + €] (4.8)

The first derivative of the Lyapunov function is continuous and the time

derivative along trajectories of the error dynamical system gives

av

pri ex€z + €y€y + €€, (4.9)

On substitution and simplifying,

av

i (—0.25a(e? + 3U?) + bU — 2gcos§)e? — (1 +2g (4.10)

cosd)es —rez + (1 —dU)ege, + (rs — 1)ege.

The terms x1, 2, €4, €y, €, in Eq. (4.10) is obtained by solving Eqgs. (4.1) and
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Figure 4.3: Variation of the derivative of Lyapunov function with coupling
strengths for different values of §. (a) bsz = 0, (b) b3z = 1.

(4.7), simultaneously. Similarly, the Lyapunov function for the system with self

coupling in z variable is obtained as:

av

i (—0.25a(e? + 3U%) + bU — 2gcos §)e2 — (1 + 2g (4.11)

cosd)e; — (r+2g)es + (1 — dU)ege, + (rs — D)ege,

The stability of the synchrony in the system by varying coupling phases given
in Eq. (4.2) is analysed with b33 = 0 and b33 = 1 using Eqgs. (4.10) and (4.11),
respectively. The variation of 2 with g and bss = 0 is presented in fig. 4.3(a).
The value of % is greater than 0 for ¢ < 0.06 in the system with self coupling in

x and y (6 = 0), represented by the blue line. The system exhibits desynchrony

29



in this region. For g > 0.06, the system is synchronised with (il—‘t/ = 0. For
the system with mixed coupling (§ = ), the synchrony is obtained at a higher
value of ¢ = 0.12, represented by the red line. The complete synchrony in the
system with cross coupling (§ = ) is obtained at g = 0.2. The inset shows that
synchrony is more difficult to achieve in systems with mixed coupling than in
systems with self coupling. The variation of % for the system with self coupling
in z variable (b33 = 1) along with cross coupling in x and y is analysed using
Eq. (4.11) and is presented in fig. 4.3(b). In contrast to a system lacking self
coupling in z, synchrony stabilisation occurs at lower values of g. The synchrony
is attained at ¢ = 0.02,0.03,0.07 for self, mixed and cross couplings, respectively.
In the inset, it is justified that in mixed coupled systems the coupling strength at
which synchrony is obtained is greater than self coupled systems. When ¢ = 7,
the interaction is cross alone and the synchrony is obtained at high coupling
strength compared to the system with self and mixed coupling. The system with
self coupling attains synchrony at a lower coupling strength compared to the
system with sole cross coupling.

The parameter space shown in fig. 4.4 explains the complete synchronisation
scenario by varying g and ¢, for b33 = 0 and b33 = 1, at low and high coupling
strengths. When there is self coupling in y and z variable, the synchrony is
highly sensitive to the coupling strength, g, when compared to the system with
self coupling in x alone, as shown in fig. 4.2. The variation of the time derivative
of the Lyapunov function with b33 = 0 for low and high values of g is presented
in figs. 4.4(a) and 4.4(b), respectively. For values near 6 = 0, the system has
self interactions and synchrony is obtained at g ~ 0.05, which is visible from fig.
4.4(a). With the increase in the value of 4, the coupling strength at which the
stabilised synchrony is obtained increases due to the contributions from cross
coupling. On further increase in the value of 9§, the interaction from self coupling
decreases and cross coupling increases and the synchrony is obtained at a higher
value of g. When § = 7, the interaction is cross coupling alone and the synchrony
is obtained at g ~ 0.2, which is observed from fig. 4.4(b).

The synchronisation scenario of the system with b33 = 1 as shown in fig.
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Figure 4.4: Colour coded variation of the time derivative of the Lyapunov
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4.4(c) and 4.4(d). For low values of §, the interaction is self coupling and the
synchrony is obtained at g &~ 0.02, as shown in fig. 4.4(c). With the increase in 0,
cross coupling works along with self coupling and the value at which synchrony is
obtained increases to g ~ 0.03. With further increase in 9, interactions are solely
from cross coupling and the value of g at which synchrony obtained increases, as
visible from fig. 4.4(d). The coupling strength at which system attains synchrony
is the lowest when there is self coupling in all the three variables. The parameter
space is rich and complex due to the coupling scheme of the network and it

remains consistent for any values of initial conditions.

4.3 Global, nonlocal and local interactions

A network of HR neurons with interactions represented by a rotation matrix, with
global, nonlocal and local (nearest neighbour) interactions has been analysed in
ring topology.

The dynamical equations are of the form:

J=i+p
g = g+ aa? —bad — 2+ T+ o > [bu(ay — ) + bialy; — i) + bis(z — 21)],
g
g
yi = ¢ —dx} —y; + % D [ban(wy = ) + bas(y; — ys) + bas(z; — 21)],
# Jj=i-p
g j=i+p
Zi = T(S(.I'i — $e> — Zi) + 2— Z [bgl(.’L'j — .1'1) -+ bgz(yj — yz) =+ bgg(Zj — Zl)]
P Jj=i—p

(4.12)

Where ¢ runs from 1 to N, N being the total number of neurons in the net-
work. A periodic boundary condition zy = xy, x_1 = xny_1 and zy; = 21 IS
considered to realise the ring configuration. p is the number of neighbours to
which each neuron is coupled in either direction of the ring. The network is
analysed with N = 525. The global, nonlocal and local interactions are realised

by fixing p = %, 10 and 1, respectively. The synchrony pattern in the net-
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work with global interaction for different coupling phases is quantified using the
statistical factor of synchronisation, R, given by Eq. (1.3).

The variation of R with g, for different values of coupling phases is shown
in fig. 4.5. The synchrony in the network with self coupling is presented in fig.
4.5(a). The synchrony attained in the system with self coupling in = variable
alone is presented by blue line. The red and yellow lines represent the synchrony
pattern with self coupling in x, y and x, y, z variables, respectively. With increase
in number of variables having self coupling, the coupling strength at which syn-
chrony is obtained decreases. The synchrony obtained in the system with cross
coupling in z and y variable and no self coupling in z variables (b33 = 0) is
shown in fig. 4.5(b). For g =~ 0.4, the system attains complete synchrony for
mixed coupling (6§ = §), whereas for cross coupling the complete synchrony is
obtained for g ~ 0.7. For values above 0.7, the synchrony for mixed and cross
coupling coincides with each other. The amount of synchrony obtained with
cross coupling in x and y variable and self coupling in z variable (b33 = 1) is
shown in fig. 4.5(c). In comparison to the system with no self coupling in the 2z
variable, the synchronisation is attained at a lower coupling strength. The sys-
tem attains complete synchrony at g = 0.1 and 0.7 for mixed and cross coupling,

respectively. The coupling strength at which synchrony is achieved for N coupled

neurons, however, is higher than a system with two neurons.

4.3.1 Emergence of chimera, MOS and clusters

The network with b33 = 1 shows a richer pattern and cluster formations in non-
local and local interactions and is shown in fig. 4.6. The multichimera pattern
obtained for nonlocal interaction in system with self coupling in z,y and 2 vari-
ables, for § = 0, is shown in fig. 4.6(a). The self coupling in more than one state
variable is capable of inducing chimera states. The same is not obtained when
the coupling is for a single variable. This proves that a network is self sufficient of
exhibiting chimeras without distance-dependent coupling or cross coupling, un-
der the influence of self coupling in more than one variable. The mixed coupling

in x and y variables and self coupling in z variable, for 6 = 7, induces chimera
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Figure 4.5: Variation of the statistical factor of synchronisation with coupling
strength in the HR neural network with global interaction for different values
of coupling phase. (a) Self coupling in variables, (b) bss =0, (c) b3z = 1.
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state as shown in fig. 4.6(b). Travelling chimera is obtained for mixed coupling
with § = § — 1 for g = 0.09 and 0.1, as shown in fig. 4.6(c) and 4.6(d), respec-
tively. Multichimera states are obtained for § = 7, at g = 0.17,0.24, as shown
in figs. 4.6(e) and 4.6(f), respectively. The inhibitor self coupling with § = —7
in nearest neighbour interaction induces mixed oscillatory state, as shown in
fig. 4.6(g). In MOS, almost half of the neurons are desynchronised, which are
uniformly distributed within the other half that exhibit perfect synchronisation.
The synchronised subpopulation shows amplitude death and the desynchronised
subpopulation possess spiking character. The corresponding spatiotemporal pat-
tern is shown in fig. 4.6(h). The inset shows the enlarged view of the neurons
1 to 20 for the time range 980 to 1000. The dotted lines present the spiking
character and the dark blue solid lines represent the amplitude death states.
The oscillators are grouped in to three clusters for locally coupled network, with
d = —m as shown in fig. 4.6(i). The dynamics is amplitude death as shown by
the solid lines in fig. 4.6(j). The inset shows the enlarged view of the amplitude

death state.

4.3.2 Strength of incoherence and discontinuity measure

The emergence of chimera and multichimera states in the network with self, cross
and mixed coupling of state variables is analysed with the help of a quantitative
measure called strength of incoherence (SI), given by Eq. (1.13). In order to
distinguish chimera from multichimera states, we calculate discontinuity measure
(DM), using the formula represented by the Eq. (1.14).

The self coupling in three variables x,y and z induces chimera states in non-
locally coupled network as shown in fig. 4.7(a). The fig. 4.7(b) justifies the
presence of chimera states. The emergence of chimera or mulichimera in non-
locally coupled network with mixed coupling in x, y and self coupling in z is
shown in fig. 4.7(c). The variation of DM as shown in fig. 4.7(d) distinguishes
the chimera and multichimera states. The cross coupling in x and y, along with
the self coupling in z variable also induces chimera and multichimera states in

the nonlocally coupled network which is visible from fig. 4.7(e). The fig. 4.7(f)
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Figure 4.6: Emergence of interesting patterns in the HR network by the
variation of coupling phase in nonlocal and local interactions. (a) multichimera
(p =10,6 =0, g = 0.1) (b) chimera (p = 10, § = 7, g = 0.19) (c) travelling
chimera (p = 10, 6 = 5 —1, g = 0.09) (d) travelling chimera (p = 10, § = 5 —1,
g = 0.1) (e) multichimera (p = 10, 6 = §, g = 0.17) (f) multichimera (p = 10,
0=7%,9=024) (g MOS (p = 1,0 = —m, g = 0.2) (h) cluster (p = 1, § = —,
g = 0.3). The colourbar represents the membrane potential, x.
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shows that there are no chimeras and that the patterns obtained are multi-
chimeras. The studies have shown that under the influence of rotation matrix,
chimera states are induced in the nonlocally coupled network with self, mixed
and cross interaction and in locally coupled network, neurons show clusterisa-
tion. In mixed and cross interactions, the possibilities of obtaining multichimera
states are high. In self coupled network, chimera and multichimera states are

obtained.

4.4 Results and conclusions

The synchronisation and patterns emerging due to the self and cross interactions
of variables are analysed in the network of HR neurons. The activator self cou-
pling in the x variable induces in-phase synchrony whereas the inhibitory mode
induces anti-phase oscillations in two coupled systems. When the self coupling
in y and z variables are introduced synchrony is attained at a lower coupling
strength. Based on the Lyapunov function approach, the stability of activator
coupling in x variable is verified for self, mixed and cross coupling modes. When
the system achieves synchrony, the time derivative of the function tends to zero.
The synchronisation scenario is explained in detail by the parameter space with
coupling phase and coupling strength, as the parameters. The complete synchro-
nisation is achieved at a lower coupling strength when self coupling is present in
the variables and as cross interactions come into play, synchronisation is achieved
at a higher coupling strength.

The network arranged in ring topology has been analysed with global, non-
local and local interactions. The in-phase synchrony obtained for activator cou-
pling in z variable with self, mixed or cross coupling has been justified in the
globally coupled systems as well. In electrical coupling, the coupling strength at
which synchrony is obtained depends on the network size. Interesting patterns
like chimera, multichimera and travelling chimera are obtained by the interplay
of coupling phase and coupling strength, in nonlocal interactions. The study

shows that in networks with self interactions, chimera and multichimera states
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are obtained, whereas mixed and cross interactions induce multichimera states.
The inhibitor self coupling in z, y and activator self coupling in z variable induces
in-phase, anti-phase and out of phase oscillations which result in the occurrence
of mixed oscillatory state and clusters in nearest neighbour interactions.

The observed in-phase and anti-phase oscillations might be an indicator of
the presence of distinct frequency rhythms and oscillatory patterns in separate
regions of extended neural networks. The findings of this work reveal the dynamic
processes that cause the coupled neurons to exhibit in-phase and anti-phase
oscillations, which is useful for understanding how synapses regulate the rhythms

of the brain activity.
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Chapter 5

Collective behaviour of

magnetically coupled HR network

5.1 Introduction

The use of memristors to represent the electromagnetic field induced by the
flow of ions in the neurons was proposed recently [162] and continues to attract
researchers [163-166]. The dynamics and energy aspects of HR neurons with
quadratic and cubic memristor effects have been analysed [87, 158, 167|. The im-
pact of electromagnetic field on individual and collective dynamics of the neural
system has been studied recently [168]. The utilisation of energy for the electrical
activities in the presence of magnetic coupling and external stimuli have been
studied on the Hodgkin-Huxley model [169]. The memory conductance in the
form of hyperbolic tangent function was recognised as being easily implementable
in electronic circuits and effective in numerical simulations [170, 171].

The diverse firing patterns and synchronous oscillations are crucial features in
neural dynamics of the brains. Both external and inherent stimuli constructively
take part in the excitation of neural activity [172]. Zhijun Li, et al. investigated
the coexistence of multiple firing patterns for different initial conditions with
coupling strength as the only control parameter [173]. Different methods have

been employed to enhance the synchrony in the neural network owing to its vital
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role in signal transmission and processing [174, 175|. However, the unwanted
synchrony among neurons which ought to have behaved independently, results
in several pathological conditions [47, 176, 177]. Thus, the enhancement and
suppression of this synchrony are very necessary [178]. Recently, researchers
investigated the phase synchrony of mean field coupled HR neurons with external
stimuli in the form of spikes [105]. The external stimuli have the capability of
controlling chaotic dynamics in the neural network [179, 180]. However, the
influence of square input on neural network is unexplored.

The coupling function always plays an important role in the studies on
chimera and it was believed that nonlocal coupling was essential to induce
chimera states. But, later, it was found that global coupling and even local cou-
pling (diffusive, to nearest neighbours) also supported chimera states [117, 181].
The existence of chimera and multichimera states has been observed in the locally
coupled HR neuron model [64]. The chimera states have also been reported in
ephaptically coupled HR ring network [104]. The synchronisation as well as the
existence of chimera states have been studied in multilayer networks of neurons
under distance-dependent coupling following a power law model [37, 118, 182].
Basic forces such as electrostatic and gravitational forces exhibit interactions
that are controlled by a power law exponent [183]. The analysis of synchronisa-
tion properties of neural networks under distance-dependent coupling governed
by the power law model is a newly emerging field of interest [37, 127].

In this chapter, the dynamics and synchronisation properties of a network of
HR neurons, arranged in a linear chain structure with distance-dependent field
coupling are analysed. This chapter is organised as follows: The model for the
network with distance-dependent memristor coupling in the presence of external
stimuli is described in section 5.2. The phase portraits and collective dynamics
of the network under the influence of constant current are explained in section
5.2.1. The control of phase space trajectories and synchrony by the combined
effect of magnetic coupling and time varying external currents are presented in
section 5.2.2. Section 5.2.3 has been devoted to quantifying synchrony in the

network with magnetic coupling and external stimuli. The network model with
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the combined effect of distance-dependent memristor and mean field coupling is
explained in section 5.3. The statistical factor of synchronisation, spatiotemporal
dynamics and pattern formations in distance-dependent memristive HR neurons
with uniform mean field coupling are analysed in section 5.3.1. The variation of
the synchrony pattern and the emergence of chimera states under the influence
of memristor and mean field coupling with distance dependence, governed by

power law, are studied in section 5.3.2. The results are presented in section 5.4.

5.2 Controlling synchrony using external stimuli

The electromagnetic fields and externally applied stimuli are capable of altering
collective electrical activities and signal propagation in a neural network. The
current, induced by the change in magnetic flux across the membrane, is rep-
resented by the memristor and that, due to the external stimuli is considered
under three cases. The dynamical equations for a linear chain of HR neurons are

described by |21, 22

Ty = y; +ax; — bx? — 2+ I — kyp(y)s,
yi :C—d%?_ym

Zi = r(s(x; — xe) — 2), (5.1)

N
bi = kox; — ks + D(¢ le_ﬂ
ki

Where x;, y; and z; represent the membrane potential, spiking variable and
bursting variable of ith neuron, respectively. w; is constituted by the flow of
Na*™ and K+ ions and the flow of Ca™ ions constitute the z; term. The fast
oscillations of z; and y; correspond to spikes, whereas the slow oscillations of the
z; variable cause bursts [17]|. Indices 4, j and N, represent presynaptic neurons,
postsynaptic neurons and total number of neurons in the network, respectively.

The external current, I, is considered as a constant and two varying forms.
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The interaction between membrane potential, x; and magnetic flux, ¢;, is
realised with the help of memristor, kip(¢;)z;, where, k; is the magnetic cou-
pling strength. We have considered the memory conductance term, p(¢;) as a
hyperbolic form, tanh(¢;) [170]. This function can be easily approximated by
a linear form. The change in magnetic flux induced by membrane potential is
given by ksx; and the leakage of the magnetic flux is represented by ks¢;. D
describes the field interaction between neurons. W represents the intensity of
the field effect associated with distance between neurons. The parameters of the
model are fixed as, a = 3.0, b =1.0,c=1,d =5, r = 0.006, s = 4.0, x, = —1.61
[18], ko = 0.9, k3 = 0.4, D = 0.0001, W = 1 [167|.

Collective dynamics and synchronisation scenario

The changes in the firing pattern, phase portraits and synchrony level, under the
combined effect of magnetic coupling and external stimulus have been analysed.
We have chosen the external stimuli in different forms (i) a constant (/;) and
(ii) as time varying function. The time varying external inputs are considered in
two different forms: (a) sinusoidal wave, given as Iy = A(sin(wt) + cos(wt)) with
frequency, w and (b) square wave, represented as I3 = AH (sin(%)), with an
interval, ps. H is the bi-valued Heaviside step function, whose value is zero for

negative arguments and one for positive arguments.

5.2.1 Constant external current

In this section, the dynamics, phase portraits and synchrony pattern have been
analysed under the memristor effect and constant external current. The dynam-
ics and collective behaviour of the network are analysed numerically by solving
Eq. (5.1) for z;(t), yi(t), z(t) and ¢;(t) using the Runge-kutta method in step
size of 0.1. Initial conditions for different neurons are chosen as, xo(t), yo(t) and
2o(t) in the range [-0.5,0.5] and ¢y(t) in the range [0,1]. The study of variation
of x; reveals the dynamical change induced in each neuron under the influence

of magnetic coupling and external stimuli. The average of x; over the number
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Figure 5.1: Time series of the discrete and average membrane potentials of
the magnetically coupled neural network with constant external current (I =
2.9). Here, ¢ = 25 and the dynamics is consistent for any neuron in the network.
(a) k1 = 0.1, (b) k; = 0.3 and (c) k; = 1.5.

of neurons in the network reveals the collective behaviour of the network. The

average of membrane potentials is given by

i(t) = + Z (1) (5.2)

The dynamical change induced in a single neuron and the collective synchrony
is analysed in the memristive network for different values of k; in the presence
of constant external current (I; = 2.9) and is as shown in fig. 5.1.

For low values of k1, the system exhibits square wave bursting with five spikes
per burst, as shown in fig. 5.1(a). The lack of synchrony is visible from difference
of Z from the individual membrane potential. We have validated the presence
of plateau bursting dynamics with an increase in the value of ki, as shown in
fig. 5.1(b). The dissimilarity in average membrane potential from the individual
values represents the absence of synchrony. On further increasing the value of kq,
fig. 5.1(c) shows AD state with no oscillations. From the studies, it is clear that
magnetic coupling stabilises the system. The system is in complete synchrony,
as visible from the convergence of Z with the individual values. The memristor

drives the system from square wave bursting to plateau bursting and to AD state,
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Figure 5.2: Phase portraits of the neural network with magnetic coupling
and constant external current (I = 2.9). The average membrane potential is
plotted on the X-axis and the membrane potential of a single neuron on the
Y-axis. Here, i = 25. (a) k1 = 0.1, (b) k; = 0.3 and (c) k; = 1.5.

where the system exhibits complete synchrony.

The synchrony pattern in the network is further justified by the phase por-
traits as shown in fig 5.2. The phase space has been plotted with average mem-
brane potential Z(¢) on the X-axis and the membrane potential of a single neuron
on the Y-axis. In fig. 5.2(a), the phase space is dense at k; = 0.1, representing a
lack of synchrony. As the value of k; is increased, the phase space becomes more
controlled and synchronised, as shown in fig. 5.2(b). The phase space shrinks
to a single point representing stabilisation of the states, on further increase in
ki, as in fig. 5.2(c). The increase in magnetic enhancement of synchrony with
the strength of magnetic coupling is visible from the controlling and shrinking

of phase plots.

5.2.2 Time varying external currents

The variation of firing patterns and the collective dynamics of the network with
magnetic coupling under the influence of time varying external stimuli is analysed
in this section. The time series of Z(t) for the two different external stimulus is
shown in fig. 5.3. In the presence of memristor and sinusoidal wave, the system

exhibits square wave bursting character, as shown in fig. 5.3(a), for low value
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Figure 5.3: Time series of the discrete and average membrane potentials of

the magnetically coupled neural network with time varying external stimuli.

Here ¢ = 25, k1 = 0.1. (a) sinusoidal input (A =3, w = 0.05), (b) sinusoidal

input (A =3, w = 0.2), (c) square input (A = 3, ps = 10) and (d) square input

(A =3, ps=3).
of input frequency, w. The initial transients lack complete synchrony, whereas,
with evolution of time, the system attains synchrony. This is visible as the
convergence of individual and average values of the membrane potential. With
an increase in frequency, w, the number of spikes per burst decreases to two, as
shown in fig. 5.3(b). But the synchrony pattern is maintained. Fig. 5.3(c) shows
the spiking behaviour under the influence of memristor and square wave. The
spikes are induced in the quiescent state. The lack of synchrony is visible from
the figure by the separation of individual membrane potential from the average
value. With decrease in interval of the square input, the synchrony level is even
reduced, which is visible from fig. 5.3(d).

The phase portraits of the system with magnetic coupling and the time vary-
ing external stimulus are as shown in fig. 5.4. The top and bottom panels
show the phase spaces of the system with sinusoidal and square inputs, respec-
tively. In both panels, the value of k; increases from left to right. The fig. 5.4(a)
presents the influence of input /5 on a network with weak magnetic coupling. The
phase space exhibits a small dispersion. On increasing the strength of magnetic

coupling, k1, the phase space is reduced to a beeline as shown in fig 5.4(b). On
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further increase of k1, the synchrony in the network is preserved by the combined
effect of magnetic coupling and sinusoidal input, (I3), observed as the straight
line in phase portrait of fig 5.4(c). The synchrony attained is sustained at an
even higher value of magnetic coupling strength, as shown in fig 5.4(d). The
dispersed phase portrait for low magnetic coupling strength under the influence
of square input, I3, represents the lack of synchrony in the network, as shown in
fig 5.4(e).

With further increase in magnetic coupling, the phase portrait is still dis-
persed in the presence of square input, as shown in fig 5.4(f). A slight control in
the phase portrait is visible for further increases in magnetic coupling strength,
as shown in fig 5.4(g). At high values of magnetic coupling strength, the phase
portrait is reduced to a beeline in the presence of input, I3, as shown in fig 5.4(h).
Thus, it is found that the magnetic coupling helps to control the phase space in
the presence of time varying external inputs. However, the control is faster in

the presence of sinusoidal input compared to the square input.
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x; 0 0 0 0
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Figure 5.4: Phase space with sinusoidal (top panel) and square input (bottom
panel). Here, i = 25, A = 3, w = 0.2, p; = 3. The values are fixed as (a), (e)
k1 = 0.1, (b), (f) k1 = 0.3, (¢), (g) k1 = 0.7 and (d), (h) ky = 1.5.
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Figure 5.5: Variation of the statistical factor of synchronisation with (a) mag-
netic coupling strength and (b) amplitude of external input, under the influence
of different external stimuli. The constant input, sinusoidal and square inputs
are represented by the blue, red and yellow lines respectively. (a) A = 3 (b) k;
= 0.3. Here, w = 0.2, p; = 3.

5.2.3 Quantifying synchrony

The synchrony induced by the magnetic coupling, in the presence of external
stimuli is quantified using statistical factor of synchronisation, R, given by the
Eqn. (1.3).

The variation of R with k; in the presence of different external stimuli is shown
in fig. 5.5(a). The statistical factor of synchronisation has been calculated using
Eqn. (1.3). The blue, red and yellow lines represent the influence of constant,
sinusoidal and square input on the magnetically coupled network, respectively.
The amplitude of the inputs is fixed at A = 3. At low values of ky, the value of
R is about 0.5, representing partial synchrony. The synchrony obtained by the
network, under the influence of a constant current is found to be high compared
to the square input. The high value of R obtained for even low value of magnetic
coupling in the presence of sinusoidal input represents the synchrony obtained by
the network. For weakly coupled system, the synchrony obtained by the constant
input lies in between square and sinusoidal input and for high values of &, the
magnetic coupling overrides the input effects.

The variation of R with the amplitude of the inputs is presented in fig. 5.5(b).
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The colour codes used for the inputs are similar to fig. 5.5(a). In the absence
of any external input, the synchrony level is obtained to be about R = 0.85, as
the value of ky is fixed as 0.3. For low intensities of the inputs, the synchrony of
the network is reduced from its initial value in the presence of constant input.
The synchrony is even low under the influence of square input. The presence of
sinusoidal input increases the synchrony in the network. With increase in the
intensities of the inputs, the differences in synchrony become more visible. The
results obtained are in perfect agreement with the studies of fig. 5.5(a). At
sufficiently high amplitudes of the external input, the sinusoidal input is capable
of enhancing synchrony compared to the constant input. The desynchronising
ability of the square input on the magnetically coupled network is also visible.
The study of synchrony pattern has been extended by varying frequencies of
the inputs, I and I3. The variation of R with the frequency, w of sinusoidal input
is shown in fig. 5.6(a). For low value of frequency, the synchrony is quantified
to be about R = 0.7. With further increase in w the synchrony also increased.
Thus the input with high frequency has a greater synchronising ability. The
desynchronising ability of the square input is analysed for the variations in the
interval of the square input as presented in fig. 5.6(b). For low values of the
interval, p, (i.e.,) high frequency, the synchrony is drastically reduced. But on
further increasing the interval (reducing frequency), the synchrony is increasing,
representing the inability of the low frequency input to desynchronise. Thus
it is inferred that high frequency sinusoidal input and square input have the
capability to synchronise and desynchronise the magnetically coupled network,

respectively.

5.3 Distance-dependent field couplings

The model of HR neurons with memristor and mean field coupling is modified
with distance dependence governed by power law. The dynamics, synchronisation

scenario and pattern formations with the neurons arranged in a linear chain

79



0 0.1 0.2 0 10 20
w Ps

Figure 5.6: Variation of the statistical factor of synchronisation for different
parameters of the time varying input. Here, k; = 0.3, A = 3.

structure have been analysed. The modified model has the form: [22, 184]:

J#Z

yi :C—dI?_yia
(5.3)
Zi = r(s(x; — xe) — 2),

Mz

¢i = kow; — ksd; + D(¢; —

1), i=1,2 .. N.
IZ—JI !

S

J
J

)

Where z;, y; and z; represent the membrane potential, spiking variable and
bursting variable of ith neuron, respectively. v; is constituted by the flow of
Na*™ and K+ ions and the flow of Ca™ ions constitute the z; term. The fast
oscillations of x; and y; correspond to spikes, whereas, the slow oscillations of
the z; variable cause burst [17]. Indices ¢, j and N, represent presynaptic neuron,
postsynaptic neuron and total number of neurons in the network, respectively.
g represents the mean field coupling strength. The external current, I, controls
the qualitative behaviour of the neurons. ¢; describes the magnetic flux across
the membrane, k1p(¢;)z denotes induction current and k; is induction coefficient
[21, 22]. The term p(¢;) is the memory conductance of a magnetic flux controlled
memristor, which can take different forms. We have considered a hyperbolic

function, tanh(¢;), whose state equation can be represented by linear terms [170].
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D describes the field interaction between neurons. W represents the intensity of
the field effect associated with distance between neurons. In a network of mean
field coupled neurons, each neuron is driven by the force, described in terms of
the membrane potential of the other neurons [77, 185|. Hence, the potential, z;,
is influenced by the average of potentials, x;, where, 7 = 1,2,3,..., N; j # 4. The
value of power law exponent « is varied to study the effect of distance gradient
effect of the mean field coupling. When a = 0, the interaction is uniform and
global. As the value of « increased, the interaction is transformed to global
coupling with a distance gradient effect. On further increasing the value of «,

the interaction becomes nonlocal with distance gradient effect.

5.3.1 Uniform global interaction

A network of memristive HR neurons with mean field coupling represented by
Eq. (5.3) has been analysed with o = 0, i.e., uniform global coupling. The
spatiotemporal dynamics, statistical factor of synchronisation and pattern for-
mation have been studied by varying k; and g. The parameters chosen are: a =
3,b=1,¢c=1,d=5r=0.006,s =4, z. = —1.61, [ = 3.1 18], ks = 0.9, ks
= 0.5 |21]. The Eq. (5.3) is solved for z, y and z. Initially, the neurons are at a
negative resting potential. As time evolves, in the presence of external current,
the oscillations in the x variable vary between positive and negative values. The
dynamical state of a neuron, characterised by discrete groups of repeated spikes
is called bursting. Each burst is followed by a quiescent period after which next
burst occurs. The dynamical change induced in the network with the interplay
of memristor and mean field effects are shown in fig. 5.7. The memristive effect
is characterised by plateau bursting, as shown in fig. 5.7(a). The square wave
bursting induced by the mean field coupling in memristive neurons is shown in
fig. 5.7(b). For sufficient strength of memristor and mean field effects, the coex-
istence of plateau and square wave bursting is observed, as shown in fig. 5.7(c).
For further increase in k1, the system exhibits AD state, where the system attains
a stable state condition without oscillations.

The spatiotemporal pattern reveals the dynamical change induced in the AD
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Figure 5.7: Dynamical changes induced by the interplay of memristor and
mean field effects. (a) plateau bursting (k; = 0.2, ¢ = 0), (b) square wave
bursting (k; = 0.6, g = 1), (¢) mixed behaviour (k; = 0.8, g = 0.7). This
dynamic is consistent for every neuron in the network.

82



1000 1000
(@)

t 900 900

1.5

800

100 0 50 100
0.5
1000

membrame potential

t 900 900 |

-0.5

800 800

0 50 100

Figure 5.8: Spatiotemporal patterns of the HR neurons with memristor and
mean field coupling. (a) AD (g = 0.5), (b) plateau bursting (¢ = 1), (c) four
spikes per burst (g = 2), (d) two spikes per burst (¢ = 2.5). Here, ky =2, D =
0.0001, W =1, N = 100 and o = 0. The colourbar represents the membrane
potential, x.

state of memristive neurons under the influence of mean field coupling, as shown
in fig. 5.8. The value of x variable is represented by the colourbar. For low
values of g, every neuron in the system exhibits AD, which is visible as a single
colour in fig. 5.8(a). The system shows plateau bursting at g = 1, as presented in
fig. 5.8(b). The light and dark blue colours show spiking and quiescent period,
respectively. As ¢ increases, the dynamics change from plateau to square wave
bursting. Figs. 5.8(c) and 5.8(d) show square wave bursting with 4 and 2 spikes
per burst respectively. The mean field coupling initiates synchronised oscillations
in the AD state of memristive neurons.

The synchronisation scenario of network with memristive and mean field cou-
pling is studied using the statistical factor of synchronisation, R, given by Eq.
(1.3).

The variation of the statistical factor of synchronisation, R, with g for dif-
ferent values of ky is shown in fig. 5.9. For g < 1.8, as shown in fig. 5.9(a),
the synchrony increases with an increase in the value of k. For a high value
of ki, synchrony is high, with R = 1, even for low values of g, as represented

by the purple line. Fig. 5.9(b) shows the synchronisation scenario for g > 1.8.
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Figure 5.9: Variation of the statistical factor of synchronisation of HR neurons

with the mean field coupling strength, for different values of memristor coupling

strength. (a) weak coupling, (b) strong coupling. Here, D = 0.0001, W = 1, a

=0 and N = 100.
The network shows high synchrony for any value of ki, in the presence of strong
mean field coupling. It is evident that both memristor and mean field effects
help mutually to attain synchrony.

The pattern formations in network with weak memristive coupling are studied
for different values of g. The snapshot of x variable at t = 1000, is presented in
the fig. 5.10. The other variables, y and z, show similar patterns. The system
shows desynchrony for weak coupling, represented as scattered points in fig.
5.10(a). As g is increased, the system attains MOS, in which the desynchronised
neurons are interspersed among synchronised neurons, as shown in fig. 5.10(b).
The imperfect synchrony state with 5 escaping neurons, is shown in fig. 5.10(c),
when ¢ = 1.3. Fig. 5.10(d) represents the perfect synchrony or global death
state when g = 1.8.

5.3.2 Emergence of chimera states

The study has been extended to the linear chain of HR neurons with distance-
dependent memristor and mean field effects, governed by the power law exponent.
The statistical factor of synchronisation, strength of incoherence and discontinu-
ity measure have been studied.

The pattern of synchrony induced in the system is studied by calculating R,

for various values of g and a and is shown in fig. 5.11. The influence of power law
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Figure 5.10: Snapshots of the HR neuron network with memristor and mean
field effects. Value of k1 = 0.5. (a) incoherent state (¢ = 0.1), (b) MOS (g
= 0.6), (c) imperfect synchrony (¢ = 1.3), (d) complete synchrony (¢ = 1.8).
Here, D = 0.0001, W =1, N = 100 and o = 0.
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Figure 5.11: Variation of the statistical factor of synchronisation with mean
field coupling, for different values of power law exponent. (a) weak coupling,
(b) strong coupling. Here, k; = 0.5, D = 0.0001, W = 1 and N = 100.
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exponent, «, on the network with g < 1.8 is shown in fig. 5.11(a). It is found that
synchrony in the memristive neural network decreases with increasing value of a.
For strong mean field coupling, g > 1.8, as shown in fig. 5.11(b), the synchrony
decreases with increase in coupling strength, for low values of «, represented
by the blue and red lines. For higher values of «, the synchrony is unaltered
as shown by the yellow and purple lines. Thus, the studies have shown that
for low value of a, i.e., global coupling, the synchrony increases with increasing
coupling strength and then reduces. But for high values of «, i.e., nonlocal or
local interactions, synchrony is rather unaltered.

The existence of incoherent, chimera, multichimera and coherent states is
observed in the memristive HR network with distance-dependent coupling due to
the interplay between g and «. Fig. 5.12(a) shows incoherent state, whereas fig.
5.12(b) shows imperfect synchronisation with 7 escaping neurons. Figs. 5.12(c)-
5.12(e) show chimera states. Multichimera states are shown in fig. 5.12(f) and
5.12(g). Figs 5.12h and 5.12(i) represent coherent states.

To distinguish incoherent, chimera and coherent states,the quantitative mea-
sures called SI and DM have been calculated by defining the local standard
deviation from the time series, which are given by the formulae in Eqgs. (1.13)
and (1.14).

We have calculated SI and DM, using Eqgs. (1.13), (1.14) for various values of
« which are presented in fig. 5.13. As shown in figs. 5.13(a) and 5.13(b), for low
values of g, incoherent, chimera, multichimera and coherent states are obtained,
whereas for high values of g, the system shows chimera and multichimera states
when a = 0.5. When o = 1, system shows incoherent, chimera, multichimera
and coherent states, for g < 3 and exhibits coherence for g > 3, as shown in figs.
5.13(c) and 5.13(d). As « increases, the value of ¢g for which the system shows
coherence also increases. On further increasing «, the system attains incoherent,
chimera and multichimera states as shown in figs. 5.13(e), 5.13(f), 5.13(g) and
5.13(h). The study has shown that for high values of a system fails to attain
coherence. Hence, the parameter space for low values of o has been drawn to

study the rich dynamics exhibited by the system in this regime.
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Figure 5.12: Snapshots of the HR network with distance-dependent memris-
tor and mean field effects. (a) incoherent state (k; = 0.5, = 0.1,¢9 = 0.1),
(b) imperfect synchrony (k1 = 0.5, = 0.1,g = 1.7), (c) chimera state
(k1 = 0.5, =0.3,g = 1.1), (d) chimera state (k1 = 0.5, = 0.5,¢9 = 1.37), (e)
chimera state (k; = 0.5, = 0.5,¢9 = 1.9), (f) multichimera state (k1 = 0.5, =
0.4,9 = 1.8), (g) multichimera state (k; = 0.5, = 0.5, g = 2.13), (h) coherent
state (k1 = 0.7, = 0.5,9 = 0.9), (i) coherent state (k; = 1, = 0.5,9 = 0.7).
Here, D = 0.0001, W = 1 and N = 100.
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Figure 5.13: Variation of the strength of incoherence and discontinuity mea-
sure for different values of the mean field coupling strength. (a) a = 0.5, (c)
a =1, (e) « = 1.5 and (g) @ = 2 show the strength of incoherence. (b), (d),
f) and (h) present the discontinuity measure for same values of . Here, k; =
0.5, D = 0.0001, W =1, N = 100, M = 20, ¢ = 0.06.
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Figure 5.14: Parameter phase diagram in o — ¢ plane for a network of mem-
ristive HR neurons. (a) Strength of incoherence and (b) Discontinuity measure.
Here, k1 = 0.5, D = 0.0001, W = 1, N = 100, M = 20 and € = 0.06.

The parameter space (o« — g) shows incoherent, chimera, multichimera and
coherent states, as shown in fig. 5.14. The variation of SI with parameters o and
g is presented in fig. 5.14(a). Incoherent and coherent states are represented by
the yellow and the blue colours, respectively. The system exhibits incoherence
for low values of g. As « increases, the value of g for which the system shows
coherence also increases. The region of occurrence of chimera and multichimera
states are exactly distinguished using, DM, as shown in fig. 5.14(b). Yellow, blue,
green and black colours indicate incoherence, coherent, multichimera and chimera
states, respectively. It is found that the presence of chimera and multichimera
states are overlapped with each other. The parameter space reveals the collective

dynamics of the system which are in exact agreement with studies of SI and DM.

5.4 Results and conclusions

A linear chain network of HR neurons with magnetic coupling and external stim-
uli of different forms has been analysed. The magnetic coupling is capable of
inducing plateau bursting and amplitude death in the HR neurons with constant
external input. The phase space trajectories are controlled and shrink to a single
point with the increase in magnetic coupling strength, representing synchrony
and amplitude death. The synchrony is quantified using the statistical factor of
synchronisation. The HR neural network with magnetic coupling is also analysed

in the presence of sinusoidal and square waves. The dynamics of the individual
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neurons are square wave bursting and spiking in the presence of sinusoidal and
square inputs, respectively. In the presence of time varying external inputs, the
phase space trajectories of the system are reduced to beeline for high magnetic
coupling strength. The statistical factor of synchronisation justifies the fact that
the sinusoidal input enhances synchrony and the square input suppresses the
synchrony in the network, compared to the constant input. The inputs with
high frequencies have greater ability to enhance and suppress the synchrony.
The HR network has been modified by introducing a distance-dependent
mean field coupling with a power law exponent. This modification helps to
realise the various types of interactions (such as global, nonlocal, or local cou-
pling) by varying the power law exponent. The uniform mean field (with zero
power law exponent) coupling accelerates synchrony in memristive HR neurons.
The combined effect of memristor and uniform mean field effects produces mixed
dynamics of square wave and plateau bursting. The uniform mean field initiates
synchronised bursting in the AD state of memristive network. The study of
pattern formations reveals that the system undergoes desynchronised, mixed os-
cillatory and imperfect synchronised state before attaining complete synchrony.
The synchrony level of memristive network increases initially and then decreases
with increase in mean field coupling strength, in global coupling, whereas the
synchrony is unaltered in nonlocal or local interactions. The complete synchrony
or global death state is unattainable in the network with distance dependence
governed by power law. The network shows incoherent, chimera, multichimera
and coherent states. It is found that, even for low values of power law expo-
nent, incoherent, chimera, multichimera and coherent states are obtained. The
existence of chimera states in system with long range interactions are verified
by parameter space. The long range interactions are common in many physical
and biological systems. The study on such systems will help us to get more

information about chimera states.
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Chapter 6

Memristive Hindmarsh-Rose
neurons with chemical cross

coupling

6.1 Introduction

On account of the significance of synchrony, the brain finds its own mechanism
to restore the lost synchrony. There are different methods of representing this
mechanism mathematically. Adhikari et al. analysed the phase transition to
synchrony in a network of bursting neurons owing to the time delay in synaptic
coupling [132, 186]. The cross coupling between the state variables was also used
to boost the synchronisation procedure by getting added to the pre-existing self
coupling [187]. The structural anomalies of the brain observed experimentally
were given a theoretical foundation by the neuron models with cross coupling
of state variables [44]. The phase synchronisation of coupled HR neurons with
magnetic and electrical cross couplings is also discussed [45]. Chemical coupling
which is nonlinear in nature is found to increase the stochastic coherence of the
system, in comparison with the linear electrical coupling [26]. Chimera states
were obtained in chemically coupled nonlocal networks of Morris Lecar neurons

[55]. The capability of the time delays to induce phase coherent dynamic be-
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haviours in chemically coupled network [188].

The energy aspects of HR neurons with electrical, chemical and field cou-
plings have also been analysed [158]. The magnetic stimulation is found to alter
firing activity and neural synchronisation in a HR neural network [21, 172]. The
suppression of chaotic states and enrichment of neural synchrony in a system of
two coupled HR neurons under the effect of electromagnetic induction is reported
[180].

In this chapter, the synchronisation scenario of a network of HR neurons
with self and cross interactions between membrane potential and magnetic flux
in chemical mode is analysed. The chapter is organised as follows: The influence
of self, mixed and cross coupling of state variables in two coupled HR neurons is
analysed in section 6.2. The stability of the synchrony induced is verified using
Lyapunov function approach. The study is extended to N coupled network and is
presented in section 6.3. The synchrony in the network, with global interaction,
is quantified using the statistical factor of synchronisation which is presented in
section 6.3.1. The influence of nonlocal coupling is discussed in section 6.3.2.

The studies are concluded in section 6.4.

6.2 Two coupled system

In this chapter, in addition to the magnetic coupling, we also consider the cross
synaptic coupling between membrane potential and magnetic flux in chemical
mode. The dynamical equations of two coupled system of HR neurons modelled
to realise cross interactions between membrane potential and magnetic flux, in

chemical mode is given as:

T =y — axi +ba} — 2z + I — kip(¢i)x; + g[bealij(x) + buolij(0)],

yZ:C_dxf_yZ)
(6.1)
Zi = r(s(x; — xe) — 2),

i = kow; — k3p; + g[bdmri,j(ﬂ?) + b¢¢ri,j(¢)]a 1,7 =1,2;1 7& J-
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Figure 6.1: Time series of two coupled HR neurons. (a) § = 0,g = 1, (b)
0=7%5,9=05,(c) 0 =7F,9=0.5. Here, ky =0.4.

xi, y; and z; represent the membrane potential, spiking variable and bursting
variable of ith neuron, respectively. ¥, is constituted by the flow of Na™ and K™
ions and the flow of C'a™ ions constitute the z; term. The fast oscillations of z;
and y; correspond to spikes, whereas the slow oscillations of the z; variable cause
burst [132]. Indices i, j represent presynaptic neuron and postsynaptic neuron,
respectively. ¢ represent the coupling strength. ¢; describes the magnetic flux
across the membrane, k1 p(¢;)z denotes induction current and k; is the induction
coefficient [21, 22|. The term p(¢;) = tanh(¢;) [170], is the memory-conductance
of a magnetic flux-controlled memristor.

The neurons are coupled through chemical synapse represented by the term:

Lij(@) = (v —2:)(1/(1 + exp(=A(z; = 0)))), (6.2)

In order to maintain the synapse as excitatory, the reversal potential v is always
maintained to be greater than the membrane potential x; of all neurons at all
times. The exponential term is a sigmoidal nonlinear function, with A deter-
mining the slope of the function and 6 denoting the synaptic firing threshold.
The external current, I, controls the qualitative behaviour of the neurons. The
parameters are chosen as: a = 1,b =3, ¢c=1,d =5, r = 0.006, s = 4, x, =
—1.61, 1 = 3.1 [18], ko = 0.9, k3 = 0.5 [21], v =2,A = 7.5,0 = —0.25 [158]. The
initial conditions (xg, 3o, 29) are randomly chosen as to lie in the range [-0.5,0.5]

and ¢p in [0,1].
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Figure 6.2: Time series of two coupled HR neurons. (a) § = 0,g = 0.5, (b)
0=7%,9=05,(c) 0 =F,9=0.5. Here, k; = 1.5.

The elements by, by¢, b and by form the components of a coupling matrix.
A general form for this coupling matrix which incorporates self and cross coupling
is given by:
bz bzo cosd sind

B p— pu—
boz  bgo —sind cosd

Where § € [—m, ) is the coupling phase. The switching between the
interactions are made easy by varying the values of 9. We have analysed the
system of HR neurons in three different cases:

(i) Self coupling in = and ¢, § = 0.
(ii) Mixed coupling in x and ¢, § =

(iii) Cross coupling in = and ¢, 6 =

CTERN

The different firing patterns of the two coupled system is analysed using
the time series. The firing patterns of the system with low magnetic coupling
(k1 = 0.4) for different interactions in chemical mode is shown in fig. 6.1. The
synchrony in the system is exhibited using the error term, e, = m . Both
neurons show square wave bursting character which is visible from the red and
blue lines (blue line is hidden by the red). The yellow line representing the
error indicates the synchrony in the network induced by the self coupling in
the variables, for § = 0, as shown in fig. 6.1(a). The mixed coupling realised

with § = T in fig. 6.1(b) also induces synchrony, represented by the yellow line.
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Figure 6.3: Time series of two coupled HR neurons. (a) § = 0,g = 0.5, (b)
0=7%,9=0.5,(c) 6 = 5,9 =0.5. Here, k; = 2.4.

The dynamics is square wave bursting with an increased number of spikes per

burst. But cross coupling (§ = %) is incapable of inducing synchrony, as shown
in fig. 6.1(c) and the dynamics is irregular bursting. Self and mixed coupling of
variables helps attain synchrony whereas, synchrony is unattainable with cross
coupling alone.

The changes in firing patterns for k; = 1.5 is presented in fig. 6.2. With
increase in magnetic coupling, the dynamics is transformed from square wave
bursting to plateau bursting for self and mixed couplings, as shown in figs. 6.2(a)
and (b). The system do exhibit a degree of synchronisation though not achieving
complete synchrony. The chaotic irregular bursting and the unattainability of
synchrony in system for pure cross coupling (6 = %) is shown in fig. 6.2(c). The
capability of self and mixed coupling in inducing synchrony and unattainability
of synchrony in cross coupling is justified at higher magnetic coupling, k; = 1.5.

The system shows synchronised dynamics at high value of magnetic coupling
(k1 = 2.4), for self, mixed and cross coupling, as shown by yellow lines in figs.
6.3(a), (b) and (c), respectively. The dynamics at the synchronised state is
Amplitude Death (AD) state, where the oscillations of the system is quenched
and a stable state condition is achieved, as represented by the blue and red lines.

Here, the magnetic coupling overrides the effect of chemical coupling [153] and

induces synchrony in any coupling scheme.
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The stability of synchronous states

The stability of the synchrony attained in the two coupled system is analysed
using master stability approach. The error dynamical equations are calculated
by considering the difference between state variables of the neurons. When the
system reaches a synchronised state where (1,91, 21, 1) = (22, Y2, 22, ¢2), the
error terms | = To — T, YL = Yo —Y1,21L = 22 — 21, P1 = P2 — Py approach zero
as time approaches infinity and there exist a synchronous solution. The stability
equations for perturbations transverse to the synchronisation manifold are of the

form:

o — @1 = (y2 — 1) — 3a(22 — 22) + 2b(ws — 1) — (22 — 21) — b [tanh(¢2)x2
— tanh(¢1)a] + g o3[ (v — 2)0(w1) = (0 — 2)T(22)] + gsin
(0= 62)T(22) = (v = 62)T ()|

Yo — 1 = —2d(@2 — 21) — (Y2 — 1),

o — 21 = r8(xs — 11) — (28 — 21),

b = dn = ka(w2 — 21) — ky(02 — 1) — g5ind[ (v = 22)T(w1) — (v — @) (z2)]

+ ge0sd | (v = Ga)l(w2) = (v = 62)(z)|
(6.3)

On simplifying,

i, =y, —3ax’r, + 2z, — 2 — ki(xgpy + ¢z 1) — gcosdQ(x)z, — gsin0Q(p)p
Yy = —2dzr) — Y4,

Z] =Trs8sr; — 2,

b1 = ko, — ks + gsin0Q(x)z, — gcosdQP)p, .
(6.4)

Where tanh(e; j)x; j +tanh(¢y j)x1 j is approximated as ;41 5@, s toigz,

and Q(f) = (1/(1+exp(=A(f=0)))) + (v =H(=A(f=0)) /(1 +exp(=A(f=0)))?).
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Figure 6.4: Variation of the MTLE with coupling strength (g) for different
values of 6. (a) ky = 0.4 and (b) k; = 1.5.
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The Jacobian for the whole network with chemical cross coupling will have

the following structure:

Jii+7aE M2E
Yo Joo + Y22l (6.5)

where,
2ax; — 3bx? — ki; — gcosdQz) 1 —1 —kyw— gsindQ(o)
—2dz; -1 0 0
Jig =
rs 0 -T 0
k2 4+ gsin 6 (x) 0 0 —kg—gcosdQo)
(6.6)
and
cosd 0 0 sind
0 00 O
E= (6.7)
0 00 O
—sind 0 0 cosd

The terms 7;; and 7;; are obtained by partially differentiating g(v — £;)I'(f;)
with respect to f; and f;, respectively. The Jacobian given by Eq. (6.5) is diag-
onalised in a coordinate system that isolates the stability of the synchronisation
manifold from the transverse directions. The maximum transverse Lyapunov
exponent (MTLE), A}, is used as the bifurcation function to study the stabil-
ity of synchrony. The system is stabilised when MTLE becomes negative. The
variation of A} ,,., with g for different values of § and k; is presented in fig. 6.4.
Fig. 6.4(a) presents the synchrony of the system with k; = 0.4. The system
with self and mixed interactions, presented by blue and red lines are stabilised
at ¢ = 1.3 and g = 1.4, respectively, which is clear from the inset figure. The
system with cross coupling presented by the yellow line in fig. 6.4(a) never at-
tains synchrony. The stability of synchrony for self, mixed and cross couplings

at ki = 1.5 is shown in fig. 6.4(b). The self and mixed coupled systems attain
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Figure 6.5: Colour coded variation of MTLE for different values of ¢ and 4.
(a) k1 =04 and (b) k; = 1.5.
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synchrony at ¢ = 0.8 and g = 1, respectively, which is well visible in the inset.
The cross coupled system never attains synchrony as the yellow line never crosses
the zero line. The synchrony is attained at lower coupling strength, compared
to a weakly magnetically coupled system. The incapability of cross coupling in
inducing synchrony is visible with the yellow line never approaching a zero value,
however, it constructively takes part with self coupling in inducing synchrony.
The parameter space with d on the X-axis and ¢ on the Y-axis with colourbar
representing the variation of A4, is shown in fig. 6.5. The fig. 6.5(a) reveals
the synchronisation scenario with low magnetic coupling strength k; = 0.4. For
low value of chemical coupling, g, synchrony is unattainable. For high value of g,
synchrony is obtained for self and mixed interactions. At § = 0, the interaction
is self alone and synchrony is obtained. With an increase in value of ¢, the
cross coupling comes into action with self coupling to form mixed coupling. The
3w

system exhibits synchrony for mixed coupling till 6 < <t . The contributions

from self coupling are decreasing and interactions are solely from cross coupling

for values 6 > %ﬂ. In this region synchrony is unattainable. At high magnetic

coupling strength (k; = 1.5), as shown in fig. 6.5(b), synchrony is obtained for

even low values of ¢ in self and mixed interactions. Here, the influence of self
3

coupling is more intense than cross coupling. But for § > =, cross coupling

overrides the effect of self coupling and is incapable of inducing synchrony.

6.3 The N coupled system

The influence of cross coupling of state variables has been analysed in a network

of HR neurons arranged in ring structure. The dynamical equations are of the
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Figure 6.6: Variation of the statistical factor of synchronisation with coupling
strength for different values of 6. (a) k1 = 0.4, (b) k1 = 1.5.

form:

j=i+p

l"i =Y — CLCC? + bl‘? — Z + I + i Z [bxwri,j (ZE) + bw¢ri,j<¢)],
2p £
j=i—p
i = c—da? —
(6.8)

Zi = r(s(x; — xe) — 2),
) g J=i+p
Gi = ko — k3 + 2% Z [bgeLi () + byl 5(@)],

J=i—p

where ¢ = 1,2, ..., N. The network consists of N neurons, each of which is

coupled to p neighbouring neurons in both directions of the ring.
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6.3.1 The synchronisation scenario

The synchronisation scenario in the presence of cross coupling of variables in
magnetically coupled HR neurons in ring topology is analysed in this section.
The total number of neurons in the network, N is fixed as 135 and p = %,
to realise global interaction. The amount of synchrony is quantified using the
statistical factor of synchronisation, R, given by the Eq. (1.3).

The variation of R with g, for different values of 9 is shown in fig. 6.6. At low
magnetic coupling (k; = 0.4), the synchrony induced in the absence of chemical
cross coupling is R ~ 0.5, as shown in fig. 6.6(a). The blue, red and yellow lines
represent the variation of R for self, mixed and cross coupling. For g < 2, the
synchrony in the system increases for self and mixed coupling. But it is to be
noted that synchrony is attained at a faster rate in self coupled system compared
to the one with mixed coupling. For g > 2. the self and mixed coupling have the
same influence and all the neurons in the network are in AD exhibiting complete
synchrony. However, the system with sole cross coupling is incapable of inducing
synchrony at any value of g.

The synchrony level is high (R ~ 0.8) for k; = 1.5, in the absence of chemical
coupling. Under the influence of self and mixed coupling, the synchrony further
increases and approaches unity for low values of g. Both self and mixed coupling
have similar influences. In the presence of sole cross coupling, the system is
incapable of attaining synchrony. The incapability of sole cross coupling to induce

synchrony is justified in a network of neurons with weak and strong magnetic

coupling as well.

6.3.2 The pattern formations

The network of HR neurons in ring topology is analysed in nonlocal interactions
with cross coupling of variables. The system is found to exhibit chimera and
multichimera states under the effect of mixed coupling and is presented in fig.
6.7. The multichimera states obtained for § = 7 — 1 are shown in figs. 6.7(a),

(b), (¢), (d) and (e) for self and mixed coupling schemes. The chimera states
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Figure 6.7: Snapshots of membrane potential under the influence of mixed
interactions in chemically coupled HR neurons with magnetic coupling. (a)
p=10,0=%—-1,9=03, (b) p=10,6 =0,9 =02, (c) p=5,6 = 0,9 = 0.6,
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0.5.
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Figure 6.8: The variation of energies of the neurons in the network. (a) p =
10,0 =5 -1,9=0.3,(b) p=10,6 =0, =02, (c) p=5,6 = 0,9 = 0.6, (d)
p=10,6=75,9=09,(e)p=50=5-1,g=03,(f)p=5,6 =5—1,9 =0.5.

obtained for 0 = 7 — 1 is presented in fig. 6.7(f).
The chimera states are the coexistence of coherent and incoherent oscillators.
The Hamilton energy function has been faithfully used to analyse the energy of

the system and the energy function corresponding to the HR system represented

by Eq. (6.1) satisfies the equation [21, 87]:

(yz — 2; + I — (ﬁz)a—xz + (C — dxf) 8% + rs(mi — .’Ee)a—Zi + kgﬂ?la—@ =0 (69)
A general solution for the Eq. (6.9) is given as:
2
H; = Zda} —2x; +rs(zi — x)* + (yi — 2 + 1 — ¢)* + ko? (6.10)

3

The Eq. (6.10) is used to analyse the energy of each neuron in the network.
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Figure 6.9: The spatiotemporal patterns of the network. (a) desynchrony
(p = 10,6 = 0,9 = 0.1), (b) travelling chimera (p = 5,6 = 7,9 = 0.7),
(c) travelling chimera (p = 10,6 = 0.8,g = 0.8) and (d) global synchrony
(p=>5,0 =0,9 =1.3). Here, k; = 0.4. The colourbar represents the membrane

potential, x.
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The variations in the Hamilton energy function corresponding to the pattern for-
mations shown in fig. 6.7 are depicted in fig. 6.8. From fig. 6.8(a), it is observed
that the energy of the coherent neurons is higher compared to the incoherent
ones. Here, the potential of the coherent neurons is at a higher negative poten-
tial compared to the incoherent ones. Conversely, in fig. 6.8(b), the potential
of the neurons exhibiting coherence is near zero and the energy of the coherent
neurons is lower compared to the incoherent states. In figs. 6.8(c) and 6.8(d),
the energy of the coherent neurons is also lower than that of the incoherent states
and the potential of the neurons in the coherent states is near zero. Similarly, in
fig. 6.8(e), the energy of the coherent states is higher compared to the incoherent
states with the coherent neurons placed at a high negative potential. Finally,
in fig. 6.8(f), the energy of the coherent states is lower, with the potential of
coherent neurons near zero. Based on these observations, it can be concluded
that to maintain the neurons in a coherent state at a high potential, regardless of
polarity, higher energy utilisation is required. On the other hand, if the potential
of the neurons in a coherent state is near zero, the energy utilisation is lower.
The spatiotemporal patterns of the network is analysed. The variations in the
membrane potential, z; for the different neuron is analysed in the network for a
range of time and presented in fig. 6.9. The neuron number is represented in X-
axis and time is presented in Y-axis. The membrane potential is represented by
the colourbar. The desynchronised state is represented in fig. 6.9(a). Travelling
chimeras obtained are presented in figs. 6.9(b) and (c). Fig. 6.9(d) represents

the completely synchronised state.

6.3.3 Quantifying chimeras

The emergence of chimera and multichimera states in the network due to the
topology and coupling scheme is analysed with the help of a quantitative measure
called strength of incoherence (SI) and discontinuity measure (DM), given by
Egs. (1.13) and (1.14).

The variation of SI and DM with g for different values of § are presented

in fig. 6.10. The incoherent, chimera and coherent states obtained in a system
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Figure 6.10: Variation of the strength of incoherence and discontinuity mea-
sure with coupling strength for self, mixed and cross couplings. The left panel
shows the strength of incoherence of (a) self, (¢) mixed and (e) cross couplings.
The right panel shows the discontinuity measures for (b) self, (d) mixed and
(f) cross couplings. Here, k1 = 0.4,¢ = 0.05, p = 10.
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with self coupling are presented in fig. 6.10(a). The chimeras and multichimeras
are distinguished by using DM as shown in fig. 6.10(b). In a mixed coupled
system, incoherent, chimera and coherent states are obtained as shown in fig.
6.10(c). Fig. 6.10(d) distinguishes the chimeras and multichimeras for mixed
coupling. From fig. 6.10(e), it is clear that the cross coupled system exhibits
only incoherent states. The chimera or coherent states are never obtained in the

cross coupled system. It is further justified by DM as shown in fig. 6.10(f).

6.4 Results and conclusions

The synchrony and pattern formations in HR neurons with self, mixed and cross
interactions between membrane potential and electromagnetic flux in chemical
mode are analysed in this chapter. In the system of two coupled neurons, the
time series shows that self coupling induces synchrony in the system. Sole cross
coupling is incapable of inducing synchrony. However, cross coupling acts along
with self coupling to form mixed coupling and the system exhibits synchrony.
The analysis of time series also indicates that, at low magnetic coupling strength,
dynamics is square wave bursting. With an increase in magnetic coupling, the
dynamics is transformed into plateau bursting. The inability of the cross coupling
to induce synchrony is evident in the plateau bursting regime as well. With
further increase in magnetic coupling, the system attains an amplitude death
state marked by suppressed oscillations. At this state, the magnetic coupling
overrides the effect of chemical coupling and the system is synchronised for any
interactions wiz., self, cross or mixed. The stability of the synchrony attained
in self and mixed coupling is justified by the master stability function. The
maximum transverse Lyapunov exponent crosses the zero line when the system
attains stabilised synchrony. Whereas in cross coupled interactions, stabilised
synchrony is never attained. The parameter space gives a better idea about the
bifurcation point at which cross coupling makes the influence of self coupling
ineffective.

The synchronisation scenario is analysed in a network of HR neurons in ring
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topology with self, mixed and cross chemical coupling. The synchrony quanti-
fied by the statistical factor of synchronisation justifies the fact that synchrony is
unattainable in cross coupling alone and that its effect is nullified in the presence
of strong self coupling. The mixed coupling of variables in ring topology along
with nonlocal interactions are found to induce chimera and multichimera states
in the network. The presence of travelling chimeras in the network is uncov-
ered through the analysis of the spatiotemporal patterns. The Hamilton energy
function analysis reveals that to maintain the coherent neurons at high poten-
tial, higher energy is utilised. Our findings may help in exploring the collective
behaviour of neuronal systems, including physical mechanisms and can be ap-
plied to the study of synchronisation in large-scale networks, including multilayer

networks.
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Chapter 7

Memristive Hindmrash-Rose
neurons with distance-dependent

coupling in 2D lattice

7.1 Introduction

Understanding the role of structural and dynamical symmetries in the appear-
ance of distant synchronisation is important for a wide range of applications,
including the design and optimisation of communication networks and the under-
standing of brain function. Traditional single layer networks are limited in their
ability to accurately represent complex systems because they only capture one
type of interaction or connection [189-191]. By using multilayer models, we can
gain a more detailed understanding of the structure and function of the neuronal
network and how it changes over time [192]. Multilayer networks have gained
significant attention in recent years because of their potential ability to model
real world complex systems with multiple levels of connectivity [193]. Majhi et
al. used a three layer network model to study the role of indirect connections in
the emergence of a chimera state in the uncoupled layer [182|. Spatial chimeras
were obtained in locally coupled neural network with a topology of cubic lattice

[155]. Studies have shown that the evolution of functional network topology with
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different layers can have a significant impact on the processing of visual infor-
mation and other cognitive tasks. For example, research has demonstrated that
the intralayer interaction (interactions within a single layer) can play a critical
role in the processing of visual information [194].

In the case of a triplex network with a ring topology, the outer layers can
synchronise through the intermediate middle layer [195]|. Studies have shown that
bounded noise can have a significant impact on the formation and instability of
spiral waves in a 2D lattice of neurons. It can either enhance or suppress the
formation of spiral waves, depending on the strength and type of noise [196].
The significant impact of time delay on the contrast behaviour of each layer in a
three layer is also reported [197]. A study has been conducted on two dimensional
array of neuron models represented by Rulkov maps with the coupling between
neurons arranged in a square shape, but without distance dependence [34].

In this chapter, the synchronisation behaviour and pattern formations of
memristive HR network in 2D lattice with distance-dependent chemical coupling
are analysed. The studies are carried out by varying the number of connections
to each neuron and altering the strength of distance dependence in coupling. The
network model is presented in section 7.2. Section 7.3 analyses the synchrony
pattern between and within 1D arrays. The dependence of synchrony on coor-
dination number is found out in section 7.3.1, whereas section 7.3.2 is devoted
to the analysis of the stability of the network’s synchronised states using the
Lyapunov stability theory. Section 7.4 exhibits the interesting spatiotemporal
patterns and snapshots arising naturally in the arrays of the network. Section

7.5 summarises the results of the chapter.

7.2 HR network in 2D lattice

The network consists of Hindmarsh-Rose neurons, evenly arranged in a 2D lattice
made up of five linear chains. The position of each neuron is identified by its
indices i, j, where ¢ denotes the position along the X-axis and j denotes the

position along the Y-axis. n is the number of neurons present in each 1D array
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and N represents the total number of neurons in the network, which is equal to

5n. The model is given as:

Gij = Yig — axs; + bl — 2y + I — kip(dij)wi; + Thj,

. _ 2
Yij = ¢ —dx;; — Yy,

(7.1)
Zig =1(s(iy — xe) — 215),
éi,j = ]{721'1'73' — k3¢i,j7 Z = 1, 2, ,n,] = 1, 2, ceey 5

——— 7 > N
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Figure 7.1: Scheme of coupling between the reference neuron (red) and its
neighbours, for coupling range R. = 2. The blue balls represent the neurons in
the first square and green balls show the neurons in the next square.

Where z; ;, y; ; and z; ; represent the membrane potential, spiking variable
and bursting variable of the neuron in the (4, j)th position in the 2D lattice, re-
spectively. n is the number of neurons in each array of the network. The external
current, I, controls the qualitative behaviour of the neurons. ¢;; describes the
magnetic flux across the membrane, k1p(¢; ;)z;; denotes induction current and
k1 is induction coefficient |21, 22|. The term p(¢; ;) is the memory conductance
of a magnetic flux controlled memristor, which can take different forms. We
have considered a hyperbolic function, tanh(¢; ;), whose state equation can be
represented by linear terms [170].

The term 7; ; represents the nonlinear chemical connections between the neu-
rons. The coupling scheme is as shown in fig. 7.1. The coupling range, R., is
used to explain the coordination number for the neurons. When R. = 1, each
neuron (using the red ball as a reference) is coupled to the neurons in the first

nearest square (represented by the blue balls in the figure). The coordination
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number in this case is eight, with four neurons at a distance of [ and the remain-
ing four at a distance of v/21, where [ is the lattice parameter. Then the coupling

term has the form:

1
(V20

Q

1
T;; = g(v — Tij) F[F(xifl,j) +D(@iv1y) + T(@ija) + D@ j4)] +

P(101) + T(@1i1) + (@) + gl
(7.2)

Where g is the coupling constant that represents the magnitude of the in-
teraction between the neurons. The reversal potential v is so chosen that the
coupling is always excitatory in nature. An exponential function which models

the synaptic junction between the neurons is given by:
I(zij) =1/(1 + exp(—=A(z;; — 6))) (7.3)

The parameters A\ and 6 represent the slope of the sigmoidal function and the
synaptic firing threshold, respectively.

When R. = 2, each neuron is coupled with neurons in the next square along
with the first nearest square (blue and green balls as in fig. 7.1). The coordination
number for the second square alone is sixteen with four neurons at a distance
of 2[, four neurons being at 2v/21 and eight situated at a distance of V51 The

coupling term is of the form:

g 1 1
E,j = E(U — xi,j) [—[F<5L‘i+2,j) + F(l};Q,j) + F(l’i,j+2) + F(l’i,ij)] + (2\/5[)0‘

(20~
[ (@iy2i12) + T(@ivaj2) + T(@igjy2) + T(@ia-2)] + ﬁ[r(%,j—ﬁ

+ T(@ig1j12) T D(wic1jp2) + T(@icj—2) + D(@igo 1) + D@ 41)

+ F(IZ’_QJ‘_H) + F(Ii_g,j_l)] .
(7.4)

The lattice parameters [, v/21, 21,2v/21, /51 along with the power law exponent,
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Figure 7.2: Dynamics of HR neuron. (a) uncoupled chaotic bursting (k1 =
0,9 = 0), (b) uncoupled plateau bursting (k; = 0.2, g = 0), (c) coupled chaotic
bursting (k1 = 0.1, = 0.2). Here I = 3.1.

a, give a distance dependence to the coupling terms. The ratio of g to lattice
parameters ensures that the interaction between neurons decreases with distance.
However, this decrease is typically very steep and only the nearest neighbors
have a significant contribution. To address this issue, an additional term, «, is
introduced which produces a gradual decrease in the interaction strength with
distance.

The collective behaviour of the network is analysed by varying the values of g
and «, while keeping [as 1. The value of n is set at 100 unless otherwise specified.
The initial conditions for each oscillator are taken as z; ;(0) = 0.001[N — (i + j)],
i.;(0) = 0.002[N — (i+)], 2:;(0) = 0.003[N —(i+7)] , ¢:,(0) = 0.004[N — (i+7)]
for i,j = 1,2,...,n [155]. We use the following periodic boundary conditions:
T0j = Tnj,Tntl; = L1iTi0 = Tip, Tiny1 = Ti1. The other parameters are
fixed as a = 3,b = 1,¢c = 1,d = 5,R = 4,r = 0.006,] = 3.1,z, = 1.61 [18],
A=10,V =2,0 = —0.25 [155], k; = 0.1, ko = 0.9, k3 = 0.4 [21].

The dynamics of a HR neuron for different system parameters is presented in

fig. 7.2. Fig. 7.2(a) shows the chaotic bursting of a single neuron. The system
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Figure 7.3: Variation of the statistical factor of synchronisation within each
1D array of the 2D lattice network. (a) R. =1 (b) R. = 2.

exhibits plateau bursting under memristor effects and is presented in fig. 7.2(b).
The chaotic bursting of the coupled system under memristor effect and chemical

coupling is presented in fig. 7.2(c).

7.3 Synchronisation scenario

In this section, the intra and inter array synchronisation in 1D arrays of the 2D
lattice is analysed for different values of o and %k (by changing R.). The intra
array synchrony is quantified using the statistical factor of synchronisation, R,
based on the mean field theory. The synchrony within each 1D array is calculated
using Eq. (1.3). Then it is averaged over the number of arrays.

The pattern of synchrony is analysed in the network with R, = 1 and is
shown in fig. 7.3(a). With increase in the value of «, the threshold for coupling
also increases. On the other hand, when R. = 2, each neuron is connected to 24
neighboring neurons, forming two squares of neurons surrounding it as shown in
fig. 7.3(b). As the value of « increases, the coupling strength at which synchrony
is attained also increases. The network in which neurons are coupled to a larger
number of neurons is found to synchronise at a faster rate.

The synchrony between the arrays are evaluated using the formula [195]:

Bo=gm o [ an X4 (1)t (75

where ||.|| is the Euclidean norm and i, j = 1, 2,...,5 denote the array number.
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Figure 7.5: Variation of the statistical factor of synchronisation with coupling
threshold for different coordination number. (a) k =24, (b) k=38, (c) k= 2.

X (t) represents the variables z,y, z and ¢ of kth neuron in ith array, at time
t. The differences between all the arrays are then averaged to obtain the value
of E;j. A low value of E;; represents synchrony between the arrays, while a high
value corresponds to lack of synchrony.

The error between the arrays of the network at R. = 1 is shown in fig.
7.4(a). It is observed that for low values of g, the error between the arrays is
high, indicating low levels of synchrony. As the value of g increases, the network
achieves inter array synchrony. However, even at high values of coupling strength
between the arrays, the error is not completely eliminated, suggesting that the
different arrays are stabilised at slightly different potential levels.

The synchrony between the 1D arrays in the network with R, = 2 is shown in
fig. 7.4(b). The synchrony between arrays is visible from this plot as well. The

synchrony is obtained at lower value of g compared to the network with R. = 1.
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7.3.1 Coordination number and synchrony

The dependence of synchrony on the coordination number of the neurons is anal-
ysed in this section. The synchrony pattern is analysed using the statistical factor
of synchronisation. The variation of R with g is analysed. It has been already
reported that in a chemically coupled network, the synchronisation threshold
is given by ¢* = gn=2)/k, where, g,—2) is the constant corresponding to the
synchronisation coupling threshold between two mutually coupled HR neurons
and k is the coordination number 7. e., the number of neurons to which each
neuron is coupled [30]. The value of g(,—2) is numerically found to be 1.402. The
variation of R is analysed for different values of k£ and is plotted in fig. 7.5. The
quantity ¢’ = g/k is plotted on the X-axis. The coordination number and theo-
retically calculated g* are presented in the legend. In fig. 7.5(a), the variation of
R is presented for the network with R. = 2. Thus, the coordination number is
24. The expected threshold g* obtained theoretically is 0.06 and numerically we
have obtained it as 0.08. The coupling threshold for a network with R, = 1, the
coordination number being 8, is theoretically obtained as 0.18, which is related
to the numerical value 0.3, within permissible error. This is shown in fig. 7.5(b).
The synchrony pattern in the network with R. = 1 and fixing 5 is shown in fig.
7.5(c). The coordination number is 2 and the calculated coupling threshold is

0.7, which corresponds to the numerically obtained value of 0.9.

7.3.2 Network size and stability of synchrony

In this section, we have analysed the dependence of synchrony on the network
size. The synchrony in the network is quantified using R, given by Eq. (1.3).
The variation of R with ¢ for different values of n is presented in fig. 7.6(a). The
network attains synchrony at g = 1.5, irrespective of the size of the network. The
master stability approach is used to analyse the stability of the synchronised
states. It was developed by Louis M. Pecora and Thomas L. Carroll in the
1990s and it has become a widely used tool in the study of synchronisation

phenomena in a variety of contexts |74]. Later the theory was developed by
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work size.
Dhamala et al. and was utilised to find the transition to synchrony in various
networks with different couplings and topologies [174, 198]. Researchers continue
to rely on the master stability function to quantify the stability of systems [161,
180]. The stability of the system has been analysed by fixing j = j/, R. = 1.
The error dynamical equations are calculated by considering the first neuron as
the reference and finding the difference of each oscillator from the first neuron.
At the synchronised state (x1j,y1 21,5, ¢15) = (T2, Yo, 22, P2 1) = ... =
(Znjrs Yn,j's Zn.j7, Pn,jr) and the error terms defined as Ti, . = Tijg — T1h YL, =
Yij — Y120, = Zij — 25,01, , = Giy — ¢1,5, where ¢ = 2,3, ..., n vanish in
the limit of ¢ — oo and a synchronous solution exist. The stability equations for

perturbations transverse to the synchonisation manifold are expressed as:

. 2
xJ_Z_,jl = yJ—i,j’ — 3axi7j/xLi,j, + bei,j’xj_i7j/ — ZJ—i,j’ — kfl tanh(@-,j/)xi’j/

+ tanh(ér)wry | + 5[ (0 = 20) (C@ing) + Diy))—

(v = 215)(D(@2) + D))

Yo, = =2z —y.,

(7.6)

ZJ_Z-,]-/ = 7"81&_1_’]_, - ZJ_i’jm

¢y, ., = kQZ‘Lm/ - kscbli’jp

i3
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On simplifying,

. _ 2
ry, , = yJ—i,j’ — 3a:ri7j,xLi7j, + 2bl’i,j’l’ii,jr — Zli,j’ — kl(xHLj/qSJ_i’j, + ¢i’j,xJ-i,j/)_

g
59(331,]")11,-,].,

Yi,, = —2dzy —yi,

A TSIJ_Z,J_, - ZJ-i,j”
¢L S kZQZL’Lw,, - k3¢ii,j"

?,J

(7.7)

Where, tanh(¢;j/)x;; + tanh(¢y )z is approximated as J:HLJ-/QAZ.J, +
biys,, and Qaiy) = g(1/(1 + eap(—A(wiy — 0))) + g(v — s5)(~A(ziyr —
0))/((1 + eap(~A(ziy — 0)))?)

The Jacobian for the whole network with chemical coupling will have the

following structure:

Jig+ya Mok 0 o - 0 Yl
Yo B Joo + Vool Vo3 F o - 0 0
0 V3.2 F J33+ 33l y3abE - 0 0 )
P)/n,lE 0 0 e fYn,nflE Jn,n + ’Yn,nE
(7.8)
where
—2dzx; -1 0 0
Jii= (7.9)
rs 0 -—r 0
k2 0 0 —ks

and

118



(7.10)

o o o =
o o o O
o o o O
o o o O

The terms +; ; and ; ; is obtained by partially differentiating £ (v—x;)[I" (211 +
I'(z;-1)) with respect to x; and z;, respectively. The Jacobian given by Eq. (7.8)
is diagonalised in a coordinate system that isolates the stability of the synchroni-
sation manifold from the transverse directions. The Maximum Transverse Lya-
punov Exponent (MTLE), A} 4. is used as the bifurcation function to study the
stability of synchrony. The system is stabilised when MTLE becomes negative.
The variation of A}, with g for different values of n is presented in fig. 7.6(b).
The MTLE crosses the zero line for g = 1.5, irrespective of the value of n. It is
justified that the stability of synchronised states in chemically coupled networks

is independent of the network size [30].

7.4 Spatiotemporal patterns

This section presents the different spatiotemporal patterns in the 2D lattice net-
work with distance-dependent coupling. All the neurons in the network show
bursting dynamics for ¢ = 0.1, as shown in fig. 7.7(a). The dynamics of a sin-
gle neuron from each array shown in fig. 7.7(b) justifies the result. Two arrays
exhibit amplitude death and the other three arrays show bursting dynamics, as
shown in fig. 7.7(c). The corresponding dynamics of a single neuron is presented
in fig. 7.7(d). All the arrays in the network show amplitude death, as shown in
fig. 7.7(e) which is justified by the time series of a single neuron from each array
as shown in fig. 7.7(f).

The 1D arrays of the network exhibit contrasting behaviour for weak coupling
and synchrony with each other when coupling is strong. The contrast behaviors
of each 1D array for different coupling strengths and power law exponent factors

are shown in fig. 7.8. The network shows perfect synchrony in the first array and
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Figure 7.7: Spatiotemporal evaluation of membrane potential. (a) bursting
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desynchronisation in all the other arrays for R, = 1, as shown in fig. 7.8(a). The
fifth array in 7.8(b) is desynchronised, while all other arrays are synchronised.
All the arrays show multichimera states for R, = 1, as shown in fig. 7.8(c). The
network with R. = 1 shows clustered synchrony, where each array is perfectly
synchronised at slightly different membrane potentials, as shown in fig. 7.8(d).
First three arrays are synchronised and rest two arrays show multichimera states
in the network with R. = 2, which is shown in fig. 7.8(e). First array exhibits
multichimera state and the other four arrays are in imperfect synchrony, with
R. =1, as shown in fig. 7.8(f). These results are consistent for networks with
higher dimensions as well.

The emergence of chimera and multichimera states in the network due to
the topology and distance-dependent coupling is analysed with the help of a
quantitative measure called strength of incoherence (SI). The local standard
deviation, o(m), has been defined from the time series. The total number of
oscillators in a single array is divided into M’ bins of equal length 'n"”” = n/M
and the difference dynamical variable is calculated as w; = x; — ;41. Then the

local standard deviation is defined as [76]:

a(m):<% 3 [wj—<w>]2>, (7.11)

j=n’(m—1)+1 t

where, m = 1,2,... M; (w) = %Zil wi(t). (...); denotes the average over

time. The term SI is defined as:

SI=1- m sm = Hle — o(m)), (7.12)

where H is the Heaviside step function and e is a predefined threshold. The
values of SI are 1, 0 or between 1 and 0, representing incoherent, coherent and
chimera or multichimera states, respectively. In order to distinguish chimera
from multichimera states, we calculate discontinuity measure (DM) [76], which

is defined as:
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M
DM = Ei:l ‘8i+1 _ Si‘
2 )

(7.13)

where, sy;41 = s1. For chimera, DM = 1 and for multichimera 2 < DM < %
The variation of ST and DM with g, for R, = 1 and R, = 2 is shown in fig. 7.9.
The first array exhibits multichimera states for low values of g and coherence at
other values. The remaining four arrays display chimera and multichimera states
for various values of g, when R, = 1, as shown in fig. 7.9(a) and 7.9(b). When
R. = 2, all the five arrays exhibit chimera and multichimera states for different

values of g as shown in fig. 7.9(c) and 7.9(d).

7.5 Results and conclusions

In this chapter, we have analysed the influence of distance-dependent chemical
connections in a 2D array of modified HR neurons. The synchronisation scenario
and pattern formation are studied by altering the coordination number, strength
of coupling and distance dependence. The study reveals that as the coordination
number increases, the threshold for coupling strength to attain synchrony de-
creases. The stability of the completely synchronous state in chemically coupled
networks depends only on the number of neurons to which each neuron is coupled
and is independent of the network size. We have used the Lyapunov function
approach to measure the stability of the synchronised states in the network. The
network shows low intra and inter array synchrony at low coupling strengths and
the synchrony increases with coupling strength. Additionally, the different 1D
arrays display unique spatiotemporal patterns, chimeras and clusters for various
coupling strengths. The strength of incoherence and the discontinuity measure
have been analysed to verify the presence of chimera and multichimera states.
The significance of our study is that it focuses on intralayer interaction, which
is crucial for visual information processing in the brain. Interlayer synchrony
has also been observed in cognitive processes such as perception, memory, and

attention.
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Chapter 8

Emergence of spatial chimeras in

cross coupled network of 2D lattice

8.1 Introduction

The dimensionality of a network refers to the number of nodes and the con-
nections between them, can have a significant impact on the synchronisation
behaviour and the emergence of interesting patterns in the network [199]. A
single layer of neurons has limitations in terms of its ability to process complex
information, whereas lattice topology can perform more complex computations
by creating a network of interconnected neurons, which can avoid the limitations
of single layer networks. It is important to analyse the synchronisation stability
and evolution of collective behaviours like spatial and spiral chimeras, in a spa-
tially coupled network [65, 200-203]. The cross coupling between state variables
is an unconventional type of coupling and has been effectively used to induce
chimera states in networks [151, 204-206]. The symmetry breaking induced by
power law coupling has also been used to produce chimera states [37, 127|. There-
fore, the interaction modes, coupling scheme, topology and dimensionality have
a significant impact on the dynamical analysis of neuronal networks.

The emergence of spiral wave chimera patterns in a locally coupled ecological

network composed of diffusible prey predator species was reported [207|. Spiral
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wave chimeras were also obtained in a two dimensional network with nonlocal
coupling [208]. Two dimensional spot and stripe chimeras were observed in a
network of oscillators arranged in a flat torus topology [209]. The rotation speed
of the spiral wave chimeras was calculated using perturbation theory in a network
of phase oscillators [210]. A delayed asymmetric synapse coupling was effectively
used to suppress spiral waves in a lattice array of coupled neurons [211].

In this chapter, the synchronisation scenario and the emergence of spatial
chimeras are analysed in a network of memristive HR neurons with distance-
dependent and cross chemical coupling schemes. The model is explained in sec-
tion 8.2. The synchronisation behaviour of the network is analysed in section
8.3. The interesting patterns obtained are presented in section 8.4. The energy
analysis of the network is carried out in section 8.5 and section 8.6 summarises

the results of the chapter.

8.2 Chemical cross coupling in 2D lattice

The dynamic equations of the network arranged in a 2D lattice with cross cou-
pling between membrane potential and electromagnetic flux is of the form:
Fig = Yig — 0y + 023 = 2z + T = kap(¢ig)@i + baaTE) + bag Ty,
. 2
Yij = ¢ —dxi; — Yij
’ 7o (8.1)

Zig = r(s(Tij — ) — 2ij),

(bi,j = kox;j — ks j + b¢foj + b¢¢T-¢

/[/7.]’

1,7=1,2,...,n.

Where z; ;, y;; and z;; represent the membrane potential, spiking variable
and bursting variable of neuron in the (4, j)th position in the 2D lattice, respec-
tively. n is the number of neurons in each array of the network. The external
current, I, controls the qualitative behaviour of the neurons. The magnetic flux
across the membrane is described by ¢; ;, the induction current is represented
by k1p(¢i;)z;; and the induction coefficient is represented by k; [21, 22]. The

term p(¢; ;) is the memory conductance of a magnetic flux controlled memris-
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tor, which can take different forms. We have considered a hyperbolic function,
tanh(¢; j), whose state equation can be represented by the linear terms [170].
The term T}"; represents the nonlinear chemical connections between the neu-
rons in x, given by Eqgs. 7.2 and 7.4, respectively for R, = 1 and R, = 2. The
coordination numbers are 8 and 24 when R. = 1 and R. = 2, respectively. The

chemical coupling term in ¢ is given by:

1 1
TS = %(U — 9ij) [F[F(@el,j) + D(Git15) + T(pij-1) + T(@ijr)] + e

L(pj—1,-1) + T(@j—141) + T(Pjg1,i-1) + F(¢j+1,i+1)]]-
(8.2)

Where ¢ is the coupling constant that represents the magnitude of the in-
teraction between the neurons. The reversal potential v is so chosen that the
coupling is always excitatory in nature. The exponential function that models

the chemical coupling is given as:

[(¢i;) = 1/(1 + exp(=A(di; — 0))) (8.3)

The parameters A and 6 represent the slope of the sigmoidal function and the

synaptic firing threshold, respectively. The coupling term for R. = 2 is of the

form:
o _ 9 1 o o N . ;
T3 = 16 L e T (@iv2) + D(0im2g) +T(dig02) + Ddij2)] + (2v/20)
[[(div2,+2) + D(divoj—2) + [(dimzjr2) + [(di—2—2)] + 1 [[(9a,5-2)

(V5o
+ D(div142) + D(@im1jr2) + T(im1,-2) + T(Piraj-1) + Diva 1)
+ D(@i—2,541) + D(@i—25-1)]]-
(8.4)

The lattice parameters [, v/21, 21, 2v/21, /51 give a distance dependence to the
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Figure 8.1: Variation of the statistical factor of synchronisation (R) with
coupling constant (g) for different values of coupling phase (4).

coupling terms. The elements by, by, by, and bgy form the components of a
coupling matrix. A general form for this coupling matrix which incorporates self

and cross coupling is given by:

bew  bzo cosd sind
B = = (8.5)
bor  bgo —sind cosd

Where § € [—m, ) is the coupling phase. The switching between the
interactions is made easy by varying the values of §. We have analysed the
system of HR neurons in three different cases:

(i) Self coupling in z and ¢, § = 0.
(ii) Mixed coupling in x and ¢, § =

STERESNE

(iii) Cross coupling in z and ¢, § =

8.3 The synchronisation scenario

The synchronisation scenario in the presence of cross coupling of variables in
magnetically coupled HR neurons in 2D lattice has been analysed in this section.
The lattice has dimensions of N = n % n, where n = 40 and N = 1600. The
amount of synchrony is quantified using the statistical factor of synchronisation,
R, given by the equation, Eq. (1.3).

The relation between coordination number and coupling threshold to attain
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Figure 8.2: Snapshots of membrane potential. (a) desynchrony, g = 0.1,

0 = §,R. = 2, (b) chimera, g = 0.5, § = T, R. = 2, (c) synchrony g = 0.4,

d =74, R. =1, (d) chimera, g = 0.3, 0 = §, R. = 2 (e) patched synchrony

g=09,6=% R.=2(f) g=09,6 =7, R. = 1. The colourbar represents

the membrane potential, x.
synchrony is determined by analysing the variation of R with g. The variations
in R with ¢g for R. = 1 are shown in fig. 8.1(a). For self (0 = 0) and mixed
(0 = %) interactions, synchrony is obtained at g ~ 3, but for cross coupling
(6 = %) synchrony is never obtained. For R. = 2, the synchrony is obtained at
g = 4, for self coupling, as shown in fig. 8.1(b). For mixed coupling, synchrony

is obtained at g ~ 5 . The synchrony is never obtained for cross coupling.

8.4 Emergence of spatial chimeras

The topology, distance dependent non linear coupling and cross interactions lead
to emergence of interesting spatial chimeras in the network. The snapshots of
the variable z at particular time ¢ (here, 1000 units) of the neurons in the 2D
lattice is presented in fig. 8.2. The incoherent system is shown in fig. 8.2 (a).
The spatial chimera emerging in the network is presented in figs. 8.2 (b). The
completely synchronised state is shown in fig. 8.2 (c¢). Fig. 8.2 (d) presents a
spatial chimera. Patched synchrony is shown in fig. 8.2 (e). Incoherent state for
cross coupling is presented in fig. 8.2 (f).

The travelling chimera exhibited by the network with g = 0.5, = 7, R. = 2
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Figure 8.3: Snapshots of membrane potential. g = 0.5, § = J, R. = 2. (a)

t = 800, (b) ¢ = 1000 and (c) ¢ = 1200. The colourbar represents the membrane
potential, x.

is shown in fig. 8.3. Figs. 8.3 (a), (b) and (c), represent the travelling spatial
chimeras obtained for ¢ = 800, 1000 and 1200, respectively.

8.5 Enmergy aspects

The energy analysis provides insight into the internal behavior of the oscillators
under study. Sarasola et al. have proposed the mathematical formalism for
the energy functions for well known chaotic systems. This method is used to
analyse the energy of the oscillators of the 2D lattice. Using Helmholtz theorem,
the speed vector is decomposed in to conservative and dissipative part. Then
according to Eq. 21, 87|, the Hamilton energy corresponding to the system will

satisfy the following partial differential equation :

2 T— @) o (1—ba? )L 4 r R (g — ) 2 4 gy = = 0 (8.6
(y—2+1-9) Br, +(1—ba7;) 0; i@y —e) 0z Tty ¢i (86)

A general solution for the above equation is of the form
2, 3 2 2 2
H= gbxm =225 +rR(wi 5 — )" + (i — 25 1 — ¢ij)” +koxi;  (8.7)

The energy function of the system is calculated for the values of the parame-
ters corresponding to fig. 8.2, using the eqn. 8.7 and is presented in fig. 8.4. Fig.
8.4(a) shows the values of the energy function, for an incoherent network. The

energy pattern for the spatial chimera state is shown in fig. 8.2(b). The energy of
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Figure 8.4: Snapshots of Hamilton energy function. (a) g = 0.1, § = =R, =

2, (b) g=050="1 R, =2 (c)g=04,6=7 R, =1, (d)

R.=2()g=090=7% R.=2(f) g=0.9,5 =7, R. = 1. The colourbar

represents the energy function, H.
the incoherent region is found to be low compared to the coherent region. When
the system is in completely synchronised state, the energy of the system is found
to be uniform. In fig. 8.2(d) also, the energy of the incoherent system is found
to be low. The energy plot corresponding to the clustered synchrony as shown
in fig. 8.2(e) indicates that the energy of the system is high if the potential of
the neurons are maintained at high potential irrespective of the polarity of the
membrane potential. The energy of the neurons in incoherent state, shown in
fig. 8.2(f), is low compared to the system in fig. 8.2(a). The majority of the
neurons are maintained at high negative potential in the system as shown in
the fig. 8.2(a), compared to the system in fig. 8.2(f). Thus, the energy of the
neurons is low when the membrane potential is nearly zero. The system requires

high energy to maintain at a higher potential regardless of the polarity.

8.6 Results and conclusions

The synchronisation behavior and emergence of spatial chimeras are analysed
in a network of memristive HR neurons with nonlinear chemical cross-coupling
arranged in a 2D lattice topology. Self and mixed interactions induces both syn-

chrony and chimera states, whereas cross interactions are incapable of inducing
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either. These results are consistent for different coordination numbers. The time
series analysis indicates that the spatial chimeras are travelling in nature. The
energy analysis points out that the system requires high energy to maintain a

high membrane potential regardless of the polarity.
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Chapter 9

Conclusions and future prospects

9.1 Summary

This thesis presents the study of the influences of external stimuli, synaptic
connections, coupling schemes and topology in inducing synchrony, desynchrony
and chimera states in the Hindmarsh-Rose networks. The first chapter explains
the basic concepts and terminologies used in this thesis. The work in the thesis
has been presented in next seven chapters. The results are summarised and

future prospects are presented in the ninth chapter.

e The phase synchrony in the HR network with mean field coupling and its
control using external stimuli are analysed in linear chain topology. The
high frequency input with optimum amplitude and pulse width is found
to have better desynchronising ability. The synchrony and variations in
IBI are quantified using the Kuramoto order parameter and the coefficient
of variability. The mean field coupled HR network is also analysed with
an exponentially decaying coupling strength. The synchrony is found to
decrease with an increase in the decay constant. The decaying coupling
scheme induces chimera states in the network. The chimeras are quantified

using the strength of incoherence.

e The mean field coupled network is analysed under the influence of distance-

dependent coupling governed by a power law exponent in ring topology.
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The network is studied in global, non local and local interactions. The
synchrony in the network is quantified using the statistical factor of syn-
chronisation. The synchronisation behaviour is verified through error anal-
ysis as well. The uniform global interaction induces incoherent, imperfect
synchrony and synchronised states. The distance-dependent field coupling
induces chimera states in globally coupled network, which is a rare phe-
nomenon. Even though chimera states are reported in nonlocal interac-
tions, the influence of distance-dependent coupling enhances the emergence
of chimera states. Chimera states in local or nearest neighbour coupling are
also very difficult to obtain. The initial conditions are modified to obtain

travelling chimeras in the network with local coupling.

The synchronisation scenario and pattern formations in the HR network
coupled by a rotation matrix that helps to realise different coupling schemes
such as self, mixed and cross interactions by varying the coupling phase
have been analysed. In two coupled system, in-phase and anti-phase os-
cillations are obtained for the activator and inhibitor modes of electrical
coupling, respectively. When the off diagonal elements of the matrix are
zero, the system shows self coupling of the three variables, which helps
to attain synchrony faster. The off diagonal elements give cross interac-
tions between the variables, which reduces synchrony. The stability of the
synchrony attained is analysed using Lyapunov function approach. The
self coupling in three variables is sufficient to induce chimera states in
nonlocal coupling. The strength of incoherence and discontinuity measure
validate the existence of chimera and multichimera states. The inhibitor
self coupling in local interaction induces interesting patterns like Mixed
Oscillatory State and clusters. In a nonlocally coupled network, chimeras,

multichimeras, travelling chimeras, MOS and clusters are obtained.

The HR network has been modified with distance-dependent memristor
and mean field couplings. Memristors are used to represent the electromag-

netic effects. The changes in firing patterns and the collective behaviour
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due to the memristor effect are studied using the mean field approach in
linear chain topology. The network with memristor effects is analysed un-
der the influence of constant and time varying inputs. The memristor
is found to control the phase space even in the presence of inputs. The
sine input is found to enhance synchrony and the square input controls
the synchrony. The inputs with high frequency and optimum amplitude
have high synchronising and desynchronising abilities. The influence of
distance-dependent mean field coupling has been analysed in the mem-
ristive HR network. Square wave bursting is caused by the mean field
coupling, while plateau bursting is caused by the memristors in the net-
work. By using suitable values for both the memristor and mean field
coupling, a combination of bursting patterns are induced. When memris-
tor coupling is strong, the network shows an amplitude death state. In
such a network, mean field coupling is capable of inducing synchronised
bursts. The synchrony pattern under the influence of memristor coupling
is quantified using the statistical factor of synchronisation. The interplay of
memristors and uniform mean field coupling results in the emergence of co-
herent, MOS, imperfectly synchronised and perfectly synchronised states.
The chimera states are obtained under the influence of distance-dependent
coupling scheme. The parameter space for the strength of incoherence and

discontinuity measure is also analysed.

e The chemically coupled HR network is analysed with cross interactions be-
tween membrane potential and magnetic flux. In a two coupled system,
the network is synchronised for self and mixed interactions, but not for
cross interactions. The stability of the synchrony is proven using MTLE.
The synchrony pattern for the network for self, mixed and cross interac-
tions is quantified using the statistical factor of synchronisation. Chimera
and multichimera states are obtained which are verified by the strength of

incoherence and discontinuity measure.

e The work has been extended to memristive HR network in a 2D lattice
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with distance-dependent coupling governed by the power law exponent.
The coordination number of each neuron is varied using coupling range.
The threshold for coupling strength in terms of the coordination number
is evaluated theoretically and numerically. In chemically coupled network,
the threshold is independent of the network size, which is analysed using
MTLE. The spatiotemporal patterns justify the fact that each 1D array
shows different firing patterns for the same coupling strength. The snap-
shots of membrane potential shows that the 1D arrays also exhibit interest-
ing patterns like desynchronised, chimera, multichimera and synchronised

states.

The emergence of spatial chimeras in a network of memristive HR neurons
in 2D lattice with distance-dependent and cross coupling in chemical mode
has been analysed. The self and mixed interactions induce synchrony and
chimera states, whereas cross coupling is incapable of them. The spatial

chimeras are observed as a result of network topology and interactions.

The external inputs are capable of controlling synchrony in the HR net-
work. The power law exponent reduces synchrony in the network and also
induces chimera states, even in the globally coupled network. The emer-
gence of chimera states in mixed and cross interactions is verified. The
study shows that chimera states are induced in the network as a result of
self interactions in multiple variables. In the electrically coupled network,
the coupling threshold required to attain synchrony depends on the size
of the network. However, in the chemically coupled network, the coupling
threshold is independent of the network size. In the cross coupled network,
synchrony is obtained in electrical mode whereas chemical coupling is in-
capable of inducing synchrony. Increasing the dimensionality and size of

the network leads to the emergence of spatial chimeras.
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9.2 Future prospects

There is significant difference between the synchronisation characteristics of one-
dimensional and two-dimensional networks. When higher dimensions are used
to analyse the network, its behaviour becomes more complex, which leads to the
emergence of fascinating patterns. This highlights the importance of consider-
ing higher dimensions to achieve a more accurate representation of real world

systems.

e There is ample scope for further study using various topologies, such as
oscillators being positioned on the surface of a sphere or arranged in lattices
inspired by solid-state physics, such as simple cubic, body-centered or face-
centered configurations. These topologies shall be considered with distance-
dependent interactions between oscillators, allowing to study the behaviour

and function of networks in different contexts.

e The choice of random and small-world networks provides a better simula-
tion of the connectivity in real neuron networks. Such networks could lead

to a variety of interesting results and patterns.

e The heterogeneity in coupling schemes can lead to rich dynamics and
open new directions for future research. Networks with mixed coupling
of electrical, chemical and field interactions, with time-dependent coupling
strengths, can exhibit interesting synchronisation behaviours. The dynam-
ics of such a network can be highly complex and may result in various

forms of synchronisation that are not observed in homogeneous networks.

e The work in 2D lattice can be extended to 3D network with distance-
dependent and cross coupling. Proper selection of coupling strength and
topology may yield interesting patterns such as spatial, spiral, spirally os-
cillating, rotating or 3D chimeras. These patterns may have wide spread
applications in oscillatory biological networks like human heart and brain

networks.
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